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Chuong I. Ham sé lugng giac va phuong trinh lugng giac
1. Tinh tuan hoan clia ham s6 lugng giac.

-

!y =sin (ax + b) 2
- — T ="
_ Ham s: 1Y =cosax+D) tudn hoan véichuki 14
'y =tan(ax+b) u
. . |y =cot(ax+b) T < - :m'
- Ham so: tuan hoan vai chu ki
_Chohamsé ¥ =f () va ham s6 7 =9 lan lugt tuan hoan vai chu ki hiyy o,
¥
. T_IZEEH ,.B o a s o y=f0)xg(x) . 4 S -
+) Néu "2 4 vGi 9 toi gidn thi ham so - tuan hoan véi chu ki
T =qT, =pT,
L_p
T, g y=0)=g() \
+) Néu thi ham s6 khoéng tuan hoan.

2. Do thi ham s6 lugng giac, tinh don diéu clia ham s6 lugng giac.

Ham sé Y =@1X 1yn déng

| T T '
- +hkm _—+kr
bién trén ' 2 2 -

=P
NA
gE
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Ham s6 ¥ =X 1y6n nghich
(0 +kr;m+kt)

|
w
=

|
El

|
El
=}

R

w
=
N
=

“on = - . L bién trén
3. Tinh chan |é cta ham so.
(-xeD
CHamss ¥ =T w4 dinh trén D goi 14 ham s6 chan khi: YXED thi fEx=f()
(-xeD
y=f) , Vxe D fx)=-f(x)
- Ham s6 xac dinh trén D goi la ham s6 1é khi: thi
4. Phuaong trinh lugng giac.
= kza
sinx =a = Y=awer (kedg)
. X =x-a+k2r (véi @ =sin"' a =arcsina
S1I1 X f(x)=gx)+k2r
sin f (x) =sing (x) = (ked¢)
fG)=m- g(x)+k2x
COSX =a <= X =+ +k27 (kEﬂ:) (Vé'l r :CDS-I{] :ar[[gga)
COS X ()=g(x)+k2r
cos f(x) =cosg(x)= f g (ked)
flx)=-gx)+k2r
tanx =a <= x=c+hkr, keg (véi @ —tan ' a :arc[anﬂ)
tan x f)=g()+ka
tan f (x) =tan g (x) = T (m,ked¢)
f(x);t5+ mi
— -1 —
Cotx =a = x —ar +k7, ke ¢ e ¢ =tan - _arccnta)
cot x '
(x)=g(x)+kr
cot f (x) =cotg (x) = f g (m,keg¢)
f ) =ma
5. Phuong trinh bac nhat déi vai .

a) Bién dgi asin x+bcosx

asin x +bcosx =+fa’ +b”.

Cos X

a . b
.Ja2+b2 SmHJahb‘? )
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—+yJa* +b? .(coser.sin x +sine.cos x) =+a’ +b”.sin{a +x) L

vOi
a
oSy =
i.llﬂz +h?
. b
singf =——s—o
\l'a‘j' +b*
(asinx+bcos) —=va’ +b’
— a
., |(asinx+bcos) —Ja? +p* = tanx =—
*Chuy: min b
b) Phuong trinh: asinx+bcosx =c
- Diéu kién dé phuong trinh cé nghiém: a’+b* =c*
. C =0 — — asinx+bcosx =0« atanx+b =0« tanx =- —
- TH1: Néu a.
= yJa* +b* sin(x+a)=c = sin(x+a)=—c
- TH2: N&y € #20 — — asinx+bcosx =c "Ia2+b;_

6. Phuong trinh dang cap véi .

Cach 1:
Phuong trinh: asin’x +bsin x.cos x +ccos® =d. (1)

Trudng hgp 1: Néu cosx =0=sin*x =1 — — a =d Thj nghiém cGa phuong trinh (1) I3:

x =2 +kr
2
. cosx 20 x £+ ki x=Zskx
Truong hgp 2: Néu 2 ( 2 khéng la nghiém cua phuong
trinh).

Khi dé chia ca 2 vé cia phuong trinh (1) cho cos’ X thi ta dugc:
atan® x +btanx +c =d (1 +tan? x).

Cach 2:
Taco: asin’ x +bsin x.cos x +ccos’ x =d
1- cos2x sin 2x 1+ cos2x
= a. +b. 40— =d
2 2 2
PN bsin 2x +(c- a)cos2x =2d - a- ¢

~ 7 Phuong trinh bac nhat déi véi sinx v cosx.

7. Phuong trinh d6i x*ng va gan ddi xing vai i

alsin x +cos x)+b(sinx.cosx)+c =0. (*)

a) Phuong trinh doi xing:

-1

. R
t =sinx+cosx =+f2 51n‘ x+z‘
2

y M <2 = sinxcosx=
bvar T

Dat

2_ i \
(*)e= ar+b.u+c:[] = Er2+ar+‘ C- E‘ =.
2 2 | 2

Do do:

b) Phuong trinh gan doi xing: a(sinx- cosx)+b(sin x.cos x)+c =0. (**)
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1-t*

t =sinx- cosx :ﬁsin[x— E‘
2

Pt | il 2 = sinxcosx=
. _ 42
5 0.

(**) = at +b.

ro=0e - D vars
Do dé: D |

b
—+C
2

Trang 38




CHUONG II. TO HOP - XAC SUAT

1. Quy tac céng, quy tac nhan.

- “

QUY TAC CONG

C6 m cach thuc hién

Hanh dong 1
Mot cong viéce < — €6 (m + n) cach thuc hién cong viéc
\ Cd n cach thuc hién Hanh déng 2 /
4 QUY TAC NHAN )
) Co6 m cach Co n cach
1 cong viéc Hanh dong 1 Hanh déng 2
\ = C0 m.n cach thyc hién cong viéc )
a) Cho A gébm n phan tu (n 21). Moi két qua clia su sap xép n phan tl cta tap A goi la
su hoan vi.
P, =n!=n(n-1)...2.1
b) Hoan vi vong quanh.
p A p N N N N ~ N . -1 -
Cé n vat khac nhau ma xé&p vao ban tron (xép vong quanh) = Ta cé (n-1) cach xép.

c) Hoan vi lap.

Cho k phan t& khac nhau ttr %% Mot cdch xEp n phan td trong dé gém ™ 13 phéan

> > : \ A > > e N A > > ) + +"_+ . = RN N
t&r cda % "2 13 phan t& cda 92 > "k |3 phan ta cha % (véi TR =M goi la mét
hoan vi lap.
n!
. 7 o 7 R 2 'II"'.I'+'II-'+"'+'I|‘“] _n rn i n |
Khi d6 s6 hoan vi lap la: ] =0z e k-
3. Chinh hop||
(n=1)

Cho tap A gom n phan t . Lay k phan t& khac nhau tir tdp A roi sdp xép theo
mot th(r tu nao dé ta dugc mot chinh hgp chap k clia n phan ti A.

. n
Al =G0 =n(n-1...(n- k +1)

4. T6 hgp.

Cho tap hgp A gobm n phan t& phan biét. Méi tap con gom k
dugc goi la m6t t6 hop chép k cla n phan tu.
A n!
Ck = n - "
"kl kln- k)

5. Tinh chat cta céc s6 [l

- T dinh Ii vé cong thirc tinh sé cac t6 hgp chap k cla n phan td, ta cé cac tinh chat
sau:

k _ -k
+)Tinh chat 1; & =G ©O<k=<n)
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k-1 ko ek

+) Tinh chat 2: ©n1 * G =G, (1<k<n) (Céng thic Pascal).
Lk k-1

+) Tinh chat 3: kG =nC.

6. Nhi th&c Niuton.
a) Cong thuc:

- k- k]k
(a+b) =Cla" +Cla"'b+..+C"'ab"" +C’b" g it 4 (ne¥ ',k <n)
o) Tinh chat ( y S6 hang tong quat
- Trong khai trién a+b thi:

+) Khai trién c6 (n+1) sO hang.
ke _n-kk
+) SO hang tha (k+1) trong khai trién dugc ki hiéu L. =Ca’b.

Z C, =C/+C +C +..+C " +C" +C) =2"
+) VGi a=b=1 tg cé: =

e ZC"( 1) =C"- C'+C*- C+...+(-1) C" =0.
+) Vi AL =1 5 6. =
= Cl+C +C +...=C +C +C] +... :% =71
ok ok kL
- Trong khai trién (a+bx) =Cla™'b'x" | & a>0, b>0, 0<k <n, ke ¥,
n+1)b n+1)b
(C:':ca.-l-kbk) - ( ) 1<k E[ ) .
Thidé e a+b a+b
__Bgsung:ch+1c”+m+(n-11c1 +nC; =n.2""

7. Xac suat cla bién co.
a) Cong thuc

p(ﬂx)zf—(ﬂ

Xéac suat ciia bién co: n(Q)
) n(A)_

) n(Q):

+ S6 kha nang xay ra cua bién c6 A.

+ S0 kha nang xay ra cla phép thu.
b) Tinh chat cla xac suat.
- Tinh chat:
) P(@)::ové r(Q)=1.
¥AcQ: 0=P(A)=l.

p(a)=1- p(A).

+)
+)
- Cdng thic cong xac suat: NEu A va B xung khac & ANB=0 thj P(AuB)=P(A)+P(B).
- COng thic nhan xac suat: Véi hai bién cé A va B doc lap ta co
P(AnB)=P(AB)=P(A).P(B)

(Hai bién c6 doc lap la su xay ra cla bién cé nay khdong anh huédng téi xac suat cla bién
c6 kia).

8. BG sung kién thirc vé da giac déu
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2
— S6 vecto dugc tao thanh tr da giac: A (vecto).
2
— S6 doan thang dwoc tao tir da giac: G, (doan).
2 -
— $6 duemg chéo ctia da gisc: € "' (duong).
3

— SO tam giac dugc tao bdi n dinh: G, (tam giac).

4
_ St gidc dugc tao béi n dinh: & (1t gic).

— SO tam giac c6 2 canh la canh ctia da giac: ™ (tam giac).

— SO tam giac c6 1 canh la canh cua da giac: n(n- 4)
— SO tam giac khong cé canh nao la canh cua da giac:
C: khi n
2

0 khi n
(ac?

2

0

— S0 hinh chit nhat duogc tao bai n dinh:

— S0 tam giac vudng dugc tao thanh ti n dinh:

(tam giac).
c’-n(n-3)

n

:2

£2

(tam giac).

(hinh chi? nhat).

khi n:2

khi nf2

(tam giac).

(nC2,  khi n:2

2
ncC:.
— SO tam giac tu duwgc tao thanh tr n dinh: 2

khi n /2

(tam giac).

— S6 tam giac nhon dugc tao thanh tir n dinh: S6 tam giac tuy y trit di s6 tam giac vudng va tu.

3
0

— SO tam giac déu dugc tao thanh tr n dinh:

— S6 tam giac can khong déu dugc tao thanh tir n dinh:

khi n:3

khi n /3

n
3

(tam giac).

n
.2

3 1| kmi o
2 3

L]

3 1| khi X2
3

(tam giac).
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CHUGONG lIl. DAY SO - CAP SO CONG VA CAP SO NHAN

P& chirng minh moét bai todn lién quan téi tap so6 tu nhién bang phuong phap quy nap ta
thuc hién cac budc sau:
- Budc 1: (Budc co sd): kiém tra bai todn vai gia tri nhd nhat p théa man.
- Budc 2: (Budc quy nap)”

+) Néu gia thiét quy nap (gia st bai toan dung véi " =k 2P,

+) Két luan quy nap: Chirng minh bai todn tiép tuc dung véi n =k+1,
- Budc 3: Két luan.

2. Day so6 tang, day so giam.
- Tinh tang, gidm cula day so:
Yne¥ iu <u

<= Yne¥ :u, -u, >0

n#l

— . U
W) Yne¥ :2t>1 (u, >0)
+) 7 13 day s6 tang ty
vne¥ iu >u,, = Yne¥ u, -u, >0
— . U
W) Yne¥ =<l (u >0)
+) 7 15 day s6 gidm t

- Cong thuc gidi nhanh moét sé dang day so:

+) D3y s6 (””)cé U, =an+b yxnq khi a>0 va gidm khi a<0.
+) D3y sé W) g un=q" .
U Khong tang, khéng giam khi 9<9.
U Giam khi 0<9<1,
U Khéng tang khoéng giam khi
y :an+b
+) D3y s6 W) g ™ “envd v disu kién
U Tang khi ad - bc >0
U Giam khi ad - bc<0
- Tinh bi chan clda day so:

+) ()

q>1

cn+d=>0Yne¥ .

13 d&y s6 bi chan trén © M, Vn€¥ :u, <M.
+) W) 13 day 56 b chan dugi < A E¥ 1u, =m
+) ) 13 day 6 bi chgn = FnM iy, =M, Vne¥’

4. Cap s6 cong, cap so nhan.

Cap s6 cong Cap s6 nhan

() (u,)

la day cap s6 cong khi:

la day cap s6 nhan khi:

2 vOi k=2

1. Binh nghia Yne¥ u, =u +d . A neE¥ i, =u.q . 4
n#l " Fn (d: cong w1 =t (g: cong
sai) boi)
2. S6 hang téng quat u, =u, +(n-1)d véi n =2 u, =u.q"" vagi n =2
Ve ~ _u.l:-l +u.'-c+| -
3. Tinh chat U =——— Uy =Up ol i k =2
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4. Téng " s6 hang dau
tién

S =u, +u, .+ _(u+u,)n S, =ni,
) T U bl = I _H.(l- )
_n[2u, +(n-1)d] " 1-g
2 s =4
"S- q

1. GiGi han cla day sé.

CHUONG IV. GIOI HAN

Gi6i han hitu han

Gidi han vo cuc

1. Giéi han dac biét:

e lim(u, +v,)=a+b

c) Néu

d) Néu

lim £ =0; lim — =0(keZ')

n— 4z n n— 4 n
lim g" =0 (|q|<1)
lim C =C
2. Pinh li:
a) Néu limu, =a. limv, =b thi

{ " 3 — H —
u,| <v,;V¥n vy limy, =0 g limu, =0

lim u, =a thi 1im|u”| :‘ﬂ|

1. Gidi han dac biét:
lim

n— n—

lim g =+x(g>1)
2. Dinh li:

o i =+w .
a) Néu lim * thi

u.l?

b) Néu

limu, =a, limv, =4

n =+x limn" =+x(keZ")

lim— =0

u

n

limu, =a #0,limv, =0

* lim(u,-v,)=a-b ¢) Néu
o lim(u v, )=ab i {+-1a (av, =0)
im—~ =
e lim== =%(b 20) i Y U= (@ <0)
n ~ limu =+= limv =a
_ _ _ d) Néu " , m
b) Neu U =0 V1 o5 MU, =a 453 0 >0 ) (40 (a>0)
; _ im(u v )=
llm.JlZ —\-"E thi (u,,) 4!— o (a<0)

lim 2 =0

thi "

Dang 1: Day sé c6 gidi han 0.

1. Pinh nghia day so cé gioi han 0:

— Dinh nghia:
— Nhén xét:

limu, =0 (¥e >03n,:n>n, = ju <)

U
+) Day s6 w,) c6 gidi han O khi va chi khi day s6 C c6 gidihan 0 .

+) Day s6 khong doi W) 61 Un =0 day s6 c6 gi6i han O (hay im0
2. Mgt so day sd c6 gidi han 0:
limlzﬂ limiz:[] lim L =0
n n n" Ck
= lim — =0, k =const
lim— =0 lim—— =0 lim—— =0 n*
FmET R
3. Dinh li:
'|u | =v, 1
UL = limu, =0
" Mim (v, ) =0 '

—DPinh li 1: Cho hai day so:
—Dinh li 2: Néu

lg|<1— limg" =0
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'u., EV,I ﬂwll, Yn
l: ._l, . _ = lim v, =a
—Pinh i 3: Ney | . =MW, =d

Dang 2. Day s6 co gioi han hitu han.

1. Binh 1i:
— Cho (un) ma U =€ Wn:limu, =c
iy =1 . lim(u, - L) =0
_Ney Imu, =L 4.
_Neg U Z0 4 L=0 gy llmJ_ —..,‘llrnu
(lim |u, | =[L|
limu =L lim 3fu :ﬁ"f
— Néu " J_'
_ Gia sip 10U, =L o5 imv, =M 0y ¢ 15 st hiing s6. Khi do:
4 lim(u, +v,)=L+M 4 lim(u,-v,)=L-M
+) lim(u.,l.'l.-’.,l } =L.M lim -~ uu _i
. _ v,
4 lim(cu, ) =c.L +)
2. Cac dang toan thuong gap:
__P()
lim o)
a) Tinh Qln .
— Cach giai:
deg P{n) P(x)
P(n) n * den Pln)
lim =lim n
Q(n) piesaln) Q(H]
+) Néu deg P(n)=degQ(n) . TN
P(x)
P n degg in )
jim £ ) jim 1
Q(n) Q(x)
+) Néu deg P(n)=degQ(n) . ps )
— Nhan xét:

+) Néu deg P (n) =deg Q(n) thi gidi han d6 bang hé s6 cao nhat cua t chia cho hé s6 cao nhat cia mau.
deg P(n)> degQ(n)

+) Néu deg P(n)<degQ(n)

b) Tinh 1|||,F‘ (n) +() (n)

- N e -:Irq]'-“.l]
— Néu hé s6 ctua 1

+) Néu thi gigi han dé bang +° hoac - ®.

thi gi6i han do6 bang 0.
-:Ih,{;I‘. n)

+n #0 (£ theo de bai)

JP(n)ﬂl JQ(H)
n n

llrn[JP (n)+a +_JQ(n)+bl =lim|n

k :ma:-:-: degP(n};degQ(nﬂ

Thi voi
_Néuhé s6 caa N =0 =0 (+ theo e bai)
p -Q(n)-b
lim[JP(n)+a- JQ(n)+b] —lim E”;m Q(”())
Thi JP n)+a +\,‘Q n +b.

— M0t s6 cac nhan chia véi lwgng lién hop:

+) Ja- b lwgng lién hop la \/5””/5.
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) Ja+b lwgng lién hop 1a \/E"/E.
+)i/5'~3/5hmghénhgpla ffﬂ_‘”i‘gﬁfhw.

3 3 Af 2 3.2
+) Ya+3b lugng lién hop 1a Ja» - Yailb +p .111Equation Chapter (Next) Section 1
¢) Tinh ™% 13 mat phan thite ma ti v mau cia c6 cc liiy thita dang ¢ *7 (neN) s a,b =const

— Budc 1: Chia ti¥ va mau cho 9 trong d6 9 la co so co tri tuyét doi 16n nhat trong cac liiy thira.
) limq" =0 (|g|<1) s
— Budc 2: Ap dung T |L]| va cac quy tac dé tinh.
d) Gié6i han cua day xac dinh bdi mot cong thirc truy hoi.
_ Céch 1: Tim cong thic tinh U theo M, tir d6 tim MU
_ Céch 2: Tinh 1%, =a= limu,,, =Bmu,, =@ g, 45 tha vao bidu thitc truy hdi € tinh.
Dang 3. Tong cap s6 nhan lui voé han.

u
= 5=u +u, +..+u, +.=——

Cap s6 nhan @) s o boi jal <1 1-q

1. Gid¢i han hitu han ciia ham so6 tai mot diém.

a) Dinh nghia: Cho ham so y=f&) xac dinh trén K hoic
lim f (x) =L = ¥(x,), x, €K\ x|

(]
KM% khi ds

sao cho ¥ 0 thi f(x)—> L.
b) Gidi han dac biét.
lim x =x, limc =c
xX— X . x— Xy voi € =const .
¢) Binh 1i vé gi6i han hitu han caa ham s6.
lim f(x)=L lim g (x) =M
— Cho ** va # thi:

lim[f(xhg(x)] =L+M lim| f (x)- g(x)] =L- M

+) +) o
. lim @ =T
+) }1[1;1 [ f(:’f)g (X}] =L.M ) +) A H(-“f) M vai M #0.
[ f(x)=0 (L =0
lim f(x)=L lim /f (x) =L
_Néu thi L%

— Cho ba ham s6 f(x), g(x), h(x) xéc dinh trén K chita diém *o .
(g(x) = f(x) =h(x), Vx€ K

lim g(x) =limh(x) =L lim f(x) =L
K= Xy X— Ny thi X— X,

fim () =a = lim [ () =lim [ () =a.

Néu

d) Gi6i han mot bén: )
2. Gi6i han hitu han caa ham sé tai vo cuc.
a) Binh nghia.

_Chohamss ¥ =1 @ xéc dinh wrén (@;+0) Lisds

lim f(x)=L = ¥(x, ). x,>a:x,— +o= f(x )= L

_chonamss ¥ =T @ yéc dinh wen C 9 kni d
11_;_1-1 fx)=L = ¥i(x ), x <a:x, —-== f(x)=L

b) Gidi han dac biét.
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. C
lim ¢ =c lim — =0
_V§Gi € =const 3 kelN ta co: - = va o X

[Nim x>

K—*

=+ (- )

lim f{x} =+w (- o) = lim = (k =0)

K= X, K= Xy f{x}

—Vvé6i k€N (q ¢6:
— Dinh li vé gi6i han hitu han ctia ham s6 tai *~ ™ van diing khi X = 3
3. Giéi han vo6 cuc cua ham sé.
a) Dinh nghia.
y:f(x) L ~ (a;+00)

— Cho ham s6 xac dinh trén . Khi d6
lim f(x)=-we ¥(x ) x >a:x, — 4= f(x)— -=

K=

lim f(x)=+we ¥(x ), x >a:x, = +o= f(x )— +x

e

= lim f (x)=+w = llm[ f(x)] =

_Chohamss ¥ =1 @ xéc dinh wén Coa) ias
lim f(x)=-we ¥V(x ), x <a:x,— -w= f(x)—-mw

K— =

lim f(x)=+we V(x ), x <a:x,— -w= f(x ) +x

K— =

b) Gidi han dac biét.

lim x* {m khi k2 lim(+ %) =lim|1+ 1]
Lk im x* = o im(1+ x)» =lim —| =e
+) J‘]il'{]_‘rﬂtf =+ véi kelN* +) Xt - oo I{hikl.fz +) y | x|
¢) Quy tac vé gidi han vo cuc.
lim | f ()| =+ = lim ——
_Pinhli: " o f(")
— Mot vai quy tac tinh gigi han
lim f(x) | limg(x) Iim[ fx).g (x}] lim@
ey X X 9
L M LM L (M #0)
M
400 +oo 0
- khi g(x)<0
(- o khi g(x)>0
O J
L<0 +o khi g(x)<0
+00 mpo 0
4. Gidi han vo dinh
0
a) Tim gii han ham s6 c6 dang 0.
P(x) (x- x,)B (x)
FI=560 P(x),Q(x) M=0000
Néu trong do ! 1a hai da thitc caa X, ta bién doi LR . Rat gon

o o X=X o~y A ae X) svim e 4. f 1A e s e LA e 1
thita s6 %~ %0 s& khur dugc dang vo dinh. f ) 1a biéu thirc c6 chita X dwdi diu can thi ta nhan, chia biéu

(X-X)

thitc lién hgp cta biéu thitc chiva can tién veé 0, sau dé rut °” la nhan t& chung ro6i rat gon sé khit duwoc
dang vo dinh.
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o0

b) Tim gid¢i han ham s6 c6 dang *.
o P(x)
- Q(x)

Gidi han dang v6 dinh *° la gi6i han cia ham s6 dang
— oo — oo o S T UV S A s
Pl = Q) = . Chia t* va mau cho X 1a liy thtra c6 s6 mii 16n nhat (hodc la rit X' lam nhan t¥)
sau d6 ap dung cac dinh 1i vé gidi han hitu han.
¢) Tim gi6i han ham s6 c6 dang ® - ©,

trong d6 khi X7 % (hay *0) thi

0

X7 X0 thi ta quy dong mau s6 dira vé dang 0.

Néu
o0
Néu X — 30 thi ta nhan va chia cho lugng lién hop dé dwa vé dang .
d) Tim gi6i han ham s6 c6 dang 0-°.

— Gia st can tim gigi han ctia ham s6 FG)=f0dg k) khi ¥ %o hay X = ¥ trong d6 f(x)=0 va

g(x)- * Ta thuwong bién déi theo cac huéng sau:
I
f'g _l O
+) Néu 1a gi6i han khi * " %0 thi ta thuong viét 9 s& dua gidi han vée dang 0.
— . 1 w
- fg9=9:—% ‘ —
+) Néu 1a gidi han khi X~ *° thi ta thudng viét [ s& dwave dang .

+) Tuy nhién & nhiéu bai gigi han loai nay, ta chi can thyc hién mot s6 bién doi nhw dwa thira s6 vao trong
dau can, quy déng mau s0,... ta c6 thé dwra gidi han vé dang quen thudc.
3. Ham s6 lién tuc.

1. Gidi han hitu han cia ham sé tai mot diém.

— Binh nghia: Cho ham s6 f
f(x) lim f (x)=f(x,)

dugc goi la lién tuc tai %o pey +

- " « X, €K
xac dinh trén K va %o )
Ham s6

f(x)

— Ham so khong lién tuc tai %o duoc goi la gian doan tai %,
—Chuy:

+) Néu ham s lién tuc tai *°thi trwde hét ham s6 phai xac dinh tai diém do.
lim f (x)=a < lim f(x)=lim f (x) =a

+) KN
£ [ Ax), khix#x,
x) = .
B(x), khix= lim A(x)=B(x,)
+) Ham s6 (x) PX=% lién tuc tai X0 Khi * % .
f00 [ A(x), khix =x,
X)) = - .
~ lim A(x) =lim B(x) =A(x,)
+) Ham s5 BOO KNEX <X, o e tai % khi » - o
2. Giéi han lién tuc trén mot khoang.
— Dinh nghia:
+) Ham s6 f&x) lién tuc trén mot khoang néu no lién tuc tai moi diém thudc khoang do.
fli_m+ fG)=f(a)
. . lim ()= (b)
+) Ham s6 f & lién tuc trén khoang [a’ b] néu no lién tuc trén (a:b) va el .

+) Khéi niém trén twong ty vdi nita khoang nhu CUHERACEOHC 7";&];'".
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— Nhan xét: D6 thi ham so lién tuc trén mot khoang 1a mét “dwong lién” trén khoang do.
3. Mot sé dinh li co ban.

—Dinh 1i 1:

+) Ham s6 da thivc lién tuc trén R
+) Ham s6 phan thic, cac ham s6 lugng giac lién tuc trén titng khoang xac dinh cua chiing.

_Pinhli 2: Giast ¥ = (), y =900 i tuc tai diém *0. Khi dé:

+) Cécham s ¥ = (I+g 0,y =f (- g (), y =f (g ()

_f)

+) Ham s6

—Pinh li 3: Néuham s6 ¥ = f () Jien tuc trén doan [a;b] va f(a).f(b)<0 th
4. Phwong phap xét tinh lién tuc cia ham sé trén R:

()

X

lién tuc tai “° néu

g(xo) #0

en « X
lién tuc tai "

— Ham s6 dugc cho bédi 1 cong thite: Tim tap x4c dinh r6i dya vao dinh i 1, 2 dé két luan.
— Ham s6 dwgc cho béi 2 cong thirc:

+) Tim tap xac dinh va diém ndi a giita 2 cong thic.
+) Xét tinh lién tuc ctia ham s6 khi X =a va khi X #74a

+) Két luan.

4. Ung dung ctia dao ham dé tinh gigi han.
1[1'1 f(X)‘ f(H[I]_l

— Cong thirc dao ham: o

— Dinh li L’Hopital (L6-pi-tan): Néu L+~

5. Cach tinh gidi han bang CASIO fx-580
a. Cach nhap.
— Bwdc 1: Nhap ham s6 biéu thitc can tinh.
—Budc 2: Anr.
— Bwdc 3: Nhin xudng dwdi chir lim.

(x, +Ax)- f(x,) .
=lim f 1 f 'xi :f (x.;.)
X- x[ LUE X
lim f () =lim g (x) =0
lim f(x)
im () =Img () =0 _ RO ¥1o)
va hi
Cac truong hop Nhap
Khong cé gi 99999...
X — +w0
X— - -99999.--
X— X, x, +0,00001
x— X"
PR X, - 0,00001

Luu y: Trong trudng hop “khong cé gi” khi an may ma két qua hién

thi 1a 16i phép tinh thi ta chi can gidm bét s6 9 khi nhap.

— Bu6c 4: An =.

b. Cach doc két qua.

. U'E"m' )
L&1i phép tinh

[AC] :Huay
[«1[»]1:D1 dé&n

Cac truong hgp Doc
So6 dep Keét qua
Mot s6 duong 16n
—————————————— +00
axi10" ygi &n>0
Mot s6 am nho -
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iE.cre(a;b): f(c) =0.

f(x)
(x)'




10" ygi n<0
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CHUONG V. PAO HAM

1. Binh nghia dao ham.

f'(xn) =lim M =lim f (IU +.-3.X)- f(x“) =lim E
P X=X, Ax—11 Ax A0 Ay

a) binh nghia:

Trong d6: +) AX=X=% 1358 gia ctia dGi s6 tai .
= fO)- fle)=f(x, +Ax)- f(x,)

b) Pao ham mot bén

la s6 gia ctia ham so.

; - f(x)- f(x,)
£ () =lim f(x)- fx,)
— Cong thurc: o X=X
— Hé qua: Néu ham so y=f&) c6 dao ham tai diém o thi s& ton tai el (x" ) f (H(-' ): f (x" ) =1 I:x‘-' )

c) Moi lién hé giita dao ham va tinh lién tuc.
y=f&) thhiy:f(x)

y=f()
y=f)

~ S ~ , N . e ¢
— Néu ham so c6 dao ham tai lién tuc tai “°.

s A . y=fWx) o " . R .
— Néu ham so lién tuc tai %o thi ¥ f () 6 thé c6 hoac khong c6 dao ham tai %o,

— Néu ham so gian doan tai X thi ¥ T f ) khong c6 dao ham tai %o,

~ s ~y=flx o , R . yv=fx) . . . Ten .
— Néu ham s6 7 f () khong c6 dao ham tai Xo thi ¥ f () co thé gian doan hodc lién tuc tai '
d) Pao ham trén mot khodng, mot doan
~ 1+ ~y=fx) . R . (a;b) . . | R D aen ~ la;b
— Néuham s6 7 f () c6 dao ham trén (a;b) néu né c6 dao ham tai moi diém thudc ( ).
~ 1+ ~y=fx) . R ~ |lab| . ., R e . (a;b) .. o
— Néuham s6 7 f ) c6 dao ham trén [ } néu noé c6 dao ham tai moi diém thubc (a;b) dong thoi ton

tai f(a )Vé f(b )
2. Quy tac, cong thdc dao ham.
- Pao ham cula téng tich thuong:

(u+v+w+.) =u +v +w +..
+)

(uv) =uv+vu
+)

(uv.w) =uv+uvw+uww’

(ku)' =ku’
+)
u uv-vu [1' v’
| v (1Y
4! V) v vy v
_ax+b _ad- bc
cx +d (cx+d)
+)
1 bl IH.2_|__2ﬂ| CIH+bI CI
_ax’ +bx+c . |la, b, a, c b, c,
) ax’ +hx+c, (ﬂgxz-lhbzx-lhfg)z
+
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ax’ +bx+c
e ——

mx +n
+)

- Tinh dao ham ctia ham sé hgp: Cho ham so

. _amx’ +2anx+bn- cm

(mx +n)*

- Téng hgp dao ham ca ban:

3. Y nghia cla dao ham.

a) Bai todn chuyén dong:

:s(t)

y=f) véi ¢ =u(x) thi y :u'(xlf'(u).

Ham sé Pao ham Ham sé Pao ham
=C N >
YA, (c la hang ¥ =0
s0)
y=x y' =1 y=u y’:u
y =x" y =n.x"" y =u" y =nu""'u
.1 u’
=+/x Yy =—— =+u y =
y \/_ 2\/; y \/_ 2\/;
1 1 1 ,oou
y == =-— y == y =-—
X X u u
y =sinx y =cos x y =sinu y =ucosu
y =cos x y =-sinx y =cosu y =-u'sinu
_ 1 _ . u
y =tanx = y =tanu Y ="
cos” X cos” u
_ 1 _ u’
Yy =cotx =- — y =cotu =-
sin” x sin” u
3 . X 3 . u.u
y =¥ Y= y =|ul Y=

vit,)=s"(t,)

tai thoi diém b1 .

ale,)=v(t,)=s"(,)

o la .

— Van téc tlc thoi cta chuyén dong °

_ Gia t8c chuyé@n dong tai thdi diém *

b) Bai todn vé dian luong: Cudng dé tic thdi cda dien luong @ =W tai thai diém 13

I(t(,):Q'(t(,)_
- Vi phan clia ham s6 ¥ =1 () 5. dy=df G =f"(0dx.

- Ung dung cuta vi phan (tinh gan dung): f O +Ax)=f (x, )+ fr(x“)'j'x.

5. Dao ham cap cao.

- Bam Casio dao ham:

.od
, i y =—f ) x=x
+) Dao ham cap 1 tai diém % dx

+) Pao ham cap 2 tai diém *o:
d d
},":d}f f{x}|x=x - d}f f{x}|x=x.|
X-x X =x,+0,00001

U Cach 1: vair:
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U'Cach 2: Gan cac gia tri:

LY

+) Pao ham céap 3:

1077
(.,

%( f (Jf))lx:xﬂ o

_sm_, o

o, a4 Ly oBoA

_sm_, R

d d d _
| FO s+ G O -2 FOOLx =,

- COng thic dao ham cap cao:

(00

+h)- f(x,)

£ (x,) =lim
+) h—=10

n

+)

y=sin{ax+b)= y"'(x) =a"sin

+)

y=cos(ax+b)= y"'(x) =a" cos

+)

— 1 {n) —

+) y:'ﬂ_uﬂb = }gn?l’x} :-ﬂ”
y=(ax+b)* = y"(x) =a"a(e- 1)---(ct- n+1)(ax+b)"" =a".A" .(ax +b)

+)

h

Y i) (n-1) « (n-2) e
()" =u" +Clu" W+ Cu" YV L+ Clu

(-1)"a” -n!
(ax+b)y™

ax+h

e

k+1

Xz

{n-p} {p) n-1_ ¢ {n-1}

v i+ +Couy

ax+b+E‘
2 )

ax+b+ﬂ‘
2

véi r: X =x, +D,DDDDI.

+) V=6 +ax +ax’ +..+a x" +a, X" +a, X"+ +a X
+1)! k+2)! !
= .]"m :k[ﬂk + (k1) ﬂkn"f“l-k ( ) ﬂmzxku-k & n
(k +1- k)! (k+2- k) (n- k!
6. Tat cd cong thirc dao ham
Ham so Pao ham Ham so Pao ham
=C \ >
Y =¢ (cla hang v =0
s0)
Yy =X y' =1 Yy =u y’:u
y =x" y =nx"" y =u" y =nu""u
,_ 1 u’
=X y = =\u =
y \/_ 2\/; y \/_ 2\/;
1 .1 1 . ou
-~ i “u i
y =sinx y' =cos x y =sinu ¥y =u’.cosu
y =cosx y =-sinx y =cosu y =-u’sinu
_ 1 _ U
y =tanx y = y =tanu y =
coS” X cos” u
y =cotx =- .12 Yy =cotu y =- qu
sin” x sin” u
,_X . u'u
= = = y =
y =¥ Y N y =y i
y =e" y =e* y =e" y’:e”,u
y =a" y =a"Ina y =a" y =a'u'lna
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y =Inx y :% y =Inu y':u;
Yy :l(}ga X = 1 y :l[}ga u = u
xlna ulna

Bo sung: Cach bam dao ham bang Casio fx-580 VN:

7. Ti€p tuyén.

1. Kién thic can nam viing.

— Phuong trinh tiép tuyén cua

— Hai do thi

7z,

(C€):y =), (C):y=9()

(C):y=fx)

CASD - dao hampdf

tiép xuc nhau

=

tai digm M (03%)

k=y'(x)

c6 dang:

la hé s goc tiép tuyén)

f(x)=g(x)
f'(x)=g'(x)

2. Cac dang toan viét phuong trinh ti€p tuyén thuong gap.

a. Viét phuwong trinh tiép tuyén A cua

— Cac buéc lam:

) Goi M (i)

+) Do phuong trinh tiép tuyén A 6 hé s géck

+) Tinh Yo = [ (%

— Luu y: Hé s6 goc

+) Phwong trinh tiép tuyén

1a tiép diém. Tinh 7 .

)
k=y'(x,)

va suy ra phwong trinh tiép tuyén

(€):y=F(x)

1

Ald:y=ax+b= k=-—

+) Phwong trinh tiép tuyén

+) Phuong trinh tiép tuyén A tao véi truc hoanh géc

+) Phuong trinh tiép tuyén A tao véi d:y

€):y=f(x)

b. Viét phwong trinh tiép tuyén A cua

_Goi M)

— Phuwong trinh tiép tuyén A tai
0 JI:I'('](.-I.;.]"?.-I.:'E A=y, =k (x.-l. - X )+ ¥a *)

-D

— Giai phuong trinh

c. Viét phwong trinh tiép tuyén A cia

la tiép digm. Tinh o = (%) 4
M Cxp;y,) 1y Ay =k(x- %)+,

(Ee)_ — X, - _Fil;k

cho AOAB yygng can hoic biét Sos
— Goi M®X0) 13 tiép diém va tinh hé s6 goc K =Y (%)
AOAB vudng can < H;00) =45" (0gn) (*)

(C):y =f (x)

]

=
=ax+b g6c

k :y'(xc_)'

_],.f' =k = x =X,

Azy =k(x-x,)+y,

ctia tiép tuyén A thudng cho gian tiép nhu sau:
Ad:y=ax+b=k =a

o= |k| —tan ¢

=fan ¥

1+ k.a

, biét A di qua (ké ti¥) diém

Acy =k(x- x,)+y,

c6 nghiém.

, biét A cé hé so géc k cho truéc.

A(XA;yA)

va kK = = phwong trinh tiép tuyén A.

, bigt A cat truc 9% 9 Ian luot tai

(+*)

- phuong trinh tiép

BB g | Srom =S < OAOB =25

sk ) — —s . _
—ciai @ hose ™) Xy Yor K
a. Tim M (s i)

ma tir dé vé dugce n tiép tuyén véi do thi
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-L

— Khi do6 phuong trinh tiép tuyén dang A
0 M(x,;5y,)ea =y, =f 0 Nx, - x )+ f(x) (%)

-D

— Tt do ta tim s6 nghiém ctia phwong trinh

e. Tim nhitng diém Mo Y

v Alx; £ (%))

la tiép diém cua tiép tuyén di qua

ma tir dé vé dwgc hai tiép tuyén voi do thi ham s

hai tiép tuyén do vuong goc nhau.
— Céc budc lam:

+) Phuong trinh tiép tuyén A qua M va c6 hé s6 géc k c6 dang

+) Ap dung diéu kién tiép xiic:

M(x,;y,) (C)'

v6i db thi

sy =f (e, M- x, )+ f(xi.).

QI
lan,
5 €):y=f(x) va

Ay =k (x- x.w)+,]"‘.w )

;F(J;)}:_F;((X— %), = fO)=f"0).(x- x, )+y, (*)
)= (%)

+) Qua M vé dugc hai tiép tuyén vai

+) Hai tiép tuyén d6 vuong goéc nhau

—Luuy:

+) Qua M vé dugc hai tiép tuyén véi ©)
% .
trinh *) c6 hai nghiém X% va

+) D6i vdi bai toan tim diém

k =

+) D6i vdi bai toan tim diém

k=

f(x,)

f(x,)

f
M (x,

M (x,

c6 hai nghiém phan biét 2.

= kk, = 1= y(x)y(x)=1

sao cho hai tiép diém nam vé hai phia véi truc hoanh thi phvong

(x).f () <0

7)€@y =f () sao cho tai M tiép tuyén A véi hé s6 goc
A k :f’(xﬂ}:kd = xil = .]"?il = ‘M(xil;.]"?il)

song song vai d cho trude. Khi do ta co .

¥,)€(Cry =f(x) sao cho tai M tiép tuyén A véi hé s6 goc
fr(xn]'kd =-1= X = W= M (xu;.]"?n)

vuong goc vai d cho trude. Khi dé ta co .

f. Cac bai toan lién quan dén tam giac dwgc tao bai tiép tuyén cia do thi ham so véi hai truc toa do.

M(x,; f (x, De(@):y=f(x)

- Cho , khi dé phuong trinh ti€p tuyén cla d6é thi ham sé
y =10 5 gigm
Al f'((x“;;“ B~ x, [(x,)+ f(x,)
s . \ < . L= A . X X . P
M cat truc Ox tai Flx) ] va cit Y tai o o o7 khi dé:
k ==+tan BAO :i@
+) 0A .
N 2
1 _[f(xn)' Hu-f (xu )]
5.-".{1-I.n _E-G‘:"-GB - 7 f(x )
+) o
_AB
+) Ban kinh duong tron ngoai tiép AOAB 3; 2,
OAOB

P
+) Ban kinh duwong tron noi tiép AOAB 13:  OA+OB+AB |

g. Xac dinh hé so goc k 16n nhat hoac nhé nhat cua tiép tuyén véi do thi ham s

_ Gidi phirong trinh | () =0= %

—Khi do

Koo =1'(%)

ko =f (xn ) '

5 €):y=f (x).

:H'U
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Chuong I. PHEP DO HINH VA PHEP DONG DANG TRONG MAT PHANG

PHEP PONG
DANG
|

PHEP DOI PHEP VI
HINH TU

L ;
oty | :
Goc quay | Phép |Géequay| o | Tisél
xung | (2k+1)z | quay k2r | nhé% | |
\__) I
I
1. Phép tinh tién. ‘7
M!' '
TON =M, DN L i / S/
e oy MMy x—g X' =x+a
Ty MOy)—= M'(x5y)= MM :vﬁ{ , ﬁ{ , y >
; y-y =h v :_].P+|E} N
2. Phép doi x(g truc. N

LLALE] LR Mr/i

By: M= Me MM-== MM Mo 13 pinh chigu cia M wén d) ! Iy,
p,(M)=M"= B,(M)=M ! :
|
b, (M)=M vy Pd (N)=N"_ pmn =mn ‘F* y M\lN,
o x =x g |
Bm:M(X;_}’]—'M(X;_}’}ﬁ[ ¥ 0 1'Ex O:‘
y'=-y ]
X =-Xx d " >
By, M xy)—= M'(x5y) = [ : M:’""}' H
y =y i Lo
’ ’ Ol i ]
3. Phép dobi xirng tam.
Nl
p,(M)=M"= B,(M)=M M — M
p,M)=M"_. D, (N)=N"_ yn =mn \
' N 1y
X ==X
B, :M(xy)— M (x5y)= [ S )
By M y)— M (x5 y) {x'zza- X 0 L
= | i
1(a;b) y'=2b-y |
M)

Trang 56



4. Phép quay.
(IM =IM M'

Quy:M—M =4 _ )

i) |(IM;IM}:H

‘M M N M
- = MN =MN N

Q‘[l’.c’f} 1N_. N

a  khi0<a %
Qi (@)=d'= (@;d")= !
: ,;r
a-a khi E*_'Cﬂ' =T
e
Quary: Mxy)— M'(x1y)e= {}"—:

Qo oy M ()= M (3y) 1x,:~"

[o7) s,
=
Q <
=

y ==X X0
(X' =xcosa- ysina

Qo M (5 y) = M'(x5y) = {y' =xsina + y cosa
(x+ yi)x1La =x"+yi

x'- a=(x- a)cosg- (y- b)sing
= ||y~ b=(x- a)sing +(y- b)cos ¢

1Q{f:q}:M ('}f;.}’)_’ M(J‘f,_}")

1(a;b) (x- a+(y- B)i)xazg+(a+bi)=x"+yi

5. Phép vi tu.

Vi :M— M e IM =kIM  (k #0)

LR LR
MN'=k.MN
M N’ =|k|MN

M—-M
=

LN L {x':kx ’

Vipey:M = M'e= OM " =kOM < | ,

(k) y =ky i

Vi :MOsy)— M (x5 y) |
—

1(a;b)

x-a=k(x-a) [x =ke+(1-K)a
y'- b=k(y-b) |y':ky+(1— k)b
k(e + yi)+(1- k)x(a+bi) =x"+yi

 AABC aaBc’ (AABC " AAB'C) ’

*Chu y: Néu phép doi hinh (phép dong dang) bién thanh thi né sé bién
’ , AABC

trong tam, tryc tam, tam dwong tron ndi tiép, tam dwong tron ngoai tiép cla twong ¢ng thanh trong tam,

A i i ... AABC’

tric tam, tam dwong tron noi tiép, tam dudng tron ngoai ti€p cua .
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Chuong Il. DPUONG THANG VA MAT PHANG TRONG KHONG GIAN. QUAN HE
SONG SONG

A. Pai cuong vé dudng thang trong mat phang
1. Khai niém mé dau.
a. Mat phanag.

(a); (5); (P); (Q);.... hos mp (a); mp(5); mp(P); mp(Q);....

— Ki hiéu 0dc

b. Quan hé thudc. /
A

— Cho diém A, dwong thing d va mit phing (P) thi: ) °

+)Piém A thuoe duong thang d : 2P,

+)Piém A khong thude duong thang d : A€
(P) de(pP)
(P). de(P)
+) Pwong thing d thudc mat phing (P); mat phang (P) chita dwong thing d d < (P).
c. Hinh bi€u dién cGia mét hinh trong khong gian.
a) Quy tac.
— Hinh biéu dién cua dwong thang la dwong thang, doan thang la doan thang.
— Puong nhin thay la nét lién, duwong khong nhin thay la nét dut.
— Hinh biéu dién giir nguyén quan hé thudc va ti 1€.
— Hinh biéu dién cia tam giac vudng, tam giac can va tam giac déu la tam giac thuwong.
— Hinh biéu dién cua hinh vuong, hinh chi* nhat, hinh binh hanh, hinh thoi la hinh binh hanh.
— Hinh biéu dién cua hinh tron la elip.

b) Hinh chép.

+) Puong thing d thudc mit phing

+) Pwong thing d khong thudc mit phing

— Pinh nghia: Cho da giac AA,..A €(P) va 5S¢ (P). Noi S lan S

lwgt v6i cac dinh cta da giac Ahy A, ta dugc cac mién tam giac
SAA; SAA; - SAA, . Khi d6 hinh tao bdi cdc mién tam giac va
mién da giac dwoc goi la hinh chép.
~Ki higu: 4
+) Mién tam giac SAA; SA A 54 A, : mat bén caa hinh chop. A, A
+) SASA;-5 SA, . anh bén caa hinh chép.

b ARIAALIA A

=}

': canh day cua hinh chép. A "
3

+) Ahy A, : mat day cta hinh chép
— Tén goi cua da giac dugc goi theo da giac day
2. Tinh chat thua nhan.
a. Tinh chat 1: A#B= 3ld: A Bed.

! I .
b. Tinh chét 2: A#B #C = Ia): A B, Cela).

‘A #B
A Bed =dc(a).

c. Tinh chat 3: A Be(a)

d. Tinh chat 4: Ton tai 4 diém khong cung mot mat phang.
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(P)#(Q Ae A =(P)N(Q).

e. Tinh chat 5: A=(P)n(Q)
f. Tinh chét 6: Trén mo6i mat phang, cac két qua da biét trong hinh hoc phang déu ding.
A#B #C
A B,Cela)= AB,C
* Phuong phap chitng minh ba diém thing hang: AB,Ce(p) thang hang.
* Phurong phéap tim giao diém: A=anla)
- Phuong phap 1:
Buéc 1: Tim ().
d n(a)=M

Budc 2: Chira @ @ déng phang va ching cat nhau tai M . Khi dé
- Phuong phap 2:

Budc 1: Tim (5) chra d thich hop.
Budc 2: Tim giao tuyén =(a)n(p),

Budc 3: Xac dinh M =and  ghido 4N{@=M
* Phwong phap tim thiét dién: Ta tim cac doan giao tuyén ctia mat phang
cat vdi hinh da cho.

B. Hai dudng chéo nhau va hai dudng song song
1. Vi tri tuong déi cia hai duong thang trong khong gian.

Vi tri twong doi Minh hoa

anb=M
. Ly aem M
(a va b cé 1 diém chung) b

allb

g phang (a va b khong c6 diém chung) s

a=b
(avab cé vo s6 diém chung) /
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a chéo b

avab khong dong phang | ., 500 <6 diem chung) b
2. Tinh chat.
Med
Med=3d" - v sy,
~ Pinh Ii 1: Tién dé O-dlit; " 9 a
() n(f) =a ;
allblic
F)nly)=b
EI; ((‘V; “lanbne 2
_Pinhli2; 7 NE=E
— Hé qua 1: Phuong phéap chithg minh ba dudng thang song song hodc dong quy
(a)n(f)=a
3)n(y)=b
ﬂ.-".-"b.-".-"fﬁ'(f) )
() ne) =c
+) Phwong phap chitng minh ba duong thang song song: aifb
() (f)=a
(FI)n(y)=b
anbnec=Ie ;
() nla) =c
+) Phwong phép chitng minh ba dudng thang: anb=I
lac(a) Alallb 9 2 v
bce(p)= (a)n(p)=|A=a @ @ @
. .. |aib A=b
— Hé qua 2:
‘ac(a)
b<(B) . (n(p)=aiaib
allb
+) Phwong phap chitng minh 2 dwong thang song song: a#b
(ailb
=allc
bilc

—Dinh 1i 3:

C. budng thang va mat phang song song
1. Vi tri twong doi cia duong thang va mat phang.
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\
v //\ff\/ (—

di@)e dnla)=o dnla)e dnla)=M dcla)e dnla)=d
2. Tinh chat.
(d () d
.d’-::(ﬂ):: d#"s"(ﬂ') / /
dild
—Pinhli 1:
LB
1d<=(p) = dird &
—Dinh If 2: (a)n(p)=d’
(d /1 (ex)
-
d i (p) = d/d
_He qua: ({@NA)=d’ Bl
= Hf(a}:{ﬂ Cfa]) ]
—Pinh 1i 3: a chéo b b/ (e

D. Hai mat phang song song
1. Vi tri twuong déi cia hai mat phang.

A7 =2 (T

(@) (e (@) () =a ()i (D)= (@)n(p) =0 ()i ()= (a)r“l(ﬁ):[E;;
[a c(a)
. (ﬁ):. all ()

* Phuong phdp ching minh duong thing song song v6i mat phang:
2. Tinh chat.

anbh=M
ac(a) (=
bcla) = (@i (p)
all(p) /
bl () B
Ag(a)= 3(F): Ac(B) ) ()
K==/
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—binh 1i 1:

—Pinh li 2:




d i ()= A(5):d = (5) 1/ (a)
() ()

()1 (p) = () 1/ ()

() ()

Ag(a)

vd_'ﬂed = Yde(p) /i (a)
“|d i (e

—Hé qua 1:

— Heé qua 2:

— Hé qua 3:
() 11 ()

(Wnla)=a= ailb
_pinhii3: (2N (A)=b
— Hé qua: Hai mat phang song song chan trén hai cat tuyén song song
nhitng doan bang nhau.
3. Pinh li Ta-lét (Thales).
— Dinh li thuan: Ba mat phang d6i mot song song chan trén hai cat tuyén bat
ki nhitng doan twong tng ti lé.
(a) i1 (5 (y)
d nla)=A,d n()=B.d n(y)=C
d, n(a)=A,,d,n(F)=B,,d,n(y)=C,
'd chéod,
A,B.Ced = AA,BB,CC,// (a)
A,B,.C,Ed,

= 1:11 IEI — IEI('—':I leil
A.E B.E B.E C.E C.E A.E

— Dinh li déo:

4. Hinh lang tru va hinh hop.

(e) il ()

AALA,.., A ela)

' AA HAA HAA I ITAA
ALVALA LA ela)

— Dinh nghia: Cho , khi d6 hinh

gdm hai da gisc A% A4 A A oy 4 hinh binh hanh

dugc goi 1 hinh lang try 34444 A A4,
— Hinh lang tru c6 day la hinh binh hanh dugc goi la hinh hop.
— Tinh chat:
+) Céc canh bén cua lang tru bang nhau va song song vdi nhau.
+) Cac mat day cua hinh lang tru 1a hinh binh hanh. a
+) Hai day cta hinh lang tru la hai da giac bang nhau.
5. Hinh chop cut.

) (Se(a) S
““lnaaa,.a)

_ Dinh nghiia: Cho hinh chop >4 AA-A
I . . . ool —aaoaloal. ’

(@) N[ SA; SA; SA; SAG-3S,) =AL A AT AG A 1k droe tao bo hai

da gigc A2AA AL A G e giae A A

AN AALA LA A LA, goi 12 hinh chép cut.
— Tinh chat:
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+) Hai day la hai da giac co cac canh twong trng song song va
ti s6 cac cdp canh twong ng bang nhau.

+) Cac mat bén la cac hinh thang.

+) Céc duong thang chita cac canh bén dong quy tai mot diém.

E. Phép chiéu song song. Hinh bi€u dién cia mot hinh trong khéng gian
1. Phép chiéu song song.

— Pinh nghia: Cho mat phang (e) va dudng thang an(a) . VGi mbi diém \A

M E(a)

M trong khéng gian, v& MM’ song song hodc trung véi A véi

Khi d6 M dwgc goi 1a hinh chiéu song song cia M trén () theo phu’dng A,
— Trong do:

+) Mt phang (a): mat phang chiéu.
+) Phwong A: phwong chiéu.
2. Tinh chat.
— Phép chiéu song song bién ba diém thang hang thanh ba diém thang hang va khong lam thay ddi thit tw ba
diém do.
— Phép chiéu song song bién dwong thang thanh dudng thang, tia thanh tia, doan thang thanh doan thang
— Phép chiéu song song bién hai duong thang song song thanh hai dwong thang song song hodc trung nhau
— Phép chiéu song song khong lam thay doi ti s6 do dai ctia hai doan thang nam trén hai duong thang song
song hodc cung nam trén mot dwong thang.
3. Hinh bi€u dién cia mét hinh khong gian trén mat phang.
— Hinh biéu dién cda mét hinh H trong khong gian la hinh chi€u song song cla hinh
H trén mdt mat phang
theo mot phuong chiéu nao dé hoac hinh déng dang véi hinh chiéu dé.
— Hinh biéu dién cua cac hinh thvong gap
+) Mot tam giac bat ki bao gi¢ cling c6 thé coi la hinh biéu dién cia mot tam giac tuy y cho triede (c6 thé 1a
tam giac déu, tam giac can, tam giac vuong...).

VNN

+) M6t hinh binh hanh bat ki bao gio cling c6 thé coi la hinh biéu dién cia mot hinh binh hanh tuy y cho
tredc (co thé 1a hinh binh hanh, hinh vuéng, hinh chit nhét, hinh thoi...)
+) M6t hinh thang bat ki bao gi¢ cling c6 thé coi la hinh biéu dién cua mot hinh thang tuy y cho trirdc, mién

la ti s6 d6 dai day cua hinh biéu dién bang ti s6 d6 dai hai day cua hinh da cho.
+) Nguai ta thuong dung hinh elip dé biéu dién hinh tron.
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CHUONG Ill. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC TRONG
KHONG GIAN

A. Pai cuong vé dudng thang trong mat phang
1. Vecto trong khong gian.
a. Cac phép toan lién quan dén vecto.

Ding thitc xay ra khi 9 ciing phwong véi b
a+0=0+a =a

ab +c)=ab +a.c a (b +c) =(a +b) +c =(a =c) +b

(a+b)a-b)=a’-b

b. Piéu kién cung phuong ciaa hai vecto.

2

({{;hf —q’ +2ab +b

b \b #0
—Tacé @ cung phwong voi ( ) = JkeR:a=kb
A B,C = FkeR:AB=kAC = AR :L.MA+(- ).MB =MC, ¥YM
MA = ! MB - k MC
thi véi moi diém M trong khéng gian ta c6 1- k 1- k
2] - b| -
:"b:uﬂ =?b—-|"|a

— Chd §: @ ciing huéng véi b " Gaa ngugc huéng véi b o
. < . a=b N . N ‘a‘:‘b‘
— Hai vecto bang nhau khi ¢ =P < @ cung hwéng véi © va .
c. Phép nhan mot sé véi mot vecto.
—Tac6 ka duoc xac dinh nhu sau:
+) Cuing hudng véi 9 néu k =0
+) Ngwoc hwéng véi @ néu k<0
k.al :|k‘.|a|' ;

— Heé qua: thang hang

_ N&y AB=kAC (k#1)

+) Co do dai
d. Phép cong vecto. .

— Quy tac ba diém: VA, B,C: AB+BC :HC. A P

— Quy tic hinh binh hanh: Néu ABCD 1a hinh binh hanh thi AB +AD =AC |

— Quy tic hinh hop: Néu ABCD.ABCD’ |3 hinh hop thi AC =AB+AD +AA"
e. Mot so tinh chat.

P

IA+]B =0
VM : MA+MB =2MI

- Néu I la trung diém cla AB thita cé
GA+GB+GC =0
YM :MA+MB+MC =3MG

- Néu G |a trong tdm AABC thj ta cé
~ -Néu I latrung diém cta AB va J la trung di€ém cla CD thita c6
I :%(AD +BC) :%(HC +BD)

-

GA+GB+GC+GD =0
VM :MA+MB+MC+MD =4MG

- Néu G la trong tdm t& dién ABCD thj ta co:
2. Su déng phang cua cac vecto.
— Binh nghia: Ba vecto dugc goi la dong phang néu gia caa chiing cung
song song vGi mot mat phang.
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— biéu kién dé ba vecto dong phang:

+) Pinh li: Cho ba vecto & b,c trong d6 hai vecto & b khong cung phwong. Khi dé: Diéu kién can va

dé ba vecto @ P> € dong phang 1a FMN:C =ma + nb-

+) He qué: Cho ba vecto @ P+ € khong dong phéng. Khi do =™ ™ P:ma+nb+pc=0=m=n=p =0
—Néu %Y Z 1a ba vecto khong dong phing thi véi vecto d bt ki, ta déu tim M

at bo & =mx +ny+ D
duwgc duy nhat bo ba sb M, M, P gag cho @ =MX T+ Pz L P

B. Hai dudng thang vubng gdc
1. Tich vé hwdng cua hai vecto.
a. Goc giira hai vecto.
— Pinh nghia: Trong khéng gian, cho @ va b 1a hai vec to khéc vecto - khong. Ly mot diém A bat ki, goi
_ B va C la hai diém bét ki sao cho AB=a va AC=b Khi d¢
(a:b) =Bac (0° <Bac =<180°)
. (a;b) =0° = . . b
—Chay: +) a cung huéng © .
(a:b) =180° = b
+) a nguoc huéng 9 .
b. Tinh v6 huéng cia hai vec to.
a.b :|a|.|b|c05(a;b)

— Cong thuc: .
— Cha y: .
+++++ a=0_ a =0
ahb :|a|.|b|cn5(a;b):[]ﬁ b=0 _ = E_{:[L
I:DE.(a;b):[] alb
+)

H a.‘f.’l‘ b(a;b)= (a;p)=0
+) atl b(a;b)ﬂ (a;b):lBD°

2. Vecto chi phuong cta duong thang.
— Pinh nghia: U dugc goi 1 vecto chi phuong ctia dwdng thing A khi U théa man:

u #0 %ul
Gia ctia U song song hodc trung véi duong thing A A U, u,
— Nhan xét: U,
(k #0) <

+) Néu U 1a vecto chi phwong thi ku 0 ciing 1 vecto chi phwong ctia dwong thing A.
+) Mot duong thang hoan toan xac dinh khi biét mot diém va vecto chi phuwong.
[d #A

dfﬁ&ﬁ"

u, =u fe 1 1 .
4 7% (voi U la vecto chi phuong).
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3. Goc giita hai dwong thang.
a

— Pé xac dinh gdc gitta hai duong thing @ va b
a’lla o

bl b

. f — . _ £ [0} bl
) Cich 1: Ta Iy diém O bt i dung (@ "0 =0 gy ag b =ti0))

]

b
cos(a,b) :__|uu .u,}|

. . a U,J| o Uy Uy 1 N . . a,b
+) Céach 2: (voi lan luogt 1a vecto chi phwong cua ).

_Chiy:
N <t.p) =90

+) Gia stt U 1a vecto chi phwong cta @, V 13 vecto chi phuwong ctia b va (u,v) —a,

ot khi 0° = =90° -
) :{IBD“’ o Lhi 90 <er <180° cos(a;b) =|cn5(u; v)|

+)Néu B hodc a = b thi Bp)=0",
4. Hai duong thang vuong gdc.

albe thp)=00

Khi do:

— Dinh nghia:
—Chuay:
+) U 1a vecto chi phuong ctia a, V' 1a vecto chi phwong cta b. Khi d6 @ - beuv=0
+) Hai dwong thang vudng goc véi nhau co thé cat nhau hodc chéo nhau.

C. Pudng thang vudng gdc véi mat phang
1. Pinh nghia.

2. Diéu kién d€ duong thang vudng géc véi mat phang

—

(d La d

dLib L
lanb=0 "~ “ //a b l/
e L >

'AB, AC, BC AMABC

1d L AB = d LBC
_He qua: (9 LAC

3. Tinh chat.

— Binh li:

(0e(a) A

Ogd= a): (@) Ld |
— Tinh chét 1: @)L //3. . / B
(Aed a i /

Ag(a)= Fd: d1() &

— Tinh chét 2: & !
_ Néu («) L AB tai trung diém [ cta doan thing AB M |
1

(04 Y
Thi () dwoc goi 1a mit phing trung truc ctia AB | \
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4. Lién hé giira quan hé song song va quan hé vuéng goc ctia duong thang va
mat phang.
— Tinh chat 1: a b

-

|am£: = (@ Lb
*)

() La
aJ_(a):’ lb /a/ i ! /

b1 ()

+)

— Tinh chat 2;

mm{ﬁ): a J_(ﬁ)
aL(a)

+)

(a L(p)

4 a l(e)
— Tinh chat 3: |
(al/ (ex) b

=hla a
b 1 ()

+) .
0@ 4/ /
alb = aliila) = I

4 () Lb
5. Phép chiéu vudng géc va dinh li ba duéng vudng goc.
a. Phép chiéu vuong goc.

= ()i ()
| y o

— Dinh nghia: Cho dwong thing A vudng géc v6i mit phing (a). Phép chiéu song song theo phuong cta

A 18n mit phing () dwgc goi la phép chiéu vudng goc 1én mat phang (a). B_—

— Nhan xét: %
+) Phép chiéu vudng gdc c6 day du tinh chat ctia phép chiéu song song. /A

+) Ngudi ta c6 thé goi 1a “Phép chidu 1én mit phing (@),

+) Nguoi ta co thé goi la “ ' 1a hinh chiéu cta A 7. e

b. Pinh li ba dwong vuong goc.

‘a c(a)

b & (a)
b ¥a
_ Cho |P1ahinh chigu cia bén (@) (g b alh

b
A B’
a

c. Goc giita dwong thang va mat phang.

Khi d L{a)= Q;(a]) =90° p

. _ \A
_ Géch xéc dinh @)y dnt@=0,
+) Budc 1: Lay mot diém A bat ki khac O. --

+) Bugc 2: Dung H hinh chiéu vudng géc ctia A 1én (a). d’ %
Fﬂ‘:(ﬂ')) Zgb;GH]:ﬁDH =@ H (O

+) Bude 3: Khi d6
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00° =@ =90°.
dii(a)
d c(a)
0¢=0"<dL(a)

Khi a/d th) td: () =td; () = 4"
ki OB td. () :Q;(ﬁ)).

D. Hai mat phang vubng géc
1. GAc gitra hai mat phang.

¢ L(QL () =t b)

— Dinh nghia: b 1(p) . //5< /

) 0 =<t o0
+) @z);(ﬁ )=0" = () song song hodc trung vdi
o L) =90 = @ 1)

o

[I.?:I:[] =

(0:).

, vGi d’ 1a hinh chiéu caa d trén

)

— Cach xac dinh goc gitta hai mat phang (@)n(p)=A .

{OxLA
+)Liy O€A yake (O LA

() (5)) =6 0y)

+) Khi d6

— Dién tich hinh chiéu ctia da giac: Cho da gidc -# nam trong mat phang () c6 dién tich S, dyng # ' 1a

; _‘,|’ = ’
hinh chiéu vuéng géc ctia # trén mat phang 2 va &_?Iﬂ () =¢ .Khi d6 S 1a dién tich ctia A’

dugec tinh bai cong thitc > =>-C0S¢

2. Hai mat phang vuéng géc.

() L(5)= t%l);(ﬁ):gu{

— DPinh nghia:
— biéu kién dé hai mat phang vuong goc.
(A L(a)
(”f- () L () g
) pinhli1: (A=Y . a
() L(f)=a A
1A c(a) = A L(f) 0 b /7/
o Ala )
+) Hé qua 1: .
tAc(a) = ABc(a) A
AB 1() A
+) Hé qua 2: 2 s Eiuiiaiaid tdatedatd
() () =A ~_|
i) =ach) e
Y
9 Pinh 12 (AIL0) .

3. Hinh lang tru dung, hinh hop chir nhat, hinh lap phuong.
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— Dinh nghia: Hinh lang tru dirng la hinh lang tru c6 cac canh bén vudng goc vai
cac mat day. Do dai canh bén dugc goi 1a chiéu cao cua hinh lang tru ding.

— Cac mat bén cuda hinh lang tru déng luén luén vudng géc véi mat phang day va la
nhitng hinh chi nhat.

— Hinh lang tru ditng c6 day la tam giac, t& giac,... dwgc goi la hinh lang tru ding
tam gidc, hinh lang tru dirng tw giac,...

— Mot s6 lang tru dac biét
+) Hinh lang tru ding c6 day la da giac déu dugc goi la hinh lang tru déu.
+) Hinh lang tru ding c6 day la hinh binh hanh dwoc goi la hinh hop ding. P (
+) Hinh lang tru ding c6 day la hinh chit nhat dugc goi 1a hinh hop chit nhat.
+) Hinh lang tru ding c6 day la hinh vudng va cac mat bén déu la hinh vuong

dugc goi la hinh 1ap phuong.
4. Hinh chép déu va hinh chép cut déu.

a. Hinh chép déu.
— DPinh nghia. Mdt hinh chép dugce goi la hinh chop déu néu day cta né la
da giac déu va cac canh bén bang nhau.
— Tinh chat:

+) Mot hinh chép 1a hinh chép déu khi va chi khi day caa n6 la da giac
déu va chan duong cao cta hinh chép di qua tam dwong tron ngoai
tiép cta da giac day.
+) Hinh chép déu c6 cac mat bén la nhitng tam giac can bang nhau.
+) Cac mat bén tao vai mat day cac goc bang nhau.
+) Céc canh bén tao vGi mat day cac géc bang nhau.
b. Hinh chép cut déu.
— Phan cta hinh chép déu nam gitta ddy va mot thiét dién song song vdi
day cat cac canh bén ctia hinh chép déu dugc goi 1a hinh chép cut déu.
— Tinh chat:
+) Cac mat bén ctia hinh chép cut déu la nhitng hinh thang can va cac canh bén cua hinh chép cut déu c6
do dai bang nhau.
+) Hai ddy ctia hinh chép cut déu la hai da giac déu va dong dang véi nhau.
+) Poan noi tam cua hai day dugc goi la duwong cao cua hinh chép cut déu.
E. Khodng céch
1. Khoang cach tir mot diém dén mét duong thang, moét mat phang.

— Khoang cach tir mot diém dén mot dwong thang: A
AH LataiH = d(Aa) =AH %
o
A

— Khoang cach tit mot diém dén mot mat phang:
AH L (a)tai H = d(4;(a))=AH

A

\_____________

1
1
1
1
7/

Z

[=
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_ Cho hinh chép AOBC ¢ OA, OB, OC 45; may 1an gt
vuong goc v6i nhau. Khi doé:
1 1,11

= +
d(0:(ABC))’ 0A* OB 0OC’

d(4(a)) Ac

ABO(O=C= ) " Be

— Néu

2. Khoang cach duong thang va mat phang song song.

(AN A M

IMeA= da:A)=d(M:A)=d(N:A) -

NeA’ A’
— Cho . .

()11 (5) M N

IMe(@ = d@);(5)=d ;(9)) =d(V; () /A M N /
_ Cho fJ"HT E(ﬁ} . o I

Aila) d (A; (@) =d (M ;(2))
— Cho Mea fi] M

MN i/ ()= d(M:(«)) =d (N; (r:rﬁ
— Cho

3. buong vuong goc chung va khbéng cach giira hai duong thang chéo nhau.
a. Puong vuong goc chung.

‘achéob )
a N N A , \ . R . a . b
Alatai A= | la dwong vudng goc chung cua hai dwong thang 9 va
_Cho \ALbtaiB 1a doan vudng géc chung ciia hai dwong thing @ va b =~ d(a;b) =AB
A
A j/
V
b\
3 3\
— Cach xac dinh duong vuong goéc chung cua hai dwong thang a va b chéo nhau. A
() bc(a)

+) Dung sao cho

+) Goi @ 13 hinh chiéu vudng géc caa 9 trén () valdgy B=a'nb,
+) Trong (@:a) ke Ala g B,ANa=A

+) Khi d6 A 1a duong vudng géc chung cia hai dwong thing a va b.
d(a:b) =AB

+) Khi do
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— Nhan xét:

(b (), ali(5)

o 4@ =d@M=db:) ’a c@bi@ A /‘5//

(a)11(B)

acfﬁ’) /(\ /
d(a b) =d ((); (/) i <) 3\

b. Xac dinh khoang cach glu’a hai duong thang chéo nhau.
Phuong phap 1: Dung doan vuong goc chung.

— Trudng hop 1: @ va b vira chéo vira vudng géc véi nhau.

(o)

+) Bude 1: Chon chita b va vudng géc véi 4 tai A.

+) Budc 2: Trong () ké duong thing AB vudng géc véi D tai B I:l>>/
d(a; b) AB

+) Buéc 3: Khi d6 MN chinh 1a doan vuéng géc chung va
— Truong hop 2: @ va b vira chéo va khong vudng géc vai nhau.

+) Bugc 1: Chon mit phing () vudng goc véi ad tai A,
+) Buge 2: Ban tim hinh chiéu b “cua b xubng mat phang (a).

+) Budc 3: Trong mit phing (a)’ dwng ABLD" v B dung BH/Ta yy st b tai H.
+) Budc 4: Tt H dung HK /1 AB

+) Buéc 5: Khi d6 HK chinh 1a doan vudng géc chung va @ (@0) =HK =AB

_/

=
)
S3

Phwong phap 2: St dung phvong phap vecto: ,

LAM =xAB
LCN =yCD
;MN AB =0
MN.CD =0

— Goi MN 13 doan vudng géc chung caa AB va CD
OH Lu OH.u, =0
OH =d (0;(a))= {OH Lu, = |OHu, =0
(@ . bon . Hela) |Hel(a)
— Néu 6 hai vecto " 72 khong cung phuwong thi:
* B0 sung: Lién hé giita khoang cach giita géc va khoang cach.
Bdi todn: Cho hinh chép S-ABC ¢4 SA vubng géc véi day, lay H trén BC théa man AH L BC v3

SH L BC . Hay xac dinh goc ¥ 1a goc gita (SBC) |, (ABC)
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((SBC)n(ABC) =BC
S SH 1 BC, SH  (5BC) = {sBc);(aBc))=5HB =¢

. |AH 1L BC, AH = (ABC)
Ta co:

sing =——
Xét ASAH vupng tai A c6 SH |
A C (SAL(ABC)miA [SA=d(S;ABC)

=
., |SH L(BC) taiH SH =d (S: BC)
H Lai co .

B sing _d(S;(ABC))
Do dé: d(S;BC) _
d(M: ()

] sin @),(ﬁ }) :m
thi .

() (f)=A

I e(p)
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