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Loi noi dau

D€ thir goi lénh lamdethi.sty to6i bién soan mot sé6 dé toan thi
Olympic, ma cac hoc tro ctia téi da lam bai tap khi hoc tap BIX.
D€ phu vu cac ban ham hoc toan t6i thu thap va gom lai thanh cac
sach dién ti1, cac ban c6 thé tham khao. Méi tap toi sé gom khoang
51 bai voi 16i giai.

Rat nhiéu bai toan dich khong dugc chuan, nhiéu diém khong
hoan toan chinh xac vay mong ban doc tu ngdm nghi va tim hiéu
lay. Nhung day la nguon tai liéu tiéng Viét vé chu dé nay, toi da co
xem qua va ngudi dich l1a chuyén vé nganh Toan phé thong. Ban c6
thé tham khdo lai trong [1].

Rat nhiéu doan vi méi hoc TeX nén cau truc va bé tri con xau, toi
khong c6 thoi gian stia lai, mong cac ban thong cam.

Ha Noi, ngay 2 thang 1 nam 2010
Nguyén Hiru Dién
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Chuong 1
Pe thi olympic Russian

>1.1. Chitng minh réng cdc sé tix 1 dén 16 c6 thé viét dugc trén ciing 1
dong nhung khong viét dudc trén 1 duong tron, sao cho téng ctia 2 s
bat ki ditng lién nhau la 1 sé chinh phuong.

Lai giai: Néu cac sb do viét trén 1 dudng tron thi dang canh s6 16 1a
sO z,y khido 16+1 < 16+, 16+y < 16+15, suyra: 16+x = 16+y = 25
mau thuan. Cac sé d6 c6 thé dudc sip xép trén 1 dong nhu sau:

16,9,7,2,14,11,5,4,12,13,3,6, 10,15, 1, 8.

>1.2. Trén canh AB va BC cta tam gidac déu ABC lay diém D va K
trén canh AC va lay diém E va M sao cho DA+ AE = KC+CM = AB.
Chitng minh rang goc gitta DM va K E bang g

L@i giai: Ta c6: OFE = AC — AE = AD.

Va tuong tu: CK = AM.

Xét phép quay tam la tam cua tam giac ABC, goc quay 2% bién K
thanh M, bién E thanh D, tir d6 suy ra diéu phai ching minh.

>1.3. Mot cong ty cé6 50.000 céng nhan, véi méi cong nhan tong soé
ngudi cap trén truc tiép va cap dudi truc tiép ctia anh ta la 7. Vao thit
2 méi cong nhan dua ra moét sé chi dan va giti ban photo ctia né cho
mébi cap dudi truc tiép ctia anh ta (néu anh ta cé). Méi ngay sau dé méi



6 Nguyén Hitu Pien, PHKHTN Ha Noi

céng nhan giit tat ca cac chi dan ma anh ta nhan dudc vao ngay héom
trudc va giti ban photo ctia chiing cho téat ca cap duéi truc tiép ctia anh
ta néu anh ta c6 hodc anh ta phai tu thuc hién néu khong cé cap dudi
truc tiép. Cit nhu thé cho dén thit 6 kkhong con chi dan nao dua ra.
Hay chi ra rang cé it nhat 97 céng nhan ko cé cap trén truc tiép.

Lai giai: Gia sir k 1a s6 cong nhan ko ¢6 cap trén truc tiép, vao ngay
tha 2 sb chi dan duge dua ra nhiéu nhat la 7k, vao ngay thi 3 nhiéu
nhat 1a 6.7k vao ngay thu 4 nhiéu nhat la 36.7k vao ngay thu 5 moi
cong nhan nhan duge 1 chi dan ko cé cap dudi truc tiép, vi vay moi
cong nhan cé 7 cap trén truc ti€ép, moi ngusi dua ra nhiéu nhat la 6
chi dan va c6 nhiéu nhat la 216.7k/7 cong nhan nhan dugce chi dan.
Chung ta co:

50.000 < k 4 Tk + 42k 4 252k 4 216k = 518k va k > 97.

>1.4. Cdc canh cua tam giac nhon ABC' la cdac dudng chéo ctia hinh
vuong K1, K2, K3. Chitng minh rang miém trong cua tam gidc ABC' cé
thé duoc phil béi 3 hinh vuéng.
Loi giai: Goi  1a giao di€m ctia 3 dudng phan giac ciia tam giac
ABC, vi cac goc la nhon nén /AB. IBA < 45° vi vay tam giac /AB co
thé dugdc pht1 béi hinh vuéng ma dudng chéo ctia né la AB va tuong
tu doi véi tam giac 1 BC va tam giac IC A.

>1.5. Cdc sbé tix 1 t6i 37 c6 thé dugc viét trén 1 dong sao cho méi sé la
udc cua tong tat ca cdc sé diing trude né. Néu sé dau tién la 37 va sé
thit 2 la 1 thi sé thit 3 la bao nhiéu.
Loi giai: Goi sb cubi cung la z, » phai la udc ctia tong tat ca cac sb
la 37219, vi x = 19 va s6 thu 3 phai la uéc ctia 38 khac 1 hoac 19, vay
s6 thu 3 1a 2.

>1.6. Tim cac cap sé nguyén té p, q sao cho p® — ¢ = (p + q)°.
L@i giai: Chi c6 nghiém duy nhét la (7, 3), dau tién gia st ca p va q
déu khong bang 3. Néu chung dong du v6i Module 3, vé trai thi chia
hét cho 3 nhung vé phai thi khong, néu chung khong cung dong du
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module 3 thi vé phai chia hét cho 3 nhung vé trai thi khong vi thé
khong xay ra kha nang nay. Néu p = 3 ta c6 ¢° < 27, khong c6 sb
nguyén té nao théa man. Vi vay ¢ = 3 va p® — 243 = (p + 3)? chi c6
nghiém duy nhatlap=7.

>1.7. (a) a. O thanh phé Mehico dé han ché giao théng méi xe oto
riéng déu phadi dang ky 2 ngay trong 1 tuan vao 2 ngay doé oto do
khong dudc luu théng trong thanh phé. Mot gia dinh can sit dung
it nhat 10 chiéc oto méi ngay. H6i ho phdi cé it nhat bao nhiéu
chiéc oto néu ho cé thé chon ngay han ché cho méi chiéc oto.

(b) b. Luat duoc thay déi dé cam méi oto chi 1 ngay trong 1 tuan
nhung canh sat duge quyén chon ngay cam do. Mét gia dinh hoi
16 canh sat dé gia dinh dé dudc quyén chon 2 ngay lien tiép khong
bi cam cho méi xe va ngay lap titc canh sdat cam xe oto vao 1 trong
nhitng ngay khac. Héi gia dinh dé can it nhéat bao nhiéu xe oto
néu ho stt dung 10 chiéc méi ngay.

Loi giai:

(@) Néu n xe oto dugc st dung, s6 ngay dudc stt dung 1a 5n. Ma moi
gia dinh st dung it nhat 1a 10 xe nén 7x10 < 5n vi thé n > 14.
Trong thuc té 14 xe thdéa man yéu cau cuiia dau bai toan: 4 xe bi
cam vao ngay thu 2 va thi 3, 4 xe bi cam vao ngay thi 4 va tha
5, 2 xe bi cAm vao ngay thu 6 va tha 7, 2 xe bi cadm vao ngay
tha 7 va cht1 nhat, 2 xe bi cAm vao ngay chti nhat va thu 6.

(b) 12 xe oto la s6 xe ho can, dau tién chung ta chi ra rang n < 11
xe khong théa man. Khi d6 c6 n ngay xe bi cam, moi ngay nhiéu
nhat la bn xe dugc luu thong nhung n < 11, 7” < 10. Boi véi
n = 12, gia dinh d6 can dua ra 2 ngay lién tiép cho méi xe trong
nhiing ngay do xe ko bi cam luu thong.

>1.8. Mot da giac déu 1997 dinh dudc chia bdi cac dudng chéo ko cat
nhau tao thanh cdc tam giac. Hay chi ra rang cé it nhat mot tam gidc
nhon.

L@i giai: Duong tron ngoai tiép da giac déu 1997 dinh cung la dudng
tron ngoai tiép moéi tam giac. Vi tam ctia cac dudng tron khong nam
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trén bat ky duong chéo nao nén noé phai nam trong mot tam giac, vi
thé tam giac do6 phai la tam giac nhon.

>1.9. Viét cac sé tic 1 dén 1000 trén bang, Hai ngudi chai lan luot xéa
di 1 sé trong cdc sé do, cudc choi két thiic khi con lai 2 sé:
Nguoi choi thit 1 thdng néu téng cdc sé con lai chia hét cho 3, cac
truong hop con lai ngudi choi thit 2 thang. Ngudi choi nao cé chién
thuat chién thang.
Lai giai: Ngudi choi thit 2 ¢6 chién thuat chién thang, néu ngudi
chai thi 1 x6a di s6 z, ngudi chai thit 2 x6a di s6 1001 — z vi thé tong
cua 2 s6 cudi cung la 1001.

>1.10.C6 300 qua tao, khong cé qua nao nang hon 3 lan qua khac. Hay
chi ra rdng cé thé chia cac qud tdo nay thanh 4 nhém ma khéng cé
nhém nao cé can néng hon % lan nhém khdac.
Loi giai: Sap xép cac qua tao tang dan theo trong lugng, va ghép
tiing doi mot qua nhe nhat véi qua nang nhat, sau dé lai dem 1 quéa
nhe nhat tiép theo v6i 1 qua nang nhat tiép theo tiép tuc cho dén
hét. Chu y rang khong cap nao nang hon 2 1an cap khac. Néu a, d va
b, cla 2 nhom véi

a<b<c<dthia+d<4a<2b+2c
b+c<3a+d<2a+ 2d.

Bay gio cac cap nang nhat va nhe nhat tao thanh 4 nhém, khong
can nang ctia nhém nao gap 2/3 lan nhém khac vi

e§f§g§hlacéccapthieJrhS?)eSg(f+g)

f+g§2e+h§g(e+h).



Chuong 2
Pe thi olympic Nam Phi

>2.11.Cho AAyByCy va mot day AA,B,Cy,AA;ByCy ... dudc xay dung
nhu sau:
A1, Biy1, Cryq la diém tiép xtic cua duong tron ngoai tiép A A, B, C), v6i
cac canh B, Cy,C, Ay, A By theo thit tu.
(@) hay xac dinh £ Ay 1By 1Cryq tt LA BCy
(b) chitng minh: ,}EEO LALBRC = 60°

Loi giai:
(@ Ta c6 ApBry1 = ApCrii(vi day la 2 tiép tuyén xuat phat tw
mot di€ém). Vi vay AA,, 1By, 1Cry 12 tam gidc can voi £A4;BjCryr =
90° — £ Tuong tu ta c6: ZCyBy1Criq = 90° — 55, Hon nita £ By, =
(LAp+ZCr) 900 — £Bk

2 2 o
(b) Ta ¢6 £By11 — 60° = 90° — <Lk — 600 = £E=00
Vi £Bj, — 60° = £8=6C Hijén nhién lim /B, = 60°

(=2)F k—o0

>2.12.Tim tat ca cdac sé tu nhién thod man:khi chuyén chit sé6 dau tién
xubng cubi,sé méi bang 3,5 lan sé6 ban dau.
Loi giai:
Cac chit s6 nhu thé c6 dang sau: 153846153846153846. .. 153846
Hién nhién nhirng sé thod man gia thiét phai bat dau béi 1 hoic 2.
Truong hop 1: S6 d6 c6 dang: 10V + A v6id < 10Y.Vi 2(10Y + A) =
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(710N —2)
10A+1= A= (11002
Ta c6 10V =1,3,4,9, 10, 12(mod13).Vi thé A s€ 1a mot s6 nguyén té6 néu:
N = 5(mod6). Tix d6 ta c6 két qua nhu trén.
Truong hgp 2: S6 d6 c6 dang 2.107 + A, A < 10".Theo chiing minh

tren A = 141974 Nhung vi 4 < 10V, tie 10V < 4.V6 ly.

>2.13.Tim tat cd cac ham: f : Z — 7 sao cho:

fm+ f(n)) = f(m)+n,YVm,n €7

Loi giai:

RO rang: f(n) = kn v6i k = 1,k = —1.Ta sé chung minh day la két qua
duy nhat.Chon = 0ta co f(m+ f(0)) = f(m).Xét 2 truong hgp:
Trudng hgp 1: f(0) = 0.cho m = 0 c6 f(f(n)) = n.Gan f(n) béi n
ta c6: f(m+ f(f(n)) = f(m+n) = f(m) + f(n) = f(n) = nf(1) va
n=f(f(n)) =n(f(1))*= f(1) = +1.Pay la két qua trén.

Truong hgp 2: £(0) # 0. f(n) 1a ham tuan hoan va bi chan .bat f(M) >
f(n),Vn.nhung f(M + f(1)) = f(M) + 1.Mau thuan giai thiét.

>2.14.Cho mot dudng tron va moét diém P phia trén dudng tron trong
mdt phang toa do.Mot hat nhé di chuyén doc theo mot duong thang tix
P dén diém Q trén duong tron dudi anh hudng ctia trong luc.Khodng
cach di tir P trong thoi gian t la:3gt* sina v6i g khong doi va o la géc
gitta PQ véi mdt phang ndm ngang.Hay chi ra vi tri diém Q sao cho
thoi gian di chuyén tic P dén Q la it nhat.
Loi giai:
Cau hoi 1a tim gia tri nh6 nhat ctia £< hodc gia tri 16n nhat cta %
Biéu dién mot phép nghich dao diém P véi anh 1a qui dao ctia chinh
no6.Diém cuc dai trén so dé ci(goi 1a Q) sé vach ra mot diém Q' véi gia
tri 16n nhat PQ’ sin o, v6i dd cao khac nhau gitta P va Q' .Nhu vay P la
di€ém phia trén duong tron,Q la diém phia day duong tron.Dé tim Q
hay chu y rang P,Q.Q  ciing thudc mot dusng thing.Do d6 cach tim
nhu sau:
(a): Tim di€ém phia day duong tron goi la Q'
(b): Tim giao ctia PQ’ v6i duong tron ,d6 1a diém can tim.
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>2.15.C6 6 diém dudc néi véi nhau ticng doi mét béi nhitng doan mau
dé hodc mau xanh..chitng minh rang:Cé mét chu trinh 4 canh cung
mau.
Loi giai:
Goi cac di€ém la A,B,C,D,E,F.Dé thay luon c6 mot chu trinh tam giac
cung mau(That vay:Xét mot sé6 dinh nao dé,s€ c6 5 canh tir cac dinh
ay ma it nhat 3 trong s6 chung cung mau.gia st d6 la mau do6 va cac
canh nay di dén A,B,C.Néu mot sb6 canh gitta A,B,C 1a mau doé ta co
diéu phai ching minh,néu khong ta cung cé diéu phai chiing minh)
Khong mat tinh téng quat,goi cac canh AB,BC,CA la mau do.Néu
mot trong cac dinh ctia canh mau dé khac chay dén A,B,C,ta cé diéu
can tim.Néu 2 trong 3 diém D,E,F ctia canh mau xanh chay dén 2
trong s6 cac dinh cung mau A,B,C,ta cing c6 diéu can tim.Truong
hop duy nhat khong xay ra la néu mot trong cac diém D,E,F cta
canh mau d6 tao béi nhiing diém khac A,B,C;khong mét tinh tong
quat gia sit AD,BE,CF la mau dé.Cac canh khong theo ly thuyét 1a
DE,EF,FD.Néu mot canh trong s6 chung mau do6 ta c6 dang hinh
tron(vi du néu DE mau dé thi DABE la dé)Néu mét trong s6 chung
mau xanh thi DCEF mau xanh.Ta da ching minh dugc bai toan.



Chuong 3
Pe thi olympic Tay Ban Nha

>83.16.Tinh tong binh phuong ctia 100 s6 hang dau tién ctia mét cap sé
cong, vdi gia thiét tong 100 sé6 hang bdng —1 va téng cac sé6 hang thit
hai, thit tu, ..., thit mét tram bang 1
Lai giai:
Goi 100 s6 hang dau tién ctia cap sb cong 1a x1, zy, x3,- -+, T190 VA d la
cong sai ctia cap s6 cong theo gia thiét thir nhat ta co:

x1+x2+x3+---+x100:%(lerxloo).lOO:—1:>x1+x100:—5—10.
Theo gia thiét tha 2 ta co

$2+SE4+"'+IL’100:%(($1+d)+$100)'50:1:>1L’1+£U100+d:2—15-
Suy rad = 2 va 1 + 2100 = 21 + (21 +99d) = —5 hay z; = =1, Tir d6

ta tim dudc:
23+ a5+ -+ afgg = 10027 + 2day (L4 -+ +99) + (12 + -+ + 99%) .

Vay
. , 14999
rit+ o+ -+ T = 50
>3.17.A la mét tap gom 16 diém tao thanh mét hinh vuéng trén méi canh
c6 4 diém. Tim sé diém lén nhat cua tap A ma khéng cé 3 diém nao
trong sé cac diém dé tao thanh mét tam gidc can
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Loi giai: S6 diém 16n nhat can tim 14 6 c6 duge bang cach lay cac
diém 6 hai canh ké nhau nhung bé di diém chung ctia hai canh do.
PAu tién gia 4 diém beén trong khong dudc chon, nhing diém con lai
tao thanh 3 hinh vuéng, nén nhiéu nhat 2 dusng thang ding tir méi
hinh vuéng dudgc chon. Nhu vay chung ta c6 thé cho rang mot trong
sb cac diém trong dudc chon trong s dé sau la diém O

D A, Ay Az

C Ziy O Zy

E By By By

Cc D C F
Khong c6 diém nao cung tén goi A, B,C, D, E dudc chon, vay néu ta
khong chon Z;, Z, mot 1an nita nhiéu nhat 6 diém c6 thé dudc chon.
Néu chon Z; nhung khong chon 7, thi A, A;, By, B, cang khong duge
chon, va ca Az va B; cung khong dudc chon, vi vay mot trong hai
diém A va B phai bd di, mét lan nta sbé diém 16n nhat 1a 6. Truong
hgp chon 7, nhung khong chon Z; tuong tu. Cudi cung néu 7, va Z,
dudc chon thi cad A; va B; déu khong dudc chon, vi vay s6 diém 16n
nhat 1a 6.

>8.18.V6i mébi Parabol y = x% + px + ¢ cat hai truc toa dé tai 3 diém phan
biét, vé mot duong tron di qua 3 diém dé. Chitng minh rdng tat ca cdc
duong tron dé déu di qua mot diém cé dinh
Loi giai: Tat cd cac dudng tron déu di qua diém (0,1). Gid sl
(0,q), (r1,0), (r2,0) 1a 3 diém ma Parabol di qua, do d6 r; + r, = —p.
Gia st (z —a)* + (y — b)> = 72 1a duong tron luon di qua 3 diém trén

dodoa=-%fva
1 2 1
Zp?Jr(q—l))Q:(r—g) +b2=1(r1—r2)2+b2

hay ¢> — 2.¢b = —¢ do d6 b = 2%, khi d6 diém ddi xing véi diém (0, q)
qua dudng kinh nam ngang l1a diém (0,1)

>3.19.Cho p la sé nguyén té. Tim tat ca k € 7 sao cho \/k? — pk la s
nguyén duong.
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Lai giai: Gia tri k can tim 1a k = @ vGi p l1a sb 1€ ( trit truong hop
p =2 ). Truéc hét xét p = 2, trong truong hgp nay ta can k? — 2k =
(k —1)* —1 1a mot sé chinh phuong duong truong hop nay khong thé
x4y ra vi chi c6 duy nhat hai s6 chinh phuong lién tiép la 0 va 1

Gia st p 1a sb 1é. Pau tién ta xét truong hogp k chia hét cho p, hay
k = np, khi d6 k*> — pk = p?>n(n — 1), n van — 1 1a hai s6 nguyén t6 lién
tiép. Do d6 ca hai khong thé 1a s6 chinh phuong.

Gia st k va p la hai s6 nguyén t6 cung nhau, khi d6 k va k — p cang
la hai s6 nguyén té cung nhau. D€ k? — pk 1a s6 chinh phuong khi va
chi khi k£ va k — p la cac so6 chinh phuong, k = m? k — p = n%. Do d6

p=m?—n® = (m+n)(m—n).Suyram+n=pm—-n=1vak= (pzm’

hoéchrn:l,m—n:pVék:%

>3.20.Chitng minh réang trong tat ca cac tit gidc 16i cé dién tich bang
1, thi tong do dai cdc canh va cac duong chéo l6n hon hodc béng

2(2+V2)

L&i giai: Thuc té ta can chi ra rang téng do dai cac canh cuia ti giac
16i 16n hon hodc bang 4 va téng do dai cac dudng chéo ctia tir giac 16i
16n hon hodc bang 2v/2. Déi v6i truong hop duong chéo ta st dung
cong thitc tinh dién tich A = 1d;d,sin, v6i 0 la goc gittu hai dudng
chéo. Tir gia thiét cho dién tich tir giac bang 1 suy ra di;d, > 2, ap
dung bat dang thic AG-GM suy ra d; + d, > 2v/2, dang thiic xay ra
khi va chi khi do dai hai dusng chéo bang nhau va vuong goc véi
nhau.

Doi v6i truong hgp canh ta stt dung cong thuc tinh dién tich

A= (s =) (s =) (s =) s~ ) — abedeos* 22

Vi s = “ictd B va D la hai goc doi dién nhau. Tir gia thiét cho
dién tich ta giac bang 1 ta suy ra (s —a)(s—b)(s—¢c) (s —d) > 1, lai
st dung bat dang thic AG-MG ta lai suy ra

4<(s—a)+(s—b)+(s—c)+(s—d)=a+b+c+d

, ddng thic xay ra khi va chi khia =b = ¢ = d.
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Tir d6 ta suy ra két luan, dé ca hai dang thic xay ra khi va chi khi
tu giac 16i 1a hinh vuéng.

>83.21.Lugng gas chinh xdc dé mot chiéc 6t6 hoan thanh mot vong dudng
dua duogc dat trong n binh gas dédt doc dudng dua. Chitng minh rang
c6 moét vi tri ma xe cé thé bat dau 6 dé véi mét binh gas réng, c6 thé
hoan thanh mét vong dudng dua ma khéng sg hét gas ( gia sit xe co
thé chita moét luong gas khong giéi han)

L@i giai: Ta st dung phuong phap qui nap theo n, truosng hop n = 1
dé dang thay dugc. Cho n+ 1 binh chtia phai ¢6 mot binh chtta A ma
tir d6 6to6 c6 th€ t6i duge binh chita B ma binh dé khong c6 du gas
cho moét vong dua. Néu chung ta don binh B vao binh A va bé binh
B di, theo gia thiét quy nap c6 1 diém xuat phat ma xe c6 thé hoan
thanh vong dua, cung diém xuat phat nhu thé cho hoan thanh vong
dua véi lugng phan phat ban dau ctia binh chira.



Chuong 4

Pe thi olympic Pai Loan

>4.22.Cho a la mét s6 hitu ty, b, ¢, d la cac sé thucva f : R — [—-1;1] la 1
ham théa man:

flx+a+b)— flzr+0b) =clz+2a+[z] —2[x+a| —[b]] +d

v6i moi € R. Chitng minh rang ham f tuan hoan, titc la ton tai sé

p > 0 sao cho f(z+p) = f(x) V6iMoi x € R.

L&i giai: V6i moi s6 nguyén n ta co:

flx+n+a)— f(zx+n)
=clt—b+n|+2a+[zr—-b+n|—-2[xr—b+n+a]—[b]+d
=clz—bl+n+2a+z—-b+n—-2x—b+al+n—[b+d
=clz—bl+2a+[x—b—-2[x—b+a]—[b]+d
=f(z+a) = [f(2)

Lay sb6 nguyén duong m sao cho am la mot s6 nguyén. Khi d6 v6i moi

s6 tu nhién k ta co:
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f(z+ kam) — f(x)

x m

:ZZ f(x+jam+ai) — f(x+ jam+a(i —1)))

7j=1 =1

—kz (x+ai)— fr+a(i—1)))

k(f (z+am) — f(x))

Do f(z) € [-1;1], f(x + kam) — f(x) bi chan nén f(z + kam) — f(z) phai
bang 0. Suy ra f(x + kam) = f(x), vi vay f(z) la ham tuan hoan.

>4.23.Cho doan thdng AB. Tim tat cd cac diém C' trong mdt phang sao
cho tam giac ABC sao cho dudng cao ké tir A va trung tuyén ké tic B
c6 do dai bang nhau.

L&i giai: Goi D la chan dudng cao ké tit A va F la chan duong trung
tuyén ké tir B. Goi F la chan duong vuong goc ké tit F xubng BC.
Khi d6 EF//AD va E la trung diém cta AC, vivay EF = 1/2(AD) =
1/2(BE) va EBC = +7/6 (tat ca cac géc déu c6 hudng trit khi duoc ).
Bay gio, cho P la mot diém sao cho B la trung diém ctia AP. Khi do
BE//PC, vi thé PCB = EBC va khong déi. Quy tich tat ca cac di€m
C sao cho PCB khong déi 1a mot dusng tron. Do d6, quy tich cac
diém C bao gém hai duong tron bang nhau, cit nhau tai B, P (Mot
tuong ung véi goc 7/6 va mot tuong ung véi goc —n/6 ). Trong trudng
hgp dac biét, khi tam giac ABC can ta thay rang moi dusng tron déu
c6 ban kinh AB va tam sao cho ABQ = 27 /3 (khong c6 huéng).

>4.24.Cho s6 nguyénn > 3, gid thiét rang day sé thuc duong as, as, ..., a,
thod man a;_1 + a;41 = k;a; véi day ky, ko, ..., k, la day sé nguyén duong
bat ki. (trong dé ay = a,, va a,,, = a; ). Chitng minh rdng

Loi giai: Bat ding
2n§k‘1+k‘2++k‘n
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dudc chiing minh dua vao AM-GM véi chu y rang:

I e

i—1 Qi+l a;

Pé ching minh dugc bat dang k; + ky + ... + k, < 3n, ta can ching
minh k; + ky + ... + k, < 3n —2v6in > 2, bang phuong phap quy nap
theo n. V6i n = 2, néu a; > a, thi 2ay = kja; , vi thé hoac a; = a, va
ki+ky=4=32—-2,hoaca—1=2ayvak +ky=4=32-2.V6in>2,
ta co thé gia thiét tat ca cac a; khong bang nhau, khi tén tai i sao
cho a; > a,_1,a;4;1 ma dau bang khong xay ra & it nhat mot trong hai
truong hgp. Khi d6 a;a,_; +a;11 < 2a; va do d6 k; = 1. Ta két luan rang
day ma bé di s6 hang q; cing théa man diéu kién da cho véi k;_; va
ki1 giam di 1 don vi va bé di s6 hang k;. Theo gia thiét quy nap, tong
cuia k; s6 hang nho hon hoac bang 3(n —1) — 2, téng ctia cac sb6 k; ban
dau nho hon hoac bang 3n — 2, do doé ta c6 diéu phai chung minh.

>4.25.Cho k = 2% + 1 véi n la sbé nguyén duong bat ky. Chitng minh
rang k la mot s6 nguyén té khi va chi kehi k la mot uée ctia 3¢-1/2 1,

Loi gidi: Gia st k 1a mot uée cta 3%-Y/2 4+ 1. Piéu nay tuong duong
v6i 3172 = —1( mod k). Vivay 3*' = 1( mod k). V6i d sao cho 3¢ =3
mod k. Vi vay, d khong la uéc cua (k — 1)/2 nhung la uéc cua k — 1,
mat khac (k — 1) 1a uéc ctia d nén d = k — 1 (béi vi d phai nhoé hon k).
Do d6, k la s6 nguyén to.

Ngugc lai, néu k 1a s6 nguyén té (2) = (£) = (2) = -1

k-2 = (3) = -1

>4.26.Cho tit dién ABCD. Chitng minh rang:
(@ Néu AB = CD,AD = BC,AC = BDthi cac tam giac
ABC,ACD,ABD, BCD la cac tam giac nhon.
(b) Néu cac tam giac ABC,ACD,ABD,BCD c6 cung dién tich thi
AB =CD,AD = BC, AC = BD
Lai giai: (a) Theo gia thiét 4 mat ctia ta dién bang nhau, ta c6 goc
tam dién 6 moéi dinh dugc tao bdi ba goc khac nhau ciia mot mat.
Goi M la trung diém ctia BC. Theo bat dang thuc trong tam giac,
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AM + MD > AD = BC = 2MC. Cac tam giac ABC va DBC la bang
nhau, vi thé AM = DM. Do d6 2M D > 2MC; nghia la, MD 16n hon
ban kinh ctia dudng tron nam trén mat phang BCD véi dusng kinh
BC'. Do d6, D nam ngoai dudng tron va goc BDC 1a géc nhon. Tuong
tu nhu vay, ta ching minh dudc cac goc con lai (bai toan nay la bai
toan USAMO thang 2/1972, tham khao cac cach gidi khac 6 quyén
sach USAMO cua Klamkin).

(b) Vi AB va CD khong song song (vi ABCD)la hinh ta dién), ta co
thé chon hai mat phang song song la mit phang (P) chia AB va (Q)
chita C'D. Goi khodng céach gitta mat phing (P) va (Q) 1a d. Goi A’, B/
lan lugt 1a hinh chiéu ctia A, B trén (Q), goi C’, D’ lan lugt 1a hinh
chiéu ctia C, D trén (P). Vi cac tam giac ACD va BC'D c6 cung dién
tich va chung day C'D, nén chung c6 cung chiéu cao h. Ta vé hinh
tru v6i truc C'D va ban kinh h; ro rang A, B thudc hinh tru nay. Hai
diém nay cting thuoc mat phang (P) va mat phang (P) giao véi hinh
tru tai mot hodc hai dudng thang song song véi CD.

A va B khong thé cuing nim trén mot trong hai dudng thang nay,
vi thé hinh tru va mat phang (P) sé giao nhau tai hai dudng thang,
mot dudng thang di qua A va mot dusng thang di qua B. Hai duong
thang song song v6i nhau va cach déu dudng thang C’ D’ mot khoang
la (h? — d?)/2. Vi vay, duong thang C'D’ chia déi doan thing AB.
Tuong tu, ta chiing minh duge dudng thing A’B’ chia déi doan thang
CD, qua phép chiéu, mat phang (Q) bién thanh mit phang (P),
duong thang AB chia dé6i doan thang C'D’. AB va C'D’ cit nhau
tai trung diém méi duong nén AC’BD’ 1a hinh binh hanh, do d6 ta
c6 AC' = BD' (goi khoang cach gitta chung la z) va BC' = AD'(goi
khoang cach gitrta chung la y). Vay ta co:

AC — (AC/Q + 0/02)1/2 _ (x2 + d2)1/2

1/2

— (BD? + D'D*)"* = BD
AC = (BC™? +C'C?)? = (y* + &?)"?

1/2

= (AD?+ D'D*)"" = AD
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St dung hai cap canh khac luc dau, ta cang c6 AB = CD
>4.27.Cho X la moét tap hop cac sé nguyén cho bdi cong thiic:
agr10%% + agy 910%72 4 .. 4+ a910% + ag

VGi k la mot sé nguyén khong am va ay € {1,2,...,9} v6ii = 0,1,.... k.
Chiing minh rang, moi s6 nguyén cé dang 2°3? , véi p, q la nhitng sé
nguyén khéng am, chia hét mot phan tit nao dé ctia X.

Lai giai: Moi s6 nguyén khong chia hét cho 10 thi déu chia hét cho
mot s6 hang nao dé ctia X. Ta nhan thay rang luon tén tai mot phan
tl trong Xco62p — 1 chir s6 1a boi ctia 47, v6i moi s6 nguyén p khong
am. Diéu nay dan t6i phép quy nap theo p: véi p = 0,1 va néu z la
mot boi sbé v6i p = k, thi ta c6 thé chon ay, sao cho z + ay10% = 0
mod 4*1) vi 10%* = 1( mod 4%)

Bay gio, ta chiung minh rang bat ky s6 nguyén n nao khong chia
hét cho 10 thi chia hét cho mét s6 hang nao dé ctaa z. Goi n = 2Pk
v6i k 1é. Khi d6 v6i b6 dé bén trén ta c6 thé tim ra boi sbé ctia 27
trong tap hop X. Goi m la boi sé va d 1a s6 chit s6 ciia m va f =
1041 — 1. Bang hé qua Euler ctia dinh ly Fermat, 10°/*( mod fk) . Vi
vay m (10@DeUR — 1) /(10441 — 1) chia hét cho 2k va thudc X

>4.28 Xac dinh tat ca cdac sé nguyén duong k dé ton tai moét ham f -
N — Z théa man:
(@f(1997) = 1998
(b) Vi moia,b € N, f(ab) = f(a)+ f(b) + kf(gcd(a,b))

Loi giai: Ham f nhu trén ton tai v6i k = 0 va k = —1. Ta lay a = b,
thay vao (b) ta c6 f(a?) = (k + 2)f(a). Ap dung hai 1an ta co:

fla*) = (k+2)f(a®) = (k+2)*f(a)
Mat khac ta co:
fla') = f(a) + f(a®) + kf(a) = (k+ 1) f(a) + f(a”)
= (k+1)f(a) + f(a) + f(a®) + kf(a)
= (2k +2)f(a) + f(a®) = (3k +4) f(a)
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Chon a = 1997 dé f (a) # 0 suy ra (k +2)? = 3k +4 c6 nghiém k = 0; k =
—1.
Véi k = 0 ta co:

f i) =eg(p1) + ...+ eng (Pn)

v6i m la u6c nguyén to ctia 1997, g(m) = 1998 va g(p) = 0 v4i moi so
nguyeén toé p # m.
VGi k=1taco

fOrp) =g) + .+ 9(a)

>4.29.Cho tam gidac ABC nhon véi O la tam dudng tron ngoai tiép va

ban kinh R. AO cat dudng tron ngoai tiép tam giac OBC & D, BO cat
duong tron ngoai tiép tam giac OCA & E, va CO cat dudng tron ngoai
tiép tam giac OAB & F. Chitng minh rang OD.OE.OF < 8R3.
Loi giai: Goi D', E/, F' 1an lugt 1a giao di€ém ctia AO va BC', BO va CA,
CO va AB. Do d6 chung la anh ctia D, E, F' qua phép cta dudng tron
ngoai tiép tam giac ABC, Do d6 OD'.OD = OE'.OE = OF'.OF = R%. Vi
vay, bat dang thic ctia bai toan tuong duong véi:

AO BO CO S

OD'OF' OF' ~
Goi hy, hy, hs lan lugt 1la khoang cach tt O dén AB,BC,CA. Khi
d6 AOJOD = [AOB)/[BOD'] = (ABhy)/(BD'hs), tuong tu BO/OE' —
(BChs)/(CE'hy) va COJOF' = (CAhs)/(AF'h,). Do d6 ta cé:

AB.BC.CA _ (AF'+F'B)(BD'+ D'C)(CE + E'A)
AF'.BD'.CE' AF'.BD'.CFE'
\/AF’.F/B.BD/.D’C.CE/.E/A

AF'.BD'.CE'
g \/ F'B.D'C/A

> 8

AF".BD'.CE'
Déau bang xay ra khi va chi khi AF' = F'B,BD' = D'C,CFE' = E'A, hay
ABC la tam giac déu.
>4.830.Cho X = 1,2,....,n vdin > k > 3 va F;, la mét tap con gom k phan
tit clia X sao cho hai tap F, bat kij cé nhiéu nhat k — 2 phan tit chung.
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Chi ra rang ton tai mot tap M, ctia X c6 it nhat [log,n] + 1 phan tit
Ichéng dugc chita trong moét tap con nao cua F.

Lai giai: Néu k£ > log, n thi diéu phai chiing minh hién nhién dung,
vi thé ta gid st k < log, n. Pat m = [log, n] + 1. V6i mo6i tap con k — 1 s
hang ctia tap Xthudc téi da mot tap con ctia F, va moi s6 hang cuia
F}, bao gom cac tap con k(k — 1) phan t. Ta cé:

(Fp) < ! " ! "

k) — k E—1 - n—k-+1

Mat khac, chon mot tap con m sé hang bat ky ctia X, s6 s6 hang cuia
Fk la:

m (Fk) < 1 m
L n “n—k+1 k
k

biéu d6 c6 thé chiing minh rang con sé sau nhoé hon 1, vi thé mot
tap con m phan tt nao dé6 khong dugce chia s6 hang nao cua Fy.

» m m 5 . » .
Hién nhién <> = 2™ va ta cung c6 thé ching minh

< 3.2m73 v6i m > k > 3 bang phuong phap quy nap theo m. Vi
k

vay ta co:
1 m 3n

_ <— <1
n—k+1\ p |~ 4(n—k+1)

vGi n > 3. Ta ¢6 diéu phai ching minh.



Chuong 5
Peé thi olympic Tho Nhi Ky

>5.81.Cho tam gidc ABC vudng tai A, goi H la chan dudng cao ké A.
Chitng minh réng téng ban kinh cdc duong tron néi tiép cdc tam gidc
ABC, ABH, ACH bédng AH.

Loi giai: Data = BO,b = CA,c = ABva s = %b*c. Cac tam giac ABH
va ACH dong dang véi tam giac ABC véi ti s6 tuong tng a/c va b/c

Ap dung cong thiic dién tich tam giac bing ban kinh dudng
tron noi ti€ép nhan véi ntta chu vi, suy ra ban kinh can tim la

ab _.a_ab .b_ab N tA 2 - 5 ab __
e e cae. va tong cua chung la ©? = AH

>5.82.Day sé {a,}>",,{b.}>", dugc cho béi:

a, = o, by = B3, a,41 = aa, — Bb,, by 1 = aa, + ab, vGiMoin > 1

C6 bao nhiéu bé Sé tthC (Oé, 6) théa man ai1997 = b1 va b1997 = al?
Loi giai: Luu y ring a2, + 12, = (o + 32) (ai ¥ b;), trit a = 4 = 0.
Chung ta can o? + 32 = 1. Vi vay c6 thé dat a = cos6, 3 = sinf, tit d6
bang phuong phap quy nap ta chi ra o = cosnf, 3 = sinnf. Tit d6 co
1998 bo s6: (0;0) va (cos#;sinf) v6i § = wooe k = 1,3, ...,3997
>5.33.Trong mot hiép hoi bong da, khi mot cau thu chuyén tir doi X c6
r cau thil sang doi Y ¢é y cau thi, lién doan nhéan dudc y — x triéu dola
ttr doi Y néuy > x nhung phdi trd lai x — y triéu déla cho doéi X néu
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x > y. Mot cau thit cé thé di chuyén tuy thich trong sudt mila chuyén
nhuong. Hiép hoi bao gom 18 doi, tat ca cac doéi déu bat dau mua
chuyén nhuong véi 20 cau thii. Két thiic miia chuyén nhuong, 12 doi
két thiic véi 20 cau thil, 6 doéi con lai két thic véi 16,16,21,22,22,23
cau thii. Tong sé tién 16n nhat ma lién doan cé thé kiém dudc trong
suét mia chuyén nhuong la bao nhiéu?

L@i giai: Chung ta thira nhan rang s6 tién 16n nhat kiém duge bdéi
khong bao gio cho phép mot ciu thti chuyén dén doi nhé hon. Chung
ta cang c6 thé gitr ky luc dé bang mot cach khac. Mot doi bong co6 «
cau thu thi dudce ghi la —z truée khi giao dich mét cau tht hoac x
truée khi nhan mot cau thi va sé tién ma lién doan kiém duge bang
tong ctia cac sb6 do. Bay gio ta xem xét cac s6 duge ghi béi mot doi
ma két thuc cé nhiéu hon 20 cau tht. Néu s6 lugng cau thu toéi da
ctia doi d6 trong sudt qua trinh chuyén nhugng la k > n thi cac sd
k—1va —k xuat hién lién tiép va bd di 2 s6 do thi tong sé tang lén. Vi
thé téng ctia cac sb6 trong doi bong do it nhat 1a 20 + 21 + ... + (n — 1).
Tuong tu nhu vay, téng ctia cac sb trong doi bong két thuc cé n < 20
cau thu it nhat la —20 — 19 — ... — (n + 1). Vi nhiing con s6 nay chinh
xac la nhiing con sb c6 dugc béi viec luan chuyén cau thu tir doi két
thuc it hon 20 cau tht sang doi két thuc cé nhiéu hon 20 cau thu.
Su sap xép d6 dan dén sb tién kiém dugc 1a 16n nhéat. Trong trudng
hop do, tong la:

(20420421 +20+21 +20 + 21 4+ 22) — 2(20+ 19+ 18 + 17) = 17

>5.84.Ngii gidc ABCDE 16i ¢6 cac dinh nam trén dudng tron don vi,
canh AE di qua tam duong tron dé. Gia st AB = a,BC = b,CD =
¢, DE=dvaab=cd=1/4. Tinh AC + CFE theo a,b, c.

Lai giai: Néu goi 2a,203,27, 25 1a cac cung chan bdi cac canh a,b,¢,d
tuong ung thi:

2 2
AC:2sin(a+ﬂ):g\/1—%+g 1_%

Tuong tu voi CD.
Tong quat véi R 1a ban kinh dudng tron ngoai tiép nga giac, thé thi
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AC? + BD? =1 ma

AC = avVR2 — 12 + bV R2 — o2

Khi d6, dan dén biéu thuc chita R? duéi dau can va ta giai phuong
trinh déi véi R theo cac so a, b, ¢, d.

>5.35.Chiing minh rang véi méi s6 nguyén té p > 7, ton tai mot soé
nguyén duong n va cac sé6 NGQUYEN 1, T, ..., Tn, Y1, Y2, -.., Ym Ikhong chia

hét cho p sao cho:

71+ yi = 23 (modp)

x5+ y5 = o3 (modp)

z2 +y2 = x} (modp)

Loi giai: Goi n la cap ctia 5/3 mod p, va dat z; = 3" 175171y, =
43151 thi moi dong du trén la tuong duong trir hé thirc cudi cung.
Heé thuc d6 c6 dang 5% = 3*" (modp) (dung).Vay ta c6 diéu phai chung
minh.
>5.86.Cho cdc sé nguyén n > 2. Tim gia tri nhé nhat ctia :
i 3 z,
+ + ...+
To+x3+...+x, T3+T4+..+xT,+1, 1+ 2o+ ...+ 201

VGi 1, 13, ..., 7, la cac sé thuc théa man 22 + x2 + ... + 22 = 1.

St dung BDT Chebyshev’s cho hai day <% va z} (ca hai day déu la

T
S—$i

day tang). Ta co:

Z 3 > 2 B i+ ai+ .+l
S —x; S—x21 S—1x9 S —x, n

Ap dung bat dang thirc ham 16i ta co:

T n Ty T Ty S 1
S—xy S—2y = S—z, n-1
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Ap dung bat dang thiic gia tri trung binh ta c6:

(%) ==,
n n n
Ta c6 két luan:

n —_=—
S—z; — n—1n?2 n(n-1)

Pang thiuc xay rakhiz =2, = ... = 2, = ﬁ



Chuong 6
Pe thi olympic Ukraina

>6.37 Mot lwéi hinh chir nhat duoc té6 mau theo kiéu ban cd, va trong
méi 6 c6 mot sé nguyén. Gid sit rang tong cac sé trong méi hang va
tong cdc sé trong méi cot la sé chan. Chitng minh rang toéng tat ca cac
sé trong 6 den la chan.

Lai giai: Gia st cac mau to 1a do6 va den, trong dé 6 vuong goc trai
trén 1a mau d6. (Vi téng tat ca cac sb trong ludi hinh chir nhat la
chan nén diéu can ching minh cung tuong duong véi tong cac 6

mau do la sé chan.)

Tong cac hang thi nhat, thit ba, ... (tit trén xudng), va cac cot thu
nhat, thit ba, ... (tir trai sang) bang tong cac sbé trong cac 6 mau den
trir di hai lan téng tat ca cac sb trong cac 6 mau dé. Vi tong nay la
s6 chdn nén téng cac sb trong cac 6 den la chan.
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>6.38.Tim tat cd cac nghiém thuc ctia hé phuong trinh sau:

T1+ T2+ -+ 21997 = 1997

4 4 4 _ 3 3 3

L@i giai: Ta sé chung minh hé trén chi c6 nghiém =, = 2, = --- =

T1g97 = 1.
Pat S, = 27 + - - - + 27,,. Theo bat dang thic luy thira trung binh !,

1/4
Sy S S1 _
1997 - 1997
s, 1/4 . S, 1/3 _ 3, 1/3
1997 — \ 1997 1997

Vi vay bat dang thuc luy thira trung binh xay ra dau bing, nghia la

va

Ty =+ =T97 =1
>6.39.Ki hiéu d(n) la sé 1é 16n nhat trong cdc udce sé cua sé tu nhién n.
Ta xac dinh ham f : N — N sao cho
. 2n I
f@2n—1)=2" va f(2n)=n+—-—— voéimoinec N
d(n)
Tim tat ca cac sé k sao cho f(f(...f(1)...)) = 1997, é d6 f dugc lap k
lan.
L&i giai: Chi c6 mot gia tri ctia &k 1a 499499.
V6i méi s6 chan (24)b, 6 d6 blasé1évaa > 1,

f((290) = (2 Y + % =2 Hp+ 2= (2 (b+2).

Do d6 lay thita cao nhéat ctia hai trong f((2%)b) bang mot nira luy
thira cao nhat ctia hai trong (2¢)b. Vi vay, lay 1ap « lan cta f tai (2%)b
dé dugc mot sb 18.

I"power mean inequality" (trong ban tiéng Anh), tam dich 1a "bat dang thiic luy
thtra trung binh" (ND)
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Ngoai ra, udc 1é 16n nhat cta f((2%)b) 1a b+ 2, 16n hon udc 1é 16n nhat
cua (24)b hai don vi. Vi vay sau a lan lap f tai (2%)b, uéc 1€ 16n nhat la
b+ 2a. Do sau a lan l1ap f ta nhan dugc s6 1é nén f((2%)b) phai bang
b+ 2a.
Sau mot lan lap f tai 2n — 1, 8 d6 n > 1, ta nhan dudc 2". Pat a = n
va b = 1. Ta thay phai lap thém n lan nira méi nhan dugc s6 1€, s6 do
la, b+ 2a = 2n + 1. Vi vay phai 1ap »n + 1 1an cho f tai 2n — 1 d€ nhan
dudgc s6 1é tiép theo, 2n + 1.
Ta dé thay 1a khong c6 sb 1é nao xuat hién hai lan khi lap f tai 1, béi
vi day cac s6 1é nhan dugc tu viéc lap f tai bat ki s6 nguyén duong
nao cuang la mot day tang ngat. Dac biét, ton tai mot gia tri k sao cho
F®(1) = 1997, va sb k d6 1a duy nhét.
Bay gio ta chiing minh bang quy nap rang

FE ) = 2n - 1
Dé thay diéu dé dung tai n = 1. Sau d6 gia st né dung véi n = k,

(1) =7 (r
Vi 1997 = 2(999) — 1, ta co

f

nén k = 499499 thod man yéu cau dé bai, va do lap luan trén, k la

(k+1)(k+2) k(k+1)
s 1 3 1

(1)) — 2k — 1) = 2k + 1

999.1000 -1
2

(1) = f¥1%(1) = 1997,

duy nhat.

>6.40.Hai ngti giac déu ABCDE va AEK PL trong khéng gian sao cho
DAK = 60°. Chitng minh réng hai mét phdng ACK va BAL vuéng goc.
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Lai giai: Néu ta quay AEK PL quanh truc AFE, bat dau 6 vi tri trung
nhau v6i ABCDE, thi géc DAK tang cho dén khi AEKPL lai ndm
trén mat phang chita ABCDE. (Piéu nay c6é thé nhan dugc bang
cach tinh toan thay tich vo hudéng ctia vecto AD va AK tang trong
mot khoang xac dinh). Vi vay c¢6 mot goc duy nhat gitta cac mat
phang sao cho goc DAK = 60°. That vay, diéu nay xay ra khi cac
hinh nga giac 1a hai mat ctia khéi musi hai mat déu 2 (do tinh chéat
doi xtng, tam giac DAK la déu trong truong hgp nay). Dac biét, mat
phang BAL la mét phang chita mét thit ba qua dinh A ctia khéi mudi
hai mat déu, ta goi mat dé la BALTO.

St dung thém diu phay sau tén diém dé ky hiéu hinh chiéu tuong
ung cua cac diém xudéng mat phang ABCDE. Khi d6 K’ nam trén
duong phan giac ctia géc DEA. Lap hé truc toa do sao cho ABCDFE
nam trén mat phang Oxy theo chiéu kim déng ho, va K'E cung chiéu
vGi chiéu duong ctia truc Oz. Xét hai vecto EK va EA. Vecto thit nhat
khong c6 thanh phan y, va vectos tha hai khong ¢6 thanh phan 2. Do
do tich vo huéng ctia hai vects do bang tich cac thanh phan z ctia
chting. Vi AE va K'F tao véi nhau géc 54°, EA c6 thanh phan = dudc
tinh b&i AE(cos54°) = cos54°. ER c6 thanh phan z 1a —K'E. Do d6
tich vdo huéng ctia chung bang —K’'F(cos54°). Mat khac EK.EA =
EK.EA.cos KEA = (1).(1).cos(108°) = —cos72°. Lap phuong trinh tu
hai két qua trén ta nhan dudc K'E = <72

cos b4°

Cac tinh toan trén vecto sau day sé chung té6 K'A va AC vuong goc:

—

—_ I _ =
K'A.AC = (K'E+ EA).AC
= K'E-AC cosb54° — CA - AC cos 72°
cos 72°

= oS EL° cos Hh4° —cos72° =0

Vi BO' vuong goc v6i AC va BO song song voi AT, nén AT’ vuong goc
v6i AC. Vi vay cac diém K’, A, T’ thang hang. Vi K, A, T khong thang
hang nén mit phang AKT vuéng goc véi mat phang chita ABCDE.
Quay xung quanh A, ta suy ra mat phing ACK vuong goc véi mét

2khéi thap nhi dién déu (ND)
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phang chia BALTO, tit d6 c6 diéu phai chiing minh.

>6.41.Cho phuong trinh az® + bz? + cx + d = 0 ¢6 ba nghiém thuc phan
biét. Hoi phuong trinh sau c6 bao nhiéu nghiém thuc:

4(az® + ba® + cx + d)(3ax + b) = (3az® + 2bx + ¢)?

Loi giai: Dat P(z) = ax® + ba? + cx + d va Q(x) = 2P(x) P"(z) — [P'(x)]?,
ta sé dém s6 nghiém thuc ctia Q(x) = 0. Ta c6 thé thuc hién mot s
phép rut gon ma khong thay ddi s6 nghiém thuc ctia Q(z). Trudce tién
ta chia P cho mot hé soé ti 1é sao cho a = 1. Sau do6 ta tinh tién z sao
cho nghiém dung gitta cia P 14 0, tic 1a d = 0 va ¢ < 0. Khi dé:

Q(z) = 3x* + 4ba® + 6ca”® — .

Bay git ta ap dung quy tic dau Descartes dé dém sb nghiém cua
Q(r). Dau ctia Q(z) la +,s,—,— vactia Q(—z) la +,—s,—,—, § d6 s la
dau cta b. Trong truong hgp nao thi méi day trén cang chi c6 dung
mot 1an déi dau. Vi vay  c6 mot nghiém am va mot nghiém duong,
tuc 1a @ co tat ca hai nghiém thuc.

>6.42 Ki hieu Q' la tap tat cd cac sé hitu ti duong. Tim tat ca cac ham
s6 f: QY — QT sao cho v6i moixz € Q:
@ flz+1)= f(z)+1
(b) f(2?) = f(x)*.
L@i giai: Chi c6 mot ham sé thod man la f(x) = z. Tu (@), f(z +n) =
f(z) + n v6i moi n nguyén duong. bat z = £ véi p, ¢ nguyeén duong. Ta

() = bt () = (o ()

Mat khac,

co:
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T hai phuong trinh trén suy ra
vivay f() =",

2qf (]3) =2p
q
q

>6.43.Tim s6 nguyén n nhé nhdat sao cho véi méin sé nguyén tuy y, ton
tai 18 s6 nguyén trong dé cé téng chia hét cho 18.
L@i giai: Gia tri nho nhat ctia n 1a n = 35; tap hop 34 phan tr gom 17
s6 khong va 17 s6 mot cho ta thay rang n > 35. Vi vay ta chi con phai
chung minh rang véi 35 s6 nguyén bat ki luén tim dugce 18 s6 trong
do6 c6 téng chia hét cho 18. Thuc ra ta sé chiing minh rang véi moi n,
trong 2n — 1 s6 nguyeén luén tim dudc n s c6 tong chia hét cho n.
Ta sé ching minh khang dinh trén bang quy nap theo n. Dé thay
diéu d6 dung v6i n = 1. Néu n 1a hgp sb, viét n = pq, ta co6 thé lay ra
tap p s6 nguyén ma tong chia hét cho p cho dén khi con lai it nhat
2p — 1 s0; ta ¢6 2¢ — 1 tap nhu vay, va lai theo gia thiét quy nap, cé ¢
tap trong sbé d6 c6 téng (ctia pq s6) chia hét cho g.
Bay gio gid st n = p la s6 nguyén td. S6 x chia hét cho p néu va chi
néu 27! # 1 (mod p). Vi vay néu khing dinh trén sai thi téng cac
s0 dang (a; + -+ + a,)P~! trén moi tap con {a4,...,a,} clia cac s6 da
cho déng du v6i C5 !, = 1 (mod p). Mat khac, tong clia cac sb6 dang
aj'---ay’ v6ie; +---+e, < p—11ludn chia hét cho p: néu k < p—1 cac
s6 e; khac khong thi méi tich dugc lap lai C5 ¥, 1an, va cudi ciing
la mot boi ctia p. Su mau thuan dé ching té khing dinh & trén la
dung trong trudng hop nay. (Chu y: dé chiing minh bai toan da cho,
can phai chung minh truc tiép cho truosng hgp p = 2,3.)

>6.44.Cac diém K,L,M,N nam trén cdc canh AB,BC,CD,DA
cua hinh hoép (khoéng can la hinh hop ditng) ABCDA,B,C,D;.
Chitng minh rang cac tam mat cau ngoai tiép ctua cdc tr dién
AVAKN,B,BKL,C,CLM,DDMN la cac dinh ctua mét hinh binh hanh.

Loi giai: Dua vao hé toa do véi ABCD song song véi z =
0. Goi E,F,G,H la tam dudng tron ngoai tiép cac tam giac
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AKN,BKL,CLM,DMN va goi W, X,Y,Z la tam mét cAu ngoai tiép
céc ti dien A,AKN, B,BKL,C,CLM,D;DMN. V6i méi diém Q ta ki
hiéu @, Q,, Q3 la cac toa do z,y, z caa Q.

Al D;
Trudc tién ta sé ching minh FFGH la hinh binh hanh, bang cach
chiing minh trung diém cta EG va FH trung nhau. Chi can chung

minh diéu dé véi hinh chiéu ctia ciac doan thang trén hai phuong
khac nhau (chdng han, xay dung hé truc theo ciac phuong do).
Nhung ro rang v6i phép chiéu trén AB, vi F va F chiéu tuong ung
xuéng trung diém ctia AK va BK, nén doan thang gitta ching c6
chiéu dai AQ—B, tuong tu voi C'D. Ta cung co6 1ap luan nhu vay véi phép
chiéu trén CD.

Bay gio ta c60 Fy + Gy = Fy + H, va Ey + Gy = F» + Hy. Hon nua, vi
W va FE cach déu AKN, WE vudng goc véi AKN nén vuong goc véi
mat phang » = 0. Vay W, = F, va W, = E,, tuong tu véi X,Y, Z. Vat
Wi+Y, =X, + Z, va Wy + Y, = Xy + Zy. Ta chi con phai chiing minh
W3+ Y; = X3 + Zs. Chu y ring cd W va X déu nam trén mat phing
vuodng goc véi ABB;A; va di qua trung diém ctia AA; va BB;. Do do
Wy = aW,+bWy+cva X3 = aX;+bX,+c Vi a, b, c la cac hang s6. Tuong
tu, Y va Z déu nam trén mat phang vuong géc CDD;C, va qua trung
diém ctia CC,,DD,. Vi DCC,D, song song va bﬁng ABB{A, ta co
Ys =aY) +bYy +dva Zs = aZ, + bZy + d v6i d 1a mot hang s6 kKhac, con
a,bla cac hang sé 6 cong thuc trén. B6i vay Wi + Y = X3 + Z3, tir do
hoan thanh chiing minh rang W XY Z 1a hinh binh hanh.
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>7.45.Gia stt M va N la hai sé nguyén duong cé 9 chit sé c6 tinh chat la
néu bat ki chit sé ctia M dugc thay béi chit sé ctia N tuong ting thi ta
dudc mot boi ctia 7. Chitng minh rang véi bat ki mot sé dat dugc bang
cach thay mét chit sé ctia N tuong ttng béi mét chit sé cia M cing la
moét boi cua 7.
Tim mét s6 nguyén d > 9 sao cho két qua trén van con diing khi M va
N la hai s6 nguyén duong cé d chit sé.
Loi giai: Két qua dang véi batkid =2 ( mod 7). Viét M = >, 10%, N =
nx10%, & day my, ny 1a cac chir s6. Thi v6i bat ki k, 10%(n, —my,) = 0— M (
mod 7). Lay téng theo k, chung ta dugc M — N = dM = 2M ( mod 7),
vivay N = —M ( mod 7), duge 10*(my, — ng) = —N ( mod 7). Vay khi
thay bat ki chir s6 trong N béi chit s6 tuong tng trong M chung ta
dat dugc mot so6 chia hét cho 7.

>7.46.Trong tam giac nhon ABC, C'F la mét dudng cao, véi F trén AB,
va BM la mét trung tuyén, véi M trén CA. Cho BM = CF va /M BC =
/FCA, chitng minh rang tam giac ABC la déu.
L&i giai: Gid stt LACF = ZOBM = A, va gia stt CM = AM = m. Thi
MB = CF = 2mcos A. Theo dinh li ham s6 Sin,

cM MB
sin /CBM  sin /ZMCB’
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va vivay sin ZMCB = 2cos Asin A = sin 2A.

biéu nay dua dén hai kha nang. Néu /MCB+2A = 180°, thi ZOCMB =
A= /ZMBC. Khi d6 CB = MC va MB = 2MCsin A. Cuang c6 MB =
CF = ACcosA = 2MCcosA. Do do6 sin A = cos A vi vay A > 45° >
ZMCB > 90°, mau thuan.

Vi vay chung ta co6 ZMCB = 2A, vivay ZACF = ZBCF. Do do6 tam
giac ACF dong dang véi tam giac CBM, vi vay ZCAF = Z/BCM. Do
d6 BC = AB, vay tam giac ABC la déu.

>7.47.Tim sé cdac da thitc bac 5 véi cac hé sé khac nhau tir tap
{1,2,...,9} ma chia hét cho 2> — x + 1.

L@i giai: Cho phuong trinh bac 5 1a ax® + ba* + ca® + da? +ex + f = 0.
Cac nghiém ctia 22 — z + 1 khong phai la cac nghiém thuc cta 2% + 1,
d6 1a e™/3 va /3. Do d6 da thtic bac 5 1a chia hét cho 22 — 2 + 1 néu

va chi néu
ae®™3 4 pe*™3 4 ce™ 4+ de?™/P 4+ ee™/® + f=0.

Noi cac khac, vi vay isin60(—a —b+d+e =0), hodca—d =e —bva
a/2—-0/2—c—d/24+e/2+ f=0,hay e+ 2f+a = b+ 2c+ d hoac (vi
a—d=e—b)a—d=c— f=e—b. Diéu nay kéo theo 1/12 ctia da thtc
sécocachésdép+k,qr+k,p,qgt+k,rvéik>0vap<gqg<r.

V6i k da cho, ¢6 C7_, cac gia tri ctia p, ¢, r sao cho r+k < 9. Tuy nhién,
cac hé s6 phai khac nhau, nén chung ta phai trit di. C6 9 — 2k cach
lua chon 2 s6 khac nhau theo k, va 7 — k cach lua chon cac s6 con
lai. Tuy nhién, chung ta dém dugc cac s6 dang z,x + d,x + 2d sinh
doi, va ¢6 9 — 2k so.

Do do, vd6i k cho trude, chung ta co

C3 . —(9—2k)(7T—k)+9— 3k

da thirc. Cong lai, c6 (1+4+10+20+35+56)— (42+25+12+43)+(3+6) = 53
da thuc dang trén, va 53.12 = 636 cac da thuec tat ca.

>7.48Tap S = {1/r : r = 1,2,3,...} cac s6 nguyén duong nghic dao lap
thanh cap sé cong véi do dai tiy y. Chang han, 1/20,1/8,1/5 la mot
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cap sé nhu vay, véi doé dai la 3 véi phuong sai la 3/40. Hon nita, ¢6
mot cap sé cuc dai trong S v6i dé dai 3 vi né khéng thé mé rong thém
vé bén phai va bén trai ctia S (—1/40 va 11/40 khoéng la phan tit ctia S).
(@) Tim mot cap sé cuc dai trong S ¢6 dé dai 1996.
(b) C6 hay khéng moét cap sé trong S ¢6 dé dai 19977

Lai giai: Co mot cap sb cuc dai ¢6 do dai n, v6i moi n > 1. Theo dinh
li Dirichlet kéo theo rang c6 mot sd6 nguyén td p ¢6 dang 1 + dn v6i
moi s6 nguyén duong d. Bay gio xét cap so

1 14d 1+ (n—1)d
p-D"@E-D" 7 (-1

Vi cac mau s6 chia hét tir s6, nén méi phan thuac 1a mot sé6 nguyén
nghic dao, nhung véi (1 +nd)/(p — 1)! = p/(p — 1)! khong phai vi p la
s6 nguyén t6. Do d6 c6 day cap sbé cuc dai. (D€ giai (a), don gian lay
p=1997.)




