CHUYEN PE BOI DUONG
HOC SINH GIOI TOAN
KHOI 10 VA 11

CHU PE 01. BAT PANG THUC
Bai 1.

1. Cho x,y la cac s6 thuc dwong sao cho 2x + y va 2y + x khéac 2. Tim gia tri nho nhat caa biéu
p (X +))(Ax+y")  Q2y" +x)(4y+X)
thite 2x+y- 2) (x+2y- 2)

-3(x+y)

2.Choa,b,c,>0saochoa+b+c= 3. Chitng minh rang
a b c 9
- +— +— >
b°(ca+1) c°(ab+1) a°(bc+1) (1+abc)(ab+bc+ca)

(THPT chuyén KHIN - bH KHTN, PHQG Ha Noi)

Loi gidi

1. Ta sé chitng minh :

2 2
(2x” + y)(4x +2y ) S Ox+y- 1

2x+y-2)
4 (2X_y- 6x - 3y+2)2 >0 (dljng)

y 9+ J65

Chttng minh twong ty ta duwgc: P =-1 . Vady GTNN cuia P 1a -1 khi 4 hoic

_9- 65

4

X=y



2. Theo BDT Cauchy-Schwartz thi

1 1,11 11 1)
Z _Z a o b c _la b c
Cyca(bC+1) Cycb+ 1+1+1+a+b+c 1+1+1+3
c a b c a b c
(ab +bc +ca)’
abc(ab +bc + ca) +3a’b*c?
2 3
Mot didu luon ding vi ¥ "9y 20 gy x7- 27y ZO.Véy BDT dugc chitng minh, Dau bang xay

ra<=>a=b=c=1.

bat ab + bc + ca = x, abc =y . BDT ban dau sé ding néu ta chithg minh dugc

XZ

>
xy+3y°  x(1+y)
& x(x*- 9y)+ y(x*- 27y) =0

o X+ X’y =9xy + 27y’

Bai 2
NI A PN X 33 S XY+ Y +2%) <3 4 s o
Tim so6 nguyéen duong k nho nhat sao cho bat dang thuc == dung vGi moi so
thue dwong x , y, z thoa man diéu kién x + y + x = 3.
(Trwong Pho thong Nang khiéu, PHQG Tp.HCM)
Loi giai
Dé dang tim dwgc cac b s6 dé BDT khong ding vdi k = 1 va k =2.

Nhan xét rang néu BDT ding vdi k = 3 thi BDT sé dung véi moi k > 3 vi

k. k_k 3 3 3y — k3 k3 k-3
XY +y’ +2) =Xy’ (X +y’ +27).x =3. pidu nay ggi ¥ cho ta chitng minh

rang k = 3 1a s6 nho nhat can tim, bang cach chitng minh.
Xy (X +y*+2°) <3. (1.1)
That vay, gia st z 1a s6 nhé nhat trong basé x,y, zsuyra Z <1 Ta c6

X’ +y’ =(x+y)’- 3xy(x+y) =(3- 2)*- 3xy(3- 2)

1D B-2P+2° <
Khi do:

2 2
—— 5 tXy+Xxy
Xy’z



3z°-9z+9 s%+x2y+xy2
z

Xy (1.2)
3.3
2 2 Xy
‘ i +Xxy+xy =33 R
Dé y ring: ¥V Y
3z%- 9z + -—:3(2_1)3 <0
bong thoi: Z z

Nén (1.2) ding, va BDT ban dau dugc chitng minh. Vay k =3 la s6 nguyén duwong nhé nhat dé
BDT ban dau ding. Dau bang xdy ra<=>x=y =z = 1.

Bai 3.
Tim tat ca cac so thue k sao cho bat dang thitc sau ding vdi moi s6 thwe khong am a, b, ¢

(a+b+c)’

ab+bc+ca < +k.max{(a- b)’,(b- ¢)’,(c- a)’ <a’ +b*+c’

(THPT chuyén Dai hoc Vinh)
Loi giai

-2 (he )2 (e N2l =(q- M2
Khéng mit tinh t6ng quét gia sit 4 =b =C. Khi do max| (a- b)%,(b- o), (c- a)'] =(a- O

2
ab +bc +ca SM

Nhu vay, ta sé tim k sao cho :

+k(a- ¢)* <a*+b*> +c’

o<t
Cho c =0, a = 2b ta duwgc 4 2 Ta sé chitng minh
+b+c)’ -
ab+bc+ca smﬂda—c)z <a’+b* +¢? ot
vGimoi 4 2
+b+c)’
ab+bc+ca SMH((a - ¢)? <= (k +l)(a -¢)’ +l(a +c- 2b)> =0
Ta co 4 12 nén BDT
dau tién dung . Bong thoi
+b+c)’
MH{(a- c)’ <a’+b’ +c* <=> (l- k)(a- c)’ +1(a +c- 2b)* >0
2 6 nén BPT thit hai
cling ding.

Bai 4



1. Cho x, y, z la ba s6 thyc dwong théa man xyz = 1 . Chitng minh bat dang thitc

1 1 1 3

+ + <—.
x+y+z)° (2x+y+z)> (Qx+y+z)° 16

2 2 2 __
2. Chox,y,zkhong amva théa X ¥¥" *Z° =1  Ching minh bét déng thic

1 1

1
(X’y+y’z+2°X) + + <
Jx+1 \/y2+1 Jz? +1

N | W

(Ba Ria — Viing Tau)
Loi giai
Trudc hét xin phat biéu khong chitng minh mot bé bé quen thudc.
B6 dé 1. Cox, v, z > 0. Khi d6 YX + V) +2)(2 +X) 28(x+y +2)(xy + yz + 2X).
Tro lai bai toan.
1. Theo bat dang thitc AM-GM , ta c6

> =y 1 .y

(2X+y+z)2: (x+y)+(x+2))° < 4x+y)(x+2)

Do d6 BDT ban dau sé ding néu ta chitng minh dwoc

1 3 8
TR L LA

= %(x +y+z)(xy+yz+2x) <(x+y)(y +2)(z + x)(xy + yz + zx),

3/,2.,2.2
Nhung digu nay ding vi ¥ ¥ Y2+ 2XZIXY2° =3 43 theo b6 de bén trén. Tir dé ta c6 didu phai
chitng minh. D4u bang xdyra<=>a=b=c=1.

2. Chung t6i xin néu hai cach chitng minh cho cau 2.

e (Cdch1:Taco

(x+y+z)(x2+y2+zz) =x3+y3+z3+x2(y+z)+y2(z+x)+zz(x+y)
, . 2,020 .2

Ap dung bét déng thitc AM-GM va X ¥V +2" =l 5 ¢4
X’y+y’x+z°x s%(x+y+z)

Ap dung bt ding thitc Cauchy:



1 N 1 N 1
Jx +1 \/yz +1 2’ +1

Do d6 ta sé chitng minh

1 1 1
+ +
X +1 y*+1 z°+1

<3

1 1 1 9
3| 5—+—F5—+5 <
X+1 y +1 z°+1 2(x+y+z
27 1 1 1
< 2 = 2 + 2 + 2
Ax+y+z)” x +1 y +1 z°+1
27 X e z’

= + + + >3
Ax+y+z) X +1 y*+1 z°+1
Ap dung bt ding thitc Cauchy-Schwartz ta c6
(x+y+2z)° 27

VT > +
3+x*+y +z° 4A(x+y+z)

(X+y+z)2+ 27

=VT >
4 Ax+y+2z)
2 2 2y
Ap dung BDT AM- GM va X TY 2 =y3(x +y +2z ) =V3 14 g
27 +(X+y+z)2 B 9 +(x+y+z)2+ 18 23,18
Ax+y+z) 4 dx+y+z) 4 Ax+y+z) 2 43

Tr d6 ta thay dpcm la dung.
Cadch 2: Ta co
(x+y+z)(X*+y* +7°) _x+y+z

Xy+yz+zix <
yry 3 3

Do d6 can chitng minh
X+y+Z+x+y+Z+X+y+ZSg
J1+ X2 \/1+y2 iz’ 2

Tacod:

xy+zx+zx <x*+y* +z° =1

Do dé
X X 1 X X
< <= +
J1+x2 \/(x+y)(x+z) 2\ x+y Xx+z
Do dé

X .y .z
J1+x \/1+y2 J1+ 72

Hay la chithg minh

3
<=
2



y+z Z+Xx x+y

<3
\/2x2+yz+z2 \/2)/2+zz+x2 \/222+x2+y2
Taco:
2 2 2
X+y < y + VA
J2x* +y? + 77 X +y' X +z?
Suyra:
2 2 2
y+z . Z+Xx N X+y <3
/2x2+y2+z2 ,2z2+x2+y2 /222+x2+y2
Mat khac:
2
y+z Z+Xx X+y
\/2)(2+yz+z2 \/2y2+zz+x2 \/222+X2+y2
2
<3 y+z + Z+X + x+y <9
\/2X2+y2+22 \/2y2+zz+x2 \/222+x2+y2
Suy ra
y+z Z+X X+y -3
\/2x2+y2+22 \/2y2+z2+x2 \/222+x2+y2
Do do ta c6 dpcm.
Bai 5.
Cho a, b, ¢ > 0 thoa man diéu kién a + b + ¢ = 9. Tim gia tri 16n nhat caa biéu thitc
_ ab bc ca 1

T = + + - .
3a+4b+5c 3b+4c+5a 3c+4a+5b Jab(a+2c)(b+2c)

(Bdc Ninh)
Loi giai

Ta co

ab 2ab 2 5ab ab
T 2 +2

= <—
3z+4b+5c S5(a+b+2c)+(a+3b) 36 a+b+2c a+3b

Bay gio ta sé chitng minh

ab 9
y_ @
a+b+2c 4

Taco:



Za—bsl b ab +Y ab :%(a+b+c) ==

a+b+2c 4 c+a b+c

Nén diéu trén sé diing néu ta sé chitng minh:

Z ab <g
a+3b 4
bé y rang
ab 3ab 1 1
Za+3b 16 Z Z 16(20+Z a) 4(a+ 2
9 9. 3
<— G2+ ==
@Z a+4b+5c 18( 4 4) 4 (1.3)
Mait khac
1 _ 2 - 2

\/ab(a +2¢)(b +20) B 2\/(ab +2bc)(ab+2ca)  2(ab+bc +ca)

3 3 3 1
> L

“3(ab+bc+ca) (a+b+cy? 9 27 (1.4)

3.1 77 77
T (1.3) va (1.4) taduge: 4 27 108" Vay GTLN cta T la 108 khia=b=c=3,

Bai 6
Cho a, b, c 1a cac s6 thyc dwong. Tim gia tri nhé nhat ctia biéu thitc:

1344 2016

_a+\/£+\3/abc ) \/a+b+c

P

(Bén Tre)

Loi giai

a++ab +3abc :a+2‘/£.b +3/£.b.4c <a +E+b+1(£+b+4c) :i(a +b+c) =
Ta c6 : 4 4 4 34 3



P> 1008 ) 2016
a+b+c Ja+b+c

16, 4 1

a=—,b=—,c=—.
khi 21 21 21

=1008 - 1008 =-1008.

2
1 1]
Ja+b+c Vay GTNN cua P 1a -1008

Bai 7

Cho céc s6 thyc dwong x, y, z. Chitng minh rang

Z X’ - (Z'X)2 _X+y+z
. y+z Y (y+z) 2
X+y+z _ yz

_2
AN SO T CE0 )

. 2 y+z x+y z+x 4xy (diing)

Bai 8

Cho cac s6 thue duong a, b, ¢ théda man abc = 1. Chitng minh rang :

\/ a +\/ b +\/ c_ o 33
b+c Va+c Va+b @+b*+c*+3
(DPéng Nai)
Loi giai

Tacod:

33 33

a 1 9 9
= = > = =
Z'\Jb+c Z‘/bc(b+c) Y Jbe(b +c) \/3(Zbc(b+c)) Ja* +b* +c* +3abc Jad +b* +c* +3

Bai 9

Cho @-b:¢ =0 1y gia tri nho nhat caa

Jree e Vot
P = + +
b+c a+c a+b

(Ha Nam)

Loi giai



a a 2

—_— = >—d.
Chudn héaa +b + c = 3. Ta sé ching minh ring ?*¢  V3-a 3 pjay nay twong duong
v6i9(2a- 3" 20 hian nhign ding. Cong lai ta dwge 3 Vay GTNN ctia P béng 2

kho c6 mot s6 bang 0 va hai s6 bang nhau.

Nhan xét 1 M6t s6 ban sé gidi bai nay nhv sau: Ta co

a 2a 2a
P=Y| =) =) =2
b+c vab+o) atb+c phdi xét truong hgp c6 mét s6 bang 0., vi

dé y rdng khi nhan ca tir va mau cua phan thitrc cho mét sé, s6 dé phdi khdc 0.

Bai 10
Cho a, b, ¢ > 0 thda man ab + bc + ca + 2abc = 1 Tim gia tri nho nhat ctia

P =—+l+l- 2(a+b+c).
b ¢

a
(Ha Noi)
Loi giai
1
a=b=c=—,

Du doan GTNN cua P 1a 3 dat tai 2 vay ta sé c6 ging chitng minh BDT

1 1 1
P=—+—4+—-2(a+b+c) =3.

a b ¢

T gia thiét suy ra ton tai cac so X, y, z > 0 sao cho

X z
a= b= J ,C=
y+z Z+X x+y

BDT can chitng minh tré thanh

+Zz Z+XxX X+ X V4
Yz, + XY +— 4

2 +3

X y z y+z z+Xx x+y
bé y rang
Yz zHX Xty | X Y 7

X y z y+z z+Xx Xx+y

Nén BDT sé ding néu ta chitng minh dwoc



X+y+ZzE,
2

y+z z+x x+y

Nhung day chinh l1a BDT Nesbitt quen thudc, vi vay BDT ban dau dung.

a= X b= J ,C= z
Nhanxét2 Cachdac Y*Z  Z*X  X*Y khd kinh dién trong viéc d6i bién va
thudn nhat héa dé chirng minh BDT, va né gitp dua vé cdc dang bai todn quen thudgc . Ngodi
ra chiing ta con nhitng cdch khdc cho cdc loagi gia thiét tuwong tw. Cu thé nhw sau, néu x ,y, z
la cdc s6 duong thi :

2 2 2 —_ — —
o X Yy +z°+xyz=4=2cosA,y =2cosB,z =2cosC s A, B, C la ba géc trong mét

tam gidc.

b+c c+a a+b
Xyz =x+y+z+2=>x= ,y = JZ=

o a b C v@ia,b,c>0.

Ban doc c6 thé dé dang kiém tra cdc cdch ddt trén.
Ngodai ra con mét so bai todn khdc lién quan dén cdch doi bién lvgng gidc nhuw :

1. (USA 2001) Cho a, b, ¢ khéng Gm théa mana’ +b* +c* +abc =4 .Chitng minh réng:
0 <ab+bc+ca- abc <2

2. (Iran 2002) Cho a, b, ¢ > 0 théa mdn a’+b’+c* +abc =4 Chitng minh réng :a+b+c <3
Bai 11
Cho céc s6 thyc duong a, b, ¢ duwong va thda man a’+b’+c’ =3. Chitng minh rang
a®b® +b°c® +c%a® <3.
(Ha Tinh)
Loi giai
bat X :as’y =b’,z =c’ thi x + y + z = 3. BDT can chitng minh twong duwong véi
xy{/xy + xyiyz +2x¥zx <3.

Thep BDT AM — GM thi

nys Xy SZ-xy(x+y+3) :ny(x+y+x+y+z) :Z 2xy(x+y)+xyz

X, Y,z cyc 5 cyc 5 X, Y,z 5



_2(x+y+z)(xy+yz+zx)- 3xyz _6(xy +yz +2x)- 3xyz
5 5

Mait khac theo BDT Schur thi
(x+y+2)’ +9xyz >4(x+y +z)(xy + yz + zx) <= 3° +9xyz >4.3(xy + yz + zX)
Suy ra

6(xy + yz + zx) _3xyz <6(xy +yz+2x)- 4(xy +yz+2x)+9
5 B 5

2 2
_2(xy+yz+2x)+9 <§(x+y+z) +9

5 5

=3

Vay BDT ban dau dwgc chitng minh. Dau bang xdy ra<=>a=b=c=1.

Nhan xét 3. Bang cdch tuong ty ta co thé gidi duoc bai todn téng quat sau: Cho cdc so6 thuc
k k k _— -, . &
duong a, b, ¢ va kK =23 théa man a" +b" +¢" =3. Chitng minh ring

ak+1bk+1 +bk+1ck+1 +Ck+lak+1 S?).

Bai 12

a,b,c 21
Cho 2 théa man a + b+ ¢ = 6. Chiing minh ring @0 +bc +ca >3\abc +ab+bc +ca- 4

(Hdi Phong)
Lo giai
pgt P =a+b+c,qg=ab+bc+ca,r =abc. 1y oi5 thigt da dang ching minh dwge 9 <12-

Ta cg (@- b)Y’ (b- 0)*(c- a)’ =0 <=>-27r* +2p(9q- 2p*)r + p’q* - 4q° =0

_ . P(9q-2p*)+2(p*- 3q)yp* - 3q _18(q- 8) +2(12- q)/3(12- q)
B 27 9 (L5)

Ta can chitng minh
q* =9(q+r- 4) <= q*- 9q +36 =0r.

Dbiéu nay sé ding néu ta duwgc chitng minh dwoc



q” - 9q +36 >18(q- 8) +2(12- q)\3(12- q)

e (12- 9(12- g- V3)* =0,

MGt diéu hién nhién dung.

Twr (1.5) va (1.6) ta c6 diéu phai chitng minh

Bai 13

Cho a, b, c 1a cac s6 dwong thoa man abc = 1 va x, y, z thudc R. Chitng minh rang

x*(a+b)+y*(b+c)+z°(c+a) =2(xy + yz + zx).
(Hoa Binh)
Loi giai
) .3 — .3
patd =m ,b=n",¢=p" poabc=1nén mnp = 1.

- 3 3
Ap dung BDT quen thugc ™ +n°zmn(m+n) g3 gpr Cauchy —Schwartz, ta c6

xX*(m* +n*)+ y*(n® + p*) + 2°(p® + m*) =x*mn(m +n) + y’np(n + p) + z° pm(p + m)

[x(m+n)]2 N [y(n+p)}2 N [z(p+m)}2 >[x(m+n)+y(n+p)+z(p +m)]2
p(m+n) m(n+ p) n(p+m) 2(mn+np + pm)

Nhw vay BDT ban dau sé ding néu ta chitng minh duoc

[x(m+n)+y(n+ p)+z(p+m)]’

>2(xy + yz + zX)
2(mn+np + pm)

= [x(m+n)+y(n+p)+z(p+m)]2 >4(x+y+z)(m+n+p)

o |X(m+n)+y(n+p)+z(p+m)|22\/(x+y+z)(m+n+p)

= |x(m+n)+y(n+p)+z(p+m)|+|xp+ym+zn|

>2,/(x+y+z)(m+n+ p) +|xp + ym+zn|.
bé y rang

|x(x+m)+y(n+p)+z(p+m)|+|xp+ym+zn|

S\/[XZ +y*+7° +2(xy+yz+zx)] [mz +n’ + p’ +2(mn+np+pm)]

:\/(x+y+z)2(m+n+p)2 :|(x+y+z)(m+n+p| S|x(m+n)+y(n+p)+z(p+m)|+|xp+ym+zn

chinh la diéu phéi chitng minh.



Bai toan trén da két hgp BDT trong dé Ukraine nam 2001 v4i mét danh gia quen thudc 1la
a’ +b® >ab(a +b)

NGi dung bai BDT trong dé Ukraine nam 2001 nhu sau:

Cho a,b,c,x,y, z la cac so thyc dwong va x + y + z =1 . Chithg minh rang :

ax+by+cz+2\/(xy +yz+zx)(ab+bc+ca) <a+b+c

Nhan xét 4 C6 thé thdy bai todn nay ciing ding trong truong hop x, y, z la cdc so thuc, tw do ta
duoc bai toan BDT trong dé chon dbi tuyén cua tinh Hoa Binh.

Bai 14

Cho a, b, c 1a cac s6 thyc théa man a + b + ¢ = 0. Tim gia tri nho nhat cia biéu thirc
(@ +1)? +(b> +1)* +(* +1)* +66abc

(Tp.HCM)
Loi giai
Chting t6i xin néu hai cach chitng minh cho bai nay nhw sau.

— 2 2 2 2 2 2
e (Cdch 1: bat P=(a +1)"+ (" +1) +(c" +1)" + 6v/6abc. Khong mat tinh tong quat gia st
ab >0.

Thay c = -a—b vao P ta dugc

P =3(a+b- /6ab)? +(a*- b*)* +(a- b)*(a* +b* +6ab) +3 >3

Vay GTNN cua P la 3, xdy ra khia=b = c =0 hodc 3 3

e (Cdch 2: Dy doan rang BDT ton tai ddu bang tai bién nén ta sé di don bién vé bién. Theo

nguyén ly Dirichlet trong 3 s6 a, b, ¢ sé ton tai 2 s6 cung dau, gia st ab 0.
B6 qua trwdng hop don gian € =0-Xét ¢ < 0.

Xét hiéu:



f(a,b,0)- f

a+b a+b J
,C
2

2
—(a? +1)% +(b? +1)% +(c* +1) +6+/6abc- 2[@“

3J6

2%(0 - b)*(7a* +10ab + 7b° +8- — ¢ >0(do ab >0,c <0)

- (c®+1)° - 6\/6@C

a+b
t =

Dat 2 Khi do: c=-2t. Taco:

P >2(¢% +1)% +(4¢% +1)? +124/6¢% =3+ 262 (3t ++/6)> >3.
a=b=
Vay GTNN cua P la 3, xdy ra khi a=b =c =0 hodc
Bai 15

2 2 2 2
Cho hai s8 thuc x va y théaman X X/ +Y =2. Chitng minh ring SX™ +2xy+2y° <12.

(Khdnh Hoa)
Loi giai
2 2 2 2 2 —
Ta cg: (X +2Y)" 20 <=>5x" +2xy +2y° <6(x" +xy +y~) <6.2 =12. (didu phai chitng minh).
Bai 16
Cho x, y, z théa man xyz = 1. Tim gia tri 1én nhat caa
1 1 1
P = 2 2 + 2 2 + 2 2 '
X"+2y"+3 y +2z°+3 z°+2x°+3
(Lang Son)
Loi giai
_Zx +2y* +3 sz+ 2+11+ 242 SZ% x2+12+1+ 21+2 '
Ta co: Y Y Y Y Y Ta sé lan luot

chitng minh cac BDT phu sau:

Z 1 <1. 2 2 2 2 2 2 2 2 2
. XAy +1T p 6 X Y L) () + 3y (3 + ) + X3y



2 2 2 2

1 z3
3 =) <) =1

2 2
5 X +y +1 S
Y x> +y3+2z3

dpcm).

1 2 2
Z 2 <L 2y >1. Z zy >
. Y +2 Thét vay, diéu na tuong dwong véi v *2 Péyrang Y *2

(x+y+z)* X +y +2° +2(xy+yz+2x) >x2 +y* +2° +2.3¥(xyz)’ 1
X4y 472 +6 X +y’ +2° +6 B X +y’ +7° +6 B

(dpcm).

1

P 51(14_1) :1. —
2 VayGTNN ciaPla 2khix=y=z=1.

T hai diéu trén ta dugc: 4
Bai 17
Cho céc s6 thyc dwong a, b, ¢ thoa méan a + b+ ¢ = 3. Ching minh rang :

(@+vby . (Vo) | (c+Va)

<12.
Ja?- ab+b® b -be+c? - ca+a’
(Nam DPinh)
Ldi giai
2 2
(a+vb)  _ 2(a ++/b) <y 2@*a*D) _ yo441) =12

Tacs. Nai-ab+b? < \Jla+b)y +3(a- by’ a+b
Bai 18

Cho x, y, z > 0 théa man x + y + z = 3. Chitng minh rang:

1 1 1 1 1 1

+ + >4 + +
\/;+\/; \/;+\/E Jz ++/x x+7 y+7 z+7

(Ninh Binh)
Loi giai

4 4 4
Zx+7 _Z(x+1)+(x+1)+(y+1)+(z+1) =2 2(Wx +[y) +2(Jz +/x)

Ta cé



1 1 1

ey ) 2T

Bai 19

Cho a, b, c 1a d6 dai ba canh tam gidc va @ =b =€ _ Chitng minh ring

Ja(a+b- Jab) +/b(a+c- \Jac) +\/c(c+b- vbc) =a+b +c.

(Qudng Binh)
Loi giai
Chung t6i xin néu hai cach chitng minh cho BBT nay.

® Cdch 1: BDT can chitng minh tr¢ thanh

x\/x2+y2- Xy +y\/x2+z2- Xz +z\/y2+zz- yz =x*+y* +z°
D€ y rang
oy Nty Xy
X+y Xty
Chitng minh twong ty ta sé dugc

x(x> +y?) +y(x2 +2°) . z2(y* +2°)

x\/x2+y2- Xy +yxXe+22 - xz +z\/y2 +7°- yz >
X+y X+2z y+z

Vay BDT ban dau sé diing néu ta chitng minh dwgc
x(x* +y%) . y(x* +2%) N z(y* +2°)
x+y X+z y+z

2x2+y2+zz

X z
+ >0.
(x+y)x+z) (y+z)(x+2)

<=y(x- y)(y- z)

Nhung diéu nay luén ding v6i moi X =y 22>0, nan BDT ban dau dwgc chitng minh.

e (Cdch 2: bat

f(y)zx\/x2+y2-xy+y\/x2+zz-xz+z\/y2+z2-yz-(x2+y2+zz)
x(2y- x z(Qy-z

:>f'(y):2\/(2y2_) + \/gyz_) +x*- xz+2° - 2y
X +y' -Xxy 2\y +tz°-yz

3z

3x° N
3 3
AWX+y* - xy) Ay +z° - yz2)

<= f"(x) =

Ta co:



3

XZ-xy+y2 :[i—y +—Xx =—
2 4 4
y - yz+z° =277
= ) =t - 2<0
4012y
(4)

Vay f(y) la ham 16i =>f(y) dat gia tri nho nhat tai y = x hodc y = z.
Tacs [0 =A(x+2)( +27) - (& +2°) 20

f(2) =J(x+2)(x* +2°) - (x> +2°) =0

T d6 ta c6 dpcm.
Nhan xét 5. Pay chinh la BDT trong dé Iran TST 2013, c6 thé thdy gia thiét a, b, c la 3
canh cua tam gidc la khéng can thiét.

Bai 20
Cho cac s6 thye khong am a, b, c, d. Chithg minh bat dang thic:
(a+b+c+d)® <4(a’®+b’ +c* +d*) +24(abc + bed + cda + dab)
(Qudng Nam)
Loi giai

0’a+b+c

d :min{a,b,c,d} =de
Khong mat tinh tong quat, gia st

Xét f(d) :4(a3 +b3 +¢° +d3)+24(abc+bcd +cda + dab) - (a+b+c+d)3 —

f'(d)=12d*- 3(a+b+c+d)*+24(ab+bc+ca) = f"(d) =24d - 6(a+b+c+d) =6(3d - a- b- c) <0 = f(c

d :a+b+c

la ham 16i => f(d) dat GTNN tai d = 0 hodc 3 .Ta co:

f(0) =3|a’ +b* +c” +3abc- ab(a +b)- be(b +c)- ca(c +a)| +9abc =0

a+b+c
3

:E(QB +b%+¢?) +%abc +%[ab(a +b)+bc(b+c)+ca(a +c)] >0

f

Tt do ta c6 dpcm.

Bai 21



Cho ba s6 thyc dwong a, b, ¢ théa méan a + b+ ¢ = 3. Chitng minh rang

1 1 1 a+1 b+l c+1 8 8 8

—+—+—+ + >6=> + +

a b ¢ 1+b* 1+c* 1+d° a+b*+2 b*+c*+2 cF+d+2
Loi giai

Truwdc hét xin phat biéu lai mot bo dé quen thudc.

Bo deé 2 Cho q, b, c la ba s6 duong. Khi dé

3

1+l 1+l 1+l =1+ L
a c /abc

Chitng minh bé dé nay dé dang va xin gianh lai cho ban doc.
Quay lai bai toan.

1 1 1 a+1 b+l c+1
—+—+—+ + + - =6

~ PN ~ ., . 2 2
e Pautiéntasé chingminha b ¢ 1+b° 1l+c” 1l+a +b
biéu nay twong duong vai

1 1 1 1 1 1 a b ¢ a+l1 b+l c+1
S —+—+—F+—F+—F+—+—+—+—+ + +
2a 2b 2c 2a 2b 2c¢c 2 2 2 1+b* 1+4c¢* 1+a
1 1 1 a*+1 b>+1 c*+1a+1 b+l c+1 15
& —4+—+—+ + + + + >—
2a 2b 2c¢ 2a 2b 2c 1+b* 1+c¢* 1+a*> 2

Ta c6 cac BDT sau:
1 1 1 9 9 3

—t—t—>— == ==
2a 2b 2c 2(a+b+c) 6 2 (7

> >6+

2 2 2
a +1+b +1+c +1 a+1 b+1 N c+1 6 (a+1)(b+1)(c+1)

+ + >
2a 2b 2c  1+b* 1+c* 1+a° 8abc
1

6oL g+ D1+ D1+ L) =66/t 3 266l L (141)° =
_6\/8(a+a)(1+a)(1+a)26\/8(1+m) 26\/8(1+1) 6 .

Twr (1.7) va (1.8) ta c6 diéu phai chitng minh.
e Bay gio ta sé chitng minh
8 8 8
2 2 + 2 2 + 2 2 SG
a+b " +2 b +c°+2 c"+a +2
a’+b’ b>+c’ c*+a’
+ +
a’+b*+2 b’+c’+2 c+ad’+a

3
>—
2

(Quang Ngdai)

a+b+c




a’ +b’ N a’ +c? . c’+a’ >(\/a2+b2+\/b2+c2+\/c2+az)2
Tace: @ +b*+2 b*+c*+2 a’+a’+2 2(a’+b*+c*+3)
Vay BDT ban dau sé diing néu ta chitng minh dugc

(Na? +b* +yb* +¢* +c? +a°)? 23
2(a’ +b* +¢* +3) 2

o (Ja +b% +3b2 +0? +/c? + @) 23(a® +b* +c2)+9 =3(a’ +b* +?) +(a+b+c)

e \/(a2 +b*)(b* +c*) +\/(b2 +c?)(c* +a’) +\/(c2 +a’)(a’ +b*) =a’ +b* +c* +ab+bc +ca
Dé y rang

JB7 +c)B* +a*) =b +ca,

\/(C2 +a’)(c* +b*) =c” +ab,

J(@ +b*)(a* +c*) =a’ +bc.

Cong vé theo vé ta c6 diéu phai chitng minh.
Vay BDT ban dau cua ta dung.

Nhan xét 6 Ddy chinh la bai todn trong dé doi tuyén Iran 2009 va cdch gidi ctia né nhv sau

: Khéng mdt tinh téng qudt , gia sip: @ =b =€ = a <Lb+c <2. 1y, iz kign dé bai ld a + b+ ¢
g g qudt, g
= 3 nén dé giam tinh phtic tap , ta sé don nhv sau:

f(ab,c) < a,b+c b+c
2
Voi
f(a,b,c) = ! !

+ +
2+a*+b* 2+b*+c* 2+ +d’

<2.a>b=>c A .
Vi€ =2,a2b=C o g 6

b+c b+c
2 72

f

a,

]- f(a,b,c)



2 1 1 1 1

= - - +| - +
2+a2+(b+c)2 2+a’+b* 2+a’+c? 2+b? +¢? 2_|_(b+c)2
2 2
(b- ¢)*(2a*- b*- 4bc- c* +4) N (b- ¢’
Q+a*+b>)2+a’ +c*)(B8+4a’ +(b+c)’) | (R+b*+c)(4+(b+0)?)
2(a’ - 4- ? 1
:(b- C)z 2 2(a bc;)+ 2 (b+C)2 2 + 2 2 2 20
(2+a” +b°)2+a +c)B+4a" +(b+c)” (2+b +c)4+(b+c))
fatt) =
Do dé ta chi con can chitng minh 4 ygi a+2t =3
2 2
Diéu nay tuong duong vdi : (a-1)"(15a” - 78a+111) 20
Do do6 ta c6 diéu phdi chitng minh la ding.
Bai 22
Choa,b,cthéamin(a+b)(b+c)(c+a)=1.Tim GTNN cua biéu thitc:
p _Ja’- ab+b? . Jb* - be+¢? N Je?- ca+a’
\/%+1 \/E+1 JE+1
(Qudng Ninh)
Loi giai
Taco:

a’ +b’

a+b

J(@ - ab+b*)(a+b)* =(a® +b*)(a +b) =\/(a’ +b*)* =a’ +b* = Ja*- ab+b> >

a’+b’ o Q/Va’ +b*)’
(Jab +1)(a+b) 2Y a+ Y Jab(a+b)

P>Y

Chitng minh twong ty ta dugc
Ta sé chitng minh
(Z [02 +b2 )2 >1
2¥ a+ Y Jab(a+b)
& 2(a® +b* +c?) +2Y (@ +b*)(b +¢?) =2 a+ Y Jab(a+b).

Dé y rang



Jab(a +b) < l(a +b)> =a’ +b’ +c* +ab +bc +ca.
2

Vay ta can chitng minh

a’+b*+c’ +22\/(a2 +b*)(b* +¢*) =2(a+b+c)+ab +bc +ca.

< 2 2 2 ~ b w , .
Ma @ +b” +c” =ab+bc+ca pgn ta chi can chitng minh

Z\/(a2 +b*)(b* +c*) =a+b+c

Ta co

Y @ +b*)B* +c*) =Y (b +ca) :%Z(a +b)’ >} (a+b) :§(a +b+c).
Vi thé ta sé di chitng minh

—(a+b+c)  za+b+ce a+b+c=>—
3 2 mot dieu dé dang suy dwoc tir diéu kién ban dau. Vay
GTNN ctaPlalkhia=b=c=1%.

Bai 23

Cho ba s6 khong am x, y, z théa man x + y + z = 2. Chitng minh:

Xy+y’z+z’x<x’+y’ +7° 51+%(x4 +y*+z%).

(Qudng Tri)
Loi giai
Nhan xét rang vé dau cia BDT can chitng minh lu6n ding vi
3(xX°+y*+2°)- 3(X°y + y’z+2°X) :Z (x- y)’(2x+y) =0.
Bay gio ta sé chitng minh vé sau. Chung t6i xin trinh bay hai cach chitng minh cho BDT nay.

e (Cdch1:Taco



Xy +7 sl+%(><4 +y*+2z%)
<= 2(xX*+y’ +2°) <2+x* +y* +2°
<=>(x+y+z2)(X’+y* +2°) <2+ x* +y* +7*
<= xy(X> + Y )+ yz(y® +2°) + zx(2* + x*) <2.
bé y rang
xy(X* + y ) +yz(y’ +2°) +zx(2° + X)) <xy(xX* + y* )+ yz(y* +2°) + z2x(2° + X° )+ xyz(x + y + Z)
=((xy+yz+zx)(x’ +y’ +z°)
1 20xy+yz+zx)+x* +y  +7° ’

1 4
< =—(x+y+z) =2.
> 5 g Xty +2)

Vay ta c6 dpcm.
e Cdch2: PatP =x+y+z =2;q =xy+yz+zx;r =Xxyz.
Khi do
X’ +y’+7° =p’- 3pq+3r =8- 6q+3r
x'+y*+z* =(p*- 2q)* - 2(q° - 2pr) =2q° - 16q +8r +16.
Do d6 ta can chitng minh:

8- 6g+3r <q°- 8q+4r+8+1<=r(q-1)° >0 x,y,z >0

> mot diéu ludn ding véi moi
.Vay BDT ban dau dugc chitng minh.

Bai 24

1. Cho a, b, c 1a cac so thuc duwong. Chitng minh rang

1 1 1 3 21
-+ -+ ~+—(ab+bc+ca) =—.
(1+a)> (@A+b)y’ (1+c) 32 32

2. Cho x,y, z 14 ba s6 thuc dwong théa man*Z =1 va z <1 Tim GTNN cta biéu thic
_ 53
X Ly 4- 7

T1+y 1+x 3(1+xy)

(Thai Nguyén)
Loi giai
Truwdc hét xin nhac lai bo dé quen thudc sau.

1 1 1
+ >
B6 dé 3 Choab > 0. Khids 1+a@)° (1+b)" 1+ab




Chitng minh bo dé nay dé dang, xin gianh lai cho ban doc

Quay lai bai toan .Ta co:

1 1 1 1 1 1 3 1
+ +— =33 . — =
2(1+a)® 2(1+a)’ 16 2(1+a)’ 2(1+a)’ 16 4 (1+a)

Chitng minh twong ty ta duoc:

Z(1+a) 5(2 b=, (Z(1+) _(Z

32

Ap dung thém bé dé vira néu trén cé dugc :

St 2 et S

(1+ a)’

27 1 3 9 3
— -—>— +—(ab+bc+ca+3)- —- —
(Z 2 8 ab+bc+ca+3 32( ) 32 16

, /21_1_3 2
832 32 16 32 chinh 14 dpcm.

2. Chung ta tiép tuc c6 mot bo dé khac cho bai nay nhu sau.

Bé dé 4 Cho x, y 1 hai s6 thuc duong théa™ =1 . Khi d6

X 2\/—

1+y 1+x \/—y+1

Chitng minh bé dé nay xin gianh lai cho ban doc.

Quay lai bai todn. D thay z <1 nén % =1 | Ta cé:

x+y+1+1z>x+ 2\/7

1+y 1+x 1+xy 3(1+xy) 1+y x+1 1+xy \/7y+1 1+xy

Ta sé ching minh:




F>2 &

mdt diéu hién nhién ding. Do vay 2 VayGTNNcaaFla 2 khiX =Y =2 =1

Ta cé:

Z _a :Z 1 > 9 > 9 = 33 = 33
\b+c Jbeb+c) Y \Jbe(b+c) _\/3(Zbc(b+c)) V& +b +P +3abc @ +b’ +C* +3

Bai 25

1 1.1
X+y+z=——+—+—
Cho x, y, z > 0 thoa XY % Chting minh ring

1 1 1 3

2,22

+ + <
Qxy+yz+zx)* (Qyz+zx+xy)’ (Qzx+xy+yz)’ 16x°y’z

(Thanh Hoa)
Loi giai
Theo BDT AM — GM thi

> <y -y

o Qxy+yz+ax) TG A+ xy)(xy+yz) G Axy(y+2)(z +x)

Nén BDT ban dau sé ding néu ta chitng minh dwoc

1 3 X 3
Z = 2.2_2 <:>Z =
o 4xy(y+z)(z+x) 16x°y°z o (Z+X)(x+y) 4xyz
< 8xyz(xy +yz +zx) <3(x+y)(y +z)(z + x)
< 8 l+l+l <3 l+l l+l [14.1
deg P >1 X y z x yl\y zjlz x
1 1 1
a=—,b=—,c=—, a+b+c:l+l+l
pit X Y 7 tacé a b ¢  Khid6(1.9) trd thanh

8(a+b+c) <3(a+b)(b+c)(c+a)
< 8(a+b+c)(ab+bc+ca) <3(a+b)(b+c)(c+a)(ab+bc+ca) (1.10)

Vi theo bo dé 1,



3(a+b)(b+c)(c+a) zg(a +b+c)(ab +bc +ca)
dong thoi
ab +bc +ca =abc(a+b +c¢) s%(ab +bc +ca)’ = ab+bc+ca >3

nén (1.10) ding va ta gidi quyét xong BDT. Dau bang xdy ra<=>x=y =z = 1.

a+b+c :l + l + l

Chua y 1 Cdc BDT vdi diéu kién a b ¢ [uén khd khé chiu, doi héi ngudi phdi lam
phdi ndm chdc nhitng kién thitc co ban céng vdi mét chut khéo léo trong bién doi, tinh todn.
Nhung bt lai, nhitng bai todn c6 diéu kién nay an chita nhitng diéu thii vi c6 thé khai thdc dugc
twr gid thiét. Cu thé nhv sau:

3.max[a,b,c} Za+b+c:l+l+lz 3 b 1
{ } >
1 a b ¢ maxya,b,c nén max[a, ,c} =L Tong

min[ a,b, c} <1.

ab +bc +ca =abc(a+b +c¢) s%(ab +bc+ca)’> = ab+bc+ca >3.

2. hayab +bc+ca =3. 1y 46

a+b+c >,/3(ab+bc+ca) =3

%(a +b+c)* =ab+bc+ca =abc(a+b+c) =3abc = a+b+c =3abc,ab +bc +ca >3abc.

CHU DE 02. PA THUC
Bai 1
Tim tat ca da thitc hé so thyc théa man

2

2

+3P(x2)P[ L ] =0

XZ

P(x)- P[ !

X

(THPT chuyén KHTN, DH KHTN, PHQG HN)
Loi giai

1. P(x) =C, VxeR



Khi d6 da thay P(0) =0,

2. Xét

Thay x = 1 vao ta dugc P(1) =0

Gia sit P =(x-D".Q() 40 cho QD #0
Khi d6 ta co:

2

2| (x- 1)".Q(x)- 1. 1] .Q[l +3(x% - D".Q(x). iz 1] Q iz =0
X X X X
2

- (1 . CD'A+x)" 1
=2|Q(x)- %Q{— +3(x+1) .#Q(XZ)Q —1=0

X X X X
Thay x = 1 vao biéu thitc trén ta dugc :

2

Z[Q(l)- (- 1)”-Q(1)] +3.(-4)".Q(1)* =0 = 2(1- (- D)")* +3.(-4)" =0
D& thdy khong c6 n thoa man. Do dé khong ton tai da thite P(x) c6 9€qP =1-

Nhan xét 7 Tuong tv, ta co thé gidi dugc bai todn sau: Tim da thitc P(x) théa mdn

1
P’(x)+P*| =| =P(x*).P F]
Bai 2
_ 3\n __ 2 3n .
Cho khai trién (1- 2x+X7)" =0, + @ X +a,X" +...+ Gy, X . Xac dinh hé so 9 bist rang

a a
a+—+—>+.+—0 =

1 15
eIy

(Bén Tre)
Loi giai
15

<=>3n=15< n=5

1 (1) a a, a, (1
X =—=|— :a0+_+_2+"'+?: —
2 2 2 2




Ta co
5 5 ko _
(X +1- 2x)° =) CEX™ ¥ (1- 2x)* =) Cix™ Y Cl (- 2x)
k=0 k=0 i=0

5 k
=)' Y CECl.(-2) X" (0 <i <k <5)

k=0 i=0
15- 3k+i =6<=>3k-i =9

Ta c6 bang sau

k 3 4 5
i 0

w
(@)}

=k =3,i =0 hoiic k =4,i =3

Vay % =C..C}.(-2)" +C..C].(-2)’ =-150

Bai 3
Cho phuong trinh

X - lx“— 5x° + x> +4x-1=0
@.1)

Ching minh réng phuong trinh (2.1) c6 ding 5 nghiém phn bict. V31 % (1 =15) 13 nghiém ciia

x+1
> ,21'2)( -2

phwong trinh (2.1) , tinh téng S biét :
(Bén Tre)
Loi giai
f(x) 1a ham s6 xac dinh va lién tuc trén R

Ta co:
__cop03y Lo oLy 20 ey 2o L _175

Khi do:



f(- 2).f(§) <0; f(?).fw) <0; f(0).f(§) <0; f(%)-f(l) <0; f(1).f(3) <0
Do dé phuong trinh ¢6 5 nghiém phan biét

-2<x1<_—23<x2<0<x3<%<x4<1<x5<3

Ta 6™ 1a nghiém cta (2.1) nén :

x” - %xi“ - 5x” +x° +4x,-1=0

o 2x°- x*-2=2(5x"- x* - 4x)

Do do6: i= i i
Xét biéu thirc:
x+1 x+1
9(X) =—5——> =
5x"- x"-4x  x(x-1D(5x+4)

Pong nhat thirc ta dugc:

1 2 5
g(x)=-—+ +
4x 9(x-1) 36(5x+4)

Do vay:

1ol 1& 1 1 & 1
S=—=->) —+— +—
Sé'xl 9,‘:,‘ Xi-l 722

. 4
i= Xl' +

X #

Véi i ta c6:

[0 _g 1

f(x) S x-x

v ['(x) =5x" - 2x° - 15x* +2x + 4

Do dé:



f'(l)_s 1 S 1 __&__
f() _él'xinéxi-f -

[(O_$1 _ 31_fO_,

= _— >

f0) 5-x i= X f (0)
fe9) e g ¢ 0 _ 12900
4.~ 4 : 4 4
f(- E) i e X, = x _,_g f(g) 4789
_ 8959
Vay: 4789
Bai 4

Cho day cc da thite hé s thye | B0} =123

P, (2cosx) =2"cos(nx), Vne N *

théa man diéu kién
. Chitng minh rang v6i méin€ N * thi F:(X) 13 da thirc he s
én bi . X <§/P(x), Vx> 2.
nguyén bac n va n
(Binh Duong)
Loi giai
Dé thgy ‘Pl(x) =X, PZ(X) :2X2 -4

Ta co:

P,.,(2cos x) =2"”cos[(n +1)x] =2 [cos(nx).cosx- sin(n.x).sinx]

=2cosx.2"cos(ns) - 2" sin(nx).sinx
Suy ra:

P,.,(2cosx) =2cos x2"" cos [(n +1)x] - 2™%sin [(n +1)x] sinx

=2cosxP,, (2cos x) + 2" [cos [n + 2)x] - cos(nx)]

1
=2cosxP,,,(2cos.x) + 5 P .,(2cosx)- 2P, (2cosx)

Thay 2cosx bai x ta dugc :

P2 (X) =2xF,,(x) - 4P, (x)



Do B, B(e Z[X] nén theo cong thitc truy hoi tuyén tinh cdp hai da chitng minh & trén , ta

3
6 P(x)€Z VnelN .

Ta sé di tim cong thitc tong quat cta day da thirc F.(x) nhu sau:

2 _ _ 2 A2 _ 2
Phuong trinh dic trung cla diy: X~ 2XX +4 =0<= X =x+yx"- 4~ X =x-Jx"- 4
Do dé-Pn(X) =A(x+Vx* - 4)" +B(x- Vx* - 4)",¥x>2

1
A_

.B—l
Thayn=1,n=2 vao ta tim dugc 2’ 2

Do dé:
1 1
P (x) :E(x+\/x2 - 4)" +E(X- NxP-4)", Vx>2

(a+b)"

n-1 2

) "+b" >
Ap dung bat dang thic:

Va,b>0;neN

<1 Vx >
Do dé:* = B, (%), vx>2
Nhan xét 8 Bdng cdch chuyén tir ddy da thitc lvgng gidc sang dang dai s6, ta c6 thé gidi quyét
bai todn mot cdch don gidn hon. Sau ddy la mét s6 bai todn vé day da thirc:

1. (England , 1978)

® Chitng minh rdng vdi moi s6 ty nhién n ton tgi da thitc F.(x) bdc n vdi hé s6 nguyén théa

man P (2cos x) =2cos(nx), Vx€R '

0,41, +=

e Vi moi so hitu ty a thi s6 hodc trtung véi mét trong cdc s6 2 hodc s6 vo ty.

2. (VMO, 1989) Cho ddy da thiic xdc dinh boi

_ 2
P,(x) =0;P,,,(x) =P,(x) +%’1(X),n >0



071 N

Chitng minh rdng vd&i moi x€[01 va 120 ¢hj n+1
Bai 5
Tim s6 nguyén dwong n nho nhat sao cho ton tai da thitc f(x) bac n c6 hé s6 nguyén thoa man :
FO=0, fM) =1 y3 ygi moi MEN', FIM(F (M)~ 1) 13 b cga 2017.
(ba Nang)
Loi giai
Ta sé& chitng minh 1 2016 théa man. Gia st 1 <1 <2015 v t6n tai da thitc thoa man bai
toan.Ap dung cong thitc noi suy Lagrange:

2015 2015

f(x) Zf(k)H il
Suy ra:
o1 =3 10, ]| 200671 _ ¥ ek f )

Ta chiing minh Ck . =(- 1)*(mod2017),k =0,1,..., 2015

cit C"*1 Che =(- 1)"*1(mod2017) Vay

2016 2017

2016 2016

f(k) = Zf(k)(mod2017):>2f(k) =0(mod 2017).

2016 2016

D, f(k) 1+Z f (k)
Nhung k-0

va (k) =0;1(mod 2017); k =2,3,...,2016

2016
Z 0(mod 2017)
Do d6 k=0 (mau thuan nhan xét trén).

—.,2016 —
vay 122016 vgin=2016 xét (¥ =X thea man yéu cau bai todn, Do do Mmn —2016

Bai 6



Chitng minh rdng v6i moi ME N ton tai da thirc fn (%) c6 hé s6 hitu ti thoa man véi moi
meE Ny - Pt 22m e L ™ =1 (n(n+1)).
(Pa Nang)
Loi giai

2

m =0; f,(x) =25m =L f(x) ="

e Vai

¢ Gia st khang dinh l1a ding dén m = -1, xét :
P(x) =x(x* - D*(x* - 2)..(x* - m*) =x*""-a_ x*""-a_ X" - .- ax X
o g(x)+a, X" +a, X"+ +ax =X 2.2)

Thay x lan lwgt béi 1,2,...,n ta dugc:

S o)+ X o f(n(n+1) =3 ™

i=0 i=0 i=l (2'3)

Ta co:

@(x) =x(x- D(x+1D...(x- m)(x+m) =(x- m)(x- m+1)....x+m- 1)(x+m)

Lai co:
2m1+ > [g()(x+m+1)- g(x)(x- m-1)]

Befltd(x' m) =(x+m+Dep(x) =(x- m)(x- m+1)...(x+m+1) =d(x- m-1) =

@(x) =

(x- m- D)(x- m)...(x +m) =(x- m- Dg(x) = ¢(x) = [d(x- m)- d(x- m-1)]

2m+2
Do dé
y ) = ! - - - = - = 1 - -
§¢(l)—2m+2[d(n m)- d(- m)] 2m_|_2d(n m) 2m_|_2(n m)(n- m+1)...(n +m+1)
Ta cg: (- D +i+1) =n- i* +n- i =n(n+1)- i(i +1),i =0,1,...,m
Suy ra:
§¢(i) =2m1+2 i)[[n(n +1)- i(i +1)| =h, (n(n +1)).

Khi d6™ c6 hé s6 hitu ti va tir (2.3) chon:
f.(x)=h,(X)+a, f..(X)+a,,f,,(x)+..+a,f,(X).

Suy ra diéu phdi chitng minh.
Nhan xét 9 M6t so bdi todn tuong tu:

— 2n n .2
1. Tim s6 tw nhién n dé P(X) =X7+X"+1 cpig par ono Q(X) =x" +x+1



P(x) =(x +1)*"" + x™

2
2. Chitng minh réng véi moi "€ Z ta ¢6 da thitc chia hét cho da thirc

Q(x) =x*+x+1

Bai 7
n-1
, a.a a a>-1a, 2—
Cho s0 ty nhién 1 =22 vanlasé thwe "> 72~ "n sao cho 2

n n-1 n-2 _
X'+ax" +a,x" " +..+a,_x+a, =0

. Gia st phuong

trinh c6 diung n nghiém thyc. Chitng minh rang tat ca cac
nghiém d6 nam trong doan [_ G & * 2]
(Péng Nai)
Loi giai
pat PX) =x"+ax"" +a,x"* +..+a,x+a,
Goi X Xpse X 13 nghiém cta phuong trinh P(x) =0
Khi do:

XX+ +Xx, =-q

1
XX, + XX, ...+ X X =a, ZE

n
2 2 2 2
X, Sin =a,” - 2a, <aq,

Mat khac: i=

Do do: X € [_ Cll;al],k =12,...,n

A s s . A ) s -a;a +2
Vay tdt ca cac nghiém cda P(x) = 0 déu nam trong doan[ el }

Nhan xét 10 D6i ltic trong bdi todn da thifc ta can chi y dén nghiém cua da thirc. Mgt trong
nhitng huéng xu ly la dung dinh ly Bezout, dinh ly Viete,...Sau ddy la mét s6 bai todn vé nghiém
cua da thirc:

n-1

+a X"'+a X"’ +..+ax+aq

1. (Costa Rica, 2009 ) Gia s da thitc X 0 ¢6 thé phan tich

_ 2
thanh (x+nr)(x+r,)..(x+r,), vgi TaTaren Ty EIR. Chifng minh réng(n Da, , =2na,_,



2. (Taiwan TST Round 1, 2014) Cho da thirc hé sé thuc

=x" n-2 n-3 > .a s cn 5 N
P(x) =x"+a, ,x""+a, x""+..+ax+a,(n=2) . Gid st X nghiém thuc cua phuong trinh

2(1- n) q

n-

P(x) =0,k =1,2 e
x) =0,k =1 2,...,n .Chitng minh rdng n

e A =a x" + "y +ax+ e ais A A s
3. Cho da thitc hé so thuc P(x) =a,x" +a, ,x -+ X+ 0,0, #0 . Gia str la mot nghiém tuy

|x,| <1+ max

Yl =0,1,..,n- 1)
y ctia P(x) = 0. Chitng minh rdng: a

n

Bai 8
Cho P, Q, R 1a 3 da thitc hé s6 thuc théa man: P(QMX)) +PR(X)) =cVXER 4 c =consteR
.Chitng minh rang P(x) =const hoac [Q(X) * R(X)} =const
(Ha Nam)
Loi giai
Bo qua treong hgp P(x) 1a hang s6.
— n n-1
xat P(0) =a,x" +a, X" +...+a,(a, #0,n =1)
— m m-1
xar Q) =b,x" +b, X" +..+b,

R(x) =¢ x" +¢,_x""+..+¢,

Giasi M =k  Ta cé:
P(Q(x)) + P(R(x)) =c

n _
Pong nhat hé s6 cua bac cao nhat trong (*) ta dugc: a,b, =0

Do d6 hoic b, =0 suy ra .degQ =deg R =0 pox5cm =k,

Khim =k thi %@ En +¢) =0=>b, =-¢,

van lé.
Khi dé
Q(x) =b,x" +bm_1x'"'1 +...+b,(b, #0)

R(x) =-b x"+c, x""'+..+c, (b, #0)



Xét da thitc H(x) =a,(Q"(x) + R"(x)) =a,(Q(x) + R(x))S(x), , trong d6

S(x) =Q"'(0)- Q"*(MR(XN) +Q" (MR (X) - ... Q(X).R"*(x) + R"(X)

Xét hé so cta X trong S(x):b"" = b"*(-b)+...- b(-b)"* +(-b)"" =nb"" £0

Do dédegS =m(n-1) '

Ta sé gia st phan chiing ring 1€8(Q(X) + R(x)) =1

Khi dé:degH >m(n-1)+1 ‘

T(x) +P(Q(x)) + P(R(x)) - H(x) ZHZ a,(Q'(x)+R'(»)
Xét i=0

Nhan thay rang 4887 =m(n- 1) (yg 1y
Do do ta c6 diéu phai chitng minh la dung.

Nhan xét 11 Khi gdp cdc dang todn vé da thirc, thong thurong ta phdi chil y dén mét s6 van de
quan trong nhu bdc cua da thitc, méi quan hé giita cac hé s6 vdi nhau, ngodi ra ciing nén chii y
dén cdc yéu to giai tich. Sau ddy la mét sé bai todn c6 lién quan.
n n-1
 n P . . . A A = + +..+ \
1. (Tiéu chudn Eisenstein) Cho da thttc hé s6 nguyén P(x) =a,x" +a, x a,(a, #0) va
s6 nguyén to p sao cho théa mdn dong thoi cd 3 diéu kién:

o 9P
o a,,4q,,...,d, ,:p

2
o aOp

Chitng minh réing khi &y P(x) bt khd quy trén Z[x].

2\ —p2
2. (Romania 1980) Tim tdt ca cdc da thirc hé sé thuc théa mdn P(x7) =P"(x), Vx€R

3. Cho da thitc P(x) wvaQ(x) la cdc da thitc monic théa mdn P(P(x)) = Q(Q(x)) .Chitng minh rdng
P(x) =Q(x)

4. (Albanian TST, 2009) Tim tat ca da thitcPtx) khdc da thitc khéng, c6 hé sé khong Gm va théa
mdan:



P(x).P 1

=] <P*(1), Vx>0
X

Bai 9
Cho cac da thice P(x) , Q(x), R(x) vGi hé so thuc c6 bac twong tng la 3,2,3 théda man dang thirc

PA+Q' () =R'(x), Y ER i da thite T(¥) =PCOIQRMR(X) 6 it nhiit 1a bao nhiéu
nghiém thyc ( ké ca nghiém boi)

(Ha Tinh)
Loi giai
bau tién ta co thé thay rang
Q* (%) =(R(x) = QUx))(R(x) +Q(x))

Do deg(R+P) =3 R(x)+P(x) =0

nén phuwong trinh c6 it nhat 1 nghiém, diéu nay chirng to

ring phwong trinh Q(x) = 0 c6 nghiém. Ma do 98Q =2 nan Q(X) =0 (4 5 nohiem.

Mait khac:

P*(x) =(R(x) - QC))(R(x) +Q(x))

Do deg(R+Q) =deg(R- Q) =3 1y P*(X) =0 (4 ¢ phst 2 nghiém

1. Hai nghiém ciia £ ) =0 13 phan biét. Khi d6 P(x) =0 c6 it nhét 2 nghiém, ma degP = 3 nén

P(x) = 0 sé c6 3 nghiém thyc. Mt khac do degR = 3 nén R(x) = 0 c6 it nhat 1 nghiém. Do vay
ma T(x) = 0 c6 it nhat 6 nghiém.

2. Hai nghiém la nghiém kép x = a. Do do:

o R()- QM) =0 3 R(X)+Q(X) =0 gay nhan a lam nghiém
Khi dé P(a) = Q(a) = R(a) = 0.
Theo dinh ly Bezout ta sé phan tich duoc:

P(x) =(x- a)P,(x); Q(x) =(x- 2)Q,(x); R(x) =(x- a)R,(x)

voi B Q. R 13 c4¢ da thite c6 he s6 cao nhat duong.

Do dé:



B’ (0)+Q’(x) =R’(x)

XétPl(X) =ax’® +bx+¢;Q,(x) =dx+e; R (x) = fx2 +gx+h

Pong nhat hé s6 cua X' ya X’ trong khai trién ta dugc:
a=f;2ab=2fg =b =g
Do do

P(x) =ax’ +bx+c;Q, =dx+¢;R (x) =ax’ +bx+h

Ta cg: (@x+€)* =(h- )(B(x) + R (x)

M des(P +R) =2 P(x)+R (x) =2ax* +2bx+c+h b*> =2a(c+h)

nén c6 nghiém kép. Suy ra:

Néu ca hai da thie T®) va B gay khong 6 nghiem thue thi

b*> <4ac;b* < 4ah

2
Hay la b" <2a(c+h) (yg1y)
Do d6 mét trong hai da thitc c6 2 nghiém. Diéu nay dan dén T(x) = 0 ¢6 6 nghiém.

¢ Chi c6 mot trong hai da thitc R(x) — Q(x); R(x) + Q(x) nhan a lam nghiém.
Khi do6 deg(R-Q) = deg (R+Q) = 3 nén R(x) — Q(x) = 0 hodc R(x) + Q(x) sé c6 3 nghiém

2000 —
va P7(x) =0 cling sé c6 it nhat 3 nghiém.

2 _ 2 _

Do degP = 3 nén P*(x) =0 sé c6 2 nghiém hodc c6 6 nghiém. Ma P*(x) =0 c6 it nhat 3
2 — —_

nghiém nén £ =0phai c6 6 nghiém hay 1a P(¥) =0

Do dé6 T(x) = 0 c6 it nhat 6 nghiém.

c6 3 nghiém.

Nhan xét 12 D6i voi nhitng bai todn nay ta can phdi dé y dén bdc, hé s6 cua bdc cao nhdt,
nghiém cta da thirc. Ngodai ra can két hgp st dung cdc dinh ly vé nghiém nhu Viete, Bezout,...
hay dong nhdt hé s6. Sau ddy la cdc bdi todn tuong tu:

P’ (x)=Q*(x)

1. Cho P(x), Q(x) la hai da thitc bdc n. Chitng minh rdng

2 _ N2
Pr()- Q° 0 béc khéng nhé hon n.
2. Cho da thitc P (x) c6 bdc 2n, hé s cua bdc cao nhat la 1. Chitngminh rdng ton tai
2 da thitc Q(x) va R(x) sao cho degQ = n, degR < n va P(x) = Q*(x) + R(x).

hodc la da thirc

Bai 10



+00

Cho dy da thitc hé 56 thue | 2O 1% xc dinh nhu sau
P(x) =2, B(x) =2x,B,,(x) =2xB,(x) + (1= )P, ¥n >1

1. Xac dinh cong thitc tong quat cta F,(x).

2. Tim tdt ca cac so ty nhién n dé F,(%). chia hét cho X” +3.
(Hdi Phong)
Loi giai
1. Bau tién ta xét phuwong trinh dat trung cua day da thic trén:
t?-2xt+x*-1=0<=>t=x+1"t =x-1

Do d6 day c6 dang r(X) Za(x+1)" +b(x~1)".

P,(x) =2; B(x) =2x

Mat khac do nénsuyraa=b=1.

P (x) =(x+D" +(x- 1)"

Do do . Thtr lai thay thoa man.

— 2 . .
2. Do da thite @¥) =X"*+3 52 nohiam 1a V3 va V3 nan ds B chia hét cho Q(x) thi
P(x) nhan /31 Jam nghiém.

o P(3D)=0 i g (W3i+D)" +(3i-1)" =0

= + =0

T .. T
cos — +isin—
3 3

2r .. 2w
CcOS — +isin—
3 3

Theo cong thitc Moivre ta co:

2 2
cosn?ﬂ+isinn?”+cos ’;”+isin ’;ﬂ <:>sinn?”20<=>n=3k(k€Z)

o P30 =0 gy go: (-V3i+D)" +(-4/3i- 1)" =0

n
< | cos—+isin— | +
3 3

4T . . 43}"
cos—+isin—| =0
3 3

Theo cong thitc Moivre ta co:



4 4 4
cosn?”+isin gﬂ +Cos r;:r +isin ’;ﬂ <= sin% =0<=n=2k+1(ke2)

Keét hgp ca hai dit kién trén ta dugc: n = 3{2k + 1) = 6k + 3.
Nhan xét 13 Mot s6 bai todn tuong tu:

1. (VMO, 2015) Cho déy da thite{P.{X)} théa mén didu kien F0(X) =2P.(X) =3 ,5

Pn(X) :3XPn-1(X) +(1- x- 2X2)Pn-z(x); Vn =2

—v3_ W2
Tim tat ca cdc so tu nhién n di chia hét cho da thirc Q(x) =x"- X" +x.

P(0) =2,B(x) =x

2. (Truong DPong, 2015) Cho ddy da thLi’c[ P”(X)] théa mdn diéu kién a

P. (x) =xP,(x)- P,_,(x), Vn =2
e Chitng minh rdng tdt ca da thitc cta ddy déu théa mdn
P(x*- 2 =P*(x)- 2
Ve . & 4 : n >1 N P (X) e oA
e Chirng minh rdang véi moi M =1 thi “n co6 n nghiém thuc.
Bai 11
4 3 2 —2 —
Cho da thie P(X) =X +ax"+bx" +cx+d 3 Q(x) =x"+p =qx cung thudc Q[x]. Biét rang hai
da thitc cung nhan gia tri am trén khoang I c6 do dai 16n hon 2 va ngoai khoang I ching déu
nhan gia tri khong am. Chitng minh rang ton tai % €R de Px) < Q(XO).
(Hoa Binh)
Loi giai
Goi (%%) 13 khoang T c6 d6 dai 16n hon 2 théa dé. Do P(x) lién tuc trén R véi 3 gid tri

X,X,,X o . (oo x ) () (x
27?7k sao cho chiing lan lwgt thudc cac khoang( 003 X, ); (X5 X, ); (X,; +0)

P(x;).P(x;) <0; P(x;).P(x,) <0

nén

. Do d6 P(x) c6 it nhat 2 nghiém, gia st 2 nghiém nay khong
phai la %

Do P(x) chi nhan gia tri am trong X»*2) con ngoai khoang d6 thi nhan gi4 tri khong am, dong

thdi P(x) lién tuc trén R nén khong xdy ra trwomg hop £ 1) P(X) #0° yray XX 13 ahiam

cua P(x) = 0. Xét cac trwong hop sau:

Q(x) =0 = P(x,) =0 <Q(x,

¢ x; khong la nghiém cua ) (dpcm).



® X, khong la nghiém ctia Q(x) =0 = P(x,) =0 < Q(x,) (dpcm).

- x2| >2

2
e déu la nghiém cua Q(x) = 0. Do |X1 nén P°7 49 =4 Theo dinh ly Bezout va do

P, Q déu monic nén P(x) = Q(x). H(x) vGi H(x) =x" +mx +n. Gia st phan chitng rang:
P(x) 2Q(x), XER yepi g5, P~ QL0 =Q(0).[H(0)- 1]

Thay X =X 2 c6 PO~ Q) =QE)[H(x)-1] 0 = H(x) =1
XE€(x,%) 4 HX)EO;1)

:.Tuwong tw, v6i moi
vavei XE (%) gy H(X) 1.
Do H(x) — 1 chi nhan gid tri am trong %) va ngoai d6 thi nhan gia tri khéng am nén

neu HD = LH) =170 4 0619 vi H(x) - 1 lién tuc trén R. Vay H(x) -1 nhan X%
lam nghiém, dan t6i P(x) — Q (x) c6 2 nghiém kép. Ma P(x) —Q(x) monic nén

H(x)-1=Q(X) pay P(X) =Q* () +Q(x)
P& ¥ réing néu chon # sao cho #ET va P(F) =Q (A +QB) =0
Q*(B)+Q(B) =(B* +pf+q)* +(B°+ pf+q) 20<=> f” + pf +q <- 1(doQ(S) <0)

-p-+p*-4(q+1) -p-+pP-4Aq+))
2 ’ 2

o pe

< (X;5%,)

nén

-p-~P'-4q+]) -p-+p'-4q+D)
2 ’ 2

Mit khac dé dang chitng minh:
ton tai Z sao cho #E€Iva P(A) =0 piay nay v 1i. Vay khong ton tai % dé
P(x,) <Q(x,)

Nhan xét 14 Bai tdp tuong tu:

1. (Cannada,1981) Cho hai da thirc P(x), Q(x) théa mdn phuong trinhg P(x) = Q(x) khong co

nghiém thuc va P(QX) =Q(P(x) VXER Chitng minh réng phuong trinh P(P(x))=Q(Q(x))
cting khong c6 nghiém thurc.

— 3 2 — 3 2
2. (VMO,2003) Cho hai da thize P(X) Z4X = 2X7=15x+9 5 Q(x) Z12x7+6x7- 7x+1
Chitng minh rdang P(x) = 0 va Q(x) = 0 déu co6 3 nghiém phdn biét. Chitng minh rdng ton tai la
2 2 _
nghiém ctia P(x) va la nghiém ctia Q(x) sao cho* +3p° =4.
— 3 2 — 2
3. Cho da thite P() =X +aX"+bX+C (5 3 nonism phan bigt va QX)) =X +2x+2016  p;s
phuong trinh P(Q(x)) = 0 v6 nghiém. Chitng minh rdang P(2016)>1.

Bai 12



2014

P(x) =x""° +a,, X" +...+ax+aq P()P(2) #0

Cho da thurc
4P @ L PW o6

P2)  PQ) . Gia stt P(x) c6 2016 nghiém thyc, chitng minh rang trong s6 do, co it
nhat mot nghiém thudc khoang (1;2).

0 ¢4 hé so thuc voi

(Tp.HCM)
Loi giai
Goi X X2 X0t 13 nghiém cta P(x) . Theo dinh li Bezout ta cé:

P(x) =(x- x)(x- x,)..(x- x,)

Khi do:

P'(x) =(x- x)(x- X,)..(x- x,) " 1 + " +..+

Do dé:

P'(x) :i. 1

P(x) 3 x-x

Ta sé di phan chitng rang P(x) khong c6 nghiém nao thudc khoang (1;2).

Ta co:
4 P'(2) ) P RE| 4 1 _szls 2- 3x
‘P2 PW) S(2-x 1-x o | (2- x)1- x)

2- 3%

, o TN vk 2 (L2)
Do % < hodc % <% nén (2- x)(1- x)>0 . Ngoai ra: (2= x)(- x)

Suy ra:
PRACRE SO
P2) P (Vo li)

Do do6 ton tai it nhat mot nghiém thudc khoang (1;2).

Nhan xét 15. Ddy la mét dang bai todn hay vé hé qua cua dinh ly Bezout. Bé xtt ly dugc dang
todn nay can phai cé nhitng kién thirc vé dai so, gidi tich ho trg. Sau ddy la mét s6 bai todn vé
dp dung dinh Ii Bezout vao viéc xtt ly cdc bai todn bat ddng thifc trong da thifc



1. Cho da thirc P(x) bdc n c6 hé sé thuc, hé s6 cao nhdt la 1 va cé n nghiém thuc sao cho
P(-1) #0

PI(-1) _n

P(-1) 2

.

. s PRI - o |X| =1,
Chirng minh rdng P(x) co it nhat mot nghiém x, voi | 0|

— n n-1
P(x) =a,x" +a, ,x" +..+ax+ay,n=>2,a.a, #0

2. Cho da thtrc va co n nghiém duong.

an— 1al

a,a

>n?

n

Chitng minh rdng

P(x) =x"+a, X" +..+

3. (HongKong,1997) Cho D 6 bdc 1 224 cén nghiém thuc

Xy Xgsees Xy Chitng minh rdng:
P(x +1).M >2n’, Vx > X,
P(x)

— N n-1
P(x) =x"+a, x" +..+ax+1

4.(Hungary,1983) Cho la da thirc hé s6 duong va phuong trinh

P(x) = 0 c6 n nghiém thuc. Chitng minh rdng: P(2) 23

— N n-1 n-2
P(x) =x"+a, X" +a,,x" “+..+ax+a

5. (Costa Rica,2009) Gia str da thirc
thanh . Chitng minh rdng

0 ¢6 thé phdn tich

(n- Va’, >2na,,
Bai 13
Cho P(x) la da thi¢c v6i hé s6 nguyén. Chitng minh rang ton tai hai da thitc Q(x) va R(x) sao cho
1. P(x)Q(x) 1a cac da thitc ctia x°
2. P(x)R(x) la cac da thitc cua x*
(Khadnh Hoa)
Loi giai
1. Chu y hang dang thitc sau:

a’- b’> =(a+b)(a- b)



Vi

n

3

n
P(x) =) ax =) a,x" +
i=0

2
2i41
ay; X
i=0 i-0

Ta chon:

n

n
2 2
Q(x) :Z azixm - Zazmxmﬂ

i=0 i=0

Suy ra:

2 2

P(x)Q(x) = 2 a, x| - | Y a, x| =S(x°)

i=0 i=0

2. Chu y hang dang thitc sau:

a’+b’>+c’- 3abc =(a+b+c)(a* +b* +c*- ab- bc- ca)

Ta xét:
E} n n
n 3 3 3
_ i 3i 3i+l 3i+2
P(x) —Z 4GX =2, X" + 2, Ay X7+ 2, Ay, X
i=0 i=0 i=0 i=0
bat :
{2 n n
3 3 3
— 3i, —_ 3i+l, _ 3i+2
A(x) —Z ay X" B(x) =2, a5, X775 C(X) =2, ay;,0X
i=0 i=0 i=0
Ta sé chon

R(x) =A’(x) + B*(x) + C*(x)- A(x)B(x)- B(x)C(x)- C(x)A(x)
Suy ra:
P(x)R(x) =A’(x) + B’(x) + C*(x) - 3A(x)B(x)C(x) =T (x*)

Nhan xét 16 Mot s6 bai todn tuong ty:



— .4 3 2
1. Bigu dién da thie T =X+ +x5 4x+ 1 0 hang hiéu binh phwtong ctia hai da thitc:

— N2 2
P(x) =Q*(X)~ R°(X) pgc khdc nhau va véi hé s thirc. Chitng minh rdng khong ton tai da thitc
— 2
hé s6 thue H(x) dé P(X) =H ()

2. Ton tai hay khéng da thitcP(x) dé YxER thi P(x) > P"(x) va P(x) > P”(x).

3. (Iran, 2013) Cho 0> @i+ €N
~ 0<i<n:q <b =<2q

. Chitng minh rdng tén tai cdc s6 tw nhién by,b,..., b, thoa

mdn . Chitng minh rdng
P(x) =b, +bx+...+b X"

bat kha quy trén Z[x].

Bai 14

Tim tat ca da thic P(x) thoa man
P(- x).P(3x) + (P(2x))* =P(x).P(5x), Vx€ R (2.4)
(Long An)
Loi giai
Thay x = 0 vao (2.4) ta dugc : P(0) = 0.
1. Xét PO =C Khidotacs:C*+C* =C*<=>C =0 godo P =0-
2. Xét deg P =1
P(x)=ax"+a_X"'+..+ax+a,(a, #0)
Khi d6 xét hé s6 ctia x* trong khai trién (2.4) ta dugc:

a(-1)"a.3"+(a,2") =a.a.5" <=>(-3)" +4" =5 (2.5)

Nhan thdy rdng néu n la so 1é thi khong thda man (2.5). Dé thay n = 2 la nghiém cua (2.5).
Xét 1 =4 Khi do:

n

3"+4" =5" <= +1=

E]“
4

+1<1+1=2

Mt khac: [ 4

>2(n =4)

va



Do d6 phuong trinh (2.5) c6 nghiém duy nhat n = 2

Suy ra : P(x) :azx2 +a,x(doP(0) =0).

Tir dé bai, so sanh hé s6 ditng trude x> ta ¢6 :
3a,a, - 9a,a, +16a,a, =5a,a, + 25a,a,

=0 a, #0

a R
Suy ra: * (vi 2

)

P(x) =0; P(x) =a,x’(a, #0)

Th lai ta thy thda yéu cau deé bai.

Nhan xét 17 Mot so6 bai tdp twong tu cho dang nay:

1. (KHTN, 2010) Tim tdt cd cdc da thirc P(x) hé s6 thuc théa man
P(x-y) + P(y-2z) + P(z-x) = 3[P(x) + P(y) + P(2)]
veix+y+z=0

2. (IMO, 2004) Tim tdt ca cdc da thirc hé sé thuc P(x) théa mdn
P(x-y)+P(y-z2)+P(z-x)=2P(x+y + 2), Vxy,z€R
saochoxy +yz+zx=0

3. (Nam Tu, 1982) Tim tdt cad da thiic hé s6 nguyén P(x) sao cho
16P(x*) =[P yeR

4. (Ukraine, 2009) Tim tdt ca cdc da thirc hé sé thuc P(x) théa mdn véi x, y, z, t doi mot khdc
nhau: X* + y* + z* = 2t%, ged(x,y, z, t) = 1 vad
2P*(t) + 2P (xy +yz + zx) = P*(x +y + 2)
5. (Costa Rica, 2008) Tim da thirc P(x) hé so thuc théa mdn
P(3(a- b))+P (V3(b- ¢))+P (\N3(c- a)) =P(2a-b- c)+P(-a+2b- ¢ )+P(-a- b+2c)
vOi moi a,b,ceR
Bai 15
Cho m 1a s6 nguyén dwong théa man M =1 (mod 2017). Chitng minh ring da thic 1a da thic
P(x) =x"" - mx+2016 psi ka quy trén Z[x].

(Nghé An)

Lai giai

Ta sé di chitng minh bai toan tong quat hon nhu sau: Cho a la mét s6 nguyén duong va p > 2 la

— P _
56 nguyén (6 théa mén (a, p) = 1. Khi dé da thitc © GO =x"-mx +a g quy trén Z[x]

v6im =L (modp). That vay gid sif ring P(x) kha quy ta co: © 00 =QX)-R(x)(degQ, degR =1)
Do P(x) la monic nén Q(x),P(x) cling monic.

— n-1
xar Q) =x"+a, X" +..+ax+a a a,€Z

0 vii A1 Gpogseees



Goi % 1a nghiém (thuc hoic phitc) cia Q(x) = 0. Dit
Sk :Z aik
i=

Do a; cling la nghiém cua P(x) = 0 nén ta co:
S, - mS, +na =0

S, :Z a,
Do = nén theo dinh li Viete trong Q(X) ta co S, €Z . Do dé S, € Z.
Ta c6: S’ =S,(mod p).
n p
SF = Zai =S, (mod p)
Mat khac: i=

Do dé: S» ™~ Si:P-

Ma S,-mS, =S, - S, =0(mod p) nep M@ip

Ma 1< <P v3 (@ P) =1 nan v5 11 . Do d6 P(x) bét kha quy trén Z[x]
Nhan xét 18. Da thitc bat kha quy la mét todn hay gdp trong cdc dé thi hoc sinh giéi. C6 nhiéu

phuong phdp dé gidi quyét bai todn nay nhu phdan chitng, diing s6 phttc hay dung tiéu chudn
Eisenstein. Sau ddy la mét s6 bai tdp vé sw khd quy cuing nhw bdt kha quy ctia da thirc.

1. Cho %928, €Z Chitng minh réng P(x) =(x- a)(x- @,)..(x= @,) p5¢ 1pg quy trén
Z[x].

2. Chitng minh ring X" +X"* +..+x+1 |q bt kha quy trén Z[x].

n-1

P(x) =x"+a, x" +..+a

0

3. (China TST, 2008) Chitng minh véi moi " =2 tbn tai da thirc
théa mdn dong thoi 3 diéu kién:

o 4,0,,...,a, #0

e P(x) bat kha quy trén Z[x]
e V6i moi s6 nguyén x thi |P(X)| khéng phdi la s6 nguyén té.
— k 1
4. (Romania TST ,2006): Cho p la s6 nguyén t6, P Z5 . Xét da thire PO =X" + p(x" +x)+1
v6i 1SU=k=p-1 psi 6 bao nhiéu cdp (k, 1) dé P(x) bat kha quy trén Z[x].

Bai 16



Tim tat ca cac da thitc P(x) hé so thuc théa man

(x* - 6x+8)P(x)- (x*+2x)P(x- 2) =6x* - 12x

(Nghé An)

Loi giai
Viét phurong trinh da cho dwdi dang:

(x* - 6x+8)[P(x)+x2] =(x’ +2x)[P(x- 2)+x- 2], Vxe€IR

Pt Qx) = P(x) + x, tacé QER thoa man

(x* - 6x+8)Q(x) =(x* +2x)Q(x- 2), ¥xER

Hay

(x- 2)(x- 49)Q(x) =x(x +2)Q(x- 2), ¥xER 2.6)

Cho x = 0, -2,4 ,suy ra Q(0) = 0; Q(-2) = 0, Q(2) = 0.

Suy ra QU =xX(x- 2+ 2R 14 06 RERIX 162 man

(x- 4)(x- 2)*(X)(x+2)R(x) =(x)*(x +2)(x - 4)(x- 2)R(x- 2), VxER

= (x- 2)R(xX) =xR(x- 2), Vx #0; #2;4 = (x- 2)R(x) =xR(x- 2), Vx€RR. @.7)
Cho x = 0, (2.7) => R(0) = 0; suy ra R(x) = x S(x).

Kni as S R

thoa man
(x- 2)(x)S(x) =x(x- 2)S(x- 2),Vx€R = S(x) =S(x- 2), VxeR
T ddy suy ra S(x) = c, vdi c 1a hang so.

— 2 2 _ 4 2
Do dg P(X) =ex" (X" = 4)- x =c(x"- 4X°) = X Thp 1ai thoa min.

Nhan xét 19 Ddy la mét dang todn tim da thitc quen thudc, tuy nhién dé xit ly bai todn trén phdi

khéo léo. Sau ddy la mét s bai todn tuong tu:
1. (Long An, 2012) Tim tdt cd cdc da thirc hé s6 thuc P(x) théa mdn

P(x)(x* +2x+2)x(x+2) =(x* +1)(x* - DP(x +1) VxR



2. (Moldova, 2004) Tim tdt ca da thitc hé so thuc P(x) théa mdn
(x> +3x* +3x+2).P(x- 1) =(x’- 3x* +3x- 2).P(x), XxER

3. (Greece, 2014) Tim tdt ca cdc da thitc P(x) hé so6 thuc thoa mdn
(x* - 6x+8)P(x) =(x* +2x)P(x- 2)

Bai 17

Cho da thirc

f(x) =x*"+ax* +bx+c

c6 ba nghiém nguyén x;,x,,xs, trong d6 & beeZ Chitng minh rang biéu thitc sau la boi ctia
2017
(a2017 +b2017 +C2017 +1)(X1 _ X2 )(X2 - X3)(X3 _ Xl)
(Qudng Binh)
Loi giai

xer [0 =x"" +ax* +bx +c

Néu “>*2»%s 6 ciing s6 du khi chia cho 2017 thi ta c6 diéu phai chitng minh.

Xét %% % 6 s dw dbi mot khac nhau dbi mot khi choa cho 2017.
Theo dinh ly Fermat, ta co:
f(x)=ax’ +x(b+1)+c
Mat khac:
f(x) =f(x,)=f(x;)=0:2017
Ta co:
f(x)- f(x,)=(x, - x,)(ax, +ax, +b+1)
Suy ra:
ax, +ax, +b+1:2017

Tuwong tu:



ax, +ax, +b+1:2017

Do d6: (ax, +ax, +b+1)- (ax, +ax, +b+1) =a(x, - x,):2017 = a:2017

Do f(xl)' f(xz) E(Xl - Xz)(ax1 tax, +b+1) nén b+1:2017

Ngoai ra : [ () =ax; +x(b+1)+c =0mod2017) s ¢:2017

Suy ra: a7 +b 1 s 1=a+b+c+1 =0(mod 2017)

Do do ta c6 diéu phai chitng minh .

Nhan xét 20 D6i vai nhitng bai todn nhu trén ta can phdi chil y dén cdc tinh chdt cua da thirc hé
s6 nguyén trong s6 hoc va mét so hé qua cua dinh lyBezout chdng han nhu

P(a)- P(b):a- b,a,beZ g, ddy la mét s badi todn lién quan dén da thirc trong sé hoc:

1. (HongKong2001) Cho s6 tw nhién kK =4 va da thitc P(x)e Z[X]

0=P(c) =k \4i moi€ =01k +1 chipng minh réng P(0) = P(l) = ... = P(k+ 1).

thoa mdn diéu kién

2. (China TST, 2009) Tim tdt ca cdc da thirc f(x) hé s6 nguyén sao cho
f(a)+ f(b)+ f(c)ia+b+c

Bai 18

Tim tat ca cac da thitc P(x) vGi hé so thuc thda man diéu kién
P(x*)+P(x).P(x+1) =0, Vx€R

, vOi moi s6 nguyén a, b, c.

(Qudng Nam)
Loi giai
1. Neu P(X) =C py P(x) =0 pozc P =-1
5> Nay degP =n =1 2 P(x) =a,x" +a, X" +..+ax+ay(a, #0).
Xét hé so cna x* trong khai trién (2.8) ta c6:
a,+a’=0<=>a, =0" a, =-1

a #0 . a =-1
n nén .

Do
Goi ¢ langhiém cta P(x) = 0. Thay X =¢ vao (*) ta dugc:

P(a*) =- P(a)P(a +1) =0



a’* k =1,2,...

Do do6 cac gia tri cling la nghiém cta P(x) = 0. Khi d6 dé cac gia tri ¢ * 1a hiru

= 2y — _ _ 2
han thi 1%/ =0 Mt khac véi X = - 1 i P(@- D7) == Pla-DP(@) =0 pg gs(a-D*
(a-1)*;k =1,2,..

nghiém cta P(x) = 0. Tuong tu ta cling co * cling la nghiém cua P(x) = 0.

-1)°| =0 a-1)° =1
Mot cach twong ty ta sé co: ‘(a ) ‘ hodc ‘( ) ‘

@ Néu 1 =0 i p(0) = 0 suy ra PO D) =P(1) =0

o) Neu 41 =10 (@ 7] =L

Xét & TCOSPHISING. e pi g
1- o =1- cos@- ising
Suy ra:

(1- a)* =(1- cosg)’ - 2i(1- cosg)sing- sin’p
=2cos@(cos@ - 1) - 2ising(1- cosgp)
=2(cosgp - 1)(cosg +ising)

Do dé

1 Z‘(a- 1)2‘ :\/4(cos¢- 1)*(cos’@ + sin’p) =2(1- cosg)

1 Ty 57

T 1 3.
@ =— a=—+—-I 2 (05-1)2
Vi 3 thi 2 2 Do @ langhiémnén ¢ ciing la nghiém, suy ra: cling la
nghiém.
-’ #0,1 .
Mt khac ta tinh duoc: (CER (V6 1),
57

@ =

Tuwong ty v6i truong hop 3

Vay P(x) = 0 chi c6 nghiém hai 0, 1 ké ca nghiém phirc.

Do dé theo Bezout ta co:



P(x) =x"(1- x)".(x+1)"(- x)" =0
Thay vao (2.8) ta duogc:

X"(L- X))+ x™.(1- x)".(x+D)" (- x)" =0

o X"(1- X)" [X"(1+X)" +(x+1)".(- x)"| =0, VxER <=>m =n
Khi do:
P(x) =x"(1- x)",meN, Vxe R

Nhan xét 21 Can nhdn ra rdng phuong trinh P(x) = 0 khéng c6 nghiém, ndo khdc ngoai 0,1 ké
cd nghiém phiic, tir do st dung kién thifc vé so phtic trong da thirc dé gidi quyét cdc hai todn.
Sau ddy la mét s6 bai todn tuong tu:

1. Tim cdc da thirc hé so6 thucP(x) sao cho
P(x)P(x+1) =P(x* +x+1),Vx€R
—.,n n-1
2. (IMO 1983)Chitng minh rdng da P(x) =x"+ 5x""+3 la bat kha quy trén Z[x] v&i moi
n>1.
3. (Bulgaria, 1979) Tim tat ca cdc da thitc hé so thucP(x) théa mdn
P(x).P(2x*) =P(2x* + x), VxeR

Bai 19
Cho B(¥) =X* +bx+c (i =12,..,

n) la n da thitc do6i mot phan biét véi hé s6 thiye sao cho véi

Q,,(X) =P(x) +P,(x)

L1<i<j<
011_1_1_n

m thi da thic

nhat co6 thé cua n.

c6 nghiém thyc duy nhat. Tim gia tri 16n

(Vinh Phtic)
Loi giai
e Véin=3tachon P(x) =x’- 4;P(x) =x" - 4x+6; P,(x) =x" - 8x+12 thi
—(y - 1)2- =2(x- 2)*: =2(x- 3)°
B(x)+P,(x) =2(x- 1) P(x) + B(x) =2(x- 2)5 B () + B(X) =2(x~ 3)" 450 man.

e Gia s ton tai 4 da thitrc R, P, B, P, thoa man diéu kién bai toan. Khi do

B +P, =2(x- t12)2;Pe; +P, =2(x- t34)2;1)1 +PB =2(x- t13)2;Pz +P, =2(x- t24)2’ trong do
% 13 nghiém duy nhét caa = ¥

patthi Q=B YR+ B+ 4 hai bisu dién



Q =2(x- t,)" +2(x- t,)’
Va
Q =2(x- t,)* +2(x- t,,)".
So sanh hé so ta dugc
_ 2 .2 2 .2
by ¥y =liy+ly o3 by ¥y =z +,
Suy ra
ty +y, =ty +t, =a3t, b, =1, =b.

S ea . 2 _
baba 1y nghiém ctia phwong trinh X - ax+b =0

Néu fe Tl i B =P ngy bs Ty B =P dey dén mau thuan véi gia thiét.

Vay gia tri 16n nhat c6 thé ctia n la 3.

CHU PE 03. GIAI TICH

t,;t

Do doé: 34 va

Bai 1l

Cho day so (x,) thoa
X, =3,x, =7

Xn+ :

— 2
X~ X, X,

2 T n+l

bat day
|

D
k=l Xk

Chttng minh (y,) c6 gi6i han hitu han va tim gigi han do.
(THPT chuyén KHTN-DH KHTN, DHQG HN)
Loi giai
Ta sé c6 gang rit gon biéu thitc dé cé thé quy vé day tuyén tinh cdp 2 ro6i sau do sé rit gon ys.

Ta co

2
n+1

— 2 —  — 2 —
Xpwo ™ X T X0y =X~ X, +X, = =X,- X" +x =1

Do dé ta c6 dugc

— v 2
X, =X"-x +1

n+



. 2
. x . PO . - = - =0. . «
Tiép theo do ta sé tim limx, .Ta cg ™ %n (x,-1)" =0 Do d6 x, tang.

Gié sit x, bi chin trén thi khi d6 x, ¢6 gi6i han hitu han. Dat © =M% i giai ra dugc L = 1 vo
Ii. Do d6 MX =+ g 6
1
limy =—.
Yo =5

Nhan xét 22 Khi gdp nhitng bai dang tinh tong sai phdn ma ta da cé phuong trinh sai phan cap
2 thi thuong ta co 2 cdch lam théng dung nhu sau:

1. Bong nhdt hé s6: Ta sé tim %> B théa man

1 194 a

X X-F Xu,-P

2. Str dung diém c6 dinh ctia ham s6: Khi do ta sé gidi phwrong trinh sai phdn c6 dang f (x) = x
détim ra diém co dinh do, sau do ddt vao lai biéu thifc sai phan la dugc

- e A N .« ~ —_ 2 - N oA A - -
Vi du bdi trén la ta gidi phuong trinh X = X" = X +1 tq tim duoc nghiém x = 1 nén ta c6 cdch
phan tich nhu trén.

Ta c6 mét so bai tdp ttng dung sau ddy:
1. Cho a la mét s6 thuc duong va ddy (x.) dugc xdc dinh bdi:

1 X
X, =— X . = L , Vne IN*

1 2 n+l 2 2
a 1+ax, +\/a X~ +4ax,

S, =2, %, lim S,
bit k= . Tinhr+

2. Cho m la s6 thuc 16n hon 1 va a la sé thuc I6n hon 4. Xét ddy so (x») dugc xdc dinh boi:



— 4 _ 2 _
3. Cho A€ R _ X6t day s6 (u,) duoc xdc dinh boi: ' =9 =247 =2 5 .

u, +5- \Ju? - 14u +21
= ,Vne N*

u

n+l 5
— \ 1 * u
=2, Y T
Dat i= Hin i+1 . Tinh cdc gidi han Yo va n
X, =2
2x +1
n+l = X" 2 3nEIN
4. Cho déy s6 thuc (x,) duoc xdc dinh béi : X0 T
bt 6 mguye A2 sl
V6i moi so6 nguyén duong n, ddt k= Tinh
Bai 2

Tim a dé ddy so (u») héi tu, biét u; = a va:

2u -1 khi u,>0
u, =1 -1 khi -1<u,<0 ,neIN*

n+l
ul+du, +2  khi  u,<-1

(Truong Phé thong Ndng khiéu, PHQG Tp. HCM)
Loi giai

Day la dang toan can phai xét nhiéu treong hgp do dé diéu can nhat la viéc chia khoang sao cho
hop 1i.

Ta c6 nhan xét sau: Néu ton tai x €[-1 0] thi day sé c6 gi6i han hitu han va

chia khodng vao nhitng diém nhay cam cua bai toan dé tir d6 di ra duoc 10i gidi.
,a>1 =u, =2u-1>1 >1,Vn

limu, =1 ',

. Bang quy nap suy ra Uy
u =2""'(a-1)+1

. Tt d6 suy ra cong thiic tong quat

cta day 1a , tite 1a day (Y ) khong ¢6 gi6i han hitu han.

e a=1=u,=1=u =1

. Vay day c6 gi6i han L= 1.



e 0<a<1:Tasé chitng minh trong day u, luén c6 1 s6 hang am. That vay gia s

u, €
. Khi do6

_;1}
2 . C chia nta khoang nita khoédng r6i kep lim thi suy ra
u, <0 va -1<u, <0

u, >0, Vn

dugc u, = 1 voi n da 16n (vo 1i). Do dé ton tai k:
limu, =1

. Nhu vay theo

nhan xét thi ta co6
e -1 <a <0 thihién nhién theo nhan xét.
e a< -1 :Pay ciling chinh la treong hop chinh cta bai toan vi ché xac dinh day la kha kho.

Véi a<-1, u, =a’+4a + 2 N&u u,>1<=a<-2- \/§

khong c6 gidi han.

thi theo trwong hgp 1, day

Ta di chitng minh =2~ V3=<a<-1 thi day c6 giéi han. Nhung t6i day thi van chua chia
khodng dugc nén ta tiép tuc xét thém cac diém nhay cam la -2; -1.

. Neu-2-V3=a=-2 g " 1Su SU g cde i hop trén thi day héi tu.

- Néu -2 < a < -1, xét hamso

—_ 2 1 _
f(x) =x>+4x+2 wén (-2:-1) thi f'(x) _2X+4>O,mé u, <u

bi chan dudi badi -2 nén ton tai gidi han cia u,.

Vay day c6 gi6i han khi =2 - V3 <a <1.
Nhan xét 23 Dang todn trén thudc 16p bai todn bién ludn s hoi tu cua ddy s6. Trong cdc ki thi
hoc sinh gioi, ddc biét la ki thi hoc sinh giéi quoc gia ta thwong gdp dang todn sau: Cho ddy so
(xn) nhu sau:
X, =a

! nén day giam. Mat khac u,

=f(x,), FneN* (a la tham sé thuc).
Tim a dé ddy sé (x.) c6 gidi han hitu han khi M= *°° vq tim gidi han trong cdc trudng hgp do.
Phurong phdp gidi bai todn trén gom hai budc.

1. Xét ham so y = f(x). Tim nghiém ctia phuong trinh x = f(x), Idp bdng bién thién ctia ham so

y = {(x) va dau cua f(x) —x.

2. St dung bdng vtra Idp dé xét tinh don diéu va bi chdn cta ddy sé nay vao diéu kién cua a.

Ta c6 mét so bai tdp dp dung:

x€aeR vg Ko =3}7x - 6,VneIN*

vd Xn+1

1. Cho ddy s6 (x») nhu sau:
gidi han hitu han va tim gidi han trong cdc truong hop do.
2. V@i moi cdp so thuc (a; b). xét ddy sb (x,) nhw sau:

. Tim a dé day so6 (x,) co

X, =a
X,,, =X, +bsinx,, Vn€IN*
(a) Cho b = 1. Chitng minh rdng vdi moi sé thuc a, ddy (x,) c6 gidi han hitu han khi = +©
Hay tinh gidi han do theo a.
(b) Chitng minh rdng véi moi s thuc b>2 cho trudc, ton tai sé thuc a sao cho ddy so (x,) tuong
tng khéng co6 gidi han hitu han.
3. Cho ddy so (x,) nhv sau:

{ X, =a
— 3 2
X,,, =3x - 7x; +5x,, Vn€IN*

Tim a dé ddy s6 (x,) c6 gidi han hitu han khi M= *© va tim giGi han trong cdc truong hop do.



Bai 3

Tim tdt ca cac ham s6
L f@®>0

5 fy-D+2f(x) f(y) =3xy- 1¥x, y€R

f*R=R thoa man :

Loi giai

Ki hiéu P(u,v) 1a phép thé x bdi u, y béi v vao 2..
Tit P(x,0) taco: [CD+2f(0)f(x) =-1VxER.

(THPT chuyén DH Vinh)

Tir day ta thdy f(0) = vi néu nguoc lai, tac [ (X) TCVXER 1hans thoa man dé bai.

P(LY) = f(0)+2f ()} =2 = (1) =L(f(1)>0)

P(x+ 1,1)
f)+2f(x+1) =3x+2VxeR 3.1)

Trong dang thitc trén thay x = -1 => f(-1) = -1
Tt P(-x-1;-1) ta cé:

f(x)- 2f(-x-1) =3x+2VXxER (3
Tir 3.1) va 3.2) = () =" f(- ) VxER

P(-x-1,-1)

fx-1D+2f(-x)=-3x-1= f(x+1)+2f(x) =3x+1VxeR

Tir (3.1) (3.3), taco [ () =XVXER " Thip1ai thoa man.
Bai 4
Cho s6 thwe @ =2 va day s6 (u,) xac dinh bdi:
u, =a
+1

u
u,, =u, +lIn—-—— neiN*
2u, -3

Ching minh rang day u, c6 gidi han hitu han va tim gigi han do.

Loi giai

Ta co

(3.3)

(THPT chuyén BH Vinh)



In >0<= >l<= >S0<=>_-<x<4
2x-3 2x-3 2x-3 2 . (3.4)
1
f(x) =x+In 4y E;+oo
Do d6 ta xét ham so U, = 3 rpp | 2 .Co
S
- 3)? 2x% - x-
f'(x):1+(2x 3) _ 22X - X 8 .
x+1 (x+1)(2x- 3)
2x-3
F1) =0 & x =165
4
limu, =4

Do khi gidi phuwong trinh gidi han ta suy ra duoc nén ta sé xét 2 trvong hop sau:
TH1: @ 24 L3p bang bién thién, ta suy ra u, =f(uw) =f(a)=f(4) =4.. . Tiép do, bang quy
nap suy ra

u, =4Vn >1. (3.5)

-u, <0

T (3.4) va (3.5) suy ra Un v6imoi M =1, Do d6 (u,) 1a day giam va bi chdn duwgi nén

6 gidi han hitu han.

f 1+\/£

4

>1+\/£>2

4

TH2: 2<a <4 Tac6 [(2)=2+In3<4 4
u, =f(u)= f(a)€[2;4]

. Lap bang bién thién,

ta suy ra . Bang quy nap suy ra

u, 6[2; 4] Vn =1. (3.6)

Tit (3.4) va (3.6) suy ra Y+t~ Un >0 g6 moin =1,

Do d6 (u,) la day tang va bi chdn trén nén c6 gidi han hitu han.

Vay v6i @22 thi (u,) c6 gi6i han hitu han. Gia s 1™ % =L khi d6

L+1
L=L+ln—"" & [ =4 S
2L'3 -Vay lITlun_ .

Bai 5



f:R—- R

1. Chiéng minh rang khong ton tai ham s6 thoa man:

f(x-2016f(y)) =y- 2017 f(x)Vx,y€IR. (3.7)

f:R-> R

2. Tim tat ca cac ham so théa man

fx+ f(x) =xf(»)+f(x)Vx,y€R (3.8)
(Ba Ria —Viing Tau)
Loi giai

1. Gia st ton tai ham s6 frR=R 6a man. Thay x = 0 vao (3.7) ta c6
f(-2016 f(y)) =y - 2017 f(0O) Yy ER => (%) toan 4

Do d6 34 sao cho (@) =0

Thay y béi a vao phwong trinh ban dau, ta cg [ () == 2017 f()VXER 1,y f(x) =cVXxER

c la hang s6 thue).

Th lai ta thdy khong thoa man .

Vay khong ton tai ham s6 théa man f(x- 2016 f(y)) =y - 2017 f(X) yg; moi Y ER

2. Gia sir ton tai ham s6 [ “R™ R thoa man. Bat P(x,y) 12 phép thé cta x, y vao (3.8).

xet X #0:P(x,0) = f(0) =0 _

e Tacé [ =0 13 mot nghiém ham.
e xét F=0 Giasirion tai @ #0 13 6 théa man f(a) = 0.
_ P(a,y) =af (y) =0 = [ (4) SOWER 51 yay f(X) =0 x =0
; P(-1,-1)=>f(-1)=-1
. PAL-D=f1- fM)=fD-1
P(1- fO,D = (fM)-1)*=0=> () =L
- PLy)= f(y+D) =f(y)+1WyeR
. Px,y+1) = f(x+yf(X)+ (X)) =xf () + f()+x =f(x+yf (x)) +xVx,y €R
Mt khac X * Y (%) i toan anh ( cho x = 1, y chay ) nén thay X * Y () bgiy ¢ (3.8), ta 6
f+fC)=f)+xVxyER (3



Thay y = 0 vao (3.9) ta cg : [ (f(X) =xVxER

Thay x béi f(x) vao (3.9) ta c6
e =f+f(yeR (310
P(f(x),y) két hop (3.10) ta c6

f(xy) =f(¥).f(y)¥x,y€R. (3.11)

Tir (3.10) va (3.11) ta c6 nghiém ham 1a [ () =XVXER (5 f(x) =0
Bai 6

Cho day s6 x, xac dinh béi:

nx
X, =————,n€IN*
1+(n+1)x,

1
X =
n(n+1)

, Vn >1.
1. Chttng minh

. kx
In :Z 1+ (k +k1
2. V@i méi s6 nguyén duwong n, dat a1+ (k+Dx,
han va tinh gi6i han do.

. Chitng minh day s6 c6 gidi han hitu

(Ba Ria —Viing Tau)

Loi giai
1
v X =< .
1. Pau tién ta dé chitng minh 0<x,<LVn 1,4 quy nap dé chitng minh n(n+1)
1 1
u =— <—.
e Véi 2 1.2
¢ Gia su dung t6i n, ta chitng minh dung v6in + 1 titc 1a chi'ng minh

X< Y

™ T (n+1)(n+2)
o n(n+D)(n+2)x: - (n+1)x, <1
< (n+Dx,(n(n+2)x,-1) <1



Ap dung gia thiét quy nap ta can chitng minh *r Sl, mot diéu hién nhién ding. Do do6 ta c6
dpcm.

2. Bé y rang so vdi cong thitc truy hoi thi bac cta x, gidam di 1 don vi, do d6 ngay lap tc thi ta sé
1ap hiéu c6 dang f(x+Dx,,, - f(x).x,
Ta sé chon f(x) = x . Khi d6 ta sé c6

(k +1)x,,, = kx, :L
1+ (k +1)x,
Doi dau lai thi

ka

ke, - (k +1)x,,, =——
o (ke Dx, 1+ (k +1)x,

Cho k chay tv 1->n-1 thi

X, - hX :ZL
Lo 1+ (k+1)x,

Ma t cau a thi ta cé

0<nx, sic limnx, =0
n+1

. 1
limy =x, =—.
Do d6 2
Bai 7
Tim tat ca cac ham s6 [ *R= R th¢a man

%f(xy)% F(x2)- FOF(y2) % Vx,y,2€R

(Binh Duong)
Loi giai
Ki hiéu P(u,v,w) la phép thé x bédi u, y béi v, z bdi w vao dé bai.

2

P(1,1,1) :>[ £ - % <0= f(1) :%.




2

P(0,0, 2) :[ £(0)- % <0 = f(0) :%.

P(x,1,1) = f(x) 2% VxeR.

P(0,1,x) = f(x) s% VxER.

f(x) :% VxeR.

Vay ta co , Thir lai thay ding.
Bai 8
1 2n+1
limu u, ——.E... 1™ henN
LTim ~ " véi 2.4 2n+2

2. Cho day s0 (u,) xac dinh béi:

u =1

_J1+up -1

sk
Uy =———,neN

n

Tim cong thitc tong quat cuia (u,)

Loi giai
1. Chting t6i xin néu hai cach gidi cho cau 1.

a a+l
Cdch1: NéuO<a<bthi b b+1 Dodo

24.6..2n+2) )
u < =0<u: <
" 3.5...(2n +3) " 2n+3

L4y lim hai vé ta dugc limu, =0.

1
u, <7=, vn =3.
Cdch 2: Ta sé& quy nap dé chitng minh vn

(Binh Thudn)



W3 1
- Véin=3thi 128 B
- Gia st ding t6i n, ta chitng minh ding véi n + 1. That vay,
y :u.ﬂ<i.2n+3< 1
" 2n+4 Yn 2n+4 Yn+1
Nhan chéo 1én, diéu trén twong duong vai
(2n+4)°’n>(2n+3)’.(n+1) = 4n’*+6n°- 17n- 27 >0,

0< U, < 3i li —
mot diéu ding v4i moi 1 >3 Do d6 ta c6 \/H . Lay lim 2 vé ta dugc imu, =0.
2. Pay 1a 1 cau kha quen thudc va nhin hinh thitc thi ta sé nghi ngay t6i dat lwong giac. Do do

u, =tan——
quy nap dé chitng minh 2

Bai 9
Cho day Fibonacci xac dinh nhu sau:
u, =u, =1

Chting minh ring v6i moi s6 nguyén t5 P =7 thi c6 dung 1 trong 2 s6 Up-1oUpn 13 bdi cua p.

(ba Nang)
Loi giai
Trong bai nay chung ta sé dung t6i cac bé dé quen thudc sau:
Bo de 5 Voi {u,} la ddy Fibonacci thi:

1. Cong thifc téng qudt cua u, la

1+\/§ 1-\/§]n

2

u =L
NG

2 2

2 _ -3
2. un - un-lun+1 _(- 1)n

k _ _
s dag Crip Tk =23, p-1



Quay lai bai toan. Dé thay néu ton tai Yi-12Uen day chia hét cho p thi uyx chia hét cho p nén suy
ra dugc u, chia hét cho p v6i moi n vo li

Do d6 chi c6 duy nhat 1 trong 2 s6 Yp-1:p41 chia hét cho P =7

2 _1=— 2_1:
Thay =P =7 trong bo dé 5 =y - 1=u, U, . Do détacﬁnchfl’ngminhup L:p.
Ta co
1|(1+5)" (1-5)"
uy-1=— +—=| -3
5 2 2

Do P =7 nén ta chi can chitng minh

1++/5 1- 5

2 2

2p

+

2p
-3:p.

Ma khai trién tryc ti€p va quy dong, chu y rut gon, ta dugc ti sé la
2(Cy, +C;,.5+C;,.5" +..+C;? .57) - 3.2

c’ c?

CZp-Z :p
Ma theo bo dé 6 thitaco —2p° 2777 72p

nén ta can chitng minh

2(C +C2P.57)- 3.2%7 ip,

Mot didu hién nhién theo dinh 1y Fermat. Do d6 ti chia hét cho P = , con mau sé la 2 khong

2 .
chia hét cho p. Do do6 ta c6 up~1:p nén ta co diéu phai chitng minh.

Nhan xét 24 Ddy so vdi cdc tinh chdt sé hoc bao gio ciing la mét trong nhitng dé tai "nong héi"
dugc quan tam trong cdc ki thi hoc sinh gioi. Hon nita, bai todn trén thudéc mot trong nhitng tinh
chat dep cua ddy Fibonacci. Dé ban doc cé thé nadm virng mét sé tinh chdt vé ddy ddc biét nay,
hdy thtr strc ¢ cdc bai todn sau:

1. Cho (u,) la ddy so6 Fibonacci. Chitng minh rdng néu n la béi cua k thi u, la béi cua u.
2. Cho (u,) la ddy Fibonacci. V&i moi s6 tw nhién k, chitng minh phan s6 sau ddy toi gidn:
M’ YneIN*

kun+3 + un—l

Bai 10

f:R—

Tim tat cd cac ham R thoa man



fOC-2yf )+ F(y*) =f*(x- y), Yx, yER
(3.12)
(Péng Nai)
Loi giai
Gia st ton tai ham f*R=R 6a man (3.12).
Thay y = 0 vao (3.12) ta co

f(x)+ f(0) =f*(x)VxeR. (3.13)

Thay x = 0 vio dang thic trén ta c6 2 (0) = f*(0) = f(0) =0 hodc (0 =2
TH1: f(0) = 2.

Thay x = 0, y bdi =y vio (3.12) tac6 [ 4N+ )= (W EeR

= f@y) =) =2%ER= f(X) =2 Ty 14 ding,

TH2: f(0) = 0.

(3.12) = f(x*) =f*(x) VxER. (3.14)

Taco (%) =0 13 nghigm ham.

xeat [(x) =0

Néu ton tai @ #0 sao cho f(a) =0:

(3.14)=> [(@) =0 43 f(-a) =0 44 46 khong giam t6ng quét gid sit a > 0

T (3.14) ta cling co f(x) 20Vx >0.

Thay x = a, y bdi —y vio (3.12) tacé [ @)+ () =f*(a+y)¥yeR
= () =f*(a+y)WER=f(y) =f(y+a)¥y>0

Xét x > 0 thay x bgi x + avao (3.12) ta co



f((x+a)’ - 2yf(x+a))+ f(y* ) =f*(x+a- y),¥x>0,yeR
= f((x+a)’ - 2yf(x))+ f(y*) =f*(x- y), x>0,y €R

= (X - 2yf () +2ax+a’) = (x*- 2yf(x)), x>0,y ER (5 15,

X, >0 f(x,) #0

Do FX) =0 nan o tai sao cho

2
X0~y

Thay X =%0Y bai 21 (%) vao (3.15) ta 6

f(y+2ax,+a2) =f(y)VyeR. (3.16)

— 2
c =2ax, +a Do &% >0

bat nén c > 0.

R ton tai "€N* sa0 choy + nc > 0.

Véiméi Y €
Tir (3.16) tasuy ra [ () =f(y+nc) ¥y ER

Két hgp vai (3.14) suy ra f(y) =0VYy€R

Do ds [0 =f(0VxeR

2 — g2
Thay x bdi —x vao (3.12) ta suy ra fFx-y)=f(-x-y)VxyeR
= f(x-y)=f(x+y)Vx,yeR

X+y X-y
Thayxbdi 2 ,ybdi 2 tacé f)=f)Vx,yeR

Do d6 f(x) la ham hang. Tht lai suy ra f(x) =2 hodc f(x)=0 v ly.
vay [(x) =0 x =0.
Thay x = 2y vao (3.12) ta co

f(4y®- 2yf(2y)) =0VyeR
=:>4y2 =2yfRQy)VyeR
= f(2y) =2yVy #0.

Ma f(0) = 0 suy ra [ () =XVXER Thip1ai ding.



Véy bai toan c6 3 nghiém ham [ (¥) =2, f(x) =0 g3 f(x) =xVxE€R
Bai 11
Cho day s6 (u,) xac dinh bai :

u,€(12)

2

u
u,, =1+u - -, VneIN*
2

+

Ching minh rang (u,) c6 gidi han hitu han va tim gigi han do.

(Pbng Nai)
Loi giai
f(x)=1+x- X—2
Xét ham s& 2 wén (1;2). C6 ['(X) =1- x<0,YxE€(L2) nap f(x) nghich bién.
1=u, SE
Mat khac 2 nén day chan tang bi chan trén, ddy 1é giam bi chan dwéi. Dat gidi han tirng
day la A,B thi ta c6 hé phuong trinh
2
A=1+B- 5
2
2
B=1+A- A
2
Trir 2 vé ta dugc
2 _ 2
2(A- B) _A-B
o =ArB AB<
Suy ra A = B hoac 2 Nhung vi 2 nénA=B
Do d6 L =2
Bai 12

Cho hai day s6 dugce xac dinh bai:



X =W :‘/5

1x ., =X +.1+x2,VneIN*

Y :1+w/1+y5

1. Chitng minh rang X

Y, €(2;3)Vn =2.

2. Tinh A
(Ha Nam)
Loi giai
Ta sé chithg minh bang quy nap rang

b4
X, =cot——, y, =tan
3.2" 3.2"

e Dé thay diéu trén ding véin =1
e Gia st diéu trén dung tdi n.
e Bay gio ta sé chitng minh n6 dung vdi n + 1. That vay,

1+cos ﬁn ”
X, +\/1+X5 = . =cot 2n+1 =X,
sin
3.2"
Twong ty v6i y,. Khi do ta co
XY, :;ﬂe(z, 3).
1- tan®
3.2"
D& dang tinh duge 1™ Yn =0
Bai 13
n
u, =Lu, =——u, , +n
Cho day s6 (u,) co n-1 vgi NEN y3 n =2

1. Xac dinh cong thitc (uy).

2. Chitng minh U * Uz ¥+ tagss < 2016



(Ha Noi)
L&i giai
2

1. Tinh todn vai gid tri dau: 1am ta dv dodn dwoc “n = | va ta sé tién hanh quy
nap vdi mong mudn khang dinh dé 1a ding

u, =4;u, =9

— 12
o v6i "7 =T yhsng dinh ding.
(- 1)2
e Gia st khang dinh dang t6i "~ L(M>D ki do Yt (- D7
* Gio ta sé chitng minh khang dinh ding véi n. That vay,

n

n
u, =——u, , +n=——(n-1)*+n=n’
n-1 n-1

Do dé ta c6 dpcm.

2
AU, =n-.
Vay “n

2. Beé bai twong dwong véi viéc chitng minh
12 +2% +...4+2016% < 2016°.

Rat dé thdy s6 2016 mang tinh twgng trung , va né goi y cho ta di chitng minh 1 két qua tong
quat hon:

12 +2%+...+n’<n’. (3.17)

e V6in =2 thi(3.17) ding.
o Gidstt(3.17) ding t¢in. Khids L' +2° +...+n* <n’.
¢ Bay gio ta sé chitng minh (*) ding t6i n + 1. That vay,

P+2°+. +n°+(n+)°<n’+(n+1)°

3 2 3 2

nén diéu can chitng minh sé dting néu c6 "+ (M +D" <(n+1)" < 3n"+3n>0
diéu hién nhién ding.
Do do ta c6 diéu phai chitng minh.

, mot

Bai 14

V&i moi s6 nguyén duong n , xét ham s6 fi trén R dugce xac dinh bai
f.(X)=x""+x"""+ .+ x> +x+1.

1. Chitng minh ham s6 f, dat gia tri nho nhat tai mot diém duy nhat,

2. Goi gia tri nho nhat cia ham s6 f, 1a 5o, Chitng minh day so (s,) c6 gidi han hitu han.



(Ha Tinh)

Li giai

O cau 1, ta dé dang suy ra cac nhan xét sau:

o [.(x)=1Vx =0.

. f.(x) =1Vx <-1.

o [(X)<1VxE(-10).
Do d6 ™I fr(ECL0) pyi 46 ta 6

1_ X2n+1 i 2nx2n+1 _ (2n+1)X2n +1

X) = = X) =
fn( ) 1_ X fn( ) (1_ X)2
Xét ham s§ 9n(¥) =20 - 2n+1)x*" +1VxE(-1,0)

: _ 2n-10, _ 1.
9,(x) =2n(2n +1)x""(x- 1) > 0Vx€(- 1,0) . Dé chitng minh 9.(¥) ¢4 ding 1 nghiém x, trén

(-1;0). Lap bang bién thién, thay duwgc f,(x) dat GTNN tai 1 diém duy nhat.
vimoi XECL0) 206

fua (0 =, + X (x+1) < £,(X) = 5,1 = fr (X)) <f,(X,) =5,

Do dé day s, giam. Mat khac

_ X2n+1 1 1
=f(x)= > >—
o =1 1- x 1-x. 2

n n

nén ddy gidam bi chan duwgi nén ton tai L = lims,.

Nhan xét 25 Day la mét trong nhitng bai todn vé cdc ddy s6 xdc dinh boi ddy cdc phuong trinh
v0i tham s6 n nguyén duong f, (x) = 0. Yéu cau bai todn ddt ra rang mét ddy sé6 (x,) dugc sinh
béi nghiém, gid tri nhé nhdt, gid tri I6n nhdt,... cua phuong trinh f, (x) = 0. Chitng minh rdng
ddy sé (x») co gidi han hitu han va tinh gidi han do.

Doi vdi dang todn nay, ta thuong khdo sdt ham so f (x) dé nhdn xét mot so tinh chdt lién quan
dén ddy (x.) roi sau do bién ludn mién ctia cdc s6 hang trong ddy va tinh don diéu cua ddy. Doi
khi ta ciing can két hgp mét s6 dinh ly cé lién quan dén phan gidi tich nhw dinh ly Lagrange,
dinh Iy Rolle,... dé bién ludn ddy (x.). Sau ddy la mét so bai tdp tng dung:

1. (Truong Péng vién Todn 2016 - Ngay 1) Ky hiéu x, la nghiém dwong duy nhdt ctia phuong
trinh:



X"+x"+ . +x=n+2
Chitng minh rdng ddy (x.) héi tu t&i mét so thuc duong. Tim gidi han do.
2. (Moscow University Entrance Exam 2000) Ky hiéu x, la nghiém ctia phuong trinh:
1 1 1
—+——+..+ =0
x x-1 X-n
thuéc khodng (0; 1). Chitng minh ddy s6 (x.) héi tu. Hdy tim gidi han do.
3. Cho n la mét s6 nguyén duong I6n hon 1. Chitng minh rdng phuong trinh x" = x + 1 c6 mét
nghiém duong duy nhadt, ky hiéu la x,. Chitng minh rdng lim x, = 1 va tinh lim n(x, - 1).

Bai 15
Cho day s6 (u,) thoa:

u, =1

Chitng minh rang day [ Jn c6 gidi han hitu han.

(Hdi Phong)
Loi giai

Ta chitng minh quy nap ° n-1=u, S\/E‘v’n.
e Dé thay khang dinh da dung vdin = 1,2.

V-1 <u, <Jkvk=2

e Neéudaco

X +k x k
f(x)= =—+—
Vi 2x 22X tach
1 k x*-k
(X) == - —— = <0VJk-1 <x <k
F1) 2 2x* 2X?
Nén
U, =f(u,) = (k) =vk
Va
2k-1

U, =fu) <f(Wk-1)=

2Jk-1

Ta co
2k-1

2Jk- 1

<Vk+l e (2k-1)° <4(k’-1) < 4k-5=0



dting Vk =2.

lim -t =1,
Tt do6 theo nguyén ly kep ta co Jn

Bai 16

f:R- R

Xac dinh tat ca cac ham thoa man:

(I =f@lfm]wyer 4 0

v6i [x] la s6 nguyén 16n nhat khong vugt qua x.
(Hoa Binh)
Loi giai
:R— R

Gia st ton tai ham f théa man (3.18) . Thay x = 0 vao (3.18) ta co

FO) =fO[f(»]veR

thp. [©#0=> [f(0] =1vxeR = f(x]y) =f(x)¥x, yER.

y
xét XEL0D thay y bai [ a6 duong thing trén ta c [ ) =F() =6, WER (¢ 13 hang s6).

[f(0] =L VxeR

Keét hop véi acolsc<2 Vay f(x) = ¢ v6i moi s6 thuc x,y,1<c<?2 Ta

hang s6. Thi lai ding.

TH2: [(0)=0
e XEOD) o (K]0 g FO =] FO] vxe (D) = F(0 f(x)] =0, ¥xe (0;1)

Tir day quy ra [ F(0] =0, ¥xe (0;1)

Vx>1= f(1) =0

fﬁ)

Thay x = 1 vao (3.18) ta duge [ ) =OVWYER. Thip1ai ding.

ﬁ FO) =f(0)

vao (*) ta cé

Xét x > 1. Thay y bai

Vay bai toan c6 2 nghiém ham () =c <c<2)VxER 5 f(x) =0, Vx€R



Bai 17

Cho (x») dwgc xac dinh nhu sau:

X
n
X, >0;x,,, —?,nEIN
n
. lim+v2nx
Tim n
1
X =—

Dit Yo Khi do6

1 1 1 ,
= 1 yn+1 :yn+_:>yn+1
Y (1+7)
llrn@

Ta can tim Ya . D€ y rang

lim 20 =212 20 i 2nx, =1
Y ) 1
n +
Y
Bai 18

Cho day s6 (x.) xac dinh bdi:

X, =1
x, =41

, =3x, +4/8(x2,, +x2),n€N

Chitng minh rang moi s6 hang ctia day déu la s6 nguyén.

Ta co

lim =0=limy, =

Loi giai

Lai giai

1
:ys +2+—2.
Yn

+00

.Ap dung dinh 1y Stolz, ta c6

(Hoa Binh)

(Hoa Binh)



—_ 2 2
X,,, = 3X, =/8(x ,, +X.)

2 2 2
X, - 6x ,,x +Xx =8x

n+2“*n n+l
Tuong ty ta cling sé cé

2 2 2
X 6x,,,X,., +Xx,_., =8x;

n+l - n+1%n-1

Trir vé theo vé ta sé dugc
2 __ 2
(Xn+2 - 3xn) _(3Xn+1 - Xn-l)

Dén day ta c6 nhan xét rang néu X,,x1,X> nguyén thi moi s6 hang cta day déu nguyén. Tinh dwoc
X, = 239, do déta c6 diéu phai chitng minh.

Nhan xét 26 Viéc chitng minh ddy so co cdc s6 hang déu nguyén qua la mét van dé thu vi. Ngoai
cdch xdc dinh x,.> theo hé thirc truy héi nhw bai todn vira xong, ta con cé thé dung mét so tinh
chat s6 hoc déchirng minh cdc s6 hang ctia mét ddy luén la s6 nguyén. Sau ddy la mét sé bai tap
lién quan:

1. Day s6 (un) dugc xdc dinh bdi :

u =1

1+E

n

u,+2- E,nEIN*
n

u.,=

n+

Chitng minh rdng moi s6 hang cua ddy déu la s6 nguyén.
2. Cho a, b, ¢ la ba sé nguyén théa man diéu kién a’= b+ 1. Ddy s6 (x») xdc dinh bdi:
x, =0
x ., =ax, +./bx: +c’*,n€N
Chitng minh rdng moi s6 hang cua ddy ddy déu la s6 nguyén.
3. Ddy s6 (uy) c6 tinh chdt sau
u, =2,u, =7
u> 1

-l<u - <— VYnelNn=2

n+l
un-l

Chitng minh réng khi ™ =2 thi moi s6 hang u, ctia ddy déu la s6 nguyén lé.

Bai 19



Cho day s6 u, xac dinh bdi cong thirc

3
u, =Lu, :E
u.,, +2
U, =——"—— neN*
u, +2

Chitng minh day s6 u, c6 gidi han hitu han.

(Tp. HCM)
Loi giai
Nhan xét rang gidi han caa (u,) , néu co, la limu, = 1, do d6 ta sé thit tién hanh kep
1- 1 <u, <1+ 1
n n
e Vgin=1,n=2taco diéu hién nhién.
1 1
1-— <u, <l+—
e Giadswditutrén dingtdin+1.Tacé N+l n+l
e Bay gio ta sé chitng minh diéu trén ding véi n + 2. That vay,
1
Upio :un+1+2> ni'-]'
u, +2 340
n
nén diéu trén sé ding néu ta chitng minh duwgc
3- 1 1
n I—l >1-
34+ n+2
n
< 3(n+2)- n+2 >3(n+1)+n—+1<:>32n—+1+ n+2’
n+1 n n n+1
u, <1+ 1
mot diéu hién nhién. Twong ty ta chitng minh duoc n . Do dé6 limu,=1.

Bai 20

Tim cacham s6 [ R2 R thoaman: TG+ Fx- y)+ f(x+y+1) =Xy+2X+1vc'ﬁin
x,y€R

(Khdnh Hoa)



Loi giai
pat 90+ X =F(X) thi phiong trinh d cho trd thanh :
gxy)+g(x- y)+g(x+y+1)=0Vx,yeR
Ki hiéu P(u,v) la phép thé x bdi u, y bdi v trong phwong trinh trén.

« P(0,0),P(0,1),P(0,2),P(1,1) = g(0) =0.
e P(x0) =gx)+g(x+1) =0VxeR.
e Px-1)=g(-x)+g(x+1)+g(x) =0VxeR.

X) SOVXER o0 g() SOXER g0y f

Tir hai ding thic trén ta c6 9 (-

Tht lai thdy dung.

Bai 21

Cho day s6 (u,) xac dinh bai:
u, =a

u n
==r 4+ nelN*
n u

n

u

n+l

2

Chitng minh ring (4] pin=a.

Loi giai
2 2
u n
2
u: ., == +2+—
1
n+ n2 u2

n

n<u’'<n+1

Ta sé chitng minh quy nap ring v6imoi N =4

Ta co

2 2 2 2 2
2 :2+u_g+n_2<2+w+n_:3+w

n’> u n n? n

n

u <n+2

Tttc la ta can chitng minh

(x) =xVxeR.

(Khdnh Hoa)



(n+1)* <(n- 1).n° dtng v6i moi N =4

Tuong ty vé kia

Do d6 ta c6 diéu phai chitng minh.

Bai 22

Tim tét ca cachams6 [ R~ R gon diéu trén R théa man :

fOC+ ) =f(x)+yVxyER
(Lang Son)

Loi giai
Ki hiéu P(u,v) la phép thé x bdi u,y bdi v vao dé bai.

e POY)=F(fO)=y+17(0) y4 moi s6 thyc y. Ta thay vé phai ctia phwong trinh nay
c6 tap gia tri 1a R nén f toan anh.

e Gia st co f(a) = f(b), 1an lwgt thye hién P(x,a),P(x,b) ta c6 a = b. Vay f don anh. Suy ra f
song anh. Vay ton tai duy nhat gia trj t sao cho f(t) = 0)

e POY)=f(f(Y)=f(0),yVyER
Trong dang thitc trén thay y bai f(y ) va st dung lai chinh dang thitc trén ta c6
f+F(0)=f*0)+ f(y)¥yER

o P(0,0)= f(f(0)=f>(0).

P(f0),y) = f(fWM+ON=F(fO)+yWyER=f’0)+ f(f(y) =f (0)+yWyER=2f>0) =f"

Dods [ (0 =2.

P(t,0)= f(*+ f(0) =0 =f(t) =>t>+ f(0) =t.

. POO=[(0)=F(0)+() guyra
£ = ['0) == [©) =2f(©0) =*©) = [(©) =0 posc F©) =2 Kt hop véi tren
suyra [ (0 =0
T d6 ta c6 f( f(X) =xVxe€IR va f(XS) = fB(X)VXG R (2)

SR )= fxr ) =f 0+ () vxyeR

bat f@) =k ¢ k =k’ ,thay x béi x + 1 vao (2) ta c6 x€R



f(x*+3x*+3x+1) =(f(x) + f D)’

= f(xX)+3f(x)+3f(x) = (x) +3kf*(x) +3k™ f (x)

= f(x*) + f(x) =kf2(x) +k* (%)
Tahy x béi x -1 vao (2) trén ta c6 "X€R

- fOO)+ ) =-kf () +k* f (%)

2\ —
Do do (X)) =K 2(X)VXER 1 y4 o treong hop ciua k :

THI:k=1.Tacé [ () =T (OVXER = f(x)>0Yx>0 4 4 song anh va £(0) = 0

Xétx>ytacé:f(x)zf(y)"'f(x' > f). Suy ra f(x) dong bién . Két hgp véi f(x)

cong tinh va f(1) = 1 ta ¢6 f(x) = x VXER,

Thtt lai ding.

2N\ — 2
TH2: k=-1.Tace [ (X)) =" [T)VER= f(0)<0Vx>0 4 fx) song 4nh va £(0) = 0.

Xétx>ytaco: FO=FD+Fx-y)<f) . Suy ra f(x) nghich bién . Két hgp véi

f(x) cong tinh va f(1) = -1 ta ¢6 f(x) = -x VXER

Thu lai dung.
Vay bai toan c6 2 nghiém ham
Bai 23
Cho day s6 (u,) xac dinh bai
1

u, :'5

+1="t 1

n+l
2
Ju, +1

3(u, +1)

VneIN*

u

u . +1< VneN*

n+l
1. Chiéng minh rang Jio

. lim u,
2. Chiing minh rang day (u,) hoi tu. Tinh =+

Loi giai

f(x) =xVxeR 3 f(x) =-xVxeR

(Lang Son)



1.Y twéng dau tién sé 1a chitng minh bing quy nap, tic 1a ta can chitng minh
3(un +1) U, +1
J10 _W/us +1

u, +1=0

Cling bang quy nap, dé nhan thay . Do do ta can chitng minh

3 uf+1 Z\/ﬁ

Binh phuong 2 vé, diéu can chitng minh tr¢ thanh
2 2 1
9(u? +1) =10 & u’ >

Dé chitng minh u, gidm, nén bang quy nap, ta sé chitng minh duwgc

u> >—Vn

b

1
9
va ta c6 diéu can chitng minh ban dau.

2. Day da cho giam va bi chan dwdi bédi -1 nén ton tai L = lim u,. Chuyén sang gigi han:
L+1
I’ +1

L+1= =1 =-1.

Bai 24

Cho day s6 (x,) duwgc xac dinh bai

_ 5
X1 —E
+
J 125 4201421
n+1

Ching minh rang day s6 (x») c6 gidi han hitu han va tim gi6i han do .
(Lang Son)
Loi giai
Chuyén sang gidi han thi
L=v[-12L+20 & L =2

Do do ta sé quy nap dé chitng minh X, 22 .



5
X, == =2
e Véin=1thi 2 .
e Gia st diéu can chitng minh ding t&i n.
e Bay gio ta sé chitng minh diéu nay ciing ding vGi n + 1, tdc la ta sé di chitng minh
20n+21

x> -12x + 4
n+1
Nhung diéu nay sé la hién nhién do
x> -12x, +M— 4>x>-12x, +16 >(x, - 2) (x, +4)=>0.
n+1
Do d6 % =2
i =3 - ! =3’ - >
Xét ham so fG)=x’-12x co f1()=3x"-1220 va % <% pan day giam.
20n+21
g)=—"—"—=—
Ta cling c6 ham s6 n+1l |3 ham gidm, o d6 x, vi 12 tong ctia hai ddy gidm nén ciing la

day giam. Hon nita n6 bi chan dwdi bdi 2 nén ton tai L = limx,. Dé dang tim dwgc L = 2.

Nhan xét 27 Viéc ddnh gid ham & day phdi khéo léo vi viéc xét mét ham la sai phdn cua x, nhw
trén khd "chdt" do ham sinh bdi cong thifc truy hoi x, trong bai todn vira xong. Trong dé chon
doi tuyén quoc gia Can Tho ndm nay ciing c6 mét bai tuong tw nhw sau, ban doc hdy gidi né nhu
mot bai tdp dp dung:

Cho ddy s6 thuc (u,) dwoc xdc dinh béi:

9n+10

-1, VnelN*
n+l

3 _ |3 2
u =— . Uy =4 Uy +3un - 9un +
2 vad

lim u,
Tim n—+>
Ngodai hai bai todn trén, ban doc c6 thé xdy dung nhitng bai todn tuong tw véi bdc cao hon
théng qua ham s6 dam bdo tinh don diéu va bj chdn trong cong thirc truy hoi déi véi s6 hang
cua dady.
Bai 25

f :IN*— IN*

Cho ham so6 théa man cac diéu kién sau:

f(m)< f(n),neN*;m <n.
f (mn) = f (m) f (n) Vm,n€ IN*;(m,n) =1.
fG):g

dieIN*¥i>1

iii. sao cho

f@=1,fB)=3.

1. Ching minh rang

2. Tim tat ca cac ham f(n) thoa man yéu cau dé bai.



(Lang Son)
Loi giai
1. Thay m = n = 1 vao 2. Ta dugc f(1) = 1.
Doi>1maf(i) =i nén ta suy ra f(n) = n v&i moi " =Li (do i.).

o Neuiz3 ! )3
e Newizoqif@=2 ; FQ.fE)=f05)<f08)=f(2).f(9)<2.f(10)=4.f(5).

Do do 2<f(B3)<4 nén f(3):3.

2. Xét day (a,):a =3,a, =a,,(a,_ -1)

Khi do | (@) =4 néu | (@)=a, 4 fla,-1)=a,-1 ( do f ting ngit ) nén
f(ak +1)= f (ak)f(ak -1) =0y

— *
Vay bang quy nap ta c6 thé chitng minh fa, +1)=a,, ¥keN

Dura vao tinh chat dau tién ta cling dé dang chitng minh rang néu fla)=a,(k>1) thi

fG)=j

<j< N dxe A s R A e A
l=j=q . Ma day trén tdng vo han nén suy ra f(n) = n v&i moi so ty nhién n.

vOi moi
Bai 26

Cho day s6 (x») xac dinh bai hé thic

x =1

Xn41 Z\/Xn (X,, +1)(X,, + 2)(xn +3)+1,neIN*

0,1
Yo =D,

pit = %2 Thh

limy,
(Lang Son)
Loi giai
Dé thiy % >0,VneN
Ta sé cO gang thu gon biéu thitc tinh cta Xnst

Ta co



x2, =x (x +3)(x +1D(x, +2)+1
o 12, =(x? +3x +1)

< Xn+1 :er +3Xn +1
Do do6 ta sé tinh duoc

1 1 1
x+2 x+1 x,+1

1+

- , - =+
Mait khac, ta tinh dwgc Xy =70

. 1 1 1
limy, =lim - =—
Do dé x+1 x +1 2

Bai 27

X Xyyen

Xét ddy s6 thye vo han »%n thoa man

Xopn = X = X,| <

m+n

m+n

Vi moi s6 nguyén dwong m, n. Chitng minh rang (x,) la cap s6 cong
(Lang Son)
Loi giai
Dbé chitng minh cap s6 cdng thi ta nén tim cach chitng minh Xnsr = X =d co dinh.

Do do, ta sé tim cach lam nhu sau:

‘(Xm+1 - Xm )_ (Xn+1 - Xn)

:‘(Xm+n+1 - xm - Xn+1)_ (Xm+n+1 - Xm+1 - an
< ‘(Xm+n+1 - Xm - Xn+1 )‘ +‘(Xm+n+1 - Xm+1 - an
2

< —
m+n+1

T6i day thi van chwra 6n vi vay ta sé co tim cach chén thém 1 hdng s6 tw do nita, cu thé nhw sau:



‘(Xm+1 - Xm)- (xn+1 - xn)‘ :‘(Xmﬂ B Xm - Xa+1 +Xa)- (Xn+1 b Xn - Xa+1 +Xa)‘
<‘(Xmﬂ - Xm)_ (Xa+1 - Xa)<+‘(xn+1 - Xn)_ (Xa+1 - Xa)‘
2 2
+
a+m+1 a+n+1

<

Cho a du 16n thi suy ra dugc

- — - — o
X0~ X, =X, - X, =d, Vm,n€IN

m

Do dé * 1a cap so cong:
Bai 28.

Tim tat caham s6 NV N™* <30 cho ba s6 a, f(b),f(b + f(a) — 1) ludn 1a dd dai ba canh caa
mot tam giac voi moi a,beN*
(Qudng Binh)
Loi giai

Gia str ton tai ham f théa man dé bai. vei moi so ti nhién a, b, ta co:
a+ fB)=fb +fla)-1) +1 = fb)=f(b+f@)-1) Ta ciing c6:

a+ fb+f(@)-1D=fb)+1=> fb+ fM-1) 2fb), 4 45 fb) =f(b+ fO)- 1)

1. TM#1 Tac T tuan hoan. Ma/ c6 tap gia tri 1a cac so6 nguyén duwong nén f bi chan. Vay
tn tai M =max f(x)
Twr dé bai chon b=1,a = 2M tacé f ( f (2M)), f (1) va 2M 1a dd dai 3 canh cia mot tam giac.

Suy ra 2M Zf(f(M +1)+ f(1) 22M +1

2. Fay=1
T dé bai, chon b= 1, ta c6 hai diéu sau:
a+fQ)=f(f(a)+1=>a=f(f(a))VacN*

f(f(a))+ f@)=a+1= f(f(a))Za‘v’aeN*
Vay f(f(a))=aVaeN*

, vo ly!

, tr day dé c6 fsong anh. Bat f(2) =t taco f(t)=2. Thaya=2,b =

ttac 2,2, f(t-1+f(2))1a do dai ba canh ciia mét tam giac. Suy ra S = [ (- 1+ f(2) =L

e Néuf(t -1+f2)=1=f),tac6f(2)=1voly.
e Néuf(t-1+f)=2=f( (), tac6f(2)=t=1voly.
Vay f(t - 1+ f(2)) = 3. Ta chithg minh:
f(t- 1+ f(n)) =n+1VneIN* (319)
e Tathdy (3.19) ding voin = 1,2.



e Gidsw(3.19)dung véin < k, taching minh (3.19) duing véin = k. That vay, thay a

= k,b= ttacék,2,f(t - 1+f(k)) lado dai ba canh cia mot tam giac nén k + 2 >
f(t -1+fk)>k -2

- Néuf(t- 1+fk)=k-1=f(t - 1+ f(k- 2))taco diéu vo ly. Twong tu ta co

f(t-1+f(K) #k poag -1+ f(k)) =k+1
Vay f(t-1+ f(n)) =n+1VneIN*
fE-D+ f(n)=n+1=f(f(n+1) = f(n+1) =t- 1+ f(n) VneIN*
f(n +1) :n(t' 1)+1Vﬂ€ IN* . Mt khac
n+l=f(f(n+1)) =f(n(t- )+1) =(t- 1)’n+1V¥neN* do dg t =2 f(n) =nVneIN*

n).Twdétaco

; Thit lai, v6i ham (M =n1YNEIN g \ian dé bai trd thanh a, b, a + b - 1 luén 1a d6

=nVneIN*

dai ba canh cia mét tam giac (ding). Vay chi c6 ham so f(n) thoa man.

Bai 29.

Cho a la mot s6 thue va day s6 thue (x,) xac dinh béi
x, =2016n+a/n’ +1

1. Tim a sao cho day s6 (x.) c6 gidi han hitu han.
2. Tim a dé day s6 la day tang tir mot Iic nao do.

(Qudng Binh)
Loi giai
1.
X, =2016n- 20163/n’ +1+(a +2016).3n* +1

x_ =2016. ! +(a+2016)3n* +1
n’ +nin’ +1 +§/(n3 +1)*

Khi d6 néu @ #2016 by 10X, =400 sy limx, =-co
Do d6 dé x, c6 gidi han hitu han thi a = -2016.

lim(3/(n+1 +1- 3¥n® +1) =1
2. Ta dé chitng minh (\/( ) )

.- X, =0,Vn =n,
a> -2016
Tac 1 %/(n+1)3+1- Yn* +1

Ldy lim hai vé dwgc @ =~ 2016,

Vi a = -2016 dé thdy théa man.

Vi a > -2016 thi ta c6 ludn diéu phai chitng minh theo gigi han.
Do dg a =-2016

. X
Taco “n+




Bai 30.
2.2

Cho a,b 14 cac s6 thuc duong. Xét diy s6 u, dwgc xdc dinh bai Y =4 *b1 g n€N* ipp
lim| Ju, |

(Qudng Ninh)

Loi giai

pPiat b =2 vgi ag+rq,r€N,0 <r <2a- 1_
TH1:r=0thib = 2aq va
u, =a’n’+2aqn =(an+q)’* - q> <(an+q)’

Lai co
u - (an+q-1)° =2an- (q- 1)°.
T day suy ra
_ 2
un>(an+q-1)2,‘v’n>M
2a
Khi ay
lim[\/z] =lim (\/I- [\/I])=lim («/azn2 +2aqn - (an+q- 1)
i 0g- -V’
= lim 2an- (-1 =lim I =1.
na+oo\/a2n2+2aqn+an+q_1 nH+wJa2+M+a+q_1
n n

TH2: 1=r <2a-1 p@ayring

U, - (an+q+1)* =(r- 2a)n- (q+1)* <0; YneIN*
2 o 2

va Un~ (an+q)° =rn- q

Suy ra

2

(an+q)’ <u, <(an+q+1)°, Vn s9
r

2
:>[\/I] :an+q;Vn>q—.
r
limu, 2{2}
Do d6 a
Bai 31.

Cho day so x, xac dinh bai
X, =2

_2x +1

Xn +1

X, +2

Tim s6 hang tong quat x,, va tim lim x,.

(Quang Tri)



Loi giai

Dbay la mot bai kha quen thudc va dién hinh trong dang bai tim cong thitc tong quat cia day so.

(3.20)

(3.21)

Ta co

2x, +1 x -1
Xn+1 - 1 = - =

X, +2 x, +2
X1 +1 :an +1+1 :3(Xn 1)

x, +2 X, +2
Do d6 lay (3.21) chia (3.20), ta dugc
T LS L S T Y
x,-1 x_,-1 x-1

3"+1
X, =—

Quy dbng lén ta tinh dugc 3-1

Bai 32.

Cho day s6 (a,) c6

TH1: @ %2 Khids © =

Do do6 quy nap thi ta cé

— 1-n —
a,, =a,-2""=a, =a-1-—- ..

TH3:

. q <0

" Khi dé

a, €(0;2)

1

— —0 o —
a, =1-a, =21=2",a, =

— 1-n
CIIEIR va an+1 _‘an -2

a-1=1=2

. Khi d6 ta sé chitng minh quy nap rang

.Khi do

=limx, =1

, VneN* Tim lima,
(Thdi Binh)
Loi giai
a, =a,- 2" >1- %22'1

1
— =a,- 2- Fbliman =a, - 2.

a, - 1‘ =a L
R R
2 2 Quy nap twong tw nhu trén, ta dugc

0 <a, ﬁ%, Vn =2.
2"



- Vein=2m % I% 1=l

- Gia st dung téi n, ta chitng minh ding véin + 1. Ta cé

a,-2"<2"" o g <2%"

duing,
2" -q <2"" e a >0

n

ding
Do do6 theo quy nap ta c6 dpcm

1
O < an ST . _
Nhuw vay 2" Lay lim hai vé ta dugc lima, =0 .
Bai 33.
‘R—- R

Tim tat cd cac ham s6 f théa man:

FUE@+ ) =f(x)+22F (D +(F (1)) Vx,yeR

(Thanh Héa)
Loi giai
Ki hiéu P(u,v) 1a phép thé x béi u, y béi v vao phwong trinh dé bai cho.
PL0)= f(fW+ @) =Ff@+27)+ f*(0)
PO, = f(f)+ f@) =+ f*Q).

(3.22)

Tw dé suy ra f(1) = - f(0) hoac f(1) = f(0) + 1.

e New (D=0 5 [O+2f@+F@=fO)=fW)=0
PO,y)= f(f G =r*()VyeR.
PALy)= F(FG)=2F )+ 2 (y) WyeR
e Néu
f) =f©)+1:P(y,x) = f () +27 f )+ F2 () =f (y?)+ 2y f G+ 2D Vx, y R

Trong phwong trinh trén lan luwgt thay x = 0, x = 1 ta dugc :
fO+f(I=fy)+2y f(0)+ f*(0)WyER,
FO+2fM+ 2O =f(A)+2y FD+ F2A) Wy eR

— 2
Vi chi § f(1) = f(0) + 1, tir hai phuong trinh trén ta thu dugc | G)=x+7(0)¥xeR



— 2
Thit lai thdy f(0) = 0. Ham s§ [ () =X VX€R

f(x)=0vxeR a f(x)=x*+f(0)VxeR

théa man. Vay c6 hai ham théa man bai toan la

Bai 34.
-1
a#—
Vi so thyc V2 cho trude, xét day so a, cho badi

a, =a

_7\2a2 +7 - 14

_4an +\/2a,f +7

a

n+l

Xac dinh a dé day c6 gidi han hitu han.

(Thanh Héa)
Loi giai
7N2x* +7 - 14
f(x)=
Xét ham AX+~N2X* +7 i Gan = f(a,)

Xét ham s6 9(X0) =1 (0= X 5 9(x) =0 = X =Lx =-3. 3 ham 56 g(x) lién tuc trén mdi

khoang (- o0;-3) Vi (1; +o0) f(x)>x, Vxe (- o0;-3) W
f(x)<x, Vxe(;+x)

nén dé chitng minh dugc

f(x) =1, vx > -7
Tiép theo, dé chitng minh dwgc 2 DAau béng xay ra khi x = -3.

Tir cac két qua trén, ta thu dugc:

THL: % 971 Khide % =1 nen 1MX =1

TH2: % =9 = 3Khids % = 3nen 1M% =3

-7
X, =a>—

TH3: 2 Khidé
~ limx =1.
nen n

> > = =
% 212> %, 212 %, = () <X, 1 gas odam b chan dudi b 1



-7
X, =a<—

TH4: 2 Khide =37 % =32 x, =f(x)>x

" Do do6 x, tang bi chan trén bé&i

3. Giai ra dwge Mm%, == 3.

CHU DE 4. HINH HQC

Bai 1.



AABC nhon (AB < AC) c6 H,O lan lugt 1a tryc tdm va tdm dwong tron ngoai tiép. Diém E
thudc canh AC sao cho OE//BC.OE cét duong tron ngoai tiép AEBC tai F. Tiép tuyén tai F
ctia dwong tron ngoai tiép AEBC cit BC, AH ¢ P,Q.
1. Chitng minh duwdng tron (K) ngoai tiép A BPQ di qua trung diém M ctia AH.
2. PA,PH cat (K) 6 S, T khac p. Chitng minh hai tiép tuyén cta (K) tai S, T cat nhau tai mot
diém trén ME.

(THPT chuyén KHTN-DH KHTN, DHQG HN)

Loi giai

OE BH
U ] - =
1. DoEF // BC nén FPC =FCE M\t khac d&@ AOCE ~ABAH OCE ~ A BAH nén EC  AH

MH _EC ' S
T dé suyra HB  EF pgp AFEC ~ ABHM (c.g.c). Do do BMQ =FCE =FPC 5, v giac
MQBP nbi tiép.
2. Goi R 1a giao diém ctia EM vo6i (K). Dé thay chi can chitng minh t¢ giac RSMT



diéu hoa <=> P(RMAH) =-1. Mat khac do M la trung diém AH nén ta chi can chitng minh

U U
PR///AH. Diéu nay twong duwong voi chitng minh PQM + EMQ =180". p,

u u u U
PQM =30"+BPQ =30"+BMH a5 chi can chitng minh BME = 90° | mgt két qua quen

thuoc.
Bai 2.

T giac ABCD ndi tiép (O) sao cho ABCD khong phai hinh thang. Tiép tuyén tai C, D cua (O)
cit nhau tai T. TA cit BD tai S E d6i xttng v6i D qua S.AB cit duwong tron ngoai tiép A EBC
tai F. EC cat TA tai P.
1. Chitng minh rdng PF tiép xtic duong tron ngoai tiép A EBC.
2. Gida stt PF cat AC tai Q, H,K lan lugt 1a hinh chiéu cta Q 1én FA,FC. M la trung diém FA.
Chitng minh rang tiép tuyén qua A cua (O) va duong thang qua Qv song song AO cat nhau trén
duwong tron ngoai tiép A MHK.

(THPT chuyén KHTN-DH KHTN, PHQG HN)

Loi giai




« D& dang chitng minh dwge AECF ~ADCA
« AT c&t CD ¢ N>RECD ga6 cho ER//AT. Nhuvay N 1a trung diém DR. D@
ND _AD* _ PE _NR _ND _AD’ _FE’ . pE
¥ ring AN la duwong dbi trung nén NC AC? PC NC BC AC* FC’ tiép
xtic dwdng tron ngoai tiép A EBC tai F.
2. Buong thang qua I song song AO cat tiép tuyén qua (O) cua A tai L.
* PFiiép xtic dwong tron ngoai ti€p AEBC tai F nén
LAQ =ADC =FEA =KFQ = AQLA ~ AQKF.

e Theo két qua quen thudc thi duwong tron ngoai tiép A HKL di qua trung diém M ctia AF,
tr d6 L ndm trén duong tron ngoai tiép A MHK.
Bai 3.

A ABC nhon noi tiép (O) c6 H 1a tryc tdm. P 1a mot diém ndm trén trung tric ciia BC va ndim
trong A ABC. Puong thing qua A song song PH cit (O) tai E khac A. Puwong thing qua E song
song AH cat (O) tai F khac E. Goi Q 1a diém d6i xttng v6i P qua O. Buong thang qua F song
song voi AQ cat PH tai G.

1.Chttng minh rang B, C, P, G cung thuoc mot duong tron tam K.

2.AQ cit (O) tai R khéc A. PQ cit FR tai L. Chitng minh KL = OP.

(THPT chuyén KHTN-DH KHTN, PHQG HN)

Loi giai
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1. AH cét (O) tai diém thit hai la A". HG cat BC tai F' Ta sé chitng minh F,F', A' thing hang. That
u u U u
vay F’HA=F'A’H = EAH =FA’H (vi HP // AE va AEFA’ 14 hinh thang can do EF/AA"),

U u u
suy ra F,F',A’ thing hang. Khi d6, ta c6: FOF ' =QAE = FA'P (4113 vao tinh song song ctia gt
va AQPA' 1a hinh thang can), suy ra PFGA' ngi tiép, nén theo tinh chat phwong tich thi F'P.F'G =
F'F.F'a! = F'B.F'C, suy ra: BPCG noi tiép.

2. Goi A’F cat trung trire cua BC tai S. Theo dinhly Reim ta c6 QS//AA'; FRA'A ndi tiép nén
FRSQ ndi tiép.

. LR.FF = LS.FQ = LO? - R? (Phuong tich cta L t6i (O) va (QFRS)) <=> LS.LQ =

LO? - R* <=> (LO - 0S) (LO + 0Q) = LO? - R* <=>L0O(0Q - 0S)- 0S.0Q = -R* <=> LO.PS +
0S.0Q =R~

. OS = 20M-0OP; PS = 20M-20P => 2. FO.OM-2.LO.OP + 20M.OP - OP? =R?’<=> 10 =
R? + OP? - 2.0M.OP/20M-20P.



. cp _ CP _CP?
2sinPBC 2PM  2pMm

* Ta co: Cp . Vi PM = OM - OP nén ta can phai chitng minh KP
= LO hay <=>R*+OP*-20M.OP = CP*<=>2.R.0OP.cosA = 20M.OP<=>R cos A = OM, lu6n
ding.

Bai 4.

A ABC noi tiép (0), ngoai tiép (I). Puong tron qua B, C tiép xiic (I) tai p. Al giao BC tai X.
Tiép tuyén qua X cua (I) khac BC, giao tiép tuyén tai (I) tai p tai S. AS giao (O) tai T khac A.

Chitng minh ring ATI = 90°
(THPT chuyén KHTN-PH KHTN, bPHQG HN)

Loi giai

>f\

Goi T' la giao diém cta (AEF) vdi (0), D’ la doi xitng cua D qua Al, N la giao diém cac tiép
tuyén tai D’, P cua (I).
e Xét cuc doi cuc doi voi duong tron (I) thi PD’, EF theo thit tw la dwong doi cuc

cta N, A doi voi (I). Theo két qua quen thudc thi P thudc dwdng tron Appolonius
DB

chia BC theo ti s6 DC
o G01 Sla chan du’omg vuong goc ké tu’ D xuéng EF. Ta c6

SPF EPF DPF (E}: BC) DPF nén PS di qua D’. Mat khac do (BIC)
tiép xic (AEF) nén tiép tuyén tai I, AI, BC dong quy. Tt d6 suy ra.AT' la



dwong ddi cuc caa S d6i véi (1), do d6 AT’ diqua N suyral =T suyra
AT =90°
Bai 5.

A ABC 6 BAC | AH L BC HEBC pigm M thay déi trén canh AB. Dung diém N sao
cho ABMN ~ AHCA (H va N khéc phia d6i v6i AB).

1. CM cét duong tron ngoai tiép A BMN tai K khac M. Chitng minh duwong thdng NK ludn di
qua mot diém c6 dinh.

2. NH cit AC tai P. Dyng Q sao cho AHPQ ~ AHNM (Q va M khéc phia so v6i PN).
Chttng minh Q thugc mot dwong thang co dinh.

(Truong Pho thong Ndng khiéu, PHQG Tp HCM)
Loi giai

Chung t6i xin trich dang 10i giai ctia thay Nguyén Tang Vi (treong Pho thong Nang khiéu -
PHQG Tp. HCM)

Goi X la giao diém cta duong thang vuong goc voi BC tai B va duong thang AC, K' 1a giao
diém ctia NX va CM. ABMN ~ AABCX nén c6 mot phép vi ty quay tdm B bién M thanh N,
bién C thanh X. Vi K' 1a giao diém ctia CM va NX nén K' thugc duong tron ngoai tiép A BMN
hay K trung K'. Vay NK lu6n di qua diém X c6 dinh.



2. Xét phép vi ty tam H bién N thanh P, bién M thanh Q, bién B thanh F. C6
ABMN ~AFQP = PQP =BMN ="AcB =Pcp = Tt gide CFPO ndi tiép

nd éCP :aF P =MBN =90 = Q thudc duong thang qua C vuong goéc voi AC co dinh.

Bai 6.

Cho A ABC nhon. Puong tron (I) c6 tdm I thudc BC va tiép xic v6i cac canh AB, AC lan luot tai
E, F .Lay hai diém M, N bén trong tt gidc BCEF sao cho tt giac EFNM ndi tiép (I) va cac duong
thang BC, MN, EF dong quy. MF cat NE tai P, AP cat BC tai D.

1. Chitng minh A, D, E, F cung thuoc mot dwong tron.

2. Trén duwong thang BN, CM 1dy cac diém H, K sao cho HcH =MBK =90°. Lay T la
trung diém HK. Chitng minh TB = TC.
(Truong Pho thong Ndng khiéu, PHQG Tp HCM)
Loi giai

Chung t6i xin trich dang 10i gidi caa thay Nguyén Tang Vii (trwong Pho thong Nang khiéu -
PHQG Tp. HCM).
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Céc bo dé dung trong bai nhu sau:
Bo dé 7 Cho duong tron (Q; R) va diém Q ndm. ngoai duong tron. Cdt tuyén qua Q cat (O) tai

. Y
M, N. Tiép tuyén tai M, N cdt nhau A, vé AP LOQ  kpi g6 OD-OQ =R
Bo de 8 (Pinh ly Brocard) Cho tit gidc ABCD ngi tiép. Goi P, Q, I lan lwot la giao diém cua

AD va BC, AB va CD, AC va BD. Khi d6 P1 L OQ v néu D la giao diém ctia PI va OQ thi
OD.0Q = R>.

Bo dé 9 (Pinh li Desargue) Cho hai tam gidc ABC va A'B'C’. Goi M, N, P lan luot la giao diém
ctia ABva A'B', AC va A'C’, BC va B'C’. Khi d6 M,M,P thdng hang <=> AA',BB',CC’ ddng quy.



Bo dé 10 Cho AABC, hai tia Ax, Ay d6i xitng nhau qua phdn gidc trong géc A. Goi H,K la hinh
chiéu ctua B trén Ax,Ay; P,Q la hinh chiéu cua c trén Ax,Ay. Khi d6 H, K, P, Q cung thuéc mét
duong tron c6 tam la trung diém BC.

Chitng minh céc bo dé trén xin danh cho ban doc.

' — D2
1. Goi D' 14 hinh chiéu ctia A trén BC. Theo b6 dé 7, ta co 1P -1Q =R".

n — D2 T — Ty
Goi X,D" 1a giao diém ctia ME va NF, XP va BC thi XP L BC y3 ID".IQ =R" =D'=D"=
X, A, P, D thang hang va t& gidc EFID noi tiép.
2. Goi S 1a giao diém ctia BM va CN. Ap dung dinh li Desargue cho hai tam gidc PEF va SBC ta
dugc A,P,S thing hang = S € AD. Chitng minh duwoc BAK =EAH => AK, AH 44; xttng nhau

qua phan giac trong goc Bac . Dén day theo bo dé 10, trung diém cua HK cach déu BC va ta c6
dpcm.

Bai 7.

Cho AABC. Puong tron (I) ndi tiép A ABC tiép xtic v6i BC,CA,AB tai D,E,F. Puong thing DI
cat dwong tron tam A ban kinh AE tai M, N (N nam giita M va D). Cac duong thang AD, EF cat
nhau tai P. cac duwong thang MA, NP cat nhau tai Q. Goi H 1a giao diém thit hai cta AD va (I).
Puong thang qua trung diém cua DH, DE cat AC tai L. Chitng minh rang:

1. QH L AD.

5> DL//EF

(THPT chuyén Dai hoc Su pham HN)

Loi giai

1. Taco



AM? = AE? = AH.AD = AAMH ~ AADM = 8MH =HDM @1

Goi giao diém ctia QN va duong tron ban kinh AE 1a K. Ta c6:
PN.PK = PH.PD = Ty gisc KHND ndi tiép

= NDH =NKE =8KkH =NME. 42)
Twr (4.1) va (4.2) suyra: QKH = QMH va ADIIME => T giac KQHM ndi tiép

= HoH = MKE :—MZLE =90°- AME =90°- HAH = QH 1 AD

(dpcm).
2. Goi J, G lan lugt la trung diém HD, ED thi HE// JG // JL.

Ta can chitng minh sau dé suy ra két qua deé bai: HEF =YD . That vay

HeH = MLJ =HDE = JDLE 13 1t gisc noi tiep = LD = YED _ (43

Ngoai ra

180° - BJp =U4JE =UFE =PDE =180° - EHF = BJD =HHF

Ma

HFE = HDE =HEF =UED = (44

T (4.3) va (4.4) ta suy ra diéu phai chithg minh.

Bai 8.

Hai dwong tron (O;) va (O,) tiép xuc ngoai nhau tai A.BC la mot tiép tuyén chung ngoai cta (O,)

va (Oy), voi B <(0) va CE(OZ). Goi M la trung diém BC, P,Q theo thit ty la diém doi
xttng cua B, ¢ qua O;, O,. MP theo th ty cat BO,,BA tai X, Y. MQ cat CO,, CA tai Z,T.
Chitng minh rang:
1. Céac tt giac BZTPCXYQ noi tiép.
2. AM, ZT,XY dong quy.

(THPT chuyén Bbai hoc Swpham Ha Noéi)

Loi giai



1. Gid sit MQ giao v6i (O tai 2’ ta chiing minh Z =2 D¢ thiy © € Q) Q€(0,), BP//CQ

* Dé chitng minh M nam trén truc ddng phwong ctia (0),(0,)=AM 100, .

2 2 XA VAL [ " — 7z
Khi dg. MB® =MC* =MZ'MQ => AMBZ' ~AMQB =>MBZ' =Zqa
theo tinh chat tiép tuyén, ta co:
Mcz =80z =6Az = BzA =360"- Bz'C- Hzc =21180° - Bca+ 2 Ac) =2.180° - BQa) =180° - (180° -

_ —120° -
la ti¥ giac noi tiép. T day dé dang suy ra dugc: Ble _EQC =180" - HzC = O, Z’C, hang
hang =>Z'=Z Két hop vdi trén suy ra BZAO; 1a tit gi4c ndi tiép. Chitng minh twong ty':
CO,XA la tir giac noi tiép.
Ze + W
2

ZBO, =ZA0, =180° - =180° - ¥TA = BzTP

* BZ'AO; la ti? giac ndi tiép la v giac
noi tiép. Chitng minh twong tw, CX Y Q la t¥ giac noi tiép.

2. Vi BZ'AO; la ti giac ndi tiép nén dé chitng minh dwoc rang: MQ LoC . Tuwong tu:

BO, L MP.

Bai 9.

A ABC vudng tai A noi tiép dudng tron (O). Puong thing qua A song song BC cét (O) tai diém
th hai la D. Goi I 1a giao diém ctia AC va BD. Duong thang qua I song song AB cat AD tai I.
Puong tron tam C ban kinh CI cat (O) tai E va F(E thudc cung BAC.

1. Goi s 1a giao diém ctia IJ voi CD. Ching minh s, E, F thang hang.



2. Ching minh EJ L AF
(THPT chuyén DH Vinh)

(THPT chuyén DH Vinh)
Loi giai
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1. SILAC 3 ID L SD pgp SI2=SD*SC =S thygc truc dang phuwong caa (O) va (C) =>
S,E,F thang hang.

2. D& thiy A SJD can véi trung tryc SE = YEF =BEF =BAFvaSE 1 AD = AF 1 EJ.
Bai 10.

AABC CO M di chuyén trén canh AC. Pudng tron ngoai tiép A ABM cét canh BC tai diém thit
hai 1a D. Pwong tron ngoai ti€p A BCM cét canh AB tai diém thit hai la E.

1. Goi O la giao diém cua AD va CE. Chttng minh A,E, O,M cung thudc mdt duong tron.

2. Goi I,J, N lan lugt la giao diém cta cac cap duong thang AB va DM, BC va EM, AJ va

CI .Chttng minh duong thang MN lu6n di qua diém c6 dinh.

(THPT chuyén DH Vinh)

Loi giai



1.MEC = HMB = HDB = 1y gidc BDOE ndi tiép =MHoE =HBC = HME = giac
AEOM nbi tiép.

Theo dinh 1y Pappus c6 O,M, N thing hang = EMN =AMO =BEC =BMC = MN 1y5p ai
qua diém d6i xttng cia B qua AC. Ta c6 dpcm.

Bai 11.

Trén nita dwong tron tam o dwong kinh AB lay hai diém M, N sao cho AM < AN va MN khong
song song voi AB. Puong tron ngoai tiép A OMN cét AB tai diém D khéc o. Puong thing AN
cét dudng tron ngoai tiép A MBD tai hai diém E,F (E ndm giita A va IV). Puong thing BM cit
dwong tron ngoai tiép A NAD tai hai diém P, Q (P nim giita B va M).

1. Chiétng minh E, F, P, Q cung thuoc mot dudng tron.

2. Buong thang AP cat BE tai diém X, duong thang BE cat AQ tai diém Y. Ching minh bon
duong thang EP, QF,XY, AB dong quy.

(Ba ria — Viing Tau)

Loi giai



1. Dung phuong tich.

2. EP cat QF tai U, PF cat EQ tai V, AN cat BM tai T. Khi d6 UV la dwong doi cuc cta T do6i
v6i (EFPQ).

* (ADN) cit (BDM) tai K => T la tryc tim cia AKAB =>TD 1 AB. Tir day dugc (ATEF)
=(BTPQ)=-1(1)=> A,B thudc dudng doi cuc cta T d6i voi (EFPQ) => A, B, U, V thang
hang. Ngoai ra, tir (1) => AB, PE, QF dong quy tai U

* AQ cat BF tai H 4p dung dinh ly Desargues cho 2 tam gidc AQE BPF dugc H V T thang hang.
* AP cit BE tai Z.C6 (UVAB) = -1 =>T,Z,V thing hang => T, Z ,V, H thing hang. Ap
dung dinh ly Desargues cho 2 tam giac AEY va BPX => AB, PE,XY dong quy. Tt d6 ta c6
dpcm.

Bai 12.
T giac ABCD ndi tiép dwong tron (O). Gia st AD cat BC tai N, AB cat CD tai M, AC cat

BD tai E. Dudng thing OF cit MN tai K. Ching minh KO 13 phan gidc ciia BKD |
(Bdc Ninh)

Loi giai



Goi I la giao diém cta BD va MN thi (B,D, E, T) = -1.
Ap dung dinh 1y Brocard cho tit giic toan phan ABCDMN => OK 1 MN, do d6 EK 1a phan

giac goc BkD
Bai 13.

Cho dudng tron (O,), (O,) tiép xtc ngoai tai diém T. Mot duwong thang cat duong tron (O,) tai
hai diém A, B phan biét va tiép xuc voi (O,) tai X. dwong thang XT cat (O,) Tai S (S khac T va
c la mot diém trén cung TS khong chita A va B. Cho CY la tiép tuyén cua (0,) tai Y sao cho cac
doan thang CY va ST khong cat nhau. Cho I la giao dién cua cac dwong thang XY va SC.
Ching minh rang:

1. C,T,Y valcung thuéc mét dwong tron.

2. SA=SI

(Bén tre)

Lai giai



1. Vi (0y), (O,) tiép x1ic ngoai nhau tai T nén dé dang chitng minh dugc:
SoT =F0,X = PASHYX =IV . $as =FCI (Do C thude cung TS khong chita AB va

theo tinh chat géc ngoai cta t& giac noi tiép) = fcr =¥v1 = rcry la t¥ giac noi tiép.

2. D& chiing minh:olS//X02 . ma X0, 1L AB= S0, L AB=SA =SB. Ta lai ¢6

PIS=FIC=FYC=PXI 13 PSI =XSI = ASTI ~ ASIX = SI* =ST.SX _ Tq c6:

PBs =¥As =PCI =¥vI =BXS | 5. BST =BSX = ASTB~ ASBX = SB? =ST.SX

TU ba diéu trén suy ra SA = SI.

Bai 14.

A ABC ndi tiép duong tron (O). Biém P nidm trong A ABC sao cho PA,PB,PC cét (O) lan lugt

tai D, E, F. Tiép tuyén tai A cta (O) cat BC tai T. Ching minh rang néu TA = TP thi DE =

DF.
(Binh Duong)

Loi giai



Goi giao diém cta EF va AD 1a H. Yéu cau dé bai twong duong voi chitng minh ADEF can tai

D, hay OD LFE
Dé dang chitng minh dugc: TP L OD ngn digu trén sé ding néu ta chitng minh dwgc TP//FE.

That vay TP* = TA® = TBIC => ATBP ~ ATPC =>¥BP =¥PC = FPT =

180° - Prc = BBC = ApT =PFPT + UPF = BBC + UPF :w —Hhr

Tinh chat hai géc dong vi, ta c6 dpcm.
Bai 15.
Cho 2 dwong tron (O), (O') cat nhau tai A, B. trén tia BA 1ay M (M nam ngoai (0"). Tt M Ké 2
tiép tuyén MC,MD cta (O") (C,D 14 2 tiép diém). AC, AD Ian luot cit (O) tai PQ.
DA _CA
1. Chitng minh PR~ CP

2. Chitng minh c di qua trung diém P Q.
3. Chitng minh CD di qua mot diém c6 dinh khi M di chuyén trén tia BA.
(Binh Pinh)

Loi giai



QD BD
APBC ~AQBC => — =——
b The A _ca
AD _BD DQ cP
1. Dé dang chitng minh dugc AC  BC (dpcm)

2. Gia st CD giao v6i PQ tai T, ta can chitng minh TP = TQ.
Xét tam giac QAD c6 T, C, D thang hang. Theo dinh ly Menelaus, ta c6

TQ DA CP_,
TP DQ CA
Keét hop voi két qua cau 1, ta c6: TQ = TP => (dpcm).

3. Goi giao diém cia CD,AB v&i @2 Tan lugt 1a X, E. Trung diém EO' 1a F. Ta chting minh
X c6 dinh. That vay, dé thay: O’,E,F c6 dinh.

Ta co:

0'X?=C0%- CM?+MX? =CO?- MAMB +ME?+ EX*> = CO"”- ME®+EA”>+ME*+EX?
- - 12 2

=CO? +EA*> = XO"- XE?’ = CO?+EA*> =2.XF'EO'= XF' :%

T day, ta c6 dugc X la diém c6 dinh.
Bai 16.

Cho tam gidc ABC vai I la tam dwong tron noi tiép va M 1a mot diém nam trong giac. Goi A,
B, C, la cac diém doi xitng voi diém M lan lwgt qua cac dwong thang AI, BI, CI. Chitng minh
rang cac duong thang AA;,BB;, CC; dong quy.
(Binh Thudn)
Hudéng dan
Ap dung Ceva - sin va cac goc ddi xing.



Bai 17.
Cho ti¥ giac ABCD ndi tiép dwong tron (O). Goi M, N, P lan lugt 1a giao diém cia AB va CD,
AC va BD. Lay K la trung diém cta doan MN. DPoan PK cat (O) tai H, MH cat (O) tai I khac

H, NH cit (O) tai J khac H. Hay phan tich PK theo hai vectoMI> MJ
(Binh Thudn)

L&i giai
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Twdc hét, ta can chitng minh: P la trung diém IJ.
Goi giao diém ctia tia PK v6i (O)1a E (E #H ), ban kinh ciia (O) 1a R, OP giao MN tai F.
Pla truc tam AMON

OF 1L MN
D AL — D2
Theo tinh chat d6i cyc va dinh 1y Brocard, ta c6: OP.OF =R
= MF.FN =FP.FO =FO*- OP.OF =FO*- R’
= FO® + FK® - R* =OK?- R? =MF.FN + FK*> =MK* - FK* + FK* =MK"
= KM* =KH KE =KN°*
T P ta ké duong vudng goc voi OF giao (O) lan lwot tai hai diém I', J', (I’ nam trén nita mat
phéing by EK chita M). Ta chitng minh ' =17 =7
Twr cach vé va do F nam trén dudng doi cuc twong ¢ng voi diém P cua (O), nén ta chitng minh

PJ'=PI',1'J//MN,(KPHE) =-1
dugc: T S
EK _ HK

Tacé: (KPHE)=-1nén EP  HP

— 2. DIT D — 12
Do KH.KE =KN*;PH.PE =PI"™ ja, ya hop voi (4.5) ta sé chithg minh dugc ti so sau:
Tir day ta chitng minh dwoc E, I', N thang hang. Twong tw, E, J’,M thang hang.



Ngoai ra thi KM* =KH.KE pgn ta c6: KmH =MEH =P'1H" 3 I'J'//MN, nén M, H,I’

thang hang.

Tir ddy dé thdy: I =I'. Twong tv: J =J'. Ma p 1a trung diém J'I' => P 1a trung diém IJ.
PK =PI + HK :JH+IH + HN + HM _. MI +NJ

Vay: 2 2

Bai 18.
Cho tam gidc ABC nhon noi tiép (O), H la tric tam tam gidc. Buwong thang qua A vudng goc OH
ct BC tai D. K.L 1a tim (ADB), (ADC).
1. Chitng minh A, K, L, O thudc mét duong tron goi la (S).
2. AH cit lai (S) tai E.F di xitng v6i E qua BC. Chitng minh HA = HF.
(Pa Nang)

Loi giai

®
B

1. Theo gia thiét thi

LK L AD, LO 1 AC =KLO = Bac “4.6)

Do A ADC c6 tam noi tiép K nén

UkDp =2lBc =Hoc = AKAD ~AOAC(c.gc) =KAD =8ac = Rao = BAc.
)

Tw (4.6) va (4.7) => AKLO noi tiép (dpcm).

2. Goi M, N, p la trung diém cta AD, AB, AC.

*AKMN noi tiép do MMk = ANK =90° (Lai co Mo =Mpc do AH wvudng goc DC, OH
vuong goc AD = HAHO =HDC =HMP = AMN = HKN = MKO = BEH = AOEH (4 (i
0.

* Dat AH cat (O) tai O => AE = HQ. Lai c6 H, Q; E, F d6i xitng qua BC => EH = FQ.
Vay AH = HF.

Bai 19.

.7



Cho tit gidc ABCD 16i, P 1a diém nim bén trong tit giéc thoa PAD =EABM,N 4 xtng C qua
AB, AD. (CPM), (CPN) cit doan AB, AD tai S, T.X,Y tam (PSC), (PTC).Q 14 giao ciia
XY va trung triuc AP.
1. Chitng minh AQ 12 tiép tuyén dudng tron ngoai tiép A AXY.
2. Tiép tuyén tai P, C cta (PST), (CST) cat nhau ¢ G.(PST), (CST) catlaiAB,AC ¢ U, V.
Chitng minh tam (AUV) thudc AG.

(Pa Nang)

Ldi giai

Vi Q la tm cia (APC) nén => (QP QX) = (AP, AC)
Ta chitng minh: (PX, PQ) = (YQ, YP) (mod ) <=> (PX,PC) + (PC,PQ) =(TQ, YP) (

o Z-(QP,Qv)+(Px,PC) =(¥Q,YP)(mod )
mod“” ) 2 . That vay diéu trén twong duong véi
(PY,PC) = (QPQY) + (PC,PX)(modn) o (PY,PC) = (AP, AC) + (PC,PX) (modn)

< (NP,NC) =(AB, AC)+(MC,MP) (modr). (4.8)

D@ théy réng: AP 1a phan MAN 4 AM =AC =AN = (NA, NP) =(MP, MA)(mod)

(4.8)
& (NP,NC) +(NA, NP) =(AP, AC)+(MC, MP)+(MP, MA)(mod )

o (NA,NC) =(AP, AC)+(MC, MA)(modx) « (AP, AC) =(NA,ND)- (AB,AM) =(AD, AC)- (AD, AP) (r
Vi diéu trén hién nhién ding, nén ta chitng minh dugc: (PX,PQ)=(YQY P)(mod 1)

2 __ 2 g
Tir day ta chitng minh duge: @A =QP" = QX.QY.
Tw day ta suy ra dugc dpcm.
Bai 20.



Cho tam gidc ABC nhon (AB < AC) c¢6 M la trung diém BC, cac duong cao AD, BE, CF
cat nhau tai H. Goi K la trung diém AH, L la giao diém EF va AH, N la giao diém ctia doan
AM va dudng tron ngoai tiép A BCH.

1. Chiéng minh rang 5 diém A, E, N, H, F cung thudéc mot duwong tron.

2. Chttng minh rang HmA =Enk .
(Pong Nai)

Loi giai

Goi S 1a giao diém cta EF va BC, SH cit AM tai N', ta chitng minh N =N"
* Pinh lyBrocard cho ta SN'1AM , do do

N'€(AHEF) = SH.SN'=SESF =SBSC = N'€(HBO)=N'=N | pop oy

dong vién.

*Ta c6 (AHLD) = -1, K 1a trung diém AH = AK* =KH* =KL.KD =KN’ => KN |3 tigp
.. . (zNnD)=KnH =UDN =HMmN.

tuyén tai N cua

Bai 21.



Goi O, I 1an lwot 1a tim dwong tron ngoai tiép va ndi tiép cia A ABC khéng déu. Chitng minh
rang

K10 <90° = 2BC <AB +AC.

(Pong Nai)
L&i giai

Goi D la giao diém thit hai cua duong thang AI voi dwong tron ngoai tiép tam giac ABC.
«BID = BAD + ABI = €AD + €BI = BBC+EBI = BBl = DB =DI g hay DB
= DC. Vayco DB = DC = DI.
* Vi ABDC la t gidc ndi ti€ép nén theo dinh ly Ptolemy ta c6
AD.BC
AB+AC

AD.BC =AB.DC + AC.BD =(AB + AC).DI = DI =

1o <90 = pr <22

*V1 tam giac AOD can tai O nén 2
AD.BC sAD o _BC sl <= AB+AC >=2BC.

* Tir hai diéu trén ta c6 AB+AC 2 AB+AC 2
Bai 22.

A ABC nhon (AB <AC) c6 trung tuyén AM. Puong thing AM cit duwong tron ngoai tiép A
ABC tai diém thit hai D. Puwong thang AB va CD cat nhau tai E, duong thang AC va BD cat
nhau tai F. Pudng tron ngoai tiép A ABF cit duong tron ngoai tiép A ACE tai diém thit hai P.
Goi (S) la dwong tron di qua c va tiép xtc voi AB tai A, (S:) la duong tron di qua B va tiép xuc
AC tai A. (Si) cét (S;) tai diém thit hai Q. Chitng minh A OPQ vuédng.

(Ha Noi)
Loi giai



Goi P' 1a giao diém tht hai caa EF va (ABF).
*EP'.EF = EA.EB = EC.ED=> T\t gidc DCFP' ndi tiép EBD +Ep'D =180° = 1y giac
EBDP' ndi tiép Eep' =P BF =P AC = 1y gidc EACP' ndi tiép P =P' vaE, P, F thing
hang.

EA CB DM _  FA BC DM _  EA_FA

*peyring EB CM DA 3y FC'BM DA  nen EB FC phay BC//EF

+PBD =PEF =BCD = PB la tiép tuyén cua (O). Tuwong ty, PC ciing la tiép tuyén cuaa (O). *
*Goi Q' 1a hinh chiéu vudng gbc cia O trén AP Ta c6 O, Q', B, C, P cung thudc dudng tron
duong kinh

op = 4BQ =UBC- 8'pc =4BC- Uprc =BC- HEC =BAD =BcD =BEP =BAQ = AC
Ia tiép tuyén cita (ABQ"), do do ABQ)=(S2) (ACQ) =(5,) = AOPQ
Q.

Bai 23.

A ABC nhon (AB < AC) c6 AD la phan giac trong dinh A(D€ BC). E 1a diém trén doan BC
sao cho BD = CE. Phan giac ngoai dinh A cat duong thang qua D va vuong goéc voi BC tai F.
Goi I la trung diém DF, dwong thang EI cat AD tai M, dudng thang EF cat duwdong thang qua M
va vudng goc voi BC tai K.

. Twong tu, vuong tai



1. Puong thang AF cat duwong thang BC tai P, KD cat dwong tron duwong kinh DF tai L khac
D. Chitng minh dwong thang PL tiép xic vdi duwong tron duwong kinh DF.

2. Chitng minh I 13 tAm duwdng tron ndi tiép AKBC.
(Hai Phong)

Loi giai
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1. KM cat BC tai H, ta c6 M la trung diém HK va HK//DF nén (DP, DK, DA, DF) =1 hay
DALF lat gidc diéu hoa. Do PD tiép xic véi (I) vap € AF nén PL tiép xac vai (I).
2. Ké cac tiép tuyén KX,KY t6i (I), KX cat BC tai B', KY cat BC tai C' (theo th® ty trén duong
thing 1a PB'DC”’).
* Do DXLY la t giac diéu hoa nén P, X, Y thang hang.
* Do (I) 1a duong tron ndi ti€p va tiép xic vdi cac canh tam gidc KB'C” tai D, Y,X nén
KD,B'Y,C’X dong quy. Tt d6 suy ra (PDB'C’) = -1.
* Ngoai ra v6i DF 1a duong kinh duong tton ndi tiép (I) cia AKB'C’ va thi ta c6 tinh chat quen
thuoc B'D = C’E. Vay cac cap diém B,C va B',C’ cung théa man hai diéu kién (PDBC) =
(PDB'C') =-1vaBD = CE,B'D = C’E nén dé dang suy ra B =B>C =C" hay (1) ni tigp A
KBC.
Bai 24.
AABC nhon (AB < AC) c6 tryc tdm H, D, E 1a chan céc dwong cao ké t B va C xudng CA,
AB. Goi M la trung diém BC,F la giao diém cua hai dwong thang DE va BC, K la giao diém
thit hai ctia AM vé6i dudng tron (C) ngoai tiép AADE.
1. Chitng minh F, H, K thang hang.
2. Goi S la trung diém MF, T la giao diém cua dwong thang DE voi duwong thang qua A va song
song voi BC. Chitng minh dwong thang ST tiép xtic v6i duong tron (C).

(Hdi Phong)

Loi giai
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1. Goi giao diém cua duong tron (ADE) voi duong tron (ABC) 1a G. St dung tinh chat tam
dang phuong cta (ABC),(ADE),(BEDC), ta suy ra: AG,ED,BC dong quy tai F. Tt day ta
chitng minh dugc ring: H,M,G thing hang = MH 1 AK ' ma HK L AK = F H K thing
hang.

2. Goi giao diém cua AM voi DE la X, do ADKE la ti¢ giac diéu hoa => F{MXKA) = -1 =>
F(CTMA)=-1.MaAM // FC => T la trung diém AM. Tt day dé chitng minh: S, K, T thdang
hang. Ma ta lai c6: FKs =KFs =HAK = sT 1a tiép tuyén cua (C)

Bai 25.

A ABC nhon khéng cén ndi tiép dudng tron (O). Goi H 14 tric tim AABC, A',B',C’ lan lugt
1a chan cac dudng vudng goc ké tir A, B,C xudng BC, CA, AB. Goi “vBrCi
(0) sao cho AA://BC. BB,/ /CA,CC, //AB.A,B,,C,

AA //AA\B, B //BB,C,C/ //CC'

l1a cac diém trén

la cac diém trén (O) sao cho

/ / /
1. Chitng minh cac dwong tron ngoai tiép cac tam giac OAA,OBB,0C,C, cung di qua mot
diém K khac O.
_abc

OKOH =—
2. Ching minh P trong d6 a, b, c 1a d6 dai 3 canh ctia A ABC va p 1a chu vi
tam giac A1B1C1'
(Ha Tinh)
Loi giai



/ / ali / / /
1. AA LBC=AA LBG . Chitng minh twong tu suy ra AA, BB, GG dong quy tai H' 1a
‘R’ ' TA — ] D — 1 Pall
tryc tam cua tam giac AlBlCl. Mat khac H'A.H'A =H'B.H'B =H'C,.H'C,

(oaA),(oBB!),(0cC!)

nén OH' 1a truc

dang phuong ctia 3 duwong tron

/ / /
(oaA),(oBB),(occ)) cling di qua diém K khac O.

. Do d6 ba duong tron

2. Dé thay tam giac ABC, la anh cua tam gidc ABC qua phép doi xitng tam O nén a, b, c cling
la d6 dai 3 canh cua tam giac ABC, vaOH = OH'.
Goi p'la chu vi cia tam gidc A,B,C,. Vi A A,B,C, 14 4nh ctia tam giac ABC, qua

o ,2r oK.0H' =%
phép vi ty tim H ti s6 2 nén 2 . Do d6 ta chi can chitng minh 2p
/ s —RRC
Dé thdy OA LB,C, g ©B4% 2 trong d6 R 1a ban kinh caa (O).
a_bC = Sy :E = a_bc :R2
Chttng minh twong tw va cong lai suy ra 4R Ana 2 2p’ .Lai co:

1 |- 2 _p2
BAlAl/ :8A1/Al =6KA, nén 94 13 tiép tuyén cua (H'AK)=>OKOH'= OA =R Do d6 ta
c6 diéu phéi chitng minh
Bai 26.
A ABC nhon noi tiép dudng tron (O), E 14 trung diém cung BC khong chita A. Goi D 1a giao
diém AE va BC. P,Q lan lugt 1a hai diém di dong trén doan AD sao cho EBQ =PBp vaQ



ndm gifta A,P. Ly diém S sao cho QS//AO va DS 1 AO. Goi M 1a trung diém BC, N la
diém d6i xtitng ctia M qua AE, R la hinh chiéu vudng goéc cta Q 1én BC.

MN _2ME
1. Chitng minh MR~ QE
2. Chitng minh duwong thang qua P vudng goc SM di qua mot diém co dinh khi P, Q thay dai.

(Hd Tinh)

Loi giai

E
1. Goi J la hinh chiéu cta M trén AE. Do tinh doi xitng nén MN = 2MJ. Do d6 bai toan quy vé
MJ _EM
chitng minh MR  EQ . That vay, QR JM noi tiép nénglRM = EQM .Laicé Rmy = BEm .
MJ _EM
Do dg ARMJ ~AQEM gy 1y MR EQ quy 1a diu phéi chitng minh.

2. Ké duong cao AL. Goi U la hinh chiéu cta P trén BC



* AL. AO dang giac nén dé suy ra QD la phan giac cta EQS .Ma DS LQS nanps = DRva
R, S d6i xtiing qua A, E.

* Gid st EN cat AL tai T. Do AE la phan giac cta o va Feo nén dé dang suy ra O, T doi
xttng qua A, E suyra T c6 dinh.

. BAy gi0 ta & chitng minh PT L SM & TS*- TM* = PS*- PM* Nhung vi PS = PR, TS =

OR (phép doi xitng truc AE) nén chi can chitng minh
OR*-TM* = PR*- PM* & OM*+RM”*- TM* =RU"- MU’  Thatvay,

W _mE
=MU(R—+RU + MU) = 2MRMU .Chitng minh twong ti phan a ta ciing c6: MU PE

2MU, MR =2M1* 22 E2Q
Do dé ME" | Bing cong géc dé dang chitng minh dwoc EB 1a tiép tuyén

2MU, MR :2MJZ.EP EZQ
cta (BPQ) nén ME” 13 s5 ¢6 dinh nén ta chi can chitng minh déng thitc
trén khi P = Q la tdm ndi tiép ctia tam gidc.
* Goi tdm noi tiép cda tam giac la I va tiép diém trén BC la X can chitng minh
TM? - OM? = 2MX?,
ma TM? - OM? = TM?-TD?*+ OD?*-OM? = ML? - DL? + DM? = DM (ML + DL +
MD) =2MD.ML nén chi can chitng minh

2
MDML =MX* & & :MX2
MD MD
Mait khac
ML EA
MD ED
va
MX* _EI’
MD?> ED?
Nén chi can chitng minh
EI’ =EAED

MGt tinh chat quen thudc.
Vay ta c6 duong thang qua P vudng goc véi SM di qua diém T c6 dinh.
Bai 27.
Cho A ABC c6 tdm duong tron ndi tiép I. Goi M, N, P 1an lugt 1 cac diém ndm trén cic canh
AB,BC, CA saocho AN - AP = BP - BM = CP- CM. Goi X, Y, Z lan lugt la tam duong
tron noi tiép cta AANP, ABPM, ACMN. Chitng minh ring I 1a tim dwong tron ndi tiép ctia
AXYZ.
(Tp. HCM)

Loi giai
Goi D,E,F lan lugt 1a hinh chiéu cta I 1én BC, CA, AB =>ID = IE = IF va AE=AF, BD = BF,
CD =CE



*AN-AP = BP-BM = CM-CN => (AE + EN) - (AF- PF) = (BF + FP) —(BD- MD) =
(CD+DM) - (CE-EN) => EN+PF = PF+MD = MD+EN =>EN = MD = PFAJEN =
AJFP = AT DM => IN = IP = IM.

* T gidc AFIE ndi tiép => T giac APIN noi ti€p. Ta c6 I la diém chinh giita cia cung PN
khong chita A ctia dwong tron (APIN) va X 1a tim dwong duong tron noi tiép AAPN => [P =
IN = [X. Chitng minh twong twtaco IP = IM = IYvaIM =IN = [Z=>1X =1Y = I1Z=>/
la tdm dwong tron ngoai tiép tam giac XYZ.

Bai 28.

DPuong tron ni tiép A ABC lan luot tiép xic v6i BC, CA, AB tai A;, By, C.

1. Chiéng minh cac duong thang AA;,BB;, CC, dong quy tai mot diém T.

2. Pudmg tron 4 di qua T tiép xtic v6i CA, CB tai B,As. Cac diem &% B Csxac dinh
twong ti. Chitng minh sau diém A,,B»,C>,As,Bs,C; cung thudc mot duong tron.
(Tp. HCM)
Loi giai

-

RN

AB BC CA _,

1. Tt tinh chat cta duong tron ndi ti€p tam giac ta suy ra AC BA CB  ahaA 1, BBy,
CC; dong quy.




2. Goi I la tdm duwong tron noi ti€p tam giac ABC.
¢ Do C la giao diém cua hai tiép tuyén chung ngoai cia hai dwong tron (A;B;C;)

va (w1 )nén C la tdm vi tw ngoai cta hai dwong tron nay. T do suy ra ton tai
phép vi ty tam C bién dwong tron (A;B;C,;) thanh dwong tron ( w2). Khi do6 phép
vi ty nay ciing bién A B, thanh AAB,T . Tr d6 suy dugc

AB, //AB,,BC,//B,T,CA /ITA, Tuong tw,

AB,.//A,T,BC //TC;,,CA I/CA 5 AB //TB,, BC,//BC,,CA//CT 14

dé ta suy ra cac duong thang A,Bs, B.Cs, C» As cung di qua T va lan lugt song
song V(ﬁA1B1, B1C1, C1 Al.

e Tiép theo dé y rang dudng phan giac CI cua HcB la duwong trung truc cia A; B;

ma AB//AB, 1AB, nén CI cling la dwong trung trirc ctia A,B; va AsB», BI la
trung truc ctia C,A; va

C,A, = IA, =IB, =IC, =IA, =IB, =IC, = A,, A, B,, B;,C,,C, cung thudc mot

duwong tron.
Bai 29.
Cho tam gidc ABC nhon noi tiép duwong tron (O) va p la mot diém nam trén cung nho BC. Tiép
tuyén tai B, C cat nhau tai T. Puong thang qua O va vudng goéc vGi PT cat CA, AB lan luot tai
E,F. Hai dwong thang PE, PF cat dwong tron (O) lan lwgt tai M, N khac P. Lay K,L sao cho

Rac =Knp =EaB =Fmp =90°.

1. Chtng minh ring BoF =KAB (4 01 giao ctia EF v6i PT.
2. Chitng minh rang KB va L C vat nhau tai 1 diém thudc (O).
(Hoa Binh)
Loi giai



1. 5QT =6BT =8CT ,nén O ,B, C, T ,Q cung thudc 1 dwong tron

= PQB = BcB =90° - BAC =KaB.

2.Goi I, G, H lan lugt la giao diém cta cac cap sau: NK va ML, AK va (0), AL va (O). Khi dé
CE chitng minh dwgc rang I, O, P thang hang; G, O, C thang hang; H, O, B thang hang.

Ap dung dinh ly Pascal cho 3 b diém sau:

(N,A,M,B,P,C); (A,1,B,M,H,P); (A,I,C,N,G,P), ta c6 dugc K,F,Q,0,E L thing hang.

Twr két qua cau 1 c6 KAQB la t giac ndi tiép nén

(AQ; AB) =(KL; KB)(mod ) 4.9)

Twong ty:

(AC'; AQ) E(LC; LK )(mod ) (4.10)

Bai 30.

Cho hai duwong tron (0O,) va (O,) cat nhau tai A,B.CD la tiép tuyén chung cua hai duwong tron
O va (0s) v6iCEOIDEO) b o o hom A

1. Goi E la giao diém cua BC va AD, F la giao diém ctia DB va AC. Chitng minh rang
EF//CD.

2. Goi N 1a giao diém ctia AB va EF. Lay K trén CD sao cho BAC =BAk Chitng minh ring
KE = KF.
(Hoa Binh)

Loi gidi

1. D& y rang BCD =€AB 3 BDC =BAD 14
ECD + BDC +@BD =180° :>EAF +EBF =180° = Tt gidc AEBF ndi tiép

= HFB =BAE =BDC = EF 1 CD.
2. Goi B' 1a diém d6i xitng vdi B qua CD, AN cét CD tai M thi MC?* = MB.MA=MD? => M la
trung diém cua CD va N la trung diém cia EF.
e GiasttK'1a diém thudc CD sao cho K'N LEF 4 N. xét tiz giac toan phan AFBECD
c6 (ABNM) = -1 => K’(ABNM) =-1. Ma K'N LKM = KM 13 phan gidc ngoai cta

BK'A . Lai c6 K'M 1a phan gidc BKB'= A K',B thing hang.
o EB'D=EBD=180"- EAD = B'cD =B'AD = T&Aac ACB'D ndi tiép. Ma
B'cp =Bcp = Bac 3

B'cp = K'AD =>Bac = K'AD = K =K' = KN L EF = KE =KF.
Bai 31.
T gidc ABCD noi tiép duwong tron (O). Buong thang qua C cat céc tia doi cta tia BA, DA lan
lwot tai M, N. Chirng minh
45& <[ @ ] 2
S v AC

(Khdnh Hoa)



Loi giai

N

Qua C ké CF //AB,F € AD

2

Bac =BBc, HcF =BcD =AAFC =ABCD = St :{@]
[ ) AFC AC

S i Z%AM.AN.sin Bap,s,.. Z%AF.AC.SinEAD
[ ]
[ ]

2

“ﬂs BD <= AM.AN >4AF.AC <= | ——|.AN >4AF <= ﬂ]AN >4AF <
Sum | AC FN

AN? >4AF .FN <= (AF+FN)’ >4AF.FN dting theo BDT AM — GM.

Bai 32.



A ABC nhon c6 AM,BN,CP 1a cac trung tuyén. Goi R va r lan lwot 1a ban kinh duwong tron
ngoai tiép va dudng tron ni tiép A ABC. Chitng minh
AM + BN +CP <4R +r.
(Khdnh Hoa)

Lai giai

Goi M, N, P lan lugt la trung diém ciia BC, CA, AB. Theo bdt tam giac ta co:
AM +BN +CP <(OA + OM )+ (OB +ON)+(OC +OP) =3R + R(cosA+cosB +cosC)

khac dé chitng minh

Mat
cos A+cosB+cosC :1+%
AM + BN +CP <3R+R

nén
Bai 33.

=4R+r
Dau " =" xay ra <=> AABC deu.

1+~
R

Cho tam gidc nhon ABC c6 duwong cao AH, tryc tam K. Puong thang BK cat duong tron duong
kinh tai D,E (BD < BE). Duong thing CK cit (AB) tai F,G (CF < CG). Va (DHF) cit
BC tai diém thit hai la P.
1. Chitng minh rang cac diém G, H, P, E cung thuc mot duong tron.
2. Chitng minh rang cac duong thang BF, CD, PK dong quy.
(Lao Cai)
Loi giai



1. Ap dung hé thitc Ivgng va hé thitc bdng nhau ctia hai dudng cao, dé chitng minh dwgc
(KCGF) = (KBED) = -1

Tt tinh chdt dong quy cta hang diém diéu hoa, ta suy ra: GE, DF,BC dong quy tai X. Ta co:
KG.KF = KAKH =KD.KE = GDFE 13 it giac noi tiép. Két hgp hai diéu trén, ta chitng minh
duoc ring: XGXE = XH.XP = GHPE 13 ti¢ gi4c néi tiép (dpcm)

, E(KCGF)=-1 = (XPBC) =-1

ta c6 diéu phai chitng minh.

Ap dung tinh chét ctia hang diém diéu hoa cho AKBC,

Bai 34.
Cho AABC nhon ndi tiép (O) véi I 1a tAm noi tiép tam giac. Puong tron di qua C tiép xiic voi

Al tai I &t AC tai E v cit (0) tai B (E-H #C)
1. Chiétng minh EH di qua trung diém cua Al.

2. Puong tron di qua B tiép xtic vGi Al tai I cat AB tai F va cat (O) tai G(GF ?&B). C

minh rang hai dwong tron (EIF) va (GIH) tiép xtic nhau.

hirng
(Lang Son)

Loi giai
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1. Ta sé chitng minh rang AT ciing la tiép tuyén tai A caa (AHE). That vay,

Bria =Hcr =L 4cB = Bic =Ric- RiH =90° + LHBc- LHcB
2 2 2 . Mit khac

HEC =180° - Hic =90° - %QBC +%QCB —WrH =UEC- BHEC =90° - %QBC- %ECB :%EAC —hH

Vay IA ciing la tiép tuyén cia (AHC). T6i day theo tinh chat phwong tich, néu goi M la giao
diém cta HE va Al thi M la trung diém Al.
2. Ta sé chitng minh AT la dwong néi tam cua (EIF) va (GIH). Goi giao diém thi hai cia AT va
(AEF) 1aJ thi

BJF =180° - BAC,

ma Al lai la phan giac trong goc EAF nén J la trung diém cung EF cta (AEF)
hay JE = JF. Ma
B —ABC+4cB ~1(180° - Bac)
2 2
vau khong phai 1a phan gidc goc EIF nenJy 12 tam (EIF).
Goi Sva T lan lwot la tdam cta (BIG) va (CIH).Vi EF va GH la hai duong doi song

e g B15=90° - BBI =90°-fFM =90° - L HBC - P =90°
nén EFM =GHM T4 ¢ 2



1 1 1 1

EHBC - YEE + MIFE =90° - E!Zlec - EBAC +B6HM =§Q{CB + HoM =MHT + MHG =BHI = sT
la tiép tuyén cta (GIH) tai I. hay tdm cia (GIH) nam trén Al.

Bai 35.

Cho A ABC nhon nbi tiép (0). Cac dudng cao AD,BE, CF cit nhau tai

H(DEBC,ECCAFEAB) v/ 13 trung diem ciia BC. 2 dudg tron (DEF) va (HBC)

citnhautai X vayY
1. Chitng minh AX = AY.
2. Goi R la trung diém cta XY.AR cat HM tai S. Chitng minh t& gidc HDSR ndi tiép.
(Lang Son)

Loi giai

1. Goi Oy 1a tdm duong tron Euler cia AABC, O’ ddi xitng v6i O qua BC. Khi d6 dé chitng
minh dugc O’ 1a tam dwong tron ngoai tiéfp ANHC va AOO’H la hinh binh hanh => A, O,, O’
thang hang. Vay hién nhién AX = AY.

2. Chting t6i xin néu hai cach chithg minh cho cau nay.

AS AH _AH _,  AS 2 _ AS _4

Céch 1: AH.AD =AF.ABy; SO'MO' MO AO0' 3 A0, 3

2 2
O'O;+R2'i O"2+3§ AO§+ZR2

“RO™= = = AR =A0'- RO':ZAOS_ 4

200, 2A0, 2A0,

3R’
3A0 - .

AS.AR==A0,——4 =2A0?- —
3 2A0, 2

9



2
- AO; - R AF.AN =1 AF.AB
4 (N la trung diém AB) nén
2

2A0; - % =AF.AB=AH.AD=>

Cdch 2: Titcau 1 dé thay R, A, 0, Og thing hang. Ap dung tich chit dang phwong cho 4
dwong tron { DBF), (HBC), (HDM), {AFE), ta chitng minh dwgc: FF,XY,BC dong quy tai
K.

Cho HM giao AK tai G, dé chitng minh dwgc rang: AK L HM  tai

G,G€(ABC). = KGKA = KX.KY Béing tinh toan, ta chiing minh duoc:

AX® = AG.AK = ARAS = AH.AD = HDSR |3t giac noi tiép.(dpcm)
Bai 36.
T mot diém M tuy y trong tam giac ABC, cac duwong thang MA, MB, MC lan lugt cat BC,
CA, AB tai 4 BoCi | Ching minh ring
MA  MB,  MC, _,
AA BB, CC,

(Long An)
Hudng dan
MA :SAiMC :SAiMB _ Swusc MB, MC,
AA - Swme Sas Sac . Twong ty véi BB, 3 CCi

Bang bién dai ti so, ta co:
Cong ba ti s6 theo dién tich do sé ra diéu phai chitng minh.

Bai 37.

Cho tam giac nhon ABC khéng can ndi tiép dwdng tron @ tam O. Mot dwong tron @ di qua B,
C cat cac canh AB, AC lan lugt 6 E,F (E,F #4) Puwong tron ngoai ti€p tam giac AEF cat lai

duong tron @ tai K(A#K) . KE, KF lan lugt cat lai dwdng tron co tai O, p (F.Q ;ﬁK). Goi

T la giao diém cta BQ va CP; M, N lan luot la trung diém BF, CE.
1.Chttng minh rang A, O , T thang hang.
2. Chitng minh rang KA 1a tiép tuyén ctia dwong tron ngoai tiép tam giac AMN.

(Nam Binh)

Loi giai



Hoc = HBc = HFE =AcQ = AQ =qC

Ta co:

Mat khac: BKQ = PkCc =B QCP 13 hinh thang can nai tiép (O) => TQ = TC. Tu day suy ra
A, O, T cung nam trén dwong trung trirc doan QC => dpcm.

Bai 38.

A ABC nhon ndi tiép duong tron (O) ngoai tiép dwong tron (I). Goi P 1a trung diém cung BC
khong chita A cda (O), J 1a diém déi xitng voi I qua O. Tiép tuyén tai I cua dwong tron ngoai tiép
ATBC cit BC tai M, H la hinh chiéu ctia M trén OI. Goi D la trung diém BC va K 1a giao
diém thit hai ctia ID v6i duong tron ngoai tiep AODH.
1. Ching minh ring AA JPM vuong 6 J.
2. Chiing minh H, A, K thang hang.

(Nam DPijnh)

Loi giai



1. PQ la dwong kinh (O).Goi giao diém cia AI va BC l1a F.

AMIF ~APAQ=> ML _ PA
Dé chitng minh dwgc tich sau: IF.AP = AI.IP. Ngoai ra thi IF AQ k&t
A—Q =ﬂ = AMIP ~AIAQ
hop hai diéu trén suy ra: 1P MI . Ttr day dé chitng minh béng cong géc: A
MPJ vuong tai P.
MA cat (O) tai T.
2. MA cit (O) tai T.
e Bang cong goc, chitng minh duogc QQJ =90" = QI//AP
e MI* =MB.MC =MT.MA = IT 1 MA.
AQAT ~APIT = 2 =P _Q ) a0y ~aatr = Ryo =R =Amr
. AT IT IT hay

YAI =vA = MA 1 AT .Twr day A, J, P, H, M cung thuc mét duwong tron =>
Ko =Kpo =4py =4HJ hay A, K, H thing hang (dpcm)
Bai 39.

Cho hai dwong tron (O,) va (O>) cat nhau tai A va B. Mgt duwong thang qua B cat hai dwong tron
(01), (Oy) lan Iwgt tai C va D. Goi M la trung diém CD. Puwong thing AM cit (O,) tai diém thi?
hai la K (K va C khac phia so véi AB), cat duwong tron (O,) tai diém th hai P. BDuong thang
(d) qua M vudng goc v6i O; M cat duwong thang AC tai Q va cat duwong thang KB tai R.

1. Goi I,J lan lugt 1a giao diém cuaAB,CK voi duvong thang (d). Chitng minh M la trung diém
1J vaRQ

2. Chitng minh duwong thang PQ di qua mot diém c6 dinh.



(Nghé An)

Hudng dan

1. Hién nhién dung theo dinh 1y con buém.

2. Goi N 1a giao diém thit 2 cia BC v6i (acp)=(0,).

o MBMD =MPMA=MCMN =-MDMN =M 1 trung diém ctia BN.
o MK.MA=MBMC =- MN.MC =- MP.MA = M |3 trung diém ctia PK.
e Xét phép ddi xing v 1K = PB= N.C— D =(0,)— (PND)=(0,)=0,,0,,M

MQ LOO,P. =P _ ’ ‘ '
Ma Q-9 B =huon nén MQ 1a truc ddng phuong cta (O;) va (O,). Xét 3 dg




tron (O1), (03), (O4) ¢6 3 truc dang phwong lan lvgt la AC, MQ, NP nén theo dinh ly vé

tam dang phuwong thi AC, MQ, NP dong quy hay N.P,Q
e Goi T la giao diém tht 2 ctia PQ v&i (O»). Bang bién doi goc ta suy ra BT la tt cta (O;)
tai B => T c6 dinh. Vay PQ di qua diém T c6 dinh.
Bai 40.
AXYZ déu, cic dinh X, Y, Z lan lwgt ndm trén cac canh BC,CA,AB ctia AABC nhon. Chitng
minh tdm duwong tron ni tiép AABC ndm trong AXYZ.

(Nghé An)
Loi giai
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Ta chitng minh réng tdm ndi tiép cia A ABC ndm trong dwdng tron ndi ti€ép A XYZ. Ki hiéu
d(U,WV) l1a khoéang cach giita diém U va duwong thdng WV. O 1a tim dwong tron ndi tiép AXYZ
var, r',R' lan lugt 1a ban kinh duwdng tron ndi tiép tam giac ABC,XYZ va dudng tron ngoai ti€p
tam gidc XYZ. Khi d6 R’ = 2r' va diéu can chitng minh 13Ol =r"
o Néu O =I ta 6 ngay diéu can chitng minh.
o Giast O #I | Pudng tron ndi tiép tam gidc ABC tiép xiic vdi cic canh BC, CA, AB
tai lan lwot la A;,B;,C;. Cac dwong thang IA;,IB;,IC; chia mat phang thang 6 goéc
nhon, moi goc chita mét trong cac diém A;, B;,C; trén bién cta no.



Gia st rang O nam trong goc xac dinh bdi cac dwong thang IA;.IB;. Goi A',B' lan lugt
1a hinh chiéu cta O 1én cac dwong thang IA;, IB;.
Ta co:
OX =R'=>d(0,BC) <R'.
OAY/BC =d.(A,BC) =A'T +r =d(0,BC)<R'=A'l <R'-r.
Mt khac dwong tron ndi tiép A ZYX nim trong AABC, suy ra
r- IB'=BB, =d(0,AC) >r' = IB" <r-r’.
Cudi cing IA"OB’ 13 t¢ gidc nbi tiép, suy ra
WoB <BBT=M4'0+6B <BB +B'T1 =>A'0<BT=A0<BI.
Bai 41.
Cho AABC. Puong tron (O) di qua A va c cit cac canh AB,BC tai K,N. Pudng tron (KBN)
cat dudng tron (ABC) tai B va M. Tinh BMO
(Ninh Binh)
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Goi D la giao diém tht hai cia MK va duwong tron tam O.
e (BM,BN)=(KM,KN) = (CD,CN) => BMIICD.
e (DC,BK) = (AC,AK) = (MC,MB) = (CM, CD) =>MC =MD, ma OC = OD=>
OM 14 trung trugc ciiaCD =>OM LCD =OM LBM = BMC =90° |
Bai 42.



Cho AABC va diém (O) ndm trog A ABC Puong thing d; di qua O song song v6i BC lan luot
cat AB, AC tai J, G. buong thang d. di qua O song song vGi CA lan lwgt cat BC, CA tai F, J.
Puong thang d; di qua O song song véi AB lan lugt cat CA, CB tai H,E. Dyng cac hinh binh

hanh OFAF,OGBH,OIC,J " cp4n0 minh ring céc duong thing AA,,BB;,CC; dong quy.

(Ninh Binh)
Loi giai
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Goi M la giao diém cua AA; va BC, N la giao diém cua BB; va CA, P la giao diém cua CC,
va AB, D la giao ctia AO va BC.
EM _EA _OF _DO

EA //AC =>

° MC AC AC DA Tu’dng tll’
FM _DO _ EM _FM _ MB _FM _FM +MB _FB NC _HC
MB DA _MC MB _MC EM EM+MC EC . Tuong tw, NA GA
AAGT ~AHCE — HC _EC __ NC _EC PA_JA_GJ

R GA GJ NA GJ Tuong tu, PB IB BF Dods
MB NC PA MB NC PA _
= T =l=>——.— ——=-1=>AA,BB,CC,
MC NA PB MC NA PB dong quy.

Bai 43.
Cho tam gidc ABC ngoai tiép (I). Cac canh AB, AC tiép xtc véi (I) tai E, F. Puong thang qua
B song song v6i AC cat EF tai K. CK cat AB tai G. Chitng minh tam gidc AIG vuong.

(Phu Tho)

Loi giai



bata = BC,b = CA, ¢ = AB. Yéu cau dé bai twong dwong voi chitng minh: FK//GI. Goi
giao diém cta AI va EF 1a H. Do KB//AC nén AKBE cantai B => KB = BE. Ap dung dinh
ly Thales va phép bién dbi ti so, ta cé

AB+AC- BC +AB+BC-AC

AE _AE AB _AE AC+KB _ i AC i _(c+b- a)(c+b+a)
AG AB AG AB AC AB ' AC 4bc
Ma ta cé:

AH _cosBAC+1 _b*+c¢?*- a*+2bc

Al 2 4bc
AR _AH L KkF /G
Nén trén suy ra AG Al (dpcm).

Bai 44.

Cho dwong tron (O) va day cung AB. Cac duong tron (O;) va (O,) nam vé mot phia doi voi
dwong thang AB, Tiép xuc voi nhau tai T dong thai tiép xuc trong voi duong tron (O). Tiép
tuyén chung tai T cuaa (0O,), (O,) cat dwong tron (O) tai C (Vi C thudc nita mdt phang bo AB
chita (0), (0)). Chitng minh rang T la tdm dwong tron noi tiép tam giac ABC.

(Phti Tho)

Loi giai



(01), (O,) lan lwgt tiép xic véi (O) tai F, D. Goi giao diém caa FG, HD vé6i (O)1al, I'. Bang
dinh ly Thales, ta dé dang chitng minh dwgc: I =I'1a diém chinh giita cung AB khong chita C.
Ta ciing chitng minh dwgc IA? = IG.IF = IH.ID = IT? = IB? => Tit gidc FGHD ndi tiép.
T day st dung tinh chat tam dang phwong cho 3 duong tron (FGHD), (O,), (O>), ta suy ra
dwgc: I, T, C thang hang. Két hgp vai hé thite trén, ta suy ra dwgc T la tam dudng tron noi ti€p
AABC.

Bai 45.

Cho tam gidc ABC nhon khong can. P la mot diém bat ki trén canh BC va khong trung véi B, C
. Puong tron ngoai tiép tam gidc ABP cat AC tai Y khac A . Twong tw xac dinh Z . Goi B Y cat
CZ tai K. Goi T la hinh chiéu cta A 1én BC, H la tryc tam tam giac ABC, A' la diém doi xing
cua A qua BC.
1. Chitng minh A’, P, K thang hang.
2. Chitng minh khi P di chuyén trén BC , tam duwong tron ngoai tiép tam giac AYZ luon di
chuyén trén mot dwong thang co dinh.

(QudngBinh)

Loi giai



1. Bang bién doi goc don gian suy ra AZKY noi tiép tit d6 PKYC,ZKPB noi tiép tir d6 suy ra

BrA" =UPB =RPC gy ra dpem.

2. BN, CM la cac duong cao cia tam giac ABC. Trung tuyén At ctia tam giac ABC giao (AH)
tai I. Ta c6 hai tam gidc ZIM,M1Y dong dang suy ra MIN = ZIY suy ra I thudc (AYZ) do do
SI' vuong goc Al (S latam (AYZ), I’ la trung diém AH). Ta c6 dpcm.

Bai 46.

Cho dwong tron (O) va day cung BC khac duwong kinh. Diém A di dong trén cung 16n BC sao

cho tam gidc ABC khong can tai A. Goi M la giao diém cua hai tiép tuyén voi (O) tai B va C,

AM cat (O) tai D khac A. Dung duong kinh DE cua (O). Cac dwong thang BD, CE cat nhau tai

X, cac duwong thang BE, CD cat nhau tai Y.

1. Chitng minh rang MX = MY.

2. Goi N la giao diém cua AE va XY. Ching minh rang N nam trén mdt duong thang co dinh.
(Qudng Nam)

Loi giai



Buc =Bvc = Bxc

1. Bang tinh géc, ta chitng minh dwgc: 2 . Ma ABMC can => M la tdm
dwong tron (YBCX) c6 duong kinh XY => MX = MY.

2. Lay F doi xitng voi D qua M. Ta chithg minh duogc: EAF =ByF =HXF =90°
=> EAYX noi tiép.
Ap dung tinh chat tam déng phuong cho ba duwong tron (0), (AEXY), (YBCX), ta suy ra dwoc:
N thudc duong thang BC
Vay N luon chay trén duwong thang BC c6 dinh khi A di chuyén trén cung BC khong chita A ctia
(0).
Bai 47.
A ABC ndi tiép duong tron (O;R), D 1a diém di chuyén trén cung BC khong chita A (D khong
trung B, C).
1. Goi E, F lan luot la giao diém cua cac dwong thang AD va BC, AB va CD. Goi P la trung
diém EF, M la diém do6i xitng v4i B qua P. Chitng minh duwong thang DM ludn di qua mot
diém co dinh.
2. Goi H, I, K lan lugt 1a chan dwong vudéng goc ké tv D dén cac canh BC, CA, AB.

AB AC BC

+ +

Cho BC =RV3 _ Tim GTNN cia tong DK DI DH

(Qudng Ngdai)
Loi giai



1. Goi K',J lan lugt la trung diem BD, AC. Lay H' doi xitng v6i J qua BC thi H' c6 dinh.

Ta chttng minh: MD di qua H' c6 dinh. Ap dung tinh chét dwdng thing Gauss cho i giac toan
phan BEFD véi P, K', J lan lugt trung diém FE, BD, AC => P, K', J thang hang.

Twr day ap dung tinh chat dwong trung binh, ta suy ra dwgc MD di qua H'.

2. Goi tong can tim GTNN la T. Ta chitng minh dugc:

DH.DA = DI.DB = DK.DC =T ZZ.%.

R

DH <—= T >4+/3
Dong thoi, do BC =RV3 , nén ta cling chitng minh dwoc: 2 v3
Bai 48.
Cho AABC nhon ko can tai A néi tiép (O) . Goi M 1a trung diém ctia BC. 2 tiép tuyén tai B va c
cta (O) cat nhau tai P. Goi D, E lan lugt 1a hinh chiéu vuong géc ciaB va C lén AP, Q la
giao diém ctia AP va BC. PBuong tron (CQD) va (BQE) lan luot cat (O) tai difm thit 2 1a K, L.
1. Chitng minh MkC = MLB.
2. Ké duong kinh AT cua (O). Gia st cac duong thang TB, TC, AK, AL doi 1 cat nhau tai 4
diém phan biét. Chitng minh rang 4 giao diém nay la 4 dinh cua 1 t¥ giac noi tiép.

(Qudng Ninh)

Loi giai

1. Ta co: €DK =BCK =PBK = 1, gidc DBPK ndi tiép. Ma tit gidc BDMP ndi tiép nén B,
D, M, K, P cung thugc mot duwong tron. Khi do
Mxc =Bkc- BkMm = 180° - Bpm - PBM = 90° WLB =90° = MKC =MILB = 90°



Mkc =Bkc- Bkm = 180° - BPM - BBM = 90" _ Ghing minh twong t,

WLB =90° = MKC =MLB = 90°.

2. Xét phép doi xitng truc MP, thdy dwgc L, K d6i xitng v6i nhau qua duong thang MP =>
BLKC la hinh thang can.

Goi X, Y lan luwgt 1a giao diém ctia TB vGi AK, AL; Z, W lan lugt 1a giao diém cua TC véi AL,

AK. Khi d6 bing bién déi géc, chitng minh dwgc Ryz =%WT = 14 gidc XYZW noi tiép.
Bai 49.
Cho AABC nhon ndi tiép (O) (AB < AC), tryc tim H. Lay diém T trén (O) sao cho AT ||BC .
Gia sit AH cat (O) tai K, TH cat (O) tai D trén cung nhé BC. Goi I 1a trung diém cta HT.
1. Chtéing minh 5 diém A, L, O, K, D cung thudc 1 duong tron.
2. Goi P la giao diém thit 2 cia AO véi (O). Buong thang qua H song song véi BC cat PD tai
X. Chttng minh rang XA la tiép tuyén cua (O).
(Qudng Ninh)
Loi giai

.
o W

0
.

1. Goi S 1a giao diém ctia AH véi (O). Vi AT L BC ngnsuyra SAT =90°, 45465, 0, T
thang hang. Theo tinh chat doi xitng quen thugc ctia tryc tam ta c6 KS = KH.
e HD.HT = HA.HS => HD.HL = HA.HK =>Tt gidc ALKD nJi tiép.
e Dé chitng minh dvgc ALOK la hinh thang. Vi AL la trung tuyén tam giac vuéng AHT
nen HAL =MHL =HKO = ALOK 13 piph thang can => ALOK noi tiép dwong tron.
2. Goi E, F la giao cia XH v6i AC, AB; I, J la giao cia BH, CH v6i (O). Goi P’ la giao ctia

AC,ACB =WHI,BAH =€A0 , Nén ta co:

AL e <Sien =fcm =S <o o +Eao =22 B

IE véi (O). Dé thdy H, I d6i xitng qua

ttclaP =P'  hay P, E, I thing hang.



Tuwong tw, suy ra J, F, P thang hang. Do do,

Brr =M *IA e ol —180°- 2.4
2 (4.12)
Bpr _Br _Hc =UBc =HFE
Mit khéc, dé thdy 22 , suy ra BDHF noi tiép, twgng tw CDHE
noi tiép. Suy ra
Epr =EpH + FpH =Fcu + FBH =180°- 24 (4.13)

Tw (4.12) va (4.13) suyra EPF = EDF, tic t& gidc EFDH noi tiép.
Vi EF//BC, nén (AEF) tiép xtc véi (O) tai A. Xét ba dwong tron (AEF), (O), (EFDP) c6 ba
truc dang phuong la: tiép tuyén tai A caa (O),EF,PD. Vay X la tam dang phuong nghia la XA la
tiép tuyén cta (O).
Bai 50.
Cho t¥ gidc ABCD noi tiép duong tron (O). Goi I 1a giao diém AC va BD, H va K lan lugt 1a truc
tdm ctia A JAD va AIBC. M va N 1an lugt 1a trung diém AB va CD; P va Q 1an lwot 1a chan
dwong vuong goc ké tir I dén BC va AD.
1. Chitng minh HK L MN.
2. Chitng minh MN di qua trung diém PQ.

(Quang Tri)

Loi giai



IA=JQ ZE,JM :E DEE :Q QJM :@IP
Goi J 1a trung diém 2 2 JMIB IP Mitkhac, ,

do @IA = PB = APIQ~APIM py, do, theo phép vi tu quay, AQJI ~ AQMP , ma

AQ JI can tai J nén A QMP can tai M. Chiing minh twong ti, A QNP cén tai N, suy ra
dpcm.
Bai 51.

Cho tam gidc ABC noi tiép duwong tron (O). Puong tron (O") tiép xuc véi hai canh AB, AC theo
tht ty tai P.Q va tiép xuc trong va6i (O) tai S. Hai dwong thang SP.SQ cat lai (O) theo thi? ty tai
M, N. Goi E, D, F theo tht ty 1a hinh chiéu vudng goc ctia s trén cac dwong thang AM, MN, AN.
1. Chitng minh SM.AN = SN.AM.

2. Chitng minh DE = DF.

(Quang Tri)



Loi giai

1. Goi I la tam (SPQ)
S_P :2 :& = PQ//MN.
e SM SO SN
e Tiép tuyén tai M, N cat nhau tai T. Ta c6

Risv = 180°- Mon = Bag =2 =12 _Sl 450
OoT ON SO thing hang => AMSN 1a tit

giac diéu hoa.
2.
DE _SM.sinAMN _AN.sinAMN

DF  SN.sinANM AM.sin ANM

DE =SM .sin PSE =SM .sin AMN, DF =SN .BSF =SN.sin ANM = 1

Bai 52.

Cho dwong tron (O) c6 hai duwong kinh AB va CD. Tiép tuyén véi duong tron (O) tai B cat AC tai
p. Goi G la giao diém thi¢ hai ctia dwong thang DP véi (O), I 1a trung diém AP. Chitng minh
rang:

1. O, B,C, I cung thudoc mot dwdng tron.



3. AG, BC, OP dong quy.

(Thdi Binh)
Loi giai
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1. OI//BP = foB =6BP =90 Ma Bcr =90". nén O,B,C,I cung nam trén dwong tron
dwong kinh BI.
2. Goi I' 1a trung diém cta PC. Ta c6 OI'//DP nén €or'=€DG  wia

€nG :@AG’@OI' =FoG = =>1’, A, O, G nam trén mot dwong tron () .

—_ 1 —_ —_
_ _ P =PI.PC =—PAPI' =PAPI'=P, ,=>
Dé y rang Forir =Forten =0 , hon nira P 2 pen

(0) . (@)

OP la truc dang phuwong cta va . Lai ¢6 AG 1a truc dang phuwong cta hai duwong tron

. () (w)

(C)va , BC la truc dang phuong ctia hai dwong tron (C) va nén ba duong thang
AG,BC, OP dbng qui tai S 1a tim ding phuong cia ba dudng tron (C), (@) 5 (@)
Bai 53.

Cho tam gidc ABC nhon, c6 AC > AB. Goi D la hinh chiéu cia A trén BC va E la hinh chiéu cta
D trén AC. xét diém F trén doan DE. Chitng minh rang

AF 1 BF < EF.EC =BD.DE
(Thdi Nguyén)

Loi giai



Ta ching minh dugc AF LFB < 6 T¢ gidc AFDB néi tiép

EA _EF _ ED _AE _EF

AD BD EC ED BD (Do hé thitc lugng cia AADC v6i dwong
cao DE & EF.EC =BD.DE

< AAEF ~ AADB <

Bai 54.

Cho tam gidc ABC khong can tai A Goi D, E, F 1an luot 14 tiép diém ctia dudng tron ndi tiép A
A ABC v6i BC, CA, AB. Budng tron ngoai tiép A ABC cit duong thing EF tai P va Q. Goi M 1a
trung diém BC, O; va O, lan luot la tdm dudng tron ngoai ti€p cac tam gidc IAB va IAC.
1. Chitng minh rang D, P, Q, M nam trén mot duong tron.
2. Chitng minh réng tdm dwong tron ngoai tiép A DPQ nim trén dudng thing 0,0,
(Thanh Hod)

Ldi giai

1. Kéo dai MN cat BC tai J. Dé chitng minh (JDBC) = -1, tir d6 két hgp voi hé thitc Maclaurin
suy ra JD.JG = JM.JN va ta c6 dpcm.



2. OH cat (O) tai P suy ra PH = ID, ma PH // ID nén PHID la hinh binh hanh, suy ra trung diém
L cta DH ciing la trung diém L cuda PL

Mt khac dé chitng minh géc IAP vudng (dwa vao tinh chat Al cat (O) tai diém chinh giita cung
BC) nén dé suy ra APNM la hinh thang can.

L thudc trung tree cia AP nén L cling thudc duwong trung tryc cia MN, ma L cling la dwong trung
tryc ctia DG (dé ching minh), do d6 L =K hay K,D,H thing hang (dpcm)

Bai 55.

A ABC nhon ndi tiép duong tron (O) c6 AB < AC. Goi D, E lan lugt 1a trung diém AB, AC. Céc
duwong tron ngoai tiép A ABE va A ACD cét nhau tai K khac A. Puong thdng LB cit dudng tron
ngoai tiép A ABE tai diém thit hai M, dwong thing LC cit duong tron ngoai tiép ACD tai diém
thit hai N.

1. Chitng minh M, K, L thing hang va MN 1 OL

2. Chitng minh K 1a trung diém MN.

(Vinh Phiic)
Loi giai
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1. Goi G la giao cta BE va CD. T giac ABLC ndi tiép nén
UkN = 180° - Uy =UBL =180° - UBM =180°- HkM = M,K,N thang hang.

o T gidc AKNC va AKBM ndi tiép nén LN.LC = LK.LA = LB.LM => T( gidc MBNC ndi
tiép = EBL =M

e Goi P la giao diém cua OL va MN. Ta c6
BLN =BLc =90° - EOTC =90° - HBC =90° - MINL = OL 1 MN

2. Ap dung dinh ly Miquel cho ti¥ giac toan phan ADGEBC ta dugc K 1a diém chung ctia hai
dwong tron [BDG) va (CEG). Tt d6 dé thdy hai tam gidc BKD va EKC dong dang.



AB _BD _KB _sinBAK _sinBAL _LB
« AC CE KE sinBAK sin€AL LC Ty gisc ABLC dibu hoa => LA la

dwdng di trung cua ALBC
o Vi ALBC ~ ALNM pgp dwong déi trung cia ALBC 13 dudng trung tuyén cia A LNM,
tirc 1a LA di qua trung diém cia MN hay K la trung diém MN.
Bai 56.
A ABC nhon ndi tiép duong tron (O), P ndm trong A ABC nam trén duwong phan giac trong géc
BAC _ Goi KL Ian luot 1a giao diém khac P ciia BP véii (APQ), CP véi (APB). Goi E,F lan luot

la giao diém cua cac phan giac trong goc ABc K voi (0O). cac duong thang AE, AF cat
(APQ), (APB) lan luot tai M, N khac A. Chitng minh K, L, M, N cung thudc mét dwong tron.
(Vinh Phiic)

Goi Y, Z 1an lugt 1a giao diém cta (APC) véi CF, (APB) vé6i BE, I 1a tim ndi tiép A ABC.
o WzB =NaB =PEB = Nz //EF . Twong tw YM // EF.
e Do A,P, I thang hang nén I nam trén truc dang phwong cta (APB) va (APC) =>
IY.IC = IZ.IB => Tt giac BZYC noi tiép = fzy =¥cB =FEZ = Y7/ /EF vay

B, Z, Y, C thing hang. Mt khac, BLC =BAP =EAP = KB = T gidc BLKC noi

Fxv =FkB + Bkv =BcB + PAE =BcB +BA_C + Asc
tigp = EKB =ECB Ty 46 2 2
Envm =8pc =%pr + tpc =8BA+PAc +Bca =—QB €. Bac +Bca
Laico 2 2 . Do do

LKM + LNM = BAC + HBC + HCB =180" = T¢ gisc LKMN néi tiép.



CHU DE 6: PHUONG TRINH VA HE PHUONG
TRINH

Bail.
Giai hé phuong trinh:
X -y +6y° +2(x- 7y)+12 =0

e (x,yeR)
3- x+4y- 3 =x’+y*-10x- 5y +22
(Bén Tre)
Loi giai
DPiéu kién x4c dinh: X =3 =Y
Phuong trinh dau c6 thé dugc viét lai thanh:

X +2x=y*- 6y* +1dy-12 & x> +2x =(y- 2) +2(y- 2)

—3
bé y ham f@=+2 dong bién trén R nén suy rax =y — 2.
Thay vao phuong trinh sau r6i thu gon, ta dugc :

\/ﬂ+\/ﬁ =2y*-19y+46(3 <y <5)
Trr 2 ¢ ca hai vé:
11
Jy-3+1 5-y+1

(y-4) =(y- 4)(Q2y-11)
Néu Y #4 thi:
1 i 1

\/y- 3+1 \/5- y+1
DE y trén [3,5] vé trai 1a ham nghich bién nén né khong nhé hon =2+ V2 (dat dugc khiy = 5.
Lai dé y trén cung doan thi vé phai lam ham dong bién nén khong 16n hon
25-11=-1<-2++/2
Vay phuong trinh ¢6 duy nhéat nghifmy =4, x=4-2=2.
Nhan xét 28. Mdau chét bai todn trén la viéc st dung bo dé: Cho ham. s6 f kha vi va don diéu
u,veD: fw=f(WV)eu =v

=2y-11

trén D. Khi dé véi . Két qua trén dugc vdn dung dé gidi quyét
phuong trinh dau. Ta chuyén hai bién vé hai vé, gii? Iai vé co cdu tric don gian hon (cu thé bai
nay la vé trdi) va sau dé dung bién doi dai s6 dé dua vé con lgi vé cdu tric nay.

Bai 2.
Giai hé phuwong trinh:



6x(x-1)+y(y- 4x- 1):2[(x+1)\/x2 +y- l}

(x,yeR)
2+131x i SXJ

2% +5* :13% +44]og,

(Bac Ninh)
Loi giai
131x

x*+y>0,5" <2+
Diéu kién xac dinh:
Khi d6 theo bat dang thitc AM-GM:

(x+1Y + (X +y)=2(x+1)x* +y
Suy ra:
6x(x+1)+y(y- 4x- 1) <(x+1) +x*

o (2x- y+1)2 <0

Vay y = 2x + 1. Thay vao phuong trinh sau, ta dwoc:

5, 1B

f(x)=2"+5" +§- 2- 44log,

SX] =0

131x

g(x)=2"+5" +§- 2:h(x)=In| 2+

5|
bat thi khi dé:

_ _ AL
f(x)=g(x) 1r12h()

p&y I ()>0,h"()=0 nghiém, tic f(x) = 0 c6 khong qua hai nghiém phan biét. Lai c6
f(0) =f (3) = 0 nén két luan nghiém hé da cho: (x,y)= (0,1);(3,7)

Nhan xét 29 Bai todn trén c6 hai y:

1. Khai thdc phuong trinh dau dé c6 y = 2x + 1. Buwdc nay can van dung bat ddang thirc khéo léo
dékhir cdn va ép dugc mét binh phurong khéng duong.

2. Thay vao phuong trinh sau va gidgi. Budc nay van khéng hé don gidan khi c6 xudt hién ca ham
mii va ham logarit. Ta da van dung hé qua dinh ly Rolle:

Bo dé 11 (Pinh lyRolle) Cho ham s6 f(x) kha vi n lan trén mién xdc dinh ctia né. Khi dé néu

) _
phuong trinh () =0 co to6i da k nghiém thuc phdn biét thi phuong trinh f(x) = 0 c6 khéng

qud k + n nghiém thuc phan biét.
Hé qua trén t6 ra khd hiéu qud véi cdc bai phuong trinh phitc tap ma ta da nham dugc nghiém.
Khi dé ta sé khdo sdat dao ham cap phu hop dé gidi han sé nghiém phuong trinh ban dau.

Bai 3.
1. Giai phuong trinh
V2X7 - 2x+ 4 5K + 4+ X2 - Tx+1=0
2. Gidi hé phuong trinh
J2x+y +x+4y =5

JX+4y +2x-y =3




(Ha Noi)
Loi giai
1. D& ¥ tir vé tri phuong trinh da cho khong nhé hon 2+X* = 7X+1 nan suy ra:
x?-7x+3<0
Vay x > 0.
Viét lai phwong trinh da cho:

{x/2x2 - 2x+4- (x+1)] +[\/5x2 +4- (2x+1)} +Xx°- 7x+1+3x+2 =0

1 1

+ =0
V2X2- 2x+4+x+1 J5x* +4 +2x+1

o (x*- 4x+3) +1

Lai do

L + ! +1=0(x>0)

V2XxP - 2x+4+x+1 A5x*+4+2x+1

Nén phuong trinh trén twong duong X' - 4x+3=9 , ttc x = 1, x = 3. D6 cling 1a nghiém phuong
trinh da cho.

2. Pidu kién xac dinh; 2X *Y =0, x+4y =0
Diit \J2x+y =a =0,{/x+4y =b >0

Khi dé
. :4a2 - b’ y :2b2 - a’
7 7
Hé da cho duogc viét lai:
a+b=5
- 9a’ -74b2 _3

Thay phuwong trinh dau vao phuong trinh sau, ta dugc:
9(5- b) - 4b?
+ 7 =3

b:@,bZB a=£,a =2

Giai dugc cac nghiém 5 lan lwgt twong tng 5

Keét hgp diéu kién, chi chon (a,b) =(2,3).

Suy ra nghiém cua hé (x,y) = (1,2)

Nhan xét 30 Cdau 3.2 da duoc xir Ii bdng cdch ddt dn la cdn thire. Cdch nay gitip ta khit cdn, va
thdt may mdn la hé véi Gn mdi gom cdc phuong trinh c6 bdc khong qud 16n, va phép thé gitp

gidi quyét gon gang.

b

Bai4.
Giai hé phuwong trinh
Jy-3x+4+ [y +5x+4 =4

5y +3-/7x- 2 =2x-1- 4y

(Hoa Binh)



Loi giai
Diéu kién xac dinh:
X =—
7
>23
V=75
y-3x+42>0

y+5x+4 =0

Theo diéu kién xac dinh, x > 0 nén \/y- 3+4 <\/y+5x+4
Thyc hién nhan lién hgp v6i phuong trinh dau, ta ¢6 :
8x

Jy+5x+4- \Jy-3x+4 B
o \/y+5x+4- \/y- 3x+4 =2x

= 1/y+5x+4 =x+2

© y=x’-x
Thay vao phuong trinh sau, ta dugc:

J5x% - 5x+3- J7x- 2 =2x- 1- 4(x* - x)
o \J5x*- 5x+3-/7x- 2 =-4x* +6x- 1
o [\/SXZ- 5x+3- (x+1)] +(2x- V7x- 2) = (4x* - 7x+2)

1 1

+
Jox sxeaeneD) | 20 Tx-2

4

o (4x- 7x+2) +1| =0

X =—
bé y vai diéu kién 7 thi mdi s6 hang trong thira s6 thit hai déu dwong nén déang thirc trén
twong duong:

4%* - 7x+2 =0
Hay
N :7+\/ﬁ
8
X =7_ \/ﬁ
8

7+\/ﬁ 5+3\/E

8 32

b

7-J17 5-3@]

2
Tir d6 két luan bo (x,y) 1a nghiém ctia hé 1a : 8 3

Nhan xét 31 Bai gidi trén c6 hai y:

1. Nhan lién hop détim ra méi quan hé hai bién. Y tuéng khd ré rang khi dé y hai cdn thifc c6
cung hé so6 cua y va hé sé tu do.

Nhan lién hgp tim nghiém & phuong trinh sau.



Khi nhdm nghiém, nhdn thdy phuong trinh sau nhiéu kha nang khéng c6 nghiém “dep” (nguyén
hay hitu ti) nén ta nghi tdi kha ndng co6 nghiém vé ti, titc nhdn lién hop véi mot biéu thirc dé xudt
hién ham bdc hai lam thira s6 chung. Goi ax+b,cx + d lan lugt la cdc ham dwgc nhan lién hop
v0i hai s6 hang 6 vé trdi. Khi do, ta thu dugc cdc ham bdc hai:

5x> - 5x+3- (ax+b)’

(cx+d) - (7x-2)

-4x* +6x- 1+(cx+d)- (ax+b)
Cho cdc ham nay bdng nhau (hodc déi nhau) détim dugca=b=1,c=2,d=0.
Bai5.
Gidi phuong trinh trén tap so thuc

(x- DVx-2-1_2+Qx- 4)Jx-2

J4- x+x-5 x-1

(Khanh Hoa)
Loi giai
Pigu kién xdc dinh: X =2 X #LV4- x+x-5#0 ghi 45 phwong trinh twong dwong:
(x- DVx-2- 2dx-2-1 2| (x- 2)Wx-2-1]
N4- x+x-5 x-1
(Vx-2+1)(x-3- Vx- 2) 2(Vx-2+1)(x-1- Vx- 2)
(=1 =
Vv4- x+x-5 x-1
v 3o Jaog 2(x-1-Vx-2)
= =
Jd- x+x-5 x-1
Bé6t 1 & hai vé:
2-x-2-+4-x x-1-2Vx-2

J4- x+x-5 x-1

(Vx-2-1) .

bé y vé phai khong am (do x-1 )
Ta chitng minh vé trai khong dwong.

That vay, theo bat dang thitc Cauchy-Schwarz:
Nx-2+44- x S\/Z(x- 2+4-x) =2

Nén t s6 khong am.

2
>0
2 4 ~ kd N
,titc @ +1>a _Ap dung két qua nay, ta

1
a’-a+l>|a-=
Lai dé y v&i moi so thuc a,
co:

V4- x+x<4- x+1+x =5
nén mau so luén am.



Vay dang thirc xay ra giita hai vé khi va chi khi:
x-2=4-Xx
Ja-x =1
(Vx-2-1) =0

Tic x = 3.

Vay phuong trinh c6 nghiém duy nhat x = 3.

Nhan xét 32. Mdu chét bai todn la phan tich nhdn tir dugc ti s6 & hai vé, sau do la phép thém
bét phu hgp dé dé danh gid.

Bai 6.

Giai hé phuong trinh

x+ x(x* +3x+3) =3y +a+[y+3-1=

(Khanh Hoa)
Loi giai
>-1y=-3 >+3x+3)=0,x" +18x+18 >0
Biéukiénxécdinh:x 4 ’X(X Tox ) X T IOXE
Phuong trinh dau twong dwong:

g/(x3+3x2 +3x)+1 4V 3% +3x =3y +4 + [y +3

3/.2 .
Pé yham VO + 1+t dong bién trén (0; +0) nén dang thirc trén cho ta:
Vx®+3x* +3x =y +3

_ 3
y+4=(x+1) ,x>0 (do Y =3)

Ttrc
Thay vao phwong trinh sau, ta co:

7@ :x+2+\/m

= 7Jx+1- (x+2) =/x* +18x +18

= 49(x +1)+(x+2) - 14(x +2)JVx +1 =x* +18x +18
=>35x+35 =14(x +2)Vx +1

= 25(x +1)2 :4(x+2)2 (x+1)

= (x+1)(4x? - 9x- 9) =0

= (x+1)(x- 3)(4x+3) =0

Thtt lai, chon nghiém x = 3 ( khi d6 y = 60)

Keét luan: (x,y) = (3,60).

Nhan xét 33 Mot lan nita, dang f(u) = f(v) da thé hién vai tro trong cdch khai thdc phuong trinh
dau.

Bai 7.



Giai hé phuvong trinh

(x+Dy* +y+2+(y- DVx* +x+1 =x+y
(P +x)fx- y+3 =2x" +x+y+1

(Lao Cai)
Lai giai
Piéu kién xc dinh : X =Y~ 3

Viét lai phwong trinh thi¢ hai dwdi dang:
G +x)(x- y+3 =2x +2x- (x- y- 1)
x-y-1
X Yy+3+2
VX HX+2+x- y+3 ~0
g \X-y+3
1) X*+Xx+2+(x- y+3

X*+x+2>|x-=| =0 >0
béy nén VX- y+3 ,suyray=x-1
Thay vao phuong trinh dau tién, ta c6 :

(x+DVx? - x+2+(x- 2)Vx* +x+1=2x-1
o Qx- DVR - x+2+(x- (Va2 +x- 1- Jx?- x+2) =2x- 1

o Qx- DVx2- x+2+(x- 2) 2x-1 =2x-1
VX +x+1+x% - x+2

=1 VXP - x+2+ x- 2 =1
Vay 2 hoic VX +x 414X - x+2
Truong hgp sau twong duwong:

\/(xz- x+2) (2 +x+1)+x7 - x+2+x- 2 =X #x+1+x2 - x+2

®(X2+X) +(x-y-1):0

o (x-y-1

a’+b*-3
Pt @ VX +x+1L,b =vx*- x+2 44 x 5
bang thitc trén tré thanh:
ab+M:a+b
2
o (a+b) - 2(a+b)-3=0
Laido @+b 20 pgpsuyra a+b =3, tdc:
X+ x+1+4x - x+2 =3

VxP+x+1-

= +

1 4
—X+—
3




o (Bx- 7)(x+1) 1 + 1 =0

\/x2+x+1+1x+ﬂ VXP - x+2- RS
3 3 3
(5.1)
béy:
X2 +x+1 :\/Ex2 +1(x+2)3 Z£|x| >1.(- x)
4 4 2 3
= x2+x+1+1x+£>0
3 3
Va
I x+2 >+/x% - x+1 z\/éx2+l(x- 2) 2£|x|>1x
4 4 2 3
> x+2- Lx4250
3 3
7 -1
X =— y:_
Nén (5.1) chotax =-1 (khidéy=-2)hoic 8 (khidé 8)
el
Keét luan: Cac bd (x,y) can tim: 8 8

Nhan xét 34 Khai thdc phuong trinh dau khong hé dé vi né khéng co dang f(u) = f(v). Khi do, ta
c6 thé cho mét bién nhdn gid tri ddc hiét, roi gidi ra gid tri bién con lai. Muc dich la dé “tién
dodn” quan hé hai bién, va roi y tuwéng phdn tich nhdn i tré nén ro rang.
Bai 8.
Giai hé phuwong trinh:

{yP’ +4x°y +3xy’ =x° +3x° +4x*

VxX*+3+.3y+1 =4

(Ninh Binh)
Loi giai
>-1
Diéu kién xac dinh: 3
e Neéux =0, thay vao phwong trinh dau tim dwgc y = 0. Nhung cap s6 nay khong thoa
phuong trinh sau.
e Néu X #0 | phwong trinh diu tién twong dwong

(y- xz)(y2 +(x? +3x)y+x4 +3x3+4x2):0

=y? +(x? +3x) y + x* +3x% +4x?

Xét f»)=y (x x)y XTI tam thie bac hai theo bién y, c6:
A:(x2 +3x)2 -a(x* +3x° +4x%) =- x*(3x2 +6x+7) <0

Vay: f(y) > 0

Titc phwong trinh dau cho ta:



y =x*
Thay vao phuong trinh sau:

Jy+3+.3y+1=4

vé trai la ham dong bién theo y nén phwong trinh trén c6 t6i da mot nghiém. Lai c6 y = 1 théa
dang thirc trén nén no6 chinh la nghiém duy nhat phwong trinh. Két luan: (x,y) = (1,1).

Nhan xét 35 Ddnh gid téng quan hé s6 tuong itng tirng hang tr 6 hai vé la quan trong dé nhdn
ra moi tuong quan hai bién dugc “che giau” trong phuong trinh dau.

Bai9.
1. Gidi phuong trinh
NX+3++/3x+1 :2\/; +/2x+2
2. Giai hé phuong trinh
X +y =2(x* +1)
2y* +2 =2(2)% +1)
328 +x =2(322 +1)
(Quang Tri)

Loi giai
1. Piéu kién x4c dinh: X =0
Phwong trinh da cho dwoc viét lai thanh :

Jx+3+3x+1 =/ax +/2x +2
o (Vax- 3x+1)+(V2x+2 - Jx+3) =0
1 . 1 0
Vax +\3x+1  2x+2 +x+3
1 N 1 >0
Laido VAX +\3x+1 2x+2+Vx+3  any=1

e (x-1)

Két luan: S :{ 1}
2. Viét lai hé da cho duéi dang:

y-2=x*(2- x)

z-2=2y"(2- y)

x-2=32"(2- z)
Néu trong ba bién c6 magt bién bang 2 thi tir hé trén suy ra cac bién con lai cling bang 2.

2 2 2 __

Néu ca ba bién déu khéc 2, nhan vé theo vé ba phwong trinh roi thu gon, ta dwoc: X 2y.3z7 =-1
RO rang phwong trinh trén v6 nghiém trén R
Két luan nghiém cta hé (x,y,z) = (2,2,2).

Bai 10.
Gidi bat phuong trinh



2(1- x)Vx?+2x-1<x*-2x-1

Lai giai

(Thai Nguyén)

xZ\/E-l
xs—(\/z+1)

biéu kién xac dinh: bat A la vé tréi, B la vé phai.
bé y dang thirc:

A- B :(\/x2 +2x-1- 2)(\/x2 +2x- 1+2x)
Néu x>2-1 tach VX' +2x-1+42x>0

Khi d6 bat phuong trinh da cho twong duwong:
X +2x-124 , hay suy ra X >/6 - L

X <- (\/§+1)

2
Néu ,d8 v khide VX +2X-1+2x<0 (yyong dugng 3% - 2X+1>0 hijgn
nhién ding), nén bat phwong trinh da cho twong duon X +2x-1<4 g , hay suy ra:

- (\/€+1)5x =<- (\/§+1)

Bai toan dugc gidi quyét xong.

Nhan xét 36 Huwrdng suy nghi dau tién xudt hién la binh phuong hai vé khir can. Tuy nhién, viéc
mo ho vé ddu khién viéc binh phuong nay dan dén viéc xét nhiéu truong hop. Nhw bai 7, ta lai
phdi dé y méi quan hé giira cdc biéu thifc trong va ngodi cdn, dé ttr dé c6 dugc phdn tich nhan
tir “dep mat” va viéc xét ddu tré nén nhe nhang hon.

Bai 11.

Giai hé phuong trinh

2y° +y +2x4/1- x =3/1- x

(x,yeR)
\9- 4y° =2x* +6y°- 7
(Thai Nguyén)
Loi giai
x <1,y <
Diéu kién xéc dinh: 4

Phwong trinh dau twong dwong.

2y° +y :2(\/1- x)3 +4/1- x

=2¢3 - - P
Dé y ham f@)=20+t dong bién trén nén suy ra ¥ ~ 1- x ,ticela Y =1-x . Thay vao
phuong trinh sau, ta duoc:

Vax+5 =2x*- 6x-1
2
o 4x+5=(2x*- 6x-1)
= (x2 - 2x- 1)(x2 - 4x+1) =0



_x:1+\/§
x=1- 2
x:2+\/§
| x =2- \/5

Vay:
(X’ ): 1_ \/EJQ/E , 2' \/§’é/§
bai chiéu diéu kién xac dinh, suy ra tap nghiém: Y ( ) ( )
Bai 12

Giai hé phuvong trinh

2x* +7x+3+x+1 =y* +2y- xy+./y- x

(x,y€R)
3\/6+x- y+3\/3x+y- 5=y+6

(Vinh Phic)
Loi giai
Piéu kién xc dinh: 8 X =y =x=-1y =5- 3x.

Viét lai phwong trinh dau duéi dang:

{(ZXZ +7x+3)- (y2 +2y- xy)] + [JE- \/y——x] =0

o (2x+1- y)(y+x+3)+(2x+1- y).

1
=0
Nx+1+y-x

1

>0
Tir didu kién xdc dinh,¥ =X =" 1 nany + x +3> 0. Kéthgp véi VXT1FVY =X qwra
dang thic trén chotay = 2x + 1.
Thay vao phuong trinh sau, ta dwoc:

4
—<x=5
35~ x +3v5x- 4 =2x+7 ( giay kin 5 )

9[5- x+5x- 4+2./G- x)Gx- 4)} —4x2 +28x +49
< 18./(5- x)(5Gx- 4) =4x*- 8x+40
= 9./(5- x)(5x- 4) =2x* - 4x+20

= 81(5- x)(x- 4)=(2x* - 4x+20)

o (x- 1)(x- 4)(4x* +4x +505) =0

f<x$5

P&y khi ° thi 4x” +4x+505>0 pap suy ra phwong trinh trén c6 nghiém x = 1, x = 4
twong @ng lan lwot y = 3, x= 4 twong tng lan lwgty =3,y = 9.

Keét luan: Nghiém (x,y) cua hé phuwong trinh la (1,3), (4,9).

Nhan xét 37. Can mét sw nhay cdm dé phdt hién méi quan hé giira hai bién rtt ra tw phuong
trinh dau. Ta c6 thé du dodn khi cho hai cdn thitc bang nhau dé tim moi quan hé, va kiém tra lgi



moi quan hé do trong ca phuong trinh, tir do c6 cdch nhdn lién hop nhu trén. Phan con lgi tré
nén don gian.

CHU DPE 7. SO HOC

1. Giai phuong trinh nghiém nguyén dwong (a, p, n) trong do6 p la mot s6 nguyén to théda man
a> ((12 +1) —5" (5n+1 _ p3)

2. Mot s6 nguyén dwong " =2 dugc goi 12 t6t néu véi moi 2 <K <N thi n ¢6 dang

N=0+0+.* 0 rons d6 (n,a,)=1

nho hon 2016.

vacacss 9 1a nguyén dwong. Tinh tong tat ca cac so tot

(Truong THPTchuyén KHTN, PHKHTN, DHQG Ha Noi)

Léi giai

1.Véin=0taco
a?(a* +1) =5- p’
v0 ly do vé phdi am.
a’+1)=1
vei 121 do (a%ia” +1) nén ta xét 2 trudng hop:
5"|a®
THI1:
? =k.5" =>k(k.5"+1)=5""- p® = p*+k =5"(5- k?

Khi d6 dit ¢ ( ) p=p (5- )

Dé thdy vé phai la mét s6 dwong nén k = 1 hoac k = 2.

k=1=p’+1=45" = [pTHJ(pZ- p+1)

(volydop>1). Vay
— 2 —
P =3=p"- P*1=7 1h4ng thoa man nén phuong trinh vo nghiém.
. k=2=ad’=25"=a’=2(mod4)
n 2 3
TH2: > 4 *1 Pyt @’ +1=k5" g3 P
Néu
p3 <k :>k_ p3 ZSn :>k >5n :>02 +1>52n :>02(02+1)>52n(52n_ 1)>52n+1 >5n(5n+1_ p3)

, vo ly.
- k =5"(5- k?)

3
Dodé P K nenk=1hoick=2.

— 3 n
k=1=>p" =4.5"+1 Chitng minh twong tw TH1, ta c6 PT nay vo nghiém.



k=2=p®>=5"+2

w1 chin ta g 3P = () =(3,2)

*nlétadit " =2t+1 Khido
5" +2 =521 + 2(mod13) = p* =5.(- 1) +2(mod13)
= p’ =7,10(mod13)

(6.1)
Nhung khi cho p chay trén mod 13, ta thu dugc két qua la
(6.1) vo ly.
Vayp=3,n=2,a=7.

2. RO rang moi s6 ty nhién 16n hon 2, néu muén la s6 tot thi nd phai 1é (vi ta thdy néu né chan

p =0,1,8,5,12(mod13). 1y, 44

thi cac @ phai 1é va khi d6 dé thay néu chon k 1é thi vo ly). Diéu nay ggi y ta chitng minh moi s6
tw nhién 1é 16n hon 2 déu la so tot.

. o Cen s =0 A, .
That vay xét n 1¢, n > 2. Ta chitng minh v6i moi 2 <K <N thi déu c6 thé viet " =@ T T

trong do (n,a;) =1

. n=n-2%)+2" x 13 - :
That vay, ta sé viét . (n ) . Bang quy nap, ta dé dang chitng minh

X —
2" =a, +a,+..+q,

Vi moi 1 =k <2% va gj déu 1a lity thita cia 2. Do d6 véi 2 =k <2 +1 thi bai toan dugc ching
minh.

n
2X<n<2X+1:>2X>_

Chon x la s6 16n nhat théa man 2 nén chi can chitng minh né diing véi

k>2

k>2
Mat khéc ta cling viét dwgc n =2 + 2 +... + 2 + 1 nén ro rang bang quy nap theo k vgi 2 thi
cling thoa man
Vay tat ca cac so tot 1a 2 va cac so 1é 16n hon 2.
T d6 ta tinh dwoc téng bang 1 + 10082

Bai 2.
2
Tim tat ca cac s6 nguyén to p sao cho 2p -1y mot lly thtra caa 7.
(Truwong THPT chuyén KHTN, DH KHTN, DHQG Ha Noi)
L&i giai
2p*-1=7"
TH1: p = 2 théa man do 22°-1=7
TH2: P =3 Khi d6 xét mod4 ta thdy t chan.
Dit £ =2°a vgi S =1 va a khong chia hét cho 2
Xét 9 =3 ta c6:



2p? =77 +1
e 2p’ :(725 +1)(72$(a'1)— 77@Dy 77 +1)
pat A=7"C"- 7P 4 -7 41 po s> pan 7 +1>2 hannita 70 +132 nen
75 4#1=2p s 77 +1=2p°
Neu 7" +1=2p = A=D Nhung 423 gy A>T +1=p>2p 50
_Néu 77 *1=2p" = A= Npunga 23 thingn A> 1nénvoly. Do déa= 1. Tacé

7 1=2p" o P 1 p+l _7 +1_72’“ -1
2 2 2 4

p-1p+l) . p-1.7" 41 p+1.77" +1
272 nén 2 2 hodc 2 -2

Lai c6
25-1 25-1
p-17"+1 p+1|72" -1

2 2 2 4
Néu ‘
_ 2°-1 2
p 127 +1>7 12p+1:>p-1>p+1
Nhw thé thi 2 2 4 2 vo ly.
257! > -
p+1:7 +1:>7 1:p 1
Dodd 2 2 4 2
bl 2> -
:>p+127 +1>2.7 122.p 1:>p+1>2(p-1)=>3>p=>P=2
2 2 4 2
Vo ly
Vayp=2
Bai 3.

Cho n nguyén dwong. Chitng minh rang ton tai s6 nguyén dwong m c6 n chit so, chi gom cac chir
s0 1,2,3 va chia hét cho S(m) (tong céac chir s6 cia m).
(Truwong THPTchuyén KHTN, PHKHTN, PHQG Ha Noéi)
Loi giai
TH1: n la ldy thtra caa 3. Chon m =111...11(n s6 1). Bat 1 =3'  Theo b6 dé LTE ta c6
v, (10% - 1) =v,10- D+v,(3") =t +2

10"- 1
m =
Do d6 9

TH2: n khong lily thita ctia 3 thi ton tai s6 x sao cho 3° <n< 3" Khi d6 ta sé& chon
S (m) :3X+1

‘n

, < \ - . o~ . , ~ o~ 3x+1 xm :3x+1
, titc 1a chi ra ton tai s6 m co tong cac chir so6 la va m:



- Néun=23" @y n=3"+t Tachonm111...1333...1333...3222...2, trong d6 gbm s&
(ot +2)(10% - 1)

m 3x+l

1,ts62vasé 3 -t s6 3. Sau khi bién dbi, ta thu dugc 9
( ding theo bo dé LTE).
- Néun>23" py n=23"+t

- Tachonm=111...1222...21...1 th ty ti¥ trdi sang phai 1a gom 3" +1 s5 1, 3" -t 52
(107 * +10t +1)(10% - 1)

m= E3x+1
r0i lai t sO 1. Sau khi bién di ta thu dugc 9 (ding theo
b6 dé LTE).

- Vay ta c6 dpcm.

Bai 4.
Cho ham s6 [+ IN"= IN* 64 man cac dieu kién: f tang thyc sy va f(2n) =2f(n) v4i moi s6 n
nguyén duong.
1. Gia st f(1) = 3 va p la s6 nguyén t6 16n hon 3. Chitng minh ton tai n sao cho f(n) chia hét cho
p.
2. Cho q la mét s6 nguyén t6 1é. Hay xay dyng mot ham f thoa man bai toan ma f(n) khong chia
hét cho g v6i moi s6 nguyén duong n.

(Truong Pho thong Nang khiéu, PHQG Tp.HCM)

Loi giai

Chting t6i xin dang 10i gidi ti trang nangkhieutoan.com.

A 1)- IN*
[f(n+ ) f(n)|n€ ] vi f tang thyc sy nén ASN™  Knidé ton tai phan t k nho
k=f(+1)- f(n)

1. Dt

nhat cia A va n théa man
f@n)< f@n+1D< f@n+2)

f@n+1)=f@n)=k

Khi dé f@n+2)- f@n)=2(f (h+D- f () . f(n+2)- f(2n+1) =k

= f(n+1)- f(2n) =k
f(2'n)=2"f(n)
‘ f(2n+1)=2"f(n)+k

fn+i)=2f()+ik

Bang quy nap ta chitng minh dugc

Do f(1) =3, f2) = 6 nen ¥ 3= ko P) =1

2P +i i = -
Khi dé6 p so f ( i) vei 1 =012, p-1 g5 tao thanh mat hé thang dw day da modp nén sé c6
mot sO chia hét cho p.



f(l) =2">q
f(2n)=2f(n)
2. Ta xdy dung ham so f nhu sau: fQn+D)=f@n)+q
Ta chitng minh f théa man deé bai.
(a) f1a ham tang thuc sy. Ta chitng minh f(n+1)- f(n)=q .bédng quy nap. Véin =l tacé
- fW)=2">q . Gia st ding dén k. Ta xét f(k+1).
e Neéu k chan, dé thdy ta c6 diéu phai chitng minh théa minh thoa theo cach xay dwng ham.

f(k+1):2f E Zf[ﬂ+q :f(k- 1)+2q
e Néuklé, taco 2 2 va ta c6 diéu phai
ching minh.
. : o Q‘ f (n)

(b) Ta chitng minh khong ton tai tai n thoa theo quy nap.
Ta co f=2 khong chia hét cho g.
Gia str ding dén k.

- Neukchanmi [ KD =1+

Fl+1)=2f| KL

- Néuklé thi khong chia hét cho q.
Vay ham f thda de.
Bai 5.

a* <n<(a+1)

V&i moi s6 nguyén duong n, ton tai duy nhat s6 ty nhién a thoa man bat

A, =n-a’
1. Tim gia tri nho nhét cta Ay khin thay d6i va luén théa M =15M° ygi m 1a s nguyén duong.
— 2
d =5(4p +3)q . Chitng minh ¢ =5
(Truong Phé thong Ndang khiéu, PHQG Tp .HCM)

2. Cho p,q la cac s6 nguyén duong va

Loi giai
Chiting t6i xin trich dang 10i gidi ti trang nangkhieutoan.com.

15m? - a® =A

1. Ta chi can tim ®» nhi nhat dé phuong trinh n c6 nghiém nguyén duong. Bé y

ring 15- 3" =6 dipu nay goi y cho ta chitng minh phwong trinh khéng c6 nghiém véi A, <6.
 3la*+a,
Ta co nén suy ra
3(A, hoiic 3|A, +1 (6.2)
3la® +A
Mat khac ‘a " nén suy ra
A, =0,1,4(mod5) 6.3)

Tit (6.2) va (6.3) ta c6 néu 2» <O thoa de thi 2 =



Ta c 15m” - a® =5 pap 5|a ,data =5staco 3m’ - 5s5* =1
2 —
Ma 3m° - 1=-1,2,11(mod5) ,a, phuwong trinh v6 nghiém.
2. Xin nhac lai mot b6 dé quen thugc nhu sau.
— 2 2 _
B6 dé 12 Neu P =4K+3 pouyen g, @ +b° =0(mod p) ; P @, Pl

2_ 2 —
Quay lai bai toan. Xét phwong trinh 5(4p+3)q’- a® =4, . Dé y rang

2 — =
a* =0,1,4(mod5) = A, =0,1,4(mod5) 1 pac 5(4p +3) =3(mod 4)

2 _ 2
aes @ +1=5(4p+3)qg Tach 5(4p +3)

nén khac so chinh

A, =1

phuong. Néu la s6 c6 dang 4k + 3 nén ton

2 —
tai wdc nguyén t6 r c6 dang 4k + 3. Suy ra 9 +1=0(modr)

Ap dung b dé trén, ta co 1 =0(modr) . (v 1y

Tuwong tw cho trudng hop® =% thi ciing c6 didu v6 1. Vaydd =

Bai 6.
Tim cac s6 nguyén duong a, b, ¢, d thda man
a+2"+3° =3d+1,

a=(p+1)Q2p+1)=(g+1(g- 1)
(Trwong THPT chuyén DH Vinh)

Biét rang ton tai cac s6 nguyén td p, q sao cho

Loi giai
Ta chia lam hai y nhu sau:
1. Tim tat ca cac s6 a thod man dé bai.
Khai trién va thu gon, ta ¢6 p(2p + 3) = q(q¢° - q - 1).

pla s pla-a-1

Do (q, ¢° - g- 1) = 1 va p 1a s6 nguyén t6 nén hodc

e Neéu p|q thi do p, g la s6 nguyén t6 nén p = g. Thay vao tinh dugc p = g = 4 hodacp = g
= -1, déu loai.
2 - -
e Neéu p‘q q-1 thi q|2p+3.Bat
khai trién va thu gon thi
2¢>- (2+Kk?*)q+3k-2=0

2p+3=kqUo Nk 21). 1 Va6 ding thite ban dau,

Xem ddy 1a phuong trinh bac hai theo g, dé c6 nghiém nguyeén thi can c6 A 14 s6 chinh phuong.
Khido A =k* +4k® - 24k +20

Thit véi k tir 1 dén 5, do k 16 ta chon K €135} Thé vao tinh lai, nhan k = 5, g =13, p= 31, a =
2016.

2 2 4 2 2 Y 4 2 —(1.2 2
Véi k> 6 thi (K +2) >k*+4k*- 24k +20 > (k?) o KAk - 24k +20 =(k? +1)
trinh nay khong cho nghiém nguyén nén loai.
Vay a = 2016.
2. Tim tat ca cac so b, ¢, d thod man dé bai.

, Phuong

l
Tir gia thiét, 3d +1>2016 pap suy ra d =6 hay 2|d! )



Ta c6 dang thire 2015+ 2" +3° =3d!

b = C — . .
Tiwdaytacs 2 —Hmod9) o 3 =1mod16) ;s bi6 v 4.
batb = 6x; c =4y taco
2015 + 64° + 81’ = 3d!
. neyd =6=x =y=1=b=6, c=4

] Neu d =7 =3d17 s 20154647 +81 =4’ (mod7)

hay khong chia hét cho 7
vo ly.
Vay a = 2016,b = 6, c = 4.

Bai7.
Cho day so (a,) xac dinh bai

a, =34
a ., =4a’-104a’ - 107a,

e A S s a A e a1 g 1a =3(mod 4
Vi moi s6 n nguyén duong. Tim tat cad cac s6 nguyén to p théa man hai diéu kién p=3( )

Vé aZOl7 +1 p
(Bdc Ninh)
Loi giai
T cong thitc truy hoi ta co
2
a, -27=(a, -27)(2a,+1)

n-1 n-1
a,- 27 =(a,- 27)[[Qq, +1) =7[ [ q, +1)
k=1 k=1

Do dé
n-1
a, +1 :7{1_[(2‘11( +1) +4
Do do k=1
n-1
p|[(2q, +1) +4

Xét so nguyénto k= (di nhién ta thay chi c6 p 1é).

=l<=

Taco \ P
Do d6 s6 can tim la 7.

Nhan xét 38 Loi gidi trén cho ta thdy dugc ngoai nhitng yéu to gidi tich phirc tap, cdc bai todn
ddy s6 con mang "huong vi" s6 hoc. Nhu vdy, ngodi viéc khdo sdat ham, bién ludn phuong
trinh,... ta con phdi nam vitng nhitng tinh chdt co ban nhuwng vo cung quan trong cta sé hoc.
Moi ban doc thit strc véi cdc bai todn ddy s6 mang tinh s6 hoc sau:

=1
p ] hay P =1(mod 4)

1. Day s6 (un) dugc xdc dinh nhu sau:

u, =Lu, =2,u, =24
6% u_.-8u_.u’
-1 -3 -1"n-2
n-l-n rl e 'VYn=4
un—Zun-S

u =

n



Chitng minh rdng vdi moi n la s6 nguyén duong thi U, :n

2. Cho ddy s6 (u,) duoc xdc dinh bgi Un =2 +1 VneIN*

plu

: Tim s6 hang u, cta ddy sao cho
P vai p la s6 nguyén to.
3. Ddy s6 (u,) dugc xdc dinh béi:

u, =0,u, =1
u,, =199u_,, - u,, VneIN
Tim tat ca cdc s6 tw nhién n sao cho u, la s6 nguyén to.
Bai 8.
c k —~k
T =Y cict, - (27 +1)
k=0

2
. Chtéing minh rang T chia hét cho P
(Bén Tre)

Cho p la s6 nguyén to 1é va
Lai giai
< k —~k C k —k C k v k —~k C k
T =) ckch, - (2r+1)=)Y cich, - | Y chv1| =3 Cick, +CP - | Y Ch+3
k=0 k=0 k=0 k-1 k=0

-1
yci(ct, - )+(cr - 2)
k=1

p-1
A=Y ck(ck, -1),B=C’ -2
Bét k=l
ke
Cpop V@i p la s6 nguyén t6 va 1<k =p-1
) _(p+D..(p+k)- k!
, Cp+k -1= | ,
e Xet k! .Taco
(p+1)(p+2)..(p+k)- k! =k'- k! =0(mod p)

Ta co

cong vdi viéc
(p, kD=1
nén ta co
p*|A
2

2 L
(+x)" =(+x)" = Y C; X" =
k=0

ZP'CL.xi
i=0

, N N LA N p .~ ,
o Xét . bong nhat hé s6 cia X* hai vé ta c6

p-1 2 p-1 2
cr =2+Y.(c) =cr -2=3.(c') ip* = p*|B.
k=0 k=0
Vay ta c6 diéu phai chitng minh.
Bai 9.
Tim tat ca cac s6 nguyén duong n sao cho phwong trinh sau ¢6 nghiém nguyén duong



(x+y) =n(4xy +1)

(Binh Duong)
Loi giai
(x+y)2 :n(4xy+1)® x2+2xy(1- 2n)+y2— n =0 (6.4)
Goi (Xo; yo) la nghiém nguyén dwong cia phuong ttinh (6.4) thda man xe+yo nho nhat. Do vai tro

A a <
X, y nhu nhau nén gia st Yo =%

Coi phuong trinh (6.4) 1a phuwong trinh bac 2, an x. Goi (X1 ; yo) 1a mot nghiém khac cua (6.4).
Theo hé thitc Viete ta co:
x, +x, =2(2n-1)
XoXy :yé - n
Vi x; nguyén.

Neg Yo <M g X <0=x, <-1=>x"+2xy,d- 2n)+y; - n>2y,(2n- D+y;- n>0

2y,(2n-1)>2n>n

do

ta c6 diéu vo ly.
Suy ra x; nguyén khong am. Xét cac truong hop:

— — _ _ 2

. % =0=x =202n-1) va " Y0 Thay vao phuong trinh (6.4) c6 suy ran = 1. Thit lai
vGi n = 1 phuong trinh (6.4) c6 nghiém(x;y) la (2;1).

o X Nnguyén duong thi o5 )

do:

la mot nghiém nguyén duong cua phuong trinh (6.4), do

X tYy, =X, ty, =X =X, :>yg -n ng ZY§ =-n=0
vo ly
Vay n = 1 dé phuong trinh (6.4) c6 nghiém nguyén duong.
Bai 10.
X 4 __ z
Tim t4t ca céc bd ba s6 nghiém (x;y;z) thoa man 12 TV =26
(Ha Néi)
Loi giai
Néu 1 trong 3 s6 x,y,z bang 0 ta dé dang suy ra 2 s6 con lai ciing bang 0.

Xét x,y,z khac 0. Ta c6 x,z phéi nguyén duong

Xét mod3, ta thay z chin va y khong chia hét cho 3. Dit Z =2k _ Ta c6:
12* =(56" - y*)(56* +y?) i (56 - y?)(56" +y*)

56 + y* =3%4%,56" - y? =4

khong chia hét cho 3 nén c6 dang:
hoge 56 - ¥° =3%4%,56" +y* =4,
TH1: 56" - y* =3°4%,56" - y* =4"

2 — 4@
5.2y =4 (mod3) Vo

, . 2.y* =2(mod3) . 4% =1(mod3)
0lyvi ma )

Do d

THp. 56" +y° =3%4%,56" - y* =4



Khidé ¥ *2° =56" Mt khc 56 ¢6 wéc 7 1a s6 nguyén t6 dang X +3 =Y 727 (4519
Vay PT c6 nghitmx =y =z =0.
Bai 11.
Tim tat ca cac cap s6 nguyén duong (x,y) thoa man
X0 -1=(x- D(y?-1)
(Ha Tinh)
Loi giai
Truwdc hét xin phat biéu va chitng minh bo dé sau day.

x0-1

p
B6 dé 13. Vi x 1a s6 nguyén duong, thi | X~ 1 p=19 hoscp=19n + 1.

=/1(mod19) 4, 44 (P~ 119)=1=>

Chitng minh 1. Gia st P => Tén tgi k, m thoa mdn:

19 _
19k +(p- Dm =1 => x =x+E 0 =(x )k (x*)" =1(mod p) :.X—l1 =x"*+...+1=19(mod p)

Vay p =19.

Quay lai bai toan. Ttr bo dé suy ra méi wdc d cua théa ma d = 19k , hodc d = 19K + 1.

Gia st (x,y) la nghiém ctia PT, ta c6
y=1l-x=1
Xét ¥ 22 Theo bg dé thi 19K +1  hoge v =19k +2

11 10 —
Dods Y'Y +...+1=0,1(mod19)

x¥-1

yll +y10 +“.+1 N »
Mat khac x-1 nén Y *Y *..+1=12(modl9) ( mau thuan)

Vay phuong trinh chi cé nghiém (x;y) 1a (1;1).

Bai 12.



Tim s6 nguyén dwong n nhé nhét sao cho 1" +2" +...+2016" khgng chia hét cho 2017.
(Hdi Duong)
Loi giai
Ta chitng minh bai toan tong quat: Cho p la s6 nguyén t6 1é. Chitng minh rang

k k k -
P42+ +(p-D7 Py moi k khong chia hét cho (p-1). That vay, moi s6 nguyén to p co it

e o Pll =]1.9. .
PV " . L., MM m =1L2.;p-1
nhat mot can nguyén thuy m . Khi do ] { p ]

Vi thé
K k k (mk)p-l'l
425+ +(p- 1) =m* +(m?) +..+(m") :m"k—1
. N N G ) I .
Do m la cdn nguyén thiy caa p va k khong chia hét p-1 nén khong chia hét cho p, lai c6
(m* )" :p

. Suy ra dpcm.
T bai toan trén suy ra s6 n nho nhat can tim la 2016.
Bai 13

. od ,(@=p(p-1) v (277"-1)=2
1. Cho p la mot s6 nguyén t6 1é. Chitng minh rang néu ~ ? PP va * ( )

od , (2)=p“'(p-1), v, (270 1) =k, vk 22
thi p va

v _(a)

N a) .« ~ _~ 2 >
modbva ? la s6 mii ding cta a theo mad b.

ord, (a)

trong do la cap cta a theo

2. C6 bao nhiéu s& nguyén dwong 1 <10.33" thea man dong thoi
2" =2017(mod3");2" =2016(mod11*)?
(Hai Phong)
Ldi giai
1. Gia si khang dinh ding k =2dst @ =2" " ta c6

a'-1=(a- D@ +a"?+..+a+1)=(a- 1).I(mod p***)

Do dé



a' - 1=0(mod p*"*) = 1 =0(mod p) = ord ;. )=(p-1.p*

Va

v, (ap - 1) =V, (a-D+1=> v, (2(p'1)'pk - 1) =k +1
2. Bé y rang

ord , (2) =10.11 =110;v,, (2 1) =2
Va

= [ 20, 21, 22, ceey 22'310-1] = [ 20’ 21’ 22,’ 2104112-1]

Nén va lan lwgt 1a cac hé thang dw thu gon theo

cac module31 vy modulell’  vj vay .1, o cho

2" 52017(m0d3”) 2" =1(mod3) n, =2k,
= =
om =2016(mod11®) |2 =3(mod11)  |n, =10k '+8 =2k,

k =k, (mod3')
Tk :

3;5.11% k =k, (mod5.11?)
Ma 3" ) nén theo dinh ly thdang du Trung Hoa 2

n=n(mod23°)  [2"=2" =2017(mod3")

=
= 2 n=7h — 3
st N =2K i n=n,(mod10.11) ~ |2" =2 =2016(mod11*)

BCNN [2.3“’;10.112] =10.3"°.11

Suy ra hé trén c6 nghiém duy nhat theo module . Nhu vay c6

11° g5 nguyén n thda man.
Bai 14.
1
V&i moi s6 nguyén duwong nlén hon 1, M s6 dugc biéu dién dudi dang thap phan nhu sau

1

—=0,qa,,a
D=2mee a2 n=a +a., +....

n Tim tat ca cac so n sao cho 102

(Tp.HCM)

Loi giai



—=0,q,,...
Vi n 6 hitu han s6 sau phay nén ta dat cho nén n chi c6 wéc nguyén t6 la 2 va 5. Ddat
. Ki hiéu la tong cac chit s6 cua x trong hé thap phan. Ta c6

e Neéu(vo ly).
e Néu Do dé6. Mit khac n chan nén chan. vi thé . thit cac truong hop tathdy p=3,q=0
thoa man.

Vayn=8.
Bai 15
Cho céc s6 nguyén t6 thoa man Pr<Pr<P;<Psyy Ps™ P =8 .Giasa P > . Ching
minh ring P! chia 30 du 11
(Khéanh Hoa)
Loi giai

Tir gi thiét thi P2 P5 chi c6 thé nhan 2 trong 3 gia tri [ Pi+2p +4p, +6)

Neu P> =Pi+2p;s =p 4= . Trong 3 s6 P1» P22 Ps 6 1 6 chia hét cho 3, vo 1y.
Néu P> =Pt 4P, =p1+6=>. Trong 3 s P2» P3> P4 c6 1 s6 chia hét cho 3, vo ly.

Dodo P2 TP¥ 2P =Pi¥6ps =pi+8 1y 44 suy ra p, =2(mod3) va Pr =1(mod5)
Cong thém viéc P 1g suy ra b =11(mod30)
Bai 16
Ching minh rang néu nva M =2+2V12° +1 13 c4c s6 nguyén duong thi m 13 s6 chinh
phuong.
(Kién Giang)
Loi giai

ok 2 = ?
meN* < 12n° +1 (2k +1) vGi k nguyén duong.

Ta co



3n* =k(k +1)
(k; k+1)=1nén ta co 2 truong hop sau:

k =3a?

k +1=b? G (a,b) =1,ab =n = 3a* +1 =b*

2 _ 2
THl;1 Vv 5 12n +1=k+1) =

.Dod

(3612 +b? )2 =(2b2 - 1)2 =>m=2+ 2(2b2 - 1) =(2b)2 Ta c6 m la s6 chinh phuwong

k =b*

k +1=3a’ Véi (a,b) =1,ab =n = 3a® =b* +1 b> +1=1,2(mod3)

TH2: { . biéu nay vo li
Vay ta c6 dpcm.
Bai 17

Tim tat ca cac cdp s6 nguyén (x;y) théa man)

9x* +24x+15 =y’

(Lai Cai)
Loi giai
bat a = 3x + 4. Phuong trinh dwoc viét lai nhu sau
a>-1=y* o a* =(y+1)(y*- y+1)
= . UCLN(y+Ly*-y+1)=1 , .
Do ¢ 1(mod3) nén VP khong chia hét cho 3. Do do (y yoy ) , ttrc 1a

y+1=b*y* - y+1=c’

Thay Y =b*-1 vao, ta dugc

(2b% - 3)" +3 =4c? < (2¢- 2b* +3)(2¢ +2b* - 3) =3
Ta cé 4 treong hop sau:
2c- 2b’ +3 =1 3{ c=1

2c+2b*-3=3 b? =2

TH1: { (loai)



2c- 2b° +3 =3 c= y =0 y =0
2 +2b2—3—1:> b* :1:> a=1:> x=-1
TH2: °€ -

- 2 — = =0 =0
2c- 2b* +3 1:>c =0y
2c+2b*-3=-3

TH3:
2c- 2b*+3=-3 c=-1
2-3= 1:>
TH4: (2€+2D7-3=-

Vay phuong trinh c6 nghiém nguyén (x;y) la (-1;0).

Bai 18
A3 L 2
Cho da thirc P(x)=4x’- 18x* +27x+m . Chitng minh rang v&i mdi ™ €ZIEZ i34 cho
P(n):107
(Lang Son)
Loi giai

Trwdc hét xin phat biéu lai mot bo dé quen thudc.
Bo dé 14. Cho p la s6 nguyén t6 dang 3k + 2. Khi dé
X +xy+y’ipe x,yip.
Chitng minh bé dé ndy dé dang xin danh lai cho ban doc.
Quay lai bai toan. Ta chitng minh

A=|4x-18x2 +27x|x =0,1,...1 107
|4~ 18 +27xx =0,1,..,106 (mod 107) L3 hé thing du day di mod 107.  (6.5)

— A3 - 2+
That vay : dat f (x) =4x’ - 18x* +27x

xét X #y(mod107) = x- y 107

 ch: f()- F()=4(x- y)(4x* +4xy +4y® - 18x- 18y +27):107

Néu £ (x)=f (y)(mod107) = (4x> + 4xy + 4y* - 18x- 18y +27)107



. 4X* +4xy +4y* - 18x- 18y +27 =(2x- 3)° +(2x- 3)(2y- 3)+(2y- 3)°

Lai co va 107 la s6

nguyén t6 chia 3 dw 2 = 2X- 3107 ya 2y~ 3:107 = x- y:107 (5 1)
Ap dung b6 dé trén ta c6 dpcm.
Nhan xét 39 Mot s6 bai todn tuong tu:

L +£x5 - Q)g +£x

P(x) :Lx9 -—X
1.Cho da thitc 630 29 30 63 35 | Chitng minh ring P(x) nhdn

gid tri nguyén véi moi x nguyén.

5 3
P (X) :X_ + X_ + B
2. Cho da thitc 5 3 15 | Chitng minh rdng P(x) nhdn gid tri nguyén véi moi x
nguyén.
Bai 19

d, <d, <d, <d, la 4 wéc nguyén dwong nhé nhat caa n. Tim tat

— 2 2 2 2
n=d; +d,+d; +d,

Cho s6 nguyén duong n va
ca cac s6 nguyén duong n thoa man
(Long An)
Loi giai
d =1

2 2 2 2
Néunlé thi 90929 gng e suyra & * 92+ A g, vp 1y,

— _ 2 2
Do dé n chin =d, =2 =>n=5+d; +d,

Tirds & va 9+ khac tinh chan 16,

Khi dg ™ =d} +d; +d? +d; =2(mod4) =n‘4 =d, =p;d, =2p

v6i p la s6 nguyén to.
Ma nhu thé thi P nénp = 5.

Tw d6 tinh dwgec n = 130

Bai 20

Tim tat ca cac s6 nguyén duong n c6 tinh chat: néu a,b l1a wéc cian va (a,b) =1thia+b -1
cling la wdc cuta n.



(Nam Binh)
Loi giai
n = 1 hién nhién théa man.
Xét =2 ta c6 cac trwong hop sau:

TH1: " =P (trong d6 p 1a s6 nguyén t5, r 1a s6 ty nhién) dé thay thoa man dé bai.

TH2: " =5-P" i p 1a wéc nguyén t6 nho nhét cia n, r 1a s6 nguyén dwong, s 1a s6 nguyén
dwong > 1 va khong chia hét cho p.

(p,s)=1=(p+s-1|n
Gia st C[|p+5- vGi g la wéc nguyén t6 cua s.
Tacé S<A+5-1<5+Q y51yvisvas+qla2boilien tiép ctia q.
Dodé P*5~ 1 chi c6 wée nguyén 6 1a p.
Détp+s-1=pk,kEIN*,k22:>s =p- p+1
n:p* =>r=k

(pk?s):1:>S+Pk'1‘”=>2pk' pjn=>2p"'-1|n

M (2p*'-1p)=1=s2p<'-1

= p‘- p+12pF'-1
=2pF-2p+22pFt-1

= p-22p“'-1

vei k=3=2p"'-122p*-1>p-2

k=2=p-22p-1=>p=2=>n=2"(2F-1
Nén p-22p p n=2"(2-1)

, _nk ~ . ~ , ~ ~
- Khidé S=2 -1 ciing thoa mén tinh chit nhv s6 n.
Néu s c6 nhiéu hon 1 wdc nguyén t6, goi t 1a wdc nguyén t6 nhé nhat ctia s, cmtt nhu trén
tacot=2volydosleé.
Do d6 $ =t" véi t nguyén t6 1é.
Khi d6 n =2"t"

3 ) (2;t):1:>2+t-1‘n :>t+1‘n =t+1=2¢
V6ir=2tacod:

(4;0)=1=>4+¢-1|n :>t+3‘n =t+3=2"=>h=2k=1=t=1

va

vo Iy



Dodér=1.Laics  FIn=tH1=2=0=1 o0

vay " TP théa man de, vdi p nguyén 6 va r 1a s tw nhién.
Bai 21.

Cho s6 nguyén duong a khong chinh phwong. Chitng minh s6

Va| +|Va| +..+[Va’

13 56 vO 1.
(Nghé An)
Loi giai
n+l
n 1- [\/E]
|- ]
1- |Va

S=c (p,q)=1

Gia st S 1a s6 hitu ty, dat 9 trongdo "’ .
Vet "
Ma nen suy rap > q.
=va-k
Pit @ =k* +X trong d6 1 =X <2k ta ¢4 {\/E] Ja
s=L
Tr 9 suyra
|Val (p- a[Va) )=p-q=a-k)p- aVa-k)')=p-q
(6.6)

Khai trién vé trai ta dwgc s6 c6 dang AVa+B vOi

g i S2i-1 g ; -2

A=p+kgY (C2 1) a)- 3 (CH K ')
i=0 i=0

n

| .
=p- qz((cjm +C§i)(_ k)n- 2i ai)

2
i=0

Tir day ta c6 A #0 do p khéng chia hét cho q . Do d6 (6.6) vo ly.
Vay ta c6 dpcm.

Bai 22.

T6n tai hay khéng cac s6 thuc phan biét a, b sao cho 4+ beQ nhung a’+b"€Q vOi

moi s6 nguyén dwong n > 1?

1. Cho a, b 12 céc s thuc khac nhau sao cho @ = b" 13 s nguyén véi méi s6 nguyén duong n.
Hoi a, b 1a nguyén, hitu ty hay vo ty?



(Nghé An)
Loi giai

| Tacs @ *b =@ #b)-20%" st ot rbie ) a'bie@

Lai c6 as +b5 :(az +b2)(a3 +b3)- a2b2 (Cl +b) ma (12 +b2,a3 +b3,(15 +b5,(12b2 eQ
nén 4+PEQ 51y

Vay khong ton tai hay khéng céc s6 thue phan biét a,b sao cho nhwng v4i moi s6 nguyén
duong n>1

o @DEZ yigy nhign dung.

e Via-bva a’- b’ nguyén nén a+be”Z pods 20€Q =aeQ =be@

a=P =l
o V(S’ia’bE(D . bat |q t VGip, q, 1, t 1a cac s6 nguyén, q.t #0 gy
(p;q) =(r;t) =1
a-b =Pt qreZ:>pt§q,qr t=>t:q,qt=q=t
qt
a=Lp=L .
Twdétacé 4 9 vy P-Tq

Laic @ - b"€ZVn nguyén dwong nén P~ 1q" Vn nguyén duong. Goi s la wéc nguyén to

ciaqva (@)=m,v,(p-r)=u voi U =m

_S =2 = p,r lé
Xét n chan. Theo b6 dé LTE:

v,(p"- r) =v,(p- r+v,(p+r)+v,(n)-1=v,(p+r)+u+v,(n)-1
vz(q"):nm

n 1 .nm>u+v,(p+r) . . . ...
Chon n sao cho n khong chia hét cho q va 2 (p+r) va ta sé co diéu vo ly.
-s lé.

Theo bo dé LTE:



Chonn

v.(p"- r") =v.(p- N+v. (M) =u+v (n)
vs(q”):nm

sao cho n khong chia hét cho q va nm > u ta sé c6 diéu vo ly.

Vay a, b 1a cac s6 nguyén.

Bai 23.
Ching
(3.2" +

minh rang v&i moi s6 nguyén dwong m luén ton tai vo s6 nguyén duwong n théa man

n)fm.

(Ninh Binh)

Lai giai

Goi P(m) 1a ménh dé can chitng minh.

Dé thdy P(1),P(2) diing.
Gia st ménh dé dung dén m = k >2. Khi d6 ton tai v s6 nguyén duwong n sao cho
(3.2" +n)ik

Ta sé chitng minh P(k+1) ding, titc 1a chitng minh ton tai v6 s6 nguyén duwong s sao cho

(3.2 +5)k +1 L ok+1) . plk+1) <k
nen

. That vay, xét so . Dé y la nén ton tai vo so

(3.2" +u)ip(k +1)

nguyén duong u sao cho
s =-3.2" (modk +1)

s =-3.2"(mod ¢ (k +1
Bay gio ta chon s > 2u sao cho ( ¢k +1) . RO rang c6 vo so6 so s nhw

vay.
3(27- 24)i(k +1
Bay gio ta sé chitng minh ( )'( )
Neuk + 1 chan, vi 8 *32 KD o< chamynen s =2°b (7 2u.b g
=v, (k+D<u o 3.2 (277 - 1)k +1) = 3.(2° - 2):(k +1)

Néu k + 11, theo cach chon s thi °~ ¥ =~ 3.2" - u =0(mod ¢ (k +1))

i B 27 120 1+ D = 3.2 - 24)ik+1)

. Theo dinh li phi

3(2°- 2" )k +1
Keét hgp hai diéu trén suy ra luén c6 ( )« ). Ma

32" +si(k+1) =32 +s:(k+1) .
va ta c6 dpcm.



Bai 24
V&i moi s6 nguyén duwong n, goi f(n) la s6 cach chon cac ddu cong, trir trong biéu thitc
E, =H22%.20 o6 cho Bn 0, Chitng minh rdng:

1 f(n)=0 Khi" El,2(rnod4)'

n

<<z~ 2

n=0,3(mod4)
ta 6

2. Khi
(Phu Tho)
Loi giai
i, n(n+1)
1.Tac6 @ 2 dods f(n)#0 ton tai mot s6 trong tap [1; LRE n} c6 tong bang
n(n+1)
4 mamntl)=1nen " =03m0dd) e F0)=00 0 =12(mod4)

2. Chung ta sé lan lwgt chitng minh cac bwdc nhu sau:

L]
(a) Ching minh | (V=2°
e V@in=3van=4,ménh dé trén hién nhién ding.
¢ Ta chitng minh rang néu n ding thi n + 4 ciing ding. Xét dau cta cac s6 n + 1; n+ 2;
n+ 3;n +4.
e Néutadatcicdaula(n+1)-(n+2)-(n+3)+(m+4)hoac-(n+1)+(n+2)+(n+
3) - (n + 4) va cac dau con lai dat nhw cac bo f(n) thi ta c6 bo mdi thoa yéu cau dé bai.
e DaGi vbi cac bo thudce f (n) c6 -1 thi ta doi thanh+1 r6i thém (n +1) - (n +2) + (n + 3) -
(n + 4) thi c6 dugc bo méi.
e DaGi vbi cac bo thudc f(n) c6 +1 thi ta doi thanh-1 r6i thém - (n + 1) + (n + 2) - (n + 3)
+ (n + 4) thi c6 dwgc bo mai.
e DaGi vai cac bo thudc f(n) co -2 thi ta doi thanh+2 r6i thém (n + 1)+ (n +2)-(n + 3) -
(n + 4) thi c6 dugc bo méi.
e D06i vGi cac bo thudc f(n) cé +2 thi ta doi thanh-2 r6i thém - (n +1) - (n + 2) + (n + 3)
+ (n + 4) thi c6 dugc bo mai.

n+4

 f+a)=4f()=22
Vay . Suy ra dpcm.



f(n)<2"- 2[2%1

(b) Chitng minh . Goi g (n) 1a s6 cac bo dau sao cho tong trén khac 0. Ta sé

2

chitng minh g(n)>2 bang quy nap.

® Véin=3van = 4 thi ta c6 ménh dé trén ding.

¢ Ta chitng minh vGi n dtng thi n + 4 cling ding.
Xétdjucuacacson+1;n+2;n+3;n+4
Doi vai cac bo thudc f(n), ta dat dau cac s6 n+1; n+2; n+3; n +4 dé tong dai s6 ching khac 0. Co
14 céach dat dau cho moi b nhw vay Dai vai cac bo thudc g (n), ta dat dau cac sé n +1; n+2; n+3;
n+4 dé tong dai s6 chiing khac 0. C6 2 cach dat dau cho méi bo nhw vay.

+1

n+4

— |+l
2

n i
g(n+4)=14f (n)+2g(n)>14.2%" +2.2u >2

Suy ra Ta c6 dpcm.
Bai 25.
2017 2

Cho da thitc fOI=x +ax* +bx+e , trong do a,b,c€Z 43 nghiém nguyén X Xos Xy
Chitng minh rang biéu thitc sau la boi cua 2017:

(02017 + b0 4 o207 +1)(X1 - X, )(X2 - X, )(X3 _ X1)

(Quéng Binh)
Loi giai

Néu c6 2 trong 3 s6 X2 X5 X dong dv mod 2017 ta suy ra dpcm.

Néu khong c6 2 s6 nao trong 3 s X2 X35 X dong du theo mod2017:

Ta c6 f(x) =ax® + (b +1)x +c(mod2017)

va [~ f (x,)=(x,- x,)(ax, +ax, + b+1) (mod2017)
ax, +ax, +b+1:2017

X, +ax, + b+1:2017

Do dé

Tuwong tw ¢

a(x, - x,)2017 = a 2017
Suy ra

Suy ra b +1:2017 1 4i c6 f(x,) = 0 nén c ciing chia hét cho 2017.

Khi 46 a® +b*™ + ¢ +1=a+b+c+1=0(mod2017)

Ta c6é dpcm.
Bai 26

Cho s6 nguyén t6 p va cac s6 nguyén dwong a, b, ¢ phan biét nho hon p. Chitng minh rang néu
cac sé @, b’, ¢ c6 cung s6 du khi chia cho p thi a® + b” + ¢ chia hét choa + b + c.
(Qudng Nam)
Loi giai
RO rang p > 3 thi bai toan méi c6 nghia.



2 2.
T gia thiét, ta suy ra (a - b) (@ + ab + b°) : p, ma a #b vaab < pnén? +ab +b°p

2 2 2 2 -
twong tw c6 b? + be + ¢ va ¢ + ca+ a® 1a boi cta p. Tir d6 9 +ab+b"- b~ be- c*ip hay
(@-c)@a+b+c)p ,laic6 4 #C vaa,c<pnénd +b+cip,

Do a + b + ¢ < 3p nén ta xét cac truong hop:
TH1: a+b+c=p:

Taco @+b =-c(modp) psy a® + 2ab + b* =c* (mod p) hay
(a*>+ ab + b®) + ab + bc +ca =c(a + b + c)(modp).
Tirdg 90+ bC+ ca:p payyang

(@ +b +c) =a*+ b>+ c*+ 2(ab + bc+ca)

2 2 2.
A + b*+ ¢
nén @ * b7+ cip hay

a+b’+c’a+b+ec

2 2 2 - .
TH2: a+b +c=2p. Tuong tv trén, tac6? * b+ cip ,ma a + b+ 2 va(p,2)=1

nen @’ + b*+ c*la+ b + ¢
Bai 27
1. Tim moi nghiém nguyén ctia phwong trinh
x> +2016x+2017y° +y =xy +2017xy* +2018

n

4m|3" +

. ’ . 1
2. Cho m,n la cac s6 nguyén duong, m la so 1é. Chitng minh rang khi va chi khi

oml3 41 3‘(2m)” +1
va
(Quang Ngai)
Loi giai
1 X +2016x+2017y* +y =xy +2017xy* +2018

o (x- D(x+2017- 2017y*- y) =1
o 1i(x- 1) = x-1€(1;- 1] = xe[2;0]

vgi X =0=>2017- 2017y* - y =-1<>2017y* +y- 2018 =0— y =1
vgi X =2=2019- 2017y" - y- 1> 2017y* +y- 2018 =0— y =1

Vay phuong trinh cé 2 nghiém nguyén (x;y) la (0;1) va (2;1)

2. (a) Chiéu thudn:



3" +1=1+1=2(mod4)

e Néun chan, ta cé (v6 1y), do dé n 1é.
e Goi p la mot wdc nguyén t6 bat ki ciia m, vi m 1é va khong chia hét cho 3 nén p > 3. Ta c6
3" +1 =0(modp) => 3" =- 3(modp) = ﬁ] =1
P
(p-DG-1 p-1
E] E] 1) & =17
Theo luat twong phan Gauss, ta co 3)1p
p-1 p-1( - - :
=[2)=¢»% i] e —1] [—3] )
3 p p)lp

= 3Ja/b =a* (mod3) = p =1(mod3) = m =1(mod 3)

, 2m)' +1=(-1)"+1=0(mod3) .
odob vin

D lé.

(b) Chiéu ddo:

(2m)" +1=1;2(mod3) (

Néu n chan thi vo ly), do d6 n 1é

4 :(3+1)‘(3” +1) = 4m|3" +1
Suy ra ,do(4,m)=1
Bai 28
R R v O BNV O ZONNNN co(n)
Cho s6 nguyén ™ =< thoa man diéu kién + +...+1"" chia hét cho n, trong d6 la

sO cac s6 nguyén dwong ko vurgt qua n va nguyeén té cung nhau voi n.
1. Chitng minh rang n ko c6 wéc s6 16n hon 1 nao la s6 chinh phwong.
2. Biét rang n c6 ko quéa 3 wdc nguyén to, tim tit ca cac so6 n thda man diéu kién trén.
(Qudng Ninh)

Lai giai

=pHpP i h N s ~ A N~ 3As A e s
1.bat " TP PPy , trong do P1 Pases Pic 13 cac 56 nguyén to6 doi mot khac nhau. Gié st n

a, >2(1 <i <k) ,

c6 wdc s6 la chinh phwong, do d6 ton tai , gid str do la

o) =nH[1- %] —(p,- D]

Ta c6 p\n

n
Co

n
Z igﬂ(n) = p,
i=2

. .p(n)
%'1



a-1_a, ay a-1__a,

Tie2dénncs Pt P2 Pk’ 5 chiahétcho Prva ™17 P PP g5 nguyén t6 cung nhau
véi Pi

Ni"" =n-1- pstpe . pe =0(mod p,)
Theo dinh ly Fermat nho, ta c6 =

= 1=0(mod p,) Wo I9).

Do do6 gia st ta c6 dpcm.

2. Theo cau a, n ¢6 dnajg phan tich chuan muyec la P1P2---Ps trong do Pi 13 cac 6 nguyén to khac
nhau.

p;|n- I 10 =i <k)
Chitng minh twong tw cau a, ta c6 dugc bi

p
p(p) _ _ o
_ Y i”? =p-2=0(modp) =n=p =2
THl:k=1tacén:p€PVé(p(p)_p b xhide =

TH2: k = 2 ta c6 n = pq véi p,q 1a 2 6 nguyén t6 phan biét va p < q. Khi d6 ? la+1 oy
q|p+1:>p<qu+l=>q =p+1=p=2;q =3
TH3: k =3 ta cé n = pqr trong d6 p < q <r la cac s6 nguyén t6. Khi do p‘qr+1,q pr+l va
rlpa+1=>pq+ar+pralipar o pa+ar+pr+l=par oo 45 t€N* g
tpqr <4qr =>tp <3 = p€[2;3] Vit=1.

. Ney PT2=2q+2r+qr+1=2qr =(g- 2)(r- 2)=5=>q =3;r =7 =>n =42.

o Né&u P=3=3q+3r+qr+1=3qr y51i do vé tréi chan, vé phai lé.
Bai 29
Giai phuong trinh nghiém nguyén duwong

Xy =(x+y)™"
(Thai Binh)

Lai giai



x=1=y=(y 1)y

. vo li.
x+1
. yeEl=x=k+1) WL
e Xétx,y>1. Tathdy "PEP sao cho PIX i P G ngugc lai. Ki hidu '» G 13 66 ma

ding cua p trong phan tich tiéu chuan cta x. Dat
k k
x=[1p"y]p’
i= i

o A EL A . (x> B .
Néu c6 ¢ b, , khong mat tinh téng quat gia st @ > . Theo gia thiét

v, 0y )=v, ()7 )= ya +xB, =+ B = a =
* ‘ , vo li. Do do6

_ . _ 2x __ 2x _
a, =pVi=0,1,..k =>x=y =>x =(2x)" = x =2x, v 1i do x nguyén duong.
Vay phuong trinh khong c6 nghiém (x,y) nguyén duong.

CHU DE 08. TO HOP
Bail

Trén mot gid sdch ¢6 n cudn sach dwgc danh s6 tir 1 dénn ( € IN* ¢ho tredc), ban dau cac cuén
sach dugc sap xép theo thit tw nao d6. Mot thia thu mudn xép lai theo ding thit tw 1,2,...,n ti tréi
qua phai, quy tac xép nhw sau: Chon quyén sach dau tién c6 s6 khong ding vi tri (tinh tit bén
phai sang) va chuyén cudn sach dé vé diung vi tri ctia né. vi du, trén gia cé 4 quyén sach theo thi
tw 3 -1-4 -2, sau mot budc chuyén quyén so 2 vé diang vi tri cia né ta xép lai thanh 3-2-1 -
4. Chitng minh rang nguaoi tha thu c6 thé hoan thanh cong viéc cia minh sau it hon 2" Ian xép
theo quy tac.

(THPT chuyén KHTN, DHKHTN, DHQGHN)

Loi giai

Chung ta sé phat biéu lai bai toan cho dé trinh bay hon mat chit. Cho mét hodn vi cua ddy so
{1,2,3,..., n}, viét tir trdi sang phdi. Ta sé chuyén ddy so nay vé duing vi tri, tic la {1,2,3,..., n}.
Moi budc ta thuc hién nhu sau : Chon s6 gan tay nhdt ma khéng ding ding vi tri r6i chuyén no
veé vi tri diing (vi du ddy 3 1 4 2 sau mét buéc chuyén thi 2 vé vj tri thitc hai thanh 3 2 1 4).
Chitng minh rdng sau it hon 2" budc thi ddy luén chuyén vé diing vi tri.

Nhan xét 40 Moi budc thuc hién chi lam thay déi vi tri ctia cdc s6 tir s6 dugc chon dén vi tri
diing cua s6 do. Cu thé, phép bién doi day vi cdc so6 trong khodng trén lén thém 1 don vi.



Nhan xét 41 Moi s6 dd & dung vi tri thi sau dé sé chi & tir vi tri dilng d6 dén vi tri n.

. A x A [ e BUUU: T S f e as .
Sau khi thye hién moi budc ta duwge mot tap hop [ 2 "} la tap hop cac s6 & ding vi tri. Ta
sé chitng minh khong c6 hai budc phan biét nao cho ta cing mot tap hop cac s6 co vi tri ding.

cr e . T A R A A o Fe IUUURY: T S
Gia st phan ching, ton tai hai budc thye hién cho cung mot tap hgp ' 2 "} lax vay vGi

. ‘A , ;. < . <a + ,oe . H
bude x duoc thuc hién trwde bude y va % <% 1 ygimoi 1<i <k

Gia st budc y dua s6 % vao ding vi tri. Theo d@ bai, rd rang tir sau vi trf cia % trudc khi bién
doi dén vi tri n, cac s6 déu & ding vi tri. Suy ra @ sau budc x cac s6 d6 cling da & diang vi tri.

Ngoai ra, dura trén nhan xét 11 dé thay cac s6 c6 vi tri dling sau vi tri trudc buwdc y cla % deu da
¢ ding vi tri. Dya trén nhan xét 10, va gia thiét phan chirng, phép bién doi y chi khién 9 ve
dung vi tri, n6i cach khac phép bién doi chi lam tap hop tang thém mot phan t a4 Vay ta chi
can xét treong hgp i = k.

Hién nhién vi tri ctia A khong phai 1a vi tri cudi. Dya theo nhén xét 10, tap hgp mat di mot hay
nhiéu phan t chi khi tap hgp dé dugc thém vao mot phan ti¥ bé hon nhitng phan tir vira mat. Ban

dau sau bude x tap hop c6 phan tir % . Tuy nhién tai budc y phan tr % duge thém vao chitng to

trwéc d6 c6 phan ti nhé hon % va khac tat ca cac phan tr % véi 1 <1 <K Phan tw nay sau d6
lai bi mat di... chitng té dén buwdc y trong tap hop van ton tai mot phan tir khac tat ca cac phan tir

9 vail <I <k vy 1y1 C6 2" tap hop c6 thé c6, tinh ca tap hgp ban dau khi chua thyc hién phép

bién ddi nao, trong treong hop té nhat ta phéi thye hién nhiéu nhét 2" - 1 phép bién doi. bay
chinh la diéu can phai chitng minh.

Bai 2

Tim s6 16n nhat phan t¥ cia mét tap hop la tap con cua {1,2,3, ....2016} théa man hiéu hai phan
ter bat ky khac 4 va 7.

(THPT chuyén KHTN, PHKHTN, DHQGHN)

Loi giai

Xét 11 s6 tw nhién lién ti€p, gia st do la {a+1, a+2,..., a+11}. Ta nhém céc s6 nay thanh sau
nhom: {a + 1,a +8},{a + 2,a +6},{a + 3,a +7},{a +4,a + 11},{a + 5,a +9} va {a + 10}.
Dé thdy ta khong thé chon hai s6 trong cung mot nhém nén c6 thé chon nhiéu nhat 6 s6 trong 11
s0 lién tiép. Gia st c6 thé chon duwgc 6 s6 trong 11 so lién tiép da cho. Theo cach chia nhém trén,
ta phai chon s6 a+10, m6i nhém chon thém mot s6. Theo dé bai ta khong thé chona + 6 vaa +
3. Dan dén ta phai lan Iwgt chona + 2,a + 7,a + 5, a + 8. Tuy nhién khi d6 trong nhom {a + 4, a
+11} ta khong thé chon sd naodo 11 -4 =7 va 8 - 4 = 4. Vay trong 11 s0 lién tiép ta chi c6 thé
chon t6i da 5 so6.
Ta chia 2016 s6 ty nhién dau tién thanh 183 nhém 11 s6 tw nhién lién tiép va nhom
{2016,2015,2014}. Dé thay néu ta chon ca ba s6 2016,2015,2014 thi ta khong thé chon du 5 s6
trong nhém {2003,2004,...,2013}. Vay s6 can tim 1a:183x5 + 2 = 917. Céach chon la: Ta chon tat
ca cac so 6 so du khi chia cho 11 thudc tap hop {1,2,4,7,10}.

Bai 3



Cho n nguyén dwong. Céac tdm thé trong maot b swu tap cé gia tri m! véi m la s6 nguyén dwong
nao do, Mot bo suu tap tot la mot bg swu tap sao cho véi moi s6 k thoa man k <n! lyén ton tai
mot sO tam thé trong bo swu tdp ma tong gia tri cac thé nay bang k. Tim so tam thé it nhat cia bo
suu tap tot.

(THPT chuyén KHTN, DHKHTN, DHQGHN)

Loi giai
n(n-1)

Dé biéu dién so n! -1, ta can it nhat 2 tam thé. That vay: Néu c6 k tam thé i! thi

k=i vayacs" 1= (n- D+...+a, 1 <(n- D(n- D+..+1.11=nk 1

ra, nhan xét cta ta la ding va day ciing la cach biéu dién duy nhat cho n!-1
n(n-1)

. Vay ddu bang xay

bing 2  tdm thé. P& bidu din n! ta can thém it nhat 1 tdm thé nita.
Dé thay vdi moi k<n-1 {3u6n tim dugc mot s6 tdm thé da dung dé biéu dién n! -1 c6 tong

. A , ~ , ! x
bang k. That vay, ta chon m 16n nhan sao choMm! =Kk _ Sau dé ta chon b,, sao cho b,-m! <k . Dé

~ < A PRI . ~ 5 . A 1 N ., o~
thay b, =m nén ta co thé tim da b, tam thé m!. C& lam nhw vay dén hét, ta tim dwgc da cac tam

thé dé tong cac tam thé nay bang k.

n(n-1)
+1
Vaysécantimla 2 . B0 suru tap tot vi du gom: 2 tam thé 1!, 2 tam thé 2!,..., i
tam thé i!,...,n - 1 tam thé (n - 1)!.

Bai 4.

Véi cac sé nguyén a, b, c, dthéal =a<b<c<d kihieu
T(a,b,c,d):{x,y,z,teN|1 <x<y<z<tx<ay<b,z<c,t sd}

1. Tinh s6 phan tt caa T(1,4,6,7).
2.Choa=1va b=4 Goid 1as6 phan t¥ cia T(a, b, c, d) chita 1 va khong chita 2, d 1a s
phan t& chita 1,2 nhung khong chita 3, ds 1a s6 phan ti chiva 1,2,3 nhwng khong chita 4. Chitng

minh ring d, 22d,- dy pg, bang xay ra khi nao?
(Truong Phé thong Nang khiéu - PHQG Tp. HCM)

Loi giai
1. V&i mot phan ti bat ki, hién nhién x = 1.
Dé thay T(1,4,6,7) = T( 1,4,7,7).
3.2

3

e VGiy=4:C6 2 phan tt.
4.3
—~ =6

e Véiy=3:C6 2 phan ti.
E =10

e Véiy=2:C6 2 phan t.



Vay c6 tong cong 19 phan tw.
2. Puong nhién ta chi xét céc bd (a, b, ¢, d) sao cho @ <b <c =<d
e Xét ds;: Do cac phan t tinh trong ds chita ba s6 1,2 va 3 nén ba s6 nay ciing chinh la x,y

vaz Khidé {=5 nentace =44,

e Xét d,: Tuong ty nhu trén, tacé x = 1,y = 2. vi Z =4 neén z c6 thé nhan ¢ — 3 gid tri. V6i
o _(c-3)d-4+d-c) (c-3)(2d-c-4)
, = =

moi gia tri clia z, t ¢6 thé nhan d - z. Vay 2 2

e Xétd; Tacéx=1, 7 23 Va3 c6 thé nhan b - 2 gia tri, z c6 thé nhan c-y gia tri var c6 thé
nhan d-z gia tri. Ta cho lan lugt y = 3 va y = 4, dé thdy trwong hop y = 3 ¢6 so phan ti
bang véi d..

(c- 4)@2d- c-5)

Truong hop y = 4, twong tw, c6 s6 phan tit 1a 2 . Vay
(c-4)@2d-c-5) (c-3)Q2d-c-4)
d, = +
2 2
Khi do ta co:

(c-4)(Q2d- c- 5)+(c- 3)(2d - c- 4)
2
Twong dwong véi dy- 2d, +dy 20

D4u bang xay ra khi b = 4.
Bai 5

d-2d,+d, >

-(c-3)Q2d-c- 4)+(d- 4)

. Vay ta c6 diéu can ching minh.

Trong mot hé thong may tinh, mot may tinh c6 thé két noi trye tiép vdi it nhat 30% may tinh
khéac cta hé thong. Hé thdng nay c6 mdt chuwong trinh ngan chan va canh bao kha tot,do dé khi
mot may tinh bi virus,n6 chi da thoi gian lay virus cho cac may tinh dwgc két noi truce tiép vai
n6. Chitng minh rang du vay, ké tdn cong van cd thé chon hai mdy tinh ctia hé thong ma néu tha
virus vao hai mdy do, it nhat 50% may tinh cta hé théng sé bi nhiém virus.

(Trwong Phé thong Nang khiéu - PHQG Tp. HCM)

Loi giai
Goi tap hgp cac may tinh trong hé thong la X.

Bo de 15 Xét mot tdp con S bat ki cta tdp X. Khi do ton tai mot mdy tinh ctia hé théng két n6i
true tiép vai it nhat 30% mdy tinh trong tdp S.

Chitng minh 2 xét cdp (s, x) v6i S € S va X€X ChoX chay trong X va s chay trong S

S xS
sao cho X va s ké nhau, tinh theo s thi s6 cdp nhw vdy khong it hon 10 Do dé
khi tinh theo x , phdi ton tai x sao cho x nay két noi truc tiép vai it nhat 30% mdy tinh thudc S.
Tra lai bai todn, xét mdy tinh A bat ki. Goi S 1a tap hgp cadc may tinh khong két ndi v4i A. Néu S
rong thi két qua bai toan la hién nhién ding.Néu S khong rong thi theo bo dé, ton tai mot may



tinh B khac A két noi trye tiép voi it nhat 30% may tinh trong S. Ta chon hai may tinh A va B.
Ta co:
3 7 7 7
|X|- |S|+E'|S| =| x|- E.|S| >|X|- E.E.|X| =0,51|X]|.
Vay ta c6 diéu can ching minh.
Bai 6

Ban An c6 12 tdm thé, trén moi tdm thé ghi mat s6 nguyén tir 1 dén 12, cac so trén cac thé déu
phan biét.
1. Chitng minh rang ban An c6 thé chia 12 tam thé dé thanh mot s6 nhém théa man tinh chat (P)
nhu sau: trong moi nhom c6 nhiéu hon mot tam thé dong thai s6 16n nhat ghi trén mot tam thé
nao do6 bang tong cac so ghi trén tam thé con lai.

n(l<n<12)

2. Néu ban An cho ban Binh n tdm thé mang cac so tir 1 dén thi voi nhitng tdm thé
con lai ban An c6 thé chia thanh mot s6 nhém théa man tinh chat (P) hay khong?
(THPTchuyén BH Vinh)

Loi giai

1. Ta c6 céach chia nhém thoa man sau: (1,10,11); (2,5,7); (3,6,9); (4,8,12). T d6 suy ra ménh dé
can chitng minh la ding.
2. Gia str ton tai n sao cho néu An cho Binh n tdm thé dau tién thi so thé con lai van c6 thé chia
thanh cac nhom théa man tinh chat (P).
Do mo6i nhém phai ¢6 it nhat 3 phan ti nén khi d6 khong thé chia s6 tdm thé con lai thanh qua 3
nhém.
Do mo6i nhém déu théda man (P) nén tong cac phan ti cia moéi nhém déu chia hét cho 2, dan dén
tong cac thé con lai cling chia hét cho 2. Suy ra " >3
Do da mat hai tdm thé 1 va 2 nén phai ton tai nhém c6 s6 16n nhat 1a 11 va mot nhém khac c6 s6
16n nhat 1a 10. Hién nhién nhom con lai 6 s6 16n nhat 1a 12. Vay so6 thé An cho Binh la 12 - 3.3
= 3 thé.
Vay n = 3. Nhung khi do tong cac so trén cac tam thé con lai bang 4+5+6+...+12 = 72 va 2(10
+11 + 12) = 66, v0 i vi 72 khong thé bing 66!
Vay gia thiét phan chitng la sai. Ta c6 diéu can chitng minh.
Bai 7
1. Tinh s6 hoan vi f(1);{(2);...;f(2016) sao cho biéu thitc

T =|f - 1+|f (2)- 2|+...+| f (2016)- 2016|
dat tra tri 16n nhat, trong d6 f(1) la gia tri & vi tri th& f trong moi hoan vi, i = 1,2,3,...2016.
2. Trén mat phang xét 42 diém ma khong c6 ba diém nao thang hang.Ta dyng cac doan thang ndi
hai diém trong cac diém néi trén sao cho moi bo ba diém dang xét luén c6 hai diém dwgc ndi véi

nhau. Tim gia tri nho nhat cua s6 doan thang can dung.
(Ba Ria - Viing Tau)

Loi giai



1. Trong T, moi s6 tw nhién thudc khoang [1; 2016] xuat hién hai lan, c6 2016 dau cong va 2016

% =1008

dau trir. Nhw vay, T dat gia tri 16n nhét khi 2016 ddu cong thudc vé 2 s0 16n nhat,
2016 1008
D i- Zi] =2(1008.1008) =2.1008

i=1009 i=1

Tmax :2
con 2016 dau tri thude vé 1008 s6 con lai. Vay
,dat duoc khi (f(1),f(2),...,f(1008)) la hoan vi cta (1009,1010,...,2016) va
(f 009), f (1010), ..., f (2016))

la hoan vi cuaa (1,2,..., 1008).
£

That vay, gia st ton tai i < 1009 sao cho f(i) < 1009. Khi do6 tur sé xudt hién mot s6 bé
hon 1009 nhung mang dau cong, vo li.

T diéu kién ddu bang, ta tinh dugc s6 hodn vi la: 1008! 1008! = (1008!)>.

2. Trudc hét xin phat biéu va chitng minh bd dé sau.

(n>

R, A . g =2) . o N A gi
Bo6 de 16 Trén mdt phdng xét 2n diém , Néu c6 2° + 1 doan thdng duoc néi thi hé diém
co it nhdt mét tam gidc. Pdy ciing la sé canh it nhdt can cé dé lubn ton tai tam gidc.

Chirng minha 3
4.3
=~ —6

e VGin =2, xéttdp diém {A, B, C, D}. Ta c6 sé cdp hai diém bat ki la 2 . Suy

ra cé dung mét cdp khong dugc noi la AB.

e Gia st bo dé dung vdin = k, xét n = k + 1. Gid st? ton tai cach néi sao cho khéng ton tai
tam gidc nao. xét mét tdp con S co 2k diém bat ki cua tdp hop 2(k + 1) diém dang xét sao
cho hai diém con lai, ddt la A va B, dugc néi véi nhau. Néu cé qud k? doan thdng c6 hai
dau mut déu thudc S thi trong S c6 mét tam gidc theo gia thiét quy nap. xét b6 ba (A,B,X)
v0i X chay trong S. Méi bé ba nhw vdy c¢6 nhiéu nhdt 2 canh, néu khong tinh AB thi chi
c6 nhiéu nhat 1 canh. Khi doé cho X chay trong S ta dugc nhiéu nhdt 2k doan thdng. Vay

2 _ 2 2
56 doan thang nhigu nhat la <+ 2K+ =t P2k 1741 o0 v s e

)? doan thdng, ta c6 cdch néi nhu sau: Chia S thanh hai nhém (k + 1) diém, méi diém noi
VvOi tdt cd cdc diém khdc nhom vdi né. véi cdch noi nay, khi chon 3 diém badt ki, theo
nguyén Ii Dirichlet, luén c6 hai diém chung nhom, khong dugc noi véi nhau.
A s am g L 1. R . n>2
Vay bo dé diing véi n = k+1. Theo nguyén Ii quy nap, bo dé ding v&i moi ( ).
A , e s o Al s ea eA 4w
Quay lai bai toan. Goi tap hgp cac doan thang can noi la A vdi | | nho nhat cé thé. Diéu kién de

bai twrong dwong véi khong ton tai ba diém nao d6i mot khong néi véi nhau. Goi S 1a tap hgp tat
2

S/A| < 42
ca cac cap diém. Khi d6 theo bo dé ta c6 .Suy ra
2
4 =ls|-[s /o =224 [ﬂ —420,

Bai 8
1. Xung quanh bd ho hinh tron c6 2017 cay liéu. Ngwoi ta dy dinh chat bét 5 cay liéu sao cho
khong c6 2 cay liéu nao ké nhau bi chdt. Hoi ¢6 bao nhiéu cach thiye hién khac nhau ?



x
2. M6t cudc hop 6 12k (ke N*) nguai, trong d6 moéi ngwoi bat tay voi ding 3k + 6 nguai

khac. Biét rang v6i moi cach chon cap hai ngwoi (A;B) thi s6 nguoi bat tay véi ca hai nguoi A va

*
Bludn 1 m(me N*m <3k+ 6).

Hoi cudc hop c6 bao nhiéu nguoi ?
(Bdc Ninh)
Loi giai
1. Péanh s6 cac cay liéu tir 1 dén 2017 theo chiéu kim dong ho.
Trudc hét ta tim s6 nghiém nguyén dwong cua phwong trinh a+b+c+d+e = 2012. Dé thay so
cach chat cay thoa yéu cau véi mot cay chac chan bi chat (vi du, cay so 1) cling chinh la s6
20111 2011!

41(2011- 4)!  412007!

nghiém nguyén duong cta phuong ttinh nay va bang

201112017

Do c6 2017 cay va mdi cach chit sé bj dém 5 Ian khi ta nén s6 lwong cach chat la: 41200715
cach.
2. Ta sé dém bang hai cach so cai bat tay trong cudc hop.

e (Cach dém th nhat: Do moi nguoi bat tay ding 3 k + 6 lan va moi cai bt tay dugc thuc

12k (3k +6
12k(3+6) =6k (3k +6)
hién béi hai nguwdi nén so céi bat tay la:
12k (12k- 1
12k02k-1) =6k (12k - 1)
e (Cach dém thw hai: s6 lvgng nhom hai ngwoi bat ki la 2 . Véi

moi nhom hai ngwoi nhu vay theo dé c6 ding m ngudi bat tay voi ca hai ngwoi nay ti
moi nhém hai nguoi ta dém duge c6 diing 2m cai bat tay (khong tinh cai bat tay gitta
chinh hai ngudi d6 néu c6). xét hai ngwdi bat tay nhau la A va B. Dé thdy cdi bat tay giira
A va B chi dugc dém trong ding 2(3 k + 5) nhom hai ngudi bao gom (A, Xs) va (B, Xa)
vdi Xa chay trong tap nhitng ngudi bat tay vai A khong tinh B va X5 chay trong tap nhitng
nguwoi bat tay véi B khong tinh A. Vay tong so cai bat tay la

6k (12k- 1).2m _ 6km(12k - 1)

2(3k+5)  3k+5

6km(12k - 1)

T hai cach dém trén, ta duwgc phuwong trinh nghiém nguyén dwong: 3k +5
Giai phuong trinh trén ta dwgc k = 3, m = 6. Vay cudc hop c6 12k = 36 nguoi.
Bai 9.

=6k (3k +6)

Trén mat phang cho 2017 diém sao cho vé&i ba diém bat ki ta luén tim dwgc hai diém dé doan
thang dugc tao thanh c6 do dai bé hon 1. Chitng minh rang lu6n toén tai mot dudng tron c6 ban
kinh bang 1 chia khong it hon 1009 diém da cho.
(Binh Duong)
Loi giai

Goi tap hgp diém da cho la S. Xét mot diém A bat ki trong S.



TH1: Moi diém con lai trong tap déu c6 khoang cach véi A bé hon 1. Buong tron tam A ban kinh
bang 1 chinh la dwong tron can tim. Két qua bai toan la diung trong truong hgp nay.

TH2: Ton tai mot diém B trong tap hop diém con lai sao cho AB =1 | Xét bo ba diém (A,B, X)
v6i X chay trong S/{A,B}. Do AB =1 ngn hodc AX < 1 hodc BX < 1. Theo nguyén li Dirichlet,
mot trong hai duong tron (A, 1) va (B, 1) chita it nhat 1008 diém thudc S/AA,B}. Puong tron do
chinh la dwong tron chita 1009 diém thudc S khi tinh thém A,B. Két qua bai toan la ding.

Bai 10
1 2 2016

Trén bang cho cac s6 20162016~ 2016 , M 06 i lan thuc hién tro choi cho phép ta x6a
di hai so a, b bat ki va thay vao s6 mdi bang a + b- 3ab. Héi sau 2015 lan thyc hién phép x6a, s6
con lai trén bang la s6 nao?

(Binh Duong)
Loi giai
672 _l 672 672
Ta hay xét so 2016 3 | Né&u ta x6a mot s6 x bat ki va s6 2016 | ta s& van nhan lai 2016 vi
672 672 672 672
—Z 4y x-3— S x=—2, —=
2016 2016 2016 vay s6 2016 ]uon hién dién trén bang , day ciing 1a dap an bai
toan.
Bai 11.

1. Trén moi 6 vudng cia mot bang 9x9, ta dat mot con chau chau. Gia st cit sau mét tiéng go,
moi con chau chidu nhay sang 6 bén canh cting mot hang hodc cung mot c6t. Chitng minh rang
sau mot tiéng go co it nhat hai con & cing mot 6.

2. Trén mit phing toa do Descartes Oxy, c6 mdt con chau chau & toa d6 (x,y) trong d6 Y €Z

Vi N la s6 nguyén duong cho tridc, con chau chéau c6 thé nhay tir diém nguyén A dén diém
nguyén B néu do dai AB bang N. Hoi rang con chau chau c6 thé nhay dén bat ki diém nguyén nao
sau httu han cac budc nhay khéng néu N = 2025. vi sao? (Diém nguyén la diém c6 tung do va
hoanh do la cac s6 nguyén).

(Binh Duong)

Loi giai

1. Ta t6 mau bang da cho den trang xen ké v4i 6 6 goc mau den. Dé dang tinh duwgc s6 6 den
nhiéu hon s6 6 trang 1 6 va sau mot tiéng go, con chau chau ¢ 6 den sé nhay sang 6 trang va
nguoc lai, t? 6 trang nhdy sang 6 den. T d6 suy ra sau mdt tiéng go, so chau chau & cac 6 trang
nhiéu hon s6 6 trang ding 1 don vi. Khi d6 theo nguyén 1i Dirichlet, c6 it nhat 2 con chau chau &
cung mot 0.
2. Theo dé bai, khi chau chau & vi tri (a, b) nao dd, né chi c6 thé nhdy t6i vi tri (a +m,b + n) vGi
m, n 1a s6 nguyén théa m? + n? = 2025. Do 2025:3 pap ™7 3, Vay s0 du khi chia hoanh do
(twong tw, tung do) cho 3 1a khong do6i. Vay két luan ctia bai toan 1a khong.
Bai 12



Trong mit phing cho M =2 duong thing doi mot cit nhau va khéng c6 ba dudng nao dong quy.
Céac duong nay chia mat phang thanh cac mién hitu han va vo han. Chitng minh ta c6 thé danh
ddu cac mién dé bang cac s6 nguyén théa man ca ba diéu kién sau:
i.  Cac so0 d6 khac 0.
ii.  Tri tuyét doi ctia méi s6 khéng 16n hon n.
iii. ~ Moi duong thang da cho sé phan mat phang lam hai phan ma téng cac s6 ctia moi mién
thudc moi phan sé bang 0.
(ba Nang)
Loi giai
Nhén xét rang vi moi mién c6 t6i da n canh nén s6 dinh cia mot mién khong bao gio vigt qua n.
Ta c6 cach danh s6 sau: Chon mgt mién bat ki, danh s6 cho mién nay bang s6 dinh cia né. Sau
dé ta danh s6 cac mién con lai theo quy tac: s6 danh dau c6 gia tri tuyét doi bang so6 dinh cua
mién va s6 danh dau ¢ hai mién chung canh trai dau nhau. Ta sé chitng minh luén c6 thé danh s6
bang cach nay.
e V6in = 2 hién nhién ménh dé dung.
¢ Gia st v6i n = k ménh dé dung, xét mot bo k + 1 dwong thang bat ki théa man yéu cau de
bai. Ta bé qua 1 dwong thang va danh s6 theo cach trén. Theo gia thiét quy nap, ta danh
s0 dugc. Bay gio ta xét thém duwdong thang da br qua. Ta chon mdt bén bat ki, gitt nguyén
dau cac mién bén dé. 6 moéi mién bi phan chia, bén phia dwgc chon ta giit diu ciia mién
ban dau, phia con lai trai dau. Cac mién khong bi phan chia & phia khong duwgc chon doéi
dau. Dé thay cach chon dau am, dwong nay thoa man cach danh sé da néu. Vay ménh dé
dung v6i n = k + 1 va theo nguyén li quy nap, ménh dé ding véi moi n.
Cach danh s6 nay théa man cac diéu kién trong dé bai. That vay:
bién kién (i) hién nhién théa man. Piéu kién (ii) thoa man dya trén nhan xét ban dau cta chiing
ta.
Dai voi diéu kién (iii): Dé thdy moi dinh hodc thudc vé 4 mién néu khong nam trén duong
thang dang xét (loai 1), hodc thudc vé 2 mién néu nam trén duwong thang dang xét (loai 2). Tong
cta cac mién "dwong" thuc chat la dém so dinh loai 1 nhén 2 r6i cong cho s6 dinh loai 2. Tuwong
tu vGi tong cla cac mién "am". Vay tong cac mién thudc vé mot phia bat ki cia dwong thang
dang xét bang 0. Diéu nay ching t6 diéu kién (iii) dugc théa man.
Vay bai toan da dugc chitng minh.
Bai 13.
Cho bang 6 vuéng 2017 X 2017, ngudi ta dién vao moi 6 cia bang mot s6 nguyén tir 1 dén 2017
sao cho moi s6 dugc dién vao bang diing mat lan.
1. Chitng minh ton tai hai s6 canh nhau trong bang (titc thuoc hai 6 chung canh) c6 hiéu khong
nhé hon 2017.
2. Tim K €IN* nha nhat sao cho ton tai mot cach dién dé hiéu hai s6 canh nhau bat ki trong bang
déu khong 16n hon k.
(Pa Nang)
Loi giai
1. Ta chitng minh bang phan chitng, gia st ton tai cach danh so sao cho hai s6 bat ki canh nhau
trén bang c6 hiéu nho hon 2017.

Xét 56 k bt ki sao cho 1 <k < 2017°- 2017  Goi A, = {k+1, k + 2,..., k + 2016}, B, =

(1.2,.k} G = {k + 2017, k +2018,...2017°} vi 1%/ Z2016 a0 51 tai 1t nhiit mot ot (twomg
tw, mot canh) khong chita phan t nao thudc Ax. Goi tap hgp céac s6 thudc vao cot hodc hang do la




Dy. Ciing do |Ak :2016| nén trong Dy khong thé c6 hai phan tir ké nhau nao khong thudc cting
mot tap hgp, suy ra Dy la tdp con cua Bx hodc Cy. Dé thdy |D | _4033
e Véik=1,do Bl= pan D EC

e Vgi k=2017°-2017 4o Gl =t nen Doz 2017 € Boorrzooonr

A s D eC . c A A s Vs AL heC, .
Vay ton tai n sao cho " C, va D, B"+1. Vay ton tai it nhat mot s6 h sao cho " va

hEBn+1_ Khi d6 tacon+ 2017 <h<n+ 1 5 Iy!

2. Theo céu 1, ta c6 kK 22017

Ta c6 cach danh so sau: Hang thit i danh s6 ti trai sang phai lan luot la 2017(1 - 1) +j vdij la vi
tri trong hang cta 6. Dé thdy cach danh s6 nay thoa man hiéu hai s6 canh nhau bat ki khong vurgt
qua 2017.

Vay s6 can tim la 2017, v&i cach danh s6 da chi & trén.

Bai 14

a,,d,,...

Tim s6 nguyén dwong n nho nhat sao cho: V&i n s6 nguyén duong »dn 461 mot khac

I, 16[123 a +a; 22017(ai,aj)

nhau, lu6n ton tai hai chi so6 } dé

16n nhat cua hai s6 nguyén duong a, b.

v0i (a, b) la wéc chung
(Péng Nai)

Loi giai
Dé thdy 2017 la s6 nguyén t6. xét 1008 s6 nguyén dwong dau tién. Ta c6 hai s6 nguyén duong
bat ki trong day c6 tong khong qua 1008 + 1007 = 2015 < 2017. Vay n > 1009.

¢ Ta sé chitng minh 1009 la s6 can tim. Gia st ton tai cach chon 1009 s6 [al’ Qprees &y 009]

sao cho khong thoa diéu kién dé bai.

e Gia st ton tai chi so i, j sao cho % chia hét cho 2017 con & khﬁng chia hét cho 2017.
<— a,+a; 22017| ——,aq,
2017

(a.0) =] 54 ,
Khi d6 ta c6 2017° suy ra 2017 mau thuan
v6i gia thiét phan chitng. Vay trong day hodc tat cd déu chia hét cho 2017, hodc tat ca déu
khong chia hét cho 2017. Dé thay rang néu ta tim duwgc mét bo s6 khong thoa diéu kién,
thi khi chia moi s6 cho wdc chung 16n nhat ctia chiing, ta dwgc thém mot bg so nita khong
thoa diéu kién, vi vay ta chi can xét tredng hop tat ca khong chia hét cho 2017.

e Giaswton tai hai chisdi,j sao cho a - a;:2017 . Khong mat tinh tong quat, gia st
a,+a; a+aq;
2017b 52017
a,- a, =2017b,b€N (a,,a ) (b a; ) ( b,a; ) a,+a, 2(a,a,)
r . Ta suy ra ! !

Vay 1009 s6 nay doi mot khong dung s6 dw khi chia cho 2017. Ta c6 cac nhém (1,2016);
(2,2015);...; (1008,1009). Theo nguyén li Dirichlet, phai ton tai hai chi s6 i,j sao cho s6

du khi chia % va % cho 2017 1a mét trong 1008 nhém trén, Khi 6 ta c6 % * % 2017



a; +a; 2017c¢ 2017¢
>

= > >2017
a6 (a,.,aj) (2017C,Clj) (c,aj)

a, +a; :20170_ . Suy ra

Dit Vay t

a.+a. >2017\a.,a, A X e e 1 R .
i ( ! f) , mau thuan voi gia thiét phan chirng!

Vay gia thiét phan ching la sai, ta cé diéu can chitng minh.

Bai 15

; o a,a,.0a,) a>a, ..1<i .
C6 bao nhidu hoan vi ~ V" “2°"7 7107 cia cc s6 1,2,3,...,10 sao cho % ~ %2 yai 1 =I<5 v3

a; > yai 1<i <4

(Po6ng Nai)
Loi giai
q, >a,,a;;a, >4,,d;;0, >dg,dy;d; > A,;;0; > dg, A,

Tt diéu kiénn dé bai ta . Dé thay a; la s6 16n

R e ... (a,a,a.,a,a,a . (a,a,a) .
nhét, vay a; = 10. Chia cac s6 con lai thanh hai nhém ~ 2’7475 78 7927107 yg 2732762777 De

thdy hai nhém nay khong anh hwéng gi dén nhau khi xét dén diéu kién dé bai. Ta c6 s6 cach
9!

chon phan tir nhém thit nhat 1a 3'6! | Khi chon xong phan ti¥ cho nhém 1, con lai diing 3 phan ti
cho nhém 2. Do trong nhém 2, phan tit as 1a phan t¢ 16n nhét, as va a; khong anh hwéng dén
nhau nén s6 cach sap cho nhém 2

la 2.

Trong nhém 1, dé y rang a. la phan ti 16n nhat trong nhém. Cac phan ti con lai chia thanh hai
nhom (GG @) s (05,0,0)

RO rang hai nhom nay khong anh hwdng dén nhau. Vay so cach chon phan t¥ cho hai nhém nay
5!

la: 2!3!  Nhém nho thit nhat twong ty nhém hai nén s6 cach sap 1a 2.

a. >a

Nhom nho thit hai c6 10 nén c6 so cach sap la 1.

191
i =3360

Vay s6 hoan vi thoa man la: ~ 2!3!3!6!

21313!6!

Bai 16

(x,,%,,x,) vai XXX 6[0;1; 2;...;7} x =(x,x,,x)EA

Goi A la tap cac bo
~ Y= € ~ . X Vi =1;2; . as e < i
bb y=(,y,,y,)€A néu X7Y va X 2y, Vi =,2;3 . Khi d6 ta viét x > y. Tim min

sao cho moi tap con cé n pti ctia A déu chita it nhéat 2 b x > y.

.BO goi la trgi hon

eIN*

(Ha Nam)
Loi giai
Xét mot tap con B ctia A sao cho khong ¢6 hai phan ti nao cia B ma mot phan t trdi hon phan
tw con lai, va |B| dat gia tri 16n nhat.
Xét mot bang 8x8 danh s6 cac hang twr trén xudng dwdi lan lwgt tiv 0 dén 7 va cac cot tr trai sang
phai lan lugt tir 0 dén 7. Néu trong B c6 phan ti x = a, b, c thi ta danh dau 6 (a,b).



Dé thdy khong c6 6 nao dugc danh ddu qua mot lan. That vay, gia st ¢ mot 6 (a, b) dwge danh

= > =
déu it nh&t mt Ian, khi d6 trong tap B sé c6 twong ing hai phan tit (a,b.x,)>y =(a,b.y,) ,
v 1i! Vay s6 6 danh ddu bang [B|.
(a,,b,)

a,,b " < . b <b
(@,b,) g, @ <0, b =b, (twong tw,

>, ) Dé théy, trén bang khong the c6 9 6 (%0100,

(ai,a,-)< (am,b,-+1 ),i =18

Ta goi mot 6 bé hon (twong tw, 16n hon) 6

a=a, .b
1= gy B sao cho
, Vi néu ton tai, theo nguyén li Dirichlet phai ton tai hai chi s6i <j

C. <C, ,x ~ X . <X.
sao cho ! i dan dén i,

Goi S; la tap tat ca cac 6 dwgc danh dau ma khong c6 6 duwge danh dau nao 16n hon,..., S;1a tap
tat ca cac 6 dugc danh ddu ma v6i moéi phan i thude Si+1, c6 it nhat mot phan tir thude Si+; 16n

LA LA n R e P . A Se| =0 ..
hon n6 va khong c6 phan ¥ nao khong thudc Sk véi moi k <i 16n hon né. Ta c6 || 9| . VOi i
bat ki, xét cac phan tw thudc S;, goi m; la gia tri 16n nhat cua a + b véi (a,b) thudc S;, goi phan t

thudc S; d6 1a (a;, by). DE ¥ ring néu (a, b) < (c, d) thi @ + b < ¢ + d. Vay nén ta c6 M = Mis
(c,d,) @5 kg rang & *% va 4 # Ngoaira, & <4

d <b | . |Sl.|Sm ~ m <8 .
. Vay néu va

Xét phan tw

khi va chi khi % > P va nguoc lai, & > % Khi va chi khi
|S,|<16-m, . m >8
neu ! .

bét ki thudc S; khéac

8

|B|=)|S,| <5+6+7+8+7+6+5+4 =48
Dé dang thay rang khi d 6 i= . Ddu bang xay ra, chang
han khi moi 6 dugc danh ddu (a, b) thoa © <@ +b <12 y3 ngwge lai, nhitng 6 thoéa dieu kién nay
dugc danh dau.
Bai 17

=49

Cho tap 5 :[ 12,3, 2016} . Héi c6 bao nhiéu hoan vi (al’ seens 02016) cta tap S sao cho

2(‘11 +a, +a, +"'+ak)5k vGi Vk =0,1,2,...,2016
(Ha Tinh)
Loi giai
=mina,a,,...,a, hojc @ =Maxa,dy,....q e k >4

Ta sé chitng minh bang quy nap &
2016 2015

23 a, =2016.2017 23 a 2015
e V&ik=2016, hién nhien %> %2>~ 32016 pap = .Talaico =
nén G016~ 1:2015 7oy @ois e[1;2016] Ménh dé diing véi k = 2016

(a,,a,,..,a,.,) .

e Giastménh deé tit k = 2016 dén K =N =5  Xét k = n+1. Hién nhién la

n-2
2)'i =(n-1)(n-2)(n-1)
hoan vi cia n - 1 s0 lién ti€p nao d6. Taco =0 nén ta c6 thé

- (a,a,,..,a,.,) 1,2,..,n-1)

xe 1a hoan vi cta

n- n-2
ZZl'ai =n.(n- 1) 2) a n-2
i= i=

. Twong tu nhu trén ta cling c6

a_ -1:n-2) a_, =1 a_, =n-1



n-1
2¥a =n(n-1)
é =n-1

n-2
2} a n-2 : _
.Do = nén %1 1i(n- 2) hodc -1 =1 hoac %1
Vay ménh dé ding véi k = n - 1. Theo nguyén li quy nap, ménh dé dung véi k > 3.
Goi Sk 1a so hoan vi cta (1,2,...,k) théa man yéu cau dé bai. Theo ménh dé da chitng minh, ta c6

Ska25 ygi k 23 D dang tinh dwgc S, = 2. Vay s6 luong hodn vi thoa

yéu cau la 2°*,
Bai 18
Xét tap hgp S gom 2016 s6 nguyén duong dau tién. Goi A, B,C 1a 3 tap con bat ky caa S, d6i mot
khéng giao nhau sao cho |4] =|B| =|c| =672 va AUBUC =S Chitng minh ring ton tai 3 s a,
b, c Ian lugt thudc 3 tap A, B, C ma so nay bang tong hai so kia.

(Tp.HCM)

Loi giai

Gia st phan ching, ton tai cach chon céac tdp A, B, C thdéa man diéu kién dé bai sao cho khong
ton tai 3 so a, b, c 1an lwgt thudc A, B, C ma so6 nay bang tong hai s6 con lai. Khong mat tinh tong
quét, gia st 1€ A | Theo gia thiét phan chitng, khong thé ton tai hai s6 lién tiép ma mot s6 thudc
B, s6 con lai thudc C. Ta viét lai cac s6 thanh mgt chudi cac chir céi a, b, ¢ theo qui tac s6 i thudc
tap A thi chir cai ¢ vi tri thi i la chit a, twong ty véi B,C.
Khong mat tinh tong quat, gia st chit cai cudi cung la chi¥ c.
Ta chitng minh ton tai chudi acc. Gia st khong ton tai chudi nay. Khi do6 s6 lwgng chit a can c6
dé ngan cach ting chit ¢ ding bang 672. Tuy nhién ta can thém it nhét 1 chit a nita dé ngan cach

=|A| >
cac chit ¢ v6i 672 chit b, vo 1i vi khi d6 672 =|A| =672 +1

a trong chudi dé & vi tri x.

Ta chitng minh ton tai chudi bba. Gia st khong ton tai chudi nay. Khi d6 do chit cudi cung la
chit ¢ va céac chit b phai ngan cach véi cac chit ¢ bang chit a nén ton tai chit a & vi tri 16n hon vi
tri cua tat ca cac chir b va can it nhat 673 chit a. Suy ra diéu vo li la 673 <672 Vay ton tai
chubi bba. Gia st chit b dau tién trong chudi & vi tri y.

THI1:x >y. Xéthiéu (x-y).Do X€EA va YEB 1an theo gia thiét phan chitng, (x - y) khong
thé thudc c. Twong ty véi x+1lva y+1, x+2va y+2 ta ciing co6 (x - y) khong thé thudc A
va B. Suy ra (X - y) khong thudc tap nao ca, vo li.

TH2: x <y. Xét hiéu (y - x) twong tw nhu trén, ta cling suy ra (y - x) khong thudc tap nao ca, vo
1i.

Vay gia thiét phan ching 1a sai, ta cé diéu can ching minh.

Bai 19

. Vay chubi acc c6 ton tai. Gia stt chit

Cho tap hop A :[ B> Q> eee 015} gom 15 phan tir. Ching ta sé tao ra nhitng tap hgp ma moi tap

hop nay chi chita mot hay nhiéu phan t¥ ctia A (c6 thé st dung tat ca cac phan tr cia tap A) va
chi s6 dudi cia moi phan tit trong mai tap hgp dwgc tao thanh phai la boi ctia chi s6 duwdi nhd
nhat co trong tap hop d6. Co6 bao nhiéu tap hgp nhw hgp nhw thé duwgce tao thanh? Chang han

AR R tap hop théa méan yéu cau bai toan
(Khdnh Hoa)
Loi giai



15
n

-1

Xét mot so tw nhién n bat ki sao cho 1 < n < 15. Dé thdy trong [1; 15] c6 ding
N s6 khac n 1a boi s6 cta n. so tap hop thoa diéu kién dé bai voi n 1a chi s6 nho cling chinh la so6
15
n

tap con cua tap hgp cac bdi s6 cua n nho hon hoac bang 15, bang: Sy =2
15
DS, =2 +2042 4227 +2.2' +8.2° =16492.
SO tap hop thda diéu kién dé bai la: =
Bai 20
Cho tap M, ={1,2}(ne N*)
1. Goi X 1a 1 tap con ctia M;s sao cho tich cta 3 ptr bat ky cia X khong phai s6 chinh phwong.
Tim max| X | .
2. Goi Yla 1 tap con gom cé 15 phan t& ctia tap M>s. Tap I' goi la tap "t6t" néu nhuw khong ton tai
2 phan t¥ nao ma tich ctia chiing la s6 chinh phwong. Tinh s6 tat ca cac tap "tot".
(Lang Son)
Loi giai
1. Ta chia moi s6 tt 1 dén 15 cho wéc chinh phwong 16n nhat ctia chinh né. Khi dé ta dugc cac
s6 1an lwgt 12 1,2,3,1,5,6,7,2,1,10,11,3,13,14,15. Gia st |X| > 10.
* Néu X chita s6 1: Khi d6 trong X khong c6 hai phan tt nao c6 tich 1a s6 chinh phwong
nén X chi cé thé chiva toi da 2 s6 1, chita toi da 1 so 2, chita t6i da 1 so 3.
e Neéu X chita s6 2 thi X khong thé chita cé hai s6 5 va 10, khong thé chita cd hai s6 7 va

|X| <15- 5 =10

14. Khi do , mau thuan vdi gia thiét quy nap. Vay |X| khong chita 2, ma

do |X| >10 nén V = {1,1,3,5,6,7,10,11,13,14,15}, nhung khi d6 bo ba s6 (3,5,15) c6 tich
la s6 chinh phuwong. Vay X khong chita s6 1, nhung do X cling khong thé chita bo ba s6
(2,7,14) va (3,5,15) nén |X| <15- 5 =10,
va |X| <10 C . . A, . .

ay . Bua cac so vé lai ban dau, ta chi ra dwgc mot cach chon phan t cho X Ia :
X =1{1,3,4,5,6,7,10,11,13,14}.
2. Twong ty nhu trén, ta thay cac so tir 1 dén 25 bang thwong khi chia né cho wéc chinh phuong
16n nhéat caa chinh né, ta dwoc 16 s6 1,2,3,5,6,7,10,11,13,14,15,17, 19,21,22,23 v§i s6 lan xuat
hién cua céc so6 lan lwot 1a 5,3,2,2,2,1,1,1,1,1,1,1,1,1,1,1. Theo diéu kién dé bai, cac so ta lay phai
khac nhau nén s6 cach chon 15 phan t (cling chinh la s6 dé yéu cau tinh) la:

5322214143411 | z1564
5 3 2
Bai 21.
MGt s6 nguyén duong k dugc goi la " dep" néu c6 thé phan hoach tap hgp cac s6 nguyén duong
Z* thanh tap hop AyA.,..., A sao cho v6i mdi sé nguyén dwong ™ =15 va véi moi : e{l; LEE k}
déu ton tai hai s6 thudc tap A; c6 tong la n.
1. Chitng minh rang k = 3 la dep.
2. Chitng minh ring moi K =4 dau khong dep.
(Nghé An)

Loi giai



1. Ta c6 cach phan hoach sau:
A = [1,2:312;..53k..]
A = [4;5;6;11;...;3k +2},
A ={7:8 9;10;...;3k +1...
e V6in=15n=16van=17.
- Dai voi 3+12=15; 1+15=16; 2+15=17.
- DO0i voi Ax: 4+11=15; 5+11=16; 6+11=17. D6i vGi As: 7+8=15; 7+9=16; 8+9=17.

>0 - =
e V6in > 18: Boi véi Ai Khi n = 3k V('fik 26:(3k- 3)+3 =3k . Khin = 3k + 1 véi

k=6:(K)+1=3k+1 . o oo k=6:(3K)+2=3k+2

Tuong ty vGi Az va As.

Vay k = 3 1a s6 dep.

2. Gia st phan chitng, ton tai cach phan hoach théa dé bai véi k=4 yat tap S={1;2;...;15},
do 15 < 44 nén phai ton tai mot chi s6 i sao cho A; chi chita khong qua 3 so thudoc S. Khong mat

{inh t6ng quét, gia sif 56 d6 13 1. Theo ditu kién dé bai, ton tai k =7 sao cho {5157 K 13 tap
con cua A;. Pat s6 con lai la h. Tacé k + h =16 hodc 15 - k + h. = 16. Suy ra k la phan t¥ bé nhat
cua A1.

Gia stt k > 1: Trong A; phai ton tai 2 s6 c6 tong bang 17. Do phan tit nho nhat cta A; 16n hon 1
néntaco 15-k + h=17 va k + h = 16. Giéi hé phuvong trinh trén ta duwgc k = 7,h = 9. Nhung khi
d6 khong ton tai 2 s6 thudc Ai c6 tong bang 18 do 18 -9<18-8 <18 -7 < 15.

Vaytaco k= 1.

Gia st 154 . Ta xét 1an Iwot cac so tir 17 dén 28, ta du’(jc{l; 14, 1516, 17, 18... 27] <4 .

Khi do6 ta xét s6 27, do 27: 2 = 13.5 nén vdi i > 1, khong ton tai hai phan ti thudc A; cé tdong bang
27, vi pham diéu kién.

Vay 15 khong thue Ay, Khi d6 2

Bai 22
Ti k €IN* R A A (o " X A
im ~max sao cho ta c6 thé phan hoach tap hgp cac s6 nguyén duong thanh k tap hop
AL A,,... A thoa man véi méi S IN*,n >14 , trogmoi tap Al =1k déu ton tai 2 s6 c6 tong
bang n.
(Ninh Binh)
Loi giai

Bai nay hoan toan twong tw bai 19 dé Nghé An. Ban doc c6 thé dung cach giai trong bai 19 dé
giadi quyét bai toan nay.
Bai 23
Mot hang cay budi Poan Hung gom 17 cay thang hang danh s6 cdy theo thi ty 1a cac s6 tw nhién
ttr 1 dén 17. Ban dau mo6i cay c6 mét con dau trén dé dé hit mat hoa. Sau dd, cit moi gio co hai
con ong nao do6 bay sang hai cay bén canh dé tim va hut mat nhung theo hai chiéu ngugc nhau.
Hoi sau gio c6 hay khong truong hop ma
1. Khong c¢6 con ong & cdy c6 so thit ty chan.
2.C6 9 con ong & cay cudi cung.

(Phu Tho)



Loi giai
1. C6 thé xay ra treong hop nay, chang han, sau gio thi nhat, con ong ¢ cay 2 chuyén sang cay 3,
con ong & cay 4 chuyén sang cay 3;...; sau gio thit 4, con ong & cdy 14 chuyén sang cay 15, con
ong & cay 16 chuyén sang cdy 15. Liic nay, khong c6 con ong nao & cay c6 vi tri chan.
2. Banh s6 cac con ong bang vi tri cia cdy budi ma né dang dau. Goi S la tong cua tit ca cac con

17
S=)i=179

ong. Ban dau ta c6 i=1
Khi mét con ong bay sang cdy bén canh, néu né bay vé hwdng cay s6 1, s6 gan cho n6 giam 1;
ngugc lai, néu né bay vé hudng cay so 17, s6 gan cho né tang 1. Do sau méi gio' c6 hai con ong
bay sang cdy bén canh va ngwgc huéng nhau nén s khong thay doéi. Vay néu c6 9 con ong & cay
cudi cung, S > 17.9 = S, vo li! Vay khong thé xay ra treong hop nay.
Bai 24
Cho s6 nguyén dwong " =4 . lim s6 16n nhét cic cip gdm hai phan ti¥ phan biét cia tap

X, :[ L2, n] sao cho tong cac cap khac nhau la cac s6 nguyén khac nhau va khong vugt qua

n.
(Qudng Binh)
Loi giai

Gid st k la so can tim.

Do c6 duing 2k s6 phan biét trong k cdp tim dwgc nén tong cta chiing khong nhé hon: k(2k+ 1).

Do moi tong moi cdp khac nhau va khong viegt qua n nén tong cta 2k s6 d6 khong 16n hon:
k(k+1)

k(n- k)+

k(k +1)

k(2k +1) <k(n- k) +
Vay

Suy ra 5
Bai 25

Gia st S la tap hop hitu han cac diém ma moi diém cta né duge t6 bdi mot trong 2 mau do hodc

xanh. Goi A Ayseves Ay la tdp con cua tdp s ma moi tap chita ding 5 diém théa man dong thoi
hai diéu kién sau:

i, Msitap 2% chita it nhat mot diém mau d6.
ii.  V&iba diém bat ki trong S, ton tai chinh xac 1 tap con A; chita 3 diém do.
Hoi:
1/ Tim s6 phan t cua tap S.
2/ Ton tai hay khong mot tap con A; chita 4 hodc 5 diém do. Vi sao ?
(Qudng Ninh)

Lai giai



I
3'(55' 3)! =10
1. S6 tap con c6 ba phin tir ciia mot tdp hop ndm phan tla: =7 =7
Do moi tap con ba phan ti¥ cia S 1a tap con cua chinh xac mot tap A; nao d6 nén so6 lwgng tap con
s[.(s|- D(s|- 2)
=680
ba phan t ctia S bang: 68.10 = 680. Suy ra 6 . Giai phuong trinh trén vGi

|S| la so ty nhién, ta du’Q’C|S| =17 . Vay s0 phan t ctia S1a 17.
2. Gia st phan chitng, khong ton tai tap A; nao chita 4 hoac 5 diém dé.
Goi tap cac tap con A; 1a F. Ta c6 cac nhan xét sau:

A NA|<2 ANA|>2

véi ! 7J . bieu nay la diing vi néu ton tai | #J sao cho ‘
thi c6 mot bo ba diém ton tai trong ca A; va Aj, vi pham diéu kién 2.

¢ B0 hai diém (A, B) bat ki xuat hién trong diung 5 phan ti ctia F. Xét bo ba (A, B,
X) v6i X chay trong S/{A, B}, c6 15 bd ba va mo6i b6 ba nay phai thudc vao ding
mot phan t¥ cia F. Ma moi tap hgp A; néu chita (A, B) thi chita ding 3 bg ba nhw
vay. Nén c6 ding 15:3 = 5 phan t¥ cia F chita (A, B). Bé y rang 5 tap hgp nay c6
hgp bang S. Xét bo hai (A, B) v6i A, B déu dugce to6 mau xanh. Moi tap A; chita bo
hai nay déu phai chita it nhat 1 diém dé nén c6 it nhat 5 diém do thudc S.(*). Xét
bd ba diém do nao do, do gia thiét phan chitng nén bo ba nay phai thudc mot tap
A; c6 hai diém con lai mau xanh. Ta lai xét bo hai diém xanh do6 twong tw nhw
trén, suy ra c6 it nhat 7 diém do.

e (o6 dang 7 diém do trong S. That vay, gia st c6 it nhat 8 diém do, khi do xét hai
diém do twong tw nhw (*), va theo nguyén li Dirichlet, ton tai mot tap A; chita hai
diém d6 nay va thém it nhat hai diém do khac trong 6 diém do con lai, mau thuan
vdi gia thiét phan ching!

e Khong ton tai i sao cho A; chita ding hai diém do. That vay, gia s ton tai i nhw
vay, xét bd hai diém do thudc A; twong tw nhu trén, ta cling suy ra ton tai mot tap
Aj chita it nhit 4 diém dd, mau thuan!

!
7 =35<68

S6 lwgng phan tir cda F chita diung 3 diém mau do la 34(7- 3! suy ra ton tai mot diém
dé R 1a diém mau do duy nhat ctia mot tap A, nao doé. Pat A: = R, Gy,..., G4 Xét bd hai (R, G),

dwa trén nhan xét 2,3 va 4, ton tai thém ding mot tap 4 chita b hai dang xét nhan R la diém do
duy nhat. Cho i chay tir 1 dén 4, dva trén nhan xét 1, c6 it nhat 5 phan tir cia F nhan R la diém
mau dé duy nhat. Bé y rang moi bo (R, G) v6i G la mot diém mau xanh thude S chi "tao ra" hodc
0 hodc 2 tap hgp thudc F nhan R 1a diém do duy nhat. Vay R "tao ra" nhiéu nhat 10.2: 4 = 5 phan
tr cia F. Vay R "tao ra" ding 5 phan t cua F.

Tir d6 do 3°:5 va méi diém do "tao ra" mot lwgng chia hét cho 5 phan t cta F c6 ding 1 diém
do nén ta cé 68:5 | v Il

Vay gia thiét phan ching 1a sai. Cau tra 16i 1a: ton tai mot tap con A; chia 4 hodc 5 diém do.

Bai 26



1. Cho tap hop S = {1;2;3;...;2016 }. Hoi c6 bao nhiéu tap con ctia S c6 3 phan tir ma chung la do
dai ctia 3 canh cua mét tam giac c6 chiéu dai canh 16n nhat bang 1000 ?

2. Cho mot hinh vudng c6 canh bang 1. Bén trong hinh vudng nay cé n( €N hinh tron c6
tong dién tich 16n hon n -1. Chitng minh rang ton tai mét diém cua hinh vuéng nam trong tat ca
hinh tron nay.
(Qudng Tri)
Loi giai

1. S6 lwgng tap con ba phan tir cta s thoa yéu cau ciing chinh la s6 Iwgng tap con hai phan t

{a, b} cta S théa 1=a,b 21000 v 4 + p > 1000. Khong mat tinh tong quat, gia st a>b. Suy ra
2a>a+ b >=1000 = a >500.

Ta ciing c6: b < avab 21001 - a  suy ra s6 gia tri caa b thoa dieu kién vai 200 <a <1000
I 9 (1001- a) =2a- 1001
1000 500
Y (2a-1000) =¥ @i- 1) =229 —50000.
Vay két qua bai toan 1a =01 = 2
2. Do mo6i hinh tron déu nam hoan toan trong hinh vuéng nén dién tich 16n nhat ctia méi hinh

S{ETJZE

wonla |2 4.
Goi O la tam hinh vudng. Gia st c6 mot duwong tron khong chita O. Do diém trong hinh vuéng

\/E S:x/52

cach O xa nhit mot khoang 1a 2 dién tich dwong tron d6 nho hon 4
e (i st tat ca cac hinh tron déu chita O. Vay O chinh la diém can tim. Ménh dé can chitng
minh la dung.
* Gia st c6 mot hinh tron khéng chita O. Khi do tong dién tich cac dwdng tron con lai 16n

n—1-£ (n-1)£>n—1-%:>n<8_”<3.

hon 8 . Suyra 4 8- 27 Vay ta chi can xét trwomg hop
n=1van=2.

- Vé&in = 1: Do hinh tron dé phai cé dién tich 16n hon 0 nén phai ton tai mot diém trong
hinh vuong thudc hinh tron d6. Ménh dé can chitng minh la duing.

- Véin = 2: Do dién tich hinh vudng chi bang 1 ma téng dién tich hai hinh tron 16n hon 1
nén hién nhién phai ton tai mot diém nam trong ca hai hinh tron nay. Vay ménh dé can
ching minh la dung.

Vay ta c6 diéu can chitng minh.
Bai 27

T

8

Cho tap hop E = {1;2;3;4;5}. Goi M la tap hop tat ca cac s6 tu nhién c6 it nhat ba chit s6, cac chir
s0 d6i mét khac nhau thugc E. Chon ngau nhién mét s6 thude M. Tinh xac suat dé s6 dwgc chon
6 tong cac chit s6 bang 10.
(Thdi Nguyén)
Loi giai

® S0 lwong cac so thudc M c6 ba chir so la: 5.4.3



Bai 28

S6 lwgng cac s6 c6 bon chit s6 thudc M la: 5.4.3.2

SO lugng cac s6 c6 nam chit s6 thudc M la: 5.4.3.2.1

Vay theo nguyén li cong, ta c6 [M| = 5.4.3 + 5.4.3.2 + 5.4.3.2.1 = 300.

SO lwgng cac s6 thudce s cé ba chir s6 va c6 tong cac chit s6 la 10 bang tong s6 lwgng cac

hoan vi caa {1,4,5} va {2,3,5}. Vay s0 cac so c6 ba chir s6 thoa yéu cau la: 2.3! = 12 s6.

Xét mot s6 c6 bon chir s6 théa yéu cau bat ki, ta c6 tong cac chit s6 caa s6 nay 16n hon

hoac bang 1 + 2 + 3 + 4= 10. Suy ra so lvgng cac s6 c6 bon chit s6 thda yéu cau bang so

lwgng hoén vi caa {1,2,3,4} va bang: 4.3.2.1 =24

Vi 1+2+3+4+5=15#10 pan khong ton tai s6 c6 nam chit s6 thuéc M thoa yéu
12+24 0.12

ciu. Vay xac sudt dé chon dugc s6 6 téng cac chit s6 bang 10: 300

Tai bon dinh cua t dién ABCD c6 ghi twong tng bon s6 a, b, ¢, d khong dong thoi bang
nhau.Thuc hién phép bién doi s6 tai cac dinh cua tit dién nhw sau: Moi lan bién doi ta x6a bo cac
sO cii (x;y;z; t) vathay vao d6 bo bon so moi {x + y + z-3t; y +z + t-3x;z+t + x-3y,t +x +y
- 3z) theo thi ty bat ky. Chitng minh rang ké tr sau lan bién d6i dau tién, trong bon dinh cta t&
dién c6 it nhat mot dinh dwogc ghi s6 dwong va sau mot s6 1an thye hién phép bién doi luon co it
nhdt mot dinh cta t& dién dwgc ghi s6 khong nho hon 2016.

(Thanh Héa)
Loi giai

béyrang(x +y+z-3t)+ (y+z+t-3x)+(z+t+x-3y)+(t+x+y-32)=0.Gia
stt dén mot lic nao d6 khong c6 s6 nao dwong, khi do tat ca cac so6 déu phai bang 0, dan
dén budc trede do tat ca cac so phai bang nhau. Ma ban dau tat ca cac s6 khong dong
thoi bang nhau nén budc dé chwa phai budce dau tién va cac s6 ¢ budc dé déu bang 0...
C& nhu vay, suy ra can vo han budc, vo 1i! Vay sau phép bién doi dau tién, luon ton tai it
nhat mot dinh dugc ghi s6 dwong, vé dau bai toan la ding.

Ta sé chitng minh rang sau bwdc dau tién, cac budc sau sé khién cho s6 16n nhat trong
bon s6 ctia bon dinh lu6n tang va tién dan vé duong vo cung. That vay, khong mat tinh

~ (0 ix o XY ZZ > as -
tong quat, gia st sau budc thir ! 21 | ta duoc bon s6 X =Y =2 =l Khi d6 sau budc i + 1
ta dugc s6 lén nhatlax+y +z- 3t .Peyrang x +y + z + t = 0 va do lu6n ton tai mot

-1
t>—x

trong bon s6 1a s6 dwong nén x > 0,t < 0. Taco x +y + z— 3t = -4. Gia st 3 Suy

-1
V,Z>—Xx=x+y+z+t>0
ra 3 , mau thuan!

4
t<—x -4t >—x
Viy 3 .Suyra
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Dadt so 16n nhat sau budc ila “i. Ta co . Do nén “' ludn tang va
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tién dan vé vo cung. Vay ton tai mot chi sé m sao cho v&i moi >

sau bai toan la ding, ta c6 diéu can chitng minh.

. Vay vé
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