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Chu dé 3
CHUNG MINH BAT DANG THUC BANG PHUONG PHAP PHAN CHUNG
1. Kién thuc can nhé
a. NOoi dung phuong phap
Gia sur ta can chiing minh bat dang thic A >B. Tu tudng clia phuong phap la
ta hay giad st bat dang thic dé sai, sau dé van dung céc kién thic da biét va gia
thiét cla dé bai dé suy ra diéu vo ly. Diéu vo ly cé thé la trai véi gia thiét, hoac la
nhirng ménh dé mau thuan nhau, tir dé suy ra dang thirc can chirng minh la dang.
Cac buodrc suy luadn phan ching
Budc 1: Gid s diéu can ching minh la sai (pht dinh lai ménh dé can chiing minh).
Budc 2: Tu diéu gid st ta suy ra mot s6 tinh chat hoac quan hé mdai, ma nhiing tinh
chat nay mau thuan véi diéu da cho hoac trai v4i tinh chat ta da biét.
Budc 3: Ta két luan diéu gid sir ban dau la sai. Vay bai todn dugc chiing minh.
Chu y: Trong cac budc suy ludn phan ching néu trén, budc 1 radt quan trong
vi can tao ra ménh dé phd dinh diéu can chiing minh thuc su chinh xac.
b. M6t sé hinh thic chiitng minh bat dang thuc
+ DUng ménh dé dao.
+ Phua dinh roi suy ra diéu trai véi gia thiét.
+ Phu dinh réi suy ra trai véi diéu ding.
+ Pha dinh réi suy ra hai ménh dé trai ngugc nhau.
+ Phu{ dinh roi suy ra két luan.
c. Mot s6 dang thic va bat dang thic can nhé.

(a- b) +(b-ZC)2+(C- a) 0

T 2+p2+2-(ab+bc+a)=
+ (@1 +0b-1+(- 1 =0

+ (a- b)2+(b- c)2+(c- a)2 >0

2. M6t sé vi du minh hoa

Vi du 1. Cho a, b, c la cac s6 thuc bat ki. Chirng minh rang cé it nhat mét trong céc

bat dang thic sau day 1a ding: a*+b*> =2bc b’ +C >22ca C+a’ =2ab

Phan tich: Vi bai todn yéu cau ta phai ching minh cé it nhat mot bat dang thuc
dang, diéu nay cé nghia la khdng thé cé trudng hop ca ba bat dang thic trén cung
sai. Nhu vay ta chi can chirng minh ca ba bat dang thdc trén cling sai khéng thé xay
ra la dugc.

Loi giai
Gia sl ca ba bat dang thirc trén clng sai, tic |a ta c6 ba bat dang thic sau
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a’+b’<2bc b’+F<2ca A +a’<2ab

Cong theo vé& ba bat dang thic trén ta dugc
(@ +b?-2ab)+ (B2 + - 2bc)+ (@ +a- 2ca)< 0

Hay (a- b)2+(b- C)2+(c- a)2<0.

Diéu nay mau thuan véi bat dang thac (a- b)2 +(b- c)2 +(c- a)2 >0.

Vay diéu gid su trén khoéng thé xay ra, tic la bai todn dugc chidng minh.

Vi du 2. Cho céac s6 thuc &b c€(0 2) | ching minh rang cé it nhat mét trong ba bat

dang thic sau day la sai: a(2- b)>1 b(2- c)>1 c(2- a)>1

Phan tich: Vi bai todn yéu cdu ta phai chitng minh cé it nhat mot bat dang thic sai,
diéu nay cé nghia la khéng thé cé trudng hgp ca ba bat dang thdc trén cung ding.
Nhu vay ta chi can chitng minh ca ba bat dang thic trén cung ddng khéng thé xay
ra 1a dugc. Chd y & day ta c6 gia thiét @ b,c€(0 2) nén cé thé sir dung dén cac hiéu
2-3,2-b 2- C |3 cac s6 duong.
Loi giai

Giad sir ca ba bat dang thirc da cho déu ding, nhan ching véi nhau theo vé

vGi vé ta co
a(2- b).b(2- A)c(2- a)>1= al2- a).b(2- b).c(2- 0)>1
Mat khac do @€ (0 2) nén ta cé 2- a> 0. Do dé ta dugc
0<a(2-a)=2a-a* =1- (1- 2a+a?) =1- (a- 1) <1

Chdng minh hoan toan tuong tutacé 0< b(2- b) <1 0<c(2- ¢) =<1
Nhan theo vé& céc bat dang thic trén ta dugc
a(2- a)b(2- 0)c(2- ¢) <1
B&t dang thirc nay méau thuan véi bat dang thic a(2- a)b(2- b).c(2- o) >1.

Vay diéu gia st trén khéng thé xay ra, tic la bai todn dugc chdng minh.

Vi du 3. Cho a, b, c la cac s6 thuc thda man théa man céac diéu kién sau
a+b+c>0Gab+bc+ac>0 abc>0

Chdng minh rang ca ba s6 a, b, c déu la s6 duaong.
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Phan tich: Vi bai toan yéu cau ta phai chiing minh ca ba so a, b, ¢ déu la s6 duong,
diéu nay cé nghia la khong thé cé truong hop mot s6 nao dé khong duong. Nhu vay
ta chi can chirng minh moét s6 bat ki khong duong khéng thé xay ra la dugc.
Loi giai
Gia sir rang trong ba sé a, b, c cé mot s6 khéng duong, khéng mat di tinh téng
quét ta chon sé dé la a, tic la ta c6 a <0.
Viabc>0nén a #0,dodésuyra a<0.

Laicé a+b+c>0nén b+c>0, trday suy ra alb+c)<0

Theo gia thiét th& hai ab+ bc+ ca > 0 hay a(b+c)+bc>0 dandén bc> 0

Nhu vay ta dugc @ < G bc>0 yj thé ta ¢ abc < 0. Bat dang thdc nay mau thuan véi
giad thiét th( ba cta bai toan.
Vay diéu gia st trén khéng thé xay ra, tic la bai todn dugc chdng minh.

Vi du 4. Chitng minh rang khéng cé 3 sé duong a, b, c nao thod man ca 3 bat dang
thiec:
1 1

a+-_<?2 b+}<2 C+=-<?2
b C a

Phan tich: Vi bai todn yéu cau ta phai chiing minh khong ton tai ba sé duong a, b,
c dé ca ba bat dang thic trén déu dang, diéu nay c6 nghia la khéng thé cé truong
hop ca ba bat dang thic trén cung ding. Nhu vay ta chi can chiing minh truéng hop
ca ba bat dang thic trén cung dang khoéng thé x&y ra la dugc. Cha y céc bat dang

thdc trén [am ta lién tudng dén bat dang thirc Cauchy dang x +} >2.
X
Loi giai
Gia sUr ton tai ba s6 duong a, b, c thod man ca 3 bat dang thuc:
a+l<2; b+}<2; c+}<2
b C a
Céng theo ting vé& ba bat dang thic trén, ta dugc:

+ +

<6 (D

a+}+b+}+c+}<6©
b C a

1
bi
b

1
C+=
c

1
a+=
a

Vi a, b, c la cdc s6 duang nén theo bat dang thic Cauchy ta dugc

a+1 >2 b+1 >2 c+} >2
a b C
Céng theo vé ba bat dang thic trén ta dugc

1
C+=
C

1
a+=
a

+ b+% + >6 2
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Ta thay hai bat dang thirc (1) va (2) mau thuan véi nhau.
Vay diéu gia st trén khong thé xay ra, tic la bai todn dugc ching minh.

Vi du 5: Cho ba sé thuc a, b, ¢ d6i mot khdc nhau. Chirng minh rang ton tai it nhat

mot trong céc sé 9ab , 9bc, 9ac nhé hon (a +b+ c)z.

Phan tich: Vi bai todn yéu cau ta phai chiing minh ton tai it nhat mot trong ba so

9ab, 9bc, 9ca nhd hon (a +b+ c)z, diéu nay cé nghia la khéng thé cé truong hop ca
ba s6 9ab, 9bc, 9ca clng I6n hon (a +b+ c)z. Nhu vay ta chi can ching minh ba s6
9ab, 9bc, 9ca cung Ién hon (a+ b+c)2 khéng xay ra la dugc. Cha y céc dai lugng

9ab, 9bc, 9ca, (a+b+ c)2 lam ta lién tudng dén bat dang thuic
a’+b’+C =ab+bc+ca.
Loi giai
Gia s diéu can ching minh la sai, tlc |a ta c6 cac bat dang thic sau
9ab 2(a+b+c)2: 9bc 2(a+b+c)2; 9ca 2(a+b+c)2
Cong vé& vadi vé& ba bat dang thuc ta dugc
3(a+b+c) <9(@+bc+ca)e (a+b+c) <3(ab+bc+ca)
o a+b’+d <ab+bc+cae (a- b)2 +(b- c)2 +(c- a)2 <0 (1)
Theo bai ra a, b, c d6i mot khac nhau nén ta lai co

(@-b) +(b- J +(c-a) >0 (2)

Ta thay hai bat dang thirc (1) va (2) mau thuan véi nhau.
Vay diéu gia st trén khéng thé xay ra, tic la bai todn dugc chdng minh.

Vi du 6: Cho a, b, ¢, d 1a bén sé thuc duong bat ki. Chitng minh rang ba bat dang
thirc sau khéng thé cling xay ra:

a+b<c+d ()
(a+ b)(c+ d)< ab+cd (2)
(a+b)cd < (c+d)ab (3)

Phan tich: Vi bai todn yéu cau ta phai chlirng minh ca ba bat dang thirc trén khéng
clng xay ra tdc 1a cé it nhat mot bat dang thic sai, diéu nay c6 nghia la khéng thé
c6 trudong hop ca ba bat dang thic trén cung dang. Nhu vay ta chi can chiing minh
ca ba bat dang thic trén cung dang khong thé x&y ra la dugc.
Loi gidi
Gia s tén tai bén s6 duong a, b, ¢, d théa man ca ba bat dang thuec.
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TU bat dang thic (1) va bat dang thic (2) ta cé

(a+b)2 <(@+b)(c+d)<ab+cd
o cd>(a+b) - ab=(a- b) +3ab >3ab
= ad > 3ab (4)
Mat khac ta lai cé
(a + b)cd < (C+ d)ab
= (@a+b) cd<(c+d)(a+b)ab<(ab+cd)ab

= ab(ab+cd) > (a+b) od = 4ab.cd
= abl(ab + cd) > 4ab.cd
= ab > 3cd (5)

Ta thay hai bat dang thirc (4) va (5) mau thuan vdéi nhau.
Vay diéu gid st trén khong thé xay ra, tic la bai todn dugc chimg minh.

Vi du 7: Cho a, b, c la céc s6 thyc théa man diéu kién 32 + b2 + ab+ bc+ ca < 0-

Chiing minh rang: a?+b’ <

Phan tich: Pai luong 32 +b? +ab+ bc+ca lam ta lién tudng dén hang dang thic

(@+b+ c)2 —a2+b? + 2 +2(ab + bc+ ca). Nhu vay tir gid thiét cta bai toan d& cho ta
suy ra dugc gid thiét méi 2(a>+b’ +ab+bc+ca)<0. Vay néu a2+ b2 =&, thi ta

dugc bat dang thic méi a?+b2+E +2(ab+bc+ca)< 0= (a+b+c)2 < 0. R& rang

bat dang thic thu dugc la sai, do d6 ta nghi dén sir dung phuang phap phan ching
dé ching minh bai toan.

Ngoai ra, dé y bat dang thuc 2(a2 + b’ +ab+bc+ ca) <0va (a+b+ c)2 >0 ta

dugc bat dang thuc (a+b+c)2 >2(a?+b*+ab+bc+ca). Khai trién va thu gon ta
cling dugc g% + b? < &.
Loi giai
Gia s bat dang thirc can ching minh 1a sai, tlc 1a ta ¢ bat dang thic
a% + b? >, khi dé ta dugc

a+b+a+b2+2(@b+bc+ca)=a’+b’+ 2 +2(ab+bc+ca)

o 2@+ +ab+bc+ca)=(@a+b+c)
Két hop véi gia thiét ta cé
0>2(a+b* +ab+ bc+ca)z(a+b+c)2 = (a+b+c)2 <0
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Bat dang thirc cubi cung la sai. Vay diéu gia su trén khéng thé x&y ra, tldc 1a bai todn
dugc ching minh.
B&t dang thic trén cling ¢ thé chiing minh theo céach sau day:

Gia thiét cda bai toan tuong duong véi 2(a? +b? +ab+bc+ca)< 0
Ma ta luon c6 (a+b+ c)2 >0, do d6 ta dugc bat dang thic

(a+b+c)2 >2(a%? +b? +ab + bc+ca)
o a+b ++2(ab+bc+ca)<2(a?+b”)+2(ab + bc+ ca)-
e Cc>a +b’
Vay bat dang thirc dugc chiing minh.

Vi du 8. Cho hai s6 duong a, b théa man diéu kién 33 + p®> =a- b. Ching minh
rang:
a’+b’<1

Phéan tich: Quan sat gia thiét ta nhan thay a>b > 0 va hai dai lugng @’ +b%* a- b
khong déng bac. Do dé ta cé thé déng bac hai vé bang cach nhan thém 22 + p?. Vi
yéu cau ching minh a2 + b2 <1 nén két hop véi gid thiét ta quy bai todn vé ching
minh bat dang thdc a’+b*>(a- b)(a® +b’). Pén day ta cé thé sit dung phuong
phap phan ching hoac bién déi tuong duong dé ching minh bai toan.
Loi giai
TU gid thiét ta cé a > b > 0. Gid s bat dang thirc can ching minh la sai, tdc la ta c6
bat dang thic g2 + b2 >1. Khi d6 két hop vdi gia thiét ta dugc
a+b’ <(a- b)(@+P?) = a’+b® <a®+ab?- atb- b?
= ab’- a’b- 2b° 20« blab- a*- 20?) =0

Via>b>0néntacé alb-a)<0= a(b- a)- 20° < 0. Do d6 bat dang thic trén

khéng thé xay ra.
Vay diéu gia su trén khéng thé xay ra, tic la bai todn dugc chdng minh.
Bat dang thirc trén cling cé thé chimg minh theo céch sau day:
Tl gid thiét ta c6 a > b > 0. Bat dang thic can ching minh tuong duang véi
a®+b’>(a-b)(@+?) = a®+b’>a’ +ab? - atb- b’
= ab-a’+20’>0= a’-ab+2b°>0
Matacdéa>b>0nén g2- gb> 0 néntadugc 32- ab+2b* > 0.
Vay bat dang thirc dugc chirng minh.

Vidu 9. Cho a, b, c 1a cac s6 thuc théaman @ =4 b=5C>6 3 2.+ =9
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| Chtng minh rang: a+b+c>16 |

Phan tich: T diéu kién cla bién @ =4 b =5 =6 g& quy vé mot diéu kién ta cé
thé st dung cach dat bién phy @ =X+4 b =y +5 2z =C+6, khi 6 diéu kién cla bién
méila X% ¥, 2=0,

Gia thiét lGc nay dugc viét lai 1a X*+y* +Z° +12(x+y+z)— 4x- 2z =13 va
bat dang thdc can chiing minh trg thanh X+Yy+2z =1, T&r nhitng két qua thu dugc &
trén ta néu ta gia s X+Yy+2<1 thi ta thu dugc diéu kién 0=X V¥, Z<1 Knj g6 ta
cé

X2 +y?+2Z <X+Yy+2zZsuyra X +V+Z +12(x+y+2)- 4x- 22 < 13. Pén
day xem nhu bai toadn dugc gid quyét xong.
Loi giai
pata=x+4b=y+52z2=c+6 khidétacé X ¥ 2=0
Gid thiét lic nay dugc viét lai la
()<+4)2+(y+5)2 +(z+6)2 =0 X2+y2+Z2+12(x+y+2)- 4x- 22 =13
B&t dang thirc can chiing minh trg thanh X+y+z>1
Gia strton tai % ¥, Z=0, théa man diéu kién
X +y +Z +12(x+y+2)- 4x- 22 =13
Nhung bat dang thiic X+Yy+2Z =1 khéng ding. Tic latacéd X+y+z<1,
Khi d6 hién nhién c6 0=<X ¥, Z<1l nan x> <x; y? <y, Z <z
Suyra X’ +y’+Z <x+y+z. Twdétacé

B=xX+V+Z+12(x+y+2)- 4x- 22 <13(x+y+2)- 4x- 2z
513(X+y+z)<13

Hay 13 < 13, day la mot méau thuan. Vay diéu gia sur trén khbéng thé xay ra, tdc la
bai toan dugc chirng minh.

Vi du 10. Cho a, b, c la ba sé thuc bat ki thda man cac diéu kién sau:
abc =2015° va ab+bc+ca< 2015(a +b+ c)

Ching minh rang trong ba sé a, b, ¢ d6 c6 ding mét sé I6n han 2015.

Phan tich: T bai todn ta nhan thay khoéng thé cé truong hop ca ba so a, b, c cung
I6n hon 2015. Bai todn yéu cau ching minh rang trong ba sé a, b, ¢ d6 c6 diing moét
s 16n hon 2015. Diéu nay cé nghia la khong thé cé hai s6 16n hon 2015 ciing khéng
thé cé cd ba s6 cung khong 16n hon 2015. Nhu vay dé ching minh bai todn ta chi
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can chiing minh hai truong hgp nay khong xay ra la dugc. D€ y la khi so sdnh cac so
a, b, ¢ vGi 2015 ta thudng so sanh @- 2015 b- 2015 c- 2015 y4; 0.

Lai thay tir gia thiét ta dugc 2015(a+ b+ c)- (ab+bc+ca) > 0 nén ta duogc

P =(a- 2015)(b- 2015)(c- 2015) :2015[2015(a +b+c)- (ab+bc+ ca)} > 0.
Loi giai
Xét biéu thirc
P =(a- 2015)(b- 2015)(c- 2015)
—abc- 2015(ab + bc+ @) + 20152 (a + b + ¢) - 2015°
=2015[2015(a +b+c)- (ab+bc+ ca)] >0

Gia st khang dinh cla bai todn la sai, khi d6 sé cé hai trudng hgp
+ Truong hop thi& nhat ca ba sé a, b,c déu khéng I6n hon 2015, khi do6 ta co
a- 2015<0 b- 2015 <0, c- 2015<0

Suy ra P <0, diéu nay mau thuan vdi bat dang thuc trén.
+ Trudng hgp thi hai la c6 it nhat hai s6 16n han 2015, chang han |a a, b. Khi d6 ta
dugc

a>2015 b>2015 gyy rag @- 2015>0 b- 2015> 0,

P

4 s (a- 2015)(b- 2015) > 0= c- 2015 = >0
Do doé ta co ( ( (a_ 2015)(b— 2015)

Suy ra ¢ > 2015, dan dén gpc > 20153, diéu nay mau thuan véi gia thiét gpc =2015°.
Vay diéu gia st khéng thé xay ra. Do dé bai todn dugc chirng minh.

Vi du 11. Cho a, b, c la cdc s6 thuc thda man 32 + 2b? + 232 + b’ + 3a2b’c =9

Ching minh rang: ’abc‘ <1

Phan tich: Trudc hét ta nhan thay, néu mot trong ba sé a, b, ¢ bang 0 thi bai todn
dugc chirng minh. Nhu vay ta can phai chiing minh cho trudong hgp cé ba sé a, b, ¢
khac 0. D€ y tlr gid thiét ta thu dugc

22 2|2
a + 207 +22°C + b’ + 330’ =a? + O :zcz + 2[ b2+ 2 EZCZ] +3a’b’c
2112 2142
Ma ta lai c6 o +° :f + 2[ 7 + 2 Efz ] +3°°C’ 22[abd + 4labd + 3a7b’C’

Dén day ta cé thé sir dung phép phan chiing hoac phan tich thanh nhan t
dé chtng minh bai toan.
Loi gidi
Néu mét trong ba sé a, b, c bang 0 thi bai todn dugc chirng minh.
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Nhu vay ta can phai chiing minh cho trugng hop ca ba so a, b, c khac 0. TU gid thiét
ta thu duoc
a’b’c

bZ

a’b’c
.+.

b’ +
aZ

a’ +2b’ +2a°c + b’ + 3a’b’c =a’ + 2

|z

Gia sU bat dang thic can chiing minh la sai, tdc la ta c6 bat dang thic ‘abc] >1

Pat X :‘abc‘ >1= x*>1. Khi theo bat d&ng thic Cauchy ta c6

2
9 =a’ +2b’ +2a’c + b’c® + 3a’b°C =a° +X—2+2
a

2

b2+)l:§2 + 3x°

>a2+l+2 +3>9

a2

b2+b—12

Hay 9> 9, diéu nay la v6 ly. Vay diéu ta gid st la khong xay ra hay bai todn dugc
ching minh.
Ngoai ra ta cling c6 thé trinh bay nhu sau: Bién déi tuong tu nhu trén ta
dugc
a’b’c
+

9=a’+ 7 2| b* +

a’b’c
b2

] +3a°bC zz‘abc\ + 4‘abc\ + 33°b°C

Dat X :\abc{ >0 khi d6 ta dugc

9>6x+3x* & XX +2x- 3<0e (x-1)(x+3) <0 x <1.

Vi du 12. Cho a, b la cac s6 thic duong thoa mén a+ b =2. Chiing minh rang:

\36+\3/B <2

Phan tich: D€ bai toan don gian hon ta c6 thé thuc hién lam mat can béc ba bang

cach dat x =3a; y =¥b, khi d6 gia thiét cla bai toan trd thanh x* +y? =2 va ta can
ching minh X+y <2, D& y ta thdy X+Y <2 tuong duong Vdi (x+y)3 <8, khai trién

ta va s dung gia thiét ta dugc dugc XY(x+y) <X®+Y?. Nhu vay bat dang thic
cudi cung ludn ding nén ta c6 dugc bat dang thic can ching minh. Tuy nhién néu
X+Yy>2, v6i cach bién déi nhu trén ta thu dugc XY(x+y)>X>+VY° Ia mot bat
dang thdc sai. Do d6 ta c6 thé sir dung phép bién déi tuong duong hoac phép phan
ching dé giai quyét bai toan.
Loi giai
pat x =3a; y =3b, khi d6 gia thiét cla bai toan tré thanh x* +y® =2 va ta

can chiing minh X+y <2,
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Gia s bat dang thic can ching minh Ia sai, tdc la ta c6 bat dang thic
X+y>2,
Bién d&i tuong duong bat dang thic ta dugc
(x+y) >8= x*+y*+3(x+y)>8= 2+ 3xy(x+y)>8
= xy(x+y)>2e xy(x+y)>x +y’
Chia 2 vé& cho s6 duong X+ Y khi dé ta dugc bat dang thic
Xy >x2- xy+y? = 0> (x-y)

Bat dang thirc cubi cung la mot bat dang thic sai. Vay diéu ta gia sur la khéng xay ra
hay bai todn dugc chirng minh.

Vi du 13. Cho 25 s6 tu nhién 9y 9, :-+1 35 khac 0 thod man diéu kién:

S SR S

Chidng minh rang trong 25 s6 tu nhién dé ludn ton tai hai sé bang nhau.

Phan tich: D€ chiing minh trong hai 25 s6 tu nhién trén ludn ton tai hai s6 bang
nhau ta cé thé giad st 25 sé d6 khac nhau tung d6i mot, d€ dé bién déi ta nén sap

th( tu cho 25 s6 d6, chdng han 3, <@, <...<a,. Vi cach s&p th tu nhu vay ta sé

nhan duoc két qua 1a @, =1 a, =22 ..., a, =225 Khj dé ta c6

.. 11
R R R

! . . 1 1 1 Cpss .
Pén day ta chicanchira ——+—+ -+ — <9 |a bai todn dugc giadi quyét
J1 2 J25

+

1
e
V25

Loi gidi
Gia sur trong 25 s0 tu nhién @y 3y -:+1 35 khbéng c6 hai s6 nao bang nhau.

Khéng mat tinh t6ng quéat ta cé thé chon @ < a, <...<a, Khi d6 ta cé

1 1 1

<+ + .+

1 1 1
S tad B e E P < -
uy ra ta duogc \/a: \/g \/;25 \/i \/5 \/2—5

Mat khac ta chrng minh dugc
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i+i+...+i:1+i+i+."+ 2
V1 2 V5 T 22 23 7 205
<1+2 1

1 1
[\E+ﬁ+\@+\5+"'+7\/2_5+«/271
:1+2(\/§-\/1+\/§'\/§+ ...... + 25-\/2_4)

=1+2(v25- 1) =9

1 1 1
pPiéunay dantsi —+——*+ +——<9
Va Va,  a,
B&t dang thirc thu dugc mau thudn véi gia thiét cha bai toan.
Vay diéu ta gia st la khdong xay ra hay bai todn dugc ching minh.

Vi du 14. Cho 25 s6 tu nhién 9y Ay .-+ 85 khdc 0 thod man diéu kién:
1 + 1 + 1 ..+ 1
Ja, yJa, B

Chiing minh rang trong 2015 s6 ty nhién do6 lubn toén tai hai s6 bang nhau.

>89

Loi giai
Gia st trong 2015 s6 tu nhién 9y 3,r+++1 95 khong cé hai s6 nao bang nhau. Khéng
mat tinh téng quét ta c6 thé chon @, <@, <...<a,,.. Khi dé ta c6

a =L a =2 a =3.., a,, 22015

2015

1 1 1 1 1

e T ——

1 11
S tad + + +...t———=<-——F
et & e & fas V1 V2 V3 V201

Mat khac ta ching minh dugc

1 1 1 2 2 2
—t—+ ot =1t ——F— .
J1 P2 J2015 22 23 2./2015

1 1

1
[ﬁ+ﬁ+£+&+"'+dzol5+J2014
=1+2(V2- V1+/3- V2 +...+ V2015 - 2014)

=1+2(v2015- 1) < 89

<1l+2

‘D'A‘ N d'x t/- 1 + 1 + + 1 < 89
Ieu Nna an tol N e
’ Va e e

B&t dang thirc thu dugc mau thuan véi gia thiét cha bai toan.
Vay diéu ta gia st la khdong xay ra hay bai todn dugc ching minh.
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Vi du 15. Cho a, b la cac s6 thuc duong thda man 3% + b* < a3 + b3. Ching minh
rang:
a+b<?2

Loi giai
Giad sir bat dang thirc cdn chdng minh sai, khi dé ta c6 bat dang thirc a+b >2.
pat @ =X+1 b=y+1 hidéta dugc Xx+y =0
Xét hiéu hai vé cla gia thiét ta dugc
at+bt-a’- 0 =(1+x) +(1+y) - (1+x) - @+y)
=(x+y)+30¢ +y?)+30¢ +y?)
=(x+y)+30+y?)+3(x+y)(x*- xy+y*) =0
Hay a*+b*- a*- b’ >0
Ma ta lai cé a+b =2 do dé suy ra g* + b* >a® + b?. Bat dang thdc thu dugc tréi véi
gid thiét ctia bai toan.
Vay diéu ta gia st la khdong xay ra hay bai todn dugc ching minh.

Vi du 16. Cho a, b, c 13 cac s6 nguyén duong théa man a +b> = (1+ab).

Ching minh rang: a=>C va b=>c

Phan tich: Quan sat bai todn ta nhan thay vai tro cda a, b la nhu nhau, do dé ta chi
can chiing minh a >c, truong hop con lai hoan toan tuong tu. D€ tim maéi lién hé

cla a va c ta viét lai gid thiét 13 a*- C =b(ac- b). Do dé néu nhu a < C thi ta dugc
bst ding thic a’- @ =b(ad-b)<0e b>ac. Mit khic ta lai thay
b(b- ac) >b > ac. Nhu vay ta dugc 2- g%- a2 > 0, nhung do a, c la cac s6 nguyén

duong nén ta lai thu dugc G- a2 - ac = (1- a)- & <0, hai bat déng thic nay mau
thuan vdéi nhau, bai toan duoc giai quyét xong.
Loi giai
+ Trudc hét ta chéing minh a >c. T viét lai gia thiét 13 a>- & =b(ac- b).
Gia sir @ < C khi d6 ta dugc a@*- € =b(ac- b)<0e b>ac,

Ma ta lai thay b(b- ac) =b > ac.
Nhu vay ta dugc - a2- a2 > 0.
Ma do a, c 13 cac s6 nguyén duong nén ta dugc C - @ - ac = (1- a)- a* < 0.

Hai bat dang thirc nay mau thuan vdi nhau. Do dé khéng thé xdy ra a < C, tic la ta
c6 bat dang thicc a >cC.
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Hoan toan tuong tu ta chirng minh dugc b >c.
Vay bai toan dugc chirng minh xong.

Vi du 17. Cho a, b, c la cac so6 thuc duong théa man diéu kién a+b+c>abc.
Chiing minh rang 2 trong 3 bat dang thic sau la bat dang thac dang

z+§+926; Z+§+§Z6; Z+§+§Z6

a b c b c a cC a

Phan tich: TU cach phét bi€u bai toan ta uu tién lya chon phuong phap phan ching
dé chdng minh. Vi bai todn yéu cau ta phai chitng minh cé it nhat hai trong ba bat
dang thiec 1a ding, diéu nay cé nghia la khéng thé cé truding hop cé it nhat hai bat
dang thdc trén clng sai. Nhu vay ta chi can chdng minh trudng hop cé it nhat hai
bat dang thic trén clung sai khdng thé xdy ra 1a dugc. Cha y gid thiét va céc bat
1; y :1; ya :}. Khi d6é gid thiét tré thanh
a b C

Xy +yz+2zx >1 va cac bat dang thic la

2X+3y+62>6 2y+3z+6Xx =6 22+3x+6y =6

dang thdc ta cé thé dat x =

Loi gidi
bat x :%; y :%; Z :%. Khi d6 gia thiét trg thanh Xy +yz+2zX >1 va céc bat dang
thic |y 2X+3y+6z>=6 2y+3z+6x =6 2z+3x+6y =6

Ta can ching minh cé it nhat hai trong ba bat dang thic trén 1a ding.

Gia sr diéu can phai ching minh la sai. tic 1a c6 it nhat hai bat dang thic
trén khong dudng. Khdng mét tinh téng quéat ta chon 2X+3y+6z2>=6 2y+3z+6x =6
& hai bat dang thic bj sai, khi d6 ta dugc 2X+ 3y +62<6 2y+32+6x<6
Cong theo vé& hai bat dang thic trén ta dugc 8x +5y +9z < 12
1-yz
y+zZ

T Xy +yZ+2X =1 ta dugc X > , khi d6 ta cé bat dang thuic

8(1— yz)
y+2Z

+5y+Z <12« 8(1- yv2)+(y+2)(5y +9z) < 12(y + 2)
< 5y°+97 +6yz- 12y- 122+8<0
2 2
= (y+3z- 2) +4(y- 1) <0

B&t dang thirc cudi cung la mot bat dang thic sai.
Vay diéu gia s khong thé xdy ra, tic la bai todn dugc chirng minh.

Vi du 18. Cho a, b, c la cac so thuc duong thda man diéu kién abc =1. Ching minh
rang:
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1 1 1
+ + >1
J1+8 J1+80 J1+8&
- . 1 1- X \ .
Phan tich: bé y ta thay X = < a va vi a la sé thyc duong nén ta co

v1+8a ) 8x’

diéu kién 0 < x < 1. Nhu vay dé€ don gian héa bat dang thic can ching minh ta cé
o s i 1 1 1

thé do bién X =———, ¥ =, Z=—F7——,

V1+ 8a V1+8b V1+ 8c

Gia thiét dugc viét lai 1a 8x2y2.Z =(1- x*)(1- y?)(1- 2) va bat dang thic

khi d6 ta dugc 0<X y; z<1,

can ching minh 1a X+Yy+2z>1, Nhin gia thiét ta lién tudng dén moét bat dang thic
quen thubc 8xyz s(x+y)(y+z)(z+x), nhu vay ta can cach tim bién doi lam xuéat

hién cac dai lugng Xt Y, Y +4 2+ X Nhan thdy theo bat dang thic Cauchy ta cé

(X+y+2)2- X :(y+z){(x+y)+(x+z)} 22(y+2)\/(x+y)(x+2)

Nhu vay néu X+y+z=1thi 1- x? s(x+y+z)2- x?, lic nay ta dugc cac bat

dang thic ngugc chiéu nhau. Pén day mét cach tu nhién ta nghi dén phép phan

ching.
Loi gidi
Pat X = 1 Y = 1 zZ= 1
J1+8' 1+80 1+ 8¢
_oy2 2 _ 2
Suyraa=1 ’2(; b=t f;czl f,khidétaduqc O<xy, z<1

Vi abc =1 nén gia thiét duoc viét lai 1a 8x°.y2.Z =(1- x*)(1- y*)(1- Z) va bat déng
thdc can ching minh la X+y+z >1,
Gia s bat dang thirc cadn ching minh Ia sai, tlc la ta c6 bat dang thiic X+y+z <1,
Khi d6 ap dung bat dang thirc Cauchy ta dugc
1- 2> (x+y+ 2)2- X? :(y+z){(x+y)+(x+z)]
22(y+ z)\/(x + y)(x+ z)>0

Ap dung tuong tu ta c6
1- y* > 2(X+Z)\/(X+ y)(y+z) >0 1- 72> 2(x+ y)\](x+ Z)(y+z) >0
Nhan theo vé& céc bat dang thic trén ta dugc

gx2y 7 =(1- ¥)(1- y)A- 2)> (x+y) (y+2) (z+2)
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Hay 8xyz > (x + y)(y+ z)(z+x), ré rang bat dang thdc cudi cung la mot bat dang

thirc sai. Vay diéu giad st khéng thé xay ra, tdc la bai todn dugc chdng minh.
Mot sé vi du khac

Vi du 19. Cho a, b, c la cac s6 thuc duong théa man l+1 +} =3. Chung minh

a b c
rang:

\/a+b+\/b+c+\/c+a 23\/5

Loi giai
Pat x =va+b; y =vb+c; z=+c+a, khi dé ta dugc
2a=X"+Z-y, 2 =xX+y' - Z; 2= +y’- X°
1 1 1
+ +
2 + 72 - yz x2+y2- 22 Zz+y2_ X2
Bat dang thic can chiing minh 13 x +y + z 23\/5

Gia thiét dugc viét lai thanh zg
Gia sur bat dang thic can ching minh 1a sai, tic 1a ta ¢ x + y+2z< 3\/5
Ap dung bat dang thiic Cauchy ta dugc

3 1 1 1

= + +
2 X+Z7-Yy X+y' -7 Z+y-X

3
_g/(x2 +Z- V) +y - 2)Z2+y?- x2)

Mat khac theo mét bat dang thirc quen thudc ta lai cé

6

(+Z-y)X+y - 2)Z +y*- X2) <xy’Z < L;HZ <8
3 3 3

7 > = —
Do dé ta duogc i/(xz +Z2- )y - 2)Z+y- x2) g 2
Hay ta duogc l; > ;2)’ bat dang thic thu dugc la mét bat dang thuc sai.

Vay diéu gid s khong thé xdy ra, tic la bai todn dugc chirng minh.

Vi du 20. Cho a, b la cac s6 thuc théa man cac diéu kién sau:
-l<a+b<1 -1l<a+b+ab<x<l

Chiing minh rang: -2<3,b<2

Loi gidi
Vi vai tro cla a, b nhu nhau nén ta chi can chitng minh -2 <a <2. Viéc ching
minh -2 <b <2 hoan toan tuong tu.
Gia sir bat dang thiric -2 <a <2 la sai, khi d6 ta c6 a > 2 hoac a<-2.
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+ Xét truong hop a>2,khidétr -1<a+b<lsuyra b<l-a<l-2=-1,dodéta
dugc ab<-2 ma a+b <1 nén a+b+ab<-1 diéu nay mau thuan véi giad thiét th
hai cGa bai todn. Nhu vay truong hop nay khéng xay ra.

+ Xét tuong hop a<-2, khidétr -1<a+b<lsuyrab=>-1-a>-1+2=1,dodd
ta dugc ab<-2 ma a+b <1 nén a+b+ab<-1 diéu nay mau thuan vaéi gid thiét
th(r hai cda bai todn. Nhu vay truong hgp nay ciing khong xay ra.

Cac két qua trén ching té diéu gid st khéng thé xay ra, tic la bai todn dugc ching
minh.

Vi du 21. Cho a, b, c la cac s6 thic khong am thda man a+ b+ c >abc. Ching minh
rang:

a’+b’+c =abc

Loi giai

Né&u abc =0, thi bat dang thirc dugc ching minh.

Xét abc #0, khi d6 ta dugc @b.Cc>0. Gia sir bat d&ng thic cdn ching minh 13
sai, tcla a2+ + 2 <abc. Khidétacd apc>a?+b?+c > a2 hén bc> a.

Chdng minh tuong tu ta dugec P <ag c<ab

Todésuyraa+b+c<ab+bc+ca.
Mat khac ta lai c6 abc>a’+b’+C =ab+bc+ca= abc>ab+bc+ca
K&t hgp hai bat dang thic ta dugc abc > a+ b+ ¢, bat dang thic nay mau thuan véi
gia thiét cta bai toan.
Vay diéu gia sir khéng thé xay ra, tdc la bai todn dugc chdng minh.

Vi du 22. Cho a, b, c la cac s6 thuc duong thda man a+b+c :}+}+}.

a b c

Chdng minh rang: (@+b-c)(b+c- a)(c+a- b) <1

Loi giai
Bat dang thic ¢ tinh déi x(ing gilra cac bién, do dé khdng mat tinh téng quét ta gia
sita=>b>c,Khidéa+b-c>0vaa+c-b=0.
+ Néu b+c- a< 0, bat dang thdc hié€n nhién dang.
+ Néu b+c- a>0. Khinay tadat X =b+c-a y=c+a-bz=a+b-c,
2 2 2

+ + .

X+y Yy+2Z Z+X

Khi d6 ta viét lai gid thiét 1a X¥:2=0 va x+y+z =

B&t dang thirc can chiing minh trd thanh Xyz =1,
Ta chiing minh bat dang thic trén bang phuong phap phan chiing
That vay, gid st Xyz < 1. Khi d6 theo bat dang thic Cauchy ta dugc
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2 2 2 1 1 1
X+y+2z= + + < + +

Xty yrz z+x Jxy vz A=
Hay \/;+\/§+\/E > xyz(x+y+2), vi Xyz<1nén

\/;+\/§+\/E>X+y+2

Tuy nhién ciing theo bat dang thic Cauchy ta dugc \/; s%ﬂ, thiét lap cac danh

gid tuong tu ta cé

x+y+z+3>

> \/;+\/§+\/£>x+y+z:> X+y+z2<3

Mat khac x+y+z = 2 + 2 + 2 > ? = X+y+z2=3
X+Y Y+Z Z+X X+y+2Z

Mau thuan nay ching to diéu gia s trén la sai, do vay Xyz =1, Nhu vay bat dang
thac trén dugc chdng minh, ddu dang thdc xay ra khi a =b =c =1.
Nhé&n xét: Ta co thé€ su dung phuong phap phan ching theo huéng nhu sau
Gid st xyz <1, khi dé tir gia thiét cua bai todn suy ra
(x+y+z)2(xy+yz+zx) :2(x +y+z)+2(xy+yz+2<)+xyz(x +y+z)
Theo bat dang thirc Cauchy va két hop vdéi gia su ta lai ¢6
XY +YZ+2X =2 RIXYVZ >3 x+y+2>3
Do do
2(X+y+z)2(xy+yz+zx)
3
2(X+y+z)2(xy+yz+zx)
9
2(X+y+z)2(xy+yz+zx)

9
Céng theo vé a bat dang thuc trén ta dugc

(X+y+z)2(xy+yz+zx) > 2(x +y+z)+2(xy+yz+2()+xyz(x +y+z)
Piéu nay méu thudn véi dang thic trén, do dé diéu gig su la sai. Nhu vy bat dang
tharc trén duoc chdng minh.

>2(x+y+z)2

>2(xy+yz+2()

>xyz(x+y+2)

Vi du 23. Cho a, b, c la cac s6 thuc thda man dong thoi cac diéu kién sau:
a<b<ga+b+c=6Gab+bc+ca=9
Chu‘ngminhr\éng: 0<a<1,'1<b<3;3<C<4

Loi giai
TU gid thiét cla bai todn, ta suy ra
a’+b’+c :(a+b+c)2- 2(ab +bc+ca) =18

http://vnteach.com - Website tai liéu cho gido vién va hoc sinh



http://vnteach.com/
http://vnteach.com/

http://vnteach.com - Website tai liéu cho giao vién va hoc sinh

Mat khac, vi a, b, c la cac s6 duong cho nén

2 2
b+c 6- a
9:ab+bc+ca<a(b+c)+( ) :a(6- a)+( 2)
3a3
Hay -3a<0,trdésuyra O<a<4,dovay O<a<b<c
Khi dé 18=a’+bP+Z<ac+bc+ =c(a+b+c)=6¢. Suy ra c> 3.

Bay gio ta chiing minh c < 4. That vay, gid st ¢ >4 khi dé ta dugc 2 >4c, tu day
ta suy ra

(a+b) ,

2
6-
>( C) + 4c

18=a’+b*+C > c

Hayg- 2c<0e 0<c<4.Mauthuanvéi c>4,dovay c<4

Toddétacé 3<c<4
Cling trday tasuyra a<b<c<4.Tachiing minh a<1. Thatvay, gidst a >1
Khi dé ta dugc 1 <a<b<c<4, suyra

(a- D(a- 4) <0 (b- )(b- 4) <0 (c- V(c- 4)<o0
Hay a’<5a-4 b°<5b-4 A <5c-4
Cong theo vé ba bat ding thic trén ta dugc a’+b*+ <5(a+b+c)- 12 =18

Diéu nay mau thuan véi diéu kién g2 4+ p2 + 2 =18- Dodé a<1.Vay O<a<1.
Cudi cung ta ching minh 1<b<3

Thatvay,via<lva c<4,doddé b=6-a-c>6-1-4=1hay b>1

Ta can chiing minh b < 3.

Giastb>3, khidotacs (b-3)(c-3)=0

Hay bc>3(b+c)- 9=3(6-a)- 9=9- 3
Tu doé suy ra 9=ab+bc+ca=a(b+c)+bcza(b+c)+9- 3a
Hay a(b+c- 3)50

Danh giad cubi cung la mot danh gid sai do 3<c< 4. Vivay gid st b >3 la sai.

Do d6é b < 3. Vay tadugc 1<b< 3.

Nhu vay bai toan dugc ching minh xong. http://vnteach.com - Website tai liéu cho
giao vién va hoc sinh
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