Chuong II

PHAN THUC PAI SO

Chuyén dé 10. RUT GON PHAN THUC

A. Kién thitc can nhé
Muén rut gon phan thirc ta cé thé:
Phan tich tir va mau thanh nhan t&r ( néu can) dé tim nhan ti chung;
Chia ca tir va mau cho nhén tir chung.
Chu y: C6 khi can déi dau & tr hoac mau dé nhan ra nhan t chung cta t va mau (lwu y t6i tinh chat
A=-(-A)).

B. Mot so vidu

Vi du 1. Rit gon phan thitc sau:

2 - 4_ 2
a)A:w; b)B = 4a 25a +4 ;
X +x-12 a*-a’ +4a-4
X’ +x*-4x- 4
)C =— 5 .
X +8x"+17x+10
Giai
a) Ta co:
X +2x+1-9  (#1)-9 (x+1-3)(x+1+3)
S X2 +dx-3x-12 x(x+4)-3(x+4)  (x+4)(x-3)
_(x-2)(x+4) _x-2
(x+4)(x-3) x-3
at-a- aa +4 a'(a-1)- 4(a*-1)
b) Tacé:B = =

a*-(a*- 4a+4)  ¢*-(a-2)

o (@-1)@-4)  (a- D@@+D(a- 2)(a+2)
(a*- a+2)(@?+a-2) (a*- a+2)(a- D(a+2)
B:(a+1)(a- 2)

a’-a+2

x*(x+1)- 4(x+1) B (x+D(2- 4)
X +x2+7x +7x+10x+10  (x+1)(x2 +7x+10)

c) Taco:C =

_(x +1)(x- 2)(x +2) _x-2
_(x+1)(x+2)(x+5) CXx+5

Vi du 2. Cho a, b, c d6i mot khac nhau théda man ab =bc +ca =1. Rit gon biéu thitc sau:

_(a+b) (b+c) (c+a)
C(+a?)a+p?)a+?)

Giai



Tim cach giai. Nhan thay mau thitc c6 thé phan tich thanh nhan t bang cach st dung gia thiét. Do vay nén
thay 1 =ab+bc+ca vao mau va phan tich da thitc thanh nhéan tiv. Nhitng bai toan rit gon cé diéu kién, ching
ta nén van dung va bién doi khéo 1éo diéu kién.

Trinh bay loi giai

Thay 1 =ab+bc+ca, ta dwgcl+a® =a’ +ab +bc +ca

1=a’ =(a+b)(a+c)
Twong tw:1+b> =(b+c)(c+a)

1+¢* =(c+a)(c+b)

R (a+b)2 (b+c)2(c+a)2
Vay A = =1.
(@a+b)a+c)b+a)b+c)c+a)c+b)
, a’-4a’- a+4
Vi du 3. Cho biéu thitc P =

a’- 7a’ +14a- 8
a) Rut gon biéu thic P.
b) Tim gia tri nguyén cta a dé P nhan gia tri nguyén.
Giai
Tim cach giai. Khi rit gon biéu thitc, chiing ta can phan tich t thitrc va mau thitc thanh nhan tw.
bé tim gia tri nguyén cta a, chung ta can tach phan nguyén va cho phan thitc cé gia tri nguyén. Chang han

p=27

. o C s A A a1y S N
5 thi ta viet P =1+ 5V 1 la s6 nguyén nén dé P la s6 nguyén thi 5 c6 gia tri nguyén. Do
a- a- a-

vay a- 2 phai la wéc so caa 3.

Trinh bay 1i giai
a) Taco:
_d*-4d*-a+4 _ d’(a-4)-(a-4)
a*-7a°+14a-8 a°- 2a’- 5a°+10a+4a- 8
(- 1)(a- 4) _(a+D(a-1)(a-4) a+1

" (a-2)-5aa-D+4@-2) (a-Da-D@-2) a-2

3
a-2

b) Tacé:P =1+ (a #2)

ViyPEZ & —_€Z = a-2€| ;3] = a€|- L1135

a-2

4 3 _ 2 _ _
Vi dy 4. Cho phan thitc F(x) = X X 7 X 22X~ 2
X' +2x° - x"-4x-2

Xac dinh x dé phan thic F (X) 6 gia tri nhé nhat.

Giai



Tim cach giai. Trong phéan thitc F(X) thi bac cta ti thitc va mau thitc 1a 4, kha 16n. Do d6 viéc tim gia tri
nho nhat gdp nhiéu kho khan, vay can rit gon biéu thic F(x). Khi F(x) viét duge dwdi dang phan thic ma
tir thitc va mau thitc 1a bac hai, ta tim cye tri bang cach 1ay biéu thitc F(x)- m | sao cho két qua ti thitc viét

duwgc dudi dang hing dang thite (a +b)*.

Trinh bay 101 gii
F(x) = xt+xP- x*-2x-2 _ P+ xP- 2x7- 2x- 2
x*42x°- X -4x-2 X2+ xT-2x7 - 4x-2
P +x+1)- 22 +x+1) (P +x+D)(%-2)
_xz(xz +2x+1)- 2(x> +2x+1) _(x2 +2x+1)(x*- 2)
X +x+1
X +2x+1
] 3 X +x+1l 3 4x*+4x+4-3x%-6x-3  (x+1)
XétF(x)- — = -—= =

= - —-"= = >
4 x*+2x+1 4 4x* +8x+4 4(x+1)
3 ~ > kd .
Suy ra F(x) ZZ. Déu bang xdy ra khi x =1

3
Vay gia tri nho nhat caa F(x) :Z khix =1

x'- x*- x+1
X+ X +3x2 +2(x+1)

Vi du 5. Cho biéu thitc B = Ching minh rdang biéu thitc B khéng am v&i moi gia tri

cua X.
Giai
Tim cach giai. Chitng minh biéu thitc khong am véi moi gia tri cta x, ta can phai rut gon biéu thitc. Sau dé

chitng t6 t&r thitc khng am va mau thic duong.

Trinh bay 14i giai
2 (x-1)- (x-1) (x- 1 (¥ +x+1)  (x-1)
B = = = 5
RO +x+1)+202+x+1) (2 +2)(E+x+1) x> +2
2
B :(Xz_ D Lo
X +2

Vay B khong am v6i moi gia tri cta x.
(1986% +1992)(1986% +3972 - 3).1987
1983.1985.1988.1989 '
(Thi Hoc sinh giéi NewYork (My) — ndm hoc 1986-1987 )

Giai

Vidu 6. Tinh p =

Tim cach giai. Bai todn nay chita s6 kha 16n. Nhiéu s6 gan véi 1986, do do rat tw nhién dat1986 =x, roi

biéu dién cac s6 gan vdi 1986 theo x, ta dwgc biéu thitc P bién x. Sau d6 rit gon biéu thitc P.



Trinh bay loi giai
bat 1986 =x.
Ta co:
(x2 - X- 6)(x2 +2x+ 3)(x +1)

P G DG ) +3)

_(xz- 3x+2x- 6)(x2 - X+3x- 3)(x+1)
- (x- 3)(x- D(x+2)(x+3)
:(x -3)(x +2)(x- D(x +3)(x +1)

(x- 3)(x- D(x+2)(x+3)

P =x+1 hay P =1996 +1 =1997

Nhan xét. Phiwong phap giai bai trén la dai s6 héa bang cach dat x =1986, sau do rat gon phan thirc dai s6.
Nhiéu biéu thitc so ta c6 thé giai bang dai s6 nhw trén.

C.Bai tap van dung

10.1 Rat gon biéu thirc:

2x% - 7x* - 12x +45 (a-1)'-11(a- 1) +30

a) 3 2 b =
3x° - 19x° +33x- 9 N G- - 18(a- 20)- 3

Huwdng dan giai — dap so
. 2x°- 7x*-12x+45  2x’- 6x* - x* +3x- 15x+45
3x*-19x° +33x- 9 3x*- 9x* - 10x* +30x+3x- 9

B (x- 3)(2X2' X- 15) _(2x+5)(x- 3) _2x+5
“(x-3)(Bx*-10x+3) (x-1D(x-3) 3x-1

_ (a- D' -11(a-1) +30 _[(CI' 1) - 5} [(a- 1) - 6]
3(a-1)'-18(a*- 20)-3  3(a-1)'-18(a-1) - 15

b) N

B (a*- 2a- 4)(a’- 2a- 5) _d>-2a-5
_3[(a-1)2-5H(a-1)2-1] " 3d*-6a

10.2. Rat gon biéu thirc:

*+2n*-1
A= 3n 2n ;
n"+2n°+2n+1

_X7-2xM+2x7- 4x7 - 3x+6

M > s
X" +2x-8

202 (v - x)+1
()

_X2y4+2y4+xz+2'

Huwdng dan giai — dap so



n®+2n°-1 _  nP+n’+n’-1

A= =
n’+2n°+2n+1 nP+n*+n’+n+n+l
_n*(n+D)+(-1D(+1) n*+n-1
" nPm+D)+nG+D+n+1 n*+n+1
M CX°-2xM#2x - 4x? - 3x+6  x'(x- 2)+2x (x- 2)- 3(x- 2)
x*+2x-8 (x- 2)(x+4)
(x*- 1)(x* +3)
- x+4
2 2( 2 _ ) 4
=Y +y Wy - x)+1 yi+1 1

Xyt 2yt e 2 (@ +2)(y4 +1) :xz +2

abc+a+b+c- (ab+bc+ca+1)
a’b+1- (a® +b)

10.3. Riit gon biéu thic: P =

Hudng dan giai — dap so
_abc- bc+a-1-ab+b- ac+c _(a- 1(bc+1- b- ¢)

P =
a’b- a*- b+1 (b-l)(az-l)

_(a-DB-D(c-1) _c-1
“(b-D@@+1)(a-1) a+1’

(200322013 +21.2004 - 1)(2003.2008 + 4)
2004.2005.2006.2007.2008 '

( Tuyén sinh 10, Truong THPT chuyén DHSP Ha Néi, nam 2003 — 2004 )

10.4. Tinh gia tri cta biéu thitc sau: p =

Hudong dan giai — dap so
bat x =2003. Ta co:

[x2 (x+10)+31(x +1)- 1} [x(x+5)+4]
(+Dx+2)(x+3)(x+4)(x+5)

(% +10x* +31x+30)(x* +5x +4)
C(x+ D+ 2)x+3)(x +4)(x +5)

Phan tich t thitc thanh nhan t, ta duoc:

C(x+2)(x 3D+ 5)(x + D (x +4)
C(x+ D+ 2)(x+3)(x+4)(x +5)

10.5. Cho a, b, ¢ d6i mgt khac nhau théa man ab + bc + ca =1. Rut gon biéu thitc sau:
(a? +2bc-1)(b? +2ca- 1)(c2+2ab- 1)
B (a- bY (b- ¢) (c- a)’




Huwdng dan giai — dap so
Thay 1 =ab +bc + ca, ta dugc:
a* +2bc-1=a*+bc- ab- ca =a(a- b)- c(a- b)=(a- c)(a- b)
Twong ty:b* +2ca- 1=(b- c)(b- a);c* +2ab- 1=(c- a)(c- b)

Vay

B :(a- b)(a- c)(b- a)(b- c)c- a)lc-b) - (a- bY (b- cY (c- a)

(a-b)Y (b-c)(c-a) " (a-b)(b- ) (c- a)

X +xP+x+1

4

10.6. Cho A = g >
X - x +2x° - x+1

a) Ruat gon biéu thic A.
b) Chitng minh rang, A khong am v&i moi gia tri cta x.
Huwdng dan giai — dap so
x4l x(P+1)+x° +1

4 3 2 =
X - x +2x - x+1 xz(xz-x+1)+x2-x+1

a)A=

_(x+1)2 (x*- x+1) _(x+1)2
(P +1)(2- x+1) X+l

(x+ 1)2

x*+1

b)A = >(. Vay biéu thitc A khong am Vx

3x* +3
4

10.7. Cho phan thitc M = - > .
X +2x°+7x" +2x+6

a) Rat gon biéu thitc M.
b) Tinh gia tri 1én nhat cta biéu thirc M.

Huong dan giai — dap so
3x* +3 _ 3x* +3

aM = =
) X2 +7x+2x+6 X+ X7 +2X° +2x+6x° +6

_ 3x% +3 __ 3
(x*+1)(x® +2x+6) x> +2x+6

3 3 .
b)x* +2x+6 25=> ————— <= Dau bing xdyra < x =-1
X" +2x+6 5

. 3
Vay gia tri 16n nhat ctia phan thive M zg la khix =-1
10.8. Rut gon phan thitc:

A

X - 2x"+2X7- 4x7- 3x+6 Clxt X+

+X

-1

2020

x°-x-2 1+x° +x* +...

+X

2022



Huwdng dan giai — dap so
x(x-2)+2x* (x- 2)- 3(x- 2) _(X- 2)(x* +2x7 - 3)

Taco: A= =
(x+1D(x- 2) (x+1)(x-2)
2
(x +3)(X- D(x+1)
= =(x2+3)(x-1)
x+1
,Q_ 1+X4+X8+...+X2020
Ta co: A+ X+ + )+ (2 +x° + X0 +..+ x%2)
I E G b D e !
(+2)A+x" +x° +..+X) 1+x°
X_y_z . x s X +y’+7°
10.9. Cho— ==- =—. Riit gon biéu thttc: P =————-.
a b c (ax+by+c2)

Huwdng dan giai — dap so

bat X=r_z =k suy ra: x =ak; y =bk;z =ck.
a b c

oo @k bkt ackt K abtec?)
Trdotacot = =
(a2k2+b2k2+czk2)2 K2 (612+b2+C2)2
1
p—m
Suy ra C b+

10.10. Choa + b + ¢ =abc.Chitng minh rang:
a(B?+c?)+b(a® +c?)+cla® +b*)

ab+bc+ca- 3

=abc.

Huwdng dan giai — dap so
Xét tir thivc ta co:
ab® +ac® + a*b + bc* + a*c +b*c
=(ab? +a® +abc)+(ac® + a’c + abc) +(bc® +bc® +abc)- 3abe
=ab(a+b+c)+ac(a+b+c)+bc(a+b+c)- 3abc
=(a+b+c)(ab+ac+bc)- 3abc
=abc (ab +ac+bc- 3)

a(B?+c?)+b(a® +c?)+cla® +b*)

ab+bc+ca- 3

Vay suy ra:

=abc.

biéu phai chitng minh.

(x> +a)A+a)+a’x* +1
10.11. Chitng minh rdng gia trj biéu thicc P =

(- a)a- a)+aixP +1

khong phu thudc vao gia tri cta x.



Huwdng dan giai — dap so

(@ +a)d+a)+a’x +1 x> +ax’ +a+a’ +a’x* +1
Tacé:PZ( =

- a)l- a)+a’x* +1 X - ax’- a+a® +a’x> +1

_(1+x2)+(1+xz)a+(1+x2)a2 _(1+x2)(1+a+a2) l+a+d
O+x)-(+x)a+(+x)a>  (+x2)1-a+a?) 1- a+d

Vay gia tri biéu thitc P khong phu thude vao gia tri cua x.

x*-x
10.12. Tinh gia tri biéu thitc P = 5 >, vé&i x =-499; y =999.
A+xy) - (x+y)

Hudng dan giai — dap so

x(x2 - 1)

TacoP =
A+xy+x+y)d+xy- x- y)

_ x(x-1D(Kx+1) _ X
DG HD-D(-1) (+D(y-1)

Piéu kién x =+, y # 1.

P

Vi x =-499, y =999 thay vao ta dugc

3 - 499 _-499 -1
(999+1)(999- 1) 1000.998 2000

e s A_X(x+5)+y(y+5)+2(xy-3)
10.13. Tinh gia tri biéu thic: A = x(x+6)+y(y +6)+ 23y

véi X +y =2020.

Huong dan giai — dap so

. '-A—X(X+5)+y(y+5)+2(xy- 3) x*+5x+y’ +5y+2xy- 6
aco: x(x+6)+y(y+6)+2xy X +6X+ Yy +6y +2xy

_Geay) 450+ y)- 6 (xay+6)(x+y-1) x+y-1
(x+y) +6(x+y) (x+y+6)(x+y) X+y

Z(x+y)2+5(x+y)- 6 _(x+y+6)(x+y-1) x+y-1
(x+y) +6(x+y) (x+y+6)(x+y) x+y

Diéu kién x #- y;x+y #- 6.

2019
VGix+y =2020 thi glé tri biéu thitc A :M

10.14. Cho ax +by + cz =0, Chitng minh ring:
ax’ +by* +cz’ 1
be(y-z) +ca(z- x) +ab(x- y) a+b+c

Huong dan giai — dap so



Xétbc(y- z) +ca(z- x) +ab(x- y)

=bcy® - 2bcyz +bcz’ +caz’ - 2cazx +cax’ +abx® - 2abxy + aby’

=(a*x? +aby’ +acz? )+ (abx’ +b’y? +bez? )+ (acx? +bcy’ +c%7)-
(a®x* +b2y? +c?2% + 2abxy + 2bcyz +2cazx)
=(a+b+c)ax’> +by> +cz>)- (ax+by +cz)
=(a+b+c)ax’® +by’ +cz?) (vi ax+by +cz =0)
T d6 suy ra, vé trai

ax’ +by’ +cz’ _ ax’ +by’ +cz’ 1
be(y-z) +calz- x) +ab(x- y¥ (a+b+c)ax’ +by> +cz’) a+b+c




