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LOT1 NHA XUAT BAN

Trong cﬁrmmg trinh todn hoc phd thong, bdt dang thuc
la phdn gdy cho hoc sinh, ngmy od hoc sinh khd va gioi, nhiéu
bii mii nhdt. Tuy nhién, ddy ving ia phdn quyén i nhing
hou sinh say mé udi todn hoc va mong gidd togn vi no dii hoi
phai dong nae, tim 1ol va sang tqo.

Dé giup ode em hoc sinh lam quen rii di dén thich thi
vie bai todn bdt ddng thic, tde gia Trdn Phuong viét cuin
sdch nho nay voi muc dich cung odp cho cde em hoe sinh mét
vai phuvmg phdp va ky thudt chirng minh bdt diang thife.

o tdp 1, cach phdn logi phuomg phdp va k¥ thudt chu
you dywa trén 130 bai cua Bo dé tuyén sinhfvdi gdn mét nua
la cdeh giai hay khde vai cdeh gigi cia Bo dé), sau do b sung
150 bai dé giup ode em ndm sdu hon vé k¥ ndng va phuong
phap. Vi muc tiéu hoc sinh ndm chde odch gidi bai todn bdt
diing thie trong Bo dé nén o6 mét vai ky thudt dua ra chi la
sur phdn logi theo B dé.

Trong tdp I nay, bdt dang thue Cosi duye viét khd ky
v 15 ky thudt. Dat biét cdc hoe sinh gioi odp toan quic khing
thé b qua ky thudt 15, ma nho do o6 thé dé dang ching minh
bat dang thuc

a® + b > 1 Va, b>0
bang cdch sur dung bdt dang thue Cosi, chii kMBng sur dung
bdt déngs thiv Becnuli nhw thuong thdy trong cac sdch dd xudt
ban.

O phdn cuii cua sdch oo gidi thiéu 17 bat ddng thuc
ctia vae nha togn hoe trén the gioi, trong do o6 bdt dang thin:



Niuton-Mac Loranh. Bdt dang thue Niutim-Mac Loranh, trong
cdc tai ligu xudt ban hign nay thuvrg dua vao dinh 5 Lagrange
de chung minh, tuy nhién cic ban o thé chung minh bit ddng
thuv nay bang phurmg phdp bdt dang thue Cosi (Trong tip 2
se trinh bay)

Bé sy dung tot cuon sdach nay, cac em hoc sinh nén doc
tt phdn binh lugin minh hoa cho «ic ky thudt. Con mot so kS
thudt khde tav gia muon danh cho cde em hoe sinh tue nit ra
nhdn xét va két lugn. Cling cdn not thém dé cde em hoc sinh
luu 3, sdch von cung vdp lot midi ding cho dé thi tuyén sinh
s 3312

Vi sdch durre viét nham xoay quanh 130 dé bdt dang
thiiv trong Bo dé thi tuvén sinh nén chua thé cung oip ddy du
vie phieomys phap chung mink bdt dang thiic,

Niwi sudt dan TP. Ho Chi Minh trdn trong gicgi thiéu
cuin séch nay va hy vong nd sé giup ich cho ode em hoe sinh
cudGl odp 3 dangr chudn bl thi vao dai hoe. Mong nhdn dute 3
kicn dang gop via cdc ban doc.

NHA XUAT BAN TP. HO CHi MINH
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TTm T ‘) = X!X-, e X
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1.3, Dang 3 : (

1.4, Ddu bang <= x, = x, = .. = x,
1.5, H¢ qud 1 : Néu % + x, + .. +x_ = 8 -~ const thi

S . 8
Max(xlxz N =(n) xay ra S X=X, = n
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1.6. Hé¢ qud 2 : N€u xx, .. x, = P - const thi

I
=
o

Min(x+x,+ . 4+x ) = n VP x&y ra <= x = x, =..= x_

4
P

2. Dang cu thé (2 sd, 3 si)

n=2:Vx y > 0 khi dd n=3:Vxy z2 0 khidd
x ty X +y+z _

2.1 Y 2 Vxy AL S | s
2 3

22x+y = 2 ¥xy x+y+z 2 3Vxyz
X+Y\2 ) . X +y +z.13

23 (=57) 2w (7)) 2w

24 D&u bang =x =y Déu bang e>x =y = 2

3. Binh luan

Dang 2 va dang 3 khi dat canh dang 1 cd vé tim thudhg
vhung ‘lai giap nhdn dang khi st duyng BDT Casi. Dac biét
ev thé st dung BDT Cési tit TB nhan sang TB cdng ngay
cA khi khéng cd cin thic ' )

7.




Vi dn . CMR 16atia - b® < ta+b)' va b > 0

1

L(ﬁ\i) d4ab + ia — b)
fidabria - b)Y € 4 [-— — ____]

Gidi : l6abta-b)" 5

= 4 [ﬂ’_’%b—)z]z =+ bt

11 - CAC KI THUAT SU DUNG

1. Pdnh gid tir trung binh cong sang trung bhinh nhan
1.1 CMR : (a + b3 0F +ch) ic? +ah) > Ba'b’c? Va, b,
 Gidi ¢

Sai lim thuamg gap

Sﬂdung Vx, xthix - %y +yi = x -yt =0
—+x° + y° 2 2xy. Do d¢ ,

_la® + b* 2 2ab Ding 1 = -5 Ding

X b2 + ¢ » 2bc Diing Vi du : {2 2 —3 Ding

_ te* + a2 3 2ca Ding 822 Dﬂng.

{a* +b2)(b“+c2)(c"+a2) = 8a“b"c Sal 6 = 30 Sai

Loi gidi duing :
St dung BDT Cosi : x* + y* » 2\fx_237 = 2|xyl| ta c6
‘ : : a® +b* 2 2/ab] = 0
x {6 +c* 2 2/be] > 0
) ? +az 2cal 20

ia® + b + A2 + a) > B [azb" 21 = Ba"bz 2
Binh luan :

¢ Chi nhan cdc vé cta cac BDT cung chidu (két qua dugc
BDT ciing chiéu) khi va chi khi cdc vé cung khong am.

oN_on chung ta it gap cédec bai todn su dung ngay BDT
Cési nhu bai todn trén ma thudng phai bi€n d&i bai toan dén
; tinh huéng thich hgp réi méi st dyng BDT Casi




1.2 CMR (Va + Vb)® = 64ab 1a + b)” Va. b 2 0
Giai '
Ta cd (Ya +Vb)® = [Na +Vb)° ] [-(a.—l—b) +2\l?=5]4 >

Casi

> [zﬁ(a + b).(2¥ab) ]4 ~ 2992 abla + b! = 6dabia + by’
1.3 [49111.3] : Cho x;x, > 0 ; X2, 2 ¥] ; X,2, 2 Y3 ;

CAA 4

CMR : (x| + x,)(z, + z,) 2 ty, + _vz)?'
Giai

Ti (gt) suy ra x;, x;, z,, 2, = 0.
Ta cd (x,+x,M(z +z,) = x 2, +x,2,4x 2,+x,2 2 yf +yé‘hxlzz-§-_xlz1

z, cung ddu= x;z, 2 0 va x

(Casn ) g

> v+ y) + Wiy > y) + 3+ 2Vyh)]
=(ly,l + ly,0? 2 iy, + y,)°

14CMR: (1 +a+bya+b+ab) > 9ab Va, b > 0

(Cosi) ) o
Ta cd (1 +a+bja+b+ab) = 3Va.b %.bab = 9ab

1.5 {14810.2) CMR : 3a* + T6° > 9ab2 V &, b > 0
Gigi
. , (COsl) —5
3a3+7h? 2 3a’+6b® = 3a’+3b’+3b° \f 3a® 3b> 3b3 - 9ap?

1.6 87vb
a,b,c,d >0 . ' 1
Cho 1 1 1 1. CMR : abed = —
+- -
T+a T+ TiFe t14a 28 | 81
Giai

. o 1 1 1 1
T (gt) suy ram (lwf;5)+(1—m) (1-1-_-'5)

b c d (Cos) ﬁ,v bed
L U L. S ,
1+b 1+c 1+d 1T+ + g +d)




Tuong ty v dan den

[

! \j bed
e I ‘3 N S
| +a +b)(1+c)(1+d;
1 { bed
e e —— = 0
1 +b (J+c)(1+d)(1+a)
1’4
sf
1l +¢ (1 +d)(1+a)(1+b)
1
-
1 +4d (1 + :)(1 + b)(l + ¢)
. 1' abed
(1 +a)(1 +b)(1 +cyl +d) = (L+a)l +byl+ o)l +d)
S : bed < —-1——
uy ra : abed < M
a,, 8, .an >0 B3 s neN)
1.7 Cho 1 1
1+a1+'"+1+an?n_1
1
CMR a, <
- 1)°
Giai
1 1 1
ﬁ_l';(l—1+az)+ +(1_1+an)_
a?. + a,
—— ————
1 +a.2 1 +a

W

. | n —v a,...8,
_ 1 ——— e e e
(n ) (1 +a).. (0 +a)
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Tuaong tu va din dén

1 n V P a,
Sz 0 Fay 0 Fay

n—1 Flid .. Hn

_ e - . N )
> (n b (1+a)(1+«1).(]+a)2{'

H
— +
=+

1 n—q aa‘l -1”_1
i+a >~ Naraavar ava. 5 20

1 aiaz . an

—_— = -— n P
(= D T i Fay . (1

(1+a)(1l+a,)..(1+a)

v
(n - 1"
1.8 CMR : 1975'Va + 1995'"Vb 2 3¢70*"Wab va, b = 0

; . <
Suy ra : aja, .. a, <

Ap dung BDT Casi cho 3970 s6 trong d¢ gém :
1975 s6 cd dang '*'¥a va 1995 s8 co dang 19Yb ta co
1975972 +1995'"°Vb = """Va +..+ ""Va + "Vb +.+ Vb

1975 1995
o 1975+ 1995 o _
= (1975 + 1995) 1975 Va . 1995\5 s
1975 1995

- 3970""Yab

19 :cMR : m™Wa +nVb 2 (m +n)" " Vab va, b, 2 0 ;
l s m neéeN

St dung BDT Cési cho im + n) s6 trong 46 gdm : m sé
a va n s6 Vb ta co '
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mWa +n™Wb = Wa + .+ Wa + V. -~ +.b 2

m n
i m+n B B . r——
Z (m 4 n) V Ma..Wa. Vo Vo = = (m+n) " Yab
. a,be>0 1 1 1 . )
1.10 Cho {a+b+c=1 CMR(a _")(b' )(c 1)=8
‘Giai _ '
VT (1) = 1-a 1-b 1—c_b+c c+a fl__,ttl
b= a b ¢ T a b ¢
1Cosh 2ybe 2Vea 2¥ab
= . . = 8§
a b e
a,, a,, ..a, > 0
111 Ch0||+az+ +a =1 .
MR (L 1) (L 1) (r-1)r@- W
a, a, _ a, ‘
1-—a 1-~a2 l—an
VT(1) = - - Theo BDT Cési-ta cd
' a a, a,
(1 - a, a, +.. +a, (n—l)n—l\)az...a:
= > >0
‘a, a a, -
1 - a, a +a, +.. +a (n ~ l)n—lWala3 e 1
= - >0
i 8, a, a,
...... e
1 -a, a +..+a _, (n — 1)"_lValaz... a .,
= = - >0
a, a, a
1 —a 1l —a a3, ..a
. 1 132
VT(D) = > -1 ——=(@m - 1"
. L a'l‘l aiaz.. an



a+h+c¢
112 CMR ; (l + -("]*""—-"*‘—C)" 211l +ani + bl ¥ ¢

> (1 + Vabe)® 2 sVabe va. b ¢ - 0
1.13 Cho a, a,. .. a_ = 0. CMR :

)n (1 +a)..¢1 ra) 2

(1+'V_él ———— VY oz 2”.Jal...an"

Trong danh gid tu TB cong sang TB nhan cd mdat ki thuat
nhé hay duge s dung. Dd 1A ki thuat tach nghich dédo

2. Ki thuat tich nghich dao

h
1 : CMR 3+;;2Vab>0

b
[ SASIR)
+—- =z 2
a

: a b -
2.2 CMR‘B—+;|;2Vab#0

Giai :

o'le
Tip
mf‘.l
H
(&)

pjo

=l>0=’§va—cungdau Do da

EHRHOREE THEE

2.3. CMR : 10g,,,,1994 > iog,,,,1995
Giai : '
Theo BDT Cosi thi

08 4y31994 + log ,,,1993 > 2Vlog,,, 1994  log,,, 1993 = 2 (1

vi

= -]

Ma log'WIQQG + log,,, 1993 = log ,,, (1995 1993
= log,4y,(1994 + 1){1994 - 1) = ]ng.',,,_.i1994‘ -
<logw,“lJ94‘ =2 12)

Tir (1) va o - log,,,;1994 > logl,,,,,}‘JQ'i



24w CMR - logn + 1) > log |

in+ 2)VvV2 £ n &N
b CMR cog a zlogta + x0 ¥a, x € Rthéa | < a - x < a
Giai
by deo a + logia - x) 2 .Nin_g:_-:a ?O};‘TJ - x = 2 (1)

log ta + x) + logfa - x) = logﬂ(a2 - xh < Fog”a:' = 2

T (1) va 2y — «dpeml.

25 ¢lovi ) Tim Min y = I log> 13 —xZ) + lngidx:(x“j +1)
‘Giai -
Gia s¥ ham s6 duge xac dinh Khi d6 vi log:, (3 - x%) cung

dau log, ‘(:(xz + 1)
nén y = ] lngx.‘ . l(3 - x9 l + l log, _,xl(x‘: +l), =

= Qﬂ loge , (3 — x7) | l Iog_,._x:(x: +.l) ‘

Ddy bang xAy ra «»x = £ 1. Khidd y = 2 > Miny = 2

26 CMR : === 2 2V¥ a € R

Giai :

_a’:tz (aitu_+1 _

Tyl

_______ ((U\I) S 1
= Va' +1 +J=——ni. {\l +1 e = 2
.+

a~+1]
a’ + b° a > b
2.7. CMR a~<b - N2 v 'ub = 1

Giai

2 4p° ~b)" +2ab b= 1) 2 (o) S 2
AT (arby2abt (a—hy+ <o 2 2\’ fa=by . == = 2T
] : a—b a—b



I
28 CMR :a + —— z23Y a>hb >0

bia — h)
Giai
1 1 RS TYH) V 1
+ + (a —by +- - F e !
bahy ~ CT bty 28 ( ba-b "bap) =3
4
29 CMR :a+ F‘l;—b 1 z3VvVa>bz20(VD Nam Tu 7%
a~bjb + )'
Giai :
4 b+1 ha+1 4
a+ ———= = f{a-b)+—— + o ———
(a —b)(b + 1) 2 2 a-byb+1y
(Cosy 4 b+1 b+1 4
—lz 4 Y @-byy o s el =4 -1 = 3
{a—byb+1)-
1
210, CMR : a + > mm 2 7\{_ VYa>b>0
b(a ~ by
Giaj
. —] -] (Casy A ] =
VT = pedR,ah 1w \/b:l_b asb 1 s
2 2 b(a—b)* 2 2 ba-h
' 22 + 1 a=z;
2. . . T > =
11. CMR abia b 3V a
g > 1
h+(.1 b) a0 ,
Theo BDT Cé Si ta cG 4bta -b) < 4[ 5 ] =4(;) =a
IR B S B R AR '
4ba — b) ats s -

=a+a+“ v( 3



212 Cho a, > a, >..>»a, ,>a >0val s keZ CMR

n i

1 ' (n-1k+2
ﬂ: ‘4. S ‘E- “—“__Hﬂiﬂ- R Ty l\ 3 ?;:—IBI ‘.;_.Ar::_.—-..ﬁ
aay - ay) (ay —ayt @ Tag W -k
Giai
VT = a_ +ta; - a,) +1a, - a) + .. +ia _, a) +
} .
o B N
a‘n(aI ALy {a, — ay) A, - an)
+ a 'al+ Y al+52 a3+ +a..'—an+an-'l—‘an+ Eln"tlman
=a - — b e T
n k k k k k k
Kowd e K =Y hang K = hang
1 ‘ (Cosi)
+ ——r—— __._..,.__l:.__._‘w,,,,...‘...k_._._ k 2
a (a, w.:l':) (@, = ay)® ... (a__, —a)
(n-ik+l a, —a A -a
‘ : A B n=l n, Kk !
n- k42 A () e
[ ) } _ {n( k ) K

N a, (al_al)k"'(an* 1 “an)k
. in— k2 = f
_1_ n-- 1k {n —_Al)kr + %_
ftn — Lk +2] : {( k) = (n—l)k'FlﬁE;;"'f”“E .
Binh .luﬁn : Ki thuat tich nghich dao la ki rhuat tach

phdn nguyén theo wau &5 d& khi chuyén sang TB nhan thi
cAc phAn chda bién 36 bi triét tiéu chi con lai hing sd.

4. Ky thuat ddnh gia ti TB phan sang TB cong

w, . YN

C30V@+t Lo +4!,(E>“41;(c—11

+ 1994V(e + 1ya = 1y< 1012a + Vib + 998c Va, b, c > |
(iigi : Theo BDT 6 Si ta «o

(a1 o+ (0B
30V T =T < 80 T LIRS c s v

v

£
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i b+1y+{(c-1
4\l(b+1)(c— 1y = 4[!—““)—2 (e -—l] = 2(b +¢)
+
+1Ly+a—-1
[1994ﬁc+1)(a—-1) < 994[(c DT 5 a“_)] = Y97 (¢ + a1

30V(a + 1)(b—1) + Wb+ hie-1 + 1998 + Lya—1) =
< 1012a + 17b + 999c

3.2. CMR : J__+J_s\[(a"+c)(b+d)Vabcd>o

Giai .
V ab ‘ +, 'J '_...5'.1._._“__ 1
“Na+op+d) "Na+rop+9 °

~ Theo BDT Co6 Si ta cd

1 a b 1 c b
VT = 5 (a+c+b+d)

3 (a+c*v7a) Y2
_1 a+ec b +d l
=3 (zTvetb+a =3

(1 + I =

, .
: | 0
3.3. CMR : Vo(a = &) + V(b = 0) s\{a_bv{zzzzo
. ) h :
_ T etb —
‘-.'JE(—‘L—Q +{.—°—(———°—’ < 1. Theo BDT Cb Si ta co
ab ab -
1rc a-c¢ lrc b~-c¢ 1-a b -
Vsglpt ol tzlat ol melati] =

34 CMR Vabc + 1 € YT F AT ¥B){T ¥¢) Va, b e 3 0
e Yabe + YT, 1.1 < YO Fa)T + 6T + o .

_3{ _abc _V’ L
A+ +bil+o * ¥ I¥ad+ha+e ©

Theo B1T Cé Si ta’ «d

: c 1
VT & G TantTee t Tre) tElTva tien e
1 ra +1 b ’
=3 livat T

.+ — e -

+ 1
+b L +v¢



a3 [mmal MR V. + Vo, b, < Via +b3m, +by (a4, )

Va, h! >0t = 1,nt

n aa,..a, n bl-b1 bn
— o N S + e e T |
‘al+bt)(a3+h.’) (ar,1+bn) (al +b] "a2+b2) (an+hn)

Theo BDT Co Si ta cg

a a b 4
VT < ]_ e L 1 . + "o
n[a +b a_+b ] n[a +b a-+b J
i 1 n ! | n
R Tk U S
" nla +h an+bn] n * 7
(3 A } 1
3.6. (,MR:R._I‘FI_!+n,,,n s 1 ¥V3<€<neEN
n-! 1 n~1 1
— - + - £ 1
n! n

= c—— (o= 1) = 1 - tdpem)

(MR : 16abla - b)> < a+b'Va b 20
" Gigi |
4ab ¥ (a —b)* )
2

Ta o6 16ab (a - b)°

4.tdaly (a - bi® < 4[

-4 {‘dtbi

&

]" = (a + b



fatbhd —ab 1

‘ 1
3.8.[1461]: CMR : -3 < ; = < (1)
“ (1 + a1l + b7} 2
Gidi
+b)(1 ~ ab 1 1 +a)(1 +b*
ad u—;f < 5 erllatb (1 -a) g CTEMITED
(1 +a%)(1 +b%) 2 - 2
5 (C8s) (3 +b)? + (1 - ab)?
Ta e¢d VT (2) = \l(a+b)2(1 —ab)” <« (a*h) 2( e

a®+b* + 12 +a%h? (1 +a®)(l +b%)

- 2 2

— (2} ding — (1) ding _
3.9.[10011.2): CMR ¥ a, b, c € (0, 1) luén 3 1 BDT sai

1
:3(1—b):‘~‘—l

X
b(l—c)>z

1
c_:(l—a):-‘_l_

Céch 1 : Khong mit tinh tdng qudt gia si a = max(a, b, ¢

= &-—-BDT cl~a) > 3 saj

Cach 2 : Gid s ca 3 BDT déu ding. Khi do

—cll-a) € cll~¢) < [-»__—._-

. 1 3
a(l - b) b(l - ¢) c(l - a) > (Z) (1

Ta ed VT (1) = atl - a) Ml - b) el - ¢

(Cod_g 4+ (1 —a)yy2 b+ (1 =b)yz rc + (1 — )2
\.<. — i i et - R
e [T ]
1,3 .
— VT () < (Z) 120 = (11 A
12 mau thuln = Gia st sai = «ipem)
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310 [111.2] s Cho a, b = 1.

— . — ath
CMR vloga + ﬂogzb < 27\ log, 5

Gidi : Ta co :

(Vioga + Viogb)® = loga + log + 2 Vioga . Iogb <
(Cosiy ' 7 _' ) -
< loga +logb +loga +logb = 2(logya + log,b) = 2log,ab =
. _ (]

A a+th “a+h 42
= ,4longab' € 41032 e = [2 log, . ] — (dpem)
L ja, b,c20. ‘
.,i._-l.l. Cho la+h+c=1 CMR l6abc < a +b
Gidi '
(Uas) + b-> .
16abe +< 16 [52] =4@+bla+thb . cs<
(Cosi (a+b)+cq2 1z |
€ 4(a +b) [ 5 ] = 4(a +h) (E) = (a +§)
e a,bc=20 : - 8
3.12 Cho {a+b+c = 1 CMR abe (8 + b)b + c)c + a) € 799
Gidi

(Cos)_ a+b ) + (be) + (cta) -4 B
abc(atb)(bto)cta) © [5- 3“’]3[5" ) “’3’ (c ).]‘=5.§_9

a, b c >0

‘ 8
3.13. Cho { ‘CMR ab + bc + ca ~ abec € 3 (1)

atb+c =1 29
Giai
VT (1} = 1+ab+be+ca-abe~-a-~b-¢ = (1-g)(I-hil-c)

(Cosh (L —a)+(l =b)+(L—c)q3 2\v_ 8
€ |~ 3 ] = (3) - 27

20'



a,bca0 _ 7
3.14. Cho a+b+c.=lCMRo‘ab+b°+°° 2ah:<27

(VD To#n Qudc t£ 84 - Bai 1 : CHLB pﬁ:)
Gidi '
Theo (gt) = a, b, c € [0, 1] do d¢

ab + bc + ca - 2abe » 3 V(ab)(boyca) — 2abe

= 3(abo)®® - 2abc > 3(abe)! - 2abe = abe > 0
Ta s& ching minh :
(a+b-c)(b+c-a)c+a-b) € abc V a, b, c € [0, 1)
Néu c6 2 thita 36 ¢ VT < 0 vi du '

a+b-cx 0
b+c—a x @

Néu cd ding 1 thita s6 6 VT € 0 — (dpcm).
Gid st c& 3 thia 86 8 VT déu > 0. Khi dd

—2b €0 Voly

VT = V(a+b—c)(b+e-a) V(b+e-a)(cta-b) . V(cta-b)atb—) <

< (atb—c) + (b+c—a) (b+e—n) +(c+a—b) (cta-h) + (atb—c)
2 ' ' 2 :

= abe {(dpcm)
Mia+b+c=1-=abec > (1~ 2a)1 - 2b){1 - 2¢)
esabc > 1 =2 (a+b +c) + 4(ab + bc + ca) ~ Babe

) 1 _
-»ab+bc+m—2abc<z_(l+abc)<

)] 3

21



4. K¢ thufit nhan thém hing s

41 CMR :a¥fb -1 +bfya — 1 s abVa bz=1

Giai ,
- -1 +1 b
aVb—1 = aV(b—1).1 sa.(b—z)——=-.%
* (a-1+1 ab
Wa-1.=Wa-1).1 €b. =
_ b ab
ay¥b -1 +b¥a -1 = B2 @
2 T3
42 Cho |2 P ¢>0

a+b+c = | CMR Ya+b +¥b+c +Vc+a < V6

Gigi

r ) 2

(a+hb)+-

Ya+b = "}g '\’ (a+b)% < '\}g——u-—z 3
' 2

: (b+c)+
3 2 3 3

e =Yg Y eof < Bt
2

(ct+ta)+

Vc+a = \}%-\,(c+a)—§- € \}g————z 3

Va+b +Vhic +Vo+a < '\}%-M’;ﬂ= -"g .2 =VE

az=3
43 144 II.I Cho {b = 4
c 22
 aWo—Z + bco¥a—3 + cavb—4
Tim Maxf = 22°° cva ca

22

22




Giai

b -2
Vo= = PVe-22 < o2 CTDTZ_ abe

V2 2 T o9yg
'bc a—-3)+3 ab
S = T« e
ca 4)+4 abe
cab—4=r\l - 4)4 S.T»(b 2) -Zﬁ
3 f - ab¥c-2 + be¥a—3 + cayb—4 <_1_+ 1 + 1
W t= abe S of2 Toy3 "7
c~-2=2 c =4
Déu bdng «»ja ~3 = 3 > {a =6
b~-~4=4 b="8

1 1
Vay Maxf = m ’J_

0=y

Tim Max A = (3 - x)(4 - y)(2x + 3y)
Giai '

0£xx3
(4.4.[103 11.3] Cho [ <4

1
A = £(6 —2x)(12 ~ 8y)(2x + 3y)
(CoS) _ (6 —2x) + (12 —3y) + (2x +3 |
< [( x) +( 3)’) (2x Y):|3=36
Dﬂubﬁngﬂ6—2x=12—3y=2x+3y=64—b[
— Max A = 36

L]
I

+ 3
45 Cho x, y > 0. Tim Min f(x, y) = ("__}339_
X

Giai

1
xyt = T U022y =



4x +2y+2y

1 3_ Llrd 3 oA e
< te(—3 ) = welsety] - 27(“”’
+y)? +y) 4 ' 4°
Suy ra fix, y) = @y, (zy) = o= — Min fx, y) = 5=
Xy 4 5 27 27
57X +Y) _
D&u bAng xdy ra «» 4x = 2y = 2y <y = 2x > Ol
i @ty +2)°
16, Cho x, v, z > 0. Tim Min fix, y, 2) = ——"-';2—5——
. XYy z
Giai
: . .
2.3
= -- —= (6x).(3y)(3y).(2z)(2z)(22) €
v 6.3 2° i -
1 6x +3y+3y+2z+2z + 2244
<% 3 3[ 6 ]
6.3°.2
1
2.3 &
-— € - x+y+ 2z
WE S 8.3 9 Y |
: (x +y + 2)® 1 _ 1
Suy o fx, o 2} = " T 6. 482
) 1
— Min f(x, y, z) = 232
* Dfu bAng x4y ra +» 6x = 3y = 2z > 0
_ '(xl +x2+... +xn)l+2+"'+n.
4.7. Cho x, x;, .. x, > 0. Tim Minf = 3
: "1’%’3 . Xp
Ban doe ty: gidi
3
48 : CMRE : A = sin’x cosx « —-—2:——

Gt | |
A? = sin*xcos’s = -;-'sinzx... sin’x . (2c08’x) &



sin’x+sin’x+2cosfx 3 1 2(sin’x +coszx) 1,2,3 4
< 3f 3 1= 3l I'=33) =%
SuymAGIA]s\‘%:—zT —9@

- 4.9 CMR : A=s:n“kcm“xs\)-m nﬂVISm,nEZ
(m +n)™

Gidi
= smz“& cos®x = (nsin’x) .. (nsinzx).(mcoszx) ... (meos’x)
n™.m"
7 m n

CoSi | (nsin’k) + ... + (nsin’x) + (mcos’x) + ... + (mcos’x)
<l mn ]
_ 1 .mn(sinzx +coszx)_ mn 1 mnqm+n m™, n”
= l.nn_nm[ m+n ] - mn.nm[ m+n] (m+n)m+"

: m

Suy ra A € |A| = —-—Ev—'n+

(m+n)™" "

' 2
4.10. cMR Yn <l_+T= MVYneNGMG=21
n
Véi n = 1, 2 thir tryc ti€p thdy (1) ding

Y6i n 2 3 ta cd
\(E+JE+1+1..._+1

Vo= Wa vn.1.1g— n'
i n~-2 .
2{;+-(n—;‘2) n+2Vn 2

+~ Vn < - <=t =1+



' - 1
4.10. CMR :¥Yn < 1 ty; WVYleneN

V6i n = 1, 2, 3, 4 thi true tifp théy (1) ding
Véin 2 5 thi Vo = F_\I_ .2.2.1. Cfi)
n- 4
32“ ‘gq+2+2+1+ +1
- +4+n- 1
€ e . n-4__Vn 4nn 4=1+ﬁ’

4.12. CMR - (1+$)“‘< (1+;11-)an< n €N

Gidi

1 1
— (1+'_—-)m<1+-.
m n
Ta cod
n 1\ m n 1 1
(1+ﬂ) = (1+~—) (1+~) (1+—) 1.1...1
) m sd n- m
14—1— + 1-1—1— +1+...+1 1+—) 4n
cesy (145) +-t (14) m{1+)4n-m
< - = - =14+=
n - n i
2+1 3+1 "In+1
413 CMR :S = 1+ 5+ 3 <n+1
Giai
k+1+1+ +1
Vkﬂ_ L S |
kK - Kk o S k T TR
.- 1 1 1
Do do sn+;+_3_2+ .+-I;-2-



) 1 1 1
Mdtkhack<k(k_1)-k_1—k
Suy ro
S + + ! + + !
fSnt T ety 3t T @< Dn
1 1 11 1 1
= = - = - - = - -
n+ly-3)+ (g8 -+ (zTi %)

1
=n+l1l-—«<n+1
n

Binh lufn : D& st dung BDT C6 Si tit TB nhan sang
TB cong ta cfin chi ¥ : Chi s6 céin 12 bao nhiéu thi s6 cic
86 hang & trong cdn l& bdy nhiéu. Né&u s8 cdc s6 hang nho.
hon chi 86 ~&n thl ph4i nhan thém (hdng sf) d€ s cac s
hang bing chl s6 can

5 Ki thuat ghép d6i xing *

Ax +y+z) = (x+y) +(y+z)F(z+x)
Phép cong : x +y y +z z +x
xrydr=om vy YT

2 .

o nhan . TV =_GY). D). (20)

Phép nhan {xyz R T B
bec ca ab

57 CMR —+—+—zza+b+cVa b c>0
a b c

Gidi : Ap dung BDT Cs Si ta cd

P VRS -
1 ,eca ab ca ab
r (3 *) 2V =
1 b b b b
HERE I

be ca ab
—+ -+ —2a+b+ec
a b c _

21




5.2 CMR:-E;+E;+-§;S+-E+EV3M#O
Giai
Ap dung BDT Co Si ta cd
r1 a? bl a a a
s (g2 Vz-z2-1:2:
s L e by Lk
R RN EIERIEE
1 ,¢ a’ a c c
5(;*;)’\);-;5=I3|3;
a2 p? c2 a b ¢
R TR

53. CMR : a>+b3 + &3 aa?JE+b2{E+cZJEVa,b,c,ao
Giai
a® +b® = (a +b)(@® + b? ~ ab) > (a +b)(2ab —ab) = (a +b)ab
+ b3 +¢ = (b +¢)(b® + ¢ ~be) & (b +c)(2Zbc —be) = (b + c)be
S+ad=(c +a)(c2 +a? —ca) 2 (c +a)(2ca—ca) = (c +a)ca

.2(8,3 +b+¢* > (a - blab + (b + c)be + (¢ + a)ea

«2(a® +b>+¢%) » a2 (b+c)+ b¥c +a) + c*a + b)
Cosi) ' -
> a?.2Vbc +b°. 2Vca +¢?. 2Vab = 2(a’Vbc +b¥ea +cAab)
Suy ra a3 + b> + ¢ » a¥be + bNca + cWab

. 54. CMR : tg2—+tg2—+tgz—->lVAABC
Gidi

N e + tgo
| 1 c A B 2" 3
Mot Gz =% (343 " X B



A B B C C A
-ﬁthtg-2-+tg§th+tgr§th= 1. Mat khéc

1, . A B , A B A B
E("‘E”‘z"z")"— "‘2"32"=“§""2‘
1, ,B , C C B ¢
+‘§(t32§+"3.2§')’ 32 32""“"2““5
1 C A c A C A
_E("‘z“z"'“‘zi) > tgz"2'_ PR )

B B C C A
tgz +th +t;g2 )tgz g +tBtEy Fig gy = 1.

. . 1
5.6 (in81Hl) Cho AABC. CMR a) {(p - a)p - bp - ¢) = Eabc

1 1 1 1 1 1,
b)-p—a+'p-b+'pmc>2(3+E+E)
Gidi
. b+c-—a - .
'Ihcd:p—a=_-—-,-—§—-—>0nentheoBD"l‘COmtac6
' _ -a)+(p—bh -
S R oy o g Rl . I

Oi'f(p—c)(p-a') "(p-c);(.p—ﬂ:

NITTNIP o

0 < (p~-arp -bip -¢) < Eabc

29



b)

1.1 + 1 5 1 > 1 2
2(p-—-a' p—b) Y(p—2)(p—b) (p-8)+(p—b)
2
W SR G W -
+2(p—b pwc) Y(p —b)p—©) (p-by+(p-¢c) a
VA
DR WS NN N 1 22
2(p—c p—a) V(p —c)(p—a) (p—c)+(p—a)-b
1 1 1 1 1 1
p—-a+p—b+p—c;2(§+g+z)

5.6 94.111.1 Cho AABC.

CMR (b+c¢c-aXc+a -bXa+b-c) < abe

Giai
Theo BDT Co si ta co:

0 < Yb+c—a)(c+ta—b) = 2

X 10 < \f(c+a—b)(a+b—c) £ 2

0 £ Va+tb-c)b+c—a) < (a+b—c)-2}-Fb+c_a) _

L

(b+tc—ay+(c+a—b} c

(c+a—b)+(a+b—c). - a

b

0 < (b+c-a)c+a-bia+b=-c) s abe

8. Ki thuat sit dung cong thic dién tich tam gide

1)S.-lah '4.S—ﬂ‘:

= ah, . ) = IR
1

2) 8 = —é—binA 5 8 = pr

3) $ = Vp(p-a)(p-b)p—) 6 S =(p-akr, = (p-bir, = (p-o)T,




6.1 94.111.2 AABC. CMR R > 2¢(1)

Giai
s=2 k= %
Ta cé T 4R - Do d¢
S
S = pr r=—
p
8s? | -
1) 30 28 e > B e s EPER)E-b)(PO)
48 p P , p
" b+e +a-b a+b
+«+abc = 8. 2_&.(: 2 _a 2_‘: = {bte-a¥{cta-b){atb-c)

Theo 94IIL1 thi BDT cu6i dang — (1) ding (dpem)
6.2 IIsV.a Cho AABC. CMR : 4rr_ < c?

Giai
S
. |8 =pr _ r= P
'Ihcos=(p—a)rCH S Dodd
T =
C p - ¢
8 S - -b -
4rr, = 4.—. _ 4p(p a)(p - b)(p - ¢
PPp-c PP — ©
- - b
=4(p - a)p - b) = 4[“’ “;(p ’]2= 4(5)" = &

6.3 531 Bo 8¢ ci : CMR : dtA = 2 dién tich hinh vuéng néi
tiép A :

A
Giai _
Ta sé ching minh : dtABC :
> 2dt hinh vuéng (MNPQ) M N
1
<> 5AH.BC > 2MN.PQ
L1 MN MQ c
4 > BC AH 8 TTa H P

2y



That vAy ta co
MN MQ _ AM ]_331_ 1 ,AM+BM 1 ,AB l
BC AH - AB ( 2 ) AB? ( ) 4

BC AH ~ AB AB * 4p?

6.4 : 101V.B6 &¢ ca. Cho AABC ¢6 dién tich bAng 1. LAy cdc
di€m K, L, M € BC, CA, AB. CMR : trong cdc AALM, BMK,

1
CKL lutn cd it nhdt 1 A c6 dién tich < 1

Gidi .

Goi dién tich cdc AABC,
ALM, BMK, CKL l4n lugt la
S, 5,, 8, 8,.

‘Gid st trong cic AALM,
BMK, CKL khong cé A ndo cd

1
dien tich € — suy ra

4
15
8,58 >(7) 1)
1 .
. . 5, gAMALsinA 4 0y
178 7 YV,
%AB.ACsinA AC
1 _
s s, gBMBKsinB gy oy
2 = E = - = B
% BABCsinB D0
_ 1 N
. 8 g OKCLainC oy
| S -;—CB.CA.s.inC B.CA
58,3 AM.BM BK.CK CL.AL .

AR? ~ BG® ' cA?

32



cosi | AM +BM,2 1| ,BK+CK.:. 1 CL+AL.2
g s (5

AB’ 2 'BC* 2 catt 2
- _ S Y
_— - $,8,8; < (Z) NP |
*Th thdy (1) vA (2) mau thufin nhau. Viy didu gia =0 13 sai. Vay

trong cic AAML, BMK, CKL luon cd it it 1A cd dien tich < i

6.5 : Cho AABC cg dién tich S

CMR : S < r r(r, +.r, + rc)r +rr, +rx +t rcru]

Gidi : '

Thecd S =pr;S =1p-ay, =(p-br, =(p - or,
= S§' = pip-a)p-blp-cirr,ryr, = S“'r.r“'.rh.rc =8 = Vrr .

Ap dung BDT Cosi ta cd

1 :
S_ =V(r.r) (. 1), € 5.1, 4 1)

+148 = \‘;(r.rh).(rcl.'ra) s_ E(rfr,h} 1:'&-_1'“).

P

1
S =v¥(r.r).(r,.r) & -2-'(r.rc 4 rr)

38 = Nrrrr. « F [rirtrdr ) +rr, + 1, trr)
8 =g = [plr, + 1, +1) +rr +rr+ rr,l

6
o A B C 9R?
6.6 Cho AAB(_:.' CMR :. tg§+ .tg‘-:z- + tg—z- < TST
Gidi :
L, A B cC. T r r
S(tg§+t.g§+tg§) _S'(p—a+p—b+p-c')

s, 1 1 r _ppmede-e, 1 1., 1
= P(P'ﬂ+P"b+P"¢) P (p-a_+p-b*,p—c T

ees
EE TN



. (1 o fmy 1 . .2
(p—b)(p-f) + lp—c)(p-—a) +(paipb s g ffp—a)ﬂp—b),+-(p-¢)l

_i

[a & «m 9R2

1 .
-—E(a+brg~c)2 z T'H(a+b+rr .<~2'7R2

er [2R(smA + smB + smC)]z < :"J":'R2 — smA + smB + sin(’ €

" _-_'t ﬁﬁt déng thUr: cudi ludn dung (xem thém phuong phap 6 :
. Qui nap Casi)

i 6.7 [1411V.b] : A <6 canh a, b, c dien tlch S

" CMR : a2+b2+.~ > 4y3S

2 6.8 =Yp-ayp-mip—) = Vp Ve-a)p-b)po)
Cosi _ o)+ 3 T pl  (atbte
| {—V[(p-a)ﬂp )(p—C)]3=JI—)- P _ P _(athie)

< P. 3 7 = T:: —-i-z-?s—-
(BC3) (12412 + 13)(a2 +bP+c?) ' al4ptaed '
= —a +b"+ S
< s e a” +b° c" = 4y3

6‘8 A ¢ canh a, b c dlén tich S, trung luyé’n m,, mh, m,.
| CcMR m2+mb+m ;3{’3 :

Gidi i - . _
: - 4+
Theo67tac03<5——4‘,.3——
e : 2 . .
' Mat khée : 7m§=2b-+fic _
+ *m§=2°2‘+2a — b
; 4
o0 2% +2pt -
o€ 4 '
(- m’§+mh+m ==='-{a +b"+c")



.ﬁ(mz + mZ +Ih2} 2
2 g a b ek m +mb+m

- 82+b2+c c

Do dd S < ——-'H—g——“;‘ N3 ' '= aaw 3‘[—
Vaym +m2+m 2 3V3S - '
6.9 : CMR : - (m? +mb+m)(h2 + hi.- +h) = 2732 VYAABC
Giai : :
,Theobaxﬁ&tacdm2+mb+m —{az+b2+c)
' Ap dung BDT Cési ta ¢~ TR
. G Ba i a . a a® YEIE )
2y mﬁ + m?‘ 4(32 + b2 +ch) 27 azbzqz (1)

iﬁ

a
A | 1 1 P
Mat khac : S =_§ﬂha = Ebhh =1"Ehc'd° dd . :
'h2'+h2+h2=4sz(—]-"+—!-+‘l)::125-2.3 -
. a2 ._b-z c_z | ,,az,bz_'?z

Nhan cic vé& cia (1) va (2) suy ra
: (m3+mb+m)(h + B +hY) > 2787 -

(2)

B B8 SN
6.10 : AABC CMR : bu:otg:z- + caootg— + al:uc-,c»t,g’(2 > 125

Gidi: e

Do,

A B : C
: ZScoth 2Scotgy . 2Scotg§ o
VT = sinA + sinB .'1+ sinC' : “ :.
1T 1 1 ‘ .3 '
= ——— . 4 —— Y 2§ = —_—
° (smzﬁ sng‘ sinzg) - ZA ZB
2 2 : 2 o sm ESln '2—3111 E
=" A B.0C.. A, _B__C
“ | | gy R
[y simgeinzeiny | ¢ g *oing ¥ sim B



Ap dung BDT Jensen :

A B,C u
. A . B . C .2 2 "2 .z 3
- sing + sl + sing, < 33111-——-——5 — = 3_8'_"3;-8 2

ta c6 — A ~ 2~y =128 {dpcm) -

| [ 2 ~ i_-E]Z

; Binh lugn : Dién. tich tam gidc la .hlé’u cllu n6| céc mdi
'{ quan hé¢ giita cac yé&'td trong tam gide. ‘

Kf thugt . up ng'!nch dio 385
" N¢i dung : 'Ih od

N -
("")""z)(“*’i*';) > 9Vx, y,z > 0 4}

: - —
Thatvﬁy v'raail 2 3\} .

Bat ding thic nay. chdng minb, rt dé nhung nd cd y nghla
rit 16n trong vai trd nhin dang vA dua cdic bai todn xa la tré
thanh bai todn quen biét.

Cac vi du ‘#au dAy s& minh chdng digu dg.”
7.1 IOJIVB#ﬂcﬂ CMR : h +h + h, BQrVAABC--"

o1 G1 1 1oL
"“ﬁ"f?)‘ > 9-—-(a+b+c)( +‘ + ) >9
“hhy ding’ theo BDT (*) |

7.2 CH;{ S +rb+r > 9rVAABC

B | -*f-'S’ ] 8 11 |
pﬁ-l +p—b +p-c > QFBP(1pﬁ-a+p.—b+p-c) >9




—lp-a) - b)+(p-c)l[
Ding theo BDT ™) -
7.3. [114 V a] AABC nhon 6
duding cao AA., BB,, CC, va tryc
tam H. _
AH BH CH- o
CMR - sH*BH*CH >%

Giai

" Ha, THB, THC,

o L
ZAA, . BC %BBi.CA. 5€C, . AB A
- + — + — » 9 .

1 1. 1
EHA] .BC EHBI .CA. “-2-HCl .AB

.. UABC)  dyABC) ' dyABC) e
dyHBC) T dyHCA) dt(HAB) |
1
H[dt(HBC)-idt(HCA)Ht(HAB)][ dt(HBC) +IHHCA) dt(HAB)] >9
Diéu nay ding theo BDT (*) — (dpem)
b+e .c+a + a +b

| GVa, b, ¢ > 6

7.4. CMR : ~
Giai
(1255 e (14552 4 (1 +-_f:b-)._ 9
a+b+ec + a+b+c a+b+c

+ o
= a . b . "c,-—?g'

1



— (a+b +c)(’; +pt E') = 9. Dang theo BD‘I‘ ("

2 2 9

.
7.5. CMR : -b—;ﬂ+c+a+a+b___. a+b+ Va b c >0
Giai
2(a +b +i S Ly 9
23 9pe t ora -a+b) >

R 1 1 1
e [(b+c) + (c+a) + (a+b)][b+c Aoy a+b]_;_._?'

Ding theo BDT (*)- -
b, e

a , 3 o
7.6. CMR,;_b+c+c+a+?+b;§v&.§,c > 0

Gidi

b 3
“(“W)*(l_tm) (1+335) *3*3 =
a+b+c  a+b+c a-f“}-b-l-'c' 9

bte | c+a .'.“'ﬂ»‘__a+b"'-32'

+ 1 . L’ﬁ;! 1 29 N
b+c cFa a+b. .

K

—2@+b+o)

1 1 1
[(b +c)+(c+a)+(a+b)][b+c R oo .a+,b] 9.

Diing theo BDT ("')..-

2 2 =2 P
. at b* .. . ¢ * at+b+c
?'?'CMR:b+c+c+a+a+'b_; 5 Va,bc:rﬁ

Gidi | |
S T 2 :
(a4 (e £5p) ¥ e rb o

ea(1+g5=) +B(1 b=y bo(14555) > Sa+b o

b+

a8




a b . ¢
b+ec + c+a + a+b)
a b c
"b+c tota Tatn

R b_ . ) i . c .
(l+b+ ) * (1+E:I-_a) * (l+a+b) z
w [(b+c) + (c+4) +i(a+b)][
Diing theo BDT ("‘) — (dpem). _
7.8. CMR : log,, a* + log b* + log,, ¢ 2.3 Va, b c > 2

Gid:.Vibc>2—-bc>2max(b e =2b+ec

lna Ina? 2lna

In(b +¢) > In(bc) - Inb +Inc
Ti do6 ta cd : lc:wgbh:a2 + lc:)gc,(ab2 + lc:gmbc2 >
2lna + 2lnb + 2Inc
> Iab+InC | Inc+lna ' Ilna+Inb
. . ' ) B y 'zr—.'3 R
; 6 H -3 L VK Y,
(Odaytasudungbm76 vz Vit XW__?ZW’Y’Z>0)
logc loga logb 9 .
2([\1+c‘ c+‘a+a-_l-b_'-=;-ad-b+ Ve, b L !

3 WS
«»'(a+bh -I-c)( = E(a-lfb +opu T MR

rol o

(STR-)

| E—

1
+ -
b+c+(;-!-a a+b ?79

" Do d6 log,, a° =

322'?'%"
g =

7.9. CMR :

(\0 I)u.h ‘Nam lll “n)
Giai

log’c lo a Io b
.-.[(b +'c) + (c +a) +(a+ b‘”[‘b‘+c + cf_ca + aiﬂb"]"’ 9

_ Theo BDT Co Si ta co -

(B +cy + c+a) + (a +b) > 3§r(b Fo)(c +a)(a +b)
x Jloge logca " loghb 3 logbc Toga . logd
ib+c + .c +a + ‘a +hb. = 3 V (b +c)(c +a¥a +b)

logc log a Iogdb o .
[(b+e) + (cta) +@) [ oot 3 * g |~ OVIOBD =9

— (dpcm)
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'l'hcd

' 3
VT () > 3V(b+c)(c+a)(a+b) 3'J

[b+c)(c+a)(a+h)
—93{_’(7_~q”d = 9 - (dpem)

a, b, c 1 1 1 9
711. Cho {a Fhte=1 _"CMR b_:6+ atain 2.5
Gidi | .
' 1 ) (S TR
92(a+bfc)(5;-é * T +,g+'b,) >9
1 1 1
S (e (cta) + (a+b)][;—;; Yot L":E]s“; 9
Dung theo BDT (*):
abc>0 . -1 1 1
7.12. Cho { * CMR : ;= + - +——---—— >9
{ +b+°€1 a’+2bc b?+2ca  cf +2ab

Theo BDT (“‘) thi

1
T(a®+2b) + (b2+20&) + (°‘+23‘°3][ * 52-:2 * 2+12ab] >?
ca [+

2+2bc
(a+b+c)"-( a’ 3 S 5 ) 29
. +2bc . b"+2ca .c°+2ab :
Mﬁ0<(a+b+c}2é1—. e 1 1 > 9

"a +2hc b2+2(:a c? +2ab
.1 o

7.13Z'Gho.-AABc.' :a{z‘e D>

: - s =
X B € (1 _+*2c0§A + 4cos_Ac033y- |

o



Giai :
Theo BDT (*) thi

__ | 1
2 (1 +2cosA +4cosAcosB E =9
AR.C _ A ¢l +2¢osA+4cosArosB

Ma Z (1+2msA+4cosAoosB)—3+2 2 cosA +4 2 coshcosB.
ABC A B.C ABC

. , 3
Dé dang e¢/m duoc : E cosA = cosA + cosB + cosC = 3
‘A.B.C .
Mat khéc dé dAng ta ching minh duoc

cosAcosB. + cosBcoaC + cochosA < (cos?A + coszB + cos®()
- 3(cosAcosB + cosBeosC '+ cosCcosA) <

3 9

2 9z _ ¥

€ (cosA + cosB +cosC) < (2)_.. y
3

Do dd E (l +2cosA+4cosAcosB € 3+2.5+3 = 9
2

A B.C .
, 1 o ' :
Vay thi'j\ E (A *2cosA+ 4cosAcosB > 1

8. K§ thuat c4p nghich dao n sd :

‘ 1 1 3 .
X+t Xy (g tety) 20 VX X, >0 |0

1 n

Dat S = f: a, - Hay ching minh cdc BDT sau Va,, a,, ... a.n >0

n §S-a

- Gidi

af(

=1 a;




1 4] ‘
-2 5 > n° e 2 a, 2—1- 2 n-_Ding theo BDT (**)
El

=1 i=t P = tal .
. i o
8.2. (‘MB it a-. ?(n__—_l)s e

Giai

Theo BDT (**) ta cd (S —a;. S-- zn

Mat kbée > (S 8y = nS - ) 8 = (n—DS.

i=1 _ Toi=1
_ o,
1 n )
w2 oo ot
8.3 CMR. S n
t=‘l‘S—-ai n—1
Gidi
2 -8, : n. . . n
—_———- "a.;'_..’..‘“.+ B 3
.._{El (l + S-ai) # n—1 o= n—1
L= . B .. )
_ s ,
H(n-l)is_a_;nﬂ(n—l)s g—*--a-an
. i=1 R . =l 1 .
4 1
S S—a). 2 == > n’. Ding theo BDT (")
i=1 i=1 I
2 .
' 8.4. CMR : 3 —~a et
i=1 i
Gidi

"ﬁl (a*"‘j) ;n-s—l+i m=gojtS
i= : =
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¢ - ns & :i . nS_.
-—-i§lai(1 +S—a) ¥ n-1 Higl S;-ai_; n—1
-—vi=ls —a ? Ding theo 8.3 (dpcm)
- Va, .
8.5. CMR gq’s—‘—a?.‘( z 2)
=1 _ai i
Giai _ C -
= 2 —_—
i=1 Y9-8 o (-S_"ai).".‘_i- =1 (5 -2 +a,
22 o o . )
a5 2 2
= i -?=§E 8 =g S=2
i=1 i=1
_ a, .a <0 | a, n
86,._0119 [ty _:1. CMR :.§1 2 —
- ,H_('\rrq dich Uc:RA_._I_NA). _
Gisi |
_ 8 n 2n?
Higl(1+2—ag) 2n—1+n=2n--i-
. 2—a 2n--1 S 2n-1
i=1 i=1
J
«-(Zn—l)gz_ > n® Hﬂ: (2—a) i———r'- an
. . L= ‘?‘i B B B 1-I )

B4t dAng thdc nay ding theo (""} — (dpcm).

A3



9. Ki thuft ddnh gid mfu sé B

i 1 1 a+b4c :
1:CMR : — -+ ==~ 4+ < Vabc>0
al+bc bi4+ca c*+ab 2abe _

Giai ‘Ap dung BDT Cb Si ta cd

[ . T
R B S _'{b‘c‘E(b'“’)
a? 4+ be _21‘ acbe 2ayhe 28bc . 2abc
_ .
+oq_1__1 1 _ Ve _ g (c+a)
bi+ca 2Yblca = Sb¥ca ~ 2abc ©  2abe
IS SR 'J.-Jﬁj‘“"’
¢t +ab  2ycfab = 2cfab _ 2abc - 2abc

. . %(h:'ﬂ!) r+-;-(c+a) +%(a+b) X a-:l-b-h_.j,
a‘+bc bi+ca c*+ab. 2abc 2abe
02 MR : mbep Ll Labneso
a’+b?+ube b-"+c3+abc A +al+abe  abe
Gidi "V'x,y>0thi

x +y? -{x-}y’(" +y2- oz [x +y) 2xy-xy) =(xA+?§)§§
Do dé : ’I'l' T - B :
ll:'_ ".’ S | N 1 .
a +l§3 +ﬂtTc = {a +b)ab +abc = bc(a Tb+o)
X L - .
* ‘h?"f +abc (b+C')bc+abc bf‘(8+b+c)
- l l
Lc3 +a’ +abc (c + ajca ¥abc ca(a+b +c).

1 B!
- + ‘ PR SN
a® +b> +abec - b +cd +abe . * +ad +abe

A
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1 1 1

< aba +b+c) | boa +b +c) caiETB+c)
at+b+e 1 i

m “abo {dpem) -

1 1

+ : +

a' +b? +¢' +abed  b* +ct + g + abed
+ l ‘. - ‘,i e‘;\l
c* +d* +a' +abed  d* +a’ + b +abed . abed
-  Va,bedx>0 )
Glil:Vx,y,z>0taco

9.3 : CMR

1 1 | P
x! + ¢ +z‘=-—(x +y4)+*(y"+i4}+l(z4+x4)k
2 2 2
1 » 1 ;1 3
x2y2+y212 +2%? = ;;-(xzy'z+y-‘?z") +‘-§(yzz. + 229 +§(z"l'! + x"yZ)
Voo™ + Vs + Vadhny
= y‘xz + zzxy + x"yz

= x4yt gt 2 xyz.x +y+2z). TV dé ta cd

v

[ 1 ' I 1
a?t +b4-+c +abed abc(a+b+c)+abcd abc(a-l-b+c+d)
A < M , l_
N b* + ¢ +d° + abed . bod(bic+d) ¥ abod = bed(a+b +e+d)
4 . ] 1 - . l )
¢ +d°+a* + abed * cda(ctd+a) + abed cda(a+b v +d)
1 1 1
' d“ *a +b% + abed dah(d*a*'b) +abed ~ dab(a+b+c+d)
VIe— L . _1 .. 1
abe (a-+h+c+d) | lnt(u-b«rc-i-d} mh(a+h+c+d) dnb(a+b+c+d)
~VT () < a+b+c+d i

‘abea +b +e'+d)  abed

N



9.4. Cho alv, a,,
' 1

DI N 0(n 2 3).'CMR

— + : _,__,+ S+

n N
al + .. +an__1

1

+ala2...an_ a2+ +a +aaz

,‘.-I
€

al +af + .. +ay

Chu y : Ki thuat sit dung Ca Sl dé danh gia méu sd rét .

-2

+a]az a alaz'... B,n

nghé thuat va hoan toﬁn khidc han Vd—l cac lu thuat 6 9.1, 9.2
va 9.3. D& nghi ban doc ty giai. . :

9.5 (150 1."2. Vo dich My 1980]. (..ho 8, b, c €0, 1} CMR

a b c
b+c+-'_lf+r_c+a+1+a+b+l+(1 a){l b)(l-c)s. ] (1)
Giai ‘

. Gia st a = max (a, b, ¢). Khi dd ‘ta cé
[ a ' a
b+ec+1" b+c+1
‘ b b
' ¢+g+1_£_'¢+’b+l
e c -
_La+h+1 c+b+1
T a . b N '“a'+h+¢ 2
b+c+l c+atl atb+l b+c+l. 2
Ta 8¢ ch\ing mlnh _
_ a+b+c_."1*a o
(1 a)(l—h)(l c)‘] b+c+1l b+c+l @

.' Néua

1 thi (3). ding. Néuaa‘-l—bl-—a>0Dodd

8 -»(b+ ¢+ 1) (F=b) I'- c) < 1. Theo BDT C& St -

-(h+c+l')(1--b)(1_—c) = [

(b-hc+1)+(4--b)+(i—c)] L s dﬁng

3

Ly odc V6 cla (@)1 (1) ding (dpem) .

i



9.6, CMR

e ———— +“‘+ —
+ .+a +l . a, +..+a, .
+(l-a)d-a)..(l-a)<lVa ..a €01

Giai ' - .

Gia s a, = max (a, ay ... ay). Khi d¢ ta cé

a, ' a;
a, + +a +1 a; + +a + 1
o
o a, ' aﬁ
Tl e+, +ta +1
a, +. +a"f'1 : a,z . a +
al + + . a‘n _a_l_+a2q'_ :Fan @)
a8, ++ aP +1 a+..+a _, +1 a,+. +a +1
Ta 88 ching minh o
: al+...+an 1.—1]1. oo
(1-a(1-a,)..(1-a) € 1- — = - 3

a+.+a +1 a,i+.+a +1

Néu a, = 1 — (3) ding. N&ua, #-1. — 1 - a, > 0. Do d¢

(3) (a2 + .. +a + 1 Qa - az) e AL an) £ _l.

T (@, ¥ a +1)+'(1_—a,)1_-...+(1—a)_
'PachTas[."s-l-z _“.'_n_- — "=

> (3) ding. Lﬂy v& ciia (2) + (3) — (1) dung
a,b c>0
2+t:1+<:2—1 :

a b ' c:.‘ W3 o
CMR + - R (8]
l:>2+c2 c +sau2 al +b? _2

9.7 26 IL.2 Cho [

Giki

. .a b c 33
(1) + + - =
L 1-atr=p it 2



at b et W3
— - ._._.‘ —— + - 2 —
a(l —a’) m1~§) ql—c} 2
: 3
Ta & o/m 2 - B ‘£ a’
a(l —a“) _2
e all - ad) s“ 2 eal (-2 € o
W3 27
Ta cd L
2. 22 _ 1 Zl"“(l*ﬂ)"'(l*ﬂ) 1
a’t1-a’) 228)(1—-a)t1—a)s2[ 5 ] ..27
| b? 3vr‘ ¢ W3,
Tuang ty 3 ) b?; g ¢’. Do d6
: b(l--b) c(l—c) : o
2 , 2 2 _
_E__- b_ b3 33 (a2 +b% +c?) = -
a(l-a) b(l—b"’_) el —¢7) 2 S
= (1)-ding '
' a,,.. 8, >0 S
8 . :Chﬂ . 12L+ +a"k- 1 va k%; msn e z N
k-1 ' K- e
' a a +1) < +
CMR : ——— +...+° n . ;..(2711 )] fTZrl_lf'_] |
1-a™" 1-a" 2m:
Giai
% T T .
S D (2m +1) Z‘T:Em +1
a,(1 —-a%"")_ a,(l —-az"") 2m
2k PR g
R mm+1)ﬁﬁm+1

Th s& chiing minh : 3
a,(1 —ay™

. 3 2m T ‘
0 (18 € G T

-

at* (1)

2m

m(] _,aZm)Zm ,

(2m)2!1
(2m +1 )2(!1“"1




Ta cd -

. . |
ai™ (1 - 2f“)Zf"-uz—m-(z ™1 —al™( -a2™) ... (1 -af™)

2m
(1-ai™+. A(1-ad™
CaSi ( ma%m) + 1 : 2m
< 1 Zm 2ml _ (2m) — (drem)
: a2k o4 1) P Em FT
: 1 ‘™2m + 1 .
Tuong tu ta cd 2 > ;( m )2 m a%k (2)
az(l -'azm) ) m 7 .
ay (2m +1 9m + 1 o
s ) = all-'. (n)
a(l-a "’) 2m

Céng cac v& cia (1), (2),.. (n) va chi ¥ afk + ... +af‘k =] — (dpcm)

10. Ky thuat déi bién sé

Muc dich : Nham chuy€n bai loén tif tinh thé khd bién ddi
dai s6 (v6i cac bién cil) sang trang thai d& bign d8i Dai 86 hon
(véi cac ‘bi&én mdi) :

101-CMRa+b+c?-Vb 0 D
o . b+ec. c+a a+b;2 a, b c > _ (
r +z—Xx
a=""3
b+c=x>0
s - z+tx—y
Gidi : Dat {c+ta=y>0 —-<b=—--—2 . Khi d¢
a+b=z>0
c__a:_+y—z
= 9 )
y+z—-x zix—y xty-z y X, zZ X Zy :
- + T4+ =+ S
M 2 + 2y .- ;3‘_.'(x+;) (x z)+(y+_i) >6



(

— (dpem)
10.3 Cho AABC (a, b, c).
L2 2 2 :
a b c : .
+ +- +
CMRb_+c~_-_a cta-b a+b-g > 2tbtc
CGidi' : ‘ _
y+tz
a=3>7z—
- 2
b+c-a=x>0 ,
‘ oz tx
Dat i<c+ta-b=y>0 - b=#?'-
a+b-c=2>0
_xty
lC-— 2
Khi dé
(y+z)2 (z+x) (x+’_y)Z ' i}
—————— +y+ . g
1) Ix i ES x. y+ 242 Ta co
zx xy l yz zx, 1, zx =xy Xy yz
\% Suth Sl ey (L e il Ry G .
T® = x+y z Z(x y) 2(y ) 2(2 ,,x)

Il

> VEE"‘V{EH*V-&E z +x +y = (dpem)
Ty Yy zo ¥z ox oo

10.4 : Cho A ABC dién tich 8

1 L1 1 3 V3
CMR'a+b—c+b+c¥-;+c+a—" 28 {1)

Giai
b+c~a=x>0
Dat jeta-b=y>0
atb-c=z>0

~ VS = Veip—a)p -byip o)

= %4‘Ra +b+o)b +c —a){c +a ~ b)(a oo = %4\{7(;-61'2)"3;;



Khi d6 (1 1+1+l '=3V§_ Y

. 1"1 1 1 ] 11, 3
Toos iyt (30 +7) 2 9 =5 (5573 P iy e

Doddﬁl—(l+l+l); 3\+1 L = J 3
3\x y 1z xtytz x y 2 Y (x+ytz)xyz
Suy ra ~1—+1 +— 1 33 \ 3 (dpem)
y oz (x ty +z)xyz o
10.5 94 111 A ABC. o
CMRE b +c ~2a) (c+x - b ta+b--c < abc(l)
Giai

. y+z -
a=
b+c—a=x 2
Z+x
- Dat ca—-b=y — =__é._
a+b-c=z ‘
_xty
€="2
. +z z+x x+
Khi dd ta c6 (1) e xyz € > Y

2 2 2
Thea BDT Co Sl ta cd '

+z z+x x + o
LAy 2TV o Vyz Nex \l__ xyz {dpem)-

2 2 2
11 1 1
10.6 Cho AABC. CMR St 2 (1)
o (p—a)> (p—b)y (p-o)7 r
Giai - .
 [s*=p(p —a)(p ~b)p — ) ~b)(p —
Ta c6 |0 pgpj ap-b)p-c| , 2_{@-ae-hE-o
5= prT” p
_ |pma=x>0 111 ty+z -
Dat {p—b=y>0 thi () e +5+7 > ——" @
Ap-c=z>0 * ¥y =z xyz



' 1

b A
; \1-1_ 1 \[._ 1 \/}_ 1,1, 0, 1 x+y+z
2 y2 ¥y 22 22 x2 Xy yz zx xyz
10.7 CMR : ' -
_ s b, e L, 4 2
b+2c+{3d c+2d+3a d+2a+3b a+2b+3c° 3
Vabocd>0 (Dubiquée té 93 - My)
Ban doc tu giai ' o )
Chii 'y : N&u giai bing BCS thi d& ding hon.

11. Ky thugt kiém tra diéu kién xdy ra dfiu bang
11.1. Cho a, b, ¢. d ~ 0. Tim gié tri nhé nhit cia
o a b c _ d
= b+c+d+c+d+a+d+a+b+a+b+c+
- b+c-+d+c+d+a4d+a+b a+b+c

o d

a : b c

Giai
Sai lam thudng gap

Nhiéu hoc sinh mdc sai 14m khi bién d&i S thanh tdng 4
cip phan 36 nghich dao va dp dung BDT Cs S1 cho titng cap

Zi¥so f.y = 2. Cy thé 1a
y x y . o
a b+e+d a b+c+d
§ =2 + ) 24 — =8
a_h‘c.d(b+c+1:l a )a,b.c.d- b4+c+d a
- RSi voi vAng k&t luan Min S = 8
a=b+c¢c+d
b=c+d +a

Dé thdy sy sai 14m tg thdy néu S = 8 thi c=d+a+h

d=a+b+c



Suyraa+b+c+d=3(a+b+q+d)«-a+b+c_+d=0
VoIy via, b,e,d > 0 : ‘

L& gidi ding : DE tim Min S ta cn chi ¥ S 1a mét bidu
thic d6i xing vdi a, b, ¢, d do d6 Min (Max) (néu cé) thuding
dqtddqekhia;b-—-c:d.

Vay dao la.i ta cho tru6c a = b = ¢ = d dé& du dosn Min
4 40
S 1a bang - +12-——— réi sau dd danh gid cac BDT 6 diéu
kien ddu b&ng 1a tap con cla diéu kign a = b = ¢ = d.

b+c+d c+d+a d+a'+b+a+b+c

Dat‘ : Sl_ = . + b + . T
Theo BDT C6 Si ta co |
ab b c cd a ¢, ,a c a d,
Sr=(; a)"(c ')+ (@%e)*(5%) H7+a) +(a%) > 6212
Dat S, 2 + b + L ¢ + d . Suy Ta

“ b+c+d c+d+a d+a+b a+b+c

’ a
S04 = 2 (14 5500g) =

11 1 1
]

(a+b+°+d)[b+c+d+c+d Ya d¥a+b Tatbio

[(b+c+d) + (c+d+a) + (d+a+b) + (a+b+¢)] X

1
‘5 .
><[ 1 + 1 +_1;+ 1.]
1
3

b+c+d c+d+a d+a+b a+b+e

> .4V tctdc+d+a)d+a+bya+tb+c) x
. 1 16
X (b+c+d)c+d+a)d tatb)a+b+c) 3
16 4 4 40 .1
-+ 5, ;—3——4=§ T dé S = S, +S 33+12_—3~=13§
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Déu bing xdy ra khia = b = ¢ = d — Min & = 13

Vay Max S = 2V3 dat dugc khia = b = c = d =

1t : Tlm_Min_s = (1+-§))(1'_+330)_(-1f§°;) Va b, 9_.-?.0

| Sa. ldm thudng gap :
r .

SuyraM.lnS-'—'é"

= 3b :
V3 a _
‘Rérdngsz_—g:-}b 3c—-a+b+c=_3(a;+l;3+c)
Y |e=23a - R
—a+b+ec=0Vs1y B ' '
Li giai dang :

l+a b+b+b+a 4Vbbba 4Jb3a
3b 3b 3b
‘b e+e+c+b 4ﬂcccb 4"4 b
X s]1]+—= -~ =
3c 3¢ :
l;i_a+a+a+c 4Vaaac 44 c
{ 8 Za -7 8a 3a

- b 4abe e 1
S = (1+§E)_(H3—q)_(1 +i) > 33:BC=__ (5343)3';' (1+3)°
Vay Mil}'S = 27

a,b,c,d >0
113 : Ch [+b+c+d-‘-l

Tim Max § = Va +b+c +\Ib+c +d +{c+d+a +ﬁ+a+b
Sai lam thm‘mg g:;p Theo BDT Co Si ta cé

Déu béng-—-a =b=c

b4



(atb+e) +1  (btedd)+1  (chd+a)+1 . (dta+h) +1

h 2. 2 -2 2
clBa+btcrd 441 =L MaxS = &
=BG € 2 ax e =3

a+b+e=1 _
7 ib+c+d=1 _ ° : '
R4 rang SzEH c+;+:_1—-_3(a+b+rr+d)———_4f-3=4\fﬁl§
|d+a+b=d '

Loi gidi ding : Theo BDt Co6 si ta co

' , 3

B - 3 (a+b+c+‘z
V(a+b+c). &'———2—‘
3 (b+c+d)+z
Vorers 200020

3 @+d+m+%
\[@+d+ay s ———

|

o |

e

4 2
.W. - ‘ . . 3 )
i 3 (d,_+a +b) +Z. .
-\L@*”WE ST

-‘}Z.S£§[3_(a+bjl-c+'d)+3]=3—_-_SSZﬁ

Cac vi du sau day ching t6i cung céip 13i gidi ma khong binh
luan. Ban doc hdy suy ngAm vi sao din dén nhung loi giai nﬁy,

a,b>0 .
11.4. Cho { +b—l T .
. 1 1 2 ) 3 .
- - g - — e — b — - - . :
(?MR a) & T ;_ 6 : ‘p) &b bz_ = 14 L

J L, o1 2 11 €S 3 2
el _ 2 1 > o e
ab T2 " dab (Zab a2+b2) (a+b)’  Y2aba® +b?)
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L CoSi

2 B
22+ = =2+- =2+4=6
‘[2ab + (a® + b)) ] (a +b)?
2 _ ,
R P S . _1_+3__1_.+,l___c“i
ab 2+b?  2ab  giib?  2ab { 5ot o2 +b2) ?
9 9 cosi 2
+3 e 2 2 4 ——— = =14
(a+b)? Y 2ab(a’+b? 2ab+(a’+b%) (a+h)
. 5
a,bc>0 1 1 1 1
115 : Cho { "V~ . CMR a2+b2+c2+ab et >0 M

Gidz.'l‘acd(ab+bc+ca)( I bc+a) ;g-o

1 1 1 9

- — +—

o ab  be —;ab+bc+c;
Khi dg- '

1 9 1 1 1
V?'(l) > al+hi+e? T ab+bcroa at+bi+c? +;b+bc+ca +ab+bc+ca_ _
R . 3 1
- 8bthetes (a2 +b2+c¥)(abtbe+ea)(abtbe+ea) ~ 3(ab+be+ea)?
o 3 - 21 |
TN ' * 2
(@2 +b> +c%) +(ab +bc +ca) +(ab+bc+ca) (a+b +c)
8 , |
9 21 30
“(a+b+ c)z (a+b+ c)2 (a+b+ c)2
' abc>0 : 1 1 2

g 2 2
a+b+c=1l CMR : a2+b +—~+E+E+E—;;81

= 30
116 Cho-
" Ban doc ty gidi

5



12. Panh gid trén phuang trinh va bt phuong trinh
12.1 107 I : Goi x;, x, 12 cée nghiém cia phuong trinh :

12

12x2—6mx+m2—4+—2~=0
m

Tim m dé g = x] +x3 dat a) Max, b) Min
Gidi _

. . . 2 3 12
DéE pt ¢6 nghiem thi 0 € A’ = 9m —12(m~—4+——)

m?

em!-16m’+48 £ 04 s m’ £ 12+ 2 < |m| € 2¥3.
Khi dd

m
g = x?"‘xg = (xl + 12)3 - 31‘]!2(!1 + xz} = — e

, 1 6(m*—
df=———(mt-3) . (m*-399 < - [ (m 3)+9+9]3
. (2m)%.9.9 - 26 3% m® 8
6 s6
3*.m'® 3.2 2 3
= 572 e 222 = 2—12- — lgl = 3 .Tl.(' do

w3 : : —3v¥3
Maxg=~—%-——khi m=2y3 vi Ming:—ir— khi m = -2V3

12.2 69112 : Tim m 46 Y@ +x)(6-x) < x° -~ 2x + m ding
vx € [-4,6] -

Giai .

DK céin : Gid si Bpt théa man Vx € [-4,6]
Chox=1€[46] 5 =«=m-1—-=5<€<m-1-—-m3=z=6
Dk D : Gia st m 2 6. Khi d6 theo BDT Ca Si ta cd

AToE =7 < (4 'ltx);(G—-x) _

b



Mat',kh'dc—_-xz -2 4 m =%x° - 24+l +m~1 = (x~- 1¥ +
m-1225 _ , _

Do d6 vdi m > 6 thi V@ ¥x)(6~x] <'x’ - 2x + m. Dép s6
m > 6

12.3 : Gia sd phuong trinh x + axl' + bx? + cx + 1
" nghiém thuc

{1

_0 cd

4
> -
3 .
12.4 Gia s phuong trlnh x* + ax> + bx® +ax + 1 = 0 cd
nghiém thue , - S

CMR : [a| + |b] + [cl

CMR : |af +-5= > 1

Mai cdc ban doc ty giai 2 bai 12.3 va 12.4

13. St dyng trong Day sé o
D<x <1Vn

1 : Day s6 {x.}]~  xéc dinh béi S
Y nhn=| ' xm+l(1—xn)?_2Vn

1
. CMR : hmxn=§

= s
Giai- |
~ Theo BDT. Co Si ta cd :

T
X, t(L-x) 2 2Vx, , (T—x )>2\’Z =1

suy ra X, ~x, > 0 hay x, < x_, Vn—-{x}dondléutang

Mat khac 0 < x, <1 nén {x b bl chan tren. Tu do ta cd {x }
- lubn cd gidi han hitu han.. Dat a = limx,

n—a&

Ceo, .1
Ta cd Ixmxn+l(1fxn)az-

n— o

58



1 1 1.2 1
- @l *“‘1—12“ — = — =—
“a-a = a® - a+ 7 (a 2)£0=32
- .
Vayhmx=—2'
=%

13.2 : Day {x,} dugc x4ac ctmh bdi

X, = 1994
x ~2x +1995 -0n=1,2,.)
Tim limx
n— oo
- Gidi
' 1 199
Vi x -2x +1995 0 nén X4 —('x +--'—5)
2 n b4
1 n
Ma x, = 1994 > 0 = {x_} dudgng.
Theo bat déng thic CO Si ta s
1. 1985, 1995 -
xn+l=§(xn+ ) b1 X Ty \J199 = {x} bl chandual
n I'I

Mat khdc x_ > V1995 = x2.2 1995 ¥V n = 1, 2.

; : 2
o 1 1995, 1 *n
Tu do Xp+1 =§ (xn+-—x—--_=) 15—2- (xn+—;) =X
) {
Vay {x_ } don diéu giam va bj chan dum = {x } co gidi han
1 199
hitu han a > ¥1995. Khi dd limx —hm—2~ i xn+—x—
S n .
1, - 1995, - , ° o -
..,a=—(a+ )‘Ha —1995 o-a,=1\11'995
2 a /. . .
Ma a > V1995 — a = limx = V1995-

n—w B



13.3. Day {x,} dugc xéc dinh bdi X *1 CMR : 5<x,s2
. x =
n+) 5xn
13.4. 105fVa. Cho a, b 1a 2 s6 duong khdc nhau. Ng'um ta lap
hai day s6 {u_}, {v ]} béing céch dat-
' + v -
v, =av, =b u,= 7 V.n+]=d?nvn in=1,2 3 ..
CMR : limu =lim v,
’ n—=x n— ot

14. S\t dung trong lugng gidc

: - . 11 cosSx '
14.1[102 112 JCMR : néu 0 <x-< — thi - — > 8
' : 4 sinzx('cosx — sinx)
Giai .
COSK - _ cosx/cos’x .- : lﬂgzx 2tgx
sin’x(cosx -sinx) smzx _cosg-—sinx 'tg’l_x(l—tgx) tgzx(l—tgx)
2 2

T tex(1 - tex) (eta-t

T

V8 nghié¢m

%
]
B = =

. t
Déu "=" ﬁltgx=1

tgx=l-tng_tgx

W

COSX
— N >8
sin“x(cosx — sinx}) _
14.2 [10 111 - 88 II] Gia sk & ABC c6 3 géc nhon
1) CMR : tgA + tgB + tgC = tgA.tgB.tgC
2) CMR : tgA + tgB + tgC > 33

3) Tim Min P = tgA.tgB.tgC

60



Giai

tgA +tgB

1- tgAth
tgAtgBtgC - tgC = tgA + tgB > tgA + tgB + tgC = tgAtgBtgC

2) Ap dung Bt ding thic C6 Si cho 3 s tgA. tgB, tgC > 0
ta cd .

(1) Ta ¢6 -tgC = tg(x-C) = tg(A+ B)

tgA + tgB + tgC > 3 VtgAtghigC
> (tgA + tgB + tgC)»® > 27 tgA tgB tgC
 (tgA + tgB + t-g'C)3 2. 27 (tgA + tgB + tgC)
« (tgA + tgB + tgC)? » 27
— tgA + tgB + tgC = 3V3
3 Theo phén (1) v& (2) ta vg tgAtgBteC = 1gA +tgB+1gC > 3y3

Ddu bAng xdy ra «» tgA = tgB = tgC «+A =B =(C = %
«+ A& ABC déu. Viy Min (tgAtgBtgC) = 3y3
14.3 118HL]

1 1 1 ' 2 -
I)CMR(1+§E)(1+£§)(I+§M_C) ;(1+\,—§-)3VAABC

2 MR (1+2.3) (14 cg) (1) > 27V 4ABC nhor

Giai

,v,2>0 .
Xy thi

Ta sé ching minh ‘né'u { x+ty+zeK -

1 1

111, 1 (Casy
VT (*) = 1+ (x ; +;)

+(--+—-—+ )+-—- >
Xy yz zx/ xyz

1 (C Obl)
1 + +

Xyz (Z‘V_yz)? (Yayz)?

_(1+)( )(1+) (1+2)> ). That vay, ta cg

61



—— 3 3 - ——— — et m - 1—.,___ >
x+y+z xty+z2 xtytzs
3 ( 3 ) ( 3 \
k A ( k) pem
373
sinA +alIlB +s5inC < g
S0 dung 3
(OaA +cosB+co£ <3

(Xem them phuong phdp 6- - Qui nap Co.Si)
1) Ta cd

2
2) Vi AABC nhon nén cosA, 'GosB,' cos C >0
Ap dung BDT (*) ta ¢d '
1

(1 30) (T rans) () > (4 am) = (4

1 1 . 3.3 SV
(14 i) (1% o) (1) = M ¥g) =022

2

15, Kl thuﬁt khoang hiru ti trong tap sé thuc.
15.1 Cho A ABC c¢d cac canh a, b, ¢ vai do dai hitu ti.

o (15 (1S5 22
Giai

Déta = '['::‘,bﬁ %,Vc =%vdi m, n, p, kK € 7+
Khi dé : (1-4-bﬁ-:£)"*_(l+c- )h(l_,,.i—_t’.)‘::

3



. ) 1 .
152 : CMR : ad>§ VaeR'
Giai

Ré rang véi a 2 1 thi a"2al =4 >

2
Xét 0 <L Taes(0,1]=0 [—ru, b
e < A = . co | s = J [n+]’ n]

' 1 1
DoddEIkEZ+sa0chan[ ]

1 < -<—1— L 1
k+1\a\ksuy ra a _-(

R A
k ;_ + T e— ?““
k+1) 2 V k+1 ~ 2
1 1

. —kH k ) I
772 (3) =2 2 k+ Le2 s Vi

e
+
—
-
\l
——
o
+|
—
T
|

Ta sé ching minh (

—»

Ap dung bat ding thic C6 Si ta c6 VK+1 = LV(T;%IL)~ 1.1
. ) (k=1) s0

kDAL H1 (kD) +(k—1

< K = k =

. 1 . X
Tw d¢ ta cd a* > B (Vi cdc ddu bang khong déng théi

xay ra).
153 . CMR :a"+ b > 1va be R

Binh luan : T&t ca cic sach déu trinh bay lai giai nay dua
vao BDT Bec-nu-li la kién thic ngoai chuong trinh phé théng.
Nho k¥ thuat nay ta dé& dang dua vé dang si dung BDT Cs Si.




§2. BAT DANG THUC BUNHIACOPSKI (B.C.S)

1. BAT DANG THUC BUNHIACOPSKI

1. Dang téng qudt : Cho a,, ... &, b, - b, la 2n s6 thye
tuy y. Khi do

nn

e Dang 1 : (a +...i+aﬁ)(’b%+... +pé) 2 tap+ . +ap YD

nn

o Dang 2 V(& + .+l .. +b5) > lap, +.. *abl @)

. Dang 3 V@ + . +al)b +.. +b]) 2ap +.. +ab, (3

al'

a
Diu bang & (1), (2) xay 18 «» — = .. =
bl bn
a, a,
Ddu bang & (3) xdy ra <> = = .. = 7 =20
! 'bl bn ..

e Hé qud 1 : Néu ax, + .. +ax, = C - const thi

(:z xl Xy

Min( + .. +x3) = ————— - Du bAng <> == ="
! n af + .. +a_ a, Coay

o H¢ qud 2 : Néu x%+...+x:':=cl thi

b o2
Max(alx1+...+anxn) = |lc| Vaj +.. +aj
xl' X,
D4u bing e —=..=— 20
a, " a
. n
; : ety T 42
Min(ax, + .. + ax) = —|Cl Yay +.. + &
) B ¥ "X, ‘
Diu bang « — = .="" = 0
S 3,

t-



2) Dang cy thé

n=2:¥YabcdeR

L (@ + b + d') > (acrbd)’

©2 \‘(a3+b:)(c3 +dl) 2 fac + bd)
3. V@@ + i) +d%) 2 ac+bd

, a b
Diu "=* 4 (1), (2} =~ Pl

a b
D& "= a (3JH_E=E;0

n=3:93.h:c.mn.pER
b @+ b+ e )(m 0+ pl) > (am+bntcp)’

2, {(a' +b +c‘)(m'+n +p') > |]am + bn + cpf

-3 {(a + b 4 chye? +n +p') > am+bn+cp

“a b «

, Dau “=" & (1). (2) = == ;=E
a b ¢

Dau "=" 9 (3) ;—;=;?0

Il. CAC KY THUAT SU DUNG
BDT BUNHIACOPSKI (B.C.S)

Xin trich gi6i thiéu 5 ky thuat trong 10 ky thuat s dung

BDT (B.C.S)

1. Dénh gi¥% tit v& 19n sang v& nhé’
1.1 CMR : a) 2(a® + b2 2 (a + b)?
b) 3@’ + b’ +c) > (a+ b+ c)?

c) n(af'+... +a'21-) 2 (a, + .. + an)z' 7

Gidi

a) 2@? +bH = (12 + 19 (a2 + bd») > (a + b)i
b) 3(a +b2+cz) (12+12+12)(a +b2 +c) 2 (a+b+c)"'

c) n(a1+ +a2)-(12 12+ +1Y(al+..+a)) 2 (a, +.. 48 )?

1.2 62112 Choa +h =

Gidi

2.CMR : a’ +1b' 2 2

a' + bt = 5 (12 4 DD + WD 21 (a2 + bYE =

W |

1
5

(1% + 1% +p9))?

1 o Llot=l ot o
> glat)h =gam'=g.2' = 2



1.3 : CMR : a' +b* +c* 2 ab + bc +ca Vabec
Gidi '

) A . |
al + I:v2 +c? = V(az +-bz+cz)(hz+cr+_az) 2

Blab+bc+ca] > ab + be + ca

2 -2
b>. ¢ a_b
14 CMR: 2+ %S 324248 vabc = 0
b? ¢t a? ¢ a b
Gidi ‘
2 2 2 2 2 2 2 2
AL E_=\[(a_ L E_)(_P_ <+
' ¢ &k Ap2 @ a¥ VP a2 bl
ab bec ca aboc ab.oc’
* lbc ca ab c.a b a b
2 b2 Ei b

LI +12+1 —+'—’3+—i( N
2_3( )(b )

o ®
+

1
¢ a? 3

olo o~

LN
c a) —b_

+
o0

Sai lam 12 do ta da si dyng BDT C6 Si cho cdc 6
chua chéc da » 0.V abc = 0. . -
Loi gidi dang : '
2 bZ 2

TR

C g Lareran(| 3P dENMFE il
@.CY 50
B R R ) R

k-2
®io



1s \I|bn ETE N
- l*l |+1—|; +'°+- (dpem)
Ghi nhé : 12 (—) —l—l

It HIS 2 (‘hnx\#w*n\*l hm'\:llnF—x + '2
Gidi

(; +y‘z+z2)(y +z +xz);—(xy+yz+n)2='16

1 i B.C.S1 o
F = —(12+1§+1-2){x“*+y4+_z4) ¥ g+ v

16
SuymMmF::—datduocvblxay zagw

3

1?Choa+b+c=6 CMR a2 +b2+c2==12
Gidi

at+ b+ f = ‘:13 (12 + 12+ 1@+ + ) » .

-18 Cho a(a-— 1}+b(b-l)+c(c— 1) (E

" CMRa+b+ce4.

'a.=1(a+b+.=)-2 12

cnl'-

3.

G 2 Chek 1 : Ta o6

3

> a(a—u + b(b—l) + c(,c-ol} =, a’ + bz +cf (aﬂ-bm

3

3

(12+12+12) (a® +bz+c2)- (a+b+c) »

L a+br+ol-@+b+a

8



-

Suyra @a+b+c’-3@+b+cr-4<0
o-[(a+b+c)+11.[(‘£.+b_+c)—4].4o

— -]l € a+b+ec §7'4==~'a.+b+_crs4

: 4
Cach 2 :afa-1D+bb-1)+c(c-1=« 5

'H,(a —:E)z-+(b-~;~)z-+ (c—l)zqs%- . Do dd ta ct-i.

sehtes (a-z)‘e(b--;-) =35 <

x° +y2 =16
1.9 94112 Cho {42+ =25 Tim Max (x + v)
| xu +yv > 20 ' ‘
Gidi . o )
e i - - |xu+yv=20
400 = (x}+y)l+vD) 2 (xu+yv)? > 400 —= {x _y
. I ’ . - Tua v

=» | xv = uy.| Mat khdc

41 = 2+@+ut+v? = a2+vD) + (W4y) 3 2+ ¥+ 2uy =
=32 % v2 £y = -{x' +vEax+v s V4T :
Do ddMnx(x+v) {_lxdyravdl

S u_--._zo _-16 25



2. Dénh gi4 tit v& nhé sang -v€ lén |
21 Choa?+b?+c2=1 CMR :a + 3b + 5¢c < V35
Giai ‘ '

a +3b+ 5c € V(12 + 32 5% (a2 +b2+c2) V35

2.2 Cho 82 + b? + ¢ +d? = 1. |

CMR : (% +at + b)? + (t? + et + d?. s (267 + )2

Giai _
Ap dung BDT BunhiacOpski ta cd

P

(t? +at +b)? = (Lt +ait+b.1)? € (& +a? +bI(? + 1241
@ +et+dff = (tt+et+d )l < (2 +2 +d) (2 +e2 +13

(tHat+h)? + (tP+ct+d)? = (2t%+1)[(t2+al+hd) + (t%c2+d?))
o E+at+h)f + (P ret+d) < @F+ D@+ = @22 +1)?
23 Cho x? + y2 = u? + v = 1.
- CMR : —rsx(u+v)+y(u—v) isff
Gidi
—lxu+v+y (u- ‘v)?'} €VZ S
»x{u+v) +y(u- w)]2 5 2 '
To o6 [xtu+v) + yu - VP < &% + P)u +v)? + (u - v =
L =@y e Y] =2
TUdd —rsx(u+v)+y(u-v) < V2 .

2.4 148 Il AABC cd &’ +bzsc CMR04<—<05

) . X ] . hC
20)5/9'.:.' c . @1
TP atb+c - -2_ '

Ta cé (2) 4-2c_ <a+b+cerc<a+h dﬁng — (dpcm)
(1) =28 + b + c) < 5c +» 21a ¥ b < 3 40+ Wt < 9t

A bRRE T



Ta 6 4a+b)? < 4(12+1H(a2+bd) = 8la®+b?) & 8% < 8
— (1) ding. (dpcm)

2.5 Cho b © CMR Ve(a —c) +Ve(b —c) < Yab-

Giai
Ap dung BDT Bunhiacopski ta ¢é -
Ve(a—c) +Ve(b ~c) =¥c.Ya—c +yb~c.¥c

€ {[(E)2+(ﬂb—c)2][(ﬂa -'c-)2+({5)2] = Yab o
| 2.6 1312..Cho a, b > 1. CMR : Yiog,a +Vlog,b 2 _1og2f‘_ﬂ

)

Giat

Theo BDT Bunhiacopski ta 6 .
@+@s1(12+12)[(ﬂ6§)2+(\[h_ B)*]

+b

=%E@E=V4lquﬁ_‘=2ﬁogzms2 log2
2.7 19 IL2 Cho AABC. CMR{"<i_“a+F_b+{_csm

Gidi : (1) : Ta cd

[Vp—a +V¥p - b+\'p—c]2 (p-a)+(p-b+{p~c

+ 2V =a)p~b) +V(p —B)}p -0 +vl(p—c)(p a) >p

Do d6 Yp <¥p—a +Vp - b+ip—c

2. Theo BDT Bunhiacopski ta cé

Vp—a +Vp-b+ Vo= < V(1212419 [(Yp=a)? + (Vp—b)* + (p—<)]]

= V3l(p ~a) +(p -b) +(p— ) = V3p
2.8 34 12 Cho cos’a + cos™B + cos’y = 1.

CMR : Vicoda +1 +V4cosB +1 + Vdoody +1 < V21

70




Gidi )
Ap dung BDT Bunh'iacOpski ta cd
Vicosa +1 + \i4_¢ogﬁ +1 + Vdcody +1 <

< V(12412 +13)[(V dcosla + 1) + (V4o +1)? + (Vacody + 1))
= V3[4(cosa + coa?-ﬁ tcosy)+3] = V3 T=V2T

a,B, )’>0
a+p+ -z
Y=72

2.9 144 111.2 Cho

Tim Max g = V1 +tgatgh +V1 +fg9tgy +ﬂ+tgytgr .
Giai o | o
L cotey = tefa +8) = 2T
Th cd gy—cot,g!—-l;g(a +8) = T - toateh
- l—tgatgﬂ - tgy(tgae +tgh) tgatgﬂ+tgﬂtgay + tgytga =

Ap dung BDT Bunhiacopski ta cd
= VI+tgatgh + V1 +ightey +V1 +tgytga <
< Vl(12+12+1 NI(VT + tgrtgd)’ + (V1 * tatgy )’ +(\'1+tgytgz)2]
\'3[3+tga_tg97+.tﬁtgy+tgytga] =V3.4=Vi2

—~ Max g = V12 dat dugc kbi a = 8 = A

= xV¥l+y +yﬁ+‘x

(Chﬁ ¥ phﬁn min A xét & phuong: ph:ip ham sf)

Gii.i

A= o1 ¥y +wWi Tx si(x +y2)[(vll_+y) +(vm)21
W_G"\l(lzﬂz)(x- +y) +2=W2 +2

2.10. 33 W2 Cho'xz+-y2— 1. Tim Max A

— Max A = VZ+V2 dat dugc khi x = y =—"2z |



211 9 ILI Tim Max, Min clia y = Ycosx + Ysinx
Giai ' , o
i e 0<cosx 51 ..
D& ham sfi.zac dinh ‘thi {0 <oimxl Khi do
: I | R
= cos’x + sin’x £ (com)2 +(simx)2 = Yeomx + Vsimx
Mat khdc theo BDT Bunhiacopski ta cd 7
= Voot + Veinx < V(12 + 1%)(cosx +sinx) =

- Y 2iun(x+3) < VBT = s

Tit d6 : Min y = 1 x4y ra vi x = 2kn hosc x =

1
2+2k.n

Max y = } xdy ra véi x = %+21m

. 2.12 59 I.2 Tin Max cia y = Va ¥oox +Va Fsinx voi a > 1
Gidi S

Ap dung BDT BunhiacOpski ta o6

y = Va-hcosx +ﬁ+smx s \1(12+1 )[(ﬂamﬂ) +(\'a+smx)2]

ﬂ2(23+cosx+smx) = 'J [23+r sm(xiz) ] < ‘2(2a+r

T 46 suy__ra Max y = V2(2a +¥3) xdy ra v6i x = = +2kx

213 H.I.2. Tim Max.y.= Vx =2 +V4 —x. St dung Gpt .-
Vx -2 +Vd—x=x*-6x+1]

Giai ,

y = VX—2 +14—I?<i(12+12)[(ﬂ-—)2+(m)2]

— Max' y = 2datduqe-—-f;——-r:-bx= -

Mat khéc x2-6x+11 = (x-3)°+2 > 2 ; dfiu "=" «+x=3
T¥ d¢ suy'ra pt ﬁf—-—+ﬂ_—; —6; + 11 |
chi c6 nghiem duy nhét x = 3 o

72



3. Ky:thuat don phéi hgp

74 II1.2 : Cho 36x> + 16y° = 9. Tim Max, Min cia (y - 2x + 5)
Giai
Ap dyng BDT Bunhiacopski ta co

(36x% + 16y?) [(-%)2 + (i)z] 2 (-2x + y)?

253( o)? *5_:- , <5

- - —_- - % - s 7

16 =Y "X 4 SV TSy

15 ox +5 < 25 '
L 1B _ 22 _
g SY- & Fo=g
25

Tit d6 ta c6 : Max (y - 2x + &) = .

~ Min (y - 2% + 5) -
32 : Cho 3x - 4y = 7. CMR : 3z + 4yf_ > 7
Giai .
Theo BDT Bunhiacépski ta cd |
B + 4 (VP + (-2 > (3x - dy)? = 49
- (3x% + 4y5) B+ 4) > 49 = Bx% + 4y) 2 T
V5

33 : Cho x* +4y’ = 1. CMR : |x - y| < 5

Giai
Ap dung BDT Bunhiacopski ta cB
) . ] 2 T . , .
& + 4y2)(12+ ("E)_ ) > & - y)? .~
1, 5 : 5 V5
--1(1+4\_4;(x y)¢ « |x y[sz



34 CMR : 2’ +b®> + ¢ 2 alWbc +b¥ca +cWab V a, b, ¢c 2 0
Giai A o
" Ap dung BDT Bunhiacopski ta cd
(a® + b + c3)(abc + abe + abc) =

(V)2 + (I7)? + (V)% ¥abe)? + (Vabe)? + (Vabey?)

(]

> [Va® . Vabe + Yb* . Vabe +Vc® . Vabel?

cosi
= (aWbc +bAea +cWab) 2>
CoSi A , _
2 33\l(a2\!b_c).(b2\!5).(c"fﬁ) . @Xbe +b™Vca +c* Yab)
= 3aboaXWbc +bWca +cab)

Tit d6 : a> + b® + ¢ = affbc +bAea +cHab

3.5 8 M2 Tim Min f = (x - 2y + 1)? + (2x + ay + 5)?
Giai : R .
Ap dyng BDT Bunhiacopski ta cg

f = -;—-[(-2)2 +1x - 2y + 1 + (2x + ay + 5)%)

> %[(-2)& “ 2y + 1) + 1(2x + ay + B

Onfua = -4

1 p .
=gler Oy 2] e = -4

Tit d6 : Néu a # —4 — Min f =

Néua = -4 - Min f =

thiw ©

74



4. Danh gié trén phuong trinh va bt phuong trinh
4.1 {67 I1.2]. CMR : Néu pt (x + a)® + (y + b)? + (x + y)z
c6 nghiém thi

(a + b} € 3c?
Gidi
Gia st (x_, y_) la nghiem cla phuang trinh
- (x, +a)l + Gy, +b)2+(x +y)? = &
Ta c6 (a + b)Y = [(x, +a)? + (y, +b) + (—x_ - yo)]z

(B.C. _
€ (241241 +a) + (y,+b)? + (-x —yo)zl 3¢? (dpcm)

4.2 120 I11.2 : CMR : Néu pt x* + bx® + cx? +bx+1=0
cd nghiém thi b2 +(c-2%>3 )
Giai _
Gid st x, 1a nghiém = x_ = 0 va x! +bxd +al +bx_ +1=0
1 - 1, ' ‘
2 4= —_ —
xS +b (x4 ) +e=0

o -xz ] o

- (xo+i)2+b (xo+%) +c-2=0

(0] 0 .
1 o
Dit t=xo+—=rt2=xg+—1-2-+232\’xg.~lz— +2=4
X, x,, x,

. acs,
KJ:.id:staccs-ht—+c—2=—t2=-t“—[ht;+(c-2)]2
(BCS) t?
< b+ (c- 2% @+ 1)¢b2+(c—2)2__; ;

: t2+1
; )
~bl+c-2P¢>-1+ >4-14+0=3
€-9 241

. .
Lam chgt hon nida : 'Ihedth&'chﬂnglmnhbz+(c—2)2 l,

75



That vay theo trén b2 +(c —2)% >

21 01
1+—-
.tZ
2 . 2, t? 4 6
Mat:- 24dodd b+(c—2) 2 1; =5
. ) l+t_2 1+ ‘—l

Ngoai ra véi gaa thiét da cho ta co thé chung minh

4
2, i
$o 10w LT Gidd bat phﬁdng ztrinh Vz-l+x -3 2 J,2(x -—3)2+:‘Z;:§

Gidi
Theo BDT BunhlacOpskl ta cd

Doddbﬁtphlm‘ngtﬁnh (1;-—-\{_+x—a 42(x—3) +2x - 2

: x>3 x>3

q—bd -1=x—-—3 - )
x-l=x x-1=(x-38" x ~1x+10=0
lx;3 o : '

T ix=2uz=5
JHJH’ Trong cac nghiém cia B#t phu'dng tﬁnhhgz z(x-i-y);l

-—-3:=5

Tim nghiem d€ tdng (x + 2y) max

Giai | -
(1) Néu x* + y* > 1 thi Bpt
ﬂx+y>xz-;-y H(x-—%)2+(y-—%)2£%




i

— Max (x + 2y)

3+y10

2
1 1 ,
' T2 2 2 1,2 1
Dﬁurbﬁngx&ymkhl i =—2——va(x—.—) +(y-—-2~) ,,.2_
1 o rony 3 _5+V10
X 5.-’_23.r—1_(x Y) max z;m_.-:!-v 0
TT1T T4 7T 1+4 "0 _ 5+ 2V10
) 5+V10 1,2 54210 142 1 4 1
'm'mm“[ 10 ".-2]+[ 10 2] T10 10”2
2) Nou x2 + y? < 1thint<—-x+y<x +y2
Vix +y<1—-y<1—o|yl<l '
3+¥10

Th co x+2y =

— Mux (x + 2y) <

3+4di0
>

(x+y)+y € x*+y* + Iyl‘ <141 <

o

- ~ . .834y10
K&t hgp (1) vA (2) — Max (x + 2y] = —

2

il LI CMR phtm'hg tiinh sinx - 2sin2x — sin3x = 2¥2 vo nghiém

Gidj

Ta ¢cd ginx - ééinéx - sin3x = sinx - sm3x - 8in2x

= =2cou2xsinx - 28in2x <

=44(sm2x+1)s\[“2 24_

Dfu bing ziy ra: +»

it B 0. Va1

SIDX

smlx = 1
cos2x  sin2x +«»
sinx: .- 1

[(—2co=2x)? + (— 2sin2x)?] [sm2x+1]

éinlx =1 -hayruosx =0
1 +2sin’s  2sinxposx

Coging .1

P

y.. Vay phdang trinh vo "nghl'rém'



i bt 412 Ghai phurng v o

(coszx + :O;Z—x— ) ( sufx + smzx

)2 = 12+05siny (1)

- Gidi _
- Ta co. 12+05smy < 12+05_ 12,5
'I'hee BD"I' Bunhiacopski thi

. 2
(coézx +:52;) * (SIn2x+sin7'x) -

= %(iz + li) [ (coezx +"~—l—)2 + ('sinzx +-si1112x )2]

1 1 : 1 2
- + -{1+—
g 2 [ (coszx * coszx) (BmQx smzx)] 2 [ _ sinzicoezx]‘
1 25 '
2[ 31n22x]
v = 1 _
: = = . y= Z +2kn
sin’2x = ] : 2 -
os’x + - = giny + - x=,+tmy
¢ coqzx " lxnzx 4 _ 2.
UT2T G phuvng tend _ .
. cosdx ﬂf_ 2 - cos’dx = 2(1 + sin’ 2x) ay -
 Giai h

Ta'ed 2 (1 + sm22x) > 2
codix+{2-coszaxs{—2+l)[cﬁ3x+(ﬁ—cof)lw2

« Dodd ) & -smzzx 0 - [29inxcomx =0 -
coBt = V3 —oo3n . |cosdx = 1

v
cosSx = OVcom t1 I«
e oo = | |'X
4c093x Scosx =1

2kx |




I~ 140 o pharnz teinh ,

' sinx + V2 ~sin’x +sinx V2 —sin’x = 3 .(-l}

Giai ' ' - _

Ta cd sinx + V2 —sin’x < {(12 +1 )[smzx +(\‘2 - sin x)z] =2
sinxV2 —sin’x < 2smxlrmzx

= '\’siiﬁ((Z ~ sin’ x) €, mz_x_i(: _:?-IE"—‘! =

Suy ra sinx + ‘J 2 —sin?x +sinxV2 - sin%x < 3.

Do dd (1) +» Cdc diéu kién xay ta’'cdc dfu bing

simx = V2 —sin’x -
jsin’x = 2 —sin®X : .

L3 L Che AR (R man
3(cosB + 2sinC) + 4(sinB + 2c0sC) = 15. CMR : AABC vusng
Giai - .
VT = 3cosB + 4sinB + 6sinC + 8cosC
< V(3% + 4%(codB +sin'B) + V(62 +82)(stC +ms?-C)

cosB  sinB
L} » . 3 - 4 - .1 b
Dgu = 4-- sinC  cosC cotgB =tgC = cotg(E —C)
6 8 |
- R n n
—-B=§-—C—-B-+,C,=§-fbA 3 Vay AABC vubng
FIe 1 1B i M s __2+co§____
A ! ) (LILIAI EASIET I e
Gidi

Th of ysinx + (y-1jcomx = 2(1+y)- — 4(14y)% = lysinx + (y-1) coax)?
5 [.Vz + (y - 1)2] [sinzx + coszx] = y“ + (y - 1)2 :

M



--‘2y2+10y+3£0--t—'-§—"-£ys 3
~5+V19
Maxy = —5—
—r
-5-V19
Miny = ————
i 2. .
o vosOx + asingx + | 149 1+ 8a”
L11139 182 - CNIR | N F I - Vx
PIYRTER LR T - ’
Giai ,
cogdx + asindx + 1.
Dat y = s

cosdx + 2

<> (y - l)cos3x - asin3x = 1 - 2y

(1 - 2y)* = [(y - 1)cos3x - asin 3x]° <

< [ty - 1 + (-2)%lcos’3x + sin’3x) «— 3y* - 2y -2’ < 0

1+h+3a2. 1 N1+3a2 —(1+\f_+3a-

LA 2y Ty f — L

!

cos31+nsm3:+1 : "*"_|+'.$":r' )
Do d¢ [y! |--———;-+—2 <

5. K¢ thust nghich dio

- n - "x,z n | -
A) Da : (2 FEY LYy .
s 15 (20) (230 (257 w>o

Chiing- ink : Theo BDT ‘Bunhiacépski ta c6

EnED-12en @

S E e (Eat

st



2 b? 2 (a+b+o)

. A i ’
5.1:CMR:b+c+c+a+a+b; 2 - VYa, b,e >0

Giai
Theo BDT Bunhicopski ta cd
2

[(bte) + (c+a) + ("H’)][b+c+c+a+ac+b] > (a +b + )

b

LN . . (a+b+g) _atb+c
T bFc cta atb_(ro)t(cta)t(ath) 2
2 »: o2
.5.2: CMR b+c—-a+c+a—b+a+b ;ra-l-b+c_VAABC (a, b, ¢
Giai
Theo BDT Bunhiacdpski ta cd .
: ; aZ b2 c2
[(b+c-a) + {c+a-b) +(a+b—c)][b yov broar +b—-c]
(a +b + ¢)? @ ¥, c o
@t & = FFc—a c+a-b a+b-C; e
' b od
. (a +b +c)’
“(b+c-a)+(c+a-b)y+(@+b-c)
« + b 8 za+b+
L T =
b+c—-a c+a-b a+b c a ¢ 7 <
[ S L. SV o
3 : ‘p¥etora TFnZzvabe> 3
Giai _ T
a’ . b? c? 3 )
> i
ab +ac bc+ba- catch > 2
Theo BDT Bunhiacopski ta cd ‘
E': b.? . c.‘
-+
[(ab ac)+(bc+ba)+(ca+cb)][ b+ac bc+ba+ca_+cb]

> (athb+c)?



a

Mgt khac dé d&ng ching minh (a+b+c)” = 3(ab + be + ca).
Do dd

a+_b+c a’ +b2 +7c7'
b+c e+2 a+b ab+ac bc+ba eca+ch
3(ab + be + ca) 3
(ab+ac)+(bc+ba)+(ca+cb)"2
54 : CMR w 0 altpiad Va b
N "b+e c+a a+b 2 3, b€
Giai
aj4 + b* _'_‘c4 . al+bi+ct
L o g
ab+ac bc+ba ca+cb; 2

Theo BDT Bunhiacopski ta e .
a? b? et
+ +
ab+ac bc+ba ca+ch ]

[(ab + ac) + (bc + ba) + (ca +cb)] [
= (a® + b% + cz)z

Mit khdc dé d&ng ching minh a +b® +¢? 2 ab + be + ca.
Do dd

a’ + b + c3 B a4 + b? + ¢t
b+ec c+a a+b"ab+ac be +ba ca+ch
(a* +b? +¢c?)? _ (@4b*4ct)(abtbeten)  al+bied?
(ab-l-ac) + (be+ba) + (ca+ch) 2(ab+be+ca) R

: {65IVh] : Cho M 1a diém cd dinh € tam dién vudng Oxyz.
Mat phdng (@) qua M cit Ox, Oy, Oz tai A, B, C.
Goi khodng cdch tit M téi cdc mat a, b, c.
3) Tinh OA, OB, OC dé OA + OB + OC min
Giai ’
Dat OA = m, OB = n, OC = p

-1
Tg cé VOABC ¢ 1P



Mat khic Vo,pe = Vmoas + Vmosc * Ymoac.

1 , cmn +anp +bpm
— - — + g + = — .
4—-. g me 6 (cmn +anp .bpm) “r]l= ap

plioT

+—+-=1

Bim
wio

‘Theo BDT Bunhiacopski ta c6

_0A+.OB+OC = m+n+p =_(m+n+p)(%+%+§._.1)

-i-_><r+r+r)

Deu "= "‘Y““r“\r' W m’#‘

" m_m_p_ m+n+p  (Vadyb+Ve)
N ek ke e i et e LA TR LA S
' " [m=vVa@a +V¥b +Vc)
« in=Vb(¥a +Vb +v¥c) .
p=Ve(Va +¥b +Vc)-



5.6 : Cho AABC (a, b, c). CMR :
clatc -4 = 0

a’b (@ - b) + b%c(b - ¢ +

(Bai 6 cha M§ d& nghj - VDTQT 1én 24 1ai Phap 1983)

5 ™ E— c

Vi trong AABC luon cod
dudmng tron noi tiép do dd ludn

I x,y, z > 0 (Do dai cac tiép
tuyén xuft phdt ti dinh) sao

a=y+tz
cho {b=2z+x
c=x+y

Thay vao ta dugc BDT cén
ching minh la »

) y-x) + @) Ety)a-y) + @tyiyhix-z) > 0
Yzt vy ~xyz @ty +z) 20

--y‘z+zax+x3yaxyz(x+y+z)

vy £
>t~ - 2xt+ytz
x ¥y z

Theo BDT Bunhiacopski ta cd

y2

2 2.
(x+y +2) (;-4-;+-;) > (y +z +x)

y2 z¢  x?

Do dd -x—+;+—~;x+y+z'—-(dpcm)

,Bjogngz.-( )(2

) (En) Vw0

Ching minh : Th.o BDT Bunhmcbpski ta co

EwoE -2 (i

174

i=1

P=1

NN INE N



57 - CMR - -2+ 4 33 vab c>o0
R "b+e e¢+a a+b 2 e b, c

Gidi

Ap dung BDT Bunhiacopski ta cd

| a + b + c
b+c c+a a+bh,
D& dang ching minh : (a + b + ¢)* > 3(ab + be + ca). Do dd

fa(b+c) +b(c+a) + c(a+h)] [ ] > (a+b+c)?

LI b LI (a +b +c)? ' 3(ab+bc+.ca) '
b+c ct+a atb " a(btc) + bicta) +c(atb)  2(ab + be +ca)
-2 b 4 ;E '

b+ec c¢+a a+b” 2
" a b c 3 .
58 : CMR : — + + > Va,b,c,m,n > 0

.mb+nc mc+ng ma+nb m+n
Gidi '
Theo BDT Bunhiacopski ta cd

2., ey -
+nc3(a+bfc} 33(abfbc'+ca)

E a(mb + nc} . 2 mba

. a _3ab+bctca)  S(ab+bc+ra)
T dd 2 mb+1:|c.,a 2 a(mb + nc) T (m +n)(ab + be + ca)
a b | c '3 | L

mb+nc+mc+na+ma+nh>m+n .
5.9 : Diém M nhm trong AABC. Ha MA,, _M:Bl, MC, L Be, CA, AB
BC CA  AB .
MA, *MB, MC

(Bai 1 il Anh 4 nghi - vp'ro'r. Mn thd 22 tsi Mg 1981)

Tim vj trl cta M dé

Giai
Theo BDT Bunhlacopsh ta cd

BC  CA AB] |

[BC MA, +CA.MB, +AB. MC ][MA1 B, 3,



> (BC + CA + AB) -
Mgt khéc : BCMA, + CAMB, + ABMC,
= 2dt(MBC) + 2dt(MCA) + 2dt(MAB) = 2dt(ABC)
BC  CA AB B(BC+CA+AB)2
MA, T MB, T MC, 2d4(ABC)
| VBC.MA, VCA.MB, VAB.MC
Déu bhng xhy ™ * J5E VA, = VOA/VMB, - VAB /VMC,
«»MA, = MB, = MC, «M la tam noi tiép AABC.
5.10 : CMR :

2_ 4 b, c d 2 Va, b,c,d > 0
b+2c+d T c+2d+9a | d+2a+3b T at2bidc > 3 'H & ¢ >

(Dy bi Qudc t€ 93 - My dé nghi)

= const

Do d¢

Gidi
——er 2
ThodEa(b+2c+3d)zb+2 5 ? (@+b+c+d)

Ta sé chiing minh : : _
pX ab +2c +3d) < %(a+b+c+d)2

e 2(ab + ac +ad + bc + bd + cd) < 3@? + b% + ¢ + d)
—@-bP+@-cP+@-d? +b-c?+ ®-d? +(c-d)? > 0 ding

(a+b+c+d) 2
T“‘“Eb+2c+3d’3 , 8
z@+b+e+d)




a,a,..a >0 . | D
P2 n vs’lS=Eai

5.11 : Cho ala'2+a:a3+--'+an—]an+anal= 1 P=1
3
a. 1
CMR : i : :
i=1 578 n-l
Giai

Theo Bunhiacopski ta cd

[2as-n][2

i=1 i=1 1

3 0
1

1o (S a7

n n 1]
Mgt khéc : 2 a (S-a)=S.2 a — 2 a
i=1 i=1 =1

= ( 3 5) - > a < (12+1%+.. -I-lz)(af+...+aﬁ)—2 8’
i=

(2 a)?

i
i=1

3
a.
=@-1) iaf Tu a6 2 o>
i=1 i=1 ! (n'—l)i af
i=1

P

3
«-i e ;isl'
j=) 3-8  n-l

Mat khéc 2 aiz='i(gf+a§+...+af)(a§+a§+...+af)
=1
> am, = aza'3 +.+ aa, = 1. Vay thi

o2

§ 4,00

i_1§ q. n-1" n-1 -




§3. BAT PANG THUC TREBUSEP

1. Dang Téng qudt
Bl 2 8.2 .. = an
(1) Néu lbl 2by,>..2b, hoge
ab, +ab, +..+ab, agra,+.+a b +h,+. . +b
Dgng 1 : o > . . T
Dgng 2 : n{abtab,+.+a b)) = (a+a,+. 4a )b +b,+. +b )

alsa,zs e B

. thi
qs%sms%

alaa?;a...aan
blshzs...sbn

alsazs...sa

b b, <. gb ‘0

(2) Néu ho#e

) a]b1 +112b2 + ... +anbn a +ta,+..+a, b] +b2 + .. +bn

DangI & — n .‘ Y n

n

Dgng 2 : n(ab+a,b,+. . +ab ) < (a+a,+.4a Xb+b,+. . +b)
Ching minh : Xét hitu Trébusép

2 dan 5a 50283 g

i
i=1 i=1 =1 j=1%=1 (1= )

i

=2 (ap, +ab —ah -ab) = 2 ~3)b; - )

i€i<j<n l€icjen

Ro ring 2 (a,—a)(b;—b) > 0 v6i didu kien (1)

: 1‘1<](n

| va 2z (ai_'aj)(bi ~b) €0 véi diéu kidn (2) -

1<i<j<n

Tit dé¢ — (dpem)



2. Dang cu thé :

n =2 _
8 *C as e

a) ﬂéu lb’d'{%f‘“‘
e 1, 2238 a+tc b+d
g LT R T T2

Dang 2 : 2(abt cd) > (a+c)b+d)

arxc as_c
b)Néu{b‘dv{b:rd

ab+ed a+c b+‘d

7 T2 T2
Dang 2 : 2(ab+ cd) & (a+ c)(b+ d)
Ching minh

Dang 1 :

Xét higu Tre bu Sép
2(ab + cd) = (a + c}b + d
=(a~- o -d
R rang (a - c}b - d) = 0
axc a%cC
Néu{b:dv{bcq
vai(a-c)y(b—-d) <0
{a®c a%€c
Néu{b‘d {b;d

Tu dé — (dpcm)

-Neul

=3
-

a) Nie i

ahtbc. l‘t‘c
bed>»f becded

sh¥cd+el  atcte bHd+f
R
Dang 2 : Yabt+cdvel) > (a+cre)(brd+1)

b 6ua:a-case ac"c‘e-

NGy e gt Y fomant
abtod+ef avcte bHd+
T3 <73 3

Dang 2 : 3ab+cdtel) < (a+c+!e)(bf-d+0
Chitng minh "

Xét higu Tré bu Sép

Yab+od+ ef) - (2+c+e)bsd+f) =

= (2~ c)(b-d) + (c-e)d- D
+ (e-a)(f-b) (*)

~ . 'R6 rang biéu thic (») » 0

Né& azcee v agKceke
bad>=f b€ d«<f
va biéu thilc (s) <0

pa2caxe a‘c(e'
bed<f b>xd=>f

Tl 85 — (dpcm)

Chii §: (1) Bit ding thic Tré bu Sép khong dugc sit dung tryc tiép (khi thi Dai
hoe) ma phii chilng minh lai bhng cach xé1 hiéu Trebusép.

(2) B4t ding thic Tre bu sép Ia BDT cho diy s sip thil 1y, do d6 néu chc 8 chua
sdp- thil 1y thi ta phai’ gia s o6 quan h¢ thd 4 gida cic sd.



31 (14V5b):Choa+b 2 2 CMR a" +b" g a™! + p™!
Giai
Gid sta » b. Theo (gt) a+b > 2 > 0 —a > -b
Do dé a = |bj -2 Ib[™ > b" Nhu vay a2b
: ~ la® = B°
Xét hidu _
2™ +b™") - (a+b}(a"+b" = 2(a.a” +b.b") - (a+h)(a” + b")
=(a-b) @ -b" = 0 Tit dd

+ (atb)=2)

a™! + p™! Ezb(a“+b“) > a" + b"

32(7V): CMR :N&ua+b 2 0 thl
(a + b)a® + bI@® +b%) <« 4a® + bY)

Giai
N ., . vm,n€ N
Ta sé ching minh {a +b > 0 thi
- +
am'l"bm.a"'l"lf:_‘ m+n+bmn
.2 2 2

«- 2@M™T4E™N — @™+ p™ME"+0™ = @M -b™@" - b") 2 0
GCigiaa>b Thecsat+bx>0~a > -b. Tidéd a » |bl
Ja‘“ > |b|™ » b™
[a“ z |b]" » p°
Ap du\g vao bai todn

suy -a —- @™ - b™ (a" - b™ 2 0 (dpcm)

+b a2 +b® &S +1°
@ byad + b’ +b%) = g 2R T ¥ 8

2 -2 2
':4+b4 ﬂ.5+b5 'a9+b9
- = 9 9
<8.-—— . —F—=<8. 2 4(a® + b%
+b g’ +b? a®+b’ &t +1b°
3.3. CMR:Ne'ua-&-b;Othiaz -"Az -a2 s“z

Ban dof 11 gisi
* (Vo dich Ba Lan 1958 - 1959) |

90



L . |
3.4. 18112 : CMR (abo)3" " * < a®Pc V a, b, ¢ > 0
Gidi :

1 .
BDT Hln(abc)a(”bﬂ) € In (a%"c)

1
HE (a+ b+ c) (ilna + Inb + Inc) £ alna + binb + clnc

«»(a+b+c) (Ina +lnb + Inc) < 3 (alna + blnb + clnc)

Xét hiéu : 3(alna + blnb + clnc) - (a+b+c) (lna + Inb + Inc)
= (a-b)(Ina - Inb) + (b-c)(Inb - Inc) + (c-a)(Inc - lna) {*)

GiAstazb>c>0-—+Ina2Inb 2Inc—»(* >0

Ti dé — (dpem)
n

1 ,
3.5. CMR : (aa,..8 )™ " "% < a%ad ..at% va, .. a_ > 0

Ban doc ty gidi

| ‘@A +bB +cC g
3.6 149 112 CMR —— 1 » 3VAABC
Gidi
aA + bB + cC +B +
BDT < B + ¢ A+B+C

a+tb+c ° 3
...3(aA+bB+cC);(a%b+c)(A+B+C)

Xét hidu 3(aA + bB + cC) - (a + b + o)A +B +0)
=@-bA-B) +({m-cHB-Cl+(c-a-A4 .
GiAsta2bac—-A2B2C-+™*® 20
Tt d6 —» (dpem)

N



3.7 136 Il — B D¢ 9

+
Cho AABC. CMR 2 As"'i - gs“’ﬁ Y sinA

A.B,C _A,B.(‘

Gidi

- 2R( 2> As‘“A+BS‘“B 2 2R( E smA
anc ATB

Aa + Bb a+hb
N e

a.b,c ,b,c a,b.c

yAs+tBb yath 3 (_Aa+Bb--“._¥__8=+b-)-
a.b,

Tacd : &4 =g 2 A+B 2

a.b,c a, b, ¢
T AAa+Bb) -~ (A+B)a+bh) _ 3 (A-B)a- b)
- 2(A +B) 2(A +B)

(A-B)@a-b)
2 %A +B)

a, bn a, b,c

GAstazbz»c—A2B=2C— =0

a,b,c

Ti dé — (dpcm)
3.8. 27'I1.2 : CMR : a+b+c p-1 2(acosA + bcosB + ccosC) v AABC
Ta cd ¢ = acosB + beosA do dd BDT
~2Z (acs B +bas A) > z (acs A +bas B)

b abec’ ‘ ahe
Xét hiéu
A L_#h ACEDY (acosh + boodB) - ~ Z (acosB + beosA)

€ a,b,e a,b,c

=2 [acosA+bcosB—acosB-bcos;A] =2 (a=b)(cosA — cosB)
ab,c ‘ab,c

azh3zc

cosA € cosB € cosC * <0

GiAst A>B > C —
Tit dé6 — (dpcm)

92



' sinA +sinB +sinC__ tgA.tgB. tgC
39. CMR == & ——2——— VAABC nhen

Giai .
D& dang ching minh tgA.tgB.tgC = tgA+tgB+gC
Do d6 BDT «+3(sinAtsinB+sinC) « (cosAt+cosB+oosC)(tgA+gBHgC)
« 3 (cosA.tgA + cosB.th + cosC.tgC) €
£ (cosA + cosB + cosC)(tgA + tgB + tgC)
Xét hiéu
3(cosA.tgA + cosB.tgB + cosC.tgC) -
" - (cosA+cosB+cosC)(tgA+gB+gC)
= (cosA - cosB)(tgA - tgB) + (cos B - cosC)(tgB - tgL) +
+ (c0sC = cosA)(tgC - tgA)
Giasi A >B »C. Vi AABC nhon nén { g:Aastgco:Btg:C
Do dd higdu ndi trén < 0. T& do — (dpem)
3.10. CMR : sin2A +sin2B +8in2C < sinA +sinB +sinC VAABC
Giai |
Th s& ching minh
. 3(sinAcosA + sinBeosB: + sinCcosC) <
5 (smA + sinB + smC)(cosA + cosB + cos()
Xét hidu :
3(sinAcosA + sinBeosB + sinCcos() -
'~ (sinA + sinB + sinC)(cosA + cosB + cosC)
= (sinA - sinB)(cosA - cosB) + (sinB - 8inC)(cosB - cosC) +

+ (8inC ~ sinA)(cosC - cosA)
o, 8inA = sinB » sinC
GuisuA_BB;aC—- !‘mB‘mcleéuSO—*(dpcm)

Ta ¢o :

sin2A +8in2B +sin2C = 3 3 (ainAcosA + 3inBcosB + sinCcosC)’

7 ey,

H S



2 (cosA + cosB + cosC)(sinA + sinB + sinC) =

3
< 2
3

2

2

(¢ day ta da si dyng BDT cosA + coeB + cosC & )

3.11, I15I1.2 : CMR

94

3 Y sinA.sin2A € O sinA . sin2A ¥V AABC
A.B.C A.B.C AbC

Giai _
Xét cdc khd nang sau

mnA »s8inB 2 smC
gin2A < sin2B € sinZC

Ta c6 3 2 sinA.sin?A — 2 sinA | T sin2a
A.B,C A, B.C A.B.C

=2 (sinA - smB)(stA sm2B) < 0 — (dpcm)
A.B.C

I)MBCnhm GhstA2B2>C—

2) AABC khong nhon : Gi& si¥ C » % ~ A B < %

sinA < sinC [smA - 8inC < 0 . 'Ma‘t khéc.

Khi dé {slnB < 8inC - sinB — amC < 0

2sin2A - 8in2B - sin2C = sin2A + (stA - sm2B -~ sm2C) E

= sin2A -~ 4sinAcosBcosC > (@ S (2)

2sinZB - 8in2C - sinZA = 8in2B: + (8in2B - &in2C - sm2A) ‘

= sin2B - 4schosAcosC > 0 - 3 -
Két hop (1), (2) vh (3) ta cd

32 sinA.sin2A - & sinA. 2 sin2A =
A B.C ' A.B.C A.B.C :

= E ‘(S,inA—,s.i‘nB) (sin2A—sin2B) ‘ o
A.3.C o : -

3 . - :
. 5 (sinA+ sinB + sinC) = sinA + sinB + sinC (dpcm)



&y

= (sinA - sinC)(2sin2A - sin2B - sin2C) +
.+ (sinB - sinC)(2sin2B - sin2C - sin2A)
(sinA - sinC)(sin2A - 4sinAcosBeosC) +
"+ (sinB - sinC)(sin2B - 4sinBcosAcosC)

< 0.—»_32 sinA . sin2A < 2 sinA . 2 sin2A
A.B.C . A/B.C A,B.C

Tom lai ta luon c6 BDT luon ding VAABC.

§4. PHUONG PHAP SU DUNG TAM THUC BAC 2

Cd 8 ki thuat st dung tam thdc bac 2, & day xin tr{ch 4 ki
thuat thudng duge si dung.

1. So d6 1 : A>2B(V)«—+A-B 20

a>0

i€n ddi A - B g2 _
Bign dé8i A B-f(x)—ax.+,_bx+cBOVx-—-A(0

.
4.1 2111 Cho AABC. CMR 1 +§x2 > cosA + x(cosB + cosC) Vx

Giai
1, Y.} '
- f(x) = 3% - (coeB + cosC)x + 2sin 2 2 0 Vx
Ta ¢o : | ‘ . . D |
= (cosB + casC)? - 4sin -~—4coa" coszB;C —hin%

4sm—-(cosz—————-—l) %0

Do dd %_f(,) 2 0Vx«fix) > 0 Vx — (dpcm) -



1.2 13.2HI Cho AABC.

CMR : paz +7qb7' > pqc’ Vp, g cpt+qg =1

Gidi B - i
BB‘r‘r_-'- p‘@’ + (1 = pib? - p(1 - p)? > 0 Vp
- f(p) = (cz)p +(a% - bt - cz)p +b?>0Vp -
Ta o6 A = (a2 -b2-eD)? - 4b%c? = [a? ~ (ro)*fla? - (bo)f) =
—Ga-b-ca+b+datb-ca-b+e) <0
Do d6 c2 f(p) > 0 Vp « {(p) > 0( Vp — (dpcm)

L 3 2311.2 CMk Vx, y ta lubn c6 : _
x%(1 +sm2y) + Zx(smy+cosy) + 2x(smy+cosy) +l+cc32y >0
Gl&l

BDT « f(x} > 0 ¥Vx (¥y)
Theo BDT Bunhiacopski ta cd (siny + cosy)? € (1 + sin’y)icos’y + 1)

Vl he 9101;3;— ; v nghiém nén déu bﬂng khong xay ra

Do 46 A’ = (siny + cosy) - (1 + sin?y)(cog®y + 1) <90

Vay f(i) 2(1 + sin y) + 2x{siny + cosy) + 1 + cos y >0
Vx (Vy) :

" 15111 : CMR :
aZ +b +et+d%+ e » alb+c+d+e) Va,,' b, ¢, d, e
Gidi

 BDT «fla) = a? —(b+c+d+e)a+(b1+c +d2+eh € 0
) 'Va (Vb ¢, d, e)

. Theo BDT Bunhiacopski ta cd

brctd+el € A2+ 12+12 + 1902 + 2 + d +e9)
Do 46 A = b+ec+d+e? - 407 + ¢ +d2+e)so
suy ra f(a) > 0 Va (Wb, & d, e) — (dpcm)
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1401111 : Cho clp 30 cong + a, b, c. d va 2m 2 |ad - bej
CMR : tx - alix - bXx —cHx —d) + m~ 2 0 Vx 1]
Giai | | | |
VT = (x — alx - bix - chx - dy + m° =
=ix? - a + dix + adi[x’ - b + ex + be] + m°
Dat t = x2 — (b + ox + be, Vib+e = a v d nén
VT () = fuy = [t + (ad - be)lt + m*
e f{t) = t° + (ad - beit + m?
Tacé A = (ad - bc)' - 4m° < 0 (theo gty — fit) = O — fdpcmli

8311.2 : CMR 1_9;- + 54y" + 16z° - 16xz - 24y + 36xy = O -
Vi, ¥, z ‘

Gidi :
Dat fix) = 19x° - 28z - 18yix + 54y° '+ 162° - 24y
Ta c6 A'x = gly) = -702y° + 168y - 240z2°

gly) co A’y = (84z)F - 702.240z° = ~1614242° < 0

= A'x = gly) £ 0 =) 2 0 Vx. y. z

Tdc la 19x° + 54y° + 162° - 16xz - 245z + 36xy 2 O Vx, y, z
b* - 4ac

280d62A 2B —A-B =" > 0
P : : b’* —ac -

Dat f(x) = ax” + bx = ¢ va chiing minh flxl ed -nghiém theo
tiéu chuﬁn af(a) € 0 hoac ftaif(p! £ 0

2.1 : $3111.2 Cho p* + g° -b:_-c—d“>0
CMR : (p* - a® - b3uq3 - ¢* - d% < ipg - ac - bah?
Giai
BDT — A= (pq-ac—bd}’ - (p-a°-b* Mg® - c* -d) 20

Theo (gt) — (p* - a® -~ b% + (q° - ¢ - d&°) > 0 — 3 | hidu
thic chdng han pz - a’-b >0 : ' :
Xét fix) = (p* = a° -bh)Ix” - 2ipq - ac - bdix + (q* - ¢ = d



".]so

. L F e S TR s B L LR A
tp’ - a’ l_b-)f‘(.wJ < 0 - fix) ¢é nghiém -
’m ] S T R S B FE ANt

Do do Tw tpq—ac-bdF -,-‘,l_pf(}- _a'.._-b:_u,g_‘ e s dzlﬁ_ﬁ 0

o

-~ ¢p - a“' S e jlq LA s lpq - ac - bd:J T
Cho aj - a3 - .. - A >0 c,w? N

2 1 i . 2 VY et o~ TN TS -'5'?\. 1) 2
RLUIEC i S “‘:'Hr"‘}'(b‘i’}r h‘._?-’“ e --:h“)“‘!k' (aﬂr“— agh; - i@ ’a“is n
PP TR LT M L NI 11 3 S ) PO L Hl'ﬂ‘\t \m“" \‘x'-’.?"c‘.
' TR 44

Ban doc ty gidi-tuong ty v6i cach giai trén YT

s 2. N o iy T . - e
2.3 (vﬂ A VNS BN S £ S AL 6

¢l +a +a, \“n+ 3»1" 1(—31\ *.. +.. -)'a r-Va: feu[(),ﬂ

Giat ¢ = Sarbiral o e sl R 0T - Cighhy = 2L nn f‘.-";g

--A:;t]+a

g £ Fe L i =
| Fay R l"'f"-‘ ma“*a"-lr'“ Faft =

n
‘ Yo® oswel v el - owaei - ST CopT e g *"; Y
5 'b-:ﬁvrfx; ={¥“ - (1"+ a ¥ a, + .. % agx ¢t (a +ul 4 4
“11 : - s
: s N LI B S A & o
Ta ¢o f(l: E(a?"-]-a)--jza(a-l) =« 0 Vva, € (0. 1]
1=1 p=1 .
mdcxiﬂédiurghitmaw fAni ‘:;!WF"} Hon o= @G ot THE o= ixt
' S0y aRef U3 e nEpedn el
—=A = (]+a +a,+ +.1| 4(a + a3 + L Fa) =2
0 «. T T - ':s’ C- g q o'}

3
—-i] 4 +a, + .. a1 =-4a
‘ilm Ay Jogr B Anl, Zo 2

0O<as<a.a,..a, ail
2.1 : Cho _ ]
i} = ? <:b 'b”\bd' E’,f" s:‘i" - 'lg;!'g"‘lii"i'r!‘.}: = 'n‘:. a ¥ 1‘631’"

B . . <N .
Ui E Y- 0 5 -k FAB. g abe r AR R el T
““”"?,a' -?,"' R s FEATY

L E. 1-23.2 ot ~ e - pgrtl = TTRIYY TN S*;i’:--- '1-,'9'\?;",}1 Wl



Riaeh entag i i i gei 1 S
““N'h#n ¢4 q2 1 (ABa‘b) > (f 3 chu:;én vé ta 6 "

-’J ~ oy - *l B L
BDT: e «Aﬁ«mm LE @by fq@( AiB\E*a ?( ,,bf) &0

2 Xet f(xl “‘t [ABZ

a Pcin_ LAB+ah)' (TE wb x+ (ahé ,)

— - —— [ S,

Dat f(x)0= (ABa P(* [(AB . ab)ab3x -h{ab.b;').?:f i

g v e ) . . G s ]

suy | ra%f(x) = o [ (x) Ve xoEy
‘ fEor o, e ) coer 4o sl Prar e
. L8 o !

Mat’*—khac—f;m (ABaXér aﬁb )(a,x - b)

iy =bL, N |+ Rl{’b:\.; o o s :
Do dé {Q_E) :-45: fi{_{"—A-')'éUJ T 'd6" ') d6 hghiem * ~
=1 o
l & b e
— A =z 0 — (dpem) GRS Y
3. So dé.3 .&Dmh H Vieét
S ader 1o v;s:,j”‘ £ s soadTE o B L

1251111 :5ChoS(x, ¢ 2¥ la nghlem cia hé phuong trinh :
.-;.:k 7 ¥ " ‘ﬂkw 'F“y + Z = g r. {"m ii; : 7,;:-; ey
[xy+yz+zx';.4 £ T

CMR : -3 < xiy, ees i qidy Sl b 86 B b

i. — :f.ii o ] . )
Giai - R UT0 TS £ B Y L TV B o B T

R S 2

(x+y+z) = 16

He phuang trinh «» {’5)’ tyapaxe 4 L

bow
Datt=x+y+z—-|ti

i

ytz=t-—x y+z=l.'—5'x
yz =4 ox(yrapinigz e gt s p b 1 6 sy vl

iy



Cach [ : Theo d;nh Ii Viét thi'y. z la ngh1em cua phuong trinh
-(t-x)u+tx —tx+4)=0
viy, zf,i_uém 3 — phuong trinh ludn co nghiém. do d6.
A= tx)? - 4P -tx+4r 3 0o B - 2tx + (16 - 1Y) € 0]
Cach 2 . Taco (y-f-z} > dyz pén (1 - x\z > 41x -tx + 4)
~ 3x? - 2x + (16 -t°) € 0
Ma [t]| = 4 =t = 6 nén tacd 3x° - 2tx s 0

8
‘ -~ x€0 8 8
e x(3x. -~ 2t) € 0 ~ _ P - -—fésxss
. O f x S‘E ,
. : 8 8
Tuang "“-—5.‘ y,zsa-‘w “5""_3"25'5

x1+y2+z"'—2

32 : Cho (x, y, z) la nghiem cita he
syt+yztzx =1

4 4
CgR.-EG;LZ§§
: , . ‘ ‘[x+y+z=a
3'3. : Cho (X, Y 2) 15 “B‘hl?m cia hé {xy.+yz+z:_:=a
2{ z-3b .. a+2yaf-3n
cMR R P ey g s im0

4. So 46 4 : Phuong phép mién gid trj
70f : Tim mién gis tri cﬂny——--—z-:zz-i
_ S X +x+4
Giki |
OEMGT—'yx2+(y,-2)x+4y0+l=0 %)
Néuy, = 0 thix= -
- Né&u yo » 0 thi d€ pt (*) cd nghlérn ta ¢o

1Ok



: -4+ -4 - 2410
0= A = 15y;—8y +4H—~-l§r—¢y"€———i§£

-4 -219 -4 +2¥19
15 = ° 15 ] ‘

T¥ d6 — MGT la [

2 by 4 ¢ 3 o
x’cosa — 2x +
109111 : Cho y =~ 02 "X TCON Jéi a € (o, )
x% — 2xcosa + 1
CMR : Vxtacd -1 € y <1
Giai _
o € MGT & (y; - cosa)x® - 2(y cosa - )x + y_ -cosa = 0
Néuyo.—-cosa—-x:o '

Néu y = cosa -0 € A’ = ~ginlaly® - 1) «» -1 & y €1
: 12x(x —~
1151111 Tim Max y = [_2.(.5__?1]3’4
. x° + 36
Giai :
12x(x - ‘
Datt = 2" (19 _ x? - 12ax - 36t = 0 5 nghi¢m
x- + 36 _
—0< A = 36a2+ 366012 - ) . o o

6 -V36+a2 <t <6+V36+a’ |
T d6 suy ra Max y = [6"':‘36__-&,7;]3’4 L

i : +b i
‘75112 : Tim a, b d8 y = f—“i~+—l— dat Max bing 4, Min bang -1

X <
Giai | -
Yo € MGT e»yx? -ax +y -b=0 (I
. a=h=90

'Néu y, = 0 — phuong trinh (1) phai cé ngh:em Khi dd
| 0 € A = -4y?+dby_ +a?

100



beé Max y =4 va M%’{igy4«=; -1 ta phéu cd

RIS ¢ . L
phuang, ltrinh ~ 4yf+ dby i+ a’ =d cd 2 nghlem (- 1! va 4
R VO (I ! .
Khidéa = £ 4 va-b = 3 ._f_.(:_,! e Al TOW e 8b ot
! [ : M

32 IVa : Cho phuung trinh : ¢ :
Teon 4 RY S EnTK
x® # (24 = Gxitwv g =13 ="
P owmooxt - ox

Tim a d& nghlém lén caa phtwng tl;ln]h nhan .giA, trigmax
Gidi

. Phic}
¢ = v.Phuong telnh - eai 20 1T et G BN 3

ooy LA

! Goisxz 1a- k-aghiem: rw ai= —= ——2/:-:-—?*—- = SR+ ¥l
X
TR NAREY
—x0 —4x,-12 .

>a = N .
2x +1 taid
, o o 3 )
pusidun s o 08 - xSl o« Sy b eyigs o w1 w0

Do dg Max(xnl =6 —-a

§5. PHUONG PH’KF S DUNG' BIKH" NG’H‘]A uT

- gasd mTyAt‘ gJENx HOI ‘TﬁO‘NG QUEON*G 54AER

5.1 i5il.2 : CMR : ' P83
a +BF + P didt-elviath-+ e v FEMVE br e, 4, e
Giai . . 0= ;

Th cd a’ +b2+p +d2+é2—g(b+sc:*cr_'+(;e)" 7 wsh

ob idd Xu@( 34-;:» B3 +rgiﬂ) 'sﬁnﬁa %tjzsfn*“ =st{dpem) Y
b.c.d.e Sy J(fr"* ;g— = A s 0

102
A,

A & % 4RO



5.2 2HI.2 : Cho a + b+ C = 1 S T SNy B

CMR abc + 2:1 +. a * b e+t ab -||- bc +oca LN e
Giai .
jis
Ta cd abc+2|1 +a+b+c+ab+b¢.+va; =
" o
= (1+al(1+bnl+c)+a +b-+c +a+b+(‘+alw+bc4_-t‘l
I S - SRR T

[ T
(1 +a+h+¢)
= (1 + ayk -+ pnel- +£L"; TRy TR = U T
(O day ta @i’ st ding gid thiet h¥ 4 BF L de by v
a’ ’ bz’ s 1=-lisabec=1+ ai;‘fl]j‘fj':‘ b ite 2 @
5t:3 lq('l!zs Chg 'PJ b~’i < E[Oﬂ U'- dey o et o py o= =
CMR : a®> +b* + ¢ < 1 +a’h +blc +efirz . yynin o
Giai "4 . o, - s e - She ~ oadow Ty - abre A

Viabcef0llnnos Psas<l0£b sb s iy

0 <.c” e <, 1. Do do.ta co, ., o s dhe
Ostl-a)tl bul—c’)= , ) .
-3 I . R O S0 TERIC N B PR R S ¢ R L
s ! ] k] h] ) b hi
=1 - ta* +b‘+cl+ab"+b"c'+t‘a_— “bc”
s N I T L A O O SRS P T OB R TS S
= a“ +b'+c:s1+ab+b‘c +o‘a's; ) i
C . - 3 - - g - ]E‘ oy o=
£ 1+ab+bc+ceald ‘dpcml
el (1 A ih gy s - o=
5.4. 1281.2 Chd'd, ¥, © & [0,°2] vd'h +‘h Y Pe

CMR : a5+ BH + 67 & 5id » o= mim - o = i - i
Giad: + d - a8 > S« ot HEADY TRIAZ LAWY ST

a=1+a m:ﬂ
a+B+y
Dat b ﬁ BDTHa +

1+ﬁ
c=1+y 3 ﬂé}'*e[r"l] ) Dol Mt L f

i

'I‘mné 45 '3,’ ﬂ, i/"':"l:u(;’ngé‘l & hoac cung 570 hoac cung < 0,
g.lﬂ sit 2 S‘i do la «, ﬁ-im‘li(jdﬂ I T S T S S S

a® + ﬂz + yz € a* + ﬁz + 26,_4/3+““.{§:;:F§ (= ;"!xﬁa)z -k 7‘: ‘= ﬂ;rz( € 2

Wer



55 112112 : 3ABC c6 a < b < c.
CMR - a’ib- - ooy + blic” - as) + c‘!_ﬁ: - b7y < (JA
Gidi '

Al L Y .
aJlb‘ - ¢*} + blte - a:} + cYa® - bH =

2 3 il T2
atb? - ¢ty - a”lb“ - ¢ + bt - o

tb ~ c)a’tb + ¢) - &%b* + be + ¢1 + hic’]

(b - cila"bia -b) + a'cla - by - c(al - b3

(b*+ eMa - I.}"i[a‘lb + a%c -‘-c:'la + b))}

o

=i(b-cla-bita-crab+be+ca) < 0(Vi0 < a<be<o
5.6. 136IL1 : AABC. B |

CMR : ath ~ ¢)1° 4+ hic - a)* +cia + b > a* + b_"' + ¢t

Gidi '

alb - ¢” +ble - a + cla +b)1* = 1a* +b' + ¢}

altb - ¢* - a’] + blfc - a)* - b’] + efa + b)® - 7]
= (b -¢ + a)[alb - ¢ - &) -”blic - é +_bl + c¢la +_h + ci]

= tb-c + ale® - (a - b))

(b-—c+a)(c+a—b)(c—a+b) > 0. Do do
a(b—c)+b(c-a)2+cfa+b,i > a* + b+ 3
5.7, 130/1.2 AABC. CMR a° + b% + ¢* < 2(ab + be + ca)
Giai 7_ )
I .Zl'ab+bc+ca)-(az+b2+c""l=.

=§ (be + ca —1.c2) = {ca + ab - a®) + (ab + be - b%)

=c(a'-l'-h-c')+a(b+c-a}+b(c'+é-bl>O

" La d6 a’® +b° +.c® < 2ab + be + ca)

e



58 171112 : AABCcda € b s c. CMR :.ta+b + ¢)° < 9b:
Gigi . o
Ta co (a+b+c) < (b+b+c’ =i(2b+cf
Ta.sé ching minh (2b + ¢)® € 9bc «»(2b + o? - 8be & be

o, . [2b~csbesbsc
— (Zb - ¢} = bc."[‘aqo 2b—_csc-—*b5c

Do d6 (2b - ¢)° < be. Tk d6 (a + b + ¢ & Obe
2.9. 92l : AABC o6 A > B » C.
| b

: h h(. hh ht.'
CMR : h—+'h—+h—33;ﬂ'+r;t—’

Dt’lﬁg

-

i L

b C h.c

Giai - .

- 28/a + 28N + 28/c 5 28hH + 25_’;_"c + g%
28> - 28/c _ 28a 28/a  25b 28k

._._+E+E;‘3+P.+E :

a b c b c a

s b% + cla + a’b = a’c + ba + ¢b

H'_bz(c - a) + caic - a) - bic* i--_azi = 0

~(c - a)b® +ca-blc+a)z0

« {c — aXb - cHb - a) > 0

c-n<0
Theo (gt) A2 B> Cea>b > c—»ib-agl

. b-ec20
Do d6 (c — a)b - ¢}b ~ a) 2 0 — (dpem)

' a b ¢ a
5.10 (140111.2) AABC (a, b, c). CMR : | ttetaTTh

c. b,
a ¢ b a | <l
Giai
Bién ddi tuong ty nhu bai trén ta co
b,c_a _c b (a-o)c —b)a-b)

c a ¢ b a|=| abe : [
'='|b-,c[.|c—a[ .la —b] L abee

a. b
abc abc

a
|5+

=1 (dpem)
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2211.2. AABC ta, b, ¢! digp tich bang CMR ;' + b 4cl > 16
813 - AABL dlén tich S. Tim s6 thuc p nh6 nhﬁt thoa, ; MAn
SR I § N0 SE

L B SO RS
ia'qjé"% {2 - iy v i ea 4iB = 7—“=‘-> T LA Feadert ii'i fn G B
Ta =é chung mu;hua* A+ b4 :l—Jc > 1682 That véy
Phinng i1 v'i = oRY e
168" = 16ptp < -aNp = BHp ’—Lc»
Tt H P R ,——:-‘"‘:

=1b+c‘+a)(b+c—a)iL+a"

b + ¢ - d"][a - (b _. c)z]
= [2b' 4 2% - a }a r ’2b‘ + 2c2a2 St g e
: i

I

€ bt + a2t + et £ a’ ) = at =A a*'*b" ¥t 7 S
[N SR A
Vay a' + b et 2 08y dac oan ame o
, j i = ;._;*( N :,‘,‘}_".\_‘, LRNEAN =
Ap dung 23l ViE o S o T 4+ S 6
. ) ‘(‘: [ & R ]

. 1 - . FR
81 - Ta cé 8° < ﬁ‘a‘ bt ety o u g

kRt o -‘;"’-’; O T R R T ‘:-1‘:Ti -
1 .
Ddy bang xdy rd «s a = b =dc- Vay -Mimp = 'ﬁ; C TG e

o g+ oand - f’“ e ‘e” P ted 4;*

. 1¢ A

511 136012 : CMK Neu x2+y2+ir’e 1 thi - rsxy-Pyz'+fﬁ 'l
. l‘ = i

G'd' f 2 L Rl d oy paew o G o ofotryr eadD

(h H-ihr"+yf‘.~+ z°) € 2xy + yz + zx)

er0 € P4yt MY 2’G;y+y‘z"+z"£) = &iyi2)? Dung = Tapem)

@ -j-“xy: + yz 5 zx; & 'xz FPY §F 0 DAL EIRG

P +y +z—fxy+yz+zx);0 - i)

S __+ y° - 2ay) + Lyt 8 dy] indah A 2apne Ob il
. ."

: - I‘ - )\i }2 , ! 3 'fy . N i
] L adn o T
[(x - y)‘ + (y - 23 + Jz - xl ] 0 Dung; —-_(dmjm)
Iy fl! P o= - CTs st e moe e
‘.>f_J:,- “uf,

1063



512, 77V0BAdE 95 ('hn di4hek gl X){Mﬁ* b ++:,C+c3akn'§ 0
Giai Y4 T P A N B U DI S g
Ta ‘6#’+b3+c - 3abc = (a+h)’ + (~"-3a~’-b 3ab” --Babc =
[a + b ¥Cftla F6° 2labhe 4767 2 3abla +
[a+b+c][a ‘+ b~ + ¢~ - ab - be - caj
a+H1H:!f SAOV ml.) 103 3 VAT UAD
= wrl@gu At e tad l)fﬁ}z"

3,43 ,.3 '
+b’ +¢’ — 3ab. by 4 + >
Do do : 2 bc+ 2 c= (a )) ‘b_(EL *"‘(‘Eéj)—‘ib dpt111'
y £ BAFRTC d}g d ~+ F REISE M SR L A

5.13. 1R7H Gho.a, g, > 0:_,_:théa';:n1ﬁm=%é1.-+ o fé—.z!,;
Eiimk £yt ;B*:. q,c\gl.'b,‘; r‘ih. pat idr pep ¥ Av tax i A
ifiy i 'faad'b Zcrnb,m Toudtdn yasw R abdn oo Bk oqkdd
aoBiRFeE fv oendn QAGrY Ui)L g damis -=.:F'. i.! R B G onnd
Fiy 'H‘ah '}'I.r" em' rf ab(E A ru,' ind s 58T TR A dopo 1 nk
’“Tl{{%‘iﬁ eﬁléﬂ%n};gq_lz g_ st_n_gl.v SRRV I R A e
e Al c'fu‘b’l O 1 E“‘(‘nb qarg 1 e 9k Lowoor?
ran oy B *ﬁh i tﬂ*f"aﬁxr £ahb wocqbia Lvri'x\\' 1oEt G
rirsit rrcnﬂarb P& v Qa-bd 3% & o s B0 o« s

a+b c+b a+3 c¢+3a 7(10‘4-*‘3(5"’#-‘{:25”“ LGERLS

~ !I

e + -

£in 15u2al—tbiaBe =i [ r2a;f i e 7 1{_‘: ot ddur

A aph s tneb Sy oh 36! thdn Jomy o innb gk
SR oL g & +Ba ‘,Jéii !

EOTSANN S ERE SR FIRG Shcc it S ity ~2 ‘ﬁ434dpom‘f B nab

2ac SRl Ay .;5)
5.14,,1284.2. [Ba. 48,9 s hata i@ b, >40 pvé g, Jab = iU
c+a c+b
CMHR<: 1 e b uMf iy - diin oo din

- - -

e+ . g! b e ey
1egit Wil adddn s oAb Ghir s iRl VAR eIy

Ann' pidd iUy By odnet sum i6d bdg nairt 19

:w* irrdqg u-(cx{-gq} 1 c sib.‘r u#9i11 ihrdegl fAant opdh i
125 IO ¥ g ey a:t;ra BB ottt Likrir \_.;_s & Aok ST

C \ =+
Sty o d;:n; Gy Ibugsl nEpd Dy .,{"i‘rﬁ s idS mk
g-ﬂrm@-—cé,

Tl e
> :a.uxh(gﬁ t+izyHod b{’&'%";'"*l- @dy g I Aoy
s nﬂvi‘d"gno‘)i#h’r diert sind anwbh &y 8k gnuda gad sudT

‘gron wd tRoo odun vie g

aho0d

oy

i3




e ca -.b) - abla -b) 3 0.+ (a - bic? - ab) 20 -

_ ia—b>0
']"l'uengi.étl'lié't'ia>b>0wéc?\'ﬁ—-j :
. ]c ab;O

Do d6 (a - b¥e® - ab ;f 0. Tir d6 = (dpem)

CAU CHUYEN vf-; LOI GIAI NGAN NHAT
TRONG CAC Ki THI TOAN Qudc TR

5.15 : .Cho AABC (a, b, ¢).
CMR_ a’b(a - b) + bleth - ¢ + cfatc - ) 2 0

(Bai 6 - o didm < My Jdé nghj - VDTOQT 1943 1ai Phiap)

Nhan xét vé k&t qua thi. Chu tich hoi d8ng gidm khio ngudi
Phap di ¢ nhadn xét mang nhiéu y nghia - "C4 6 bai thi gidi
bai todn 38 6 ciia 6 hoc sinh M§ déu giSng nhau va gidng déap
an 1 cdch ki la". That ra bai todn va Dap 4n cia M§ déu rat
hay. Ddp dn cia My dya vdo nhAn xét vé quan h§ hinh hoc
trong A d€ suy ra phép d8i bién sé trong Dai s6.

'Cu thé -la trong & ludn cé vong tron noi tiép do d6 ludn
Ix,y,z > 0d8a = x + z, b—z+x,c.—x+nyemfhém
phédn Bunhiac6paki). :

. Diéu hdp dén trong ky thi nﬁy 14 1 hoc sinh 14-tudi cia
CHLB Duc da doat giai nh&t t6i da 42/42 va doat giai dac biét

nhd 10i giai déc ddo bai 38 6: "Ng‘én nhiit trong cic ky thi Todn
Quéc T& cu thé la:

Gid st a = max (a, b, ¢) khi dd bién ddx vE& trdi ta. dl.mc

a{b+c-a)(b—c)'+b(a-b)(a—c}(a+b—c) 20
Lbi gidi nay lam ta nhd dén cu chuyén ngy ngon :

MOt ngudi triéa phi hai mua tranh vaA ngudi bdn tranh da .

"noi gia cta bic tranh 13 mot trieu -dola. Ngudi tridu phd ben
héi 6ng vé bidc tranh nay mdt bao nhidu thai gian thl ngudi
_ ban tranh ndi toi ve trong : 1 tufin. Ngudi mua tranh bén ché
tranh dAt qud, cdn ngudi hoa sl thi mim cudi vA ndi ring :
"Thua 6ng, nhung d€ v& dugc bic tranh nay t.rong I tudn thi
t6i d& phai suy nghl mat ba nam".

TN



§6. QUY NAP cOsI

3
<

Dé chung mmh dé (BDTI dung vii n = ‘3 ta ching minh
theo cdc budc :

Budéc 1 : Ching minh chon = 2
- Bude 2 : Sit dung ket qua cho n = 2 d€ ching minh cho n = 3

Buoc 3 : 54 dung k.é'i qua chon = 4 46 ching minh cho
n = 3 bAng c¢dach bi€u dién 1 bin a8 theo 3 bi€n sd .con: lai.

6.1. [12OII] CMR : Néu 0 < x, 'y, z € a thi

ginx +smy . X+y _ sinx + siny +s:_nz‘ L Etycz
l) a) — 2 < sim5— b) 3 ssln( 3 )
2) S dung két quA trén dé ching minh
. s _ | .

a) (1 ~ cosA)1 ~ cosBIt] - cosC) € 3
.b) (1 ~ sinA)1 - sinB¥1 - sinC) < (I ;gzi)} Vv AABC
khong tu '

Giai |

' 'sinx+siny . x+5 X—-y . K-+3’-
1) a} ——2-— = sin-5"cos =5~ < sin —2—'
b) Véi t € [0, x] t'hi :

sinx- + siny + sinz:+ sint

‘sinx +Siny +sinz +sim N ) 2 - 2
" 4? - T = 0 -—--E-w— e iy —
sm( 5 ) +sm( > ) . 3t - x+v+r+t
€ 2 < 51n(<--*:—~-2~ ----- ) = sin - ....‘.1._,
¥+y+z

‘Chont="—2—¢€[0lVxryze (0, 7]. Khi do

13



16073 187 (10 02 ' -

+ +x+_y+z
xtytz+
N . x+ty+z , 7 3
A LA S SR Ly PRI T s
2 RN
agin XY 2 sinx + siny +sinz x gy
- bm 3 ™ =@ e-::.r?u Anifh L’Em*g BRI AHE 2Y

s v = e 1.3 'JHLBA.;( \B> » G“

‘7P “ l{{r 20 cﬁ;%?i - cosB)(lI-cho‘;g i- Eam —sin”- —sm}-—
cft dning ynidy B b= g oodo mop WA good - B oiad
ardpidusg BT Casul vao BV (phath 1! dpio ?-:aur'*! & = «

RE
A A ]

A B C -
A B C redt siny -ksi'n—>+ai'rﬁ2- T YA ’XE\ \_}_.C,;} 3F
‘ aﬁné’sm 2;:,19%,{; n.‘ ¥ ymgs T _xs r[:,lmmfﬂﬂﬂ ,: E[

“nis —mrid 2 -

. ) ’ ¢
B A B .cC 1 =
T do 83]]1 ‘2_ sm giﬂ}]}! 2”-15({8 i ‘Sp)“’_‘\?) 16x :ZHIJK_) L

x'}.u

by Theo gia thigt gs ABO-khong titirm A: Byt Lo ,,((,L%,;}.

Ca A . B ) C . ;
1 DAY vt = %\(—L’iﬂ . ‘11";5-,,,2.,_;,, » =; ip&qg - Inhni= - ‘In td
. p G unadd

suy raa, fi. y € [0’:!—) via+ 8+ = 4 Khi d_dif‘si?)

t1 - smAH] - smBHl 3 smC} m!’* .(mr

= [1 -cc;(. }’-‘M(A )] [1‘—(:(:-» = —B ] [1 *L(laE( P ¥ )] 1
1A : C y. 0 j« 1oy id
Ssm“[ﬁ%:,—:”@; {,q,, 14),.-3111 ( ) = bsﬂn “asin“fBsin ;-
= F anie m &+ wiE

Ap dung - BDT Cérﬂ vit- BDT-U phrm1- ta, o T
+ b

} < LA -—-,ln‘“
- : J|+=tln (lx T 12

':‘ LTy b . e
b do‘ (1 yer. sm,?\-ﬂ i o-sinHng » :.mU ﬁam asm'ﬂ"m'f

r
%
3

) . . silvs -i blN) -+
sinasingsiny <€ [ -

TYE T
S ! ,‘._.,,,

\_

= Bsin®<: = ( 2uin” |- il - cos '1 1=+
b ir*}" \.(ﬂi ) )_{ ( Voir fﬁ) ¥? —1—-—5) 1 nodD

Sit dung phuong phap tuong ty ta cd thé ch&ng minh cic BDT.

it



2 :_éMR « VAABC ta ludm g6 c o .owd TS TINAL Lo

Ce S
a) sinA + sinB + sinC € <5 ihivl
' IR g e Y o porafl
’ 3 P Ll et BDoold
b} cosA + cosB + cosC <« E HRE S b i e Ry
¢ s i ='

A o - '!' S . t I :. .' - ) : i _;s-

c) tgy 41&!% tig, 3"‘\!5"-"* L

. ‘ T s

d) cotgA + cotgB + cotgC = V3 o .
fi B i

- ] ‘ - - 1 . 2';““;7' 1

6.3 1108 1y CHoab > I OMR : — =4 —— s

1l 1 3
il 29 CheYa, vy o i NGMRJ W;‘;{(%il'“:fl;ﬁ!& l—r‘::;: 2’,];_:?*;?1(3

Giai At yaids mael MDY = @
1) BDT > [(l+a ) + l1+b }]lah+1| > ‘7|1+a'+h'+h “b)
o [(1+a") + fl-Fb i](ab NERNS +b‘+a BoF - 2[14a5 + (1+b5)]
o el “Fat) +11:lr+-lr‘lliab W 2426707 (i 1dnr) 214D Euakbis 1)

s (ab-1Ha" + b® - 2ab} = (ab- lila b)° = 6Sd1fng' -—é;"'fd‘ﬁi"'ﬁiii
ol X o= o by e 4o { i ﬁlI\ :%w"i] sy ;1 itk B

Z) le d z 1 ta co *m—*+ jET Tt L
A R BT N T N Y L R
ﬂ.}:* ! BT }. e B PR N
( 1 1 )
1+\Ia3b 1+\J ‘ 1+J ‘JB_" 1+ud‘ .
2 L {

1+m“

= 2

1 1 1 ;\ 7—‘7:”7——— f—:r;[', : + . i ' i :._.

3 + = + 3 & .- — b O
1+a 1+b o l1+¢
E)

"f"‘-"*sb]. B EV RN
- h T TSy 4:

l1+a 14+b°




' -1 2
64 116HI2: CMR: NG x -y 2 #taed — +—— o
I T e e

Giai R - \
Dita = 25, 0 = 2 wab = 2%Y 2 1
Do d6 theo 11Nl 1 thi :

1 ; o1, 1 2 2
1+4° 1+4" L+a~ 1+b° > T+ab p4+2e
6.5 Cho a, a,, a, = 1. .
CMR : ,._.l.‘_._ + ..._,,L__ + +  ] g
T T ¥a, T 1 +a, “’“1*%.;frfﬁ§m%
Gidi ' '

Ta 3& ching minh BDT héng phuong phap Qm Na ap Ca Sj
l(’mg quat :

n : Dé dang cht’tng minh
l . + - ] 7 ._.:2_ a > i
1+a. 1+a 1+ r v 2

Gia sit BDT ding v4i n = k. Ta 36 chung minh BDT cung
dung v6i n = 2k ' '

Su dung k& qua BDT dung vi n = k va v6i n = 2 ta cd

_.._l__ + __'1.._ + ; 1 — _..1‘. e +7-_.u.‘.l.-_ + + .......!_._.‘ +
1 +a l +ﬂ.-. l +a’k ( ] +H| _1+ﬂ2 T l +a'h)
( ] v N b '
T T -———.-—-)
l+a 1+a . lvay
> .k g i k -
1 fﬁ“la"_"“{ 1+ Va_ e ay
= k( ) 1 )
1+Na, a1+ V By - Ay
. .

. {dpem)

2k : = 25’—'_"_'3 —-
! +‘rvai Ry NEE Ay LT VeE, Ay




Gia sit BDT ding véi n = h. Ta s& ching minh BDT ding

v6i n = h - 1 , ; . I
S S h

l+a, 1+a, = 1+a, 1 *"Vaxaz---ah

Chon a, = h'Vaia'z...ah_] . Khi do

Ta cd

1 1 1 1
+ +..+ +—— - 2
1 +a1 1 +a.2 - 1 +ah_l 1 +h-‘d aiaz'.-.ah_l N
N : | :
h—lge— "
1+ ’1‘1"2 R : -
1. 1 h-1
,——t L t—— > (dpem)
1+3a, L+a, |, = {40~ ]f_alaz_'m,_l

ROrAngtheonguyenlyqulnapthlBDTdachodtingVnEN
=2
' 88,8, (1'9)(1 )(1—8) .
6.6 CMR : l Lol ‘Wsal,az,a:,“;
@#%ﬂﬁ ($ﬂﬂrﬁ) i |

Gidi
Buéc 1 : n = 2 : Ta phdi chiing mink (Ban dqv t\x ching mihh)
me, _(-mpd-s)

o +a) | @y

VO0<a,sds« z

‘Buoc 2 : n = 4. T phii ching minh V 0 € 2,85 85,3, s%tﬁl
ama,  (1-a)(d-al-aji-a)
€
(a, 4-1:2+|i3+a'4)4 (4 -a, -a‘,_-—a3-a‘)‘
aaz —— di+az

(T<ayl-a) ° Z-a -a)

Sudungvthn=2tacd'd(1_

1

: YO € a, a, "E'



R 2 . (a, +a)ay +a;)
Ruy ra { =
{1 —gl)(] -8,)(1-a,;)(1-a,) (2-a (24, - a_'

a, -i.-a_% .an,'-i'-a_,' A
) =3
R
(=) (t-7%)
al_-l‘-a‘2 ay+a,
T TS 2 a +a,+ta;+a, ,
€ | - = , |7 = (d
[2 a1+a2+a3+a4] 4—a|-a2‘-a3—‘a4] (dpem)
2 -
: . a'- +a2+ -
- Bude 3 :n=23:Chona, = ——— va thay vaio BDT

3
wiin = 4 taed .. 7 -
+a2+a3

laz"';( “')
: . a y Faj+a, <
(l‘a;)(l—ﬂz)(l*%)(l———- 5
g +a2 +&3
. +°2"'°3"'"""‘3‘*““: o
3 [_ . — 8|+az+a.3]
3oy e SR
5' ‘_al'l'az +a,3' ’ 1%
= [3—3-,—.82—&3] {l'— I)(l-—-az)(l_aj)
~a,- a:g.h_ |
) LT aa - = a )] - a)(t —ay
T dd » — 11223 - "' ] a _ :3)
(8, +a; +ay)" 3 ~a -a -1y e



8182 ... fn.  Gmant Tay) . A ~an)
(aj+az'!' +ap)? {(n— ") Az = am’.

vae[o.3]

6.7 : CMR .

. ; \\ A e - Fd
§7. '.?HUONG 'PHAP-DANH GIA DAI DIEN

7.1 : 139 Hr S -
, a b e o2 '
CME : 1 < a+b+e + b+c+g:.]'+ c+d_+af+ d+a+b <2
Vabed>0 o :
Gidi
Theo qui .thc so sdnph phan s ta cd
a a oA
a+b+c+1 “a+b+c © atc .
b b b
< <
+ ‘-_a.+b+—c+d b+ec+d b+d -
. . c c

atbtc+d ~c+d+a - c+a

d . < d d -
a+b+c+d d+a+b _ a+b
a+b+cHd a b c -d . a-H: b+d

atbicrd < atbte T bictd Torita Tdram Sax b o2

1=

7.2 [35 112}
' R T atbte
T2 T3 —3 t 3 2 % 773
a‘*¥ab+b b*+be+¢ c“+ca+a
a, b, c >0 ) ) o o ;

Giai ' |

CMR :

3 [
a 2a — b

Ta s8 ching minh ———; » ——— That v&
‘ & aZ + ab +.b_z_. 3 ) i

L1



a3 : 2a-b _ 3a° —a(a2 +db +b2)_ - (a3-—4b3)

a2 +ab+b? 3 a2 +4b +bl)
_(a+b)a’—ab+b% —abla+b) _(a+b)a- b)" u
2 2 2 3, » 0 —(dpem)
3(a* +ab +b°) 3(,, +ab+b)
Tudng i ta o6 LA bl £ xoe
T B tbe+d 3 A +ca+rat 3
3 3 3 Y
. a b c - 2a=b 2b-c . 2c-a -
Vi . + - + > + — :
y al4ab+b?  bP4betc?  cHeatal 3 3 3
_a+b+e '
= 57
7.3 CMR =P LS e b oe 10, 1]
T tEritBrr <Y b eEn 1
. Ban dge ty gial )
a,b,c20
74 Cho 1" 007
: a :b ) 3 '
Ban doc l:l.t guh T e e
5 -—+ + =
7.5 (5 III2] CHR W: " E TN <2 .
Gidi : _
T o6 1 (k+1)-—k (E '+_1 +VEYWE +1 —VE)
<k+1)va Geplk T k+lE

NEFIOETD —VE) L
&+ 1V =_2(W—W).Do do .

A




=2(1—vn+1) <2
1
7.6 : CMR—+— S+ <2
22 nt
1 1 1 t
Ta cd (k—l}k E -1 I‘_Dpdd
RIS S W SRS SO S
127 92 217712 23" " (n-1)n
1 1 1 1 1 1, 1
=1+ (=== - = -N=2~-=
1 (1 2 (2 3)+ +_(n-1'n) 2 n‘:2
: 11 1 5
77CMR ? -+ '2—2 + . +F < "5
Giai ,
1 4 = 4 | N T
'n“"if ﬁ'f“-.!kz_l-‘z(zk_—,l'zkn) Do "dd
1 1 1 1 1 1 1 1
—— 4, — - e e
12+,22 +n2 1+2(2.2—1 2.2+1)+2(2.3—1 2.3+1)
1 1 1 1 2 5
tet YTyt =142 (gg “Eme1) <1*3=3
11 1 5
: IR ek SRUIE e
7.8.CMR.13+23 <y )
Gidi
Tacs(k-Dk(k+1 =k & -1) < k* Do dd
—-1+2 —-<1+2 - —
kwlk o k . qu(k l)k(k"'l)



-8 Mt ) 4l -] <

(k- l)k TRk 2 " n(n+l)
9 1994 -
9 : CMR : §T+——+'”+TQ—§§<1 ’
kK +H-1 1 . 1
Gidi : Ta c6 = & ) = — Do dé

(k + 1) (k +1) k! (k +1)

1994 1994 cp ' o
k LI L
El(k + 1) -2 (@ ") = “ex <!

k=1

JUPPSTS IR LRI NI TR S
7.1{0(2’MRn+-“+1+‘n+2+...+n?>IV.nEN

Gidi :

N Erhrra

(n’ - 2n+ 1) s6 ' n 8
B i ""1 1
L _1__(!_: ) I

o - n - n

3 ..(n:z,_s-._2_n‘ + 1)
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© §8. PHUONG PHAP LUONG GIAC

CAC PHUONG PHAP LUQNG GIAC =~ -

X = sina

7 = com V01 @ € [0, 27]

Dang 1a Néu x? + y* = 1 thi dat {

msina
mecosa -

Dang 1b Néu x? + y> = m? (m > 0) thi dt!t‘[:
viia €[0 221 . .

",

‘sind"\;Oi a € [—-{;—: g-]

Dang 2a¢ Néu |x| < 1 thi dat
' : T S - |x = cosa vdia € 10-x)

x=msmavt‘nae[ 2 ';]

Dgng 2b Néu IxI < m th] dat |
xsmcosavaiue[o J'I:]

Dang 3a : Né'u le » 1 hoac béu todn o6 chﬂa bléu t.blic P |

thidatx lmvc’uae [0,2) [ ,—3;—)

Dgng 3b : Néu |x| Bmhogcbéltnancochﬁablé’uthﬂc qx -

. m :
thi dat x = ppaa.?ydl» é. € [ , 2 [:r, 2

Dgng 4o : Néu khong rang budc ,dieu-.kie_nr cho b_ién'sd thl dat
x—tgavélaer(-z.,z) .
Dang 4b : Néu khing rang bugc diéu kién cho. bin s6 va bai
todn cd chita bifu tade (x° + m?) thi dat

x = mtge voi a e(-—-g—,’.z.')
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71 122112 : CMR : Néu |x| < 1 va 2.€ n € N thi
| 1+x"+1-x0" < 2"
Gidi : _— _
Dat x = cosa véi a € (0, ). Khi d6 -
1+x)"+(1 -x)" = (1 +cosa)” + (1 - cosa)" =
= (20025 4 (2517 E\" = 27/ o™ E + gin2nE
-.,-(200522) +(hin22) -2(<:oe2 5 + sin 2) <
nf o 2X 222Y _ on
_;2“(909?2 + sin 2._) 2 | .
RO rang déu bing khong xdy ra voi a € (0, x)
- _--;(1+x)“+(1-x)“<2“
@bl -ah) 1
_2 (1 + a1 + b?) 2

7.2 : 14641 : CMR : Vab
Gigd ..
Dataatga.h,._tga Khi a6 ,

’ (@8 +b)1 ~ : ab)'l - I(tg: + tgh)(1 "W)l
a + 52)(1-’4 BT P d @ )
_ singx + ) coeacos — sinasing
N '_cnszacoszﬂ " coszcogl coaxcogf '
llm(a + ﬂ)cos(a + ﬁ)| = ‘ sm[Z(a + ﬁ)]l : -%
7.3 : Chlh:g minh cée bit ding thic sau d_ﬁng Va b
o @ ~ v - a%Y; 1
I a+ a2)1(1 + b3? I
(1 —ah)2 = (a + b)
' (1 +ah)(1 + 1% I
I 2Ha + b1 - ab)l <1
(1 +e)(1 + 1) . .
Bando_ct!xslé;b#!}gmhd#ta—-. tga, b = tgf
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Ix - ylr .
Va +51 +y¥)
. CMR : f(a, b) + f(b, ¢) » f(a, ¢)

7.4 : Goi f(x, y) =

il | |

Dat a‘r= tga, b = tgh, ¢ = tgy. Khi dd
05 = el | o . O < lainep)
(®, ©) = {(1253;ﬂ == | coeow o) cosfions;| = 1516
o o 2

To c6 : lgin (@ - )| = Ism [{a - ]3) -F @ - y)]l
= [sin(a - Blcos(f - y) + sin(f - yleps(a - ﬂ)l L 3
s lsinta - feos(B.~ y) + [ein@ - ylcos(a - B
"= lsin(a - B)| . Jcos(B - I + [sind - p)| . |ecos(a - B
< Jsin(a - B + Isj_;q__(ﬂ - .
' Vay f(a, b) + &b, ¢) > fa, c)
76 291.2. Cho m, n nguyen dung théa man ﬁ - -; > 0
a) CMR ; Y7n — m > -1—
: m

b) Gia sit thém ring n & m. Hay chdng minh

2 -2 y 1— T

z_ -
ﬂm n+?2mp.n >T_—7n-m
(V¢ dich Rumﬁm’)'

Giai

a)hﬂfﬁ—%>0"7nz>m2"'7n2'-m2>0
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Maim, ne€Z —7n - m* ;lha)'i'n Zmz-l-l

Mat khdc 7n° i 7 nhung (mZ +1) va (m?* + 2) déu 2’ 7
Vm e Z' :

" a 1 1.\
Do dé6 Tn? > m* + 3 = 7n? 2 m? +—2 + 2 =(m+-~-)ﬂ2

i :' _;_ V l HE
bl Vi. Yin - m.> =P,._m < m'

Ta s& chung mmh rz-n + \'_mn*n a m

”.J_—-l +'42——1 ;;— Dat—’:l tga Bl

.-.J‘gza-r TG = T
(tgza ="1) + (2tga D+ 2i(tg2a - l)(2tgx - l’j > tga

- 2tga - D+ 2V (g - 1)(2tgr — 1) 0 7

Luén ding vi tga =2 1 (n S m) Vay C

- 2
J_m n +(2mn l'lr 3m>m

7.6 12.11.2 cim Ta bdn s6 cho trude 1uon ludn c thé chon
duge 2 88 %, y sao cho

JGidi : Giad sl ta cd 4 86a € b s c s d
KhldoluOnEasﬂSyspE(—E,%) sao cho
a=tga,b=tgﬁ,c=tgy,d=tgp

-3 a B v P 2 a+m
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‘Cde di€m f, y, ¢ chia [a, « .+ 7] lam 4 doan = 3 it nh4t
1 doan cd d6 dai < z Xét 2 kha nang sau :

4

1) Doan cdé d¢ dai sgcd”z ddu mut € {8, 7, ¢} ching han
oy e e tgp —tgy
0*.5?..Y$4—'?€tg(sp-_f)—1+tgptg/sl

< e = B - .. X -y
Khi d6 chon x = tgp = d, y = tgy c—!0£1+xys

2) Doan-co do dai < i’—.‘l;a doan. {p, @ + xl.
- . A T

= 0 € (a + n). e

0 < tglla + 2) - 1 ' tela - ) = Tt
= 0 < tgllat ) - p] = tgla - p) =7 + tgatgp

. e - _ _ Xy
Khl.dochonx—tga—a.,y— dthi{}sl_l_xysl

Két hop (1) va'(2) = (dpera) = Y
7.7 ; Cho 13 88 thuc phén biét a,, a,, ...
CMR : tﬁn t&l a, al ' k #1 £ 13 sa0¢ho- «..» 7 =
0< - al < z_—ﬁ -
1 + a.a, a8 2 + 03

Giai

e e
Dit 8, = tgy V6i o, € (—Ji iI-) i

. A 33 1, 2.,.... 13)
Giasita <a <  <ayy Khi dd

T : _
'_E < a; < a, < < )y < < a; +

Mol

Cic diém ay, ay, ... oy chiar doan oy < + 7] thanh 13

doan do dd ludn tén tai doan cé d¢ dai < 13 . Xét-2 khﬁ nang
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LI : .
D Neuo <a-a_, 3g< 15 (€{23 .13 thl

0 < tglo; — ) =

- { —-!— “l <t—)!.-, t TR z—ﬁ
'<,_1+agai_' ALY *--3(3* ~4) R EEXLS

1

. X
2) Né'u 0 < (@ +2) —ay € 13 < E thi

. g a, -8, a- 2-v3
0 <tg(al+n) -al3] = tg(al—aﬂ) n m’;’a—l; <'tg'i'§ o= 2 3
Tém lgi trong ci 2 tryong hop ludn 3 a,, a, sac cho
8 -8
<. -
1 + a8,

§9. PHUONG PaAP TOA Do

Phyong phlip B dung tinh chés I'T+IE|' » |a +EI
6Vh . CMR 4: +:;y+y2 +ﬁ +xz+z ){}2+yz+z

Xét véoto T= (x+1, By), ¥= (- (x+3) L
"»-—-"}(xﬁ))—-




4(y+z) 4y2+ rz +2°

4511.2 : CMR Vx, y ta déu cd
q4coezxcoszy + sin’ (:r. ¥) + ﬁstnzxslnzy +sm (x-y)22

Dat U = (2cosxcosy, sin(x - y)) ; PV v = (2smxsmy, gin(x - y))

- T+¥" = (2cos(x - y), 2sin(x - )
— |G + | = Vacm’cos?y +sin*(x-y) + V4sinZxsinx +din’(z-y) >

> hcosl(x—y) + dsin’(x -y =2= e

89112 : Tim Min cua y= r—-— 2px +2p +¥x? -2qx +2q" trong
dé p = q

q(x-—p)“+p +J(x-— ) +q
Dat A(x-p, Iph va B(x-q, —[q]\ — AB(p-q, - pI * !ql )

> ¥(p—q)° + (I pl +1ql)? =) AB| —Miay = itp—q)'- +ripl__+lqn2

§'10l DANH GIA TREN i)’A THﬂc

104V(BS & 9)) .Cho f(x)-ax +bx+c thoa min lf(x)i <lvxe
-1, 1. - ‘ o

Tim Max A= g_az +262

Giai | -

“Ta cé [f(-1}} = 'l‘ae b+ecl 1;
{1 = _|ll +b+el € 1va
160)| = fe| € 1



— ja+bl=|(a +b+c)—cs|a+b +¢f +|c[ £2—~
—-(a+b) —1a1b[
—-la ~b ~|(a—~.+c)-~1 < la-—b+l,t +|ci € —>
—-(a-\b)" |a-—b|zs4-- y
'-—-A"='§a3-+"2bz %n +b2)<g 4??_,
65H. Cho f(x) = ax + by + ¢ théa man lﬂx)t shvxe -1, 1]

CMR Ial + ]b! + fe| <

ORI -1

| ,f(])' =2 tb + . | ;— —a _ f(O)
e f{(;,”iif"” | - _f_(_u:é_ﬂ_i___l_z ;:ﬂo)\.
Su dung Hﬁl‘-'l , }Fi= M h vsl &1‘(0)1 h ta cé
Ial + it +Ici |"”+" ) 'r(O) |m’ - f-1) [ +|f(0)l <
P S v et + |75 f‘” 1+ Al |+lf(0'll <ah

4Ivh Cho f(x) = ax + hx + ¢ théa man .
m l)l € l ; II‘!O)I < ] Ir(l)l < 1

51 s

'5
CMR | f(x}] s"VxE[l ]

4
- 'I‘a co f( ) = f(l) *2“(“1) .f(O)]. 7 [f(l) - ("“1)] 'HTO)* :
__9_2(4-4. )+f( (x —x)+f(0)(l —!) |

- 21yl 2yl — el =
=[] = 2!! + x| 1-2|x x| +11-x =
=§(Ix2+xl +Ixz—x|)+_|‘1 - %% *)
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2 2
- X) = x7ix

Vix € [-1, 1] = (x* + xx” - g0

(*y = 'Z-I(x‘+xl ~xP -0 +d-x) =

P} V 12, 5 5 -
= + 1 =%t = = - g
| x| 1 x (]xl 2) .+4_s4_ .
471.2. Cho 'y = 4x° + mx. Xac dinh m d& lyl £ 1 khi |x] < 1
ly(1)] = |m+4]sl--—>-—1sm+4g]-—-—5sme—3

1
(3} = |2
—~m = -3, Véi m = 3. Dat x = cosa’

1
m|sl-—-ﬂ2sm+152---35m£1

khi d6 |yl = |4cos’a - 3cosa| = frcos3u:‘r| €1
8412. Cho y = 4x® + (a + 3)x? + ax. Xdc dinh a d& |y| < 1
khi |x|] < 1 : . S 7
Giai .
()] = |7 +2al sln—ts'?+‘7asl--—4$as—-3
1 3 .
|y( )l—|Z+—a|sl-—-—4s5+3as4-—-—3sas—§

—-a=—3 Dﬂtx-m khldo]yl —Hu:s"a—f:hnal -|(m'3a| €-1

13711 : Tim a, b, cdé'|4x + ax? +bx+c] < leE[l‘}]

Gidi : : : S

Ta ¢/m menh dé |4x + bx[ € 1 Vx €. [-1 1] b= -3
(zem 47{.2) T

Dat fix) = 4x* + ax® + bx + ¢ — fl-x) = -4;3

fx) -f(—=x) " [ f(x)| =1
—-'—'—-'E—-—— 4 +bx1‘ad{“.( )IGIVKE[_LI]

“-bx +¢

Do do

| f(x) ."2“"."1 < 12 ;If('7" <lvxel-1, 1)

-3. Vay ~1 € 4x’ +ax’ - 3x +¢c & 1.Vx € [-1; 1)

4%} +ind =

—b =

P2



Voix=1-+-14+a-3+ccl-a+c&0 + 0
Voix=-1--1€ ~4+a+3+cs ~>a+cz0 Tave=b
1 1 & 3
x=§.—1‘§+4 2+c<l—bz+c20 a
1 1 a 3 . =z te=0
x=--2-.:-16—-2—+Z+§+c‘1‘—--4-+c60-

Tit{a+c#ﬁ’va%+c=0-a=c="0. : . . -

Dap s6 a = c-= 0, b= -3 |
§8ll(Md‘9l)Chnptax +bx +cx+d 0 (ad = O)

R HEHIHE
R HAHAE

CMR Néy x, la nghigin phuong trinh thl Tz <ixl<l+ta

1+ﬁ
'Ihséchllngminh Ex! <1+a 'I'hAyvaynﬁulxl Gl—-(dpcm}
Né’u le > sl ihi do ax3+bx2+q‘ +d 0

"'""f;"(:z*‘;x +d)—'lx |—‘x +—-x +d+¢
<'|'§.'[ixg|+|;||;“1 L] € atln? + 1xgl +ar -
|x|‘3+1 Ix |2 ' o

H’-*"‘l | Iﬁl'a_f.i*o" <1+a

1
Dé y rﬂng Yo=3 1a ngluem cia phudng trlnh
ﬂ
d>+ex’ +bx+a=0
o1
—blam ‘I‘,Udn_g tlj-—olyﬁl—-rxl <1+ﬁ-bl+ﬂ<{xl

1
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120111.2 : CMR : Néu phuong trinh x* +bx’ + cx* +bx + 1 = 0
¢d nghiém thl : ' .
Db+ (c-2?%>38
16

2) b + (c - 2)2 > P

o )
3)rb2f-c2 >

§11. SU DUNG DAO HAM

1. S dung tinh don diéu cia ham sé
= O @

11312 : CMR : x—% <simx < x Vx> 0

Giai
Tac 2) «»f(x) =x -sinx > 0¥ x > 0
Vif(x) =1-cosx » 0V zx>0nén f(0) =0 = sinx <« x

(1) f-g(x) = sin x +-6—~x>0

x2

Ta ¢d g'(x) = ?+com—1==» g'@ = x - sinx > 0

Do dé g'(x) d6ng bien — g'(x) > g(0) = g +cos0 -1 =0

= g(x) d6ng bién = g(x) > g(0) = sin0 +‘%—3 -0=0

, L
Vay  x -% < sinx. TY d6 — (dpem)
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" 7811.2 : CMR néu 0 < x < ’-;- thi 25™ + 2% » 2%1

Giai
- _ " simeHgx
Theo BDT Coei a o6 2™ + 2% » gVoim 2@ =2 2

+1

Ta s& ching minh '

simxgx
+1
2 2_ B2’+1--'sinx+tgx>.2xVxE(0,

)

-22

bo A

)

paia

wr f(x) = sinx +tgg -~ 2x > 0V X € (o,
1

cos’x

. 1 : +
> 27\ cos’x . -2=0

Ta cé f(x) = cosx-+L2-2>coszx+

Ci
= f(x) dng bien = £x) > {0) = sin0 + tg0 - 2.0 =0
= sinx + tgx > 2x. Tit d6 = (dpem) -

1ISIIL.2 : CMR. Néu 0 < x < 7 thl 2™ + 2% > 27!
. Gidi
Theo BDT Cosi ta c6

. _ 2.¢1iru='+tgz+l
gk 3 gt 5 g V™ @ = 2 2

Ta s& ching minh

stipx+tgx>3xvxe (0,%)

)

bo A .

e f(x) = 2sinx + tgx - 3x > OV X € (oi
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1 1 Chai
"Ihcdif'(x)-zcoex+——-——3 cosx + coex +——— —3 >
cog

v

(cosx) 3
COBX . COBX . — 5 —-3 0

= f(x) d6ng bién = f(x) > f(O) 0 = 2sinx +-tgx > 3x
T dé = (dpcm)

2 "
lOIM CMR n€u x > 0 thl & >1+x+—27+ +——VnEN
Giai
Ta s& ching minh
' 2' 'n
. X
f@ = e - (1+x+-§+ +—‘) >0Vx>0

Vbin=0tacdf0(x)=e -1>0v¥x>0
Gia sl ta cd fi(x) >0V x>0
Khi dé £, (x) = fe(x) > ovz >0

= f,, (x) dfng bi€n = £ ,(x) > £ 10 =0

Theo pguyén l qui nap ¢hi f,x > 0OvVx>0,VvnEN
| | Py ©
Vay 7 e > 1+4+x+ E+...'+E'Vn EN
15112 i Choa < 6,b < -8, c % 3.
CMR. x* - ax? -bx » cVx 2 1
Gidi '
Dat f(x) = - ax? -~ bx » f(x) = - 2ax ~b
-+t"(x) = 2(6x% - a) > 2(612 -6) =0
= f'(x) déng bién/[1, +w) = f(x) > f(l) 4 -:(2a + b) »
' >4 - (2.6 - 8 =
Do dé f(x) d6ng bién/[1, +=)
s fx) >fl)=1-@a+b) >8> c¢
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771:: CMR f(x) =

' +px+q 20 Vx € R .« 256q> 2 27p*
Giai '

3
_-"B
4

Plx) = 4x° + p—fi(x) = 0 «x

Khi di qua x = x_ dfu f'(x) d6i dfu tit - sang + do d¢
. . 3p 3 3pfp
) _}{m fix) = f(_T) =x°(x0+p)+q-— T '\} 7+

3
'I‘aedf(x);OVxeRHM.i. f(x)aOﬂ-qa 4"

, -—-256q3 > 27p!
101 : CMR f(x) = x* +px*+q 2 0 Vx eR--zssq > 27p*
Gidi

£(x) = x(4x + 3p) = £(x) trit tieu va qdi déu Y - sang +

3 .
Khixd_iquax°= ———E. Do d¢
o . 8p,  256q-27p° R
;nr : . M.ln fizy = f( 4 ——'—26-6——"- S

Ta c6 f(x), -0 Vx e'RﬂMin fix) > 0 «> 256q =,27p*

: 1
69IVa : CMR arctgx - § > ln(x2 1-- 1) —.'.-.lnz vz € [ 5‘, }
Giai o

Xét f(x) = arctg l!n(xz+ D vx €

‘ 4 1}
, 1 2 1-2x ;
Ta ed £'(x) = 1'+x2'_‘i'+xx2 . soOvxE {2, 1] =
iR |

f(x) d6ng bi&n

- 7 Min fix) = K1) = arctgl - In(1+1) = § - In2. T d6 ~(dpem)
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121 Cho ham s8 f(x) = x"+ (€ - x)" véic > 0va 2 € n € Z°
" Khdo sat sy bién thién va tit d6 ching minh =

a+b,n _a"+b"
‘(az )n"?li 2

Fx) =n ™! - (¢ - ™.

Th ¢d f(x) =0 «»x"' = (c - 0™’

YVa+bz=0

Giai

N6u nchdn — (0 ~ D) = ptesx = ¢ - x «x = 3
Néu n 16 = (n-1) chdn — pt « {x| = je—x| —x? = (c-x)?
_4-«-11_2 - (c - x)¢ = (25 ~c)e = 0 =x T"fzi

Mat khde £°(x) = n(n - D[x"? + (c ~x)™ 2

- r(%) =2n(2n-‘1)(—;—)n;2->0

— f(x) dat cyc tifu tai x=% va f(%) ;'2(%)".

| Theo khao sit = fR) = x" + (¢ - ¥" > 2(5)" L&y [Fa

2 c=a+b
] n n ath ",_; a_tl_:' n an+213 | .
thi a” +b" 2 2( 2 ) ( 3 ) < (chm)
abc >0 : ~
2611.2. ChO;Ka’.27+b2+c2 = 1 | o .
a b e a3
CMR : ~ + + > :
b +c* c2+a2' a‘ +b? 2
Giai ' - ’
Ti gid thit suy ra 0 < a, b, c < 1
2 B 2 33
Ta cd 1 o> — : ¢ 33

-+ + >
a(l —az) b(l —bz) c(l —'cz) 2
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- : 2 - . . ___’. '_i ) .

: e W3 ) Yy 2

Ta s& chu inh — 3% 0 < all ~ ad) €
chiing gu‘n atl = ad > - 7 o < all - a’) < W

‘Xét ham 86 f(x) = x(1 ~ x%) véi 0 < x < 1
Ta c6 £'(x) = -3x% + 1 = Bang bién thién

x 0

f +

Nhin vao bang bién ;,hiéﬂ th cd

0 < fix) = x(1 - %) =« i

=, 38 ,
af(l ~a ) 2 |
-32 L bz .o cz m P - Br

Do dg + 2 ——(a% +b? +¢%) = —
a(l—a) b(l-bz) c(l—cz)‘\ 2 ¢ _ _) ,

T d6

2 Str dung D;nh Iy Lagrange |

Dinh ly Lagrange : N&u y = f(l()_lién tuc/[a, b} va CO‘(I&O
ham/(a,b) thl 3 ¢ € (a, b) d8 ;

(b) (

f'(c) = hay f(b) ~ fia) = (b — a) f(c)

21 (72 IVa): CMR N&u 0 < b < a thi

13




Giai o : . o

Xét ham f(x) = lnx v6i x € (0, ¥ ®). Ta c6 y = f(x) lidn tuc/(b,
1 .

a) va f'(x) = T nen ‘theo dich ly Lagrange thi' 3'c € (b, a) d€ -

A

a~b
f(a;-f(b) = f'(c)(a~b) « lna -Ilnb = l(a.—b) *--'ln-&E = 2
c b c
Vl0<b<c<anéna_b<'a*b—lng<a—b
a e b b

2.2 (100 1V a) : CMR |arc tga - arc tgb| < Ia ~bl Va b
Giai . .

Khdng mét tinh t6ng quét gia st a > b. Xét ham f(x) = arctgx.

- Theo dinh ly Lagrange thi 3 ¢ € (b, a) sao cho

f(a) - f(b) = f'(c)(a -~ b) +» arctga ~ arctgh =" ! {a ~b)
) _ 1+¢?

suy ra |arc tga - arc tgb] = I 2‘ ta - bl < {a = b}
11 +¢
ot R 1
: CMR ————— & ardtg —— <
1+ +1)y7 n“+n+1 1+n?
Gidi '
: 1
Xét f(x) = arc tgx — f'(x) = " ~- Theo dinh ly Lagrange
. x s P : e
thiEcE[n-n+1]saocho _
1
f(n+1) - fin) = fA(a+1)-n]. --amtg(n + 1) - arctgn = [+
+
‘ s Coa—~f.
Ma tg (arc tga - arc tgf) = " aﬂ
‘arc tga - : . ﬂ
- ga - arc tgf = arctg 1 B Do dd
: _ 1
arctg - . = arctg (o + 1) - abctgn =
B rn 1 g _ 12
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1 1
1+m+1)% tg_n2+n+1 1 +n?

Min<c<n+l-+

| — 1 :
: + OMR - " VI = )
8'Va : Chon € Z'. CMR : " V1 ~x <v=2-— vx-€ (0, 1)

x 0 2n/2n+1 1
f o+ 0 -
) Cb
f / \
0 . . 0

1
BDT «» 2n3™'(1 - x) < _. Dat f(x) = 2nx®" (1 - x) voi
x € (0, 1) : ‘ '
Ta o6 £(x) = 20x°"! (20 - 20+ 1) x]

fix) =0 . 20
_. x) =0 erx = 2n + 1
o ., 2n 2n 2 +1 ,
Ty do f(x) < f (2n +-1) = (55‘4_1) v x € (0.
Dat m = 2n ta 88 c/m (ml-‘;l)mﬂ -
o 1
L em+ Dl <l = -l
« ln(m + 1) - lnq > = T

St dung dinh ly Lagrange : 3 ¢ € {m, m + 1] sac che
glm + 1) - glm) = g’t’tf;—[,(m + 1) -~ m] v6i gx) = Inx

-+ Tt déd — (dpcm)

' 1
.-lnfm + 1) =-lam = > =0
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§ 12. BAT PANG THUC TIiCH PHAN

Phuong phap: Sd dung cac tinh chat sau

- b , b
1. Néu fix) = glx) thiI f(x) dx SJ. 'g‘(x)dx

] oA

2. Néeum = f(x) <M thl m(b — a} <J- f(x)dx M(b - a)

i

3. Neu fix) la mot ham 30 liéd tue va fix) = 0 ¥x € |a, b] khi
do néu f(x) khong dong nhat bang 0 Vx € Ia, b} thi

-I fix)dx > 0 ?let-. la khéng xay ra dé'i.l_ bang)

l{q: qua’: Npu fix) va gx) lién tyc va fix) g(x) déng thm
flx) # g(x) Vx € [a. bl t,hlJ- ﬂx]dx <J. g(x)dx

Chu-ng minh tl’nh chat 3:
Vi fix) # 0 ¥x € [a, bl nén 3x, € [a, b] saochof(x)h'O
Ma fix) lién tye nén 3 1 lan can cta x,, [a {x, — &, x, + &) sao cho

L
fix) = éf(xn) Vxelx, -~ & x,+3%)

 (Ch § 1 x, = a thi ldy lan can bén phéi x,, X, = b thi lay lan
‘can bén trai x) ' ' ‘

Tu do ta cd

f ) dx = f

x -8 ‘ x +8. b .
f{x)dx +J- ’ fix) dx +_r fix)dx >
' x +8 -

X+

X + 8 . . -‘ .
=0 +_f ‘;-ﬂx”) dx + 0 = %ﬂxu).zz = f(x) >0
. 8 :

at



(‘hu-ng minh he qua i‘)dt hix} = j(x) = f'(x) 0 Vx € [a, b]
“va hix) #O ¥x EE [d b}

- J.g(x)dx If(x)dx J h(x)dx > 0

W . il
Y nghia hmh hoc: Hinh thang cong chin vé phla trén truc
hoanh béi do thi ham s§ y = fix) c6 dién tich duong

12.1 [43IVa} :
. L . R . - . )
CMR o ) <Iz“—__ LR =234 )
' 27 % Vi - x2n 6
¥k & [0, l'] taco 0<T ~x2 <1 = x¥ <
1 : ',I, s
= 1 < - o e — R
VR
1 1 _ 1
=DJ."I' 'J_x{_.r‘)‘ hmﬁi_lx,..._-)r . <j2 _____‘}5 L
0 ) J1 2 x*" T Vi1 -2
1 L R
‘E";"l’~— x| 2 <.r'a — === < arcsinx | Z = !
crrge Tl T VO o 6
12.2 [T1Va)
1 r
T dx TV 2
CMR &< mmimme < &5
MRS'E Va2 - 3 8

Giai
s €011 = 0 < x? < x>

1A
—

18



' T dx 1 x ]1
= | wresing | = < e 4 ——aresinT [T
( 2)(: 5".0_\/4-:(-’-—::3.. (v wf:z)o
_av2 |
gl
12.3 [28IVa],
£ B ¥ oy
VE i y
CMR : T <_[3 ﬂl'de < -
: 4 X 2 -
[}
Giai -
Pat p(x) = sinx Vol X € [ﬂ‘ J'r] = pr{x) = 55‘935#““ hx)
S N 20 S 2
Th ¢o : ‘ .

. : n
h'lx) = cosx — XSiNX — cosx = — xsinx < 0 Vx € [~ *—]

6 3
= h(x) nghich hién = h(o-<h{® ) = ][‘Nﬁ'l]ﬁ)
;= htx) nghich hién - LN AR S

e P! T2l e |
=<0 = f(l) <fix) € f(l'\ S
3 6 .
N . 7- 73 ) a o i
W3 sinx _ 3 J:;;‘":; CRREIE SR .[g 3
Ty - { < mx 2
- 1 = X = =’~ A b '[ x'gdxc':_ 7 dx
7 . 6 6 S 6
V3 ;smx
- 3 LW <
- 4 '[ X d:
6
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12.4[102Va] _ -
Cho hai ham $6 lién tyc f. g : {0. 1] - [0. 1]

S 2 1 ' 1

. CMR : (f_ fx)g(x) dx ) sf f(x) dx f g(x) dx
o o . o

Giai

Vifog [0 1] = 0. 1) nen

-0 s fixy =1
= =

0 pxy <1
' ' | 1
]() < flopgo s o l() s_f fix)gtx) dx <J' f(x) dx
= - 0 0
. I 1 ST
I() = fixnx) < gix) l() SJ. l'lx)g(x)dx <f ix) dx
= tdpem) ' 0 ‘ 4
12.5 [106/Va]
CMR Néu f(x). g(x) }a hai ham sd lién tuc xac dinh trén
la, b} thi.
' ' 5 5 b ab
{f tx)g(x) dx } sf fz(x)dx.f g(x) dx
a — a . a
Bat dang thit Bunhiacopski
Giai _
0 < ) + @l = P00 + 24000 + i) Ve e R

=2 ()

1A

h b h
LZJ' (x)dx + 21..'. fixyetxdx +f g3 dx
il u L] .

Coi vé phai 1a tam thuc bac 2 ANt ta 6 b
.. ,} Coe \|.1 S o h : b o
A= (f fixhrx)ddx ) —J. fg(x)dx.J' wixydx < 0

= (dprm)

6




12.6 [ 21IVa)

’ ) n n-t
L CMRVn € Nthi ] vxdx< v <_f v X dx
¢ "
100
5 Tor g6 suy ra: a) 6666 < 3 Vk < 676
. k-1
n
¥ . 2
by im | Y VK] =
n-+x Jnﬂ K1 3
Giai |
T o - Vx < Vk ¥xe€lk - 1L kI
' ' ' tk=1.2 .0

vk = Vx Vx'é_t'k.kw* 1]
Suy i .'

_f \/xdx _f s/kdx-\fk _fm\/iédx<fm\/xdx
k

—‘—'*J.n Vxdx = Z(_[ V'xdx)<£\’k<

k-1 k1
[} ket S n+1
< Z {_r v xdx) =J‘ Vx dx (dpemy) .
k-1 k S 1
n ‘ S 3
. - 2 L, "_2
2. Dy J‘ Vxdx = (x%) “n?
i ) 0 3 0 d

3 3

J'";1 ‘/ o9 ntl r
i-"(-) =“lm+DE -1
‘ x dx X ' tn J

3
in+ 12— 1] ™

8]
[ R
re=—

do do thea 1) L L Vk <

-
VR S



100 y

. l) ‘
M Chon =100 = Y Vk > (10002 > 6666
k I o ')7 H
] .) '
Voin=00 = Y Vk < [@+ D2~ 1] <666
AL | .
160 bl
Do do 6666 < ) Vk = 3 Vk + V100 < 666 + 10 = 676
ok kel
b) Theo két qu:t ("J
2_1y (nx ! .
S z [ Pl ?]
a2t o | nZ
Theo nguvan by gigd han kep giga =lim __i 'fk

e x “kT



MOT SAI LAM CO BAN CUA BO DE

33 1112 : Tim Max, Min A = xVI +y +yWT +x véi x? + y% =

1) Max A [B6 dé lam dung nhung qud dai]
Glil .

BCS
12+x+y Lo 2+J(12+1)(x +y2) = i2"‘{5

Tt‘tdoMaxA-\l2+v2v61x=-y £
2) Min A : Ddp s6.B6 Dé :

o . |x =0,y = -1
Min A = =1 dgtduqc ll:l'u-l;:'r= ~1,y=0

A=xi+y + Wisx < \l(x2+y2)[(vll+y) + (ﬁx)zl

. . " . 1
Dip sd nay sai vi vdi phan vi du @ x = 107 = -
A<-1—'MlnA<"l T '
Lai gidi ding : Xét 2 truiimg hOp sau
, x'=0, ya:O ' -
2.1xy;0_«—-|:x£0 yso
r . . ' . :.). e
Dé' tim Mm A ta chi c’ﬁn xét vei {5
jy =0
Lo Ty S0y -
Khi do dé c/m Ml,n A -1 khl :
. . . x = _1 ,y =
22 xy < 0: Dat ".1:-,2—1vixy 5= <0—=-l<t<l
. —'xY" 2

K:hi t{ld'_.Azl- [x\ll_‘q+y{_d-x] =

" (x2 + yz) +xy x + y) + ny V(1 + x)(1 + ¥)

1433



~ () = 28 = (¥ + D>+ V2 - (V2 + 1t + @ - VD)
voi -1 < t < 1

) = 302 + it + 202t - (V2 + 1)

£t) = 0 cd 2 nghiem =

_ ~VZ - VIT+6V2 _ —VZ +VIT+6V2
ft = 3WZ +1) 2T T sz +1)
t | ;'l 7 tl. t’.2 1
r + 0 - 0 +
- .Ch.. 2
f e . -
2 . » QT
) o ~¥T - V11 + V2
podoMax fit): = f(t)-f( 3(ﬁ+1) )
_ [, V2 _ 20!‘ 1) 4 g
) = (345 2+1))f’(t} [ 3 r+1)]“2 r+ |

: 6(Z+1)? +4; , —VZ-VIT+6VZ rr
=y = - [Tewmen ) (TsaEe )Y 22+

T1+6V2 [(V2Z+12N2 +('1'1+va‘ 2)] + (3+2V2 )(27-24\{_ ) . '

fit,) =

54(3 + 2v2)
T a5 |A J 2V11 fZN +1m+(11+6{‘)1+66+2s\{‘
, | I - 54(3 +2V2) S
e Min A = 1’ 11+6V2 V2241272 +(11+6Y2)] +66426V2
54(3 +2V2)

Ré& rang ke't qua nay < -1. K&t hgp 2.1 va 22
Suy ra

o ) ."2\!11 N22+1 +(11+6F)1+66+26r
Min A =~ 543 + 2V2)
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MOT $O BAT PANG THUC
CUA CAC NHA TOAN HOC

+o+ a, - - - '
1)--—-———3%11‘..3 Va .a=>0
n -n n_
S ~ Bét ding thic Co Si
Cd 20 cach ching minh B4t ddng thic nay
2) (@l +..+ad®i+.. +bd) > (ab, +..+ab)? V'a, b, € R
' B&t ding thie Bunhiacopski
Cd 6 cach ching minh BAt ding thic nay
J) Gia st -1 < x = 0. Khi dg
(1+x)* 21 +ax nfua 2 1 hoidc a < 0
1+x® <1+axnéu0<ac<]l -

T Bt ddang tha Bed nu

4) Cho il5 +i = 1vipgeqQ vaa, b >0(s=1,n
khi d¢ - :
S ap < (2 o) (2 p

i=l|l |=Il-’|==lI

Bt ding thérc HaLDer

5 Chol <peQvaa,b >0(=01,n). Khids
. n ' It -
Zi'= 1@ +EHP = (ZaP + 200"
1=1 i=1

*  Béat ddng thic Mincapskl

1t



6 Cho a,, . &, > 0. Dat :m = min ta}, M = max {a}

i=1.n. : i=1l.n

o & 1 nfm + M)
CMR : v* < 2 a E—<———-—
= ¥ 4mM
Bat dding thic Kantdrovich
2 0<asal,a.2,..‘.a < A
7 Cho {, beb ...bnsB Khi d6- |
: n o “on
, 1 AB
2 - -
PER IR (\I Vi) (S

Bt dug timfe G.Polya - G.Szegs
8 Choa? -—al- .. -al>0 KhidiVb,.b €Rtacs
@ e —alE -bE = b < (b, - ~a by
Bdt ding thirc Aczela

9)Cho 2b0 s6ay, ..a vab ..b (b >hb, > .. b, >0

Dat 8, = 3 a, (k = 1,n). Goi m = min{S,}, M = max{S;}
i=1 '

Khi dg mb

Riit ding thirc Abel

1l
b3
o

10) Cho 8, € R* (i=1,n) va n = Dai s 8

Khi dd

D(d+a) Q+a) .. (1+a)>1+8,
2) (1-a)(1-a).(1~a) > I- 8§ (0 <a < 1V¥i=1,n)

(13




3H (1 + al)(l + a,) .. (1 + a) < I —s 1Sn < 1y

n

4 (1-a)(1-a)..(1-4) < 0 <a<1:S <D

1
L =8,
‘ Bat d&’mg thire Vﬁye_tstrnt

11) Cho 0 < a < a;, a8, .. a, € A

ai) (E b) | < % (A-a)(B~b)

. Bit dlng thike Grassa

12) Cho a P 8y . 8 € R Khi dg

(.n-l)lgla +n 'V.T (En: a)’.

Bat déng thic Steyfer
13)Choa b >0(1-1,n)va1€p<2.Khid6

E(ai+bi)P Eaf’, : Eb?

i=] i=1 i=1
< +

i (a, +b)p ! 4E‘aipi_' > bP~

i=1 i=1 =

. _ ‘ ) T Bat dang thtrc Beckean:h
" 14) Cho- 2 day {a:,-, coag) va (b . b): Khi ds

1 n(ab +ab;+. +a - (al+a2+ +a )(b +b *.. + ‘b,)
néu 2 déy dﬁ cho don dléu cing chiéu '

2 nfab, +ab,+.+ab) < (a +a,+.+a))b, +b, +.+ b))
Néu 2 dﬂy da cho dan dleu ngur!c chiu vai nhau

Bt ding thirc Tré Bu sep



. C n ... 2 | sina
15)Ch00<]a]'SE.Khl‘do-i"S—'-a"<l

Bit ding théc Jordana
b 16} Cho ham y = f(x)-ddn digu tang' va lién tuc trén doan

(0, ] (¢ > 0) _
Néu f(0) = 0, a € {0, c]j va b€ [0, f(c)] thi . |

' j'f(x)dx + I f Yxydx = ab - |
0 ] _
Bit ding thirc Younga
17 1 Cho &, b, ¢, d > 0. Khi d6
_Jab+ac+ad+bc+bd+cd . Vabc+abd+acd+_bcd

6 4
. . . ‘n . ’
2. Cho a, ... a, > 0. Dat A{' = E ai,ai,"'ai‘-
. !<i|<i:<...<ik<n -
. _
a s = P pias v k = TAT ta ed
va 8 = (Ck) ) i =1,n a cd

n
S
S¢ 2 Sy

Bit déﬁg thige Niu Tom - Macloranh

Cha y : Noi chung tdt cd cdc sich xudt ban tromg va
ngoat nwdc déu din ra cich chung minh dya trén dinh ly
Lagrange. Tuy nhién co th€ si dung Bat ddng thuc Co Si dé
chitng minh BAt dAng thic nay. Céch ching minh mang diy
tinh nghé thuat nay sé dugc trinh bay & Tap 2.




MUC LUC

| _ Trapeg
1 Rit ding thire Cési . 7
HMIL3 — 148I1.2 - 87Vb — 1091.1 — 109IVa — 146[ - 100I1.2
131.2 - 14411 1 - 103I1.3 - 108III - 94I1] ~ 115Va 53]11(91)
101V(9D - 141Vb ~ 103IV(91) - 114Va — 1501.2 — 26]] 2

1071 - 6911.2 - 105IVa — 102IL2 — 10111 — 881 ~ 118HIL.1
~ 4BIL1

2. Bat ding thitc Bunha'acdpski' ' I 64
62I1.2 - 13812 — 11511.2 — 94I1.2 ~ 1481l - 131.2 - 19112
144111.2 - 33I11.2 ~ 96111 — 5911.2 ~ 1111.2 ~ :24111.2, 8iI1.2
6711.2 — 1201112 - 10911.1 ~ 34I1.2 1101111 — 13611.2 — 24111
146111 - 13111.1 - 31I1L.1 — 65IVb

3. Bt diing thirc Trébiusep ‘ ' 88
14Vb — 7V - 18I1.2 - 14911.2 - 13611.1 - 2711.2 - 15111.2

4. Tam thire Béc hai ' 95
2I1.1 - 132111 - 2311.2 — 15I1.1 — 140II1.1 — 83I1.2 ~ 53IIL.2
1251I1.1 — 701 - 109IL.1 — 1151IL.1 — 75I1.2 — 32IVa

5. St dung Dinh nghia vi biéh 461 twong duong 102
- 15112 - 21112 - 10611.2 - 1281.2 - 112I1.2 - 13611.1 - 13011.2
17111.2 - 92111 - 140111.2 - 2211.2 - 81111.3 - 136H1.2 — 77V(91)
12711 ~ 12811.2(91)

6. Quy nap Cosi 109
12011 ~ 11011 -~ 116111.2
7. Phurong phip ddnh gid dai dign 115

139111 - 35II1.2 - 55]1‘2
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8. thphéplwnggmc _ ' o 119
1461 1 - 2912 — 12112 ~ 122111 2

9. Phurong phip toa 4¢ ‘ 124
6Vb — 4511.2 - 89IIL.2

10 . Dinh gié trén da thirc ' 125
104V(91) - 6511 - 61Vh — 471.2 — 841.2 — 13711 — 120111.2 '
~5811(91)

11. Phuong phip ham 36 ' : ' 129.

1131.2 — 78I1.2 - 1131112 ~ 101Va — 1511 2 _ 771 ~ 101 - 69IVa
121 - 2611:2 — 72IVa — 100IVa — 8IVa

_ 12 Bit ﬂiug thirc Tich phin ’ 137 <

' 7[Va - ZSIVa - 102Va -~ 106IVa - 211Va 431'Va
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S6 tay Bqi s6 cdp i
.CAC PHUONG PHAP VA KY THI.IAT
CHUNG MINH BAT BANG THUT

Tap 1: i
TRAN PHUONG
Chiu trach nhigm xudt bdn
. VUONG LAN
Chiu trich nhigém bdn thdo : )
' PHAM HAU .

Bién tdp : N _

) PpUC NHAN
St bun in :

DUONG LY

Bia :

NGUYEN NUONG MINH HUONG

NHA XUAT BAN THANH PHO HO CHi MINH
62 Nguyén Thi Minh Khai - Q. 1
Day ndi : 225340 - 296764 - 296713 - 222726

S6 ludmg in 3000 cudn (dot | in 1500 cudp). kh8 14,5 x 20.5cm tai Xi
nghidp in Trudng Véin Héa. S6 xudt ban : 75 TKITP ngdy 5 - 3 - 1904
Cuc xuit ban. In xong va nép luu chidu thang 6.1994



	WWW.VNMATH.COM



