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Loi noi dau

Céc ki thi HSG tinh va thanh phd nhdm chon ra d6i tuyén tham dy ky thi hoc sinh giéi Qudc gia trong
nam hoc 2010 — 2011 d4 dién ra s6i ndi vao nhitng ngay cudi nim trudc va da dé lai nhiéu an tuong sau
sdc. Bén canh nhitng bat dang thirc, nhitng hé phuong trinh hay nhiing bai toan s hoc, t6 hop, ta khong
thé quén dugc dang toan vo ciing quen thudc, vo cung thii vi va ciing xuat hién thuong tryc hon ca, d6
chinh 14 nhirng bai toan hinh hoc phiang. Nhin xuyén sudt qua cic bai toan 4y, ta s& phat hién ra sy xuat
hién ciia nhirng duong tron, nhirng tam giac, tir giac; cung véi nhitng su két hop dic biét, ching di tao
ra nhiéu van dé that dep va that hép dan. C6 nhiéu bai phat biéu that don gian nhung an chua déng sau
d6 1a nhirng quan hé kho va chi ¢6 thé giai dugc nho nhitng dinh 1y, nhitng kién thirc & mirc d6 néng
cao nhu: dinh 1y Euler, duong tron mixtilinear, dinh 1y Desargues, diém Miquel,... Rdi ciing c6 nhiing
bai phat biéu that dai, hinh v& thi phtrc tap nhung lai dugc giai quyét bang mot sy két hop ngén gon va
khéo 1é0 cta nhitng diéu quen thudc dé tao nén 10 giai an tugng.

Nham tao cho cac ban yéu Toan c6 mot tai li¢u tham khao dﬁy du va hoan chinh vé nhiing ndi dung
niy, chung toi d danh thoi gian dé tap hop cac bai toan, trinh bay 10i giai that chi tiét va sip xép chang
mot cach twong ddi theo mirc d6 d& dén khé vé luong kién thirc can ding ciing nhu hudng tiép can. Véi
hon 50 bai toan da dang vé hinh thirc va phong pht vé noi dung, mong rang “Tuyén chon cac bai toan
hinh hoc phang trong d& thi hoc sinh gioi cac tinh, thanh phd nam hoc 2010 — 20117 s& gitip cho cac
ban c6 dip thudng thirc, cdm nhén, ngém nhin nhiéu hon nét dep cuc ki quyén rli cua b mon nay!

Xin chan thanh cam on céc tac gia dé& bai, cic thanh vién cia dién dan http://forum.mathscope.org da

giri cac dé toan va trinh bay 101 giai 1én dién dan.

Tai liéu v6i dung luong 16n ¢ thé con nhiéu thiéu sét, rdt mong ban doc gop thém y kién dé tiép tuc
hoan thién cudn tai lidu nay. Cac ¥ kién dong gop xin guri vao hai hom thu lephuclu@gmail.com hodc

phan.duc.minh.93@gmail.com.

Cam on cac ban.

Phan Btrc Minh — Lé Phuc Lix



Cic ki hiéu va tir viét tit sir dung trong tai liéu

S isc>S asen Dién tich tam gidc ABC, tit gidc ABCD

a,b,c Do dai cac canh BC,CA, AB ciatam giac ABC

)4 Nitra chu vi tam gidc

R, Bén kinh dudng tron ngoai tiép, ndi tiép tam giac
[BC] Duong tron duong kinh BC

P Phuong tich cta diém 4 déi véi duong tron (O)
h,h,h Do dai cac duong cao tuong tng vodi cac canh a,b,c
d(4,1) Khoang cach tir diém A dén duong thang /

dpcm Diéu phai chirng minh



Phin mot: Pé bai

Bai 1.
Cho hinh vudéng ABCD . Trén doan BD lay M khong tring v6i B,D. Goi E,F lan luot 1a hinh chiéu
vudng goc ciia M 1én cac canh 4B, AD . Chimg minh rang;
l.CM LEF
2. CM,BF,DE dong quy.
(Dé thi HSG Quang Binh)

Bai 2.
Cho tam gidc ABC c¢6 BC > AC. Goi R, R, lan luogt la ban kinh dudng tron ngoai tiép cac tam gidc
GBC,GAC , trong d6 G la trong tdm tam gidc ABC . Hay so sanh R, R,.

(D¢ thi chon d6i tuyén THPT chuyén Bén Tre, Bén Tre)

Bai 3.
Cho M la diém nam trong tam gidc ABC . Cac duong théng AM ,BM,CM cit cac canh BC,CA, AB
tai 4',B',C' theo thu ty. Bat §,S,,S5;,S5,,S55,5 lan luot 1a dién tich cac tam giac MA'B,MA'C,

MB'C,MB'A,MC"'A,MC"'B . Ching minh rang néu ivtivt%=3 thi M la trong tdm tam gidc
2 4 6
ABC
(bé thi HSG bong Thap, vong 2)
Bai 4.

Cho ttr giac ABCD ndi tiép (0). Goi P,Q, M lan lugt 14 giao diém ciia ABva CD, AD va BC, AC
va BD. Ching minh rang ban kinh duong tron ngoai tiép cac tam giac OMP,OMQ,OPQ bang nhau.
(D¢ thi chon doi tuyén toan 16p 11 THPT Cao Lanh, Dong Thap)

Bai S.
Cho tam gisc ABC, diém M thay d6i bén trong tam giac. DEF 1a tam giac pedal cia M ddi voi tam
gidc ABC . Tim vitricia M d¢€ dién tich tam gidc DEF 16n nhat.

(bé thi chon dodi tuyén Bong Nai)

Bai 6.
Cho tam gidc ABC ndi tiép duong tron (O;R) .BH=RJ2 la duong cao ké tur dinh B cua tam giac
ABC . Goi D,E 14 hinh chiéu vudéng goc ciia H 1én cac canh AB, BC . Chirng minh rang:
1. BO 1L DE i
2. D,O, E thang hang.
(D¢ thi HSG Hai Phong, bang A)



Bai 7.
Cho t& giac ABCD noi tiép, 4,,B,,C,,D, lan lugt la tim ndi tiép cac tam giac BCD,CDA, DAB, ABC .
Chiing minh rang 4,B,C,D, 14 hinh chit nht.

(Dé thi HSG THPT chuyén Nguyén Du, Dik Lik)

Bai 8.
Qié st M 13 mot diém nam trong tam gidc ABC théa min MAB =MBC = MCA=a. Chirng minh
rang cota =cot A+cotB+cotC.

(bé thi HSG Quéang Ninh — bang A)

Bai 9.
ey A , , . N 3a2\/§
Cho tir gidc 101 ABCD ¢6 AB = BC =CD =a.Chiing minh rang S, < Y
(Dé thi HSG Binh Dinh)

Bai 10.
Cho tam giac 4BC va M, N 1a hai diém di dong trén BC sao cho MN =BC. Pudng thing d, diqua
M va vudng goc voi AC, duong thing d, diqua N va vudng goc véi 4B. Goi K 1a giao diém cua
d, va d,.Ching minh rang trung diém / ctua AK ludn nam trén mot dudng thang cd dinh.

(D¢ thi chon do6i tuyén Nghé An, vong 2)
Bai 11. ,, ‘7 ,, ‘7
Cho tam giac ABC. Goi M 1a diém chuyén dong trén canh 4B, N la di€m chuyén dong trén canh

AC.
1. Gia st BM = CN . Ching minh ring dudng trung truc cia MN ludn di qua mot diém cb dinh.

2. Gia su L+L khong d6i. Chimg minh ring MN ludn di qua mot diém cd dinh.
AM AN
(Dé thi HSG Long An, vong 2)
Bai 12.
Cho dudng tron tim O, dudng kinh BC va XY 1a mot ddy cung vudng goc voi BC. Ldy P,M nim
trén duong thang XY va CY tuong tmg, sao cho CY || PB va CX || MP . Goi K la giao diém cia CX

va BP. Ching minh rang MK | BP.
(B¢ chon doi tuyén THPT chuyén Lé Quy Pon, Binh Dinh)

Bai 13.

Cho tam gidc ABC vé6i dudng tron ndi tiép (7). Diém M tiy y trén (1). Goi d, la duong thing di

qua trung diém MA va vudng goc voi BC. Cac duong thing d,,d. dugc xac dinh twong tu. Chimng

minh ring d,,d,,d, dong quy tai mot diém N . Tim tap hop diém N khi M chuyén dong trén (7).
(Pé¢ thi chon ddi tuyén Quang Binh)



Bai 14.
Cho tam gidc ABC, D 1a trung diém canh BC va E,Z 1a hinh chiéu cia D trén 4B, AC. Goi T 1a
giao diém cua cac tiép tuyén tai £,Z v6i duong tron duong kinh 4D . Chirng minh rang 7B =TC .

(Dé thi chon d61 tuyén Nam Dinh)

Bai 15.

Cho tam gidc ABC ndi tiép trong dudng tron (O) cd 4 ¢b dinh va B,C thay dbi trén (O) sao
cho BC luén song song véi mot duong thing cd dinh cho trude. Cée tiép tuyén cua (O) tai B va C
cat nhau tai K. Goi M la trung diém BC, N 1a giao diém cua AM véi (O). Ching minh ring

duong thing KN ludn di qua mot diém ¢ dinh. q
(Pé thi chon d6i tuyén PTNK, PHKHTN TPHCM)

Bai 16.
Cho tam gidc ABC vudng tai 4 véi A, B c¢b dinh, diém C di chuyén vé mot phia d6i voi duong thing
AB . Goi tiép diém cua duong tron ndi tiép tam gidc ABC véi AC,BC lan luot 1a M, N . Chirng minh
rang MN di qua mot diém cé dinh khi diém C di dong.

(bé thi HSG THPT chuyén Hung Vuong, Gia Lai)

Bai 17.
Cho hinh binh hanh ABCD c6 géc 4 nhon. Pudng phan gidc trong cua goéc BAD cit canh BC tai F
vi DC tai K. Tirdinh D ké DP L AK (Pe 4K).Pdt DP=m,ADC =180°-2¢a . Tinh S, theo

\ V4 N S 1
m va «, biét rang &< = —

AFCD 15

(Dé thi HSG Vinh Long, vong 2)

Bai 18.
Cho tam gidc ABC can tai 4. Puong phan giac trong ciia goc Bcit canh AC tai D. Biét rang
BC = BD + AD . Hiy tinh goc BAC . q

(bé thi chon ddi tuyén Bac Ninh)

Bai 19.
Cho tam gidc ABC c6 géc A4 tu. Dyng cac duong cao AD,BE,CF (D,E,F € BC,CA, AB tuong ing).
E',F' 1a hinh chiéu ca E,F 1én BC. Gi sit 2E'F'=2A4D+ BC . Hay tinh géc BAC .

(Dé thi HSG Quang Nam)

Bai 20.

Goi G,I 1a trong tim, tdm noi tiép tam giac ABC. Puong thing qua G va song song véi BC cit
AB, AC theo thir tu tai B,,C,. Cac diém C,, A, A4,,B, dugc xac dinh twong tu. Cac diém 1,,1,,1,
theo thir tw 1a tdm noi tiép cac tam giac GB,C,,GC, 4,,GA,B,. Chung minh rang AI,,BI,,CI, dong

a~a’

quy tai mot diém trén GI .
(bé thi chon ddi tuyén THPT chuyén DHSP HN)



Bai 21.
Cho tam gidc ABC ndi tiép (0), duong thing AO cit (0) lan tha hai tai D. H,K lan luot 13 hinh
chiéu cua B,C 1én AD ; hai duong thing BK,CH cit (O) tai E,F. Chirng minh rang AD,BC,EF

dong quy. ‘
(D¢ kiém tra doi tuyén toan THPT chuyén DHSP HN)

Bai 22.
Cho tam gidc ABC ndi tiép (O), nditiép (). Goi M 14 tiép diém cua BC va (I), D la giao diém
thir hai cia AM va (O). Chirng minh rang néu O L AM thi tt gidc ABDC diéu hoa.

(Dé kiém tra doi tuyén Ninh Binh)

Bai 23.
Cho tir gidc ABCD ndi tiép. M, N 1a trung diém 4B, CD . Puong tron ngoai tiép tam gidc ABN cit
duong thing CD tai P(P# N); dudng tron ngoai tiép tam gisac CDM cat duong thing AB tai
Q(Q#M). O 1a giao diém hai duong chéo AC,BD; E la giao diém cta cac duong thing AD,BC .
Chirng minh rang P,Q,0, E thing hang.

(Dé thi HSG Vinh Phuc)

Bai 24.

Cho tir gidc ABCD ndi tiép dudng tron (O) AC cit BD tai E, AD cat BC tai F . Trung diém cta

AB,CD lan luot 13 G,H . Ching minh rang EF la tiép tuyén ciia dudng tron ngoai tiép tam giac

EGH . ‘ i N
(bé thi chon doi tuyén THPT Phan Chu Trinh, Da Nang)

Bai 25.

Cho H l1a tryc tdm cua tam gidc ABC khong cén va géc 4 nhon. Hinh chiéu vubng goc cua H lén
cac canh AB, AC theo thty1a E,F . Goi D la trung diém BC; P,Q la giao di€ém cua hai dudng tron
duong kinh 4D, BC . Ching minh rang H,P,Q thing hang va cic dudng thing BC,EF,PQ dong

quy. .
(bé thi HSG Ba Ria — Viing Tau)

Bai 26.
Cho tam gidc ABC nhon, truc tim H . M,N 1a trung diém AH,BC. Cac duong phan gidc cua cac
goc ABH ,A/CTJ cit nhau tai P . Chirng minh rang:

1. BPC =90°
2. M,N,P thang hang.
(D¢ thi chon doi tuyén toan 16p 11, THPT chuyén Lwong Vin Tuy, Ninh Binh)



Bai 27.
. R A . \ R d (Aa b) , I \ N
Cho hai diém 4, B ¢ dinh va (O;R) thay do6i sao cho m =2, trong d6 a,b theo thir ty 13 dudng
ddi cuc ciia 4, B d6ivéi (0). Xéc dinh vi tri cia O dé S,,,, 16n nhét.
(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 2)

Bai 28.
Goi B 1a diém trén duong tron (O,) va 4 1a diém khac B nam trén tiép tuyén tai B cia (O,). Goi C
la diém khong nim trén (O,) sao cho dudng thang AC cdt (O,) tai hai diém phan biét. Puong tron
(0,) tiép xtic véi AC tai C va tiép xtic véi (O,) tai D nam khéc phia véi B so véi duong thing
AC . Chirng minh ring tdm dudng tron ngoai tiép tam giac BCD nam trén duong tron ngoai tiép tam
gidc ABC'. .

(Pbé thi chon doi tuyeén Thai Binh)

Bai 29.

1. Cho tam gidc ABC khong can ndi tiép (O) va ngoai tiép (). Cc dudng thing qua I vudng gbc
v6i AI,BI,CI cit BC,CA, AB tai M,N,P theo thi tu. Ching minh réng M,N,P cung nam trén mot
duong thing vudng goc véi Ol .

2. Cho tam gidc ABC nhon noi tiép (O) ¢ dinh, AB cb dinh va khac duong kinh, C di dong trén
duong tron. Goi N 1a trung diém AC, M 14 hinh chiéu cia N trén BC. Tim quy tich M khi C di
dong trén (O)

(D¢ thi khao sat doi tuyén THPT chuyén Théi Binh)

Bai 30.
Tam giac ABC nhon, D nam trong tam giac théa man ADB =60°+ ACB va DA-BC = DB- AC .
Ching minh rang DC-AB = AD-BC'. . i

(bé thi chon ddi tuyén THPT chuyén BPHKHTN HN, vong 1)

Bai 31.
Cho tam gidc BCD ndi tiép duong tron (O). Dung hinh binh hanh 4BCD. Goi d 1a dudng phan gidc
trong cua goc Z?AE), d cat duong thing CD tai F va cit duong thing BC tai G. Goi A la dudng
thing qua C va vudng goc v6i d; A cit (O) tai diém tht hai E. Goi /,J,K lan luot 1a hinh chiéu
cia E 1én cac duong thang CB,CD, BD . Ching minh rang:

1. 1,J,K thing hang.

2. E 1a tam duong tron ngoai tiép tam gidc CFG . ‘ i .

(B¢ thi chon doi tuyén Lam Pong, vong 2)



Bai 32.
Cho tam gidc ABC nhon, diém M bat ki trong tam gidc. AM cit BCtai N. X,Y,Z,T 1a hinh chiéu
cua N trén AB,MB, AC,MC. Chung minh réng AM 1 BC khi va chi khi hoac X,Y,Z,T déng vién
hoac X,Y,Z,T théng hang.

(D¢ thi chon d6i tuyén THPT chuyén DHSP HN)

Bai 33.
Cho tam giac ABC ndi tiép dudng tron (O). Buong tron (O,) tiép xtic voi cac canh AB, AC tai P,Q
va tiép xuc trong véi (O) tai S . Goi giao diém ciia A4S va PQ 1a D.
Chirng minh ring BDP = @ .
(Dé thi chon d6i tuyén Ha Tinh)

Bai 34.
Trén dudng tron (O) ldy hai diém A, M khac dudng kinh. Piém 7 trén doan OA(I #0,A). Hai
duong tron (1,14) va [IM ] cit nhau tai B,C . Cac tia MB,MI,MC cét (O) tai D,E,F theo thir tu.
Duong théng DF cit ME,MA, AE 1an luot tai T, S ,0 . Chung minh réng:
1. SD-SF = ST -S5O
2. B,C,Q thing hang.
(Dé thi chon d6i tuyén Ha Noi)

Bai 35.
Goi I 1a tam duong tron ndi tiép tam gidc ABC . Puong thing vudng goc voi IA4 tai A cat BI,CI tai
K,M . Goi B',C' la giao diém cua hai c@p dudng thing (BI,AC),(CI,AB). Dudng thang B'C' cét
(4ABC) tai N,E. Ching minh rang bén diém M,N,E,K thudc cing 1 dudng tron.

(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 1)
Bai 36. , .
Cho tam gidc ABC nhon. Cac duong cao BE,CF cat nhautai H . Trén cac tia FB, EC theo thu ty lay

cac diém P,Q saocho FP=FC,EQ =EB. BQcét CP tai K. I,J theo thir tu 1a trung diém BQO,CP.
IJ cit BC , PO theo thu ty tai M, N . Chung minh réng:

1. HK 1 1J
2. 1AM = JAN q
(bé thi chon doi tuyén THPT chuyén DHSP HN)
Bai 37.

Cho tam gide ABC nditiép (O), tryc tam H . D la chan dudng cao ké tir dinh B ciia A4BC, diém
P bat ki trén (0). O,R,S lacac diém ddi xing voi P qua cac trung diém cac canh AB, AC,BC theo
thir tw. 4Q cat HR tai F . Chung minh rang HS 1 DF .

(Dé thi chon doi tuyén DPa Nﬁng)



Bai 38.
Cho nira dudng tron duong kinh AB=2R. Goi C 1a diém tuy ¥ trén nira duong tron, D 1a hinh chiéu
vudng goc cia C 1én 4B . Tia phan giac ciia goc ACD cit dudng tron duong kinh AC tai diém thir
hai E, cit tia phin giac ctia goc ABC tai H .

1. Tia phan gic cua goc CAB cat duong tron duong kinh AC tai diém thi hai F, cat CE tai 1.
Tinh dién tich tam gidc FID khi n6 déu.

2. Trén doan BH léy diém K sao cho HK = HD. Goi J la giao diém cua AF va BH . Xac dinh vi
tri cia C dé tong khoang cach tir cac diém 7,J,K dén AB 1a 16n nhat.

(Dé kiém tra doi tuyén Ninh Binh)

Bai 39.
Cho tam gidc ABC. Trén AB,BC lan luot lay M, N sao cho AM =CN . Hai dudng tron (BCM ) va
(BAN) cit nhau tai B, D. Chimg minh BD la phén gic cia ABC.
(Dé thi HSG Quang Nam)
Bai 40.
Cho tam gidc ABC c6 phan giac trong 4D . Goi E,F lan luot 1a hinh chiéu cia D 1én 4B, AC . Goi
H 1a giao diém cua BF,CE . Ching minh ring AH 1 BC.
(Dé thi chon doi tuyén Nghé An, vong 1)
Bai 41. ‘
Cho tam gidc nhon ABC, M 1a trung di€m BC. D,E la hinh chi€éu vudng goc cuia M 1én 4B, AC.
Duong tron (O,) diqua 4, B,E . Pudng tron (0, ) diqua 4,C,D. Chimg minh ring 0,0, || BC .
(Dé thi HSG Hai Phong, bang Al)
Bai 42.
Cho duong tron tdm O ndi ti€p tam gidc ABC, ti€p xuc véi cac canh BC,CA, AB theo thu tu tai D,
E, F.Goi M la giao diém thir hai cia dudng thing 4D va dudng tron (O); N, P theo thir ty 14 giao
diém thtt hai cia MB,MC véi (O). Ching minh rang ba dudng thing MD, NE, PF dong quy.
(Dé thi chon d6i tuyén Ninh Binh)

Bai 43.
Cho tam giac ABC ndi tiép (O) Tiép tuyén cua (O) tai B,C cat nhautai S. Trung truc cua 4B, AC
cit phan giac trong goc BAC tai M,N. BM,CN cit nhau tai P. Ching minh ring S4 di qua tdm
duong tron nodi tiép tam giac MNP . ‘ i

(bé thi chon doi tuyén THPT chuyén DHSP HN)

Bai 44.

Cho hai duong tron (O,),(0,) cit nhau tai 4,B va I 1a trung di€ém 0,0,. Goi C la diém ddi xtmg

v6i B qua I . Mot duong tron (O) qua 4,C cit (0,),(0,) tai M, N . Chirng minh rdng CM =CN .
(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 3)
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Bai 45.
Cho duong tron (C), hai duong tron (C,),(C,) nim trong (C), cing tiép xtc trong véi (C) véi cac
tiép diém la K, H theo thir tw. (C,) va (C,) tiép xtc ngoai v6i nhau tai . V& tiép tuyén chung ngoai
(1) cta (C,).(C,). (T) cit (C) tai 4,B vatiép xtc v6i (C,),(C,) lan luot tai M,N. V& tiép tuyén
chung trong (7,) cta (C,),(C,). (T,) cét (C) tai D sao cho I thudc mién trong ciia tam gidc ABD.
Chirng minh rang:

1. Tk gidc MNHK la tr gidc ndi ticp.

2. DI la phan giac cua ADB. . i

(bé thi chon dogi tuyén Ha Tinh)

Bai 46.
Cho tam gidc ABC, tim ndi tiép I, tdm ngoai tiép O, cac tim bang tiép 1,,1,,1, tuong img voi cac
goc A,B,C. AD,BE,CF 1a cic duong cao trong tam giac ABC . Chirng minh ring Ol,1D,ILE,I.LF
dong quy. q

(B¢ chi chon doi tuyén Hai Phong)

Bai 47.
Cho tam gidc ABCva D 1a mot diém trén canh BC théa CAD = ABC . Pudng tron (O) diqua B va
D cit AB,AD tai E,F; DE cit BF tai G; M latrung diém AG . Ching minh CM 1 AO.

(Dé thi chon d6i tuyén Khanh Hoa)

Bai 48.
Cho tam gidc khong can ABC. Goi cdc tiép diém cia dudng tron (O) ndi tiép tam gide véi cac canh
BC,CA,AB lan lugt 1a A,B,,C,. Pit A4, "(0)=4,,BB,"(0)=B,. Goi A4, BB, la cic duong
phan giac trong cua tam gidc 4,B,C, .

1. Ching minh rang A, A4, 1a phan gidc cua E:A;\Cl .

2. Goi P,Q la giao diém cta hai duong tron ngoai tiép tam giac A A,A, va BB,B,. Chirng minh
rang O € PQ.

(B¢ kiém tra doi tuyén THPT chuyén Quang Trung, Binh Phudc)

Bai 49.
Cho hinh thang ABCD (4D||BC), E la diém di dong trén dudng thang 4B; O,,0, lan luot la tam

ngoai tiép cac tam giac 4ED, BEC . Chirng minh rang d6 dai 0,0, khong doi.
(Dé thi chon d6i tuyén TPHCM)
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Bai 50.
Cho tir giac toan phan ACBDEF , trong d6 tir gisc ABCD c6 dudng tron ndi tiép tam I . Goi A,B,,
C,, D, 14 tiép diém cua (1) voi cac canh 4B, BC,CD,DA. Goi M 14 hinh chiéu vudng goc cia I 1én
EF . Hinh chiéu cia M 1én cac duong thiang 4,B,,B,C,,C,D,,D,A4 1a M,,M,,M,,M,. Chiing minh
rang M,,M,,M,,M, thang hang.
(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 3)

Bai 51. ‘ ,
Cho luc giac 161 AMBDNC ndi tiép trong duong tron duong kinh MN, AC =BD. Goi F,P la giao
diém cia MC v6i AD,AN; E,Q la giao diém ciia MD vé&i BC,BN . Ching minh rang gi tri cua
CP _FP  DQ  EQ

FM DM EM

biéu thirc la mot hang so.

(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 3)
Bai 52.
Cho hai dudng tron (0O, ),(0,) cé ban kinh khac nhau va c6 hai tiép tuyén chung trongA,A, cét nhau
tai 7. Mot tiép tuyén chung ngoai A, tiép xtc véi (0,),(0,) lan luot tai M, N . Pudng tron (O,) nim
trong phan mat phang gii han boi ALALLA va tiép xtc voi ba duong thang nay theo thir tu tai P,O,R.
Biét réng bbn diém M, N, P, QO cung nam trén mot dudng tron (C ) .
1. Ching minh rang tdm ciia duong tron (C ) nam trén dudng tron di qua ba giao diém cta ALALLA,
2. Chimg minh A LA,
(Dé thi chon doi tuyén THPT chuyén Pai hoc Vinh)
Bai 53.
Cho luc gidc ABCDEF i tiép duong tron (O), véi AB=CD=EF . Goi I giao diém cua BE va
AD. Goi H,K lan luot 1a tryc tim tam giac ADF, BCE . Biét ring AIB = 60°. Chirng minh ring

H,O,K thang hang.
(Dé thi HSG Hung Yén)
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Phan hai: Loi giai

Bai 1.
Cho hinh vudéng ABCD . Trén doan BD lay M khong tring v6i B,D. Goi E,F lan luot 1a hinh chiéu
vudng goc ciia M 1én cac canh 4B, AD . Chimg minh rang;

1. CM 1 EF .

2. CM,BF,DE dong quy.

(Dé thi HSG Quang Binh)
Loi gidi.
A F D
E i P
B Q C

Cac duong thang ME,MF cat CD,CB tai P,Q.

Ta c6 AEFM = AMCQ = OMC = MEF = CM L EF .

Tuong tu, tac6 ED L CF,FB L EC, suy ra CM,BF,DE 1a cac dudng cao trong tam giac CEF nén
chang ddng quy (dpcm)

Bai 2.
Cho tam gidc ABC c¢6 BC > AC. Goi R,,R, lan luogt la ban kinh dudng tron ngoai tiép cac tam gidc
GBC,GAC , trong d6 G la trong tdm tam gidc ABC . Hay so sanh R, R,.
(D¢ thi chon d6i tuyén THPT chuyén Bén Tre, Bén Tre)
Loi gidi.
A

B* 'D °C

Goi D,E, F latrung diém céac canh BC,CA, AB .
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Xét hai tam gidc AFC va BFC co: CF chung, AF = BF , AC < BC = AFC < BFC .

Xét hai tam gidc AFG va BFG co: FG chung, AF = BF , AFC < BFC = AG < BG.
. . CB-BG-GC CA-AG-GC
Do dé R, = >
4SBGC 4'SAGC

=R,.

Bai 3.
Cho M la diém ndm trong tam gidc ABC . Cac duong théng AM ,BM,CM cit cac canh BC,CA, AB
tai 4',B',C' theo thu ty. Bat §,S,,S5;,S5,,S55,5 lan luot 1a dién tich cac tam giac MA'B,MA'C,

MB'C,MB'A,MC"'A,MC"'B . Ching minh rang néu i+i+%=3 thi M la trong tdm tam gidc
2 4 6
ABC . 5
(bé thi HSG bong Thap, vong 2)
Loi gidi.
Ap dung dinh 1y Céva, ta co 5.5 5 _ABBCCA_
S, S, S A'C B'A C'B

Ap dung bét ding thic AM — GM, ta ¢ i+% +i > 3. Péang thic xay ra khi va chi khi 4',B',C"' la
2 4 6

trung diém cac canh cta tam gidc ABC . Khidé M 1a trong tdm tam giac (dpcm)

Bai 4.
Cho ttr giac ABCD ndi tiép (0). Goi P,Q, M lan lugt 14 giao diém ciia ABva CD, AD va BC, AC
va BD. Ching minh rang ban kinh duong tron ngoai tiép cac tam giac OMP,OMQ,OPQ bang nhau.

(D¢ thi chon doi tuyén toan 16p 11 THPT Cao Lanh, Dong Thap)
Loi gidi.

Theo dinh Iy Brocard, ta c6 O 1a tryc tim tam giac MPQ . Theo mot két qua quen thudc thi diém doi
xtmg v6i O qua MP ndm trén (MPQ). Suy ra (OMP) va (MPQ) dbi xtmg v6i nhau qua MP, do d6
ban kinh ciia chiing bang nhau. Tuong tu, ta suy ra dpcm.
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Bai S.
Cho tam gisc ABC, diém M thay d6i bén trong tam gidc. DEF 1a tam giac pedal cia M ddi voi tam
gidc ABC . Tim vitrictia M d¢€ dién tich tam gidc DEF 16n nhat.
(bé thi chon dodi tuyén BDong Nai)
Loi gidi.
1 M?
Theo cong thirc Euler, taco S, = Z(l - ORTJ S e

Do d6 S,,, 16nnhit < OM nho nhit < O0=M .
Vay dién tich tam giac DEF 16n nhat khi M 1 tAm ngoai tiép tam gidc ABC .

Bai 6.
Cho tam gidc ABC ndi tiép duong tron (O;R) .BH=RJ2 la duong cao ké tir dinh B cua tam giac
ABC . Goi D,E 14 hinh chiéu vudng goc ciia H 1én cac canh AB, BC . Chirng minh rang:
1. BO L DE i
2. D,O,E thang hang.
(Dé thi HSG Hai Phong, bang A)
Loi gidi.

Trudce hét, ta co dang thirc quen thudc BA-BC =2R-BH véi R 1a ban kinh dudng tron (ABC ) .

Goi K 1a hinh chiéu vuong géc ciia B 1én DE .

Tacd BD-BA=BH" = BE-BC = ABAC ~ ABED .

_ BK _BD_ BH® _ 2R’ R
BH BC BA-BC 2R-BH BH

Laico EBK = ABH = EBO. Suyra O =K. Vay ta c6 dpcm.

= BK =R

Bai 7.
Cho t& giac ABCD noi tiép, 4,,B,,C,,D, lan lugt la tim ngi tiép cac tam giac BCD,CDA, DAB, ABC .
Chiing minh rang 4,B,C,D, 14 hinh chit nht.

(Dé thi HSG THPT chuyén Nguyén Du, Dik Lik)
Loi gidi.
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Theo tinh chit tim duong tron ndi tiép tam giac, ta co:
BDC BAC —

BAC =90°+ =90°+===BD,C
g . —  —  ACB —  DC4
Suy ra cac diém B,C, B, 4, dong vién :>D1AIB=D1CB=%.Tuorng tu, ta co DAIBI=TC.
Do do:
Z)}E=360°—(@+1§1}:+@+@)=360°—£ATCB+90"+%C+90°+CLD+D—CAJ=90°

Tuong tu, ta suy ra dpcm.

Bai 8.
Gia st M 13 mot diém nim trong tam gidc ABC théa min MAB =MBC = MCA=a. Chirng minh
rﬁng cota =cot A+cotB+cotC.

(Dé thi HSG Quang Ninh — bang A)
Loi gidi.
Bai toan nay 1a mot két qua quen thudc vé diém Brocard (diém M cho trong dé bai 1a mot trong hai
diém Brocard cta tam gidac ABC)
bat MA=x,MB = y,MC =z, ta co:

x>+t -y’ _yz+az—z2 B 22 +b*—x’ 3 a’+b’+c’

cota = (1)
4SMAB 4SMBC 4SMCA 4SABC
2,02 52 22 _p2 2 22 2, 2y 2
COtA:bc—a’COtB:u,COtC=—a b =c — cot A+cotB+cotC =212 ¢ b te (2)
ABC 48 e 4S8 15c 4S 5c

Twr (1) va (2) ta suy ra dpcm.

Bai 9.
3a2\/§
4 "
(D& thi HSG Binh Dinh)

Cho tir giac 16i ABCD ¢6 AB = BC = CD = a . Chimg minh rang S ., <
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Loi gidi.

A *D

Pit BAC =a ,tacd 28 50p =28 e +28 ,0p < BC- AC-sina + AC-CD =2a’cosa(1+sina) (1).
Do 0°< ¢ <90° nén cosa,sina > 0. Ap dung bat dang thirc AM — GM, ta co:

. 2
satvsnay | Fosezsmas)

2

Ap dung bit dang thirc Cauchy — Schwarz, ta co:
V3 cosa +sina < \/(sinz a +cos’ a)(l+3) =2

Tir hai bit diang thirc trén, ta ¢ cosa (1 + sina) < % , két hop voi (1), ta c6 dpem.

Bai 10.

Cho tam giac ABC va M, N 1a hai diém di dong trén BC sao cho MN =BC. Pudng thing d, diqua
M va vudng goc véi AC, dudng thang d, diqua N va vudng goc voi AB. Goi K 1a giao diém cua
d, va d,.Ching minh rang trung diém 7 cta AK ludn nam trén mot dudng thang cd dinh.

(D¢ thi chon do6i tuyén Nghé An, vong 2)
Loi gidi.

B 17 o °N

Goi H la tryc tam tam giac ABC . bat BM=i=CN=ii, T la phép tinh tién theo i .
Ta ¢ T(BH)=d,,T(CH)=d,=T(H)=K. Do & HK|BC hay K ludn nim trén dudng thing

. : 1
qua H va song song véi BC . Phép vitutam A4 ti so 5 bién K — [ . Suy ra quy tich cia 7/ la duong

thang di qua trung diém AH va song song v6i BC .
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Bai 11.
Cho tam giac ABC. Goi M 1a diém chuyén dong trén canh 4B, N la diém Chuyén dong trén canh
AC.

1. Gia st BM = CN . Chimg minh ring dudng trung truc cia MN ludn di qua mot diém cb dinh.

2. Gia su L + L khong d6i. Chimg minh ring MN ludn di qua mot diém cd dinh.
AM AN
(bé thi HSG Long An, vong 2)
Loi gidi.
1.

B \—/C
Goi S 1a trung diém cung BC chira 4 cia duong tron (A4BC).
Ta c6 BM =CN,BS =CS, MBS = NCS = ASMB = ASNC. Suy ra SM =SN hay S nim trén trung
truc cuia MN .

Vay trung truc cia MN ludn di qua diém S cb dinh.
2.

Goi [ la giao diém’ cia MN vé6i phan gidc trong goc A cla tam gidc ABC. Pudng thing qua /
vuong goc voi Al cat AB, AC lan lugt tai D, E . Goi M ' 1a diém doi xing vo1 M qua Al .
Tathdy IE,IA 1a phan gidc trong va phan gidc ngoai ciia gbc M'IN= (AENM ') =-—1.

1 1 1 1
AE  AM' AN AM AN

Ap dung hé thirc Descartes, ta c6 khong ddi. Suy ra E cb dinh hay

MN luén di qua diém 7 c6 dinh.
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Bai 12.
Cho dudng tron tim O, dudng kinh BC va XY 1a mot ddy cung vudng goc voi BC. Ldy P,M nim
trén duong thang XY va CY tuong tmg, sao cho CY || PB va CX || MP . Goi K la giao diém cia CX

va BP. Ching minh rang MK | BP. ‘ i
(bé chon dogi tuyén THPT chuyén Lé Quy Don, Binh Dinh)
Loi gidi.

Y

Goi A 1a giao diém thit hai cua BP va (0), D la giao diém cua PM va BC.
bat @za,ﬁi‘zﬁ:a+ﬁ=90°.

Ta 6 YPM = YXC = YBC = B,YPB =90° — BYX =90°— BCY = 3.

Suy ra tam gidc BPD cantai P= PB=PD = KB=KC = KA=KX .

Tam gidc KPX cantai X = KP =KX = KA =KP. Tir giAc MCKP c6 cac cap canh ddi song song
nén 1a hinh binh hanh, do d6 MC = KP = KA. Suy ra MCAK 1a hinh binh hanh.

= MK || AC = MK L BP (dpcm)

Bai 13.

Cho tam gidc ABC vé6i dudng tron ndi tiép (7). Diém M tiy y trén (1). Goi d, la duong thing di

qua trung diém MA va vudng goc voi BC. Cac duong thing d,,d. dugc xac dinh twong tu. Chimng

minh ring d,,d,,d, dong quy tai mot diém N . Tim tap hop diém N khi M chuyén dong trén (7).
(B¢ thi chon ddi tuyén Quang Binh)

Loi gidi
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Goi H 1a tryc tm tam gidsc ABC, D la trung diém MA, N 1a trung diém MH .
Tacd d, LBC=d, ||AH, do d6 d, 1a duong trung binh cta tam gidc AMH = d, diqua N . Tuong

tu,tasuyra d,,d,,d, dong quy tai N .

Goi T 1a trung diém HI. TN la duong trung binh trong tam giac MHI nén TN = %IM = % Suy ra

tap hop diém N khi M chuyén dong trén (1) 1a dudng tron tim T, ban kinh % :

Bai 14.
Cho tam gidc ABC, D 1a trung diém canh BC va E,Z 1a hinh chiéu cia D trén 4B, AC. Goi T 1a
giao diém cua cac tiép tuyén tai £,Z v6i duong tron duong kinh 4D . Chirng minh rang 7B =TC .

(Dé thi chon d61 tuyén Nam Dinh)

Loi gidi.
A F
z
E
B 5 C
T

Goi F l1a giao diém ciia DT voi duong tron duong kinh AD thi tr gidc EDZF 14 tir giac diéu hoa. Vi
A nam trén dudng tron ngoai tiép tir gikc EDZF nén A(AB, AC, AF,AD)= A(AE,AD,AZ,AF)=—1.
Mit khac, vi D 1a trung diém BC nén AF || BC , suyra DT 1 BC = ATBC cantai T = TB=TC .

Bai 15.

Cho tam gidc ABC ndi tiép trong dudng tron (O) cd 4 cb dinh va B,C thay dbi trén (O) sao
cho BC ludn song song véi mot duong thing cd dinh cho trude. Cée tiép tuyén cua (O) tai B va C
cat nhau tai K. Goi M la trung diém BC, N 1a giao diém cua AM véi (O). Ching minh ring

duong thing KN ludn di qua mot diém cb dinh. ‘ q
(bé thi chon d6i tuyén PTNK, PHKHTN TPHCM)
Loi gidi.
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Goi giao diém th hai ciia KN véi (0) 1a 1.
Tu gide IBNC 1a tir gide dicu hoa nén ta c6 A(AI, AB,AN,AC)=-1.Ma M la trung diem BC nén
AI'|| BC, suyra I cb dinh. Vay duong thang KN luon di qua diém 7 c6 dinh.

Bai 16.
Cho tam gidc ABC vudng tai 4 véi A, B c¢b dinh, diém C di chuyén vé mot phia d6i voi duong thing
AB . Goi tiép diém cua duong tron ndi tiép tam gidc ABC v6i AC, BC lan luot 1a M, N . Chirng minh
rang MN di qua mot diém cé dinh khi diém C di dong.

(bé thi HSG THPT chuyén Hung Vuong, Gia Lai)
Loi gidi.

NN
| NAN

Goi E 1a diém trén tia AC sao cho AE = AB, D la trung diém BE = D ¢b dinh. Dinh huéng duong
thdng AC theo hudng cua vector AC . Ta co:
NC  p-c

NC: _C,NB: _b:>=——
P P NB p-b

AE=AB=c=CE=c—-bMC=p-c=ME_1, By, c7b _pob
MC MC p—-c p-—c
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DB . . o
Tur d6 suy ra o2 3C VB =1= D,M,N thang hang, suy ra MN luén diqua D co6 dinh (dpcm)

Tir cach chimg minh trén, ta thiy gia thiét tam gisc ABC vuodng tai A 1a khong can thiét, khi C
chuyén dong trén mdt tia bat ki co6 goc 4 va khong nam trén duong thang AB thi MN di qua diém D
duoc xac dinh nhu trén.

Bai 17.
Cho hinh binh hanh ABCD c6 gbc 4 nhon. Pudng phan gidc trong cua goéc BAD cit canh BC tai F
vi DC tai K. Tirdinh D ké DP L AK (Pe 4K).Pdt DP=m,ADC =180°-2¢ . Tinh S, theo

m va a , biét ring Sere o 1
AFCD 15 .

(bé thi HSG Vinh Long, vong 2)

Loi gidi.
A, D
P
> C
B F\
K
~ ’ . A 5 LA , A SKFC 1 \ 2k - 2 2
Ta s€ chirng minh két qua tong quat sau: Neu ———=——thi §,,,, =———m" cotar .
AFCD k*-1 k

Tfrgiéthiétsuyral;{?(:a.Tacé Skre = 21 :>SKFC =i2:>F—C=K—C=l,
Siew k-1 Sep kK AD KD k

Tirdé suyra S =(k=1) SyrcsS e = (k> =1) S
(k—1)2+(k2—1) )

Vaytaco S pep =S r +S ppe = = S ok —Tmz cotar (dpem)

Bai 18.
Cho tam gidc ABC can tai 4. Puong phan giac trong ciia goc Bcit canh AC tai D. Biét rang
BC = BD + AD . Hiy tinh goc BAC . q

(Pé¢ thi chon ddi tuyén Bac Ninh)
Loi gidi.
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Pit BAC = ,2— &

= . Khong mét tinh tong quat, gia st 4B = AC =1.

sing. ) sina o sin B

sin28’ sin3f’" sin3B’

Ap dung dinh 1y sin, ta c6: BC =
Tur gia thiét, ta co:
sin(ﬂ—4,8)sin,8=sin3ﬁ[sin(ﬂ—4ﬁ)+sinﬁ]

= cosff—cos7f =cos2f —cos6f+cosf+cos3f = cos3f—cos7f =cos2f —cos6f
=sin2fsin5f =sin2fsin4p

Ta co sin2,8¢0:>sin5,8=sin4ﬁ:>5ﬁ=ﬂ—4ﬁ:>ﬁ=%:l§42'=5§

Bai 19.
Cho tam gidc ABC c6 géc A4 tu. Dyng cac duong cao AD,BE,CF (D,E,F € BC,CA, AB tuong ing).
E',F' 1a hinh chiéu ca E,F 1én BC. Gid sit 2E'F'=2A4D+ BC . Hay tinh géc BAC .

(Dé thi HSG Quang Nam)
Loi gidi.

C

B D F )

Ta coé BE'= BEsinC = asin’ C,CF'=CFsinB=asin2B:>E'F'=a(1—sinzB—sin2 C)

. . . 2 i . )
Theo cong thirc dién tich va dinh 1y sin, ta ¢6 AD = Sanc = 2besin 4 =4Rsin BsinC . Do do:

a a
2E'F'=2AD+BC

c>2sinA(l—sinzB—sin2 C) =2sin Bsin C +sin 4
c>sinA(2—2sinzB—2sin2 C)=c0s(B—C)—cos(B+C)+sinA
<> sin 4(cos2B +¢0s2C) = cos(B—C)+cos A+sin 4

< 2sin Acos(B+C)cos(B—C)=cos(B—C)+(sin A+cos A4)
@(sinA+cosA)+[c0s(B—C)+2sinAcosAcos(B—C)] =0
sinA+cosA)+cos(B—C)(sinA+c:0sA)2 =0
sinA+cosA)[1+cos(B—C)(sinA+cosA)] =0

sin4+cosA4A=0
- .
cos(B—C)(sin A+cos 4)=0

ad
ad
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Ding thirc thir nhat cho ta sin(A +%j =0 BAC=135°.

Ding thirc thir hai khong thé xay ra vi véi 4 1a goc ti thi
O<sinA<l,—l<c0sA<0:>—1<sinA+cosA<1:|sinA+cosA|<1,mél cos(B—C)<1 nén

‘cos(B—C)(sinA+cosA)‘<l:>1+cos(B—C)(sinA+cosA)>O.
Vay goc A ¢6 do 16n 1a 135°.

Bai 20.

Goi G,I 1a trong tim, tdm noi tiép tam giac ABC. Puong thing qua G va song song véi BC cit
AB, AC theo thir tu tai B,,C,. Cac diém C,, A, A4,,B, dugc xac dinh twong tu. Cac diém 1,,1,,1,
theo thir tw 1a tdm noi tiép cac tam giac GB,C,,GC, 4,,GA,B,. Ching minh rang AI,,BI,,CI, dong

quy tai mot diém trén GI . i
(bé thi chon doi tuyén THPT chuyén DHSP HN)

Loi gidi.

1,

B® B, M C, °C

Goi X la giao diém cua AI, véi GI, M 1a trung diém BC.

) Y 1 . )
Ta c6 phép vi tu tam M , tiso 3 bien AGB,C, - A4BC. Suyra 7 "M =—2. Ap dung dinh 1y Menelaus
cho tam gidc IGM véi cat tuyén AXI , ta co:
XG AM 11 Xl AM I 3
A L o AL 2 ()=,
Xl AG IM XG AG IM 2
: o Yl 7
Tuong tu, goi Y, Z la giao diém cua B/,,CI, thitacé —===—=-3.
YG ZG

Vay X =Y =Z hay Al ,BI,,CI, dong quy tai mot diém trén GI .

Bai 21.
Cho tam gidc ABC ndi tiép (0), duong thing AO cit (0) lan tha hai tai D. H,K lan luot 13 hinh
chiéu cua B,C 1én AD ; hai duong thing BK,CH cit (O) tai E,F. Chirng minh rang AD,BC,EF

dong quy. ‘
(D¢ kiém tra doi tuyén toan THPT chuyén DHSP HN)
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Loi gidi.

Goi B',C' 1a giao diém cia BH,CK voéi (0). M 1a giao diém cua EF va B'C'.

Ta c6 H,K lan luot 14 trung diém BB',CC'. Suy ra BC dbi xting v6i B'C' qua HK . Do d6 cac
duong thaing BC,B'C',HK dong quy.

Ap dung dinh ly Pascal cho 6 diém F,B,C' E,C,B',taco H,M,K théng hang.

=M =HKNB'C'=M e BC= AD,BC,EF dong quy tai M .

Bai 22.
Cho tam gidc ABC ndi tiép (O), nditiép (). Goi M 14 tiép diém cua BC va (I), D 1a giao diém
thir hai cia AM va (O). Chirng minh rang néu O L AM thi tt gidc ABDC diéu hoa.

(Dé kiém tra doi tuyén Ninh Binh)
Loi gidi

Ta chi can xét v6i tam gidc khong cin tai 4. Khidé OI cit BC tai F.Goi N,P la tiép diém cua (1)
voi AC, AB.

Ta c6 FM 1a tiép tuyén cua (I), suy ra dudng dbi cuc ctia F diqua M . Ma O L AM nén AM la
dudng ddi cuc cia F doi voi (1)= duong ddicyc cia A d6ivéi (1) diqua F, hay F,N,P thing
hang.

25



Lai c6 AM,BN,CP dong quy tai diém Gergonne ciia tam gidc ABC nén (FMBC)=-1.Do d6 AM
la duong ddi cyc cia F ddi véi (O). Suy ra FA 1a tiép tuyén cia (0). Vi 4 déi xtng véi D qua
FO nén FD la tiép tuyén cua (0). Vay ABDC la tt gidc diéu hoa (dpcm)

Bai 23.
Cho tir gidc ABCD ndi tiép. M, N 1a trung diém 4B, CD . Puong tron ngoai tiép tam giac ABN cit
duong thing CD tai P(P# N); dudng tron ngoai tiép tam gisac CDM cat duong thing AB tai
Q(Q#M). O la giao diém hai duong chéo AC,BD; E la giao diém cta cac duong thing AD,BC .
Chirng minh rang P,Q,0, E thing hang.

(Dé thi HSG Vinh Phuc)
Loi gidi.

F

Goi F 1a giao diém ciia AB va CD.
Taco FA-FB=FC-FD=FM -FQ=>(ABFQ)=-1 (h¢ thirc Maclaurin).
Tuong tu, ta cd (CDFP)=-1, suyra P,Q,0,E thing hang (dpcm)

Bai 24.

Cho tir gidc ABCD ndi tiép dudng tron (O) AC cit BD tai E, AD cat BC tai F . Trung diém cia

AB,CD lan luot 13 G,H . Ching minh rang EF la tiép tuyén ciia dudng tron ngoai tiép tam giac

EGH . ‘ " N
(Pé thi chon d6i tuyén THPT Phan Chu Trinh, Pa Nang)

Loi gidi.
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Dung cac hinh binh hanh AEBP,DECQ . Goi I la trung diém EF ,tacé I,G,H thing hang (duong
thing Gauss), suy ra F, P,Q thang hang.
Ta cod AFAB~AFCD:>F—A=F—C;AEAB~AEDC:> AB = €D = €D .
AB CD AE DE CQ
Suy ra AFAE ~ AFCQ = FEA=FQC . Lai ¢6 AEP = CQE = FEP = FQE = IEG = IHE .
Do d6 IE 1a tiép tuyén cta dudng tron ngoai tiép tam gisac EGH (dpcm)

Bai 25.
Cho H 1a tryc tAm cua tam gidc ABC khong can va goc A nhon. Hinh chiéu vudng goc cia H 1én
cac canh AB, AC theo thaty1a E,F . Goi D la trung diém BC; P,Q 1a giao diém cua hai duodng tron
duong kinh 4D, BC . Ching minh rang H,P,Q thing hang va cic dudng thing BC,EF,PQ dong
quy. .

(bé thi HSG Ba Ria — Viing Tau)
Loi gidi.

Goi G 1a chin duong cao ke tir 4 cua tam giac ABC. Tacod Py, = HE-HC = HG - HA = By juany
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— H nam trén tryc dang phuong cta hai duong tron duong kinh AD, BC .

= H,P,Q thang hang.

Goi I 1a giao diém ciia EF va BC. (DEF) la dudng tron Euler ciia tam gidc ABC nén G nim trén
(DEF). Do d6 By, =IB-IC=IE-IF =IG-ID=P,,, . Suyra I,P,Q thing hang hay BC,EF,PQ
dong quy tai I (dpcm)

Bai 26. ,

Cho tam gidc ABC nhon, truc tam H . M,N la trung diém AH,BC. Cic duong phan giac cua céc
goc ABH ,A/CE cit nhau tai P . Chirng minh rang:

1. BPC =90°
2. M,N,P thang hang.
(D¢ thi chon doi tuyén toan 16p 11, THPT chuyén Lwong Vin Tuy, Ninh Binh)

Loi gidi.
C
Tac6 PBH =22 _A,EBY:=90°—C:>FB\C=135°—§—C. Tuong tu: P/C73:135°—§—B.

= PBC+PCB=270°~ A~ B~ C=90°= BPC =90°
Goi D 1a giao diém cia AH va BC, O la tam ngoai tiep tam gidc ABC .

Ta o AMNO 1a hinh binh hanh, suy ra DMN = DAO.
Mat khac, O, H 1a hai di€m lién hgp dang giac trong tam gidc ABC, do do:

DAO = BAC—2BAD = 4-2(90°~ B) = DNM =90°—~ DMN =270°~ A~ 2B = 2BCP = DNP, suy ra
M N, P thang hang (dpcm)

Bai 27.
. R A . \ R d (Aa b) , I \ N
Cho hai diém 4, B co dinh va (O;R) thay d6i sao cho a(5.4) =2, trong d6 a,b theo thir ty 13 dudng
ddi cuc cuia 4, B d6ivéi (0). Xéc dinh vi tri cia O dé S,,,, 16n nhit.
(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 2)

Loi gidi.
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Ta c6 bd dé sau (dinh 1y Salmon): (B

ES
Q
oS

Churng minh:

Goi H,K theo thir ty 14 hinh chiéu vudng goc ciia 4 1én b va B 1én a; P,Q la giao diém cia cac cip
dudng thing (O4,b) va (OB,a); M,N laanhcta A4, B qua phép nghich ddo cyc O, phuong tich R.
Ta ¢6 PMQ =PNO=90°= M,N,P,Q ddng vién. Mat khac, OA-OM = OB-ON = R> = A,B,M,N
dong vién. Suy ra AB|| PQ.
d(A,b

Do do6 ta co AH:AP:BQ:BK: ( )=AH=ON=%(GPCHI)

ON OP 0OQ OM d(B,a) BK OM OB
Tro lai voi bai toan.
Tir b6 d¢, ta c6 OA =20B. Dit AB=a,0B =x,04=2x (a,x>0)
Ap dung cong thirc Heron, ta c6 :

165, :(3x+a)(3x—a)(a+x)(a—x)=9(x2 —éa

a’ 1 \/g

Vay max S, , =?c>x2 —§a2 =a’'-xox=a—.

Bai 28.
Goi B 1a diém trén duong tron (O,) va 4 1a diém khac B nam trén tiép tuyén tai B cia (O,). Goi C
la diém khong ndm trén (O,) sao cho duong thing AC cit (O,) tai hai diém phan biét. Dudng tron
(0,) tiép xtic véi AC tai C va tiép xtic véi (O,) tai D ndm khéc phia véi B so véi duong thing
AC . Chirng minh ring tdm dudng tron ngoai tiép tam giac BCD nam trén duong tron ngoai tiép tam
gidc ABC'. .

(B¢ thi chon doi tuyeén Thai Binh)
Loi gidi.
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Goi O, la tam (BCD), tiép tuyén chung cua cta (0,),(0,) 1a d, D, 1a phép dbi xtng truc véi truc
d6i ximg 1a duong thang /.

Ta ¢6 Dy, :AB—d,D,, : AC —>d, do d6 (CA;CO,)=(DO,;d)=(B4;BO;) (modx), suy ra cic
diém A4, B,C,0, dong vién (dpcm)

Bai 29.

1. Cho tam gidc ABC khong can ndi tiép (O) va ngoai tiép (). Cc dudng thing qua I vudng gbc
v6i AI,BI,CI cit BC,CA, AB tai M,N,P theo thi tu. Ching minh réng M,N,P cung nam trén mot
duong thing vudng goc véi Ol .

2. Cho tam gidc ABC nhon ndi tiép (O) ¢ dinh, AB cb dinh va khac duong kinh, C di dong trén
duong tron. Goi N 1a trung diém AC, M 14 hinh chiéu cia N trén BC. Tim quy tich M khi C di
dong trén (O)

(D¢ thi khao sat doi tuyén THPT chuyén Théi Binh)

N

Gia st AB< AC ,khid6 M nam trén tia d6i cua tia BC .

Loi gidi.
1.

Ta c6 @=9O°+%:>A7179=%=A751:>AM13~AMC1:>M12 — MB-MC.

Suy ra M nam trén tryc dang phuong cia (O) va dudng tron diém tdm . Tuong tw voi N, P, ta suy
ra M,N,P thing hang va dudng thing di qua ching vudng goc voi Ol .

30



A
P
K N
I >20
B 7 C

Puong thing qua 4 vudng goc v6i AB cit MN tai P. Goi K l1a trung diém AB, I 1a trung diém
OK .

Ta co MN L KN, suy ra tt gidc APNK ndi tiép = APK = ANK = C = AP = AK cota = KO . Do d6
AKOP 1a hinh chit nhdt = BKOP 1a hinh binh hanh = / 1a trung diém BP.

Ma tam gidc BMP vudng tai M nén IM = [B khong d6i. Suy ra M ndm trén dudng tron tdm / ban
kinh /B .

Bai 30.
Tam gidc ABC nhon, D nim trong tam giac thoa min ADB =60°+ ACB va DA-BC =DB- AC .

Ching minh ring DC- AB = AD-BC.. . i
(bé thi chon doi tuyén THPT chuyén PHKHTN HN, vong 1)

EA

B€ °C

Loi gidi.

Dung tam giac déu BED sao cho diém E nam trong goc ADB.

Ta c6 DA-BC = DB-AC,DB = DE, ADE = ACB = AABC ~ AAED .
Suyra DA-BC = AC-DE = AC-BE (1)

T AABC ~ AAED ,tasuyra AAEB ~ AADC = DC-AB = AC-BE (2)
T (1) va (2) ta c6 dpcm.
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Bai 31.
Cho tam gidc BCD ndi tiép duong tron (O). Dung hinh binh hanh 4BCD. Goi d 1a dudng phan gidc
trong cua goc @), d cat duong thing CD tai F va cit duong thing BC tai G . Goi A la duong
thing qua C va vudng goc v6i d; A cit (O) tai diém tht hai E. Goi /,J,K lan luot 1a hinh chiéu
cia E 1én cac duong thang CB,CD, BD . Ching minh rang:

1. 1,J,K thing hang.

2. E 1a tam duong tron ngoai tiép tam gidc CFG . i .

(B¢ thi chon ddi tuyén Lam Pong, vong 2)

Loi gidi.

1.

Pay 1a két qua quen thudc vé dudng thang Simson nén khong néu ra chimg minh & day.
2.

Goi P l1a giao diém ctia d va BD. Puong thang qua C song song véi d cit BD tai Q.

—

Ta ¢6 CFG =BAG = DAG = CGF = ACGF cin tai C= CG=CF = ICE =JCE. Tir do suy ra
AICE = AJCE = EI = EJ,CI =CJ

Lai ¢6 EBI = EDJ, suy ra ABIE = ADJE = EB = ED = K 1a trung diém BD, hay K la trung diém
PO.

T CI=CJ,tacd IJ||d||CO=1I,J la trung diém CG,CF . Suyra E la tim duong tron ngoai tiép
ACGF (dpcm)

Bai 32.
Cho tam gidc ABC nhon, diém M batki trong tam gidc. AM cit BCtai N. X,Y,Z,T 1a hinh chiéu
cua N trén AB,MB, AC,MC. Chung minh réng AM 1 BC khi va chi khi hoac X,Y,Z,T déng vién
hoac X,Y,Z,T théng hang.

(D¢ thi chon d6i tuyén THPT chuyén DHSP HN)
Loi gidi.
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B® 'N °C

Ta c6 cac b 4 diém sau dong vién: (X,Y,N,B);(Y,M,T,N);(T,N,Z,C);(4,X,N,Z).
Diéu kién cin va du dé X,Y,Z,T thing hang hodc dong vién 1a (YX,YT)=(ZX,ZT)(modx)(1).
< (YX,YN)+(YN,YT) =(ZX,ZN)+(ZN,ZT)(mod
< (BX,BN)+(MN,MT)=(A4X,AN)+(CN,CT)(mod )
< (BA,BN)+(AN,MC)=(AB,AN)+(CN,CM)(mod )
< (BA,BN)+ (AN, AB)+(AN,MC)+(CM,CN) = 0(mod )
< (AN,BN)+(AN,CN)=0(mod r
< 2(AN,CN)+(BN,CN)=0(mod )

& (AN,CN)E%(modﬂ)

< AN L BC
Vay ta ¢c6 dpcm. Ta con c6 thé chiing minh dugc X,Y,Z,T thiang hang khi va chi khi M 1a trgc tam
tam giac ABC

Bai 33.
Cho tam giac ABC ndi tiép dudng tron (O). Buong tron (O,) tiép xtic voi cac canh AB, AC tai P,Q
va tiép xuc trong véi (O) tai S . Goi giao diém ciia A4S va PQ 1a D.

Chirng minh ring BDP = @ .
(Dé thi chon d6i tuyén Ha Tinh)
Loi gidi.
B6 dé: Cho dudng tron (C) va hai diém 4, B nim trén (C). Mot duong tron (C') tiép xuc trong véi
(C) tai T.Néu AE,BF la céc tiép tuyén ctia (C') tai E,F thita c6 T—Azﬂ
TB BF
Churng minh:
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Goi A',B' 1a giao diém cua T4,TB véi (C'). Phép vi tu tim T bién (C')—(C) bién A'B'— 4B,
AEY AA' AT BB' BT (BFY
A'T A'T B'T B'T

dodo A'B'|| AB . Suy ra:
TA'
AE BF AE TA' TA
- = - = =
TA' TB' BF 1TB' TB
Tro lai bai toan:

TB'

, ... . BP SB sinBAS PD
Apdungbd dé,tacdé —=—=——"—=—-.
CQ SC sinc4aS OD

Laico BPD = @ . Suy ra ABPD ~ACQOD = BDP = C/'D\Q (dpcm)

Bai 34.
Trén dudng tron (O) ldy hai diém A, M khac duong kinh. Piém I trén doan OA(I #0,A). Hai
duong tron (1,14) va [IM ] cit nhau tai B,C . Céc tia MB,MI,MC cét (O) tai D,E,F theo thir tu.
Duong théng DF cit ME,MA, AE 1an luot tai T, S ,0 . Chung minh réng:

1. SD-SF = ST -S5O

2. B,C,Q thang hang.

(D¢ thi chon d6i tuyén Ha Noi)
Loi gii.
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1.
Tir gid thiét cia bai toan, ta c6 ME 1a phan gide cia goc DMF , do do:

(0A4,0T)=(DA,DF)+(AQ, AD)=(MA,MF )+(ME,MD)
(MA,MF )+(MF,ME ) =(MA,ME)(mod )
Suyra M,T,A,Q dong vién. Vay SD-SF =SM -SA=ST-SO.

2.
D@ thay réng (1,14) 1a dudng tron M — mixtilinear clia tam gidc MDF .
21 . AD DB .2 . .
Theo bd dé ¢ bai 33, ta co IF :F_C' Vi E 1a trung diém cung EF nén AQ 1a phan gidc ngoai cua
. D AD DB v .
tam gidc ADF, suy ra Q—=—=—. Vi MD,MF 1a cic tiép tuyén cua (/,/4) nén ta c
OF AF FC
OD CF BM

MB = MC . Do do =1. Theo dinh Iy Menelaus, ta suy ra O, B,C thing hang (dpcm)

OF CM BD
Bai 35.
Goi / 1a tdm duong tron ndi ti€p tam gidc ABC . Puong thang vudng goc voi 14 tai A cat BI,CI tai
K,M . Goi B',C' la giao diém cua hai c@p dudng thing (BI,AC),(CI,AB). Dudng thang B'C" cét
(4BC) tai N,E.Ching minh ring bon diém M, N, E,K thuc cing 1 dudong tron.

(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 1)
Loi gii.
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D

Goi D la giao diém cia MB va KC. , )

Tur gid thiét, ta c6 M, K la cac tam bang tiép cia tam gidc ABC, suyra D cling l1a tdm bang tiép cua
tam gidc = 4,1,D thing hang.

Ap dung dinh Iy Desargues cho hai tam giac MBC' va KCB', ta c6 MK, NE,BC dong quy tai P.

Cac bd 4 diém (M,B,C,K) va (N,B,C,E) ddng vién. Do dé ta co PM - PK = PB-PC = PN - PE

= M,N,E,K déng vién (dpcm)

Bai 36.
Cho tam gidc ABC nhon. Cac duong cao BE,CF cit nhau tai H . Trén cac tia FB,EC theo thu tu léy
cac diém P,Q sao cho FP = FC,EQ = EB. BQcat CP tai K. I,J theo tht tu 14 trung diém BQ,CP .
IJ cit BC , PO theo thu ty tai M, N . Chung minh réng:

1. HK 1. 1J

2. IAM = JAN ‘ q

(bé thi chon doi tuyén THPT chuyén DHSP HN)

Loi gidi.
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1. Tir gia thiét, ta c6 BPC = BOC =45°, suy ra tt gidc BCOP 1di tiép. Do do:
Py ys01 = KB-KO=KC-KP =Py,

K/[BO
Theo tinh chat tryc tam tam giac, ta co:
Pyysoy=HBHE = HC-HF = F,; .,

H
Vay HK la truc dang phuong ciia hai duong tron duong kinh BQ,CP. Ma IJ la dudng ndi tam cta
hai duf‘mg tronnéntaco HK L 1J . )
2. Ap dung dinh 1y Menelaus cho tam gidc KBC vdi cat tuyén MIJ , ta co:
W5 € K_,_NO KK P_ M5 _NO

MC JK IB NP 10 JK MC NP
Goi d la phan giac trong ctia goc EAE:, goi anh cia B,M,C qua phép dbi xing truc d 13 B, M ",
M'B':£:N=Q' Suy ra 4,M' N thing
M'C' MC NP
hang. Do do CAM = BAM ' = BAN . Tuong ty, ta cling c6 CAI = BAJ .
Tur d6 suy ra IAM = JAN (dpcm)

C'. Tacé B',M',C' thing hang va B'C'||PQ. Lai ¢6

Bai 37.
Cho tam gidc ABC ndi tiép (0), tryc tim H . D la chin dudng cao ké tir dinh B cua A4BC, diém
P bat ki trén (0). O,R,S lacac diém ddi xang voi P qua cac trung diém cac canh AB, AC,BC theo
thir tw. 4Q cat HR tai F . Chung minh rang HS 1 DF .

(D¢ thi chon doi tuyén Da Nang)
Loi gidi

Phép vity Z tdm P tisd 2 bién tam gidc trung binh cta tam gidc ABC thanh tam gidc SOR nén ta
¢6 AABC = ASQOR . Mit khac, trung diém I ctia PH nam trén dudng tron Euler cta tam gidc ABC va
Z(I)=H nén H,S,0,R dong vién.
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Goi M,M"',0" 1a trung diém BC,QR va tim ngoai tiép tam giac SOR, tacdé AH =20M =20'M "' va
AH 1 OR nén A la truc tdm tam giac HOR . Suyra AFH = ADH =90° = A,H,D,F @dong vién.
Suyra ADF = AHF = AHD — DHF = RQS — DHF = RHS — DHF = DHS . Tur d6 ta c6 dpcm.

Bai 38.
Cho ntra duong tron dudng kinh 4B =2R . Goi C la diém tiy ¥ trén nira duong tron, D 14 hinh chiéu
vudng goc ciia C 1én AB . Tia phan giac ctia goc ACD cit dudng tron duong kinh AC tai diém thir
hai E, cat tia phin giac ctia goc ABC tai H .

1. Tia phan giac ctia goc CAB cat dudng tron duong kinh AC tai diém thir hai F, cat CE tai I .
Tinh dién tich tam gidc FID khi n6 déu.

2. Trén doan BH léy diém K sao cho HK = HD . Goi J la giao diém cua AF va BH . Xéac dinh vi
tri cia C dé tong khoang cach tir cac diém 7,J,K dén AB 1a 16n nhat.
(Dé kiém tra doi tuyén Ninh Binh)
Loi gidi.

1.
Tacd I 1 tAm ndi tiép tam gidc ACD va F 14 trung diém cung CD khong chira 4 cua (ACD). Do
do FI=ID.
Suy ra tam gidc FID déu <> DFI =60° <> ACD =60° < BAC =30°.
beé tinh di¢n tich tam gidc FID, ta can tinh d¢ dai canh FD.

Tocs Fp—. CD  _ACsin30° _2Rcos30°sin30° _ Ry3

2cosl5° 2cos15° 2cos15° - \/§+x/g
Fpy3 R (643-9)
Do do S, = = .
4 16
2

Bing cac phép bién ddi goc don gian, ta co CH L BH . Do d6 B,C,D,H dong vién. Laic6 H 1a trung
diém cung CD khong chira B ciia (BCD) va HK = HD nén K 1a tdm ndi tiép tam gidc BCD.

Tir gia thiét ciia bai toan, ta ciing co 7,J 1a tAm noi tiép cac tam gidc 4DC, ABC .

Goi G 1a giao diém ciia CE va AB. Theo tinh chit dudong phan giac, ta co:
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Gl _AG _DG_AG+DG __AD __ d(I,4B) _GI ____ AD
IC AC DC AC+DC  AC+CD CD ~ GC AC+CD+DA

Lai c6 AACD~AABC:>AD:AC+CD+DA:>d(I’AB): AC '
AC AB+BC+CA CD AB+BC+CA
d(J,AB) _ AB d(K,AB) BC

Tuong tu, ta co = , = .
CD AB+BC+CA CD AB+ BC+CA

Do d6 d(I,AB)+d(J,AB)+d(K,AB)=CD.
Vay d(I,AB)+d(J,AB)+d (K, AB)max < CDmax < C la trung diém cung AB.

Bai 39.
Cho tam gidc ABC. Trén AB,BC lan luot lay M, N sao cho AM =CN . Hai dudng tron (BCM ) va
(BAN) cit nhau tai B, D. Chimg minh BD la phén gic cla ABC.

(D¢ thi HSG Quéang Nam)
Loi gii.

$
S

Goi E 1a chan dudng phan gidc trong cta goc ABC; I 14 giao diém ciia (BCM) véi AC, J la giao
diém ctia (BAN) véi AC . Dinh huéng dudng thing AC theo huéng cua vector AC . Dit AM=CN=¢.

Tacé AE = be ,E_C= ba .
b+c b+c

. - - t -b’
BM,1,C déng vien = AM - AB = Al- AC = Al = = B = 41— ap = "€ _ ¢ _cltlare)-b)
b b a+c b(a+c)

c(t(a+c)—b2). ba :ac(t(a+c)—b2)
b(a+c) a+c (a+c)2 '
ac(t(a+c)—b2)
(a+c) '

Suy ra £ ndm trén truc dang phuong cia (BCM ) va (BAN), do &6 B,E,D thang hang nén BD la

Do d6 Py pyye, = EI-EC =

Hoan toan tuong ty, ta co PE/(BNA) =

phan gidc cla ABC (dpcm)
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Bai 40.
Cho tam gidc ABC c¢6 phan gidc trong AD . Goi E,F lan luot 13 hinh chiéu caa D 1én 4B, AC . Goi
H 1a giao diém cua BF,CE . Ching minh ring AH 1 BC.

(D¢ thi chon do6i tuyén Nghé An, vong 1)
Loi gidi.

M-

Goi T 14 tryc tAm tam gidc ABC, BX,CY la hai duong cao clia tam giac. M, N 1a giao diém ciua XY,
EF v61 BC . Taco

A
FC EA_DFeoatC PP ot NB_tnC

FA E_DFcotA DEcotB cotB NC tanB

E YA _BXcotC CYcot 4 B cotC:> MB B tan C

ﬁ.ﬁ_BXcotA CYcotB cotB MC tanB
Do @6 M =N hay BC,XY,EF dong quy. Ap dung dinh Iy Desargues cho hai tam gidc BXF va CYE,
taco A,T,H thang hang, tir 6 suy ra dpcm.

Bai 41.
Cho tam gidc nhon ABC, M 1a trung diém BC. D,E 1a hinh chiéu vuong goc cua M 1én AB, AC.
Duong tron (O,) diqua 4, B,E . Pudng tron (0, ) diqua 4,C,D. Chimg minh ring 0,0, || BC .

(D¢ thi HSG Hai Phong, bang Al)
Loi gidi.
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Goi R,S la giao diém khac B,C cia (0,),(0,) voi BC; K 1a hinh chiéu vudng goc cua 4 1én BC.
Ta c6 hai b 4 diém (4,E,K,M) va (4,E,B,R) dong vién, do doé:

CK-CM =CA-CE=CB-CR= CK =<2 .CR=2CR . Tuong tu, ta 6 BK = 2B5S (1).

CM
Pé chirng minh 0,0, || BC, ta s¢ ching minh AK la truc dang phuong cua (01) va (02) . Didu d6 xay
e e oA TR e e Tacn  KS KR o
ra khi va chi khi: KS-KC=KR'KBC>KS’RC=KR~SB©S=B=R=C. Ma di€u nay ludn dang vi tu

(1),tacod R, S 1atrung diém cia KC,KB. Viy ta c6 dpem.

Bai 42.
Cho duong tron tdm O ndi tiép tam giac ABC, tiép xuc voi cac canh BC,CA, AB theo thir tu tai D,
E, F.Goi M la giao diém thir hai ciia dudng thing 4D va dudng tron (O); N, P theo thir ty 14 giao
diém thtt hai cia MB,MC véi (O). Ching minh rang ba dudng thing MD, NE, PF dong quy.

(B¢ thi chon dodi tuyén Ninh Binh)
Loi gidi

°C

Ta co6 cac ta giac DEMF, DMFN, DMEP 1a céc tu giac diéu hoa, do do6:
sin FDM_sinDEN sinEFP _MF DN EP _MF DM EM _,

sin EDM sin FEN sinDFP ME FN DP ME FM DM
Theo dinh 1y Céva sin cho tam gidc DEF ,tacdé DM ,EN,FP dong quy (dpcm)

Bai 43.
Cho tam giac ABC ndi tiép (O) Tiép tuyén cua (O) tai B,C cat nhautai S. Trung truc cua 4B, AC
cit phan gic trong goc BAC tai M,N. BM,CN cit nhau tai P. Ching minh ring S4 di qua tdm
duong tron nodi tiép tam giac MNP . ‘ "

(bé thi chon doi tuyén THPT chuyén DHSP HN)
Loi gidi.
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S

Goi D,E,F,H la trung diém BC, trung diém cung BC khong chita A cua (0), trung diém MN va
truc tam tam gidc OMN .

Ta c6 @:%M:%(m+m):%@,M:9O°—O/Z\TA\J:%Erc. Tuong ty, ta suy ra
I,H db6i xtng v6inhau qua AE .

Theo mot két qua quen biét thi ta c6 A4S 1a dudng ddi trung clia tam gidc ABC nén dé ching minh
A,1,S thang hang, ta chi can chiing minh 4, H, D thang hang. Ta c6

A , A , A , A
HO FO _MFcotE 1—tan B 2cos 5—1. DE _R(I_COSA)_2—2COS B

= —l = = s = =
HF  FH MFtan tan2124 l—cos® 4 DO Rcos 4 2008”41
Do do AF DE HO =1= 4,D,H thang hang theo dinh Iy Menelaus. Vay ta c6 dpcm.
AE DO HF
Bai 44.

Cho hai duong tron (O,),(0,) cit nhau tai 4,B va I 1a trung diém 0,0,. Goi C la diém ddi xtmg
v6i B qua I . Mot dudng tron (O) qua 4,C cit (0,),(0,) tai M, N . Chirng minh rdng CM =CN .

(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 3)
Loi gii.
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Goi N' 1a diém trén (O,) sao cho MAB=N'AB. Tir gid thiét suy ra CO,BO, 1 hinh binh hanh,

Tacé 0,C=0B=0M,0,N'=0,B=0,4 va COM =COB+BOM =CO,B+BO,N'=CO,N". Suy
ra ACOM =AN'O,C (c.g.c)

A, B 14 hai diém déi xtmg véi nhau qua 0,0, nén 0,40, = 0,BO, =0,CO, = A,C,0,,0, ddng vién.

Khong mat tinh tong quét, gia sir R(Ol) < R(Oz) , khi d6 tia O,C nam trong goc 251]\\/[ va tia 0,4 nam

trong goc CO,N"'.
Ta c6 MCN'=0,CO, —(0TCT4+5;CW'),A7AW'=07@ —(OTEMQ’/W'). Mit khac:

O,CM +0,CN "= 0,CM +O,MC =180°— MO,C

MOA oo NO,A

G + O = 90°— MOC+40C NOC-A0C _gp0 yime

+90° - =180°—

Suy ra MCN'= MAN' = A,C,M,N' dong vién = N=N'= CM =CN (dpcm)

Bai 45.
Cho duong tron (C), hai duong tron (C,),(C,) nim trong (C), cung tiép xtc trong véi (C) véi cac
tiép diém la K, H theo thir tw. (C,) va (C,) tiép xtc ngoai véi nhau tai /. V& tiép tuyén chung ngoai
(1) cta (C,).(C,). (T) cit (C) tai 4,B vatiép xtc véi (C,),(C,) lan luot tai M,N. V& tiép tuyén
chung trong (7,) cta (C,).(C,). (T,) cét (C) tai D sao cho I thudc mién trong ciia tam gidc ABD.
Chirng minh rang;

1. Tk gidc MNHK la tr gidc ndi ticp.

2. DI la phan giac cua ADB. . i

(bé thi chon dogi tuyén Ha Tinh)

Loi gidi.
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J
Phép vitu Z tdm K bién (C,)—>(C) bién 4B — tiép tuyén clia (C) song song v6i AB, do d6 Z
bién M — J la trung diém cung 4B khong chira K cua (C).
Suyra K,M,J thing hang va AKJ = ABJ = JAM = AJAK ~ AJMA = JM - JK = JA’ .
Tuong tw, tacod JN-JH = JB*. Ma J la trung diém cung AB ciia (C) nén JA=JB.
— JM -JK =JN-JH = M,N,H,K ddng vién.
Theo trén, ta cd P, =JM-JK =JN-JH = Py = ndm trén tryc dang phuong cta (C,) va (C,),

ciing chinh 1a dwong thang DI . Suyra D,I,J thiang hang nén DI 1a phan giac ciia ADB (dpcm)

Bai 46.
Cho tam gidc ABC, tdm ndi tiép I, tm ngoai tiép O, cac tim bang tiép 1,,1,,1, tuong img voi cac
goc A,B,C. AD,BE,CF 1a cic duong cao trong tam giac ABC . Chirng minh ring Ol,1D,ILE,I.LF
dong quy. ‘ i

(Bé chi chon doi tuyén Hai Phong)
Loi gidi.
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Goi G la giao diém cta 1,D va OI, M la trung diém cung BC khong chira 4 ciia dudng tron ngoai
tiép tam gidc ABC, J la giao diém cua Al va BC, K 14 giao diém cia OM va ID.

(ABC) 1a dudng tron Euler cta tam gide 1,1,1,, suyra M la trung diém 11, = I}A;[ =%
1
Ap dung dinh 1y Thales, ta c6 MK _LM_ M
AD 1A 2IM+IA
A

2bccos—

Laico IM =BM = ,IA=—2,suyra:
2c0s a+b+c
2
a
2c0s a a a
4 A - _
2IM +14 a 2bccos— 2bccos” — bcM at (p a) 2p
A + b a—+ Tz a-+ bC
cos = a+b+c a+o+c p
Dods MK =S _ . KO _R+r
2p p KM r
1 . , - s Lo A . Gl 2r N
Ap dung dinh ly Menelaus cho tam gidc IMO v6i cat tuyén [, KG,tacdO —= s tir do suy ra dpem.
+r

Bai 47.
Cho tam giac ABCva D 1a mot diém trén canh BC thoa CAD = 4BC. Duong tron (O) diqua B va
D cit AB,AD tai E,F; DE cit BF tai G; M 1a trung diém AG . Chimg minh CM L AO.

(Dé thi chon d6i tuyén Khanh Hoa)
Lai gidi | |
Bo dé: Cho tir gidc toan phan ABCDEF . Qua F ké cac duong thang song song v&i AB,CD,AC, BD
cit CD, AB,BD, AC tai M,N,P,Q theo thir ty. Khi d6 M,N,P,Q thing hang va duong thang di qua
chung song song véi EG .
Churng minh:
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Ta c6 nhan xét don gian sau: Cho hai tam giac ABC, DEF c¢6 cac dudng thing AD, BE,CF ddng quy.
Khi ¢6 néu AB||DE va BC|| EF thi AC|| DF .

Ap dung nhan xét trén cho cac cip tam giac (FON,DGE),(FMN,BEG),(FMP,AEG), ta suy ra cic
duong thang MN, MP,NQ cing song song véi EG , do 46 M,N,P,Q thing hang va duong thing di
qua chung song song voi EG .

Tro lai voi bai toan.

Qua 4 ké AH || BD, AK || BF, Al || DE (H € EF,K € ED,I € BF). Goi J 14 giao diém cia EF,BC.
Xét tir gidc toan phin BEFDAJ , theo bo dé trén, ta ¢6 C,H,I,K thang hang va duong thing di qua
ch}'mg song song véi JG. Vi CH la dudong chéo cia hinh binh hanh 4AHJC nén CH di qua trung
diem N cua 4J. MN la duong trung binh cua tam gidc AGJ nén MN ||GJ . Suy ra C,M,N thang
hang va CM || GJ .

Mit khéc, theo mot két qua quen thudc thi ta c6 JG 1a duong dbi cuc cua A4 dbi vai (0), do do
AO 1 JG . Tir cac khang dinh trén ta suy ra CM || AO (dpcm)

Bai 48.
Cho tam gidc khong can ABC . Goi cdc tiép diém cla dudng tron (O) ndi tiép tam gide véi cac canh
BC,CA,AB lan lugt 1a A,B,,C,. Pit A4, "(0)=4,,BB,"(0)=B,. Goi A4, BB, la cic duong
phan giac trong cua tam gidc 4,B,C, .

1. Ching minh rang A, A4, 1a phan gidc cua E:A;\Cl .

2. Goi P,Q la giao diém cta hai duong tron ngoai tiép tam giac A A,A, va BB,B,. Chirng minh
ring O € PQ.

(Dé kiém tra d6i tuyén THPT chuyén Quang Trung, Binh Phudc)

Loi gidi.
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L.

A8 _ AB _ 4B .Do d6 4,4, 1a phan giac ctia I/SIZZ\CI .
4,C, AC,  4C

A B,A,C, 1a ti giac diéu hoa nén
2.
Ta co:
/4 1
(40;4,4,)=(40; AC) +(A4C; 4, 4;) = 57 (B,C;;B/4) +E(A1C1; 4,B,)
=(4,C; 4, 43) = (4,C; 4, 4) = (4,C; 4, 4;) + (4,45 4,C)
=(4,4,; A, 4;) (mod )
Do d6 04, tiép xtc voi (4,4,4,)= P, i) = 04} . Tuong tu, ta suy ra O nam trén truc dang phuong

cia (4,4,4,) va (BB,B;) nén O,P,Q thing hang.

Bai 49.
Cho hinh thang ABCD (AD||BC), E la diém di dong trén dudng thang 4B; O,,0, lan luot 1a tam
ngoai tiép cac tam giac AED, BEC . Chirng minh rang d6 dai 0,0, khong doi.

(Dé thi chon d6i tuyén TPHCM)
Loi gii.
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Goi G 1a giao diém ciia AB va CD; M,N theo thit tu 1a tim ngoai tiép cac tam gidc GAD,GBC ; F
la giao diém khac E cua hai duong tron (ADE),(BCE).

Ta co (FD;FE)=(A4D; AE)=(BC;BA)=(FC;FE)(modz)= F,C,D thing hang.

Vi tam ngoai ti€p va truc tdm la hai diém lién hop dang gidc trong tam giac nén ta co:

(GM;GD) E%—(AD;AG) E%—(FD;FE)(modﬂ) = EF L GM

(GM;GD) E%—(AD;AG) - %—(BC;BG) =(GN;GC)(mod )= G,M,N thing hing = EF | MN

Ma EF la truc ding phuong cta (ADE) va (BCE)= EF 1 0,0,,suyra 0,0, | MN .
Lai ¢c6 NO, || MO, (cung vudng goc v6i BC). Do d6 MNQO,O, 1a hinh binh hanh. Suy ra 0,0, = MN
khong d6i (dpcm)

Bai 50.
Cho tir gidc toan phan ACBDEF , trong d6 tir giac ABCD c6 dudng tron ndi tiép tam 7. Goi A4,,B,,
C,, D, 14 tiép diém cua (1) voi cac canh 4B, BC,CD,DA. Goi M 14 hinh chiéu vudng goc cia I 1én
EF . Hinh chiéu cia M 1én cac duong thiang 4,B,,B,C,,C,D,,D,4 1a M,,M,,M,,M,. Chiing minh
rang M,,M,,M,,M, thang hang.

(D¢ thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 3)
Loi gigi.
Ta c6 hai bo dé sau:
Bo dé 1: Cho tir gic toan phan ACBDEF , trong d6 tir giac ABCD ndi tiép trong (O) Goi G la giao
diém ctia AC va BD. M 1a hinh chiéu cia G 1én EF . Khi d6 O,M,G thing hang va M la diém
Miquel ctia tir gidc toan phan ACBDEF .
Chirng minh:

Y

Goi X,Y 1a céc giao diém cia EO véi (0); K 1a hinh chiéu cia F 1én XV

Theo dinh 1y Brocard, ta c6 G la truc tim AEOF — EM -EF = EK -EO = EOQ* - OK -OE (1)
Mat khac, (EKXY)=-1=OK-OE =0X* =R’ (2)
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Tu (1) va (2), ta cd EM -EF =F.0) = EA-EB = EC-ED, suy ra cic bd 4 diém dong vién (4, B,M,F)
va (C,D,M,F).Dodé M ladiém Miquel cia ABCDEF .

B6 dé 2: Cho tir giac toan phdn 4BCDEF va M la diém Miquel ciia né. Goi X,Y,Z,T 1a hinh chiéu
vudng goc ciia M 1én AB,BC,CD,DA.Khidé X,Y,Z,T thang hang.

Churng minh:

°

A-

Ta c6 cac b 4 diem (M,F,X,Z);(M,F,B,C);(M,Z,C.,Y) dong vién, do doé:
%—(ZF;ZX)E%—(MF;W)E(FX;FM)E(CE;CM)E(ZY;ZM)E%—(ZC;ZY)(mOdﬂ)

Suyra X,Y,Z thang hiang. Hoan toan tuong tu, ta suy ra dpcm.
Tré lai voi bai toan ban dau.

F J
Goi E, la giao diém ctia 4,D, va B,C,; F, 1a giao diém cta 4B, va C,D,. Ap dung dinh ly Brianchon
cho luc gidc DD, ABB,C,tac6 AC, BD,B D, déng quy tai X . Tuong tu, ta suy ra AC,BD, AC,,B,D,
déng quy. Mat khac, cac duong théng AC,BD, A C,,B,D, tuong trng 1a duong dbi cuc cua E.F,F,E.
Do do E,F,E,,F, théng hang.

Xét tir gide toan phan 4 B,C,DEF,. Tacé IM L EF = IM 1 E/F, va tit gidc 4,B,C,D, ndi tiép (I).
Theo bo dé 1, ta cd M 1a diém Miquel ciia 4,B,C,D,E,F,. Theo b6 dé 2, ta c6 M,,M,,M,,M, thing
hang (dpcm)
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Bai 51.

Cho luc giac 16i AMBDNC nbi tiép trong dudng tron duong kinh MN, AC =BD. Goi F,P la giao

diém cia MC v6i AD,AN; E,Q la giao diém ciia MD vé&i BC,BN . Ching minh rang gi tri cua

CP _FP  DQ  EQ
FM DM EM

bicu thirc l1a mot hang so.

(Dé thi chon d6i tuyén THPT chuyén PHKHTN HN, vong 3)
Loi gidi.

Ta co (MPFC):A(AM,AN,AD,AC):B(BM,BN,BD,BC):(MQDE).

CP;FP:EQ;DQ:;@CP+FP+DQ+EQ:<k+1)[£+D=Q]
CM FM EM DM CM FM DM EM FM DM
Mat khac, ta coé:

Suy ra

FP S, APsin NAD _ AP .cosm 3 tan AMC
FM N  AM sinMAD AM sin MAD  tan MAD
DO ND tan BND B tan AMC
DM NDtanMND tan MND

N s s FP D
Tur gia thiét, ta suyra /' ndm gitra P,M ; Q nam gitta D,M . Do d6 — = —=Q.
T FM DM
P FP D E
ay ¢ + + Q + Q
CM FM DM EM

=0, ta cé dpcm.

Bai 52.

Cho hai dudng tron (0O, ),(0,) cé ban kinh khac nhau va c6 hai tiép tuyén chung trongA,,A, cét nhau
tai 7. Mot tiép tuyén chung ngoai A, tiép xtc véi (0,),(0,) lan luot tai M, N . Pudng tron (O,) nim
trong phan mit phang giéi han boi ALALLA va tiép xtc voi ba duong thang nay theo thir tu tai P,O,R.
Biét rang bn diém M, N, P,Q cing niam trén mot dudng tron (C ) .

1. Ching minh rang tdm ciia duong tron (C ) nam trén dudng tron di qua ba giao diém cta ALALLA,
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2. Chimg minh A LA,
(D¢ thi chon d6i tuyén THPT chuyén Pai hoc Vinh)
Loi gidi
Ta phat biéu lai bai todn nhu sau: Cho tam gidc ABC khéng can tai 4; (0,),(0,) 1a hai dudng tron
bang tiép trong cac géc C,B ciia tam gidc. (O,),(0,) tiép xtc v6i BC tai M, N . Dudng tron ndi tiép
(1) tiép xuc véi cac canh AB, AC,BC tai P,Q,R theo thir tu. Biét ring M, N, P, dong vién. Chirng
minh rdng tdm cta (MNPQ) nim trén (ABC) va tam gidc ABC vudng tai 4.

)

1.
Goi O 1a trung diém cung BC khong chita 4 cua (ABC )
Theo mot két qua quen thudc, ta cd6 BM =CN = p—a . Tir 46 suy ra AOBM = AOCN (c.g.c)
Ta cling c6 AOAP = AOAQ (c.g.c)
Vay O la giao diém hai duong trung truc ciia cac doan thing MN va PO va MN khong song song
voi PO nén O la tam cua (MNPQ).
2. , q q
Khong mat tinh tong quat, gid st » > ¢ . Goi K la giao diém cia PQ va BC.
KB RB _p-b
KC RC p—c

Tacd AR,BQ,CP dong quy nén (KRBC)=-1=>

Laic6 KB—KC =a, suyra kp=2P=0) po_dp=0) yp Ap=b)p=c)
b-c b-c b-c

= KM = KB— BM :2p(p_—b)_ac,KN=KC+CN: 2p(pb_c)_ab
—c —_C
Vaytaco M,N,P,Q dong vién

< KM -KN = KP-KQ = KR*
< 2p(p-b)—ac)2p(p-c)—ab)=4(p-b)’(p-c)’
& (b-c)(a>=b*-c*)=0

& a’ =b" +¢” (vitam gidc ABC khong cantai A)
< AABC vuong tai A (dpcem)
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Bai 53.
Cho luc gidc ABCDEF i tiép duong tron (O), véi AB=CD=EF . Goi I giao diém cua BE va
AD. Goi H,K lan luot 1a tryc tim tam giac ADF, BCE . Biét ring AIB = 60°. Chirng minh ring
H,O0,K thang hang.

(Dé thi HSG Hung Yén)
Loi gidi.
Trude hét ta chimg minh hai bd dé sau:
B6 dé 1: Cho tam giac ABC c6 goc A béng 60°. Goi I,H,0O latam ndi tiép, tryc tdm, tdm ngoai tiép
ctua tam giac. Khidé /H =10 va AH = AO.
Churng minh:
Tacd AH =2Rcos A véitam gisc ABC batkiva R 1a ban kinh duong tron ngoai tiép tam giac.

Khi d6 AH:AO©2RcosA=R©cosA=%©A=60°.
Pé ching minh /H = 10 , ta s& sir dung cac két qua sau ma khong ching minh lai:
10” = R* =2Rr;IH’ = 4R + 4Rr +3r7; ZsmA 1+— D cosd va

sin2x+sin2y+sin2z =—4sinxsinysmz VOl x+y+z —0 . Khi do:

[0=1H < 10* = [H? < 3R* +6Rr+3r* - p* =0©p=\/§(R+r)©§=\/§[l+%j

& sind = \/_ZCOSAQZsm(A——j OQHsm(———j 0 (dpcm).

B6 d& 2: Cho tam giac ABC co goc 4 bang 60°. DBuong thing Euler cta tam giac cit cac canh
AB, AC tai M,N . Chiing minh rang tam gidc AMN déu.

Churng minh:
A

B® °C
Goi E 1a trung diém OH . T bd d¢ 1, ta suy ra 4,7, E thang hang vi cling nam trén trung tryc cua
OH . Suyra AE la phan giac cua cac goc E4\C,]\Z47\7 Twr d6 suy ra AHAM = AOAN = AM = AN .

Tam gide AMN cantai A vaco MAN = 60° nén Ia tam giac déu (dpcm)
Vay ca hai bd dé da dugc chung minh, trd lai voi bai toan ban dau.
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A
L
HF
0 K
EWC
D

Goi L,M 1a giao diém cua phéan gidc ngoai ciia goc AIB véi chc duong thing AF,BC.
Tir gid thiét AB =CD, ta co AD|| BC = EBC = AIB = 60° . Theo bd d& 2 suy ra OK || IM . Tuong tu,
taco OH || IL . Ma L,I,M thing hang nén H,O,K thang hang (dpcm)
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