Loi giai dé nghi VMO 2010*

Tran Nam Diing
Truong Dai hoc Khoa hoc tu nhién — thanh ph6 Ho6 Chi Minh

Bai 1. Gidi hé phuong trinh
zt —yt =240
{ 2% — 27 = 3(2% — 4®) — 4(x — 8y)
Loi giai.
Cdch 1. Nhan phuong trinh thit hai véi —8 rdi cong véi phuong trinh thit nht, ta duge
zt — 823 + 242 — 322 + 16 = y* — 16y> + 96y — 256y + 256,

hay
(-2 = (- 4"

Tir day, ta suy rangay ¢ = y — 2, hodcxz = 6 — y.
e Truong hop x = y — 2. Thay vao phuong trinh dau, ta dugc
—8y° + 24y% — 32y + 16 = 240,
y® — 3y + 4y + 28 = 0,
(y+2)(y* — 5y + 14) = 0.

Tir day ta tim dugcy = —2vaxz = 4.
e Truong hop x = 6 — y. Thay vao phuong trinh thit nhat ctia hé da cho, ta c6
—24y3 + 216y2 — 864y + 1296 = 240,
y® —9y? + 36y — 44 =0,
(y = 2)(y* — Ty +22) =0,
suyray =2vazx = 4.
Vay hé da cho c6 hai nghiém la (z, y) = (-4, —2) va (z, y) = (4, 2).
Cdch 2. Dat y = 2t thay vao phuong trinh va viét lai hé dudi dang

a4 16 = 16(¢* + 16) (1)
23— 322 +4x = 16(¢3 — 3t2 + 4t) (2)

*Chu y day chi la dap an tham khdo, khong phai la dap an chinh thuec.
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Nhan chéo hai phuong trinh nay, ta dugc
(z* 4 16) (£ — 3t> + 4t) = (t* 4+ 16)(2® — 3% + 4x). (3)

Dé thdy néu (r, t) la nghiém ctia hé thi 2t # 0 nén ta chia hai vé cia phuong trinh trén cho

2242 thi duoc
16 4 16 4
2 - o - — 2 _ -
(a: +:1:2> (t 3+t) (t +t2><t 3+t).

. 1 4
Tirdéynéudétu::c—kfvév:t+¥thitacé
xr

(u* = 8)(v —3) = (v¥ = 8)(u—3),

w?v — viu — 3(u? —v?) + 8(u —v) =0,

(u—v)[uv —3(u+v)+ 8] =0. (4)

Tix (1) ta suy ra rang x va t cing dau. Do d6 4p dung bat dang thic AM-GM ta dé dang suy
ra u, v hodc ciing > 4 hodc cting < —4. Suy ra (u — 3) va (v — 3) luén 1én hon hay bang 1 hodc
luén nhé hon hay bang —7. Suy ra uv — 3(u + 3) + 8 = (u — 3)(v — 3) — 1 > 0. Dau bang chi c6
thé xay ra khiu = v = 4.

Tix ly luan trén va tir (2) ta suy ra u = v, tt dé suy ra x = t hodc z =

4
.
e Truong hop x = t. Thay vao phuong trinh (1) ta dugc t* + 16 = 16(¢* + 16), vo nghiém.

4
o Truong hop x = 7 Thay vao phuong trinh (1), ta dugc

256
— +16= 16(t* + 16),
16(16 + t4)
—— = 16(t* + 16),
=1,

suy ra t = £1. Tir d6 ta dugc cac nghiém (z, y) = (4, 2) va (z, y) = (—4, —2).

Nhdn xét. Loi giai 1 kha ngan gon nhung d6 la mét y tudng khong dé nghi ra. Néu nhu dat
T = 2u, y = 2v va dua vé hé phuong trinh

ut — vt =15
2(u® — 20%) = 3(u? — 40?) — 2(u — 8v)
thi c6 1é sé dé nhin thay cac hé s6 nhi thitc hon.

Du sao thi day la mot y tudng khong madi. N6 da duge st dung & VMO 2004, bang B. Tham chi
xét vé mot mat nao dé thi bai VMO 2004 con khé hon bai ndm nay.

Cu thé bai VMO 2004 nhu sau: Gidi hé phuong trinh sau

23 + 3zy? = —49
22— 8wy +yP =8y — 17z
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v as . , N o N v U—v .,
CéchgialdapancuabalnaynhU(sau:Datx—i—y:u,x—y:vthlx:u;_ = va hé

c6 thé dua vé dang

u® + 0% = —98
{ —3u? +50% = —9u — 250
Sau d6 nhan phuong trinh thit hai véi 3 r6i cong véi phuong trinh thit nhét thi dugc
(u—37>4 (v+5)?>=0.
R0 rang cach gidi nay tuong ing véi cach giai thir nhat cia VMO 2010.

Tuy nhién, bai VMO 2004 con c¢6 mét cach giai don gian hon 1a nhan phuong trinh thit hai (ctia
hé ban dau) véi 3 r6i cong v6i phuong trinh thit nhat va dua vé dang

(z+ D[z —1)>+3(y—4)?} =0.
Bai 2. Cho day s6 (a,,) xdc dinh bdi

ay =5, a,= ’{/a2:1+2"_1+2~3”_1 vdimoin =2, 3, 4, ...
(a) Tim cong thitc tong qudt tinh ay,.
(b) Chitng minh day (ay,) gidm.
Loi gidi.
(a) Tix cong thuc truy hdi ta suy ra
ap = az:% 4oty o.3n L
Thaynbf?mgn— 1,n—2,...,2, tadugc
ap l=ap3+2" 423"
a3 =aj +2'+2.3%
Cong cac dang thic trén vé theo vé rdi gidn udc cac s6 hang bang nhau & hai vé, ta dugc
n
ap=ai+>» (214238 =542" 243" —3=2" 43"
k=2
T d6 suy ra a,, = /2" + 37.
(b) D€ chitng minh (a,,) 1a day gidm, ta viét
atl = J/2n £ 3n(2" 4 3) > 3(2" + 37) > 2ntl gt (Do /27 + 37 > 3)

Tir day suy ra

1
ap > "2l 4 3ntl =g, .

Nhdn xét. Gidbng nhu bai 2 ndm ngoai, bai nay 1a bai cho diém. Ldi gidi phan (b) trinh bay trén
day c6 thé coi la gon gang nhat. C6 thé ching minh bat dang thuc a,, > a,11 bang nhiéu cach
khac nita nhung déu rudom ra hon.
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Bai 3. Cho duong tron (O). Hai diém B, C c6 dinh trén duong tron, BC khéng phdi duong kinh. Lay
A la mét diém trén duong tron khong tring véi B, C. AD, AE la cdc duong phin gidc trong va ngoai
ctia géc BAC. I la trung diém ciia DE.Qua truc tdm tam gidc ABC ké duong thing vuéng gdc vdi
AI cat AD, AF tai M, N.

(a) Chitng minh ring M N ludn di qua mot diém cd dinh.
(b) Tim i tri diém A sao cho dién tich tam gidgc AM N lon nhit.
Loi gidi.
Goi 2ar 1a d6 16n cung nhé BC. Khi d6 goc BAC bang a hodc 180° — a.
(a) Goi X 1a diém déi xing ctia O qua BC suy ra X cb dinh. Ta c6
OX =2d(0O, BC)=2Rcosa = AH,
va OX || AH (vicung vuong goc voi BC) nén AOX H 1a hinh binh hanh. Suy ra AO || HX (1).

Lai c6 (CBDE) = —1 nén theo hé thitc Newton ta c6 ID? = IB - IC. Ma IA = ID (tam giac
ADE vudng tai A)nén IA? = IB - IC. Diéu nay ching to I A tiép xtc véi (O), tir day suy ra
TA 1L OAQ).

T (1) va(2)suyra XH L A, ma MN diqua Hva 1l AInén M, N, X thfang hang. Vay M N
di qua X c¢6 dinh.

180° — ZA
(b) Taco LZOAC = M =90° - ZLABC = ZHAB va AD la phan giac ZBAC. Suy ra
AD cting la phan giac goc OAH. Ma AE | AD suy ra AF la phan giac ngoai goc OAH, do dé
(AO, AH, AD, AE) = —1.Laic6 AO || M N, do vay H la trung diém ctia M N. Tir day ta c6

SAMN ZQSAHN =HA-HN -sinZAHN.

Ma tam gidc AM N vudng tai Anén HN = HA = 2R cos o khong doi. Tir d6 suy ra Sayy dat
gia tri 16n nhat bang 4R? cos? a khi ZAHN = 90°. Diéu nay xay ra khi va chi khi ZAOX = 90°.
Tir day ta tim dugc hai vi tri d€ S v dat gia tri 16n nhat 1a hai dau miit cia duong kinh vudng
goc vai OX (tuc la song song véi BC).

Nhén xét. Loi giai trén day duing dén hang diém diéu hoa va chim diéu hoa. Chiing ta c6 thé
khong dung dén cac kién thitc nay ma chi sit dung céc tinh toan vé goc.

Bai 4. Chitng minh ring vdi moi n nguyén duong, phuong trinh x? + 15y = 4™ c6 it nhdt n nghiém
tu nhién.

Loi gidi.
Ta chiing minh bang quy nap theo n. Véi n = 1 ta c6 nghiém (2, 0), v6i n = 2 ta c6 nghiém
(4, 0) va (1, 1). Dé thay rang néu (21, y1), (2, ¥2), -, (Tn, yn) la n nghiém phan biét cta

phuong trinh
a? + 15y° = 4"

thi (221, 2y1), (222, 2y2), ..., (22, 2y,) la n nghiém phan biét ca phuong trinh

xQ + 15y2 — 47’1,-"-1’
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va cac nghiém nay déu c6 z, y cung chin. Do d6 dé thuc hién phép chiing minh quy nap, ta
chi can chiing minh bé dé sau

B6 dé. Vidi moi n > 2, phuong trinh
2 15y = 4"

co nghiém (x, y) ma x, y cung Ié.
Chitng minh. V&i n = 2 ménh dé dung (z = y = 1). Gia st (z, y) la nghiém ctia phuong trinh
x? + 15y° = 4",
z+1dy |z—y

2’2>’<

ching déu la nghiém ty nhién ctia phuong trinh

x — 1by
2

r+y
T2

véi x, y 18. Xét cap cac sd <

) . Dé dang kiém tra duoc

CUQ + 15y2 — 47’L+1.
Bay gi0, do z, y cing 1& nén chi c6 thé xay ra hai truong hop.

e T Ul Yy cung déng du voi nhau theo modulo 4 (déng du 1 hodc 3). Khi d6 cdp nghiém thu hai
la cap nghiém lé.

e Trong hai s6 x va y cé mot so chia 4 du 1 va mét s6 chia 4 du 3. Khi d6 cap nghiém thir nhat 1a
cap nghiém lé.

BG dé dugc chitng minh va bai toan dugc gidi quyét hoan toan.
Nhdn xét. RO rang y tudng nhan do6i nghiém ctia phuong trinh véi tham sb n dé€ duge nghiém
ctia phuong trinh véi tham sb n + 1 1a kha hién nhién. Diém méu chét ctia 16i gidi 1a tim thém
moét nghiém khac.
Y tudng xét bo nghiém nhu trong 16 giai dén tir hang dang thiic Fibonacci quen thudc

(z® + Dy?)(2* + Dt?) = (xz + Dyt)? + D(xt — yz)? = (xz — Dyt)? + D(xt +yz)>.

Bai toan nay c6 16 c6 xuat x1t tir bai Moscow MO nam 1985. Cu thé nhu sau: Chitng minh ring
moi s6 2n vdi n > 3 déu biéu dién duoc dudi dang 2" = Tx? + y? véi x, y la cdc s6 nguyén Ié.

Y tudng giai trong dap 4n MMO giéng nhu bé dé & trén (hay nguoc lai thi diing hon!): Xét cac

Cépnghiém<$+y, 7$2—yD’<:p—y 7m2—1—yD

2
Chinh bai toan nay sau nay con dugc st dung tai vong 3 cua Bulgarian MO nam 1996.

)

Bai 5. Cho bdng 3 x 3 va n la mét s6 nguyén duong cho trudc. Tim s6 cdc cdch t6 mau khong nhu nhau
khi t6 mdi 6 boi mot trong n maw. (Hai cdch t6 mau goi Ia nhu nhau néu mot cdch nhin duoc tir cich
kia boi mot phép quay quanh tdm.)

Loi gidi.
Ta danh sb cac 6 vuong nhu hinh vé bén dudi. Ta nhan thay chi c6 ba phép quay bién hinh

vudng thanh hinh vudng la cac phép quay cac goc 90°, 180° va 270° theo chiéu kim dong ho
(phép quay 360° gitt nguyén hinh vuéng).
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B | A | By
Ay | C | Ag
By A3 Bs

Qua cdc phép quay néi trén thi C ludn khong ddi. Voi phép quay 90° thi 4; — A; — Az —
Ay — Ay va By — By — Bs — By — By. Tuong tu vdi phép quay 270° thi Ay — Ay — A3 —
Ay — Ay va By — By — B3 — By — By. Do d6 cac phép quay nay sé tao ra mot phép to giong
nhu ct khi va chi khi cac 6 A dugc t6 cung mau va cac 6 B dugc t6 cuing mau.

Véi phép quay 180° thi Ay < A3, Ay <> Ay, By < B3, By <> By do d6 phép quay nay tao ra
mot phép 6 gidng nhur cii khi va chi khi cac cdp 6 (A1, A3), (A2, Ay), (Bi1, Bs), (B2, Bs) dugce
td cung mau.

Bay gio ta bat dau dém sb cach t6. C6 n cach t6 mau 6 C. Trong s6 cac cach t6 mau 8 6 xung
quanh, ta chia lam ba loai.

e Logi 1. GOm céc cach t6 ma cac 6 A dugc t6 cing mau va cac 6 B dugc to cing mau. Cé n
cach chon mau dé t6 cac 6 A va n cach chon mau dé to cac 6 B. Suy ra ¢ n? cach t6 loai
1. V6i loai nay thi cac phép quay noi trén khong tao ra cach t6 méi nén s cac cach to loai
1 khong thu duge tir nhau qua cac phép quay la n?.

e Loai 2. GOm céc cach to ma cac cap 0 (A1, Asz), (A2, A4), (B1, B3), (B, By) dugc to cung
mau nhung cac cach t6 nay khong thudc loai 1. Dé thay C6 n* — n? cach t6 nhu vay (chua
ké dén sy trung nhau qua phép quay). Véi loai nay thi phép quay cac géc 90° va 270° sé
tao ra cdc cach t6 moi (sé phai loai di bot) nhung hai cach t6 nay trung nhau. Nhu vay c6
7'L4 — n2

s6 cach t6 loai 2 khong thu dugc tir nhau qua phép quay.

e Logi 3. GOm céc cach t6 ma it nhat hai 6 trong 4 cip ndi trén dugc t6 khac mau. Dé thay
c6 n® — n* cach t6 nhu vay. Tuy nhién, m6i mot cach to sé tuong tng thém vdi ba cach
t6 khac thu dugce qua phép quay 90°, 180° va 270°. Nhu vay s6 cach to loai 3 khong thu

n-—n

4

duoc t nhau qua phép quay la

Nhu vay, so cach t6 can tim la

N:n<n2+n4—n2+n8—n4> :n9+n5—|—2n3‘

2 4 4

Nhdn xét. Bai nay co thoi gian va binh tinh thi khong kho. Tuy nhién trong ap luc phong thi
thi phai rat ban linh méi dam lam. Va day cting thudc dang bai dé sai dap sb.

Vé dang bai tuong tu thi c6 mot s bai sau (tuy nhién dé hon bai VMO ctia minh kha nhiéu):

1. Hai 6 ctia hinh vuéng 7 x 7 dugc t6 bang mau vang. Cic 6 con lai dugc t6 bang mau dé. Hai cich
té duoc coi la tuong duong nhau néu chiing cé thé thu dugc tir nhau bang mot phép quay trén
miit phiang ctia hinh vudng. Dém sb cdc cdch t6 mau khong tuong duong.

(AIME 1996)

2. Duong tron dugc chia thanh p cung bing nhau, trong dé p la so nguyén t6. Héi cd bao nhiéu cdch

to cdc cung bang a mau. Hai cdch to duoc coi la gidng nhau néu cé thé thu duoc tir nhau bing
mot phép quay.

(Kvant, trong bai bdo viét vé dinh j nhé Fermat cila Senderov va Spivak)
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C3—24 24 ) )
—49 =7 1 72 — 300 (ban c6 thay c6 nét giéng?).

Dap 56 bai AIME la — .

aP —a

Dap s6 bai Kvant la + a. Cha y tir két qua nay ta suy ra dinh ly nho Fermat.



