Nguyén Vin Giap - THPT Nguyén Trung Ngan: Gi6i han ddy s trong
cac dé thi HS gioi.

MO DAU

1. Ly do chon dé tai

Diy s6 1a mot linh vue kho va rit rong, trong cac dé thi hoc sinh giéi quéc
gia, qudc té cling thudng xuat hién cac bai toan vé day sd. Dé giai duoc cac bai
toan vé day s6 doi hoi nguoi lam toan phai c6 kién thirc tong hop vé sb hoc, dai
s, giai tich. Cac van dé lién quan dén diy sb ciing rat da dang va ciing c6 nhiéu
tai liéu viét vé van dé nay, cac tai liéu nay ciing thudng viét kha rong vé cac vén
dé cua day s6, cac van dé duoc quan tam nhiéu hon 14 cac tinh chét s hoc va
tinh chat giai tich ctia diy sb.

Tinh chét s6 hoc cia ddy s6 thé hién nhu tinh chia hét, tinh nguyén, tinh
chinh phuong... , tinh chét giai tich ¢6 nhiéu dang nhung quan trong 14 cac bai
toan tim gidi han diy sb. Cac bai toan vé ddy s6 thuong 1a cic bai toan hay va
kho, tac gia da suu tam, chon loc va phan loai theo ting chu dé

Sang kién kinh nghiém voi dé tai “Giéi han day s6 trong cac dé thi hoc
sinh gi6i” c6 muc dich trinh bay mot cach hé théng, chi tiét gidi han diy sb. Dé
tai dugc trinh bay véi 2 chuong.

Chuong 1. Mot 6 kién thirc chuan bi. Chuong nay h¢ théng lai kién thirc
co ban nhat vé diy sb, sd hoc, phuong phép sai phan s& dugc dung dé giai quyét
cac bai toan trong chuong 2.

Chwong 2. Gidi han ciia day s6. Chuong nay dé cap dén mot sb bai toan
vé gi61 han day s6 nhu: Gidi han cua téng, day con va su hoi tu cua day s0, day
sO x4c dinh boi phuong trinh cing v6i phuong phap giai cu thé cho timg dang
toan.

2. Méc ®Ych v nhiOm vé nghi2n cou
» Nghi2n cgu IY luEn vO kil n"ng, kil n"ng gifi to,n vy mét
sé biOn ph.p rin luyOn ki n"ng giYli to.n cho hac sinh THPT
» Rin luyOn kil n"ng giai cac bai toan vé gi6i han day sb
» Txm hiOu thuc tring cfia viéc hoc diy s trong chuong trinh mén
toan cua truong THPT
» Txm hiOu bui to, n khé vé gi6i han diy sb trong cac dé thi hoc sinh

g101



» X©y dung hO théng c,c bui tEp ®iOn hxnh nh»m rin
luyOn ki n"ng téng hop kién thirc d6i v6i hoc sinh gidi

» Gii y c,ch vEn déng hO théng bui tEp ®iOn hxnh trong
viOc rin luyOn ki n"ng gifi to,n n&i chung, gap phCn ph,t triOn
trY tuO cho hoc sinh.

3. Phu—ng ph,p nghi2n cgu

a) Phu—ng ph_ p nghi2n cgu ly luEn:

Nghi2n cgu mét se gi,o trxnh phu—ng ph,p dy hac
m«n to,n, SGK phae th«ng, S ,ch bai dudng gi,o viegn THPT, c.c
s ch tham kho, c,c t'p chY vO gi o déc lign quan ®0On ®O ti.

b) Phu—ng ph _p teeng kOt kinh nghiOm:

Teeng kOt kinh nghiOm qua nhiOu n"m truc tiOp gifng
dly, qua trao ®aei kinh nghiOm vii mét sé gi,o vian gidi bé m«n
To.n & truong THPT. Té ®& x©y dung ®uic hO théng ¢, c bpi tEp
®iOn hxnh vy nh+ng gli y d'y hdc nh»m rin luyOn ki n"ng tim
gidi han ham s

c) Phu—ng ph_ p quan s t, ®iOu tra:

Quan st vy ®iOu tra thuc tring dy hac gifi to n vé day sb
®ei vii hac sinh lip 11 va 12, qua ®a n¥m b3t ®uoc nhu cCu
cfia viOc rin luyOn kil n"ng giai toan vé diy sé cua hoc sinh

4. Poi twong va pham vi nghién ciru
bé tai dugc nghién ctru d61 vdoi hoce sinh cac 16p 11A1, 11A2, 11A3 va
hoc sinh trong ddi tuyén hoc sinh gioi toan 16p 12 trudong THPT Nguyén Trung
Ngan.
5. Thoi gian nghién ciru.
bé tai duoc nghién ctru trong cac nam hoc 2009 — 2010, 2010 — 2011,
2011-2012



Chuong 1
MOT SO KIEN THUC CHUAN BI

1.1.DAY SO

1.1.1.Dinh nghia

M&i ham sb u xac dinh trén tip cac s6 nguyén duong N* duogc goi 1a mot
day s6 vo han (goi tat 1a ddy sb). Ki hiéu:

u: N* = R

n 0 u(n)

Diy s6 thuong duge viét dudi dang khai trién

U, Uz, Us,..., Un, ...
Trong d6 u, = u(n) va goi w, 1a s6 hang dau, u, 1a s6 hang thir n va 1a s6 hang
tong quat cua day sb

MJdi ham sb u x4c dinh trén tap M = {1,2,3,..., m} vo1 mEN* duogc goi la
mot ddy sd hitu han

Dang khai trién ctia nd 13 uy, us, s, .. .,Un trong do u; la ) hang dau, up, 1a
s6 hang cudi.

e Diy s (u)) duogc goi la:

- Day don diéu tang néu Uni > un, VGimoin=1, 2, ...

- Diy don khong gidm néu un. =u,, véimoin=1,2, ...

- Day don di€u gidm néu Uy < Uy, v6i moin=1,2, ...

- Day don diéu khong ting néu um <u,, véimoin=1,2, ...

e Diy s6 (u,) duoc goi la

- Day s6 bi chin trén néu ton tai s6 M sao cho u, <M, véi moin =1, 2,

- Day s0 bi chan dudi néu ton tai s6 m sao cho u, >m, véimoin=1, 2,

- Day s6 bi chin néu vira bi chin trén vira bi chin dudi

e Diy sb (u,) duoc goi 1a tuan hoan véi chu ki k néu uy .+ = u,, vOi Vn
€N

e Day s6 (un) dugce goi la day dung néu ton tai mot sé Ny sao cho u, = C
v6i moi n =N, (C 1a hang sd, goi 1 hing s6 ding)

1.1.2. Cach cho mét day s6



- Day s6 cho bang cong thirc ctia s6 hang tong quat
Vi du:

n

1- V5

2

1 €

RNE J5
- Day sd cho bang phuong phép truy hoi

1+\/§

2

n

Vi du: Dy s6 (u,) duoc xac dinh bai:
u, =L,u, =50
{um =4u +5u,  -1975 n=23,4..

- Day s6 cho bang phuong phap mo ta:

Vi du: Cho a; = 19, a, = 98. V&i mdi s6 nguyén n = 1, xac dinh a, -, bang
sd du ctia phép chia a, + a,+1 cho 100.

1.1.3. Mot vai diy s6 dic biét

a) CAp sb cong.

Pinh nghia. Diy s uy, u, us, ... dugc goi 1a mot cap sd cong voi cong

said(d¢0)né’uun=un71 +d voimoin=2,3, ...

Tinh chét
u,=u; +(n—1)d
u, +u,, . )
U = % véimoi k=2, 3, ...

Neéu cap s6 cong hiru han phan tr uy, u,, ..., u, thi

W tu,=utu, (véimoik=23,...,n-1.
n n
Ss=uw+uw+...+tu= E(ul +u) :5[2% +(n- l)a’]

b)Cip s6 nhan.
Pinh nghia.. Diy s6 u,, uy, us, ... dugc goi 1a mot cip sd nhan voi cong
boi q (q#0, q#1)néuu,=u, q voimoin=2,3, ...
Tinh chét.
wL=wq" ' véimoin=2,3, ...
u; =u,u,, voimoik=2,3, ...
Ss=wtwm+...tu, = u(g -l
qg-1
¢)Day Fibonacci.
Pinh nghia. Day u;, u,,... dugc xac dinh nhu sau:
u, =l,u, =1
{un =u,, +u,, Vn=34..



duoc goi 1a day Fibonacci.
Bang phuong phép sai phan cé thé tim dugc cong thire tong quat ciia diy
la:

1- V5

2

1 1

RENE 55

1.1.4 Gi6i han cia day sb

1+\/§

2

n

Dinh nghia. Ta nd1 rang day so (u,) co gid1 han 1a hang so6 thuc a hitu han
néu vé1 moi s6 duong € (co the bé tuy y), ludn ton tai chi s6 ng€EN (no c6 thé phu
thudc vao ¢ va vao day so0 (u.) dang xét), sao cho v&i moi chi s6 n €N, n=>n, ta

ludn co

u, - a|<e Khi d6 ki hieu im #, =a hogc limu, = a va con noi rang day
5O (u,) hoi tu vé a. Day s6 khong hoi tu goi 1a ddy phén ki
Pinh Iy 1. Néu mot diy sd hoi tu thi gidi han ciia nd 1 duy nhat
Pinh ly 2.(Tiéu chuan hoi tu Weierstrass)
a) Mot day sb don diéu va bi chan thi hoi tu.
b) Mot ddy sb tang va bi chin trén thi hoi tu.
c¢) Mot diy sé giam va bi chin duéi thi hoi tu.
Pinh Iy 3. Néu (u,) — a va (o) <(u), (va) # C thi (va)— a
Pinh ly 4.(Pinh 1y kep gitta vé giGi han)

Néu v61 moi n =ng ta luén co6 u, <X, < v, va limu, = limv, = a thi limx, =

Pinh ly 5 (Pinh Iy Lagrange) Néu ham sd y = f(x) lién tuc trén doan [a;
b] va c6 dao ham trong khoang (a; b) thi ton tai c€ (a; b) thoa man: f(b) — f(a) =
f(c)(b—a)

Dinh ly 6 (Pinh ly trung binh Cesaro)

Néu day s6 (u,) co gidi han hiru han 12 a thi day s6 céc trung binh cong

u +u, +..+u

cling c6 gidi han la a
n

Dinh Iy nay c6 thé phat biéu dudi dang twong duong sau:
Dinh ly Stolz

7 . _ . . Z/ln
Néu hr}}o(unﬂ - un ) =da thl hm — =da

n— n— +oo n
Ta chi can chung minh cho truong hgpa =0
Vi llrg (u,,, - u,) =a ngn véi moi € > ( ludn ton tai Ny sao cho v&i moi n =Ny, ta

n—

cO



u,,-u, <& Khido, vdi moin > Njtacd

)<

n+l

LAPAY

.l+(n- NO)E
nl n n n

+

..t ‘un - un-l MNO

Uy o= Uy

Ny +1

u

N,

0

1

Gitt Ny ¢b dinh, ta c6 thé tim duge N;>N, sao cho N

<é&
1”1\/0‘

n ul?

<2¢. Vaynén lim
n

n— +owo ’/l

=0

Khi d6 vé1 moi n>N; ta s€ ¢co

Pinh ly 7: Cho f: D— D Ia ham lién tuc. Khi do6
1) Phuong trinh f(x) = x c6 nghiém —__—phuong trinh f,(x) = x c6 nghiém
2) Goi @.f 1a cic mut trai, mit phai cia D. Biét 1M (x)- x] y3
xlilf} [/ ()~ *] cing duong hodc cung am. Khi d6 phuong trinh f(x) = x
c6 nghiém duy nhat  phuong trinh f,(x) = x ¢6 nghiém duy nhét

Trong do fu(x) = ARSI

n lan
Chtrng minh
1) a) Néu X, 1a nghiém cta phuong trinh f(x) = x thi x, ciing 12 nghiém
cua phuong trinh f,(x) = x
b) Néu phuong trinh f(x) = x v6 nghiém thi f(x) — x > 0 hoic f(x) — x <
0 vo1 moi x €D do d6 fu(x) — x > 0 hoac fy(x) —x <0 voi moi x €D
nén phuong trinh f,(x) = x cling vd nghiém
2) a)Gia str phuong trinh f(x) = x ¢6 nghiém duy nhat 13 x, thi day ciing
1a mot nghiém cua phuong trinh f,(x) = x. Pat F(x) = f(x) — x do F(x) lién tuc
trén (xo; A) va (@;:x)nén F(x) gilt nguyén mot dau.

Néu lIm[/(x)-x] y3 lim )= x] cing dwong thi F(x) > 0 trong

khoang (xo; £) va (@:x,)suy ra f(x) > x voi moi x€D\{x,}

Xeét x1€D\{Xo} suy ra f(x;) > x; = {(f(x1)) > f(x:)> xi. T do fu(x1) > x4
nén x; khongla nghiém cua phuong trinh f,(x) = x. Vay phuong trinh f,(x) = x ¢6
nghiém duy nhat x = x,.

Néu IIm[/(x)- 2] ya Im/()-x] cing am chirng minh tuong tu.

b)Ta thdy moi nghiém ctia phuong trinh f(x) = x déu 13 nghiém cua
phuong trinh f,(x) = x, do d6 néu phuong trinh f,(x) = x ¢6 nghiém duy nhat thi
phuong trinh f(x) = x ¢6 nghiém duy nht.



Pinh Iy 8. Cho ham f: D— D 1a ham dong bién, ddy (x,) thoa man X,
= f(xa), Yxe N*, Khi do:
a) Néu x,< x, thi ddy (x,) ting
b) Néu x,> x thi diy (x,) giam
Ching minh
a) Ta chiing minh bang phuong phap quy nap
Véin=1taco x; <x, m¢nh diing
Gia st ménh dé ding v6in =k (k=1) ttrc u, < uy+1 khi d6 flu) < f(ui) suy
ra Ui < U2 (dpem)
b) Chiing minh tuong tu
Pinh Iy 9.Cho ham f: D— D 1a ham nghich bién, day (x.) thda man
Xnt1 = f(Xn), Vx€N*, Khi d6:
a) Cac day (Xan+1) va (X2n) don di€u, trong d6 mdt day tang, mot day giam
b) Néu day (x.) bi chan thi o= limxz, va A =limxa:.
¢) Néu f(x) lién tuc thi @,/ 1a nghiém cua phuong trinh f(f(x)) =x  (1).
Vi vay néu phuong trinh (1) c6 nghiém duy nhét thi =4 va limx, ==/
Chirng minh
a) Vi f(x) 1a ham nghich bién nén f(f(x)) dong bién. Ap dung dinh Iy 2 ta c6
diéu phai chirng minh.
b) Suy ra tir a)
c) Ta co f(f(Xan) = f(Xont1) = Xonrz VA IImf(f(X2n) =limXon:=¢ , limxzn =< do
f(x) lién tuc nén f(f(¢ )= @
Chirng minh tuwong tu ta c6 f(f(£) = £
Vay @, f la nghiém phuong trinh f(f(x)) = x

1.2.S0 LUQC VE PHUONG PHAP SAI PHAN

1. Dinh nghia 1. Cho ham s y = f(x) x4c dinh trén R, Pit x, = xo + kh (k
EN*) voi x0ER, h€R bét ki, cho trude. Goi yi = f(xi), khi d6 hiéu sb
Ay, 1 =Y - Yo (KEN*) duoc goi 14 sai phan cap 1 ciia ham sb f(x)

Hiéu sd A%y, : =Ay,., - A, =A(Ay,)  (kEN*) duge goi 1 sai phan cip 2
ctia ham s6 f(x). Tong quat A'y, : =A™y, - A™', =A(A""y,) (KEN*) duoc goi 1a
sai phan cap i cia ham s6 f(x) (i=1,2,...,n,...)

Ménh dé. Sai phan moi cap déu co thé biéu dién theo cac gid tri ciia ham

SO: Y0, Y1, Y25 <+ s Yy -



2.Dinh nghia 2. Phuong trinh sai phan (cap k) 1a mot hé thirc tuyén tinh
chura sai phan céap k

f (A, Ay, Ay, ) =0 @)
Vi sai phan cac cap déu co thé biéu dién theo cac gid tri cia ham sb nén ta c6 thé
viét phuong trinh dang

aoykr1 + A1ynier T ... Fay = f(n) 2)
trong do ao, ai, ...., a, f(n) la cac gia tri da biét, con Vns Yutl, «.5 York 1& CAC g14 tri
chua biét.

Ham sd y, bién n thoa mén (2) goi 12 nghiém ctia phuong trinh sai phan
tuyén tinh (2)

3. Phuwong phdp gidi phwong trinh sai phdn tuyén tinh
Phuong trinh agynik + ai1ynieit ...+ ayn = f(n) dugce goi 1a phuong trinh sai phan
tuyén tinh cap k.

Giai

e Giai phuong trinh sai phan tuyén tinh thuan nhét twong Gmg

- Gidi phuong trinh dac trung

a M +a "+ +a, A+a, =0 (%)

-Tim nghiém tong quat ctia phuong trinh thuin nhét tuong tmg

+ Néu (*) c6 k nghiém thyc khac nhau 1a 4.4,,...4, thi nghiém tong quat

la

yn :clﬂ‘ln +C2A2n +"'+ij"l? (1)
Trong do6 ci, ¢, ..., ¢k 1a cdc hang so tuy y

+Néu trong (*) c6 nghiém thuc 4, bdi s thi nghiém tong quat 1a
s-1 )
e,

JH
i<

+Néu phuong trinh (¥) ¢6 nghiém phuc don 4, =r(cosf +isind) thi ciing

K
n n
M+ Y e

i=,i#j

Yu =

c6 nghi¢m ﬂ_/ =r(cosf - isinf)
bat 4., ZA_j. Pé thu duoc cong thirc tong quat, trong cong thirc (1) ta
thay b0 phan ¢;A; +¢,, A", bdi bd phan tuong Gng ¢,r"cosnd +c,, r"sinnd
+Néu phuong trinh (¥) c6 nghiém phtc boi s
A=A, = =4, =r(cosf +isin0)

j+s-1

Thi (*) cling c6 nghiém phirc bdi s lién hgp voi 4, 1a i_, ma ta dat la



Ae SA 0 = =A

j+s j+s+1 j+2s-1

=r(cos@ - 1sind)

Trong trudng hop nay, dé thu dugc cong thire nghiém tong quat, trong
cong thue (1) ta thay bo phan
AI’I

n n
A *Cu it t Crp A

j+l Jj+2s-1

b1 bd phéan tuong img
s-1 ) s-1 )
chﬂ'n ch+s+in
i=0 i=0

e Tim nghiém tong quét ctia phuong trinh sai phan tuyén tinh cap k.

r'cosf + r" sin né

Nghiém
téng quat c6 dang
Ve =V, + Y,
Trong 40  + ya, 12 nghiém ctia phuong trinh sai phan tuyén tinh cap k
+)7” 1a nghiém cta phuong trinh sai phan tuyén tinh thuan nhat
tuong ung

+y. 1a mot nghiém riéng ctia phuong trinh khong thuan nhat

Chuong 2.



GIOI HAN CUA DAY SO
2.1.GIOI HAN CUA TONG

Cdc bai todn vé tim giGi han ciia tong ta thu gon tong dé bang cdch phén
tich hang tir tong qudt thanh hiéu cdc hang tir néi tiép nhau dé cdc hang tir c6
thé triét tiéu, cudi cung dua téng dé vé biéu thirc chi con chira x, , sau do tim
limx,.

Bai 1.

Cho ddy s6 (x,) (n=1, 2, ...) dugc x4c dinh nhu sau:

xi = 1 va x,,, =yx,(x, +D(x, +2)(x, +3)+1 véin=1,2, ...

n

bit », :é .

(n=1,2,....). Tim limy,

n— oo
Loi giai
Tacox,=5vax,>0véimoin=1,2, ...

xn+l :'\/xn (xn +1)(xn + 2)(xu +3) +1 :\/(xi +3xn )(xi +3xu +2)+1 :)‘:5 +3xn +1 (1)

T do suy ra
Xni 1 = xj +3x, +2 = (Xn + 1)()(n + 2)
1 1 1 1 1 1 1
= = - = o -
x, +1 (x”+1)(x” +2) x,+l x +2 x +2 x +1 x, +1
1 1 1 1 1 1 1

Do d¢6 V., :%'x[_'_z:Z

i | X +1 X +1

Tu (1) X1 = x; +3x, +1>3x, =3.3"" =3
Ta dé dang ching minh bang quy nap x, > 3" (2)
. |
Nén limy, =5 (vi do (2) Xn+1 > 3")
. Ta ¢6 thé chitng minh limx, = +© véi cdch khdc:
Dé thdy (x,) la day ting, gid si limx, = a (a=1)
Nén ta cé a =\Ja(a+1)(a+2)(a+3)+1
Suy ra &’ = a(a+1)(a+2)(a+3) + 1 hay a’ + 6a° + 10a’ + 6a +1 = 0

RO rang phwong trinh nay khong co nghiém thoa man a =1. Vay limx, = +»©
Bai 2. (HSG QG nam 2009)




Cho day (x,) (n=1, 2, ...) xac dinh béi:

X ==

2

2
x ,+4x  +x
-1 -1 -1
X, = 2 L (n=2,3,...)
2

. - |
Chung minh rang day (y,) (n=1, 2, ...) vé1 Y, =) 2 c6 gidi han hiru
i=

han, tim gi&i han do.
Loi giai
Tir gia thiét ta co x, > 0 Vn =1

2 2
, \/ + + \ +4 -
Ta cO Xn _ Xn—l — xn—l 4xn—l xn—l _ Xn—l — xn—l xn—l xn—l > O Vl’l 22
2 2

Do d6 day (x.) tang. Gia stir limx, = a thia> 0 va

2
a:—\’“*;“*“ e a=0(voly)

Vay limx, = +

2
xn— 1 + 4xn— 1 + xn— 1

Tu x, = Vn =2 suy ra
2
. 111
x, =(x,+)x,_, = —=——"-— Vn=2
xn xn—l xn
Do dé
| I 1 1 1 1 1
v, 22_1: —+| —- — —_— - — | +...+ - — :T+_-_:6-_Vn>2
i= x; xl_ 5 xl xl xE 'x3 xn-l xn x1~ 'xl xn n

Suy ra y, <6 Vn 21 va day (yn) ting vi yo =yn1+ > ¥au

Vay (ya) ¢6 gi6i han hitu han va limy, = 6
Bai 3.
Xét diy s (x,) (n=1, 2, 3, ...) xac dinh bai:

. 1 Lo
X;=2va X, =§(X,f +Dvéimoin=1,2,3, ....

1 1 1

3t S, = + +..+
bat >, l+x, 1+x, 1+x

im lim S
Tlm n— +o0o n

Loi giai

Ta co thé tong quat hoa bai toan nhu sau:



Z/ll =a
Cho day (u,) théa man u>- (b+cyu, +c
Z’ln+1 =
b-c

o | 1 1
Ta ching minh S, =), -

S u b u e u,, e
That vay.
2 2
, u, - (b+cyu, +c
Tacod u,,, == (b+cu, suy ra
b-c

u e _uf- (b+cyu,+bc _(u, +b)(u, +c)
™l b-c b-c

Tir dé 1 1 1 - 11 1

u O un+1 +c un+c un+b un +b un+c Z/ln+| +c

Khai trién va udc luong duoc

11 1
u+b u +c u,+c
1 1 1

.........................

1 1
Do do S, = -

u+c u

+c

n+l
Tt d6 van dung vao bai toan trén voi b =1, c=-1ta co

S = 11 - 1
x-1 x,-1 x

n+l n+l

-1
b 1 oy ~ \ ~ ~ (3 9
Ma Xpi1 — X = E(X” -1Y >0 YnEN* nén day (x.) la day tang. Gia su

lim x, =a (3 >2). Thi2a=a’+ lsuyraa=1. Vo ly.

Vay lim x, =+ Do do lim S, =1

Nhdn xét. Trong cdc bai todn tong qudt ta cé thé thay cdc gid tri ciia a, b, ¢ khdc
nhau dé duoc cde bai todn mdi. Chéng han:
Cho ddy sé (u,) théa man:
u, =3
ui B u” +9
u”+l -
5



1 1
+ +..+

2+u,  2+u, 2+u,

Dat S, =

Tim limS,
Bai 4.
(2x, +1)*"

+x,.Voinla
2012

Cho day s6 (x.) dugc xac dinh boi: x, =1; x,,, =

sd nguyén duong.
@x +1" 2 +D™ Qe 2 )™

bat u, =

2x, +1 2x, +1 2x,+1 7 2x,,, +1
Tim limu,
Lo giai
Ta cO Xn+1 — Xn = M, Vn =1
2012
Suy ra 1 1 2(x,, - X,) (2x, +1)*"
2r +1 2x+1 (2x, +D)(2x., +1) 1006(2x_ +1)

2011

Z(2x +1) _ 006Z

+1

1
2x #1 2x, +1

06| L -1
2x, +1 2x . +1

Mit khac: Xa+1 — X, = 0 nén dy (x,) 13 ddy s ting Vn =1. Néu (x,) bi chin thi
limx, tOn tai.

(a + 1)2012
2012

1

biatlimx,=a = a=lva a= +a (vO 1y). Suy ra (x,) khong bi

chdn trén hay limx, = +© suy ra lim =0

2x . +1

n+l

: 1006
Suyra limu, =——

Bai 5
Cho day s6 (x,) voin =1, 2, ... dugc xac dinh bai:
xi=a, (a>1),x,=1.

Xnt2 = Xn — INX, (NENF)
n-1

bat S, Z(n kK)Inyx,,_, (nz=2)

Tim lim

n— +oo

n
Loi giai

Nhan xét rﬁng xm=1,n=1,2,...doInl =0 suy ra limx,, =1

n— +o0



Tiép theo ta chirng minh diy (X2x+) cling c6 gidi han 1a 1.
7 . 1 Y 1
Xeét ham so f(x) = x — Inx lién tuc va dong bién trong (1; +©) vi f'(x) =1-— >0
X

vO1 moi x > 1

Trudc hét ta chimg minh bang phuong phap quy nap, diy (X.+1) bi chin
dudi bai 1. Theo gia thiét thi x, =a > 1, gia st Xae1 > 1 thi f(Xaer) > f(1) > 1 nén
hién nhién Xy:5>1 tirc day (X2e+1) bi chin dudi boi 1.

Tiép theo ta chimg minh day (Xan:1) 14 ddy giam. That vy, do Xan > 1 nén

InX2n41> 0 Vi the Xonis — Xanr1 = - InXons1 < 0, tle day (Xon1) 12 ddy gidm

Tir d6 suy ra (Xant1) €6 gidi han € :lirl}o X1
Chuyén qua gidi han ddy s6 ta dugc ¢ =c — Inc -c=1
Vay day sb (xa) c6 gidi han 1a 1.

Theo dinh 1y Cessaro, ta c

hm xl +x2 +"'+x2n :1 hay hm (xl +x3 +"'+x2n+1) +(x2 +x4 +"'+x2n) :1
n— +o0 2”1 n— +o0 2n
rnt. nx, - (n-1)Inx, - (n- 2)Inx,- ...-Inx,, , +n -1
n— +x 2n
S .S -
B i | C- 2w L] o hay fim |2 | =471
X— +0 2 n 2 =+l p 2

2.2.DAY CON VA SU HOI TU CUA DAY SO

Khi khao sat sy hoi tu ctia day s ta thuong st dung cac dinh ly vé tinh
don diéu va bi chan, néu diy khong don diéu thi xét ddy vai chi sé chan, chi sd
1¢. Tuy nhién c6 nhitng day s6 phirc tap, ting giam bat thudng, trong truong hop
nhu thé ta thudng xay dung cac diy s6 phu don diéu, chirng minh cac diy sd
phu c6 gi6i han, sau d6 ching minh day s ban dau c6 cing gidi han, cac diy sd
phu phai dugc xay dung tir day sb chinh
Nhdn xét: Moi day con cua day hoi tu déu hoi tu va nguoc lai néu limxz, =
limxzy+; = a thi limx,= a

Mot cdch tong qudt ta 6
Cho s6 nguyén m =2 néu limxme: =a Vi =0, 1, 2, ..., m— 1 thi limx,= a

Bai 1.

Diy s6 (x,) dugc xac dinh boi cong thirc:



{xo =x, =1
5xn+2 :xn +2xn+l

Chtng minh rang diy (x,) hoi tu

Loi giai
, . y - 2a X 1A .5 A A
Xét day so (an) duoc xac dinh béi ai= 1, a,,, = 3” , dé thay (a,) giam dan vé 0.
Ta chirng té max {Xan, Xoni1} <an, V7 (1)

That vay, (1) ding voin =0 van= 1. Gia su (1) dang voi n va do (a,) la day
gidm nén

5Xonr2 = Xon T 2Xonr1 =380 Xonr2 Sani
Va 5Xont3 = Xontt T 2Xont2 <@y + 22001 <38, = Xontsz <anti
Nhu vay (1) dang véin + 1 hay (1) dang V2=0, 1, 2, ...
D& thay x, > 0 Vn va tir (1) theo nguyén 1y kep ta ¢6 limx,, = limxa1 = 0 suy ra
limx,=0
Nhdn xét:

Viéc dwa vao day phu (a.) co tac dung chan ca hai day con (x:,) va (Xan+1)
va lam chung cung hoi tu vé mot diém

C6 thé sir dung phirong phdp sai phdn tim dwoc sé hang tong qudt

1- V6 146
5 5

n

x, =C, +C,

n

Thay cdc gid tri cia xo, x; dé tim C,, C, tir d6 tim dwoc limx, =0
Bai 2.
Day (x») dugc xéac dinh boi:
X,,X,,X, € (0;1)
{'Etxn+3 =x_+x,,
Chtrng minh rang diy (x,) hoi tu
Lo giai
Ta xét ddy sd (a.) xac dinh boi:
2a’

n

ao= max{Xo, Xi, X2}, a

n+l T

D@ thay day sb (a.) giam dan vé 0. Ta ching t6 max {Xsn, Xsn+1, Xans2} <an, V7
(D
That vay, (1) ding véin=0, 1, 2, ..., Gid st (1) dang véi n va do (a,) l1a day

giam nén ta co:



) 2 2
3X3n+3 - 'x3 +Xx <2an = x3n+3 Sanﬂ

n 3n+2 —

U2 2 2 2 2
3X3n+4 - x3n+l +x3n+3 San +an+1 S2an = x3n+4 Sanﬂ

va 3Xsms= Xo ., +x.,, <a +a.,, <2a = x,.<a,

Nhu vay, (1) dang véin + 1, theo nguyén ly quy nap, (1) duoc ching
minh. D& thay x,> 0 Tir d6 theo nguyén 1y kep gitta ta ¢6 limxz,.i =0 (1 =0, 1, 2)
do d6 limx, =0

Tt cac cach chon day sb phu nhu trén ta c6 cac day s6 sau déu hoi tu vé 0

vO1 Xo, X1, X2, X3 déu thude (0; 1)

—2 .2
3xn+3 _'xn + xn+1xn+2 > 3xn+3 _‘xn + xnxnﬂ
2 2
X +Xx
—n n+2 2 — 2
3xn+3 - 2 + xn+1 6xn+4 _xn+l xn+2 + 'xn + 2xnxn+l e
Bai 3.

Day (x») dugc xéac dinh boi:

Xys X, %, >0

xn+3 = V xn + xn+2

Chung minh rang diy (x,) hoi tu
Loi giai
Ta xay dung hai day (a,) va (b,) nhu sau:

a, :maX{xoaxnxz’z} bo =min{x0,xl,x2,2}

a,, =2a, b, =\2b,

Diy (a,) 1a ddy giam dan vé 2, ddy (b,) ting dan vé 2.
Bang quy nap dé chimg minh duoc

b <m1n{x3n7x3n+l7x3n+2} S}Max{x.’m7x3rp+l7x3m+2} San vn

n+l —
Tur d6, dan dén limxs, =limxsn1 = limXsae = 2 suy ra limx, = 2
Bai 4.
Cho day (x,) (n=0, 1, 2...) dugc xac dinh nhu sau:

Xo, X1, X2 1a cac s0 duong cho trudce

Xoio =X, FA/X, F4/X,, vOimoin=1

Chtng minh rang diy (x.) hoi tu va tim gidi han cta day
Loi giai
Ta xay dung hai day (a.) va (b,) nhu sau:

a, =maxi{x,,x,,x,,9} b, =min{x,,x,,x,,9}

a,, =3Ja,  n=0,12,.. b, =3Jb,  n=0,12,..



Diy (a,) 1a ddy giam dan vé 9, day (b,) tang dan vé 9 suy ra

lima, =limb, =9

n— +ow n— +owo

Ta ChlIng minh bn+1 _1’1’111’1{ 303 X3p41 5 3n+2} maX{ 3n? 3n+1:~x3n+2} San Vn (1)
That vay, v6in = 0 thi (1) hién nhién dung
Gid su (1) ding véin =k, khi d6 voin=k + 1 tacod

bii Sbﬂﬂ :3 \4‘ bii Sx.hk+3 = \Y x3A+2 + \Y x3k+1 + V x}l{ S3 \)‘ aii :anﬂ San
bu Sbnﬂ :3 V bn S)C_’;,H-'I :\/)CB;H} + \/x3ﬂ'+2 + \/‘x3k+l 53 \V an :anﬂ Sau
bn Sbﬂﬂ :3 \Y bﬂ S')CB/HS :'\/x3k+4 + \/x31(+3 + '\/'x3k+2 S3 \Y an :anﬂ

Vay (1) cling dung véin=k + 1

Theo nguyén 1y quy nap thi (1) ding v6i moi sb tu nhién n
Twr d6 theo dinh 1y kep ta co

lim x,, =lim 1, = hm 1 Xy, = =lima, =limb, =9
ne>+o ne> + n— +o0 n— +x

Nén lim x, =9

n<>+o00

Du6i ddy la mét s6 bai todn tim gidi han ddy sé dang X1 = f{x,)(ddy so
xdc dinh nhw vdy goi la cho dudi dang Idp). Pady la dang todn thuong gdp nhat
trong cdc bdi todn vé tim gidi han ddy sé, day sé hoan toan dwge xdc dinh khi
biét fva gia tri ban dau x,. Do vay sw hoi tu cua day sO phu thuoc vao tinh chat
ciia f{x) va xo. Mot déic diém quan trong khdc ciia ddy sé dang nay la néu a la
gidi han cia day sé thi a la nghiém ciia phirong trinh x = f{x).

Bai 5.

Cho day s6 (x.) dugc xac dinh nhu sau:

X,

X=0,Xp+1=|—| VvO1Imoi nEN*

Chtng minh rang diy s6 (x.) c6 gidi han va tim gidi han do.
Lo giai
Nhén xét rang x, > 0, YnEN*. Xét ham s6 f(x) = nghich bién

trong khoang [0; +0). Khi d6 X1 = f(Xn) , VNEN* va f(x) <f(0) nén 0 <x, =<1
1
Tacox;=0,x,=1,x3= 57 nén x; <x; va x4 = f(x3) =f(X1)=xz»

Bay gio ta chirng minh bang phuong phap quy nap Xan 1 <Xan-+ 1, V Xonr <

Xon



vOo1 nEN*

That vay, gid st ¢0 Xon-1 <Xon+1 thi f(Xon1) Zf(Xont1) NEN Xon =Xons2 VA Vi VAY
f(X2n) <f(X2nt2) SUY T Xont1 <Xoni3.

Tuong tu, gid st ¢O Xon = Xoniz thi f(X2n) <f(Xoni2) SUY 1a Xoni1 <Xani3 Vi VY
f(Xont1) Zf(X2nt3) SUY T Xont2 ZXonts

Viy diy (xan.1) 14 ddy ting va diy (x.,) 12 ddy giam va déu thudc [0; 1] nén

c6 gidi han hiru han: limx, =a lim f(x,,)=b

n— +oo 9 n— +wo

Vaa= limx,, =lim £(x,,) = lim f(f(x,)) =f(f(a))

27 1
Nénazi] 7 suyraa=—
27 3

N | . . 1

Tuong tu ta cling tim dugc b =3 Vaya=b= 3 nen nllrgxn :§

Bai 6. (HSG QG 2008)
Cho day sd thuc (x,) xac dinh nhu sau:

\ =X, 1 r.* .
X1=0,X=2vaXyn=2" +5 voimoin=1,2,3, ...

Chtng minh rang diy s6 (x.) c6 giéi han hitu han, tim gi6i han do.

Loi giai
: 1 . .
Xétham so f(x) = 2" + 5 xac dinh trén R.

V&i mdi nEN*, ta cO Xprs = f(Xnr2) = f(f(Xn)) hay Xurs = g(Xa), trong d6 g 1a ham
sO xac dinh trén R va g(x) = f(f(x)) Yx€R (1)

D& thay ham s6 f giam trén R, do d6 ham s g ting trén R. Vi thé tir (1)
suy ra voi mdi k€ {1;2; 3; 4}, day (X4n:x), n€N 1a day don di¢u, Hon nira, tu
cach xac dinh diy (x,) dé théy 0<x, <2, VneN*. Do d6 voi moi k€ {1;2; 3;
4}, ddy (Xank) 12 day hoi tu

Véi mdi k€ {15 2; 3; 4}, dat Im X,,.. =4, ta ¢6 0<a, <2. Hon nita, do
ham s6 g lién tuc trén R nén tir (1) suy ra g(ax) = a. (2)

Xét ham sb h(x) = g(x) — x trén [0; 2]. Ta ¢6 h’(x) =2 ™9 (In2)> ~ 1 <0
Vx€[0;2] (do f(x) + x > 0 Yx€[0;2])

Suy ra, ham s6 h giam trén [0; 2]. Vi thé c6 nhidu nhat mot diém x €[0;2]
sao cho h(x) = 0 hay g(x) =x. Ma g(1) =1 nén tir (2) ta dugc ax = 1 v&i moi1 k€
{1;2;3; 4}.



Tir ddy, vi diy (x.) 12 hop ctia bon ddy con (Xan) nén day (x,) hoi tu va

lim x, =1

Bai 7.

Chting minh rang v&i mdi s6 nguyén duwong n cho trude thi phuong trinh

X" =x + 1 ¢6 dung mot nghiém thuc. Goi nghiém d6 14 x,. Tinh lim x,
Loi gidi: Néu x < -1 thi x> <x <x+1. Néu —1 < x < 0thi x> —x=(-x)(1-
X <lsuyrax™'<x+1.Néu0<x < 1thi x> <x<x+1. VaynéuxIla

n+l

nghiém cua phuong trinh x*™' = x + 1 thi ta phai ¢c6 x > 1. Dat f(x) = x™" —x -
1. Ta ¢6 £,’(x) = 2n+1)x*™ — 1 > 0 trén [1, +o0) suy ra ham f tdng trén ntra
khoang nay. Vi f(1) = -1 < 0 va f(2) = 2! — 3> 0 nén phuong trinh nay c6

nghiém x, thudc (1, 2). Theo 1y ludn trén, nghiém nay 14 suy nhat.

Xét fr =x"7 —x — 1. Ta cO fri(1) =- 1 <0 va fr1(Xn) = X" — X — 1 = %, —
Xa' > 0. Tir d6 ta suy ra 1 < Xp < X,. DAy {X,} giam va bi chan duéi boi 1, suy
ra day (x,) c6 gidi han hitu han a, hon nita a > 1. Ta chiing minh a = 1. That
vay, gia stra > 1. Khi d6 x, > a v&i moi n va ta tim dugc n du 16n sao cho: x>
> 2! > 3. Trong khi d6 ta c6 X, + 1 <x, + 1 < 3. Mau thuan vi f,(x,) = 0.
Bai 8.

Cho day s thuc (x,) xac dinh boi: [~ v -
1/ Chtrng minh déy sd (x,) bi chin.
2/ Chtrng minh ddy s& (x.) c6 giéi han va tim gidi han do.
Loi giai

Hién nhién x, > 3

X
X, = 3+T"1:\B+ 1+ 21 1<\/§+\/§ Vn =1
x”' ‘xn-

Vay x, £2007 véi moin = day bi chan
Cach 1:

X 1 . 4 A A 4 .
Ham f(x) = 3+ e 3+ [1*—=7 nghich bién trén (~/3:+) nén chimg minh
dugc cac day con (X2n) va (Xan+1) 12 don di€u. Theo 1/cac day do bi chdn nén cé
1 —a- 11 —- X :ﬁ +L .. ..
limx,, =a; limXy,+1 =b; Tt *si \/ﬁ qua gio1 hanta co :

o =~/3 + L

a
a+
o SE e Suy ra e

=bH +

b
Jb? -1



x 1 \ ;
g(X) — x+ﬁC6 g’(x) =1- (xz-l)—xx/Tl > (0 Vx =+/3 nén g(X) d()ng bién

tir d6 a=b hay limxy, =limxs,; = 3Jlimx, =a=b.

Lic d6 a la nghiém pt x=ﬁ+ﬁ o x= ﬁzﬁ = fim x, = ﬁzﬁ

Cach 2

V3 B \
f(x) = \/T = (x)= Ny = |f'(x0)|< \/— khi x >+/3.
Co fx)=x & *=VB+ == o (-5 =

-1

& (x7 - 3x)7 - 2(x? - V3x)-3=0 = iz : gﬁ i;l(l) o XZ\/g"'z‘/E:a
Ap dung dinh 1y Lagrang c6:
Xpal ™ ﬂ‘ :‘f X, X, - a‘ <ﬁx” - a‘ <..< (%)” X, - a‘ ——0
Do d6 limx, =a = ﬁ;m.

Bai 9.

Cho day s6 (x,) thoa man:

X, :\/Z, a>2

X, =\Ja-+a+x, VneN*

n+l
Chung minh rang diy s (x,) ¢6 gidi han hitu han

Loi giai

e Bing quy nap chimg minh dugc rang 0 <x, <Ja VnenN*

o Xétham f(x)= \a- Jatx, WE|0Va| c6 xu = f(x,) va

<0, vxe{o;\/ﬂ

) = |
4\/a- Ja+xa+x

Suy ra f(x) 1a ham nghich bién



Do do6 day (x.) dugc tach thanh hai day con (Xan) va (Xont1), trong d6 mot day
tang va mot diy giam, mat khac lai co ddy (x.) bi chin nén ton tai limxa.= o,

limxy,=# , trong d6 o, A la nghiém cua phuong trinh:

() =% o a-Ja+a-Jarx =x
Xeét ham F(x) = - \Ja s ya- Ja x - xo v6i ¥€[0:a]

1
Ja- asva-vasxasya-Jarxya-Jarsarx

véixE[O;\/Z],tacé
\/a-\/m\/mzxfa-\/a+\/g\/g>\/a- a+ a+%\/5
-1 3\/E>J[\F-1]z-j«/5>\/ﬁ>o,3

2] 4 2

F'(x) = 1

|
= a—\/_-zx/_:\/

Thay vai tro cua x bo1 y/a - Va +x chirng minh tuong tu ta co

\/a- \/a+\/a- Va+x \/a +ya-+a+x >0,3
Suy ra F’(x) < - 0,9 < 0 nén F(x) 1a ham nghich bién, lai ¢c6 F(0) >0, F(v/a ) <0
nén phuong trinh F(x) bang 0 ¢6 nghiém duy nhat. Do d6 @ =8

Suy ra limx,, = limXon = limx,
Vay c6 limx,= T véi T thoa man f(f(T)) =T

2.3.DAY SO XAC PINH BOI PHUONG TRINH

Ddy s6 ¢6 méi quan hé chit ché véi phuwong trinh diéu nay thdy ré qua
hai ndi dung co ban la phwong trinh sai phdn tuyén tinh dwoc gidi bang phirong
trinh dic trung, gidi han cia ddy sé ciing thuong dwge gidi ra tir phwong trinh.
Pdy la mét trong cdc ndi dung quan trong nhdt ciia phan ddy sé.

Véi dang todn tim gidi han cia ddy sé c6 lién quan dén phwong trinh ta
thuong xét tinh don diéu ciia ham s6, dp dung dinh Iy Lagrange va dinh 1y vé
gioi han kep gitta.

Bai 1.

Gia st x, thudc khoang (0; 1) 1a nghiém cua phuong trinh



l+ ! +..+ ! =0

x x-1 X-n

Chirng minh day (x,) hoi tu. Tim gidi han do.

~ , , . L. aq s £ 1 1
Nhéan xét: x, dugc xac dinh duy nhat vi ham s6 f, (%) =Sttt

lién tuc

va don diéu trén (0, 1). Tuy nhién, ta khong thé xac dinh duoc gia tri cu thé cua
Xy R4t may mén, dé chirng minh tinh hoi tu cta x,, ta khong can dén diéu do.
Chi can ching minh tinh don diéu va bi chin 13 di. Vi tinh bi chin 13 hién

nhién vi 0< x,< 1. Vi tinh don di¢u, ta chil y mot chit dén moi lién h¢ gitra

fn(x) va f1(x): fu(X) = fu(X) + £ () =1, () + p— Day chinh la chia khoa
dé chimg minh tinh don diéu cta x..
Loi giai
, . 1 1
Xn» dugc xac dinh duy nhat vi ham so f,(x) =—+ " +..+ lién tuc va don
X X-= X=-n

di€u trén (0; 1)
Pé chimg minh day hoi ty ta chimg minh day (x,) bi chin va don diéu,
hién nhién diy bi chin vi 0 < x, < 1. Bay gio ta chimg minh diy (x.) don diéu
Ta thiy 0 <x, < 1 nén
| 1
f:1+l (xn) :f;l (‘xn ) + X = < O

-n-1 x,-n-1

Trong khi do6 f,+1(0") > 0. Theo tinh chit ctia ham lién tuc, trén khoang (0; x,) co
it nhat mot nghiém cua f,.1(x). Nghiém d6 chinh 14 x,.1. Suy ra X+ < X. Tlc ddy
sO (x,) giam, do day sb nay bi chin dudi boi 0 nén day sb co gidi han

Ta chimg minh diy s trén c6 gi6i han bang 0. Ta dé dang chimg minh
két qua sau:

1 1 1
l1+—+—+...+—>Inn
2 n

1+l

(C6 thé chirng minh bang cach danh gia In ;

1
<
)

Thét vay, gia su M x, =a >0 Khi d6 do diy (x.) gidm nén ta cb X,

n— +0

>a Vn

1 1 1 ) R . . . ,
Do 1+5+§+...+——> +o0 khi #— +% nén ton tai N sao cho vo1 moi n =N ta co
n

I 1 I 1
l+—+—+...+—>—
2 n o a



Khi d6 v61 moi n =N thi
1 1 1 1 1 1 1

0=—+ +..+ <—+—+—+..+
x x -1 X -n x -1 -2 -n

n n n n

Q|-
Q|
[l
o

Pidu nay mau thudn. Vay phai co lim x, =0
Bai 2. (HSG QG 2007)
Cho sb thuc a>2. Pat fu(x) =a'x" "+ x"+ ... +x+1(n=1,2,...)
Chung minh rang véi mdi s6 nguyén dwong n, phuong trinh f,(x) = a luén
c6 ding mot nghiém x, € (0;+0) va diy sd (x,) c6 gidi han hitu han khi 7 — +
Loi giai.
Vi mdi n, dit gu(x) = fu(x) — a, khi d6 gu(x) 1a ham lién tuc, ting trén [0; +).
Taco g(0)=1-a<0;vagi(l)=a’+n+1-a>0nén g.x)=0conghiém
duy nhét x, trén (0; +).
Pé ching minh ton tai giéi han IHEO X, , ta chimg minh day (x,) (n=1, 2,
...) tang va bi chan.

Ta co

n+l

((a- 1) - 1)>O

1
Suyra x, <l-— n=1,2, ...
a

Mat khac, tur
go(xn) =a" X" +x! +..+1- a =0, suy ra

10 _n+l1 n+l _ _
Xn@n(Xn) =a X, +Xx, +..+Xx, - ax, =0

1
= gri(Xn) = Xa@a(Xn) + 1 tax,—a=ax,+1-a<0 do x, <l- —.
a

2, ...) tang va bi chdn, nén ton tai lim x,

n— +o0

2 . . 1 M J4 /4 : A
Nhan xét. Ta c6 thé ching minh lim x, =1- — bang cach chirng minh bat
a

n— +0

dang thirc



n+l

1
<xn <1-_
a

oL
a

1- 1. a((a- 1) - l)

a

That vay, ta co

n+10 n
n n 1
a=a"x"" +x"+. .. +x +1<a"|1- —| H|1-—| +..4|1-—| +x +1
a a a
Suy ra
n+10 2 n+l
a<a’|l-—| #al||l-—| -]1-— +x, +1
a a a
1 1 n+l
\ 14 9
T ddo x, >1- —- a((a- 1) - 1) 1- —
a a
r r 4 . . a- 1
Cach khac ching minh lim x, =
n— +00 a

a-1
Patc=——-<1taco
a

f(c) — fy(xa) = ke (v6i k = (a— D)((a— 1)’ = 1) > 0)

Theo dinh 1y Lagrang thi

fi(c) — fu(xa) = £(&)(c — Xu) vGi § E(X4; ©)

Nhung £(§)=(n+10)a"5™ +n&™' + ..+ 1>1nénkc">c—x,

Tir d6 ¢ —ke" < x, < c suy ra Im¥,=c

Bai 3. (HSG QG 2002)
Xét phuong trinh

1 + ! +..+ 21 +..+ 21 =1 trong do n nguyén duong
x-1 4x-1 k'x-1 nx-1 2

1)Chting minh rang v&i mdi s6 nguyén duong n, phuong trinh trén c6 duy nhat

nghiém 16n hon 1, ki hi€u nghiém d¢ 1a x,
2)Chirng minh rang day sb (x.) c6 gidi han bang 4 khi 7 — +o
Loi giai

1 1 1
+ ot —+.+ - —

x-1 4x-1 ~ kKx-1 =~ n*’x-1 2

1).Dé thay, vdi mdi n€N*, ham sb f,(x) lién tuc va nghich bién trén

Ki hi¢u fy(x) =

. 1
khoang (I;+0) Hon nira f,(x)— +% khi x—= 1* va fy(x) — - > khi x= +. Tiy

d6 suy ra v6i mdi n€ N * phuong trinh f,(x) c6 nghiém duy nhét x, > 1

2).Véimbdi n€ N*, ta cod



fn(4):-l+ 21 + 21 +..+ ! +..+ !
2 2°-1 4°-1 (2k)* -1 (2n)* -1
1 I 1 1 1 1 1 1
=—|-1+1-—4+—-—+..+ - +...+ -
3 35 2k-1 2k+1 2n-1 2n+1
- ! <0=f(x)
2(2n+1) n n

Tur d6, do ham f,(x) nghich bién trén (I;+%) suy ra x, <4 véimoi ne N* (1)
Mit khac, vdi mdi n€ N *, ham f,(x) kha vi trén [X,; 4] nén theo dinh ly

Lagrange, v&i mdi n € N *ton tai t€(X,; 4) sao cho

LA 1) -1 -4 -n’ Lo
=f(t) = + +.+ <- = vé *
iox, OTy Y aey T Gy < voimol neN
S -1 UV S )
U T8 S o+ ly4- x) g Yormelne Y amen P

Tu (1) va (2) ta dugc 4- <x, <4 v6imoi n€ N*

2(2n +1)
Tur d6, theo dinh 1y vé& gidi han kep giira ta c6 diéu phai chimg minh

Bai 4.

Cho day ) (u)) (n=0, 1, 2, ...) dugc xac dinh nhu sau:

Up = a VA Up+ = sin*(uy+11) —2007 véi moi sb tu nhién n, trong do a la $6
thuc cho truéc. Ching minh rang

a).Phuong trinh sin’(x + 11) —x = 2007 c¢6 nghiém duy nhat. Ki hiéu
nghiém dolab

b).limu,=b

Lo giai
a)Tur gia thiét ta thdy ngay u, = - 2007 VneN*
Xét ham sb f(x) : = sin’(x + 11) — 2007, x€R
Ta thay
£(x) = 2sin(x +11)cos(x + 11) = sin2(x + 11) va unr1= f(un)
ham s6 g(x) : = f(x) — x ¢6 g’(x) = sin2(x + 11) - 1 <0
g(- 2007) = sin’(- 2006) > 0 va lim g(x) == lim g(x) =+o0
Vay ham sd g(x) nghich bién va c6 nghiém duy nhat trong [- 2007; +%) goi
nghiém d6 1a b, thi phwong trinh sin’(x + 11) — x = 2007 ¢6 nghiém duy nhat 1a
b

Thigdpy ¢ — max
b)Kl hleu [-2007;-2006]

g'(M]. Khi d6 @€[0;1]



Ta thiy -2007 <u, <-2006 va phuong trinh [sin2(x +11)| =1 v6 nghiém
trén  [-2007;-2006] nén 0 <& <1,
Theo dinh Iy Lagrange, ing v&i mdi nEN*, ton tai ¢,€(-2007;-2006) ssao

cho

u,, - b =|g,)- g®)|=lg'c,)

Tur day theo phuong phap quy nap ta duoc

u, - b| §a|un - b|

u

- b‘ <a"

ul-b‘

n+l
Suy ra }E{.}‘“nﬂ - B[ =0 e 1a hj{.}“ =b
Bai 5.

Chung minh réng v&i mdi sd nguyén duong n cho trudce thi phuong trinh x

2n+l _

x + 1 ¢6 dung mot nghiém thuc. Goi nghiém d6 14 x,.. Tinh  im x,
Loi giai:

Néu x < -1 thi x> <x <x+1.Néu —1 < x < 0thi x®"—x=(-x)(1-x*")
<lsuyrax™' <x+1.Néu0<x <1thi x> <x<x+ 1. Vay néu x 1a
nghiém cta phuong trinh x*™' = x + 1 thi ta phai c6 x> 1. Dat f(x) = x*"' —x -
1. Ta ¢6 £,’(x) = 2n+1)x*™ — 1 > 0 trén [1, +oo) suy ra ham f tdng trén nira
khoang nay. Vi f(1) = - 1 < 0 va f(2) = 2*"' — 3> 0 nén phuong trinh nay c6
nghiém x, thudc (1, 2). Theo 1y luan trén, nghiém nay 14 suy nhat.

Xétfr =x"7 —x—1.Tacod fra(1) =-1<0va fu(xn) = %" — X, — 1 =

2n+3
anl -

X, > 0. Tir d6 ta suy ra 1 < Xp+1 < X,. DAy {X,} gidm va bi chan dudi
boi 1, suy ra day {x.} c6 gidi han hitu han a, hon nita a > 1. Ta chirng minh a =
1. That vay, gia stt a > 1. Khi d6 x, > a v&1 moi n va ta tim dugc n du 1én sao
cho: x,”! > a™"! > 3. Trong khi d6 ta ¢ x, + 1 <x, + 1 < 3. Mau thudn vi fu(X.)
=0.
Bai 6.
Cho phuong trinh x +2x* + ... + nx"= % vGi n nguyén duong
a) Chting minh ring véi moi n nguyén dwong, trén khoang (0; + ),
phuong trinh trén c6 nghiém duy nhat, ki hiéu 1a x,
b) Ching minh ring diy (x,) c6 giéi han hiru han khi n— +. Tim gidi
han do.
Loi giai.

7 3 N A \ r
a) Xét ham so f,(x) = x + 2x* +...+nx" - 2 lién tyc trén R va co



L(x)=1+2%+ ..+nx" ! va f,(x) >0 Yxe(0;+0) nén ham sb f.(x)
tang trén (0;+e0)

Ma £,(0) = - %< 0, f,(1) > 0 nén phuong trinh f,(x) = 0 c6 duy nhét trong

khoang (0;+c0)
b) Tacd

n-1

2
4

:1+2.l+...+n
3

1

3 —

aE
2

+..+n

n

1

3

1

1
fn[g

:l+2.
3

NG O]

Trur vé theo vé ta duoc:

n-1
2f[1 el oL -”‘-3:3[1-1
"3 R BT

2n+3
- <
3.3"

0

_E:
2

n
_?

1 +
Do d6: x, > 3 Vnez

sao cho:

[ ) i N ) 1
Ap dung dinh ly Lagrange, ton tai », € 3%
2n+3

13 vi £,(y,) >1v6iy,>0

1 1) . 1
=‘f,,(x,,)- /i [5]‘ =‘x,, - E“f"(%)‘ > ‘x,, "3

2n+3 1
a ic lim =0 = limx =—
Mat khac YRT " 73

Qua céc bai toan trén, chiing ta thdy cong cu co ban dé khao sat cac diy
sO cho boi diy cac phuong trinh 14 cac dinh 1y co ban cia giai tich (vé ham lién
tuc, ham don diéu, dinh 1y vé su hdi tu cla day s6 don diéu va bi chan, dinh ly

Lagrange) va mbi lién hé mang tinh truy hoi giita cdc phwong trinh.

BAI TAP
Bai 1. Chtrng minh rang v&i mdi s6 nguyén dwong n cho trude thi phuong
trinh x> = x + 1 ¢6 dang mot nghiém thyc. Goi nghiém d6 1a x,.. Tinh  lim x,

X

n

, 2
a1 3 A A 1 - X :_, x}1+ S
Bai 2 Cho day so (x,) dugc x4c dinh nhu sau: X 37 T 2n+ ), +1
Vn € N*.

n
Tinh lim }x, .
™



Bai 3. (Bé du bi VMO 2008) Cho sé thyc a va diy sb thuc {x,} x4c dinh
boi:
X| = a va X1 = In(3+cosx, + sinx,) — 2008 véoimoin=1,2, 3, ...
Chung minh rang diy s6 {X.} c6 giéi han hiru han khi n tién dén duong vo cing.
Bai 4. Cho day [x,] ", thoa man x =Lx, =x, =%x, =1 va
Xy SR X Xr s I 21 Chtrng minh rang ton tai limx, va tinh giéi han do.

Bai 5.Cho phuong trinh vé6i n 1 tham sb nguyén duong
x42Ge- 1Y +3G- 1) + o+ nGe- 1) - %:o (1)

a) Chimg minh phuong trinh thén c¢6 1 nghiém duy nhét 16n hon 1 véi moi n
nguyén duong ky hi¢u la x,,.
b) Chémg minh day | x,] c6 gioi han hitu han khi #— +. Tinh gii han d6.

Bai 6. Cho diy s6 (u,) dugc xac dinh nhu sau :

u, =1
u,,, =l+uu,..u, Vn=1273..

|
Tim hmzu—
i= Y;

Bai 7.Cho diy s6 (u,) thoa man
‘ul =2009

u,, =u, (Ju, +1)  ¥n=1,23..

1

Tim lim Y
i= AU +1
Bai 8. Cho diy s6 (x,) xac dinh béi
x, =2,1
X - 2+44/x’ +8x - 4
X, = o (n=1,2,...)
2
Véi mbi s6 nguyén duong n dit », =D, 2 4 Tim limy,
i=l i+l
Bai 9. Cho diy s6 (u,) xac dinh bai
u, =1
2
U, = i +u, n=12..
1996
Tim lim| 2+ 224 Zo
U, U U,




Bai 10. Cho day sb (u,) dugc xac dinh boi :
u, =0
_u, +2008

u, =——— n=0,12...
-u, +2010

a)Chung minh rr:ing (u,) c6 gidi han hitu han. Tim limu,

st T = lim——n
bybat %, é A-zoos Tim lim-== o

KET LUAN

1.Két qua dat dwoc

Day s6 13 mét linh vuc kha rong va kho, cac bai toan day s6 rat da dang.
Trong d¢é tai nay chi dé cap gidi han cua day sb.

Pé tai nay da trinh bay mot s6 dang toan vé gidi han day sd nhu gii han
ctia tong, ddy con va sy hoi tu ciia dy sb, diy s6 xac dinh bai phuong trinh. Céc
bai toan dang nay déu c6 phuong phap giai cu thé van dung céc kién thirc vé day
s, cac dinh 1y vé gidi han.



Pé tai da chon loc dugce cac bai toan dién hinh cho mdi dang toan, dac
biét co nhiéu bai toan 1a dé thi hoc sinh giéi qudc gia, quéc t& nhitng nam gan
day qua d6 thay vai trd quan trong ctia bai toan vé ddy sd trong cac dé thi nay.

Qua qua trinh ap dung dé tai vao thuc té giang day, dic biét 1a trong qua
trinh tham gia day ddi tuyén hoc sinh gioi t6i nhan thay hoc sinh hiéu ré dugc
ban chét ciia nhiéu bai toan kho vé day sd, hoc sinh c¢6 hung thu va chu dong
trong hoc tap.

Két qua dat duoc kha rd rang khi t6i tham gia day doi tuyén hoc sinh gioi
c6 nhiéu hoc sinh dat giai cép tinh. T nam hoc 2009 -2010 dén nay nam hoc
nao cling c6 2 hoc sinh dat giai, dic bi€t cac em thuong giai tdt cac bai toan vé
day sd trong cac dé thi trong khi cic nim trudc d6 hoc sinh thuong khong giai
duoc bai todn nay.

Khi thyc hién dé tai ndy toi nhan thay ning luc tu duy va ki niang thuc
hién cac thao tac tu duy ciing ting 1én 13 rét tir d6 hoc sinh c6 tu duy hoc tap tét
hon cac phan khac va cac bd mon khéc, hoc sinh ¢6 tu duy phan tich, tong hop
tdt hon, nang cao nang luc tu hoc cho hoc sinh.

2. Bai hoc kinh nghiém.

Qua qua trinh trinh thyc hién dé tai nay t6i nhan thiy dé nang cao chat
luong trong day hoc, dac biét la trong viéc boi dudng hoc sinh gioi can phat huy
tinh tich cuc chu dong cho hoc sinh, hoc sinh phai ¢6 hiing tha trong hoc tap va
phai c6 ning luc tu hoc. Chinh vi 1& d6 ma gido vién ciing can co su say mé
trong chuyén mon, lubén cé sy huéng dan hoc sinh khong chi kién thirc ma con
ca cac ki nang tu duy, huéng dan hoc sinh cach ty hoc, biét tong hop kién thuc.
Céc gi4o vién trong t6 chuyén mon ciing can két hop nghién ctru cac chuyén dé
va phan cong bdi dudng hoc sinh gidi dé cac bai giang dugce chuyén sau hon.
Viéc bdi dudng doi tuyén hoc sinh gidi ciing rat can su quan tim chi dao chung
ctia nha truong, nha trudng can cé ké hoach ngay tir ddu nam hoc giao cho cac
gido vién chiu trach nhiém bdi dudng hoc sinh, ddi tuyén hoc sinh gioi ciing can
dugc bdi dudng ngay khi cac em hoc 16p 10 chtr khong phai chi dén 16p 12 moi
tap trung rén luyén cho cac em. Céc gido vién day doi tuyén ciing can biét két
hop cac kién thirc thi hoc sinh gi61 va thi dai hoc dé tao himg thu hoc tap cho
hoc sinh.

3. Huéng tiép tuc nghién ciru mé rong dé tai.

Céc bai toan vé day s6 thuong kho va nhiéu dang khac nhau, dé tai nay

mai chi dé cap dén bai toan tim gidi han day s6. P€ nang cao chat lugng hoc tap



cho hoc sinh va dé céc dang toan duogc dﬁy da hon t61 s€ nghién ctru tiép cac bai
toan vé ddy s6 thuong gip trong cac dé thi hoc sinh gidi nhu tim s6 hang tong

quat cua day so0, nghién ctru céc tinh chat s6 hoc cua day so.
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