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1. Giéi thiéu.

Céac ban than mén, rit nhiéu trong s6 cac BDT ma ta da gip c6 dau
déng thic khi cic bién s6 bing nhau. Mot vi du kinh dién la

Vidu 1: (BDT Cauchy) Cho z,y,z > 0 thi x +y + 2z > 3¥xy=z.

C6 thé néi s6 lugng BDT nhu vdy nhiéu d&€n ndi nhiéu ban sé thay
didu d6 1a ... hién nhién. T4t nhién, khong hin nhu vay. Tuy nhién, trong
trudng hgp ddng thic khong xay ra khi tat cd cac bi€n bing nhau thi ta
lai rat thudng roi vao mot trudng hgp khac, téng quat hon: d6 1a c6 mot s6
(thay vi tt c3) cic bi€n bing nhau. O day ching t6i dn ra mot vi du sé
dugc chiing minh & phan sau.

Vi du 2: (VMO) Cho z,y,2 € R, 22 + 4>+ 22 =9. Thi
20x+y+2)—zyz <10

)

Trong BDT nay thi ddu ”=" xdy ra khi z =y = 2,2 = —1 (va c4c hoidn
vi).



C6 thé nhiéu ban s& ngac nhién khi bi€t ring con cé nhiing bat ding
thic ma ddu ”=" xdy ra khi cidc bi€n déu khac nhau. Vi dy sau day ciing
sé¢ dugc chiing minh & phan sau.

Vi du 3: (Jackgarfukel) Cho a,b,c 1a 3 s& thuc khong am va c6 t6i da
mot s& biang 0. Thi ta ludn cé:

a b c 5
+ + < Va+b+
Va+b Vb+c Vet+a T 4 ¢ ¢

J day, ddu ding thic xay ra khi a = 3b > 0, ¢ = 0 (va cac dang hoan vi).
Céc ban c6 thé ty hdi la cic gia tri ching han nhu (3,1,0) c6 gi dic biét
ma lam cho ddng thiic x3y ra. Mot cach tryc gidc, ta thay dudng nhu diém
dac biet d6 13 do c6 mot bién bing 0. Vi gid thiét 13 cdc bién khong am,
nén bi€n bing 0 con dugc goi 1a bi€n cb gia tri trén bién.

Tém lai, trong cic BDT ma ta gip, ¢6 cac trudng hop dau =" xdy
ra rat thuong gip: d6 1a trudng hgp tat cd cic bi€n bing nhau (ta goi 1a "cuc
tri dat dugc tai tAm”), tdng quét hon 13 trudng hop c6 mot sd cac bién bing
nhau (ta goi 1a "cyc tri dat dugc c6 tinh d6i xting”), mot trudng hop khac
13 dau =" x4y ra khi c6 mot bi€n c6 gia tri trén bién (va ta goi 1a "cuc tri
dat dugc tai bién”).

Phuong phéap don bién duge dit ra d€ gidi quyé€t cac BDT c¢6 dang nhu
trén. Y tudng chung la: néu ta dua dugc vé trudng hop c6 hai bi€n bing
nhau, hodic 1a mdt bi€n c6 gia tri tai bién, thi sd bién sé gidm di. Do d6
BDT méi don gidn hon BDT ban diu, dic biet né€u BDT méi chi con mot
bi€n thi bing cich khio sit ham mot bién s6 ta sé ching minh BDT kha
don gidn. Chinh vi tu tudng 1a gidm din s& bi€n nén phuong phap nay dugc
goi 1a phuong phap don bién.

Bay gio ching toi sé trinh bay cdc ki thuat chinh cia phuong phap
thong qua cic bai todn cu thé. D6i tugng rat quan trong ma ching toi
mudn ban doc nim bit 1a cac BDT véi 3 bign s6. Sau d6, cic md rong cho
4 bién sé dugc trinh bay. Cudi cing, ching ta d€n véi cadc phuong phap
dén bi€n téng quét cho n bién s6, trong d6 ban doc sé cling ching toi di ti
nhiing k&t qud ”"cd dién” t6i nhiing cai ti€n nhd va sau d6 13 mot k&t qua
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hét stc tdng quat. Tinh thin xuyén sudt ctia ching t6i 1A muén ban doc
cam nhan dugc tinh ty nhién cta van dé. Qua dé6, cac ban sé Iy gidi dugc
"tai sa0”, d€ rdi ¢ thé ty minh budc di trén con dudng sing tao.

*Ghi chu: Ching t6i s&¢ danh dau cac bai todn theo tiing muc. Vi s6 lugng
cac dinh Iy 1a rdt it nén ching t6i khong ddnh dau. Ching t6i ¢6 ging ghi
tén tic gid va ngudn trich din d6i véi tat cd cac két qua quan trong, ngoai
trit nhiing két qua clia ching toi.

2. BDT 3 bién véi cyc tri dat dugc doi xing.

Xin phac hoa lai tu tudng cia ching ta nhu sau. Bai todn ctia ching ta sé
c6 dang f(z,y,2) > 0 v6i x,y, 2 1a ciac bi€n s6 thyc thda man céc tinh chat
nao day. Diéu ching ta mong mudn la s& c6 danh gid f(z,y,2) > f(t,t,2)
vSi t 13 mot dai luong thich hop tuy theo mdi lien hé gita z, v,z (ta sé
goi day 1a ki thuat don vé 2 bi€n bing nhau). Sau dé ching ta kiém tra
f(t,t,2z) > 0 d€ hoan tat ching minh. Luu ¥ ring n€u cic bi€n da duge
chuén héa thi budc cudi chi 1 bai todn véi mot bien.

Trong muc nay, ching ta sé¢ chi xem xét cdc vi du co bdn nhat.

Bai toan 1. (BDT Cauchy) Cho z,y, z > 0, chiing minh ring

T+y+z>3Y1yz

Loi giai:

ViBDT la d6ng bac nén bing cach chudn héa ta cé thé gid st z+y+z = 1
(*). Vi€t lai bai todn dudi dang f(z,y,2) > 0 v6i f(z,y,2) =1 — 2Txyz. Ta
th&y riing khi thay z va y bdi ¢ = 23 thi diéu kién (*) vAn bdo toan (tic la
vin c¢6 t +t+ z = 1), nén ta chi phai xem xét sy thay déi cta zyz.

Theo BDT Cauchy véi 2 bién (ching minh rat don gidn) thi zy < t%
nén xyz < t?z. Vay f(z,y,2) > f(t,t,2).

Cu6i cting d€ y 1a z = 1 — 2t nén ta cé:

fltt,2)=1—-27t"2 =1 —27t*(1 — 2t) = (1 +6t)(1 — 3t)* > 0

va bai todn ching minh xong. Ding thiic xdy ra khi # = y va 3t = 1, nghia
1a x =y =1/3, tuong duong véi z =y = 2.



*Nhan xét:

1) C6 thé nhiéu ban sé bé ngd véi cdch chudn héa & trén. Chiing téi xin

néi ro: khéng cé gi la bi dn & ddy cd. Néu thich, cdc ban hoan toan cé

thé chudn héa theo cdch khdc, chdng han gid sit xyz = 1 va chitng minh

flx,y,2) >0vdi f(x,y,2) =x+y+2z—3. Khi dé budc don bién sé la chitng

minh f(x,y,z) > f(t,t,2) vdi t = \/Ty. Dé nghi ban doc tw 1y gidi vi sao
T4y

trong loi gidi trén thi ta xét t = =¥ con & ddy lai xét t = \/xy, va sau do

hoan thanh chitng minh theo cdch nay.

2) Ban doc c6 thé thdc mdc: khéng can chudn héa duoc khéng? Cdu trd loi
la: dugc! That vdy, ching ta vin hoan toan cé thé xét bai todn f(x,y,z) > 0
vii f(x,y,2) =x+y+ 2z — 3/Tyz. Khi dé budc don bién sé la chiing minh
flzyy,2z) > f(t, t,z) vdi t = % hay t = \/zy déu dugc. Thic chdt, diéu nay
hoan toan dé hiéu, né chi la sw tuong ing gita BPT cé diéu kién va BPT
khong diéu kién (qua ki thudt chudn héa).

3) Chiing t6i nghi la cdc ban sé dong y rdng: néu mot bai todn da chudn héa
(titc la BPT c6 diéu kién) thi né sé ”goi ¥” cho chiing ta cdch don bién (phdi
ddam bdo diéu kién), tuy nhién, ngugc lai mét bai todn chua chudn héa (BPT
khong diéu kién) thi ching ta sé cé nhiéu cdch dé don bién hon (néi chung, ta
sé chon cdch don bién sao cho bdo toan dugc “nhiéu” biéu thitc nhdt trong
BPT - diéu nay ciing tuong duong véi chudn héa sao cho biéu thitc cé dang
don gidn nhdt). Do dé, mot sy phdi hop t0t giita ki thudt chudn héa va don
bién la mot diéu can thiét. Tuy nhién, khi dd quen véi nhitng diéu nay thi cdc
ban sé thdy khong cé su khdc biét dang ké nao giita chiing.

Bai toan 2. (BDT Schur) Cho a, b, ¢ > 0, chiing minh ring:
a® + b + ¢ + 3abe > a*(b+ ¢) + b*(c + a) + *(a + b).
Loi giai:

Xét f(a,b,c) = a®+ b3+ + 3abc — a®(b+c) —b*(c+a) — 2(a+b). Dit
t= %, ta hi vong: f(a,b,¢) > f(a,t,t). Xét

d= fla,b,c)— fla,t1) = [bm—%}(b—cf

Ta thay v6i a, b, ¢ 1a cic s6 khong am tuy y thi khong chic c6 d > 0. Tuy
nhién, n€u gid st @ = min{a, b, ¢} thita vin c6 d > 0. Khi d6 ta chi con phai
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chiing minh f(a,t,t) > 0. Nhung BDT nay tuong duong véi a(a — t)? > 0
nén hién nhién ding. Bai toan chiing minh xong.

*Nhan xét: Viéc gid sit a = min{a,b,c} la mot thii thudt rdt thuong dugc dp
dung dé don bién. Nhdc lai la néu BPT 3 bién doi xitng thi ta cé thé gid si
a <b<c(hodca>b>c) con trong truong hgp BPT 3 bién hodn vi vong
quanh thi ta cé thé gid sit a = min{a,b, c} (hodc a = max{a,b,c}).

Bai toan 3. Cho a,b,c 1a 3 s6 thyc duong c6 tich bing 1. Ching minh
rang:

1 1 1 6

S+ ————>5

a b ¢ a+b+c

Huéng dan:

Né&u nhu 2 bai toan ban diu la nhiing bai todn quen thudc, thi day la
mot bai toan khé. Véi kinh nghiém thu dugc ti bai toan 1, chiing ta c¢6 thé
nghi ngay t6i viéc don bi€n theo trung binh nhan dé€ khai thac gid thiét
tich ba s& biang 1. Mot 1i gidi theo hudéng d6 da duge ban Yptsoi (Pai Loan)
dua lén trén dién dan Mathlinks, ma sau day chiing t6i xin din lai mot cach
vin tit.

Ta ching minh duge f(a,b,¢) > f(a,Vbe, vVbe) néu gid st a > b > c
Tiép theo, ta chiing minh ring f(a, vbe, vVbc) > 5, hay la

1

f (—2,x,x) >5, véix = Vbe
x

BDT nay tuong duong véi (x — 1)%(22* + 42® — 422 — 2 +2) > 0. Vi biéu

thic trong ngodc thd hai duong v6i x > 0 nén chiing minh hoan tat. Ding

thiic xdy ra khi va chi khia=b=c=1.

Qua céc vi du trén, chiing ta da thay cich dén bi€n vé trung binh cong
va trung binh nhan that 13 hitu dung. Tuy nhién, cdc cach don bién 1a vo

cting phong phi va uyén chuyén. Vi du sau day minh hoa cho diéu dé.

Bai toan 4.(Iran 1996) Ching minh ring véi a, b, c > 0 thi:

1 1 1 9
(ab—l—bc—l—ca)<(a+b)2 + b+ o) + (c+a)2)2 1

Huéng dan:
Day 13 mot bai toan rat khé. Céc ban cé thé thay diéu dé qua su kién
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l1a dau ”=" dat dugc ngodi a=b=cconcé a="b, c — 0.

Céac ban nén thit d€ thay 2 cich don bién thong thudng 1a trung binh
cong va trung binh nhan déu din dén nhiing BDT v6 cing phic tap. Loi
gidi sau day lay tit ¥ cta thay TrAn Nam Diing, ma n€u nhin ki ban sé thay
duge méi tuong quan, khong chi trong tinh todn ma trong ci tu duy, cia cac
ki thuat chufn héa va ddn bi€n, ma chiing t6i da dé cap trong nhan xét 3)
ctia bai toan L

Vi BDT la dong bac nén ta c¢é thé gid st ab + bc + ca = 1 (¥). Bay gio
ta hi vong c6 dénh gid f(a,b,c) > 2 v6i f(a,b,c) la biéu thic thd hai cda
v& trai BDT cAn ching minh. O day ¢ phai thda méi lien hé & (%), nghia la
2+ 2tc = 1.

Bing cich gid st ¢ = min{a,b,c} ta s&¢ ching minh dugc f(a,b,c) >
f(t,t,c). Cudi cang, ta ki€m tra f(t,t,¢) > 3. (3 day ban doc c6 thé thay
¢ == vao BDT d€ thdy:

2t

(L= =30
w1+

f(t7 t? C) =
Bai todn chiing minh xong!

*Nhan xét: 0 budc cudi, cdc ban ciing cé thé khong chudn héa nita ma
quay lai BPT déng bdc:
2 1 9
o) (s ) >
Cr2)Grm w2
& (24 2te) (82 + (t+¢)?) =9t +)*? > 0 & 2tc(t—c)* > 0

Cudi cuing ching ta d&€n v6i mot vi du ma cyc tri khong dat tai tAm, mic
du BDT la doi xtiing. Céc ban sé thay ring, trong con dudng ctia ching ta
phan quan trong nhat 13 dén vé hai bi€n bing nhau, con sau dé thi cyc tri
dat tai tAm hay khong khong phai 13 diéu mau chot.

Bai toan 5. (VMO) Cho z,y, z 1a cac s6 thuc théa man: 2?2 + y% + 22 = 9.
Ching minh ring: 2(z +y + 2) — xyz < 10.
Loi giai.

bit f(z,y,2) = 2(x + y + 2) — zyz. Ching ta hi vong s& ¢ f(z,y,2) >
f(x,t,t), trong d6 t? = (y? + 2?)/2 (*) (ching t6i nghi ring bay gid ban doc
da ty ly gidi duge diéu nay). Luu ¢ 1a trong (*) t ¢6 thé nhan 2 gia tri, dé

6



dinh ¢y ta hay xét khi ¢t > 0.
Tacé: d = f(z,y,2) — flz,t,t) = 2(y + 2 — 2t) — x(yz — t?). Ta thay
ngay y +2z — 2t <0 vayz —t2 <0. Do d6 d€ c¢6 d <0 ta chi cAn z < 0.
Tu d6, ta gid st © = min{x,y,z}. Xét trudng hgp x < 0. Khi d6
ta don bi€n nhu trén va chi con phdi ching minh f(z,¢,¢) < 10. Thay
t=+/(9—122)/2 ta c6:

g(z) = f(z,t,t) = 22+ 24/2(9 — 22) — (9 — 2%) /2

Ta cé:
32 5 Az

/
g() 2 2 /18 — 222

Gidi ra ta thdy phuong trinh ¢'(z) = 0 chi ¢6 1 nghiém 4m 1a x = —1. Hon
niia ¢’ lién tuc va ¢’(—2) > 0 > ¢(0) nén suy ra ¢’ dGi dau tii duong sang am
khi di qua di€ém z = —1. Vay Vz < 0 thi g(z) < g(—1) = 10 va ta ¢6 didu
phai chiing minh. Trudng hop nay ding thic dat dugctaiz = -1,y = 2 = 2.

Phan con lai ta phai gidi quyét trudng hop = > 0, tic 1a 3 s6 z,y, z déu
duong. Lic nay dau BDT 1a thuc sy va ta chi cAn danh gid don gidn chd
khong phai thong qua don bién. Né&u z > 3/4 thi
3

27
f(w,y,2) =2 +y+2)—ayz < 2/3(2 + 2 + 22) = ()° = 2V2T— = < 10

Néu x < 3/4 thi

flx,y,2) = 2@ +y+2)—zyz < 2(v/2(y2 + 22)+3/4) <=2(V/18+3/4) < 10

Bai todn chiing minh xong!

3. Don bién bing ki thuat ham so.

Day 1a mot ki thuat rdt quan trong cia phuong phap don bién. Tuy
nhién ching t6i gi6i thiéu né ngay sau phan co badn nhat 13 nhim trang
bi cho cidc ban mot ki thuit cAn thiét trudc khi di qua cdc muc sau. Hon
nfia, chiing tdi nghi ring khi da quen véi né thi ciac ban s& khong con phai
phan biét cuc tri dat tai tAm hay tai bién, va do d6 muc ti€p theo sé nhe
nhang hon.



Trong $2 ching ta thay ring dé€ ching té f(z,y,2) > f(t,t,2) ta chi
viec xét hidu d = f(z,y,2) — f(t,t, ) rdi tim cach d4nh gi4 sao cho d > 0.
Tuy nhién, d6 1a vi dang BDT qua don gidn, pht hgp véi cac bién déi
dai s6. Gid st ta phai lam viéc véi bi€u thic f c6 dang, ching han, nhu:
flx,y,2) = 2% + y* + 2% v6i k > 0 thi cac cach bi€n ddi dai s s& trd nén
rat cong kénh va phic tap.

Ki thuat ham s ding d€ gidi quy&t cdc trudng hop nhu vay. Y tudng
chinh th& nay, ching han d€ ching minh f(z,y,2) > f(x,t,t) v6i t =
(y+2)/2, ta xét ham: g(s) = f(x,t+s,t —s) v6i s > 0. Sau d6 chiing minh
g ting v6i s > 0 (thong thudng diung cong cu dao ham rat tién lgi), suy ra
g(s) > g(0), Vs > 0, va ta sé& thu dugc diéu mong mudn. Mot trong nhiing
vi du quen thudc véi cac ban la don bi€n bing ham 161, tuy nhién dudi day
chiing ta s& quan sat ki thuat don bién trong bsi cdnh téng quat hon, con
van dé vé ham 16i sé dugc trd lai & mot muc sau trong bai toan véi n bi€n.

Chiing t6i nhan manh ring, day 1a mot ki thuat khoé, bdi né chita dung
nhiing nét rat tinh t& clia phuong phap don bién. Nhiing vi du sau day thé
hién rat r6 vé dep va stic manh ctia phuong phap don bién.

Bai toan 1. Cho k > 0 va a,b,c 1a cac s6 khong am va chi c6 t6i da 1
s6 biang 0. Chiing minh ring:

a b [N , 3
> 2, —
(o)t (o)t () 2 min{2, 2 (+)
Loi giai:
T4t nhién ta chi cAn chiing minh BDT khi 2 = 5 < k= 22 — 1 (cdc

ban hiy suy nghi tai sao BDT ding cho trudng hop nay lai ddn dén BDT
ding cho trudng hgp t6ng quat). Chi ¥ vSi k nhu trén thi ding thic xay
ra tai hai chd 1d @ = b = ¢ hodic a = b,c = 0 (va cac hodn vi).

Khong mat tdng quéat ¢6 thé gid st a+b+c=1vab>c > a Dat
t="Y<vam= %, suyrab=t+m,c=t—m,a=1-—2t.Khi d6 v& trai
BDT cAn chiing minh la:

_ (12t * t+m \" t—m \"
f(m)_( 21 ) +(1—t—m) +(1+m—t)

Viczanén?)t—l2m20,vé126+c:2tnén%ztzé

Ta s& khdo sat f(m) trén mién m € (0,3t — 1] véi t € [3, 3] 1a hiing 0.
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Ta cé:

/ . k‘(t + m)k—l - k‘(t B m)k—l
fi(m) = 1—t—m)F  (1+m— )k
Fm) >0 EMT (- m)

(1—t —m)kL = (1 +m — t)k+

< g(m) = [In(t —m) —In(t+m)] —

In(l—t—m)—In(l+m—1t)] >0

Ti&p tuc khdo sat g, ta co:

1 1 k41 1 1
g’(m)z—{ + }+ + [ + >0

t—m t+m 1—k|[1—t—-—m 1+m-—t
—2t k+1 2(1—1t)
& . >0 1
(t—m)t+m) 11—k (1—-t—m)(14+m—t)— (1)
, s kil n 2 , . N , .
Danh gid T > 2, do vay d€ chiing minh (1) ta can ching minh

—t 2(1 — )
2—m? (1—t)?—m?

s u(m) = —t + 4t* — 3t + 3tm* — 2m* > 0

>0 (1)

That vay, vi v/(m) < 0 nén u(m) > u(3t —1) =2(3t — 1)(2t —1)2 >0

Vay g(m) dong bi€n suy ra g(m) > ¢g(0) = 0 suy ra f'(m) > 0 suy ra

F(m) > f(0). Nhé lakhim=0thib=c=t
Cudi cung, ta cén ching minh A(t) == f(0) > 2. Viét lai:

o= (5 ()

Ta khéo sat h(t) trén mién ¢ € [0, 3]. Ta c6:

2kth1 ko(1—2t)!
Wiy == kA2
(1 _ t)k—i—l 9k tk+1
& R < [(1 —1)(1 = 2t)]F 1 (2)
Trong BDT cud6i, v& trai 1a ham ddng bi€n theo t va v& phai 1a ham nghich
bi€n theo ¢, va luu § 1a ¢ < 3 nén d&€ ching minh (2) ta cin:

2 (3) <io-pa- 2
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Bat dédng thic nay ding, nén h(t) nghich bié&n, suy ra

(t) 2 h(3) =2

Bai todn dugc gidi quyét tron ven!

Nhan xét: D¢ thdy duoc nét dep ciia bai todn nay, chiing téi xin ddn ra
mot s6 truong hop riéng ciia né, bdn thdn ching da la cdc bai todn hay va
duoc biét dén mot cdch rong radi.

1) Truong hop k =1, ta thu dugc BPT Netbit:

a n b n c 3
b+c c¢c+a a+b7 2

Pay la mot BPT rdt noi tiéng. Mot cdach chitng minh “kinh dién” la:
a b c a+b+c a+b+c a+b+c
+ + 3= + +
b+c c¢c+a a-+b b+ c a-+c a-+b
1 1
= b
(a+ +C)(b+c+c+a+a+b)
9 9
> (a+b+c) = -

(b+c)+(c+a)+(a+b) 2

2) Truong hop k = % ta thu dugc BPT sau:

a b c
A/ +4/ + 4/ > 2
b+ c c+a a—+

Pay ciing la mét bai todn rdt dep, trudc dday dugc biét dén nhu mot BDT
ngugc chiéu véi BDT Netbit. C6 mot loi gidi rdt don gdn, chi ding BPT

Cauchy:
a_ _ 2a S 2a
Vb+c 2 alb+c) at+tb+tc

3) Truong hop k > % ta c6 BDT sau:

(=) + (

a
b+c

a

b+c)k+(
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Pady ciing la mét bai todn rdt dep da dugc biét dén tir trudc nhu la mot
md rong cho BDT Netbit (né ciing ting duoc ddng trén tap chi THTT vdi tén
ciia tdac gid la Tran Tudn Anh). Tir két qud bai todn tong qudt, ta biét rdng
2/3 khong phdi la s6 t6t nhdt dé c6 gid tri nhé nhdt la 3/2F. Tuy nhién, no
la s6" t6t nhdt theo nghia cé thé dp dung BPT Cauchy theo cdch sau ddy. Dé
don gidn chiing téi trinh bay vdi truong hop k = 2/3.

b b 5/ b
a+b+c=a+ +C+ +0233 a( +C)2
2 2 2
Ny 2a )%> 3a
b+¢” T at+b+ec

Clng véi bai todn 1, bai toan sau day ciing 1A mdt trong nhiing vi du rat
dep cho ki thuat ham so.

Bai toan 2. Cho k > 0, a,b,c >0 va a + b+ c= 3. Ching minh ring:
3
(ab)* + (be)* + (ca)* < maz{3, (§)k} (*)
Loi giai:

Khong mat tdng quat c6 thé gid st b > ¢ (con viéc cho a = min hay
max thi tuy theo tinh hudng, ta sé¢ diéu chinh mdt cach "hgp li” khi can
thié&t).

Patt =2 vam =% suyrab=1t+m,c=t—m. Khi d6 v& trai BDT
cAn chiing minh tr§ thanh:

flm) = a*[(t +m)" + (t = m)*] + (£ —m*)"

Ta khéo sat f(m) trén mién m € [0,¢]. Ta cé:

fl(m) = ka®[(t +m)*' — (t — m)"1] — 2km(t? — m?)*!
f'(m) >0 g(m):=ad*[(t—m)" ™ —(t+m)'" % —-2m >0

TAt nhién ta chi cAn xét khi & > 1 (khi k¥ < 1 thi bai todn don gidn).
Ta c6:
g"(m) = d"k(k = D[t —m)™*" = +m)™] >0
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= ¢(m) ddng bi€n, do d6 c6 t6i da mot nghiem trén (0,¢). Vi g(0) =
0,9(t) = +00 nén chi c6 hai kha ning:

g(m) > 0 hodc g(m) =— 0+

Tuong Gng ta c6 f(m) dilén hodc f(m) di xuéng rdi lai di 1én. Trong trudng
hop nao thi cuc dai cing dat & bién do d6

f(m) < maz{f(0), f(£)}

Nhiclaiaim=0&b=c=tvam=t < c=0.
D& thay khi ¢ = 0 thi:

3 2k
) =20 < (3)
nén ta chi con phai xét trudng hgp con lai. Dit:
h(t) := f(0) = 2t*a® 4 2% = 2tF (3 — 2t)* + ?F

Ta cé:
W (t) = —4k(3 — 2t)" 18 4+ 2k(3 — 20)FpF ! 4 2kp*F !

3—2t\*'  /3-—2\"*
h’(t)20<:>—2(7) +(T) +1>0

Su(r) =2 =221 4+ 1>0v6iz = ¥
Ta c6: v/ (z) = [kx — 2(k — 1)]2"72. Vi v/(z) c6 t6i da mot nghiém trén RF
nén u(z) ¢ t6i da 2 nghigm trong R, trong d6 mot nghiém 1a z = 1.

Tu d6, ta sé gid st a = min{a, b, c}. Khi d6 ta chi viéc xét khi ¢t > 1 va
tuong tGng sé 1a z < 1. Vi u(z) chi ¢6 t6i da 1 nghiém trong (0,1) nén 1/ (¢)
chi ¢6 t6i da 1 nghiém trong (1, 3).

Luu ¢ 1a luu y 2/(1) = 0,#'(2) > 0. Do d6, chi ¢6 hai kha ning hodc h(t)
déng bién hodc h(t) c6 dang —0+. Trong trudng hgp nao thi A(t) cing dat
max tai hai bién, suy ra:

M(e) < maa{ 7(1), £)} = mae{3, (574}

N b\ . , 9. g '
va bai toan giai quyét xong!
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*Nhan xét: O day ching t6i khong gia thiét a = min{a, b, c} ngay tii dau la
mu6n nhadn manh ring: viéc ddn vé 2 bi€n bing nhau luén thyc hién duge
ma khong can thi tu sip duge gitta cac bi€n. Tan dung diéu dé, ching ta
c6 thé€ lam cach khac d€ né viéc khao sat bai toan 1 bién.

That vay, nhu trong chiing minh da chi ra, ta luon ¢6 BDT sau day ma
khong cAn gid thi€t gi vé thi ty cda a, b, c:

fla.be) < maz{(D)* fa, 2 2E0) )

Tu d6, v6i mdi a,b,c cd dinh, xét day sd sau: (ag,bo,co) = (a,b,c), va
Vn € Z* thi ta dinh nghia bing quy nap:

ban—2 + ban—2 bop—2 + bap_o
2 ’ 2

)

(azn—l, bzn—l, C2n—1) = (azn—z,

Aop— ‘l‘bn— Q2p— _l'bn—
(azn,bzn,czn)Z( 2 12 2 1, 2 12 2 1>C2n—1)

thi ta c6 ngay

f(a7 b7 C) S max{(g)zka f(an7 bn7 Cn)}7vn € Z+

o

Dé thay cac day {a,}, {b,}, {b.} déu hoi ty vé 1, nén chuyén qua gi6i han
ta c6 diéu phai chiing minh.

Ki thuat chuyén qua giéi han nhu vay cing kha ty nhién. N6 c6 thé
t6ng quat lén thanh 2 dinh 1y dén bi€n tdng quat 3 SMV va UMV ma
chiing toi sé gi6i thiéu & phan sau. Cing st dung tinh lién tyc cia ham s
nhung véi ki thuat khéc, ching t6i con dat duge 1 két qua téng quat hon.

Sau khi c¢é (¥), con mot cach khac d€ dat duge diéu phai ching minh
ma chi cAn st dung mot s6 hitu han 1An thay th&. Tuy nhién, d€ khéi tring
15p ching toi s& gidi thieu né trong muc BDT 4 bién (va cdc muc sau), khi
ma nd thuc sy cAn thiét.

h Con trong truong hgp 3 bién, ching t6i sé chi stt dung cich ti€p can don
gidn nhat (dén vé 1 bi€n rdi khio sat), nhim gitt duge tinh trong sing cla
tu tudng.

Chiing t6i hi vong ring, sau khi doc ki hai bai todn trén, thi cic ban c6
thé st dung ki thuat ham s6 d€ dén bién theo ciach bat ki, chit khong nhat
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thi€t 13 dén vé trung binh cong. Sau day 13 mot vi du cho ki€u dén bién
vé trung binh nhan.

Bai toan 3: (Pham Kim Hung)
a) Cho céc s6 thuc duong a,b, ¢ ¢6 tich bing 1. Ching minh ring:
(1) 81(1 + a?)(1 +b*)(1 + ) < 8(a+b+c)!
(ii) 64(1 +a®) (1 + b3 (1 + ) < (a+b+c)S
Loi giai:
(i). bt f(a,b,c) =8(a+b+c)* —81(1 + a?)(1 + b*)(1 + ?). Ta c6 thé gid
st a > b. Xét ham s8 g(t) = f(ta,b/t,c) véit € [\/b/a,1]. Ta co:
o b b b b )
g (t) =32(a t2)(ta+t—l-c) 81(a t2)(ta+t)(1—|—c)
Vit € [\/b/a,1] nén ¢'(t) > 0 néu:

32(d+¢)* >81d(1 +¢*) véid=ta+ %

Ta c6: 32(d+c)? > 32d(d? +2dc+3c?) > 32d(3v/d*c2 43¢?) > 81d(1+¢?)
(luu ¥ 13 d%c > 4)

Vay ¢'(t) > 0 véit € [\/b/a,1]. Do d6: g(1) > g(y/b/a). Vay f(a,b,c) >
f(s,s,¢) v6i s = v/ab. Thay s = 1/4/c ta dugc:
11 2 1

= f(—=,—&=,0) =8(—=+¢)' = 81(1 + =)’ (1 + ¢

f(s,s,¢) f(ﬁ,ﬁ,c) (ﬁ+6) ( +C)( + )
Je—1

C

= )(8¢” + 16c% + 24c" + 96¢? + 87c* + T8cF+

+99¢2 4 120¢2 — 21c + 94v/c + 47)
>0 (dpcm)

Ding thic xdy ra khi vi chi khia=b=c=1.
(i1) Bing cach lam tuong ty nhu trén, ban doc c6 thé ty chiing minh BDT
nay. O day ching toi xin luu ¥ ring BDT 1a thuc sy va 64 13 hiing s6 t5t nhAt.
Diéu cudi cling ma ching t6i muén néi véi ban doc, d6 1a ti viec nim
duge phuong phap dén viec van dung dugc né mot cach thanh thao 1a ca

mot qué trinh. Diéu cAn nhat 13 cac ban phai ¢6 § chi d€ thyc hién van dé
t6i nadi t6i chon chi diing bé d3 nida chiing, du phai d6i mit v6i nhiing tinh
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toan phtc tap. Ri thanh cong trudc mdi bai toin sé khi€n cic ban tu tin
hon. Chiing t6i din ra day mot bai todn ma cé thé 15i gidi ctia né sé khién
nhiéu ban "khié€p s¢”, tuy nhién chiing toi hi vong cac ban s& binh tam dé
thay dugc vé dep trong sing clia né 4n ding sau nhiing ki thuat tinh toan
lao luyén.

Bai toan 4. Cho a,b,c > 0, a +b+c = 3. Tim gia tri I6n nhat cta
biéu thiec:
ab n be n ca
34+c2 3+a®? 3+0b2

Loi giai:
Loi gidi sau day ctia anh Phan Thanh Nam.
Gid sia>b>c Dita=s+tb=s—tthi v€& trdi BDT cin ching
minh [a:
) = c(s —t) c(s+1) 52 — t?
J():= 3+ (s+1)? 34+(s—t)2 3+
Ta khdo sat f(t) trén mién ¢ € [0, 5 — c]. Ta cé:

() = —c 2c(s? — t%) N c N 2c(s? — t?) 2t
3+ (s+t)? B+ 3+(s—t)2 B+ (s—1)2)? 3+
_ dest N 8cst(s* — t2)(u + v) 2t
w u?v? 3+ c?
véiu=3+ (s+1t)%v=3+(s—1t)? (BDT (¥) sé chiing minh sau).
Vay Vvt € [0, s — ¢] thi:
2cs s 25(3 — 25) s
e e = 1
512 312 312 Tarpooep 9@ W)

<0,Vte (0,s—c) (%)

f(t) < f(0)

Xét g(s) vé6i s € [1,3]. Ta co:

J(s) = 24s — 12s* 18 — 245 — 65> 108(s” —3s+4)(s — 1)*(—s* — 3s + 6)I

_I_ =
(B+(B3—-25)2)2 (345 [3+ (3 —25)2)3 + s'T
DE thiy s> —3s+4 >0 va —s? — 35+ 6 = (YB3 _ §)(s + @) nén ¢'(s)

2
duong trén (1,s0) va am trén (sg, 2) v6i 5o == ¥3=3 = 1,372281323...
Vay Vs € [1, 3] thi:

1133 — 45

o (2)

9(s) < g(s0) =
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Trong (1) va (2), ddu "=" x4y ra ddng thdi tai t = 0 va s = sy, tic la
a=b=s9vac=3-—2s.

Vay gid trj 16n nhét cdn tim 1a 13345 — (0, 757924546..., dat dugc khi
a=b=Y3"3 —1 372281323....., c = 6 — /33 = 0,255437353...

D€ két thic, ta chiing minh BDT (*). Day 1a 1 BDT kha chit. Ta sé chi
ra véit € (0,s — ¢) thi:

4cs 1 . 8cs(s* —t?)(u +v) o !

— < 3) va
w 3+ (3) u2v? — 342

(4)

13 xong!

Chitng minh (3): Vic+2s =1va s > 1 nén cs < 1. Hon niia u =
3+ (s+t)>>4v=3+(s—1t)?>3+c* T db suy ra (3).

Chitng minh (4): Dung BDT Cauchy ta cé:

w0? = [[3+ (s + OF[3 + (s - 021 > 16(s> — £2), va

4cs—|—3—|—52—|—t2—|—3—|—02)3

2cs(u+v)(3+c?) =4es(3+ s +tH)(3+ %) < ( 3

Thay c=3—2s vao,luuy lat<s—c=3s—3 taco:

des +3+ 82 +12+3+ 2 <4(3—25)s+6+ 5"+ (35 —3)* + (3 — 25)°
=124 6(s— 1)(s —2) < 12

suy ra 2cs(u + v)(3 + ¢?) < 4%, Vay:

u2v? uv? 3+ c? =43 2 312

8cs(s® —t*)(u+v) A s —t? 2cs(u+v)(3+ ¢?) <. 1 43 1
va bai toidn gidi quyé&t xong!

4. BPT 3 bién véi cuc tri dat dugc tai bién.

Né&u nhu trong phin trudéc ching ta c¢6 thé hi€u ”don bién” 1a "ddy
hai bién lai gAn nhau”, thi trong trudng hgp nay ta phai hi€u ”dén bién”
nghia 13 ”ddy 1 bi€n ra bien”. Ching han nhu xét BDT f(z,y,2) > 0
v6i z,y,2 > 0, ta ¢6 thé hi vong vao danh gid f(z,y,2) > f(0,s,t), trong
d6 s,t 1a cic dai lugng thich hgp sinh ra tit cac bi€n a, b, c (ta sé goi day
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13 ki thuat don 1 bi€n ra bién). T4t nhién ta sé chon s,t sao cho hiéu
d= f(x,y,2) > f(0,s,t) [a don gidn va c6 thé danh gid thuan lgi. Cudi
cuing ta chi viéc kiém chiing (0, s,t) > 0.

Trudc hét, dé cac ban lam quen véi cich don bi€n "méi mé” nay, ching
toi xin trd lai mot vi du & phan trude.

Bai toan 1: (BDT Schur) Cho a,b,c > 0. Chiing minh ring:
a® + b + ¢ + 3abe > a*(b+ ¢) + b*(c + a) + *(a + b).

Loi giai:

Trong $2, bai nay da dugc gidi bing cach don 2 bi€n vé bing nhau. Tuy
nhién nhan xét la ngoai di€m a = b = ¢, ddng thic con dat tai a = b,c =0
(va cac hoan vi). Do d6, ki thuat dén bi€n ra bién vin c¢6 kha ning thanh
cong!

bit f(a,b,¢) = a® + b + ¢ + 3abc — a*(b + ¢) — b*(c + a) — *(a + b).

Ta hi vong s& ¢ f(a,b,¢) > f(0,a+b,c). Xét hieu:

d= f(a,b,c) — f(0,a + b, c) = ab(5c — 4a — 4b)

Nhu vay 1a ta khong thé c6 d > 0, cho du tan dung sy kién 14 a,b, c c6
thé dugc sip.

That didng ti€c! Tuy nhién, néu cic ban ding lai & day thi con dang
ti€c hon. Thay vi bd dg, ta hay xem lai vi sao khong thé c6 d > 0. Né&u
tinh ¥, cic ban c6 thé thay 1a f(a,b,c) s&¢ nhd di khi hai bi€n ti€n lai gin
nhau (d6 chinh 13 1§ do ma ta c6 thé don vé hai bi€n bing nhau nhu trong
$2), con & day khi thay bo (a, b, ¢) bsi (0,a+ b, ¢) thi "dudng nhu” céc bien
cang cach xa nhau. D6 chinh 13 1§ do cdch dén bi€n & trén that bai.

Tu d6, ta ndy ra y la thay (a,b,c) b3i (0,04 a/2,¢ + a/2). Xét hiéu:

d, = f(a,b,¢) — f(0,b4+a/2,c+a/2) =ala+ b—2c)(a+ c— 2b)
Diéu thi vi la ta c6 thé gid st d, > 0. That vay, diéu nay cing nhd viéc sip
thi ty nhung khong phai la gitia cic bi€n a, b, c ma 1a gifia cdc hiéu d,, dy, d.
(trong d6 dy, d.. 12 hai hiéu tuong ty nhu d,). Vi tinh d6i xiing nén ta c6 thé
gid st d, = max{d,,dy,d.}. Khi d6 n&u d, < 0 thi

0 > dudpd. = abe(b+ ¢ — 2a)*(c + a — 2b)*(a + b — 2¢)?
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va mau thuin!
Vay d, > 0 nén f(a,b,c) > f(0,s,t) v6i s =b+a/2,t = c+ a/2. Cudi
cling, ta thay

f0,8,t) =t + 8% —t2s—ts> = (t+8)(t—5)* >0
va chiing minh dugc hoan tat.

*Nhan xét: Mdc diu BDT Schur qud quen thudc, nhung cdch chitng minh
bdang don bién mdi chi dwoc chii ¥ gan ddy. Tuy nhién, néu nhu cdch don
vé hai bién bdng nhau cé vé khd "hop ly”, thi cdich don mot bién ra bién la
mot két qud thuc su bdt ngo. Tat nhién, chitng minh trén khong phdi la cdch
ngdn gon nhdt, nhung & day chiing t6i mudn nhdn manh dén su tw nhién ciia né.

Né&u nhu trong bai todn 1 viéc ap dung ki thuat don bi€n ra bién gay
bat ngd, thi trong bai todn sau né 1a mdt con dudng tat yéu.

Bai toan 2: (Hojoo Lee) Cho a,b,c > 0, ab + bc + ca = 1 (¥). Chiing
minh ring:
1 1 1

+ +
a+b b+c cHa

> 9
-2

Loi giai:
Bai nay ddng thic khong xdy ra tai tAm, ma taia = b= 1,¢ = 0 va cac
hodn vi. Xét modt trudng hgp rieng khi ¢ = 0, thi bai todn tré thanh:
N 1 1 1 5!
”Chitng minh rang: —+ -+ —— > —,vdiab= 1.
& & 4 + b + a+b =2
bit s = a+b thi diu trén tuong duong véi s+1 > 5 hay (2s—1)(s—2) >
0. BDT cud6i 1a hién nhién vi s =a + b > 2vVab = 2.
Vay bay gid ta chi cAn don mot bi€n vé 0 nita 1a xong. Cach lam sau
day 1ay ti ¥ ctia anh Pham Kim Hung trén Dién Dan Toan Hoc.
bat f(a,b,c) 1a v& trai BDT cin ching minh. Ta hi vong f(a,b,c) >

a,b,c)
fla+0, CL%rb,O) (chd ¥ 1a cach 14y nay nhim ddm bdo diéu kien (x)). Xét
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hiéu:

1
d= b, c)— b,——.0
fla,b,c) — fla+ s )
by oy a2
= - —+4a EE——
a+b a+1ajf§)b b+1aj:§)b a-+b a+b+a%rb
1 1 1

B R

It 110 1+ (a+0)

T d6 quy ddng lén ta thay d > 0 n&u 2(1 — ab) > ab(a + b)%. Né&u gia st
¢ = max{a,b,c} thi 2(1 — ab) = 2¢(a + b) > ab(a + b)?. Vay lic nay d > 0
va bai todn ching minh xong!

*Nhan xét:
1) Loi gidi day tién duoc dua ra trén Dién Pan Todn Hoc la ciia anh Phan
Thanh Nam, mt cdch chitng minh rdt ngdn gon. Bdt x = a + b+ c.

Néu x > 2 thi:

1 n ab S ot ab = flabo)> +1>5
=c c —— a,b,c)>x+—>—
a-+b a+b— a+b+c = x 2
Néu x < 2 thi gid sit a = max{a,b,c} ta cd:
ab ac 1
b,c) = — b
Flab,) = (4 0y 4 (b =) 4 o
1 a(l+ be) 1 5
= (b >94 = ==
( +C+b—|—c)+ axr +bc — 2 2

(luu ¥ la 2a(1 4 be) = 2a + 2abc > ax +be, vix <2va2a>1.)

Tuy nhién, nhitng 1oi gidi nhu vay khdng phdi dé dang nght ra. Vé loi gidi
bdng don bién & trén, mot lan nita chiing téi nhdn manh dén tinh ty nhién ciia
no.

2) Bai todn 2 la mét bai todn hay va thu dugc su quan tém ciia nhiéu ban.
Tuy nhién, cdc ban sé bdt ngo khi né chi la mét hé qud ...don gidn ciia mot
BDT quen thudc khdc. P6 chinh la BPT Iran 1996. Thdt vdy, vdi gid thiét
ab+ bc+ ca = 1 thi tir két quad ciia BDT Iran 1996 ta cé ngay:

S S
a+b b+c cH+a
1 1 1 4a+b+c) 9 25
(OH—b)2+(ZH—C)2+(c%—a)2+(oH—b)(lH—c)(c%—a)_4+ 4
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(lwuyla a+b+c=(a+b+c)lab+bc+ca) > (a+b)(b+c)(c+a))

Tir nhdn xét trén, ta nhd lai la trong $2, BDT Iran 1996 da dvoc gidi bang
ki thudt don veé hai bién bdng nhau. Tit d6 c6 hai cdu héi rdt ty nhién la, thit
nhdt: bai todn 2 & trén cé thé gidi bang cdch dén hai bién bing nhau khong,
thit hai: BPT Iran 1996 c6 thé gidi bing cdch dén 1 bién ra bién khong?
Chiing t6i dé nghi cdc ban tw gidi ddp hai cdu héi do.

3) Bai todn 2 lai dan dén két qud thii vi sau ddy, ma tdc gid la ban Zhao bin
(Trung Qudc)

"Cho x,y,z la cdc s6 thuc khéng dm va chi cé t6i da 1 sé bdng 0. Chitng
minh rdng:

1 1 1 10
2 2+ 2 2+ 2 22 2°
2+y? Y+ 24 (x+y+2)

2

Y~ 2

Bing hai bai todn "ci” & trén, ching t6i mudn ban doc c6 mdt cdm
giac d& dang d6i véi ki thuat don bi€n vé bién. Tuy nhién, trong hai bai
nay thi ki thuat ddn bai bi€n bing nhau vAn phat huy tic dung, do dé
khong khdi khé khin trong viéc thuyét phuc ban doc vé stic manh ctia ki
thuat dén bi€n ra bién. Do d6, ching t6i dAn ra bai toan sau day, cic ban
sé thay ki thuat don vé hai bi€n biing nhau hoan toan b€ tic, don gian vi
déng thic dat duge khi ... cic bi€n d6i mot khac nhau. Day cing 13 mot
trong nhiing vi du quan trong nhat ctia ki thuat don bi€n ra bién ma ching
t6i mudn trinh bay véi cac ban.

Bai toan 3: (Jackgarfukel) Cho a,b,c 1a 3 s6 thuc khong am va c6 toi
da mot s6 biang 0. Chiing minh ring:

a b c

5!
+ + °
Va+b Vb+c et+a 4

Loi giai:

Trudce khi tAn cong bai nay, ta cAn xem khi nio trudng hgp dau bing
xdy ra: d& thady a = b = ¢ khong thda, do d6 mot cach tu nhién ta nghi dén
trudng hgp bién: ¢ = 0. V6i ¢ = 0 thi BDT(¥) trd thanh

\/a“_ﬂ)m/z?g%/am (1)
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Chudn héaa+b=1. Tacd
Q)@l—b+v@§§¢>@@—1mfzo (dding)

Vay ding thic x4y ra khi a = 3b, ¢ = 0 (va cac hoan vi).

Nhu vay truong hgp ddu bing x3y ra khi cd ba bi€n rdi nhau, do d6 cac
phuong phap don vé hai bi€n bing nhau xem nhu khong con tic dung. Do
d6, ddn mot bién vé bien c¢6 thé xem 13 con dudng tat yé&u.

Khong mat tdng quét c6 thé gid st a = max{a,b,c} vaa+b+c=1.
Ditt =% vas=%suyraa=t+s,c=t—sb=1-2t Taco

t+s 1-2¢t t—s 5

Werrm i v =1 W

it f(s) = VT(1) véi s € [0,¢], ta s& ching minh f(s) < max(f(0), f(¢)).
Tacé:

fo) 1 ths 1o 1
s) = - -
Vs+1—t 2(s+1-=1)>%2 2(1—-t—s)32 /2
Vi chua xéc dinh dugc dau cida f/(s) nén ta dao ham ti€p
§ 1 3(t + s) 3(1 - 21)
fi(s)=—
(s+1—1)32  A(s+1—1)>2 41 —t—s)5/?
() — 9 15(t + s) 15(1 — 21)

As+1—1)52 8(s+1—1)72 " 8(1—t—s)7/2

C18+3s—33t  15(1—2t)
T U—t—s2 B —i—s) P
Vay f"(s) > 0 v6i moi s € [0,t] nén theo dinh Ii Rolle ruy ra f'(s) ¢6
t6i da da hai nghi¢m trén [0,¢]. Mit khic d& dang ching minh f/(0) < 0
va f'(t) > 0 do d6 f'(s) chi c6 thé d6i ddu t6i da mot 1an trén (0,t), hon
nia f(s) chi c6 thé c6 mot trong cac dang sau: f'(s) > 0,Vs € (0,¢) hodc
f'(s) < 0,Vs € (0,t) hodc f'(s) c6 dang — 0 + trén (0,¢). Tuy nhién trong
trudng hop nao thi f(s) cing chi ¢6 thé dat cuc dai tai bién.
Vay f(s) < max(f(0), f(t)) v6i moi s € [0,¢] nén ta chi cAn ching minh
BDT sau niia 1a xong:

>0, vib=1-2t>0

max(£(0), (t)) < 5/4
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Mu6n vay ta chiing minh 1an lugt cac BDT f(0) < 5/4 va f(t) < 5/4.
Viéc chiing minh hai BDT nay déu rat d& dang, nén chiing t6i d& nghi ban
doc ty kiém chiing.

H4n nhién cac ban déu ddng ¥ vé sy cAn thiét ctia phuong phap don
bi€n ra bién d6i véi bai todn 3. Tuy nhién, ¢6 thé nhiéu ban sé cho ring:
vi bai todn 3 khong d6i xting nén méi khong xay ra trudng hgp dau ”=" khi
c6 hai bi€n bing nhau. D€ phi dinh nhan xét d6, ching t6i két thic muc
nay bing cach din ra mot bai todn ctia anh Pham Kim Hung trén THTT:
Bai toan 4. Cho a,b,¢ >0, a + b+ ¢ = 3. Chiing minh ring:

(a® +0* + ) (a®b® + b°c® + *a®) < 36(ab + be + ca)
Loi giai:
Khong mat téng quét c6 thé gid st a > b > c. Dit
f(a,b,c) = 36(ab+ bc+ ca) — (a® + b° + ) (a®b* + b* + ¢ + *a®)

Khi d6 f(a,b+¢,0) = 36a(b+c) — (a® + (b+¢)*)a®(b + ¢)>.
Ta s& ching minh ring f(a,b,c) > f(a,b+ ¢,0). That vay, chi § ring:

36(ab + bc + ca) > 36a(b + c)

(a® 4+ 0> 4+ (@ + 0’ + Ea®) < [a® + (b + )% (b + ¢)®
(vitacd a® + 03+ <a®+ (b+¢)® va a®b® + b3 + a® < a3(b + ¢)?)
Do d6 ta chi cAn chiing minh bai toan trong trudng hop ¢ = 0, hay
36ab > a’b*(a® +b*) < 36 > a*b*(a® + b*)
Dat t = ab, bat ding thic ¢6 thé viét lai dusi dang #2(27 — 9¢) < 36 <
t3 + 4 > 3t%. Nhung day lai la BPT Cauchy cda ba s6 t3/2,3/2,4. Ding

thic x4y rakhic=0vaa+b=3,ab=2haya =2,b=1,¢c= 0 (va cac
hoan vi).
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*Nhan xét: Mot vi du nita, don gidn hon, cia cing tdc gid trén Dién Dan
Todn Hoc:
” Cho a,b,c> 0, a+b+c=2. Tim gid tri I[6n nhdt cia:

(a® —ab +b*)(b* — be+ ) (2 — ca+ a?).”

Bai todn nay khong khé va dé nghi ban doc tu gidi quyét.

5. BPT 4 bién.

Sau khi nim viing ki thuat ddn bi€n véi 3 s6 thi cac ban ¢ thé doc muc
nay mot cach nhanh chéng. Ching t6i chi xin luu ¥ dic tha cia truong
hop 4 bien: Khi c6 4 bién thi ta c6 thé dén bi€n theo ting cip, va c6 thé
chiing minh dugc ngay bai toan (ching han nhu BDT Cauchy). Tuy nhién,
thuan Igi nay thudng chi xudt hién trong cac bai toan khi don gidn. Da&i
v6i cac bai phic tap thi thudng ta chi dén duge 1 cap nhs thi tu sip duge
gitta cac bi€n. Sau khi dén dugc hai bi€n bing nhau (hoic ddn dugc mot
bién ra bién) thi ta chua c6 ngay BDT véi 1 bi€n, ma phai qua mot BDT
trung gian (2 hay 3 bi€n). Tuy nhién thuong thi cic BDT trung gian nay
kha d& dé€ c6 thé ching minh tryc ti€p hodc danh gia d€ quy vé 1 bi€n. Néi
chung, chiing t6i nhdn manh diéu cAn thi€t & day [a cac ban cAn quan sat
that ki mdi lien hé giita 4 bi€n dé€ c6 cach xi 1y thich hgp.

Ching ta bt dau véi mot vi du "kinh di€n” cho ki thuat don bién
v6i BDT 4 bién.

Bai toan 1. (IMO SL, Viét Nam dé nghi) Cho a,b,c,d >0, a+b+c+d = 1.
Chiing minh ring:
1 176
dab < — + —
abc + bed + cda + dab < 5 + 5 abcd
Loi giai:
Bai nay ddng thic xdy rakhia =b=c=d =1/4 hoica=b=c =
1/3,¢ = 0. Do d6, nhiing ddnh gid thong thudng rat dé roi vao bé tic.

bit f(a,b, c,d) = abc + bed + cda + dab — kabed véi k = 12—776. Ta c6:

fla,b,c,d) = ab(c+ d — ked) + cd(a + b)
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Tit d6, ta hi vong ¢6 f(a,b,c,d) < f(t,t,c,d) véit ==L Vi0 < ab < ¢

nén d€ ¢6 diéu nay ta cAn ¢+ d — ked > 0. O day rat may mdn 13 néu c6
diéu nay c6 diéu ngugc lai, nghia 1 ¢+ d — ked < 0, thi BDT ban d4u hién
nhién ding vi:

1

3—_
)_27

c+d+ (a+D)
3

fla,b,c,d) = ab(c+d—ked)+cd(a+b) < cd(a+b) < (

Vay ta c6 thé gid st 1a luon c6 f(a,b,c,d) < f(%E2, %L ¢, d). Luu § la ta
da thuc hién dugc viéc don bi€n nhu trén ma khong can bat ci gid thiét
phu ndo ap dit lén 2 bi€n a,b. Do d6 nhs tinh d6i xiing ta c6 thé dén 2
bi€n bat ki trong 4 bi€n vé bing nhau.

Tu d6, dat thém s = % ta co:

fla,b,e,d) < f(t, t,e,d) < f(t,t,s,s)= f(t,s,t,9)

t+s t+s t+st+s t+s t+s
S.f( ) 7t7$)§f( ) ) )
2 2 2 2 2 2

) = f(
va bai todn ching minh xong!

*Nhan xét:

1) Trong loi gidi trén, thuc chdt la cit mbi budc ta lai phdn ra 2 truong hop:
c6 mot truong hop thi dén bién duoc va mot truong hop ma BPT hién nhién
diing. Do do, loi gidi khong khéi cé phan réi rdm. Ban doc nén trinh bay lai
bdng cdch phdn chitng (gid sit cé (ag, by, co, do) sao cho f(ag, by, co, dy) > 2%)
sé gon gang va chdt ché hon. M{t cdch khdc la gép cd hai truong hop lai:

a+b a+b

f(aabacad) Smax{%?af(Ta 2 7C7d)} (1)

2) dJ ddy con cé mot cdch nhin nita, thoat nhin thi khong khdc mdy y & trén
(thdm chi ¢é vé dai dong hon), tuy nhién ddy la mot ki thudt rdt cé ich. Y
tuéng nay Idy tiv anh Phan Thanh Nam va anh Pham Kim Hing trén Dién Pan
Mathlinks.

Nhdc lgi la f(a,b,c,d) = ab(c+ d — ked) + cd(a + b). Ddt g(x) = ab(c +
d — ked) + cd(a + b) thi g la ham tuyén tinh, va ab € [0,t%] (vdi t = “£) nén
g(ab) < max{g(0),9(t*)}. Chi y g(0) = f(0,a +b,c,d). Vay ta cé:
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V&i cdch viét trong BPT (2) & trén thi viéc cuc tri dat tai tdm hodc tai bién

N A NE . N . 1

la rat ro rang. 7That ra, trong bai todn nay ta cé ngay f(0,a +0b,c,d) < 5=

va cé thé chuyén (2) vé (1). Tuy nhién, vdi cdc bai phiic tap thi dang (2) sé

16 ra rdt cé ich, ddc biét la trong ki thudt don bién téng qudt cho n sé ma
chiing t6i sé trinh bay & phan sau.

3) Cdc ban hdy tu gidi quyét bai todn tuong tu sau ddy ciia Nguyén Anh
Cuong.

"Gid sit x,y,z,t la cdc s6 thuc khéng dm théa man v + vy + 2z +t = 4,
chitng minh rdng:

3(x? +y* + 22 +tH) +dayat > 16 7.

Ching ta ti€p tuc véi 1 bai toan ma trong dé cac ki thuat don 2 bién
bing nhau 13 thyc sy r6 rang.

Bai toan 2. (Phan Thanh Nam) Cho a,b,c,d 1a cic s6 thuyc khong am
c6 t6ng bing 4. Ching minh bing:
abc + bed + cda + dab + (abe)® + (bed)? + (eda)? + (dab)? < 8
Loi giai:
Loi gidi sau day cia tac gid bai todn. Dat f(a,b,c,d) 1a VT BDT cin
ching minh. Ta cé:

f(a;_baaT_l_baad) _.f(aabacad)
— _ 2
= (a b)z(c—l— d) + (a b)z[(a i b)2 + ab)(¢® + d*) — (a—bf Ad?
2 2 2 2
> (a g b)z(c + d + 4abed — 2¢%d?)
Vay néu ¢+ d + dabed > 2¢%d? thi f(%2, 222 ¢,d) > f(a,b, ¢, d).
Tagid st a > b > ¢ > dthitheo trén ta c¢é: f(x,x,¢,d) > f(a,b,c,d) v6i
x = “T“’ Tuong ty, ta xét: f(x,z, %, %) — flz,z,c,d).
Néu 2z + 4z%cd > 22* thi f(z, 2, 22, 24) > f(z,2,c,d). Va ta chi cin

ching minh f(z,z,y,y) <8 v6i x + y = 2. Diéu nay don gidn.
N&u 2x + 4x%cd < 22* thi ta danh gia ti€p: 2zed + 22%c2d? <= 22* nén:

f(z,z,¢,d) = 2*(c+d) + 2zed + 20°d® + 24 (P + d°) > 2*(c+d) + 2*(c+d)?

25



va do 2%(c +d) < (4/3)3 nén f(z,z,c,d) <= (4/3)3 + (4/3)% < 8. Bai
todn ching minh xong!

*Nhan xét:

1) Vé diéu kién c + d + 4abed > 2c2d? dé don hai bién a,b bdng nhau, ta
thdy chi cdn ab > cd la di.. Piéu dé cé nghia la néu gid sita > b > c > d
thi ta c6 thé don hai bién bdt ki trong 3 bién a,b,c vé bdng nhau (hon nita
néu 2 bién chua bing nhau thi BDT & ddy la thuc su, nghia la sau khi don
bién thi ham f sé tang lén mét dai luong > 0). Liéu diéu dé cé din dén:
fla,b,c,d) < f(t,t,t,c) voi t = %b“ hay khong?

R6 rang, néu gid sit f dat cuc dai tai (a,b,c,d) thi theo dé ta phdi cé
a=0b=c. Trén Dién Pan Mathlinks ban Zhao Bin dda cé mét 1oi gidi vdi ¥
tuéng dé. Tuy nhién, viéc ton tai cuc dai ciia ham f (vdi 4 bién) khong phdi
la chuyén hién nhién (mdc dit né rdt ré rang vé mdc tryc gidc).

Mot ¥ nita, la bing cdch don bién lién tiép gita 3 bién a,b,c ta cé thé
diing day sé’ dé chuyén qua giéi han va diua vé 3 bién bang nhau. Nhung mot
lan nita, mdc dit ré6 rang vé mdc truc gidc nhung cdch lam trén khéng phi
hop vdi cdch tiép cdn so cdp.

Tuy nhién, trong bai todn 3 ngay bén dudi day chiing toi sé cung cdp cho
cdc ban mét cdach lam hét sic thii vi dé chuyén vé 3 bién bang nhau trong
nhitng truong hop nhu vay.

2) Néi thém vé bai todn 2. Bai nay khéng khé va theo 10i tdc gid bai todn
thi né duoc ddt ra dé gidi quyét bai todn sau ddy ciia anh Pham Kim Hing:
”Chitng minh rdng vdi 4 sé khéng dm a,b,c,d cé tong bing 4 thi:

SRR S S R
5—abc 5—bed 5 —cda 5—dab

bdng cdch sit dung bo dé sau day:
"Cho 4 56 x; > 0 théa man: Z?Zl(xi + 2?) < 8va x; +x; < 3 Vi # j. Thi:

1 1 1 1
+ Sl-”
5—1’1 5—1’2 5—1’3 5—1’4

B6 dé nay rdt thii vi nhung né khdng ndm trong pham vi dén bién ciia
chiing ta. Tuy nhién, c6 mot cdu héi la ligu cé thé gidi quyét bai todn ciia
anh Pham Kim Hiing bing cdch don bién hay khong? D6 la mét vén dé hay
ma chiing t6i mudén cdch ban tw minh suy nghi.

26



Trong bai todn sau, cAu a) 1d cda anh Pham Kim Hung, con cau b)
12 mot k&t qud manh ma ching t6i tim duge.

Bai toan 3. Cho a,b,c,d > 0,a+b+c+d = 4. Dit Fj, = (1+a")(1+b)(1+
*)(1 + d*). Chiing minh ring:

a) Fy > F

b) £y > F.

Loi giai:

a) Ta sé ching minh BDT nay bing phidn ching. Gid st ngugc lai tdc
ton tai bo bon s8 (a,b,c,d) théa man: a,b,c,d >0, a+b+c+d =4 va
F4 < F3 (1)

Theo BDT Bunhacopski ta c6: Fy.Fo > Fi, F3.Fy > F} , Fy.ly >
F12 (2) Tu (1) va (2) suyra Fy < F5 < Fr < F1 < Fy =16 (3) Tu (3) ta
c6 Fy < 16 suy ra maz(a,b,c,d) < 2.

D& din t6i mau thuin véi (3), ta sé chiing minh F3 > F;  (4). That
vay:

e l-—atd)(1-b+)(1—c+A)(1—d+d*) >1
@(ZJF(%;D )(Z (2521) )(i (2011) )(Z+(2d4—1) )51
@(1_'_(2@;1) )(1+(2b;1) )(1+(2C;1) )(1+(2d;1) > (g)

N2
1+(x+y+z+ )

& (1+2")(1+y") 1+ 271+t > ()

2a—1

4
£ _ _ 2b—1 _ 2c—1 __ 2d-1
(Trong d6 @ = ==, y = ==, 2 = ==, t = =7=)

2 2
L (AB
2
<:>%(A-B)2(8—A2—6AB—B2) >0

Ta thdy néu A + B < 2 thi BDT nay dung.
Khong mat t6ng quét cé thé gid st a < b < c < d. K& hop véia+b+
¢+ d =4 ta d& dang chiing minh: = +¢ < 2 vd y + 2 < 2. Do vay theo

Tu d6 xét BDT

(1+A%)(1+B%) > (6)
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BDT(6) ta co:

(1423 (1 +1%) >

1+2)1+22)> |1+ (y”)z

nhan (7) va (8) v& theo v& suy ra:

etz (e EE) (e )] o

Tiz+t<2vay+z<2suyra 3+ 22 <2 Do d6 lai 4p dung
BDT(6) ta dugc:

[1+ (x;rt)z] {1+ (y;—z)g} >

2

2
|+ (Hy—w) (10)

4

Tw (9) va (10) suy ra:

(a1 421+ 214 2) > 1+(fiﬁiﬁii)

4

Vay (5) ding suy ra (4) ding (mau thuln véi (3)). Diéu d6 c6 nghia viéc

gid st & (1) 1 sai tdc ta ¢6 BDT ngugce lai [a Fy > F3 (dpcm).

b) Cau nay manh hon ciu a) do d6 dung "manh 16i” nhu cau a thi khong
8n, tuy nhién néu ” dudng 16n ti€n cong” thi khong gip van dé gi:

bat f(a,b,c,d) = VT — VP ta cAn ching minh f(a,b,c,d) > 0. Mudn
vay, truGc hét ta chiing minh ménh dé sau:
Ménh dé: Néu a +b<2va a >z >bthi
fla,b,c,d) — f(x,a+b—z,c,d) >0
That vay:
fla,b,c,d) — f(x,a+b—x,c,d)
=(a—2z)(x=b)[(d+1)(c+1)— (&®+1)(* + 1)(ab— 2* + ax + bz — 2)]
tit d6 stt dung gid thi€t d& dang suy ra diéu ching minh.
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Tré lai bai toan ta cd thé gid st a < b <c<d Ditz = %b“ thi: Chua
Ya+c<2vac>ax>anén ap dung ménh dé ta cé:

f(a,b,c,d)zf(a—l—c—a?,b,a?,d) (1)

Cha v 1a = = W nén néu

max{x,b,a+c—z}thia+c—x =b=
va bai todn chi con 1 bién.
Gia st ngugc lai, khi d6 ¢6 hai trudng hop:
b<r<a+c—ux(2) hoicat+c—x <z <b(3)
Lai st dung ménh dé cho ta:
(2) :f(a+c—x,b,z,d) > f(r,a+b+c—2x,2,d) = f(x,z,2,d) hodc
3):fla+c—z,b,x,d) > fla+b+c—2x,z,2,d) = f(x,z,x,d)
No6i chung trong trudng hgp nao ta ciing ¢

f(x,b,a—l—c—x,d)zf(x,x,x,d) (2)

Tui (1) va (2) suy ra f(a,b,c,d) > f(x,x,x,d). D& gidi quyét bai toan 1 bién,

ta thay z = 22 = 124 vj chiing minh:

4—d 4—d 4—-d
3 7 37 37

min{x,b,a + ¢ — x} hodc © =

Tr =
rxnén fla+c—z,b,x,d) = f(z,z,x,d)

(

d)=0 (4)

That vay:

1
(4) (d® — 22d° + 223d* — 1268d> + 4210d* — 7564d + 6364)(d — 1)* > 0

@ JR—
729

Bat ding thic cudi ding nén ta c¢6 diéu phai chiing minh.

*Nhan xét: Viéc déi bién trudc khi doén bién ciia cdu a) la khd ki la va
dem lai hiéu qud khong ngo. Ki thudt dén vé 3 bién bing nhau ciia cdu b)
la rdt manh, va hoan toan so cdp (bdi s6” budc don bién chi la hitu han). Kt
thudt nay cé thé iing dung cyc t6t cho cdc bai 4 bién. Hon thé, & phdn sau
né sé dugc mé rong dé gidi quyét bai todn véi n bién.

Cué6i cung, chiing ta d&€n véi mot vi du cho trudng hop don bién ra
bien. DAy cling 1a mot bai todn cia anh Pham Kim Hung.

Bai toan 4. Cho a,b,c,d > 0 . Chting minh ring:
a b c d 4
+ + + >
B24+c2+d?2 a?+c2+d?2 a?+b2+d?2 a?+b2+c¢2  a+b+cec+d
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2

Loi gidi: Xét

a 4
f(a’b’c’d)_;bucud?_a+b+c+d

Gidsta>b>c>d Tacé:

fla,b,c,d) — f(a,b,Va?+b2,0)
c d 4
PIPIE @1 P1E atbierd
Vet 4 d? 4
(a2+62 a+b++a+b?

(do a? + b* > ¢ + d? nén d& thay BDT trén ding)

)

Vay van dé con lai 1a ching minh f(a, b,v/c2 + d?,0) > 0. BDT cudi chiing
minh khong khé nén xin nhuong lai cho ban doc.

*Nhan xét: Cdch don bién & trén nhidm bdo toan tong a® + b* + ¢ + d>.
Tdt nhién, viéc nay ciing khéng phdi la diéu qud quan trong, béi néu thich cdc
ban ciing c6 thé bdo toan a + b+ c + d bdng cdch chitng minh f(a,b,c,d) >
f($t + 2 ¢ d), sau dé danh gid

2t c+d 4
t,t,c,d) > -
f(>>c> )—t2+(c+d)2+(%)2+2t2 2t +c+d

x y 4 )
= — t d =2ty = d
x2/4+y2+y2/4+a72/2 o (trong dé x y=c+d)

Buéc cudi cung la f(x,y) > 0 (chitng minh cdi nay khéng khé cdc ban c6 thé
gid sit x +y =1 cho gon)

Dén day ching ta tam két thic phan don bi€n cho BDT "cy thé” (c6
3 hoic 4 bi€n) d€ budc sang phin ddn bi€n cho BDT n bi€n. Nhu ching
ta sé thay, day 13 mot linh vuc khé hon hdn. Tuy nhién céc ki thuat chinh
déu dit nén ting thong qua viéc khao sit BDT "cuy thé”, ma dic biét la
nhiing tu tudng manh nha khi khao sat BDT 4 bién.
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6. Don bién bang ham oi.

Cac ban than mé&n, phuong phap dén bi€n ma ching ta da tim hiéu
trong cidc muc trudc khong phai Ia tii trén troi roi xudng. That ra § tudng
ddn bi€n da thé hién rat 16 ngay trong cic BDT c8 dién. Do d6 néu x&p
theo dong chay thsi gian thi 18 ra muc nay phai dugc néu ra ngay ti dau.
Tuy nhién, ching to6i nghi 1a s& thd vi hon néu chiing ta tré lai g6c r& sau
khi cdc ban d4 cAm nhan doén bi€n nhu 13 mot phuong phap “hién dai”.

Mot trong nhiing cong cu chinh d€ don bién trong cic BDT “dang ¢8
dién” 1a ham 16i. Pay I3 mot khéi niém quen thudc, tuy nhién dé€ tién loi
cho ban doc chiing tdi xin nhic lai.

Dinh nghia: Mot ham s8 f : [a,b] — R dugc goi 1a 161 néu:

fltz+ (1 —ty)) <tf(x)+ (1 —-1)f(y), Yo,y € [a,b],Vt € [0, 1]

*Nhan xét:
1) Néu f khd vi 2 ldn thi mot tiéu chudn rdt quan trong dé kiém tra tinh 10i
la f'(x) > 0,Vz € (a,b).
2) Néu f 16i thi f lién tuc. Nguoc lai, néu f lién tuc thi tinh 10i ciia f la
twong duong véi dieu ¢ vé "yéu hon” la: f(*32) < w

Cac ban c6 thé thay, dinh nghia ham 16i da ddnh ngay vao muc tiéu
ddn bi€n. Ching ta c6 ngay két qui quen thudc sau:

Dinh ly: (BDT Jensen) Cho f 1a ham s& 16i [a, b] — R.
(i) V6i x; 1a n s6 thudce [a, b] ta co:

m+xywn+wv<f@0+f@ﬁ+m+f@w
n - n

S
(i) V&i z; 1 n s6 thudoc A va \; 13 n s6 khong Am ¢ t6ng bing 1 ta cé:
fAxy + Xowg + oo+ M) < A f(z1) + Mo f(z2) + .o+ M f(zn)
Nhiing k&t qua trén 13 quen thudc va ching t6i bé qua chiing minh.

Thay vao d6 ching t6i dAn ra day mot chiing minh cho BDT Cauchy bing
cach dung ham 16i. Nhic lai:
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Bai toan 1. (BDT Cauchy) Cho n s6 thuc duong z;. Chiing minh ring:

T1+To+ ...+ 2y
n

> Yr12o...0,

Loi giai:
L4y logarit 2 v&, ta chuyén vé dang:

T1+ To+ . F xn) S In(xy) + In(x2) + ... + In(z,)

n n

In(

Ham s8 f(z) = In(z) ditt RT — Rkh3d vi2 lan va f"(z) = —27%2 < 0,Vz >
0. Do vay ham g(x) = —f(x) s& thda ¢’(z) > 0,Vx > 0. Vay g 16i. Tu d¢,
ap dung BDT Jensen ta c¢6 ngay diéu phai chiing minh.

*Nhan xét: Mot cdch khdc rdt thong dung ding dé chitng minh BPT Cauchy,
dé la chitng minh quy nap theo n. Cdch lam dé rdt hay, dén néi ta cé cdm
gidc la “cdi gi ding cho n = 2 thi ciing diing cho n tuy y”. Cdc ban hay
quan sdt ki cdch chitng minh do, réi chitng minh lai BDT Jensen, cdc ban sé
thdy ham 16i la mot tong qudt néi lén bdn chdt cia vén dé.

Ham 18i ¢6 thé Gng dung trong rat nhiéu BDT ¢d dién, va nhing BDT
c6 dién nay lai gidi quyét dugc rat nhiéu bai todn khac. T4t nhién, né
khong phai 1a mot cong cu "van ning”, tuy nhién néu biét st dung khéo
léo thi stic manh cia né khong nhd. Ching t6i dAn ra day mot vi du cho
thay ching ta khong thé 4p dung ham 16i dé€ cho ngay ké&t qua, song né
gitp gidi quyét duge mot trudng hgp quan trong ma cic trudng hgp con lai
c6 thé ching minh don gidn bing cdch nay hay cach khac.

Bai toan 2. Cho cac s6 thuc z,y, z ¢6 téng bing 1. Ching minh ring:

T Y z 9
+ + < —
1+22 1492 1422710

Loi giai:
Xét f(t) = 115 thi BDT cAn chiing minh tuong duong:
r+y+=z
F@) + fly) + f(2) < 3F(—5—)
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Do d6, n€u —f 1a ham 15i thi coi nhu bai toan dugc gidi quyét.

Ta cé: 24(3 — )
—f't) = Q1P

nén —f"(t) > 0,Vt € [0,+/3]. Vay néu z,y, z € [0,/3] thi bai toan dugc gidi
quyét.
Trong trudng hgp con lai thi chic chin ta s& ¢6 dau BDT thuc sy. Do
vay ct viéc chia thanh nhiéu trudng hop con d€ xét.
Cothégidsir>y>zluuyar+y+z=1vaz,y z¢][0,1] nén 2 phai
Am suy ra f(z) <0
*Né&u y Am suy ra x duong va f(y) <0, tacd f(z) + f(y) + f(2) < f(z) <
1/2 < 9/10
*Né&u g duong suy ra = duong va luu § f(y), f(x) nghich bi€n trén [v/3, +-o0]
do d6 f(z) + fy) + f(2) < f(z) + fly) < F(V3) + f(v/3) < 9/10

Bai todn chiing minh xong.

*Nhan xét: Tdt nhién loi gidi trén chua phdi la ngdn gon so vdi nhiéu
loi gidi khdc cho bai todn nay ma chiing téi duoc biét. Tuy nhién tu tudng
ciia né hoan toan trong sdng. O ddy, néu thay vi mong mudén don bién toan
cuc (don 1 lan 3 bién) bdang viéc hi vong hop Iy hon la dén dugc 2 bién vé
bcang nhau thi loi gidi sé ngdn hon. Thdt vdy, néu cé 2 trong 3 bién x,y, z
thuéc doan [0,~/3] thi ding ham 16i ta dén dugc 2 bién nay vé bdng nhau, va
bai todn chi con 1 bién, xem nhu gidi quyét xong. Trong phdn con lai thi viéc
chia truong hop sé don gidn hon. Nhu vdy, chiing ta cé thém mdt ki thudt dé
don 2 bién vé bdang nhau la sit dung ham [6i.

Mdc di day la mét cong cu t6t, nhung mot diém yéu rdt dé nhdn ra la
trong BPT, cdc bién phdi ndm trong cdc biéu thitc doc ldp nhau (dé cé thé
viét thanh dang f(x1) + ...+ f(x,)). Trong khi dé, nhitng BDT ma ta da gdp
phdn 16n khéng c6 diéu do, va ta sé phdi lam viéc vdi dang tong qudt hon
la f(z1,...,x,). Chiing ta sé phdi thiét lap cdc két qud vé dén bién cho dang
tong qudt nay ¢ muc sau.

Nhu da néi & trén, v6i ham 18i thi § tudng don cic bi€n vé bing nhau
thé hién ngay tii dinh nghia. Tuy nhién, diéu bat ngd 1a ki thuat don bién
ra bién cting c6 thé thuyc hién thong qua ham 16i. Cac ban c¢6 thé thay ngay
diéu d6 qua két qua sau day:
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Dinh ly: Cho f: [a,b] — R la mot ham 16i. Khi dé:
fx) < maz{f(a), f(b)}, Yz € [a,0]

Chiing minh:

Vi f lien tuc nén f dat gid tri I6n nhit tai x¢ € [a,b]. Xét khi |z0—a] <
|zo — b| (nghia 1a ¢ gn a hon b). Thi z; = 229 — a € [a,b]. Khi d6 theo
dinh nghia ham 13i ta cé:

a—+ 2z

fla) + flo) = 272

) = 2f(x0)
suy ra f(a) = f(xq). V6i 29 gdin b hon a thi ching minh tuong ty.

*Nhan xét: D¢ cdc ban co thé cdm nhdn ”cdi diing” ciia dinh Iy trén chiing
16i s& néu ra mot hinh dnh khi f"(x) > 0,Vz € (a,b). Khi dd, f' dong bién
nén chi c¢é t6i da 1 nghiém trén (a,b), néi cdch khdc la chi déi ddu t6i da 1
lan. Do dé f sé roi vao cdc truong hop sau day: dong bién, nghich bién, di
lén roi di xuéng”, hodc di xuéng roi di lén”. Va trong truong hop nao ta
ciing thu duoc két qud can thiét. (Mot chitng minh khdc trong truong hop nay
la gid st f dat cuc dai tai xg € (a,b) thi f"(x¢) <0, mdu thudn.)

Ching toi sé¢ dAn ra day 2 bai todn ma ching thuc sy 1 cdc bai toan
khé cho du gidi bing bién ddi dai s6 hay quy nap.

Bai toan 3. Cho 0 < p < ¢, va n s8 thuc z; € [p,¢q]. Ching minh ring:

11 1 n*] (p — q)*
T+ o+ Fa)(—+—+..+—)<n’+ [—} p—ar
T T T 4 pq

trong d6 ki hi¢u [z] 1a chi phan nghuyén cta
(*Ghi chii: DPdy la mot bai tong qudt, trong dé truong hop n = 5 la bai
USAMO 77, con n = 3 la dé thi Olympic 30 — 4 ndm 2001 )
Loi giai:
Tu gid thi€t z; € [p,q|, ta d& dang dodn ring: GTLN sé dat dugc khi
x; € [p.q] v6i moi i. Khi d6, g/s trong n s6 x; ¢6 k s6 p va n — k s6 ¢ thi:
k- n—k

VI = (kp+ (n = k)a) (- + — )=k2+(n—k)2+k(n—k)(§+g)
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2 2
:n2+k(n—l{:)(p_q) :nz—l—l [nz—(n—Qk‘)z} (p—q)
pq 4 pq

Vi k nguyén nén n?—(n—2k)? < n? (khin chdn) va n?—(n—2k)? < n?-1
(khi n 18). Tu d6, ta thu dugc BDT ban dau déng thdi chi ra ludn trudng
hgp dau bing x3y ra.

Dén day, ta chgt nhan ra: m&u chot cia van dé chi 1a nhan xét: "GTLN
s& dat dugc khi z; = p hoic z; = ¢ v6i moi ¢”. Va that bat ngd, nhan xét
nay chiing minh ra't dé.

V6i moi i, ta xem v€ trdi 1a mot ham theo z;, ta sé chiing té: f(z;) <
max{f(p), f(¢)}, va d&u bing x4y ra khi va chi khi z; € {p, ¢}.

Tacé: f(z) = Az +2+C. C6 thé khio sat ham d€ ra ngay k&t qua (suy
ra luon d&u bing xay ra khi z; € {p, ¢}). Song & day trinh bay mot cach so
cap hon. D€ ¥:

Fa) = Fp) = (@i =p)(A = )
Fa) = @) = (o~ (A= )

Tu d6 néu f(z;) > mazx{f(p), f(q)} thi 16 rang z; & {p,q} va:

B B B B
>0,A— = <A<
Zip riq  Xp Ziq

mau thudn p < ¢. Vay f(z;) < maz{f(p), f(¢)}-

Cain néi thém vé trudng hgp ddu bing: g/s f(z;) = maz{f(p), f(¢)} m
v ¢ {p,q}. Neéu f(z;) = f(p) thit A= 2 > khi d6 f(z:) — f(p) <
(mau thuin). Tuong ty, néu f(z;) = f(q) cing mau thudn. Vay f(z;)
max{f(p), f(q)} tuong duong véi z; € {p, q}

A —

*Nhdn xét: Ta cé bai todn md rong sau:
"Cho a; € |a,A],b; € [b,B]véi 0 <a < Ava0<b< B. Tim gid tri l6n
nhdt ciia
(a3 + ...+ a2) (b3 + ...+ b2)
a161 + ...+ anbn

2
Nha todn hoc Polya dda cho mét chan trén la: i (1 / % + 4/ %)

T —

2

Bai todn trén mang ¥ nghia 13 tim chin trén cia BDT Bunhacopski,
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mot didu ra't ty nhién dugc dit ra 1a chin trén cda BDT Cosi 1a gi ? Néu
ban td mo thi hay xem ti€p bai todn sau day:

Bai toan 4. (Phan Thanh Nam) Cho 0 < a < b, va n s8 thyc z; € [p,q].
Chiting minh ring:

T T H (» —q)?
rq
Loi giai:
Véi moi i, thay x; bdi p hay q thi it nhat mot trudng hgp T phéi ting
len, va né€u T khong ting thi buodt z; € {p, q¢}.

Cho i chay tii 1 t6i n, v6i mbi i ta thay z; bdi p hay ¢ sao cho T ting
len (hoic giti nguyén néu hai trudng hop déu khong tiang)

Sau budc bi€n déi trén ta da c6 z; € [p, q] v6i moi i. Néu x; = q v6i moi
i thi T = n, khong phdi GTLN, do d6 chi can xét khi Jx; = p.Do hoan vi
vong quanh nén cé thé gid st 1 = p. Khi d6 bat ké z3 = p hay ¢ ta thay
xo bdi ¢ thi T vAn khong gidm. Sau khi thay z, bdi ¢ ta lai thay z3 bdi p
thi T vin khong gidm ... CG nhu vay ta xen ké& p, ¢ cho t6i s6 x,, thi T vin
khong gidm. Sau khi thyc hién qué trinh nhu trén ldc nay ta cé

n—17p
(_

T==
( >,

5 + + =)+ 1 (n€u n 18)

o ) (n&€u n chin) va T =
q

T I
S

Ta vi€t lai 2 trudng hop dudi dang:
2
n —
T=n+ [—} u ,Vn

21 pq
va day chinh 1a v& phdi BDT cin chiing minh. Ding thiic xdy ra khi
z; € {p,q} va xen ké k& ti z; t6i z,, (khong k& vong z,,, z;). Bai toan dén
day dugc gidi quyét tron ven !

Nhu vay, ching ta ¢ thé thiy ¥ tudng don bién da xudt hién rit sém
ngay trong cach ti€p can c§ di€n. Chiing ta da gip lai 2 ki thuat dén bién

quan trong & cac muc trude [a: ddn bi€n vé tAm va don bi€n ra bién. Dic
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biét trong trudng hgp cuc tri dat dugc tai tAm, ham 16i con cho ta mot kiéu
dén bi€n nita rat thd vi ma ching ta s tim hi€u 3 muyc sau. Mic du véi
mot loat cac bai BDT xuft hién gan day thi ¢6 vé nhu cong cu 8 dién la
khong @i (hoic rat khé khian), nhung mot 1an niia, chiing t6i nhan manh
tAm quan trong ctia nhiing ¥ tudng "cd dién”, ma dua vao dé ching ta méi

A

c6 thé "ding trén vai nhiing ngudi khdng 15”.

7. Don bié&n vé gia tri trung binh.

Cho dén bay gid, trong phuong phap don bi€n cia ching ta, s6 lan
thuc hién thao tac ddn bi€n ludn 13 hitu han, nhd d6 151 gidi 13 16 rang va
hoan toan so cap. Pay la mot diéu rat t6t ma ching t6i mudn duy tri ti€p
tuc trong muc nay.

Trudc hét, chiing t6i gidi thiéu thém mot cach ddn big€n nita danh cho
ham 16i. Ta sé goi day 1a ki thuat don bi€n vé gia tri trung binh, ma céc
ban sé thiy ro diéu d6 qua k&t qua sau:

Dinh ly: Cho f 1a ham 16i [a,b] — R. Ta c6:
fla)+ f(b) = f(x) + fla+b—x),Vz € [a,0]

Chiing minh:
Viz € [a,b] nén: z =ta+ (1 —t)b véit € [0,1]. Khi d6: a +b—z =
(1 —t)a +tb. Ap dung dinh nghia ham 16i, ta cé:

f@)+ flat+b—=)= f(ta+ (1 =1)b) + f((1 = t)a+1b)
< [tf(a) + A=) fO)] +[(1 =) f(a) +tf ()] = fla) + f(b)

Ung dung k&t qua nay, ta c6 ngay chiing minh cho BDT Jensen. Nhic lai:

Dinh ly: (BDT Jensen) Cho f 1a ham s6 16i [a,b] — R. Thi véi x; € [a, b
la n s6 c6 trung binh cong bing T, ta cé:

flr) + f(@2) + .. + flzn) 2 nf(T)
Chiing minh:

Ta cho thuc hién thuat todn sau:
*Budc 1: Néu z; = T, Vi thi ding lai. Néu khong thi qua bude 2.
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*Budgc 2: Vi khong c6 z; = T,Vi nén phdi c6 1 bién 16n hon hon T va
1 bi€n nhd hon T, ma ta c6 thé gid st 1a z; > T > z,. Khi d6 thay bo
(21,22, ..., x,) b3 bd (T, 21 + x5 — T, ..., 2,). Sau d6 trd lai bude 1.

Nhu vay mdi 1an thuc hién budc 2 thi bo méi cing cé trung binh cong
12 T, tuy nhién né lam cho biéu thic f ting lén. Mit khac mdi 1An thyc
hien budc 2 thi s6 bi€n bing T ting lén it nhat 1 1, do d6 sau hiiu han (c6
thé 14y la n — 1) 1an thuyc hién buéc 2, ta sé phai ding lai 3 buéc 1. Chd ¥
1a trong qué trinh thay th€ thi biu thic f ting lén, do vay ta ¢6 diéu phai
ching minh.

Vay la ching ta ¢6 thém mot cich ddn bi€n méi. S6 di chiing toi
khong dua cach dén bi€n nay ra & cadc muc trudc, 1a vi né chi c¢6 gia tri khi
dén bi€n vé tAm, ma khi d6 v6i n = 3 thi ki thuat ddn 2 bi€n vé bing
nhau da da st dung. Tuy nhién, ki thuat nay sé phat huy tic dung khi s6
bi€n ting lén, cy thé la véi trudng hgp n bién tdng quat. Ly do kha don
gidn: trong BDT véi n bi€n, cho du ta ddn dugc 2 bi€n vé bing nhau thi
ciing chua thu dugc gi dang ké, va trong trudng hgp d6 thi sau hitu han lan
dén bi€n vAn khong thé dua duge vé trudsng hop 1 bién (chi chua néi 1a
dua duge vé trudng hgp cac bi€n bing nhau). Tuy nhién, néu st dung ki
thuat don bi€n ra bién hodc ddn bi€n vé gia tri trung binh thi tinh hinh
lai khac: sau mbi l1An don bién thi s6 lugng bi€n cé gia tri cd dinh ting lén
(1 gia tri tai bién hoic gia tri trung binh), do d6 chi cAn hitu han 14n dén
bi€n ta sé dua dugc tat ci cic bi€n vé céc gia tri cd dinh va bai toin xem
nhu gidi quyé&t xong.

T4t nhién, khi ning dé€ ¢6 thé don 1 bi€n bat ki vé& bién hoic gia tri
trung binh 13 khong cao. Tuy nhién, cii quan trong 13 tinh thin cta né:
dén 1 bien vé gia tri cd dinh. Ban doc c¢6 thé thay ¥ tudng nay cuc ki hiéu
qud trong trudng hop 4 bi€n (xem ciu ¢), Bai toan 3, $5). Trong muc nay,
chiing toi ti€p tuc gidi thidu 2 bai todn khac, ma trong d6 ¥ tudng ddn bién
vé gi4 tri trung binh da cho 15i gidi bat ngd. Pay 1a 2 bai todn dic sic cia
anh Pham Kim Hung, ma viéc gidi quyét ching da dem lai cho ching toi
nhiéu ¥ tudng méi cho phuong phap don bién.

Bai toan 1. Cho n s6 thuyc duong ay, as, ..., a, cé tich bing 1. Chiing minh
ring v6i k = 4(n — 1) ta ludn c6:
1 1 1 k k

—+ =+t —+ >n+— (1)
a1 Qa2 Qn, ar+ay+ ...+ ay n

Loi giai:
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Véin = 1,n = 2 thi bai todn don gidn, nén dugi day ta xét khi n > 3.
Trudc hét, ta khao sat cac trudng hop c6 thé don bién va rdt ra:

Ménh dé 1: Ki hieu f(a1,as, ...,a,) 12 biéu thic v& trdi BDT cin ching
minh.
(i) Néu a3 < x < ag va ajas <1 thi

aia
flay,ag,...;a,) > f(z, %,ag,...,an)
(’l’l) Néu (1 — al)(l — ag)[k‘alag — (Z?:l ai)(zz;g a; + a1a9 + 1)] 2 0 thi
flay,as,...;a,) > f(1,a1a9, a3, ..., a,)

(’l’l’l) Né&u ai, az >1>as thi:

flay,ag,...;a,) > min{f(1, aras, as, ..., a,), f(1, as, aras, aya;, ..., a,)}

Chitng minh ménh dé 1:
D¢ vi€t cho gon ta dit A=>"" ., a,
(7) Ta cé:

a10a9
flay,ag,...;a,) — f(z, T,ag, ceey Q)

1 1 1 T k L

@ G2 7 a102+A+a1+a2_A+x+a1mﬁ
(r—a)(a2 —2)[(A+ a1+ a2)(A+x + “42) — kajao]
- araz(A+ay + az)(A +z + “2)

Theo BDT Cauchy:

(A+a+a)(Ata+22) 20 2 4(n—1) =k > kaiay

va ta ¢6 dpcm.
(i1) Cing tit ding thic & trén cho # =1 ta c6:

flay,ag,...;a,) — f(1,a1a9,as, ..., a,)
(1 —a1)(1 —a9)[karas — (A+ a1 + a2) (A + ajas + 1)]
ajaz(A+ay + az)(A+ ajas + 1

va ta ¢6 dpcm.
(731) Xét hai trudng hgp:
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Truong hop 1: Neu kaias > (3072, a;) (315 @i +araz + 1)]) thi dung (i4) ta
co f(a1>a2> . an) > f(l aiaz, asg, .. aan)'
Truong hop 2: N&u karas < (31, ai)((Di 5 aitaias+1)]) thiviag < 1 < ay

nén: .
kaiaz < Z a;) Z a; + araz + 1)
i=1 i#£1,3
(that vay
Zi¢173ai+a1a3+1 - Z?Zlai—al—ag‘l‘l 1
a1as a1as
> Zyzlai_al_a2+1 1= Z?:gaﬁ—alag%—l)
a10a9 a1Qa9

Do d6, dung (i7) ta ¢6: f(ay,az, ..., a;, ..., an) > f(1, a9, ..., a1a;, ..., ay).
Meénh dé 1 ching minh xong! N6 sé cho phép ta dua bai toan vé 1 bién.

Ménh dé 2: Ta sé luon dua duge bai todn vé trudng hgp ¢6 n — 1 bién
bing nhau va < 1.

Chitng minh ménh dé 2:

*Bugc 1: Dua vé trudng hop c6 n — 1 bién < 1.

Gia st con c¢é nhiéu hon 1 bién 16n hon 1, ma ta cé thé gia st 1a ay, ao.
Thi st dung ménh dé 1 (ii4) ta luon c6 thé thay bo (ay, ..., a,) bdi 1 bod khac,
van c¢6 tich bing 1, 1am cho f khong ting, va hon niia cé s& bién bing 1
ting lén it nhat 13 1. Do d6 sau hiiu han lan thay (khong qua n — 1) ta sé
c6 duge n — 1 bien < 1.

*Bugc 2: Dua n — 1 bién < 1 vé bing nhau.

Gid st a; < ay < ... < ap,_y <1Ilan—1Dbi€n cb trung binh nhan 1
x. N&u n — 1 bi€n nay chua bing nhau thi ¢y < z < a,_; va duing ménh
dé 1 (i) ta c6 thé thay bo (a1, as, ..., an_1,a,) bdi (z,ag, ..., 2= a,). Khi
d6 f khon gidm va s6 bién bing x ting lén it nhat 1a 1. Ta ciing luu ¥ 1a
Aint <4 <1 (viay la s6 nhd nhat trong n— 156 ay, ..., ap—1 nén a; < ),
do d6 viéc thay th&€ nay vAn ddm bio n — 1 bieén déu < 1 didu d6 cho phép
viéc thay th& c¢6 thé thuc hién lién ti€p. Vay sau hitu han (khong qua n—1)
lan thay thé& ta sé ¢c6 n — 1 bi€n < 1 déu bing nhau.

Cudi ciing, ta gidi quyé&t bai todn 1 bi€n, tic 1a ching minh:

flz,x, ..., x, ) > f(1,1,..,1) véix <1
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g(l’) —f(l’,l', ’:E’[L’n_l) T +x (n_1)1’+m,}—71
voi x € (0, 1].
Ta co:

/ _ _1 n—2_ x™

) = D G ey

" —1 ((n—1)2" —1\"
=(n—1 luuylak=4(n-1
(n—1)=—3 ((n—l)x“—l—l) uylak=4(n—1)

Ta thdy ngay g(z) <0 v6i z € (0,1], nén g(x) > g(1) va ta c6 dpcm.
Bai todn chiing minh xong!

*Ghi cha: Bai todn ban dau ciia anh Pham Kim Hing la véi k = 3n,n > 4.
Két qud & day manh hon, va nhu cdc ban thdy trong chitng minh cho truong
hop 1 bién thi s6 k = 4(n — 1) "hop ly” hon.

Bai toan 2. Cho n s6 thuc duong ay, as, ..., a, c6 tich bing 1. Ching minh
rang:
n

(14+ad)(1+a3)...(1+a2) <

< W(Oh +ag+ ...+ an)zn—z

Loi giai:
Vé6i n = 1,n = 2 thi don gidn nén ta ching minh cho n > 3. Ta

thay bai todn tuong duong véi f(aq,as, ..., a,) > 0 va cing tuong duong véi
g(ay,as, ...,a,) > 0, trong d6:

flay,ag, ..., an) = k(ar + az + ...+ a,)*"2 = (1 + af)(1 4 a3)...(1 + a2)
g(ay,ag,...,a,) =1In(k) + (2n — 2)In(a; + az + ... + a,)+
—In(1+a?) —In(1+a3) — ... — In(1 + a?)
(vé viéc tai sao phai xét cd f va ¢ s& binh luan & sau)
Khao sat so bd cac trudng hgp c6 thé don bién, ta cé:

eMénh dé 1:
(i) Néu a; > 1 > as, a3 thi:

flay,ag,...,a,) > min{f(1,a1a9,as, ..., a,), f(ai, 1,asas, ..., a,) }
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(i7) Néu a; = max{a;}'_; va a1 > x > ay > 1 thi:

a10a9
glay,az,...,an) > g(x, — as, ..., ay)

Chitng minh ménh dé 1:
(1) Xét cac hiéu
flay,ag,...;a,) — f(1,a1a9,a3, ..., a,)
= ks® 2 — ku® 2 + [2(1 + afa3) — (1 +a?)(1 +a3)](1+a3)...(1 + a?)
(véis=ar+as+ ...+ apn,u=1+ajas+ ... + a)
= k(ay +as — 1 — ajap)(s* 2 + ¥y + ..+ v )+
+(1—a)(1 —a3)(1+a3)...(1+a2)
= —(1—ay)(1 —ag)[k(s* > 4+ ... +u®" )+
—(1+a)(1+a2)(1+a3)...(1 + a?)]

St dung lai déng thic & trén véi as d6i chd cho ay, ta cé:

flay,as,...;a,) — f(a1, 1, azas, ..., a,)
= —(1—a)(1 —az)[k(s® 3 + ... + 0" )+
—(14a2)(1+4a3)(l+ a%)(l + ai)...(l + afl)]
(v6iv=14+agas+a,+as+ ...+ ay)

Tu 2 ding thic & trén, ta thay:

* néu k(s P 4+ L+ u? ) — (14+a)(1+a)(14dd)...(1+a2) >0 (2
Thi f(ai,az,...,a,) > f(1,a1a9,as, ..., ay)

*néu k(s 3 4.+ 0?3 — (1+az)(14a3)(1+a?)(1+a3)...(1+a2) <0 (3)
Thi f(ai,az,...,a,) > f(1,a1a9,as, ..., ay)

Do d6, ta chi cAn ching minh trong 2 BDT (2) va (3) c6 it nhat mot céi
ding 1a xong! Chéng han, ta gid st (2) sai, va s& chiing minh (3) ddng.
Mu6n vay, ta chi cAn chiing minh: v > v va (1+a1)(1+a3) < (1+a3)(1+a?)
13 xong! Diéu nay c6 dugc ti viéc tinh toan don gidn:

u—v=asg+aay—a; —azaz = (1 —az)(a; —asz) >0
(1+a)(1+a3) — (1+a3)(1 +a?) = (a3 — ar)(araz +a; + a3 — 1) <0

Vay ménh dé (i) chiing minh xong!
(i1) V6i viec xudt hien ham In ta khong thé xét hiéu rdi bi€n ddi, ma thay
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vao dé ta dung dao ham.
Xét:

g(t) =In(k) +2(n — 1) In(ta, + % +az+ ...+ an)+
2

—1In(1 4 t%a3) — In(1 + %) —In(1+a3) —...—In(1 +a?)
VéitE[ ag/al,l].
Ta co:
2a3
() = 2n—D(a —%) 22— 2
tar +F+as+ ... +a, (1+t2a%)(1+j—§)
9 ag)[ (n—1) ta; + % ]
1= m -
t2 tay + 2 a3 + ... + an (1+t2a%)(1+j—§)

Vit e [y/az/ai,1] nén a; — % > 0. Do d6, goi T la thita s6 con lai, ta chi
cin ching minh 7" > 0 1a ¢6 thé suy ra g ddng bi€n (trén [\/az2/as, 1)).
D€ viét cho gon, ta dit

2
= \/(1 +t2a2)(1 + %),d =ta; + %
Ta cé6:

n—1 d
T>0% > — & n—1)c>d*+dlas+ ...+ an
dtaz+..+a, ¢ &=l (as )

Vi ¢ > d (BDT Bunhiacopski) nén dé c6 BDT trén ta chi can:

(n—2)c>az+...+ay

Diéu nay ding vi ¢ > ajas > ay > max{as, ..., a,}
Lay to = max{z, “**2} /a,, thi

[a aa aa
to €] a—z,l],toal maz{z, %} = min{x, %}
1 0

Vi g dong bién trén [\/az/a1, 1] nén g(1) > g(to) va ta c6 dpem.
Vay ménh dé (ii) chiing minh xong! Ménh dé 1 chiing minh xong!
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TrS lai bai toan, ta s&¢ néi la bo (ay,as,...,a,) duge thay thé bdi bd
(bl,bg,...,bn)) neu f(al,ag,..., ) 2 (bl,bg,...,bn) hOéC g(al,ag,...,an)
g(bl,bg,...,bn).

v

Ménh dé 2: Luon dua duge vé trudng hop ¢6 n — 1 bi€n biing nhau > 1.
Chitng minh ménh dé 2:
*Budc 1: Dua vé trudng hgp c6 n — 1 bién > 1.

Gia st con ¢6 2 bi€n as, az < 1. Khi d6 phai c6 1 bi€n > 1, ma ta ¢6 thé
gid st 13 a;. St dung ménh dé 1 (i), ta c6 thé thay bo (ay, as, ..., a,) bdi bd
(1, a1aq, as, ..., a,) hodc bo (ai, 1, asas, ..., a,). Chi § [a cho du thay bdi bo
nao, thi sd cac bi€n bing 1 cling ting lén it nhat 1a 1. Do d6, dong tac thay
th& nay sé phai diing lai sau khong qua n — 1 1an. Khi dé, ta sé c6 n — 1
bi€n > 1.

*Bugc 2: Ta ching minh luon c6 thé thay n — 1 bi€n > 1 bai trung binh
nhan cta ching. That vay, gid st a; > as > ... > a,_1 > 1 > a, va
dit ¢ = /a1, az, ..., ap—1 > 1. N&u trong n — 1 bi€n diu tién van con
bien khac z thi a; > 2 > a,_1. St dung ménh dé (ii) ta c6 thé thay bo
(a1, az, ..., an-1,a,) bdi b0 (z,as,...,%2 a,). Chi § la #=L >q, ; > 1
(vi a1 1a s8 16n nhit trong cac s6 {a;}?-] nén a; > x) cho nén viéc thay
the nay vin ddm bio n — 1 bi€n dau tién > 1 (d€ c6 thé thay thé lien
ti€p). Chd ¥ ring sau khi thay th& thi s6 bi€n bing z ting lén it nhat [a L
Do d6, sau khong qua n—1 l1an thay thé thi cd n—1 bi€n dau tien déu bing z.

Cudi ciing ta gidi quyé&t bai toan 1 bién.
Xét ham s6 h(z) := g(z,, ..., z, )

1 1

=In(k) +2(n —1)In((n — 1) . —) — (n—1)In(1 4+ 2%) —In(1 +

)

x2n—2

véi x> 1.
Ta co:
n—1- —,} 2(n —1)e  —2p=)
h'(z) =2(n—1) L B o =
(n—l)x—l— ,1 1—|-(L’2 1+332”—*2

:2(71—1)((71—1)95“—1) 22 1 )

" 142 1 g2

(
2(n—1)((n—1)§xn ) 2 — 1 )

(1 +22)(1 + a2 2)




Cha v 1a 2 > 1 nén dé c6 W (x) > 0 ta chi can:

n—1 "+ 1
(n—1ar+1 = (1+a2)(1 +a2)

Ta dat dugc diéu nay bing ddnh gia don gidn:

n—1 S 1 S "+ 1
m—1z"+1~ an+1~ (14 22)(1 + 2272)

(C6 dau > th hai 1a do BDT Bunhiacopski )

Vay v6i ¢ > 1 thi #/(z) > 0 nén h(z) dong bi€n, suy ra h(x) > h(1) =0 va
ta c6 dpem.

Vay bai todn ching minh xong! Ping thiic xay ra khi va chi khi a; = a; =
.=a, =1v6in>3(cOn véin =1,n =2 thi c6 ding thic).

*Nhan xét:

1) Bai todn nay do anh Pham Kim Hung ddt ra dudi dang bai todn mé va
chitng minh trén ddy ciia chiing t6i la chitng minh ddu tién cho né.

2) 0 day viéc xét dong thoi 2 ham f,q cho phép ta mé rong khd ndng don
bién: khi thi xét f don gidn hon, khi thi xét g don gidn hon. Trong bai todn
1 thi vi vdn dé don gidn hon nén chi can mét ham f la di.

8. Dinh ly don bién tong quat.

Cac ban than mén, néi vé cac dinh 1y dén bi€n phai nhic t6i 2 két
qua dau tien hét sic 4n tugng, 13 dinh 1§ ddn bi€n manh (SMV) ctia anh
Pham Kim Hung va dinh Iy don bi¢n khong xac dinh (UMV) ctia ban Dinh
Ngoc An. Trong d6, "xuong s6ng” ciia cac dinh 1y nay la b dé day s6, mot
ké&t qua cho ta cAm giac 6 rang th& nao 13 ddn bién.

Trong muc nay, ching tdi s&¢ cung cidp cho cac ban mot dinh 1y don
bien rat téng quat — dinh Iy GMV cta anh Phan Thanh Nam — véi mot
cach ti€p can méi. C6 thé trinh bay ngin gon bing cich din ra dinh Iy va
chiing minh né, tuy nhién ching t6i khong lam nhu vay vi mudn chia sé
v6i cac ban cd con dudng (trong tu duy) d€ xay dung né. Hi vong la sau khi
xem xong, cAc ban s& c6 cdm giac 1a c6 vo s6 dinh 1y don bién.

Chiing ta bit ddu bing mdt s6 dinh nghia trong khong gian R™.
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DPinh nghia 1:

e Khong gian R™ 1a tap hgp cac bo thi ty x = (x4, 29, ..., 2,) V61 z; € R, Vi.
o Mot day {z,, = (Z1my -, Tnym) } trong R™ goi 12 hoi tu vé& 2 = (21, ..., 2,) €
R™ néu tiing day z;,, hoi tu vé z; khi m — oo, Vi =1,2,....n.

e Cho D C R*. Mot ham s6 f: D — R goi la lién tuc trén D néu: véi moi
day {x,,} C D va v6i moi z € D sao cho {z,,} hoi ty vé 2, thi ta déu c6:

f(zm) hoi tyve f(2).

Pinh nghia 2: Cho D C R". Ta néi:
e D déng néu v6i moi day {z,,} C D va v6i moi z € R" sao cho {z,,} hoi
tu vé z, thi ta déu c¢6 2z € D.
e D bi chin néu ton tai sd thuc M sao cho: Vo = (zy,...,z,) € D}, thi
2] < M,¥i=1,2,....n.

Vi du nhu mot tap hop hitu han thi déng va bi chin.

Xuat phat di€ém cta ching ta 13 k&t qua tuyét dep sau day:

Pinh ly 1: Cho D déng va bi chin trong R", va f : D — R lién tyc.
Thi f dat gia tri nhd nhdt trén D, nghia 1a ton tai 29 € D sao cho:
f(zo) < f(z),Vz € R.

Day la mot k&t qua co ban va ¢ trong chuong trinh phd thong & céac
nudc, tuy nhién & nudc ta thi né duge xem la thuoc "Toan cao cdp”. Tuy
nhién, d€ tién lgi cho ban doc chiing téi dAn ra day mot chiing minh ma
cac ban hoan toan c¢é thé hiéu duge véi kién thic phd thong.

Chiing t6i nhic lai mot k&t qua cé trong SGK: ” moi day s6 thuc don
diéu va bi chin thi hoi tu”. ”Tién dé&” nay sé dugc st dung d€ ching minh
mdt k&t qui vé day con.

DPinh nghia 2: Cho 1 diy s6 {a,,}°°_, (trong R ho#c trong R™). Mot day
{am, }32, duge goi [a mot day con cta day {a,,}5o_; n€u {my}2, 1a moc day
ting ngit cic s6 nguyén duong.

*Vidu: {agm}_; 1a mot day con cia day {a,,}>°_;. Dudi day céc can
cta chi s6 s& dugc bd qua né€u khong gay hi€u [Am.

Bo dé 1: (Weierstrass) Mbi day a,, bi chiin trong R thi ¢6 1 day con hoi tu.
Chiing minh:

Ta ching minh c¢6 mot diay con don diéu 1a xong.

Xét tap T := {m € Z*|3Im’ > m sao cho a s > a,,}. Néu T hitu han thi
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day {a,,} s& gidm ké& tii 1 chi s6 ndo d6. Néu T vo han thi ta sé trich dugc
1 day con ting. Trong cd hai trudng hgp thi ta luén cé 1 day con don diéu.

Bo dé 2: (Weierstrass) Mbi day a,, bi chiin trong R™ thi ¢6 1 day con hoi tu.
Chiing minh:

Xét {am = (T1my -, Tnm)} 1& moOt day bi chin trong R". Khi d6 day
{z1m} bi chin trong R nén ¢6 1 day con {mekl} hoi ty. Day {xzmkl}
ciing bi chin trong R nén c¢6 1 day con {wa,,, } hoi tu. Bing cich ldy
"day con ctia diay con” lién ti€p nhu vay, cudi cing ta thu dugc day con
{am, = (T1mys s T, ) MA Vi = 1,2, ..., n, ta cd day {z;m, } hoi tu trong R.
biéu d6 ciing c6 nghia la day {a,,, } hoi tu trong R™.

B6 dé 3: (Tinh ddy dd cda R) Cho A 1a 1 tap bi chin trong R. Thi ton tai
M € R sao cho: M < A (nghia la M < a,Va € A) va ¢6 1 day {ax} trong A
hoi ty vé M. Ta sé ki hieu M = infA.

Chiing minh:

Ta chiing minh ring Ve > 0, 3a € A, a — ¢ < A. Gid st ngugc lai. Khi
d6 1ay o1 € A tiy ¥, bing quy nap ta xay dung dugc day {z,,} trong A sao
cho i1 <y —e,Vm e Z*. Khi d6 ta ¢6: z, < 21— (m—1)g, Vm € Z+
va diéu nay mau thuin véi A bi chan dudi.

Nhu vy, Vm € Z*, tdn tai a,, € A sao cho a,, — = < A. Viday {a,} bi
chin nén c6 day con {a,, } hoi tu vé M trong R. Ta chiing minh M < A
nia la xong. That vay, 18y a € A bat ki thi a,,, — mik <a,Vk € Z*, nén
cho k — oo suy ra M < a.

Ching minh dinh ly 1: Xét A = f(D). Ta ching minh A c¢6 phan ti
nhd nhat.

Ta s& chi ra A c6 tinh chAt sau: n&u day {a,,} chta trong A va a,, — «
thi € A. That vay, theo dinh nghia ta cé z,, € D sao cho f(z,,) = an, — a.
Vi day {z,,} bi chin (chida trong D) nén c6 day con {z,,, } hoi tu vé ¢ trong
R". ViD d6ng nén c € D. Vi f(z,,) — a nén Vi f(z,, ) — a Mit khéc,
vi {xpm, } — ¢ va f lién tuc nén f(z,,,) — f(c¢). Vi gi6i han 1a duy nhat
nén f(c) = .

Bay gid, ta thdy A bi chin du6i (vi ti [ap luan trén véi a = —oco ta sé
gip mau thuin). Do d6 ton tai M = infA. Do dinh nghia inf va tinh chat
ctia A viia chi ra & trén, suy ra M € A. Vay A ¢6 phan ti nhé nhat [3 M.
Dinh Iy ching minh xong!
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Dinh Iy 1 12 mdt md rong cia mot két qui quen thuodc c6 trong SGK:
"Cho [a,b] 12 1 khodng déng trong R va f : [a,b] — R lién tyc, thi f ¢6 gid
tri nhd nhat trén [a,b]”. Do d6, vé mit truc giac thi dinh Iy 1 kh4 16 rang.
Tuy nhién, c6 thé cdc ban sé¢ khé hinh dung la dinh 1y nay thi lién quan
gi d€n van dé don bi€n? Heé qua sau day cta dinh 1y 1 sé 13 ”chia khéa”
cho céc dinh Iy dén bi€n ctia chiing ta. Luu § ring tat cd cic k&t qua trong
muc nay khong cin diéu kién f d6i xing.

Dinh ly 2: Cho:

e D [a I tap déng, bi chan trong R™, va A 1a 1 tap con déng cda D.

e T :D — D la mot phép bi€n ddi bat ki.

e f: D — RIa mdt ham s6 lien tuc thda man f(z) > f(T(x)),Vx € D\A.
Thi ta ¢c6 GTNN cia f dat duge trén A, nghia la:

f(x) > r;g{l{f(y)}ﬁx € D\A.

Chiing minh:

Do dinh Iy 1, tdn tai 29 € D sao cho f(zg) < f(z),Vo € D. Né&u xq

khong thuoc A thi f(zg) > f(T(z0)), mau thuin. Vay xo € A va ta ¢ diéu
phéi ching minh.
*Ghi chii: Ta thdy phép bién ddi T : D — D nhung thyc ra trong dinh ly
trén chi doi héi tinh chat ctia T trén D\A. Do d6 v6i @ € A thi T'(x) c6
thé 14y gia tri tuy ¥ va ta c¢6 thé xem nhu T'(z) = . Quy udc nay sé dugc
stt dung trong phin con lai, nghia [a T'(z) = x,Vz € A va ta chi quan tAm
gid tri cia T trén D\A.

Day 1a mdt hé qud qua don gidn phdi khong cic ban, tuy nhién § tudng
ddn bign cta n6 da 16 r6. D€ minh hoa, chiing t6i din ra day mot ching
minh cho BDT Cauchy.

Bai toan 1: (BDT Cauchy) Cho n s6 thuc khong am x4, ..., z,. Chiing minh

rang:
T+ AT > Ny,

Chiing minh:

Bing cich chuin héa, ta c¢6 thé gid st z;...z, = 1 va ching minh
21+ ... + x, > n. T4t nhién ta chi cAn xét khi z; < n, Vi.

Xét: D ={zx = (z1,...,x,)|7; € [0,n], 71...7, = 1} thi d& thdy D d6ng va
bi chin. Xét A = {xo=(1,1,1,...,1)}.

Xét f : D — R lién tyc nhu sau: véi mbi z = (z1,....,2,) € D
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thi f(x) = 21+ ... + x,. Xét T : D\A — D nhu saw: Véi mdi v =
(z1,...,x,) € D\A, thi ton tai z; # z; va ta dit T(z) 1a bo thu dugc tu
x sau khi thay x; va z; bdi trung binh nhan cta ching, khi d6 d& thdy
f@) = f(T(2)) = (Vi — z3)* > 0.

Vay ta c6 thé 4p dung dinh 1i 2 d€ suy ra f(z) > f(x0),Vz € D, hon nita
dau” =7 chi xdy ra khi z = x.

Trong nhiéu trudng hop, c6 thé ham f sé khong dd tot va ta sé chi
c6 c6 diéu kien f(z) > f(T'(z)). T4t nhien khi d6 ta khong thé 4p dung
dinh ly 1. Mot doi héi hgp 1y 1a phép bién ddi T phai du t6t d€ bu lai (nhé
13 phép bien ddi T la do ta chon). Diéu nay dua dén:

Pinh ly 3: Cho:
e D 1a 1 tAp déng, bi chan trong R™, va A la 1 tap con d6ng cda D.
e T :D — Dlal phép bi€n d6i sao cho ton tai mot ham sd A lién tuc
D — R thdéa man: h(T(z)) < h(x),Yz € D\A.
e /: D — Rla mdt ham s6 lién tuc thda man f(z) > f(T(z))Vx € D.
Thi ta ¢c6 GTNN ctia f trén D ciing la GTNN ctia f trén A, nghia la:

(@) = min{f()}, Vo € D.

Mic du 1a trudng hop rieng cia mot dinh Iy t6ng quat hon & cudi bai,
nhung vi tAm quan trong cta dinh 1§ nay nén ching t6i vin din ra day
mot ching minh cho né.

Chiing minh:
Lay 3o € A sao cho f(yo) = Iyﬂg{r&{f(y)} Gid st phan chiing ring ton tai

z € D sao cho f(z) < f(yo). TAt nhién ta c6 thé gid st h(x) > 0,Vz € D
(n€u khong chi viéc thay h béi 2/ = h — M, v6i M 1a GTNN cda h trén D).
Chon £ > 0 dd nhd ta cé: f(2) +eh(z) < f(yo). Dit g(z) := f(z) + eh(z),
Ve € D. Thig: D — R lién tyc, g(z) > g(T(x))Vx € D\A va g(z) <
flyo) < r;él[{l{g(y)} Diéu nay mau thuin véi dinh 1y 2.

Sau day 1A mot hé qua 4n tugng cta dinh 1y 3.
Hé qua 1: (SMV-Strongly Mixing Variables) Cho:
e D e R'D ={x = (v1,....,%0)|x; > ,) x; = ns = const} va sy =
(s,8,....,8) € D.
e Phép bi€n ddi T': D — D nhu sau: v6i mdi phan ti a = (ay,..,a,) € D,
a # 5o, ta chon ra 2 chi s6 ¢ # j nao d6 (tuy theo ham f bén dudi) sao cho
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a; # aj, 161 thay a;,a; b6i trung binh cdng cda ching.
e /: D — Rla ham s6 lién tuc théa man: f(a) > f(T(a)),Va € D.

Khi d6: f(a) > f(so0),Va € D.
Ching minh: Véi phép bién déi T nhu vay, ta chon h(z) =" 27, Vo =
(21, ...,xn) € D. Ap dung dinh Iy 3 (& day A = {so}).
*Nhdn xét: Thong thudng, trong dp dung ta s& 14y a;, a; 1a min va maz cia
{ai,...,a,}. Khi d6, c6 thé ching minh tii 1 phin ti bat ki cta D, sau vo
han 1an lap T sé thu dugc (s, s, ..., s), va st dung tinh lién tyc ctia f ta ciing
thu dugc k&t luan.

Riéng trong truong hgp nay (min va maz) thi khong nhat thiét thay
ai,a; bdi trung binh cong ma c6 thé tdng quit hon:
Hé qua 2: Cho:
e D € R™ déng va bi chin. Goi A 1a tap hop cac phan ti trong D c¢6 dang
(s,8,...,5), va gid st A khac réng.
e Phép bien d6i T : D — D nhu sau: v6i mdi phan ti a = (a1, .., a,) € D\A,
ta chon ra 2 chi s6 i # j sao cho a;,a; 1a min v max cta {ay, ..., a,}, sau
dé thay a;,a; bdi o, 8 € (a4, a;).
e /: D — Rla ham s6 lién tuc théa man: f(a) > f(T(a)), Va € D.

Khi dé:

f(x) > min{f(4)}, Ve € D.

yeEA
Chiing minh: Mot céch ty nhién, ta hi vong vao ham
h(a) = maz{ay,...,a,} — min{ay, ..., a,},Va = (ay, ...,a,) € D

Tuy nhién, ta khong ¢6 ngay h(a) > h(T(a)), Va € D\A. D6 la vi trong
n s ai,...,a, c6 thé c6 nhiéu s6 bing nhau va bing maz hay min cta
{ay,...,a,}. Nhung ta chi viéc thay T" bdi T* = T™ (T* nghia la lip lai T
v6i k 1an) thi h(a) > h(T*(a)),Va € D\A va ta ¢6 thé ap dung dinh Iy 3.

Tuy nhién, d6i khi chi 1 phép bi€n d8i T sé¢ khong dd, vi du nhu khi ta
chua biét chinh xéc 1a don bi€n vé bién hay vé tam. Do d¢6, dinh 1y 3 dugc
md rong thanh dinh 1y don bi€n tdng quat sau day.

Pinh ly 4: (GMV — General Mixing Variables) Cho:

e D 1a 1 tAp déng, bi chan trong R™, va A la 1 tp con d6ng cda D.

e T; : D — D la cic phép bi€n ddi sao cho tdn tai cic ham s§ h; lién tuc
D — R théa man: h(Tj(z)) < hj(x)Yx € D\A, Vj € {1, ..., k}.
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Thi f(2) > min{f(y)}, ¥z € D,
=

Ta st dung lai ching minh ctia dinh 1y 3 cing véi 1 cai tién nhd.
Chiing minh:
L4y yo € A sao cho f(y) = ml{{l{f(y)} Gi4 st phadn chiing ring ton tai
ye

z € D sao cho f(z) < f(yo). TAt nhién ta c6 thé gid st h;(z) > 0,Vz €
D,Vj=1,...,k Chone > 0da nhd tacd: f(z)+ech;(z) < f(yo),Vi=1,.... k.
bit gj(x) := f(z) + ehj(x), Ve € D,Vj =1, ..., k.

bit g(z) = min{g:1(z),...,gx(x)},Yx € D. Thi g : D — R lién tuc,
g(x) > g(T'(z))ve € D\A va g(z) < flyo) < min{g(y)}- Di€u nay mau

thudn véi dinh Iy 2.

*Chi chi: Ta da st dyng k&t qud 1a néu ¢; 1a cdc ham lién tyc thi g =
min{gi, ..., gx} cling 12 ham lién tyc. Tat nhién ta chi cAn ching minh
v6i k = 2, va trong trudng hgp nay thi chi cdn dé ¥ 1a min{g, ¢} =
(g1 + 92— |91 — g2]). Con sy kién g(z) > g(T'(z)),Va € D\A thi rat 1o rang,
vi néu u; > v;, V5 = 1,..., k thl min{uy, ..., ux} > min{us, ..., ux}.

Cac ban than mén, tuy hinh thic phat bi€u ngin gon nhung GMV
c6 tAm Gng dung cyc ki rong rai. Ct mdi mot (hay mot vai) phép bi€n ddi
T thich hop 1a ta lai ¢c6 mot dinh 1y ddn bién méi. Ching t6i két thic muc
nay bing mot hé qua cia GMV, ma c6 thé xem la sy mé rdong ciia SMV
& He qua 2. Cing xin luu § ring cic két qua c6 ten SMV va UMV & day
téng quat hon so véi cac dinh 1y cling tén ma ching t6i da din ra ban dau.

Hé qua 3: (UMV — Undefined Mixing Variables) Cho:
e D C{r=(x1,....,0,) € R"|x; > 0,Vi =1,....,n}, D d6ng va bi chin. Goi
A 13 tap hop cac phan ti trong D ¢6 ¢ thanh phan bing 0 va n — ¢ thanh
phan bing nhau (¢ > 0).
e 2 phép bi€n d8i T}, T» : D — D nhu sau: v6i mdi phan ti a = (ay, .., a,) €
D\A, chon ra 2 chi s6 ¢ # j sao cho a; = min{a; > 0,t = 1,...,n} va
a; = max{ay,...,a,}, sau d6 thay a;,a; b6i o, 8 € (a;,a;) (Gng v6i T1) va
o <a; <aj < (Gng voi Ty).
e /: D — Rlién tuc théa man: f(a) > min{f(Ti(a)), f(Ti(a))}, Va € D.

Thi

f(z) = min{f(y)}, Vo € D.

yeEA
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Chiing minh:

Chon hi(a) = max{as,...,a,} — min{ay,...,a,} va hs(a) = —hy(a),
Va = (a1, ...,a,) € D. Tuong ty nhu hé qué 2, ta thay 7} bdi Ty = T va
Ty =Ty d& c6: hi(a) > hi(T}(a)), ho(a) > ho(T5(a)), Va = (ai, ...,a,) € D.
Ap dung GMV ta c6 didu phai ching minh.

9. Nhin lai.

Cac ban than mén, cé 1é bay gid la lic tam ding d€ nhin lai hanh
trinh vita qua. Nhu chiing t6i da néi trong $6, don bigén da dugc bi€t dén tu
rat sém thong qua ham 16i va din dén cic két qua tuyét dep. BDT Jensen
c6 thé xem nhu mot tieu chudn d€ don bién vé tAm mot cach toan cuc. V@
cac k&t qua nay, cic ban c¢6 thé tim doc mot cach rat day dd trong cudn
"Bat ding thic” ndi ti€ng ctia 3 nha toan hoc Hardy — Polya — Littewood.

Trong trudng hgp 3 bi€n, c6 1&é quen thudc nhat véi ban doc 1a nhiing
BDT lugng gidc, ching han nhu:

3V/3

sinA + sinB + sinC < —5 (1)
3
cosA + cosB + cosC < 5 (2)

v6i A, B,C la 3 canh 1 tam giac.

BDT (1) c¢6 thé thu dugc ngay bing cich 4p dung BDT Jensen cho ham
16i. BDT (2) thi tinh t& hon, ham f(z) = —cosx ¢6 f’(x) = cosx nén chi
16i trén [0, 7]. Do d6 ta khong thé 4p dung ngay BDT Jensen cho 3 bién
AB,C. Tuy nhién, ta c6 thé gid st A < B < C va khi d6 thi A, B € [0, 7]
nén ta c6 thé don 2 bi€n A, B vé bing nhau. Sau d6 bai todn chi con mot
bi&n va trd nén don gian.

Nhu vay, tu tudng don bién da din 16 6. Thay vi mong mudn cé ngay
mdt cich don bién toan cuc, chiing ta hi vong ¢6 thé tiing buc don gidn bai
toan bing cich gidm dan s6 bi€n. Day chinh 13 tu tudng chinh clia phuong
phap don bi€n. Trong trudng hgp 3 bi€n, sau khi thuc hién duge dong tac
ddn bién (bat ké 1a vé& 2 bi€n bing nhau, hay dén 1 bién ra bién, hay don 1
bi€n vé gia tri trung binh) thi gAin nhu bai todn chi con 1 bi€n va xem nhu
gidi quyét don gidn. Do d6, phép ddn bi€n khong cin tac dung véi 2 bién
bat ki ma c6 thé tan dung thi ty sip dugc gitia cac bién néu BDT la doi
xung.
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Cac ban than mén, ching téi danh ra 3 muc dé€ khao sat van dé don
bi€n cho BDT 3 bién cing chi 13 d€ cac ban nim dugc tu tudng ctia phuong
phap, chi khong phai liet ké tat ca cac ki thuat can thi€t. Ching han nhu
dén big€n trong BDT lugng gidc véi cac BDT tuyét dep cda Jackgarfulkel
(xem phan bai tap) cing khi thi vi. Tuy nhién ching to6i nghi ring trinh
bay tit cd s¢ nham chin va vo vi, vi mot khi nim dugc tu tudng chinh thi
cac ban c6 thé€ ap dung trong v6 van trudng hgp khic nhau.

Doc xong phin BDT 3 bién, c6 1& ban doc sé ¢ cadm giac 1a hinh nhu
moi BDT déu c6 thé chuyén vé trudng hop 2 bi€n bing nhau hoic 1 bién
dat gia tri tai bién. Phai néi ring diéu nay ding cho hiau hét cdc BDT ma
ching ta da gip. Tuy nhién, ngay sau day ching t6i s& cung cip cho cac
ban mot vi du nim ngoai "thong 1&6” d6. Trong vi du nay, tham chi BDT
dang xét 1a da thic d6i xing thudn nhat 3 bi€n. Vi du nay ldy ti ¥ tudng
ctia anh Bui Viét Anh.

Bai toan 1. Cho a,b,c¢ > 0. Khi d6 BDT:
(a® +0* + ¢* — 6abc)* + ((a + b + ¢)® — 36abc)* > 0

b)

chi x4y ra ddu "=" trong trudng hgp (a,b,c) = (t,2t,3t),t > 0 (va cidc hoan
vi).

Ban doc ty ki€m tra diéu dé.

Nhu vay, cac ban ¢6 thé yén tadm la phuong phap dén bi€n cé § nghia.

Véi bai toan 4 bién thi thong thudong ching ta phai thiyc hién hon 1
lAn dong tac ddn bi€n nén sé phic tap hon. Trong trudng hgp n bién tdng
quéat thi viéc don bi€n trd nén cyc ki khé khian. Ngoai BDT Jensen cho
phép don 1 lic cd n bi€n (nhung dang ti€c, né chi gidi quyét duge 1 lugng
kha nhd cac BDT) thi gAn nhu ta khong c6 cong cy nio khac. Trong trudng
hgp nay, thong thudng quy nap ciing 13 mot ¥ hay. Ching toi dan ra day
mot vi du cho thay sy tinh t&€ ctia chiing minh quy nap trong BDT.

Bai toan 2. (Pham Kim Hung) Cho n s6 thuc duong aq,as, ..., a, c6 tich
bing 1. Chiing minh ring v6i moi k& > 0 thi:
1 L 1 1

(1+a))k  (I+ax)k 7 (1+ay)k

Bai toan nay da dugc dua lén Dién Pan Toan Hoc véi tén goi 1a Thach

Thic 1, va [a mot bai rat khé. Tuy nhién, né s& vd cling don gidn néu ta

, n
> min{1, 2—k}
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lam viéc véi bai toan tdng quat hon:
”Cho n s6 thiuc duong ai,as, ..., a, cé tich bang s > 1. Chitng minh rdng vdi
moi k > 0 thi:
1 L 1 1
(14+a)  (1+a)* " (1+ay)k

. n ”
> min{1, T {1/5}

Véi bai todn tdng quat hon nay thi lai c6 thé chiing minh bing quy nap.
That vay, xét bai todn véi n s6, ta c6 thé giad st a,, = min{ay, ..., a,}. Khi
d6 4p dung gid thi€t quy nap cho (n — 1) s8 ay,as, ..., a,_1 c6 tich > 1, ta
dua dugc ngay bai toan vé 1 bi€n. Cong viéc con lai chi 1a khdo sat ham
mot bién.

Mot ki thuat khac d€ dua cdc BDT n bi€n vé 1 bién 1a don bién vé
gia tri trung binh trong $7. Nhu chiing t6i da chi ra, ¥ tudng cach dén nay
dua trén cach don bi€n vé gid tri trung binh cho ham 16i. Pay 1a cach don
bi€n rat to6t vi nd c6 tinh hiiu han. Tuy nhién, né chi 4p dung dugc cho
cac bai cyc tri dat dugc tai tAm.

Bay gid ta phai doi mit v6i khad ning cuc tri dat tai cd tAm va bién.
R6 rang kha ning ddn vé mot bién 1a khong cao. Do d6 chiing ta hi vong
vao didu t6t nhat 13 c6 mot cich don bi€n toan cuc, dai loai nhu BDT
Jensen. Véi muc tieu d6, 2 dinh 1y tuyét dep phai ké dén 1a dinh ly SMV
(don bi€n manh) va UMV (ddn bi€n khong xac dinh). Hai dinh Iy nay c¢6
thé n6i la "anh em song sinh”. SMV dung d& ”chuyén tri” cdc BDT cuyc tri
dat dugc tai tAm, trong d6 cai ti€n dang k€ nhat 1a khong cAn ddn duge 2
bi€n bat ki vé bing nhau ma chi cAn dén bi€n 16n nhat va bi€n nhd nhat.
UMV thi doi héi gid thiét dit lén 2 bi€n bat ki, tuy nhién né cho phép ta
dung hoa ca 2 truong hop cuc tri dat dugce tai tAm va tai bién dudi mot dang
tdng quat. D& cho hinh thiic don gidn, 2 dinh 1y nay déu chi xét cho ham
déi xidng.

Ching t6i da quan sat 2 két qua trén va nhan thay sy khong cin thiét
ctia viéc tach rdi 2 trudng hgp, va da tim ra mot k&t qua hoi ty day dd uu
di€m cta 2 dinh Iy trén. Tuy nhién né chi 1a mot trudng hop rieng cia He
qué 3 trong $8. Dinh Iy GMV khong chi don thuin 1a t8ng quat 2 dinh 1y
k€ trén, ma né md ra mot chan trdi méi véi vo van cac ki€u don bién . Mot
didu ki la [a & day chi doi hdi: néu bo x = (21, 29, ..., 2,,) chua roi vao cac
truong hop "téi han” (tdc 1a thudc A), thi ludn c¢6 thé thay th& bing 1 bo
(Ia T(x)). N&u nhu trong SMV (”c6 dién”), su kién ddn 2 bi€n, 16n nhat va
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nhd nhit, vé bing nhau c¢é thé din dé€n mot cdm nhan ré rang 1a n bién
sé ti€n vé gia tri trung binh, thi trong trudng hgp nay bd dé day s6 khong
con tic dung. Tuy nhién, k&t qui vin dugc chi ra.

Cac ban thaAn mén, cic ban da cung ching t6i di trén mdt hanh trinh,
ma ching t6i chon vi nd t6t nhat chit khong phai la ddy dd nhat. Co
nhiéu van dé ching t6i khong dua ra, hoic khong trinh bay ki, vi ching
to6i khong coi trong sy ddy di. Cai ma ching tdi coi trong 1a cd gdng d€ céac
ban thay dugc van dé mot cach nhanh chéng, 16 rang va hop 1y. Hi vong
vGi nhiing tu tudng ma ching t6i da khoi ggi cdc ban s& di cdm hiing va
kha ning dé ti€p budc trén con dudng sing tao.

Cudi cling, chiing t6i mudn gl 10i cdm on dic biét t6i anh Phan Thanh
Nam va anh Pham Kim Hung, nhiing ngudi da c6 rat nhiéu két qud va v
tudng dugc st dung. Ching t6i cling xin chan thanh cdm on tit cd tic gid
cac bai toan, cic ngudn trich din, trong d6 c6 thdy Pham Vian Thuin —
ngudi da cung cAp cho ching tdi mot tai lieu vé don bi€n cé gia tri.

10. Bai tap.

Sau day 1a mot s6 bai tap danh cho ban doc. Hi vong cic ban sé tim
dugc nhiéu niém vui khi thi stc v6i ching. (ghi chii: © bai dé, ® bai trung
binh, = bai kho, ¥V bai cyc kho)

© Bai tap 1: (Asian Pacific Math.2004) Gi st a, b, ¢ 1a céc s6 duong tuy §.
Chiing minh BDT

(a2 +2)(0% + 2)(c2 +2) > 9(ab + be + ca)

© Bai tap 2: (MOSP 2001) Chiing minh ring né&u a,b,c 1a cic s6 duong ¢
tich bing 1 thi ta ¢6 BDT

(a+b)(b+c)(c+a)>4(a+b+c—1)
© Bai tap 3: Cho a,b, c khong 4m thda man a? + b* + ¢* = 3. Chiing minh

rang
a+b+c>a?? + b2 + Fa?
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© Bai tap 4: (Huynh T4n Chau) Cho z,y,2 > 0 va z +y + z = 1.Chiing
minh ring:
3.3, .3 1
0+ Yy + 27+ bryz > 1

© Bai tap 5: Ching minh ring néu z,y, 2 1a cic s6 thuc khong am thda
man didu kién 2% + y? + 22 = 3 thi ta c6 BDT:

T(zy +yz+ zx) < 12+ 9xyz
® Bai tap 6: (Chon doi tuyén Viét Nam 1996) Cho a, b, ¢ 1a céc s8 thuc bt

ki, ching minh ring:

4
F(a,b,c) = (a+b)4+(b+c)4+(c+a)4—?(a4+b4+c4) >0

® Bai tap 7: (Pham Vin Thuan—Zhao Bin). Gid st z,y,z 1a ba s6 thuc
khong am nhung chi ¢6 nhiéu nhat mot s6 bing 0. Chiing minh ring

1 1 1 20
oIy S e e e w 3
v4yr P+ P4 (a+b+c)

® Bai tap 8 (Pham Kim Huang). Ching minh ring v6i moi s6 thuc a,b, ¢
khong Am ta ludn c6 BDT:
1 1 1 4
+ + >
Vaa? +be VA2 +ca VAR +ab T a+b+c

® Bai tap 9: (Murray Klamkin) Ching minh ring véi cac s6 thuc khong
am a,b, c c6 téng bing 2, thi

(a® + ab+ b*)(b* + be + ) (S +ca+a®) <3

= Bai tap 10: (Téng quat RMO2000) Cho a,b,¢ >0 va a+b+c= 3. Tim
hiing s& & > 0 nhd nhat sao cho BDT sau luon ding:

a" + 0"+ > ab+be+ ca

= Bai tap 11: (Trung Quéc 2005) Cho a,b,¢ > 0 va ab + bc + ca = 1/3.

56



Chiting minh ring:

1 1 1
<3
a2—bc+1+b2—ca+1+c2—ab+1_

= Bai tap 12: (mathlinks) Cho a,b,¢ > 0 va ab+ be + ca = 1. Ching minh
rang:
1+ a?v? N 1+ b?c? N 1+ ca?
(@a+b)?  (b+c¢)?  (c+a)

)
> 2
-2

= Bai toan 13 Cho a,b,c € [p,q] v6i 0 < p < ¢. Tim gid tri l6n nhét cta:

a b c
- -
b+c c¢c+a a-+b

Bai toan 14.(Jackgarfulkel) Cho tam gidc nhon ABC. Chiing minh ring:

® a)
. 4 s +,C>4(1+,A,B,C’)
sing + sino- + sino- 2 3 sinsin sin—

¢ b)
N N > Loy A B C)
Cos -+ COs -+ cos o > 7 €08 C08—C0s

® Bai toan 15.(Jackgarfulkel) Cho tam gidc ABC. Chiing minh ring:

A-B B-C Cc—-A

2
) + cos( ) + cos( 5 ) > —(sinA + sinB + sinC)

V3

= Bai toan 16 (Phan Thanh Nam) Cho ba sd thuc z, v, z khong Am c6 tdng
bing 1. Chiing minh ring

cos(

Vet +Vy+22+Veta?>2

= Bai tap 17 (Vasile Cirtoaje) Xét ba s6 thuc khong am a,b, ¢ thda diéu
kién a? + b* + ¢ = 1. Chiing minh ring:
1 1 1

9
<_
1—ab+1—bc+1—ca_2
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= Bai tap 18: (Phan Thanh Nam) Cho a,b,¢ > 0 va théa man a+b+c= 1.
Chiting minh ring:
a) (VMEQI)

W‘l‘\/b‘l‘ (CI;)Q +\/c+ (a1_2b)2 <V3

Va+kb—c2+Va+k(b—c2+a+kb—c?<vV3

b)

Trongd’él{:zl—‘/?g

= Bai toan 19 (Phan Thanh Viét) Cho tam gidc ABC c6 d6 dai 3 canh Ia
BC =a,CA=0,AB = c¢. Goi p la ntia chu vi cla tam gidc va my, my, m.
13 d6 dai ba dudng trung tuyén tuong tng ha ti A, B, C xudng cic canh d6i
dién. Chiing minh ring:

Mg + mp +me < \/3p2+%[(a—b)2+(b—c)2+(c—a)2]

Bai tap 20: (Phan Thanh Nam) Cho z,y,z € [-1,1]] va z +y + 2z = 0.
Chiting minh ring
Za)

Vitr+y2+/1+y+22+VI+z2+a2>3
U b)

7 7 7
\/1+:17—|—§y2+\/1+y+§z2+\/1+z+§x223

® Bai tap 21 (Pham Kim Hung) Cho z,y,2,t > 0va oz +y+ 2+t = 4.
Chiting minh ring:

(14 32)(1+3y)(1+32)(1+3t) <125+ 131ayzt
® Bai tap 22 (Bat ding thic Tukervici) V6i moi sd thuc duong a, b, ¢, d thi
a' + b + ¢t 4 dt 4 2abed > @b + B3P + AdP + dPa® + o’ + VAP
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® Bai tap 23 (Pham Vin Thuan— Nguyén Anh Tuén) Xét 4 s6 thuc a, b, ¢, d
théa man a? + b + ¢? + d?> = 1.Chting minh ring

1 L 1 L 1 L 1 L 1 L 1 <3
l—ab 1—bc 1—cd 1—da 1—db 1—ca —

= Bai tap 24 (Pham Kim Hung) Cho cac & thyc khong am a,b, ¢, d, k c6
téng bing 4. Ching minh ring

(abe)* + (bed)* + (cda)* + (dab)* < maz{4, (g)%}

E Bai tap 25 (Phan Thanh Nam)
Cho céc s6 thuc z,y, z,t thda: maz{zry,yz, 2t,tx} > 1. Ching minh ring

\/1—xy—|—y2+\/1—yz+z2—|—\/1—zt—|—t2—|—\/1—tx+x2

> 164 (x —y + 2 — )2

U Bai tap 26 (Phan Thanh Nam) Cho céc s8 thyc z,y, z,t € [—1,1] thda
min z +y + 2 +t = 0. Chiing minh ring

Vidz+224+V/1+y+24+4Vi+ 242+ V1+t+a2>4

(*Ghi chd: Bai nay xudt phat ti trudng hgp ba sd trong bai 20a, di nhién
sé¢ khé hon rat nhiéu. BDT tuong tu véi 5 s6 khong con ding niia)

¢ Bai tap 27 (Vasile Cirtoaje) Chiing minh ring néu ay,as, ..., a, khong
am va c6 téng bing n thi

n—1)(a?+ a2+ ..+ a®) + najas...ay, > n?
1 2 n

= Bai tap 28: (Pham Kim Hung) Gid st a1, as, ..., a, 12 céc s§ thyc khong
6 t6ng bing n. Tim gtnn cda bi€u thic

Q>

1 1 1
S=al+as+..+a:+aag..an(—+—+ ...+ —)
aq a9 (07%
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= bai tap 29 Tim hing s6 duong k,, t6t nhat dé BDT sau luon ding véi
moi day s6 thuc khong Am 1, 29, ..., 7, ¢ tong bing n

(1 4+ mz1)(1 +mza)...(1 + mzxy,) < (m+1)" + kp(v122..200 — 1)
trong d6 m 13 hiing s6 duong bat ki.

Bai toan 30 (Phan Thanh Viét) Cho ay,as, ..., an, s, k 12 cac s6 thuc duong

théa man: aay...a, =s" van—1= ﬁ Xét BDT:

1 1 1

+ +. ..+ — <n-1
Ota) T 0rar " Tara)yr="

© a) Ching minh ring BDT trén néi chung khong ding.
® b) (VMO 1999) Ching minh BDT trén dang trong truong hgp k& = 1.
U ¢) Tim t4t c3 cac gid tri k (tay thuoc n) d€ BDT trén ding.
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