PE HQC SINH GIOI TOAN 9 NGHE AN 2023-2024
Thoi gian lam bai : 150 phut
Caul (3,5 diém).

a) Cho m,n la céc sb nguyén. Chuing minh rgmg mn(m® = 1) shia hét cho 6
b) Tim tit ca cac sb6 nguyén t6 p,q,r thoéa man 7 * 14g° +2r° =6 pgr
Cau 2 (6,5 diém).
a) Giai phuong trinh (133 * D2x -1 =(7x- 1) Brtl- 4
|f 42y 4+xy =Tx +9
b) Giai hé phurong trinh |0~ +1) =3
v 4zt =xp+ 3y 4oy

Cau3 (1,5 diém). Cho cac s6 thyc duong x,y,z thoa man X -

p—_ % i I
(2y+z)  xp(y+22)

Tim gi4 tri 16n nhat cta biéu thirc
Cau 4 (7,0 diém). Cho nia dudng tron (0), duong kinh BC = 2R va mot diém A
thay d6i trén nira dudng tron d6 ( A khong trung véi B va C ). V& AH vudng goc
voi BC tai H . Goi L, J 1an luot 1 tAm duodng tron ndi tiép cac tam giac AHB va
AHC. Buong théng 1J cit AB, 4C theo th{r ty tai M va N.

a) Chirng minh tam gidc AMN vuodng can.

5 FA: + PE: + Pc': :]
b) Goi P 1a giao diém ctia BI va CJ . Chung minh ¢4.48 AB.BC BC.CA
¢) Tim gi4 tri 16n nhit cta chu vi tam giac HIJ theo R.

Ciu 5 (1,5 diém). Trén mot khu dat hinh chit nhat kich thuéc 100 mx120 m .
Nguoi ta mudn xdy mot san bong nhan tao c6 nén dit 1a hinh chir nhat kich thudce
25 mx35 m va 9 bon hoa hinh tron dudng kinh 5 m. Ching minh rang du xay trudc
9 bon hoa & cac vi tri nhu thé nao thi trén phan dat con lai ludn tim duoc mot nén
dat kich thude 25 m x 35 m dé xdy san bong.




PAP AN
Caul (3,5 diém).

a) Cho m,n la cac s6 nguyén. Ching minh rang """ - ") chia hét cho 6

Néu m,n cung tinh chin 1¢; = ™ -7 2= malm™ = n"):2_

Néu m,n khac tinh chn 1g; = mn:2= mn(m™ - n"):2

Suy a mn(m’ - n” ) 2YmneZ

Néu m,n c6 it nhat 1 s6 chia hét cho 3 =
= m" =1 (mod 3),n" =1 (mod 3)

mn3= mn(m - n’)3

Néu m,n déu khong chia hét cho 3
=m -n" 3= ma(m’ -n)3

Suy ra mn(m* - n*)3Vmne L

Ma (2,3) =1= man(m” - n”):0¥m,n Ez(dp(;rn)

\ Ay o n o A A LA ) ~ : T :
b) Tim tat ca cac s0 nguyén t0 p,q,r thda man 7 * 14g™ +2r" =0pgr

, -2 : R 2 =2 A LK
Ta co; OPer 2= p +14g" +2r:2= p:2= P =1 ({0 p nguyén t6).

Thay vao (*) ta co: 14" +2r +4=12gr = Tg° +r +2 =0gr (%)

« Néu r khong chia hét cho 3=> 7~ =! (mod 3)= r*+2:3
Lai co: 0ar3=T7q"3=¢°3 (do (3,7)=1)= 43= @ =3 (do q nguyén t6).

. r =5
ro+ 05 =18r =

Thay q = 3 vao (**) ta co: 7 =13 (thoa min)
« Néu r chia hét cho 3 => =3,
g =l
Tq' +11=18¢g= | 1]
thay vao (*) ta co: 73 (khong théa man do q nguyén td)
Vay (Piair)€ 1(2:3:5):(2;3:13)}

Chu 2 (6,5 diém).
a) Giai phuong trinh (133 D¥2x -1 =(7x- )f8x +1- 4




1
>_

X
PKXD: 2
Dit f2x-1 :ﬂ;1|||§.1'+ =bla,b =0)

1341 =230 4 :3”':’5"

Ta co: 2 2
(a* +3b")a =(3a° +b)b- 8

Thay vao PT, ta dugc:

= (a- by =-8= a-b=-2

Hay V8x+1- V2x-1=2

I
>_

& Sr+l =2r- 1+4+ 420 1= 3c- 1=2420- I(do © 2 pén 3x- 1>0)

= 9x7 - 6x+1=4(2x- 1) = 937 - 14x +5 =0

x =1

X == X =>—

9 (thoa man diéu kién  2)

5
S :{1;—}
Vay phuong trinh c6 tap nghiém: 9

x+2xy+x7yt =Tx +9

b) Giai hé phUO‘ng trinh | y=- x+1)=3

Xét x=0 thi phuong trinh (2) tr¢ thanh 0.(y+1)=3 (khong théa man).

Xét x #0
3 ¥ - x+3
yex+l=—e= y=— — —
Phuong trinh (2) tré thanh: x x
Thé vao phuong trinh (1) ta co:
4 _'-...T:'.T"“?!.‘ :..T:'.T“‘?!.
x4+ 2x + ¥

‘:?I+9
x _

X
= x 42 (x7 - x+3)+(x7" - x+3) =Tx+9

= 3 +2x - 2y 0T +x 4T +9- 2 40 - O =Tx +9
= 4x' - 4x +13x7 - 132 =0

& 4x'(x= 1)+ 13x(x-1) =0

= x(x- 1)(4x" +13) =0

THI1: x =0 (loai).

TH2: x=1 (thdéa man) => y=3.




TH3: 4x” +13 =0 (loai vi 4x" +13=>0Vxe R).
Vay hé phuong trinh ¢6 nghiém (x;y)=(1;3).

Céu 3 (1,5 diém). Cho cac sb thuc duong x,y,z théa man
D e ) ot e

Tim gi4 tri 16n nhit cta biéu thae ~ (2r+2)° oy +2z

Tach: ¥ - ¥ +z =w+ Jyz+zx

= (x+ :}: =(x+ y)y+3z)

Ap dung bat dang thirc AM-GM ta c6:

(x+z) =(x+ 1)y +3z) E- 'T+‘1I+‘1.+3:.‘: :{"'4'2;1""3—_]':

2 4
= x+2y+3zz2x+z)= 2y+z=x
X ]
= _ =
(2y+z) 2y+:z

1 Jv+yp+2:z 1 -1 ;
aply+2z) =—x(3pNy +2z) =—x —‘ =—x(2y+z) =2y +z¥
i) ) (30 }3. > . 3(, ) 3(, )




1 3
y+z=tt=>0)= P=—- <
Dit t ot
27
] . M —gg =
21,3 _2°-9f+7 _H=

Tacd: 9 t 9t 9t
Ap dung bat dang thirc AM-GM, ta co:

27 27 ’ 27 1 3 2
+—=t+t+—=3}|tt.—=9= —- — =—
- ¢ - t ot 9

1 3
> PE—+—-=
t

—

O b

t
Déu béng xdyra = (x:p:z) =(3L1)

Céu 4 (7,0 diém). Cho nira dudng tron (0), dudng kinh BC = 2R va mot diém A
thay d6i trén nira dudng tron d6 ( A khéng trung véi B va C ). V& AH vudng
goc v6i BC tai H . Goi L, J 1an luot 1 tim dudng tron ndi tiép cac tam giac AHB
va AHC. Puong thang IJ cat AB, 4C theo thir tu tai M va N.

a) Ching minh tam giac AMN vuong can.

PA’ . PR’ . pPC* _
b) Goi P 14 giao diém cua BI va CJ . Ching minh C4.48  AB.BC BC.CA

¢) Tim gi4 trj 16n nhit cua chu vi tam giac HIJ theo R.

¥




a) Goi Q,T lan luot 13 giao diém cua Al AJ voi BC.BI cit CJ tai P. Ta co P
1a tam duong tron nodi tiép tam giac ABC.

Ta co: Uoc =Upc +Bap =Huo + Bac =Bac

—» Tam gidc ACQ can tai C .Ma CP 14 phan gigc Q= CP L4Q
Hay /P LAl
Tuong tu ta c6 P LAJ — Tryc tm tam giac AlJ 1a AP LI Hay 4P L MN

Xeét tam giac AMN co AP vura 1a tia phan giac vira 1a duong cao

—>AMMN can tai A. Ma MAN =90° ngn tam giac AMN vudng can.

b) Goi S,p lan luot 1a dién tich va nira chu vi tam giac ABC D,E,F 1an luot 1a
tiép diém cta dudng tron ndi tiép tam gidc ABC véi cac canh BC,AC, AB, r
1a ban kinh duong tron do. Ta co:

2AE =AE+ AF =AC- CE+ AB- BF =AB+ AC- (CE+BF)=AB+ AC- (BD +CD)
=AB+ AC- BC =2p- 2BC

Hay 4E =p- BC ()

+ 5_:.;“. + EH-"L' :;'_? -+ I;-_A‘}_C + f._i_B =pr
22 T
Theo cong thirc Hé-rong ta cd S =JP(p - BC)(p- AC)(p- 4B) (3)
Ap dung dinh 1y Py-ta-go vao tam gidc APE vudng tai E va (1),(2),(3) ta co:

5

ABC

=5

APB

. s . | S| .
AP =r" + AE" :‘— +(p- BC)
oy

_(p- BC)(p- AC)p- AB)
fil
(p- BC)[ p(p- BC)+(p- AC)(p- 4B)]

(p- BCY

P
_(p- BC)AB.AC
- P
N PA* _p- BC
CA.AB r
Tuong tu ta co:
PA* . PB’ . PC’ _p-BC p- AC p- BA _3p- (4B +BC+C4) 1
CA.AB AB.BC BC.CA P ) P P

¢) Ta cOAAIH =AAIM



=> Tam giac MHI céan tai [ .= IM = IH.
Tuong tu ta c6 JH=IN

B, =IH+HJ+[J =MI+ I +JN =MN ZJE_ AM
Lai co: AATH =AAIM = AM =AH =R

Do d6: F =J24M =2R

Dau bang xay ra khi AH =R

Hay A 1a diém chinh giira cung BC .

Cau 5 (1,5 diém). Trén mot khu dat hinh chir nhat kich thuge 100 mx120 m .
Nguoi ta mubn xdy mot san bong nhan tao c6 nén dat 1a hinh chir nhat kich
thude 25 mx35 m va 9 bon hoa hinh tron duong kinh 5 m. Chirmg minh rang du
x4y trudc 9 bdn hoa & cac vi tri nhur thé nao thi trén phan dat con lai ludn tim
dugc mot nén dat kich thude 25 m x 35 m dé xay san bong.

D C

Xét san bong 1a hinh chir nhat ABCD ¢c6 AB=CD=120 m va

AD = BC =100 m . Chia hinh chir nht ndy thanh 10 hinh chir nhét con c6
kich thudc 30 m x 40 m nhu hinh vé.

Xét 9 diém 13 tAm ctia 9 bon hoa. Theo dinh 1y Dirichlet, ton tai it nhdt mot
trong 10 hinh khong chira diém nao trong 9 diém dé. Gia sir d6 1a hinh chir
nhat MNPQ véi MN = PQ =40 m va MQ = NP = 30m . Xét hinh chir nhat
MN'P'Q' cuing tdm véi MNPQ va ¢6 cac canh nho hon MNPQ 2,5m thi ta dé



thay hinh chit nhat MN'P'Q' khong cham hay chira bat ki bon hoa ndo. Ta
suy ra diéu phai chtirng minh.



