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I) Nhirng suy nghi vé cac bai toan phuong trinh (PT), hé phuong trinh
(HPT) va bat phuong trinh (BPT)

PT la mot dang Toan co ban nhung ciing rat quan trong trong linh vuc dai s6. Chung ta
lam quen véi cac bai vé PT tir nhitng ngay dau hoc Toan. O cép Tiéu hoc, ching ta da biét dén
nhitng bai toan tim x v&i cic quy tic giai phai thudc ndm long nhu: “mudn tim sé hang chua biét,
ta ldy tong trir di s6 hang da biét; muon tim sé bi chia, ta ldy thwong nhdn véi sé chia,”... Dén
nhitng nim THCS, céc bai toan PT ay duoc md rong ra thém véi nhiéu dang nita; cing véi kién
thire vé dai sb nhu: biéu thuc dai s, phéan tich da thic thanh nhan tu, sO thue, can thic,. ..cac bai
toan vé PT béc hai, PT v6 ti dd dugc xay dung va bién d6i ¢ nhitng hinh thic rit phong phu. Roi
& bac THPT, céc kién thirc vé PT da dugc bd sung tron ven v6i PT luong gidc va PT mil — logarit
cung cac phuong phap giai tich danh cho nhiing bai todn dang nay. Bén canh do, ta cling khong
thé khong nhic dén HPT, BPT la hai dang toan khéc c6 lién quan mét thiét voi PT, chiing bo
sung cho nhau, phbi hop lai tao nén vé dep that gian di ma ciing that sau sic cho Pai sé so cip.

C6 thé noi tir d& thi tuyén sinh DH — CD dén dé thi HSG cac cép, nhiing bai toan vé PT,
HPT va BPT la réat pho bién. C6 1& ciing chinh vi thé ma cac bai toan dang nay da s da dugc
nghién ciru ki va c6 rat nhiéu phuong phap giai dé ra gan nhu co thé giai quyét moi PT, HPT,
BPT, hé BPT dugc quan tam. Ching ta di qua quen vé6i: phuong phap bién d6i twong duong,
phuong phap dat an phu, phuong phap danh gia, phuong phap ham sé, ... ; ching di tré thanh
cong cu chu yéu dé giai cac bai toan dang nay du 1a miu muc hay khéng mau muc.

Tuy quen thudc nhu thé nhung van c6 nhiéu ban khong thé 1am tét dugc cac dang toan
nay. Ho luing tung khi gap mot bai PT, HPT véi hinh thirc “kinh khing”, khong biét phai ap dung
cai nao trong nhitng phuong phap da hoc dé rdi ctr thé vao, ctr khai trién, binh phuong, di d¢én
mot PT da thirc bac tht cao va than thé rang no khong giai dugc; & cac BPT ciing dé bi nham
1an vé du, mién nghiém,... Pac biét 1a trong nhirng ndm gﬁn day, cac bai toan vé PT, HPT, BPT
trong nhitng ki thi 16n lai dugc cham chat hon, tuy khong méi nhung nhirng hinh thirc la chinh la
didu khién cho nhirng nguoi di tim 10 giai d& bi bé tic trong hudng suy nghi théng thudng.

Thé thi lam sao dé co thé thanh cong trong viéc rén luyén dang toan nay, lam sao ty tin
va sang sudt khi dimg truée mot bai toan PT, HPT, BPT nao d6 va khong quéa kho khan dé phat
hién duoc ban chit cua no rdi di tim 1oi giai. Cac cau hoi do ciling 1a mot “bai toan kho™ cho céc
ban hoc sinh THPT tir trudc dén nay. Véi muc dich nham giai quyét phan nao kho khan dé, noi
dung duéi day xin trinh bay mot cach nhin tong quat vé PT, HPT va BPT, vé mdt s6 cach giup
rén luyén ki nang gidi toan dang nay cling nhu cac lién hé gilra chung, phan tich thir xem lam
thé nao dé co6 mot hudng di nhit quan dé giai cac bai toan PT, HPT, BPT.

Mong rang qua ddy, cac ban s& tim dugc cho minh mdt ¥ twong méi ndo d6 cho viée hoc
tap va reén luyén dang Toan chira dung nhiéu diéu tha vi nay!



II) Mot s6 phuong phap di tim IGi giai mot PT, HPT
1. Hdy nhin bai todn dwéi géc dp ciia mot ngwoi ra dé
Co6 khi nao ching ta thir dat minh vao vi tri cua nguodira dé va tyu hoi, 1am sao dé c6 mot
bai toan PT hay va dep khong? Cong viéc nay, trén thuc té, c6 rat nhidu loi ich. Ta khong noi
dén nhung dang chuan muyc nhu: PT tring phuong, PT ddi xting bac 4, HPT dang cap bac 2,...vi

khi cho nhitng dang toan nay, tac gia chi cin thay sd vao cong thirc va viéc lam ciia ngudi giai dé
nhu chiing ta khong khac gi cong viée dién s6 vao chd trong. Vay khi mot ngudi ra dé mudn cé
mot PT, HPT, BPT kho, ho s& bat dau nhu thé nao? T4t nhién c6 rat nhiéu cach!

- Di tir mot hang dang thirc, khai trién va bién d6i thém cho rdi ram,

- Pitir didu kién xay ra ddu bang ciia BDT.

- Di tir mot bai toan cii, di bién dé khir tinh d6i xtng, tinh déng bac,...

- Chuyén dbi giira cac yéu td dai sd, luong giéc, ...

Qua that néu chung ta da timg thir sing tao ra mot bai cu thé nao d6 thi méi biét dugc
nhiing con dudong ma tac gia da di qua dé c6 duoc mot PT, HPT that dep. O dudi nét dep do con
c6 rat nhiéu diéu, rat nhiéu diéu da bi che gidu. Chung ta hiy xét thir mot s6 VD minh hoa:

1.1. Xuit phat tir ham s6
, ¥ +9x° -1
3

Chung ta di biét rang PT quen thudc x* =3x+1 giai dugc rat d& dang bang luong giac.
Dé phirc tap hoa bai toan nay, ta s& sir dung phwong phap ham s6 don diéu véi tinh chét
f(a)= f(b) <= a=b.Tachonham s f(r) =+ + 3t dong bién trén R, thay hai biéu thic 6 VT

va VP vao, ta dugce: x° +3x° = 3x+1)* +3(3x+1). Nhung dé nhu thé thi qua 16 1i8u, ta khai trién,

YD1: Giai PT sau: =2x+1

bién d6i thém chut; nhur thé 1a c6 ngay VD & trén. Mot PT nhin that dang so nhung that ra tac gia
khong tén nhidu cong sirc dé di bién doi duge nhu vay.

VD2: Giai PT: 2+ = (x 4+ 4)(x +5)

Ciing dya theo cach trén, di tir ham s0 f(x)=x+ Jx+1 ,x €[~1;400) va hai biéu thirc
x* —1, x* +8x +15 dé nhan dwgc VD2 vira néu. Chung ta khong thé phi nhan rang ching c¢6 hinh
thirc tuong ddi la va dep.

1.2. Xuit phat tir cac hing ding thirc
1
L=t -x)
x 2y

VD3: Giai HPT: L
—+—=03x"+y")(3y* +x°)
x 2y

Bai nay nhin vao s6 mii 16n va sy thiéu ddi xirmg ciia cac biéu thirc d& lam chiing ta bdi
rdi, thé nhung thyuc té 1a né xudt phat tir: (x+ )’ =x" £5x*y +10x°y* £10x%y° +5xp* £ ° .

Khido: (x+ )’ +(x—y)’ =2x" +20x°y> +10xp", (x+y)’ —(x—y)’ =2)° +20x°y’ +10x*y .



Dén day, ngudi ta d& cho cac biéu thirc trén nhan gia tri cu thé (¢ ddy 1a 4 va 2) rdi chia 2x, 2y
: 2 1 \ g
twong tmg dé duoc: == x* +10x"y* +5y*, —=y* +10x>y” +5x", cong va trir lan Iuot hai biéu
x y

thirc trén, ta duoc dé bai di cho. Nhu thé quay nguoc lai biéu thirc ban dau, ta co:

B+ B

9

(x+y)5 =3,(x—y)5 =l=x=

2 2
1.3. Xuit phat tir lrong giac
VD4: Giai PT: 32x° +32x* —16x° —16x* +2x+1=0.

Chuing ta da khong con la gi voi bai toan: x° —3x =+/x+2 véi cach nhan xét PT chi co
nghiém thu¢c [-2;2], sau d6 dat an phu dua vé PT lugng gidc: cos3x = cos%. Thé nhung néu

khong di theo con dudng ndy ma bién d6i dai s6 thém ngay tir PT ban dau, cy thé 1a binh
phuong hai vé, ta duoc:
(X =3x)  =x4+2x" —6x" +9x* —x-2=0 (x=2)(x" +2x* = 2x’ —4x* + x+1)=0

Ta chi xét biéu thirc thir hai, tirc 1a: x° +2x* —2x° —4x? + x+1=0, lai dat thém an phu dé
che 14p van dé ki hon: thay x boi 2x, ta dugc ngay VD5. PT nay tuy ¢ dang da thirc thong thudng
nhung lai chira du cac nghiém & dang luong giac cua PT ban dau; cac phuong phap nhim
nghiém, danh gia, ham sd déu s& thét bai trudc mot bai thé nay. Loi giai cho bai nay chic chin
phai di nguogc lai tir dudi én trén nhung ngay & budc nhan thém x—2 thi that qua kho khan dé
nhén ra. Chung ta dimg nghi cach cho dé kiéu nay qua khé va khong thé ap dung trén céc ki thi
HSG boi vi VD5 nay chinh 1a cau 1 ciia d& thi HSG DPBSCL 2009!

- x(3+2x" —x*)
VD5: Giai PT: ot Tt f3
- 3xt+2x* -1

Ciing v6i cach bién doi thiéu ty nhién, ta di tir PT: tan 4x = tan(x — %) . Dung cong thurc
4x-4x  x- NE)
xt—6x*+1 1+ \/5 X

Sau d6, nhdm céac s hang c6 va khong c6 chira \/5 lai r6i chia xudng, ta dugc VDS.

lugng giac cho ca hai vé:

= (4x -4 )1 +3%) = (x=3)(x* =63 +1).

Qua nhitng VD minh hoa trén, c6 1& ching ta da nhan ra mét didu réng cac cach giai PT
khong co gi 1a méi nhung chiing ta phai lam sao dé két hop chung lai theo mdt cach thich hop.
Ngudi cho dé da ¢b che gidu ban chit that su ctia bai toan dudi nhitng ding thirc va nhitng sy két
hop d6. Nhiéu khi véi sy tinh co, 10i giai cia chung ta ngan gon hon boi sy dic biét nao d6 cua
biéu thirc nhung da s truong hop thi phai di nguoc lai cach ma tac gia bai toan da lam. Chung ta
hay tu dat ra cho minh nhirng bai toan PT, HPT theo nhiing y tudng, nhiing cach khac nhau, sdng
tao cai m&i hay phat trién cai cii tiiy thich; hay di lai con duong ma nhitng nguoi ra dé da di va
bang cach trai qua nhitng suy nghi cia ho nhu thé, ta s& co cam giac tu tin hon va tu tudng s&
thoai mai hon khi giai mot bai toan thyc té.



2. Hay nhim nghi¢m bét cir khi nao cd thé
C6 18 mot viéc lam nhur 13 théi quen ctia chiing ta trudce khi giai mot PT niao d6 1a nham
nghiém ctia nd. Néu PT c6 nghiém dep thi chung ta cang tu tin rang kha ning ta giai duoc no s&
cao hon. Piéu nay tuong chirng nhu chi c¢6 ¥ nghia 1y thuyét théi nhung trén thyc té thi no lai
hoan toan xac dang.

Do 1a dbi véi nhitng bai toan dugc sang tac khong phai dya trén mot biéu thirc hay mot
bai toan c6 san nao, chiing dugc tao ra bang cach chon trudec mot nghiém rdi thay ngau nhién vao
cac biéu thirc; trong trudng hop nay, c6 khi nguoi ra dé van chua biét cach giai bai toan do.
Nhung nhitng bai toan dang nay lai “than thién” hon, hinh thirc ciing phong pht va dep mét
khong kém cach phat trién tir nhitng két qua c6 san. C6 18 da s cac bai toan PT, HPT hay va kho
xudt hién trén nhiéu dién dan Toan hién nay déu di theo con duong ndy. Chung ta c6 mot sé cach
giai quyét co ban cho dang bai nay nhu sau:

- D6i voi PT da thirc: phan tich thanh nhan tir, ha bac roi danh gia thém.

- D6i voi nhitng PT chira cin, PT phan thirc: hily dung phuong phap nhan lugng lién hop.

- Dbi voi cac bai PT mil — logarit: hiy ding phuong phap giai tich hodc danh gia dé chimg
minh cac nghiém nhim dugc d3 vét can hét tap nghiém cua bai toan.

Céc VD dudi day s€ cho ta théy mot didu kha tha vi réng: “Khi di nham duoc nghiém
ciia PT, HPT ndo d6, chiing ta da di dwoc hon nita ching dwong dén loi gidi”.

2.1. Phuwong phap nhan lwgng lién hgp véi cac PT can thire, PT phén thirc:

Tu twong chinh ciia dang nay chinh 1a khi dd nham dugc nghiém, ching ta tién hanh trix
vao tung biéu thire trong PT da cho chinh gid tri ma né nhan dugc khi thay nghi€ém dé vao, nhan
luong lién hop vao chéc chin s& lam mot nhan tu chira nghiém xuét hién; van dé 1a chung minh
biéu thirc con lai luén khac 0 (phuong phép nay thanh cong chi khi lam dwoc diéu nay). Thong
thuong thi biéu thirc d6 vo nghiém rd rang hodc c¢6 thé sir dung mién xac dinh cua x dé bd sung
thém gia thiét cho viéc chirng minh. Néu khong thirc hién dugc didu nay nghia la cach nay da
thit bai va hiy d6i phuong phap khac ngay! Trong truong hop ta nhdm duoc nhidu hon mot
nghiém, ta co thé phat trién phuong phap nay 1én bang cach thay vi trir vao mot sd, ta trir vao cac
biéu thirc chira bién tim dugc thong qua mot vai bude dung tham sb.

VD6: Giai PT: Axt=1+x=x"=2

PT nay khong qua phirc tap va ching ta ciing dé dang nhan ra n6 c6 nghiémla x=3.
Néu nhu bién ddi twong duong thi ra PT bac rt cao; néu khao sat ham s6 thi khi gidi PT dao
ham bang 0 con phirc tap hon ca PT can giai; néu dung BDT thi ciing khong duoc vi khong co
bén nao 16n hian hon bén nao. Bo qua nhitng hudng khong sang stia d6, ta con mot Ira chon sang
sudt va quen thudc 1a nhan lwong lién hop.
Khi thay 3 vao, cac biéu thirc co gia tri 1an luot 14 2, 3, 5. Ta trir trong Gmg cac sd ndy vao va

bién doi voi dieu kién xac dinh ban dau la x > 2

32 _1-2 _3)= S_9_5 _3y1 x+3 _ _3.x2+3x+9
Rx )+ (x=3)=(x )< (x=3) +3/(x2—1)2+22/(x2—1)+4 (x )—,—x3_2+5
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x=3
= x+3 x> +3x+9
I+ =
Y- + 2P -1 +4 P -2+5
Van d& con lai 1a chimg minh (*) v nghiém. Dén day thi cir danh gia thoai mai! Chang
han, ta c6 mot cach danh gia nhu sau:

(*)

2
VP=M>2®X2+3X—1>2\/X3—2 S (P +3x-1)"-4(x*-2)>0

VxP=2+5
St 20+ T —6x+9>0 < (X +x)> +(x=3) +5x> > 0,Vx > 32
VT =1+ x+3 2o x< -1 +23( -1 +1
Y =17 + 23> -1) + 4
Pit 1 =3/(x* —1) >0, ta cAn ching minh: V& +1 <2 +2t+1<1* +368 + 61> +4¢ >0,V > 0.
Nhu thé thi VT <2 < VP, tirc 1a (*) vo nghiém. PT d3 cho ¢6 nghiém duy nhét 1a x=3.
Bai toan duoc gidi quyét thanh cong!

VD7: Giai PT: x(x+D(x-3)+3=4—x+/1+x

O bai nay do nham dugc hai nghiém 1a x = 0,x =3 nén ta thir trir twong tng cac biéu thirc
dé nhan dwoc ngay nhan tir: x(x —3). Bing cach st dung tham sd, ching han nhu véi Ja—x ,
can tim mot nhi thae nhan gia tri bﬁng Jﬁ =2tai x =0vanhan gia tri béng \/E =1 tai

x =3, d6 chinh Ia —%x +2; tuong ty v6i biéu thie 1+ x 1a: %x +1. Ta giai tip tuc nhu sau:

x(x+1D)(x-3)=v4- —(—%x+2j+ 1+x—(%x+lj

—x? +3x —x? +3x

9\/E+(—x+6)Jr 9M+(x+3)

< x(x+D)(x-3)=

x(x-3)=0
1

1
9x/E+(—x+6)+9\/E+(x+3)

Ta thdy VT cta PT thir hai luén dwong véi moi x e [—l, 4] nén PT nay vé nghi¢m.
Do do, PT da cho chi ¢6 hai nghiém la x=0,x=3.

Phuong phap nay tuy don gian nhung co thé giai quyét dugc cac PT chira can hodc phan
thirc mot cach rat hitu hidu. Nhitng bai toan sang tac dua trén phuong phap nay ciing rat phong
phti do chi can chon sin mot nghiém rdi xdy dung cac biéu thirc thoa méin dang thirc xay ra.
Nhitng PT dang nay c6 kho hay khong phu thudce vao viéc chirng minh PT con lai (sau khi da
tach biéu thirc nhan tir chung) 1a v nghiém.

x+1+ =0




2.2 Phwong phap danh gia véi cac phwong trinh mii — logarit
Nhiing PT mil — logarit thudc loai PT si€u viét, n6 khong nhu nhirng dang PT dai )
thong thudng, mudn giai chiing dugc thi nhitng PT d6 phai nam trong cac dang:
- Dit 4n phu duoc dé chuyén vé PT dai sb.
- C6 thé bién d6i rdi tim dugc nghiém theo cac cong thirc lién quan.
- C6 thé tinh dugc sb nghiém (ké ca vo nghiém) va ¢ thé nhim dugc tat ca nghiém do.
Trong céc truong hop con lai, PT dang nay khong thé giai dugc. Ching han: ta thiy PT
2" +3* =4 du rat don gian, c6 thé chirg minh dugc nd co ding 1 nghiém nhung khong thé
nham ra dugc no 14 gi. Nguoc lai, trong trudng hop ta da nhidm duoc nghiém rdi, ta c6 thé tién
hanh giai n6 bang mdt sd phuong phép chinh nhu sau (ta khong xét nhitng PT giai bang phuong
phéap bién doi, dat an phy thong thudng):
+ Khao sat ham sé dé ching minh né ¢6 hiru han nghiém (1a cic nghiém d nham duoc).
+ Dung dinh 1i Lagrang dé danh gia.
+ Dung BDT dé danh gia.
2.2.1. Khdo sat ham sé dé xdc dinh sé nghiém ciia PT
Noi dung phuong phap nay dua trén hé qua cta dinh li Lagrange quen thudc:

“Trén mién xdc dinh, néu dao ham cdp k ciia mét ham sé f(x) khong doi ddu thi
PT f(x)=0co khong qua k nghiém phan biét.”

Sau khi d chirng minh dwoc ring PT ban dau c6 khong qua k nghiém va trudc do ta da
nham dugc cac nghiém nay thi xem nhu 161 gidi da hoan thanh.
VYD8: Giai PT: (1+x)(2+4)=34"

Bing cach thir vdi cac nghiém thong thuong va quen thudc, ta thay PT c¢6 3 nghiém la

x=0,x=1Lx= % Khi ta chirng minh dao ham cép 3 khong ddi dau hodc dao ham cép hai co

dung mot nghiém thi 1o giai hoan tat. Do VP dwong nén VT ciing duong = x+1> 0.
Ta xét ham sd: f(x) = (1+x)(2+4")=3.4" = (x—2).4" +2(x+1) trén (—1,+0).

= f'(x)=(x-2)4"In4+4" +2= f"(x)=(x—2).4".(In4)* +2.4".In4

= f"(x) =(x—2).4".(In4)’ +3.4".(In4)* =4".(In4)’[(x — 2).In 4 + 3]

Suyra: f"(x)=0< (x,—2)In4+3=0 x=x,=2— % . Ta thay: ham f"(x,) nghich bién
n

trén (—1,x,), dong bién trén (x,,+w) va £ "(~1) <0, £ "(x,) <0, lim f"(x) = +conén PT

£"(x) =0c6 ding mot nghiém. Do d6, f'(x) =0 c6 khong qua 2 nghiém va dan dén PT da cho

c6 khong qua 3 nghiém. Dén day thi 1oi giai thanh cong vi ta d nham trude duge 3 nghiém do.

VDY: Giai PT: 127 +13" +14" =2" + 3" + 4" +870x° —2400x” +1560x
Tuy PT nhin rit phtrc tap nhung ta van c6 thé nham duoc rang nd c¢6 4 nghiém rat dep 1a
x=0,x=1x=2,x=3. Nhu thé thi cling gidi tuong tu bai trén, vdi ham sb sau:



F(x) =127 13" +14" — (2" +3" +4" +870x” —2400x> +1560x) , ta s& chimg minh dao ham cép 4
cta nd luén duong hodc luén am véi cac gia tri x ¢ thé nhan dugc.

Taco: £@(x)=12"(In12)* +13".(In13)* +14*.(In14)* —2*.(In2)* = 3*.(In3)* —4%.(In4)*.
Hon nira, trong PT da cho, x phai khong am vi néu nguoc lai, theo BDT Bernoulli cho s6 x am,
taco: 12° > x(12-1)+1=11x+1, tuong tu: 13 >12x+1, 14" >13x+1.

Suy ra: VT =12* +13 +14* > 36x+3 . Dong thoi:
VP =2"+3"+4" +870x" —2400x> +1560x < 3+36x + x(870x> —2400x +1524) <3+ 36x .
Do d6: 12* +13" +14" > 2" + 3" + 4" + 870x° — 2400x” +1560x, tirc 1a PT khong c6 nghiém am.
Véi x>0third rang: £ (x) >0 nén PT di cho c6 khong qua 4 nghiém.
Vay PT da cho c6 4 nghiém la: x=0,x=1,x=2,x=3.

2.2.2. Ding cic BDT dé danh gid
Nhiéu PT dang nay lai khong danh gia duoc bang dao ham (do cac dao ham chwa han da
luén duong, ludén am hodc la mién gia tri cua x can thiét kho xéac dinh duoc), khi d6 ta sé dua vao
dic trung cta biéu thirc ma st dung cac BPT, cac danh gia cho phu hop.
VD10: Giai PT: 1+29)1+3)1+36%) =(1+6")
Thyc ra bai toan nay dang c6 che gidu moét BPT quen thudc trong dai s6. Khi nhim duoc

nghiém x = 0, ta cang dé dang thay duoc diéu d6 qua dang thirc: 2° = 3* =36" = 6" v6i x = 0.
Trude hét, ta co BDT: (1+x)(1+ y)(1+2) > (1+3/xyz )’ voi x, y, z dwong.
Ap dung viao bai toan:
1+29)1+3)1+36%) = (1+3/2°3°36" ) = (1+6")*.
Nhur thé thi ddng thirc phai xdy ra va x = 0 1a nghiém duy nhét can tim.
VDII:  Giai PT: p=t2 o2
427 -2
Ta ciing nhdm duoc PT nay c6 nghiém Ia x =1. Tién hanh quy dong bién dbi biéu thirc
v6i didu kién xac dinh 1a x # -1, ta dugc: 2% +(x—1).2"" —x =0. Ta s& xét cc trudng hop:
- Néu x =1thi ddng thirc dung.
- Néu x =1, tir didu kién xac dinh 1a x =1, ta tiép tuc bién ddi nhu sau:
: : 2771 2™
2774 (x-D2" —x=0=2"" -1+ (x-D.2" - D=0 55—+ =0
x -1 x+1

2 _1,t¢0.Khidé:néut<0:>2’—1<0:>2 —1

Xét ham sé f(¢) = >0, twong ty, néu

t

t>0=2'-1>0>

>0;tacla: £(£) >0,V #0.PT trén chinh 1a: £ (x> ~1)+ f(x+1)=0

v nghiém. Tir d6 suy ra PT ban dau chi c¢6 nghiém x=1.



2.2.3. Dung dinh li Lagrange

Khi nhiing PT khong the su dung BDT dé danh gid va khong thé dung dao ham dé khao
sat ham so, ta hdy thir cach nay. Phuong phap dung dinh 1i Lagrange chi gidi dugc mdt vai lop
PT nhat dinh nhung n6 phat huy tac dung rat rd rang, duong nhu nhitng PT duoc dé cap dén chi
c6 the gidi bang cach nay ma thoi.

VD12: GiaiPT: 9°"(3" +29)=2"®" +7)+5(5"-2").

PT nay chira toan cac ham sd mil x, co sd thi khong c6 lién quan gi nhiéu véi nhau, déu
cta cac biéu thirc cling rat rac roi nén hai phuong phap trudc mat tac dung. Ta s€ dung dinh 1i
Lagrange sau khi da dua dugc bicu thic trén vé dang f(a) = f(b) . Di€u nay khong qua kho:
9°"(3+2)=2"®" +7)+5 (5" -2") = 10" -16" -25" =14" -18" -27"
<107 +12° 16" -25" =127 +14" -18" =27" (*)

Dén day, ta xét ham sb: f() =" +(t+2) = (1 +6)" —(t+15)",¢ >0, trong d6 x 1a nghiém
cua PT da cho. Do d6: (*) < f(10)= f(12).

Ham f(¢) lién tyc trén doan [10,12] nén theo dinh li Lagrange, ton taic e (10,12) sao cho:

(o LU0~ £(12)
AT
X[ e+ )T =(c+6) T —(c+15) 7 [0 x=0ve T +(c+2) = (c+6) T +(c+15)

=0. Do d6, néux la nghiém cua PT da cho thi n6 phai thda:

Ping thuc thr haichota x=1vinéu x<l=x-1<0=c""+(c+2)""' >(c+6)"" +(c+15)",
néu x>1=x-1>0=c""+(c+2)"" <(c+6)" +(c+15"", ludbn mau thuin.

Thir tryc tiép thay hai gia tri x =0,x =1 thoa nén PT da cho c6 hai nghiém 1a x=0,x=1.

VD13: Giai PT: e +(x* —x)In(x* +1) =¥
Ta ciing nhdm thay dugc PT nay c6 3 nghiém la x =0, x = +1. Ta s& chimg minh trong

truong hop x # 0, x # +1 thi PT d4 cho v6 nghiém. That vay: gia sir c6 sd x, #0,x, =1 1a
nghiém ctia PT da cho, khi d6 13 rang la: x, # 3/x, va e® +(x; —x,)In(x; +1) = el *)

Ham s0 f(¢)=¢' lién tuc nén ton tai mot gia tri ¢ nam gitra hai s6 x,,3/x, sao cho:

Xo \S/E Xo %/g
e’ —e . ., ev—e o
¢¢ =———— . Nhung tir (*), ta lai co: —\/7 = —(x; — X, 3/x, +3/x¢ ) In(x,” +1) <0, tuc 1a:
Xy — 3%,

_ 3
Xo Xo

e <0, vo li. Do do, ta c6 dpcm. PT da cho chi c6 3 nghiém 1a x=0,x==1.

Noi chung, viéc nham trude duoc nghiém cua cac PT rat ¢6 lgi cho viéc giai bai toan,
bﬁng cac 1ap luan dai s6 va giai tich, ta chirng minh dugc n6 cd6 mot s6 chinh xac cac nghiém. Y
tuong nay tuy don gian va viéc 1ap luan ciing theo mot dudng 16i nhat quan nhung véi nd, ching
ta c6 thé giai duwoc mot 16p rt rong cac bai toan.



3. Hay thur va chon nhitng phwong phap quen thuoc
3.1. Luwa chon con dwong giai thich hop
Giai mot bai toan noi chung hay PT, HPT, BPT noi riéng la di tir gia thiét, thong qua cac

lap luan dé tim dén két luan. Cac budc lap ludn cn dung cang dai, cang thiéu ty nhién thi bai
toan cang kho. Do do, kinh nghiém thé hién vai trd khong kém phan quan trong trong viéc giai
dang toan nay. Cé nhitng kinh nghiém co ban ma ai ciing phai biét 1a vé cach giai cac dang PT,
HPT quen thudc nhu: hé lap, hé dbi xtng cac loai, PT da thuce bac 3, 4,...nhung ciling c6 nhitng
kinh nghiém phai tich lity thong qua qua trinh rén luyén. Trén thyc té, cac PT, HPT dugc giai
bang cach phuong phap quen thudc hodc 1a sy két hop ctia chung, khong c6 phuong phap va
cong cu nao méi mé va phirc tap. Van dé 1a lam sao dé biét Iya chon cac dung phuong phap va
trong qué trinh lya chon d6, néu gap phai mot hudng giai sai thi phai biét nhan ra dé thay doi.
VD14 : Giai HPT:

x —l=y
Y -1l=z
2 -1=x

R& rang day 1a mot hé lap 3 bién va nd quen thudc, cir danh gia va chirg minh rang x, y,
z phai ciing d4u rdi bang cach xép thir ty cac bién suy ra x = y = z. Lap ludn d6 noi chung ciing
kha kho. Va cai kho cua bai toan khong dirng lai & do khi ma véi hinh thirc don gian cua bai toén,
theo thoi quen mudn tim dén nhung cai quen thudc dé giai, nhiéu ban s& dung phép thé dé khir
cac bién y, Z roi di dén mot PT da thic: x* —4x° +4x* —x—1=0. Dy doan ban dau tr HPT d3
cho 14 can co x = y = z nén trong PT nay, chic chan khi phén tich thanh nhan tir phai c6 biéu
thirc: x*> —x—1. Ta d& dang bién dbi thanh: (x> —x—1)(x° +x° —2x* —x* + x> +1) = 0. Cong viéc
con lai 1a chimg minh biéu thie trong dau ngodc thir hai luén duong 1 xong. Diéu nay ding
nhung biéu thire nay co6 thé dat nhitng gia tri rat nhd ma vi¢c danh gid dé6 duong nhu la khong thé
thyc hiéc duge. Néu ta cir lun sdu vao viée c¢b gang diung BDT hoic xét cac truong hop nho thi
rat bat loi, nhat 1a trong di€u kién thoi gian han ché cua mot ki thi.

Thé nhung, nhiéu khi phuong phap thé lai to ra hi¢u qua trong mdt so truong hop:
VYD15: Giai HPT:

(< + )7+ " +3x) + 2x°y? = (x+ y)(y* +16)
{x(y3 -x’)=26

Ta khai thac PT th nhét cta hé:
(Z+ )7+ +3x)+ 257y = (x+ Y)(3* (x + y) +16)
S x4y A’y 130y +3x° =207 + X2y +pt +16(x+ y)
& x(x+y) =16(x+y) < (x+ )| x(x+)* =16 |=0

- Néu x+ y=0thi thay vao PT thir hai, ta dugc: —y.2y* =26 < y* =—13, v6 nghiém.

- Néu x(x+y)* =16, ta c6 mét HPT mdi, don gian hon nhu sau:



x(x+y) =16
x(y’ —x')=26
Nham thiy HPT nay c6 nghiém 1a (x, y) = (1,3) nhung viéc tim cac quan hé dep hon hoic
danh gia déu khong thé ap dung. Ta chi con cach thay tryc tiép y tir PT thir hai
2 : 2
x()'—x)=26=>y= 3/—6+x3 vao PT tht nhat, ta duge: x(x+ 3 EL ) =16.
X

X
Dén day, ta s€ chirng minh ham so bén vé trai dong bién roi suy ra nghi¢m. That vay:

Xét ham sb: f(t)=t(t+3?+t3 y,t>0. Viét lai f(¢) dudi dang:

fO)=t(t+3 ?+t3)2 =t +212.i/?+z3 +ti/(%+t3)2 = +26302687 +1° + 126 +1*)’

Ta thay khi t tang thi f(f) ciing ting nén f(¢) dong bién trén (0,+00). Suy ra PT (*) c6 nghiém
duy nhét. Dén day thi 10i giai da thanh cong!

VDI16: GiaiPT: log, (2x)+log (2—2x)=0
Bai niy co thé giai bang nhidu cach nhung tot nhit van 1a dung bién doi dai sé két hop BDT.

Diéu kién: 0<x<1.Dit a= log, x, b=1log,(1-x). D& thiy: a+b = log, (x(1-x)) <log, % =-2.

PT di cho viét lai 1a: S e 27 L0 2 4 h? v as b =0 (a1 +(b+1) —(a+b+2) =0,
a

Do a+b<-2= —(a+b+2)>0, suy ra biéu thirc trén khong am; dang thirc chi xay ra khi:

azbz—lclogzleogz(l—x)=—1<:>x=%.

Vay PT da cho c6 nghiém duy nhét 1a x = % .

3.2. Phat hién ra cac biéu thirc da bj che gidu

Cac HPT hai bién thong thudng dwoc xay dung chi yéu tir mot PT véi mot biéu thirc
duoc gidu trong do, PT con lai khong quan trong va chu yéu ding dé thay vao ma tim nghiém
thoi. Biéu thirc bi gidu d6 hay gip nhét 1a x = y sau d6 méi dén nhitng quan hé phrc tap giira x, v.
Con mot dang che gidu khac 1a ding cac phép d6i bién s6, chang han trong moét HPT dbi xtng, ta
chi can thay toan b bién x béi x+1, 3x, x— y,... vd thém mot chit bién ddi nita 13 mét ngay tinh
d6i ximg va bai toan s& khong con dé dang nhu trude. Nhitng cach nay ciing rat hay duoc sir
dung trong céc dé thi HSG va bH — CP, chéng han nhu dé thi PH khdi B va D nam 2008, 2009,
khdi A nam 2010; d&¢ HSGQG niam 2009, 2010,...Kinh nghiém qua rén luyén nhiéu s& giup ta
nhan ra dugc ban chat d6 va biét dat thém an phu, biét cong trir nhan chia thich hop.
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2+6y=£—w/x—2y
y
X+\x=2y =x+3y-2

HPT nay hoi phtic tap va nhu cau cin phai tim mot quan hé giita x va y don gian hon la
rat 16 rang. Dé lam dugc didu do, ta thiy PT thi nhét 1a ¢6 kha ning nhét, ta viét né lai la:

2+6y=£—«/x—2y S x—2y—pJx—2y—6)° =0©(~/x—2y+2y)(«/x—2y—3y)=0
y

VD17: Giai HPT:

Dén day ta c6 thé biéu dién dai luong m b6i cac biéu thirc don gian hon va bai toan
da gﬁn nhu hoan thanh. That vay:
- Néu \[x—2y =—2y(*) thi tir PT thit hai, ta co:
m =x+3y-2 2y=x+3y-2< x=2-5y, tiép tuc thay vao (*), ta co:
J2-7y =2y, giai PT nay, két hop véi céc didu kién, ta co nghiém: (x,y) = (12,-2).
- Néu \[x—2y =3y (**)thi tir PT th hai, ta co:

AX+3y =x+3y—2©(\/x+3y —2)(\/x+3y +1)=0© x+3y =4, thay vao (**):
J4-5y =3y, tién hanh giai va so sanh diéu kién, ta co nghi¢m la: (x,y) = (g,g).

Vay HPT da cho c6 hai nghiém nhu trén.

N6i chung trong bai nay, biéu thic bi gidu di chua khéo 1am, ta hiy quan sat bai toan sau:

x2+y2+ 8xy =16
VYD18: Giai HPT: Xty

Jx+y=x"—-y
Ciing voi nhu cau di tim mot quan h¢ méi don gidn hon ctia x va y, ta chon va khai thac
PT thir nhat ctia hé:

8xy
xX+y

& (x+ ) (x+y) =16 |- 2xp[(x+y)-4] =0
e[+ ) =4[+ )+ y+4) - 2] =0 [(x+y) - 4] x* + " +4(x+y) | =0

Véi diéu kién x + y > 0can c6 ctia HPT, ta suy ra biéu thic trong déu ngodc thir hai luon dwong,

x2+y2+ =16®(x+y)3—2xy(x+y)+8xy=16(x+y)

tuc la: x+ y =4, thay vao PT thu hai, ta co: NI ~d-x)ox’+x-6=0x=2vx=-3
Twr do, ta tim duoc hai nghiém cua hé 1a: (x,y) =(2,2);(-3,7).
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4. Hay sdng tao trong qud trinh gidai cac PT, HPT, BPT

4.1._ Thay vi gidi mot BPT, hay giiai m¢t PT

Nhu ching ta da biét, PT, BPT, HPT va cac phan dang thirc va BDT c6 mdt mbi quan hé
khing khit, ranh gi6i gitra mot HPT va PT gan nhu chi qua mot phép thé cac bién, giira mot PT
va mot dang thirc chi thong qua viée thay sé cu thé, ...Noi dung dudi day s& néu 1én mot cach sir

dung mdi quan hé d6 dé giai cac bai toan BPT bang mot y tudng hét sirc don gian va bat ngd:

HE PHUONG TRINH

PANG THUC PHUONG TRINH BAT PANG THUC

BAT PHUONG TRINH

Trudce hét, ta phat biéu mot ménh dé sau:

Cho ham so f(x) lién tuc trén mién D va PT f(x)=0 co n nghiém phdan biét trén D la:
X, <X, <..<x, €D.Khidé, trén cic khoang: (x,,x,),(xy,X,),...(x, ,X,), ddu ciia f(x) khéng
d6i va né trimg véi dau ciia mot diém bat ki thudc cdc khodang do.

Chirng minh: Gia su nguoc lai, trén mgt khoang nao do, dau cua f'(x) thay doi; chang han
trén (x;;x,,,) ,dau ctiia f(x)thay doi tir am sang dwong. Do f(x) lién tuc nén theo dinh li trung
gian, PT f(x) =0 phai c6 nghiém a € (x,,x,,,) khac cac nghiém di néu, mau thuan. Ta c6 dpcm.

Mot tng dung tryc tiép cia ménh dé nay chinh 1a: thay vi phai giai mot BPT véi cac diéu
kién phure tap vé dau can xét, ta chi can giai mot PT tuong ung khi thay dau BDT bédi dau “=".
V¥D19: Giai BPT: Px—-1+2x-10 >Yx-2.

Ta thay rang khi bién BPT trén thanh PT thi bai toan giai d& dang bang cach lap phuong
hai vé va su dung phép thé. Nhung néu gilt nguyén phat bieu & dang BPT nhu ban dau thi phép
theé dé don gidn bicu thirc s€ khong dung nira va néu ta gidi BPT theo cach da gidi PT thi khong
thanh cong. Va khi d6, m¢nh dé trén phat huy tac dung, ta sé tien hanh gidi BPT da cho nhu sau:

Trude hét, ta giai PT: 2x—1+/2x-10=yx-2.

Lap phuong hai vé, ta duogc:
4x—11+3g/(2x—1)(2x—10).(i/2x—1 +%/2x—10) >x—2

N %/(2x—1)(2x—10).(i/2x—1 +%/2x—10) >3-x

Thay 32x—1+3/2x-10 boi Ix—2, ta duwoc PT hé qua ciia PT da cho la:
3(2x—1)(2x —10)(x —2) >3 —x. Tiép tuc lap phuong 1én va khai trién, ta dugc PT bac 3:

12



17-3J6 _17+3V6
s N3 T .

5x° =39x" +81x—47=0 < (x—1)(5x" =34x+47) =0 x, =1, x, = 5

Thay nguoc lai vao PT dang xét, ta thdy ca 3 nghiém x, <X, <X, nay déu thoa man.
Ta lai thdy: f(x)<0,xe (—o0;x,)) U (x,, %), f(x)>0,Vxe(x,x,)U(x;,+0).

17-3J6.  17+36
s ), ,+

Vay nghiém cua BPT da cho 1a: (1, 5

( ).

Hay theo d5i thém mot VD nita vé cac BPT, ta sé& thy loi ich ctia phuong phap nay:

VD20: Giai BPT: \5+449—2x = 24/13(13-x)

Ta thiy cac biéu thirc & bai nay c6 nhiéu 16p cin va néu nhu ctr binh phwong 1én va dat
diéu kién sé& rat d& bi nham 14n. Ta s& ap dung phuong phép da néu dé giai quyét bai toan. Trudc
hét, ta phai giai PT:

5+449—-~2x =24/13(13-x) (%)
Diéu kién xac dinh cia (*) [a: 0<x < % .

Ta binh phuong 1én dé khir b6t can: 5+ 449 —+/2x =52(13 - x)?
Ta nhdm dugc mot nghiém x = % va véi dac trung cua bai, ta dung phuong phép nhan lugng
lién hop, tién hanh trir timg biéu thirc cho mot lwong thich hop rdi bién doi:

(5+4\/9—@)—13=52(13—x)2 ~13 @4.\/957_—\/2_\/5513[4(13—)5)2 -1]
—V2x +

25-2x =13(25-2x)(27 - 2x)

= 4.
(VI +~/2x +2)(5++/2x)

Sau khi b6 di nhan tir 25— 2x dd du doan trude, ta cAn ching minh PT sau v nghiém:
4

(I++/2x +2)(5++/2x)

=13(27—-2x). Do (*) chi c6 cac nghiém théa man 0 < x <13 nén ta xét

gia tri x trén[0;13] , khido: VT < L =i <13=13(27-26)<VP.
(9+2).5 25
, g n n 25
Do do: PT (*) c6 dling mdt nghiém x = >
Xét cac dau trén mdi mién[O;%},[%;%} , suy ra: BPT da cho c6 nghiém la: [%,%} .

Qua nhitng VD trén, ta thdy duoc rang tuy phuong phap nay khong qua khé khin trong
lap luan nhung lai gitp ta rat nhidu trong viéc tinh toan dé thu gon 10i giai cac BPT phirc tap.
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Do da s cac ham s6 ciia BPT can xét ludn lién tuc trén mién xac dinh nén phuong phap nay luén
duogc ap dung thanh cong.

4.2. Dit 4n phu trong bai toan PT lwong gidc

Phuong phap dat an phu tu trude dén nay da qué quen thudc véi moi dang PT, dat an phu
triét dé hodc khong triét dé da gitip don gian héa nhiéu bai toan PT, HPT, BPT kho dé di dén 1oi
giai nhanh hon. Duéi ddy xin néu mot cach dit an phuy trong PT lwong gidc ciing rat hiéu qua dé
gidi mot 16p PT luong giac. Ta xét cac VD sau:
VD21: Giai PT: sin2x —cos2x+3sinx—cosx—1=0.

PT da cho tuong duong vdi:
2sinx.cosx +2sin” x—1+3sinx—cosx —1=0 < 2sin’ x +sin x(2sin x +3)—cosx—2 =0

Pit ¢ =sinx = 2t> +(2cosx+3)t—cosx—2=0.

Day la PT bac hai theo t, ta co:
A=(2cosx+3)* +8(cosx+2)=4cosx’x+20cosx+25=(2cosx+5)* >0 nén PT da cho c6 hai

_ —(2cosx+3)x(2cosx+35)

nghi¢m la: 7, = 2 =t = %, t, =—(cosx+2).

- V(’yitzl:sinx=1:>x=£+k.27r,keZ;x=5—”+k.27r,keZ.
2 2 6 6
- Voit=-cosx—2=sinx+cosx =-2, PT nay vo6 nghiém.
Vay PT di cho c6 nghiém la x:%+k.27r,keZ. (Day chinh 1a dé thi DH khdi B nam 2010).

VD22: Giai PT luong giac sau:
4sin’ x + sin x.cos x(7 sin x + 3 cos x) + (s in2x + cos 2x) — 5(sin x + cos x) + 2cos’* x = 0

Vi bai nay cac phuong phép thir &é phan tich thong thuong dudng nhu khong thé ap
dung duoc nira vi biéu thirc qua phirc tap. Ta s& bién d6i né thém vai budc dé dua vé viée dat an
phu ¢ =sin x twong tu nhu bai trén:

4sin’ x + 7 cos x.sin® x + 3cos? x.sin x + 2 sin x.cos x —5sin x —5cos x —sin’* x +3cos’ x =0
< 4sin’ x+(7cosx —1)sin” x + (3cos” x +2cos x —5).sin x +3cos’ x—5cosx =0

<48 +(Tcosx—1)t* +(3cos’ x+2cosx—5)t+3cos’ x—5cosx =0

Nhan xét: (—4)+(7cosx—1)—(3cos’ x+2cosx—5)+(3cos” x—5cos x) =0nén PT bac 3
¢ trén c6 nghi¢ém ¢ = —1. Phan tich da thuc trén thanh nhan tu, ta co:

(z‘+1)[4z‘2 +(7c0sx—5)t+3c052x—5c0sx} =0

Biéu thire trong ngodc dugc phan tich twong ty nhu VD § trén; cudi cung, ta duogc:

(t+1)(t+cosx)(4t+3cosx—5)=0. Giai PT tich nay vdi ¢ =sin x, ta c6 nghi€m cta bai toan.
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III) Mot so6 van deé chon loc khac

1. Nét dep cua nhitng PT da thwrc bac cao

Nhu chung ta da biét, hai nha toan hoc vi dai Abel va Galois da chirng minh dugc rﬁng
cac PT da thic bac cao hon 4 khong thé giai duoc bang can thirc va néu 1én mot sé diéu kién dé
cac PT dic biét loai nay c6 thé giai dugc. Qua trinh nghién ctru giai cac PT bac cao di dem lai
nhiéu két qua cao cap Ian so cp that la mét. Dudi nhitng biéu thirc don gian 14 nhirng két cdu hét
suc phtrc tap va tinh vi clia cac bién va sy 16i cudn cua PT bac cao di duogc tao ra boi chinh diéu
do. Ching ta hdy cung quan sat va thir gidi cac bai bén dudi. Cam nhan vé dep cua cac PT nay sé€
cang giup ta c6 hirng thu hon véi nhiing bai PT ma chuing ta s€ gép!

Bi todn 1: Chig minh rang phuong trinh bac nam:

x*=5x* +30x" —50x> +55x—21=0 ¢6 mdt nghiém duy nhit lax =1+32 -4 +3J8 -316..
Bai toan 2: Goi x,,x,,x,,x,1a cac nghi€m (thuc hodc phurc) ciia phuong trinh
x*+ 4y +%x2 _5§3x_5i5 = 0. Ching minh rang: y = {/;1+§/Z+{/Z+§/Z 1a nghiém thyuc

duy nhét ciia phwong trinh y° =5y +12=0.

Bii todn 3: Chimg minh rang phuong trinh x° +20x° +20x> +30x+10=0 c6 mot
nghiém duy nhat 1a x =32 —32? +Y2° —32*
Bai todn 4: Ching minh rang PT: 64x° —96x* +36x* =3 =0 c6 mot nghiém thyc x,

2+\/2+\/§ \/2+\/2+\E '

thoa mdn: ———<x) < ——7——
2 2

Bii todn 5: Goi a, b 13 hai trong bdn nghiém (thuc hoic phirc) ciia PT: x* +x° =1.
Chirng minh rang tich ab 1 nghiém ciia PT: x® +x* +x* —x* —1=0.

Bai todn 6: Chirng minh rang 8 nghiém phurc ctia cac PT sau co6 thé chia thanh hai nhoém
bon s6 x,,x,,x;,x, va x',,x',,x";,x', thoa man tat ca cac so :

' 1 1 1 1 1 ' A A A .
in,Zx ,.,Zx,.xj,Zx X j,le.xjxk,Zx X' x konwa . déu la so thuc:

a. xX*+14x*+1=0

b. x*+98x*+1=0.
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2. Phan tich loi giai mot vai bai toan chon loc

x'y—6x’y+4x’ —4x+y=0
Bai 1: Giai HPT sau: {y*z—6y°z+4y’ —4y+z=0
2x—6z2x+42° —4z+x=0

Day 1a d& thi HSG PBSCL 2008, HPT nay c6 hinh thirc tuy phirc tap nhung qua mot vai

phép bién doi, ta da dugc dugc vé hé lap ba bién voi ham s6 1a:
4t —4¢° T~

f(l‘)=ﬁ,t¢i 3i2\/5 .

-6t +1

Theo cach giai thong thuong, ta phai chimg minh ham nay don diéu, didu nay ciing

4(t% +1)°
Khong ¢6 gikho: £'(0)=—0 D o0 w4322 .
(" —6t"+1)

Dao ham qué dep va dén dy néu ta chua nhan ra van dé thi vin tiép tuc nhan xét x = y = z dé rdi
két luan HPT chi ¢6 3 nghiém 1a: (x, y,z) =(0,0,0),(v/3,+/3,33),(=V/3,-v3,—3) .

Thuec ra, néu di theo con duong nay thi ta da mic mot sai 1am hét strc “tinh vi” 12 ham sb
£(t) & trén du dong bién nhung 1a dong bién trén timg khoang xéac dinh va chinh diéu nay di lam
cho toan bg 1ap luén trén khong con gia tri nira!

N6i chung, nhirng hé lip ba bién thudong dugc giai theo cach xét ham sé rdi chimg minh
ham don diéu dé co cac bién béng nhau; do d6, su nhim 1an vira néu la khong it va néu nhu
khong thé giai dugc bang cach dung ham don diéu, ciing khong thé dung BDT danh gia cac bién
khi sép thtr tu thi budoc ham f'(¢) phai c6 mot sy dac biét nao do. Pén day, quan sat ki lai, ta nhan
thdy rang: f(tanx) = tan4x.

Nhur thé thi bai toan trén phai giai lai nhu sau: Pat x = tan o, €[0;7)\ {%} .
T HPT d4 cho, ta thy: y= f(x)=tanda, z= f(y)=tanl6a, x= f(z)=tan64a , suy ra:

tana =tan6da < a =k6'—;r,k =0,1,2,...,62.

Vay HPT da cho c6 63 nghiém la: (x,y,z) e {(tana,tan 2a,tan 4a) la = k6'—;[,k =0, 62}

Loi giai ban dau da lam thiéu mat 60 nghiém ciia bai toan, du st dung ham s6 don diéu
va ding BDT 14 hai phuong phap chu yéu dé giai dang toan nay nhung véi nhing bai xay dung
tir cong thure lugng gidc thi ching khong con tac dung nita!

+2
x+ x2 yz =2
‘. Xty
Bai 2: Giait HPT sau: 5
= x—
L s
X +y
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Day 1a d thi chon d6i tuyén HSG TP Ha Noi nim 2007, trude d6 dang nay da xuat hién
trong tap chi Kvant ctia Nga va ciing 1a mot bai trén tap chi THTT gan ddy. HPT khong c6 gi ndi
bat, khong hé co can thirc, mau thic lai gibng nhau & ca hai PT. Tuy nhién, viéc giai HPT nay
qua that khong don gian. Cai khé nhat & ddy chinh 1a thiéu tinh dong bac, ta can tim nd dé c6
mot quan hé tét giita x va y boi cac phuong phép danh gia nghiém khong con ap dung dugc. Bai
nay duoc giai bing mot phuong phap rit an twong nhu sau:

Xét hai s6 phitc: a = (x+y)+(x—»)i, b=GBx+y)+3y—x)i, trong d6 x, y 1a cic nghiém cua
HPT di cho. Rd rang a,b#0 (do x* +y*> #0).

o 3x+ 3y—
Céngvétn‘rtfmgvéhalPTcﬁahédﬁcho,tacé:x+y+%=2,x—y+ 2y xz
X +y X +y

=2.

Nhan i vao PT tha hai rdi cong tung vé lai, ta dugc:

AR A Crt )| P S YOI
x2+y2 x2+y2

xX+y+(x—y)i+ =2+2i (*).

Honnita: ab=[(x+y)+(x—)i][Bx+1)+ By —x)i]=4(x" +y°) +2(x* + y*)i.

Suyra: x*+)° = ﬂ. Thay vao (*), ta co:
4+2i

a+M:2+2ic>a+4+2l
ab a

S dxy+2(x° = y7)i+4+2i =4y +4xi
Xy y y

=242 a’ +4+2i=(2+2i)a

&[4y +4-4y]+[ 2( - yP)+2-4x]i=0
1
xy+1-y=0 YT
2 = ) +2—4x=0
Y - X - S+1-2x=0 (*¥)
(1-x)

Ta co:
(**) & x> — 2+1—2x=0c>x4—4x3+6x2—4x=0

-X
S x(x-2)(x*-2x+2)=0=x=0vx=2.

Twong tng v6i hai gia tri x nay, ¢6 y=1v y=—1. Thir hai gia tri nay déu thay thoa.
Vay HPT da cho c6 hai nghiém 1a: (x,y)=(0,1),(2,-1).

17



3. Sw sdng tao trong cdc bai PT, HPT ciia dé thi VMO

Ki thi VMO d t6 chirc hon 40 nam qua, trong d6 cac bai toan PT, HPT cang ngay cang
phong pht hon va mirc d6 sang tao, méi la cang dwogc thé hién rd hon. Nhiéu bai tuy xudt phat tir
nhitng ¥ tuéng quen thudc nhung lai nim trong mot hinh thirc bat ddi xtrng, tuy quen ma la lam
cho murc d6 kho tang 1én. Ta co thé thay didu d6 qua d& VMO 2005, VMO 2010 vé6i cau HPT:

x*—y* =240
X =2y =3(x"—4y")—4(x—-8y)

x’ +3xy* =—49

(VMO 2010) ) :
x —8xy+y =8y—-17x

va (VMO 2005) {

Chi tir nhitng hang dang thuc khai trién bac 3 va 4 va vai bude bién d6i da lam cho chung
tré thanh nhitng bai toan that kho. Viéc 1am mat di tinh d6i xtrng hay tinh dong bac ciing duoc
gap trong HPT trong d& VMO céc nam 1996, 2004, 2005 véi cac bai:

X +x(y—z) =2

@(n

1 j
=2
X+ Tx+y+42x+y=5
4 {\/ d \/ 4 Y +y(z—x)’ =16

1 s o ’
«/7){1— J=4\/§ J2x+ytx=y=2 2 +z(x-y) =30
xX+y
(VMO 1996) (VMO 2004) (VMO 2005)

Trén thyc té, chiing van c6 4n chira trong d6 nhitng biéu thirc d6i xing, dong bac nhung
viée di tim chiing phai théng qua nhitng phép bién d6i hoi thiéu ty nhién; chinh nhd viée cac hé
s6 trong d6 déu can duoc khai thac triét dé va bai toan chi giai duoc theo mot con duong nao dé
da lam cho chiing cang tha vi hon. Ciing c¢6 nhiéu bai ddc biét sing tao bai vi chung ta kho co thé
tim dwgc mot dé thi hai twong ty nhu vay:

VMO 2003: Cho hai da thitc: P(x)=4x’ —2x* —15x+9,0(x) =12x’ + 6x* = 7x+1.
1. Chimg minh ring mdi da thirc trén déu c6 3 nghiém phan biét.
2. Goia,p lan luot 14 hai nghiém lon nhat cua mdi da thie. Ching minh rﬁng: a’+3B°=4.

VMO 1979: Chung minh rﬁng v6i mdi sb thuc x 16m hon 1, tdn tai tam giac c6 ba canh
c6sddola: P(x)=x"+x*+2x" +x+1, P(x)=2x>+x* +2x+1, P(x)=x*-1.

Chirng minh rang goc 16n nhét trong mdi tam giac d6 khong doi.
Cang tim hiéu nhiéu vé cac PT, HPT xuét hién trong cac ki thi nay, ta lai cang thiy duoc
nhitng dic trung riéng biét cua chiing va hiéu rang, mudn giai t6t cac bai toan that thu vi do,

chiing ta can phai c6 mot ki ning bién doi that tot cing kinh nghiém vitng vang!
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4. Cic bai toin PT, HPT, BPT, hé BPT trong dé thi IMO

Bai 1. (Problem 2 IMO 1959)
Vi cac gia tri ndo cia x thi cac biéu thirc sau duoc thoa man?
Y S -y S SN o BN
b. \/x+m+\/x—m =1
C. \/x+m+\/x—\/2x—— =2

Bai 2. (Problem 3 IMO 1959)

Cho x 12 mdt goc va a, b, ¢, cosx 1a cc s6 thda man: acos’ x+bcosx+c=0.

Hay lap m¢t phuong trinh bac hai tuong tu véi a, b, ¢ va cos2x.
So sanh két qua nhan dugc v6i két qua khi thay cac s6 a, b, ¢ di cho bai cac gid tri cu thé 1a
a=4,b=2,c=-1.
Bai 3. (Problem 2 IMO 1960)
Véi gia tri thuc nao ctia x thi bat phuong trinh sau dy dugc thoa man?
4x*
—(1_ —1+2x)2 <2x+9
Bai 4. (Problem 1 IMO 1961)
Giai hé phurong trinh sau (trong d6 a, b 1 cac sb thuc cho trudc)
X+y+z=a
X*+y’ +z2°=b
xy=2"
Tim diéu kién cta a va b sao cho hé phuong trinh c6 nghiém 1a cac sé duong phan biét.
Bai 5. (Problem 3 IMO 1961)
Gidi phuong trinh sau:
cos” x —sin” x =1 v&in 1a s6 nguyén duong cho trudc.
Bai 6. (Problem 2 IMO 1962)
Tim tat ca cac sb thuc x thoéa man:

V3-x—+/x+1 >%

Bai 7. (Problem 4 IMO 1962)
Giai phuong trinh sau:
cos’ x+cos’ 2x+cos’ 3x =1
Bai 8. (Problem 1 IMO 1963)
Xac dinh tét ca cac nghi¢m thyc ctia phuong trinh:

\/x2 — p+23x* —1 =x véip 1a sb thuc cho trude.
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Bai 9. (Problem 1 IMO 1964)
Tim tat ca cac sb thuc X,,X,,X;,X,,X; thoa min hé phuong trinh:
Xs+X, =YX,
X, + X, = yx,
X, + X, =YX,

Xy + X5 =YX,

Xy T X = YXs

trong d6 y la tham sé thyec.
Bai 10. (Problem 2 IMO 1964)

Chirng minh rang;

T 2r 3z 1
COS——COS—+ COST =—.

Bai 11. (Problem 1 IMO 1965)

Tim tit ca cac s6 thuc x e [O;Zn] thoa man:

2cosx£‘\/1+sin2x—x/l—sin2x‘£\/§

Bai 12. (Problem 2 IMO 1965)
Cho hé phuong trinh sau:
a, X, +a,x, +a;;x; =0
Ay X, +apX, +ayx, =0
Ay X, + azx, +a;x;, =0
trong d6 cac hé sb thoa min:
(a) Cac hé s a,,,a,,,a;1a cac s thuc duong.
(b) Tét ca cac hé s con lai déu 1a cac sb thuc 4m.
(c) O mdi phuong trinh, tong cac hé sb 1a duong.
Chirng minh rang hé phuong trinh nay chi c6 nghiém X =x,=x,=0.
Bai 13. (Problem 4 IMO 1966)
Giai phuong trinh sau:
1 1

+

, , ot ———=cotx—cot™ x
sin2x sindx sin2"x

. A ‘A \ ~ ; mi y .
trong do6 n 1a so ty nhién va x khong c6 dang o voi meZ,keN.

Bai 14. (Problem 5 IMO 1966)
Giai h¢ phuong trinh sau vé1 q,,a,,a,,a, d6i mot khac nhau.



lay—a, | x,+|a,—ay [ x;+ | a, —a, | x, =1
la,—a, | x+|a,—a; | x;+ | a, —a, [ x, =1
lay—a, [ x+]a;—a, | x,+]a;—a, | x, =1
la,—a | x+|a,—a, | x,+|a, —a; | x; =1

Bai 15. (Problem 3 IMO 1968)

Cho a, b, c 1a cac so0 thyc. Chirng minh rang hé phuong trinh sau:
ax] +bx, +c = x,

2 —
ax, +bx, +c=x,

ax’ +bx, +c=x,
(a) Khong c6 nghiém thuc néu (b—1)> —4ac <0.
(b) C6 ding mot nghiém thyc néu (b—1)* —4ac =0.
(c) C6 nhiéu hon mot nghiém thue néu (b—1)> —4ac>0.
Bai 16. (Problem 4 IMO 1972)

Tim tAt ca céc nghiém duong x,,i=1,5 cta hé bét phuong trinh:
(x] = x,%5)(x5 —x,%5) <0
(7 —x,x,)(x; —x,x,) <0
(] = x5,)(x; —x3%,) <0

2 2
(g —x,x5)(x5 —x,x;,) <0

(’Cs2 — XXy )(x12 —-x%,x,)<0
Bai 17. (Problem 3 IMO 1973)
Xéc dinh gia tri nhd nhit cia a® +b> voia, b 1a cac sb thuc thoa min: phuong trinh
x*+ax +bx® +ax+1=0 co it nhdt mot nghi¢m thuc.
Bai 18. (Problem 5 IMO 1976)
Cho hé q phuong trinh sau:

a X +apx, +..+a,x, =0

Ay Xy +dpXy +.o+ @y, X, =0

a, X, +a,xx+..+a,x, =0

vGi cac hé s6 a, nhdn céc gia trila —1;0;1 véimoi i=1,p;j=Lq.

Chirng minh rang néu ¢ =2p, ton tai q nghiém nguyén X5 X, 5., X, khOong dong thoi bang 0 thoa

mén | x;[<q,j=1gq.
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* Tai lieu tham khdo:

(1) Dién dan http://mathscope.org.

(2) Dién dan http://mathlinks.ro.

(3) Trang http://en.wikipedia.org/wiki/Quintic_equation.

(4) Tap chi Todn hoc va Tudi tré.

(5) “Cac bai toan thi Olympic Toan THPT Viét Nam”, NXB Gido duc.

(6) “Sdng kién kinh nghiém” ciia thay Neuyén Van Qui, trieong THPT Chuyén Bén Tre.
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