TRAN NAM DUNG
(chti bién)

LOI GIAI VA BINH LUAN PE THI CAC
TINH, CAC TRUONG DAI HOC NAM
HOC 2009-2010

E-BOOK






L.oi noi dau

iii



v

Tran Nam Diing (chii bién)




L.0i cam on

Xin cdm on sy nhiét tinh tham gia dong gdp cda cac ban:

1. Pham Tién Pat
2. Pham Hy Hiéu
3. Nguyén Xuan Huy
4. Mai Tién Khai
5. Nguyén Vuong Linh
6. Nguyén Lam Minh
7. Nguyén Vian Nam
8. DPinh Ngoc Thach
9. Lé Nam Trudng

10. Vo6 Thanh Van

Cung rit nhiéu ban yéu todn khéc.



vi

Tran Nam Diing (chii bién)




Muc luc

Loi noi dau

Loi cam on

De toan va loi giai

S6 hoc

Ll DEDBA « v o v et e e
12 LOUGIAL « o e e e e e e e e

Phuong trinh, hé phuong trinh

20 DEDAL vt e
22 LOTGAL « o oo e e

Bt dang thitc va cuc tri

30 DDA ot e e
32 LOTGAL « o o o e e e e

Phuong trinh ham va da thire

A1 DEDA « o oo
A2 LOIGAL « o o oo e

S0 DEDAL ot e
52 LOTGAL « v v v e e

Hinh hoc
Té hop

6.1 DEDAL © o v o e e
62 LOTGAL « v o v e e

vii

iii

15
15
18

27
27
30

45
45
48

61
61
65



viii Tran Nam Diing (chii bién)

II Mot sb bai giang toan 91
7 Giai phuong trinh ham bang cich lap phuong trinh 93
8 Day truy hoi loai u,, | = f(u,) 99

9 Céc dinh Iy ton tai trong gidi tich va dinh Iy ce ban cta dai s6 105



Phan I

De toan va loi giai






Chuong 1

So6 hoc

“Todn hoc la bdo vdt quy gid hon bdt cit thit gi khdc ma chiing ta duogc thita huong tir kho
tang tri thifc cuiia nhdn loai.”
Rene Descartes

1.1 Peé bai

1.1. Gia st m, n 1a hai s6 nguyén duong thoa man g 1a 56 18 véi d = (m, n). Xac

dinh (a,, +1, a, — 1) v6i a 1a s6 nguyén duong 16n hon 1.

1.2. Dy s6 {a,} dugc xic dinh nhu sau: ap =0, a; =1, ap =2, a3 = 6 va
ptq = 20ap43+apiy — 20,41 —a, v6imoin > 0.

(a) Chitng minh ring a, chia hét cho n v6i moin > 1.

(b) Chiing minh ring day sb {@} chiia vo s6 s6 hang chia hét cho 2009.
n

n=1

1.3. Cho m, n la cc sb nguyén duong nguyén t6 cting nhau, m 1a s6 chin. Tim u6c
s6 chung 16n nhit ctia m? +n? vam> +n’.

1.4. Cho cic s6 nguyén duong a, b, ¢, d théa man ac + bd chia hét cho a* + b>.
Chiing minh ring
(P +d* a®+b*) > 1.



4 Tran Nam Diing (chii bién)

1.5. Tim tit ca c4c s6 nguyén duong k sao cho phuong trinh
¥ +y? 4+ x+y=kxy

¢6 nghiém nguyén duong.

1.6. Tim tit ca c4c s6 nguyén duong x, y thod man

x% + 15y% + 8xy — 8x — 36y — 28 = 0.

1.7. Chiing minh rang
[12" = 5" >7

vGi moi m, n nguyén duong.

1.8. Cho 7 1a sb nguyén duong sao cho 3" — 1 chia hét cho 229, Chiing minh ring

n> 22007 )

1.9. (1) Cho a = 52 +19 Ching minh sé a c6 it nhat 25 chit sé 0 ding lién
nhau.

(2) Chiing minh ton tai vo s6 sd tu nhién n ma 5" ¢6 it nhat 100 chit s6 0 diing
lién nhau.

1.10. Cho f : N* — N* thod man cac diéu kién
() f(xy) = f(x)f(y) v6i moi x, y thod man (x, y) = 1;
(i) f(x+y) = f(x)+f(y) v6i moi bd sb nguyén td x, y.
Hay tinh £(2), £(3), £(2009).

1.11. Tim tit ca cdc bd sb tu nhién a, b, c, d d6i mot phan biét thda man

- =b-*=3>-4d%

1.12. Cho hai sb nguyén duong p, g 16n hon 1, nguyén t6 ciing nhau. Chiing minh
ring ton tai sd nguyén k sao cho (pg — 1)"k + 1 1a hop sb v6i moi sb nguyén duong
n.
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1.2 Lui giai

e .2 2, N . A A 2 ~ n \ A 2 4.
Bai 1.1. Gid su m, n la hai so nguyén duong thod mdan 7 la so lé véi d = (m, n).

Xdc dinh (ay, + 1, a, — 1) véi a la s6 nguyén duong lén hon 1.
(Pai hoc Vinh)

, 2
Léi gidi. Do d = (m, n) nén (m ”) zl.ngésélénéntacé (m ”> —1,

d’d d’d

suy ra (2m, n) = d. Theo dinh 1y Bezout, ton tai u, v nguyén sao cho 2mu+nv = d.
bit D = (a,, + 1, a, — 1). Khi d6

a” = —1 (mod D),

suy ra
a®™ =1 (mod D).

Ngoai ra ta da cé
a" =1 (mod D).

Tit nhiing diéu trén, ta suy ra
a? = @™ = 1 (mod D).
Do m = dm’ nén tit day ta suy ra " = 1 (mod D). Két hop v6i a” = —1 (mod D) ta
suy ra 2 = 0 (mod D). Ti day suy ra D = 1 hodc D = 2. Dé thiy v6i a 18 thi D =2
con véi a chin thi D = 1. D6 chinh 1a két luan cia bai toan.
Binh luan. Day 1a mot bai toan kha ciin ban vé bac ctia mot sd theo modulo. Trong
céc bai toan nhu vay, dinh ly Bezout ludn 12 mot két qua hitu ich.
Bai 1.2. Day s6 {a,} dugc xdc dinh nhu sau: ay =0, a; =1, a =2, a3 = 6 va
Any4 = 2013 + Ay —2ap11 —a, Vi moin > 0.
(a) Chitng minh rang a, chia hét cho n véi moin > 1.
(b) Chiing minh rang ddy sé {@} chita v6 s6 s6 hang chia hét cho 2009.
n Jnp=l1
(Pai hoc Khoa hoc tw nhién)

Loi gidi. Phuong trinh déc trung cla day {a,} c6 dang x4 —2x3 —xp +2x+1 =0,
tuong duong (x*> —x — 1) = 0. Tu d6 s6 hang t6ng quat cda a,, c6 dang

an=c1a"+cf" +n(cza” +caf"),
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trong d6 o > fB 1a cac nghiém ctia phuong trinh x> —x — 1 = 0. Tit day, tit cac diéu
1 1
=———.Suyra

V5T

o)

ay L e .
Tuday tadugc — =F,,v6i Fi =1, b =1, F, 1 =F,+F,_1 v6imoin=1, 2, ...
n

kién ban dau, ta tim dudc c; = > =0, ¢3 =

ttic 1a day s Fibonacci. Két luan cau (a) dén day 1a hién nhién.
D€ gidi phan (b), ta c6 thé di theo cdc huéng sau.

Cdch 1. Dung quy nap chiing minh rang F,,,, = F, 1 F, + F,F,_1. Sau d6 tiép tuc
dung quy nap chiing minh ring Fy, chia hét cho F,. Tir ddy, d& chiing minh két luan
ctia bai todn, ta chi can chi ra mot gid tri nguyén duong 7 sao cho F, chia hét cho
2009 1a xong. C6 thé tinh toan dugc rﬁng Fis¢ chia hét cho 49, con Fag chia hét cho
41, tit d6 Fago chia hét cho 2009.

Cdch 2. Ta ching minh ménh dé t6ng quat: V6i moi sd nguyén duong N, ton tai vo
s6 s6 hang ctia ddy s6 Fibonacci chia hét cho N.

Dé thuc hién diéu nay, ta b sung thém sb hang Fy = 0 cho diy Fibonacci. Chd
y 1a ta van c6 hé thic F,y = F, + F,_; v6imoi n =0, 1, 2, ... Goi r; 1a sb du
trong phép chia F; cho N. Xét N2 + 1 ciip sb du (ro, 1), (r1, 12), ..., (rn, *N11)-
Do 0 < r; <N — 1 nén chi ¢c6 N? cilp gia tri (r;, r;.1) khac nhau. Theo nguyén 1y
Dirichlet, ton tai cip chi sb i < j sao cho (r;, riy1) = (rj, rjs1). Tu day, do ri_y
chinh 1a s6 du trong phép chia ry; 1 —r cho N néntasuy rari_1 =rj_1, rio =rj_a,
..., Fo = rj—;. Suy ra day s6 du tuan hoan véi chu ky j—i. Viro =0 nén Tk(j—i) =0
véimoi k=1, 2, ... vataco ry;_; chia hét cho N véi moi k =1, 2, ... (dpcm).

Binh luin. Y tuéng ding nguyén ly Dirichlet d&€ chiing minh tinh tuan hoan ctia day
s6 du khong méi. Dé thi vo dich Lién X6 truéc day c6 cau: Chitng minh ring trong
day s6 Fibonacci ton tai it nhat mot sd tin cuing bang bdn chit s6 0.

Dé thi chon doi tuyén Viét Nam nidm 2004 ciing c6 ¥ tudng tuong tu:
Cho day s6 (x,) (n=1, 2, 3, ...) dugc xac dinh béi: x; = 603, x, = 102 va

Xnt2 = Xpt1 +Xn + 24/ Xpt1X, —2  vOimoin > 1.
Chiing minh rang
(1) Tit c4 cic sb hang ctia day s6 da cho déu la cdc sb nguyén duong.

(2) Ton tai vo han sb nguyén duong n sao cho biéu dién thap phan cta x, c6 bdn
chit sb tan cung 1a 2003.
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(3) Khong ton tai s6 nguyén duong n ma biéu dién thip phan ctia x,, ¢6 bdn chit
s6 tan cung 12 2004.

Bai 1.3. Cho m, n la cdc s6 nguyén duong nguyén té cing nhau, m la sé chdn. Tim
wdc s6 chung 16n nhdt ciia m* +n*> va m> +n’.
(Pong Nai)

Loi gidi. Do (m, n) nguyén tb ciing nhau va m chin nén n 1&. Dit
d = (m*+n* m®+n).
Dé thiy d 18. Do m® +n® = (m+n)(m?> + n* — mn) nén ti day suy ra
d | mn(m+n).

Tir day lai suy ra d 1a uéc cta (m+n)3. Gid sit d > 1. Khi d6 goi p 1a mot udc s6
nguyén tb cla d thi p | (m+n)3, suy ra p | m+ n. Mit khic

(m+n)? — (m* +n*) = 2mn,

suy ra p | 2mn. Vi p 1é nén p | mn. Vi p nguyén té va (m, n) = Inén ti day suy ra
p | mhodc p | n. Nhung do p | m+n nén ti ddy lai suy ra p | n va tuong tng 1a p | m.
Mau thuin. Vay diéu gia st 12 sai, tic 1a d = 1.

Bai 1.4. Cho cdc sé nguyén dwong a, b, c, d théa man ac + bd chia hét cho a* + b>.
Chiing minh ring
(P 4d?, a®+b*) > 1.

(Pai hoc Sw pham)

Loi gidi. Tru6c hét xét trudng hop (a, b) = 1. Gia st p 12 mdt uSc nguyén td cla
a® +b*. Khi d6 p | ac +bd. Tii dang thic

(ac+bd)? + (ad — bc)* = (a® +b*) (P +d?),
ta suy ra p | ad — bc. Tu day, ta 1an lugt c6
p | clac+bd)+d(ad — bc) = a(c* +d?),

p | d(ac+bd) — c(ad — bc) = b(c* +d?).

Vi (a, b) = 1 nén theo dinh ly Bezout ton tai u, v sao cho au+ bv = 1. Tit c4c diéu
trén, ta co

plu-a(+d*) +v-b(c* +d?) = (au+bv)(c* +d*) = P +d?,
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suy ra p 1a u6c s6 chung ctia a® + b* va ¢ +d?, tiic 1a (a® + b2, 2 +d?) > 1.

Bay gi® gia st (a, b) = D > 1. Pit a = Dx, b = Dy thi ta c6 Dxc+ Dyd : D*(x* +y?),

suy ra xc + yd : x*> +y*. Theo két qua & trén thi (x> +y?, 2 +d?) > 1. Tu d6, mot
cich hién nhién (D?(x* +y?), ¢> +d?) > 1, tiic 1a (a® + b*,c* +d?) > 1.

Bai toan dudc giai quyét hoan toan.

Binh luan. Dinh ly Bezout moi lic, moi noi!

Bai 1.5. Tim tdt cd cdc sé nguyén duong k sao cho phiong trinh
4yt xt+y=kry (1)

co nghiém nguyén duong. )
(Pho thong Ndng khieu)

Loi gidai. Gia st k 1a mot gia tri sao cho phuong trinh (1) ¢6 nghiém nguyén duong.
Khi d6 ton tai nghiém (xg, yo) ctia (1) véi xo + yo nhé nhat. Khong mét tinh tdng
quat, c6 thé gia st xo > yo. Xét phuong trinh bac hai

x> — (kyo— 1)x+Y5+y0 = 0. (2)
Theo gia st & trén thi xg 1a mot nghiém cia (2). Theo dinh 1y Viet thi

_ Yo +¥o
X0

x1 =kyo—1—xp

cling 1a mot nghiém cda (2). D& thiy x| 1a mot s6 nguyén duong, vi thé (x1, yo) cling
12 mot nghiém nguyén duong cta (1). Tir gi thiét xo + yo nho nhit ta suy ra

X1+ Yo = X0+ yo.

Y§+y

Tiic la 0 > Xp, suy ra y% +yo0 > x(z). Tir day ta c6 bét dang thiic kép
X0

Yo < x5 <yg+yo < (vo+1)%

2 o1
suy ra xo = yo. Thay vao (1) ta dugc 2+ — =k, suy ra xq chi c¢6 thé bang 1 hodc 2,
X0

tuong ting k bing 4 hoic 3. Véi k = 3 ta c¢6 (2, 2) 1a nghiém ctia (1), v6i k = 4 ta c6
(1, 1) 1a nghiém cta (1). Vay k = 3 va k = 4 1a tit ca cdc gia tri can tim.

Ta ciing c6 thé danh gid k khac mot chut, nhu sau.



Loi gidi va binh ludn dé thi cdc tinh, cdc truong Pai hoc ndm hoc 2009-2010 9

Cdch 1. Tu dflng thuc x(z) + y(z) + X0 4 yo = kxoyo, chia hai vé cho xo, yo, ta dudc

X 1 1
Pk
Yo Xo Yo Xo

X k 1
Mat khac, ciing theo 1y ludn & trén thi kyg — 1 —xg > xp nén suy ra 20 < 3 o

Yo Y0
Tt d6 ta co

k<s——4 =+ —+—=-+—+—+—<

k 1 Yo 1 1 k 1 Yo 1 E_’_
2 2y xo Yo Xo 2 2y0 xo Xo 2

>
X
Tit d6 suy ra k < 5. Hon nita k chi ¢6 thé bang 5 khi xo = yp = 1 (trudng hdp nay

din dén mau thuin). Trudng hop k = 3 ta c6 nghiém x = y = 2, k = 4 ta c¢6 nghiém
x =7y =1.Con v6i k <2 thi r0 rang la phuong trinh vd nghiém.

Cdch 2. Ly luan nhu trén thi

_ Yo +¥0 <
X0

X0 < X1 Yo+ 1.
Nhu viy yo + 1 nim ngoai hai nghiém ctia tam thic f(x) = x> — (kyo — 1)x —i—y% + Yo,
suy ra f(yo+1) > 0. Tu dé6

Binh luan. Ky thuét stt dung trong 16i giai trén dugc goi 1a ky thuat phuong trinh
Markov. Ky thuit nay hién nay da trd nén kha quen thuoc. Dudi day 1a mot sb bai
toan c6 thé gidi dugc bang ky thuat nay:

1. Chitng minh ring néu x, y la cic s6 nguyén duong sao cho n = x2y n 12 la mot
s6 nguyén thi 7 12 mot s6 chinh phuong.
(IMO 1988)
2. Hay tim tt ca cac s6 nguyén duong 7 sao cho phuong trinh
x+y+z+t=nyxyz
c6 nghiém nguyén duong.
(VMO 2002)

Sé thu vi néu chiing ta xét bai todn tim tit ca cac nghiém ctia (1) khi k =3 va k = 4.
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Bai 1.6. Tim tdt cd cdc sé nguyén duong x, y thod mdn
x>+ 15y* + 8xy — 8x — 36y —28 = 0.
(Cdn Tho)
Loi gidi. Bién ddi phuong trinh da cho, ta viét dudc n6 dudi dang
(x+4y—4)> — (y+2)* =40,

(x+3y—06)(x+5y—2) =40.

Do x, y la cdc s6 nguyén duong va x + 3y — 6 < x+ 5y — 2 nén ta c6 thé phan tich
40 =1-40 =2-20 =4-10. Dén day ta giai tiing trudng hop.

Truong hop 1. x+3y—6=1vax+5y—2 =0. Gid ra, ta tim dugc x = —45.5 va
y=17.5, loai.

Truong hop 2. x+3y—6 =2 vax+ 5y —2 = 20. Giai ra, ta tim dugc x = —13 va
y =17, loai.

Truong hop 3. x+3y—6=4vax+5y—2=10. Gidira, tatimdugcx =7 vay=1,
nhéan.

Vay phuong trinh da cho c6 mot nghiém nguyén duong duy nhét 1a (x, y) = (7, 1).

Bai 1.7. Chiing minh rdng
112" — 5" > 7

voi moi m, n nguyén duong.
(Hdi Phong)

Loi gidi vin tdt. Gia st ngugc lai ton tai m, n nguyén ducng sao cho |12" —5"| < 7.
Do |12™ — 5| khong chia hét cho 2, 3, 5 nén chi c6 thé xay ra trudng hgp

127 — 5" = 1.
+ Néu 12 — 5" = 1 thi xét modul 4 suy ra mau thuan.

+Néu 12 — 5" = —1 thi xét modul 6 suy ra n chin, sau d6 xét modul 13 suy ra mau
thuin.

Bai 1.8. Cho n la sé nguyén duong sao cho 3" — 1 chia hét cho 2*°%°. Chiing minh
rdang
n > 22007,

(Binh Dinh)
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Loi gidi. Vi n nguyén duong nén ta c6 thé dit n = 25m, v6i k, m € N, m 18. Ta c6

m m—1 m—2
3= (32k) 1= (32"—1) [(32"> +(32k) +...+32"+1]

Do m 1¢ nén (32k)m71 n (32k)m72 4o 3% 41, suy ra 3" — 1522099 khi va chi
khi 32° — 112200 Tir day suy ra k > 2, va ta ¢6 phan tich
32 1=(3-1)(3+1)32+1) (322+1) (32“' +1)
=332 41) (322+1) ---(32k’l +1).

Nhan thdy ring 32 +1 (i=1, 2, ..., k— 1) chia hét cho 2 nhung lai khong chia
hét cho 4. Do d6 32° — 1 chia hét cho 2¢*2 nhung khong chia hét cho 283, Didu
ndy c6 nghia 1a 32 — 122999 khi va chi khi 2672122009 tgc 1a k > 2007. Vay
n > 22007, > 22007 P 1a diéu phai chitng minh.

Binh luin. Tir bai todn trén, ta c6 thé dua ra bai toan tdng quat: Cho s6 nguyén
duong 7 sao cho 3" — 1 chia hét cho 2%, k € N, k > 2. Chiing minh ring n > 2¢=2

(hoic ciing c6 thé chiing minh 7 : 24-2).
Bai1.9. (1) Choa=52""*19 Chiing minh s6 a c6 it nhdt 25 chit s6 0 diing lién
nhau.

(2) Chitng minh ton tai vo sé sé tw nhién n ma 5" cé it nhdt 100 chit s6 0 diing
lién nhau.
(Bdc Ninh)

Hudng ddan. Hay ching minh ring 5214100 _ 5100 tan cung bang it nhat 100 chit
s6 0 (tic 1a chia hét cho 10100!) va 5'% < 1075,

Binh luén. Bai to4n nay kién thiic st dung khong khé nhung phét biéu kha dep va
thu vi.
Bai 1.10. Cho f : N* — N* thod man cdc diéu kién

(i) f(xy) = f(x)f(y) vdi moi x, y thod man (x, y) = 1;

(ii) f(x+y) = f(x)+ f(y) vdi moi bé 56 nguyén t6 x, y.

Hay tinh f(2), f(3), £(2009).
(Ninh Binh)
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Loi giai. Thay x =2,y =3 vao (i), ta dudc f(6) = f(2)f(3). Thay x =y = 3 vao
(ii), ta dudc f(6) = 2/(3). Tit day suy ra £(2) = 2. Tit d6 f(4) = 2f(2) = 4. Dit
f(3) = a, talan lugt tinh dugc

)+f(2)=a+2,
)+f(2)=a+4,
f(12) = £(7) + £(5) = 2a+6.

Mit khac f(12) = f(3)f(4) = 4 én ta suy ra 2a + 6 = 4a, tic la a = 3. Vay
f(3) =3. Tu day suy ra f(5) = ( )=7.Talaico

FAN+7B3) = f(14) = f(2)f(7) =2-7 = 14,

suy ra
f(1) = f(14) = f(3) = 11.
Dé€ tinh £(2009), ta sé 1an lugt tinh £(41) va £(49). Vi 41 1a s6 nguyén t6 nén

AN+ f(3) = f(44) = f(4)f(11) = 4f(11) = 44,
suyra f(41) =41. Taco

f(49) = f(4T) + f(2) =2+ f(47).

FEN)+f(5) = 1(52) = f(4)f(13) =4(f(11) + f(2) = 4(11+2) = 52,
suy ra f(47) =47 va f(49) = 49. Cudi cling

£(2009) = f(41)£(49) = 41 -49 = 2009.

Binh luin. Piéu ddng ngai nhit trong 10i gidi bai nay 1a rat dé nham vi ngd nhan. S&

thi vi néu xét bai toan téng quat: Chiing minh f(n) = n v6i moi n nguyén duong.

Bai 1.11. Tim tdt cd cdc bé sé tw nhién a, b, ¢, d déi mot phén biét théa mdan
- =b-ct=c*-d.

(Pai hoc Khoa hoc tu nhién)
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Loi gidi. Bai todn tuong duong véi viéc tim mot cap sd cong thuc su gdm bdn s6
chinh phuong. Ta chiing minh ring khong ton tai mot cap sb cong nhu vay. Gia s
ngudc lai ton tai bon s chinh phuong A%, B2, C2, D? lap thanh mot cép s cong
ting, tic 12 B> — A% = C? — B?> = D> — C2. Trong céc cip sb nhu thé, chon cip sb c6
cong sai nhd nhit. Ta c6 thé gid s ring cic s6 chinh phuong nay déi mot nguyén
t6 cling nhau, va tinh chin 1é clia cac phuong trinh chiing t6 ring m&i mot s chinh
phuong nay phai 1é. Nhu vy ton tai cac sd nguyén nguyén tb cing nhag u, v 520 cho
A

A=u—v,C=u+v,u’>+v*=B? vacong sai ciia cip s6 cong biang —5 = 2uv.

T D+B\ (D—-B BN
Ta ciing c6 D?> — B> = 4uv, va c6 thé viét thanh( —; )( 3 >:uv. Hai thua

s6 & vé trai nguyén t6 cling nhau, va u va v ciing thé. Nhu vay ton tai bén sd nguyén
ddi mot nguyén td cing nhau a, b, ¢, d (trong d6 c6 ding mdt s6 chin) sao cho
u=ab,v=cd, D+ B =2ac va D— B =2bd. Tu day suy ra B = ac — bd, va nhu
viy ta c6 thé thé vao phuong trinh u? +1? = B? d€ dugc (ab)? + (cd)? = (ac — bd)?.
Phuong trinh nay 1a dbi xing dbi véi bén bién sé nén ta c6 thé gia st ¢ 1a chan va a,
b, d 1a1é. Tu phuong trinh béc hai nay ta suy ra ¢ 1a ham hitu ty cia cén bac hai clia

a* — a?d? +d*, tit d6 suy ra ton tai s6 nguyén 18 m sao cho a* — a?d* +d* = m?.

Vi a va d 12 18 nén ton tai cic sd nguyén nguyén td cing nhau x va y sao cho
a® = k(x+y) vad* = k(x—y), trong d6 k = +1. Thay vao phuong trinh néi trén, ta

dugc x> +3y? = m?, tit d6 16 rang 1a y phai 1a s6 chin va x 18. P&i d4u x néu can, ta

) 2 _
c6 thé gid sit m -+ x chia hét cho 3, ta ¢6 3 (%) - (m”) ("”) , tit d6 suy ra

2 2

m+x . AL A o oM X o A Loz
la ba lan so chinh phuong con la s chinh phuong. Nhu vy ta c6 cac
A N A A Ay A 1S s A A 19 m+x 2
s0 nguyén nguyén to cung nhau r, s (mdt s6 chan va mot so 1€) sao cho =3r,
m—x X
> =52, m=3r"+5>, x=3r"—s? vaiy = +2rs.

Thay x va y vao cic biéu thic ciia a® va d? (va bién d6i néu can) ta dugc a®> =
k(s+r)(s—3r) vad?* = k(s —r)(s+3r). Vi cdc thita s6 & vé phai 1a nguyén t6 ciing
nhau nén bén dai lugng (s —3r), (s —r), (s+7), (s+ 3r) phéi c6 tri tuyét d6i chinh
phuong, v6i cong sai 2r. Cac dai lugng nay tit ca phai cing dau vi néu ngudgc lai
thi tdng ctia hai sb chinh phuong 1é bang hiéu ctia hai s6 chinh phuong 1é, tic 1a,
1+1=1-1 (mod4), mau thuan.

Vi thé, ta phai c6 37| < s, vi do m = 3r? + 5% ta c6 12r* < m. Mit khdc, tit phuong

\E max{a, d}

Nhu viy ta c6 bbn sd chinh phuong 1ap thanh mot cip s6 cong véi cong sai [2r] <

trinh bac bén ta c6 m < a* +d?, nhu vay ta c6 bit dang thiic [2r| <
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|2abed|, va sb cudi ciing chinh 1a cong sai ctia cip s6 cong ban dau. Diéu nay mau
thuln vé6i cach chon bdn sb chinh phuong ban du, phép chiing minh hoan tat.

Binh luan. Pay 1a mot bai todn kinh dién cta ly thuyét phuong trinh Diophant.
Fermat dé xuét toan nay nim 1640 trong biic thu gti Frenicle. Sau d6 6ng c6 néi
la chiing minh dudc, nhung khong ai biét vé chiing minh nay. Weil néi rang Euler
da cong bd chiing minh vao nim 1780, nhung trong chiing minh c6 ddi chd c6 van
dé, va Weil ciing néi ring mot chiing minh t&t hon dugc dua ra bdi J.Itars vao nim
1973.

Bai todn nay dugc dua vao dé thi e ring 1a hoi qud stic, bsi trong phong thi, néu
khong biét trudc, khé 1ong c6 thé tim ra dudc 16i gidi trong vong 180 (ciing vdi 3 bai
toan khac). Tinh hudng nay khién ta nhé dén bai 3 ciia ky TST 2009.

Lai giai trén day dugc lay tir
http://mathpages.com/home/kmath044/kmath044 .htm.
Ban c6 thé vao link nay dé doc lai chiing minh va xem thém nhiing thong tin thu vi

ve bai toan nay.

Bai 1.12. Cho hai s6 nguyén dwong p, q 16n hon 1, nguyén té cing nhau. Chiing
minh rang ton tai sé nguyén k sao cho (pq— 1)"k+ 1 la hop sé véi moi s6 nguyén
duong n.

(Ninh Binh)

Ldi gidi. Vi (p, ¢) = 1 nén theo dinh 1i phan du Trung Hoa, ton tai s6 nguyén k thod

man
k
k

+ Néu 7 chan thi (pg—1)" =1 (mod q), suy ra (pg—1)"k = —1 (mod q), dan t6i
(pg—1)"k+1:q.

1 (mod p)
—1 (mod q)

Khi dé

+Néun 1@ thi (pg—1)" = —1 (mod p), suy ra (pg— 1)"k = —1 (mod p), dan t6i
(pg—1)"k+1: p.

Vay (pg —1)"k+11a hop sb v6i moi sd nguyén duong 7.



Chuong 2

Phuong trinh, hé phuong trinh

“Moi phit kién ciia nhén loai déu cé ban tay hudng ddn ciia Todn hoc, bdi vi chiing ta
khong thé' cé mot ngudi chi dudng nao khdc.”
Charles Darwin

2.1 Dé bai

2.1. Giai phuong trinh

1 2x+1 1>
E1og2(x+2)+x+2:10g2 . + 1+; +2vVx+2.

2.2. Giai phuong trinh

9(\/4x—|-1—\/3x—2> —x+3.

2.3. Giai hé phuong trinh

x? =y+a
Y =z+a ,
?=x+a

trong d6 a 13 tham s6 thod man diéu kién 0 < a < 1.

2.4. Giai phuong trinh

sinx — cosx sin’ x — cos’ x

sin3x — cos 3x sinx+cosx

15
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2.5. Giai hé phuong trinh

x?—2xy+x+y=0
X —4x?y 43242 =0

2.6. Giai phuong trinh

—223 41002 — 17x + 8 = 252 v/ 5x — x3.

2.7. (a) Tim tt c4 cdc gia tri cia tham sb thuc a sao cho phuong trinh
a(sin2x+1)+1 = (a—3)(sinx+cosx)
c6 nghiém.

(b) Phuong trinh 2* — 1 —x?> = 0 ¢6 bao nhiéu nghiém s6 thuc? Hay giai thich.

2.8. Giai hé phuong trinh

{ B4yt =104y

VAX+5+4/y2+8=6

2.9. Tim tht c4 cc nghiém thuc ctia phuong trinh

3 1x—1=13v283 +2:2 +x— 1.

2.10. Giai trong tap hop cic s6 thuc hé phuong trinh sau

2009

Y xi =2009
i=1

2009 2009

Y A=)
i=1 i=1
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2.11. Cho a, b, ¢ 1a c4c s6 thuc duong. Giai hé phuong trinh
1 p—
Xy B

abz —bc*x+—=a

ax — aby + bc?

1
bc* —az+ — =ab
¥z

2.12. Giai hé phuong trinh

9y3(3x* — 1) = —125
45x%y +75x = 6y?
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2.2 Loi giai

Bai 2.1. Gidi phuong trinh

1 2x+1 1\?
Elogz(x—i—Z)—i—x—i—2—10g2 + 1—1—; +2vVx+2. (1)
(Pai hoc Vinh)

N . 1
Loi giai. Diéu kién dé phuong trinh (1) xac dinh la x € (—2, —2) U (0, 4o0). Bay

gio, ta bién ddi phuong trinh (1) nhu sau

1 2\ 2 1\?
logZM—Z\/x+2+x+3zlog2 <2+x)—<4+x>+x+4+(1+x> ,

1 1 1’
logzx/x+2—2\/x+2+x+2zlogz<2—|—)—2<2+>+<2+>. (2)
X X X

Xét ham s f(t) = logyt — 2t +1? v6it > 0. Ta cé

1
i) = [1—+2t—2 2\/—21‘ 2= Zwln —2>0,

nén f(¢) 1a ham ddng bién véi ¢ > 0. Miit khdc, ta thiy riang phuong trinh (2) c6
dang

f(m) =f<2+i> 7
nén tif viéc st dung két qua f(¢) dong bién, ta thiy ring né tuong duong véi
¢a3:z+§
Binh phuong hai vé va thu gon, ta viét dugc phuong trinh niy thanh

-2 —4x—1=0.

3++413 3—+13
Giai ra, ta tim dugc x = —1 (nhén), x = + 5 (nhdn) vax = 5 (loai). Vay
3++4/13
tdp nghiém cia phuong trinh da cho1a § = {—1 , +2 } .

Binh luan. Vi bai todn vira ¢6 ham log (hay mi) va vira ¢6 ham da thic (phéan
thic) thong thudng thi viéc nghi dén dung tinh don diéu ctia ham sb d€ gidi 1a diéu
dé hiéu. Bai nay chi khé hon dé dai hoc mot ti.
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Bai 2.2. Gidi phuong trinh

9<\/4x+1 —\/3x—2> —x43.

(Ha Noi)

N 2 .
Loi giai. Diéu kién x > 3 Nhan hai vé ctia phuong trinh v6i v/4x + 1+ v/3x —2,
ta ducc

O(4x+1) — (3x—2)] = (x+3) (\/4x—|—1+\/3x—2> .

Sau khi thu gon, ta viét dugc phuong trinh nay dudi dang

9(x+3) = (x+3) (\/4x+1+\/3x—2) .

Do x+3 > 0 nén ta c6 phuong trinh tuong duong

9=v4x+1++3x-2.
Dén day ta c6 thé giai bang nhiéu cach.

x+3

Cdch 1. Két hop v6i phuong trinh /4x+ 1 —/3x—2 =
84
Viri=""

dé dudc phuong trinh

tir d6 giai dudc bang cach binh phuong hai vé.

Cdch 2. Giii phuong trinh 9 = v/4x+ 1+ v/3x — 2 bing phuong phap binh phuong
lién tiép.

Cdch 3. Chi y ring f(x) = v4x+ 1+ /3x—2 12 mot ham sb ting trén mién xdc
dinh. Do d6 phuong trinh f(x) =9 c6 khong qua mot nghiém. Nhan thdy x = 6 1a
nghiém clia phuong trinh f(x) = 9, suy ra x = 6 la nghiém duy nhét ctia phuong
trinh f(x) =9, va ciing 1a nghiém duy nhit clia phuong trinh dé bai.

Bai 2.3. Gidi hé phuong trinh

x? =y+a
y=z+a ,
z2 =x-+a

trong do a la tham sé thod mdn diéu kién 0 < a < 1.
(Ninh Binh)
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Loi gidi. Khong mét tinh tong quat, ta gia sit x = max{x, y, z}. Ti d6 suy ra 7> =
max{x?, y?, 72}. Pén day, ta xét hai trudng hgp.

Truong hop 1. z > 0. Trong trudng hop ndy, ta dé dang tim dudc nghiém ctia hé da

1 /1
holax=y=z= - —+a.
cholax=y=z 2+ 4+a

Truong hop 2. z < 0. Néu x > 0 thi tif phuong trinh thi ba ta c¢6 z> > a, suy ra
7 < —v/a < —a,dan téi y?> < 0, mau thuin. Vay ta phdic6 0 >x>y. Tux+a>z+a
tacdz> >y%, suyray >z (viy, z<0). Nhu thé y+a > z+a, dan t6i x> > y?, hay
x <y (vix,y<O0). Tiddy va tif x >y, ta c6 x = y. Thay vao hai phuong trinh dau,
ta tim dudc x = y = z. Vi két qua vira tim dudc nay, thay vao hé di cho ta dé dang

jdiradugcx=y=z= *1 — “ *1 +
1a1 X a.

1 /1
Toém lai, hé phuong trinh da cho c6 hai nghiém l[a x=y=2z= - + 1 +a va

2
! 1+
X = = = — — — a.
YTET VA

Bai 2.4. Gidi phitong trinh

sinx — cosx sin’ x — cos> x

sin3x —cos3x  sinx+cosx
(Pong Nai)
Loi gidi. St dung hing dang thic
sin3x — cos 3x = 3sinx — 4sin’ x4+ 3cosx —4cos> x

= (sinx 4 cosx)[3 — 4(sin® x — sinxcosx 4 cos”x)]

= (sinx+cosx)(2sin2x — 1),
ta dugc diéu kién d€ phuong trinh ¢6 nghia 1a (sinx + cosx)(2sin2x — 1) # 0 va
trong diéu kién d6, phuong trinh dugc rit gon lai thanh

3x—cos’x)(2sin2x — 1),

sinx — cosx = (sin
tuong duong
(sinx — cosx)[1 — (sin®x + sinxcosx + cos®x)(2sin2x — 1)] = 0,

hay
3
(sinx — cosx) <— sin®2x — 5 sin2x+ 2> =0.
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Tur d6 giai ra dugc phuong trinh.

Binh luin. Bai nay gidng dé thi dai hoc hon, khong c6 y tudng gi.

Bai 2.5. Gidi hé phuong trinh

X2 —2xy+x+y=0
2 =4y 4332 4+y> =0

(Pong Nai)
Loi gidi. Hé phuong trinh da cho c6 thé viét lai thanh

{ (2 +y)+x(1-2y)=0
(2 +y)2+3x%(1-2y) >0 °

Tir phuong trinh thd nhét, ta tim dudc x> +y = —x(1 — 2y). Thay vao phuong trinh
thua hai, ta co
x(1-2y)2+3x(1-2y) =0,

hay
2¢(1-2y)(2-y) =0,

suy rax =0, hodc 1 —2y =0, hodac 2 —y = 0.

+ Xét x = 0. Khi d6 tir x> +y = —x(1 — 2y), ta tim dudc x = y = 0.

+Xét1—-2y=0. Tuday vatr x> +y=—x(1—2y),tasuyrax’ = —y=—— <0,

vO nghiém.

+ Xét 2 —y = 0. Thay vao phuong trinh thi nhit, ta ¢6 x> — 3x +2 = 0. Gidi ra tim
dugc x = 1 hoac x = 2.

Toém lai, hé da cho c6 ba nghiém la (x, y) = (0, 0), (1, 2) va (2, 2).

Bai 2.6. Gidi phitong trinh
23 1002 — 17x + 8 = 2x* v/ 5x — x3.

(Binh Dinh)
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Loi gidgi. Dé thiy x = 0 khong phai 1a nghiém ctia phuong trinh. Chia hai vé cta
phuong trinh cho x°, ta dudc

10 17 8 3/ 5
B TP .
+x x2+x3 X2 ’

82 — 1712 +10r —2 =2+/512 — 1, (1)

tuong duong

1
voit=— (1t #0).
X
Ta tiép tuc bién d6i phuong trinh (1) thanh
(2t —1)° 422t —1) =52 —14+2v/52 — 1.

Xétham s6 f(x) = x> +2x thi f'(x) = 3x> +2 > 0 nén f 1a mot ham s6 ting trén R.
Phuong trinh cubi cling c6 thé viét lai thanh

F@r—1) :f<€/5t2—1).

Do f 1a ham s ting nén phuong trinh nay tuong duong véi

2 —1=+/52—1,

hay
8 — 121> +6r—1=5>—1.

17 ++/97 17 +97

Giai ra ta duge r = 0 (loai), t = T Tuong dng ta tim dudc x = B

Bai2.7. (a) Tim tdt cd cdc gid tri ciia tham sé thuc a sao cho phwong trinh
a(sin2x+1)+1 = (a—3)(sinx + cosx)
co nghiém.
(b) Phuong trinh 2* — 1 —x% =0 ¢6 bao nhiéu nghiém sé thyc? Hdy gidi thich.

Huédng ddn. (a) Dit t = sinx +cosx thit € [—\ﬁ, \@} . Pua bai toan vé tim a
sao cho phuong trinh at> + (3 —a)t +1 = 0 c6 nghiém ¢ € [—ﬂ, \ﬁ} . C6 thé

. s 3t+1
giai bang phuong phap tam thic bic hai hodc khao sat ham s6 y = ” —:2 trén doan

[—ﬂ, ﬁ} . bap sb:a< 1 hodaca > 9.
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(b) Pit f(x) =2 — 1 —x% thi f/(x) =2*In?2 — 2. Phuong trinh ”(x) = 0 c6 mot
nghiém thyc, suy ra f’(x) c6 khong qua hai nghiém thuc va f(x) c6 khong qua ba
nghiém thyc. Mat khdc, ta c6 0, 1 1a nghiém cta f(x), ngoaira f(4) = —1, f(5) =6
nén f(x) c6 mot nghiém nita nam giita 4 va 5. Suy ra sd nghiém thuc cda phuong
trinh 1a 3.
Bai 2.8. Gidi hé phuong trinh

4yt =yl 4y (1)

Vax+5+4/y?+8=6  (2)

(Pong Nai)

Loi gidi. Néu y = 0 thi o phuong trinh (1) suy ra x = 0, va phuong trinh (2) khong
dugc thoa man. VAy y # 0. Chia hai vé ctia phuong trinh (1) cho ¥, ta dugc

() i

Xét ham s6 f(x) = x° +x, tacé f/(x) = 5x* +1 > 0, suy ra f 1a ham s6 ting trén R.

Phuong trinh (3) c6 thé viét lai thanh f <x> = f(y) vado f la ham tang nén tuong
y
duong vé6i - y, suy ra x = y*. Thay vao phuong trinh (2), ta dudc
y

Vax+5+vVx+8=6. (4)

Giai ra ta dudc x = 1 12 nghiém duy nhit ctia phuong trinh (4). Tir d6 hé ban du c6
nghiém duy nhat (x, y) = (1, 1) va (x, y) = (1, —1).

Ghi chi. Tham khao thém 16i giai bai 2.2 (Ha Ndi) va bai 2.6 (Binh Dinh).

Bai 2.9. Tim tdt cd cdc nghiém thuc ciia phuong trinh

3 1x—1=13v283 + 22 +x— 1.
(Cdn Tho)

Bai 2.10. Gidi trong tdp hop cdc sé thuc hé phwong trinh sau

2009

Y xi=2009
i=1

2009 2009

IR
i=1 i=1

(Pai hoc Sw pham)
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Loi gidi. Gia st (x|, X2, ..., X2000) 12 mdt nghiém ctia hé. Ap dung bét déng thiic
Cauchy-Schwarz, ta c6
2009 2000 \ 2
200 > Y x|,
=1 =1
suy ra
2009
Y 7 >2009. (1)
Py
Béy gid dp dung bét dang thic Chebyshev cho cdc bd sb (x7, 13, ..., ¥35) V2
(x5, xg, A xgoog) dugc sip thd tu nhu nhau, ta c6
2009 2009 2009
Yoo | [ Y af) <2000 ) . (2)
i=1 =1 =1
Tur (1) va (2) ta suy ra
2009 2009

Y =) af (3)

Tir phuong trinh thid hai ctia hé da cho ta suy ra ddu bang xay ra & (3), tic l1a diu
bing phai xay ra & (1) va & (2), tic 1a ta phai ¢6 tit ci cac x; bang nhau. Tir d6 suy
ra tit ca cdc x; bang 1. VAy x| = x, = --- = xp000 = 1 12 nghiém duy nhét ctia hé
phuong trinh.
Bai 2.11. Cho a, b, c la cdc s6 thuc duong. Gidi hé phuwong trinh
1 2
ax—aby+ — =bc
Xy
abz —bc*x+ — =a

b —az+— =ab
yz

(Pho thong Ning khiéu)
Hudng dan. Viét hé dudi dang
1
Ax—By+—=C
Bz—Cx+—=A
7X

1
C—-Az+—=8B
Yz

roi gidi hé im A, B, C theo x, y, z (phuong phdp gidi theo tham s6).
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Bai 2.12. Gidi hé phuong trinh

9y3(3x* — 1) = —125
45x%y +75x = 6y?

(Pong Thdp)
Loi giai. Cdch 1. Hé phuong trinh da cho tuong duong véi

27x3y3 4+ 125 = 93
45x%y 4 75x = 6y?

. 2 3
Tur phuong trinh thit nhat suy ra y = 0. Nhan hai ve cia phuong trinh thit hai véi >
ta dudc

135 225
-y Sy =9y

{ 27x3y3 4125 = 9y3
2 2

Trong hé hai phuong trinh nay, trif tuong ting vé theo vé cho ta

135 225

5 10 5
Giai ra ta tim dugc xy = —3 hodc xy = ER hodc xy = 6 Thay vao phuong trinh

. . R S o . .
thit nhat & trén, ta tim dugc tuong ting y =0 (loai), y=5vay= > Tir d6 suy ra céc
1

2
nghiém x tuong tng la x = 3 vax= 3

2 15
Tom lai, hé phuong trinh da cho c6 hai nghiém la (x, y) = (3, 5) , (3, 2) .

Cdch 2. Viét lai hé phuong trinh du6i dang

27x3y% + 125 = 9y3
45x%y +75x = 6y?

Tir phuong trinh thi nhat suy ra y # 0. Do d6 hé trén c6 thé dudc viét dudi dang
tuong duong la

125
276+ - =9

y
455 75x ’
— t 2 = 6
y y
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5\ 3
3x3+<> =9
( )5 . 5 |
3x-—- <3x+> =6
y y

5 .
bit a = 3x va b = —. The thi ta c6
y

hay

a+b =9
abla+b)=6 "~

Bing mdt chiit bién ddi don gian, dé thiy hé nay tuong duong véi

a+b=3
ab=2 ’

2
Gidi ra ta tim dugc a = 2, b = 1 (tuong tng Véix:g,y:5) hoaca=1,b=2

(tuong Ung véi x = 71 = 75)
ng ung véi x .

2 15
Vay hé phuong trinh da cho c¢6 hai nghiém 1a (x, y) = (3, 5> , <3, 2) .
Binh luén. Thuc chit bai hé trén xut phat tir dé thi dé nghi 30-4 1an thd XIV cta
truong THPT chuyén Luong Thé Vinh, Pong Nai: Giai hé phuong trinh

8x3y? 427 = 18y°
4x?y +6x=y? '



Chuong 3

Bét dang thitc va cuc tri

“Ditng qud lo ldng vé nhitng khé khén ban gdp phdi trong todn hoc. Toi ddm chdc téi con
gdp nhiéu kho khdn hon ban.”
Albert Einstein

3.1 Débai

3.1. Cho hai s thuc x, y thda man 1 > x >y > 0. Ching minh ring

x3y2—i-y3 +x?
X2 +y2+1

3.2. Cho a, b, c 1a ba s6 thuc cho truc théa man D = ac — b> > 0 va ham sb
f(x, ¥) = ax* +2bxy+ cy?. Chiing minh ring ton tai hai s6 nguyén u, v khong ddng

thdi bang 0 sao cho
D
F <23

3.3. Tim diéu kién ctia s6 duong k sao cho véi moi a, b, ¢ duong théa man abc = 1,

ta luén co
1 1 1

ak(b+c) * bk (c+a) * cka+Db)

27
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3.4. Cho ba sb thuc a, b, ¢ théa man
a<b<c, a+b+c=0, ab+bc+ca=-3.
Chiing minh rang

—2<abc<?2 va —-2<a<-l<b<l<c<?2.

3.5. Cho hinh chép S.ABCD cé didy ABCD 1a hinh thoi canh bing a va SA = SB =
SC = a, trong d6 a 13 mot s6 thuc duong cho trudc.

(1) Chitng minh ring SD < v/3a.

(2) Xdc dinh do dai canh SD theo a dé khi chép S.ABCD c6 thé tich 16n nhAt.

3.6. Cho tam gidc ABC ¢6 BC = a, CA = b, AB = c. M 1a mot di€m tuy y bén trong
tam gidc ABC. Chiing minh rang

1.

MB-MC MC-MA MA-MB
+ + >

bc ca ab

3.7. Cho hinh chép ti gidc déu S.ABCD. Goi R va r 1an lugt 1a ban kinh hinh cau

ngoai tiep va noi tiep cia nd. Tim gia tri nho nhat cua —.
r

3.8. Cho a, b, c 1a céc sb thuc duong. Chiing minh rang
a 2 4 b 2 n c 2 S 1
a+2b b+2c c+2a) 3

3.9. Véi ba sb duong x, y, z, ta ki hiéu M 1a s6 16n nhét trong ba s

1 1
Inz+1In <x—|—1>, In—+In(xyz+1), Iny+In <+1>.
vz z xyz

Tim gi4 tri nhd nhét c6 thé cta M khi x, y, 7 thay ddi.
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3.10. Cho x, y, z 1a ba sb thuc khong am c6 tng bang 3. Chiing minh rang

Py 2 x> 4

3.11. Cho céc s thuc duong a, b, c théa abc = 1. Chiing minh ring

a n b n c <1
al+2 b2+2 2427

) . 3
3.12. (1) Xdc dinh gid tri nhd nhit ctia ham sb y = x3/2 — ?x trén (0, o).

(2) Cho cic sb duong a, b, c. Ching minh ring

Je L e e b e
b3 c3 A ~b ¢ a

3.13. Gia st phuong trinh x* 4+ ax® + bx* + cx+ 1 = 0 ¢6 it nhat mot nghiém thuc.

Tim gid tri nho nhit cia a® + b + 2.
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3.2 Loi giai

Bai 3.1. Cho hai sé thuc x, y théa man 1 > x >y > 0. Chiing minh rdng

)c3)72—i-y3 +x?
x2 +y2+1

(Ha Noi)
Loi gidi. St dung bit dang thiic AM-GM, ta c6 x>y* +y> > 2xy? V/Xy. Do do, ta chi
can chitng minh dugc
202 Ay +x > y(F 37 4 1),
tuong duong
(=) + 2" Vay —y(x* +5*) > 0.
Do (1 —x?)(x—y) > 0nénx—y > x*(x—y). Vay ta chi can chiing minh
P x—y)+27 /5y —y(¥ +)%) > 0.
Bit dang thifc nay dugc viét lai nhu sau

P =y) + 7 +y) =y +37) 2 (v y—2y/%)
hay
2
x(x—y)? >y (V=)
Ta co
2 2 2 2
=) =x (Ve V) (V=) 20 (Va=vh) " 207 (Ve =)
nén bit dang thic cudi ding. Pang thiic xdy rakhix=y=1vax=y=0.
Binh luan. Loi gidi trén st dung ky thuat "thuan nhét héa", mot ky thuat rat hitu
hiéu dbi véi cac dang bai toan khong thuan nhéit. Chang han, ban doc c6 thé thi sir
dung ky thuat nay dé gidi hai bai toan sau:

1. Cho a, b, c 1a cic sb thuc duong. Chiing minh ring

a® +b* +c* +2abc+1 > 2(ab+ bc +ca).

2. Cho ba s6 thuc duong a, b, c. Chitng minh rang

2(a* +b*+c*) +abc+8>5(a+b+c).
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Mot diéu thi vi 13 st dung két qua hai bai toan nay, ta c6 thé gidi bai todn thi APMO
2004: Cho a, b, ¢ 1a c4c sb thuc duong. Khi d6

(a®+2)(b* +2)(c* +2) > 9(ab+ bc +ca).

Bai 3.2. Cho a, b, c la ba sé thie cho trude théa man D = ac — b* > 0 va ham s6
f(x, ¥) = ax? +2bxy + cy?. Chiing minh rdng ton tai hai sé nguyén u, v khong dong

thoi bang 0 sao cho
D
f <2/ 3

Loi gidi. DE Y rang | — f(x, y)| = |f(x, ¥)| nén ta chi can xét a > 0 la dugc. Két hop
v6i gia thiét D = ac —b*> > 0, tacé a > 0 va ¢ > 0. Liic nay ta c6

(Pai hoc Khoa hoc tu nhién)

by\> D
f(x,y)=a<x+ay> +gy220-

Do d6 yéu ciu cia bai todn tuong duong vdi viéc chi ra cip s6 nguyén (u, v) khong

ddng thai bang 0 sao cho
/D
f(ua V) S 2 §

Goi A={(x,y)|x€Z, y€Z, x> +y*> > 0}. Thé thi ta c6 f(x, y) > 0 v6i moi
(x, y) € A. Goi (u, v) € A sao cho f(u, v) = (mi)n f(x,y) vadit K = f(u, v),
X, y)EA

K > 0. R0 rang u, v phai 12 hai s6 nguyén t6 ciing nhau, do d6 ton tai hai s6 nguyén
s, t sao cho
us—vt = 1. (%)

bat g(x, y) = f(ux+1ty, vx+sy), tacé

min g(x,y) = min f(ux+ty, vx+sy) = f(u,v) =K
(x,y)€A (x,y)€A

(dat dudc tai x =1 vay = 0). Bat L = uta + vsc + btv + usb, sau mot vai tinh toan
don gian ta viét dugc

g(x, y) = flux+ty, vi+sy) = f(u, v) - x*+2Lxy+ f(t, s) - y*.

Tu (), ta co
K'f(ta S) :f(ua V)'f(ta S) :L2—|—D,

suy ra

2 2
Ly Dy

= —_ _—
glx,y) K<x+K> + X
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Bay gid, ta chon s6 n nhu sau

L o JL 1
JR— n JR— J—
)k K= 2
"=V I|L 1 one L1
JR— n JR— J—
K Nk 2
. Ll 1
2
K<gn —1)=K LN D _K, D
=8 ==K ) Tk=a Tk

4D /D R
suy ra K2 < ER hay K <2 3 b6 1a dieu phai ching minh.

Bai 3.3. Tim diéu kién cia sé duong k sao cho vdi moi a, b, ¢ duong théa mdn
abc =1, ta luén co
1 + 1 + 1
ak(b+c)  b(c+a) cKa+b)

3
> —.
-2
(Bdc Ninh)
| I
Loi giai. Xétt>0,choa=b=tvac= a2 Bat dang thuc da cho trg thanh

oy, 2075
=t > —.
2 MRS

A 1 N A s A P A . A 2. 1 N A N 2,
Neu k < 3 thi cho t — 40, ve trai ti€n din vé 0, trong khi ve phai 1a hang so va 16n
% o 1
hon 0, mau thuan. Do d6 ta phai c6 k > >

. 1 .
Tiép theo, ta sé chung minh k > 2. That vy, gia st 3 <k<?2,chot— 0, ve trai
tién dan v& 0, trong khi d6 vé& phai 1a hing s6 14 16n hon 0, mau thun. Vay ta phai
cOk>2.

Bay gid ta sé chiing minh véi k > 2 thi bit dang thiic da cho diing. St dung bét dang
thiic Chebyshev cho hai by don diéu cling chiéu

1 1 1 . 1 1 1
va
ak=2’ pk=27 k=2 a*(b+c)’ b*(c+a)’ c*(a+Db))’

ta dudc
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Miit khac, theo bit dang thiic AM-GM thi

I T 3 s
dz Tt EE Vg —2pk—2pk—2

Két hop véi trén, ta c6

1 1 1 1 1 1
> .
ak(b+c) * b*(c+a) * ckla+b) = a?(b+c) * b*(c+a) + c2(a+b)

Do d6, ta chi can ching minh dudc

1 1 1
a*(b+c) * b*(c+a) * c2(a+b)

tuong duong
bc ca ab 3

a(b+c) +b(c—l—a) +c(a+b) ==

Day chinh 12 bt dang thitc Nesbitt dudc ap dung cho ba sb duong bc, ca, ab. Tom
lai, ta c6 k > 2 1a tp hop céc gia tri can tim.

Binh luin. C6 thé thiy bai nay cho ta mot két qua téng quat cho bai todn thi IMO
1995: Néu a, b, ¢ 1 ba sb thuc duong théa man abc = 1 thi

1 1 1
a*(b+c) * b*(c+a) * c3(a+b)

Miit khac khi thay ldiy thita k & tiing phén s bdi a, b, ¢ ta duge mot bat dang thiic
thd vi véi chiéu ngudc lai 1a

1 1 1
a*(b+c) * bP(c+a) * c“(a+Db)

Chitng minh bét dang thic nay bing cach dung bit dang thiic Bernoulli.

Bai 3.4. Cho ba sé thuc a, b, ¢ théa mdn
a<b<c, a+b+c=0, ab+bc+ca=-3.
Chiing minh rdng
—2<abc<2 va —-2<a<-1<b<l<c<?2.

(Ninh Binh)
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Loi gidi. Xét ham s
f(x) = (x—a)(x—b)(x—c) = x> — (a+b+c)x* + (ab + bc + ca)x — abc
= x> —3x—abc.
Tacé f'(x) =3(x*>—1), f'(x) c6 hai nghiém x = —1 vax = 1. Do f(x) c6 ba nghiém
phan bién biéta < b <cnéntaphdico —1 <b<1vaf(—1)f(1)<0.Ma f(—1)=
2 —abe, f(1) = —(24abc), nén —(2 —abc)(2+ abc) < 0, hay —2 < abc < 2. Lai
co f(=2)=—(2+4abc)=f(1)vaf(2)=2—abc=f(—1),suyra f(—2)f(—1) <0
va f(1)f(2) < 0. Piéu nay nay co nghiala -2 <a< —1val <c<2.
Tom lai, ta c6
—2<abc<2 va —-2<a<-1<b<l<c<?2.
D6 1a diéu phai chiing minh.
Binh luin. Bai nay ban chét chinh 1 bai chon doi tuyén Anh nim 1995: Cho a, b, c

1a céc sb thuc thda man dong thoi cic tinh chita < b <c,a+b+c =6 vaab+
bc 4 ca = 9. Chiing minh ring

O<a<l<b<3<c<4

Nhung da bi che gidu di, ngudi ra dé da st dung phép dit ddi bién (a, b, c)
(a+2, b+2 c+?2) r6i bién d6i d€ ra dugc bai "Ninh Binh" trén.
Bai 3.5. Cho hinh chop S.ABCD c6 dday ABCD la hinh thoi canh bang a va SA =
SB = SC = a, trong do a la mot sé thuc dwong cho trudc.

(1) Chitng minh ring SD < +/3a.

(2) Xdc dinh do dai canh SD theo a dé’khéi chop S.ABCD c6 thé'tich I6n nhdt.

(Pong Nai)

Loi gidi.
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(1) Xét ch6p S.ABC c6 cac canh bén bang nhau nén SH 1a duting cao ctia chop véi H
1a tim dudng tron ngoai tiép tam giac ABC. Do AB = BC nén H thudc dudng trung
truc BD cta AC, suy ra AC_L(SBD).

Tuong tu v6i chép A.BSD c6 cic canh bén bing nhau ma AO_L (SBD) nén O 1a tim
dudng tron ngoai tiép tam gidc SBD. Vi OB = OD nén tam gidc SBD vudng tai S.
Tir d6 ta tinh dugc

BD? = SB> + SD* = a*> + SD?,

suy ra

BD? 24 8D? 2 _gp?
AOZZABZ—BOZZABZ—izaZ_a +S _3(1 S '

4 4 4

Do AO? > 0 nén ta phéi c6 SD? < 342, hay SD < /3a.

(2) Theo trén, ta c6 AC = 2A0 = v/3a? — SD?. Do tam giac SBD vudng tai S c6 SH
la duong cao nén

_ 2Ssp _ SB-SD _ a-SD
~  BD  BD  BD

SH

Do vay

1 1 1
VS.ABCD = gSH . SABCD = ESH -BD-AC = ga-SD- vV 3612 —SDz.

Theo bit dang thiic AM-GM thi

2 2 2 2
sD-\/3a —sp? < P +(3Z _SD):%,

suy ra
3

Vs.aBcp < T
2 . 2 PN - . 2 2 2 \/§ ~ 2 .. N
bang thuc xay ra khi va chi khi SD” = 3a” — SD”, hay SD = - @ Vay thé tich hinh

) 3
chép S.ABCD dat gid tri 16n nhét khi SD = \Z[a.

Bai 3.6. Cho tam gidc ABC c6 BC = a, CA = b, AB = c. M la mot diém tuy ¥ bén
trong tam gidc ABC. Chitng minh rdng

MB-MC MC-MA MA-MB
+ + > 1.

bc ca ab

(Binh Dinh)
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Loi gidi. Trén mit phang phiic, gia st cac dinh A, B, C clia tam gidc ABC lan luot
c6 toa vi la u, v, w. Gia sti toa vi cia M lax. Thé thitacéa = |[v—w|, b= |w— u|
c=|u—v|, MA = |x—u|, MB = |x —v| va MC = |x — w|. Do d6 bit dang thiic can
chitng minh tré thanh

x—vlx—w| |x—w|lx—u| |x—ullx—v]|

> 1,
lu—vllu—w[  pp—w|[y—ul  |w—ullw—v|

hay

(x=v)x=—w)|  |(x—w)lx— ) (x—u)(x—v)
o s Rl
St dung bét ding thic co ban |m| + |n| + |p| > |m+n+ p|, tacé
x—v)(x—w) (x—w)(x—u) (x—u)(x—v)
(= v)(u—w '* vw—w)| [ we— | =
> x=v)x=—w)  (=—w)lx—u) (x—u)x—v)
(w=v)u—w)  (=w)(v—u) (w—u)(w—v)

nén tif trén ta c6 ngay diéu phai chiing minh.

Binh lu4n. Pay 12 mot bai bat dang thiic hay ting dung s phic. Bét ding thiic nay
sé rit khé chitng minh néu chi ding cac kién thifc ctia hinh hoc phéang so cap.

Bai 3.7. Cho hinh chop tit gidc déu S.ABCD. Goi R va r ldn luot la bdn kinh hinh
N < < ’ R
cdu ngoai tiép va ndi tiep cua nd. Tim gid tri nhé nhdt ciia —.
r
(Binh Pinh)

Loi gidi. Goi h 1a chiéu cao ctia hinh chép va a 1a do dai clia canh hinh vudng day.
Ta dé dang tinh dudc

@ +2h? av/a®> +4h? — a?
r= .

R=—p— 7= 4h

Do d6
R a* +2h?
rooaval+4an —a®’
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St dung bét dang thiic AM-GM, ta c6

a2 h+ A1 — i < <\/§+1>a2+<\2@_1> (@ +412)

= (V2-1)(@+282),

—a

suy ra

a* + 2h? 1
> =V2+1.
ava+4nz —a2 ~ V2-1

Péng thiic xdy ra khi va chi khi (ﬁ+ 1) & = (ﬁ— 1) (a® +4h%), hay a® =

R
2 (ﬂ— 1) K2. Vay gid tri nhé nhét clia — 1a v2+ 1.
r

Bai 3.8. Cho a, b, c la cdc sé thuc duong. Chitng minh rdang

2 2 2
a n b n c >1
a+2b b+2c c+2a) T3

(Pai hoc Sw pham)

Loi gidi. Cdch 1. St dung bét déng thiic Cauchy-Schwarz, ta c6
(a+2b)? < 3(a® +2b%).

Do d6, ta chi can ching minh dudc

a’ n b? n c? > 1
a’?+2b%>  b2+2¢2 A2+2a T
St dung bt ding thiic Cauchy-Schwarz mét 1an nita, ta dudc
a’ N b? N c? < (a® +b%+c?)?
a*>+2b%>  b*42c¢* 2 +2a? T a?(a?+2b%) + b*(b* 4 2¢?) + 2 (c* 4 2a?)

Bai to4n dudc chitng minh xong. Dé thiy dang thiic chi x4y ra khi a = b = c.

Cdch 2. Ta sé chiing minh bat dang thiic chit hon 1a

2 2 2
a n b n c n 18abc -1
a+2b b+2c c+2a (a+2b)(b+2c)(c+2a) —

a C
PDitx=——,y= de= . Khi d6 ta c6
= Y T bt2e AT ey 0RO
2% 1 2¢ 1 2¢ 1
W by 2 1y 2 1
a x b y a z
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()

Oxyz=1—(x+y+z)+xy+yz+zx.

suy ra

hay

BAt dang thiic can chiing minh tr thanh
Ky 18xyz > 1.

Thay 18xyz =2 —2(x 4y +z) +2(xy + yz +zx) vao, ta viét dugc bat dang thiic nay
thanh
4y 4+ =2(x+y+2)+2(xy+yz+2x)+1>0,
hay
(x+y+z—1)*>0.

Binh lun. Bt dang thic da cho van ding khi thay gia thiét a, b, ¢ > 0 béi gia thiét
(a+2b)(b+2c)(c+2a) #0.

Bai 3.9. Vi ba s6 duong x, y, z, ta ki hiéu M la sé lon nhdt trong ba s6

X 1 1

Inz+In{—+1), In—+In(xyz+1), Iny+In{—+1].

vz z xyz

Tim gid tri nhé nhdt co thé ciia M khi x, y, 7 thay doi.
(Pai hoc Su pham)

Loi gidi. Tu dinh nghia ctia s M, ta c6
X

lenz+ln<
yz

1

+1>, leny+ln<+1>,
xyz

suy ra

| |
2M >Inz+In <x+1> Flny+In <+1> _pp Tz 1)
Yz xyz xyz

Mit khéc, theo bat ding thiic AM-GM thi

(e y2)loyz+1)
xyz -

4,

suy ra 2M > In4, hay M > In2. Dé thiy dang thiic xdy rakhi x=y=_z= 1 nén ta
c6 két luan minM = In2.
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Bai 3.10. Cho x, y, z la ba sé thuc khong dm cé tong bang 3. Chitng minh rdng
Ay x> 4
(Luong Thé Vinh, Dong Nai)

Loi gidi. Ta biét ring trong ba sé6 x — 1, y— 1 va z— 1 ludn c6 hai s cung diu véi
nhau. Gia st hai s6 d6lax—1vay—1, thé thitacé z(x—1)(y—1) >0, suy ra

xyz > z(x+y—1) =2(2—2).
Miit khac, theo bit dang thiic Cauchy-Schwarz thi

2 3_Z)2
RPN G o ) I .
Yy 2T 2

Do viy, ta chi can chitng minh dugc bit dang thiic sau la du

(3-2)?

> +22+2(2-2) >4

Z 2. 1 - R . 2~ 3 2 2, 2
Bién doi tuong duong ta dugc E(Z —1)2 >0, hién nhién diing. Ta c6 dang thic xiy
rakhivachikhix=y=z=1.

Bai 3.11. Cho cdc sé thuc duong a, b, ¢ théa abc = 1. Chitng minh rdang

a n b n c <1
a2+2 b242 24277

(Kon Tum)
Loi gidi. St dung bat dang thiic AM-GM, ta c6
e e 1 __ 1
a2+2 " 2a+1 2 2Q2a+1)
Do dé, ta chi can chiing minh
1 1 1 1 1 1
ey R e eyl Rl b=y R
hay 1 1 1
a1 211 T 2eri s (*)

Deén day c6 nhiéu cach danh gia.
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Cdch 1. Gié st c = min{a, b, c}, tacé ab > 1. Sau d6 st dung bat dang thiic quen
thudc

1 n 1 > 2
x+1  y+1 7 xy+1
cho x =2a,y=2b,tacd

Vx, y >0, xy>1

1 1 2
+ > )
2a+1  2b+1 7 2v/ab+1
Vay ta chi can chiing minh dugc

2 1
+ > 1.
2Vab+1 2c+1 7

A A N ’ 2 X v, R A 1 N A <A A
Cong viéc nay kha don, ta chi can dit an ¢+ = v/ab r0i thay ¢ = — vao rdi bien doi

2
tuong duong la dudc.
Cich2.Pita=x>,b=y’vac=2>,tacé

P xyr  yz
2a+1 23341 283 +xyz  yz+2%

suy ra bat dang thic () tuong duong véi

¥z 7x xy
+ + > 1.
V2232 e +2y?  xy+222 T
St dung bit ding thiic Cauchy-Schwarz, ta dudc
yz 7 xy (vz+zx+xy)?

yz+2x2 i zx+2y? * xy + 272 = yz(yz+2x%) + zx(zx + 2y?) + xy(xy + 22%)
Ding thiic xdy rakhia=b=c=1.

Cdch 3. Quy ddng va riit gon, ta c6 bat dang thic (*) tuong duong
(2a+1)(2b+ 1)+ (2b+1)(2c+ 1)+ (2c+1)(2a+1) > (2a+1)(2b+1)(2c + 1),

hay
a+b+c>3.
Bit dang thiic nay diing theo AM-GM.
Binh luin. Mot bai todn thd vi dugc dit ra tif bai toan nay, d6 1a: Tim tit ca céc gid
tri clia k d€ bét dang thiic sau

a n b n c 3
a+k b2+k 2+kT 14k
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ding v6i moi a, b, ¢ duong thdéa man abec = 1.
Day 1a mot bai todn khé. Hién da ching minh dugc bit dang thiic nay ding cho

5 < k <5 (v6i 10i gii so cAp), con gid tri tot nhit ctia k 12 mot s6 rat 1.

No6i riéng vé bt dang thiic (%), n6 chinh 13 mot trudng hop riéng cia bai toan chon
ddi tuyén Romania nim 1999: Cho ay, as, ..., a, la cic sb thuc duong thda man
aiay---a, = 1. Khi do

1 1 1
+ ++——<1L
ai+n—1 ar+n—1 a,+n—1
£ 42 s X N o 111 <
Trong bat dang thiic nay, cho n = 3 va thay lan ludt a;, ay, as bmnz,f,ta sé thu
a c

dugc (x).

. el e 1 g s i g 3x
Bai 3.12. (1) Xdc dinh gid tri nho nhdt cua ham so y = »/?— ?x trén (0, 4o0).

(2) Cho cdc s6 dwong a, b, c. Chitng minh rdng
JE P e e b e
b3 c3 a~ b ¢ a

Loi gidi. (1) Ap dung bit dang thiic AM-GM, ta c6

(Can Tho)

PN L | > 3x.

Tur d6 suy ra

3x 1
=
O )
Diéng thiic x4y ra khi x = 1.
(2) St dung két qué cau (1), ta c6
a3 a 1 ¥ _ 3 b 1 3 _ 3 ¢ 1
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Do d6 ta chi can chiing minh

S(a b ¢\ 3_a b c
2\b ¢ a 27b ¢ a
Bit dang thiic nay tucng duong véi
a b c
2243,
b ¢ a

hién nhién diing theo AM-GM. Ta c6 dang thiic xay ra khi va chikhia = b =c.

Binh luan. Bay 1a mot dang bai ci va khong ¢6 y tudng gi méi mé. Hon nita, viéc
cho thém céu (1) lai cang 1am cho né trd nén tim thudng hon, vi két qua cau (1) da
gdi md ngay dudng di nude budc cua cau (2).

Bai 3.13. Gid sit phuong trinh x* 4+ ax® + bx* + cx+ 1 = 0 ¢6 it nhdt mot nghiém
thuee. Tim gid tri nhé nhdt cia a* + b* + ¢2.
(Pho thong Ning khiéu)

Loi gidi. Goi xo 1a nghiém ctia phuong trinh da cho. D& thiy x # 0, ti d6 suy ra

1 c
b:—<x5+2+axo+).
x5 X0

Do do

1 c\?
PP+ =d A+ <x§+2+axo+> .
XO X0

St dung bit ding thiic Cauchy-Schwarz, ta dudc

1 2 1)’
a2+c2+(x%+xz+axo+c> ] [(—xo)2+<—> +1

>
0 X0 X0

c 5 1 c\?
> | —axo— —+x5+ > taxo+ —
X0 xo X0

suy ra
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Miit khdc dé dang chitng minh dugc

4
2 ga
g+ +1
X0
véi ddu bang dat dudc tai xo = &1, nén
4
&+#+82§

Diéng thiic x4y ra khi va chi khi

( a c , 1 c
= =Xyt 5 taxo+ —
—-xo L x5 X0

X0
xoE1
1 c
b= — <x8+2+axo+>
xo X0

2 2 2
Giéihénéytatimducjca:b:c:—g (li’ngvéixozl)véa:c:g,b:—g

, 4
(ting véi xo = —1). VAy gid tri nhd nhét ctia a® + b* + 2 1a 3

Binh luan. C6 thé thy ring bai toan nay dudc iy y tudng tir bai toan Tournament
of the Towns 1993: Néu a, b 1a céc s thuc sao cho phuong trinh x* 4 ax? 4 2x% +
bx+ 1 = 0 c6 it nhit mot nghiém thuc thi a® + b > 8.
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Chuong 4

Phuong trinh ham va da thice

“Todn hoc ¢6 cdi 1é sdu xa trong doi song hang ngay va la nén tdang cila moi tién bo ki
thudgt.”
N. A. Court

4.1 Deé bai

4.1. Tim tit ca cdc ham lién tuc f: R™ — R* thda man

F(fGy) —xy) +xf(y) +yf(x) = fxy) + f(x)f(y) Vx, yeRT.

4.2. Tim tit cd cidc ham f : RT — R sao cho

X = 3 (x flx) x +
fr+y) f()+f(x) Vx, y €RT.

4.3. Tim tit c cic ham lién tuc f : R — R thda min
(i) f don anh;
1) f(2x—f(x)) =x;

(iii) Ton tai xo sao cho f(xo) = xo.

45
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4.4. Tim tit ca cdc ham f lién tuc trén R thoa man

f(x)=f(1—cosx) VxeR.

4.5. Tim tit ca cdc ham s f xdc dinh trén R thoa

fx+y)+fx—y) =2f(x)cosy Vx,y€eR.

4.6. Tim tt ca céc da thiic P(x, y) c6 hé sd thyc théa man

P(x,y)=P(x+y,y—x) Vx,yeR.

4.7. Tim tit cd cic ham f : N — N thoa man diéu kién

f(f(n))=3n VneN.

4.8. Gia st da thic P(x) v6i hé sb thuc théa min diéu kién

1
Tinh P —= |.
wnp(-5)

4.9. Cho da thic f(x) = x*—2011x* + (2010 +a)x? — 2009x+ a, v6i a 1a s6 nguyén.
Chiing minh ring da thiic nay khong thé c6 hai nghiém nguyén (phan biét hay tring
nhau).

P(n) = 12010 402010 | 2010 vy o g,

4.10. Tim da thic P(x) thda man diéu kién P(1) = 2010 va

(x—y)P(x+y) — (x+y)P(x—y) =4dxy(x* —y*) Vx,y€R.

4.11. Tim da thiic f(x) khic da thiic khong, c6 hé s6 hitu ti va c6 bac nhé nhét thda

man f(\3/§+\3f9):4\/§+\3/§-
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4.12. Tim tht c& cac ham s6 f(x) lién tuc trén R thda man

fa+y)+fly) = f)+ 1) +fx)f() Vx, yeR.

4.13. Tim tit c4 cdc ham s6 f : N* — N* thod man dong thdi cac diéu kién sau day
(i) f(m)> f(n) véi moi m > n thudc N*;
(i) f(f(n)) =4n+9 v6i moi n thudc N*;

(iii) f(f(n)—n)=2n+9 v6i moi n thudc N*.

4.14. Tim tit c4 cdc ham s f : Q — R thda min

Jx+y) =f)f) - fly)+1 VYx, yeQ.
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4.2 Loi giai

Bai 4.1. Tim tdt cd cdc ham lién tuc f: Rt — R* théa man

F(fGy) —xy) +xf(y) +yf(x) = fxy) + f(x)f(y) Vx, yeRT.
(Pai hoc Vinh)

Loi giai. Chon y = 1 ta dudc f[(x) —x]+xf(1)+ f(x) = f(x) + f(x)f(1). Tu day
suy ra

FIF ) =] = F(D[f(x) —A].

Phuong trinh dau c6 thé viét lai thanh
SO (y) —xy] = fxy) —xy + [F(x) = 2] [f () = ¥]-
Khi d6 dit g(x) = f(x) —x ta duge £(1)g(xy) = g(xy) + g(x)g(y) hay
g(1)g(xy) = g(x)g(y)- (1)

Ciing tif phuong trinh dau ta suy ra dugc f(x) > x va nhu vay g(x) > 0. Vi f(x) lién
tuc nén g(x) cting lién tuc. Thay x = €*, y = ¢" v6i u, v thudc R va dat g(e') = h(r)
thi tu (1) ta suy ra

h(0)h(u+v) = h(u)h(v) (2)

v6i moi u, v thudc R, trong d6 h(u) > 0 v6i moi u thudc R va h ciing 1a ham lién tuc
trén R. Tiép tuc dit k(x) = InA(x) thi tif (2) ta suy ra
k(0) +k(u+v) = k(u)+k(v) (3)

v6i moi u, v thudc R va k ciing 12 ham lién tuc. T diy dé dang suy ra (st dung
phuong trinh ham Cauchy cho ham s6 m(x) = k(x) — k(0)) k(x) = ax+ b véi a, b 1a
cic hing sb thuc. Nhu vay

h(x) — eaerb’ g(x) _ g(elnx) _ ealnerb _ eb(xa).

Cudi cing f(x) = x + Cx® trong d6 C 1a mot hing s& duong va a 1a mot hing sd
thuc.

Binh luin. Bai toan nay 1a mot bai todn kha cin ban. Piém mau chét 1a dua dugc
vé phuong trinh (1). Ky thuat gidi cdc phuong trinh ham dang (1) c¢6 thé tham khio
thém & cubén Phuong trinh ham ctia GS Nguyén Vin Mau.
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Bai 4.2. Tim tdt cd cdc ham f: RY — RT sao cho

f+y) :f3(x)+];((x)?))> Vx, y € R

(Pai hoc Khoa hoc tw nhién)

Loi giai. Chon y = 1 ta dugc

flx+1)=f3x)+1. (1)
Chon x =1 ta dudc o)
_ Byt

Dit £(1) = a thi st dung (1) ta 1an lugt tinh dugc
fQ)=a+1, fO)=f2°+1)=(@+1)7°+1. (3)
Mt khac, st dung (2) ta ¢
f(3)—a3+f(2)—a3+a2+cll,
f(4):a3+f£l3):a3+a2+a+alz,

1
f(5):a3—|—a2+a—|—l+;, ey

1 1 1 1 1
_ 3 2
Tu (3) va (4) tasuy ra
1 1 1 1 1
3 3 _ 3 2
(Cl +1) +1—a +a +a+1+;+;+;+g+ﬁ

Quy dong va phan tich nhan tii ta dugc phuong trinh nay tuong duong véi
(a—1)(a®—a+1)g(a) =0,

trong do

gla) = a?+a'"+2a" +4a° + 5% + 64" +7a° + 64° + 5a* + 4a® + 3d* + 2a+ 1.

Gidi ra ta tim dugc @ = 1. Vay ta c6 f(x+1) = f(x) + 1 va f(x*) = f3(x). T day
suy ra f(x+n) = f(x) +n v6i moi n nguyén duong. Véi r = p thuoc Q7 ta tinh
q

f((r+¢%)?) bing hai cach nhu sau
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Mot mat
f(r+@)) = ir+d) =[f(r)+ 4.
Miit khac
213 3 P2 2 P 4 6 3 2 3 6
f(r+q7) )—f<r‘ +3-?-q +3~5-q +q ) =f(r'+3p +3pq’ +q°)
= f(r)+3p*+3pg’ +¢° = f3(r) +3p* +3pq’ + ¢°.
Tir day ra dudc phuong trinh
1) +4' f(r)=p*+pg.

Giai phuong trinh nay, véi chi y £(r) > 0, ta dugc £(r) = £ = r. Vay £(r) = r véi

<

moi r thudec Q. Béy gio d€ y rang véi moi x, y > 0 ta cé

3 3 (L f (Vxy) [ (Vxy)
flety) = £ ((95) +) = £ (V3) + = f(@)+ > £,
) =1 ((95) (9 + L2 — oy + L2
suy ra f(x) 1a ham ting trén R*. Cudi cuing, v6i mbi x thudc R, xét day s6 hitu ty
{u,} ting va dan vé x (suy ra u, < x), ta c6 f(x) > f(u,) = u,. Chuyén sang gidi
han, ta dugc
flx)>x

Tuong ty, xét ddy sb hitu ty {v,} gidm va tién dan vé x (suy ra v, > x), khi dé ta c6
f(x) < f(vy) = v,. Chuyén sang giGi han, ta dugc

flx) <x

Két hop lai, ta duge f(x) = x v6i moi x thuoc R*. Vay f(x) = x v6i moi x thudc R*
12 nghiém duy nhét ctia bai todn.

Binh luin. Cdi khé khin va “gian nan” nhit cda bai toan 1a tinh (1), khi tinh £(1)
xong roi thi bai toan tré nén vo ciing don gian. DE tinh £(1) ta dua vé gidi phuong
trinh nhan £(1) 1am nghiém bang cach tinh £(9) theo hai cich dya vao (1) va (2).

Sau khi tinh dugc f(1) = 1 ta dé dang ching minh dugc f(x) = x trén QT va t f(x)
dong bién, ta c6 f(x) = x v6i moi s6 thuc duong x.

Xem thém bai giang “gidi phuong trinh ham bing cach 1ap phuong trinh” & cling tai
liéu nay.

Bai 4.3. Tim tdt cd cdc ham lién tuc f : R — R théa man
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(i) f don dnh;
(ii) f(2x—f(x)) =x
(iii) Ton tai xo sao cho f(x) = xo.
(Pai hoc Khoa hoc tu nhién)

Goi y. Chung ta lién hé bai toan nay véi mdt bai toan sau: “Tim g(x) lién tuc thoa
man diéu kién g(x+ g(x)) = g(x)”. Chi can dit g(x) = x — f(x) ta s&€ dugc bai toan
nay.

Dé dang chiing minh quy nap dudc ring g(x +ng(x)) = g(x). Néu ton tai g(x) khac
g(y) ta c6 thé chon y trén khoang x, x + g(x). Va tinh lién tuc dudc thé dung mot
cach linh hoat & chd tdn tai mot dudng thang x — ny = ¢ v6i n tu nhién, c tiy y thoa
min né cit dd thi trong khoang x, x + g(x) tai hai diém a va b, nhu vay ta dudc
a—nf(a)=c,b—nf(b) =c,suyra f(c) = f(a) = f(b), vo li vi hai diém cit nhau
1a phan biat.
Bai 4.4. Tim tdt cd cdc ham f lién tuc trén R théa man
f(x)=f(1—cosx) VxeR.
(Bdc Ninh)

Goi y. Bai toan nay c6 cach lam quen thudc 1a, xét day {a,} trong d6 ao tuy y va
apy1 = 1 —cosay,. Ta ching minh diy nay hoi tu dén 0. Tir d6 4p dung tinh lién tuc
ta suy ra f(x) = const.

Bai 4.5. Tim tdt cd cdc ham s6 f xdc dinh trén R thod
fx+y)+f(x—y) =2f(x)cosy Vx,y€eR.
(Binh Dinh)

T T
Loi gidi. Thay x bSi x + 50y béi 5 ta duge f(x+ )+ f(x) = 0. Tu d6 suy ra

Flext7) = — ().
Thay x béi 0, y béi x, ta dugc

F(x)+ f(—x) =2f(0)cosx.
Tir day két hop vdi trén ta c6

(=) = —f(—x) = F(x) — 2 (0) cosx.
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T T
Bay gio, thay x béi 50 bbi x — 5 ta dugc

)+ f(m—x)=2f (g) cos (x— g) —2f (g) sinx.

Thay f(m —x) = f(x) —2f(0) cosx vao, ta tim dugc
f(x)=f(0)cosx+ f (g) sinx.
Thay \iélO thit l:qli thdy thod man. Vay f(x) = acosx + bsinx vdi a, b 1a cac hing s6
thuc bat ki 1a tit ca cac ham s thoa man diéu kién deé bai.
Bai 4.6. Tim tdt cd cdc da thiic P(x, y) cé hé s thuc théa man
P(x,y)=P(x+y, y—x) Vx,yeR.
(Hdi Phong)
Loi giai. V6i moix, y € R, tacéd
P(x,y) = Px+y, y=x) = P((x+y) + (y —x), (y =x) = (x+y)) = P(2y, —2x).
Tur d6 suy ra
P(x,y) = P(2y, —2x) = P(2(—2x), —2(2y)) = P(—4x, —4y)
= P(2(—4y), —2(—4x)) = P(—8y, 8x) = P(2(8x), —2(—8y))
= P(16x, 16y).
Dén day, tién hanh quy nap, ta tim dugc
P(x,y)=P(16"x, 167 "y) VneN.
Cho n\tién dén vo cling ta dugc P(x, y) = P(0, 0) = const. Vay P(x, y) = a véiala
mot hang so0 bat ki, chinh 1a dap so cuia bai toan.
Bai 4.7. Tim tdt cd cdc ham f : N — N théa man diéu kién
f(f(n))=3n VneN.
(Pai hoc Sw pham)

Goiy. Y tudng la xdy dung ham. D& thiy f la don anh. Tut f(f(n)) = 3n, ta suy
ra f(3n) = f(f(f(n))) =3f(n). Tu ddy cho n =0 suy ra f(0) = 0. V6i moi n > 0
thi ciing tit f(f(n)) = 3n ta suy ra f(n) # n. T dang thic f(3n) = 3f(n) ta suy ra
néu n = 3*mthi f(n) = 3% f(m). Nhu vay ham s6 f s& hoan toan xac dinh néu ta tim
dugc f(m) v6i m khong chia hét cho 3.
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Bai 4.8. Gid sit da thiic P(x) vdi hé s6 thuc théa mdn diéu kién

1
TinhP|—= |.
i (3

Loi gidi vdn tdt. Y tuéng 1a dung chia hét ta ching minh rang tdn tai vo han n dé
P(n) chia hét cho 2n+ 1. That vay chi can chon 2n+ 1 = p véi p nguyén td, ta chiing
minh

P(n) = 12010 4 02010 | 2010 vy o g,

(Pai hoc Sw pham)

1\
+1\*
Pit B = (”2) +---+(p—1)*.Dé thiy A— B : p. Ta chiing minh A+ B : p.
Ta c6 ta c6 nhan xét néu {1, 2, 3, ..., p— 1} la hé thing du thu gon mddun p thi
{a, 2a, ..., (p—1)a} cing la hé thang du thu gon mdédun p (véi (a, p) = 1). Nhu
vay A+ B = (A+B)a** (mod p) va ta chi can chon a théa min a®* — 1 /p. Viéc nay
c6 thé chon dé dang véi p > 2k (vi du chon a la cin nguyén thuy mddun p). Nhu vay
-1\ . 1Yy . 1
taco P <pz> :p.Dodo P (—2> : p. Chon p da 16n ta suy ra P (—2> =0.

Bai 4.9. Cho da thiic f(x) = x* —2011x> + (2010 + a)x> — 2009x + a, vdi a la s6
nguyén. Chitng minh rdang da thiic nay khong thé' cé hai nghiém nguyén (phdn biét
hay trung nhau).

(Phii Yén)
Loi giai. Gia st xo la nghiém nguyén cua f(x), ta c6 f(xo) =0, f(1) = 2a — 2009
1a s6 1&. Suy ra f(xo) — f(1) 1a s6 18. Mit khdc, theo dinh ly Bezout, f(xo) — f(1)
chia hét cho xo — 1 nén xo — 1 14 s6 18. Suy ra xq 1 s6 chin.

Gia st ngudc lai, da thic f(x) c¢6 hai nghiém x;, x,. Ta xét hai trudng hgp.

Truong hop 1. f(x) c6 hai nghiém nguyén x;, x, v6i x; # xp. Khi d6

) = f(x)
X1 — X2
= x} + X300 + X135 + x5 — 2011 (23 +x122 +23) 4 (2010 + a) (x1 + x2) — 2009.

0:

Mau thuén vi vé phai 12 mot s6 18, do x1, x, déu chin.

Truong hop 2. f(x) c6 hai nghiém nguyén x; = x,. Khi dé tacé f'(x;) = f'(x2) = 0.
Nhung diéu nay khong xay ra vi f’(x;) = 4x3 — 6033x% +2(2010 + a)x; — 2009 1a
s6 18, do x; chan.
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Vay diéu gia st 1a sai. Bai todn dugc chiing minh.

Binh luén. Trong tuyén tap dé thi Olympic 30/4 nim 2007 c6 dé toan nay véi f(x) =
x* —2007x° + (2006 + a)x* — 2005x + a. RS rang ca hai bai toan nay déu 1a truong
hop dic biét ctia mot bai toan téng quat hon: Néu f(x) 1a mot da thic véi hé sb
nguyén sao cho £(1) 1& va f/(0) 1é thi f(x) khong thé c6 hai nghiém nguyén.

Bai 4.10. Tim da thiic P(x) théa man diéu kién P(1) = 2010 va
(x=y)P(r+y) = (x+y)P(x—y) = dy(x* —»*) Vx,y€R.
(Cén Tho)

Loi gidi. Thay y = x ta dugc P(0) = 0. bat P(x) = xQ(x) va thay vao phuong trinh
thi ta dudc
Q(x+y) —Q(x—y) = 4xy.
Thay y = x ta dugc
0(2x) — Q(0) = 4x*.

Tir d6 suy ra Q(x) = x> +Q(0). Do Q(1) = 1-Q(1) = P(1) = 2010 nén Q(0) = 2009.
Vay Q(x) = x* +2009 va P(x) = x(x*> +2009).

Bai 4.11. Tim da thiic f(x) khdc da thiic khong, c6 hé sé hitu ti va cé bdc nhé nhdt
thoa man
f(%+€/§> =43 +V9.
(Ninh Binh)
Loi gidi. Trudc hét, ta sé chiing minh bS dé sau.
B&' dé. Néu a, b, ¢ 1a céc s6 hitu ti thdoa man av/9+bv/3+c=0thia=b=c=0.

Chiing minh. Gia st a # 0. Do av/9 +bv/3 4+ ¢ = 0 nén ta c6 v/3 1a mot nghiém ctia
da thic f(x) = ax® +bx +c.

V6i g(x) = x> — 3, ton tai duy nhit cip da thic A(x), r(x) € Q[x] théa man g(x) =
F(x)h(x) +r(x) va degr(x) < deg f(x). Vi g(x) bt kha quy nén degr(x) = 1 hay

r(x)=cx+dvéic,d €Q, c#0.

Ma /3 ciing 12 mdt nghiém ciia g(x) nén v/3 ciing la nghiém cta r(x), suy ra
d 2 <

cv/3+d =0, hay v/3 = ——. Tit day suy ra v/3 1a sd hitu ti, mau thudn. Vay ta phai
c

c6a=0.Tuongtusuyraa=>b=c=0.
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R R 1
Trd lai bai todn, gia st ton tai f(x) thoa man dé bai, xét F(x) = Z[ F(x?+x) —x3.

Tacé F(x) € Qlx] va F (v/3) = V3.

V6i G(x) = x> — 3, ton tai duy nhét ciip da thiic H(x), R(x) € Q[x] théa man F (x) =
G(x)H(x) +R(x) va 0 < degR(x) < 3. D& thdy R (V/3) = V3.

Gia st R(x) = ax* + bx+c v6i a, b, c € Q. Thé thi ta c6
av9+bV3+c=3.
LAy binh phuong hai vé rdi thu gon, ta dudc
(b* +2ac)V/9 + (3a* 4 2bc)V/3 + 6ab + ¢* = 3.

St dung két qua bd dé trén, ta c6

b2 +2ac=0
3a2+2bc=0 |,
6ab+c* =3

suy ra
a=b=0
c= j:ﬁ

a#0
1o

Diéu nay c6 nghia 1a /3 € Q, mau thuan.
Vay khong ton tai da thiic £(x) thda man yéu cau cda dé bai.

(Chd y ¢6 thé 1i luan nhu sau: V&i moin € N thi (v9+ \3/§)n =av/9+bv/3+c, véi
a,b,ceqQ.

Gid st ton tai f(x) théa man dé bai, khi d6 theo tinh chit trén ta thiy ring ton tai a,

b, ¢ € Q sao cho av/9 + bv/3 + ¢ = /3. Dén day ta tién hanh nhu trong 15i giai &
trén.)

Bai 4.12. Tim tdt cd cdc ham sé f(x) lién tuc trén R théa man

f+y)+flxy) =fx)+fO0)+f)f(y) Yx, yeR.

(Ninh Binh)
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Binh luan. Bai 12 va bai 14 thuc su 1a tuong duong véi nhau (O bai 14, ta dit

f(x) = 1+g(x) thi s& c6 g(x+y) +g(xy) = g(x)g(y) +&(x) +g(v). Duéi day ta
trinh bay 16i giai mot bai toan kho hon ca hai bai trén. Bai toan nay tuong duong véi
bai toan Indian MO 2003:

Bai toan. Tim tdt cd cdc ham sé f : R — R thod mdn diéu kién
fx+y) =fx)f) = fly)+1 (1)
vdi x, y thudc R.
Loi gidi. Cho y = 1 vao phuong trinh (1) thi ta dugc
fa+1)=f(1)f(x) = fx)+1.
Tit d6, néu dit £(1) = a thi ta lan lugt c6
f@Q =a-a-2+1=a*—a+l,

fB@) =al@®—a+1)—(a*—a+1)+1=d’—2a"+2a,
f(4) Za(a3—2a2+2a)—(a3—2a2+2a)+1 —d* -3 +4a® —2a+1.

Miit khéc, néu thay x = y = 2 vao (1) thi ta dugc
f4) =12 f2)—r#)+1.
Tur d6 ta dugc phuong trinh
20a4 —3a® +4a* —2a+1)=(a*> —a+1)*+1.

Giai phuong trinh nay ta tim dugc a = 0, hodc a = 1, hodc a = 2. Nhu vay ta ¢6 3
trudng hop dé xét.

Truong hop 1. a=0.Khi d6 f(x+1)=1— f(x). Tu doé f(0) =0, f(—1) = 0. Thay
y=—1vao (1), tadugc f(x—1) =1— f(—x). Thay x = —1, y = x vao (1), ta dugc
f(1—=x)=1—f(—x).Suyra f(x—1) = f(1 —x), tiic £ 1a ham chan. Thay y = —x
vao (1), ta duge 1 = f(x) f(—x) — f(—x2) + 1, suy ra f2(x) — f(x?) = 0. Cudi cung,

1 .
thay y = x vao (1), ta dugc f(2x) = f2(x) — f(x*) +1 = 1. Thay x = 3 vao dang
thiic ndy, ta suy ra mau thun. Vay a # 0.

Truong hop 2. a=1. Khi d6 f(x+1) = 1 v6i moi x, tic l1a f(x) = 1 v6i moi x.

Truong hop 3. a =2. Khi d6 ta ¢6 f(x+1) = f(x) + 1, tu d6 suy ra f(—1) =0.
Thay y = —1 thi ta duge f(x—1) =1— f(—x), suy ra

f(x) =1=fx=1) =1-[f(x) = 1] =2 - f(x).
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Thay y b6i —y vao (1), ta dugc

fx=y)=f)f(=y) = f(=xy) + 1= fO)R- O]+ flxy) —2+1. (2)

Cong (1) v6i (2), ta duge
Flx4)+ Fle—2) = 2/(x).
Thay y = x vao (2) va chi y rang £(0) = 1 thi ta dugc
20 =) +2f(x) -2,
suy ra
() =1 = F(x*) ~ 1.
T d6, néu dit g(x) = f(x) — 1 thi ta cé
2(0)=0, glx+y)+glx—y)=2¢(x), g(*)=g ).

Tt day, 4p dung 1y thuyét ciin ban vé phuong trinh ham Cauchy, dé dang tim dugc
glx) =x.

Vay c6 hai ham s6 thod man diéu kién dé bai 1a f(x) = 1 va f(x) = 1 +x.
Ghi chi. Néu xét ham f : Q — Q thi sé lam bai toan dé hon.
Bai 4.13. Tim tdt cd cdc ham s6 f : N* — N* thod mdn déng thoi cdc diéu kién sau
day
(i) f(m)> f(n) vdi moi m > n thugc N*;
(ii) f(f(n)) =4n+9 vdi moi n thupc N*;
(iii) f(f(n) —n) =2n+9 vdi moi n thuéc N*.
(Pho thong Ning khiéu)

Loi giai. Cdch 1. Vi f tang thuc su nén f(n) > n v6i moi n € N*. Ngoai ra, cing do
f tang thuc sy nén véi moi m,n € N*mam <ntacén—m < f(n) — f(m). T d6
ta cod

fn+1) = (n+1)] = [f(n) =n] < f(f(n+1) =n—1)) = f(f((n) —n)),

hay
fn+1)—f(n)—1<2(n+1)+9—(2n+9).
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Nhu thé
fn+1)—f(n) <3 VneN~.

Gidstconma f(n+1)= f(n)+1,nghiala f(n+1)—(n+1) = f(n) —n. Tu d6
[ n+1) = (n+1)) = f(f(n) —n).
Dan dén 2(n+1) +9 = 2n+9, mau thun. Tom lai, ta c6
2<f(n+1)—f(n) <3 VneN". (%)
Taco f(f(n)) — f(f(n) —n) =2n. Mit khac tu (x) ta lai co
FU ) =f(f () —n) = [f(f(n) = f(f(n) = DI+ [f(f(n) = 1) = f(f(n) = 2)]+
+o () =nt+1) = f(f(n) —n)] = 2n.
Tur d6 suy ra
f(f ) =f(f () =D =[f(f(n) =) = f(f(n) =2)] = --- =
= (f(n) =n+1) = f(f(n) =n)] = 2.
Gid sit £(2) = f(1)+3. Khi d6 £(2) —2= f(1)+1> f(1). T d6 f(f(2
f(f(1)) hay2-2+9>4-1+9, vo li. Nhu vay ta phéi ¢6 f(2) = f(1)+2.

Lai gid sit £(3) = £(2) +3. Khi d6 £(3) —3 = £(2). Nhu thé f(f(3)—3) = £(f(2))
hay 2-349=2.4+9, v6 li. Nhu viy ta ciing c¢6 f(3) = f(2) +2.

)=2)>

Gia st c6 k > 4 sao cho f(k+ 1) = f(k) + 3. Khi d6 do 3 < k— 1 nén st dung (x)
ta dudc
FUHR) =f(fk+1)=3) = f(f(k+1)—k=1)+2(k—-2),
hay 4k+9=2(k+1)+9+2k—4, voli. Do d6 véi mointacd f(n+1) = f(n)+
Nhu thé day {f(n)} 1a cAp sb cong véi cong sai 1a 2. Vi thé f(n) = 2n+ b. Thay
bi€u thic cta f(n) vao hé thic f(f(n)) =4n+9 ta dugc
dn+9 = f(2n+b) =2(2n+b)+b.

Tu dé b =3 va f(n) = 2n+3. D& thiy f(n) = 2n+ 3 théa man (i) va (iii). Vay ham
s6 duy nhit can tim 1a f(n) = 2n+ 3 v6i moi n € N*.
Cdch 2. (Van tit) Thay n béi 2n trong (iii), ta dudc

f(f(2n) —2n) =4n+9.
So sanh véi (ii), ta suy ra

f(n) = f(2n)—2n.

Tu d6 st dung quy nap theo n (xét n chin, n 18) dé chiing minh f(n) = 2n+ 3 véi
moi n nguyén duong.
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Bai 4.14. Tim tdt cd cdc ham sé f: Q — R théa man

Jx+y) =) f) - fly)+1 VYx, y€Q.

(Bdc Giang)
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Chuong 5

Hinh hoc

“Giita nhitng bo dc thong minh ngang nhau va trong nhitng diéu kién twong tu, ai co tinh
thdn hinh hoc thi nguoi do sé thdng va thu duge mot cuong lic hoan toan mdi mé.”
Blaise Pascal

5.1 Dé bai

5.1. Cho tam gidc ABC noi tiép dudng tron (O) va ngoai tiép dudng tron (I). Goi D
1a mot diém trén doan BC, dudng tron (P) tiép xic v6i DC, DA tai E, F va tiép xtic
trong v6i (O) tai K. Chiing minh ring E, F, I thang hang.

5.2. Cho hinh 1ap phuong ABCD.A’B'C'D’ canh bang a. Véi M 1a mot diém thudc
canh AB, chon diém N thudc canh D'C’ sao cho AM + D'N = a.

(1) Chiing minh ring MN di qua mot diém cb dinh khi M thay d6i.

(2) Tinh th€ tich chép B'.A’MCN theo a. Xac dinh vi tri ciia M d€ khodng cach tir
B’ t6i mit phang (A’MCN) dat gia tri 16n nhit. Tinh khoang cich 16n nhit d6
theo a.

(3) Tim quy tich hinh chiéu vudng géc ctia C xubng MN khi M chay trén AB.

5.3. Cho dudng tron (O) va hai diém bién B, C sao cho B, C khong phdi 1a dudng
kinh. Di€ém A chuyén dong trén cung 16n BC (khac B, C). Goi M 1a trung di€m canh
AB va N 12 hinh chiéu vuong géc ctia M 1én AC. Cho trude sb thuc a khac 1 va goi K
la diém chia doan HN theo ti s6 a, véi H 1a trung diém canh BC. Vé dudng thing d
qua K va vudng géc véi HN. Chiing minh riang d ludn tiép xic véi mot dudng cong
c0 dinh.
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5.4. Cho hai dudng thang a, b cit nhau tai M va khong vudng géc véi nhau. Dung
parabol tiép xlic a tai A va tiép xiic b tai B, v6i A, B 12 hai diém cho trudc thudc a, b.

5.5. Cho tam gidc ABC vuong cin tai A. D, E, F 1an lugt thuoc cc canh BC, CA,
AB sao cho tam giac DEF vudng cn tai D. Tim tip hop trung diém I cta EF.

5.6. Cho khéi tif dién ABCD c6 thé tich 1a V. Dién tich céc tam gidc ABC, ABD lan
lugt 1a Sy, S». Goi x 1a s6 do géc tao bdi hai mit phiang (ABC) va (ABD). M 1a mot
diém thudc canh CD sao cho khoang cach tit M dén hai mit phing (ABC)va (ABD)
bing nhau.

ZSngsinx Vi % . &
3AB DM S,
(b) Tinh dién tich tam giac AMB theo V, Sy, $», x.

(a) Chiing minh ring V =

5.7. Cho KL va KN la céc tiép tuyén ctia dudng tron (C), véi L, N thude (C). Lay
M bét ki trén duong thang KN (M, K khéc phia so v6i N). Gia stt (C) cat dudng tron
ngoai tiép tam gidc KLM tai di€ém thif hai 1a P. Q 1a chan dudng vudng goc ha tit N
xubng ML. Chitng minh ring

/MPQ =2/KML.

5.8. Cho tam gidc ABC can tai A, duong cao AH. Pudng tron (0) di qua A, B cit
doan AH tai K. Piém L thudc doan AB sao cho KL || AC. Goi E = BKNCL. Pudng
thang AE cit lai (O) tai diém thi hai F. Chiing minh ring

ZAFL = ZBAC.

5.9. Cho tam gidc ABC. Dung cic diém X, Y sao cho hai tam gidc ABX, ACY dong
dang ngugc huéng. Dung cac diém T, K sao cho cac tam giac BXA, BTC, KXY
ddng dang cung huéng. Chiing minh ring hai tam gidc BTC va KXY c6 chung tim
dudng tron ngoai tiép.

5.10. Cho tam gidc ABC cén tai A. Goi H 1a trung diém ctia BC, D 13 hinh chiéu ctia
H trén canh AC, M 1a trung diém HD. Chiing minh ring AM vudng goc v6i BD.
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5.11. Tam gidc ABC (AB > AC) noi tiép (0). Phan gidc ngoai tai A cét (O) tai E.
Goi F 1a hinh chiéu cta E trén AB. Chiing minh rang

2AF =AB—AC.

5.12. Cho ti gidc ndi tiép ABCD. Goi a, b, c, d theo thi tu 1a phan gidc ngoai clia
cac goc ZDAB, ZABC, /BCD, ZCDA.K =anb,L=bNc,M=bNd, N =dNa.
Chiing minh ring ti gidc KLMN noi tiép mot dudng tron va dudng tron d6 ¢ ban

fi b KM -LN
1n an .
& AB+BC+CD+DA

5.13. Cho tam gidc ABC nhon, khong can, noi tiép dudng tron (0). Cac dudng cao
AAy, BBy, CCy dong quy tai H. Cac diém Ay, A, thudc (0O) sao cho dudng tron ngoai
tiép céc tam gidc A1 BoCy, A2BoCo tiép xtic v6i (0). Tuong tu ta c6 cac diém By, B,
va cdc diém Cy, C,. Ching minh rﬁng céac dudng thrflng A1Ar, B1By, CC, df)ng quy
tai mot di€ém thudc OH.

5.14. Cho tam gidc nhon ABC c6 trung tuyén CM vudng géc véi phan gidc trong
AL tai dinh A (v6i M, L 1an lugt thudc céc cang AB, BC). Pit AC = b, AB = c.

(a) Chiing minh rang

il= -2 aBy S A8
b+c

c+b

(b) Gia st CM = k-AL, k > 0. Chiing minh ring

5.15. Cho hinh vuéng ABCD. Trén céc canh CB va CD lan luot 14y céc diém E, F

BE DF 1—k . .
saocho — =kva v6i 0 < k < 1. Poan thang BD cat AE va AF tai H

BC DC~ 1+k , \
va G tuong ung. Pudng vudng géc véi EF ké tit A cat BD tai P. Chiing minh rang

PG DG
PH BH’
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5.16. Trong mit phang (P)cho diém O cb dinh va dla dudng thang quay quanh O.
L4y S ngoai (P)c6 hinh chiéu vudng goc trén (P) 1a H, v6i H # O. Qua S dung
dudng vudng géc v6i mit phang xac dinh bdi S va d. Pudng thang nay cit (P) tai
N. Tim quy tich di€m N khi d thay d6i.

5.17. Cho dudng tron tam O va mdt ddy cung AB cb dinh khong 1a dudng kinh. Mot
diém P thay d6i trén cung 16n AB. Goi I 1a trung diém ctia AB. LAy cic diém M, N
trén cac tia PA, PB tudng tng sao cho /PMI = /PNI = Z/APB.

(a) Chiing minh dudng cao ké tit dinh P ctia tam gidc PMN di qua mot diém cd
dinh.

(b) Chitng minh ring duong thang Euler ciia tam gidc PMN di qua mot diém cd
dinh.

5.18. Cho tam gidc ABC ndi tiép dudng tron (0). Goi I, I, I, I 1a tim dudng tron
nodi tiép va bang tiép cac géc A, B, C tuong ting. Pudng tron ngoai tiép tam gidc
IL 15 cit (O) tai hai diém My, Ni. Goi J; 1a giao diém ctia A va (0). Ki hiéu 4, 1a
dudng thang di qua J; va vudng géc véi M N;. Tuong tu xac dinh cdc dudng thing
d>, d3. Chitng minh cic duong thang dy, d,, d3 ddng quy tai mot diém.
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5.2 Loi giai

Bai 5.1. Cho tam gidc ABC noi tiép duong tron (O) va ngoai tiép duong tron (I).
Goi D la mét diém trén doan BC, duong tron (P) tiép xiic véi DC, DA tai E, F va
tiép xiic trong vdi (O) tai K. Chitng minh ring E, F, I thdng hang.

(Pai hoc Vinh)

Bai 5.2. Cho hinh ldp phuong ABCD.A'B'C'D’ canh bang a. Véi M la mot diém
thudc canh AB, chon diém N thudc canh D'C’ sao cho AM +D'N = a.

(1) Chitng minh rang MN di qua mot diém cé dinh khi M thay doi.

(2) Tinh thé'tich chép B'.A’'MCN theo a. Xdc dinh vi tri ciia M dé khodng cdch tir
B' tdi mdt phing (A’'MCN) dat gid tri In nhdt. Tinh khodng cdch l6n nhdt dé
theo a.

(3) Tim quy tich hinh chiéu vuéng goc ciia C xuéng MN khi M chay trén AB.

(Ha Nbi)

Bai 5.3. Cho duong tron (O) va hai diém bién B, C sao cho B, C khong phdi la
duong kinh. Piém A chuyén déng trén cung lon BC (khdc B, C). Goi M la trung
diém canh AB va N la hinh chiéu vuéng goc ciia M lén AC. Cho trudc sé thic a
khdc 1 va goi K la diém chia doan HN theo ti sé a, véi H la trung diém canh BC.
Vé duong thing d qua K va vuéng goc véi HN. Chitng minh rdng d luén tiép xiic
véi mot duong cong co dinh.

(Pai hoc Khoa hoc tu nhién)

Bai 5.4. Cho hai duong thing a, b cdt nhau tai M va khéng vuéng goc vdi nhau.
Dung parabol tiép xiic a tai A va tiép xiic b tai B, véi A, B la hai diém cho trudc
thuéc a, b.

(Pai hoc Khoa hoc tw nhién)

Bai 5.5. Cho tam gidc ABC vuéng cdn tai A. D, E, F ldn luot thudc cdc canh BC,
CA, AB sao cho tam gidc DEF vuéng cdn tai D. Tim tdp hop trung diém I ciia EF.
(Bdc Ninh)
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Bai 5.6. Cho khoi tit dién ABCD c6 thé'tich la'V. Dién tich cdc tam gidc ABC, ABD
lan lugt la Sy, S». Goi x la s6 do géc tao bdi hai mdt phing (ABC) va (ABD). M
la mot diém thudc canh CD sao cho khodng cdch tie M dén hai mdt phdang (ABC)va
(ABD) bdng nhau.

. 285187 si CM S
(a) Chiing minh rdngV:%;nxvdW:Sf;

(b) Tinh dién tich tam gidc AMB theo V, S;, S3, x.

(Ninh Binh)

Bai 5.7. Cho KL va KN la cdc tiép tuyén ciia duong tron (C), véi L, N thugc (C).
Ldy M bat ki trén duong thang KN (M, K khdc phia so vdi N). Gid sit (C) cdt duong
tron ngoai tiép tam gidc KLM tai diém thit hai la P. Q la chdn duong vuéng géc ha
tir N xuéng ML. Chitng minh rang

/MPQ =2/KML.

(Hdi Phong)

Loi gidi.
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Goi P =MPN(0), P' # P va Q' = ONNML. Khi Ay, ta c6
MN?>=MQ-MQ' = MP-MP',

suy ra PQQ'P' 1a ti gidc ndi tiép. Vi vy ZMPQ = /P'Q'M. Ta di ching minh
LP' || MK.

That vay, ta c6

(PM, PN) = (LP', LN) = (PL, PN) — (PL, PM) = (NL, NK)+ (KN, KL)
= (LN, LK) = (NK, NL) = (MK, NL) (mod 7),

nén LP' || MK. Dan dén ON L P'L, suy ra OQ' | P'L. Nhung O € dudng trung truc
cua LP', vi vdy Q' € dudng trung truc ctia LP’, theo d6 ta dudc

/POM=2-LQLP =2-/MLP =2-/KML (do LP' || MK),

suy ra ZMPQ = 2- ZKML. D6 1a diéu phdi ching minh.

Bai 5.8. Cho tam gidc ABC cdn tai A, duong cao AH. Puong tron (0O) di qua A,
B cat doan AH tai K. Diém L thudc doan AB sao cho KL || AC. Goi E = BKNCL.
DPuong thing AE cdt lai (0) tai diém thit hai F. Chitng minh rdng

ZAFL = ZBAC.

Bai 5.9. Cho tam gidc ABC. Dung cdc diém X, Y sao cho hai tam gidc ABX, ACY
dong dang nguoc hudng. Dung cdc diém T, K sao cho cdc tam gidc BXA, BTC,
KXY dong dang ciing hudng. Chitng minh rdng hai tam gidc BTC va KXY c¢6 chung
tam duong tron ngoai tiép.

(Pai hoc Su pham)

Bai 5.10. Cho tam gidc ABC cdn tai A. Goi H la trung diém ciia BC, D la hinh
chiéu ciia H trén canh AC, M la trung diém HD. Chiing minh rang AM vudng goc
vdi BD.

(Pong Nai)
Ldi gidi. Goi K 1a hinh chiéu ctia B 1én AC. Khi 4y ta c6 HD || BK, lai c6 H 1a trung
diém ctia BC dan dén D 1a trung diém ctia KC. Qua B, A, vé cic tia By, Ax. Khi Ay,
ta thu dugc (AH, AD, AM, Ax) = (BC, BK, BD, By) = —1. Nhung dé thdy, AH,
AD, Ax 1an lugt vudng géc v6i BC, BK, By. Suy ra AM | BD. D6 1a diéu phai chiing
minh.
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Bai 5.11. Tam gidc ABC (AB > AC) néi tiép (O). Phdn gidc ngodi tai A cdt (O) tai
E. Goi F la hinh chiéu cia E trén AB. Chiing minh rdang

2AF =AB—AC.

(Pong Nai)

Bai 5.12. Cho tit gidc néi tiép ABCD. Goi a, b, ¢, d theo thit tw la phdn gidc ngoai
cua cdc goc /DAB, /ABC, /BCD, /CDA. K =anNb,L=bN¢, M=bNd,N =

dNa. Chitng minh rang tit gidc KLMN ndi tiép mot duong tron va dwong tron do
KM - LN

AB+BC+CD+DA’

6 bdn kinh bdng
(Pai hoc Su pham)

Bai 5.13. Cho tam gidc ABC nhon, khong cdn, néi tiép duong tron (O). Cdc duong
cao AAy, BBy, CCy dong quy tai H. Cdc diém Ay, A, thudc (O) sao cho duong tron
ngodai tiép cdc tam gidc A\BoCo, A2BoCy tiép xiic vdi (0). Tuong tu ta c6 cdc diém
B1, B> va cdc diém Cy, Cy. Chitng minh r&ng cdc duong thcfng A1A;, B1By, C1C,
dong quy tai mot diém thuéc OH.

(Pai hoc Sw pham)

Loi gidi.
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Goi (0,) va (0)) lan lugt 1a duong tron ngoai tiép cic tam gidc AA;ByCy va
NA>ByCy. Goi t, va t, 1an lugt 1a céc tiép tuyén chung tai A; va A, cta (0,) va
(0.) v6i (0). Ki hiéu ([BC]) dm chi dudng tron duong kinh BC.

Ta c6 t,, BC va BoCp 1an lugt 1a truc ddng phuong ctia cic cip duong tron ((0,), (0)),
((0), ([BC))) va (([BC]), (0O,)). Do d6 t,, BC va ByCy dong quy tai A3. Lap luan
tuong tu, ta cling ¢4 #,, BC va BoCy dong quy tai A, vi vy A3 = A}. Hay ndi cich
khac, A3 = ByCy N BC. Xac dinh tuong tu cho Bs, Cs.

Bay gid, goi M, 1a trung di€ém ctia BC. Do (A3A¢BC) = —1 nén theo hé thiic Maclau-
ren, ta thu dudc A3B-A3C = A3zAg - AsM,. T d6 suy ra Az cé cung phuong tich wrt
(0) va dudng tron 9-diém Euler, ki hiéu 1a (&) wrt AABC. Lap luan tuong ty cho
B3, C3. Ta két luan A3, B3, C; thang hang (). Suy ra duong thang d di qua A3, Bs,
C; la truc dang phuong ctia (0) va (&£). Vay nén O& = OH L d (xx).

D€ y ring A3, B3, C3 1an luct 1a cuc ctia A1 Ay, BiBy, C1C, wrt (O). Két hop véi (%),
ta suy ra AjA,, B1B,, C;C, dong quy tai diém S dong thdi cling 1a ciing 1a cuc ctia d
wrt (0), do d6 OS 1 d. Két hop véi (x*), tasuy ra S € OH.

Tom lai, cac dudng thflng AjAy, B1B;, CiC, déng quy tai mot diém thuoc OH.

Bai 5.14. Cho tam gidc nhon ABC c6 trung tuyén CM vudng goc véi phdn gidc
trong AL tai dinh A (véi M, L ldn luot thudc cdc cang AB, BC). P¢it AC = b, AB = c.

(a) Chitng minh rang

Y Ay STy

b+c c+b

(b) Gid sitCM = k-AL, k > 0. Chitng minh rdang

(Kon Tum)

Bai 5.15. Cho hinh vuéng ABCD. Trén cdc canh CB va CD ldn luot ldy cdc diém

BE DF 1—k . .
E, F sao cho — =kva — voi 0 < k < 1. Poan thang BD cdt AE va AF

BC DC 14k )
tai H va G tuong iing. Puong vuong géc vdi EF ké tiv A cat BD tai P. Chitng minh
rang

PG DG
PH BH’
(Phii Yén)
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Bai 5.16. Trong mdt phdng (P)cho diém O cé dinh va dla duong thing quay quanh
O. Ldy S ngoai (P)c6 hinh chiéu vuong goc trén (P) la H, véi H # O. Qua S dung
duong vuong goc vdi mdt phdang xdc dinh bdi S va d. Puong thdng nay cdt (P) tai
N. Tim quy tich diém N khi d thay déi.

(Phu Yén)

Bai 5.17. Cho duong tron tdm O va mét ddy cung AB cé dinh khong la duong kinh.
Mét diém P thay doi trén cung l6n AB. Goi I la trung diém ciia AB. Ldy cdc diém
M, N trén cdc tia PA, PB tuong iing sao cho /PMI = /PNI = /APB.

(a) Chiing minh duong cao ké tir dinh P ciia tam gidc PMN di qua mét diém cé

dinh.
(b) Chitng minh rang duong thdng Euler ciia tam gidc PMN di qua mot diém cé
dinh.
(Pho thong Ning khiéu)
Loi giai.

(a) Goi K va Q lan ludc 1a giao diém ctia IN v6i PA va IM véi PB. Ti d6, theo gidi
thiét dau bai, ta thu dugc MKQON 1 td gidc noi tiép. Goi F 13 tam dudng tron ngoai
tiép AOAB. Ta c6

/AFI = Z/AOB =2/APB = 180° — ZPKN = /MKN = ZAKI.
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Dan dén A, K, F, I dong vién. Suy ra ZFKA = ZFIA = 90°. Lap lun tuong t ta
cling thu dudc, ZFQE = 90°. Dan dén P, K, Q ndi tiép dudng tron dudng kinh PF.
Tir day ta thdy, PF ciing chinh 1a dudng cao ha tit P dén MN. Ma F cb dinh. Ta suy
ra diéu can ching minh.

(b) Goi O’ 1a tAm dudng tron ngoai tiép tam gidc PMN va H 1a tryc tim cla tam
gidgc PMN. Ta c6 O’ nam trén trung truc ctia PM. Mit khac, ta sn c6 Q nam trén
trung truc cia PM. Do d6, QO’ | PA. Tuong tu ta ciing ¢c6 O'K | PQ. Bay gis goi
K’, @' 1an luot 1a hinh chiéu cta K, Q 1én PQ, PK va M’, N’ 1an lugt 1a hinh chiéu
ctia M, N 1én PN, PM. Khi 4y ta c6 c4c hé thiic sau

OK -OK=0Q -0Q, I0-IM=1IA-IN, HN-HN =HM-HM .

Diéu nay am chi O', I, H c6 cung phuong tich v6i dudng tron dudng kinh KN va
dudng tron dudng kinh QM. Suy ra, O', I, H thing hang. Két luan, O'H, tic dudng
thang Euler ctia tam gidc PMN luon di qua 7 ¢b dinh. Ta ¢6 diéu phéi chiing minh.

Bai 5.18. Cho tam gidc ABC néi tiép duong tron (0). Goi I, Iy, b, Iy la tdm duong
tron noi tiép va bang tiép cdc goc A, B, C twong iing. Puong tron ngoai tiép tam
gidc IL1; cdt (O) tai hai diém My, Ny. Goi Ji la giao diém cia Al va (O). Ki hiéu
di la duong thing di qua Jy va vuoéng géc véi MiN;. Tuong tw xdc dinh cdc duong
thdng dy, d3. Chitng minh cdc duong thdng dy, do, ds dong quy tai mot diém.

(Phé thong Ning khiéu)

Loi gidi.
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Dé thiy 7 1a truc tdm ctia tam gidc Al LI5. Do vy, néu goi O; va O’ 1an lugt 12 tim
dudng tron ngoai tiép tam gidc AILI; va Al LI;. Theo mdt két qua quen thudc, ta
¢6 01 va O’ 1a anh ctia nhau qua phép d6i xiing v6i dudng thang L1z va I;110,0' 1a
hinh binh hanh. Suy ra, I; 0 di qua trung diém ctia O, ddng thdi ciing chinh 1a tim
dudng tron 9-diém Euler ctia Al 13, do vay ba diém I;, O, O, thang hang. Hon
nua, dé y rang M| N; chinh Ia truc ddng phuong clia (ABC)va (0;) nén 1,0 L M|N;.
Lap luén tuong ty cho céc dinh L, I5. Khi 4y, ta thu dugc, cdc dudng thing d}, dj,
dyqualy, b, Iz 1an lugt vudng géc v6i M{Ny, MoN,, M3N3 dong quy tai O.

Xét phép vi tu tam 1, ti s6 k = %, bién I, I, I3 1an luct thanh J;, J», J3. Cho nén
H(I, k) bién d}, dy, dj 1an lugt thanh cdc dudng thing d, da, d3. Dan dén d;, da,
d; ddng quy tai anh ctia O qua 7 (1, k). Ta thu dugc diéu phai ching minh.

Chii y. Bai toan nay con c6 thé giai ngin gon hon bing dinh 1y Carnot mé rong. Noi
dung cda dinh ly nhu sau:

Xét hai tam giac ABC va tam giac A'B'C’. Khi 4y cic dudng thing qua A, B, C vuong
gbc 1an luot véi B'C’, C'A’ va A’B’ ddng quy khi va chi khi cdc dudng vudng goc ké
lan lugt tit A’, B', C' &én BC, CA, AB dong quy.

Chting minh xin gianh cho ban doc.



Chuong 6

Té hop

“Khéng cé bai todn nao khong gidi dwoc. Chiing ta phdi biét va sé biét.”
David Hilbert

6.1 Dé bai

6.1. Mot ngudi ham thich 1am toan moi ngay lam mot hodc hai bai todn, nhung moi
tuAn lam khong qué 10 bai. Chitng minh ring c6 mot sd ngay lién tiép ngudi dy lam
ding 30 bai toan.

6.2. Sau khi khai truong dudc ding 10 ngay, mdt nhan vién thu vién cho biét
(1) Mbi ngay c6 diing tdm ngudi dén doc séch;
(2) Khong c6 ngudi nao dén thu vién mot ngay qua mot 1an ;

(3) Trong hai ngly bit ky ctia 10 ngay dé6 thi c6 it nhit 1a 15 ngudi khic nhau
cuing dén thu vién.

Cin citi dong thoi ca ba diéu kién ma nhan vién thu vién cung cip hiy cho biét sb
ngudi toi thi€u da dén thu vién trong 10 ngay néi trén 12 bao nhiéu?

6.3. Chiing minh ring néu chon ra 15 s6 bt ky tir tap hop {2, 3, ..., 2010} sao cho
chiing d6i mot nguyén td ciing nhau thi sé c6 it nhit mot s6 nguyén td dudc chon.
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6.4. Cho n 1a mot sd nguyén ducng. Chitng minh rang véi moi day ay, as, ..., ay ta
ludn chon dudc sb tu nhién k < n sao cho

a1+ +ar) = (akp1 + - +an)| <max{lai], aa], ..., |an|}.
6.5. Gia st ta c6 thé chon dugc n sb phan biét tui tap {1, 2, 3, ..., 2n— 1} sao cho

cdc s6 dugc chon khong c6 hai s6 nao chia hét cho nhau. Chiing minh riang khong
c6 sb nao trong cac s6 trén nhd hon 2K, trong d6 k 1a sb xac dinh béi diéu kién
3k <2n < 3L

6.6. Cho tap hop X = {1, 2, ..., 2010}. Tim s6 nguyén N 16n nhit sao cho mdi
hoén vi wy = (ay, aa, ..., axio) clia X déu ton tai 30 s6 hang lién tiép c6 tdng
khong nhé hon N.

6.7. Tap hop cac s6 nguyén duong dugc to bsi hai mau den va tring. Gia thuyét
rang, tong cta hai sb khac mau ludn bi td mau den va c6 vo han s bi td mau tring.
Chiing minh ring tdng va tich clia hai s6 bi td mau tring ciing sé bi td mau trang.

6.8. Chotaphop S = {1, 2, 3, ..., n}. Tim s6 céch chia tap S thanh 3 tip con khéc
roéng sao cho mdi tip con khong chia hai s6 nguyén lién tiép.

6.9. Cho n1a s6 nguyén 16n hon 1 va Py, Ps, ..., B, 12 cic tp con c6 hai phan ti va

d6i mot phan biét cda tip hop S = {1, 2, 3, ..., n} théa man tinh chit: néu i # j ma
PN P; # 0 thi tOn tai k € P, = {i, j}. Ching minh ring v6i mdi sd i € S xuét hién
ding hai 1an trong cac tdp P; v6i j=1, 2, ..., n.

6.10. Cho s6 nguyén n khong nhé hon 3. Gia s mdi sd nguyén duong khong 16n
hon C! +C2 4 C3 dugc t6 mot trong hai mau xanh hodc dé. Chiing minh ton tai day
céc s6 cing mau thda min

(D) x1<xp <o < Xy

() xo—x1<x3—x <+ <xy— -1 <C2
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6.11. Cho tap hop A gdm n > 5 phan tit. Xét k tap con bét ki gdm ba phan tit ctia A.
Hay tim sb k nhé nhit sao cho véi moi cach chon k tip con trén ludn ton tai hai tap
con c6 chung nhau ding mot phan ti.

6.12. Cho tap S = {1, 2, 3, ..., 2009}. A 1a tap con c6 n phan ti cda S. Tim n nhd
nhét sao véi moi cach chon tap A thi trong A ludn c6 hai phan ti a, b ma g =3.

6.13. Chotap A = {1, 2, 3, ..., 2009}. Ching minh ring, c6 thé t6 mau mdi phan
tif cia tip A bang mdt trong hai mau den tring sao cho moi cip s6 cong cong sai
khéc 0 gdm 18 phan ti ctia A déu dudc td bdi di ca hai mau.

6.14. Tap hop A C R dudgc goi 1a c6 tinh chit T néu A c6 khong it hon boén phan tir
va ab + cd thudc A v6i moi a, b, ¢, d phan biét thudc A.

(a) Hay chi ra tip hop A gdm bdn phan ti, c6 tinh chét 7.

(b) C6 hay khong tap hop A C (0, +o0) gdbm bdn phan tif va c6 tinh chét T.

6.15. Cho s6 nguyén duong n > 10. Tim m € N* 16n nhit thda man diéu kién: Ton
tai m tp con A clia thp A = {1, 2, 3, ..., 2n}, mdi tdp con gdm n phan t{ sao cho
|AiﬂAjﬂAk| <lvéimoil <i<j<k<n.

6.16. Cho A = {1, 2, ..., 2n}. Mot tap con ctia A dugc goi 12 tot néu n6 cé ding
hai phan ti x, y va |x —y| € {1, n}. Tim s cic tap hgp {A}, A,, ..., A,} thod min
diéukién A; latdp con tét véimoii =1, 2, ..., n vVAA; UA,U---UA, = A.
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6.2 Loi giai

Bai 6.1. Mot nguoi ham thich lam todn mdi ngay lam mot hodc hai bai todn, nhung
moi tudn lam khéng qud 10 bai. Chitng minh rdng cé mdt sé ngay lién tiép ngudi dy
lam dung 30 bai todn.

Loi gidi. Goi a; 12 s6 bai todn ngudi d6 1am trong ngay thii i. Theo gia thiét, a; = 1
hoic a; = 2, va do trong mot tuan ngudi d6 1am khong qua 10 bai, nén phai ton tai
v6 han k € N sao cho ap = 1. (1)

bat S; =a; +---+a; (quy uéc Sp = 0). Nhu vay, bai toan tuong duong vdi viéc
chiing minh tOn tai i # j sao cho S; = ;4 30 (khi 7, j thda man diéu kién do thi
ait1+ -+ +a; =30 va bai toan két thic). (x)

Gia st S; # S;+30Vi, j € N. Do cdc g; chi nhan gid tri 1 hodc 2, nén S;;.1 — §; < 2.
Két hgp v6i gia thiét phan ching, suy ra ton tai i, j € N sao cho S; = S;+ 31.

Ta sé ching minh a; ;| = aj41 = 2. That vay,
+ Néu airp =1, thi Sj —8;11 =30 (v6 li). Do d6 a;; = 2.
+Neuaj =1,thi Sy —Si1 =30 (v 1i). Dodd ajyy = 2.

Vay ta phdi ¢6 a;11 = aj11 = 2. Qud trinh dudc lap lai v6i a;y, ajyo, ..., do d6
ay =2 v6i moi k > i, tic sb cac chi sb k sao cho a; = 1 1a hitu han. (2)

Tur (1) va (2) rd rang 1a mau thuin. Viy diéu gia st 1a sai, hay ton tai i, j sao cho
S; = 8;+30. K& hgp v6i nhan xét (*), chiing minh cta bai toan két thic.

Binh luin. Ta c6 thé chiing minh két luan cla bai toan ma khong dung dén diéu
kién mdi tuan khong 1am qud 10 bai. C4ch 1am van 1a phan chiing. Y tudng co ban
1a s& c6 mot sb6 ngay lién tiép ngudi nay 1am 29 bai toan, va sau d6 sé 1a nhiing ngay
lam hai bai.
Bai 6.2. Sau khi khai truong duoc diing 10 ngay, mét nhdn vién thw vién cho biét
(1) Méi ngay co diing tam nguoi dén doc sdch;
(2) Khong c6 nguoi nao dén thu vién mot ngay qud mét lan ;

(3) Trong hai ngay bdt ky cia 10 ngay do thi cé it nhdt la 15 nguoi khdc nhau
ciing dén thu vién.
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Cdn cit dong thoi cd ba diéu kién ma nhdn vién thu vién cung cdp hdy cho biét sé
nguoi toi thiéu da dén thu vién trong 10 ngay ndi trén la bao nhiéu?

Loi gidi. Goi x; 12 s6 ngudi dén doc sach dugc ingay (i=1, 2, ..., K) va K < 10.
Goi n 1a s6 ngudi da dén thu vién trong 10 ngay d6 thi ta c6

n=x+x+ - +xx, (1)

va
80 =x;+2xp+ -+ Kxg. (2)
Goi y 1a s6 cach chon hai ngiy sao cho khong c6 ngudi nao dén thu vién qua mot
1an trong hai ngay do. Vi trong hai ngay bat ky ctia 10 ngay c6 it nhit 1a 15 ngudi

khéc nhau cling dén thu vién, nén trong hai ngay bat ky cta 10 ngay d6 c6 khong
qua mot ngudi dén thu vién trong ca hai ngay d6. Nhu vy, ta c6

Cly = C3x2 +Cixz + -+ + Cixg +. (3)
N 2 1 | —2)(i—3 £ 2 1
Nhan xét rang x; — gixi + gCl-zx,- = (l)6(l)x,- >0.Lay (1) — 5(2) + 5(3), ta

115
con> [3} + 1, suy ran > 39.

Vay s6 ngudi tbi thi€u di dén thu vién trong 10 ngay 1a 39. Bang sb liéu dudi day
cho thiy gid tri nay c6 thé dat dudc (A; 1a tip hop chi sb clia nhiing ngudi dén thu
vién vao ngay thu i).
A ={1,3,4,5,6,7,8, 9}, A, ={1,10, 11, 12, 13, 14, 15, 16},
As={1,17, 18, 19, 20, 21, 22, 23}, A4 ={2, 3, 10, 17, 24, 25, 26, 27},
As=1{2,4, 11,18, 28,29, 30,31}, A¢=1{2,5, 12, 19, 32, 33, 34, 35},
A7 =16, 13, 20, 32, 28, 24, 36, 37}, Ag={7, 14, 21, 33, 29, 39, 26, 38},
A9 = {8, 15, 22, 34, 30, 39, 25, 36}, Ao =1{9, 16, 23, 35, 31, 27, 38, 37}.

Binh luan. Bai nay c6 thé phat bi€u dudi ngdn ngit tdp hop nhu sau: Cho Ay, Aj,
..., Ao lacéc tp con ctia {1, 2, ..., n} thod man dong thdi cac diéu kién

() |A] =8 véimoii=1,2,...,10.

(i) |A;NAj| =1 v6i moi i khac j.
Tim gid tri nho nhét cla n d€ diéu nay c6 thé xay ra.

Bai nay dudc lay trong tuyén tap dé thi Olympic 30/4 nim 2007. Tuy nhién c6 1& 12
n6 ciing dugc 14y tir mot tai liéu khéc.
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Bai 6.3. Chiing minh rdang néu chon ra 15 sé bdt ky tir tdp hop {2, 3, ..., 2010}
sao cho chiing doi mét nguyén t6 ciing nhau thi sé cé it nhdt mot sé6 nguyén té dugc
chon.

Loi gidi. Gia st ton tai 15 hgp s6 duong a; < ap < -+ < ajs thudc doan [2, 2010]
sao cho chiing d6i mot nguyén t6 cuing nhau.

Goi p1, p2, ..., p15 12 uéc nguyén td nhd nhit clia ay, as, ..., a;s. Rd rang cic sb p;
phai d6i mot phan biét (ngugc lai, néu ton tai i # j sao cho p; = p; thi (a;, a;) > p).

Goi j la chi sb sao cho p; = max{pi, p2, ..., pis} thi ki€m tra tryc tiép dugc
pj > 47. Vakhi do, a; > p? > 477 > 2010 (v6 1i).

Vay diéu gia st 12 sai va ta c6 diéu phéi chiing minh.

Bai 6.4. Cho n la mét sé nguyén duong. Chiing minh rdng véi moi ddy ay, az, ...,
a, ta luon chon duoc sé tu nhién k < n sao cho

(a1 4+ +ax) — (a1 + - +an)| <max{|a], |az], ..., |aa|}.

(Pai hoc Khoa hoc tw nhién)

Binh lun. Piéu khé chiu nhét trong bai nay 1a s6 lugng sb hang rit 16n trong diu
tri tuyét d6i va sé rit dé gay rdi trong qua trinh giai quyét. Ta sé tim cach dé giam s
gia tri nay di.

Lifigidi. biat So =0, S;=a1+---+a;, T, = (a1 +'--+al~) — (a,-H —|—---—|—an) =
2S;— S, va H = max{|a1|, |az|, ..., |a,|}. Theo dé bai, ta can ching minh ton tai
s6 k sao cho |Ti| < H (dén day, s6 sb hang trong diu tri tuyét ddi chi con 1 2, va bai
toan da gon hon nhiéu).

Vi Ty = —S, va T, = S, nén tdn tai chi sd k < n sao cho T Tryr <0. T day ta co
2H > 2|ags1| = |Terr — Tl = | T | + [Tk,

suy ra it nhat mot trong hai bat dang thiic |7, | < H, |T;| < H diing va ta c6 diéu
phai ching minh.

Bai 6.5. Gid sit ta c6 thé’ chon dugc n sé phdn biét tir tdp {1, 2,3, ..., 2n—1}
sao cho cdc sé dwge chon khéng cé hai sé nao chia hét cho nhau. Chiing minh rdng
khong cé sé nao trong cdc sé trén nhé hon 2%, trong dé k la sé xdc dinh bdi diéu
ki¢n 3k < 2n < 31,

(Pai hoc Khoa hoc tu nhién)
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Loi gidi. Mot luong diéu kién kha it va khd kho st dung ... Can dugc gd rdi theo
tung budc.

Gia st diy sd a; < ap < --- < a, thudc doan [1, 2n — 1] théa man hai s6 bat ki khong
chia hét cho nhau. Ta can chiing minh a; > 2*.

Trudc hét, dit a; = 2% - ¢;, trong d6 ¢; 18. Tt gi thiét, ta suy ra dudc cic c; phai doi
mot phan biét va nidm trong doan [1, 21 — 1], tic (cq, c2, ..., ¢,) 1a mot hodn vi cla
(1,3, ..., 2n—1).

Béay gid xét hai truong hgp sau.

+c¢1 =1 (c; = 3 céach giai tuong tw). Khi d6, a; = 21, Xét day s véi s; = 2% -3/, RS
rang ddy s 12 mot phan cla diy a ban dau, nén né ciing phai théa min cac tinh cht
ctia ddy a, tic hai s bat ki trong diy s khong chia hét cho nhau. Nhu vay day ¢ 12
mot diy ma cdc phan tit déi mot phan biét va nhé hon by, va do phan ti 16n nhét
trong day s la s; = 3% nén by > k, tic a; > 2k,

+c¢1 > 5. Gia st a; < 25, Nhu thé ta ¢6 2”1 -¢; < 2%, suy ra 5 < ¢ < 26781 hay
k — by > 3. Mt khac, ta lai ¢

- 3b1+1 < 2k—b1 . 3b1 <9. 2k—b1—3 . 3b1+1 < 32 . 3k—b1—3 X 3b1+1 —_ 3k7

nén ton tai day so, s1, ..., Sp,+1 12 ddy con clia ddy a sao cho s; =2 -3/ ¢|. Luu y
ring to = by. Do s 1a ddy con clia a nén hai phan t bat ki trong s khong chia hét cho
nhau. Theo d6, céc phan td 71, 2, ..., 41 phdi d6i mot phan biét va nhd hon by,
ma ro rang didu nay 1a vo 1i. Vay diéu gia sif 1a sai, hay ta c6 a; > 2.

Bai 6.6. Cho tdp hop X = {1, 2, ..., 2010}. Tim 56 nguyén N Ién nhdt sao cho
méi hodn vi wx = (ay, az, ..., axo) cia X déu ton tai 30 s6 hang lién tiép co tong
khong nhé hon N.

(Pai hoc Sw pham)

Loi gidi. Tru6c hét, ta tim gid tri 16n nhit ctia N. Xét mot hoan vi (a1, as, ..., ax1o)
cta (1, 2, ..., n). Theo gia thiét, mdi nhém 30 sb hang lién tiép déu c6 tdng khong
nhd hon N, nén

1442010 = (a1 + -~ +azo) + (a31 + - +aeo) + -~ + (@1981 + - +a2010)
> 67N.

Tir day suy ra
20102011
N ——

=30165.
67
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Bay gid ta chi ra mot hodn vi sao cho khong thé thay N bang s6 nhd hon. That vay,
ki€m tra tryc tiép hoan vi (2010, 1, 2009, 2, ..., 1006, 1005) la hoan vi ddm bao
khong thé thay N bdi sé nhd hon.

Tém lai ta ¢6 gid tri 16n nhét ctia N 13 30165.

Bai 6.7. Tdp hop cdc sé nguyén dwong dugc té bdi hai mau den va trdng. Gid thuyét

rdng, tong cia hai s6 khdc mau luén bi té mau den va cé vé han sé bi t6 mau trdng.

Chiing minh rdng tong va tich ciia hai sé bi té mau trdng ciing sé bi té mau trdng.
(Pong Nai)

Loi gidi. Bai nay da tiing xut hién trong ki thi VMEO 2006, va 15i giai ctia né nhu
sau.

Do tap cic s6 nguyén duong bi chin dudi, va ton tai vo s6 sd dugc t6 mau tring, nén
ton tai s6 nguyén duong bé nhit dudc t6 mau trang. Ki hiéu s6 d6 1a p.

+ Budc 1. Ta sé chiing minh bit ki s6 nao dugc t6 mau trang ciing 1a bdi ctia p. That
viy, gia st ton tai s6 k = Ip+r (0 < r < p) dudc to6 mau trang. Khi d6, theo cach
chon sb p, ta cé p < k. Mit khéc, do k = p+ (k— p) va k, p cing c6 mau tring, nén
k — p ciing phai c6 mau tring (ngudc lai thi k sé c6 mau den).

Tiép tuc nhu vay, ta sé c¢6 cic sb k —2p, k—3p, ..., k—Ip c6 mau trang, tic r
¢6 mau trang. Nhung do 0 < r < p nén diéu nay trdi véi cach chon p la sd nguyén
duong bé nhét dugc t&6 mau trang. Do vy, tit ca cdc sd dugc td mau trang déu phai
la bdi cha p.

+ Budc 2. Ta sé ching minh bat ki s ndo 13 boi ctia p déu dudc t6 mau tréng. That
viy, gia st ton tai s k = pg c6 mau den. Khi do,

(g+1)p =gp+ p c6 mau den;

(g+2)p=(gq+1)p+ p c6 mau den;

Nhu vay, tit ca cac sb 16n hon k va 1 bdi clia p déu c6 mau den. Mit khic, theo
budc 1 thi tht ca cic sb mau trang déu 1a boi ciia p. Nhu vdy, s6 ludng s6 mau trang
phai 1a hitu han, trai gia thiét s6 luong s6 mau trang 14 vo han. Vay diéu gia sit 1a sai
va budc 2 dudc giai quyét.

Tir hai budc trén ta c6 két luan rang, mot s6 6 mau trang khi va chi khi sb d6 1a boi
ctia p. Tur day, két luan ctia bai toan 12 hién nhién.



Loi gidi va binh ludn dé thi cdc tinh, cdc truong Pai hoc ndm hoc 2009-2010 81

Bai 6.8. Cho tdp hgp S=1{1,2, 3, ..., n}. Tim 56 cdch chia tdp S thanh ba tdp con
khdc réng sao cho méi tdp con khéng chita hai sé nguyén lién tiép.
(Pai hoc Sw pham)

Loi gidi. Ki hiéu S(n) 1a sb céch chia tap S thanh ba tp con khdng chia khic réng
ma bét ki tip con ndo ciing khong chia hai phan tit lién tiép nhau. Ta sé& tim cach
tinh S(n+ 1) theo S(n).

Gia st ta da chia dudc ba tip con va tdng sd phan ti clia ching 1a . BS sung thém
phan tif 7+ 1. Ta c¢6 hai kha niing xay ra.

+ Khd ndng 1. n+ 1 khong tao thanh mot tip con mdi (tifc tap chia n+ 1 c6 it nhit
mot phan tir khac). Khi d6, rd rang ta c6 hai cach bd sung 7 + 1 (vao mdt trong hai
tap khong chifa n). Vay sb cach xay dung tap con trong trudng hop nay 1a 25(n).

+ Khd ndng 2. n+ 1 tao thanh mot tap con méi. Khi d6, n s6 tit 1 dén n phai nam
trong hai tap hop con lai. C6 thé thiy ngay chi c6 mot cach chia thda man (mot tip
chita céc s chdn va tap con lai chia céc s6 18). Do d6, sb cich trong trudng hop nay
1a mot cach.

Viy ta thu dugc cong thifc truy hoi
S(n+1)=28(n)+1,

hay
S(n+1)4+1=2[S(n)+1]. (%)

Mit khac, kiém tra tryc tiép ta c6 S(3) = 1. Két hgp véi (*), ta dé dang tim dugc
cong thiic tdng quat ctia S(n) 1a S(n) = 2""2 —1 vé6in > 3.

Nhu vy, s6 cach chia tp hgp théa man dé baila S(1) = S(2) =0va S(n) =2""2—1
véin > 3.

Binh luin. Bai nay khong kho trong viéc 14p cong thic truy hdi, nhung lai rat dé
sai (vi quén rang n+ 1 ¢6 thé ty 1ap thanh mot tip mdi). PE tranh bi bo sét, nén tinh
truc tiép mot s6 gia tri du tién.

Bai 6.9. Cho n la s6 nguyén I6n hon 1 va Py, P, ..., B, la cdc tdp con c6 hai phédn
tit va déi mét phdn biét cuia tip hop S = {1, 2, 3, ..., n} théa mdn tinh chdt: néu
i# jma PN\P; 0 thi ton tai k dé'P, = {i, j}. Ching minh rdang vdi moi sé i € S
xudt hién diing hai lan trong cdc tdp Pivoij=1,2,..., n
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Loi gidi. V6i mdi 1 < i < n, ki hiéu x; 12 s6 1an xut hién ctia s6 i trong cic tap hop.
Theo gia thiét, ta c6 x| +xp + - -- +x, = 2n.

Ciing theo gia thiét, néu |P,N P;| # 0 thi ton tai P, = {i, j}. Vard rang, ing véi mbi
bd (i, j) ma |P,NPj| # 0 (khong k€ thi tu cia i va j) thi cdc Py 1a phan biét. Cho
nén sb cdc bod (i, j) ma [P:NPj| # 0 khong vugt qud n.

Nhung, s6 bo s6 nay lai bing

o2 ) — )
Y Ci=
i=1

2
... 2 ...
2(xl—l— +x)° X1+ +x"22n—n:n.
2n 2
Nhu vay diu bing trong bét dang thifc trén phai xay ra, tiic x; = - - - = x,, = 2 va ddy

chinh 1a diéu phai chiing minh.

Bai 6.10. Cho s6 nguyén n khong nhé hon 3. Gid sit méi s6 nguyén duong khong
I6n hon C} +C2 4 C} duwgc t6 mot trong hai mau xanh hodic dé. Chitng minh ton tai
ddy cdc sé cung mau théa mdan

(1) x1 <xp <+ <Xy
(2) xp—x1 <x3—x <+ <oy — X1 < C2

Loi gidi. Ta sé chiing minh bai toan bang quy nap. Gia si ménh dé ctia bai toan da
ding tdi n, tdc ludn ton tai day 1 <x; <xy < -+ <x, < C} +C2 +C} c6 cing mau
va thda min x, —x; < x3 —xp < --- < x, —x,_1 < C2. Khong mit tinh tong quat,
gia st 7 s6 nay c6 mau dd. Xét ménh dé véin+ 1.

+ Gid st ton tai s6 x,41 cling c6 mau dd va C2 < x,, 1 —x, < C,ZlH. Khi do,
2 2 1 2 3 1 2 3
Xn4-1 < Cn+1 +x, < Cn+1 +Cn +Cn +Cn = Cn+1 +Cn+1 +Cn+1 - 17

nén s6 x,| thda man toan bd cic diéu kién dé dudc bd sung vao day, tiic ta c6 diy
X1, X2, «ovy Xnt1 thoa man dé bai.

+ Néu tit ca cdc sb x, + i, véi C,zl <i< C%H déu c6 mau xanh, thi chd y rﬁng

n+1n nn-—1 N . x PN A s
C,ZZJrl —C,% = ( > ) — ( > ) =n, nén day x, +i gdm n+ 1 so va ngay lap tic
thda man tat ca cac diéu kién cta bai toan.

Vay ménh d& ding véi n + 1. Theo d6, ta chi can chiing minh bai to4n véi n = 3, tic
can chiing minh ton tai ba sb x1, x2, x3 sao cho
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(1) x1, x2, x3 cung mau.
2) 1<x1<x<x3<T7.
(3) x2—x1 <x3—x2 < 3.

Ta st dung phéan chiing. Gia st ton tai cich td sao cho khong tim dudc ba s6 nhu
vay. Khong mit tinh tdng quat, gia st 2 dudc mau dé. Néu 2 dugc t6 mau dd, dan
dén ca 3, 4, 5 déu c6 mau xanh (néu khong, thi s6 dudc t6 mau do sé hop véi 1, 2
tao thanh diy thoéa mén dé bai). Nhung khi do, (3, 4, 5) lai thda man cé ba diéu kién
trén, mau thuan. Do vay 2 c¢6 mau xanh.

Bay gi¢ gia st 3 ¢ mau do. Li luén tuong tu nhu trén, ta dugc 5 va 6 c6 mau xanh,
4 va 7 c6 mau dd, din dén day (1, 4, 7) thda min c ba diéu kién trén, mau thuén.
Do véy 3 c6 mau xanh. Khi d6, 4, 5, 6 ¢c6 mau d6 va day (4, 5, 6) lai thoa man ca
ba diéu kién ké trén.

Nhu viy, diéu ma ta da gia st & trén 12 sai. Hay néi mot cich khdc, bai toan ding
v6i n = 3. Phép chitng minh dugc hoan tit.

Bai 6.11. Cho tdp hop A gém n > 5 phan tit. Xét k tdp con bdt ki gém ba phdn tit
ciia A. Hay tim sé k nhé nhdt sao cho véi moi cdch chon k tdp con trén luon ton tai
hai tdp con c6 chung nhau diing mot phan tit.

(Pai hoc Khoa hoc tu nhién)

Loi giai. Mot cach tu nhién, khong it ban da nghi nhu sau: Chon céc tip A; , =
(1, 2, i) v6i 3 < i < n. Ta chon dudc n — 2 tap nhu thé, va khi chon thém mot tap
nita thi ludn c6 hai tip giao nhau tai ding mot phan ti. Nén du dodn s6 tap lan— 1
va tim cich di ching minh né. Bay gid, can kiém chiing lai xem diéu d6 c6 ding
hay khong . ..

Ta ki hiéu cdc tap con cia A 1a Ay, A,, ..., Ak, va ddnh s cdc phan t{ clia tap A ti
1 dén n (trong d6, K,, 12 gia tri tot nhét dé ton tai K, tAp hop, ma hai tap hop bét ki
giao nhau tai 0 hodc 2 phan tir). Ta sé chiing minh K;, = K,,_4 +4.

Theo budc suy luan & trén, 1 rang ta ¢6 K, > n— 1. Theo d6, do |A;| = 3 nén ton
tai mot phan tii thudc vao it nhit ba tap hgp. Khong mit tinh tdng quat, gia st phan
ta d6 1a 1, va no6 thudc vao ba tap hgp Ay, A, As.

Theo gié thiét, |[A; NAy| = 2, nén tdn tai mot phan ti khac (ki hiéu 1a 2) thudc vao
ca hai tap hgp nay, tic 1a A; = {1, 2,3} vaA, = {1, 2, 4}. Xét tap hgp A3, ta c6 hai
truong hgp nhé.
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+ Truong hop 1. 2 € As. Khi d6, A3 = {1, 2, 5}, va do d6, néu mot tap A; nao d6 c6
phan t chung véi it nhit mot trong ba tap A1, Ay, A3, n6 sé phdi ¢6 dang (1, 2, i).
Nhu thé, sb tap tbi da c6 thé chon la max{n—1, K, _¢+3} <max{n—1, K, _4+3}.

+ Truong hop 2. 2 ¢ As. Khi d6, A3 = (1, 3, 4), va kiém tra truc tiép cho thay néu
A; c6 phan tif chung véi it nhit mot trong ba tap d6 thi n6 chi c6 dang duy nhéit 1a
(2, 3, 4). Nhu thé, K,, — 4 tap con lai sé 1a tip con clia {5, 6, ..., n}, va nhu thé thi
s6 tip con tbi da trong tinh hudng nay 1a K,,_4 + 4.

Két hop ca hai trudng hop nay ta dudc K, = K,,_4 +4. Viy ta chi cAn xét bai toan
tai trudng hop co sélan =5, 6, 7, 8, tham chi c6 thé xét ngay tai trudong hopn =1,
2, 3, 4. Kiém tra truc tiép cho thiy K| = K, =0, K3 = 1, K4 = 4. Do d6, gia tri 16n
nhét cta K,, sé 1a

n v6i n =0 (mod 4)

K,=¢n—1 véin=1(mod4)
n—2 véin=2,3 (mod4)

Va viéc chi ra cdc tap hop thdéa min dé bai xin dudc danh cho céc ban (chi y dén
céc budc chiing minh phia trén d€ dung).

Tém lai, ta c6 két luan gi4 tri nhé nhit ctia m dé trong m tap con bét ki clia A ludn
¢6 hai tap giao nhau tai diing mot phan ti 12
n+1 véin=0(mod4)
m=4{n v6in=1 (mod 4)
n—1 véin=2,3 (mod4)

Bai todn dudc gidi quyét hoan toan.

Bai 6.12. Cho tdp S= {1, 2, 3, ..., 2009}. A la tdp con c6 n phdn tit cia S. Tim n
nhé nhdt sao véi moi cdch chon tdp A thi trong A luén cé hai phdn tit a, b ma % =3.

(Bdc Ninh)
Loi gidi. V6i mdi s6 nguyén duong x, ta ki hiéu v(x) 1a s6 nguyén khong am 16n nhét

théa man 3" | x (néi cach khac, néu dit v(x) = k thi x chia hét cho 3 va khong
chia hét cho 3¥1). Bay gio, ta chia tap S thanh céc tip con S; thdéa min

Si={xeS|v(x)=i}.

Ta ching minh ring s6 phan tif dudc chon la nhiéu nhat néu ta chon céc tap S,
S, S4, ... That vay, v6i mdi s6 nguyén duong k khong chia hét cho 3, xét tap T =
{k, 3k, 3%k, ...}. R rang céc tap T; pht kin S.
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Xét mot gia tri k bat ki. Khi d6, trong tip A dudc chon sé khong ton tai hai phan tir

lién tiép cung nam trong T;. Nhu thé, néu dit s 1 s6 nguyén khong 4m 16n nhit sao
. S 1 S

cho 3% -k < 2009 thi ta chi cé thé chon dugc nhiéu nhat F;J phan ti thudc Ty,

va gia tri d6 dat dudc néu ta chon cic sb k, 3%k, 3%, ...

Do ménh dé trén ding véi s6 k nguyén duong bat ki, nén gop lai, s6 phan ti dugc
chon sao cho khdng c6 phan tit nao nhiéu gip ba 1an phan ti kia nim trong céc tip
So, Sa, ... Tinh todn truc tiép, ta c6

So| = 1340, |S1| =446, |Sy| =149, |S3]=50 |S4| =16,
IS5 =6, |S¢|=2, [S]=0 Vi>7.

Va do d6, néu ta chon 1507 phan tif ndm trong céc tap So, S», Ss, Se thi bét ki hai
phan tif a, b phan biét ndo thudc S ciing déu théa man a # 3b. Vay tip hop A can c6
it nhat 1508 phan tt, hay gid tri nhé nhét ctia n 12 1508.

Bai 6.13. Cho tdp A= {1, 2, 3, ..., 2009}. Chiing minh rang, cé thé t6 mau moi
phan tit ciia tdp A bang mot trong hai mau den trdng sao cho moi cdp sé cong cong
sai khdc 0 gom 18 phdn tit ciia A déu dugc t6 bdi dii cd hai mau.

(Hdi Phong)

Loi gidi. R4t c6 thé mot s6 ban sé c¢b ging tim mot cach t6 (xdy dung ciu hinh cu
thé) cho bai toan, va sé rit nhanh chéng cam thiy kho khin véi gid tri rt 16n cla
céc con s6. Mot sb khic sé di tim mot phuong 4n tiép cin nhe nhang hon . ..

Do mbi mau chi dudc to bdi mot trong hai mau den hoic tring, nén sb cach t6 mau
2009 s6 nay 1a 229°, Ta dém s6 cach td sao cho c6 mot cip sb cong gdm 18 s6 ciing
mau. Ro rang, ta sé to 18 sd nay cling mau, va td mau tiy y cho 1991 sb con lai.
Nhu vay, s6 céch to6 din dén xuét hién mot clp sb cong c6 18 sd cliing mau sé nhd
hon 2a-2!%°1 = 4. 21992 do chic chén sé c¢6 nhitng cach tring nhau trong cic cich
t6 nay (8 day, ki hiéu a 12 s6 lugng cip sb cong gdm 18 s6).

Bai todn sé dugc giai quyét néu ta chiing minh dudc s6 cach td xuét hién cap sd cong
cling mau nhd hon tdng s cach t6. Khi d6 sé& c6 mot cach to ma khong c6 18 s6
cling mau nao 1ap thanh mot cip sb cong). Tiic ta can chiing minh a - 2'99? < 22099,
hay la a < 2!7.

Bay gid ta dém s6 luong cAp s6 cong. Xét mot cAp sb6 cong x, x+d, x+2d, ...,

2009 — 2
x+17d, trong d6 x, d > 0 vax+17d <2009. Ticlad < Tx Do x 1a mot s6

bét ki trong [1, 2009], nén bit déng thic clia d cho ta

22009 —k 20092010 517

,;1 17 172

a<
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Diéu kién a < 27 dudc théa man va phép chiing minh két thiic.

Binh luin. Phién ban diu tién ctia bai toan nay xuat hién trong IMO Shortlist 1987
do Romania d& nghi, sau d6 dudc chon 12 bai 6 (bai khé nhit) ctia German TST
1988. Bai toan gbc dudc phat bidu nhu sau: Chiing minh ring c6 thé té mau céc s6
nguyén duong ti 1 dén 1987 bdi bén mau sao cho médi s6 dudc td bdi diing mdt mau
va khong ton tai bat ki cip s6 cong nao chia 10 s6 cing mau.

Céc ban c6 thé tham khao 15i giai ctia bai nay trong cudén IMO Compendium (trang
496 - 497) hoic Polya’s Footsteps (trang 146 - 147) (tuy nhién ciing kha gidng véi
16i giai & trén).

Bai 6.14. Tdp hop A C R dugc goi la c6 tinh chdt T néu A c6 khong it hon bén phdn
ik va ab + cd thudc A vdi moi a, b, ¢, d phdn biét thudc A.

(a) Hay chi ra tdp hgp A goém bon phdn tik, co tinh chdt T.
(b) C6 hay khéng tdp hop A C (0, +o0) gém bén phdn tik va cé tinh chdt T.
(Pai hoc Sw pham)

Loi gidi.

Bai 6.15. Cho sé nguyén duong n > 10. Tim m € N* I6n nhdt théa man diéu kién:
Ton taim tdp con A cia tdp A = {1, 2, 3, ..., 2n}, méi tdp con gém n phdn tit sao
cho |AiNA;jNA <1vdimoil <i< j<k<n.

(Pai hoc Khoa hoc tu nhién)

Lai gidi. Qua trinh ching minh dudc thuc hién theo bén budc nhu sau.

+ Budc 1. m < 8. D€ c6 diéu nay, ta sé chiing minh mdi phan ti thudc vao khong
qué bén tap hop. Ngudc lai, gia st ton tai mot phan ti (ki hiéu 1a 1) thudc vao nim
tap hop khac nhau (ki hiéula A;, A, ..., As). Xét cac tap B; = A;\{1}. Khi do, theo
gid thiét ta duge |[B;NB;NBy| =0 v6i moi 1 <i< j< k<5, tic mdi phan tf tir 2
dén 2n chi thudc vao nhiéu nhit hai tap B. Do vay sb phan ti tdi da ctia nim tap nay
122(2n—1). (1)

Mit khéc, |B;| = n— 1, nén nim tap nay c6 tdng sb phan ti 1a 5(n— 1). (2)
Tu (1) va (2), tasuy ra 5(n— 1) < 2(2n— 1), hay n < 3 (v0 li). Vay diéu gia st la

sai, hay mdi phan ti chi thudc vao tdi da bon tp hop. Nhu vay, m tip hop c6 tbi da
8n phﬁn tw, tic m < 8.
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+ Budc 2. m < 6. Goi K4 14 s6 cac phan ti thudc vao diing bon tap hop. Két hop véi
gia thiét ciing véi kiém tra truc tiép, ta dugc k < 6, tiic téng s phan tif cia m tip hop
s& khong vugt qua 6 -4+ (2n—6) -3 = 6n+ 6. Nhu thé, mn < 6n+ 6, hay m < 6.

+ Budc 3. m < 5. Dinh nghia K3 tuong tu nhu Ky. Theo gia thiét, ta c6 nhin xét: gid
tri 16n nhat ctia K3 chinh 12 s& cach chon ba s6 khic nhau trong sdu sb tir 1 dén 6
(vado do, K3 < Cg =20). Dom < 6 nén Ky < 3 (K4 ki hiéu 6 budc 2). Ngoai ra, dé
y rang, néu c6 mot phan tii i thudc vao bdn tip hop (chang han 1a Ay, Ay, Az, Ay),
thi s& khong c6 phan td j nao khdc thude vao (A;, A;, Ay) (1 <i< j<k<4), tic
K3 phéi giam di bdn phan ti. Nhu vy, tdng s6 phan tir 16n nhét ctia cic tap hop sé
1a 4.K4 + (20 — 4Ky) -3+ (2n —20) - 2 < 4n+ 20, hay mn < 4n +20. Két hop véi
n > 10 (bay gio méi thly dudgc tai sao n > 10), ta phai c6 m < 5.

+ Budc 4. m < 4. Tiép tuc danh gia tuong tu budc 3, ta dudc
mn < 4Ky + (10 —4Ky) -3+ (2n—10) -2 < 4n + 10.
Tu d6 suy ram < 4.

Cubi cuing, ta sé dung bdn tap hop théa man dé bai. Xét cic tap sau day

Ay ={1,2, ..., n}, Ay={n+1,n+2, ..., 2n},
As={1,3, ..., 2n—1}, As=1{2,4,...,2n},

thi rd rang tit ci cdc diéu kién clia bai todn dudc thda man. VAy gia tri 16n nhit cla
mla4.

Binh ludn. Cic budc danh gid m trong bai nay thé hién vé dep clia todn rdi rac:
ludn bién 40 dén kho ludng, va luén phai nhay cam dé phat hién nhiing miu chét
cudi cung. Diéu d€ lai 4n tugng nhiéu nhét khi lam bai nay 1 viéc st dung cac bit
dang thiic yéu hon dé ching minh cic bt dang thiic manh hon - mot diéu khong
hé thudng gip trong cdc bai todn clia ching ta, ciing 1a thi thach cho sy kién tri va
nhay bén trong tit c céc tinh hudng c6 thé xay ra.

Bai nay dudc ra trong dé thi APMC 2001 (Austrian-Polish Mathematical Competi-
tion).

Bai 6.16. Cho A = {1, 2, ..., 2n}. Mét tdp con ciia A dugc goi la tot néu né co
diing hai phdn t x, y va |x —y| € {1, n}. Tim s6 cdc tdp hop {Ay, Az, ..., A} thod
madn diéu kién A; la tdp con totvéimoii=1,2, ..., nva AfUA,U---UA, = A.

(Phé thong Ning khiéu)
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Loi gidi. Tu gia thiét, ta sé viét lai bai toan nhu sau (cic ban tu kiém tra tinh tuong
duong clia bai todn nay so vdi bai ban dau): “Cho mot hinh chif nhat kich thuéc 2 x n
dudc chia thanh cdc 6 vuong don vi. Panh s6 cic o t trdi qua phdila 1,2, ..., n
(hang 1) van+1, n+2, ..., 2n (hang 2). Lat ching bang cic quan domino 1 x 2
sao cho chung pht kin hinh chit nhét va khong c6 hai quan nao de 1én nhau. Ngoai
ra, v6i n 1é, ta dugc bo sung thém mot quan domino “déc biét” c6 thé pha kin hai 6
nvan+ 1. Dém sb cich lat thda méan dé bai”.

Véi bai todn nay, xét S, 1a s6 cch lat thda man dé bai véi hinh chit nhat kich thudc
2 x n. Ta sé tim cdch xdy dung cong thiic truy hdi cho S,,.

Gia st ta da 14t dudc hinh chit nhat 2 x (n+ 1) bang cic quin domino. Xét quin
domino pht 1én 6 vudng n. Cé ba kha nang xay ra.

+ Khd ndng 1. Quan domino d6 pht 1én hai 6 (n, 2n). RS rang phan con lai 1a mot
hinh chit nhat kich thuéc 2 x n, va sb cach lat trong tinh hudng nay 1a S,,.

+ Khd ndng 2. Quan domino d6 phu 1én hai 6 (n, n+ 1). Nhu vy, budc phai c6 mot
quan domino pht 1én hai 6 (27— 1, 2n) va khi d6, phan con lai 1a mot hinh chit nhat
kich thudc 2 x (n— 1). Tdc sb cach 14t trong tinh hubng nay 1a S,,_;.

+ Khd néng 3. Quan domino d6 phd 1én hai 6 (n, n+ 1) (v6i n 18). Khi d6, phan con
lai chi c6 thé 14t dugc bang cac quan domino nam ngang (néu c6 mdt quan domino
nao nam doc thi né sé chia hinh chit nhat thanh hai phan, mdi phan c6 mot s6 18 6
chua dudc 14t (do quan domino “dédc biét” gy ra)). Tiic trong truong hgp nay chi cé
mot cach 1at duy nhét.

Nhu vay ta xay dung dugc cong thic truy hdi nhu sau

Sok = Sok—1 +Sax—»> — 1 (Iuu y rang khi n chén thi khong c6 quan domino “dic
biét” nén phai b6t di mdt cach cha Sy, ).

Sokr1 = Sok + Sox—1 (14p luén tuong ty v6i quan domino “dac biét”).

Va bﬁng quy nap ta s& thu dudgc So = Fo, Soir1 = o1 + 1, trong d6 Fy 1a s6
Fibonacci thu k cua day Fibonacci dugce xac dinh béi cong thiic

Fh=Fh=1 Fi=F.+F.
Cubi cung ta dudc cong thic tdng quat

145\ [(1-v5\'] 1-(=1)"
2 2 T

1

Sp=—
V5
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Binh luan. Day chi 1a bién thé cia mot bai todn quen thudc: “Cé bao nhiéu cach lat
dudng di 2 x n bang cic quan domino?”. Tuy nhién cach phat biéu lam cho bai toan
khé6 hinh dung hon. Day ciing 12 mot dic diém rit dién hinh clia bai toan t& hop:
cling mdt bai todn c6 thé c6 nhiéu cach phét biéu khac nhau, va quan trong 1a ta phai
tim dugc cach phat biéu thuan 1¢i cho 10i gidi.
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Phan 11

Mot so bai giang toan
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Chuong 7

Giai phuong trinh ham bang cach
lap phuong trinh

“Cugc song la chubi nhitng phuong trinh ma ta kiém tim loi gidi.”

'2Giai bai toan bang cach 1ap phuong trinh va hé phuong trinh 12 mot phuong phap
thong dung trong céc bai toan dai s6. Y tudng la dé tim mot 4n sb nao do, ta dua
vao cic 4n sb phu, st dung cac dif kién da cho tao ra mbi lién hé giita cic 4n s d6
(c4c phuong trinh), gidi hé phuong trinh, tim ra gid tri ca 4n sd can tim. Phuong
phép tuong tu ciing c¢6 thé ap dung cho cic bai toan hinh hoc tinh todn (chiang han
bai todn gidi tam gidc, tf giac), cac bai toan dém (phuong phap day s6 phu).

Trong bai nay, chiing ta dé cap téi phuong phép 1ap phuong trinh, hé phuong trinh
dé€ giai cc bai toan phuong trinh ham. Y tuéng chung ciing 14 dé tim mot gid tri
f(x) hodic f(a) nao do, ta st dung phuong trinh ham dé tim ra méi lién két giita cac
dai luong, néi cach khac, tao ra cac phuong trinh sb. Giai cac phuong trinh s nay,
ta c6 thé tim ra f(x) hodc f(a) v6i a la mdt gia tri nao do.

V6i nhitng phuong trinh ham ¢6 hai (ho#ic nhiéu hon) phuong trinh diéu kién, ta c6
thé tim cach két hgp cc phuong trinh d6 dé tim ra f(x). Phuong phap co ban van
1a tao ra cac mbi lién két, hay cac phuong trinh bang cach tinh mot gia tri bang hai
cach khac nhau.

Vidu 7.1. Tim tdt cd cdc ham s6 f : R — R thod mdn diéu kién

(i) f(—x) = —f(x) vdi moi x thuoc R;

IBai viét dugc viét béi TS Tran Nam Diing.
Trich bai viét Giai phuong trinh ham bang céch lap phuong trinh, Ky yéu Hoi nghi Khoa hoc ky
niém 25 seminar Gidi tich va To4n so cip, Bic Giang 11/2009.
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(ii) f(x+1)= f(x)+ 1 vdi moi x thupc R;

1 xX) .o )
(iii) f () = Lz) vdi moi x khdc 0.
X X
Loi gidi. Tit ca cic diéu kién déu trén mot bién x. Trong trudng hop nay, ta c6 thé
diing mot chit khai niém vé dd thi d€ hiéu con dudng di dén 15i gidi. Ta xem cic sd
2 K A X . 2 ~ A 2,0 ~ 2 1 e
thuc nhu cac dinh cua mdt do thi. Pinh x sé dudc no6i véi cac dinh x+ 1, —x, —. Céc
X

diéu kién dé bai sé cho chung ta cac moi lién hé gitta gia tri ctia ham so tai cac dinh
dugc n6i bdi mdt canh. Néu chiing ta tim dudc mot chu trinh thi mot cach tu nhién,
chiing ta s& c6 mot phuong trinh (d€ tranh ham sb c6 hai gia tri khac nhau).

Ta th@ tim mot chu trinh nhu vy

1 1 1 1 1
— — a Xt =l+-—=—-—=x

x—x+1— —1- = —
x+1 x+1 x+1 x+1 X X X

Dit y = f(x) thi tlf chu trinh & trén, ta 1an lugt c6

fary =yt £y ) =2 () =

1) ) T atd (r+1)*
B y+1
x y+1 x+1 (x4+1)%  P+2x—y
f :1_727 f = > = B )
x+1 (x+1) X x X
x+1
1 2x—y
r(3) =2 rw=2e

T d6 suy ra 2x"y =y, titic lay = x. Vay f(x) = x.

Trong 1y luén trén, ta can dén diéu kién x khac 0 va —1. Tuy nhién tlf hai diéu kién
f(=x)=—f(x), f(x+1) = f(x)+1 ta dé dang suy ra f(0) =0 va f(—1) = 1. Vay
f(x) = x 1a tht cac nghiém cta bai toan.

Vidu 7.2. Tim tdt cd cdc ham sé f : R — R thod man diéu kién

f(2 =) =xf(x) = f(y) vdimoix, ythuoc R.

Loi giai. Thay x = y = 0 vao phuong trinh ham, ta dugc f(0) = —f(0), suy ra
f(0) = 0. Thay y = 0 vao phuong trinh ham, ta dudc

f(2) = xf(x). (1)
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Tir d6 suy ra
@2 =y) = F() = ().
Thay x = 0, ta dudc f(—y) = —f(y). Thay y bing —y, ta dugc
F@4y) = FO62) = f(=3) = F(2) + ()

v6i moi x, y. T d6, két hgp véi tinh chat ham 18, ta suy ra f(x+y) = f(x) + f(y)
véi moi x, y. Bay gid ta c6 f((x+ 1)) mdt mit c6 thé tinh theo cong thic (1), tic 1a
bang (x+1)f(x+1) = (x+ 1)[f(x) + £(1)]. Mit khdc, ta c6 thé khai trién

Fa41)?) = fO7+ 20+ 1) = () + 2 (x) + £(1) = xf (x) + 2 (x) + f(1).

Tir d6 ta dugce phuong trinh (x+ 1)[f(x) 4+ f(1)] = xf(x) + 2f(x) + f(1), suy ra
f(x) = f(1)x. Pit f(1) = a, ta dugc f(x) = ax. Thit lai vao phuong trinh ta thiy
nghiém ding.

Vay f(x) = ax v6i a € R 1a tit ¢4 cc nghiém cla bai todn.
Phuong phép tao ra cac mdi lién két ciing c6 thé ép dung hiéu qua trong cac bai toan
phuong trinh ham trén Q, N, Z. Ta xem xét mot so vi du.
Vidu 7.3. Tim tdt cd cdc ham sé f : Qt — Q7 thod mdn cdc diéu kién
(i) f(x+1)= f(x)+ 1 vdi moi x thuéc Q;
(ii) f(x?) = f*(x) véi moi x thuoc Q.

Loi gidi. Tu diéu kién (ii), ta suy ra dugc f(1) = 1. St dung két qua nay két hop véi

diéu kién (i) ta dé dang suy ra f(n) = n v6i moi n thuoéc Z* va f(r+n) = f(r) +n

v6i moi r thuoe QF va n thude Z*. By gid ta tinh f(r) véir="L, p, e 2+. Y
q

tuéng ta sé tinh f((r+q)?) theo f(r) bing hai cich. Trudc hét
F(r+9)) =2 (r+q) = (f(r) +9)* (1)
Miit khéc
f(r+@?) =f(P+2p+a) = () +2p+¢ = (N +2p+¢  (2)

T (1) va (2) tasuy ra f2(r) +2qf(r) +q2 = f2(r) + 2p+¢*,do d6 f(r) = g =r

Vay f(r) = r v6i moi r thuoc Q.
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Vidu 7.4. Tim tdt cd cdc ham s6 f : N — N sao cho
f(m* +n®) = f2(m) + f2(n)  véi moi m, n thuéc N.

Ldi gidi. Cho m = n = 0, ta dugc £(0) =2f(0), suyra f(0) =0.Chom=1,n=0,
ta dugc f(1) =0 hodc f(1) = 1. Ta xét trudng hgp f(1) = 1, trudng hgp f(1) =0
xét tuong tu. V6i f(1) = 1, ta 1an lugt tinh dugc

f2)=f(12+1%) = (1) +£2(1) =2,
f4)=f(22+0%) = f2(2) + £(0) = 4,
fG)=f22+1)) = (2)+ (1) =5

Nhung lam sao dé€ tinh, chiang han f(3)? R6 rang f(3) khong thé tinh dugc theo so
dd trén dudgc, vi 3 khong biéu dién dugc duéi dang tng clia hai binh phuong.

Ta nhd lai mét bai todn Idp 3. Co mét cdi cdn dia vdi hai qud cdn 1kg, Skg va mot
bao duong neng 10kg. Hay cdn ra Tkg duong bang mét lan cdn. Ré rang, voi cdch
cdn thong thuong thi ta chi cdn duge 1kg duong, 4kg duong (5 — 1), Skg duong va
6kg duong. Tuy nhién, néu tinh ¥ mot chiit, ta cé thé cé phwong dn cdan dwoc Tkg
duong nhu sau: Ddt vao dia bén trdi qud cdn 1kg va 10kg duong, dia bén phdi la
qud cdn 5kg, sau do chuyén ddn duong ti bén trdi sang bén phdi sao cho cdn cdn
bang, khi do sé duong con lai ¢ dia bén phdi la Tkg!

Bay gio ta cling thii thuat tuong vdi bai todn nay. Ta khong tinh dugc truc tiép f(3)
nhung talai ¢ £2(5) = £(25) = £(3%+42) = f2(3) + £2(4). T d6 ta dugc f(3) = 3.

Tuong ty nhu viy ta c¢6 thé tinh dude £(6) nhd vao ding thic 6% + 82 = 107, trong
d6 £(8) = f(2°+2%) =2/%(2) =8, f(10) = f(3*+ 1) = f*(3) + f*(1) = 10.

Tiép tuc, d€ tinh £(7),tadé § 7> +12 =50 = 52+ 5%, tr d6 £(7) = 7. Ciing nhu thé,
do 112422 =10>+5%nén tasuy ra f(11) = 11.
Céch 1am nay c6 thé tdng quat hod nhu thé nao? Y tudng 1a néu m? 4 n’ = p> + ¢*

(1) thi f2(m) + f2(n) = f2(p) + f*(g). Do d6 néu ta da tinh dugc f(n), f(p), f(q)
thi f(m) cing s€ tinh dugc.

Lam thé nao d€ c6 dugc nhiing dang thiic dang (1) & dang tdng quat, cho phép ta
ching minh f(n) = n v6i moi n biang quy nap? Chd y rang (1) ¢6 thé viét lai thanh
(m—p)(m+p) = (g—n)(g+n) =N. Do dé néu chon nhiing s6 N c6 hai cch phan
tich thanh tich clia nhiing s6 c6 cling tinh chin 18, ta sé tim dudc nghiém cho (1).
Chon N =8k=2-4k=4-2kvaN =16k =4 -4k = 8 - 2k, ta dugc hé

m—p=2, m+p=4k, q—n=4, q+n=2k,
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va
m—p=4, m+p=4k, q—n=8, q+n=2k

Tir d6 dudc cac hing dang thic tuong ting
(2k+1)2+ (k—2)> = (2k—1)> + (k+2)%,

va
(2k+2)>+ (k—4)? = (2k—2)* + (k+4)%.

Tir hai dang thiic nay, véi chd y 1a ta da ching minh dude f(n) =nvéin=0, 1, 2,
3,4, 5, 6, ta dé dang chiing minh bing quy nap dudc ring f(n) = n véi moi n € N.

Trudng hop f(1) = 0, cling bang cach 1y luin néu trén ta suy ra f(n) = 0 véi moi n

thudc N.

Bai tap
1. Tim tit ca cdc ham s6 f: Q — Q thoa man céc diéu kién
() f(x+1) = f(x)+ 1 v6i moi x thude Q;
(i) £(x*) = f3(x) v6i moi x thuoe Q.
2. Tim tit ca cac ham £ : R\0 — R thoa man dong thdi cic diéu kién
@ f(1)=1
. 1 1 1 o . N
@ fl—)=f-)+f(—) véimoix,ymaxy(x+y)#O0;
x+y X y
(iii) (x+y)f(x+y) =xyf(x)f(y) v6i moi x, y ma xy(x+y) # 0.

3. Tim tit ¢4 cdc ham s6 £ : R — R thod méin
@@ =y) =f() =y f(y’)  véimoix, ythuoc R.
4. Tim tit ca cic ham sb f : Z — Z thoa man diéu kién
f@+°+) = fa)+ () + 3 (c) véimoia, b, cthudc Z.
5. Cho ham sb f : R — R thoa mén diéu kién
() f(x?) = f?(x) v6i moi x thuoc R;

(i) f(x+1) = f(x) 4 1 v6i moi x thudc R.
Chiing minh ring f(x) = x.
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Chuong 8

Day truy hoi loai u,.; = f(u,)

Cach tinh chat chung
Cho I 1a mot khoang dong cia R, f: T — I 1a mot anh xa.
(a) Gia st f don diéu trén I.

+ Truong hop f tang trén 1. Vi v6i moi n nguyén duong thi u, 1 —u, = f(u,) —
f(u,_1) nén ta thiy ring u, | — u, cung diu véi u; — ug. Chinh xéc hon,

uo<ur=u <up == Uy S Uy > e

U 2 UL = UL 2 U= - = Uy 2 U] =

Nhu vay (u,) don diéu va c6 chiéu bién thién phu thudc vao vi tri tuong dbi cla ug
va uy. Trong mdi vi du chi con phai xem (u,) bi chin dudi hay bi chin trén.

+ Truong hop f gidm trén 1. Anh xa f o f ting trén I, vy theo trudng hop trén, cac
day con véi chi s6 chin va chi s6 18 déu don diéu (va c6 chiéu ngugc nhau).

(b) Gia st f lién tuc trén I. Néu u,, — L thi L thudc I, chuyén qua gi6i han khi n
dan dén vo cling trong biéu thic u, 1 = f(u,), ta suy ra f(L) = L. Thudng thi ta c6
thé gidi phuong trinh f(L) = L (dn 1a L thudc ) va tit d6 xdc dinh dugc céc gidi han
“kha di” cta (up).

Ta néi mot phan th x cla I 1a mot diém bdt dong cla f khi va chi khi f(x) = x.

ITrich tit Gio trinh Gidi tich 1, Jean-Marie Monier, Nha xuit ban Gido duc 1999.
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Cac vi du minh hoa

Vi du 8.1. Khdo sdt sy hoi tu cua day (u,) dugc xdc dinh bdi cong thiic up = 1 va

Up . .
Up+1 :mvmm_mn:Q 1,2, ...
n

Loi gidi. Truée hét, mot phép quy nap don gian cho thiy rang v6i moi n thude N, u,
thudc [0, +eo).

3
n

uz+1

V6i moi n thudée N, u, | —un = — <0, vay (u,) giam.

Vi (u,) gidm va bi chin dudi béi 0 nén né hoi tu dén mot s6 thuc L va L > 0. Chuyén

, tt d6 L = 0. Cubi cling ta dugc

. L
ua gidi han khi » tién t6i +oo, ta cO L = ————
qua g : n oo, 211

u, — 0.

Vi du 8.2. Khdo sdt su hoi tu cia ddy (u,) duoc xdc dinh béi cong thiic ug > 0 va
2

a L . . NV % p
Upt] = 3 <un + u) vdi moi n € N, trong do a la mét hang so duong cho trudc.
n

Loi gidi. Trudc hét, mot phép quy nap don gian cho thiy v6i moi n thuoc N, u,, ton
tai va thudc (0, +oo).

. ) ) 1 2
Diém bit dong duy nht thudc (0, -+eo) clia ham s5 f(x) = <un n “) lax=a.

2., 2 2
e R u, +a”—2au U, —a
Véi moi n thude N, u, 1 —a = = ? = (1, —a) > 0.
2uy, 2u,,
a* —u?
Véi moi n thude N*, u, +1 —u,, = 7 L <0.
Un

Vay (u,) gidm va bi chin duéi bdi a nén hoi tu dén mot sd thuc L thudc [L, +oo), s6
thuc d6 chi ¢6 thé 1a a theo 18i giai ctia f(x) = x. Cudi cing u, — a.

Vi du 8.3. Khdo sdt su hoi tu cia ddy (u,) duoc xdc dinh béi cong thiic ug > 0 va

w>+8

Upi] = vdi moin € N.
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Loi gidi. Phép quy nap don gian ching té rang véi moi n thude N, u, > 0.

Phép giai phuong trinh f(x) = x v6i x thuoc R cho thly f c6 hai diém bat dong
1a 2 va 4. Khao sat ham sd f(x), ta thdy f ting trén (0, +oo) va cdc khoang déng
[0, 2], [2, 4], [4, +oo) du Sn dinh déi véi f (nghia Ia £([0, 2]) thude [0, 2] ...).

Vi f ting, (u,) don diéu nén chiéu bién thién phu thudc vao diu cta u; — ug. Vi

—2)(x—4 . .
fx)—x= (x)éx)’ nén dau cta u; — ug phu thudc vao vi tri tuong doi cia ug

so vGi 2 va4.

+ Truong hop 1. ug thuoe [0, 2]. O ddy u; > uo, viy bing mot phép quy nap don gian
ta ¢6 v6i moi n thude N, u,1; > u,. Hon nita, véi moi n thudc N, u, thudc [0, 2].
Vay (u,) ting va bi chin trén béi 2, nén hoi tu dén sb thuc L thuoc [0, 2]. Ta da thiy
L thudc {2, 4}. Vay L = 2.

+ Truong hop 2. ug thude [2, 4). Bing cich tuong tu ta thdy ring (u,) giam va bi
chiin duéi bdi 2 nén hoi tu dén mot s6 thuc L thude [2, uo] thudc[2, 4). Ta da biét L
thudc {2, 4}, vay L = 2.

+ Truong hop 3. ug = 4. Day (u,) khong ddi va biang 4, hoi tu dén 4.

+ Trucng hop 4. ug thude (4, +0). O ddy (u,) ting. Néu (u,) hoi tu dén mot sb thuc
L thi ta ¢6 L > up > 4, mau thuln vé6i L thudc {2, 4}. Do d6 (u,) ting va phan ky,
vay u, — +-oo.

Ta néi rang 2 1a diém bdt dong hiit va 4 1a diém bdt dong ddy cua f.

Vi du 8.4. Khdo sdt sy hoi tu cia day (u,) dugc xdc dinh bdi cong thiic up = 1 va

u,H_l:z voimoin=0,1,2, ...

+u,

Loi gidi. Phép quy nap don gian cho thy ring véi moi n thuoc N, u,, > 0.

1 .
Cho f:RT - R", x— T Phép gidi phuong trinh f(x) = x (v6i x > 0) cho thay
x

c6 mot va chi mot diém bat dong, ky hiéula A vaA =2 — 1.

V6i moi n thudce N, ta cd

< —|u, —Al.

1 1| jus—A 1
o 4

Uy —A| = —
i1 = A ‘2—|—un 24+A| (2+un)(2+A)

N 1
Bang mot phép quy nap don gian, ta suy ra véi moi n thude N, |u, —A| < - lug —Al.
Vay iy — A.
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O day khong can khio sat cdc diy con véi chi s6 chin va chi s6 18.

Vi du 8.5. Khdo sdt sy hoi tu cua day (u,) dugce xdc dinh bdi cong thiic uy > 0 va

Up+1 = m VOl mol n € N.
n

Lai gidi. Mot phép quy nap don gian chi ra rang u,, > 0 v6i moi n tu nhién.

Xét f: [0, +o0) — [0, +o0), f(x) = . 12 mot ham lién tuc. Ta c6 véi moi x
x

thudc [0, +o0), phuong trinh f(x) = x chi c6 mot nghiém duy nhét 1a x = 1. Vay néu
u,, hoi tu thi chi ¢ thé hoi tu dén 1.

4
ﬁ < 0 v6i moi x thudc [0, +o), viy
f gidm. Vi f'(1) = —1, ta khong thé 1ap luan nhu trong vi du 4.

Anh xa f kha vi trén [0, +0), f/(x) = —

Ta sé& chiing minh ring us, — 1 va uzp+1 — 1. Cho g = fo f: [0, +o0) — [0, +0),
2(14x%)?
8(x) = )

2O Tatinh
(142244 10

(x—1)3(%+x4+2)
(14+x%)2+4

g(x) —x=—

+ Truong hop 1. ug thudce [0, 1]. Khi 4y v6i moi p thude N, uz), thude [0, 1] va uppi
thudc [1,+e0). Vay, v6i moi p thudc N,

uzp 2 —up = g(uzp) —t2p >0,  upy3 —unpy1 = g(uzp1) —uzpy1 <0.

Do d6 (u2p) va (u2p+1) giam. Hon nita, vi v6i moi p thude N, us, <1 <uppy1, nén
ta suy ra rang (u2,) hoi ty dén mot phan td L thude [0, +o0) va (uzp11) hoi tu dén
mot phan td L' thude [0, +o0). Vi g lién tuc trén [0, +o0) va vi x = 1 1a nghiém thudc
[0, 4-0) duy nhit clia phuong trinh g(x) = x, nén ta suy ra L = L' = 1. Cubi cling
u, — 1.

+ Truong hop 2. ug thudc [1, +o0). Viu = f(ug) thude [0, 1], ta quy vé trudng hgp
trén (bang cach thay ug bdi u;) va ta ¢ cing mot két luan u, — 1.
Bai tap

1. Khéo sat su hdi tu cia cac day sau

2 .
@up=1vau,, 1 =1—— v6imoin € N.
n
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3+ u?
2(up+1)

(¢) up thy Y VA u, 41 = u? +2u, v6i moi n € N.

®)ug>0vau, | = v6i moi n € N.

2. Khao sat day (u,) dudc xac dinh boi

n

3. Khéo sat cac day (u,), (v,) dudc xac dinh bdi

uy=vo=0, uUpr1=+v3—Vy, Vpr1=+vV3—u, Vn e N.
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Chuong 9

Cic dinh Iy ton tai trong giai tich
va dinh ly co ban cua dai so

"Trong bai viét nho nay, chiing ta dé cap dén mot s6 dinh ly co ban clia giai tich c6
ndi dung ton tai (ton tai nghiém, ton tai cuc tri ...) va cudi cung, sé st dung ching
dé chiing minh dinh ly co ban cla dai sb: mét da thiic bdc l6n hon hay bang 1 cé
hé s6 phiic luén c6 it nhdt mot nghiém phitc. Cach chitng minh don gian, dé hiéu,
khong qué hinh thic sé gidp hoc sinh hi€u o cic dinh ly va khong cam thiy s¢
chiing. Chiing ta cling xem xét mot sb Ung dung clia cdc dinh ly ndy trong viéc gidi
quyét cdc bai todn & bic phd thong.

Bé dé vé day cac doan thang 1ong nhau

B dé don gidn ndy déng mot vai trd khd quan trong trong viéc ching minh cic
két qua sau sic khdc ctia gidi tich. B& d& dugc phét biéu nhu sau: Néu [a1, by] C
[az, by] C -+ C [ay, b,) C -~ la ddy cdc doan thing long nhau c6 d, = b, — a, — 0
thi ton tai duy nhdt mét diém & thude tdt cd cdc doan thdng trén.

B6 dé nay c6 thé chiing minh khd dé dang dua vao dinh ly: mot day don diéu va bi
chdn thi ¢6 gidi han. Cuy thé, day {a,} sé 1a day ting va bi chdn trén, con day {b,}
s€ la day giam va bi chin dudi. C4 hai day nay sé c6 cung gidi han 1a diém &.

Dinh ly vé su ton tai gidi han cta diy don diéu va bi chiin, vé phan minh, lai dugc
chitng minh dua vao mot két qua co ban sau: mét tdp hop cdc sé thuc bi chén trén
(hay bi chin dudi) thi ¢é cdn trén diing (cdn dudi diing). O day, M dudc goi 1a cdn
trén diing cla tap hgp S néu:

(1) x <M v6i moi x thudc S;

IBai viét dugc viét bdi TS Tran Nam Diing.
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(2) Vé&i moi € > 0, ton tai x thudc S sao cho x > M —&.

Dinh 1y tudng chiing nhu hién nhién nay 12 mot két qué rit sau sic va khong don
gian chiit nao. Ta cong nhan dinh 1y niy va coi ddy la dinh ly nén tang cta giai tich.

Pinh Iy Cauchy vé gia tri trung gian

Dinh ly Cauchy vé gid tri trung gian phat biéu rang: mot ham sé lién tuc trén mot
doan nhdn moi gid tri trung gian. Piéu nay c6 nghia ring néu ham s6 lién tuc nhan
hai gi4 tri khac nhau, thi n6 nhan moi gia tri nim giita hai gia tri nay.

Do thi ctia mot ham s6 lién tuc, néi ndm na c6 tinh chit 12 né c6 thé vé ma khong
dit nét bt khdi mit gidy. Con dinh nghia chit ché nhu sau. Ta néi ham sb f lién
tuc tai di€ém xo, néu v6i moi € > 0, tdn tai § > 0 sao cho néu |x — xp| < & thi
|f(x) — f(x0)| < €. Ham s dugc goi 1a lién tuc trén mot doan, néu nd lién tuc tai
moi diém ctia doan. Tir dinh nghia nay suy ra, néu ham sb khac 0 tai mot diém nao
do, thi né sé giit nguyén diu tai mot khoang (hay nita khodng, néu diém d6 1a dau
muit ctia doan thang) chifa di€ém nay. Ta chi cAn dén tinh chét nay.

Dé chiing minh dinh ly Cauchy, thuc chit ta chi can chitng minh: mot ham sb lién
tuc trén mot doan, nhan & hai dau miit cdc gid tri trai d4u, sé nhan gid tri O trén doan
nay.

Ta chiing minh dinh ly Cauchy trong cich phat bi€u nay, tim kiém nghiém ctia ham
s6 bang phuong phap “chia dé tri”. Ta chia doan thang thanh hai phan. Néu nhu tai
diém nay ham sb bang 0 thi dinh 1y dugc chiing minh. Néu nhu tai diém nay ham s6
khéc 0, thi trén mot trong hai doan thing, ham s sé nhan cac gia tri trai du tai hai
dau mit. Ta lai chia doan thang nay lam déi va ci tiép tuc nhu thé. Néu nhu trong
qua trinh thuc hién ta khong gip mot diém giita c6 gia tri ham s6 tai d6 bang 0 thi
ta sé thu dudc diy cic doan thang 16ng nhau [a;,b1] C [az,by] C -+ C [an,by] C -
c6 do dai dan dén 0. Theo bS dé vé cac doan thang 16ng nhau, tdn tai diém & thudc
tAt ca cc doan thang. Theo tinh chét vé bao toan dAu, gi tri ham sb tai & phai bang
0. Binh ly Cauchy dugc ching minh.

Tt dinh ly Cauchy suy ra mot két qua don gian nhung kha quan trong vé nghiém
clia da thic: Moi da thiic bdc 1é véi hé s6 thuc déu co it nhdt mot nghiém thuc. That
vdy, moi da thiic 12 ham s6 lién tuc trén toan truc sb. Gia st f(x) = x> 4+ a0, x?" +
-+ 4ayx+ ag. Khi do, v6i x duong, ta cé

a ap
f(x):x2n+l <1+7n+"'+w)-
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2n+1

Nhu thé, véi x di 16n, f(x) sé 16n hon , tic 1a £ (x) 1a mot s6 duong. Hoan toan

tuong tu, c6 thé chiing minh ring véi x di nhd thi f(x) sé am. Nhu thé, theo dinh ly
Cauchy vé gid tri trung gian, f(x) c6 nghiém.

Dinh ly Cauchy con c6 mot hé qua khac: mér ham lién tuc tic doan thdng vao chinh
noé cé diém bdt djng (nghia 1a: néu f 12 mot ham lién tuc trén [a, b], a < b va a <
f(x) < b véi moi x thudc [a, b] thi ton tai di€ém xo thudc [a, b] sao cho f(xp) = xo).
Ban doc c6 thé tu chiing minh két qua nay.

DPinh ly Veierstrass vé cuc tri cia ham so lién tuc trén mot
doan

Dinh ly Veiestrass va cdc md rong ctia né c6 nhiéu ting dung trong toan hoc. Pinh
ly nay dugc phat biéu kha don gian nhu sau: ham lién tuc trén mét doan thdng sé
dat duoc gid tri l6n nhdt va gid tri nhé nhdt trén doan nay.

Ta sé chiing minh dinh ly nay. Gi st f(x) 1a ham lién tuc trén mot doan thang nao
d6. Khong mat tinh téng quat, gia st d6 1a doan I = [0, 1]. Trudc hét ta chiing minh
rang f bi chin trén I. Gia st ngugc lai va f c6 thé nhan trén I cdc gid tri 16n tuy y.
Khi d6 v6i moi sb nguyén duong n, ton tai diém x, thudc I sao cho f(x,) > n. Nhu
vay trén I ta xay dung dudc mot diy vo han cic diém. Chia doan thang ra lam doi.
Trén mot trong hai doan thang sé c6 chita vo s6 diém. Lai chia doan d6 ra lam dbi va
cit tiép tuc nhu thé. Theo bé dé vé diy cic doan thang 1dng nhau, ton tai mot diém
thudc vao tit ca cac doan thang nay. Tit dinh nghia lién tuc suy ra trén mot doan nhd
chita diém nay, ham sb bi chiin, nhung diéu ndy trai v6i cach xdy dung diém nay.

Ta da chiing minh ring f(x) bi chin trén. Gia sit f khong dat gid tri 16n nhét. Diéu
ndy c6 nghia 1a ton tai s6 M sao cho f(x) < M v6i moi x thudc I, dong thdi f(x)
nhan cic gid tri gin M tuy y. V6i mbi s6 nguyén duong m, ton tai diém y,, sao cho

i o .
Fm) >M— — Ta lai xay dung mdt tap hgp vo han cac diém. Ti€p tuc chia doan

thang T 1am hai phan va lam giéng nhu phan ching minh tinh bi chin ctia f(x) &
trén. Va ciing nhu & trén, ta tim dudc diém ¢ thudc vao tit ca cic doan thang. Theo
cich xay dung va tir dinh nghia lién tuc, ta thiy f(¢) phai bing M. Tuong tu chiing
minh cho gi4 tri nhé nhit. Pinh ly Veierstrass dugc chiing minh.

MG rong dinh ly Veierstrass

Xét ham hai bién f = f(x;, x2), trong d6 x1, x 1a cdc s6 thuc. Vi du mot ham nhu

viy la ham s6 \/Xx% +x5 - khoang céach tir diém c6 toa do (x1, x2) trén mit phing
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dén gdc toa do. Khodng cach d((x1, x2), (¥}, x,)) gitia hai diém (x1, x2) va (¥}, x5)

trén mit phang cho bdi cong thiic \/ (x1 —x’1)2 + (x —x’2)2. Ham hai bién f dugc
goi 12 lién tyc tai di€m (x}, x3) néu véi moi € > 0, ton tai s § > 0 sao cho néu
d((x1, x2), (x], x3)) < 0 thi [f(x1, x2) —/f(x}‘, x5)| < €. Ham s6 dugc goi 1a lién tuc
trén hinh vuéng max{|x;|, |x2|} < a, néu né lién tuc tai moi di€m cua hinh vudng
nay.

Ta sé can dén mot mé rong sau diy ctia dinh ly Veierstrass: ham sé lién tuc trén hinh
vuong dat gid tri 6n nhdt va gid tri nhé nhdt. Cach ching minh dinh ly nay hoan
toan tuong tu nhu ciach chiing minh néu trén, diém khac biét duy nhét 1a can phai
chia hinh vudng thanh bén phan.

Va bay gid, phép chiing minh dinh 1y co ban ctia dai sd sé dudc chia thanh hai phan.
Trong phan dau, ta sé& 1ip lai 1y ludn néu trén dé€ chiing minh modun cta da thic dat
gi4 tri nhd nhit ctia né. Va tiép theo, thay cho dinh ly Cauchy vé gid tri trung gian,
ta sé st dung b d& D’Alamber.

Pinh Iy co ban cha dai s

Trudc hét ta cAn xay dung mit phang phic. Mot cach hinh thiic ta dua vao “sd” i,
¢6 binh phuong bang —1. S6 nay khong c6 trén dudng thang thuc. Ta vé trén mit
phang hai dudng thang: mot dudng nim ngang (ma ta goi la dudng thang thuc) va
mot dudng khac di qua gbe toa dd va vudng goc v6i dudng nim ngang (ma ta goi la
dudng thang 40). S6 i, nim & trén duvng thang 4o nim & nita mat phang phia trén
va cach gbc toa do khodng cich 1, dugc goi 1a don vi o.

Nhu vay, s6 1 dugc cho tuong dng véi véc-to (1, 0) va sb i - véc-to (0, 1). Diém
(a, b) clia mit phang tudng ng véi sd phiic z = a + bi. Cac sb phiic c6 thé cong va
nhan theo quy tic tu nhién, giéng nhu sb thuc: néu z =a+bi, 7 =d' +b'i, thiz+7 =
(a+d")+(b+b)i,z-7 = (a+bi)(d +b'i) = (ad’ —bb") + (ab’ +d'b)i. Khoang céach
tif di€ém z = a + bi dén 0 (tiic 12 s6 v/ a? + b?) ducc goi 1a modun clia s6 z va ky hiéu
13 |z|. Pa thiic bac n 1a biéu thic c¢6 dang p(z) = a,2" +a, 12" +---+ajz+ao.
Cic hé sb ay 1a cac sd phiic (truong hop dic biét 1a cac s6 thuc). Pa thiic z2 —2 ¢6
hai nghiém thuc 1a ++/2, da thiic z> + 1 ¢6 hai nghiém 2o 1a &, con da thifc iz + 1
c6 mot nghiém la i.

Pinh Iy c6 ban cta dai s6. Pa rhiic bdc n > 1 ¢ nghiém phiic.

Chiing minh. Gié st p(z) = ap+aiz+ -+ a,z" 1a da thic bic n v6i hé sb phic
(n > 1), trong d6 a, # 0. Xét ham hai bién f(z) = |p(z)|. Ham sb nay lién tyc. Ta
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s& chiing minh ring ham sb nay “ting dén vo cting”. That vay

a,_1 ap
F@) = lanllzl" |1+ ===+ =21
al’lZ Can
£ A ., Qn—1 ap ., |
Néu nhu gia trj |z| di 16n thi md-dun cia + -+ 4 —— nho hon 5 va nghia la
anz anz

n
f(z) > \an!z|’ nhu vy (véi |z| dd 16n bing R) f(z) s& 16n hon £(0). Tt d6 suy ra

rang gid tri nho nhit ctia f khong thé dat dudc bén ngoai dudng tron ban kinh R tim
& 0 va, hon thé, khong thé dat dudc & ngoai hinh vudng bat ki chia dudng tron nay.
Nhung theo dinh 1y Veierstrass, ham sb lién tuc f phai dat gid tri nho nhéit trong
hinh vudng nay. Gia st diém d6 1a z*. Khong mit tinh tdng quat, c6 thé gia st z* =0
(néu khong ddi bién tir z thanh z —z*). Nhu thé, gid st f dat gid tri nho nhét tai diém
0.

Néu £(0) = 0 thi dinh ly dugc chiing minh. Ta chiing minh ring trudng hgp £(0) >0
khong thé xdy ra.

B6 dé D’Alamber. Gid tri nhé nhdt ciia mo-dun mot da thitc dai sé bdac n > 0, dat
tai diém 0 khong thé khdc 0.

That vay, gia st ngudc lai £(0) = |ap| > 0 va gié st k > 1 1a chi s6 nhé nhit sao cho
a; khac 0. Goi & 1a mot nghiém cdia phuong trinh ag + az* = 0. Pit tag, EF +
o "k, EM = g(t) thi ldc d6

Ip(t&)] = lao + art* EF + ap M TIER ant"E"|
= lag — *ao + g(1)]| < |ao| = |p(0)],

vi v6i ¢ > 0 du nho, [g(r)] < %. Mau thuin. Nhu vdy bd dé dugc chiing minh va
nghia 12 dinh 1y co ban ctia dai s6 da dudc chiing minh.

Dinh ly co ban clia dai s, con dugc goi 1a dinh 1y Gauss - D’Alamber 12 mot trong
nhiing két qua quan trong va ndi tiéng nhit trong toan hoc. C6 rat nhiéu cach chiing
minh cho dinh ly nay va trén dy 12 mot trong nhiing céch ching minh so cp nhét,
thong qua cic dinh ly lién quan dén tinh chét cda ham s lién tuc, cu thé 1a dinh 1y
Cauchy va dinh Iy Veierstrass. Tiép theo, chiing ta sé tiép tuc tim thiy céc ing dung
ctia dinh ly Veirstrass trong viéc chiing minh cic két qua co ban khic ca gidi tinh
lién quan dén phép tinh vi phan.

B6 dé Fermat

B dé Fermat cung véi dinh 1y Veierstrass 12 co s& ctia chudi cc dinh ly dep dé
va siu sac lién quan dén dao ham va vi phan. Pinh 1y dudc phat biéu nhu sau: néu
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ham s6 f(x) lién tuc trén |a, b], khd vi trén khodng (a, b) va dat cuc tri tai diém

E € (a, b) thi f'(E) =0.

R& rang ta chi can chiing minh cho truong hop & 1a di€ém cuc ti€u. PE ching minh
bd dé Fermat, ta xét dao ham bén trai vi dao ham bén phai cla f tai diém &:

ety o SE—SE) e f) = f(6)
f(E7) —xg%?, (&) —xg?_?~
Chi y ring, do f dat cuc tiéu tai diém & nén vé6i x di gan & thi f(x) — f(&) ludn
khong am. Vi viy gia tri dudi ddu lim & dang thiic thi nhét ludn khong am, con &
déang thiic thit hai ludn khong duong. Vi thé dao ham bén phai tai diém & khong am,
con dao ham bén trdi tai diém & ludn khong duong. Vi f kha vi nén hai dao ham
nay bang nhau va vi thé bt budc phai bang 0. B& dé Fermat dudc chiing minh.

Tir két qua nay, ta sé 1an lugt thu dudc céc dinh ly Rolle, Langrange va Cauchy duéi
day.

Cac dinh ly Rolle - Lagrange - Cauchy

Dinh ly Rolle. Gid sit ham s6 f(x) lién tuc trén |a, b], khd vi trén (a, b). Ngodi ra,
gid sit rang f(a) = f(b). Khi do trén khodng (a, b) ton tai diém & sao cho f'(§) =0.

N6i mot cach khéc, giita hai gia tri bang nhau ctia mot ham kha vi luén ¢6 nghiém
ctia dao ham ham s6 nay.

Dé ching minh dinh ly Rolle, trudc hét ta ap dung dinh ly Veirestrass cho ham lién
tuc f(x). Ham s nay dat gid tri 16n nhit M va gia tri nhd nhit m trén doan [a, b].
C6 thé xdy ra hai trudng hop.

(a) M =m.Khid6 f(x) 1a ham hing trén [a, b] va v6i moi & thudc (a, b), f/(E) =
0.

(b) M > m. Do f(a) = f(b) nén mdt trong hai gia tri M va m phai dat dugc tai
mot diém & thuoc (a, b). Nhung khi d6, ham s6 f(x) dat cuc tri tai diém nay
va theo b& dé Fermat, ta c6 /(&) = 0.

Nhu vay dinh ly da dugc chiing minh.

Tu dinh ly Rolle, ta suy ra dinh Iy Lagrange, hay tuong duong 1a cong thitc Lagrange.
Pinh ly Lagrange. Cho f(x) la ham lién tuc trén [a, b|, khd vi trén (a, b). Khi do
ton tai & thuoc (a, b) sao cho

_ f() - fla)
b—

7 =T ey ) - @) = r &6 -a).
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Cong thiic dau tién c6 mot y nghia hinh hoc don gién 1a trén dudng cong y = f(x),
gitia hai diém A(a, f(a)) va B(b, f(b)) c6 mot di€m C sao cho tiép tuyén clia dudng
cong tai C song song v4i day cung AB.

Cong thiic & dang thi hai dugc goi la cong thic Lagrange vé sd gia hitu han. N6 con
c6 thé viét dudi dang

fx) = f(x0) + £ (&) (x—x0)

chinh 12 cong thic Taylor khai trién dén bac thip nhét. Tir dy ciing suy ra cong thiic
tinh gin diing bang vi phan:

flxtAx) ~ f(x) + f'(x)Ax.

D€ chiing minh dinh 1y Lagrange, ta chi can xét ham s6

16i 4p dung dinh Iy Rolle cho ham s nay (do g(a) = g(b) = f(a)).

Nhu vay, dinh Iy Langrange dugc ching minh thdng qua dinh ly Rolle. Mét khac,
dinh 1y Rolle chinh 1a mdt trudng hgp dac biét cia dinh ly Lagrange. Dinh 1y sau
day mé rong dinh ly Lagrange:

Dinh ly Cauchy. Néu méi mét trong hai ham sé f(x) va g(x) déu lién tuc trén [a, b),
khd vi trén (a, b) va ngoadi ra g'(x) khdc 0 véi moi x thuc (a, b) thi trén (a, b) tén
tai diém & sao cho
B~ @) _ 1)
b-a g(&)
Chung t6i danh viéc ching minh dinh ly Cauchy cho ban doc. Chud y la dinh ly
Lagrange chinh 1a mét trudng hgp riéng cua dinh ly Cauchy, khi g(x) = x.

Tit céc dinh ly co ban trén ddy, ta con suy ra nhiéu hé qua va dinh ly quan trong khac
nhu quy tic L’Hopitale vé khii dang vo dinh, cong thiic Taylor . ..

Cudi cuing chiing ta xem xét nhiing dinh ly va bai tip c6 thé giai quyét dugc bang
cach ap dung nhiing dinh ly nay.
Mot so dinh ly va bai tap ap dung

2
1. Cho parabol (P) :y = x> —2x vaellip (E) : %x2/9+y2 =1

(1) Chiing minh rang (P) cét (E) tai bén diém phan biét A, B, C, D.
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. Chiing minh ring dao ham céc bac clia ham sb

(2) Ching minh rang bén diém A, B, C, D ciing nim trén mot dudng tron,
tim tAm va ban kinh ctia dudng tron do.

(Dé thi Pai hoc Ngoai thuong 1997)
Cho hai da thic P(x) = 4x® — 2x? — 15x+9 va Q(x) = 1223 +6x2 — Tx+ 1.
(1) Chitng minh ring mdi da thic da cho déu cé ba nghiém thuc phan
biét.
(2) Ky hiéu « va B tuong tng 1a nghiém 16n nhét ctia P(x) va Q(x).
Chiing minh ring o® + 382 = 4.
(Dé thi VMO 2003)

. Céc sb thuc p, g phai thoa man diéu kién gi dé da thiic x> + px + ¢ c6 ba

nghiém thyc phan biét?

Trong mit phang cho ba tia Ox, Oy, Oz va doan thang c6 do dai 2p. Chiing
minh rang ton tai duy nhét bd ba diém A, B, C tudng tng thudc Ox, Oy, Oz
sao cho chu vi cic tam gidac OAB, OBC, OCA déu bing nhau va biang 2p.

(Dé thi chon doi tuyén Viét Nam 1983)

N . X s n ‘A
. Phuong trinh sinx = 3 ¢0 bao nhiéu nghiém thuc?

(Quy tac Descartes vé diu) Cho P(x) =ap+ax+ arx® + -+ a,x" 1a mot
da thifc c6 hé s6 thuc. Goi k 12 s6 1an d6i d4u trong day cac hé sb khac O ctia
P(x) (gitt ding thi tu va bd cic hé sb biang 0). Khi d6 sé nghiém duong cia

. k
da thic P(x) bang k — 2s, trong d6 0 < s < LJ . Hay ching minh.

. Chiing minh ring néu da thiic P(x) v6i hé s6 thuc c6 tit ca cac nghiém déu

thyc thi da thic P(x) + P'(x) cling c6 tht c4 céc nghiém déu thyc.

1 . A
——— chi ¢6 cac nghiém
~ 1 + XZ S
thuc, hon nita 1a cac nghiém don va moi nghiém cia dao ham bac n nam gitra
hai nghiém cta dao ham bac n+ 1.

Gia st ring da thiic bac bdn P(x) c6 bén nghiém duong. Chiing minh riing
phuong trinh

1—4x

- P(x)+(11_4x

: ) Px)—P'(x) =0

X X

ciing c¢6 bon nghiém duong.

(Dé thi chon doi tuyén Viét Nam 1994)
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10.

11.

12.

13.

14.

15.

16.

Chiing minh rang v6i moi n nguyén dudng va véi moi x, ta c6

1 1 1
1+cosx+§cos2x—|— gcos3x+---—|—fcosnx2 0.
n

(Quy tic L’'Hopitale) Cho hai ham sb f(x) va g(x) xdc dinh va kha vi khip
ndi trong mot 1an cin nao d6 clia diém a, ngoai trit ¢6 thé 1a diém a. Gia st
ring

lim f(x) = limg(x) =0,

xX—a xX—a

va dao ham g’(x) khic 0 khip ndi trong 1an cin ndi trén clia diém a. Khi d6

/
néu ton tai gidi han lim f(@) , thi ciing ton tai gidi han lim @, va ta c6
x—a g'(a) x—=a g(a)
!
tim £y L)
x—a g(a) x—ag'(a)

Hay ching minh.

(M6 rong dinh 1y Rolle) Cho 0 < a < b. Néu f(x) bang 0 tai n+ 1 diém ctia
doan [a, b] va tit ca cdc nghiém clia da thic ag 4 aix + aox® + - - - + a,x" déu
thuc thi tai mot di€ém & nao d6 thuoc (a, b) ta c6 dang thic

aof (&) +arf (§)+-+anf™ (&) =0.

(M4 rong cong thic Lagrange) Cho ham s6 f(x) lién tuc va kha vi hai 1an tai
lan can diém xo. Ching minh riang véi moi x thudc l1an cin nay, ton tai & nam
gitia xg va x sao cho

O

f(x) = fx0) +f'(§)(x —x0) >

Ham s6 f(x) kha vi hai 1an trén toan truc s6 va bi chin. Chiing minh ring ton
tai di€m x( sao cho f”(xp) = 0.

Cho f(x) 1a ham s lién tyc trén R va tuan hoan véi chu ky 1, tdc 1a f(x+1) =
f(x) v6i moi x. Chiing minh ring ton tai s6 xo sao cho f(xo + ) = f(xo).

Cho ham sb f 1a ham s6 lién tuc tif R vao R sao cho |f(x) — f(y)| > |x — |
v6i moi x, y thuoc R. Chitng minh rang f 1a toan anh.

Phan chinh ctia bai nay dudc viét dua trén bai bdo “Céc dinh ly ton tai va dinh ly co
ban ctia dai s6” ctia GS V. Tikhomirov ding trén tap chi Kvant, s6 4/2005.
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