Khéi THPT chuyén PHKHTN-DHQGHN

Praong tich-Tiye ddng phrong

KHOT CHUYEN TOAN - TIN




Loi noi dau

Phuong tich va truc dang phuong 12 mot van dé rat quen thudc trong hinh hoc phang.
Kién thirc vé chang cting kha don gian va d& hiéu, nhung lai c6 nhiéu tng dung trong cic
bai todn tinh yéu t6 d6 dai, géc, dién tich, chirng minh hé thirc hinh hoc,tap hop cac diém
cung thudc mot dudng tron , diém c6 dinh, dudng cb dinh, cdc bai todn vé su thang hang,
ddng quy, vuong goc ... Su dung phuong tich va truc dang phuong thuong dem lai loi
giai rat dep mit va thu vi. V1 vay, nhém hoc sinh 16p 10A2 toan khéi THPT chuyén
DHKHTN-DPHQGHN di nghién ctru va viét thanh chuyén dé nay véi hi vong dem dén
cho ban doc diy du nhitng tng dung cta phuong tich va truc dang phuong. Dic biét viéc
khao sdt vi tri ctia hai dudng tron ciing duoc dé cap t6i voi tmg dung cia truc déng
phuong trong cic bai todn toa do.

Do hoan thanh trong thoi gian ngan, ndi dung ctia bai viét c6 thé con nhiéu khiém
khuyét, nhém tic gia rit mong nhan duoc céc y kién déng gbép cta ban doc dé chuyén dé
duoc hoan thién hon.

Cubi cung, ching em xin chan thanh cam on thﬁy D6 Thanh Son di hudng dan, doc
ban thao va cho nhiéu y kién quy bau.

Ha Noi, thang 5 ndm 2009
Nhom thyc hién 16p 10A2 toan:
1.Nguyén Vin Linh
2.Tran Thi Mai Dung
3.Tran Minh Chau
4 Nguyén Vii Da My



A.To6m tat 1y thuyét:
1.Phwong tich ciia mét diém doi véi dwong tron
Dinh 1y 1.1: 7 v ‘
Cho duong tron (O,R) va mot dieém M trén mét phang cdch O mot khoang bang d.. Tt M
ké cat tuyén MAB t6i (O). Khi d6 MA.MB =d*R* (*)

Hinh 1
Pinh nghia: Ta goi dai luong d*-R* 1a phuong tich cia diém M ddi véi (O), ki hiéu 1a
Pu/(0)=d*-R*
Nhan xét: Néu Py/(0)>0 thi M ndm ngoi (0),P\/(0)=0 thi M ndm trén bién
(0),Pm/(0)<0 thi M nam trong (O).
Trong nhiéu bai todn, ta thudng st dung d6 dai doan thang dang hinh hoc va viét (*)
dudi dang MA.MB= d-R?

Dinh 1y 1.2: i q )
Cho (O) va mdt diém M trén mat phang. Tu M ké 2 cat tuyén MAB, MCD thi

MA.MB = MC.MD (xem hinh 1)

Dinh 1y 1.3: i . , ) )

Cho (O) va mdt diém M nam ngoai (O). Ké ti€p tuyén MN, cat tuyén MAB. Ta c6
MAMB=MN" (xem hinh 1)

Dinh 1y 1.4:

Cho hai duong thang AB,CD cit nhau tai M (khc A,B,C.D). Néu MA.MB =MC.MD thi
4 diém A,B,C,D cung thuoc mgt dudng tron.

Dinh Iy 1.5:

Cho hai duong thfmg’AB,MN cit nhau tai M. Néu MAMB =MN' thi duodng tron ngoai
tiep tam gidc ABN ti€p xuc vé1 MN tai N.

Céc dinh 1y trén déu rat don gian va quen thudc, xin danh lai cho ban doc chirng minh.

2. Truc ding phwong ciia hai dudng tron-tim ding phwong:

Pinh Iy 2.1: Tap hop céc diém M c6 ciing ‘phuong tich dbi v6i hai duong tron khong
ddng tim (O1,R1),(02,R2) la mot duong thang vuong goc voi duong thang ndi hai tim
04,0,. Néu goi O la trung diém O 10,, H 1a hinh chiéu ctia M trén O 10, thi

om = Rk
20,0,




Dinh nghia 2.1: Puong thing MH duoc goi 1 truc dang phuong cia hai dudng tron.
Cich dung truc dang phuong:

Truwong hop 1: (Oy) giao (O,) tai 2 diém phan biét A,B. Pudng thing AB chinh 1a truc
d'fmg phuong cua (O) va (Oy)
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Truong hop 2: (Oy) va (O2) chi c6 mot diém chung X. Tiép tuyén chung tai X cua hai
duong tron l1a truc dang phuong ctua (O;) va (0,)

Truong hop 3: (Oy) va (02) khong c6 diém chung, dung duong tron (O3) c6 hai diém
chung voi (O)) va (02) Dé dang v€ dugc truc dang phuong cua (O;) va (03), (Oy) va
(O3). Hai duong thang nay giao nhau tai M. Tir M ké MH L. O,0,. MH chinh 12 truc ding
phuong cua (Oy) va (Oy).



Céch dung nay dya vao dinh 1y sau:

Dinh 1y 2.2:

Cho ba duong tron (0),(0,),(03).13,15,15 theo thir tu 1a truc déng phuong cua céc cdp hai
du:ong tron (Oy) va (O,), (02) va (03), (03) va (0Oy)

+Néu 0,,0,,03 khong thang hang thi 1,,1,,1; ddng quy.

+Néu O 1,002,053 thang hang thi 1;,1,,13 d6i mdt song song hodc trung nhau.

Pinh nghia 2.2: Diém dong quy cta cdc dudng thing 1;,15,13 duge goi 1 tim dang
phuong cua cac duong tron (04),(0,),(03)

3.Phwong tich, truc ding phwong trong hé toa do:

Pinh 1y 3.1: Trén mit phang toa do Oxy cho dudng tron (C) c6 phuong trinh:

C(x,y)=x"+y*+2ax+2by+c=0 véi a>+b*>c. Khi d6, phuong tich cua diém M(X,,y,) dbi v6i
dudng trdn (C) 12 Py/(C)=x, +ys +2aX+2byo+c=C(Xo,Yo)

Nhan xét: Vi tri cia M déi v6i (C): M nam ngoai (C) < C(Xe,yo)>0, M nam trén (C)
& C(X6,¥0)=0, M ndm trong (C) & C(X,,y0)<0

Pinh 1y 3.2: Truc ding phuong cta hai dudng tron khong ddng tim:
(Cy): x2+y2+2alx+2b1y+c1:0

(Co):X*+y*+2a,x+2b,y+¢,=0, trong d6 (a;-a,)*+(b;-by)*# 0, c6 phwong trinh:

(ar-a)x+(b-by)y+ 5%



B.Vi du:

1. Chirng minh _céc hé thirc hinh hoc:

Vidul:

Cho tam gidgc ABC ndi tiép (O,R), ngoai tiép (I,r). CMR OI’=R*-2Rr (hé thirc O-le)
Loi gidi:

o

Kéo dai BI cit (O) tai M. Ké dudng kinh MK cua (O). (I) tiép xdc v6i BC tai D.
Tacé aBDI ~aKCM (g.g)
BI ID ID
> — ==
KM MC MI
= IB.IM=ID.KM=2Rr
Ma IB.IM=R>-OI*
Vay O’=R*-2Rr (dpcm)

Vidu2:

Cho tir gidc ABCD vira ndi tiép (O,R), vira ngoai tiép (Lr). Pit Ol=d. CMR:
1 ~+ 1 > =%(Dinh Iy Fuss)

(R-d)* (R+d)’ r

Loi gidi:



Kéo dai B, DI cit (O) tai M,N.

Tac6 LMNC=ZIBC, ZNMC=ZIDC

Suy ra Z MNC+ £ NMC= £ IBC+ £ IDC=1/2( £ ADC+ £ ABC)=90°
Suy ra O 1a trung diém MN.

Ap dung cong thuc tinh dudng trung tuyén trong tam gidc IMN ta c6:

op M’ IN® MN® _IM® IN .
2 2 4 2 2
Dods b, 1 _2AR*+d*) _IM?+IN®  IM* N IN?
(R—d)* (R+d) (R*-d*) (P /(0)* IM*IB> IN’ID’
, ZB , ZD
1 1 Sin 7 Sin 7 1
"t g T T eem

2.Tinh cac dai lwong hinh hoc:

Vi du (USAMO 1998):
Cho 2 dudng tron dong tim O (C;) va (C,) ((C,) nam trong (C)). Tir mdt diém A nam
trén (C;) ké tiép tuyén AB t6i (Cy). AB giao (C;) an thtr 2 tai C. D 1a trung diém AB.
Mot duong théng qua A cit (0,) tai E,F sao cho duong trung truc cia doan DF va EC

giao nhau tai diém M nam trén AC.Tinh ;‘/I—Ag ?

Loi gidi:



D@ thiy B 1a trung diém AC.

Ta c6 Po/(Co)= AEAF = AB? %525 _ADAC

Suy ra tir gidc DCFE néi tiép.Do dé M 1a tAm dudng tron ngoai tiép tir gidc DCFE. Ma M

nam trén AC nén MD:MC:% DC

Tur d6 tinh dugc AM:% AB va MC:% AB
AM 5

=>—==
MC 3

3. Chimg minh tip hop diém cung thudc mét dwong tron:

Vi du 1 (IMO 2008):
Cho tam gidc ABC, truc tim H.M;,M»,M; lan luot 12 trung diém BC,CA,AB.

(Ml,MlH) M BC:{Al,A2 }, (Mz,MzH) M AC:{Bl,BZ }, (M3,M3H) (@) AB:{Cl,Cz } CMR
A1,A2,B1,B,,C1,C; cung thudc mot duong tron.

Loi gidi:




Do M;M,//AB va AB L HC nén M;M, LHC
Suy ra HC la truc dang phuong cua (M) va (My).

= CA,.CA, = CB,.CB,

Suy ra A; A; B1,B> thude duong tron (W)

qung tu A1 A, C1,C; thude duong tron (W,), C; C, By,B; thugc dudong tron (Wg)

Néu 6 diém A;,A,,B;,B,,Ci,C; khong cuing thudc rpét duodng tron thiqcéc truc dang
phuong cua 3 dudng tron (W1),( W2),( W3) phai dong quy tai mot diém, nhung ching lai
cat nhau tai A,B,C nén vo ly.

Vay ta c¢6 dpcm.

Vi du 2 (IMO shortlist 2006):

Cho hinh thang ABCD (AB>CD). K,L 1a hai diém trén AB,CD sao cho 2—115 = % .Gia
sir P,Q nam trén doan thang KL sao cho Z APB=~/BCD va Z CQD= ./ ABC. CMR bén
diém P,Q,B,C cung thudéc mot duong tron.

Loi gidi:



. AK DL \
Tur gia thiet, — =——suy ra AD,BC,KL dong quy tai E.
g BK  CL y g quy

Dung dudng tron (O;) di qua hai diém C,D va tiép xtic voi BC, (O,) di qua hai diém AB
va tiép xdc voi BC. Khi d6 £ DQC = £ ABC= 2 DCE nén Qe (O)), trong tu Pe (O,).
Goi F 1a giao diém thir hai cua EQ véi (0Oy). Ta cé:

EF.EQ=EC (1)

Miat khac, d& dang ¢6 £ O;CD= £ 0,BA do d6 a AO,B~aDO,C

_ 0C_DC_EC

Y =2 kS EO, 5 =k = EO, =kEO,
O,B AB EB EO,
Suy ra phép vi tw Hg: (1) —(0,). M2 E,F,P thing hang, Fe (0,), Pe (O,) nén
EF—kEp— L 2 EC )
EP EB

Tw (1),(2) suy ra EP.EQ = EC.EB.
Vay 4 diém P,Q,B,C cung thugc mot duong tron (dpcm)

4.Chirng minh sw thing hang, dong quy:

Vidul:

Cho tam giac ABC. Céc phan gidc ngoai goc A,B,C lan luot cit canh ddi dién tai
A1,B1,C; CMR Al,Bl,Cl thang hang va nam trén duO’ng vuong géc voi duong thang ndi
tam duong tron nodi tiép va tim dudng tron ngoai tiép tam gidc ABC.

Loi giai:
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Goi A,B,C, 1a tam gidc tao bdi 3 phan gidc ngoai géc A,B,C. DE dang c6
AA, 1L B,C,,BB, 1L A\C,,CC, L A,B,.

Tu gidgc BC,B,C ndi tiép nén AC,.AB, = AB.AC

Tuwong tu B,C,.B/A, =BABC, CB,CA,=CACB

Suy ra A;,B,,C, ciing nim trén tryc dang phuong cua duong tron (O) ngoai tiép tam gidc
ABC va duong tron (J) ngoai tiép tam gidc A,B,C,. Ma (O) 1a duong tron O-le c@a tam
gidc A;B,C,, AAz,BBz,Ccz giao nhau tai truc tam I cta tam gidc A;B,C; (cling dong thoi
la tim duong tron ndi tiép tam gidc ABC) suy ra 1O,J thang hang.

Vay duong thang qua A; B1,C; vudng géc vai Ol (dpecm)

Vi du 2 (Iran NMO 2001):
Cho tam gidc ABC néi tiép (O). (I), (I,) 1an luot 1a dudng tron ndi tiép va bang tiép géc
A. Gia sir II, giao BC va (O) lan luot tai A’, M.Goi N 12 trung diém cung MBA. NI, NI,
giao (0) lan luot tai S,T. CMR S,T,A’ thang hang.

Loi gidi:
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Ta c6 4NTs=l(sdﬁA+sdﬁ) =l(sd1W+st§) - /NIM
2 2

= ZI TS =/11S

Suy ra ttr gidc LTIS ndi tiép (wy)

Mit khéc, £ IBI,= £ ICI,=90° nén tir gidc IBI,C ndi tiép (wy)

Ta théy II, 1a truc déng phuong ctua (w;) va (wy), BC la truc déng phuong cua (O) va
(ws), TS 1a truc dang phuong ctia (O) va (w))

Theo dinh Iy vé tim dang phuong thi II,, TS, BC dong quy tai A’.

Vay T,A’,S thang hang (dpcm)

Vi du 3(Dinh ly Brianchon): .
Cho luc gidc ABCDEF ngoai tiép (O). CMR AD,BE,CF dong quy.
Loi giai:
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Goi G,H,IJ,K,L lan luot 12 tiép diém ciia AB,BC,CD,DE, EF,FA v¢i (O).

Trén tia KF,HB, GB, ID, ID, LF lan luot ldy cdc diém P,S, Q,.R,N ,M sao cho
KP=SH=GQ=JR=IN=LM. Dung (O,) tiép xiic vdi EF,CB tai P,S, (O,) tiép xiic AF,CD
tai M,N, (O3) tiép xdc AB, ED tai Q,R.

Ta c6 FP=PK-FK=LM-LF=FM, CS=SH+HC=IN+IC=CN

Suy ra FC la tryc d'fmg phuong cua (O) va (Oy).

Tuong tu AD 12 truc dang phuong ctia (O,) va (O3), BE 1a truc dang phuong cua (O3) va
(0)). Ap dung dinh 1y vé tim dang phuong ta c6 AD,BE,CF dong quy (dpcm)

5.Chirng minh diém c6 dinh, dwong c6 dinh:

Vidu I: Cho (O,R) v hai diém P,Q c6 dinh (P ndm ngoai (O), Q nam trong (O)). Day
cung AB cua (O) luon di qua Q. PA, PB lan luot giao (O) 1an th{ hai tai D,C. CMR CD
1udn di qua mot diém cb dinh.

Loi gidi:
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Goi E 1a giao diém thtr hai khic P ctia PQ véi du’cng tron ngoai tiép tam giac PAB. CD
giao PQ tai F.

Tacé 0Q* —R* =QA.0B=QP.QE, maP,Q ¢d dinh nén QP =const, suy ra QF =const,
do d6 E cb dinh.

Mat khac ZPDC = ZPBA = ZPEA nén tu gidc DAEF ndi tiép.

Suy ra PO’2 —R?*=PD.PA= PE.PF . Do PE cb dinh nén PE =const, suy ra PF =const
Do d6 F c¢o dinh. q ’

Vay CD lu6n di qua diém F co6 dinh (dpcm)

Vidu 2 (Viét Nam 2003):

Cho (O1Ry)) tlép xUc ngoai voi (Oz,Rz) tai M (R2>R1) Xet diém A di dong trén duong
tron sao cho A,01,0, khong thang hang. Tir A ké tiép tuyén AB,AC t6i (Oy).Cic duong
thang MB,MC cit lai (O,) tai E,F.D Ia giao Chem ctia EF v6i tiép tuyén tai A ctia
(0,).CMR D di dong trén mot duong thang ¢d dinh.

Loi gidi:

14
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Qua M ké tiép tuyén chung cua (Oy) va (O,).
Tacé LMCA = ZCMy = ZLFMD = ZFAM
Do d6 aFAM ~aFCA(g.g)= FA*> =FM.FC = FO?-R? (1)
Tuong tw EA> =EO’-R’ (2)
Coi (A,0) 1a duong tron tdm A, ban kinh O thi tur (1)(2) ta dugce EF 1a truc déng phuong
cta (A,0) voi (Oy).
Ma D nim trén EF nén DA’=DO,*R
= Pp/(0)=Pp/(02) ,
Vay D nam trén truc dang phuong cua hai dudng tron co6 dinh (O) va (O,)

6.Chirng minh céc yéu t6 khac:

Vidu 1: Cho (O) va mot diém A ndm ngoai duong tron. Tir A ké tiép tuyén AB,AC t6i
(0). E,F 1an luot 12 trung diém AB,AC.D 1a mét diém bét ki trén EF. Tir D ké tiép tuyén
DP,DQ t6i (0).PQ giao EF tai M.CMR ZDAM =90’

Loi gidi:

15



Ki hiéu (A,0) 1a dudng tron tdm A, ban kinh bang 0.

Do EB’=EA*- OZ_EA2 va FC2_FA2 nén EF 1a truc dang phuong cua (A,0) va (O).
= DAz_DP =DQ’= D la tdm dudng trdn ngoai tiép tam gidc APQ

Lai ¢c6 M ndm trén truc dang phuong cua (A,0) va (O) nén MA’=MP. MQ

Suy ra MA 12 tiép tuyén ctia (D,DA).

Vay £ZDAM =90 (dpcm)

Vidu 2 (Russian 2005):

Cho tam gidc ABC, Wg, W¢ 12 cdc dudng tron bang tiép déi dién dinh B,C. W’g, W’¢ lan
luot 1a dudng tron déi xung voi Wp, We qua trung diém canh AC, AB. CMR truc déng
phuong ctia W’ va W’¢ chia doi chu vi tam gidc ABC.

Loi gidi:

16
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Gia str duong tron (I) ndi tiép tam gidgc ABC tiép xic voi 3 canh BC,CA,AB lan luot tai

D,E,F. M, N 1a trung diém AC,AB. Wy tiép xiic véi AC tai G, W tiép xic v6i AB tai H,

v6i BC tai T.

Ta c6 E dbi ximg véi G qua M, F déi xtmg véi H qua N.

Do d6 W’ tiép xiic véi AC tai E, W’¢ tiép xtc v6i AB tai F va AE’=AF” nén A nim trén

truc dang phuong cia W’g va W’

Mit khdc, qua A ké duong thang d song song voi BC. Trén d 14y 2 diém P,Q thoa mén

AP=AF=AE=AQ. Goi S 1a giao cua QF voi BC, J 1a giao cua PE v6i BC.QF N PE={R}

Vi AQ=AF=BH=BT va AQ//BC nén Q dbi xtmg voi T qua N.Suy ra Qe W’ tuong tu

Pe W’B.

Tt gidc PQEF ndi tiép nén RP.RE = RQ.RF suy ra R nam trén truc dang phuong ctia

W va We.

Do d6 AR 1a truc dang phuong cia W’g va W’c. Gia str AR cét BC tai L thi L 13 trung

diém SJ.

D@ thdy DB=FB=SB, DC=EC=JC. Goi L’ 1a tiép diém ctia dudng tron bang tiép géc A

cua tam gidc ABC vdi canh BC.

Ta c6 L’B=DC, L’C=BD nén L’B+BS=L’C+CJ hay L’ 1 trung diém doan SJ

=L'=L

Ma AL chia ddi chu vi tam gidc ABC nén truc dang phuong cia W’ va W’ chia doi chu

vi tam gidc ABC (dpcm)

Vi du 3 (Romani TST 2008):

Cho tam gidc ABC. Cic diém D,E,F lan lugt nam trén 3 canh BC,CA,AB sao

cho E = g = ﬁ . CMR néu 2 tam gidc ABC va DEF c6 chung truc tim thi tam gidc
CD AE BF

ABC déu.

Loi gidi:
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Goi G la trong tam tam giac ABC.
Taco: GD+GE+GF =| 2266+ 2GB |+ Lea+2£6¢ |+ 265+ 2L Ga
BC CB CA AC AB BA

(@+£jGC (C—D+£j5§+(g+£j6A GA+GB+GC=0
BC AC CB AB CA BA

Suy ra hai tam gidc ABC va DEF c6 chung trong tam G. Ma ching lai chung truc tam H
nén dya vao tinh chat ctia dudng thang O-le: OH=20G suy ra ching cé chung tim dudng
tron ngoai tiép O.

Goi (O) l1a duong tron ngoai tiép tam giac ABC.

Do OD=0E nén Pp/(0)=Pe/(O)

= DB.DC = EC.EA

DB EA
EC DC
Mat khac % = Elj EA = E_C
DC EA DC DB
DB EC — DB = EC*
EC DB
= DB=EC
Ma gg ij = BC = AC . Tuong tu AB=AC suy ra tam gidc ABC déu.

7. Khio sat vi tri hai dwong tron:

Vidul:

Chung minh rang néu hai duong tron dyng nhau thi hai dudng tron d6 nim vé mot phia
voi truc dang phuong. Néu hai dudong tron ndm ngoai nhau thi ching nam vé hai phia cua
truc dang phuong.

18



Loi gidi:

+Néu hai duong tron dung nhau, hién nhién tryc dang phuong khong cé diém chung voi
duong tron 16n vi néu M 1a diém chung thi phwong tich tir M t6i dudng tron nhé phai
bang 0 va hai dudng tron giao nhau tai M, vo ly.

Do d6 duong tron 16n nam vé mot phia cta truc dang phuong va moi diém trong cua
dudng tron cling ndm vé phia d6. Vay hai duong tron ndm vé mot phia véi truc dang
phuong.
+Néu hai duong tron ngoai nhau. Goi O la trung diém 0;0,. M Ia mot diém niam trén truc
dang phuong. H 12 hinh chiéu ciia M trén O,0,. Khong mét tong quat gia sir R;>R,.

— R'-R

Tacé OH =———suyra 20,0,.0H =R>—R> >0, tirc 1a OH va 0,0, cling hudng,
172
. R*—R? . ,
hay H nam trén tia OO,.Mét khac OH=1—02<1/20 102 nén H nam trén doan thang
1772
00,.

Vay 01,0, nam khdc phia déi v6i H, ma tryc dang phuong khong ¢6 diém chung véi hai
duong tron nén hai duong tron (Oy),(0;) nam khéc phia doi véi truc dang phuong.

Vidu2:

Chirng minh rang néu truc dang phuong cua hai dudng tron cat mot trong hai duong tron
thi hai dudng tron da cho cit nhau. Néu tryc ding phuong cua hai duong tron tiép xic véi
mot trong hai dudng tron thi hai dudng tron di cho tiép xiic nhau.

Loi gidi:

Goi C},C; 12 hai dudng tron c6 truc dang phuong d va M 1a diém chung cta C; véi d.

Ta c6 Py/(C)=Pm/(C,)=0 chirng t6 M thudc C,. Ttr d6 suy ra dpcm.
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C.Bai tap:

1.Ching minh cac hé thirc hinh hoc:

Bai 1: Cho tir gidc ABCD ni tiép (0). CDNAB={M}, ADNBC={N}. CMR
MN’=Py/(0)+Py/(O)

Bai 2(Romani TST 2006): Cho (O) va mot diém A nam ngoai (O). Tir A ké cit tuyén
ABC, ADE (Be [AC], De [AE]. Qua D ké duong thang song song véi AC cit (O) lan thir

2 tai F. AF cit (O) tai G. EG cat AC tai M. CMR L:L+ !

AM AB AC
Bai 3:Cho tir gidc ABCD noi tiép (0).Pr nam trén cung CD khong chira A,B.
PA,PB N DC lan luot tai M,N. CMR MD NC = const

Bai 4 (Dé nghi Olympic 30-4):_ Cho tam gidc ABC ndi tiép (O.R). Goi G la trong tm
tam gidc. Gia st GA,GB,GC cat (O) lan thu hai tai A’,B’,C’. CMR:

1 1 1 27

1 A2 + 2 + 12 = 2 2 2
G'A° G'B° G'C° a+b +c )
Bai 5:Cho tam gidc ABC ndi ti€p duong tron (O). Buong tron (O”) tiép xdc voi duong
tr(:)n (O), tai mot diém thudc cung BC khong chtra A. Tur A,B,C theo thu tu ké t6i (O”) céac
tiép tuyén AA’,BB’,CC’. CMR: BC.AA’=CA.BB”’+AB.CC"’ (dinh Iy Pto-1é-mé mo
rong)

Bai 6:Cho tam gidc ABC véi di¢n tich S ndi tiép (O,R). Gia str S; 1a dién tich cta tam
gidc tao boi cac chan duong vuong géc ha xuong cac canh cua tam gidc ABC tir mot

d2

1
diém M ndm cdch O mét khoang d. CMR S, = ZS 1—R— (Hé thirc O-le)

2.Tinh cac dai lwong hinh hoc:

Bai 7:Cho tam gidc déu ABC canh a ndi tiép (O). Pudng tron (O’,R) tiép xiic v6i canh
BC va tiép xiic v6i cung BC nho. Tinh AO’ theo a va R

Bai 8 (All-Russian MO 2008): Cho tam gidc ABC ndi tiép (O,R), ngoai tiép (Lr). (I) tiép
xtic voi AB,AC lan luot tai X,Y. Goi K 1a diém chinh giira cung AB khong chira C. Gia
sit XY chia d6i doan AK. Tinh ZBAC?

Bai 9 (All-Russian MO 2007): Hai duong tron (O;) va (O;) giao nhau tai A va B. PQ, RS
12 2 tiép tuyén chung ctia 2 duong tron (P,R € (0)), Q,S € (0,)). Gia sit RB//PQ, RB cit

(O») 14n nira tai W. Tinh RB ?
BW

3.Chirng minh tip hop diém cung thudéc mét dwdng tron:

Bai 10: Cho tir gidc ABCD ndi tiép (O) (AB # CD). Dyng hai hinh thoi AEDF va BMCN
¢6 canh bang nhau. CMR 4 diém E,F,M,N ciing thujc mot dudng tron.

Bai 11 (IMO Shortlist 1995):Cho tam gidc ABC vdi (I) la dudng tron ndi tiép. (I) tiép
xudc voi 3 canh BC,CA,AB lan luot tai D.E,F.X la mot diém nam trong tam gidc ABC sao
cho duog tron noi tiép tam gidec XBC tiép xiic v6i XB,XC,BC lan luot tai Z,Y,D.CMR ti
gidc EFZY noi tiép.
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Bai 12 (International Zhautykov Olympiad 2008): Trén mit phing cho 2 dudng tron
(0Oy) va (O,) ngoai nhau. A;A, 1a tiép tuyén chung ctia 2 dudng tron (A e (0)),

Ase (0y)). K 12 trung diém A A,.Tir K 14n lugt ké 2 tiép tuyén KB,,KB, ti (0),(0,).
ABinAB={L}, KL r\v0102={P} .CMR B,,B,,P.L cung nam trén mot duong tron.
4.Chirng minh sw thang hang, dong quy:

Bai 13:Cho nira dudng tron dudng kinh AB va diém C nam trén d6. Goi H 1a chan dudng
vudng géc ha tir C xudng AB. Puong tron dudng kinh CH cit CA tai E, CB tai F va
duong tron duong kinh AB tai D. CMR CD, EF,AB dong quy.

Bai 14: Cho 2 dudng tron (O;) va (0,) ngoai nhau. K¢é tiép tuyén chung ngoai A A,, tiép
tuyen chung tI'OIlg B1B2 cua 2 dll’O'Ilg tron (A], B]E (01) AZ,BZE (02)) CMR A]B], A2B2,
0,0, dong quy.

Bai 15 (Viét Nam TST-2009):Cho tam gidc nhon ABC ndi tiép (O). A;,B,,C; 1an luot 1a
chan dudng vudng géc cua A,B,C xubng canh ddi dién. A,,B,,C, dbi xtng véi A;,B,,C,
qua trung diém BC,CA,AB. Puong tron ngoai tiép tam gidc AB,C,,BC,A,,CA,B, cit (O)
lan thir 2 tai A3,B3,C3. CMR A;A3,B;B3,C,C; dong quy.

Bai 16 (Olympic todn hoc Mi 1997):Cho tam gidc ABC. Bén ngoai tam giidc nay v€ cic
tam gidc can BCD, CAE, ABF ¢ céc canh ddy twong g 1a BC,CA,AB.CMR 3 dudng
thémg vuong goc ke tir A,B,C tuong tng Xuéng EF,FD,DE déng quy.

Bai 17 (IMO 1995): Trén duong thang d 1iy 4 diém A, B, C, D (theo thir tur d6). Buong
tron duong kinh AC va BD cit nhau tai X, Y. Duong thang XY cat BC tai Z. Lay Pla
mot diém trén XY khdc Z. Puong thang CP cit duong tron dudng kinh AC tai diém thir 2
1a M, va BP cit duong tron duong kinh BD tai diém thir 2 1a N. Chirg minh ring AM,
DN va XY dong qui.

Bai 18:Cho tam gidc ABC noi tiép (O). Puong tron bang tiép géc A c¢6 tam I, tiép xdc
v6i cic canh BC,CA,AB lan luot tai M,N,P.CMR tim dudng tron O-le cia tam gidc
MNP thudc duong thing OL

Bai 19:Tam gidc ABC khong cén néi tiép (O), ngoai tiép (I). Céc diém A’,B’,C’ theo thr
tu thuoc BC,CA,AB thod man LAIA'= ZBIB'= ZCIC'=90°. CMR A’,B’,C’ cung
thudc mot dudng thing va dudng thang d6 vudng géc véi OL

Bai 20:Cho tam gidc ABC néi tiép (0), 3 duong cao AA’,BB’,CC’. Ki hiéu W, 1a dudng
tron qua AA’ va tlep xdc voi OA. Wg, We duoc dinh nghia tuong ty. CMR 3 duodng tron
d6 cat nhau tai 2 diém thudc dudng thang O- le cua tam gidac ABC.

Bai 21:Cho tam giac ABC. A’, B’ 1an lugt ndm trén 2 canh BC va AC. CMR truc drfmg
phuong cta hai duong tron duong kinh BB’ va AA’ di qua tryc tam H cua tam gidac ABC.
Bai 22: Cho (O), dudng kinh AB,CD. Tiép tuyén cta (O) tai B giao AC tai E, DE giao
(O) 1an thu 2 tai F. CMR AF, BC,OE dong quy.

5.Ching minh diém co dinh, duwdng co dinh:

Bal 23:Cho (O) va day AB. Cac duong tron (01),(05) nam vé mot phia ctua day AB va
t1ep xtc trong voi (0). (01) N (Oz)= {H,K}. CMR HK lu6n di qua mot diém c6 dinh.

Bai 24:Cho tam gidc ABC noi tlep (O,R). M 12 diém di dong trong (O). AA’,BB’,CC’ la

. i meina. MA MB MC A
céc day cung di qua M va thoa man h¢ thirc + + =3. CMR M thudc mdt

MA' MB' MC'

duong tron cb dinh. ‘
ij 25:Cho tam giac ABC, duong tron qua B,C giao ABZAC lan luot tai C’,B’. Goi giao
diém cua BB’ va CC’ 1a P, AP giao BC tai A’. Bbuong thang qua A’ song song véi B’C’
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giao AB,AC lan luot tai M,N, B’C’ giao BC tai Q. CMR duong tron ngoai tiép tam gidc
QMN di qua mot diém c6 dinh.

6. Chitng minh cac yéu to khac:

Bai 26 (Junior Balkan MO 2005) :Cho tam giic ABC ndi tiép (O). Tiép tuyén cua (O)
tai A cat BC tai P. M 14 trung diém BC.MB cit (O) lan thir 2 tai R, PR ct (O) lan tht 2
tai S. CMR CS//AP

Bai 27 (Thi v6 dich todn Iran,1996):Cho hai diém D,E tuong (mg nam trén cdc canh
AB,AC cua tam gidc ABC sao cho DE/BC.Goi P 1a diém bét ki nam bén trong tam gidc
ABC, cdc duong thang PB va PC lan luot cit DE tai F va G. Goi Oy, O, 1a tim duong
tron ngoai tiép tam gidc PDG, PFE. CMR: AP 1 0,0,

Bai 28:Cho tam gidc ABC, dudng cao AD,BE,CF cit nhau tai H. M 1a trung diém BC,
EF cit BC tai . CMR IH 1 OJ

Bai 29 (USAMO 2009):Cho hai dudng tron w; va wy cit nhau tai hai diém X,Y. Mot
duong théng 1, di qua tam w; va giao w; tai hai diém P.Q, I, di qua tdm w, va giao w; tai
R.S. CMR néu 4 diém P,Q,R,S ciing thuéc mot duong tron tim O thi O nam trén XY.
Bai 30 (IMO 1985):Cho tam gidc ABC.Mét dudng tron tim O di qua cdc diém A,C va
lai cat cac doan AB,AC tht tuy tai hai diém phén biét K,N.Gia sir dudng tron ngoai tiép
ctia céc tam gidgc ABC va KBN cit nhau tai B va M. CMR géc OMB vudng.

7. Khio sat vi tri hai dwong tron:

Bal 31 Bai 31:Trong mit phing toa do Oxy cho hai duong tron (C)): X4y -2x+4y-4=0,  (Cy):
X +y *44x- -4y-56=0. CMR (C,) tiép xic véi (Cz)

Bai 32:Chung minh rang hai duong tron (C)): x +y -10x+24y-56=0 va (Cy): x +y -2x-
4y-20=0 cét nhau.

D.Loi gidi:
Bai 1:

LAy diém P trén MN sao cho tir gidc MPAD noi tiép, lai ¢6 tir gidc ABCD ndi tiép nén tr
gidc PNBA noi tiép.

Ta c6: MP.MN = MAMB, NP.NM = NA.ND

— MN? = (MP + PN).MN = MA.MB + NA.ND
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Hay MN?=Py/(0)+Pn/(O) (dpcm)
Bai 2:

Tacé LGED = ZGCD = ZGABnén aAMG ~sEMA
= MA* = MG.ME =MB.MC
Hay MA’=(AB-MA)(AC-MA)=AB.AC-MA(AB+AC)+MA?
AB.AC
A=—T"—
AB+AC

1 1 1

= + dpcm
AM AB AC(p )

Bai 3:

Trén DC 13y E sao cho ZAED = ZAPB =const suy ra E ¢4 dinh.
T gidc AEPN noi tiép suy ra ME.MN = MAMP = MD.MC

& (MD+ DE).MN = MD.(MN + NC)

& DE.MN = MD.NC
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MD.NC
MN
Bai 4

= = DE = const (dpcm)

A T
\\\\
™, B

\\,
II
[
[
G |
.'|III

/c
i

\\\
.
e

'~-._ﬁ_______A' _____!__,_./"
V6i M 1a diém bt ki trén mat phang, ta c6:

. —\2 _— ——\2 — . —\2
MA’+MB*+MC’=(MG+GA) +(MG+GB) +(MG+GC)
=3MG*+GA’+GB*+GC*+2 MG(GA + GB + GC) =3MG*+GA*+GB*+GC>
Mit khéc,theo cong thire duong trung tuyén:

GA2+GB2+GC2=g (ma2+mb2+mcz)=% (a>+b*+c?)

Do d6 MA2+MB2+MC2:3MG2+% (a’+b*+c?)

Cho M trung O thi:

OA2+OB2+OC2=3OGZ+% (> +b%+¢?)

— 0G%*=R%- M

a*+b* +c*
9

- 2
Ta c6 Po/(0)=GAGA' = —— =4
GA®  P2/(0)

= P¢/(0)=0G*-R’=-

Tuong tu ta dugc

a’*+b*+c’
1 1 1 GA>+GB>+GC’ 3 27
st et 2 2 T3, 2, 22 2..2. 2
GA” GB” GC P:/(0) (@+b°+c*)° a*+b*+c
81
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Bai 5:

Xét truong hop (O) tiép xic ngoai véi (0°) tai M (trudng hop tiép xic trong ching minh

tuong tu)

MA,MB,MC theo thtr ty cit (O’) tai A’,B’,C".

Dé dang chimg minh dugc B’C’//BC, C’A’//CA, A’B’//AB. Theo dinh 1y Ta-1ét ta c6:

AA' BB'_CC'

AM BM CM

Ma AA’>=AM.AA’, BB’’*>=BM.BB’, CC"**>=CM.CC’

AA™ BB cC" AA" BB" _CC"
2= 2= ;- hay = = (1)

AM BM CM AM BM CM

Ap dung dinh 1y Pt6-18-mé cho tir gidc noi tiép ABMC ta c6:

BC.AM=AB.MC+AC.MB (2)

Do dé

Tu (1) va (2) suy ra BC.AA”’=CA.BB”’+AB.CC”’ (dpcm)
Bai 6:

Goi A1,7B1,C1 la chan du’(‘)rngv vudng goéc ke tut M Xuéng 3 canh BC,CA,AB.A,,B,,C; 1a
giao diém cua cac duong thaing AM,BM,CM vai (O). a,b,c 1a 3 canh tam gidac ABC,
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aj,bi,cy 1a 3 canh tam gidc A;B;Cy, a,by,c; 1a 3 canh tam gidc A;B,Cs. S,S4,S; tuong ing
l1a dién tich cua ching.

Ta c6: aj=AM.sinA=AM. £
2R

b
Tuong tu bi=BM. —, ¢;=CM. ——
2R 2R

. . A B.M M

Hai tam gidc B,MC, va BMC dong dang nén %2 = 527 _ G
a CM BM
Tuongty 2o CM _AM ¢ AM _BM
b AM CM ¢ BM AM
Ta chirng minh 4 - b
a, b,
AM.% BM.;;e
= di
@ M, GM e
BM AM
Tuong tu L nén aABC, ~rAB,C,
b, ¢,
Hon nita 5 _ahe
abc
Ta cé (if - S_IBS_; L ’agb;cg _abq a,b,c
S3S*  albic; a’b’c  a'b’c 2

( 1 f AM?.a>* BM*b* CM* c*
= .a,b,c,

| 4R? a’b’c’

3
() amr o 2
4R? a b c
3
=( L) amm o BM GM AM
4R* CM AM BM
3
:(4;2 AM .A,M .BM .B,M .CM C,M
3
(gl
4R?
Suy ra dpcm.

26



Bai 7:

Goi M,N lan luot 12 tiép diém cta (O) voi BC va (O).
Do MO’//AO va oM :M nén A,M,N théng hang.
OA  ON

Ta c6 AO’%-R*= AM AN
Miit khic, /MBA = /BNA nén AM.AN =AB>
— AO’2-R*>=AB?

=AO0'=\d’ +R?

Bai 8:

Goi S 1 giao diém ciia XY v6i AK.
Tacé £ KAB=/KCB, £ SXA=180"- Z AXY=/ BIC
=aAXS ~aCIB

AX.BC hay %AK _ AX.BC

= AS =

< KI.CI =2AX .BC , dp dung vi du B.1.1 ta thu

duoc :

2Rr=2(p—a)a

abc S ;¢

4SABC

b +ct+be=a’ )

Mait khdc, theo dinh 1y ham so cos, a’=b’+c>-2bccosA

Do d6 cosA=-1/2 hay £ A=120°

=(p—a)asbc=4p(p—a)
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Bai 9:

Goi J 1a giao diém ctia AB va PQ thi J 1a trung diém PQ.
D& dang c6 AB//PR, ma PQ//RB nén PJBR 1 hinh binh hanh.
— PJ=RB
= RB.RW=RS’=PQ’=4RJ’=4RB*
—RW=4RB
vay RE _L
RW 3
Bai 10:

Dung (A, AF) va (B,BM). . v

Do OA=0B va AF:BM nén O nam trén truc dang phuong cua (A) va (B).
Mait khéac, EF, MN lan luot 1a trung truc cia doan AD,BC nén EF M MN={O}
= OE.OF = OM .ON

Suy ra 4 diem E,F,M,N cung thuoc mgt duong tron (dpcm)
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Bai 11:

B D c

Goi T 1a giao cua EF v&i BC. Ap dung dinh 1y Mé-né-lauyt cho tam gidc ABC véi duong
thang TFE ta c6: TETF =TD* =TZTY = 2 = gi
BT AE BF

Mit khéc, d& dang c6 AD,BE,CF dong quy. Ap dung dinh Iy Xé-va ta thu duogc:
CD _ CE AF

BD  AE BF
CD CT
S e
BD BT

. o y . CD _ CT"'
Tuong tu, goi T° 1a giao diém cua YZ voi BC thi D = —?
SuyraT=T".
Tacé: TETF =TD*> =TZTY

Vay tir gidc EFZY ndi tiép (decpm)
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Bai 12:

— e

Do KA;=KA,=KB=KB, nén tir gidc A;BB,A; ndi tiép.
= LB,.LA = LB, LA,

Suy ra KL 1a tryc déng phwong cta (O;) va (Oy)

= KL 10,0,

3 diém A;,B;,P nhin doan O,K du6i géc 90° nén tir gide A;B PK ndi tiép, twong tu tir
gidc A,B,PK ndi tiép.

Ap dung dinh 1y Miquel ta c6 ti gidc B,PB,L noi tiép (dpcm)
Bai 13:

Do ZACB =90° nén EF la duong kinh cua duong tron duong kinh CH.

= ZLCEF = ZACH = ZCBA

Suy ra tt gidgc AEFB ndi tiép.

Ap dung dinh 1y vé tim dang phuong cho duong tron ngoai tiép tir gidc AEFB, dudng
tron duong kinh AB va dudng kinh EF ta c6 CD, EF, AB dong quy (dpcm)
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Bai 14:

e —

Goi M la giao diém cua A;B; ;(;)’i :A_;sz. Dé dang c6 A|B; L A,B..

Goi (C),(Cy) lan luot 1a cac duong tron duong kinh A1A,BBo.

Do Z AMA;=2 B MB,=90° nén M nam trén truc ding phuong ciia (C;) va (Cy).
Mit khic O;A,°=0,B,* va O;A,, OB, lan luot 1a tiép tuyén ciia (C;),(C,) nén O; ndm
trén truc dang phuong cua (C;) va (Cy).

Tuwong tu O, cling nam trén tryuc dang phuong cua (C) va (Cy)
Suy ra O;,M.O; thang hang.

Ta c6 dpcm.
Bai 15:
f"f____h_““x\\
S — 2\
A~ ~\ Aq
/ N
/ TN
F i | 1 ™,
.r/ I | \\\
/ Ca | N,

/ / '
/ / \
II .\\.\ B }.r" IIII
| \ |
| |

~) (@]

III 61 N II|
/
\ /

\ /
B\ A M J/c
S e

o N -
~— —

. -
— —

Goi (I,LR) duong tron ngoai tiép cua tam gidc AB,C,, M la trung diém BC, AM giao A A3
tai G.

Do AC,.AB=AB,.AC va AC,=BC,, AB,=CB,

. BC,BA=CB,CA

= BI*-R’=CI*-R*= BI=CI
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=101LBC
Ma IO L AAs;= AA3//BC

Dé dang c6 A;M= %AA3

AG AA,
= —= =2
MG AM
Suy ra G la trong tam tam giac ABC. Tuong ty B;B3,C,C; cling di qua G.
Vay A;A3,B1B3,CC; dong quy tai trong tam G cua tam gidc ABC.
Bai 16:

Goi C,C,,C3 1an luot 1a dudng tron tdm D, ban kinh DB, duong tron tim E, ban kinh EA,
duong tron tam F ban kinh FA

Pudng thing qua C vudng géc voi DE 1a tryc déng phuong cia (Cp) va (Cy), dudng thing
qua A vudng géc voi EF 1a truc dang phuong cta (C,) va (C3), duong thing qua B vudng
géc véi DF 1a truc dang phuong cta (C;) va (C3). Do d6 3 duong thang nay dong quy tai
tam dang phuong ctia 3 dudng tron (dpem)

Bai 17:

32



.
\\‘ ‘-\\Y A
e o

- -
— g

Goi J,J’,Z 1an luogt 1a giao cia AM,DN, AD véi XY.

Tt gidc IMCK néi tiép nén PJ.PK = PM .PC

Tuong tu PJ'PK = ﬁﬁ

Do P nam trén truc dang phuong cua duong tron duong kinh AC va duong tron dudng
kinh BD nén PM.PC = PN.PB

= PJ.PK = PJ'PK hay P=P'

Vay AM,DN,XY dong quy (dpcm)
Bai 18:
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Bé dé: Cho ILA,B,C,A’, B’,C’ thoa mén cdc bd 3 diém LLA,A’; ,B,B’; I,C,C’ thing hang

IA IB I
va =—= 1< , khi d6 tdm dudng tron ngoai tiép tam gidc ABC,A’B’C’ va I thang

IA' IB' IC'
hang.
Chiing minh:Tir gia thiét ta c6 AB//A’B’,AC//A’C’, BC//B’C’.
Dé dang c6 hai tam gidc ABC va A’B’C’ dong dang theo ti s6 k.
Goi M,M’ 1a trung diém AB,A’B’ thi LM,M’ thing hang va M _1A_, MO
IM' A '0
Ma MO//M’O’ nén 1,0,0’ thang hang.
Tro 1ai bai todan: Goi M,N,P; 1a giao diém cua IA véi PN, IB véi PM, IC véi MN.
M3,N»,P; 1a giao diém thir 2 ctia IA,IB,IC véi (O).
Ta c6: IA.IM,=IN*=IM*=IB.IN,=IC.IP,
Mit khéc IA.IM,=IB.IN,=IC.IP,
IM, IN, IP
IM, IN, IP,

Ap dung bo dé tren thi I va tam duong tron ngoai tlep tam gidac MNP}, MNP, thang
hang, véi chii y rang dudng tron ngoai tiép tam gidc M;N;P; 1a duong tron O-le ciia tam
gidc PMN.

Vay tdm duong tron O-le ciia tam gidc PMN thudc dudng thang OI (dpem)

Bai 19:

Ki hiéu (I,0) 1a dudng tron tdm I, ban kinh bang 0.
£ABC = ZAIC-90° = LCIA'

Taco ZIBC =

— JA? = A'B.A'C hay P/(1,0)=P5/(O)
Tuong tu Pg/(1,0)=Pg-/(O), Pc/(1,0)=P-/(0)

Suyra A’,B’,C’ cling thudc truc dang phuong ctia (O) va (1,0), duong thang niy vudng
gbc voi Ol (dpem)
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Bai 20:

Tac6: P, /(W,)=HAHA'= HC.HC'=P, /(W,) vado OA, OC lan luot tiép xic véi
Wa, We nén Po/(W)= OA*=0C’=Po/(Wc)

Suy ra OH la tryc déng phuong ctia (W) va (W)

= (W,)Nn(W,)={E,F}e HO

Tuwong tw (W,) N(W,)={E,F}e HO

Vay 3 duong tron (Wa),( Wg),( We) cit nhau tai 2 diém thudc duong théng O-le cua tam
giac ABC (dpcm)

Bai 21:

Ki hiéu (01),(0,) lan luot 1a duong tron duong kinh AA’ va BB’. Goi M 1a trung diém
AB

D@ thidy (M,MA) " (O))= {AE}, (M,MA) " (O,)= {B,F} (E,F lan luot 1a chan dudng cao
ha tir A,B cua tam gidc ABC) ‘ ]

Do AE,BF giao nhau tai tryc tam H va dp dung dinh 1y vé€ tdm dang phuong ta suy ra tryc
dang phuong cua (O;) va (O,) di qua H (dpcm)
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Bai 22:

B
)
e _//

— T

Ki hiéu (C)),(C,) 1an luot 12 duong tron ngoai tiép tam gidc AEF, BCE.
Ta c6 AF, BC la truc déng phuong cua (O) va (Cy), (O) va (Cy).

Mat khic £ OAF=ZFDB=ZFEA, ZOBC=ZCEB

Suy ra OA,OB lan luot 12 tiép tuyén cua (C:),(C,) va lai c6 OA’=OB?
Do dé OE la truc déng phuong cua (C)) va (Cyp)

Theo dinh Iy vé tim dang phuong cua 3 dudng tron ta c6 AF,BC,OE ddng quy (dpcm)
Bai 23:

Bé dé: “Gia st (J) tiép xidc trong véi (O) tai E, tiép xic ddy AB tai F thi EF di qua diém
chinh gitta M cua cung AB.”

Churng minh:

Tacé LEFJ = LFEJ = ZEMO

= JF//OM ,ma JF L AB=OM | AB

Vay M la diém chinh giira cung AB.

Tré lai bai toan:

Goi C,D 1a tiép diém cua (0,),(0,) vé6i (0), F,E 1a tiép diém cua (0,),(0,) véi AB.
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Theo bd dé trén thi CF,DE di qua diém chinh giita I ctia cung AB.

Mt khac ZDCF = %sdl/)? - %sd(ﬁé +BI)= %sd(ﬁé +Al) = ZAEI

Suy ra ttr gidc CDEF noi tiép. Ap dung dinh ly \(é tdm dang phuong cho dudng tron ngoai
tiép tir gidc CDEF, (0O),(O,) ta c6 HK,CF,DE dong quy

Vay HK di qua diém chinh giira I ciia cung AB 12 mét diém cd dinh (dpcm)
Bai 24:

Goi G la trong tam tam giac ABC, a,b,c 1a d§ dai 3 canh tam gidac ABC.
2 2 2
Theo Bai 4, ta ¢ R* = OG> +% (1)

Do MA.MA’=MB.MB’=MC.MC’=R*-OM? suy ra:

MA  MA* = MA
MA' MAMA' R*—OM?*
MB MB? MB? MC MC? MC*
Tuong ty = =— 7 = =2 2
MB' MB.MB' R*—OM?* MC' MCMC' R*-OM
MA?* + MB* + MC*

Tir d6 ta thu duoc =3 hay 3MG*+1/3(a’+b*+c*)=3R%-30M” (2) (Bai

R*-OM*

4)

Tir (1) va (2) suy ra OM*+GM?*=0G?
Vay M nam trén dudng tron duong kinh OG 1a mét duong tron ¢b dinh.
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Bai 25:

— I

Goi I 12 trung diém BC. Do AA’, BB’,CC’ ddng quy nén (QA’BC)=-1

= A'QA'I=A'BA'C (1)

Do MN//B’C’nén ZMNC = £C'B'C = ZMBC

Suy ra tir gidc MBNC ndi ti€p

=A'BA'C=A'"M.A'N (2)

Tu(l)va(2)tacé A'QA'IT=A'"M.A'N

Suy ra tir gidc QMIN noi tiép i i
Vay duong tron ngoai tiép tam gidc QMN ludn di qua trung diém I cua BC 1a mot diém
c0 dinh (dpcm)
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Bai 26:

Ta cé6 MP> = MA> = MBMR =>aPMB ~sRMP
— /MPB = Z/MRP =180° — ZPCS
= AP//CS (dpcm)

Bai 27:

Goi M 1 giao diém thir 2 cia AB véi (O)), N 1a giao diém thir 2 ciia AC véi (O,).
Tacé ZPMD = /PGD = /PCB

Suy ra tir gide BPCM nbi tiép, twong tu tir gidc BPCN ndi tiép do dé tir gidc BMNC nbi
tiép. Ma DE//BC ta thu duoc tir gidc MDEN noi tiép.

Ap dung dinh 1y vé tdim dang phuong cho cdc dudng tron ngoai tiép DGP, PEF va
DENM ta c6 DM NEN={A} nam trén truc déng phuong cua (O) va (Oy).

Suy ra AP L 0,0, (dpcm)
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Bai 28:

| J

B D M
Goi 0,J 1an luot 1a trung diém AH, MH.
Tac6 LEFD =2/HFD =2/EBM = ZEMC
Suy ra t&r gidc FEMD nbi tiép.
= IE.IF =IM .ID
Do d6 I ndm trén truc déng phuong cua (O,0A) va (J,JH)
=1IH 1L 0OJ
Ma OJ 1a duong trung binh cua tam gidc AMH nén OJ//AM
= IH 1 AM (dpcm)
Bai 29:

Goi ban kinh wy, w,,(0) 1an lugt 12 ry,r5,r, 01,0, 12 tim w; va w,
Tacé P, /(0)=0,P.0,Q0 =0,0°r*, 0,P.0,0 =0,0,> -1, do dé:
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0,0°-r’=0,0,*-1,*
Suy ra Po/(01)=00,%-1,2=0,0,>+r>-r, -1,
Tuong ty Po/(0s)= 0,0, +1%-1,°-1;°

Vay O nam trén truc dang phuong ctia (O,) va (O5) (dpem)
Bai 30:

Goi D 1a giao diém cita AC va KN.
Tac6 £KMA=ZBMA- ZKMB=£ ACB- £ ANK=KDA
Suy ra tir gidc AKMD ndi ti€p
= ZAMD = ZAKD =180° — ZACB =180° — ZAMB
Do dé B,M,D thang hang. )
bat BO=a, DO=b, R la béan kinh duong tron ngoai tiép tir gidc AKNC
Ta c6 BM.BD=BK.BA=a>-R?>, DM.DB=DC.DA=b*-R>
— BD?=a’+b>-2R*
R (=R (@4 2R =) o
BD BD BD*?
= ZBMO =90’ (dpcm)

b* = BO* - DO’

— BM*-DM’= ( a

Bai 31:

Truc diang phuong cia hai dudng trdon c6 phuong trinh:
d: 3x-4y-26=0

Ta khdo sét vi tri tuong ddi cua d véi (Cy):

Toa do giao diém cua d véi (C;) thoa man hé:

{3x —4y-26=0

X +y —2x+4y-4=0

4 267 , (4 26
=|—y+— | +y 2| —y+— |+4y—-4=0
(3y 3) g (3y 3j g

& 25y? +220y+484=0 < y=—4,4
Vay d tiép xdc véi (C)), tirc 1a (C) tiép xic véi (Cy) (dpem)
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Bai 32:

Truc ding phuong cta hai dudng tron (C;) va (C,) ¢6 phuong trinh:
d:-4x+14y-19=0

Ta xét vi tri twong dbi caa d véi (Cy).

Toa dg giao diém cua d véi (C,) thoa man hé:

{—4x+14y—19=0

X' +y =2x—4y-20=0

7 19V , (7 19
S| iy——=| 4y =2| Sy—"2|-4y-20=0
(2y 4) Y (2y 4) Y

(:)53y2—177y+%=0

Phuong trinh nay c6 2 nghi€ém phan bi¢t nén d cit (C)), tirc 1 (Cy) va (C,) cat nhau.
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