Phwong trinh ham trén N

Tran Nam Diing - PHKHTN Tp HCM
Dwong Biru Loc — THPT chuyén Tran Pai Nghia

Tém tat: Bai nay g101 thiéu cac phuong phap va ky thuat giai phuong trinh ham trén cac tap roi
rac nhu N, Z, Q, Z . Cach tiép can cia bai viét 1a Vi du — Phan tich — Loi giai — Nhan xét.
Phan cubi la mot s6 bal tap ap dung tu giai.

Mé dau

Mot phuong trinh ham bao gdm 3 thanh phan chinh: tdp ngudn (mién xac dinh),
tap dich (mién gia tri); phuong trinh hay hé phuong trinh ham; cac diéu kién bod
sung cho ham sb (I6p ham). Tir ba thanh phan nay ¢ nhitng phan loai twong mng.
Phuong trinh ham trén N, phuong trinh ham trén R, phuong trinh ham trén Z* ...;
phuong trinh ham véi 1 bién tu do, 2 bién tu do, nhiéu bién tu do, phuong trinh
ham chuyén d6i cac gia tri trung binh ...; phwong trinh ham trén 16p ham kha vi,
phuong trinh ham trén 16p ham lién tuc, phuong trinh ham da thuc ...

bay la cac yéu t6 quan trong can xét dén khi giai phuong trinh ham. Piéu nay co
thé thay 10 qua vi du vé& phuong trinh ham Cauchy. Bai toan tong quat tim tat ca
cac ham s6 f: R > R thoa man phuong trinh f(x+y) = f(x) + f(y) voi moi x, y
thudc R, theo mot nghia nao d6 khong cé 101 giai, thé nhung véi nhitng gidi han
trén tap ngudn, tap dich, cac tinh chit ciia ham sé (don diéu, lién tuc, da thic ...)
thi phuong trinh nay gidi dugc tron ven.

Bai nay xét cac phu:ong trinh ham voi cac ham sé xac dinh trén N (hay Z, Q va céac
tap roi rac khac). Pé giai phuong trinh ham xac dinh trén mot tap nao do, ta phai
hleu 1d cAu trac va tinh chét cua tap hop d6. Dbi véi N, ta s& chu y dén nhiing yéu
t sau: cac phép toan cong va nhan trén N; N dugc sap thir tur; thir tw trén N 1a tot;
dinh 1y co ban cua s6 hoc vé phan tich mot s6 ra thira s6 nguyén td.

Thir ty trén N va phuong trinh ham

Vi du 1 Tim tit ca cac ham sd f: N* = N* sao cho
(a) f(2) =2;
(b) f(mn) = f(m)f(n) véi moi m, n thudc N*;
(c) f(m) < f(n) véi moi m < n.
(Putnam 1963)

Loi giai: Mot trong nhitng cong cu quan trong ta thuong st dung khi giai cac bai
toan trén N* 1a Nguyén Iy quy nap toan hoc. Cong cu don gian nay cho chung ta
mdt phuong phap hi¢u qua dé cong pha céc bai toan.



(1) f(1)=1(1.1)=f(OHf(1) = (1) = 1.

(1) f(4)=12.2)=12)£(2)=22=4.Taco 2 =12)<f(3) <f(4) =4. Tu
d6, do f(3) 1a s6 nguyén duong, suy ra f(3) = 3.

(i11))  Tuong tu nhu vay, do f(6) = f(2)f(3) = 2.3 = 6 nén tur day ta suy ra f(6)
= 6 va cling nhu trén, suy ra f(5) = 5.

(iv) Ta ching minh f(n) = n bang quy nap. That vay, gia st da c6 f(k) = k
v6i moi k < n. Xét k =n+1. Néu k chan thi f(k) = f(2)f(k/2) = 2.(k/2) =
k. Néu k 1¢ thi k+1 chin va fik+1) = f(2)f((k+1)/2) = k+1. Va tir bat
dang thirc k-1 = f(k-1) < f(k) < f(k+1) = k+1 ta suy ra f(k) =k.

(v)  Theo nguyén ly quy nap todn hoc, ta c6 f(n) = n voi moi n nguyén
duong.

Trong 10i giai trén, ching ta da st dung hai tinh chat quan trong 13 thir tu trén N*
va phuong phap quy nap toan hoc. Tinh chat k - 1 < f(k) < k+1 suy ra f(k) =k la
mdt tinh chat rat quan trong di dugc sir dung. Trong 101 giai trén, chung ta da st
dung hiéu qua ca ba diéu kién. Diéu gi s& xay ra néu ching ta lam yéu di mot diéu
ki¢n?

Vi du 2 Tim tit ca cac ham sé f: N* > N* sao cho
(a) f(2) =2;
(b) f(mn) = f(m)f(n) véi moi m, n thuoc N*, (m, n) = 1;
(c) f(m) < f(n) véi moi m < n.

Loi giai: Diém khac biét so v6i bai toan 1 chinh 1a ¢ diéu kién (b). Ching ta s&
khong c6 duge f(4) = f(2)f(2) = 4 nhu trong 10i giai trudc. Ching ta s& cd ging
chimg minh rang f(3) = 3, tir 6 suy ra f(6) = 6. T ddy, dung tinh chat 3 =f(3) <
f(4) < f(5) < f(6) = 6 ta suy ra f(4) = 4, f(5) = 5. Tiép tuc ta lai co f(10) = f(2)f(5) =
25=10valaisuyraf(7)=7,(8) =8, f(9)=9 ...

Nhu thé, diém mau chét 1a chimg minh f(3) = 3. Diéu nay c6 thé thuc hién dugc
bang cach sir dung ba tinh chat ¢ dé bai nhu sau:

f(3)f(5) = f(15) < f(18) = f(2)f(9) < f(2)f(10) = f2)f(2)f(5) = 4f(5)
Suy ra f(3) < 4, tir 46 f(3) = 3.

Néu ta thay doi diéu kién (a) thi chu ¥ 1a c¢6 thé xay ra truong hop phuong trinh
ham khong c6 nghiém. Ta xét vi du dudi day:

Vi du 3 Ching minh rang khong ton tai ham sb f: N* 2 N* sao cho
(a) f(2) = 3;
(b) f(mn) = f(m)f(n) véi moi m, n thuoc N*, (m, n) = 1;
(¢) f(m) < f(n) vo1 moi m <n.



Loi gidi: Gia st nguoc lai, ton tai ham sd f thoa mén cac diéu kién dé bai. Dat f(3)
= a. Sir dung bt ding thirc 2° <3*tacod 27 =1f(2)’ = f(2>) <f(3*) =f(3)2 = a°, suy
raa> 5. Mit khac talai c6 3’ <2’ suyraa’ <243 <343 =7’ tird6 a<7. Nhu
vdy ta phai c6 a = 6. By gio, chu y 3°=6"" <8192 =2", tir day 6" < 3" hay 2°
< 3% mau thuan vi 2* = 256, 3° = 243. M4u thuin nay chung to diéu gia st ban du
1a sai, tirc 1 két luan cua bai toan 13 ding.

Mit khac, o rang 1a ham sé f(n) = n’ thoa man cac tinh chét (b), (c) va diéu kién
f(2) = 4. B¢ nghién ctru thém vé van d¢ nay, chung ta hay xét cac bai tap sau:

Bai tap 1 Tim tat ca cac ham sb f: N* > N* sao cho
(a) f(2)=2;
(b) f(mn) = f(m)f(n) véi moi m, n thuoc N*;
(¢) f(m) < f(n) vo1 moi m <n.

Bai tap 2 Tim tat ca cac gia tri nguyén duong k sao cho ton tai ham s6 f: N* >
N* thoa man dong thoi cac diéu kién:

(a) f(2) =k;

(b) f(mn) = f(m)f(n) véi moi m, n thudoc N*;

(c) f(m) < f(n) véi moi m < n.

Trong tat ca cac vi du va bai tdp dd xem xét & trén, tinh don diéu cua ham sb f
dong mot vai trd quan trong trong 10i giai. Pé thdy rd hon tim quan trong cia tinh
chat nay, ta co thé chi ra rﬁng néu bo di tinh don diéu, s& co6 vo s ham sd thoa
man cac diéu kién (a), (b). Cu thé, st dung dinh 1y co ban cua s6 hoc n =
p pk , ta co thé cho £(2) = 2, f(p;) = q; voi i nguyén duong r01 thac trién ham

ak ak

sO fd01 v6i cac hop sb theo cong thuc fin) = q;*'...q* voin =p,*'...p™

Trong cac vi du trén, ching ta cling da su dung mét diéu kién quan trong, dugc su
dung mot cach rat ty nhién (1am chung ta nham tudng vé vai tro ciia nd). P6 chinh
1a diéu kién vé tap dich. Thuc su, néu khong c6 diéu kién nay, nhing 1y luan 2 <
f(3) < 4 suy ra f(3) = 3 s& khong thyuc hién duoc. Vi thé, bai tap dudi dy chic
chin s& gay kho khin cho nhiéu ngudi va vuot qua dugc nd, chung ta s& hiéu rd
hon dau 1a nhiing tinh chat quan trong dé giai dugc phuong trinh ham ban dau.

Bai tap 3 Tim tat ca cac ham s f: N* = [1, o0) sao cho
(a) f(2) =2;
(b) f(mn) = f(m)f(n) véi moi m, n thudc N*;
(c) f(m) < f(n) véi moi m < n.

Trong phan trén, chung ta da xem xét ing dung cua thtr tu trén N dé giai phuong
trinh ham. Cha y 1a trén Q, R va mdt so tap hop so khéc cling co6 thtr ty, do do cac
tinh chat da dugc st dung ¢ trén khong chi 1a thr ty, ma con 1a tinh “so phan ti



tiép sau” ctia N. Duéi day, chung ta s¢ xem x¢t ing dung cua mot tinh chat khac
cua N, do 1a Nguyen ly sap thir tir tot Cu thé mot tap con bat ky ctiia N thi c6 phan
tir nho nhat. Tinh chat trong c6 vé rat don gian nay thyc ra vo cung hiéu qua, va nd
tuong duong v6i Nguyén 1y quy nap toan hoc. Chung ta xem xét mot s6 vi du ap
dung

Vi du 4 Néu f: N* > N* 13 ham s6 thoa mén diéu kién
f(n+1)‘> f(f(n)) vé1 moi n nguyén duong,
chung minh rang f(n) = n v4i moi n thugc N* (IMO 1977)

Loi giai: Goi d 1 phan tir nho nhét trong mién gia tri cua f, tirc 1a

d =min { f(n): n € N*}
Theo nguyén 1y sap thir tu t6t, d ton tai va duy nhat. Goi m 1a gia trj sao cho f(m) =
d.Néum>1thitaco d= f(m) > f(f(m-1)), mau thuan. Vay m = 1. Nhu vay f(n)
dat gia tri nho nhat tai duy nhat diém m = 1.

Bay gio xét tap hop {f(n): n>2}. Taco thé chirmg minh tuong tu nhu & muc trude
1a gia tri nho nhat cta tap nay 1a f(2). Hon nita, f(1) < f(2) theo cach chon f(1). Cu
thé, néu f(1) = f(2) thi f(1) > f(f(1)) mau thuin. Piéu niy c6 thé lam tiép tuc dé
nhan dugc
f(1) <f(2)<f(3) ... <f(n)<... (1)

Chu y rang f(1) > 1. Piéu nay cong vai (1) suy ra rang f(k) > k v6i moi k nguyén
duong. Gia sir f(k) >k véi k nao d6. Khi d6 f(k) > k+1. Sir dung (1) ta suy ra rang
f(k+1) < f(f(k)). Nhung diéu nay mau thudn véi diéu kién dé bai. Nhu véy ta co
f(k) = k v&1 moi k nguyén duong.

Mot cach giai khac: Ciing nhu ¢ cach giai trén ta chimg t6 rang f(1) 13 gid tri nho
nhit cua tap {f(n), n € N*} va f(2) la gia tri nho nhit cia {f(n), n >2}. Néu f(1) >
1 thi ta ¢6 f(1) > 2 va do @6 f(f(1)) > f(2) theo tinh chat nho nhat cia f(2). Nhung
diéu nay mau thuan v6i diéu kién dé bai. Vay f(1) = 1. Bay gio ta xét g(n) = f(n+1)
— 1. Ta thay rang
g(g(n)) = g((f(n+1)-1) = f(f(n+1)) — 1 < f(n+2) — 1 = g(n+1).

Nhu vdy g thoa mén tat ca nhitng diéu kién ma f thoa man. Diéu nay ching to ring
g(1) =1 va vi thé f(2) = 2. Bang quy nap, ta chimg minh duoc rang f(n) = n voi
moi n.

Cic tinh chat so hoc ciia N va phwong trinh ham
Ngoai cac phép toan co ban va tinh thir tw, tp hop cac s6 tu nhién co6 nhiéu tinh

chat s6 hoc tha vi, vi du dinh 1y co ban cta sd hoc, cac van dé biéu dién sd
(additive number theory), su chia hét, phép chia Euclid ... Tat ca cac tinh chit nay



c6 thé tmg dung trong viéc giai cac phuong trinh ham. Chung ta xem xét mot sd vi
du minh hoa.

Vi du 5 Tim tat ca cac ham f: N > N thoa mén céc diéu kién

a) f(m? + n?) = fi(m) + f*(n) v6i moi m, n thuoc N

b) f(1) >0
Loi giai: Cho m = n = 0 vao phuong trinh ham, ta duogc f(0) = 2£*(0). Néu £(0) = 0
thi tir day suy ra f(0) = 1/2, diéu ndy mau thuin vi f nhan céc gia tri trong N. Vay
£(0) = 0 va diéu nay dan dén f(m®) = £1(m). Ta co thé viét a) dudi dang

f(m*+n?) = f%(m) + f*(n) = f(m?) + f(n?)
Ta ciing cha y rang f(1) = f(1*) = £3(1). Vi f(1) > 0 nén f(1) = 1. Tir ddy suy ra

f2) = f(1*+1%) = /(1) + (1) = 2;

f(4) = f2%) = £(2) = 4;

f(5) = f(2*+1%) = f(2) + (1) = 5;

f(8) = f(2*+2%) = f2(2) + f*(2) = 8.
Hon nira, ta thdy rang

25 =f(5) = f(5%) = f(3%+4%) = £(3) + £°(4) = £(3) + 16,
tur do suy ra f(3) = 3. Tu day ta lai co

f(9) = £(3° )= f2(3) 9;

f(10) = f(3°+1? )= f2(3) + f2(1) =10.
St dung dang thuc 7%+ 17 =5+ 5%, va da biét f(5), f(1), ta co thé tinh dugc f(7) =
7. Cubi cung, ta str dung dang thirc 102 6% + 8% dé thu dugc (6) = 6.

Nhu vay ta c6 f(n) = n v6i moi n < 10. Ta sir dung cac hing dang thic sau

(5k+1)* + 2% = (4k+2)* + (3k-1)%;

(5k+2)* + 1% = (4k+1)* + (3k+2)*;

(5k+3)* + 17 = (4k+3)* + Bk+1);

(5k+4)* + 2% = (4k+2)* + (3k+4)*;

(5k+5)* = (4k+4)> + (3k+3)%
Véi k > 3, ta thay rang cac s6 hang & vé phai nho hon s6 hang 16n nhét & vé trai.
Céc dang thire nay cho phép chung ta tinh f(n) theo cac gia tri cua f tai cac diém
nhé hon. Vidu véi k=2, tur dang thirc dau tién ta c6

f(11%+2%) = f(102+5 )
Tir d6 tinh dugc f(11) = 11. (Vi d biét f(2) =2, f(10) = 10, f(5) = 5.)

Vay ta c6 thé két luan rﬁng f(n) = n v&1 moi n thude N.

Bai toan dudi day cé thé giai duoc bang k¥ thuat trong tu. Bai nay dang trén
AMM nam 1999 va dugc nhi€u nudc su dung lam dé thi chon doi tuyén (Phap
2004, Ha N6i 2005, Viét Nam 2005)

Bai tip 4 Tim tit ca cac ham s6 f: Z 2 Z thoa man phuong trinh
fla’ + b’ + ¢’) = (a) + £(b) + £(c)



vOo1 moi a, b, ¢ thudc Z.

Vi du 6 Tim tit ca cac ham s £: N* > N* thoa man cac diéu kién
a) f'la toan anh;
b) m | n khi va chi khi f(m) | f(n) vé1 moi m, n nguyén duong.

Tuong tu nhu vay, voi cac phuong trinh ham trén Z, Q, ta can hiéu 10 cau trac cua
cac tap hop ngudn dé xay dung 10i giai. Dudi day ta xem xét mot s vi du vé cac
phuong trinh ham trén Q.

Vi du 7 Tim tit ca cac ham s6 f: Q > Q thoa min phuong trinh
f(x+y) + f(x-y) = f(2x)
v&i moi X, y thuoc Q.

Loi giai: Pay 1a mot vi du kinh dién.

Vi du 8 Tim tit ca cac ham s6 f: Q" > Q" thoa min diéu kién

a) f(x+1) = f(x) + 1 v6i moi x thudéc Q';

b) f(x’) = £(x) v6i moi x thude Q.
Loi giai: T b), cho x = 1 suy ra f(1) = 1. Bang quy nap, dé dang chirng minh
duoc réng f(n) = n v61 moi n thugc N*, hon ntra, f(x+n) = f(x) + n v61 moi n
nguyén ducmg Xeét x p/q. Ta ching minh réng f(x) x. That Vay, ta co

(x+¢*’ =x"+3(p/9)’q* + 3(p/a)q" + q° = x’+ (3p” + 3pq’ + q°)
O day, s6 hang ¢ trong ngodc 1a sd nguyén duong. Ap dung tinh chat a), va diéu
vira ching minh noi tren ta co

fi(x + q*)?) = f(x* + 3p* + 3pq’ + q°)) = f(x”) + 3p” + 3pq’ + ¢° (1)
Ap dung tinh chat b) ta c6 (1) co thé viét lal thanh

(fx) + ¢*)’ = £(x) + 3p” + 3pq’ + ¢°
Pay 1a mot phuong trinh bac 2 theo f(x). Giai ra, chii y rang f(x) > 0, ta dugc f(x)
=p/q =x.

Mot ki thuat hiéu qua khac dé giai phuong trinh ham 13 str dung diém bét dong.
Néu X 1a mot tap hop va f: X > X 1a mot anh xa thi diém x duoc goi 1a diém bat
dong cua f néu f(x) = x. Sy ton tai diém bat dong c6 thé gitip ching ta giai quyét
mot sb bai toan

Vi du 9 Tim tit ca cac ham s6 f: N > N thoa min phuong trinh ham
f(m+f(n)) = f(f(m)) + f(n), vdi moi m, n thudc N
(IMO 1996)

Hé dém co so va phuwong trinh ham



Bai toan phuong trinh ham trén N, trén mét phuong dién nao do, co thé coi 1a bai
toan Ve day s6. Vi vay, dudi day, ching ta xem xét mot s6 tmg dung ctia hé dém
co s trong cac bai toan day so.

Hé dém co s6 co thé dung dé xay dung nhiéu diy sb c6 tinh chat rat thu vi. Nhin
trén phuong dién cua mot co s6 khac, c6 thé rat kho nhan ra quy luét, nhung néu
chon ding co s thi bai toan trd nén vo cung don gian.

Xin nhic lai 13 voi b 1a mot s6 nguyén duong 16n hon hay bang 2 thi moi sd
nguyén duong N déu co thé biéu dién mot cach duy nhit dudi dang

N=a,.. ak(b)—alb +...+ta voi 1 <a1<b 1,0<a,, . ak<b 1.
D6 1a dinh nghia hé dém co sd dang co ban nhat. Tuy nhlen co the lay mot ddy s6
nguyén bat ky (co tri tuyét ddi ting nghiém ngit) 1am hé dém co sé vi du hé dém
co s (-2), hé dém co sb Fibonacci 3=4-2+1, 17=13+3+1..)

Céac hé dém thudng st dung nhat 1a hé dém co s6 2 va co sb 3. Duéi day ta xét
mot vai vi du:

Vi du 10 (IMO 1983) Chimg minh hodc phu dinh ménh dé sau: Tur tap hop 10° s6
nguyén duong dau tién luon co th}% chon ra mot tdp con gom 1983 so sao cho
khong c6 ba so nao lap thanh mdt cap so cong.

Loi giai: Ta ching minh ménh d¢é tong quat: Ttr 3" s6 tu nhién dau tién ludn co thé
chon ra 2n sb sao cho khong c6 ba s6 nao 1ap thanh mot cép $6 cong. That vay, xét
trong hé dém co sd 3 tip hop tit ca cac sd co < n chir s6. Chon cic sé ma trong
biéu dién tam phan ctia né chi chta chir s6 2 va chir s6 0. Khi d6 ¢6 2" s6 nhu vay
va khong c6 ba sd nao trong chiing 1ap thanh mét cip sé cong.

Vi du 11 (Singapore 1995) Cho diy s6 {f,} xac dinh boi

fl = 1, f2n = fn va f2n+1 = f2n+l.

(1) Tinh M = max{fl, cees f1994}

(ii) Tim tat ca cc gia tri n, 1 <n < 1994 sao cho f, = M.
Loi giai: Kinh nghiém mot chut ta thiy ngay f, chinh 1a tong cac chir sd cua n
trong hé dém nhi phan. Tir day do 1994 < 2048 =2'' suy ra M = 10.

Vi du 12 Day b {fa} dugc xac dinh bo1 ) =1, £, = 31, 5,41 = £, + 1. Hay tinh
f100-

Loi gidi: f, dugc xdc dinh nhu sau: Xet biéu dién nhi phan cta n rdi tinh gia tri
ctia s6 nhj phan nay trong hé tam phan. Vi 100 =2°+2° + 2% nén fio0=3°+3" +
3% =98l.

Vidu 13 Day s0 {a,} duoc xac dinh béi 0<a;<1,a,=2a,;nula,; <1vaa,
=2a, - | néu 2a,.; > 1. Hoi ¢6 bao nhiéu gia tri ag dé as = a.



Loi giai: Phan tich. Khi tinh a, theo a, ta c6 thé “lua chon® mot trong hai cong
thirc. TAt nhién, voi ag da chon rdi thi tit ca cac bude tiép theo déu xac dinh mot
cach duy nhit. Tuy nhién, ta c6 thé chon a, nhu thé nao d6 dé sau dé cac cong
thirc tinh theo dting kich ban da cho. Co 2° = 32 kich ban nhu vay. Vi du voi kich
ban(1,1,2,1,2)tacd

X1 = 2X, Xo = 2X; = 4X,, X3 = 2X, - 1 = 8x¢-1, X4=2X3 = 16X(-2, X5=2X4-1 = 32X(-3
Giai phuong trinh x, = x5 ta dugc xo = 3/31. TAt nhién, dé co6 dugec mét 1oi giai
hoan chinh, ta can phai 1ap luédn chat ché dé théy rﬁng cac xo thu duoc la khac nhau
va véi mdi x0 thu duge, diy sé s& “di” ding nhu kich ban da dinh. Tuy nhién,
phan tich ndy goi ching ta hudng dén hé nhi phan. Va ta c6 10i giai dep mat sau:

Néu ag =0,d,d,d;... 12 biéu dién nhi phan cua ag thi a; = 0,d,dsdy.... That vay, néu
2ap<1thi d;=0va a; =2a,=0,d,d3ds ... connéu 2a,>1 thi d,=1vaa, =2a,
-1= 0,d2d3d4...

Hoan toan tuong tu, a, = 0,d3dds...,..., as = O,d6d7d8... Nhu vay as = ag khi va chi
khi ao 1a phan sé nhi phan tudn hoan chu ky 5. C6 2° = 32 chu ky tuan hoan nhu
vdy, trong d6 chu ky 11111 cho ching ta a; = 1 (loai). Vay tat ca c6 31 gia tri a,
thoa man yéu cau dé bai. B6 1a 0,(00000), 0,(00001), ..., (0,11110). Tinh sang hé
thap phan d¢6 1a cac gia tri 0, 1/31, 2/31, ..., 30/31.

Vi du 14 Ham s6 f xac dinh trén tap hop cac s6 nguyén duong nhu sau
f(1) =1, f(3) = 3, f(2n) = f(n)
f(4n+1) = 2f(2n+1) — f(n)
f(4n+3) = 3f(2n+1) — 2(n).
Tim sb cac gia tri n sao cho f(n) =n, 1 <n < 1988.
(IMO 1988)

Diy s6 [on] va phwong trinh ham

Tu’()’ng tu nhu phan trudc, trude hét ta xét m6t s6 van dé ly thuyét vé diy sb [an].
Diy s6 dang X, = [na] c6 nhiéu tinh chat sé hoc thd vi. Neu a>1thi {[na]ins
la day cac s6 nguyén duong phan blet co su blen thién gan giéng mot cap sb cong
nhung lai khong phai 12 mot cip s6 cong. Day sé nay dic biét thu vi khi o 1a s6 vo
ti bac 2. Ta c6 mot két qua quen thudc sau day:

Pinh Iy: Néu o, B 1a cac sd vo ty duong thoa min diéu kién 1/ + 1/p =1 thi hai
day s6 x, = [no], y» = [np], n=1, 2, 3, ...1ap thanh mot phan hoach cua tap hop cac
sd nguyén duong.

Chung minh: Xét hai diy s6 o, 20, 3a, ... va B, 2B, 3B, ... Khong mot s6 hang
nao trong cac sd hang trén 1a s6 nguyén. Vi mdi sd nguyén duong N, c¢6 [N/o] s6
hang cta day thir nhat nam bén trai N va [N/B] s6 hang cua day thir hai. Nhung



N/o + N/B =N, vi o, B 1a cac sd vo ti, phan 1é cta cac s6 N/o va N/ 1a cac s6
duong c6 tong bﬁng 1 (do dang thuc trén). Suy ra c6 [N/a] + [N/B]=N-1 s6 hang
cua ca hai day nam bén trai N. Vi bén trdi N+1 c6 N s6 hang cua ca hai ddy nén
gitta N va N+1 ¢6 dung mot sé hang cia mot trong hai diy, tir d6 suy ra diéu phai
chuing minh.

Hai déy sd trén vét hét tap hop cac sO nguyén duong. Dleu nay cho ching ta mot
hudéng suy nghi: néu hai diy sd vét hét tap hop cac sd nguyén duong thi c6 kha
ning chiing s& c6 dang trén. Va nhiéu bai toan da dugc xay dung theo hudng nay.
Chung ta xét mot vi du

Vi du 15 (AMM) Gia sir {f,} va {g,} 1a hai diy sd nguyén duong dugc xac dinh
nhu sau

1) f1 =1

2) g.=na- | - f,, trong d6 a 1a s6 nguyén 16n hon 4,

3) £, 1a sd nguyén duong nho nhét khac cac s fi, b, ..., £, g1, 22, oes i
Chung minh rang ton tai cac hang s6 a, B, sao cho f, = [na], g, = [nf] v6i moi n
=1,2,3, ...

Loi gidi: Theo cach xay dung {f,,} va {g,} 1ap thanh mot phan hoach cua N*. Gia
str ta d3 tim duoc o, B thoa man diéu kién dau bai, khi do, ta phai c6 /o + 1/p =
1. Ngoaira, khindulonthi na-1=f,+g,~na+nf,suyraa+p=a. Vaya, B
phai 1a nghiém cua phwong trinh x* - ax + a=0.

Xét phuong trinh x* - ax +a =0 ¢6 hai nghiém a. < p. Via >4, a, B 1 cac s v6 ti.
Diay s6 {f,} va {g.} duoc xac dinh mét cach duy nhat, do d6 dé chimg minh
khang dinh cua bai toan, ta chi can chimg minh {[na]} va {[nf]} thoa mén céc
diéu kién 1) 2), 3).
Rérang [a] =1, [nB]=[n(a-a)] =na + [-na)] =na - [na] - 1 (do - na vo ti).
Gia st [na] =[mB] =k, dat no=k+r,mp=k+svoi0<r,s<1 thi
n+m=k(l/o+ 1/B) + r/a + s/P =k + r/a. + s/B,
diéu nay khong thé xdy ravi 0 <r/o + s/B < 1. Nhu vAy v6i moi m, n ta ¢6 [no] #
[mp].
Tiép theo,
[(n+1)a] = [na] + 1, [(n+1)B] 2 [nf] + 2> [na] + 1.
Cudi cung gia sir k 1a mot s6 nguyen bat ky va n =[(k+1)/a]. Néu n > k/o thi k <
na < ak+1)/o. = k+1 va [na] = k. Néu n < k/a thi
(k-n)B > kB - Bk/a = Bk(1-1/a) =k, (k-n)B <k - B((k+1)/a - 1) =k+1,
suy ra [(k-n)B] =
Tir cac nhan xét trén ta suy ra mdi sé nguyén duong k c6 mit trong diy sb dung 1
lan va hai ddy s6 {[no]} va {[np]} thoa man diéu kién 3) (dpcm).



Ghi chii: Trong 10i giai trén, ta da khong dung dén két qua cua dinh Iy & trén va
do6 cling chinh 1a mét cach chirng minh khéc cho dinh ly.

Vi du 16 Tim tat ca cac ham s h: N* 2> N* thoa méan diéu kién
h(h(n)) + h(n+1) = n+2 v61 moi n thugc N*.

Bai tap

1. Cho ham s6 f: N* = N* ting nghiém ngit thoa min diéu kién f(f(n)) = 3n.
Hay tim f(2001).

2. Tim tit ca cac ham s6 f: N* 2 N* thoa man diéu kién f(f(n)) = 2n voi moi n.

3. Chirmg minh rang ton tai ham sb f: N* = N* thoa mén diéu kién f(f(n)) = n® voi
moi n.

4. (Ba Lan 1997) Ham s6 f: N* © Z duoc xac dinh nhu sau
f(1)=0, f(n)=1f([n2])+ )" véimoin=2,3, ...
Véi moi s6 tu nhién k, tim sb cac gia tri n sao cho 2X<n<2va f(n) = 0.

5. Cho ham s f: [0, 1] = [0, 1] thoa mén cac diéu kién sau
1) f khong gidm;
i) f(0)=0, f(1)=1;
1) f(1-x) = 1 — f(x) v61 moi x thudc [0, 1]
v) f(x/2) =x/3
Hay tim
a) f(1/7), f(1/9), f(1/13);
b)* Néu phuong phap tim f(x) véi x bat ky cho trude.

6. Tim tit ca cac ham sd f: N* > N* sao cho
f(f(m) + f(n))=m +n
vOo1 moi m, n thudc N*.
(IMO 1988 SL)
7. Tim tit ca cac ham sb f: N > N sao cho
f(f(n)) + f(n)=2n+3
v&i moi n thudc N.

8. Tim tat ca cidc ham sb f: N* = N* sao cho
f(m + f(n)) = n + f(m+1)
v&i moi m, n thudc N*

9. Tim tat ca cac ham s f: Z 2 Z thoa man phuong trinh
f(m+n) + f(m)f(n) = f(mn+1)



v&1 moi s6 nguyén m, n.

10. Chirng minh rang khong ton tai ham sé f: N > N sao cho
f(f(n)) = n + 1987
(IMO 1987)

11. Hay xac dinh xem c6 ton tai hay khong ham sb f: N* = N* sao cho
a) f(1)=2;
b) f(f(n)) = f(n) + n v6i moi n nguyén duong;
¢) f(n) < f(n+1) véi moi n nguyén duong.
(IMO 1993)

12. Xét tat ca cac ham sb f: N* > N* thoa man diéu kién
f(m*f(n)) = n(f(m))*
v6i moi m, n nguyén duong. Tim gia tri nho nhat cta f(1998).
(IMO 1998)

13. Ham s f(n) xac dinh v&i moi gia tri nguyén duong n va nhan cac gia tri
nguyén khong am. Ngoai ra, biét rang
f(m+n) — f(m) — f(n) = 0 hodc 1,
f(2) =0, f(3) > 0 va f(9999) = 3333.
Hay tim £(1982)
(IMO 1982)

14. Tim tat ca cac ham s6 f: Z 2 Z sao cho voi moi sd nguyén x, v,
f(f(x) + y)) = x + f(y + 2006).
(CH Séc 20006)

15. Xét tat ca cac ham sb f: N* > N* thoa man diéu kién
f(xf(y)) = yf(x) v6i moi x, y nguyén duong.
Hay tim gia tri nho nhat caa f(2007).
(CH Séc 2007)

16. Ton tai hay khong mot song anh f tir N* vao N* thoa man cac diéu kién sau?
1) f(n+2006) = f(n) + 2006 v&1 moi n thudc N*;
ii) f(f(n)) =n+2néun=1,2, 3, ..., 2004
ii1) f(2549) > 2550.
(Thai Lan 2006)

17. Cho f1a ham s6 tir N vao N thoa man diéu kién
f(/f(n) —n[) + n < [f(n) —n[ + 1 ’
v&1 moi n thudc n. Chung minh rang phuong trinh f(m) = 0 ¢6 v6 s6 nghiém.



18. Cho f: N* - N* la mét toan anh va g: N* - N* la mot don anh sao cho véi
moi n nguyén duong ta c6 f(n) > g(n). Chimg minh rang f = g.
(Rumani 1988)

19. Cho f: N* > N* 1a mdt song anh. Chimg minh rang ton tai ba s nguyén
duong a, b, c sao choa<b <cva f(a) + f(c) = 2f(b).
(Concours general 1995)

20. Xay dung mot ham s f: Q2 Q" thoa mén diéu kién

f(xf(y)) = f(x)/y
v&1 moi X, y 1a s6 hitu ty duong.

21. Cho f: N* = N* sao cho
a) V&i moi a, b nguyén t6 cung nhau f(ab) = f(a)f(b);
b) V&i moi p, q nguyén tb, f(p+q) = f(p) + f(q).
Chung minh rang f(2) = 2, f(3) = 3 va f(1999) = 1999.
(CH Ailen 1999)

22. Chimg minh rang khong ton tai ham sb f: Z 2 Z sao cho v6i moi x, y nguyén
ta co f(x + f(y)) = f(x) —y. ’
(Cudc thi Toan Ao-Ba Lan 1997)

23. Tim tat ca cac ham sb f: Q+ > Q+ thoa man diéu kién f(x+1) = f(x) + 1 va
f(x*) = f*(x) voi moi x hitu ti duong.
(Ukraina 1997)

24. Chtrng minh rang ton tai mot va chi mot ham sé f: N* > N* sao cho v6i moi
m, n nguyén duong
f(m + f(n)) n + f(m+95)

Gia tri cia tong Z £ (k) bing bao nhiéu?

k=1

(IMO 1995 SL)

25. (Canada 1993) Cho v, v, y3 ... 13 ddy sb xac dinh boi y; = 1 va voi moi sd
nguyén duong k

Yak = 2Y2k Yakrt = 2Yactl, Yaweo = 2yo0 + 1, Yakes = 2Yok+1
Chung minh rang day sb vy, y», y3 ... nhan tit ca cac gia tri nguyén duong, mdi gia
tri ding mot 1an.

26. Gia st rang s, 1a day s6 nguyén duong thoa man diéu kién 0 < Sy - Sy - Sm <
K v6i K la mot s6 nguyén duong cho trude. Vi s6 nguyén duong N ¢6 ton tai cac
s6 thue ay, a,, ... ag sao cho



s, = [ajn] + ...+ [agn] v&i1 moi n=1,2, ...N?

27.Choa; =1, b; =2, c;=3.Goi S(n) la tap hop cac $b nguyén duong a;, b;, ¢; voi
1 <n. Xay dung a,, b, ¢, nhu sau:
a,:1 = sO nguyén duong nho nhat khong thudc S(n);
bus1 = s6 nguyén duong nhé nhat khong thudc S(n) va khac a,;
Cn+l = An+l + bn+1; B .
Goi di 1a day tang cac chi s6 n sao cho b,=a,+2. Chung minh rang
a) di/k 2 6 khi k dan dén vo cung
b) Néu B 1a s6 nguyén thi (di-6k)/2 =B vdi vo sb cac chi sd k.

28. (AMM) Céc day sb {a,}, {bn}, {c,} dugc xac dinh nhusau:a; =1,b; =2,¢, =
4 va

a, = s nguyén duong nho nhét khong thudce {ay, ..., a,.1, by, ..., byq, €1, ...y Cot }

b, = sb nguyén duong nho nhat khong thudce {ay, ..., a,1, ay, by, ..., by1, €1y woey Co1 }
¢, =2b, +n-a,.

Hay chtng minh hodc phu dinh ring 0 < n(1++/3) - b, < 2 véi moi n.
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