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Chuong 1

Pé thi Olympic Toan hoc
Hung vuong

1.1 Olympic Toan hoc Hiing vuong lan thi 1, nam
2005

Cau 1. Cac s6 nguyeén duong aq, as, as, as, as lap thanh mot cap sb6 cong tang.
Hoéi lap duge bao nhiéu cap s6 cong thod man dieu kién a; > 50 va as < 1007
Cau 2. Cac s6 nguyén duong ai, as, as, as, as lap thanh mot cap s6 nhan tang.
Hoéi lap duge bao nhiéu cap s6 nhan thod man diéu kién as < 1007

Cau 3. Cac s6 duong a1, as, a3, a4, as thod man cac diéu kien

(1) 2a1,2as,2as,2a4,2a; 1a cac s6 nguyén duong,
(’Ll) a1 +as +az+ag +as =99.

Tim gia tri 16n nhat ctia tich P = ajasasasas.

Cau 4. Gia st tam thiic bac hai f(x) luon luén duong v6i moi z. Chiing minh
rang f(x) viét duge dudi dang tong binh phuong ctia hai nhi thitc bac nhat.
Cau 5. Gia sit ham triing phuong g(x) = x4 bx? 4 ¢ luon luon duong véi moi .
Chitng minh ring g(z) viét duge dusi dang téong binh phuong ciia hai tam thic
bac hai.

Cau 6. Cho hinh vuéng ABCD. Tim quy tich cac diém M thudc hinh vudng
(phan bén trong va bién clia hinh vuong) sao cho dién tich cac tam giac M AB
va M AC bang nhau.
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Cau 7. Cho hinh vuong ABCD. Gia st E la trung diém canh CD va F 1l mot
d/iég 6] bén/\trong hinh vuéng. Xéac dinh vi tri diém @ thuoc canh AB sao cho
AQE = BQF.

1.2 Olympic Toan hoc Hiing vuong lan thi& 2, nam
2006

Cau 1. S6 do cac goc trong ctia mot ngii giac 16i c6 ty le 2:3:3:5:5. S6 do
clia géc nhoé nhat bang
[(A)] 207, [(B)] 40°, [(C)] 60°, [(D)] 80° [(E)] 90°.
Cau 2. Cho a # 0. Giai hé phuong trinh
22005 4 2005 4 /2005 _ (2005
22006 | /2006 | -2006 _ (,2006
22007 | 2007 | 22007 __ 2007

Cau 3. X4ac dinh bo s6 duong a, b, ¢ sao cho
az?y'? + by 2 + ezMa® > 1524827, Ve >0,y >0,z > 0.

Cau 4. Cho tam giac ABC va diém M thuoc BC. Xét hinh binh hanh APMN,
trong d6 P thuéc AB va N thudoc AC va hinh binh hanh ABDC’Lc’ii\duCing/ch\éo
AD va BC. O la giao dﬁn&:ﬁa BN va CP. Chiing minh rang PMO = NMO
khi va chi khi BODM = CDM.

Cau 5. Cho s6 duong M. Xét cac tam thiic bac hai g(z) = 22+ ax + b c6 nghiem
thyc 1, 22 va cac hé s6 thod man diéu kien

max{Jal, 6], 1} = M.
Tim gié tri 16n nhat ciia biéu thitc

(1 | [) (T + J2])-

1.3 Olympic Toan hoc Hiing vuong lan thi& 3, nam
2007

Cau 1. Mot da gidc 16i ¢6 nhiéu nhat 13 bao nhiéu géc nhon?
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(A) 2; (B) 3; (C) 4; (D) 5; (E) 6.

Cau 2. Mot da gidc 16i ¢6 nhiéu nhat 14 bao nhiéu goéc khong tu?
(A) 2; (B) 3; (C) 4 (D) 5; (E) 6.

Cau 3. Xac dinh hai chit s6 tan cling ciia s6 sau
M = 23 4 202006 | 902007 | 9520087
(A) 04; (B) 34; (C) 24; (D) 14; (E) Khéc cac dap s6 da neéu.

Cau 4. C6 n vien bi trong hop duge gan nhan lan luct 1a 1,2, ..., n. Ngudi ta
lay ra mot vién bi thi tdng cac nhan ciia s6 bi con lai 14 5048. Hoi vién bi d6 dugc
gan nhan 1 s6 nao?

(A) 1; (B) 2; (C) 3; (D) 4 (E) 5.

Cau 5. Cho s6 tu nhién abe chia hét cho 37. Chiing minh rang céc sb bea va cab
cling chia hét cho 37.

Cau 6. Cho 0 < a < 2. Giai hé phuong trinh sau

1
T+ —=ay
T
1
y+-—=az
Y
z+ - =aw.
z

Cau 7. Cho hinh binh hanh ABCD c¢6 AB < BC. Duong phan giac BP cua
goc ZABC cat AD & P. Biét raing APBC 1a tam giac can, PB = PC = 6cm va
PD = 5cm. Tinh do dai cAc canh ctia hinh binh hanh.

Cau 8. Chitng minh ring tam thitc bac hai g(z) = 322 — 2ax + b ¢6 nghi¢m khi
va, chi khi ton tai bo s6 «, 3, sao cho

a=oa+ [+
b=af+ By +yo

Cau 9. Cho ba s6 duong ai,as, as. Cac sd6 nguyén aq, as, a3 va 31, 32, 33 cho

truée thod man cac diéu kién

ajoq + azas +azaz =0
a1 51 + a2 + azfz = 0.
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Tim gi4 tri nhé nhat ctia biéu thitc
M = a1z + a9z 2y + azz®3y™®, >0,y > 0.

Cau 10. Tinh
1 1

3

M = —
Cos & Cos &~




Chuong 2

Dap an Olympic Toan hoc
Hung vuong

2.1 Dap an Olympic Toan hoc Hiuing vuong lan thi 1

Cau 1. (7 diém)
Cac s6 nguyen duong aq, as, as, as, as lap thanh mot cap s6 cong tang. C6 bao
nhiéu cap s6 cong thod man diéu kién a; > 50, a5 < 1007

Giai. Ta c6 a5 = a1 + 4d v6i d nguyén duong sao cho

50
= (2.1)
ar + 4d < 100

Néu d > 13 thi as > 50+ 4.13 > 100. Vay, 1 < d < 12. T day ta c6 tinh toan cu
thé cho ting truong hop:

d=1. Cé 45 day.
d = 2. Co6 41 day.
d = 3. C6 37 day.
d = 4. Cé 33 day.
d =5. Cé 29 day.
d = 6. Co 25 day.
d=17. Co6 21 day.
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d = 8. Co 17 day.

d=9.C6 13 day.

d =10. C6 9 day.

d=11. C6 5 day.

d=12. C6 1 day.
Co1+5-+9+- 41445 = (1+45) x 6 = 276 day.

Cach khac: Sau khi chitng minh 1 < d < 12, ta xay dung cong thic tong
quat
12
S=49x12-4> d
d=1

va thu duge S = 276.

Cau 2. (7 diém)
Cac s6 nguyén duong ai, as, as, as, as 1lap thanh mot cap s6 nhan tang. Co
bao nhiéu cap s6 nhan thod man diéu kién as < 1007

e 20 .2 2 n N ~ ~t 2 S A ~ 2 ~ o X PN N 7
Giai. Gia st — la cong boi ciia cap so nhan thod man dieu kién bai toan, n > m,
m
i

(m,n) =1. Khi d6 a5 = a3 nén a; = km* véi k nguyen duong. Céc s6 hang

)
m*
cua cap so nhan do 1a

km?, km>n, km*n?, kmn?, kn.

Néu n > 4 thi kn* > n* > 256 > 100. Vi vay n =2 vi n = 3.
n=23vam=2thi 81k < 100 nén k£ = 1. C6 mot cap sd

(16,24, 36, 54, 81).
n=23vam=1thi 81k < 100 nén k£ = 1. C6 mot cap s
(1,3,9,27,81).
n=2vam=1thi 16k <100 nén k =1,2,...,6. C6 6 cap so:

(1,2,..,(2,4,..),(3,6,..),(4,8,...),(5,10,...), (6,12,...).

Vay tong cong c6 8 cap s6 nhan thod man diéu kién as < 100.
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Cau 3. (7 diém)
Cac s6 duong a1, as, as, as, as thod man cac diéu kien

(1) 2a1,2as,2as,2ay, 2a; 1a cac s6 nguyen duong
(it) a1+ az+as+aqg+ a5 =99.

Tim gia tri 16n nhat va nhoé nhat ciia tich P = ajasazaqas?

Giai. Viét bai toan duéi dang
Cac s6 nguyen duong x1, T2, T3, T4, 5 thod man cac dieu kien

T+ x9 + 23+ 24 + x5 = 198.

Tim gia tri 16n nhat va nhoé nhat ciia tich P = 2%:E1:E2:E3:E4:E57

Khong gidm tong quat, gia st 1 < 29 < --- < 5. Khi d6 3 + 24 + 25 >
3.198
5 =118.

Néu w3 + x4 + x5 = 118 thi 21 + 2o = 40. Dé thay vo 1y.

Néu w3+x4+x5 = 119 thi ciing khong xay ra. Do vay, ta xét x3+x4+x5 > 120.
ap dung bat ding thic Cauchy, ta co

40(x1 + z2) + 39(x3 + x4 + x5)
)

{/(401)(4022) (3923) (3924) (39z5) <

40(z1 4+ w2 + @3 + 24 + 5) — (@3 + T4 + T5)
5

< 40 x 198 — 120 1560,
9
T do6 suy ra Ppax = 3042000 khi a1 = a9 = 19,5 va az = a4 = a5 = 20.
Cau 4. (7 diém)
Gia st tam thiic bac hai f(z) luon duong véi moi z. Chiing minh rang f(z)
viét duge dudi dang tong binh phuong ctia hai nhi thiic bac nhat.

Giai. Theo gia thiét, ta c6
f(z) =ax® +bx+c>0, Vo € R.
Suy ra

f(:n):<\/5$+%>2+%>0, vz € R.
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Stt dung dong nhat thiic

A2 B <A+B>2+<A—B>2’

V2

ta c6 ngay diéu phai ching minh.

Cau 5. (7 diém)

Gia st ham tring phuong g(z) = x* + bx? + ¢ luon luon duong véi moi .
Chitng minh ring g(z) viét duge dusi dang tong binh phuong ciia hai tam thic
bac hai.

Giai. Nhan xét rang ¢ > 0.
Khi A < 0, ta nhan dugc két qua nhu Cau 4.
Khi A > 0 tiic 1a b? — 4¢ > 0 hay b—2,/c > 0, khi dé ta st dung bién do6i sau

g(x) = (2% + Ve)* + (b - 2V/e)a”.

Cau 6. (7 diém)

Cho hinh vuong ABCD. Tim quy tich cac diém M thudc hinh vudéng (phan
bén trong va bién ciia hinh vudng) sao cho dién tich céc tam giac M AB va M AC
bang nhau.

Giai. Gia st ton tai diém M thoad méan yéu cau bai toan. Néi AM, ky kieu I 1a
giao diém ctia AM v6i BC. Ha cac duong BH, CK vuong goc véi AM.

1) Xét truong hgp M thuoc tam giac ABC. Tu gia thiét suy ra BH = CK.
Do do, ta c¢6 hai tam gidc bang nhau ABHI = ACKI. Vay, I can phai nidm
tren doan théng AI. Ngudc lai, d& dang chung minh dugc ring, néu M € AT thi
S(MAB) = §(MAC).

2) Xét truong hgp M thuoc tam giac ADC. T gia thiét suy ra BH = CK.
Do d6, M € AD. Vay, M can phai nidm trén canh AD. Ngudc lai, dé dang chiing
minh dugc rang néu M € AD thi hai tam gidc MAB va M AC c6 dién tich bang
nhau.

Cau 7. (7 diém)

Cho hinh vuéng ABCD. Gia sit E la trung diém canh CD va F la mot
d/iég 6] bgl\trong hinh vuéng. Xéac dinh vi tri diém @ thuoc canh AB sao cho
AQE = BQF.

Giai.
Gia st ton tai diem Q € AB thoa man diéu kien bai toan. Ky hieu P la diém
gitta canh AB va K la chan dudng vudng gbéc cua F lén AB.
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Xét truong hop K € PB. Dé dang chu‘ng minh @ € PB. Go1 F' 1a dlem doi
xting ctia F' qua AB. Dé dang thay ring FQB F’QB Suy ra AQE B’QF’
Do dé, ba diém E, @, F’ thang hang. Hay, Q 1a giao diém ctia EF’ v6i AB.

Xét truong hgp K € AP. Dé dang ching minh @ € AP. Tuong ti nhu trudng
hop trén, ta ching minh duge @ la giao diém ctia EF’ v6i AB.

2.2 Dap an Olympic Toan hoc Huing vuong lan thi 3

Cau 1. S6 do cac goc trong ctia mot ngii giac 16i c6 ty le 2:3:3:5:5. S6 do
clia géc nhé nhat bang
[(A)] 200, [(B)] 40, [(C)] 60°, [(D)] 80° [(E)] 90
Giai. [(C)].
Tong cac géc trong clia ngil giac 16i c6 s6 do bing 540°. Khi dé

22 + 32 + 3z + 5z + 5 = 540",
Suy ra z = 30°. Vay, s6 do géc nho nhat bang 60°.

Cau 2. Cho a # 0. Giai hé phuong trinh

72005 + y2005 + 2005 — 2005
$2006 + y2006 + Z2006 — a2006
$2007 + y2007 + Z2007 — a2007'

Giai. Tru6c hét ta giai hé phuong trinh
$2005 + y2005 + 252005 =1

2006 4 /2006 4 ;2006 _ 1 (2.2)
2007 4 2007 | 2007 _

Tt phuong trinh thi 2 trong hé (2.2) dé dang suy ra z,y, z € [—1, 1]. Trit phuong
trinh tht 2 cho phuong trinh thit ba trong hé dé ta thu dugc
:L'2006(1 . :E) + y2006(1 . y) + z2006(1 . Z) -0

Dé dang suy rax = 0,1;y = 0,1; 2 = 0, 1. Thit lai ta duge ba nghiém ctia hé (2.2)
1
(z,y,2) = (1,0,0);(0,1,0);(0,0,1).

Bay gis ta giai bai toan. Dt
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Khi d6 (2,4, 2’) 1a nghiém ctia phuong trinh (2.2). Vay nghiém ctia bai toan 1a

(z,y,2) = (a,0,0);(0,a,0);(0,0,a).

Cau 3. X4ac dinh bo s6 duong a, b, ¢ sao cho

az’y'? + by + c2'a® > 1524827, Vo >0,y > 0,2 > 0.

Giai.
Stt dung bat ding thiic giita céc trung binh cong va nhan

autbotcw > ( “vbwc)l/(“+b+c), Ya,b,c; uw.ov,w > 0.
a+b+c

(2)

Dau déng thiic x4y ra khi v& chi khi u = v = w = 1. Ta can chon cac s6 duong
a, b, c sao cho dong thai x4y ra

9+ b1 8
ax +15—|-C:E >$4’ Va >0,

12 9
ay“ + by’ + c.1 8
> y°, Yy >0,
15 Yy Yy

9 11
a.l —|—bi5—|—cz > 27 Ve>0.

Theo (2) thi

a+b+c=15
9(1—1-86_4

15
12a +9b

15

9+ 1lc
5

He phuong trinh tuyén tinh nay cho ta nghiém duy nhat a =4, b =8 va ¢ = 3.
Thé cac gia tri a, b, ¢ vao vé trai ctia (1), ta thu duge

429" + 8y”2° + 3211 2® > 1524827, V2 >0,y >0,2>0

la ding.
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That vay, ta cé

41,9 12+8y9z9—|—3z11:138

15
($9y12_|_ +$9y12)_|_(y9z9_|_m_|_ygzg)+(z11$8+z11$8+z11$8)
15
> |::E4.9+3.8y4.12+8.9z8.9+3.11 1/15 _ $4y8z7

tic 1a
429" 4+ 8y” 2% + 321 2% > 1521827, Vo >0,y > 0,2 >0,
diéu phai chitng minh.
Cau 4. Cho tam giac ABC va diém M thuoc BC. Xét hinh binh hanh APM N,
trong do P thuoc AB va N thuoc AC' va hinh binh hanh ABDC' véi dudng chéo

AD va BC. O la giao dlem cia BN va CP. Ching minh ring PMO = NMO
khi va chi khi BDM = CDM.

Giai. Ta chitng minh cac diém O, M, D thang hang. Gia st dudng thang chita OM
cat BD va CD lan luct tai Dy va Do tuong ting. Ta chitng minh Dy = Dy = D.
Goi K la giao diém ctia M P va BN, L la giao diém ctia M N va CP. Khi dé thi
NK AP NL
NB AB NM’
Suy ra
NK NL
NB NM’
Do d6 KL || BC. Vay nén
OM OK OL OM
OD, OB OC ODy

Diéu do6 0 chiing t6 Dy = Dy = D hay cac « dlem O, M, D thing hang. Khi d6 hién
nhien M PO = N PO khi va chi khi BDP = CDP.

Cau 5. Cho s6 duwong M. Xét cac tam thiic bac hai g(z) = 22 +ax + b c6 nghiém
thyc 1, 22 va cac hé s6 thod man diéu kien

max{|al, [b], 1} = M.
Tim gié tri 16n nhat ciia biéu thitc

(1 | [) (1 + |a2]).



2.3. Dap an Olympic Toan hoc Hung vitong lan thit 3 15

Giai. Ta co
—a —+Va? —4b —a+ va?—4b

Ty = 22 5
va
(L4 |z )X+ [@2]) = 1+ |z1@2| + [@1] + |z2| = 1+ [b] + |21] + |22].
Néu b > 0 thi |z1| + |z2| = |71 + 22| = |a|. Do d6
1+ [z1[)(X + [z2]) 1+ (b + |a| < 1+2M. (1)

Néu b < 0 thi 21 <0, va 29 > 0. Khi d6

2] a+va?—4b
xry = ’
2

12l —a++va?—4b

To| = B .
Suy ra

21| + |22| = Va? — 4b < VM2 + 4M.

Do do

I+ |z1) (X + |xe|) <14+ M+ / M? +4M. (2)
So sanh (1) va (2), ta thu duge

max[(1+ |z1|)(1+ |z2))] =1+ M + /M2 +4M
va dat dugc khi a = +M, b = —M. Luac dé phuong trinh bac hai c6 dang

22+ Mz — M =0.

2.3 Dap an Olympic Toan hoc Hung vuong lan thi 3

Cau 1. Mot da gidc 16i ¢6 nhiéu nhat 13 bao nhiéu géc nhon?
(A) 2; (B) 3; (C) 4 (D) 5; (E) 6.

Giai. (B) 3.

Cau 2. Mot da giac 16i ¢6 nhiéu nhat 14 bao nhiéu goéc khong tu?
(A) 2; (B) 3; (C) 4 (D) 5; (E) 6.

Giai. (C) 4.
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Cau 3. Xac dinh hai chit s6 tan cling ciia s6 sau
M = 23 +2020% 1 2002007 1 200620087
(A) 04; (B) 34; (C) 24; (D) 14; (E) Khac cac dap s6 da néu.
Giai. (C) 24.
Cau 4. C6 n vien bi trong hop duge gan nhan lan luct 1a 1,2, ..., n. Ngusi ta
lay ra mot vién bi thi tdng cac nhan ciia s6 bi con lai 14 5048. Hoi vién bi d6 dugc
gan nhan 1 s6 nao?

(A) 1; (B) 2; (C) 3; (D) 4; (E) 5.

Giai. (B) 2. Taco

1
Vay nén
M_k:amg
2
hay

n(n+1) — 2k = 10096.

Ta c6 déng thic sau:
100.101 — 22 = 10096.

Cau 5. Cho s6 tu nhién abe chia hét cho 37. Ching minh rang céc sb bea va cab
cling chia hét cho 37.

Giai. Ta c6, theo gia thiét thi
M = (100a + 10b+ ¢) : 37

va
N = 11bca = 1100b+ 110¢ + 11a.
Suy ra
M+ N =111(a + 10b + ¢) : 37.

Tiép theo, ta c6 o
P =101cab = 10100c¢ + 1010a + 101b
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nén

M+ P =111(a+ b+ 273¢) : 37.

Cau 6. Cho 0 < a < 2. Giai hé phuong trinh sau

1
T+ - =ay
x
1
y+-—=az
Y
1
z+ - =ax

Giai. Chi can xét z,y, z > 0. T bai ra, do x+— > 2, nén chi can xét z,y, z > 1.
x

Goi x = max{x,y, z}.
Néu y > z thi

nén

1 1 1
rt-zat+-2y+ -
z x x
Do z,y,z > 1 nén
1 1
_g_
z oz
hay x < z. Suy rax =y = z va tr do6 ta co
- Néu 0 < a < 1 thi he vo nghiém,
-Néul<a<?2th
1
r=y=z= .
Y a—1
Néu z > y thi
1 1
2+ -2yt -
< Yy

va ta cling thu duge két qua nhu da c6 & tren.

Cau 7. Cho hinh binh hanh ABCD c¢6 AB < BC. Duong phan giac BP cua
goc ZABC cat AD & P. Biét raing APBC 1a tam giac can, PB = PC = 6cm va
PD = 5cm. Tinh do dai cAc canh ctia hinh binh hanh.



18 Chuong 2. Pap an Olympic Toan hoc Hung vuong

Gidi. Ta c6 AABP ~ APBC nén

Giai phuong trinh nay ta thu duge x = 4.

Cau 8. Chitng minh ring tam thic bac hai g(x) = 322 — 2az + b ¢6 nghiém khi
va, chi khi ton tai bo s6 «, 3, sao cho

a=oa+ [+
b=af+ By +yo

Giai. Diéu kién dii 1a hién nhien vi
A'=a>-3b=(a+B+7)*-3B+By+7a)=0

tng v6i moi bo «, 3, 7.

Ngugc lai, néu g(x) c6 hai nghiem 1a u,v. Néu u = v thi chi can chon a =
B=~v=wu Néuu#vthichona=u, B=vvay= u—2|—v'

Cau 9. Cho ba s6 duong ai,as, as. Cac sd6 nguyén aq, as, a3 va 31, 32, 33 cho
truée thod man cac dieu kién

ajoq + azas +azaz =0

a151 + azfz2 + azfBs = 0.

Tim gi4 tri nhé nhat ciia biéu thitc

M = a12%'y"" + a2y 4+ agz®3y®, = >0,y > 0.

Giai. Ta co
1

Py (a1$a1y51 + az:nazyﬁz + a3$a3y63)

> g1 + a2z + azaz a1 b1 + a2l +asfs _ g
Vay nén M > a; + as + az. Dau ding thiic x4y ra khi va chi khi 2 =y = 1.

Cau 10. Tinh
1 1
3’

s
COS 5 COS 5

M =
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Giai. Dé thay phuong trinh cos 3z + cos 2z = 0 ¢6 nghiém

:L':g—l—Qk‘ﬂ'; r=m+ 2km.

Mat khac, phuong trinh trén tuong duong véi

4eos®r42cos’r —3cosz—1=0, <= (cosz+1)(4cos’x—2cosx—1)=0.

3
Do do6 cos g, cos % 13 hai nghiém ctia phuong trinh 4t> — 2t — 1 = 0. Suy ra

1 1
W; —— la hai nghiém ctia phuong trinh
5 Ccos

1 1
4— —92-—-1=0, < 2+2—-4=0.
2 t ’ *

St dung dinh ly Viet, ta thu duge M = —2.

Nhan xét 2.1. Trong SGK c6 bai tap: Biét rang cos 360 = . Tinh sin 18°.

Do dé, c6 thé hoc sinh st dung két qud nay dé tinh M.

145
1



Chuong 3

Olympic Toan hoc Ha No6i mdo
rong

3.1 Olympic Toan hoc Ha N6i mé rong nam 2006

3.1.1 Ldp 8 (Junior Section)
Chti Nhat, 09 thang 04 nam 2006 14h00-15h30

Cau 1. Hay xac dinh hai chit s6 cudi clia s6

(11412 + 13 + - - - 4 2006)?

Cau 2. Hay xac dinh hai chit s6 cudi clia tong
2005 4+ 20052 + - - - + 2005296,

Cau 3. Hay xac dinh s6 lugng cac bo ba sé nguyen duong phan biét (z,y, 2) thoa
man dong thdoi cac phuong trinh

24+ y—2=100 vd x4y —z=124.
Cau 4. Gia st x va y 13 hai s6 thiyc thod man cac hé thitc
r+y—xzy=155 va $2+y2:325.
3 |

Tim cic gia tri clia bicu thic |23 — 33|

20
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Cau 5. Cho s6 nguyén duong n v xét cac bo ba s6 tuy ¥ c6 tong bing 3n + 1
dugc chon tir tap {1,2,3,...,3n+ 1}.
Tim gi4 tri 16n nhat ctia tich cac s6 tit bo ba s6 d6?

Cau 6. Cho lyc gidc déu ABCDEF. Tim quy tich cic diém M nim trong hinh
luc giac do6 sao cho

Dién tich AMAC = Dién tich AMCD.

Cau 7. Trén duong tron (O) ban kinh 15c¢m cho hai diém A, B. Dudng cao OH
ciia tam giac OAB cat (O) tai C. Tinh do dai AC biét rang AB = 16cm?

Cau 8. Trong AABC cho PQ//BC, trong d6 P va Q lan lugt thuoc AB va AC
tuong ting. Cac doan thang PC va QB céat nhau tai G. Biét raing EF//BC, trong
46 G € EF, E € AB va F € AC trong d6 PQ = a vd EF = b. Tinh do dai BC.

Cau 9. Tim gié tri nhé nhat ctia biéu thiic

2 2

r+y —x—y—ay?

3.1.2 Ldp 10 (Senior Section)
Chii Nhat, 09 thang 04 nam 2006 14h00-15h30

Cau 1. Hay xac dinh ba chit s6 cudi ciing ctia tong
1114+ 121 4+ 13!+ - - - + 2006!
Cau 2. Hay xac dinh ba chit s6 cudi ciing ctia tong
2005'" 4 2005'% + - - - 4 200579,

Cau 3. Biét rang
alogbc + blogca = m.
Tinh gi4 tri ctia biéu thitc
Clogba + alogc b?

Cau 4. So sanh hai s6 )
V2 9ME 3.
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Cau 5. Cho lyc giac déu ABCDEF. Tim quy tich cic diém M nim trong hinh
luc giac do6 sao cho

Dién tich AMAC = Dién tich AMCD.

Cau 6. Trén duong tron ban kinh 30cm are cho hai diém A, B v6i AB = 16cm
va C la trung diém ctia AB. Tinh do dai dusng vuong géc ha tit C' t6i dudng
tron?

Cau 7. Trong AABC cho PQ//BC, trong d6 P va @ lan lugt thuoc AB va AC
tuong ting. Cac doan thang PC va QB céat nhau tai G. Biét rang EF//BC, trong
46 G € EF, E € ABva F € AC trong d6 PQ = a va EF = b. Tinh do dai BC.

Cau 8. X4c dinh cac da thitc P(x) thod man diéu kien

1 1
P(x) + Pig(;ig) =z + 2 Va # 0.

Cau 9. Xét cac sb6 x,y, z thod man dieu kien 22 + y? + 22 = 1. Tim gia tri lén
nhéat ciia biéu thitc
|23 + 43 + 2% — 2yz|?

3.2 Olympic Toan hoc Ha No6i mé rong nam 2007

3.2.1 Ldp 8 (Junior Section)
Sunday, 15 April 2007 09h00-11h00

Cau 1. Xac dinh hai chit s6 cudi cling ctia s6
(34+ 7+ 11+ -+ 2007)%?

(A)01; (B)11; (C)23; (D)37; (E) None of the above.
Cau 2. Xac dinh s6 nguyén duong n 16n nhat thoad man bat dang thiic:
2006 _ 720079
A)7; (B) 8 (C)9; (D)10; (E) 11.
Cau 3. S6 cac duong chéo c6 thé c6 ctia mot da giac 16i 1a bao nhieu?
(A)02; (B)21; (C)32; (D)54; (E) 63.
Cau 4. Let m and n denote the number of digits in 22°97 and 52°°7 when
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expressed in base 10. What is the sum m + n?

(A)2004; (B)2005; (C)2006; (D)2007; (E) 2008

1
Cau 5. Let be given an open interval (a;eta) with eta — a = 2007 Determine
the

maximum number of irreducible fractions % in (o eta) with 1 < b < 20077
(A)1002; (B)1003; (C)1004; (D)1005; (E) 1006.

Cau 6. In triangle ABC, Z/BAC = 60°, ZACB = 90° and D is on BC. If AD
bisects ZBAC and CD = 3cm. Then DB is

(A)3; (B)4; (C)5 (D)6 (E) 7.

Cau 7. Nine points, no three of which lie on the same straight line, are located
inside an equilateral triangle of side 4. Prove that some three of these
points are vertices of a triangle whose area is not greater than /3.

Cau 8. Let a, b, ¢ be positive integers. Prove that

(b+c—a)? (c+a—-0b)% (a+b—c)? 23
(b+c)2+a? (c+a)?+b> (a+b2+c2~ 5

Cau 9. A triangle is said to be the Heron triangle if it has integer sides and
integer area. In a Heron triangle, the sides a, b, ¢ satisfy the equation
b = a(a — ¢). Prove that the triangle is isosceles.

1
Cau 10. Let a, b, ¢ be positive real numbers such that e + —+ o > 1. Prove
c ca a

b
that — + — 4+ — > 1.
bc  ca ab
Cau 11. How many possible values are there for the sum a+b+c+d if a,b,c,d

are positive integers and abed = 2007.
Cau 12. Calculate the sum
5 5 5

27 T 712 T T 20022007

Cau 13. Let be given triangle ABC. Find all points M such that
area of AM AB= area of AMAC.
Cau 14. How many ordered pairs of integers (x, y) satisfy the equation

2202 + oy + Yy = 2(x + y)?
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Cau 15. Let p = abc be the 3-digit prime number. Prove that the equation
ar’ +br+c=0

has no rational roots.

3.2.2 Senior Section

Sunday, 15 April 2007 09h00-11h00

Cau 1. What is the last two digits of the number
(112 + 152 + 192 + - - 4 2007%) 7

(A) 01; (B) 21; (C) 31; (D) 41; (E) None of the above.
Cau 2. Which is largest positive integer n satisfying the following inequality:

n?097 > (2007)™.

(A) 1; (B) 2; (C) 3; (D) 4; (E) None of the above.
Cau 3. Find the number of different positive integer triples (z, y, z) satsfying
the equations

t4+y—z=1 and 2?+y?—22=1.

(A) 1; (B) 2; (C) 3; (D) 4; (E) None of the above.
Cau 4. List the numbers \/5, {’/g, , {L/Z, /5 and V6 in order from greatest to
least.

Cau 5. Suppose that A, B, C, D are points on a circle, AB is the diameter, C'D
is perpendicular to AB and meets AB at E, AB and C'D are integers
and AE — EB = +/3. Find AE?

Cau 6. Let P(x) = 2% + az? + bz + 1 and |P(z)| < 1 for all x such that |z| < 1.
Prove that |a| + |b] < 5.

Cau 7. Find all sequences of integers x1, za, ..., Ty, ... such that ij divides
x; + x; for any two distinct positive integers ¢ and j.

Cau 8. Let ABC' be an equilateral triangle. For a point M inside AABC,
let D, E/, F be the feet of the perpendiculars from M onto BC,CA, AB,
respectively. Find the locus of all such points M for which ZFDFE is a
right angle.
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Cau 9. Let aq, a9, ..., aso7 be real numbers such that
a1 + ag + - - -+ agor > (2007)2 and a? + a3 + - - - + adger < (2007)3 — 1.

Prove that aj € [2006;2008] for all k € {1,2,...,2007}.
Cau 10. What is the smallest possible value of

2?4292 —x — 2y — xy?

Cau 11. Find all polynomials P(z) satisfying the equation

(22 —1)P(z) = (v — 1)P(2z), V.

Cau 12. Calculate the sum

1 1 1
5712 71217 T T 1997.2002.2007

Cau 13. Let ABC' be an acute-angle triangle with BC' > CA. Let O, H and F
be the circumcenter, orthocentre and the foot of its altitude C'H,
respectively. Suppose that the perpendicular to OF at F meet the side
CA at P. Prove /ZFHP = /BAC.

Cau 14. How many ordered pairs of integers (x, y) satisfy the equation

22 4y oy = 4(x +y)?
Cau 15. Let p = abed be the 4-digit prime number. Prove that the equation
ax® + bz 4+ cx +d=0

has no rational roots.

3.2.3 Junior Section

Sunday, 09 April 2006 14h00-15h30

Q1. What is the last two digits of the number

(11412 + 13 + - - - + 2006)?
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Q2. Find the last two digits of the sum
2005 + 20052 + - - - 4+ 20052096,

Q3. Find the number of different positive integer triples (x,y, z) satisfying the
equations
22 4+y—2=100 and z+y®—2z=124.

Q4. Suppose x and y are two real numbers such that
z4+y—ay=155 and 2%+ y? = 325.

Find the value of |23 —33|.

Q5. Suppose n is a positive integer and 3 arbitrary numbers are choosen from
the set {1,2,3,...,3n+ 1} with their sum equal to 3n + 1.
What is the largest possible product of those 3 numbers?

Q6. The figure ABCDEF is a regular hexagon. Find all points M belonging to
the hexagon such that

Area of triangle M AC' = Area of triangle M CD.

Q7. On the circle (O) of radius 15cm are given 2 points A, B. The altitude OH
of the triangle OAB intersect (O) at C. What is AC' if AB = 16e¢m?

Q8. In AABC, PQ//BC where P and @ are points on AB and AC respectively.
The lines PC and @B intersect at G. It is also given EF//BC, where G € EF,
E € AB and F € AC with PQ = a and FF = b. Find value of BC.

Q9. What is the smallest possible value of
24y —x—y—ay?

3.2.4 Senior Section

Sunday, 09 April 2006 14h00-15h30

Q1. What is the last three digits of the sum
1114 120+ 13! + - - - + 2006!
Q2. Find the last three digits of the sum

2005 + 20052 + - - - 4 20052096,
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Q3. Suppose that
alogbc + blogca = m.

Find the value of
Clogba + alogc b?

Q4. Which is larger
1
2‘/5, o'V and 3.

Q5. The figure ABCDEF is a regular hexagon. Find all points M belonging to
the hexagon such that

Area of triangle M AC = Area of triangle MCD.

Q6. On the circle of radius 30cm are given 2 points A, B with AB = 16cm and
C'is a midpoint of AB. What is the perpendicular distance from C' to the circle?

Q7.In AABC, PQ//BC where P and @ are points on AB and AC respectively.
The lines PC' and @B intersect at G. It is also given FF'//BC, where G € EF,
FE € AB and F € AC with PQ = a and EF = b. Find value of BC.

Q8. Find all polynomials P(x) such that

1 1
P(x) + Pig(;ig) =z+ 2 Vo # 0.

Q9. Let z,y, 2z be real numbers such that 22 + y? + 22> = 1. Find the largest
possible value of
|23 4+ 3 + 23 — xyz|?

3.3 Olympic Toan hoc Ha N6i mé rong nam 2007

3.3.1 Junior Section

Sunday, 15 April 2007 09h00-11h00

Q1. What is the last two digits of the number
(3+7+11+---+2007)%?

(A)01; (B)11; (C)23; (D)37; (E) None of the above.
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Q2. What is largest positive integer n satisfying the following inequality:
n2006 _ 720079
(A)7; (B) 8 (C)9; (D)10; (E) 11.
Q3. Which of the following is a possible number of diagonals of a convex
polygon?

(A)02; (B)21; (C)32; (D)54; (E) 63.

Q4. Let m and n denote the number of digits in 22°°7 and 52°°7 when
expressed in base 10. What is the sum m + n?
(A)2004; (B)2005; (C)2006; (D)2007; (E) 2008.
1
Q5. Let be given an open interval («; eta) with eta — a = ——. Determine the

2007
maximum number of irreducible fractions % in (o eta) with 1 < b < 20077

(A)1002; (B)1003; (C)1004; (D)1005; (E) 1006.

Q6. In triangle ABC, Z/BAC = 60°, ZACB = 90" and D is on BC. If AD
bisects ZBAC and CD = 3c¢m. Then DB is
(A)3; (B)4; (C)5 (D)6 (E) 7.

Q7. Nine points, no three of which lie on the same straight line, are located
inside an equilateral triangle of side 4. Prove that some three of these
points are vertices of a triangle whose area is not greater than /3.

Q8. Let a, b, ¢ be positive integers. Prove that

(b+c—a)? (c+a—-0b)% (a+b—c)? .3

(b+e)2+a? (c+a)3?+b* (a+b)2+c* 75

Q9. A triangle is said to be the Heron triangle if it has integer sides and
integer area. In a Heron triangle, the sides a, b, ¢ satisfy the equation
b = a(a — ¢). Prove that the triangle is isosceles.

1 1 1
Q10. Let a, b, ¢ be positive real numbers such that e —|— — —|— = > 1. Prove
a

b
that —+ —+ _b > 1.
c a
Q11. How many p0551ble values are there for the sum a +b+c+dif a,b,c,d
are positive integers and abed = 2007.

Q12. Calculate the sum
5 5 5

27 T 712 T T 2002.2007
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Q13. Let be given triangle ABC. Find all points M such that
area of AM AB= area of AMAC.
Q14. How many ordered pairs of integers (x, y) satisfy the equation

2% + 2 + a2y = 2(x +9)?

Q15. Let p = abe be the 3-digit prime number. Prove that the equation
ar’ +br+c=0

has no rational roots.

3.3.2 Senior Section

Sunday, 15 April 2007 09h00-11h00

Q1. What is the last two digits of the number
(112 + 152 + 192 + - - 4 2007%)*?

(A) 01; (B) 21; (C) 31; (D) 41; (E) None of the above.
Q2. Which is largest positive integer n satisfying the following inequality:

n2007 > (2007)".

(A) 1; (B) 2; (C) 3; (D) 4; (E) None of the above.
Q3. Find the number of different positive integer triples (z,y, z) satsfying
the equations

t4+y—z=1 and z?+y?—22=1.

(A) 1; (B) 2; (C) 3; (D) 4; (E) None of the above.
Q4. List the numbers V2, /3, ,v4, v/5 and v/6 in order from greatest to
least.

Q5. Suppose that A, B, C, D are points on a circle, AB is the diameter, C'D
is perpendicular to AB and meets AB at E, AB and CD are integers
and AE — EB = +/3. Find AE?

Q6. Let P(z) = 23 + ax? + bz + 1 and |P(x)| < 1 for all z such that |z| < 1.
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Prove that |a| + |b] < 5.

Q7. Find all sequences of integers x1, xo, ..., Zy,... such that ij divides
x; + x; for any two distinct positive integers ¢ and j.

Q8. Let ABC' be an equilateral triangle. For a point M inside AABC,
let D, E/, F be the feet of the perpendiculars from M onto BC,CA, AB,
respectively. Find the locus of all such points M for which ZFDFE is a
right angle.

Q9. Let aq, as, ..., a7 be real numbers such that
a1 + ag + - - -+ aggor > (2007)? and a? + ad + - - -+ adger < (2007)% — 1.

Prove that aj € [2006; 2008] for all k € {1,2,...,2007}.
Q10. What is the smallest possible value of

22+ 2% — 2 — 2y — xy?

Q11. Find all polynomials P(z) satisfying the equation

(22 — 1)P(z) = (v — 1)P(2z), V.

Q12. Calculate the sum

1 1 1
5712 " 71217+ T 1997.2002.2007

Q13. Let ABC be an acute-angle triangle with BC' > C'A. Let O, H and F
be the circumcenter, orthocentre and the foot of its altitude C'H,
respectively. Suppose that the perpendicular to OF at F meet the side
CA at P. Prove /ZFHP = /BAC.

Q14. How many ordered pairs of integers (x, y) satisfy the equation

22 4yt oy =4(x+y)?
Q15. Let p = abed be the 4-digit prime number. Prove that the equation
ax® +ba* +cx+d=0

has no rational roots.




Chuong 4

Mot sé6 phuong phap giai toan

Dé giai bai toan trudc hét phai can cit vio dang, noi dung diéu kién ma chon
phuong phap giai thich hogp. Néu bai toan c6é thé gidi bing nhiéu cach, thi can
chon phuong phap tét nhat theo mot tiéu chi nao do.

Noi dung co ban ciia bai viét nay duge rit ra tit cac bai gidng clia tac gia tai
Khoi pho thong chuyen Toan-Tin Truong dai hoc Khoa hoc Ty nhién vh mot s6
Trudng trung hoc pho thong chuyen.

Bai viét gom hai phuong phap co ban nhat:

- Phuong phap quy nap,

- Phuong phap phéan chiing,
va nam phuong phap dic thit dé gidi cac bai toan khong mau muc. do la:

- Phuong phap suy luan tric tiép

- Phuong phap logic ménh dé

- Phuong phap bang

- Phuong phéap so do

- Phuong phap do thi

Mbi phuong phap déu c6 phan tém tat Iy thuyét, noi dung. Song chii yéu van
14 thong qua hé théng vi du dé minh hoa cach tng dung dé giai toan.

Nhan dip ky niém 40 nam ngay thanh lap Khoi pho thong chuyén Todn Truiong
dai hoc Tong hop Ha noinay 1a Khéi phd thong chuyén Toan-Tin Truong dai hoc
khoa hoc T nhién, dai hoc Qubc gia Ha noi trong cac vi du tit phan III tré di
tac gid man phép ghi lai tén mot s6 trong cac Thay Co giao da gin bé va cong
hién hét minh cho sy phét trién va thiang hoa ctia Khoi.

31
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4.1 Phuong phap quy nap

Phuong phap quy nap c6 vai tro vo cuing quan trong trong toadn hoc, khoa
hoc va cuoc song. Déi v6i nhiéu bai toan phd thong phuong phap quy nap ciing
cho ta cach giai httu hiéu.

Suy dién la qué trinh tit “tinh chat” ctia tap thé suy ra “tinh chat” ctia ca thé,
nén luon luon ding, con qué trinh ngugce lai, tic 1a qué trinh qui nap: di tu “tinh
chat” ctia mot s6 ca thé suy ra “tinh chat” clia tap thé, thi khong phai lic nao
cling dang. Qua trinh nay chi ding khi né thod man mot s6 dieu kién nao do,
tttc thod man nguyén 1y quy nap.

4.1.1 Nguyén ly quy nap

Néu khéng dinh S(n) thod mén hai didu kign sau:

a) Dung véi n = ko (s6 tu nhién nho nhat ma S(n) xac dinh).

b) Tu tinh ding dén cia S(n) déi véi n = t (hodic d6i v6i moi gia tri cla
n(ko < n < t)) (t = ko) suy ra tinh ding dan ctia S(n) déi véin = t+1, thi S(n)
ding v6i moi n > kg

4.1.2 Phuong phap ching minh biang qui nap

Gia st khang dinh T'(n) xac dinh v6i moi n > t. dé chitng minh 7T'(n) ding véi
Vn > tg bang qui nap, ta can thiic hién hai buéc sau:

a) Cd s quy nap

Thuc hien buée nay tic 1a ta thit xem sy dung dan ctia T'(n) v6i n = ty nghia
la xét T'(tg) c6 dung hay khong?

b) Quy nap

Gia sit khang dinh T'(n) da ding v6i n = t (hodc ddi véi moi n tg < n < t)).
Trén co sé gia thiét nay suy ra tinh dung dan cta T'(n) déi v6i n = t + 1, tiic
T(t+ 1) dang.

Néu cé hai budc trén déu thod méan, thi theo nguyén ly quy nap T'(n) ding
voi moi s6 n > 1 (n = to)

Trong qua trinh qui nap néu khong thyc hién day du ca hai buée: Co s6 qui
nap va quy nap, thi c6 thé dan dén két luan sai lam ching han trong cac vi du
sau:

Vi du 4.1. Nha Todn hoc Ditc vi dai G. V. Lepnit vao thé ky thi 17 sau khi
chiing minh duogc: Vi moi s6 nguyén duong n s6 n® —n chia hét cho 3, so n®
chia hét cho 5, s6 n” —n chia hét cho 7 da b6 qua cd khau quy nap va co sé quy

nap ma dua ra khdang dinh: Vi moi s6 1é k va vdi moi s6 tw nhién n sé6 n* —n

—nNn
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chia hét cho n. Khing dinh nay khong ding bdi vi s6 2° —2 = 510 khong chia hét
cho 9.

Vi du 4.2. Xét tam thiic bac hai T(x) = 2% + x + 41. Khi thay

x =0 ta duge T(0) = 0%+ 0+ 41 = 41 la s6 nguyén to.

x =1 ta duge T(1) = 12 + 1+ 41 = 43 la $6 ngyuén to.

x = 2,3,4,5,6,7,8,9, 10 dudc cic so nguyén to tuong ting 47, 53, 61,
71, 83, 97, 113, 131, 151. Nhu vay budc co s quy nap thod man, nhung néu
b6 qua budc quy nap ma két luan rang: Khi thay x bang so nguyén khong am
tuy ¥ n s6 T(n) = n? +n + 41 la s6 nguyén to, thi sé sai lam. Bédi vi, néu
thay x = 0,1,2,3,...,39, déu cé T(z) la so nguyén to, nhung khi x = 40 lgi c6
T(40) = (40)2 + 40 4 41 = 40[40 4 1] + 41 = 40.41 4+ 41 = (41)2 la hop 6!

4.1.3 Van dung phuong phap qui nap dé giai toan dai sd va sb
hoc

phuong phap quy nap duge sit dung trong tinh toan, trong chitng minh va suy
luan duéi nhiéu dang khac nhau. Sau day sé thong qua hé théng vi du dé minh
hoa mot s6 van dung phuong phap quy nap.

Van dung phuong phap qui nap trong tinh toan

dé giai quyét mot bai tap tinh toan nao dé bang phuong phip quy nap ta:

- Van dung buée quy nap cho mot vai “dang s6 lieu” ban dau. Trén co sd d6
du doan “dang sb lieu tong quat”.

- Sau d6 van dung buéc quy nap dé chitng minh “dang sé lieu” du doan chinh
13 “dang s6 lieu” can tim.

Vi du 4.3. Hay tinh tong ciia n s6 ty nhién dau tién.
Giai.
Ta ky hiéu tong ctia k s6 tur nhién dau tien la Sy
1) Co s6 quy nap

L(1+1
vaik:1c651:1:%
2.(241
Véik:2c652:1+2:3:%
3.3+ 1
Véik:3c653:1+2+3:6:%

Trén co s dang ctia Sq, So, S3 ta dir doan tong ctia n s6 tu nhien dau tien S,
c6 dang;:
nn+1)
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Y 1 N
2) Van dung quy nap dé ching minh S,, = M la dang can tim.
That vay! Gia sit dang tong da ding v6i n = k > 1, tic tong cla k s tu

nhién dau tién da cé:

Sk:1+2+"'—|—k‘:@-
Khi d6 v6in =k + 1, ta co:
Sen =142+ k(b1 = M oy o B DEED)
Vay déang thiic (1) ding v6i moi s6 tit nhién k, nén véin = k c6 S,, = w

Vi du 4.4. Hay tinh tong binh phuong cia n s6 tu nhién dau tién.
Giai.
1) Co sé quy nap

Dimng Sj, dé ky hiéu tong binh phuong ciia k s6 tu nhien dau tien. Khi do véi
1.(14+1)(2.1+1
k=1c6 S =12=1= U+DE1+1)

2.(3+1)(2.2+1)

k=2c6S,=124+23=5=

6
(B+1)(23+1
F—306 S = 12422182 =y 23T D@3+

Trén co so dang Si, S, S3 du kién tdng binh phuong ciia k s6 tu nhién dau
tién

g _ Bkt 1)é2.k: +1)

nn+1)2n+1)

2) Van dung quy nap dé chiing minh chinh 1a téng binh
phuong ciia n s6 ty nhién dau tién.
That vay, gid st véi n = k > 1, tiic tong binh phuong ctia k s6 tu hien dau
tién da co:
k(k+1)(2.k+1)
6

Sp=124+224 .. 4+ (k-12+k?=
Khi d6 v6in =k + 1 ta co:

S =124+22 4+ 4 (k=12 4+ k2 + (k+1)

_k(k+ 1)é2.1<;+ Dy ks 1)
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zﬁgim@k+1y+ak+1n

:E%iw@k+w+2@k+m]

(k+1)(k+2)2(k+1)+1)
5 .

Vay déng thiic ding v6i moi s6 tir nhién k, nén véi n = k c6

s, — n(n+1)(2n+ 1)'
6

Vi du 4.5. Héy tim u,, néu biét: up = 1 vdi moi s6 tu nhién k > 1 déu cé
U = Uup—1 + 3. (1)
Giai.
1) Co s qui nap: Xét ba s tu nhién dau tien:
k=1cou; =1=31-2
k=2cous=u1+3=1+3=4=32-2

k=3couz=up+3=4+3=7=3.3-2
Trén co s6 dang clia uq, ug, us du kién

Up = 3.n — 2. (2)

2) Van dung quy nap chiing minh dang (2) dung véi moi s6 ti nhién n.
That vay! Gid st véin =k > 1, ug, = 3.k — 2. Khi d6, theo ding thitc (1) co:

Ugr1 =up +3=3k—-2+3=3(k+1)—2.
Vay déang thiic (2) ding v6i moi n, nén c6
Up = 3n — 2.

Vi du 4.6. Tich 1.2...n dugc ky hiéu bing n! va doc la n giai thua. Dé dang
théy: 11 =1, 21 =2, 31 =6, 4! = 24, 5! = 120.
Hay tinh
Sp=1114+221+33+---+n.n!
Giai.
1) Co sé quy nap. Xét bon tong dau tién.
viin=1c¢c6S1=11l=1=2-1=2!-1
n=2c¢6Sy=111+221=5=6—-1=3!-1
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n=3c6S3=1114+22+331=23=24—-1=4! -1
n=4c6 S, =1114+224+331+4.4'=119=120—1=5! — 1.
Trén co sé bon tong dau tien dy kién
Sp=(Mn+1)!-1 (1)
2) Van dung quy nap dé chiing minh ding thitc (1) ding véi moi s6 tu nhien.
That vay! Gia st véin=k>1da c6 Sy = (k+ 1) — 1.
Khi d6 v6in =k + 1 ta co:
Sk1 =1.114+2.21 4+ 3.3+ Qots + k.k! + (k+ 1)(k + 1)!
=Sk +(k+1)(k+1)!=Fk+1)—-14(E+1)(E+1)!
=k+Dk+2)—1=(k+2)!—1.

Vay dang thiic (1) ding v6i moi s6 ty nhién n, nén c6

Sp=Mm+1I—-1

Van dung phuong phap quy nap trong chitng minh

Van dung co sé quy nap dé ching té su ding din ctia khang dinh doi vé6i vai sé
tu nhién dau tién ma khang dinh thod man. Sau dé diing quy nap dé chitng minh
khang dinh ding véi moi sé tu nhien.
Vi du 4.7. Hay chiing minh rang
1
Sp=1-22432 42 ... (—1)"Ip?= (—1)"—1@.

Giai.

1) Co sé quy nap

Véin=1c6S =(-1)1"12=1=(-1)

2) Quy nap

Gia st dang thiic ding véi n = k, nghia la

1(1+1) .,
l_lu dang thic ding.

k(k
Sp=1-22432 424 ... 4 (—1)F 2= (_1)k—1%

Dodéovéin=k+1cb
Spp1 =1—22432 42 4 4 (D)2 4+ ()R (k4 1)?
po1k(k+1)

=Sk + (=D (k+1)? = (D) ==+ (D (k4 1)?

=(—1) (—Lk; ) + (k+ 1)2> = (—1)’f—(k i 1)2(k +2)
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Vay déng thic ding v6i moi s6 tir nhién n, nén

1
Sn — (_1)n—1n(n + )
2
Vi du 4.8. Chiing minh ring:
1.3 3.5 (2n — 1)(2n + 1) 2(2n + 1)

Giai.
1) Co s6 quy nap
12 1 1(1+41)

Véin=1c6 — == =————— dang thic du
in 13 =3 221+1) ang thic dang

37

2) Quy nap
Gia sit dang thiic ding véi n = k, nghia 13
12 22 k2 k(k+1
S — ( +) (1)
13 35 2k —1)(2k+1)  202k+1)
Khi d6 v6in =k + 1 ta co:
12 22 k2 (k+1)2
ot +
13 35 (2k—1)(2k+1)  (2k+1)—1)(2(k+1)+1)
_ k(k+1) (k+1)?  (k+1)(k+2)
22k+1)  2k+1))2Ek+1)+1) 22(k+1)+1)
Vay déng thic ding v6i moi s6 tu nhien n.
Vi du 4.9. Chiing minh ring:
Lyl ! - =
1.5 5.9 (4n—3)(4n+1) 4dn+1
Giai.
1) Co s6 quy nap
Véi n 1t ¢ L 1 1
= a co - — = =
(41-3)(41+1) 15 5 41+1
déng thic thod man.
2) Quy nap
Giai stt ddng thiic da ding véi n = k, nghia 13
Ly ! S (1)
1.5 5.9 (4k —3)(4k+1) 4k +1
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Theo dang thitc (1) véin =k + 1 cé:

1 1 1 1
5 50 T T Wk —3)ak+ 1) | @k+ D@k +5)
k N 1  k+1

4k +1 0 (dk+1)(4k+5)  4k+1)+1

Vay ding thic ding v6i moi n.

Van dung quy tic quy nap dé xac dinh tinh chia hét

Truéc hét van dung co sé quy nap dé xét tinh ding dan ctia khéng dinh véi
nhing so tir nhien dau tien. Sau dé van dung quy nap dé xéac dinh tinh ding din
ctia khang dinh déi véi moi s6 tit nhien.

Vi du 4.10. Chaing minh ring tong lap phuong ciia ba so tu nhién lién tiép luon
luon chia hét cho 9.
Giai.

1) Co sé quy nap

V6i ba s6 tu nhien dau tien 1, 2, 3 ¢6 13 4+ 23 4+ 33 = 1 + 8 4 27 = 36 chia hét
cho 9, nén khing dinh ding.

2) Quy nap

Gia sit dbi véi s6 tir nhien k ndo dé khing dinh da ding, nghia la tong lap
phuong

B (k+1)3% 4 (k+2)°

da chia hét cho 9, nghia 1 ton tai s6 tu nhien ¢, dé
B+ (k+1)%+ (k+2)* = 9t (1)

Khi d6 theo (1) d6i véi s6 tu nhién k + 1 tong lap phuong

(E+13 4+ (k+2)°+ (k+3)% =

= (k+1)3 4+ (k+2)% + k% + 9k + 27k + 27

=k + (k+1)%+ (k+2)* + 9(k* + 3k + 3)

= 9t +9(k* + 3k + 3)

= 9(t+ k* + 3k + 3)

chia hét cho 9, nén khang dinh ding véi tong lap phuong ciia ba s6 tu nhién lien
tiép tuy .



4.1. Phuong phap quy nap 39

Vi du 4.11. Chitng minh ring vdi moi so nguyén khong am n so6
chia hét cho 138.
Giai.

1) Co s6 quy nap

V6in =0sb6 Sy =112 4122041 = 112 4 12 = 121 4 12 = 133 chia hét cho
133.

2) Quy nap
Giai st khang dinh da ding véin =k > 0, tic s6

Sy = 11542 4 192k+1
da chia hét cho 133, tiic ton tai sd tu nhien ¢, dé
1152 1 1226+ — 133¢, (1)
Khi d6 theo (1), v6in =k +1 ta c6
Spiq = 11FHIF2 4 1920k +1 k4241 | jo2kt142
= 11.11%2 4 14412281 = 111152 4 122FF1) 4 133.122F+1
= 133t + 133.12%% 71 = 133(¢ + 122K+

chia hét cho 133.
Vay khing dinh ding véi moi s6 nguyén khong am n.

Vi du 4.12. Chitng minh rang vdi moi s6 nguyén duong n o6
Sp=4"+15n—1
chia hét cho 9.
Giai.
1) Co s6 quy nap

Véin=1s5S; =4' +15.1 — 1 = 18 chia hét cho 9.

2) Quy nap
Giai stt khang dinh da ding véi n = k, nghia la s6

Sy =4F +15.k— 1
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da chia hét cho 9, tic ton tai sé tu nhien ¢, dé 4% + 15k — 1 = 9¢
Sp1 = 4R 1 15(k — 1) — 1 = 4.4% + 15k + 14 = 4.4F + 60k — 4 — 45k + 18
— 4(4F + 15k — 1) — 9(5k — 2) = 4.9t — 9(5k — 2) = 9(4t — 5k — 2)
chia hét cho 9.
Vay khang dinh ding v6i moi s6 tu nhién duong.
Vi du 4.13. Véi moi s6 nguyén duong n dit
7

n lan.
A, =17
Chitng minh rang véi moi sé6 nguyén m > n > 2. Hiéu A,, — A,, chia hét cho
20.

Giai. Dé chitng minh két luan trén trudc hét can khang dinh ring véi moi s6
nguyeén k > 2 déu ton tai s6 tu nhien ¢, dé

Ay = 20t + 3 (1)
I) Chitng minh quan hé (1)
1) Co sé quy nap
Véi k=2 c6 Ay =77 = 73.74 = 343.2401 = 823543 = 20.41177 + 3.

2) Quy nap
Gia st khang dinh da ding v6i k = s > 2 nghia 1a déi vdi A, da ton tai sb tu
nhién t,, dé
Ay = 20t, + 3 (2)

Khi d6, theo (2), v6i k= s+ 1 86
Agyq =74 = 7200H3 — (74)5ts73 = (2401)5%5(3443)
—=(20.120 + 1)°+(20.17 + 3)
=[(20.120)%" + C3, (20.120)%"1 ... 4
+ C2+71(20.120) + 1](20.17 + 3)
=20.17[(20.120)°" + Cg,_(20.120)°" 1 + ... +
+ C2+71(20.120) + 1] + 20.120[(20.120)%" 4
+C8,,(20.120)%5 72 -+ O 43
=20{17[(20.120)°* + Cj3, (20.120)°" 1 4 ...+
+ C2+71(20.120) + 1] + 120[20(120)°" 7 + C3,_(20.120)%'~2
o+ O3} 4 3 = 20t + 3.
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Vay khang dinh ding v6i moi sé tu nhien k& > 2
II) Chitng minh véi moi s ty nhién m >n > 2 sé A,, — A, chia hét cho
20
Tu quan hé (2) co
Ay — Ay = 20t + 3 — (20t, + 3) = 20t,, — 20t, = 20(t, — L)

nén A,, — A,, chia hét cho 20.

Van dung quy nap dé chitng minh bat ding thic

Van dung budc co sé quy nap dé khing dinh bat dédng thic thod man véi nhing
s6 tur nhien dau tien ma noé xac dinh. Sau dé ding quy nap dé khéng dinh bat
déng thitc ding véi tat ca cac s6 tur nhién ma né xac dinh
Vi du 4.14. Chitng minh rdng vdi moi so tu nhién n > 1

1 1 1 13

PO _>_
n+1+n+2+ +2n 24

Giai.
Dimng S,, dé ky hieu vé trai clia bat déng thic treén,
1) Co s6 quy nap
Véin=2co

g _ 1 N Lo _ 1413
27941 "3+41 247 24
2) Quy nap
Gia st bat déng thic da dang véi n = k, nghia 1a da c6
13
Sp > —- 1
k> o (1)
Ta co
S = — + ! + +1
TRkl Tkt 2%’
St = — + ! + +1+ ! + !
M TR r2 T k43 2k ' 2k+1 ' 2k+2’
nen 1 1 1 1
St — Si = - - 0
RLTOR T T T kv 2 R4l 2kt D)2k +1)
v6i moi s6 tu nhién k. Do dé
Sk+1>Sk (2)

13
Tit (1) va (2) €6 Spe1 > 57
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Vi du 4.15. Chiing minh rdng vdi moi s6 duong x va s6 tu nhién n bat ky déu
c6 bat dang thic

1 1
e —+

1
xn $n—2+$_n>n+1 (1)

Giai.
1) Co sé quy nap
a) V6i n = 1 bat dang thitc (1) thod man va c6 dang

1
T4 =2 (2)
x

Vi(z—-1)2=22—-2r+12>0,nén 2>+ 1> 2.
b) Véi n = 2 dang thic (1) c6 dang
1
2+ 1+ —23 (3)

ding thic (2) ding v6i moi 2 > 0, nén khi thay = bing 22 ta c6 bat ding thiic

1

T
Thém 1 c& hai vé clia bat dang thiic nay ta duge bat déang thic (3)

Vay v6i hai 86 tu nhien dau tien 1 vh 2 bat dang thiic (1) thod man.

2) Quy nap
Gia stt k 1a s6 tu nhién nao do va bat dang thitc da thod méan véi n = k, nghia

Ia
1 1
mk+mk‘2+---+w+ﬁ>k+1 (4)
Ta can khang dinh bat dang thitc (1) thod méan véi n = k + 2, nghia 1
1 1 1
k k—2
bt +—— = k+3 5
A R e DL A + (5)

That vay! tit bat ding thiic (2) thay = bing z¥*2 dugc bat ddng thiic

LI (6)

k+2
x + pk+2 7

nén tir (4) va (6) co

1
k2

1 1
k+2 k.. & _ kL k+2
A +$k+ T+ —I-:Ek—l—:n ++$k+2

>k+1+2=k+3

Vay dang thiic (1) ding v6i moi s6 duong duong = va v6i moi s6 tir nhién.
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4.1.4 Van dung phuong phip quy nap dé giai bai tap hinh hoc
Tinh toan bang quy nap

Van dung budc co sé quy nap dé tinh gia tri cac dai lugng tuong tng véi nhing
s6 tu nhién dau tién ma ching xac dinh. Trén co sé d6 ma dir doan két qué cho
truong hop tong quéat doéi véi moi s6 tir nhien ma dai lugng xac dinh

Sau d6 ding quy nap dé khing dinh tinh ding dan ctia két qua du doan

Vi du 4.16. Hay tinh s6 tam gigc T(n) nhan dugc khi chia mot da gide n canh
bing cic duong chéo khong cdt nhau.

Giai.
1) Co s6 quy nap
d6i véin=3c6 T(3) =1
doi v6i n = 4, t1t gidc (Hinh 1)
duge chia thanh hai tam giac,
nen 7'(4) = 2.
Trén co s6 T'(3), T'(4) du doan

T(n)=n-—2 (1)

2) Van dung quy nap dé chitng minh tinh ding dan cfia cong thic (1). Gia st
mobi s6 ty nhien k (3 < k < n) da c6 T(k) = k — 2, tiic moi da giac k - canh dugc
chia thanh k& — 2 tam gidc nhd cdc duong chéo khong cat nhau. Xét mot cach
chia da giac n canh A1As...A,. Giad st duong chéo A Ai chia da gidc n-canh
A1As ... A, thanh hai da gidc k-canh A A, ... A; va da gidc (n — k + 2)-canh
AL ApApsy .. Ay

Vin >k > 3,nén3 < n—k+2 < n. Do do theo giai thiét quy nap T'(k) = k—2
vaT(n—k+2)=n—k+2—-2=n—k.

Tn)=Tk)+Tn—k+2)=k—24n—-k=n-—2

Vay cong thiic (1) dung v6i moi s6 ty nhien n > 3.
Vi du 4.17. Hay tinh ban kinh duong tron noi tiép (r,) va ban kinh duong tron
ngoai tiép (R,) cia da gidc déu 2"-canh cé chu vi bing P.
Giai.

1) Co s6 quy nap

P P2
Vc’iin:2tfrgiécvc’iichuviPcérgzgvaRng\/_
2) Quy nap
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Giai st d6i véi da gidc déu 2"-canh
vGi chu vi P ta da tinh duge ban kinh
duong tron noi tiép, ngoai tiép r, va
R,. Trén co sé d6 tinh ban kinh duong
tron noi tiép, ngoai tiép 7,11 va Ry
ctia da giac déu 2" !-canh véi ciing chu
vi P (Hinh 2).

kip-5cm
Gia sit AC 1a canh ctia da gidc déu 2"-canh doi vé6i chu vi P. diém O 1a tam

ciia da giac, B-diém giita ciia cung AC, D- diém giita ctia day AC, EF la duong
trung binh ctia tam giac ctia tam giac ABC va I la diém giita ctia EF.

— —_— _ 1/\ 1/\ 1 —_— S
Vi EOF = EOB + FOB = EAOB + §COB = EAOC’ nén FF bang canh

ctia da gidc déu 2"T! - canh noi tiép trong dudng tron ban kinh OF. Ngoai ra,
N N AB
da gidac déu 2"*! - canh nay con c6 chu vi bang 2" T EF = 2"“7 = 2"AB,

tic bang P. Béi vay 7,01 = OI vi R, = OFE.
Huon nita, vi EF 1a dudng trung binh ctia tam giac ABC, nén BI = ID. Béi
vay OB — OI = OI — OD, nghiala R,, — 141 = 'pa1 — T, €N 1y = w
Do tam giac OE B vuong tai E, nen OE? = OB.OI, nghia la R%H = Ryrp+1
vd Ryp1 = V/Rprng1.

Nhu vay doi véi da giac déu 2"+ canh doi véi chu vi P ta da tinh duge
R,+r
T'nt41 = %7 R, = V Ryrpq.

Chitng minh bang quy nap

Truée hét van dung bude co s quy nap dé sét tinh ding dan ctia khang dinh déi
v6i mot vai hinh duon gidn nhat (tiic nhiing hinh xuat phat).

Sau d6 van dung budc quy nap dé xac dinh tinh ding din ctia khang dinh
ddi v6i hinh tuy y (thuoc pham vi khiang dinh).

Vi du 4.18. (T6 mau bing quy nap)

Trén mat phang cho n (n > 1) hinh tron. Chiing minh rang vdi bat ki cdch
sdp dat nao, thi hinh nhan duge cing cé thé téo bing hai mau dé cho hai phan
mat phing ké nhau (cé bien chung) ciing duoc to bing hai mau khdc nhau.

Giai. Bai toan nay ciing dugce gidi quyét bang quy nap
1) Co s6 quy nap.
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V6i n = 1, trén mit phing chi ¢6 mot hinh tron. Ta t6 hinh tron bing mau
den. Khi d6 phan con lai ké véi hinh tron dugc dé trang, nén hai phan ctia mit
phang ké nhau c6 mau khéc nhau.

2) Quy nap

Gia stt khang dinh ciing ding véi biic tranh gdm n hinh tron. Gia sit trén
miit phing cho n + 1 hinh tron tuy y. Xod di mot trong nhitng hinh tron sé dugc
btic tranh gom n hinh tron (hinh 3). Theo gia thiét quy nap, bitc tranh nay chi
can suon 2 mau, ching han den, tring ma hai mién ké nhau déu c6 hai mau khéc
nhau.

Khoi phuc lai hinh tron da xoa di, ttc 13 trd lai hinh xuat phat, gom n + 1
hinh tron, roi theo mot phia déi véi hinh tron vita khoi phuc, chdng han phia
trong ctia hinh tron nay thay doi cac mau to da to bing mau nguge lai, sé dudc:
bu6c tranh gom n + 1 hinh tron duge to bang hai mau, ma hai mién ké nhau tuy
¥ déu c6 mau khac nhau (Hinh 4).

Bai toan dugc giai quyét xong!

Vi du 4.19. (Chdp hinh bing quy nap)
Cho n(n = 1) hinh vuong tuy 4. Chiing minh rdng ti cdc hinh vudng nay cé
thé cdt va chdp thanh mot hinh vuong lon.

Giai.

Bai toan dugc gidi quyét bang quy nap

1) Co s6 quy nap

V6i n = 1. Khi d6 c6 mot hinh vuong nén hién nhién, khing dinh ding

V6i n = 2, ¢6 hai hinh vuong: ABCD va abed. Khi d6 c6 thé cat va chip
thanh mot hinh vuong nhu sau: gia st hinh vuéng ABCD khong nhé huon hinh
abed. Dung x ky hiéu do dai canh hinh vudong ABCD, y la do dai canh hinh
vuong abed, (x > y). Ta cit cac hinh vuong ABCD va chap thanh hinh vuong
A'B'C’D’ nhu Hinh 5

2) Quy nap

Gi st khang dinh da ding v6i n (n > 1) hinh vuong. Gia sit ¢6 n + 1 hinh
vuong tuy v Vi, Vo, ..., Vy1.

Chiing ta chon hai hinh vuéng tuy ¥, chang han V,, va Vj,41 va cit va chip
thanh hinh vuong V,,’. Theo gia thiét quy nap, ddi v6i n hinh vuong:

Vi, Vo, ..., V)
Ta c6 thé cat va chdp thanh mot hinh vudng V. Nhu vay tit n + 1 hinh vuong

Vi,Va, ..., Vi, Viuy1 da cat va chap thanh hinh vudng V. Vay bai toan da giai
quyét xong.
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Dung hinh vuéng bing quy nap

Trong bude cd s6 quy nap ta dung hinh dang “xuét phat”, titc 1a hinh tuwong ing
v6i s6 tu nhién dau tien ma né xac dinh. Sau dé van dung bude quy nap dé dung
hinh tuy ¥ thod man cac tinh chat da cho.

Vi du 4.20. (Dung hinh bang quy nap)

Trén mat phiang cho 2n +1 (n > 1) diém, khong cé ba diém nao thang hang.
Hay dung mot da gidc 2n + 1 dinh, sao cho 2n + 1 diém da cho tré thanh trung
diém thuoc cdc canh cia da gidc.

Giai. Bai toan gidi quyét bang quy nap.

1) Co s6 quy nap

V6i n = 1, trén mat phéng cho 3 diém. Bai toan quy vé viec dung mot tam
giac khi biét trung diém ciia ba canh. day la bai toan quen biét da dugc trinh
bay trong sach hinh hoc so cap.

2) Quy nap

Giai st dbi vai 2k + 1 (k > 1) diém tuy ¥ khong c6 ba diém nao thing hang,
ta déu dung dugc da gidc 2k + 1 dinh, dé cac diém nay la trung diém thudc céac
canh cta da giac.

Xét 2(k + 1) + 1 diém tuy y khong c6 ba diém nao thang hang

Ar, Ao, oo, Aggy Aojgr, Aojga, Aojys.

Gid st cac diém nay 1a trung diém thudc cac canh clia da gidc By, Ba, ..., Bogi2, Bopis
(hinh 6).

Khi d6 Aoji1, Agpyo, Agpys 1a trung diém ciia cac
canh tuong ting Boy1 Bog12, Bokt2Boky3 va Bogy3By.
Gia sit A 1a trung diém ctia canh By Bayy1. Tt gidc
AA2k+1A2k+2 A2k+3 1a mC)t hinh binh hanh. Hinh
binh hanh AA2k+1 A2k+2A2k+3 c6 ba dinh A2k+1, A2k+2,
Ag13 cho truée nén dinh thit tu A hoan toan ¢ thé

xéc dinh duge bang cach qua diém Asy, 3, ké duong
thing a; song song v6i doan thang Aoy 1 Aopio. Tit
Agpi1 ké ag song song v6i doan thang Agy 3 Aok io.
Giao diém cta a; va ag chinh 14 A can xac dinh.

Theo gia thiét quy nap déi véi 2k + 1 diém
Al, Ag, ceey Agk, Atada du‘ng du’(jc da giéc Bl, Bg, ceey B2k+1,
dé A; 1a trung diém ctia canh B;B;y1 (1 <4 < 2k)
va A la trung diém ctia canh ByBog,i. Sau dé By
ké duong thang song song véi doan thing AAsy, 1,
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cat doan théng Bojy1 Aok 11 kéo dai tail Bopyo. Tu
Bopt1 ké duong song song véi doan thing AAsy, o,
cat doan théng By Aok kéo dai tai Bogys. Vi Bopr1 A =
ABy va AAsg 3 song song vGi By Boj o, nén Bog 1 Agg11 =
Aogy1Baogy2. Tuong tir ¢6 By Boyy3 = Aoy y3Bokys,
Bogy3Agki2 = Asgi2Bog 0.

Vay da giéc 2k + 3 dinh BlBg . . .B2k+2B2k+3
nhan cac diém da cho Ay, Ag, ..., Agpys lam trung
diém céc canh

Vi du 4.21. Trén mat phdang cho n diém. Hay dung mot da giac n - canh, ma
cde canh dé déu la ddy cia cdc tam gide can vdi dinh la n diém da cho va cdc
goc ¢ dinh co do lon tuong dng la aq, a1, ..., ay.

Giai.

Trude khi trinh bay luoi gidi ching to6i xin luu ¥
ring trong cac goc aq, ai, ..., ap co thé c6 mot sd
g6c¢ 16n huon 150°, nén quy ude: Néu a; < 180° (1 <
i < n), thi tam giac can tuong tng nam vé phia
ngoai da giac, con khi o; > 180° tam gidc can tuong
ing ndm vé phia trong ctia da gidc (trong d6 goc &
dinh cua tam giac nay bang 360° — «;).

1) Co s6 quy nap

Vé6i n = 3, khi dé da giac can dung la tam giac.
dbi v6i truong hop nay sé trinh bay cach dyng tam
giac thod man cac yeu cau da cho.

a) Gia stt tam gidc can tim da dung dugc.

N6 ¢6 dinh 1a z1, xo, x3, cac tam gidc can
v6i day x1ws, Toxs, x1x3 dinh la Ay, Ao, As
c6 goc ¢ dinh 1a a1, ag, az (Hinh 7).

Thuc hién phép quay méat phing theo chicu
nguge chiéu kim dong ho.

- mot géc aq xung quanh diém Aq, dé x;
trung véi xo

- mot goc bing as xung quanh diém A,
dé xo tring véi x3

kip-6.5cm

Ta nhan thay riang hai phép quay nay dude thire hién lien tuc ké tiép nhau,
thi tuong ing véi phép quay mot géc o + an theo ngude chiéu kim dong ho xung
quanh diém A dugc xac dinh nho céc diém Aq, Ay va cac goc aq, an bing cach
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« « . .
sau: T Ay, Ao ké hai tia hgp v6i doan A1 Ay cac goc 71 va 72, cat nhau tai

diém A. day chinh 14 tam ctia phép quay mat phang mot géc bang o + az (c6
thé xem trong (1)).
Trong phép quay nay dinh x; chuyén sang x3. Bdi vay dinh 3 sé chuyén vé z;
v6i phép quay mat phang xung quanh A mot goc 360° — (ag + ). Do dé diém A
chinh 1& dinh ctia tam gidc can v6i canh day z1x9 va goc & dinh 1a 360 — (aq + o).
b) Trén co s6 phan tich & trén suy ra cach xay dung tam giac z1zexs nhu sau:
V6i a1 + ag + a3 # k.360 diém A khong trimg véi As. Khi do tit A va Az ké
360 — (31 +as) a %. Canh cua cac goc
nay cit nhau tai cac diém tuong tng la dinh z; va x3. Sau do tit diém A; ké tia
hop v6i A1x1 goc o va tit Ay ké tia hop véi Axs géc an. Giao diém ctia hai tia
nay chinh la dinh x-.
Nhu vay tam gidc x12923 can tim di dung xong.
2) Quy nap
Gia st véin = k > 3 ta da biét cach
dung da giac k - canh ma cac tam giac
can c6 day la canh cia da giac, dinh 1a
cac diém cho trude véi do 16n céc goéc &
dinh dugc xac dinh. Trén co sé nay ta
khéng dinh cho trudng hop n = k + 1,
nghia la chi ra cach xay dung da giac
(k+ 1) - canh thod man cac diéu kien
cua bai toan.

vé ca hai phia hop v6i AA3 cac goc

kip-7cm
Gia stt da giac (k+ 1) - canh can xay dung 1a x1x9...2,%,41 €6 cac tam giac
can day 1a canh ciia da gidc, dinh 1a céc diém da cho Ay, Ag, ..., Ap, Apyq V2

Xét tam giac z17,r)1. Tuong ti nhu trong phan co s6 quy nap 10) khi quay
miit phang theo chiéu nguge chiéu kim dong hd xung quanh A dé xj trimg véi
Tj41 VA tiép theo quay xung quanh Ay dé xj4 tring véi 1, thi ciing chinh 1a
quay mit phang mot diém (A) dé zy tring v6i o1, nén khi quay mit phang xung
quanh diém A mot goc 360° — (ag + 1), thi 21 sé tring v6i 2. Do d6 A 1a dinh
cua tam gidc can véi canh la duosng chéo xixo va A = 360° — (g + ag41). Khi do
diém A chinh 1a gcilao diém ctia cac tia Ays, Apy1t hgp v6i doan A, Ag,1 cac goc
L Q41

Lo
tuong ung a5 va

trude ta xac dinh duge diém A, dé da giac k - canh 1, 29, ..., 2} c6 cac canh la
d4y ctia cac tam giac can v6i dinh 1a cac diem Aq, Ao, ..., Ap_1, A va cac goéc &
dinh1a aq, a9, ..., ag_1, 360°— (g +ags1). Bdi vay bai todn duge dua veé yeu cau

. Nhu vay theo cac diém Ay, A1 va cdc g6c ag, oy cho
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xay dung da giac k - canh (D) c¢6 canh 13 day cic tam gidc can véi dinh 1a cac diém
Ay, Aoy ..., Ag—1, A va cac goc & dinh 1a aq, ag, ..., ag—1,360° — (ar + agt1).
Nhung theo gid thiét quy nap da giac D c6 k canh da dung dudc.

Sau khi da gidc D da dung xong, dé xac dinh dinh tht k& +1 tit A ké mot tia
hop v6i Apxr; mot goc bang oy va tit Agyq ké mot tia hop véi Ap 127 mot goc
bing ap,1. Giao diém clia hai tia nay chinh 1a dinh ;41 clia da gidc can tim.

d6i véi truong hop oy +as + -+ -+ ay, = k.360° (k 14 s6 tur nhien), thi bai toan
khong xéac dinh.

4.2 Phuong phap phan chirng

Khi gidi toan, dic biét cac bai toan logic, mot trong nhiing phuong phap dugc
diing mot cach rat thuan 1gi d6 14 phuong phap phan chitng dia trén nguyén ly
Dirichlet do nha toan hoc Ditc ndi tiéng Preter Dirichlet (1805-1859) dé xuat,
ma dang duon gidn nhat clia nguyeén 1y nay c6 thé phat biéu nhu sau: “ Khong
thé nhét 7 chi thé vio 3 can 1dng, sao cho mdi long khong c6 qua 2 con thd”.
Noi cach khac: “Néu nhdt 7 chii thé vao 3 céi 1ong, thi cé it nhat mot 1ong chita
khong it huon 3 chi tho”.

4.2.1 Nguyén ly Dirichlet con dudgc phat biéu dudi nhiéu dang
tuong tu khac:

Dang tap hgp:
“Neu tap hop gom n phan ti, duge biéu dién dudi dang hop ctia k tap con,
~ 2 . s 2 S ~ ~ 2, ~ - n X 2
thi phai ¢6 it nhat mot tadp con chita khong it huon T phan ta 7.

Dang hinh hoc:

1. “Néu tong dien tich ctia mot s6 hinh nhé huon S, thi khong thé dimg hinh
nay dé phu léen mot hinh c6 dien tich biang S”.

2. Néu trén doan thang c6 do dai bang 1 phan bd mot s6 doan thing véi tong
do dai bang L, thi sé tim dugc mot diem duge phtt biang khong it huon [L]
doan thing.

3. Néu cac khodng Fy, Fy, ..., F, c6 do dai tuong tng l1,ls, ..., 1, chia trong
khoang F', c6 do dail va l; + 1o+ -+ -+ 1, > kI, thi sé ¢6 k + 1 khoang nao
do trong cac khoang da cho c6é diém chung.

4. Néu cac hinh Fy, Fs, ..., F, v6i dién tich tuong dng Sy, So, ..., S, chia
trong hinh F' ¢6 dién tich S va S1+ SS9+ -+ 5, > kS thi sé c6 k+ 1 hinh
trong céc hinh da cho c6 diém chung.
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Dang s6 hoc: Néu trung binh cong clia mot s6 s6 16n huon a, thi sé c6 it
nhat mot s6 trong cac sd nay 1én huon a.

Sau day trinh bay mot s6 vi du vé tng dung phuong phap phan ching trong
viéc giai cac bai toan. Truéc hét ching ta sé gidi mot s6 bai toan bang cach chon
cac cha tho thich hgp
4.2.2 Van dung phuong phap phan ching dé giai toan
Van dung phuwong phap phan ching dé xac dinh tinh chia hét

dé c6 thé van dung dugc phuong phap phan chitng ta phai cin ci vao dbi
tugng, tu lieu cho trong bai toan va quan hé gitta chiing ma tao ra “thé” va “long”
thich hgp.

Vi du 4.22. Ching minh ring cé thé tim dugc s6 dang
19651965......... 1965000...0

chia hét cho 2000.
Giai.
Dimng A,, dé ky hicu s6 gom m s6 1965 Viét lien tiép
A, = 19651965......... 1965
m lan 1965

Xét day gom céac s6 A; (1 <4 < 2000)

1965, 1965, 1965, . ..,19651965......... 1965 (1)
2000 lan 1965

Chia cac s6 thuoc day (1) cho 2000 duge 2000 s6 du tuong ting 7; (1 < 7 < 2000).
Vi cac s6 A; (1 < i < 2000) déu 1é nén khong chia hét cho 2000. Do d6 2000

s6 dur; (1 <i<2000) (tho) chi thuoe khong qua 1999 loai (1ong). Bsi vay phai

6 1t nhat hai s6 du giong nhau. Gia st (1 < n, m < 2000) m > n va ry, = .
Khi do sb

Ay — A, =19651965......... 1965 — 19651965......... 1965

m lan 1965 n lan 1965
=19651965......... 196500......... 00
m—n lan 1965 4n's6 0

chia hét cho 2000.
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Vi du 4.23. Chiing minh rang tw 11 so tu nhién tug 4 luon luon cé thé chon ra
2 56 ma hiéu binh phuong cia ching chia hét cho 20.
Giai.

dem 11 s6 ty nhién tuy y da chon ra a; (1 < i < 1) chia cho 10 duge 11 s6
du tuong tng r; (THG), nhung thudc khong qué 10 loai (LONG), nén phai c6 it
nhat hai s6 du thugc cling mot loai.

Gié st a;, aj (1 <i,j < 11) ¢6 cung s6 du la r khi chia cho 10. Khi d6 ¢6 cac
s6 tu nhien s, t dé

a; =10s+r, a; =0t +r,
a; —a; =10s+r — (10t +7) = 10(s — t)
a; +a; =10s +r + 10t + r = 2[5(s + t) + 1]

Do do

a? — a? = (a; —aj)(a; +aj) = 20(s —t)[5(s + t) + 1]

chia hét cho 20.

Van dung phuwong phap phan ching dé giai cac bai toan hinh hoc

Van dung phuong phap phan chiing dé suy ra két luan B tit gid thiét A ta
can gia sit ngugdc lai, nghia 1a tit A suy ra két luan nguge véi B (B). Trén co s
gia thiét phan chitng nay ta 1y luan dé di t6i diéu mau thudn. Khi do dé khoi
mau thudn phai boé gia thiét phan chiing va di t6i két luan tir gid thiét A suy ra
két luan B.
Vi du 4.24. Cho tam gidc déeu AOB.
Trén canh AB lay hai diém C va D,
sao cho AC = CD = DB. Ching minh
cdc goc AOC’ C’OD DOB khong dong
thuoi bing nhau.
Giai.

Lay diém E trén canh AO, sao cho OE = OC (Hinh 9)

kip-5cm

Hinh 9

Gia thiét phan chimg. Gia st AOC = COD = DOB = 20°. Khi d6 do tam

giac FOC can tai O, nén

o 180° — 20°
OEC = OCE — M _ 800, (1)



52 Chuong 4. Mot s6 phuong phéap gidi toan

Do AC = DB, OAC = OBD = 60°, OA = OB, néen AOC' = BOD. Béi do
OF = OC = OD va EOC = COD = 20° (gia thiét phan ching), nén EOC =
COD. Béi vay EC = CD = AC. Do d6 ACFE céan tai C, nén

AEC = EAC = 60° (2)

Tit (1) va (2) ¢6 AEC + OEC = 60° + 80° = 140 < 180° = AEC. Ta da di
dén mau thuan, nén phdi bé gid thiét phan ching, ma di dén két luan ba goc
AOC, COD, DOB khong dong thudi bang nhau.

Vi du 4.25. Trong tam gidc déu canh dwon vi lay 5 diém tug 3. Ching minh
rdng cé it nhat 2 diém trong cdc diém da ldy, ma khodng cdch gita ching khong
1
vugt qud 3 duon vi.
Giai.
Gia st E, F, G 1a trung diém cac canh AB, BC, AC.
P - . N N .
Noi cac diem F, F, G v6i nhau duge 4 tam giac con déu canh bang 5> hen
hai diém tuy § trong ciing mot tam gidc con déu cach nhau mot khoang khong
1
vugt qua 5 duon vi (Hinh 10).
kip-5cm

Hinh
10

Vi chon ra 5 diém trén mat ctia 4 tam giac con, nén phai cé it nhat 2 diém
nim trén cing mot tam giac con. Khi d6 khoang cach giita hai diém nay khong

1
qué 3 duon vi.

4.2.3 Van dung phuong phap phan chiing dé giai cac bai toan
khong mau muc

dé van dung phuong phap phén chiing vAn phai phan tich dé tim ra sé “thd”
nhiéu huon s6 “long”.

Vi du 4.26. Cho 9 duong thing. Méi duong deu chia hinh vuong ABCD thanh
2 N . )
hai t@ gidc vdi ty lé dién tich la 3 Ching minh rang co it nhat 8 trong so 9 duong

thing nay di qua mot diém.

Giai.
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Hinh 11
1) Gid st H, K 1a diém gifta cac canh AB, CD. Khi d6 HK||AD||BC.
Gia sit EF 13 mot trong nhitng dudng thang da cho va EF cit HK tai diém

I. Cac tt gidc ABEF va CDEF déu la hinh thang va nhan HI, IK la duong

2
trung binh. Do Saprp = gSCDEFa nén

DB +CF
' 2

'AE—I—BF: DE + CF B

Di
2 ¢ 2 =

AB X g
3

Wl N

2 .
Dodé HI = §IK’ ttc I la diém chia duong trung binh H K ctia hinh vuong theo
2
ty le 3 (Hinh 11)
Vay néu dudng thing chia hinh vuong thanh hai ti giac (chi c6 thé 14 hinh
2 .
cht nhat hoac hinh thang) c6 ty 1é 37 thi n6 phai di qua diém chia duong trung

binh cua hinh vuéng thudc hai canh con lai theo ty 1é %

2) Trong hinh vuong c¢6 bén diém (LONG) thod méan tinh chat trén, ma ta
c6 9 duong thing (THO), nén phai c6 it nhat 3 duong thang da cho di qua mot
trong nhitng diém trén.

Vi du 4.27. Trén cinh rung hinh vuong canh dai 1 km moc 4500 cay thong
duong kinh 50 cm. Ching minh ring trong cdnh ring nay cé thé cdt ra mot thi
a dat hinh ch@ nhat kich thude 10 x 20 m?, ma trén dé khong moc mot cay thong
nao.

Giai.

1) Chia canh ritng thanh cac 6 chit nhat kich thudc 10 x 20 m? vé6i “hinh vién”
6 chiéu rong khong nhé huon 0,5 m (duong kinh cia méi cay thong) bang cach
sau:

Chia mot chiéu hinh vuéng thanh 48 doan véi do dai 20 m. Giita hai doan
nay dat mot doan ngan cach véi chiéu dai 0,6 m. Hai doan & hai dau c6 chieu dai
mdi doan 10,3 m.

Chia chiéu con lai thanh 95 doan v6i do dai mdi doan 10 m. Gitta hai doan
¢6 doan ngin cach v6i do dai 16n huon 0,5 m.

Khi dé canh rimg dugce chia thanh 48 x 95 = 4560 6 véi kich thuée 10 x 20
m? va khodng cach gan nhat giita hai 6 déu 16n huon 0,5 m (bdo dam cho cay
moc 6 mot 6 khong c¢6 goc 1an sang phan dat ciia 6 khac).

2) Phéan chitng. Trén canh ritg s6 6 kich thude 10 x 20 m? (4560) 16n huon
s6 cay thong (4500), nén phai c¢6 it nhat mot 6 (tham chi it nhat 60 6) kich thude
10 x 20 m?, ma trén d6 khong c6 cay thong nao.
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4.3 Phuong phap suy luan truc tiép

Truéec mot bai toan “khéng mau muyc” can phan tich, dé chon phuong phap
giai, nhung trude hét xem xét kha nang van dung cac phép suy luan trong toan
hoc va cudc song dé suy ra diéu can khéng dinh. Sau day xin duon ctt mot s6 vi
du dé minh hoa viéc van dung phuong phap suy luan triec tiép.

Vidu 4.28. Nhip hoc vao khoi pho thong chuyeén Todn-Tin Truong dai hoc Khoa
hoc tu nhién, dai hoc Quoc gia Ha Noi nam 2005 c6 40 em biét nhac, 40 em biét
chudi co va 40 em biét da cau (moi em cé thé biét nhieu mon). Thay Chi nhiem
khoi Nguyén Vi Luong dé nghi hai thay Phé chi nhiém khoi Pham Vin Hung va
Lé dinh Vinh huong dan cdc em tu chia thanh bon nhém sinh hoat ngoai khod,
sao cho moi nhom cé ding 10 em biét nhac, 10 em biét chuoi co va 10 em biét
dd cau. Hay trinh bay cdch chia nhém cia cdc em?

Cach chia nhém:
1) dau tien chia 40 em biét nhac thanh 40 nhém, méi nhém chi gom 1 em

Ay, Ag, .. ooy Asgy Ago

2) B6 sung em biét chuci cd vio mdi nhom A; (1 < i < 40) (Néu em A; da
biét chuoi ¢ thi thoi) dé duge cdc nhom

By, Bs, ... ..., Bsg, By

(M6i nhém B; ¢6 dung 1 em biét nhac, 1 em biét chuoi cud)

3) B6 sung cac em biét da cau chua tham gia cAc nhém vao nhom B; dé dugc
nhom C; (1 <4 < 40), sao cho méi nhém C; ¢6 ding mot em biét nhac, mot em
biét chuoi cd va khong qua hai em biét da cau.

4) Nhap cac nhém

Goi s6 nhom C' ¢6 2 em biét da cau 1a k, c6 mot em biét da cau 1a s va khong
c6 em ndo biét da cau la ¢t. Khi do

S6 nhém C lak+s+t =40

S6 em biét da cau 1a 2k + 1.5 + 0.t = 40.

Suy ra hé

k+s+t=40 k=t
2k + 1.5+ 0.t =40 s chin

Vi s6 nhém hai em biét da cau bang s6 nhém khong em nao biét da cau bang
nhau, s6 nhém mot em biét da cau chin, nén nhap mdi nhém hai em biét da cau
v6i mot nhéom khong em nao biét da cau, hai nhém, méi nhém mot em biét da
cau vdi nhau, dude 20 nhém:
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Khi d6 méi nhom D; (1 <4 < 20) ¢6 ding 2 em biét nhac, hai em biét chuoi co
va hai em biét da cau.

Nhap nam nhém D véi nhau roi bo sung nbt cac em con lai sé duge bén nhém
sinh hoat ngoai kho4, ma mdi nhém c6 ding 10 em biét nhac, 10 em biét chuoi
¢S va 10 em biét da cau.

Vi du 4.29. Ldp chuyén Todn khod I phdat dong phong trao thi dua lay cii nop
cho bép Xom dinh. Cuoi hoc ki I thay chii nhiem Pham Van Diéu dat ra ba gidi
thudng dé tang cho ba em dat thanh tich cao nhat. Trude khi cong bo ra dp, thay
Dieu da muoi 4 em dat thanh tich cao nhat: Nguyén dinh Ban, Tran Vin Nhung,
D6 Thanh Svon, Nguyén Van Xoa dén vdan phong cong bo gidi thudng.

Khi vé 16p moi nguoi héi cac em trd ludi nhu sau:

Em Nhung: “Minh dat gidai nhi hodc ba”

Em Xoa: “Minh dat giai”

Em Suon: “Minh dat gidi nhat”

Em Ban: “Minh khong dat gidi”

Khi dugc nghe lai cdc cau trd lwoi trén thay dien mim cuoi va noéi “Chi c6 3
ban noi that con mot ban ndi dua” .

Ban hay cho biét em nao néi dua va em nao dat gidi nhat?

Giai.

Truée hét can xac dinh em da néi dia bang cach xét cau héi clia ting em c6
dan dén mau thuan véi khang dinh ctia thay diéu hay khong.

1) Néu em Nhung néi dua, thi cd ba em Xoa, Suon, Ban déu néi that, nén
hodc em Nhung v em Suon déu dat giai nhat, hoic em Nhung va em Ban khong
dat gidi. diéu nay vo 1y, nén em Nhung noi that.

2) Néu em Xoa noi dua, thi cd ba em Nhung, Suon, Ban déu néi that. Nhu
vay ca Xoa va Ban déu khong dat giai. dieu nay trai véi gid thiét ctia bai toan,
nén Xoa phai dat giai.

3) Néu Ban n6i dua, thi cad ba ban con lai déu néi that, nén ca bén ban déu
dat giai. dieu nay trai véi gia thiét cia bai toan, nén Ban néi that.

Vay Suon néi dua. Xoa dat giai nhat.

Bai toan nay ciing c6 thé giai bang phuong phap logic ménh dé.

Vi du 4.30. Trong cudc hoi ngd gita thay Nguyén Vin Mau va ba hoc tro dat
huy chuong vang Olympic Todan Quoc té: Dam Thanh Suon, Nguyén Tién Ding,
Ngé Bdo Chau, khi trao doi vé phép suy luan, thay néi “Suy luan chdng nhimng
la phuong phdap manh ma con rat gan gii vdi cudc song thuong nhdt, nhiéu khi
“chuoi ma hoc, hoc ma chuoi” . Ching han, vdi 5 cdi ma: 3 mau dd, 2 mau zanh;
toi muoi 3 em ngoi theo hang doc, dé em ngoi sau cing nhin duge daw 2 em ngoi
trude, roi ding ti phia sau doi lén dau moi em mot cdi mi, con hai cdi dau di.
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Céc em thay mot cach hién nhién ring du bt ky phuong dn doi mi nao van cé
em phdt hién duoc mau mu cia minh.”

Ban hay ly gidi dieu hién nhién ma thay Mau noéi?
Giai.

Gia stt thay Mau xép em Chau ngdi trudce, roi dén em Diing va sau ciing 13 em
. . Phuong an 1: Chau Diing Suon
Suon. Khi dé c¢6 3 phuong an doi mii: . - A,
" 1 do €6 o phudng an cormu doi ma xanh  doi mt xanh  doi ma do

Vi chi ¢6 2 mil xanh, nén khi em Suwon nhin thay mii ciia hai ban ngoi truéc mau

. ., Phuong an 2: Cha Di
xanh, thi suy ra ngay mau mii cia minh phai dé. ng an doi mﬁazanh doi ;%g 10 de

Em Diing nhin thiy mil ctia em Chau mau xanh, nhung khong thiay em Suon xéc

dinh dugc mau mi clia minh, suy luan rang: Néu mil clia em mau xanh, thi ban
Suon da phat hién duge mau mii cia minh, nhung ban Suon im lang, ching to6
mau miu cia Dung phai dé. Phuong an 3:

Chau Dung Suon
doi ma d6  doi mu xanh (hoac dé) doi ma xanh (hoac dé)

Khi khong thay em Suon, em Diing xac dinh dugc mau mil cia minh em
Chau suy luan: Néu mau mil ctia em xanh, thi hosic em Suon ho#c em Diing xac
dinh dugc mau mil ctia minh, nhung ca hai em déu im ling ching té mi clia em
mau do.

Vay khang dinh ctia thay Nguyén Vian Mau da duge 1y giai.

Vi du 4.31. Trong cudc toa dam vé thuat todn vdi hai hoc tro dat huy chuong
vang va huy chuong bac Olympic Tin hoc quoc té Nguyén Ngoc Huy va Nguyén
Bdo Suon, thay Nguyén Xudn My néi: Thudat todn zudat hién khdp nuoi: Trong
todn hoc, trong khoa hoc, trong cudc song thuong nhat va ngay cd lic vui chuoi
gidi tri. Chdng han, trén ban ¢é hai dong diem vdi sé luong tuong dng 9 va 11.
Hai em thuc hién boc diem theo nguyén tdc: Nguoi nao dén lugt phdi boc it nhat
mot que diém va néu boc & mot dong thi cé thé boc vdi sé luong tuy §; con néu
boc & cd hai dong, thi phdi boc so luong bang nhau.

Nguoi nao dén lugt ma hét diem thi thua cudc.

Néu Huy duge di trude, thi em phdi c¢é cach boc diém nhu thé nao dé thding
cuoc?

Ban hday néu r6 cach boc diem cia em Huy.
Giai.

Trude hét dua ra thuat toan can xac dinh nhiing cip s6 lugng, ma ngudi di
dau chic chan thua. Ta goi cap nay 1a “ciap thua”
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1) Xéac dinh céac cap thua

Quy uéc dong ben trai la dong I, déng con lai 1a dong II, ngudi di trude 1a A,
nguci con lai la B.

Cap (1, 2):

Néu A boc 6 dong IT mot que, thi mdi dong déu con mot que. Khi dé6 B boc
dugce hét diem & ci hai dong, nén A thua.

Néu A bbc & mdi dong mot que, thi dong II con mot que. Khi d6 B boc mot
que diém con lai, nén A thua.

Vay (1, 2) 1a cap thua.

Cap (3, 5)

(a) A bbc ca hai dong

- Néu A boc 6 mdi dong

- Mot que, thi duge cip (2, 4). Khi d6 B boc & dong II ba que va don A vé
cap (2, 1), nén A thua. Hai que, thi duge cap (1, 3). Khi d6 B boc mot que 6
déng 1T va don A vé cip (1, 2) nén A thua cudc. Ba que thi duge cap (0,2). Khi
d6 B boc nét 2 que ¢ dong II, nén A thua cudc.

(b) A boc 6 dong 11

Néu A bbc & dong II:

- Mot que, thi duge cap (3, 4). Khi d6 B boc 6 mdi dong 2 que va don A vé
cap (1, 2), nén A thua.

- Hai que, thi dugce cédp (3, 3). Khi d6 B boc hét diem & ca hai déng, nén A
thua.

- Ba que, thi dugc cap (3, 2). Khi d6 B boc 6 dong I hai que va don A vé cip
(1, 2), nén A thua .

- Bon que, thi dugc cip (3, 1). Khi d6 B boc ¢ dong I mot que va don A vé
cap (1, 2), nén A thua.

- Nam que, thi duge cap (3, 0). Khi d6 B boc nét 3 que con lai, nén A thua.

(¢) A boc 6 dong 1.

Néu A bbc & dong I

- Mot que, thi duge cap (2, 5). Khi d6 B boc 6 dong IT bon que va don A vé
cap (2, 1), nén A thua.

- Hai que, thi dugc céap (1, 5). Khi d6 B boc ¢ dong II ba que va don A vé
cap (1, 2), nén A thua.

- Ba que, thi dugc cap (0, 5). Khi d6 B boc ndt nam que con lai va A thua.
2) Thuat toan

Vi cap (3, 5) 1a cdp thua, nen Huy boc ¢ moi dong 6 que va don em Suon
phai xuat phat véi cap thua (3, 5), nén Huy thang.

Vi du 4.32. dé dong vién cic em hoc sinh gidi bai tap hinh hoc, thay Phan Cung
ditc dat ra ba nhom suu tam va gidi bai tap hinh hoc véi tiéu dé: “Qug tich”, “Bién
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hinh” va “dong dang” .

Céc hoc sinh nam 16p 11 khéi pho thong chuyén Todn-Tin Truong dai hoc
khoa hoc Tw nhién tham gia cic nhom do thay dic dat ra.

Khi tim hiéu thdy rang ¢é 7 em tham gia nhém “Quy tich”, 6 em tham gia
nhém bién hinh, 5 em tham gia nhom dong dang, 4 em tham gia viia nhém “Quj
tich” vita nhom “Bién hinh”, 8 em tham gia vita nhém “Qug tich” vita nhém “dong
dang”, 2 em tham gia vita nhém “Bién hinh” vita nhém “dong dang”, 1 em tham
gia cd ba nhom.

Ban hay zdc dinh gitp sé hoc sinh nam cia lop 11 khéi phé thong chuyén
Todn- Tin cia Truong dai hoc Khoa hoc tu nhién.

Giai.

Dimg 3 hinh tron “Quy tich”, “Bién hinh”, “ddng dang” dé biéu thi ba khoi
hoc sinh nam ctia 16p 11 tham gia ba nhém: “Quy tich”, “Bién hinh” va “dong
dang”. Khi do

- Phan giao ciia ca ba hinh tron biéu thi phan hoc sinh tham gia dong thudi
cd ba nhom.

- Phan giao ctia cac hinh tron “Quy tich” va “Bién hinh” biéu thi phan hoc
sinh tham gia dong thuoi hai nhém “Quy tich” va “Bién hinh”.

- Phan giao ctia cac hinh tron “Quy tich” vi “dong dang” biéu thi phan hoc
sinh tham gia dong thuoi hai nhém “Bién hinh” va “dong dang” .

Can cit vao cac diéu kién ctia bai toan véi phuong phap loai trit xac dinh duge
s6 lugng cac khoi ghi trén hinh 12. T d6 suy ra s6 hoc sinh nam cta 16p 11,
Truong dai hoc Khoa hoc tu nhién la:

1+3+1+1+2+1+1=10

Vi du 4.33. Thay Nguyén Ngoc Thing cho ldp 10A, Todn kiém tra phan tam
thite bac 2. Bon em Xuan, Ha, Thu, dong lam bai khd nhat, trong dé cé mot em
dat diém 10. Khi héi dy dodn

Em Linh néi: “Theo em ban Xuan hodc ban Ha dat diém 107

Em Nam néi: “Theo em ban Ha hodc ban Thu dat diém 107

Em Minh néi: “Theo em ban Thu hodc ban dong dat diém 10”

Nghe zong thay Thing mim cuoi va khdng dinh: “Chi ¢6 Minh dodn ding mot
ban, hai em con lai dodn sai ca’”.

Ban hay zdc dinh nguoi dat diém 10.

Giai.
Néu ngusi em Minh du doan ding 14 em Thu, thi em Nam ciing di doan ding
mot ngudi, nén mau thuan véi dieu kien Nam va Linh déu dir doan sai hét. Béi
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vay ngusi ma Minh dy doan ding phai 1a em dong. Trong trusng hgp nay em
Linh vA em Nam déu di doan sai hét ci, nén thod man diéu kién ciia bai toan.
Vay em dong dat diém 10.

4.4 Phuong phap ménh deé

4.4.1 Khai niém vé logic ménh dé

Dinh nghia. Ménh dé 14 mot cau tron nghia (mot khiang dinh) ma noi dung ciia
n6 phan anh ding hoac sai thitc té khach quan.
Ménh dé ding: Néu noi dung ctia ménh dé (A) phan anh ding thyc té khéach
quan (khéng dinh ding vé6i thuyc té), thi n6é duge goi 14 ménh dé ding hay ménh
dé nhan gia tri ding va viét A = @ hoac A = 1.
Ménh dé sai: Néu noi dung ciia ménh dé (A) phan anh sai thuyc té khach quan
(khéng dinh sai véi thuyc té), thi n6 dude goi 1a ménh dé sai hay ménh dé nhan
gia tri sai va viet A =S hodc A =0

Cac gia tri @, S(0,1) duge goi 1a gia tri chan 1y (hay gia tri) cia ménh de.
Bién ménh dé: Ky hieu diing dé chi meénh dé duge goi 1a bién menh dé. Nguoi
ta thudng ding céc chit cai in ho#ic viét tay c6 chi s hodc khong, chang han
a,b,c,..., a1, by, c1,...,71, T2,..., X1, Xo,... lam bién ménh de.

4.4.2 Cac phép toan ménh dé

Trén tap hop ménh dé xac dinh 5 phép toan:
_Phép phit dinh duge k¢ hicu biing -

-Phép hoi duge ky hieu biang o
-Phép tuyén dugce ky hiéu bing v
-Phép kéo theo duge ky hieu biang =

-Phép tuong duong dugce ky hieu bing <
va duge xac dinh bang bang gia tri chan ly sau day:

Xy T rey | xVy | r=>y | TSy
0 0 1 0 0 1 1
0 1 1 0 1 1 0
1 0 0 0 1 0 0
1 1 0 1 1 1 1

4.4.3 Coéng thiic ctia logic ménh dé

Tt cac ménh dé va phép toan phii dinh, hoi, tuyén, kéo theo va tuong duong
lap nén cac “biéu thic logic”, ma mot nhém trong ching duge goi la céc cong



60 Chuong 4. Mot s6 phuong phap giai toan
thiic ctia logic ménh dé va dinh nghia bang quy nap nhu sau:

Dinh nghia

a) Cac bién ménh dé: z, y, z..., X, Y, Z,... dugc thita nhan 1a cic cong thiic
clia logic ménh dé;

b) Néu A, B la cac cong thiic clia logic ménh dé, thi (A), (B), (AeB), (AVB),
(A — B), (A< B) la cong thic ctia logic ménh de.

c¢) Chi cac “biéu thiic” duge xac dinh ¢ muc (a) hoac muc (b) mdi la cong
thitc ctia logic ménh de.

Gia tri ctia cong thic

Gia st A(w1, @2, ..., ) 1 mot cong thiic ciia logic ménh deé.

Gia tri chan 1y 8 nhan dugc khi thay tat ca cac vi tri clia bién ménh dé x;
trong cong thitc A bang a; (a; = 0,1) (1 <4 < n) duge goi la gia tri chan 1y (hay
gia tri) ctia cong thitc A tai bo gia tri a = (a1, s, ..., a,) cla cac bién menh dé
va viét

Ala) = A(ag, ag,...,an) =0
Cong thitc hing ding, hing sai va thoa dugc

Cong thitc A(z1, xo,...,x,) dudc goi 1a cong thitc hing ding (hdng sai) va

viét
A(zq, z2,..., 2y = 1(A(z1, 22, ..., 2,) =0)

néu v6i moi bo gia tri a = (ay, ag, ..., a,) cla cdc bién ménh dé

Alaq, ag, ..., ap) = 1(A(ag, ag,...,ap) =0).

Cong thic A(xy, xo, ..., x,) dude goi 1a cong thitc thod duge, néu ton tai it
nhat mot bo gia tri a = (a1, as, ..., a,) cla bién ménh deé, dé
A(Oél, a9, ..., Oén) =1.

Cong thitc bang nhau

Cong thic A(zq,xe,...,x,) vi cong thic B(zy, e, ..., z,) duge goi la hai
cong thic bing nhau va viet A = B, néu tai moi bo gia tri
a= (a1, ag,...,a,) cla cdc bién ménh dé déu co:

Alaq, ag, ..., ap) = Blag, ag, ..., o)
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4.4.4 Cac luat cia logic ménh dé

Mot s6 cong thitc dong vai tro nhu cac hing dang thitc dang nhd, duge sit dung
thuong xuyen trong khi bién déi cong thiic va giai cac bai tap toan logic dong
thuoi dude goi 1a cac luat cia logic ménh de.
Sau day liet ke 23 luat quan trong nhat ctia logic ménh dé:
1.A—-B=AVB (thay kéo theo bing phti dinh va tuyén)
2. AN(BVC)=AANBVANANC (phan phdi ctia hoi doi v6i tuyen)

3. AVBAC =(AVB)A(AVO) (phan phdi ctia tuyén dbi véi hoi)

4. AVB=ANANB (Luat DeMorgan)
5. ANB=AVB (Luat DeMorgan)
6. A B=AANBVANAB (Thay phép tuong duong)
)

8. AVAANB)=A (Luat hap thu ciia tuyén déi véi hoi)
9. ANBVB=AVB (Luat hap thu)
10. (AVB)AB=ANAB (Luat hap thu)
11. ANB=BAA (Tinh giao hoan ctia hoi)
12. AvVB=BVA (Tinh giao hoan clia tuyén)
13. (AAB)AC=AN(ANC) (Tinh két hgp ctia hoi)
14. (AVB)VC=AV (AVvV(O) (Tinh két hgp ctia tuyén)
15. ANA=A (Tinh luy dang ctia hoi)
16. AVA=A (Tinh luy dang ctia tuyén)
17. ANA=0 (A va khong A ludn luon sai)
18. AVA=1 (A hoac khong A luon luon ding)
19. ANO=0 (A va hang sai luon luon sai)
20. Avo=A (A hoiic hang sai luon 14 A)
21. AN1=A (A va hing ding luon la A)

AN(AVB)=A

(Luat hap thu ctia hoi déi véi tuyén
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22. AVv1=1 (A hay hing ding luon hing ding)

23. A=A (Hai lan pht dinh ctia ménh dé A lai chinh 1a A)

Phép bién déi dong nhéit

Duta vdo céc luat co ban ngudi ta c6 thé bién doi cac cong thitc clia logic
ménh dé thanh céac dai luong tuong dang va “duon gian” hoic tién ich huon. Nho
do6 viec giai phuong trinh, hé phuong trinh logic, xét tinh bang nhau, tinh hing
ding clia cac cong thitc duge thyc hién mot cach dé dang huon.

Mot s6 khing dinh

Hoi so cap: Hoi clia cac bién meénh dé hodc phi dinh ciia ching dude goi 1
Hoi so cap.

Tuyén so cap: Tuyén clia cac bién meénh dé hoac phi dinh ctia ching dude goi
13 Tuyén so cap.

Nho cac luat ctia logic ménh dé ta c6 thé suy ra cac khang dinh sau day:

Khang dinh 1: Mot hoi s caAp hing sai khi va chi khi n6 c6 chua mot bién
ménh dé ndo dé cling v6i phtt dinh clia bién ménh dé nay.

Khdng dinh 2: Mot tuyén so cap hing ding khi va chi khi né c¢6 chia mot
bién ménh dé nao dé cing v6i phit dinh ctia bién ménh dé nay.

Gia st Ay, Aa, ..., A, 1a cac cong thic clia logic ménh dé. Khi d6 c6 cac
khéng dinh sau:

Khing dinh 3:

(A)) AN (A) AN~ AN(A,) =1khivachikhi Ay =As=---=A4,=1
Khang dinh 4:
(A1) V (A2) V-V (A,) =0khivachikhi Aj=As=---=A4,=0

Phuong phap logic ménh dé

Phuong phap logic ménh dé la phuong phap chuyén bai toan vé dang logic
meénh dé, roi ding céc luat va cac khéng dinh ciia logic ménh dé ma suy ra dap
an. Phuong phap gom ba budc sau:

1) Chon cac bién ménh dé thich hgp, tuong tng, dién dat cdc moi quan heé,
hién trang... dudc cho trong bai toan bang cac cong thiic ciia logic ménh dé. Sau
d6 can cit vaio moi quan hé va cac diéu kien da cho trong bai todn ma dua ra
phuong trinh hoac hé phuong trinh logic thich hgp.

2) Giai phuong trinh hodc hé phuong trinh logic, dé suy ra céc “nghiém logic".

3) Can ctt vao sy tuong ting khi chon bién meénh dé, ma dién dat cac “nghiem
logic" thanh dap an cta bai toan dit ra.
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Vi du 4.34. Thay Pham Tuan Duong- chi nhiém 16p chuyén Todn khod II phan
cong cic em do Ngoc Diép, Nguyén dinh Hod, Pham Trong Quat, Dao Trong Thi
tric khu so tan tai z6m Na Buon, xa Van Yén, huyén dai Tw, tinh Bdc Thdi (nay
la tinh Thdi Nguyén) bon ngay lién tiép Ba muoi, Mong 1, Mong hai, Mong ba
tét nam 1966 va dong vién cic em ghi nguyén vong. Cdc em da dé dat nguyén
vong nhu sau:

1. Em Thi va em Qudt khong thé truc nhat vao ngay ba mudi.

2. Néu em Thi truc ngay Mong mot hodc em Qudt truc ngay Mong hai, thi
em Hod truc ngay Mong ba.

3. Néu em Diép truc ngay Mong hai, thi em Hod truc ngay Mong mot

4. Néu em Diép hodc em Qudt truc ngay Mong mot, thi em Thi triuc ngay
Mong ba.

5. Néu em Quadt khong truc ngay Mong ba, thi em Diép truc ngay Ba muodi va
em Thi khong truc ngay Mong hai.

Ban zép gitp lich truc thod man nguyén vong cia tat cd cic em.
Giai.
1. Xac dinh bién ménh de

Dé duon giadn ta goi cac ngay Ba muoci, Mong mot, Mong ha, Mong ba 1
ngay 0, ngay 1, ngay 2, ngay 3 va dimng chit cai dau ctia tén dé chi cac em.

V6i quy wée nay ; 1a bién dé chi ménh dé “Em x tryc ngay 7 (i = 0, 1, 2, 3).
Khi d6 7; 14 ménh dé “Em z khong tric ngay .

2. Lap cong thic dién ta dieu kien:
- diéu kien 1 duge dién ta bang cong thic A = 1y.q,
- dieu kien 2 dugce dién dat bang cong thiic

B=({t1Vq)—hy=1t2VqgVhy=11.9,V h3
- dieu kien ba dudgc dién dat bang cong thiic:
C=dy—hi=dy Vi
- dieu kien 4 dugc dién dat bang cong thiic:

D:(d1Vq1)—>t3:d1\/q1\/t3231.§1\/t3
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- diéu kien 5 dugc dién dat bang cong thic:

E = q3 — do.fz =q3V do.fz

. Lap phuong trinh logic

Vi phuong an trife nhat phai thod méan yeéu cau clia tat cd cdc em, nén
phuong an duéi dang “ngon ngit logic ménh dé” phai 1a nghiém ciia phuong
trinh:

ABCD.E=1 (1)

A.B = fo-%'(flﬁz V hg) = foﬁoflaz V fo.ﬁo.hg

A.B.C = (50'60'51'62 V fo.ﬁo.hg).(dg V hy)

= fo.ao.fl.az.dg V fo.ao.fl.az.hl V foﬁo.hgdg V fo.ﬁo.hg.hl

Vi mdi em chi tryc mot ngay, nén hs.hy = 0. Do dé:
A.B.C :fo.ao.fl.az.dg V fo.ao.fl.az.hl V foao.hgdg
A.B.C.D :(fo.ao.fl.az.dg V f(]'a(]'fl'a2'hl V fo.ao.hg.dg)(al.al V tg)
:fo.flao.al.az.al.dg V fo.flao.az.dg.tg V fo.fﬁoﬁlazﬁl.hl
V fo.flao.az.hl.tg) V fo.ﬁo.al.al.dg.hg V fg.ﬁo.dg.hg.tg

Nhitng hoi dan dén mau thuian: hodc mot ngudi tryce hai ngay hogc hai nguoi

N R N N PR . S 750-5150@1@2-‘11-(12 =0;
truc cung mot ngay deu phai bang khong. Béivay - 2 7=
: & 1 gay p & & Ay to.qo.ql.dl.dg.hg = 0;

nén: A.B.C.D = fo.flao.az.dg.tg V fg.f@o@l@zﬁl.hl

A.B.C.D.E =(ty.t1Gy-Gy-d2-t3 V T0.11Gy-Gy -G2-d1.h1) (g3 V dot2)
=t0.11q¢-Go-d2.t3.q3 \V 0.61G(.qo-do.d2.t2.t3V
V t0.£1G0-G1 -Go-d1-h1.G3 V T0.81G0-Gy -Go-d1 . h1.do 2
=1
Nhitng hoi dan dén hai ngudi cling trifc mot ngay hoac mot ngusi triuc hai
ngay déu phai bang 0, nén hoi thit nhat, thi hai va thi tu déu bang o va
¢6 phuong trinh:
t0.0190-G1-G2-d1-h1.q3 = 1
Suy ra
bh=Lh=L=0==d=h=g¢g=1
hayto=t1 =g =q =q@=d =0=0, hy =q3 = 1.
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Khi dé

Em Hoa triyc ngdy Mong mot
Em Quat tric ngay Mong ba
Em Thi tryc ngdy Mong hai
Em Diép tryuc ngay Ba muoi.

Vi du 4.35. Thay Phan diic Chinh chi dinh bon em hoc sinh nit cia I6p chuyén
Todn khod I: Tran Thi dé, Hoang Thi Luong, Van Tang Mang, Phan Huy Thanh
trinh bay bon bai todn mau dudc danh sé thi tu tw 1 dén 4. Thay cho phép tu
phan cong va cic em thod thudn nhu sau:

1. Néu dé khong trinh bay bai 1, thi Mang khong trinh bay bai 2;
Néu Luong khong trinh bay bai 1 va bai 4, thi dé trinh bay bai 1;
Néu Mang khong trinh bay bai 4, thi Luong trinh bay bai 5.

Néu Thanh khong trinh bay bai 1, thi Luong trinh bay bail;

SR

Néu Thanh khong trinh bay bai 2, thi Luong khong trinh bay bai 1
Ban hay xdc dinh bai todn cia méi em trinh bay?
Giai.
1) Chon bién ménh deé
Dung chit cai dau ctia tén dé chi em hoc sinh tuong ting va chi s6 i (i =
1, 2, 3, 4) dé chi bai toan thit i.
Dimng x; dé chi ménh dé “Em x trinh bay bai ”. Khi d6 Z; 14 ménh dé “Em
x; khong trinh bay bai 7.
2) Dién dat cac diéu kien ctia bai toan bang cong thiic clia logic meénh dé:
diéu kien thit nhat dién dat bang cong thiic:

A=d; —my=di Vi
diéu kién thit hai dién dat bing cong thic:
B=1lly—d=1VI4Vd
diéu kien thit ba dién dat bang cong thiic:
C=my —l3=myVls
diéu kien thit tu dién dat bang cong thiic:

D=t -l =t V]
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diéu kién thit ndm dién dat bang cong thiic:
E=%—li=tV]
Vi bang phan cong tric phai duge cd bon em nhat tri nén c6 phuong trinh logic.
ABCDFE=1

Lan lugt cac hoi A.B, A.B.C, A.B.C.D, A.B.C.D.E va dé y rang: Cac hoi so cap
ma trong d6 hai ngusi cuing trinh bay mot bai tap hoic mot ngusi trinh bay hai
bai tap khac nhau déu sai, ta co:

A.B =(dy Vg)(l1 VgV dy)
=d1l1 V dily V didy V Tsgly V ol V Tady
=dy V dyly V mgly V gly V ady
A.B.C =(dy V dyly V maly V aly V Tgdy).(my V 13)
=dimy V dils V dilymy V dilyls NV Talymg V sl ls
V miglymy V Miglyls V miadimy V Tiadyls
=dimy V dyl3z V malimy V adimy V madyls
A.B.C.D =(dymy V dil3 V malimy V madimy V mgdyls) (8 V 1)
=Tglimy
A.B.C.D.E =malymy(ta V 11) = Malymate V Mglymyly

=malimyts = 1

Khidé:mo=1,l1=1,my=1,to=1nénme=0,l1 =1, my =1, t, = 1.
Suy ra:
FEm Luong trinh bay bai 1
Em Thanh trinh bay bai 2
Em Mang trinh bay bai 4
Va em dé trinh bay bai 3.

4.5 Phuong phap bang

Nhiéu bai toan logic c6 thé giai bing cach lap bang mo ta moi quan hé giita
cac dbi tugng dude cho trong bai toan. doéi v6i mot s6 bai toan logic trong do6
xuat hién hai hay nhiéu tép va cac cap phan tit néi len mdi quan hé gitt cac téep
ngudi ta co thé thiét lap mot hay nhiéu bang, dé mo ta moi quan hé giita cac tép.

Mbi bang nay c6 hang trén cling ghi cAc phan tit clia mot tép, con cot tan
ciing bén trai ghi cAc phan tit thuoc tép kia va cac vi tri trong bang ghi ma s6
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quan hé gitta nhitng phan t1t thuoc cic tép. Can cit vao cac diéu kien da cho trong
bai toan gach bd di nhitng cap phan tit khong thich hop. Tt d6 di dén luoi giai
cua bai toan.

Giai bai toan logic bang phuong phap bang doi khi vap phai truong hop bang
can lap c6 chiéu kha 16n hoac phai két hgp nhiéu bang méi di dén két qui. Sau
day xin minh hoa phuong phap bang mot s6 vi du:

Vi du 4.36. Thay chi nhiém khoi Lé dinh Thinh cong bo diém kiém tra hoc
sinh gi6i riéng cho bon em Phan Vi Diém Hang, Nguyén Thi Thiéu Hoa, Nguyén
Thuy Linh va dao Thi Thu Hang. Khi cdc ban héi diém cia ting ngudi, thi dugc
tra luoi:

- Em Diém Hang noi: 0] Ban Hoa 7 diém, ban Linh 9 diém, ban Thu Hing 8
diem” ;

- Em Hoa néi:” Ban Thu Hang 10 diém, ban Diém Hdng 8 diém va ban Linh
7 diém’;

- Em Linh noi:” Cd ba ban déu dudgc 8” ;

- Em Thu Hang noi:” Cd ba ban deu duge 7.

Khi nghe cdac cau trda luci trén thay Thinh néi:” Khong cé em nao dugc hai
ban ciing néi ding diém”.

Ban hdy zdc dinh diém cia ting em?
Giai.

Bai toan c6 hai tép doéi tuong. Tép thit nhat gom cac em hoc sinh, tép thit
hai 13 diém ctia caAc em. Bai toan nay co thé gidi bing phuong phap bang:

1) Lap béng:

Bang gom 5 hang, 5 cot. Hang dau tit cot thi hai ghi tén cidc em hoc sinh,
con trén cot tan cung bén trai tir hang hai ghi tén cau tra lusi.

2) dién méa s6 quan hé gitta cac em va diém vao vi trf clia bang:

3) Vi khong c¢6 em nao ciing duge hai em néi ding diém ctia minh, nén dua
vao bang trén suy ra diém ctlia cic em la: Em Diém Hing 7, em Hoa 8, em Linh
9 va em Thu Hang 10.

Vi du 4.37. Nhan dip ky niém ngay Nha gido Viét Nam 20 thang 11, pho chi
nhiém khoi co dang Thanh Hoa chi dao 4 em Chc, dao, Hong, Sen lam bon bong
hoa: ciic, dao, hong, sen.

Sau khi hoan thanh em Sen ngdm hoa va néi vdi cic em lam hoa ciic, hoa
hong va ban dao: O Thé la trong ching ta khong cé ai lam hoa trung vdi tén
minh”. Ban hay zdc dinh tén hoa ma méi em da lam?

1. Hang dau ti cot thi hai ghi tén cAc em lam hoa, con cot tan cing bén trai
tu hang hai ghi tén hoa ma cac em da lam:
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2. Gach bé 6 clia bang

- Do khong c6 em nao lam loai hoa giéng tén minh nén cidc 6 nam trén hang
va, cot cling tén déu bi gac bo.

- Cau Oem Sen ngam hoa va néi véi cadc em lam hoa ctic, hoa hong va em
dao” ching toé:

+ Em dao khong lam hoa ciic, hoa hong.

+ Em Sen khong lam hoa ciic, hoa hong. Khi d6 cac 6 nam trén hang hong,
cot Sen va cot dao bi gac bécdc 6 nam trén hang ctic cot Sen va cot dao bi gac
bo. T cot cudi ciing suy ra em Sen lam hoa déo, nén céc 6 con lai cua hang dao
bi ghach bo. Cudi cuing tit cot Ctc suy ra Ctc lam hoa hong, tit cot hong suy ra
Hong lam hoa ctc.

Em Ctc lam hoa hong;
FEm dao lam hoa sen;
Em Hong 1am hoa ctc;
Em Sen lam hoa dao.

Vi du 4.38. Nhan dip kij nieém 30 nam ngay thanh lap khoi phé thong chuyén
Todn- Tin truong dai hoc tong hop Ha Noi Khéi phdat dong phong trao viét ve
nhitng kij niém sau sdc trong thudi hoc sinh. Thay Lé dinh Vinh chi tri viéc cham
bai. Két qud cé hai bai dat gidi nhat. ddap lai cau héi nhitng ai dat gidi nhat co
nam cau tra luoi:

1. Em Hoang Ngoc Ha va em Hoang Lé Minh
Em Nguyén Thanh Nam va em Phung Van on
Em Nguyén dang Thanh va em Nguyén Thanh Nam

Em Hoang Ngoc Ha va em Nguyén dang Thanh,

A T

Em Hoang Ngoc Ha va em Lé Quang Tién.

Khi nghe cdc cau trd lugi trén thay Vinh mim cudi va néi gon: “Bon cau moi
cau ding mot nit a, con mot cau sai hét!”
Ban hay zdc dinh nhimg nguoi dat gidi nhat.
Giai.
I. Lap bang dién ta cAc cau tra ludi
II. Ly luan dé suy ra dap an
1. Két qua trinh bay trén bang thod man diéu kién ctia dé bai

2. Ngudc lai, két qua khong nhu trén bang, thi can xét cic kha ning co thé
suy ra:
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i) Néu Minh khong nhat, khi d6 cau 1 sai hoan toan, nén cac cau 2, 3, 4, 5
mdi cau phai ding mot nit a, nén Thanh, Tién nhat. Khi d6 Nam va 6n khong
nhét, nén cau 2 lai sai cd hai y. Ta di t6i mau thuan vi c6 hai cau sai hoan toan.

ii) Néu Thanh khong nhat, thi cau 4 sai hoan toan, nén cac cau 1, 3, 5 phai
dang mot nit a. Béi vay, Minh, Nam, Tién phai dat giai nhat. Ta ciing di t6i mau
thuan véi s6 luong ngudi dat gidi nhat chi 1a 2.

iii) Néu Tién khong nhat, thi cau 5 sai hoan toan nén céac cau 1, 2, 3, 4 mdi
cau phai ding mot nit a, nén Minh, 6n, Thanh phai dat gidi nhat. Ta cing di t6i
mau thuan. Vay em Ha phai dat gii nhat.

a) Néu Ha khong nhat, ma theo diéu kién phai c6 it nhat mot trong ba ngudi:
Minh, Thanh, Tién khong nhéat.

b) Néu Ha nhat va Nam nhéat, thi ddn dén mau thuin vi cd 5 cau mdi cau
dang mot ni a.

¢) Néu Ha nhat va Thanh nhat hoac Tién nhat, thi khi d6 c¢6 cau dung ca hai
¥, nén cing dan dén mau thuan.

Vi du 4.39. Thay duong Hoang Giang trd bai kiém tra mon Hod hoc cho ldp 11
A1 Todn. Khi ban Thay ¢ 1dp 11 A1 Tin héi diém cia cdc ban Binh, dinh, Linh,
Nam thi nhan duge cac cau tra luoi:

- Ban Binh noi: (jBan Nam duoc 7, dinh duoc 8, Linh duoc 9”

- Ban dinh noi: (jBan Nam duoc 10, Linh duge 8, Binh duoc 9”

- Ban Linh noi: 0C4 ba ban déu dugc 77

- Ban Nam noi: 0C4 ba ban déu dugc 8”

Khi nghe cdc cau trd i thay Giang noi: 0) Khong c6 em nao dugc hai ban
cung néi ding diém va moi cau trd lwoi chi néi ding diém mot em”.

Ban hay zdc dinh sé diém cia ting ngudi.
Giai.

1. Lap bang mo ta cac cau tra lusci

Binh dinh Linh Nam
Binh tra lusi 8 9 7
dinh tra lusi 9 8 10
Linh tra lusi 7 7 7
Nam tra luci 8 8 8

2. Phan tich loai trir dé tim ra dap an:

Xét cac cot 2, 3, va 4. Vi khong ngudi nao dude hai ban ciing néi ding diém
cuia minh nén:
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- Ban dinh khong thé dat dugc diém 8,
- Ban Linh khong thé dat dudc diém 8,
- Ban Nam khong thé dat duge diém 7.

Néu ban dinh dugc diém 7, ban Linh duge diém 9, ban Nam duge diém 10,
thi ban Binh dugc diém 8. Phuong an nay thoad man ca diéu kién: Méi cau
tra ludi chi ding diém clia mot ngudi.

Vay ban Binh dugc 8, ban dinh dugce 7, ban Linh duge 9 va ban Nam dugc
10.

4.6 Phuong phap so do

day la phuong phap tuong tu nhu phuong phap bang, song phuong phap nay
lgi thé huon khi gidi quyét cdc bai toan ma & d6 s6 tép doi tuong 16n huon 2.

1) Phuong phap so do gom 2 buoc: Thiét 1ap so do

Lay cac nhém diém trén mat phéng hay trong khong gian tuong ting véi cac
tep. Diing ngay ky hieu cac doi tugng dé ghi trén cac diém tuong tng.

2) Mbi cip diém tuong ting véi hai ddi tugng c6 mot quan hé nao dé da cho
trong mot bai toan duge ndi véi nhau bing mot doan thang hoic mot doan cong
dic trung cho quan hé ma né biéu thi va khong di qua cac diém tuong tng chung
gian khac. Ta goi s6 do nhan dugc 14 so do mo ta quan hé. Diya vao cau tric ciia
s0 do mo t& quan heé va diéu kién da cho trong bai toan ma suy ra dap an

Sau day xin trinh bay mot s6 vi du minh hoa:

Vi du 4.40. Bon em Anh, Ding, Hing, Viét chuan bi lén duong di thi hoc sinh
qidi toan quoc duge thay dé Thanh Suon cho biét trude diém mon Hinh hoc.

Ban Nam mudn biét diém cia tung ngudi. Khi héi dude cdc ban trd luoi dp
Up mdé md nhu sau:

- Anh néi: O Cé ba déu dugc 7.

- Dung noi: 0 Ban Hing 7 diém, ban Viét 9 diém, ban Anh 8 diém”.

- Héing néi: O Ban Anh 10 diém, ban Ding 8 diém va ban Viét 7 diém”.

- Viet néi: O Cd ba ban déu dugc 8.

Ban hay zdc dinh diém cia ting nguoi? Biét ring khong c¢é ban ndao cing
dugc hai ban néi ding diém cia minh.

Giai.
1) Thiét lap so do

Lay hai nhém diém trén mat phang tuong tng véi hai tép déi tudng.
Tep thit nhat gom cac em Anh, Diing, Hang, Viét.
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Tep thit hai gom cac diém: 7, 8, 9, 10

Sau do6 céan cit vao cau noi cia cac em ma xac lap cac quan hé gitta cac tép
doi tuong.

a) Theo em Anh, ba em Diing, Hing, Viét déu dugc 7, nén diém tuong ting
v6i Diing, Hing, Viéet déu c6 dudng ndi véi diém ghi s6 7;

b) Theo em Diing, gitta diem “Hing” va diém “77, gitta diem “Viet” va diém
“9”, giita diém “Anh” va diém “8” déu c6 dudng ndéi véi nhau;

c¢) Theo em Hing, gitta diem “Anh” va diém “107, gitta diem “Diing” va diém
“8”, giita diém “Viet” va diém “7” déu c6 dudng ndi véi nhau;

d) Theo em Viét, gitta diém “8” va cac diém “Anh”, “Diing”, “Hang” déu c6
dudng nbéi v6i nhau (Hinh 13);

2) Vi khong c6 em nao duge hai em dong thusi néi ding diém clia minh, nén
trong hinh 13 cic quan hé song song déu bi loai bé, titc chi c6 quan hé duon méi
thuc hien. B&i vay em Anh dat diém 10, em Viet dat diém 9, em Hing dat diém
8 va em Diing dat diém 7.

Vi du 4.41. Thay Pham Quang ditc ra mot dé qug tich trong khong gian trén
bao tuong cia Khoi. Sdu em An, Binh, Cuong, dat, Kiéu, Minh nop bai gidi. Sau
khi chdm zong thay cong bé két qud riéng cho cic em va khdang dinh chi ¢6 hai
em giai ding.

Cau hoi ai da gidi dung c6 nam cau trd luoi:

1. An va Cuong
Binh va Kiéu
Minh va Binh

An va Minh

AR I

An va dat

Khi nghe cdac cau trd luoi tren Thay dic mim cudi va noi “C6 4 cau ding mot nit
a, con mot cau sai tat cd” .
Ban hay zdc dinh giup hai ban gidi ding

Giai.

Lay hai nhém diém trén mat phang tuong tng véi hai tép dbi tugng:

1) Tep thtt nhat gom cac cau tra luoi;

Tep thit hai gom cidc em An, Binh, Cuong, dat, Kiéu, Minh.

2) Thiét 1ap quan he

Dimng dudong nét lién dé biéu thi khing dinh ding, duong nét diit biéu thi
khéng dinh sai.
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Dura vao diéu kien da cho trong bai toan va phuong phap loai trit ma thiét
lap quan hé giita hai tép doi tuong.

a) Gi& sit em An va em Kiéu giai ding bai toan trén bao tuong. Khi dé c6 so
do quan he:

So d6 quan he (Hinh 14) thod man toan bo diéu kién ctia bai toan, nén hai
em An, Kiéu gidi ding bai toan trén bao tudng.

b) Xét cac cdp con lai

Ta xét cac cip tuy ¥ trong cac cip con lai, chang han, gia si ca hai em An,
Binh déu gidi ding bai toan trén béo tuong. Khi d6 c6 so do quan heé (Hinh 15).

So do quan hé (Hinh 15) khong thod man diéu kien: Mot em noi sai ca hai
nén hai em An, Binh khong dong thudi gidi dung bai toan trén bao tuong.

Cac cép con lai xét tuong tu va cing ching t6 dude cac cap nay khong thoa
man diéu kién dat ra.

Vay em An va em Kiéu 1 hai hoc sinh gidi ding bai toan do thay Pham
Quang duc dat ra.

Vi du 4.42. C6 Nguyén Thi Tinh chu@n bi cho cdc em hoc sinh ni ldp 11 biéu
dién van nghé chao mung Ngay nha gido Viét Nam 20 thang 11.

Cac em Anh, Hang, Mai mdc ba mav do: Tim , Xanh, Hong va cé ba ddy
budc téc cung cic mau day.

Nhin cic em c¢o Tinh nhan zét: “Chi c¢6 Anh la mau do va mau day budc téc
trung mau, do va dday budc téc cia Hang déu khong mau tring, con Mai cé day
buoc téc mau ranh” .

Ban hay xdc dinh mau do va mau day budc téc cia moi ban.

Giai. Trong bai nay c6 ba nhém doi tuong:

Nhom thi nhat gom ba ban: Anh, Hang, Mai duge ky hiéu bing ba diém
tuong ting A, H, M.

Nhom thit hai gdm ba mau do: Tim Xanh, Hong dugc ky hiéu bing ba diém
tuong ung tg, o, ho;

Nhoém thi ba gom ba day budc téc mau: tim, xanh, hong duge ky hieu mot
cach tuong tng bang ¢, z, h (Hinh 16)

Mbi quan hé gitta cac d6i tugng clia ba nhom nay duge ky hiéu biang;

- dudng nét diit, néu quan hé gitta ching 13 sai,

- dudng nét lién, néu quan hé gitta chiing 1a dang.

Do Mai ¢6 day budc téc mau xanh, nén diem M va diém x duge ndi bing
duong nét lien. Do 4o va day buoc téc ctia Hang déu khong mau trang, nén cac
cap diém (H, ty), (H, t) déu ndi bang nét dit. T d6 suy ra cap (H, h), (A, t)
duge ndi bang duong nét lien. Do Anh c¢6 mau 4o va mau day buoc téc trung
nhau, nén cip (4, tg) duge noéi bang nét lien. Cac em Hang, Mai déu ¢6 mau 4o
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khong trimg véi mau day budc toc, nén cac cap diém (H, zg) va (M, hg) duge
no6i bang duong nét lien.

Vay Anh mic 40 mau tim v c6 day buoc téc mau trang,

Hing mic 40 mau xanh va c6 day budc téc mau hong,

Mai méc 40 mau hong va c6 day buoc téc mau xanh.

4.7 Phuong phap do thi

R4t nhiéu bai toan khong mau muc cé thé giai bang cach dua vé bai toan
trén do thi roi suy ra dap an.

4.7.1 Mot s6 khai niém va két qua co ban cia ly thuyét do thi

Trén mit phang hay khong gian 1ay n diém. Gitta mot s6 cap diém ndi bang
nhitng doan thiang hay doan cong dugc dinh huéng hoac khong. Ngudi ta goi hinh
nhan dude 1a dang biéu dién hinh hoc ctia do thi hay mot do thi. Cac diém da
chon dugce goi la dinh ctia do thi. Cac doan thang hay doan cong da néi dugce goi
13 canh ctia do thi.

Néu canh a ndi giita hai diém A, B thi A, B dugc goi la dinh ctia canh a.

Cap dinh z, y dudc goi 1a hai dinh ké nhau, néu chiing khac nhau va hai dau
cua cung mot canh.

Day « cac dinh:

L1y L2y v+ vy Ljy Ljtlyeees Lm—15 Tm

duge goi 1a mot dudng, néu véi moi chi s6 7 (1 <4 < m — 1) déu ¢6 z; va 741
13 hai dinh ké nhau. Cac dinh x1, x,, dudc goi 1a cac dinh dau ctia dudng cong.
Ngudi ta con néi rang duong o ndi giita dinh 1 va dinh x,,.

Chu trinh 13 mot duong c6 hai dau trung nhau.

Chu trinh ma né di qua mdi dinh khong qua mot lan duge goi 1a chu trinh so
cap.

Chu trinh o duge goi 1a chu trinh Hamiton, néu né di qua tat ca cac dinh clia
do thi va di qua moi dinh mot lan.

do thi G goi 1a do thi lien thong, néu méi cap dinh clia né déu c6 duong nodi
vGi nhau.

do thi G duge goi 1a do thi day di néu mdi cap dinh ctia né déu duge ndi véi
nhau bang ding mot canh.

S6 canh xuat phat tit dinh 2z dude goi 1a bac ctia dinh .

Cay 1a mot do thi lien thong va khong c¢6 chu trinh.
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Trong cay T tach ra mot dinh dude goi 1a dinh gbc, con cac dinh c6 bac bang
1 va khong phai 1a goc duge goi 1a 14 hay dinh ngon.

dinh 1y 1: do thi ma trong d6 tong bac clia hai dinh tuy y déu khong nho
huon s6 dinh ctia do thi, lién thong.

dinh ly 2: do thi ma trong dé bac clia mdi dinh déu khong nhé huon 2, luon
luon c6 chu trinh so cap.

Hé qua 1: Néu trong do thi c¢6 ding 2 dinh bac 1, cdc dinh khac c6 bac
khong nhoé huon 2, thi trong G ¢6 duong ndi gitta hai dinh bac 1.

dinh 1y 3: d6 thi, ma trong dé téng bac ctia hai dinh tuy y khong nhé huon
s6 dinh ctia do thi, luon luon c6 chu trinh Hamiton.

dinh ly 4: Trong mot do thi tuy ¥ so6 dinh, ma mdi dinh c6 bac 18, luon luon
14 mot s6 chin.

dinh 1y 5: Cho day s6 nguyén duong a1 = 2, as =5, ..., apr1 = (n+1)ap+1.
Khi d6 do thi day du a,, + 1 dinh véi cac canh duge t6 bang n mau luon luon co
tam giac cing mau (chu trinh gom 3 canh cting mau).

dinh ly 6: Cho day s6 nguyén by = 3, b3 =6,..., byr1 = (b, — 1)n + 2. do
thi day dt G vé6i b1 — 1 dinh (n > 2) va cic canh duge do bang n mau, sao
cho khong c6 tam gidc ciing mau, thi trong do thi G ¢6 hinh 5 canh véi cac canh
cuiing mau va cac duosng chéo dugc td cac mau khac.

4.7.2 Phuong phap do thi

Dé giai bai toan T bing cach thong qua do thi can thuc hien lan lugt hai
buéGe sau:

1) Xay dung do6 thi G mo ta cac quan he

Lay céc diém trén mat phang hoiic trong khong gian tuong tng véi cac dobi
tuong da cho trong bai toan. Diing ngay cac ky hiéu déi tugng dé ghi trén céc
diém tuong tng...

Cap diém x, y dudc ndi véi nhau bing mot canh véi “dac diém ¢, khi va chi
khi cac dbi tugng a, y c6 quan hé (¢) véi nhau. Khi d6 bai toan T da duge chuyen
vé bai toan D trén do thi.

2) Dua vao két qua ctia 1y thuyét do thi hodc 1y luan tryc tiép suy ra dap an
cua bai toan D.

Néu dap an ctia bai toan D con du6i dang “ngon ngit do thi”, thi can cit vao

phép dit tuwong ting khi xay dung do thi ma dién dat thanh dap an bang ngon
ngtt thong thudng (tic 1a dap an cta bai toan T).
Vi du 4.43. Trong buoi léen I6p dau tién tai lop 10 hay Nguyén Vi Luong da cho
cac em bai todn: Trong ngay tap trung hoc sinh lop 10 dau tién 19 em c6 mdt.
Moi em da bdt tay it nhat 13 em. Chitng minh rang cé it nhat 4 em cia ldp ta
ma tiung cdp da bt tay nhau trong ngay tap trung dau tién.
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Giai.

Bai toan dugc gidi bang phuong phap do thi
1) Xay dung do6 thi mo ta4 quan he

a)dinh

Lay 19 diém trén mit phing hodc trong khong gian tuong tng véi 19 em hoc
sinh dén tap trung ngay dau tien. Diing ngay tén cic em dé ghi trén cac diém
tuong Ung.

b) Canh

Hai diém z, y dudc ndi bing:

- Canh mau d6 (nét lién), néu z, y bat tay nhau;

- Canh mau xanh (nét dit), néu z, y khong bat tay nhau.

do thi nhan dude ky hiéu bang G. do thi G mo ta toan bo hién trang cac em
hoc sinh 16p 10 da bat tay nhau trong ngay dau tién.

2) Chitng minh trong G ¢6 it nhat mot do thi con day diu gom 4 dinh véi cac
canh cung mau do.

That vay, vi trong ngay dau tién mdi em trong 19 em c6 mit da bat tay it
nhat 13 ban, nén trong 18 canh xuat phat tit méi dinh phai ¢6 khong it huon 13
canh do6. Khi d6 s6 canh xanh xuat phat tit moi dinh khong vugt qua 5.

Xét dinh P tuy ¥ va 13 trong s6 cac canh do xuat phat tit P 1a PAy, PAs, ..., PAys.

Vi xuat phat tir A c6 t6i da 5 canh xanh. Khi d6 trong cac canh (Ay, A;)
(2 < ¢ < 13) ¢6 it nhat 7 canh d6 xudt phat tr Ay 1a (A1, A2) (1 < ¢ < 8).
Vi xuat phat tit As c¢6 khong qua 5 canh xanh, nén trong cac canh (Aj, As),
(Ag, A3) (3 < k < 8) ¢6 khong it huon 2 canh d6. Béi vay trong céc canh
(As, Ak) (3 < k < 8) ¢6 it nhat mot canh do. Gia st (As, A3) 1a canh d6. Khi do6
do thi con gom cac dinh P, Ay, As, Az c6 tat ci cac canh déu do, nén 4 hoc sinh
tuong tng v6i 4 dinh ctia do thi con nay ting cip da bt tay nhau trong budi
tap trung dau tien.

Bo ba s6 nguyén dude goi 1a thuan nhat, néu hodc ching c6 wée chung timg
doi mot nguyeén t6 cling nhau.

Vi du 4.44. Trong buoi day s6 hoc thay Pham Vin Hung da khang dinh: doi
vdi 6 56 nguyén tuy i luon luon cé thé tim dugc it nhat mot (tham chi hai) by ba
thuan nhat, nhung doi vdi 5 s6 thi ¢ thé chi ra vo sé bo 5 sé nguyén, trong do
khong cé mot bo ba thuan nhat nao.

Ban hay ly gidi diéu thay Hung khdng dinh.

Giai.
1) Chitng minh khéng dinh thit nhét
a) Xay dyng do thi mo t4 quan he
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dinh: LAy 6 diém trén mat phang hoic trong khong gian tuong tng véi 6 sb
da chon ra Ay, Ay, Az, Ay, A5, Ag. Ding ngay cac sd nay dé ghi trén cac dinh
tuong ing.

Canh: Hai diém A;, Ay (1 <4, k < 6) duge ndi bing

- Canh d6 (nét lien), néu cac s6 A;, A c6 u6c s6 chung;

- Canh xanh (nét ditt), néu hai s6 A;, Ag nguyén t6 cing nhau.

do thi nhan dugce ky hieéu bang G. do thi G mo ta toan bo quan hé uéc chung
trong 6 s6 da chon ra.

b) Ching minh tam giac cing mau

Xét dinh A; (1 < i < 6) tuy ¥, chang han A;.

Xuat phat tit Ay ¢6 5 canh duge to6 bang hai mau (d6, xanh). nén phai c¢6
mot mau duge toé trén it nhat ba canh. Gid sit mau doé duge to trén it nhat ba
canh thuoc A; va ba trong cac canh nay la (Aq, As), (A1, As), (A1, Ay)

Khi d6 c6 hai kha nang can xét:

-Néu mot trong cac canh (Ag, A3), (As, Ay), (A3, A4) mau do, chiang han
(Ay, A3) mau do, ta c¢6 tam gidc A; Ay A cing mau (mau d6) (Hinh 17). Khi d6
ba s6 A1, As, Az c6 u6c chung timg doi mot.

-Néu ca ba canh (As, As), (Aa, Ay), (A3, Ay) déu mau xanh, ta dugc tam
giac A2 A3A, cing mau (mau xanh) (Hinh 18). Khi d6 ba sb As, A3, A4 nguyén
t6 cling nhau.

2) Chiing minh khang dinh thit hai bing phan chiing

Dung ngti giac c¢6 cac canh mau do, cac duong chéo mau xanh trén dinh ghi
5 s6 da chon ra dé mo ta tinh c6 uéc chung clia ching.

Ding a1, as, as, a4, as dé ky hieu 5 s6 nguyen t6 lien tiép tuy y. Khi d6 trong
5 s

ai.az, az2.a3, a3.a4, a4.05, a5.41

khong c6 mot bo ba thuan nhat nao.

Chang han: a1 = 2, a3 = 3,a3 = 5, a4y = 7, a5 = 11 khing dinh bo nam
2.3=6,35=15,57=35,7.11 =77, 11.2 = 22 khong c6 bo ba thuan nhat c6
thé nhin dé dang trén hinh 19.

Vi du 4.45. Trong gio so6 hoc cia ldp 11 thay dang Hung Thdng khing dinh
rang: trong 40 so nguyén tuy 4, ma ci 4 s6 bao gio cing tim dudc it nhat mot
50 c6 udc chung véi 3 s6 con lai thi ton tai it nhat 37 s6, ma moi s6 nay cé udc
chung vdi tat cd cac so con lai.

Ban hay ly gidi gidp diéu thay Thidng khing dinh.

Giai.
C6 thé chitng minh khang dinh tong quat déi véi n (n > 4) s6 nguyén tuy y.
Bing phéan chiing c¢6 thé khéng dinh ring trong cac s6 da chon ra c6 hai cap s6
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nguyén té cting nhau, thi hai cip s6 nay phai c6 phan tit chung, titc néu c6 hai
cap sb6 nguyen t6 ciing nhau A, B; C, D thi A = C; hoac A = D; hoac B == C
hoac B=D. Gidast B =C.

Dimng duong nét lién dé biéu thi tinh c6 udc chung, duong nét dit dé chi tinh
nguyén t6 cliing nhau.

Vé6i E 1a s6 tuy y trong cic s6 da chon ra xét bo bon sd6 A, B, D, E. Khi d6
E phéi la ¢6 udc chung véi ba s6 con lai (Hinh 20)

Thay s6 D béang s6 F tuy ¥ trong cac s6 da chon ra (khac A, B va D). Trong
bo bén A, B, E, F néu F c6 u6c chung v6i ba s6 con lai, thi khi d6 E ciing c6
u6c chung v6i F, nén F ciing c¢6 uéc chung véi ca ba s6 A, B, F' (Hinh 21).

Vi F 1a s6 tuy ¥ trong céc s6 chon ra, nén E c6 uéc chung véi tat ci cic s
con lai.

Vay mdi s6 da chon ra, trit A, B, D déu c6 uéc chung véi tat ca cac sd con
lai, titc khong it huon n — 3 s6 ¢6 u6c chung véi tat ci cic sb6 con lai.

V6i n = 40 ta duge khing dinh ctia thay ding Hung Thing.

Vi du 4.46. Nhan dip 40 nam ngay thanh lap khoi pho thong chuyeén Todn-Tin
Truong dai hoc Khoa hoc tu nhién, dai hoc quoc gia Ha Noi, thay Lé Van Viet to
chite gidi bong ban. Hai em Minh, ditc vao chung két. thay Viét quy dinh: Nguoi
thang cudc la nguoi dau tién thing 3 van hodc thdng hai van lién tiép. Ban hdy
zdc dinh gitip s6 khd nang thing thua cé thé zdy ra?

Giai.

Dimg M ky hiéu Minh thing, D dé ky hiéu ditc thing. Dung cay dé mo ta
toan bd hién trang c¢6 kha ning xay ra.
Xay dung cay

Xuat phat tit diém S (gbc).

Véan dau tién c6 hai kha ning: Minh thing hoic ditc thing, nén lay hai diém,
sao cho hai diém nay va S khong thing hang. Mot trong hai diém ghi M, diém
con lai ghi D. Néi S véi M bing mot doan thing hodc mot doan cong dé biéu
thi “Minh thing” . Tuong ti, dé biéu thi “dic thing” néi S va D bing mot doan
thing hodc doan cong.

Van thit hai ciing ¢6 hai kha nang: Minh thang hofc ditc thing, nén xuat
phat tit M lay hai diém méi va ghi ky hiéu tuong tng M, D va tit Mnbi v6i hai
diém méi thém va tit D ciing chon thém hai diém méi ghi M va D rdi tit D ké
hai doan thing hoiic hai doan cong t6i hai diém mdi them.

Tiép theo thirc hién kéo dai cac duong mot cach tuwong tit, nhung do quy dinh
diéu kien thang, nén nhiing duong ma trén dé hodic c6 hai dinh lien tiép duge
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ghi bing cing mot ky hiéu, hodc c¢6 3 dinh duge ghi bang cing mot ky hiéu deu
khong duge kéo dai.

Vi Minh va dic chi can dau 5 van, thi nhat dinh hoac c¢6 nguoi thang lien
tiép 2 van hodc c¢6 nguoi thang 3 van. Bdi vay nhitng duong xuat phat tit S deu
gom khong qué 5 canh (Hinh 22).

Cay nay c6 10 dinh ngon, nén c6 10 kha nang thang thua x4y ra.

Vi du 4.47. Thay Pham ddang Long phat dong dot thi viét chuong trinh hay tai
khoi 10. Bon em Binh, Minh, Nam, Thuy dat bon gidi dau. C6 ba du dodn zép
hang sau day:

1. Ban Binh nhat, ban Minh nhi;
2. Ban Binh nhi, ban Thuy ba;
3. Ban Nam Nhi, ban Thuy tu

Khi nghe cac du dodan thay Long néi “Moi du dodan ding duge thit tw mot em”

Ban hay zac dinh thi tu cia cic em.

Giai.

Dimng chit cai dau tien ctia tén dé ky hieu tén va chi sé dé biéu thi thit tu ctia
cac ban. Khi d6 z; biéu thi “em x dat giai tht i’ 1 <17 < 4.

1) Xay dyng cay biéu hién cic dy doan.

Vé cay xuat phét tir diem O hai nhanh dau tng véi du doan thi nhéat: By, M.
Tt dinh cudi ciia méi nhanh ng v6i dif doan thit hai: By, T3. T dinh cudi cla
mdi nhanh nay vé hai nhanh tng véi doan thit ba: No, Ty

2) Phan tich dé tim ra dap an

Chon dudng di tit O dén dinh ngon thod man cac diéu kién:

- Mot nguoi khong dude xép hai hang khac nhau,

- Hai nguoi khong thé duge xép ciing mot thit hang.
duong B1T3Ns thod man dong thudi hai diéu kién trén, nén két qua la:

Ban Binh xép thi nhat,

Ban Nam xép thi hai,

Ban Thity xép thit ba,

Ban Minh xép thi tu.

Vi du 4.48. Thay Nguyén Thanh Vin khi trao doi vdi cic em hoc sinh ldp 12
ve Todn hoc rudi ra ¢ da khing dinh: “Ly thuyét do thi c¢é ung dung rat tot trong
Todn pho thong, chang han, Bai todn: Trén mat phdang lay 7 diém bat kj , khong
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c6 3 diém nao thdang hang va khodng cdch gitta cdc cap diém khdc nhau timg doi
mot. Ching minh rdng luon luon tim duge it nhat 2 cap diém, ma doan thing noi
gitta moi cdp diém nay la canh ngdn nhat cia mot tam gidc nao dé, dong thuoi la
canh dai nhét cia mot tam gidc khdc trong cdc tam gidc ¢é dinh la nhitng diém
da cho, ¢ thé gidi mot cdach dé dang biang phuong phdp do thi”.

Ban hay ly gidi gidp diéu thay Van khdng dinh.

Giai.

Khong gidm tinh tdng quat, ky hieu 7 diém da chon ra bang A, As, As, Ay,
As, Ag, A7.

1) Chitng minh ton tai cap diém tht nhat

Xét 6 diem ng Ay, Ao, Az, Ay, As, Ag. Vi khodng céach giita céc cap diém
khéc nhau tig doi mot, nén bat ¥ tam giac ndo co dinh 1a cac diém da cho déu
c6 canh dai nhat va canh ngan nhat.

a) To mau cac doan thang ndi giita cac cap diém da cho.

Ta diing mau xanh dé t6 mdi doan thadng ma né la canh ngin nhat ciia mot
tam giac nao dé trong cac tam giac c6 dinh 1a cac diém da cho. Sau khi cac doan
théng dugc phép to mau xanh da t6 xong phan doan thang con lai t6 mau do.
Khi d6 duge do thi day dua G.

b) Ly luan dé suy ra dap an

do thi G day du 6 dinh v6i hai mau canh: Xanh, dé nén theo dinh 1y 5, G ¢6
tam gidc cuing mau. Gia st A1 A3 A3 1a tam giac cuing mau va A; As 1a canh dai
nhat.

Vi tam giac nao ciing c6 canh ngan nhat va canh nay dudce t6 mau xanh truée,
nén tam giac A; As Az phai la tam giac xanh.

Canh A; A, trong tam giac A; Ay Az 13 canh dai nhat, nhung né c¢6 mau xanh,
nén A; A da la canh ngan nhat cia mot tam giac ndo dé trong cac tam gidc co
dinh la cac diém da cho.

2) Chiing minh ton tai cip diém thit hai

Loai diém A; va két nap A7. Thuyc hién tuong tit nhu phan I ta ciing khéng
dinh dugc trong 6 diém Az, Az, A4, As, Ag, A7 ciing ton tai mot cip diém thod
man diéu kién dat ra va khac véi cap A, As.

Khang dugc chiing minh.



Chuong 5

Phuong phap giai phuong trinh
va hé phucng trinh

1.1 Phuong phdap nghiéem duy nhat
1.2 Phuong phdp bat ding thiic
1.8 Phuong phdp dua vé hé

1.4 Phuong phdp ddo an

1.5 5% dung cdc hé thic

1.6 Phuong phdp Lugng gidc

1.7 Mot s6 phuong phdp khdc

5.1 Phuwong phap nghiém duy nhét

Trong phan nay ta ky hiéu I(a,b) 1a dé chi mot trong bén mién lién thong trén
truc s6 thyc R, do 1a [a,b], [a,b), (a,b], (a,b). Xét phuong trinh f(x) = g(x).
Néu phuong trinh f(z) = g(z) ¢6 nghiem z = z¢ trong I(a,b) va véi moi = #
xo, © € I(a,b) ta luon c6 f(x) # g(z) thi z = zg 1a nghiem duy nhéat € I(a,b)
cua phuong trinh da cho.

Phuong phap nghiém duy nhat dya trén cdc nhan xét sau:

B6 dé 5.1. Néu ham s6 f(x) don diéu thuc su (luon luon dong bién hodc luon
luon nghich bién) trén mién I(a,b) thi trong mién dé phuong trinh f(x) = f(xo)
c6 nghiém duy nhat la x = xo.

Nghiém = = xg néi trén thuong dude tim bang cidch "doan nhan" trong céc
gia tri dac biet ctia an. Ta c6 thé xét tinh don diéu ciia mot ham sb6 bang cach

80
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st dung tinh chat quen biét ctia cac ham s6 so cap nhu ham bac nhat, ham mi,
ham s6 logarit hodc ham sb lugng giac, ....

B6 dé 5.2. Néu ham s6 f(x) don diéu thuc su trong I(a,b) va x,y € I(a,b) thi
trong I(a,b) ta luon co:

Vidu 5.1. Gidi phuong trinh:
|z — 6, 52097 4 |z — 7,52008 = 1. (5.1)
Nhan xét rang (5.1) ¢6 hai nghiéem : x = 6,5; x = 7,5.. Néu x < 6,5 thi:

|z —6,5] >0 |z — 6,5|2007 > 0
=
|z —7,5]>1 |z — 7,5|2008 > 1
hay
|z — 6,527 + |z — 7,529 > 1.
Vay, v6i z < 6,5 thi |z — 6, 52007 + |z — 7,5[2008 > 1.
Néu z > 7,5 thi:
|z — 6,5 > 1 |z — 6,52097 > 1
=
|z — 7,5/ >0 |z — 17,5299 > 0
hay
|z — 6,527 + |z — 7,529 > 1.
Vay, véi & > 7,5 thi |z — 6, 52007 4 |z — 7, 52008 > 1,
Néu 6,5,z < 7,5 thi:
0<|]z—6,5<1 N |z — 6,527 < |z — 6,5| =2 — 6,5
0<|z—7,5<1 |z — 7,528 < |z —7,5|=7,5—=x
hay
|z — 6,527 + | —7,52® <2 —6,54+7,5—x=1.

Vay, v6i 6,5 < x < 7,5 thi |z — 6, 52007 + |z — 7,5[2908 < 1.
Tom lai, v6i x # 6,5; x # 7,5 thi |z — 6, 52007 |z — 7, 5|2008 £ 1, tiic 1a (5.1)
chi ¢6 hai nghiém = = 6,5; x =7, 5.

Vidu 5.2. Gidi phuong trinh

Vr+9++2x+4=>5. (5.2)
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Xét ham s6 f(z) := Vo + 9+ 2z + 4. Khi d6
(5.2) & f(z) = £(0).

Ham s6 f(z) xac dinh va dong bién trén [—2; +00) va f(0) = 5 nén phuong
trinh da cho c¢6 nghiém duy nhat 1a z = 0.

Vi du 5.3. Tim m dé hé phuong trinh sau cé nghiém duy nhdit:

VE+VT=y=m+1
Vyt+tvli—z=m+1
x>0
N 1—-y=>0 0<z«l1
bieu kién: 4 & *
y=0 0<y<l1
1—-z2>0

Véi dieu kién nay, ta viét he duéi dang

Vz+yT—y =m+1
V- j+VI—y—-Vi—-z =0

Ta c6 \/z —1—2=/y++/1T—y. Xét ham s6 f(z) := /& — /1 —z. Dé kiem

tra ham s6 f(x) dong bién trén [0;1]. Vay nén

flx)=fly) & r=y.

Ta thu dugc hé
=Y

{\/5+\/m =m+1

Dé thay phuong trinh /z ++1/1 — 2 = m + 1 ¢6 nghiém duy nhat nén hé phuong
trinh ¢6 nghiéem duy nhat < (3) c¢6 nghiem duy nhat.

Dé y ring néu (3) c6 nghiem z = z thi (3) ciing c6 nghiém x = 1 — xq. Béi vay,
gid stt (B) c6 nghiem duy nhat x = z( thé thi

1 1 / 1
:E0:1—2E0:>:E0:§:>m—|—1:\/;—|— 1—§zx/§:>m:\/§—1.
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Nguge lai, khi m = v/2 — 1 thi

(B) e Vr++vV1I—z=+v2 (haivécing >0)
<:>:E+1—:E+2\/m:2

& 2y/x(l—xz)=1 (hai vé cing > 0)
Sdr(l—z)=1

. 1
& (22 —1)2=0: c6 nghiém duy nhét = = 3

Tém lai, m = /2 — 1 1a gié tri can tim.
Vidu 5.4. Gidi phuong trinh
sinz + cosz +vV2r —1=0. (7)

bat f(z):=VT(7). Cé f(zx) xac dinh, lién tuc v6i moi x € D =R, f(0) =0
va
f'(z) =cosz —sinz +v2 >0, V& € D.

Vay f(x) 1a ham s6 dong bién trong D. Do do:
(7)< f(z) = f(0) < x=0 (¢ D).
Dap sb : Phuong trinh (7) c¢6 nghiém duy nhat z = 0.
Vidu 5.5. Gidi phuong trinh
423 4122 — 8 — cos 3z +9cosz = 0. (10)

bat f(x) := VT(10). Co6 f(x) xac dinh, lién tuc v6i moi x € D =R, f(0) =0
va

f'(x) =122% + 12 +sin 3z — 9sinz = 12(z* + 1 +sin® z) > 0, Vz € D.
Vay f(z) 1a ham s6 dong bién trong D. Do do:
(10) & f(x) = f(0) @z =0 (e D).
Dap sb : Phuong trinh (10) c6 nghiém duy nhéat x = 0.
Vidu 5.6. Gidi phuong trinh
v, V2
2

r—CcosT — — +

: —0. (15)
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bat f(z) :=VT(15). C6 f(x) xac dinh, lién tuc véimoiz € D =R, f(—) =0

w1

va
f'(z) =1+sinz >0, Vo € D.

Vay f(z) 1a ham s6 dong bién trong D. Do d6:

(15) & f(z) = f(7) @ x= 7 (e D).

1
N

Dap s6 : Phuong trinh (15) c6 nghiem duy nhat = = %
Vidu 5.7. Gidi phuong trinh
e " —sin(e™™)cos(e”*) —m=0. (16)

Dat f(z) := VT'(16). C6 f(x)xac dinh, lién tuc véimoiz € D =R, f(— Inm) =
0 va
f(z) =e*(cos2e™™ —1) <0, Vx € D.

Vay f(z) 1a ham s6 nghich bién trong D. Do do:
(16) & f(x) = f(—Inm) <z = (€ D).

Dap s6 : Phuong trinh (16) c6 nghiem duy nhat z = — In .

Bai tap tuong tu

1. Giai phuong trinh:

5% +12% = 13*.
2. Giai phuong trinh:

3 =4—u.
3. Giai phuong trinh:
20 ++Vx — 3 =16.
4. Giai phuong trinh:
VT +Vr—m=+m.

5. Giai phuong trinh:

3 (x+4)=1.

6. Giai phuong trinh:
lg(x —5) =6 — .
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7. Giai phuong trinh:
logy x = logg(va +2).

8. Giai phuong trinh:
log,_;(x + 1) = logs 5.

9. Giai phuong trinh:

Vr—V2xr+1=x+1.
10. Giai phuong trinh:

logy (22 + 2 +1) +logy (22 — . + 1) = logy (2t + 22 + 1) + logy (x? — 2% +1).
11. Giai phuong trinh:

3—zx4+Vi-z=vV3+tz+\1+V3+ux

12. Giai phuong trinh:

logy(1 + /x) = log; .
13. Giai phuong trinh:

3logz(1+ v + V) = 2logy V.

14. Giai phuong trinh:
2m—1 . 2m2—m — (ZE . 1)2‘

15. Giai va bién luan phuong trinh:

2 2
5T +2mz+2 52m +dma+m+2 _ £L'2 + 2mz + m.

16. X4ac dinh s6 nghiém duong ciia phuong trinh:

122° + 62t — 423 — 2 — 34 = 0.

17. Giai hé phuong trinh:

VI+5+y—2=7
Ve —24+y+5=7
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
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Giai hé phuong trinh:
cotxr —coty =x —vy
5x + 8y = 27
O<z,y<m

(VMO98-99) Giai he: {(1 + 42m—y)51—2m+y _ 1 4 92-y+l

P +dr=1+ In(y>+22)=0

+32 -3+ In(@®>—a+1)=y
(VMO093-94) Gidi he: ¢ 3> +3y —3+ In(y? —y+1) ==z
2 432-3+ In(2—2+1)=2

Tim m dé hé phuong trinh sau c6 nghiém duy nhéat:

Vi+z+/6—y=m
VIity+V/6—z=m

Chiing minh rang v6i moi a;;b; € R; ¢ € 1..n, phuong trinh sau luon c6
nghiém:

a1 cosx + by sinx + ag cos2x + by sin2x + - - - + a,, cosnx + b, sinnx = x.

Cho aj > 0 v6i moi j € 0..n. Ching minh réng véi moi k € 1..n, phuong
trinh:

k+1 + n

ao+a1$+"-+ak:ﬂk:ak+1:ﬂ ot ap
luon c6 nghiém duong duy nhat.
Giai phuong trinh:

3logg(Vx + Vx) = log, V.

Giai phuong trinh:

Va2 =3z +3+ /22 — 3z +6=3.
Giai phuong trinh:

2
e+ r+3 9
1 —— | = 3+ 2.
og3<2$2+4$+5> T5 43T +

Giai phuong trinh:

Ve+1+Ve+2+Vz+3=0.
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5.2 Phuong phap bat dang thiic

Phuong phap bat ding thic giai phuong trinh, bat phuong trinh dya vao cac
nhan xét sau

Bb6 dé 5.3. Néu vdi moi x € I(a,b) C Dy N Dy ta luon cé

<A
{f($)) . ( voi A := Const cho trude, € R),

_ flz) = A
1) f() = g(a) & {g($) o
flz) =4 _
2) f(x) > gla) & {g@) T (e @ =g)

B6 dé 5.4. Néu vdi moi x € I1(a,b) C Dy N Dy ta luon cé f(x) < g(z) (1) va
dau bang trong bat dang thiic (I) xdy ra khi va chi khi & thod man diéu kién (o)
thi trong I(a,b) ta co

1) f(z) = g(z) & (). (zdy ra dau "=" trong (x))

2) f(z) 2 g(x) & f(z) = g(x) & (o). (wdy ra dau "=" trong (x) )
3) f(x) > g(x) khong cé nghiém = € I(a,b).

4) f(x) < g(x) luon ding vdi moi x € I(a,b).

Nhan xét sau 14 hé qua tryc tiép ctia nhan xét 5.4. Phuong phéap giai phuong
trinh, bat phuong trinh dia vao nhan xét nay con dude goi 1 phuong phap tong
cac s6 hang khong am hay 1a phuong phap tdng cac binh phuong.

B6 dé 5.5. Néu vdi moi x € I(a,b) ta luon c6 A > 0; B> 0; C > 0 thi trong
I(a,b) ta co:
A=0
A+ B+C=0&<<{B=0
C=0
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Dac biét:
A=0
1) A2+ B24+C?=0<{B=0
C=0
A=0
N A"+ VB+|C|=02{B=0
C=0

Vi du 5.8. Gidi phuong trinh:

2 +1=+vV1-sinz. (1)

V6i moi x thuoc tap xac dinh ta luon c6 VT'(1) > 1, dong thoi VP(1) < 1.
Do do6

1) o VT(1) = - ?+1=1 - 0
x = 0.
VP(1) = V1—sintz =1
Vay phuong trinh da cho ¢6 nghiém z = 0.
Vi du 5.9. Gidi phuong trinh:

2sin’z + 3cos®z = 5. (2)

V6i moi x thuoc tap xac dinh R ta ludén cé

2sin’r < 2.1 =2
s = VT(2) <21+3.1=5=VP(2).
3cosPxr <3.1=3
PN sin® x = sinx =1
Dau bang xay ra < 3 = = 1=sin?z +cos?z =2 :
cos®x =1 cosx =1

vo 1y. Vay phuong trinh da cho vo nghiém.

Vidu 5.10. Gidi phuong trinh:

6x —2? — 2=z — 1|+ |z — 2|+ |22 — 3| + |4z — 13]. (3)
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V6i moi x thudc tap xac dinh R ta ludn c6
VP(3) =z — 1|+ |z — 2|+ |2z — 3] + |13 — 4z
>le—142—-242r—-3+13—4x|=7.
Con VT'(3) =7 — (z—3)*luon < 7 nén

VT(3) =7 T—(x-3)2%=7
3) & &
VP3)="17 |l — 1|+ |z — 2| + |22 — 3| + |13 — 4| =7

& x = 3.

Vay phuong trinh da cho c¢6 nghiém z = 3.

Vidu 5.11. Gidi hé phuong trinh:

22y? — 20 + 92 0 ()
202 —4x + 3+ =0 (B)

Néu y = 0 thi tr (o) ta c6 @ = 0. Thay vao (3) dugc 3 =10 : vo ly. Vay y # 0.
Coi () 1a phuong trinh bac hai an z. Ta ¢6

() co nghiem < Al =1-y'>0=-1<y<1l. (a1
Tuong tu, coi () 1a phuong trinh bac hai an x ta ciing c6
() 6 nghiem & Aly = —2-2y°>0=y<-1.  (B.1)

Tu (a.1) va (8.1) ta duge y = —1. Thay vao («) duge z = 1. Cac gia tri nay
thod méan hé phuong trinh da cho. Vay hé da cho ¢6 nghiém

r=1
y=-1

3
sin?z — v/2sinx + tan? x — 2tanx + 5= 0. (5)

Vidu 5.12. Gidi phuong trinh:

Ta c6

V2
2 V2
(5)<:>(Sin$_§)2+(tan$_1)2:0<:> sina — == 0

tanz — 1 =0



90 Chuong 5. Phuong phap giai phuong trinh va hé phuong trinh

sinx = T
& @:p:2+2kw(k‘eZ).

COST =

JieNie

Vay phuong trinh da cho ¢6 nghiem =z = % + 2km (k€ Z).

Vidu 5.13. Gidi phuong trinh:

3
cosx + cosy —cos(z +y)=—=. (6)

2
Ta co
VT(6):2COS:E+yCOS:E_y—2C082m+1
2 2 2
3 1 —y\2 _
:§—§<2cos y—cos 2y> +Sin2Ty
3
<T=VPE) ()
N2 _
Dau bang xay ra < 2cos$;—y—cos$2y> —|—sin2$2y:0hay
2cos$+y—cos$_y:0 cos$_y:1
2 - 2
sin:E_ =0 cos:E—l_y:l
2 2
cos$_y:—1 $_y:2k‘7r
2 o) 2
:E—I_y——l $+y—:tz+2mr
T T 2 3
tic ~
T
:E:g—l—2(n—|—k‘)7r
y:§—|—2(n—k‘)7r
(0
:E:—g+2n—|—k‘)7r
y:—§—|—2(n—k‘)7r
9 o
$:?7T+2(’I’L+k')ﬂ' (v6i k, n € Z).
2
y:§+2(n—k‘)7r
2
$:—§+2(n—|—k‘)7r
2
y:—§+2(n—k‘)7r
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Vay phuong trinh (6) (xay ra dau bing trong bat ding thitc () c6 nghiem :

:E:%—I—2(’I’L—|—k‘)ﬂ' :L':—%—I—2(’I’L—|—k‘)ﬂ'
V V
y:§—|—2(n—k‘)ﬂ' y:—g—l—Q(n—k‘)w
2 2
$:—7T+2(n—|—k)7r :EZ——7T+2(7’L—|—]C)7T
v Pr v 2
y:?—l—2(n—k‘)ﬂ' y:—?—l—2(n—k‘)ﬂ'

(trong do k, n la cac s6 nguyen.)

Bai tap tuong tu

—_

. Giai phuong trinh:
2
3" = cosz.

2. Giai phuong trinh:
+ 3z

2 cos =274+ 277,

3. Giai phuong trinh:

32?2 — 22°% = logy (2% + 1) — log, .

4. Giai phuong trinh:

1 1
Ve4+Ve+Vi—z+VI—z=2¢=+2/=.
2 2

5. Giai phuong trinh:

:E\/y—l—l—y\/:n—lzzny.

6. Giai phuong trinh:

logg (2% + x4+ 1) — logy & = 2z — 2.

7. Giai phuong trinh:

Sin2000 2000$ — 1.

X + Cos
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10.

11.

12.

13.

14.

15.

16.

17.

18.
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. Giai phuong trinh:

. Giai phuong trinh:

gein®@ | geos®@ _ () 4 o5 2y

Giai phuong trinh:
(8z —4a* —1)(2® + 224+ 1) = 4(z* + = + 1).

Giai phuong trinh:

162* — 7223 + 8122 — 28 + 16(x — Vo — 2) = 0.

Giai phuong trinh:
a* —32? — 8z +20 = 0.

Giai phuong trinh:
5:E2—|—5y2—8:ny—2:n—2y—|—2 =0.

Giai phuong trinh:

sin? x —|—sin2y =sinz.siny +sinx 4+ siny — 1.

Bién luan theo a sd nghiém ctia phuong trinh:

V2—x?sinz + 2+ 22cosx = |la+ 1| + |a —1].
$4+y4:1
2yl =

$2+y2:1

Giai hé phuong trinh:

Giai hé phuong trinh:

Giai hé phuong trinh:
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5.3 Phuong phap dua vé hé

Néu trong phuong trinh da cho c6 hai bo phan c6 mdi lien quan dic biéet thi ta
c6 thé dat mdi bo phan 14 mot an mdi, duwa phuong trinh da cho vé hé hai an.
Phuong trinh tht nhéat ctia hé 14 phuong trinh da cho viét theo an méi, Phuong
trinh tht hai ctia hé thé hien moéi lien quan dic biét néi trén, viét theo an mdi.
Ta ciing c6 thé chi dat mot an méi, dua vé he hai an: méi va cii. Néu khi dat mot
an mdi ma thu duge phuong trinh bac hai doéi véi an méi dé thi ta co thé dit an
phu tat.

Vidu 5.14. Gidi phuong trinh :

Dit
— 2= X
“ T v6i didu kien v = 0 ()
v=+x—1
Khi d6

@{”:1_“ L(1.1)

w4 (1—u)?=1(a)
(@) eud+u?—2u=02u=0Vu=1Vu=—2.

=0 =1 = -2 .
Vay (1.1) & " v vy (deu thod man (x)).
V= 1 v = 0 v = 3

Vrma—0  [vrma-1 [Veme—-2
Vi—T=1 Vi—1=0

Sr=2Vez=1Vvax=10.

Do dé6 (1) <:>{

Vay phuong trinh da cho c¢6 cac nghiém : z =2vz =1V ax = 10.

Vidu 5.15. Gidi phuong trinh :

3.4° 4+ 3z —10)2°+3 -2 =0. (2)
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Coi (2) la phuong trinh bac hai v6i an 14 2%. C6 A = (32 —10)2+12(x — 3) =
(3x — 8)2 nén

=3z +10— (3 —38)

27 =3—-z (a)
—3:E—|—1%+(3:E—8) 1
- =2

6 3

(2) &
2"[

()& f(r) =2"+2=3= f(1) & =1 (do f(x) 1a ham s6 dong bién).
1
(B) & x = log, 3= —log, 3.

Vay phuong trinh da cho ¢6 hai nghiem: x =1 V z = log, 3.

Vidu 5.16. Gidi phuong trinh :
222 — 6z —1 =4z +5. (3)

bit 4z +5 = ax + 8. Chon «, 3 sao cho hé hai an z, y thu dudc 1a he
phuong trinh déi xitng loai hai ta duge o = 2, 3 = —3. Ta dugc hé phuong trinh

222 —6x —1=2y—3 - y=a2—-3x+1 (i)
dr4+5=4y> - 12y +9 r=y?—3y+1 (i)

Trit timg vé hai phuong trinh ctia hé ta duge
r—y=2’—y -3z+3ye (r—y)(z+y—-2)=0sy=z(a)Vy=2—=z (B).
Thay («) vao (i) duge
:E2—4:E—|—1:0<:>:E:2—\/§:::E1 Y :E:2—|—\/§:::E2.
Thay (3) vao (i) dugc
:E2—2:E—1:0<:>:E:1—\/§:::E3 \Y :E:1+\/§:::E4.

Thit lai vao phuong trinh ta thay chi ¢6 hai nghiém x9, 23 thod man. Vay phuong
trinh da cho ¢6 hai nghiém: z = 2 + V3V ae=1-—+2.

Chii y: Vi du nay c6 thé dude giai don gidn hon nhu sau:

202 —6x—1>0
(3)<:>{(2$2_6$_1)2:4$+5 @ (3.1)
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(o) ezt =623 +822 +20 —1=0
e @ —dx+1)(z2-22-1)=0

22 —4r4+1=0 (=222 —-6x —1=2x—3)
2?2 -2 —-1=0(=222-6r—-1=1-2x)"

20 —3>0 1-22>0
Vay (3.1) &
W (3:1) {:c2—4:n+1:0 {:n2—2:n—1:0
>3 <1
T =z = X 5
o 2 vty
r=2-V3Vzr=2+V3 r=1—-vV2V z=

<:>:E:2—|—\/§\/:n:1—\/§.

Vay phuong trinh da cho ¢6 hai nghiem: z =2+ 3 V 2z =1— 2.

Bai tap tuong tu

1. Giai phuong trinh :

2 -2 =V2—-u=.
2. Giai phuong trinh :

=1 —2004(1 — 2004z%)2.

3. Giai phuong trinh :

logZz + (z —1)logy z = 6 — 2z.

4. Giai phuong trinh :

5. Giai phuong trinh :

(2 + \/i)logzm —|—:E(2 . \/i)logzm -1 + $2'

6. Giai phuong trinh :
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7. Giai phuong trinh :
T +3

222 + 4o =
x® + 4z 9

8. Giai phuong trinh :

V92 +16 > 2vV2x + 4 + 42 — .

5.4 Phuong phap dao an

B6 dé 5.6. X¢ét phuong trinh f(x;m) =0 (1) (dn x, tham s6 m) Ta c6 thé
coi (1) la phuong trinh an m, tham s6 x. Gidi m theo x roi quay trd lai an x.
Phuong phdp nay thuong duge si dung khi trong phuong trinh (1) tham sé m cé
mat vdi bac hai va biét thic A cia phuong trinh bac hai an m dé la biéu thic
chinh phuong. Trong mot so truong hop ta con cé thé coi s6 la an.

Vidu 5.17. Gidi phuong trinh
zt —102% — 2(a — 11)2® +2(5a + 6)x +2a +a®> = 0. (1)
Coi (1) 1a phuong trinh bac hai an a:
a? —2(x® — 5z — 1a+ 2* — 102 + 2222 + 122 = 0. (1.1)

C6 A" = (22 — 52 — 1)% — (2% — 1023 + 2222 + 122) = (2 — 1)? nén

a 22 —dx —2

(1.1) & [a 22— 6
~ 22 —4r—-a—-2 =0 (a)
Vay(l)@[ 2 —6x—a =0 (8)°

Xét (o) 6 A} = a+6. Neu A] < 0 < a < —6 thl (o) v0o nghiem . Néu
Al>0%a> 6 th

Xét (B) 6 A, = a+9. Neu A, < 0 & a < —9 thi (8) vo nghiem . Néu
AL >0 a> —9 thi
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Tu d6 c6 két luan: +) Néu a < —9 thi phuong trinh (1) vo nghiem. +) Néu
—9 < a < —6 thi phuong trinh (1) ¢6 hai nghiem: z = 23V 2 = z4. +) Néu
a > —6 thi phuong trinh (1) ¢6 boén nghiem:

r=x1Vxr=x2Vr=x3VIr=ua4.

Vidu 5.18. Gidi phuong trinh
P2 +Ve+5=5 (2

Dit 5 := a va coi (2) 1a phuong trinh an a:

P +Vrta=a (2.1)
Ta co
21) e Vatz=a—2*
a—22 =0 (%)
= .
atr =(a—2?)?=a?-22%a+2" (a)
Ma () & a®> - (22° + Da+a* —2=0 ( c6 A= (2x+1)?)
_ .2
@[a = x —;—:E—I—l
a = -z

Nhung a = 5 nén (2) <

=T

5—22>0

_{ZE2+ZE+1:5

22 —x=5
5-22>0

(2242 —-4=0 (=5—-22=2+1)
r+1>0
> —2-5=0 (=5—2°=—-1)
—x =0
x> —1 r <0
—1 =17 1—-+v21
= — r=—
2 2
-1+ V17 1++v21
r= — r = —
2 2
—1—1-\/17\/ 1—-+v21
= r = ——.
2 2
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Vay phuong trinh da cho ¢6 hai nghiém

—1+ V17 1—+21

X

2 2
Chu y: Phuong trinh nay con c6 thé duge giai nhu sau:
2)eVr+5=>5—2°
5—22>0 (%)
=
r4+5=05-22)2=2'-1022+25 (a).
Ma(*)<:>—\/5<$<\/5.
Con (a) & ' — 102> —2+20=0
s @4+ —4)@*-z-5)=0

[:132 +a2x—-4=0
2 —1x-5=0

_:L' = %ﬁ ( khong thod méan (x)
L= —1%\/ﬁ ( thod mén (%)

r = %ﬁ ( thod man (x)

r = 1—1—27@ ( khong thod méan (x)

Vay phuong trinh da cho ¢6 hai nghiém

—1+ V17 1—+21
Y vr=-—T"

2 2
Vidu 5.19. Gidi phuong trinh
a —z=va+tz (3)

Coi (3) 1a phuong trinh an a. Ta c6

B)ea=\/Vatz+z=f(f(a). (3.1)

V6i f(a) = V/a + x 1a ham s6 dong bién véi moi a € R. Do do

Bl)e fla)=ae Vatr=asatz=a" sz=d —a

Vay phuong trinh da cho c¢6 nghiem z = a” — a.
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Bai tap tuong tu

1.

9.9

Giai phuong trinh

(8a? + 1) sin®z — (4a*> + 1) sinx + 2a cos® z = 0.

. Giai phuong trinh

. Giai phuong trinh

. Giai phuong trinh

2+ 2V322 + 3 +vV3—-1=0.

. Giai phuong trinh

2+ (= bH)a? — b = 0.

. Giai phuong trinh

a3zt +6a’2* —r+9a+3=0.

Tim m dé phuong trinh sau c¢6 4 nghiém thuc phan biét:

4

2t — 2ma?

—z4+m?—m=0.

Phuong phap st dung cac tinh chat dic biét ctaa
hé thic

Trong phan nay ta st dung cidc nhan xét sau:

B6 dé 5.7. Néu mot hé thite la chin déi vdi x (khi thay x bdi —x hé thic khong
doi) ma cé nghiém x = o thi né cing cé nghiém x = —a. Bdi vay, hé thiic chdn
doi vdi x néu cé nghiém duy nhat thi nghiem dé la x = 0. Néu mot hé thic la
doi ziing doi vdi x va y (khi doi ché x, y cho nhau thi hé thic khong doi) ma
c6 nghiém x = «; y = [ thi noé cung co nghiéem x = (; y = a. Bdi vay, mot hé
thiic doi xing doi vdi x va y ma cé nghiém duy nhat (x;y) = (a; 3) thi ta phdi
co o= hay la x =y.
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B6 dé 5.8. Néu mot khdng dinh T nao dé ding vdi moi gid tri cia chitx € I(a,b)
thi khang dinh T ciing ding khi x nhan nhitng gida tri cu thé, € I(a,b), dugc chon
mot cach thich hop.

B& dé 5.9. Néu da thic bac n ma c¢é nhiéu hon n nghiém thi da thitc dé dong
nhat bang 0.

Chu y: Cac bai tap st dung ba nhan xét trén thudng c6 161 giai duge trinh bay
theo phuong phap diéu kién can va di. Cac lap luan ciia cac nhan xét nay phai
dugce trinh bay r6 trong bai lam.

B6 dé 5.10. (4 nghia dai $6 cia Min, Maz)

1. Cho ham s6 y = f(x) lien tuc trong mién lién thong (x) C Dy.
Xét phuong trinh: f(x) =k (1).
Goi m = ]\(h)nf(:n) ; M = ]\{%ZEf(:E) s I =1Inff(x); S = Supf(x). Khi
* * (%) (%)

do:

m<k<M
m<k<S
I<k<M
I<k<S

(1) ¢6 nghiem x € (%) <

(chi zay ra mot trong cdc truong hop nay.)
Nhu vay, néu ham s6 y = f(x) lién tuc trong tdp zdc dinh Dy la mién lién
thong thi tap gid tri Ry cia né chi co thé c¢é mot trong cdc dang sau:

[m; M]; (m; M]; [m; M) ; (m; M).

2. Gid s ham soy = f(x) (khong yéu cau lién tuc trong I(a, b)) cé cdc gid tri
m, M hodgc I, S trong I(a,b) (I(a,b) ¢ day cing khong yéu cau lién thong).
Xét bat phuong trinh: f(z) >k (2). Khi do:

e (2) c6 nghiem x € I(a,b) < k< M [k < S].
e (2) khong c6 nghiém x € I(a,b) & k> M [k > 9].
e (2) luon ding vdi moi x € I(a,b) < k <m [k <I].

Xét bat phuong trinh: f(z) >k (3). Khi do:

e (3) cé nghiem x € I(a,b) < k< M [k < S].
e (3) khong c6 nghiém x € I(a,b) < k> M [k > 5].
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e (3) luon ding vdi moi x € I(a,b) < k < m [k <I].
Xét bat phuong trinh: f(z) < k (4). Khi do:

e (/) cé nghiem x € I(a,b) < k> m [k > I].
e (4) khong c6 nghiém x € I(a,b) < k < m [k <
e (4) luon ding vdi moi x € I(a,b) < k> M [k

I].
> 9]
Xét bat phuong trinh: f(z) < k (5). Khi do:

e (5) ¢ nghiem x € I(a,b) < k>=m [k > I].

e (5) khong co nghiém x € I(a,b) < k <m [k <

e (5) luon ding vdi moi x € I(a,b) < k> M [k

1.
> 9.

Vi du 5.20. Tim m dé hé phuong trinh sau cé nghiém duy nhat:

22 =2 |z —y—m (1)
$2+y2:1

Nhan xét rang khi thay  bdi —z hé da cho khong d6i. Do dé, néu hé c6 nghiem

=« r=—«
{ thi hé ciing c6 nghiém { . BGi vay, gia sit hé c6 nghiém duy

y=p y=0
nhat 7 Y thé thi
y=_p

a=—-—a=>a=0=zz=0=>y=F+1l=m=0Vm=2.

Ngugc lai, khi m = 0, hé da cho c6 dang

2 =20tz —y  (a)
2ty =1 (B)

T (B)c6 -1<y<1lvad<|z|<1=|z|(1—|z])>0.

Tit (a) c6 y =21 +|z](1 - |z)) > 2°+ 0= 1.

Tu cac danh gia trén doi véi y ta duge y = 1. Thay vao (8) duge z = 0. D& thay
nghiém (z;y) = (0;1) thod man hé (1.1). Vay véi m = 0 thi hé da cho c¢6 nghiém
duy nhat.

Khi m = 2 ta thay ngay hé thu dugc c¢6 it nhat hai nghiém phan biét 1a

(z;y) = (0; —1) va (z;y) = (1;0),

titc 1a khi m = 2 hé da cho khong c6 nghiém duy nhat. Vay chi c6 m = 0 1a gia
tri can tim.

(1.1)
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Vidu 5.21. Tima dé vdi moi b, hé phuong trinh sau luon cé it nhat mot nghiém

{(:c2 F1)o 4+ (241 =2 (a) )

at+bry+22y=1 (B)

Gia st ton tai a dé hé da cho c6 nghiem (z;y) v6i moi b. Khi d6, néu coi
phuong trinh (3) 14 phuong trinh an b thi né c6 vo s6 nghiem

=0
= Y 9 =a=1.
a+azy=1

Ngugc lai, khi @ = 1 ta thiy ngay hé da cho c6 nghiem z = 0; y = 0 v6i moi b.
Vay a = 1 1a gia tri can tim.

Vi du 5.22. Cho y = 423 + mx. Tim m dé |y| <1 (3) vdi moi = thod man
lz] < 1.

Gia st (3) diung v6i moi x thod man |x| < 1. Khi d6 (3) cing dung véi

1
r=1; x==. Ttc la:
2
[4+m| <1 5<m< -3
1 m = =m = —3.
|§+5|<1 -3<m«1

Ngugc lai, khi m = —3, véi x| < 1 ta c6 thé dit o = cost, khi do6
y=4cos®t —3cost =cos3t = |y| = |cos3t| <1=|y| <1, Vz, |z| < 1.

Vay m = —3 1a gi4 tri can tim.

Vi du 5.23. Tim m dé moi x € [—4;6] déu la nghiém cia bat phuong trinh sau
(4+2)(6—2)<2?—2z+m. (4)
Gia stt (4) dang v6i moi x € [—4; 6], thé thi (4) cling dung v6i z = 1, hay la

(4+1)(6—-1)<1>=2.1+m=m >6.
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Ngugc lai, véim > 6 va z € [—4;6] tacé z+4 > 0; 6 —x > 0 nén

4 — P
VT(4) < %M =5 (bat dang thiic Cauchy)

VPA4) =@x—-1)2%?+m—-120+6-1=5

= VT(4) < VP(4).

Noéi cach khéc, khi m > 6 thi (4) ding véi moi x € [—4;6]. Vay m > 6 la cac gia
tri can tim.
Vi du 5.24. Tim m dé bat phuong trinh
2 —2mx + 2z —m|+2>0 (1)
thod man vdi moi x € R.

Ta co
(1) & (Jo —m|)? + 2|z — m| +2 > m?>.

Dit t = |x —m]. V6ix € R ¢6 t > 0 (x). Bat phuong trinh da cho (1) tré thanh
fO =t +2t+2>m* (1.1).

(1) ding v6i moi #+ € R & (1.1) ding v6i moi t € I(a,b) < m? <

cosh (%) Min f(t).
Ma véi t € I(a,b) c6
f(t) = 0%+2.042=2= f(0) = cosh (x)Min f(t) = 2.

Vay m? < 2 —V/2 < m < /2 1a cac gia tri can tim.

Vi du 5.25. Tim m dé phuong trinh

Vr+vVz+4—mvV4d—x=3m (2) c6nghiem.

Diéu kién:
x =0 x>0
r+4>20 x> -4 <0<x<4 (%)
4—x>0 <4
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Véi x € I(a,b) c6 V4 —x+ 3 # 0 nén

:‘/54\/;— V;”:; — f(z). (2.1)

Ham s6 f () xac dinh, lién tuc trén (*) nén (2.1) c¢6 nghiem < cosh (x)Min f(z) <
m < cosh (x)Mazx f(z). Ma véi x € I(a,b) ta co

(2)&em

0< <2
= 2<Vr+Vr+4<24+2V2 (o).
{2<\/:c+_4<2\/§ v )

Mat khac co:
0<3=0+3<Vd—a+3<2+3=5 (B).

Tu (a) va (B) ¢

_VEAVEEE _242V2

2
Vay cosh (x)Min f(z) = %; cosh (x)Mazx f(z) = ¥ Do dé % <m <

242v2
——— la cac gia tri can tim.
Vi du 5.26. Tim a dé bat phuong trinh
P43 —1<a(vz -V —1)2 (3) 6 nghiem.
Diéu kién

x>0
sSax =1 (%)
r—1>20

V6i diéu kien d6 ta c6 /x + /& — 1 > 0 nén
B)e (WVr+vVr—13@3+322 -1) <a(Vz—Voe—-13. (Ve +vVe—-13=a
sa>(WVr+ Ve —1)33 4322 - 1) := f(x).

(3) ¢6 nghiem < a > cosh (x)Min f(z). Ma v6i x € I(a,b) ta c¢6

{(ﬁ+¢m)3>(1+0>3=1>0

= f(x) >3 = f(1) = cosh (x)Mi — 3.
¥ +322-1>134312-1=3>0 f(@) F@) (*)Min f(z)

Vay a > 3 la cac gia tri can tim.
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Bai tap tuong tu

1. Tim a dé hé phuong trinh
2%+ y2 =a
y+cosx =2
c6 nghiém duy nhat.

2. Tim m dé hé phuong trinh sau c6 nghiém duy nhat:

VIR Z+ly| = m
VYR +2+ |zl =m
3. Tim a, b dé hé phuong trinh sau c6 nghiém duy nhat:

TYyz +z=a
ry2?+2=5b
2?4yt =4

4. Tim a, b dé hé phuong trinh sau c6 nghiém duy nhat:

:L"y—ll_

¥ +1
2 +y?=b

5. Tim a dé véi moi b, hé phuong trinh sau luon cé it nhat mot nghiem :

(a—1)a®+y° =1
e’ + (a + 1)by* = a®

(x| +1)a =y + cosz

. 1) Giai hé khi a = 2. 2
sintx +y2 =1 ) ' )

6. Cho hé phuong trinh {
Tim a dé hé c¢6 nghiem duy nhat.

7. Giai hé phuong trinh sau:

(12:13—|—ay—|—z:a2

b2z + by + z = b2

Ar+cy+z=c?

Trong d6 a, b, ¢ 1a cac s6 thie doi mot khac nhau.
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8. Giai hé phuong trinh sau:

alr+ay+z+a*>=0
Vr+by+z+0>=0
CFrtcey+z+c=0

Trong d6 a, b, ¢ 1a cac s6 thie doi mot khac nhau.
9. Tim céc cap s6 (a;b) dé véi moi z € R ta luon co
a(cosx — 1) + b2 + 1 — cos(az + b%) = 0.

10. Cho f(x) = az? + bx + ¢ thod man |f(z)| < 1 v6i moi = € [0;1]. Ching
minh rang |f/(0)| < 8.

11. Tim a dé phuong trinh sau c6 nghiem

Vda? + 22 +1— 422 — 22+ 1 = 2a.

12. Tim m dé phuong trinh sau c6 nghiém
vsinx = m + y/cos .

13. Tim m dé bat phuong trinh sau c6 nghiém

Vr+vVa+az—myv4—ax<3Im.

5.6 Phuong phap Lugng giac

Luong giac 1a mot 1y thuyét Toan hoc lien két gitta Hinh hoc, Dai s6 va Giai tich.
Cac ty so lugng giac duge xay dung trude hét nham phuc vu cho viéc gidi cac bai
toan tinh toan trong Hinh hoc. Sau d6 ta thu duge cac ham s6 lugng giac nhu
13 cac doi tugng nghién cttu ctia Giai tich. Cac bai toan ngude dan dén viec gii
cac hé thic luong gidc va d6 1a cong viéc ctia Dai s6. Cac ham s6 lugng giac 1a
nhitng ham s6 tuan hoan dau tién ma hoc sinh duge hoc. Chiing mo ta mot quy
luat thuong gap trong tu nhien, d6 1a tinh 1ip lai (tuan hoan) ctia mot sé hién
tuong. Ta c6 thé giai cac bai toan lugng giac bang phuong phap "Dai s6 hoa"
(bing cach dit an phu). Trong mot s6 trudng hgp, quy trinh ngude lai: Lugng
giac hoa mot bai toan dai s6, c6 thé cho ta bai toan mdi don gian hon do c6 thé
stt dung dugc cac bién ddi, danh gia lugng giac von rat phong phi. Phuong phép
"Lugng gidc hod" bai toan dai s6 nhu vay duge goi 1a phuong phap lugng giac.
Phuong phap lugng giac c6 thé duge diing dé giai cac bai toan Dai s6 nhu la:
Giai phuong trinh, bat phuong trinh, hé ; Chitng minh dang thiic, bat ding thiic
; Tim gi4 tri 16n nhat va gia tri nhé nhat ; v.v....
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5.6.1 Co sé ly thuyét

Co s6 1y thuyét ctia phuong phap lugng gidc dita trén nhan xét sau:

dé 5.11. Néu cé mot dai lugng = bién thién trong mién I(a,b) thi luon cé
dat x = @(t) vdi t € (x1), trong dé, p(t) la mot ham so lugng gidc nao dé,
(1) dugc chon sao cho anh xa @(t) : (1) — (%) la song anh.

O©»

B
th

co

3 o,

Cac chua y
1) Mot s6 truong hgp ddi bién lugng giac thusng gap:

1. Néu x € [a, b] thi c6 thé dit:

b—a b+a
Hoac z = ( ) cost + vl 0 <t
b—a., . b+a . T T
Hoac z = ( )sint + voi — - <t< <.
2 2 2
T
Hoéc:nz(b—a)coszt—l—a v6i Ogtgg.
Hoac x = tant vGi arctan a <t < arctan b.

2. Néi chung trong moi trudng hop déu co thé dat = = tant véi t € (*1) trong
d6 (1) duge chon thich hogp.

3. Néu c6 hai dai lugng =,y bién thién thod man: 22 +y% = a? (a > 0) thi
luén c6 thé dit:
r =a.cost, khidé6 y=ua.sint v6i 0<1t<2m.

Ho#ic =z =a.sint, khid6 y=a.cost véi 0 <t <27,

4. Néu |z = a(> 0) thi c6 thé dat o = —— véit e [—=; 7]\ {0}
sint 22

2) Cac dau hiéu dé nhan biét mot bai toan c6 thé giai duge bang phuong phap
lugng giac:
1. Tap bién thien I(a,b) cia mot bién s6 1a tap gia tri cia mot ham s6 lugng
gidc nao do. I(a,b) c6 thé duge cho trong dicu kién hodic ta phai tu tim
(tap xac dinh) hodc ta phai tu dat dé c6 thé ap dung phuong phap lugng
giac.
2. C6 mot tré ngai dai s6 can khac phuc, chang han: bac cao, cin thic, diéu
kién phic tap, kho xit 1y...
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3. Trong deé bai (6 gia thiét hodc két luan) ¢6 mot bo phan tuong tu véi mot
cong thiic lugng gidc nao d6. Chang han:

e Bo phan 1 + 22 tuong tiy véi cong thite: 1 4 tan?t = T
cos

e B0 phan 423 — 3z tuong tu véi cong thitc: 4 cos®t — 3 cost = cos 3t.
e B0 phan 222 — 1 tuong tu v6i cong thiic: 2 cos?t — 1 = cos 2t.

2x 2tant
e B0 phan tuong tu véi cong thic: tan 2t = —
1 — 22 1 —tan?t
2x 2tant
® B6 phﬁn m tu‘dng tlf v6i Céng thic: sin 2t = m
t t
e B0 phan Tty tuong tu v6i cong thic: tan(a+3) = anottanf
11—y 1 —tana. tan 3

3) Can nhé them mot s6 truong hop goi ¥ sau:

xl,B,C# —|—7’L7l

A+B+C=1 4kr
2. tan Atan B + tan BtanC 4+ tanCtan A =1 < x 2
A, B,C # 5 +nr

3. cos? A+ cos? B+ cos? C + 2cos A.cosB.cosC = 1

A+B+C A+B-C A-B+C —-A+B+C
& cos 5 Cos 5 Cos 5 Cos 5 =

4. tanA+tan B+tanC —tan A. tan B.tanC = 1 —tan Atan B—tan Btan C —
tan C tan A

0.

A+B+C:%+m
ARC#%+M

l1+tanA 1+ tanB 1—|—tanC’_1—|—tanA l1+tanB 1 +tanC
1—tanA 1—tanB 1—tanC 1—tanA 1 —tanB 1 —tanC

A+B+C =T +kn
s ABC+T fnun

A,B,C’#Z—l—mr

6. sin? A + sin? B +sin?(A + B) = 2 < cos A. cos B. cos(A + B) = 0.
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5.6.2 Trinh tu 16i giai

Loi gidi clia mot bai toan dai s6 st dung phuong phap lugng gidc gom 5 budc:
Buéc 1: Tim diéu kién d6i véi bién s6 (néu can), Bude 2: Dit an s6 phuy,
Buéc 3: Dua bai toan dai sd da cho vé bai toan lugng giac méi, Bude 4: Giai
bai toan luong gidc thu duge, Buéc 5: Quay vé bai toan dai s6 xuat phat. Khi
giai he thitc dai s6 f(x)

RRe(0 (1) bang phuong phéap lugng giac, sau khi dat

=) (2); z€l(ab)te (x)
ta thu duge hé thic lugng giac:
f(p(t))RRe 0 < F(t)RRe 0 (3).

Ta c6 thé:

+) Hoac gii (3) trong (*1). Thay ¢ tim dudc vao (2) dé tim z 1a nghiém ctia
(1).

+) Hofic bién ddi (3) dé thu duge he thite d6i véi p(t). Trong hé thite dé thay
©(t) = x ta sé thu dugc nghiém cua (1).

Do c6 thé chon ¢(t) va (*1) bing nhiéu cach khac nhau nén trong ting bai
toan cu thé, ta nén chon ¢(t) va (*1) theo mot cach thich hgp nhat.

5.6.3 Vi du minh hoa

Vidu 5.27. Cho z,y,z > 0; 22 +y> + 22 + 2xyz =1 (). Ching minh rdng:

Lt gz = o/ 20— 2) + /(TP ) + /(T (1~ ).
T diéu kién c¢6: 0 < x;y; 2 < 1 nén c6 thé dit

r=cosA; y=cosB; z=cosC v6i 0 < A; B;C < g (1)
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Ta co:

(%) = cos? A+ cos? B + cos> C' 4 2cos A.cos B.cos C = 1
? A+B+C —-A+B+C A-B+C A+B-C

- . . . 0.
= COos 5 cos 5 cos 5 cos 5
—-A+B+C A-B+C A+B-C 7
Ma  cos i . COS i . COS i #0
2 2 2
A+B+C
= COos — = 0

=A+B+C=nm
= cos(A+B+C)=-1
= 1+ cos Acos Beos C = cos Asin BsinC + sin A cos Bsin C + sin A sin B cos C
= 1+ayz =21 —12)(1 - 22) + 2/ (1 —y2) (1 — 22)+
+ 2/ =571 - 2).(dpem)

Vidu 5.28. Gidi phuong trinh:

/(1 —22)3 =22 222 (1)

Diéu kien: 1 — 22 > 0 < —1 < 2 < 1 (). Do I(a,b) nén c6 the dat z =
cost t€ (0;m) (%1). Dosint > 0 v6i moi ¢t € (x1) nén:

(1) — cos® t + sin®t = v/2sint. cost

& (sint + cost)(1 — sint. cost) = V/2sint. cost. (2)

Dit z = sint + cost = /2sin(t + %) V6i t € (%1), ta co: —1 < 2 < V2 (x2).
22 -1
2

Khi do: sint. cost = va:

22 -1 22 -1
(2) & 2(1 - = )= V2 5

&2 4+V222-32-V2=0
& (z=V2)(22+2vV22+1) =0

z V2 (thod man (*))
Slz = 1-42 (thod man I(a,b)
z = —1-+/2 (khong thoa man (*))
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sint + cost = \/5
V6i z = /2 ta co: 1 . Vay x = cost la nghiém ctia phuong

sint.cost = —
2

trinh:

1 2
wz—\/§$+§:0<:>$:§.

sint+cost=1—+/2

. Vay z = cost la nghiém
sint.cost =1— /2 W B

Véi z =1 — /2 ta co: {

cta phuong trinh:

1—\/_1\/ 2 1) f+3)

~—(1-V2)r+1-V2=0s2=
Té6m lai, (1) ¢6 cac nghiém:

VI 1-v2- \/ - 1)(v2+3)
T= =

1—f+\/ 2-1) f+3)

va T =

Vi du 5.29. Gidi bat phuong trinh:
1 - 3x
1—a? 1—x

- -1 (1)
Dieu kién: 1 — 22 >0 -1 <z <1 (x).
Do I(a,b) nén c6 thé dit x = sint; T o< g (7). Khi dé:

1 1 1+ tan?t 3T 3sint 3 tan t
= = an“t; = = nt.
1—22 cos?t V1 — 22 cost &

(vicost >0 v6i moi t € (*1).)

(1) — 1+ tan®*t > 3tant — 1
& tan’t — 3tant +2 > 0
< tant < 1Vtant > 2

o et< XV oarctan 2<t< =
—— — arctan —.
2 1 2

Vay: (1) & sin(—g) <sint=z< sin(%) V sin(arctan 2) < z < sin(g)
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(do ham s6 sin dong bién trong (x1).)

2
& -l<r< g\/ sin(arctan 2) < x < 1.

tan(arctan 2) 2 25
V1 + tan?(arctan 2) Vb 5

Neén tom lai, ta duge (1) c6 nghiém:

Ma: sin(arctan 2) =

1<z <£v —f< <1
Vi du 5.30. Giai he:
20+ 2%y =y
2y +y?z=2 . (4)

22+ 22x =z

Néu 22 = 1 thi tit phuong trinh dau ta duge +2 = 0: vo ly. Vay 22 # 1. Tuong
tu ta ciing ¢6 y? # 1; 22 # 1. Do d6

bat x = tant véi t € (—g g) \ {:l:%} (x). Ta co6

2tant
= —— =tan2t
4 1 2—ttan22tt an (a)
an
4.1 = ———— —tan4t . (4.2
(41) =42 1 —ttantht an (4.2)
an
= —+— =tan8t
T tan? 4t o (8)

T () va (B) ta duge

km
7

Do t € I(a,b) nén ta dugc k € —3..3. Vay hé da cho c¢6 7 nghiem :

km
r = tan —

y—tan% v6i k € —3..3.

sk

z—tan—

tan8t =tant < 8t =t+kn (k€ Z) =t = —
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Vidu 5.31. Phuong trinh

42 =3z =+/1—22 (5)

¢6 bao nhiéu nghiém?.

Diéu kien 1 — 22 > 0 & —1 < = < 1 (). Véi diéu kien dé ta c6 thé dat
x =cost v6i 0 <t < 7 (*1). Phuong trinh da cho tré thanh

4cos®t —3cost = /1 —cos?t = |sint| =sint (5.1

(do t € (*1) nén sint > 0 = |sint| = sint).

. 3t =2 —t 4 2%n
(5.1) & cos3t =sint = cos(= — t) & 2 (k, neZ)
2 325:—5 +t+2nm

75_7T_|_k‘7r
& g 2
tzz—F’l’LTf

Do t € (%1) nén ta dugc k = 0; k = 1; n = 0. vay ta dugc 3 nghiém € (x1) ctua
phuong trinh (5.1) 1a

™
t=—":
8

Do ham s6 cos x nghich bién trén (x1) va 0 < t; < t3 < t3 < 7™ nén phuong trinh
(5) ¢6 ba nghiém phan biét thod man I(a,b) la

5T - T - T
T1 =Ccos— < X9 = CcoS — < I] = COS —.
8 4 8

Vay phuong trinh da cho c¢6 ba nghiém phan biét.

Vi du 5.32. Chitng minh rang phuong trinh
2 —3x+1=0 (6)
c6 ba nghiém x1 < x9 < x3 thod man:

:13%::132—1—2.
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Dat f(z) = 2® — 3z + 1 ta c6 f(z) xac dinh, lién tuc véi moi 2 € R. Ngoai ra,
f(=2)=—-1<0; f(-1)=3>0; f(1)=-1<0; f(2)=3>0

nén theo tinh chat ham s6 lién tuc, phuong trinh (6) c¢6 it nhat 3 nghiém phan
biét (trong mdi khoang (—2; —1); (—1;1); (1;2) phuong trinh (6) ¢6 it nhat mot
nghiém ma ba khoang d6 do6i mot roi nhau). Nhung (6) 14 phuong trinh bac 3
nén (6) c¢6 nhiéu nhat 3 nghiem phan biet. Vay (6) c6 ding ba nghiém phan biét
1 < Ty < x3. Ngoai ra, ti trén ta thay moi nghiem cta (6) déu € (—2;2) nén
dé tim nghiém ctia (6) ta c6 thé dit x = 2cost v6i 0 < t < 7 (*). Ta thu dugc
phuong trinh

1 1
8cos’t —6cost+1 =0 4cos®t —3cost = ~3 <:>cos3t:—§. (6.1)

3t=——|—2k‘71’ :2—7T—|—2k§
(6.1) = 3 & g  (k, n€Z).
3t:———|—2n7r t:———|—2n§

Do t € I(a,b) nén ta dugc k = 0; k = 1; n = 1. Nhu vay, (6.1) ¢c6 ba nghiém
€ I(a,b) la

t=—:=t;; t=—:=tg; t=—:=1t3 (t1 >ty >t3).

Do ham s6 cosz nghich bién trén I(a,b) nén ta dugc ba nghiém phan biét cia
phuong trinh (6) 1a

9 8T - 9 a7 - 9 27

x1 =208 — < Ty =2c08 — < T3 =208 —.

! 9~ 9 = 9

Ngoai ra,
4 4 2

g +2 = 2cos — +2 :2(1—|—cos—7T) =2.2.cos? 2 = 3.

9 9 9

D6 chinh 13 diéu phai chiitng minh.

z[+ly[=1 (a)

7) ¢6 nghiém.
z?+y?=m (B) (1) co mani

Vi du 5.33. Tim m dé hé: {
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Tit () ¢6 0 < |z]; |y| < 1 nén c6 thé dat |z| = sin®t = |y| = cos®t. Ta thu
dugce

. 92 2 5 q 51 i
{Sln —+ cos ( uon dung vol moi ) EN Sin4 t+ COS4 t=m (71)

sin*t 4 cos*t =m
1
Ma (7.1) & m = (sin?t+cos? t)? —2sin®t cos? t = 1 — 3 sin?2t. (7.2),nén ta cé:
1 1
Phuong trinh (7) ¢6 nghiém <(7.2) ¢6 nghiém < 5 <m < 1. Vay 5 <m<«<lla

cac gia tri can tim.

Vi du 5.34. Tim m dé bat phuong trinh sau cé nghiém:

Vz+vVl—x>mye—22+1. (8)

Diéu kién:
x =0 x>0
1—-2>0 Ser<l S0<z <1 (%)
r—22>0 0<z <1

V6i didu kien dé ta c6 thé dat o = cos?t v6i 0 < t < — (7). Ta thu duge bat

b 3

phuong trinh
cost +sint > m.sint.cost +1. (8.1)

(Do tir (*1) c6 |sint| = sint; |cost| = cost; |sintcost| = sintcost.)
Lai dat z = cost+sint. Véi t € () ta dé thay z € [1; v/2]. Ngoai ra, sint. cost =

22 -1

va bat phuong trinh (8.1) trd thanh:

2z >m(2-1)+22z-1)>m(z2-1). (8.2)
Néu z =1 thi (8.2) & 2.0 > m.0 : vo ly. Vay (8.2) khong c6 nghiem z = 1. Xét
2 € (1;4/2] (x2). Khi d6 2z —1>0; z+1 > 0 nén

(8.2) &m< = f(2).

z+1 :
Ta c6: (8) ¢6 nghiem < (8.1) ¢6 nghiém t € (%)
< (8.2) ¢6 nghiém z € (x2)
< m < cosh (x2)Sup f(2).

Dé thay f(z) lien tuc va nghich bién trén (x3) nén cosh (x2)Sup f(2) = f(1) = 1.
Vay m < 1 1a cac gia tri can tim.
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Bai

—
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tap tuong tu

Cho z? + y? = 1; u? + v? = 1. Chting minh ring

lzu 4+ yv| < 1
4 2 1 -, . > 1 e .
. Choy=2"—2"+ 3 1) Ching minh rang |y| < g Véimoiz € [—1;1]. 2)
Chting minh rang phuong trinh:
1
42
r—x+<-=0
8
c6 bdn nghiém phan biet z € [—1; 1].
. Tim gia tri I6n nhat va gia tri nhé nhat cua
142t
YT+
. Cho ab; bc; ca cing # —1. Chiing minh réng
a—b b—c c—a a—b b—c c—a

1—|—ab+1—|—bc+1—|—ca: 14+ab'1+bc1+ca

. Cho a,b,c> 0; a > ¢; b > c. Chitng minh réng

Vela—e)++/elb—c) < Vab

. Cho 0 < x,y,2<1va zy+yz+ 2zr = 1. Chitng minh ring:

x + Y + z >3\/§
1—22 1—9y2 1-227 2

. Chitng minh réng véi moi x € (—1;1) va n > 2, ta luon co:

I+z)"+(1—2)"<2

. Chitng minh rang v6i moi a,b € R, ta luon co:

1 - (a+b)(1—ab) - 1

2 (1+a?)(1+0b2) 2
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Cho a,b,c> 0va abc+ a+ c=0b. Tim MaxP véi:

2 2 N 3
a24+1 b24+1 241

Cho day s6 (z,) xac dinh nhu sau:

1—+/1—22

1
I = 9’ Tnp+1 = 5
Chting minh rang:
Tk + Tl + Thyo + -+ iy < 1,03

v6i moi k,l € N*

Tim a dé phuong trinh : z + /1 — 22 = a c6 nghiém.

Giai va bién luan: \/a +z ++a —x = x.

Tim nghiém ctia hé: < 22 +¢2 =9 v6i & + z 16n nhat.
rt+yz =26
Giai phuong trinh: 22 + (Ll)2 =1
;U [e—
Giéi he:
3z + ) =4(y+ ) =5(z + 1)
€T —_ = —_ = z —_
T 4 Y z

zy+yz+zr=1

Cho y = |z|(42% + m). Tim m dé |y| < 1 véi moi z; |z| < 1.

Cho A, B, C 1a ba géc clia mot tam gidc. Chiing minh rang:

14+ cosA.cosB.cosC > V/3sin A. sin B. sinC

Giéi he:
{\/5(36 —y)(1+4ay) = /3

$2+y2:1

117
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19.

20.

21.

22.

23.

24.

Chuong 5. Phuong phap giai phuong trinh va hé phuong trinh

Cho day {u,} xac dinh nhu sau:

up =2
up + V2 -1
(1—v2)u, +1

Unp4+1 =

Hﬁy tinh uU2004
Cho 0 < x1 < y;. Hai day {x,}; {yn} xéc dinh nhu sau:

Ty + Yn
2 (n>1)
Un+1 = /Tn+1Yn

Chting minh rang Liln x, = Lim y,. Hay tim giéi han do.
n—-roo

n—-4o0o

Tp4+1 =

Cho day {w}}_, thod man:
zo = 0; n = 50.000
{:L'k_H ::Ek—l—m 1—af (keO;n—1)
Bat déng thic =, < 1 ding hay sai?.
Cho day cac ham s6 {T,(z)} dugc xac dinh nhu sau:

T\(z) ==z

To(z) =222 — 1

Thii(x) = 22T (x) — Thoi(z) (n>2)
Chitng minh réng: 1) Néu |z| < 1 thi |T,(z)] < 1 v6i moi n € N*. 2)
Phuong trinh T),(z) = 0 ¢6 ding n nghiém phan biét va cac nghiem dé déu
€ [~1;1]. 3) Tim tat ca cac gia tri ctia z dé |T,,(x)| = 1.

Chting minh rang véi a,b > 0, ta ludn co:

m:\/a+¢2m+\/a+¢2m

Chting minh rang véi a > ¢; b > ¢; ¢ > 0 ta luon co:

Vie+e)b+c)++/(a—c)(b—c) < 2Vab
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25. Rit gon biéu thic:

- \/a— 4((1—1)—1—\/(1—1— 4(a—1)
a?—4(a—1)

26. Chitng minh rang véi a > |b|, ta luon c6

a2 _ }H2
\/§b2a+ a b
itV

~ @+ 07~ /{a = by

27. Giai phuong trinh:

44 VI6— 4- T6—
\/+ > $+\/ = A+ VE+VIE—a

28. Cho zyz # 0; 2y + yz + zz = 1. Chitng minh réng

3 .
29. Cho z;y; z # :l:\/?_; T+ y + z = xyz. Ching minh rang

3 3

3r—x 3y—y3+3z—z _3:L'—:L'3 3y —1y? 32— 23
1—322  1—3y2 1—322 1—322"1-3y2"1—322

30. Cho xyz #0; x +y+ 2 —2yz = 1 — vy — yz — zx. Chiing minh réng
2 1 1—221—9y21-22
+ + =, . .

T Y z 4 =z Y z

31. Cho z1;x9; x3 la cac nghiém cua phuong trinh
2 +ar’ +x+b=0

Chting minh rang

(01— 2 )s = =)+ (02 = )3 = ) + (w5 = —) (a1 — ) =4
€1 T2 T2 x3 x3 x
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32. Cho z;y;x # 1 thod man:

I+z 1+y 1+z 14z l4+yl+z
l—-2 1—-y 1—2 1—-21-y'l1l—=z

Chting minh rang

a) r+y+z—xyz=ayt+yz+zx—1
2 +y)(1 —zy) 11— 22
(T+a2)(I+y?)  1+22

(1—ay)?—(z+y)?* 22

T+a)(I+y)? 1+ 22

33. Giai bién luan phuong trinh: x + Va2 — 22 < b v6i a, b > 0.

34. Giai hé:
lz+yl+]z—yl <2
$2+y2:1
35. Giai he
zy/1—y2+yv/1—22=1
1
$\/1—y2—y\/1—$2=§
36. Giai he
VEA VT —g=m+1
VYy+vli—z=m+1
37. Giai he

dry(222 - 1) =1

38. Giai bién luan phuong trinh:

(a4 b)Va2+ b2+ 22— (a—b)\Va? + b2 — 22 =a® +b*

39. Giai phuong trinh:
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40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Giai phuong trinh:
PR
21 12

Giai phuong trinh:

1+\/1—$2<\/(1—|—$)3—\/(1—:E)3> —2+V1-a2

Giai phuong trinh:

Vr—24+V4—z=2%>—6x+11
Giai phuong trinh:

VI—z=22"—1+22V1— a2
Giai bién luan phuong trinh:

x
(%)m—cl—zz) =1 (0<a<l)

Giai phuong trinh:

122 — /1 — 422| = V2(82% — 1)

Giai bat phuong trinh:

3
V1i—z -z >

“l%

Giai bat phuong trinh:

Vr—1-+vVr—-2>V3—-x

Giai bat phuong trinh:

Vi—z4+V1+z<2

3 .
Cho f(z) =2 — 22 1) Ching minh rang | f(z)| < = v6i moi z; |z| < 1. 2)

Chting minh rang:

e~ =

3
Phuong trinh 23 — z=m c6 nghiem x € [—1;1] & |m| <

] =
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50. Chiing minh réng v6i moi a, b, c € R ta luon c6

la — | |a — b |b — |
<

VA+a)a+e)  JI+a)1+0?2) I+ +3)

51. Phuong trinh
8z(1 — 22?)(8z* — 822+ 1) =0

c6 bao nhiéu nghiem € [0; 1]7.
52. Cho 0 < ap <1 (k€ 1;n). Ching minh rang
n n
H(l + ak H 1— (Ik
k=1 k=1

:L'2

53. Tim gia tri 16n nhat va gia tri nho nhat ctia: y = ——.
142z

54. Tim gia tri 16n nhat va gia tri nhé nhat cta: y = |z|vV1 — z2.

55. Tim gia tri 16n nhat va gia tri nho nhat cta: y = V1 — 2 + 1+

56. Tim gia tri 16n nhat va gia tri nho nhat cia: y = vl —1 < x < 1.

) il ot 17 1A 7 .
57. Tim gia tri 16n nhat va gia tri nhé nhat cta: y = z° — §:L' voli —1 <z < 1.

5.7 St dung dinh ly Lagrange

Dinh 1y 5.1 (Lagrange). Néu ham s6 y = f(x) lién tuc trén doan [a,b] va cé
dao ham trén khodng (a,b) thi ton tai c € (a,b) sao cho:

)= fla) = F@0—a) (1) hay la: f'(e) = 2L (2)

Cac cong thitc (1) va (2) déu duge goi 1a cac cong thiic Lagrange. Trong dinh
ly Lagrange a c6 thé = b. Khi d6, chi can diéu kién f(x) kha vi tai x = a, ta c6
¢ = a va cong thiic (1) van dang. Céc nhan xét sau day 1a cac he qua tryc tiép
cua dinh 1y Lagrange.
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B6 dé 5.12. Néu:

{1) f'(z) +1+#0 vdi moi x € I(a,b) C Dy; (*) lien thong.
2) p(sx) © ()5 Y (x) C (%)

thi trong (xx) ta co:

B6 dé 5.13. Néu:

2) p(x) © (%); Y(x) C (%)

1) f(x)dong bién véi moi x € I(a,b) C Dy; (*) lien thong.
3) h(z) > 0 vdi moi x € (xx).

thi trong (xx) ta co:

B6 dé 5.14. Néu:

2) p(x) © (%); Y(x) C (%)

1) f'(xz) > 0; ¢'(x) = 0 vdi moi x € I(a,b) C Dy; (*) lien thong.
3) h(z) = 0 vdi moi © € (xx).

thi trong (xx) ta co:

flp(x) = F((x)) = [g(¢(2)) = g(p(2))].h(z) & p(z) = P(z)

Bo6 dé 5.15. Néu f(z) dong bién trong (x) C Dy , (x) lién thong, thi trong I(a,b)
ta co:

f(f@) =z flo)=x; f(f(f(x) =2 fz)=2

Néu f'(z) +1 # 0 vdi moi x € I(a,b) C Dy ,(*) lién thong, thi trong I(a,b) ta
co:

f(f@) =z flo)=x; f(f(f(x) =2 fz)=2

Vidu 5.35. Gidi phuong trinh:

B r1=22x-1. (1)
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1 1 3.\ 3
W ea=5(1+50+2) = (@),

1 3 N .
Véi f(z) = 5(1 +23). C6 f'(x) = §JE2 > 0 v6i moi € R = f(z) dong bién trén
tap xac dinh R. Do dé

e f@)=rer®-20+1=0c(z—1)(2*+2—-1)=0

":E = 1
r—1 =0 _ —1-V5

< |

Il

o
—
8

|

—

=+ o

B

Vay phuong trinh da cho c¢6 ba nghiém

—1—+/5 -1 5
r=1V :Ezi\/_ \% :E:i.
2 2

Vidu 5.36. Gidi phuong trinh:
27 — 2%l — (1 +1).3%. (2)

Xét ham s6 f(x) = 2% ¢6 f'(x) = 2* In2, Vz € R. Theo dinh ly Lagrange,
ton tai ¢ ndm gitta x va 2z + 1 sao cho

27 — 2% — f(¢) [z — (20 + 1)] = —(z + 1).2° In2. B&i vay:

(2) e —(2+1).2° In2 = (2+1).3" & (z+1)[3°+2°. In2| =0 2+l =0z = —1.

(Do [3* +2¢ In2] > 0 v6i moi z € R.)
Vay phuong trinh da cho c¢6 nghiém duy nhat z = —1.

Vi du 5.37. Chitng minh rdng phuong trinh:

7T T —1
T.ar COST — —

2 i (3)

1 =
luon ¢6 nghie =T ().
udn cé ng z,em:ne(w74) ()
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Dat f(xz) = VT(3). Xét ham s6

F(z) = (mx — 1)(cosx — g)

) 1=
Ham s6 F(z) xac dinh, lién tuc trén [—; Z] va, ¢
™

F'(x) = f(z), Vo € I(a, b): F(%) =0= F(})=0.

Vay theo dinh 1y Lagrange, ton tai xo € I(a,b) sao cho

Ty _ (1
flao) = DTG

3 =

=
4

Vay, phuong trinh f(z) =0 (3) ludn c6 nghiém x € I(a,b) (dpcm).

Vi du 5.38. Chitng minh ring phuong trinh:

202 —3x+1

4dr — 3) 1
(4z — 3) logg x + “Tn3

0. (4)

1
luon co nghiéem x € (57 1) (x).
Dat f(xz) = VT(4). Xét ham s6
F(x) = (22% — 3z + 1) log; .

P 1
Ham s6 F(z) xac dinh, lién tuc trén [57 1] va ¢6

F'(z) = f(x), Va € I(a, b); F(%) —0; F(1) = 0.

Vay theo dinh 1y Lagrange, ton tai x¢ € I(a,b) sao cho
F(1) - F(3)

—0.
1
— =

f(wo) =

Vay, phuong trinh f(z) =0 (4) luén c6 nghiém x € I(a,b) (dpcm).

Vi du 5.39. Chitng minh ring phuong trinh:

2
2(x — 1) sin2x — cos 2z + g =0. (5)

luon co nghiem x € (%’ 1) (%).

125
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Dat f(z) = VT(5). Xét ham s6

F(z) = (z —1)(cos2x — g)

Ham s6 F(z) x4c dinh, lién tuc trén [%7 1] va ¢6
F'(@) = f(x), Yo € I(a,b); F(5) = 0; F(1) = 0.

Vay theo dinh 1y Lagrange, ton tai xg € I(a,b) sao cho

P - F() _
-3

Vay, phuong trinh f(x) =0 (4) luén c6 nghiém x € I(a,b) (dpcm).
Vi du 5.40. Chitng minh rdng phuong trinh:
2(x? — 2 — 2)cos2z = (1 — 22)sin2z. (6)

luon cé it nhat 8 nghiém phan biét trong khodng (—1;2) (*).

(6) < f(x) :=2(2%2 — 2 —2)cos2x — (1 —2x)sin22x =0  (6.1). Xét ham s6
F(z) = 92% — x — 2)sin2u.
Ham s6 F(z) x4c dinh, lién tuc trén [—1;2] va c6

F'(z) = f(x), Vx € I(a,b); F(—1)=0; F(0)=0; F(=)=0; F(2)=0.

Vay theo dinh 1y Lagrange, ton tai xg € (—1;0) (*1) sao cho

F0) - F(=1)

oy Y

f(wo) =

Tuong ty, ton tai x1 € (0; g) (*2) sao cho f(x1) = 0;
ton tai zo € (3;2) (*x3) sao cho f(xe) = 0. Ma cac khoang (x1); (*2); (x3) doi

mot khong giao nhau
nén cac nghiém zg; x1; x2 cing doi mot khac nhau. Vay, phuong trinh

f(z) =0 (6.1) < (6)

luon ¢6 it nhat ba nghiem phan biet = € I(a,b) (dpcm).
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Vidu 5.41. Cho phuong trinh:
ax’ +br+c=0. (7)
Chitng minh rdng néu

a b c

m>0; a, b, c € R, thod man + + —
m+2 m+1 m

=0 (x1)

thi phuong trinh (7) luon cé nghiém x € (0;1) (x).

Dat f(z) = az™ ! + ba™ + ca™ ! = 2™ Y ax? + br + ¢). Xét ham s6

F(z) = & gmi2 gy L:L"mJrl +Zgm,
m+ 2 m+1 m

Ham s6 F(z) xac dinh, lien tuc trén [0; 1] va ¢6

a b c
- +—=0.

F(z) = f(2), Vo € I(a,b); F(0) =05 F(1) = ——— 4 ———= +

Vay theo dinh 1y Lagrange, ton tai xo € I(a,b) sao cho

F1) - F(0)

=0.
1-0

f(wo) =

hay la 2"~ (aad +brg+c) = 0 = ax§+brg+c=0 (vizg € (0;1) =z~ #£0).
Vay, phuong trinh az? + bz +c¢ =0 (7) luon c6 nghiem = € I(a, b) (dpcm).
Vidu 5.42. Cho phuong trinh:

1

anx” +ap_12" "+ +a—lr+a—-0=0. (8)

Chitng minh rdng néu

Gnp, Gn—1 ai
oyt —0
] + i + + 9 + ag (*1)

thi phuong trinh (8) luon cé nghiem x € (0;1) (x).
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Dat f(z) = VT(8). Xét ham s6

Qa Ay — a
F(z) = n—ﬂ$n+1+n71$n+"'+71$2+“0$'

Ham s6 F(z) xac dinh, lién tuc trén [0; 1] va ¢6
F'(z) = f(x), Vo € I(a,b); F(0)=0; F(1) =0 (do (*1)).
Vay theo dinh 1y Lagrange, ton tai xg € I(a,b) sao cho

F1) - F(0)
1-0

f(xo) = = 0.

Vay, phuong trinh f(xz) =0 (8) luén c6 nghiém x € I(a,b) (dpcm).
Vidu 5.43. Cho phuong trinh:

1

anx” +ap_12" "+ +a—lr+a—-0=0. (9)

Chitng minh rang néu ton tai m € N* sao cho :

a Ay a a
ol g = (k)
n+m n+m-—1 m+1 m

thi phuong trinh (8) luon cé nghiem z € (0;1) (x).

Dat f(z) = VT(9). Xét ham s6

Qa Ap—1 _ al Q,
F(:E)_—n$n+m+n7$n+m 1+'.'+_$m+1+_0$m'

n4m n+m-—1 m—+1 m
Ham s6 F(z) xac dinh, lién tuc tren [0; 1] va ¢6
F'(z) = 2™ L f(x), Vo € I(a,b); F(0)=0; F(1) =0 (do (x1)).
Vay theo dinh 1y Lagrange, ton tai xg € I(a,b) sao cho

F1) - F(0)

=0.
1-0

F'(z0) = 2" f(20) =

= f(wo) =0 doxp € (0;1) = a1 #0.
Vay, phuong trinh f(x) =0 (9) luén c6 nghiém x € I(a,b) (dpcm).
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Vidu 5.44. Cho phuong trinh:
a.cos3x + b.cos2x + c.cosz +sinz = 0. (10)
Chiing minh rang vdi moi a, b, ¢ € R thi phuong trinh (10) luon cé nghiém

x € (0;2m).

Dat f(xz) = VT(10). Xét ham s6

b
F(x) = %sin&n—l— §sin2$—|—csin$ —cosz + 1.

Ham s6 F(z) xac dinh, lien tuc trén [0; 27] va ¢6
F'(z) = f(x), Vo € I(a,b); F(0)=0; F(2r) =0, Va, b, c € R.
Vay theo dinh 1y Lagrange, ton tai x¢ € I(a,b) sao cho

F(2m) — F(0)
 2r—0

f(xo) = = 0.

Vay, v6i moi a, b, ¢ € R phuong trinh f(z) =0 (10) ludn ¢6 nghiém z € I(a,b)
(dpem).

Bai tap tuong tu

1. Giai phuong trinh:

2%0+3 _ 9% = (Va2 — {22 + 3)(a® +1+2%)

2. Giai phuong trinh:

(@ +1)° = (@2 +1° = (Va2 + 1= Vo + (Vo +VaTT)

3. Giai phuong trinh: z = a + y/a +/z

4. Giai phuong trinh: x = \/a + va +
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5.8 S dung dinh ly Rolle

Dinh 1y 5.2 (Rolle ). Néu ham s6 y = f(x) lién tuc trén doan |a,b] ; ¢6 dao
ham trén khodng (a,b) va f(a) = f(b) thi ton tai c € (a,b) sao cho f'(c) = 0.

T dinh Iy Rolle ta thu duge cac hé qua sau:

B6 dé& 5.16. Néu ham s6 y = f(x) lien tuc trén doan [a,b] ; ¢6 dao ham trén
khodng (a,b) thi gitta hai nghiém (lién tiép) € (a;b) cia phuong trinh f(x) =0
c6 it nhat mot nghiém cia phuong trinh f'(x) = 0.

B6 dé& 5.17. Néu ham s6 y = f(x) lien tuc trén doan [a,b] ; c¢6 dao ham trén
khodng (a,b) va phuong trinh f(x) =0 cé k nghiém z € (a;b) thi phuong trinh
f'(x) =0 c6 it nhat k — 1 nghiém x € (a;b).

Vidu 5.45. Gidi phuong trinh:

3* 42" =3z+2. (1)

Taco (1) & f(z) = 37427 — 3z —2 = 0. Nhan xét ring £(0) = 0; f(1) =0 =
phuong trinh (1) ¢6 it nhat hai nghiem thyc phan biet. Gia st (1) ¢6 nhiéu hon
hai nghiém thyc phan biét, khi do, theo hé qua cta dinh 1y Rolle , phuong trinh
f'(x) = 0 ¢6 it nhat hai nghiem thyc phan biet. Cing theo 1y do trén, phuong
trinh f”(z) = 0 ¢6 it nhat mot nghiem thyc. Ma f/(z) = 3% In3 +2% In2 — 3 =
f"(z) = 3%(In3)? +2%(1In2)%? > 0 véi moi x € R. D6 1a diéu mau thuin véi két
qua trén. Vay gia st ciia ta la sai, tic 1a (1) ¢6 khong qua hai nghiém thuc phan
biét, Noi cach khac, (1) chi ¢6 ding hai nghiem 1a

rz=0; z=1.
Vi du 5.46. Chiing minh rang vdi moi a, b, c € R, phuong trinh:
a.cos3x + b.cos2x + c.cosx +sinz =0. (2)

luon cé nghiem x € [0; 27] (x).

Xét ham sb

b
flx) = %sin&r + §sin2$—|— c.sinx — cos .
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Ta c¢6 f(x) xac dinh, lien tuc va c6 dao ham bac nhat:
f'(z) = a.cos3x + b. cos2x + c.cosz +sinz = VT'(2)
v6i moi z € I(a,b). Ngoai ra,
fO)=f@2rm)=a+b+c.
Vay, theo dinh 1y Rolle , ton tai ¢ € (0;27) C [0; 27] = (x) sao cho f/(c) = 0. No6i

cach khac, phuong trinh (2) luon c¢6 it nhat mot nghiem (z = ¢) € I(a,b). D6
chinh 13 diéu can ching minh.

Vi du 5.47. Cho ham sé6 f(x) lien tuc trén [a;b]; khd vi trén (a;b) va f(a) =
7(6) = 0.
Chitng minh rdng véi moi k € R*, phuong trinh

f@)+k.f(2)=0 (3)

luon cé it nhat mot nghiem x € (a;b).

x

Xét g(x) = GE.f(:E). Ta ¢6 g(z) lién tuc trén [a;b]; kha vi trén (a;b) va

g(a) = g(b) = 0. Theo dinh ly Rolle , phuong trinh ¢’(z) =0 (3.1) luon ¢6 it
nhat mot nghiem z € (a;b). Ma

Con %eE # 0 v6i moi x € R nén
(B3.1) & f(z)+k.fl(z)=0 (3).

Vay phuong trinh (3) luon c6 it nhat mot nghiem = € (a;b). D6 chinh 1a dpem.

Vi du 5.48. Chiing minh rdng vdi moi a,b,c € R, da thic:
P(x) =2° — 22" + 223 + ax® + br + ¢

c6 khong qua ba nghiém thuc phan biét.



132 Chuong 5. Phuong phap giai phuong trinh va hé phuong trinh

Gié st P(z) c6 nhiéu hon 3 nghiém thyc phan biet. Khi d6, do P(z) xac dinh,
lien tuc va kha vi trén R nén theo hé qua cta dinh 1y Rolle , da thic P'(z) ¢6
it nhat ba nghiém thyc phan biet. Lap luan tuong tu ta duge P (x) c6 it nhat
mot nghiém thuc. Ma

P'(z) = 5zt — 823 + 62% + 2ax + b = P"(z) = 302° — 242 + 122+ 2a
= P"(z) = 60z — 48z 4+ 12 = 12(z* 4+ (22 — 1)?) > 0, Vz € R.

Diéu mau thuan thu duge chiing t6 gid st trén 1a sai, tiic 1a da thic P(x) da cho
c6 khong qua ba nghiém thyc phan biét (dpem),

Vidu 5.49. Ching minh rang néu a,b,c,d € R , doi mot khdac nhau thi phuong
trinh:

(z—a)(x—b)(x—c)+(x—b)(x—c)(x—d)+(z—c)(z—d)(x—a)+(z—d)(z—a)(z—b) = 0 (4)
luon cé ba nghiém phan biét.
Xét
P(x)=(z —a)(z —b)(z—c)(x—d).

Ta c6 P(z) xac dinh, lién tuc, kh& vi tréen R va ¢6 bon nghiem thyc phan biet.
Theo hé qua cia dinh 1y Rolle , phuong trinh P'(x) = 0 (4.1) ¢6 it nhat ba
nghiém phan biet. Mat khac, P'(z) la da thic bac ba nén né c¢6 khong qua ba
nghiém thyc phan biet. Vay P’'(z) c6 ding ba nghiem thyc phan bi¢t. Nhung

P'(z) =VT(4) nén (4.1) & (4).
Noéi cach khac phuong trinh (4) ludn c6 dung ba nghiém thuc phan biét. D6 chinh
13 diéu phai chitng minh.
Vi du 5.50. Tim so nghiém ciia phuong trinh:
3sinx =z. (H)
bat f(z) :=3sinx — z. Ta c6 f(x) xac dinh, lién tuc, kha vi trén R va
(5) = flx) =0 (5.1)

Do v6i moi « € R ta luon c6 —1 < sinz < 1 nén moi nghiém néu c6 ciia phuong
trinh (5) déu € (—3;3) (x). Nhan xét rang (x) C (—m; 7) := (x1). Ngoai ra, ta c6

f(x) =3cosz —1
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suy ra f/'(z) c6 hai nghiém phan biet € (x1) = f’(x) c6 khong qua hai nghiem
phan biét € I(a,b). Sit dung dinh 1y Rolle ta duge f(z) c6 khong qua ba nghiém
phan biet. Ma f(z) lién tuc trén R, f(0) = 0; f(—g).f(—ii) < 05 f(%).f(ﬁi) <0

nén f(x) c6 it nhat ba nghiegm phan biét. Tom lai phuong trinh (5) ¢6 ding ba
nghiém phan biét.

Vidu 5.51. Gidi phuong trinh:
2z —sintx =0. (6)
bat f(z):=2x —sinmz. Ta ¢6 f(x) xac dinh, lién tuc, kha vi trén R va

(6) & f(z) =0 (6.1)

Do v6i moi € R ta luon c¢6 —1 < sin 7wz < 1 nén moi nghiém néu c6 ctia phuong

N 11 N
trinh (5) déu € (—=; =) (+). Nhan xét ring (¥) C (—: =

—5i5) = . Ngoai
2’9 272) (*1). Ngoai ra, ta

co
f(z) =2 — wsintz

suy ra f/(z) c¢6 hai nghiém phan biét € (x1) = f’(z) ¢6 khong qua hai nghiém

phan biét € I(a,b). Sit dung dinh 1y Rolle ta duge f(z) c6 khong qua ba nghiém
phan biét.

N 1 1

Ma f(0) = 0; f(—§) =0; f(§) =0

nén f(x) c6 it nhat ba nghiegm phan biét. Tom lai phuong trinh (5) ¢6 ding ba
nghiém phan biét 1a

Vi du 5.52. Chitng minh ring phuong trinh:
2" =22 +1. (7)

c6 dung 8 nghiém phan biét.

Dat f(x) :=2% — 22 — 1. Ta c6 f(x) xac dinh, lién tuc, kha vi tren R va
(7) & flx) =0 (7.1)

C6 f(0) = f(1) =0; f(2) =—1, f(5) =6 = [f(2).f(5) = =6 <0 = f(z) b 1t
nhat ba nghiém phan biét. Gid stt f(z) c6 > 4 nghiém phan biét. Theo he qua cia
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dinh 1y Rolle , f”(x) c6 > 2 nghiém phan biet. Ma f'(z) = 2% In2 — 2x; f"(x) =
27(In2)? — 2 = f’(x) c6 diing mot nghiem. Ta thu duge hai két qua mau thuan
nhau. Diéu d6 ching t6 rang f(z) c¢6 khong qua ba nghiém phan biet. Vay f(z)
¢6 dang ba nghiém phan biét. Tu d6 thu duge dpem.

Bai tap tuong tu

1.

2.

Giai va bién luan phuong trinh: ¢ = (a — 1)z +1 (a > 0;# 1)

Giai phuong trinh:

n+1
1
Zk‘m:n—l—iﬂ(n—i— ):L'
2

k=2

S+
lg5 T

. Giai bat phuong trinh: —2—* _ <0
iai bat phuong trin 3541

. Giai phuong trinh: (4* 4+ 2)(2—z) =6

. Tim nghiém x > 1 ctia phuong trinh:

2+ 1

1
+z—1=z(2*+1)In =

(r+1) In 2

. Chitng minh rang v6i moi a, b, ¢, d, e € R, phuong trinh:

a.sinbx + b. cosbx + c.sindx + d. cos3x + e.sinz = 0
ludén c6 nghiém .
Cho f(z) = apa™ + ap_12™ ' + - - + a1z + ag. Chitng minh réing néu ton
tai m € N* sao cho:

a Ay a a
n + n—1 4t 1 +_0:0
m+n m+n-—1 m—+1 m

thi phuong trinh f(z) = 0 luon ¢6 nghiém = € (0;1)

. Cho f(x) xac dinh, lién tuc va duong trén [a; b]; kha vi trén (a;b).

1) Chiing minh réang 3 ¢ € (a; b) sao cho:

1) _ oo /'€
(@) 7
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10.

11.

12.

13.

14.

15.

16.

17.

2) Chting minh ring phuong trinh:

FO) _ oo @)
(a) f(@)

luon c6 nghiém x € (a;b).

. Chitng minh rang véi moi ag; by € R; a, + b, # 0, phuong trinh:

n

Z(ak sinkx + by coskz) =0
k=1

luon c6 it nhat mot nghiem.

Chitng minh rang v6i moi a € R, giita hai nghiém ctia da thic f(z) € R[z]
luon ¢6 it nhat mot nghieém ctia da thice f/(z) + a.f(x).

Giai phuong trinh: (1 + cosx)(2 4 4°%%) = 3.4

Chttng minh rang néu n chin thi véi moi p, ¢ € R, phuong trinh:
2" 4+ px + ¢ = 0 khong thé c6 qua hai nghiém thuc phan biét.

Giai phuong trinh: 471 — 2¢° e — logyz — 1
Giai phuong trinh: 22 + 2 + 6y/2 + 2 = 18
Giai phuong trinh: z* + 2% + 5z + 1 = 2+ 5v2

Cho ham s6 y = f(x) c6 dao ham lién tuc dén cap n — 1 trén doan [xq; ;]
va ¢6 dao ham dén cap n trén khoang (xo; z,). Ngoai ra:

f(:EO):f(:El)::f(ZL'n) vlixg <1 < - < Ty

Chimg minh ring khi d6, phuong trinh: f*)(z) = 0 ¢6 it nhat n — k + 1
nghiém trong khoang (z¢; x,); (k € 1;n).

Dac biet, phuong trinh (™ (z) = 0 ¢6 it nhat mot nghiem trong khoang
(:EO? $n) :

Biét rang da thic: P,(z) = anz" + ap 12" + -+ a1x + ag (V6i a, #
0; m > 2) ¢6 n nghiém thyc phan biet. Chiing minh réng phuong trinh
P®)(z) =0 c¢6 dung n — k nghiem thyc phan biét.
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18. Biét ring phuong trinh t? + ax 4+ =0 (a; 3 € R) c6 nghiem thuc va da
thic P(z) (bac n > 1; € R[z]) ¢6 cac nghiem déu thyc. Chiing minh rang
phuong trinh:

P(x) 4+ aP'(z) + BP"(z) =0

cling ¢6 cac nghiem deu thuec.
19. Cho 1 < z9 < x3 la céc nghiém cua da thic P(x) € Rz].

Chting minh ring néu tam thiic bac hai f(z) = 2?4 ax + b c6 cac nghiem
nam ngoai doan [z1; xs] thi phuong trinh:

P'(z) + aP'(x) + bP(x) =0
c6 nghiém trong doan [z1; z3]
20. Xét phuong trinh véi he s6 thue:

nn—1
! +g(1+a2)$"_2+a1:13"_3+-~+an_2 =0

P(z) = 2" + na"™ 5

Tim a dé phuong trinh trén c6 cac nghiem déu thuec.

21. Cho da thitc P(x) € R[x] bac n va c¢6 tat ca cac nghiem déu thyc. Chiing
minh ring phuong trinh
P(z)=0

c6 cac nghiem deéu thyc (n — 1 nghiem deéu thuc.)

22. Cho P(x) la da thic bac n c¢6 n nghiém thuc phan biét: zq;z9;- - ; zp.
Chting minh rang:
n P//(ZEn)

Prlen) |

k=1

5.9 Heé phuong trinh dang hoan vi vong quanh

Xét he :
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He (1) dugc goi la hé phuong trinh dang hoan vi vong quanh (khi hoan vi vong
quanh cac an s6

Ly~ Ty~ Xy~ Ty ~ Ty~ T
thi he khong doi)
Dinh 1y 5.3. Néu f(x) va g(x) cung tinh don di¢u trén mién I(a,b) lién thong,
(x) € D :=DyNDy con (x1,29, - ,x,) la nghiém cia hé (1) vdi cdc s6 x; €
I(a,b),j € T;n thi:

Ty =Ty =" =1p

Chitng minh. Gié st f(x), g(z) dong bién va 1y = Min{xy,z2, -+, x,}. Ta co:

r1 < X9
RRightarrow flx1) < fz2)
RRightarrow g(z2) < g(x3)
RRightarrow T < I3
RRightarrow

RRightarrow 1 <zo<w3< - <2y <1

RRightarrow (dpcem)

Dinh 1y 5.4. Néu f(z) va g(x) khdc tinh don diéu trén mién I(a,b) lién thong,
(x) € D :=DyNDy con (x1,29,+ ,x,) la nghiém cia hé (1) vdi cdc s6 x; €
I(a,b),j € T;n thi:

Khin 1é thi:

Ty =Ty ==y
Khin chan thi:

Tl =T3 ="""=Tnp-1

Ty =1Tg="" =1y

Chiing minh dinh 1y nay hoan toan tuong ty nhu ching minh dinh ly trén.
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Vidu 5.53. Gidi hé phuong trinh:

P+3r -3+ (@ -z+1)=y
VP +3y—-3+ m(yP-y+1)=2 . (1)
2 432-3+ In(2—z2+1)=2

Dat f(t) .= 3 +3t -3+ In(t2 —t + 1), c6 f(t) xac dinh, lien tuc véi moi
teRva

2t — 1 32 —t+2

i P I 0, vt eR.
—t+1 2 —t+1

y = f(x)
(1) & z=f(y)
z = f(z)

nén theo dinh 1y trén thi x = y = z =t la nghiém ctia phuong trinh
fO)=teglt):=t2+2t -3+ In(t* —t+1)=0. (1.2)
Nhung

2t — 1 212 4+ 2
g’(t):3t2+2+7527:3t2+ i

—— >0, Vt e R.
—t+1 2 —t+1

nén g(t) 1a ham dong bién tren R. Ma ¢g(1) = 0 nén (1.2) ¢6 nghiem duy nhat la
t = 1. Vay heé phuong trinh da cho c6 nghiém duy nhat 1a

r=y==z=1.
Vidu 5.54. Gidi hé phuong trinh:

:E‘z’ —3x1 = 219
T3 — 319 = 213
:Eg —3x3 =214

3 _
:Egg — 3:E99 = 2:E100

3 —
L1000 — 3:E100 = 2:E1
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Xét cac ham sb f(t) := 3 — 3t +2; g(t) := 2t. C6 g(t) dong bién trén R.
fft)y=3t2=3. f(t) =0&=t=—-1V t=1.

Lap bang bién thién ctia ham s6 f(t) tren tap xac dinh R.

Goi z1 = Min{x1; x9;---;2,}. Taco: Neuzy > 1thiz; > 1, Vj €
1..100. Ma trén (1; +00) c& hai ham s6 f(t) va g(¢) déu dong bién nén theo dinh
ly ta dugc z1 = 9 = - - - = x190 := t la nghiém ¢ > 1 ctia phuong trinh

B3 -3 =2=2=1t=2.
Néu z1 < 0 thi
g(:L'l) <0= f(:L'l(](]) <0=z100< 2= g(:L'l(](]) <—-4<0= f(:L'gg) < 0= x99 < —2.

Tuong tu ta duge z; < —2 véi moi j € 1..100. Ma trén (—oo; —2) c& hai ham sb
ciing dong bién nén ta c6 x1 = x9 = - - - = w100 := ¢t la nghiém ¢t < —2 clia phuong
trinh
-3 =2=2=>t=-1—-2.

Néu z; € [0;1] thi tu bang bién thién ta c¢6 z; € [0;1], Vj € 1..100. Ma trén
[0; 1] ta c6 ham s6 f(t) nghich bién, con ham s6 g(t) dong bién. Ngoai ra 100 la
s6 chan nén theo dinh 1y ta dugc

T1=T3=:"==Tgg: =T VaTg==Tq4 =" +=2T100 =Y

trong d6 z,y la nghiém ctia hé phuong trinh

3 —3x+2=2y
Yy -3y +2=2z
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Giéi he nay ta duge cac nghiem (z;y) véi z;y € [0;1] 1a
=v2-1 = =1
r =12 y z=0 y T
y=v2-1 y=1 y=0

Toém lai ta duge cac nghiém cta hé phuong trinh da cho la:

Ty =g == T100 = 2;
Tl =T =" = 2T100 = —1-v2
Tl =Ty == T100 = V2-1
:E1::E3:"'::E99:0 .
To=x4= - =mz100=1
Ty =x3="--"=x99 =1
Tg=x4="---=w100=0

Bai tap tuong tu
1. Giai hé phuong trinh:
y42m3+m2 =1
24200 =
2427 =

2. Tim a dé hé phuong trinh sau c6 nghiém duy nhéat:

2?2 =13 — 423 + axo

(v6in € N;n>1)

2

a

2:E% =To + —
3

a

Q:E% =3+ —
T3

2 _
2zx; | = xp + —

a
222 =21 + —
I
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c6 nghiém duy nhat.

4. Giai hé phuong trinh:
2 =arg+1

3 =azx3+1

2

véi a la tham s6, |a| > 1.
5. Giai hé phuong trinh:

(S — $1)2k—1 =
(S — $2)2k—1 = X9

(S —xp)* =g,
trong d6 S =x1 +x9+ -+ xpy; KkE N

6. Giai hé phuong trinh:

r3+ T4 + 5 5:3:E1
5:3:E2

( )
(v4 + 5+ 71)
(x5 + 21 + 72)° = 323
( )
( )

5

T1 + 9 + x3)° = 314

5

To + 3+ x4)° = 375

7. Giai hé phuong trinh:

Y3 — 622+ 120 —8=0
2 -6y +12y—8=0
23 —6224122—-8=0

8. Giai hé phuong trinh:

By L
R
Y=zt —z=z
23—:132—:13::i

3
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9. Giai hé phuong trinh:

Y3 — 922 + 272 —27 =0
22— 9y? 427y —27=0
23 =922 4272 —-27=0

10. Giai hé phuong trinh:
203 — Ta? +8r —2 =y
2% — T2+ 8y —2=12
223 722482 —-2=x

11. Giai hé phuong trinh:

(z—1)"=2

(y—1)2 =2z

(z—1)"=2t

(t—1)2 =2z

12. Chitng minh ring véi moi a € R hé phuong trinh:

13. Tim a dé hé:

?=y+a
y2:z+a
2=x+a

chi ¢6 nghiém dang: x =y = 2.

5.10 Cac phuong phap khac

Trong phan nay ta sé xét mot s6 phuong phap khac, it gap hon
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5.10.1 St dung phép bién d6i hé qua

Xét hai hé thiic () va (3) cing an x. Néu (a) = (3) thi N(a) C N(3). C6 thé
xdy ra kha nang N(5) \ N(«) # 0, tic 1a ¢6 nhing nghiém cta (3) ma khong
la nghiém cia («). Cac nghiem dé duge goi 1a cac nghiém ngoai lai. B6i vay,
khi giadi mot he thic bing phuong phap bién doi hé qua, ta bat budc phai thi
lai nghiem. Vi vay, tuyét doi khong duge dung phuong phép bién doi he qua
dé giai bat phuong trinh va cling hét stc han ché sit dung phuong phap nay dé
giai phuong trinh. Tuy nhién, trong mot sé truong hop, khi phép bién doi tuong
duong 1a phic tap, ta ciing c6 thé giai phuong trinh bang phuong phéap bién doi
hé qua. Ngoai ra, ta c6 thé sit dung cac nhan xét sau:

B6 dé 5.18. Néu (o) = (B) va (3) vo nghiém thi () vo nghiém.
1) Phuong trinh () = phuong trinh (3) ;
B6 dé 5.19. Néu { 2) Phuong trinh («) ¢é k nghiém phan biét ; thi (o) &
)

3) Phuong trinh (3) cung cé k nghiém phan biét.

(8)-

Vi du minh hoa

Vidu 5.55. Gidi va bién lugn phuong trinh

2\/(1—1-:13—\/(1—:13:\/&—:13—1— z(a+x). (1)
Ta co

(I)=4a+z)+a—z—4y/(a+x)(a—z)=a—z+ +\/z(a+x)

N Va+z=0 (a)
da+z—4Ja—z=x (B)°
(@) =z =—a:=uzx.

(B) = 16(a+x) +16(a —x) —32y/(a+x)(a—x) =z
= 32Va? — 22 =32a—x
= 32%(a® — 2%) = (320 — z)? = 32%4® — 64az + 2*
= 10252% = 64azx

=xr=0:= \Y _ Oda
z=0:=ux9 :13—1025 = T3.

Thay cac nghiém vita tim duge vao phuong trinh da cho ta duge: +) xz = z1 1a
nghiém cta (1) & —2v/2a = vV2a < a = 0. Khi d6 1 = 0. +) = x5 1a nghiém
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cia (1) & 2v/a—va=+a<a>0.+) r=x3langhiém cia (1)
<:>2\/_|_64a \/ 64(1_ 64a+\/64a( +64a)
“Tr025 VO 1025~ VYT 1025 T V1025 T 1025

& 2v/1089 — V/361a = \/961a + v/61a.1089a

© 66v/a — 31v/a = V12250 = 35y/a@ < a > 0.

Téng hop cac két qua trén ta duge: +) V6i a < 0 thi phuong trinh da cho vo
nghiém. +) Véi a > 0 thi phuong trinh da cho ¢6 hai nghiém

0= 64a
=Y T 1095

5.10.2 St dung tinh chat ctia ham s6 lién tuc

B6 dé& 5.20. Néu ham s6 f(x) lien tuc tréen doan [a;b] va f(a).f(b) < 0 thi
phuong trinh f(x) = 0 cé it nhat mot nghiém x € (a;b).

Ta thudng sit dung tinh chat nay dé chitng minh mot phuong trinh c6 nghiém
ho#c ¢6 nghiém trén mot khoang cho trude.
Vi du minh hoa
Vi du 5.56. Chiing minh rang phuong trinh
cosx +mecos2x =0 (2)

luon cé nghiém vdi moi gid tri cia tham so m.

bat f(x) := cosx +mcos2z. C6 f(x) xac dinh, lién tuc v6i moi x € R nén

f(x) xac dinh, lién tuc trén [%7 3%] Ma
Ty =2
e LN LON
3t V2 vm = f(3)-f(77) = —5 <0, Vm eR.
=%

Vay theo tinh chat ctia ham s6 lien tuc ta c¢6 phuong trinh f(z) = 0 luon c6 it
. 3
nhat mot nghiem z € (%7 ZF) v6i moi m € R. Né6i cach khéac, phuong trinh da

cho luén c6 nghiém véi moi gia tri ctia tham s6 m. D6 chinh 14 dpem.
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Vi du 5.57. Chitng minh rang phuong trinh
1 1
_|_

sinx  cosx

=m (3)

luon cé nghiém vdi moi gid tri cia tham so m.

1 1
_|_

sinx cosx

(3) = flx) =

-m=0. (3.1)
Ham s6 f(x) xac dinh, lien tuc trén (g 7). Ngoai ra, ta con co:

+ N
coshx — g lim f(z) = —o0, ¥Ym = Ja du gan g, o > 5

3

sao cho f(a) < 0, Vm. Lai c6

coshx — 7~ lim f(z) = 400, Vm = 33 du gan T, 7T>ﬁ>0£>g

sao cho f() > 0, Vm. Ham s6 f(z) xac dinh, lién tuc trén [a; (], c6 f(a).f(8) < 0
v6i moi m nén phuong trinh f(x) = 0 ¢6 nghiém € («; 3) v6i moi m. N6i cach
khéc, v6i moi m, phuong trinh (3) luén c6 nghiém (dpem).

5.10.3 Dang cap hoa
Vidu 5.58. Gidi phuong trinh
2224 2) =53 + 1. (5)
Dé ¥ rang
(z+ D)@ —z+D)=2>+1; (z+ 1)+ (@* -~z +1) =2+ 2.
Ngoai ra tap diéu kién ciia phuong trinh da cho 1a z > —1 va

1 3
$2—$+1:(ZE—§)2+Z>0, Ve € R.

Dat u:=x+1; v:=2%2 — 2+ 1 (= v > 0) ta dugc phuong trinh

2(u—|—v):5\/uv<:>2g—5\/g+2:0
v v
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u
- \/;:2<:> u = 4v
E_l du=nv"
v 2
Vay
) 422 - 5r+3 = 0  (vo nghiem do A = —23 < 0)
Vay<5)<:>[:n2—5:n—3 = 0
5 — /37 5+ /37
<:>:E:72 \/:E:7+2 .

Hai nghiém nay cing thoid man diéu kién z > —1. Vay phuong trinh da cho c6

5—/37 54 /37

hai nghiém

Vidu 5.59. Gidi hé phuong trinh

223 — 9y3 = (z—y)(2zy + 3
{:cz—mnyryz ::(3 S )' (6)
223 — 9y® =(z—y)Rey+22—zy+y?) =23—y3 (a)
(6)<:>{$2_$y+y2 3 (9 . (6.1)

Ma (a) & 23 = 8y® < z = 2y. Thay vao (8) duge
4y =2+ =33 =3ey=1Vy=—1

Veiy=1c6x=2,v6iy=—1c6x=—2.Vay hé phuong trinh da cho ¢6 nghiém

T =2 T = —2
v
y=1 y=-1

Vidu 5.60. Gidi hé phuong trinh

V3x(1+ ) =2
Tty . (7
VTy(1— ) =42

Tty
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>0
X 0
V6i didu kien { y > 0 va tit hé ta ¢6 {$>0 (¥) . Do do:
>
x+y#0 Y
1 1 _ 2 1 1 21/2
Tty V3zx T4y \/_ NA
(7 & 1 NG & 2\/5
1- == 1 =——=+—7= (o)
T+y V1Y ,/ ,/

Nhan timg vé cidc phuong trinh ctia hé cudi ta dude

L (2 (2
T4y \/ﬂ Vi) \ s T VT
1 1

T+y " 3z 7y
& 2wy = (v +y)(Ty — 24x)
& (y—6z)(Ty+4x) =0
&y =6z (do ti dieu kien I(a,b) ta c6 Ty + 4z > 0)

Thay vao phuong trinh («) ta duge

1 2v/2
o) l=—+
() V3xr /T7.6x
2r =2+ V7
11+ 47 22 + 87
- o1 YT T

Céc gia tri nay thod man dieu kien (x).
Vay hé phuong trinh da cho c6 nghiém
11 4+4VT

21
_2248V7
T

5.10.4 S& dung hinh hoc, vecto, toa do
Ta thuong st dung cic nhan xét sau:

B6 d& 5.21. 1. |[@+d < |a|+ |0 (=a117)
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2. lad] < |al|o (= al|v)

o

@>0 (=1a=0)

Vdi ba diém A, B, C bt ky, luon c6: AB + BC > AC  (=: A, B,C)

SAER

Vdi ba diem A, B,C bat ky, luon c6: AB + BC > AC (=: A, B,C va C
nam ngoai doan AB).

Vidu 5.61. Gidi hé phuong trinh

T+y+z =3 (a)
22 4+9y24+22 =3 (B). (8)
Py 425 =3 (v)

Dat cac vecto véi cac toa do nhu sau:

w(wsy; 2); U(y; 23 2).

1 1
ﬁ.ﬁz:ﬂy—l—yz—l—zznz§<($—|—y—|—z)2—(:p2—|—y2—|—z2)> 25(32—3):

(st dung (@) va () ).
i U] = /22 + y% + 22
U] = Vy? + 22 + 22

Tit d6 c6 @i = |al]8 (%)

= |4).|9] =22 + >+ 22 =3 (theo (B)).

Ma () & @ || 7
PR

< |y

y 2z, zt+ytz
2_5(_y+z+:c

(theo tinh chat ty l¢ thiic)
sr=y=z=1 (do(a))

:1)

Nghiém x = y = z = 1 thod mén (). Vay hé phuong trinh da cho ¢6 nghiém
r=y=x=1.

Vidu 5.62. Gidi phuong trinh

Va2 =2z 4+5+ Va2 + 2z +10=+29. (9)



5.10. Céac phuong phap khac 149

bat cac vecto: w(x — 1;2); (-1 — 2;3). Ta ¢

@] = /(& —1)2+22 = Va? =22 +5; |0] = /(-1 —z)2 + 32 = Va2 + 2z + 10.
Ngoai ra,

Nhung ta c6 |d| + U] > |u+ 0] = VT(9) > VP(9).

Dau bang xay ra khi va chi khi

—1 2
ﬁTTﬁ@j$_1:§>0
§ -1 2 1
Vay(9)<:>_$_1—§>0<:>:n—g.

1
Vay phuong trinh da cho c¢6 nghiém = = 5

Vidu 5.63. Gidi phuong trinh

2:c2—2:c+1+\/2:c2—(\/§—1):c+1+ 224+ (V3+ 1Dz +1=3. (10)

Nhan hai vé ctia phuong trinh (1) v6i /2 ta duge phuong trinh méi tuong
duong:

VAaz? — Az + 2+\/4:n2 —2(V3 - 1)z + 2+\/2:n2 +2(vV3+ 1)z +2 = 3v2. (10.1)

Dat cac vecto

a(1;1 - 2x); 91 — V3 x4 1); W(1+ V3z;z +1).
Ta co
il = 12+ (1 - 22)2 = Vda? — 4z +2
17 = /(1= V32)2 + (2 + 1)2 = \ /422 — 2(/3 — 1) +2

@ = /(1 + V322 + (2 +1)2 = /202 + 2(V3 + D) + 2
= VT(10.1) = |a| + |¥] + ||

Ma @+ v+ @ = (3;3) = |id + v+ 0| = V32432 = 3y/2 = VP(10.1). Tir bat
déng thic
|a] + || + |&] > [d+ T+ @], (=a 11717 D).
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Ta duge VT(10.1) > VP(10.1). Vay phai xay ra dau bang, tic la

(10.1) & @ 11 711 @

1 1-2
N 1—\/§:E_ r+1 7
1 _1+\/§JE>0
1-v32 x+1 ~
1 1—2x

= >
= 1—-v3z x+1
1-22=1++3z

< x=0.

Vay phuong trinh da cho c¢6 nghiém duy nhat 14 = 0.

5.10.5 St dung ham sb

B6 dé 5.22. Bdng cdch zét tinh don diéu hodc lap bdang bién thién cia mot ham
50 cu thé ta cé thé lap dudc cdc phuong trinh cé thé gidi duge bing cdch s dung
ham s6 dé.
Vidu 5.64. Gidi phuong trinh
- —1=a%e" — (z+ 1)ez2. (11)
Ta sé gidi bai toan tong quat hon:

Bai toan: Cho g(z), h(z) la hai ham s6 bat ky. Khi do

B(a).e9® — g(a).eh® = h(z) — g(z) (1) & | I

et—

Chitng minh: Xét ham s6 f(t) := xéc dinh, lién tuc v6i moi t # 0. C6

tel —et+1 (1)

f/(t) = 2 2

Ma /(t) = et +tet — et =tet. /() =0« t=0. Lai 6
O't)y=e(t+1)=o"0)=1>0

nén ham s o(t) dat cyc tiéu va cling 1 gia tri nhé nhat = 0 tai t = 0. Néi cach
khac o(t) > 0, Vt # 0. T d6 c6 f'(t) > 0, Vt # 0, ttic 1a ham s6 f(t) dong
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bién trong hai khodng (—o0;0); (0; +00). Xét phuong trinh (I). Thay ngay néu
g(x).h(z) =0 thi (I) ding. Néu g(x).h(z) # 0, khi do6

ed@) _ 1 ehlx) _q
g(z) — h(z)

Tu nhan xét rang ham s6 f(t) dong bién trong hai khoang (—oo; 0); (0; 400)
va coshz — 0lim f(t) = 1 ta duge: Khi ¢t < 0 ta c6 f(t) < 1, con khi ¢t > 0 thi
f(t) > 1. B6i vay, néu (I.1) ¢6 nghiem thi g(z) va h(z) phai cing dau vi néu
ching trai dau thi (7.1) ¢c6 mot vé 16n hon 1 con vé kia nho hon 1. Thé nhung néu
g(x), h(z) cing duong thi (1.1) < g(x) = h(z) (vi f(t) dong bién trong (0; +00)).
Tuong tu, néu g(z), h(z) cing am thi ta cing c6 (I.1) < g(z) = h(z) (vi f(t)
dong bién trong (—oo;0)). Téom lai, trong moi truong hop, khi g(z).h(z) # 0 ta
luon ¢6 (I.1) & g(x) = h(z). T cac lap luan trén ta thu duge két qua clia bai
toan da néu trén.

Tré lai vi du dang xét, ap dung bai toan véi g(x) = 2%; h(z) = z + 1 ta duge

(I.1).

[ =0

) r=-1
z(r+1)=0 145

A& |2 sy 1209 |2="5
1-+5

xr =
L 2
Vay phuong trinh da cho c¢6 cac nghiém la
1+5 1-+5
r=0z=1; = ;x = .
2 2
7

Vidu 5.65. Cho ham s6 f(x) = 2> +bx+1 vdi b€ (3; 5) (%). Gidi bat phuong
trinh
f(f(x)) >z (12)
Ta stt dung nhan xét sau: Néu f(z) 1a da thic thi
f(f(@)) =z = (f(z) —2).T(x)
trong d6 T'(x) 1a mot da thic nao dé. Ta c6
(12) & f2(x) +bf(x) +1—x >0

s fAz)—af(z)+af(z) —2® +bf(x) —br+ 2’ +br+1—2>0

& (flz)—2)(f(z) +2+b+1) >0

S+ b-Dr+ 12>+ b+ Dz+b+2]>0. (12.1)

x)
x)
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Xét
A=0b-1)2-4=0b+1)(b-3)= A1 >0, Vb e I(a,b).
Ay=b+1)2—4(b+2)=(b—1)>-8= Ay <0, Vb € I(a,b).
Vay [22 + (b+ 1)z + b+ 2] > 0 v6i moi 2 € R. Do d6

(121) e 2?+ (b—1)z+1>0

_1b= D=3 1-b+ VB )G -3)
. .

2

=T

Vay bat phuong trinh da cho c6 nghiém 1a

1=b— O+ DE=3)  _1-b+ /D3
- .

2

r <

Bai tap tuong tu

1. Giai va bién luan bat phuong trinh

\/@2—:1:—1—\/b2—:1:>a—|—b.

2. Giai va bién luan phuong trinh

Va2 —da+ 16 = 2v/22 — 2a + 4+ /7.

3. Chitng minh rang phuong trinh
2 —3x=1=0
¢6 ba nghiém phan biét.
4. Chiing minh rang phuong trinh
m(z—1)3(x—-2)+2r—-3=0
luon c6 nghiem v6i moi gia tri ciia tham s6 m.
5. Chitng minh réng néu 2a + 6b + 19¢ = 0 thi phuong trinh

ar® +br+c=0 (a#0)

luon ¢6 nghiem z € [0; §]
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6.

10.

11.

12.

Chting minh rang néu

a b c
— =0 >0
m—|—2+m—|—1+m (m )

thi phuong trinh
ar® +br+c=0 (a#0)

luon c¢6 nghiem = € (0;1).
Chitng minh rang néu 2a + 3b + 6¢ = 0 thi phuong trinh
atan?z +btanz +c¢ =0

ludn c6 nghiem z € (km; % + k).

. Chitng minh riang phuong trinh

2 Hr—1=0

. 2
ludén c6 nghiém duy nhat x = zg thod man 0 < zg < g

. Tim n € N* sao cho c6 thé chon dugc cac sé duong ag, ai, - - -

moi k < n, phuong trinh
a0+a1:13—|—a2:132—|—~'—|—ak:132 =0

ludn c6 dang k nghiém thuc.

X4c dinh s6 nghiém duong ctia phuong trinh

122° + 62% — 423 — 2 — 34 =0.

153

, ay dé vei

Chting minh rang v6i moi gia tri clia cac hé s6 ¢6 mit, phuong trinh

=l per+d=0

22" g™ 4 b
luon c6 it nhat mot nghiem thue.

Giai phuong trinh

Va2 — 4z +5— /22 — 10z + 50| = 5.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Chuong 5. Phuong phap giai phuong trinh va hé phuong trinh

Giai phuong trinh

1+ x+V3—z=2vVz2+ 1.

Giai phuong trinh

Va3 + 22 +de+4 =2z + 2.
Giai hé phuong trinh

22+ y?+222 =T

Giai hé phuong trinh

4r? + 42 + 120 =7
2 + % + 22 =2x+32—-3

Giai phuong trinh
4sin®z = sinz + cos z.

Giai phuong trinh

(2% + 32 — 4)3 + (22* — 52 + 3)3 = (32 — 20— 1)°.

Giai phuong trinh

323 — 9z + 3+ /324 + 323 +3 =0.
Giai hé phuong trinh
By =2y

Giai hé phuong trinh

Giai hé phuong trinh



5.10

23

24

25

26

. Cac phuong phap khac
. Chitng minh réng

h(z)ed@ — g(z)eh® = h(z) — g(z) < [ h(if)-g(iﬂ) =0

. Giai phuong trinh
1 . 2
ee <| sinz [ + | cos:E|C°”> = <| sinz| + | cos:z:|> .
. Giai va bién luan theo tham s6 a; b phuong trinh sau
z=a—bla—bz??2

. Tim m dé phuong trinh sau c6 nghiém

z+3(m —32%)% =m.
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Chuong 6

Open Singapore Mathematical
Olympiad

6.1 Open Singapore Mathematical Olympiad 2004

6.1.1 Senior Section

Tuesday, 3 June 2004 0930-1200

1. Find the smallest positive integer n such that 5" > 1000n.
(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
2. Find the value of
12000000

3000012 — 2999992

(A) 100000 (B) 10000 (C) 1000 (D) 100 (E) 10
3. Peter left home at 8 am to keep an appointment in Malacca 360 km away. If
he drove at an average speed of V km/h, he would be a quarter hour late for his
appointment. However, if he increased his average speed by 10 km/h, he would
be a quarter hour early. What time is his appointment?

(A) 11:45am (B) 12 noon (C) 12:15 pm (D) 12:30 pm (E) 12:45 pm

4. Find the sum of the last two digits of 9193
(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

5. In the following diagram (Figure 1). AABC is an equilateral triangle and
AC = AD. Suppose that ZCDB = z°. Find the value of z.
(A) 24 (B) 30 (C) 36 (D) 40 (E) 45

156
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A

B C
Figure 1

6. Consider the polynomial f(z) = 22 + ax + b, where a, b are real constants. If
f(1) =1 and f(2) = 2, what is the value of f(4)?
(A)6 (B) 7 (C)8 (D)9 (E) 10

7. How many real number z satisfy the equation

22 —r—6 :L'2—:E—6?

2—Tr—1 222+z+15

(A) 4 (B)3(C)2 (D)1 (E)O

8. Initilly both John and Peter have $100 each. On the first day, John gives $0.10
to Peter. On the second day, Peter gives $0.30 to John. On the third day, John
gives $0.50 to Peter and so on. In particular, the person who was given money
on the previous day gives $0.20 more than what he got the previous day to the
other person. How much money will John have at the end of the 101! day?

(A) $79.90 (B) $89.90 (C) $99.90 (D) $109.90 (E) $119.90

9. The diagram below shows a rectangle ABCD and 2 small identical circles of
radius 5 cm and a big circle of radius 8 cm. As shown in the diagram (Figure 2),
the sides of the rectangle are tangents to the circles, and the two small circles
touch the big circle at 2 point. Suppose AB = 34cm, and the area of the rectangle
ABCD is x em?. Find the value of x.

(A) 578 (B) 612 (C) 646 (D) 680 (E) 714

10. Let n be an integer. If the second last digit of n? is odd, what is the last digit
of n??

(A) 1 (B)4(C)5 (D)6 (E) none of the above.
11. Suppose = and y are two real numbers such that z —y = 8 and 2?4+ y? = 194.
Find the value of xy.

12. Suppose that |z +y — 2| + (z — y + 1)?2 = 0. Find the value of y — z.
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D C

Figure 2

13. When 5 new classrooms were built in a school, the average class size was
reduced by 6. When another 5 classrooms were built, the average class size was
reduced by another 4. If the number of students in the school remained the same
throughout, how many students were there in the school?

14. A book has n pages. The book is numbered from 1 to page n. Mary added
up all the page number and got the sum equal to 3250. However she added up
the numbers wrongly because there is a particular page number that she added
up twice. What is the page number that she counted twice in her calculation?

15. In the diagram below (Figure 3), AABC is a right-angled triangle with right
angle at B. A circle of radius r cm is inscribed inside the triangle so that the
three sides of the triangle are tangents to the cicle. Suppose AB = 18 c¢m and
BC = 24 cm. Find the value of r.

A

Figure 3

16. Find the largest prime factor of 99999744.

17. Suppose that secbz = 49 + tan®z and 0° < 2 < 90°. Find the value of secx
tanx.

18. What is the product of the last two digits of 200420047
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19. Simplify 144(v/7 + 3v3 + /7 — 4V/3).
20. Suppose a and 3 are two angles such that
sina + sin § 4 sinasin § = 3.

Find the value of (1 4 cosa)? + (1 + cos 3).

21. In the diagram below (Figure 4), ZABC = 100°, AM = AN and CN = CP.
Suppose that ZM NP = z°. Find the value of x.

A M B
Figure 4

22. Find the two-digit integer N such that 10 < N < 40, and the sum of the
digits of IV is equal to the sum of the digits of the product when N is multiplied
by any positive one-digit integer.

23. In the diagram below (Figure 5), ABCDEF is a regular hexagon with area

54cm?. Suppose the area of the hexagonal region common to both triangles
AACE and ABDF is Yem?. Find the value of Y.

24. Let x,y be real numbers such that x + y + |x — y| = —148. Find the smallest
possible value of zy.

25. Find the value of

sin? 1° + sin%2° + sin? 3° + - - - + sin” 360°.

26. Suppose a and b are the roots of the quadratic equation x?+(sin 10°)z+1 = 0,
and ¢ and d are the roots of the equation 22 + (cos 10°)z — 1 = 0. Find the value

of
1 1 1 1
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A F

Figure 5

27. Simplify

\/l0923 X 10212 X 10go48 X 10g2192 4+ 16 — log212 X log248 + 10.

28. In the diagram below (Figure 6), E and F' lie to the sides BC and CD of
the rectangle ABCD respectively. Suppose that AE = 16cm, EF = 12cm, AF =
20cm, and the area of the trapezium ABCF is zem?. Find the largest possible
value of x.

A D
F
B
£ C
Figure 6

29. Five cards are numbered 1, 2, 3, 6, 6 respectively. Suppose those cards with
the number 6 can also be used to represent the number 9. Find the number of
positive integers that can be formed with some or all of the cards.

30. In the diagram below (Figure 7), F is the midpoint of BC, and M is the
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midpoint of AC. Suppose that D is a point on AFE such that AD = BD =CD =
169cm, and EM = 156¢m. If the length of DFE is zem, find the value of .

A
M
D
B E C
Figure 7

31. The diagram below shows and 8 x 8 square board. Find the number of squares
which exist as part of the square board. (As an example, 14 squares exist as part
of a 3 x 3 square board).

32. Find the number of positive integers « such that 42* + 1 is prime.

33. Find the number of integers N such that 1 < N < 2004 and N can be
expressed as the difference between the squares of two integers.

34. Find the sum of the squares of all real roots of the equation

ot 44 1122 = 8(2® + 22).

35. How many real solutions does the following system of simultaneous equations
have?

8(z3+y3 +2%) =73

222 +y? + 22) = 3(zy +yz + 27)

TYZ =1

6.2 Open Singapore Mathematical Olympiad 2005

6.2.1 Senior Section

Tuesday, 31 May 2005 0930-1200

1. What is the smallest positive prime factor of the integer 20052007 4 20072005,
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(A) 5 (B) 7 (C) 2 (D) 11 (E) 3
2. What is the value of
20052 + 2 + 19952

800

(A) 20000 (B) 2000 (C) 200000 (D) 2000000 (E) None of the above
3. Let p be a real number such that the equation 2y? — 8y = p has only one
solution. Then

(A) p<8am (B) p=8 (C) p>-8 (D) p=-8 (E) p<-8

4. What is the sum of the last two digits of the integer 1! 4 2!+ 3!+ ...+ 2005!7
(A)3(B)4(C)5 (D)6 (E) 7

5. 5002200510g50022005 {g equal to
(A) 1 (B) 2005205 (C) 50022°9° (D) 2005°°°2 (E) 5002592

6. In the diagram, P, Q and E are three point on the circle whose centre is O.
The line PO and QR are produced to meet at S. Suppose that RS = OP, and
/ZPSQ =12° and ZPOQ = z°. Find the value of z.

(A) 36 (B) 42 (C) 48 (D) 54 (E) 60

7. Let = and y be positive real numbers. What is the smallest possible value of

(A%J 16 (B) 18 (C) 24 (D) 30 (E) 36

20— 1
7 is reflected about

8. In the Cartesian plane, the graph of the function y =
':L' [e—
the line y = —2z. What is the equation for the graph of the image of the reflection?

r—1 r—1 20 — 1 x+1
A y=g 7B yv=""s©Oyv="-—1 Dy=_—— (E)
—x—1
24

y:

t—1
222

2
9. Simplify 2(1 +1/1+ ( > >, where x is any positive real number.

24+ 1 241 2+ 1 2 —1
B C D) z2+1 (E
NoTS (B) - (©) 577 (D) = (E) N2

10. Let x and y be real numbers such that

(A)

2?4+ y? =22 — 2y +2.

What is the largest possible value of 2% 4 y2?
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(A) 10+8v2 (B) 84+6v2 (C) 6+4v2 (D) 4+2v2 (E) None of the
above.

11. Find the greatest integer less than (2 + v/3)%.

12. AABC is a triangle such that ZC = 90°. Suppose AC = 156¢m, AB = 169¢m
and the perpendicular distance from C to AB is xcm. Find the value of x.

13. Find the sum of all the real numbers x that satisfy the equation

(3% — 27)% 4 (5% — 625)? = (3% + 5% — 625)°.

14. Three positive integers are such that they differ from each other by at most
6. It is also known that the product of these integers is 2808. What is the smallest
integer among them?

15. Simplify

20052(2004% — 2003)  20032(20042 + 2005)
X
(20042 — 1)(20043 + 1) 20043 — 1)

16. Consider the function f(z) = Find the value of

1
3%+ /3

VB[f(=5)+f (=) +F(=3)+F(=2)+F (= 1)+ F(0)+f (1) +f(2)+F (3)+f (4)+f(5)+f(6)

17. Let A and B be two positive four-digit integer such that A x B = 16° + 219,
Find the value of A 4+ B.

18. A triangle AABC is inscribed in a circle of radius 4cm. Suppose that LA =
60°, AC — AB = 4¢m, and the area of AABC is zem?. Find the value of 2.

19. Let a, b and ¢ be real numbers such that
a=8—b and ¢ =ab— 16.

Find the value of a + ¢.

20. Let aq, as, ag, a4, as, ag, a7, ag be positive integer such that
a? + (2a2)? + (3a3)? + (4as)* + (5a5)* + (6ag)* + (Taz)* + (8ag)? = 204.

Find the value of a1 + ao + a3z + a4 + a5 + ag + a7 + a + 8.
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21. Find the value of the positive integer n if

1 1 1 1

Vitvs Vaive Veivi T maverr

22. Let A and B be two positive prime integers such that

1 1 192
A B 20052 — 20042
Find the value of B.

23. In AABC,AB : AC' =4 :3 and M is the midpoint of BC. F is a point on
AB and F is a point on AC such that AE : AF =2 : 1. It is also given that EFF
and AM intersect at G with GF = 72c¢m and GE = xem. Find the value of x.

24. 1t is given that x = Find the value of

1
2 -3

$6—2\/§$5—$4+$3—4:p2+2$—\/§.

25. Let a, b and ¢ be the lengths of the three sides of a triangle. Suppose a and b
are the roots of the equation

22 +4(c+2) = (c+ 4),
and the largest angle of the triangle is z°. Find the value of z.
26. Find the largest real number x such that

> +rx—1+ 22— (z—-1)
2

= 35z — 250.

27. How many ways can the word MATHEMATICS be partitioned so that each
part contains at least one vowel? For example, MA-THE-MATICS, MATHE-
MATICS, MATHEM-A-TICS and MATHEMATICS are such partitions.

28. Consider a sequence of real numbers {a,} defined by

Gn,

for n > 1.
1+ nay,

a1 =1 and anq11 =
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Find the value of — 2000000.

2005
29. For a positive integer k, we write

(1+z)(1+22)(1+3z)...(1+ kz) = ag + a1z + aga® + - - - + apz”,

where ag, a1, . .., aj are the coefficients of the polynomial. Find the smallest pos-
sible value of k if ag + a1 + as + - - - + ax_1 is divisible by 2005.

30. Find the largest positive number x such that

1+
(223 —2? —x+1) 20+1=1,

31. How many ordered pairs of integer (z,y) satisfy the equation

2?24+ y? =2z +y) +ay?

32. Find the number of ordered 7-tuples of positive integers (a1, as, as, a4, as, ag, az)
that have both of the following properties:

i) ap + apt1 = apye for 1 <n <5, and

ii) ag = 2005.

33. Let n be a positive integer such that one of the roots of the quadratic equation
422 — (4V3 +4)z +V3n — 24 =0

is an integer. Find the value of n.

34. Consider the simultaneous equations

Ty + 2z = 255
Tz —yz = 224.

Find the number of ordered triples of positive integers (z,y, z) that satisfy the
above system of equations.

35. Find the total number of positive integers N satisfying both of the following
properties:

i) N is divisible by 7, and

ii) when the first and last digits of N are interchanged, the resulting positive
integer is also divisible by 7. (Note that the resulting integer need not be a four-
digit number).
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6.3 Open Singapore Mathematical Olympiad 2006

6.3.1 Junior Section

Tuesday, 30 May 2006 0930-1200

1. What are the last two digits of 1 x 2 x 3 x 4 x - -+ x 2004 x 2005 x 20067
(A) 00 (B) 20 (C) 30 (D) 50 (E) 60

2. Let = be a real number. What is the minimum value of 2> — 4x + 37
(A)-3(B)-1(C)o (D)1 (E) 3

3. James calculates the sum of the first n positive integers and finds that the sum

is 5053. If he has counted one integer twice, which one is it?
(A) 1am (B) 2 (C) 3 (D)4 (E) 5

4. Which of the following is a possible number of diagonals of a convex polygon?
(A) 21 (B) 32 (C) 45 (D) 54 (E) 63

5. What is the largest positive integer n satisfying n
(A) 9 (B) 10 (C) 11 (D) 12 (E) 13

6. In the diagram shows (Figure 1) an equilateral triangle ADE inside a square

ABCD. What is the value of

area of NADE )
area of ADEC

D C

200 < 5300?

A B
Figure 1

We®lol o ®:

7. What is the value of
1 1 1

(z+1)(z +2006) [(rv D@2 @wr2@+r3) @+ 2008)(z 1 2000) !
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(A) =+ 2004 (B) 2005 (C) = +2006 (D) 2006 (E) 2007
8. Suppose that only one of the following pairs (x,y) yields the positive integer

22 + y2. Then
(A) x=25530, y=20464 (B) x=37615, y=26855 (C) x=15123, y=32477
(D) x=28326, y=28614 (E) x=22536, y=27462.

9. The value of

1+2+4+8++22006
3+1 3241 341 3841 322006 4 1

15 1 2005 1 22006 1 22007

1
(A) B) (B) 2 322005 _ (C) 2 322006 _ (D) 2 322007 _ (E) None
of the above.

10. Suppose that p and ¢ are prime numbers and they are roots of the equation
22 — 992 +m = 0 for some m. What is the value of P + g?

q D
9413 9413 9413
(A) 9413 (B) 91 (C) 99 (D) 5 (E) None of the above.

11. What is the remainder when 2006 x 2005 x 2004 x 2003 is divided by 77

139 1
12. If 27 =@ + b L where a,b and ¢ are positive integers, find the value of
a+b+ec. ‘

1
13. Let x be a positive real number. Find the minimum value of z + —.
T

14. Find the value (in the simplest form) of \/45 + 205 + \/45 —20v/5.
15. Let n be the number

(999 999 999 ... 999)% — (666 666 666 ... 666)>
2006 9’s 2006 6’s

Find the remider when n is divided by 11.

1 1
16. Given that w > 0 and that w — — = 5, find the value of (w + —)2.
w w

17. N pieces of candy are made and packed into boxes, with each box containing
45 pieces. If N is a non-zero perfect cube and 45 is one of its factors, what is the
least possible number of boxes that can be packed?
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Figure 2

18. Consider the following "star" figure (Figure 2).
Given that Z/p+Zq+4r+Zs+ /£t = 500° and LA+/B+/C+ 4D+ /FE = z°,
find the value of z.

19. Given that n is a positive integers and S =1+ 2+ 3 + --- 4+ n. The units
digit of S cannot be some numbers. Find the sum of these numbers.

20. Let m = 762°%6 — 76. Find the remainder when m is divided by 100.

21. Let ABCDFEF be a hexagon such that the diagonals AD, BE and CF in-
tersect at the point O, and the area of the triangle formed by any three adjacent
points is 2 (for example, area of ABCD is 2). Find the area of the hexagon.

22. Let C be a circle with radius 2006. Suppose n points are placed inside the
circle and the distance between any two points exceed 2006. What is the largest
possible n?

1
23. Let = and y be positive real numbers such that z2 + y3 + o7 = zy. Find the

value of —.
T

24. In this question, Sa xyz denotes the area of AXY Z. In the following figure
(Figure 3), if DE//BC, Saapre =1 and Saapc = 4, find Sappc.

25. What is the product of the real roots of the equation

2 + 90z + 2027
_= \/:Ez

3 +90x + 2055 7
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A

Figure 3

26. There are four piles of stones: One with 6 stones, two with 8, and one with 9.
Five players numbered 1, 2, 3, 4 and 5 take turns, in the order of their numbers,
choosing one of the piles and dividing it into two smaller piles. The loser is the
player who cannot do this. State the number of the player who loses.

27. Let m # n be two real numbers such that m? = n + 2 and n? = m + 2. Find

the value of 4mn — m3 — n3.

2
a®—3a—3
28. There are a few integer values of a such that — is an integer. Find
(1/ fe—
the sum of all these integer values of a.

29. How may pairs of integers (z, y) satisfy the equation

VI + /5 = V200600 ?

30. The 4’ button on my calculator is spoilt, so I cannot enter numbers which
contain the digit 4. Moreover, my calculator does not display the digit 4 if 4
is part of an answer either. Thus I cannot enter the calculation 2 x 14 and do
not attempt to do so. Also, the result of multiplying 3 by 18 is displayed as 5
instead of 54 and the result of multiplying 7 by 7 is displayed as 9 instead of 49.
If I multiply a positive one-digit number by a positive two-digit number on my
calculator and it displays 26, how many possibilities could I have multiplied?

31. The following rectangle is formed by nine pieces of squares of different sizes.
Suppose that each side of the square E is of length 7 cm. Let the area of the
rectangle be zem?. Find the value of .

32. Suppose that n is a positive integer, and a, b are positive real numbers with
a + b = 2. Find the smallest possible value of

1 1
1—|—a”+1—|—bn
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33. What is the largest positive integer n for which n3 + 2006 is divisible by
n+ 267

34. Suppose that the two roots of the equation

1 1 2
27— 100-29 22 10z —45 22 —102—69

are o and (. Find the value of a + .

35. Suppose that a, b, z and y are real numbers such that
ar +by =3, ax’ +by? =7, az® +by> =16 and az* + by = 42.

Find the value of az® + by°.

6.3.2 Senior Section

Tuesday, 30 May 2006 0930-1200

1. Let p = 23009 ¢ = 32006 and r = 51003, Which of the following statements is
trues?
(A) p<g<r B) p<r<gq (C) g<p<r (D) r<p<ygq
(E) ¢<r<p
2. Which of the following numbers is the largest?
(A) 30% (B) 10%° (C) 30'° +20%° (D) (30 +10)2° (E) (30 x 20)*
3. What is the last digit of the number

22 4 2020 4 200%%° + 200620°67
(A)2(B)4(C)6 (D)8 (E)O
1 1
4. Let x be a number such that x —|— ~ = 4. Find the value of =% + e
(A) 48 (B) 50 (C) 52 (D) 54 (E) None of the above

3
5. Consider the two curves y = 22% +6x+1 and y = ——5 in the Cartesian plane.
Find the number of distint points at which these two curves intersect.

(A) 1 (B) 2 (C) 3 (D) 0 (E) 5

6. In the following figure, AB is the diameter of a circle with center at O. It is
given that AB = 4cm, BC = 3cm, ZABD = ZDBE. Suppose the area of the
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quadrilateral ABCD is x ¢cm? and the area of ADCE is y em. Find the value of
x
the ratio —.

(A) 7y(B) 8 (C) 4 (D)5 (E) 6

7. Five students A, B,C, D and F form a team to take part in a 5-leg relay
competition. If A cannot run the first leg and D cannot run the last leg, how
many ways can we arrange them to run relay?

(A) 74 (B) 76 (C) 78 (D) 80 (E) 82

8. There are n balls in a box, and the balls are numbered 1, 2,3, ...,n, respec-
tively. One of the balls is removed from the box, and it turns out that the sum
of the numbers on the remaining balls in the box is 5048. If the number on the
ball removed from the box is m, find the value of m.

(A)1(B)2(C)3 (D)4 (E)5
9. Suppose a, b, ¢ are real numbers such that a + b+ ¢ = 0 and abc = —100. Let
T = % + 3 + —. Which of the following statements is true?

c
(A) 2>0 B)z=0 (C) -1<z<0 (D) -100<z < —1
(E) z < —100

10. Let a and b be positive real numbers such that

Find the value of ig(g + %ig)z.
(A) 4 (B)5 (C) 6 (D) 7 (E) S8

11. Find the value of
20062 — 19942

1600

12. Find the smallest natural number n which satisfies the inequality

20061003 < ’I’L2006 .

13. Find the smallest integer greater than (1 + /2)3.

14. Find the number of pairs of positive integers (x, y) which satisfy the equation

20 + 6y = 2006.



172 Chuong 6. Open Singapore Mathematical Olympiad

15. AABC is a right-angled triangle with ZABC = 90°. A circle C; is drawn
with AB as diameter, and another circle C is drown with BC' as diameter. The

circle C7 and Cs meet at the points B and P. If AB = 5¢m, BC = 12 cm and

2400
BP = x ¢m, find the value of .
x

16. Evaluate

1 1 1 1 1 1
+ + + + - .
log, 12v/5  logs 125 log, 12/5  log; 125 logg12¢/5  logy, 12v/5

17. In the diagram below, ABCD is a square. The points A, B and G are collinear.
The line segments AC' and DG intersect at E, and the line segments DG and
BC intersect at F'. Suppose that DE = 15¢m, EF = 9cm, and FFG = zcm.
Find the value of z.

18. Find the sum of the coefficients of the polynomial

(422 — 4z + 3)*(4 4 3z — 32%)%

19. Different positive 3-digit integers are formed from the five digits 1,2, 3,5, 7,
and repetitions of the digits are allowed. As an example, such positive 3-digit
integers include 352, 577, 111, etc. Find the sum of all the distinct positive 3-
digit integers formed in this way.

20. Find the value of % — 4sin700.

in 100
. . . . 1
21. Let w =1 + v/2 + V4 + v/8 + V/16. Find the value of ig(1 + —ig).
w

22. Suppose A and B are two angles such that
sinA+sinB =1 and cosA+ cosB =0.

Find the value of 12 cos2A + 4 cos2B.
23. Consider the 800-digit integer

234523452345 - - -2345.

The first m digits and the last n digits of the above integer are crossed out so
that the sum of the remaining digits is 2345. Find the value of m + n.
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24. Let a and b be two integers. Suppose that \/7 — 4/3 is a root of equation
22 4+ ax + b = 0. Find the value of b — a.
25. Suppose x and y are integers such that

(z —2004)(x — 2006) = 2Y.

Find the largest possible value of x + y.
1
26. In the following diagram, ZACB = 90°, DE 1 BC, BE = AC, BD = 3 M

and DE + BC = 1cm. Suppose ZABC = z°. Find the value of z.

27 If
1

Ve 2r 14+ Ve — 14+ V22 —2r+ 1

for all positive integers x, find the value of

f(z)

J)+ f3)+ f(B) + -+ f(997) + £(999).

28. In the figure below, S is a point on QR and U is a point on PR. The line
segments PS and QU intersect at the point 7. It is given that PT = TS and
QS = 2RS. If the area of APQR is 150 cm? and the area of APSU is x em?.
Find the value of z.

29. Let a and b be two integers. Suppose x
az® + bz* + 1. Find the value of a.

VB2

30. If sinf — cosf = — find the value of 24(sin® § — cos® #)2.

31. How many ordered pairs of positive integers (z,y) satisfy the equation

2 _x —1is a factor of the polynomial

/Y + yv/1/2006zy — V20062 — /2006y — 2006 = 07

32. Find the remainder when the integer
1x3x5x7x---x2003 x 2005

is divided by 1000.
33. Let f: N — Q be a function, where N denotes the set of natural numbers,

3
and Q denotes the set of rational numbers. Suppose that f(1) = 2’ and

€ . 2 2
1 +xy+xy+x
y+1g)f(y) y+xy+xy

flz+y)=ig(1+ i Ti9)f (@) +ig(1+

X
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for all natural numbers z, y. Find the value of f(20).

34. Suppose xg, 1, Ta, ... is a sequence of numbers such that o = 1000, and
1000
Tn = ———(To+T1 + T2+ Tp1)

for all n > 1. Find the value of

1 1
2—22170 + 5:171 + x9 + 223 + 222174 —+ 4 2997:17999 + 2998:171000.

35. Let p be an integer such that both roots of the equation
522 — 5pz + (66p — 1) = 0

are positive integers. Find the value of p.




