SO GIAO DUC VA PAO TAO CHUYEN DE VAN DUNG, VAN DUNG CAO
BAC NINH KY THI TOT NGHIEP THPT NAM 2023
Mon: Toan

TEN CHUYEN PE: BAI TOAN CUC TRI TRONG KHONG GIAN OXYZ

Nguoi bién soan: Nguyén Thi Hué, Nguyén Thi Phwong Thao
Pon vi cong tic: Treong THPT Chuyén Bic Ninh
L. H¢ thong kién thirc lién quan.
Mé dau vé hinh hoc giai tich trong khéng gian
1. Heé toa d6 Dé-cic vudng goc trong khong gian:
Cho ba tryc Ox, Oy, Oz vudng goc véi nhau timg d6i mot va chung mot diém gdc O. Goi

1, J, k 1a cac vecto don vi, twong mg trén céac truc Ox, Oy, Oz. Hé ba truc nhu vay goi 1a hé

toa d0 Pécac vudng goc Oxyz hodc don gian la h¢ toa do Oxyz.
2 -2 =2 —— e
Chu y: I =] =k =1 va ij=1k=kj=0.
2. Toa do cua vecto:

]

a) binh nghia: u= (X; ¥, Z) o u= xit y}'+ zk

b) Tinh chdt: Cho a=(a;a,:4,), b=(h;by; by), ke R £(0:0:1)
o éiBz(alibl; a,tb; a b)) 2 i ol
- f 1 Li(6:k0)
o ka = (ka; ka,; ka;) rb I
| ! 1
.o a =14 : |
s a=bso qa,=b, . (1:0:0)
ay = by
o 0=(0;0;0), 7 =(1;0;0), ;= (0;1;0), k=(0;0;1)
o a cung phuong Z(Bi()) o a=kb (ke R
4 =44 4 a4 4
= 82=](b2 Q_:FZF’ (bl,bz,b:;io)
33 :](b3 bl 2 3
. E.E:al.bl+a2.b2+a3.b3 ° ;L;) < ab+ab+ab=0
022=a12+a§+a§ o|?z|= a12+a§+a§
- a.b ab+a b +a I
o cos(@, B =22 = 14+ 25+ 25 (véi 4, b=0)

Al g2 g+ B8
3. Toadd cua diém:
a) Pinh nghia: Mx y, 2= OM = (%Y,2) (x: hoanh do, y : tung do, z : cao do)
Chu y: oM e (Oxy) <z=0,M e (Oyz) x=0,M € (Oxz) &y =10
MeOxey=z=0McOyex=z=0McOzex=y=0
b) Tinh chat: Cho AX ;; ¥z z,), BXg: g 2Z5)

¢ AB=(Xg— X, V= VyZg—2Zy) ©® AB=\/(XB—XA)Z+(_YB—_VA)2+(ZB—ZA)2

kx| yA_kyB.ZA_IQBJ
k

bl )

e Toa do diém M chia doan AB theo ti s6 k (k#1): A/{X/i_ 1— & -k
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. . X, +X + Ve 2442
e Toa do trung diém M cua doan thang AB: M( AT Ap JaTVp . Za B]

b

2 2 2
e Toa d¢ trong tam G cua tam giac ABC:
G(XA+XB+XC"VA+'VB+}/C‘ ZA+ZB+ZCJ

’ ’

3 3 3
e Toai fiod troing tadm G cudia tou diein ABCD:

G(XA+XB+XC+XD.-YA+-YB+-YC+-YD.ZA+ZB+ZC+ZC]

B B

4 4 4
Tich c6 hudng cua hai vecto:

a) Dinh nghia: Choa (a,, a,, a3), b= (b, b, by).
a, a

[5’7’]2‘7’/\52(; bj;Z 2 Z bJ (zb_& bz;a3b1_31b3;a1b2_a2b1)

Chit y: Tich c6 hwéng cia hai vecto la mét vecto, tich vé hudng ciia hai vecto la mét so.
b) Tinh chat:

o[ijl=k [7E]=7 [ki]l=7 ela,blLla [abLlb

=|2|.|Z)|.sin(22, B) o ;, b cung phuong < [:7, Z] =0

¢) Ung dung cua tich c6 huéng:

e Diéu kién dong phang ciia ba vecto: 3 bva ¢ dong phang < [a, b].c=0

 Dign tich hinh binh hanh ABCD: S sep=|LAB.AD]

e Dién tich tam gidc ABC: SqaBC :%‘[A—E A—C]‘
o Thé tich khdi hgp ABCD.A'BCD" Viscoapen = [AB AD] XA“
o Thé tich tik di¢n ABCD: Viscn :% [AB, AC).AD

” D
&
A D 4 -4 5
i il '
AN L7 ED
B & B 8 B
Chil :

— Tich vé huéng cia hai vecto thwong sit dung dé chitng minh hai vecto vuéng goc, tinh
géc gitra hai dwong thang.

— Tich ¢6 hwéng ciia hai vecto thwong sir dung dé tinh dién tich tam gidc; tinh thé tich khéi
tir dién, khoi hdp; chitng minh cdc vecto dong phing — khéng dong phang, chitng minh cdc
vecto cung phuong.

1Lbeab=0
va b cing phuongs [é 5] 0
B ¢ dong phing < [é

Dl DN

Phuong trinh mat cau:
e Phurong trinh mat cau (S) tm /(a, b, ¢), ban kinh R:

(x-a) +(y-b>*+(z-0* =R
e Phuong trinh X +y2 + 7 +2ax+ 2by+2cz+d=0 voi 2+ +F-d>0 1a phuong trinh
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1.

mit ciu tim /(—a; —b; —c) ban kinh R = 2+ +P—d.

Phuwong trinh mét phang

Vecto phap tuyén — Cdp vecto chi phuong ciia mit phang

e Vecto 71#0 1a VTPT cua (o) néu gia ciia 7 vudng goc voi ().

e Hai vecto 2, b khong cing phuong 1a cip VTCP cia (a) néu cac gia cua chung song song
hodc nam trén (o).

Chii y:

e Néu 7 la mét VIPT ciia (a) thi kit (k# 0) ciing la VTPT ciia (o).
e Néu 3,b la mét cap VICP ciia () thi 7=|3,B] la mét VIPT ciia ().

2. Phuong trinh tong quat ctia mit phang
Ax+ By+Cz+ D=0 vdi £+ B +C* >0
e Néu () ¢6 phwong trinh Ax+ By+ Cz+ D=0 thi 71=(4 B, C) 1a mot VIPT cua (o).
e Phuong trinh mit phang di qua M (x,; ¥,:4) va cé mot VIPT i=(4 B O) la:
Ax—x)+ Bly-yp)+ Qz-)=0
3. Céc truong hop riéng
Céc hé sb Phuong trinh mat phang (o) Tinh chat mat phang (o)
D=0 Ax+ By+Cz=0 (o) di qua gbc toa do O
A=0 By+Cz+ D=0 (a) // Ox hodc (o) © Ox
B=0 Ax+Cz+ D=0 (a) // Oy hodc (o) © Oy
C=0 Ax+ By+ D=0 () // Oz hoac () © Oz
A=B=0 Cz+ D=0 (o) // (Oxy) hodc (o) = (Oxy)
A=C=0 By+ D=0 (a) // (Oxz) hodc (o) = (Oxz)
B=C=0 Ax+D=0 (a) // (Oyz) hodc () = (Oyz)
Chu y: e Néu trong phwong trinh cia (o) khéng chiva an nao thi (@) song song hodc chira
truc tuong ung.
\ o 2 Y X Vv Zz
e Phurong trinh mdt phang theo doan chan: —+ n +—=1
a c
(o) cdt cdc truc tog do tai cdc diém (a; 0; 0), (0; b, 0), (0, 0, ¢)
4. Vi tri tuong dbi cta hai mat phang
Cho hai mat phang (o), (B) 6 phuong trinh:  (a): Ax+By+Gz+ D =0
B): Ax+By+C,z+ D, =0
e(a), (B catnhau < A:B:G# A:B:C,
G D ¢ D
NV = - c@=p ettt T
4 B 4 B G D
(@ L(f) = A4+ BB+GG =0
5. Khoang cach tir diém Mo(xo; yo; zg) dén mat phang (@): Ax + By + Cz + D = 0

‘AX +B)/0+C20+q
N2+ B+
Trang 3
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Phuwong trinh dwong thang
1. Phuong trinh tham s cuia duong thang
e Phuong trinh tham s6 cua duong thing d di qua diém M,(xy¥;%) va c6 VTCP

a=(a;a,;a,):

X=X, +at
(d)y=y,+at (te R
z=2z +at

KX VT TR
' 4 4 a

e Néu aa,a, #0 thi |(d) dgl phuong trinh chinh tdic ctia d.

2. Vi tri twong dbi gitta hai duong thang
Cho hai dudng thang d, d’c6 phuong trinh tham s6 1an luot 1a:

X=X, + 12 xX=x,+1a
d:qy=y,+1a, va d:qy=y,+1a
z= 7y + ta, Z:%+l’ag

a,a cung phuong
Xy +ta = x)+la

héq y, +ta, = y, + 14, (4n t,1) vo nghiém
7y +lay = 2+ 14

a,a cong phuong a,a’ cong phuong [2.2]=0
My(%3 305 %) & d

od//d &

a, MyM, khong cing phuong <
Xy +ta, = X, +a
ed=d’ & hé\y,+ta,=y+a, (dnt) co vo s6” nghiém
7+ lay = 7+ 1 a
a,a cung phuong
My(x3 505 7)€ d

< a,d, MyM, doi mot cang phuong

o [a,7]=]aMM |=0
Xy +la, = x,+la
od d’cit nhau << hé Yo +la, =y + 1, (ant, t) c6 diing mot nghiém
Zy+lay =7+ (4
a,a khong cung phuong [3,3]=0
S Vo = ar s 44 2 = (= =
a,a, MyM, dong phang (2,2 ].]WO]\IO =0
a,d khong cung phuong
Xy +la = x)+la
hé s yy +ta, = yhy+ {dy (dn t,0) vO nghiém
7+ lay = 7) + [ 4
& 3,3, MyM, khong dong phing < [4,3'].MyM, =0

od d’chéo nhau <

ed/ld < ald < a.d=0
3. Vi tri tuong dbi gitra mot duong thang va mot mat phang
X=X, +1a
Cho mat phang (a): Ax+ By+Cz+ D=0 va duong thang d: { y= y, + ta,
z= 7+ lay
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Xét phuong trinh: Axy+ta)+ By, + ta))+ (7 + tay)+ D=0 (an ) *)
e d//(a) < (*)vonghiém

e dcit(a) < (%) cé ding mot nghiém

e dc () & (%) c6v6 56 nghiém ‘

Vi tri twong d6i gitta mot dudong thang va mot mat cau

X=X+ la

Cho duong thang d: { y= Yo *la, (1) vamat cau (S): (x— a)? +(y— b)2 +(z— o’ =R 2)
z= 7+ la,

Pé xét VITD cua d va (S) ta thay (1) vao (2), duge mot phuong trinh (*).

e dva (S) khong c6 diém chung < (*) vé nghiém <d(l, d) >R

o d tiép xiic voi (S) < (*) ¢6 diing mot nghiém <d(l d) =R

e d cdt (S) tai hai diém phén biét < (*) c6 hai nghiém phdn biét =d(l d) <R

Khoang cach tir mot diém dén mot duong thing (chwong trinh ndng cao)
Cho duong thang d di qua My va c6 VTCP a va diém M.
[a]
al
Khoang cach gitra hai duong thang chéo nhau (chwong trinh néng cao)
Cho hai duong thang chéo nhau d; va d.
d; di qua diém M; va c6 VTCP 3, d> di qua diém M va c6 VTCP a,

d(M, d) =

EEANA

EXA

Chii y: Khoang cdch giita hai dwong thang chéo nhau d;, d> bang khodng cdch giita d; véi
mdt phang (@) chira da va song song voi d1. 7

Khoang cach gitta mot duong thang va mot mat phang song song

Khodng cach giita diong thang d véi mat phang (&) song song voi né bang khodng cdach tir
mét diém M bat ki trén d dén mat phang ().

Goc gitra hai dudng thang

Cho hai duong thang di, dz lan luot c6 cac VICP @, .

d(d,.dy) =

Géc giita d;, d> bang hodc bu véi goc giita 4,2, .
_ 4.3,
|
Goc gitra mot dudng thing va mot mit phing
Cho duong thang d cé6 VICP @ =(aj; a,;ay) va mat phang () ¢6 VIPT ii=(AB,C).

Géc giita dwong thang d va mdt phang (@) bang goc giita dwong thang d véi hinh chiéu d’ cia
no trén ().

cos(al,az)

. (d/(\)) ‘Aéil +B£12 +Cél3‘
sinld,(a)) =
\/A2+BZ+C2.\/alz+a§+a32

II. Cac dang bai ciu thuwong gip

bé giai nhanh bai toan cyc tri trong hinh hoc toa d0 Ozyz, ching ta can tim duoc vi tri dic biét

ctua nghiém hinh dé cuc trj (sé do gobc, khoang cach, d¢ dai) xay ra. Khi biét vi tri dic biét do, viéc
tinh toan chi con vai dong don gian 1a ra két qua. Sau day la cac bai toan cyec tri thuong gép, ban
chat hinh hoc ctia n6 va cong thirc giai nhanh cac bai toan do.
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Dang 1: Viét phwong trinh mit phing
Bai toan 1. Viét phuong trinh mit phang di qua diém A va cach diém M (khic A) mot khoang
16n nhat.

Vs

Goi y: Goi H 1a hinh chiéu ciia M 1én mit phang (P) . Suy ra khoang cach tir M dén mat phang

(P) chinh 1a MH . Mit phang (P) di qua diém A va cach gbc toa do M mot khoang 16n nhat
khi H = A hay MA L (P).
Suy ra vecto phap tuyén ciia mat phang can tim la ; = M .
Vi du 1: Diém nao sau day thuéc mat phang di qua diém A (1; 0; —2) va cach diém M (2; 1; 1) mot
khoang 16n nhat?

A (1,3-1) B. (0;21) C. (,2-1) D. (L1}
Goiy: Chon A
Vecto phép tuyén clia mit phing can tim 1a n=AM (1; 1 —3) . Do d6 phuong trinh m3t phang
cantim1a 1(z —1)+1(y —0)-3(2 +2) =0 z+y—32 -7 =0.
Bai toan 2: Viét phuong trinh mit phang di qua mot duong thang d va cach mot diém M & d

mot khoang 16n nhat.
Goiy:

Ve

Goi hinh chiéu vudng goc cia M trén mit phang can tim va d 1an luot 13 H, K . Ta c6 khoang
cach tir M dén mit phang 1a doan MH < MK . Vay MH 16n nhét khi va chi khi H tring K
hay mit phang théa méan diéu kién bai toan phai chira d va vudng goc v6i mit phang chira M va

T

— —

d . Mt phang can tim c6 vecto phap tuyén 1a n = ,u,|. Trong d6 A € d va u, 1a vecto

chi phuong cta d .
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r—1 'y z+2

Vi du 2: Biét phuong trinh mit phang chtta duong thing d : — = 1 = N va cach diém
M (2;1;1) mot khodng 16n nhat 1a az + by + ¢z +d = 0. Gid tr clia a + b + ¢ — d béng
A. 0 B. 10 C. -1 D. 2

Goiy: Chon A
= (6:6;18).

Taco u, = (2L-1), A(L0;~2) € d. Suyra AM (L1;3). Vay n = ||u; AM | u,

Vay phuong trinh mat phang can tim 1a (rc—l)+y+3(z+2):0<:> r+y+32+5=0.

Vi du 3: Viét phuong trinh mét phang di qua diém M (1; -2 1), song song v&i dudng thing

d: g = yT—l = % va cach géc toa d0 mot khoang 16n nhét.
A. 11z +16y +102 +11 =0 B. 11z — 16y —102 —33 =0
C. 11z — 16y +102 =53 =0 D.22+2y+2+1=0
Goi y: Chon C.
g = ;d'; 54 ,u_)d 1a vecto phap tuyén ciia mat phang can tim.

Phuong trinh mit phang can tim 1a: 11z — 16y + 10z — 53 = 0.
Vi du 4: Diém nao sau ddy thudc mit phing (P ) di qua gbc toa do, vudng goc v6i mit phang
(Q) 122 —y+2—1=0 vacach diém M[%;O;Q] mot khoang 16n nhét.
A. (0;3;-1) B. (1,11 C. (1;2:1) D. (—1;21)
Goi y: Chon A. Ban chit mit phang can tim van di qua dudng thang c6 dinh qua O va vudng goc

= (-3;3,9).

—_—

M) oM

R

voi (P) . Nén mit phang can tim ¢ vecto phap tuyén 1a n = ")

Phuong trinh mit phang (P) laz—y—32=0.
Vi du 5: S6 gia tri cia a dé khoang cach tir diém M (1;2;—2) dén mat phang
(P):(1—a)x+(2—3a)y+az+1—a: 0 16n nhét.
A. 1l B.2 C3 D. 4
Goiy: Chon A.
Ta c6 thé 4p dung cong thirc tinh khoang cach truc tiép hodc theo cach sau day.
, , . r+2y+1=0 .
Mat phang da cho chtra duong thang co dinh 1a d : c6 vecto chi phuong la
—z—-3y+2—-1=0
u? (2; -1 —1) va di qua diém A (—1; 0; 0) . Suy ra khoang cach tr M dén mit phing da cho 16n

nhat khi va chi khi n , =

—

u s AM |, u,

. Tur @6 tim duwoc a = 2.

Bai toan 3: Viét phuong trinh mat phang (P) chira dwong thiang d , tao voi duong thang d' (d'

khong song song voi d ) mot goc 16n nhat.
Goiy:
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Lay K la diém thuoc d, vé duong thang Kt / /d'. Lay diém M € Kt (M = K)vagoi H,I lan
luot 14 hinh chiéu vudng goc cia M trén (P) vad.
MH _ MI

KM KM
Vay goc giita duong thang d va miat phang (P) 16n nhat khi va chi khi H = I, hay (P) la mat

Khi do sin(d';(P)) — cos KMH —

phang nhan [_]\—.4 lam vecto phap tuyén, hay (P) la mt phang chira d va vudng goc véi mit

phing chira d va song song vdi d'. Vecto phép tuyén ciia mat phang (P) can tim I3

— —_— —] —

no=||u;u,;u, .
Vi du 6: Viét phuong trinh mat phang (P) Chﬁad:x;1: y—1|—1: z;2 va tao véi duong
thang d': xi—l %zzzlm{)tgécldnnhé’u.
Az—4y+2—-7=0 B.2z —y+2=0
C.rx—4y—2—-3=0 D.2z+2y+2=0
Goi y: Chon A.
Ta co (P) di qua A(l;—1;2) Vécévectophépmyén:z: uj,&j,uj ( 3;12; 3)

Suy ra phuong trinh (P) la: (x—1>—4<y—|—1)+(z—2) =0 z—-4y+2-7=0.
Vi du 7: Viét phuong trinh mét phang di qua gbc toa d6 va vudng goc voi mit phing
(P) : 22 4y — 2z = 0 va tao vdi truc Oy mot goc 16n nhét.

A 2r—y+32=0 B.z+y+32=0
C.2x—-5y—2=0 D.z—y+2=0
Goi y: Chon C.

Ban chit bai toan van khong thay d6i, mit phang can tim c6 vecto phéap tuyén 1a

n =

—_— =

n(P)Qj

e —

| = (—2; 5;1) voi ; la vecto don vi cua truc Oy ).

P)

Vay phuong trinh mat phang can tim 1a: 2z — 5y —z = 0.

Vi du 8: Biét phuwong trinh mat phang di qua gdc toa do, song song voi duong thing
r—1 'y 2z-2

d: 5 :I: 3 Vétaovéimétphéng(P):x+2y—z+1:0métgécnhénhétlé

ar +by +cz=0.Gidtrictaa+b+c la
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A.22 B. 12 C.15 D. 17
Goi y: Chon A.
Bén chat bai toan van 1a tim phwong trinh mit phang chira duong thang o (qua O va song song
v6i d) va tao v6i duong thang b vudng goc voi mit phang (P) mot goc 16n nhét.

—

Vay vecto phap tuyén ctia mit phang can tim 1a: n =

—_— —

i)

—

U,

= (12;27;—17).

Nén phuong trinh mit phang can tim 1a 12z + 27y — 17z = 0.
Vi du 9: Cho mit phang di qua hai diém A (1;2;—1) B (2;1; 3) va tao voi truc Oz mot goc 16n

nhat c6 mot vecto phap tuyén 1a n (a; 1; c). Gia tri a + ¢ bang
A. 13 B. 12 C.15 D. 14
Goi y: Chon A.
Mit phang can tim di qua hai diém A, B ciing 1a mat phang chtra duong thang AB ¢ dinh cho

trudc.

Vay vecto phap tuyén ciia mit phing can tim la n = [AB; z} ; AB} = (17; 1; —4) voi i la vecto

don vi cua truc Oz .
Dang 2: Viét phwong trinh dwong thang

Bai toan 4: Viét phuong trinh duong thang d di qua mot diém A cho trudc va nam trong mit
phang (P) cho trudce va cach mot diém M cho trudc mot khoang nho nhat (AM khong vudng

gée voi (P)).
Goi y:

Goi H va K lan luot 12 hinh chiéu vudng goéc ciia M trén (P) va d.
D& thiy d(M;d) = MK > MH . Khoing céch nay nhé nhdt khi va chi khi H = K . Hay d la
duong thang di qua A va hinh chiéu H cia M trén (P)

—

Vecto chi phuong cta duong thang d can tim1a u, =

_

n(P),AM

e

)

Vi du 10: Cho duong thang d di qua goc toa d6 O, nam trong mit phang (P) 20 —y+2=0

va cach diém M (1;2;1) mot khoang nho nhét. Biét u, (a;b;5) 1a mét vecto chi phuong ciia d.. Gid

tri 2a — b bang
A.21 B. 12 C. -5 D. -3



Goi y: Chon C.

— [ ——] ——

Ta c6 vecto chi phuong ctia dudng thang can tim 1a Uy =17 OM My | = (4;13;5) .
A \ \ 2 Ao 12 T Y ?
Vay phuong trinh duong thang can tim la 1 = 3 = =

Vi du 11: Cho duodng thing d di qua diém A (1;2; 3) , vudng goc v6i duong thing

z+1 =Y_2 ; 3 va cach géc toa d0 O mot khoang nho nhat. Biét u, = (1;b;c) 1a mot

2 2
vecto chi phuong cua d . Gia tri cia b + ¢ bang
A.0 B. 1 C. -1 D. 2

Goi y: Chon C.
Bén chat d van la duong thang di qua A va nam trong mat phang ¢ dinh (qua A va vudng goc

uy, 04| 3u, | = (~3;3:0).

—

véi A). Nén vecto chi phuong van 1a u, = S,

Vi du 12: Cho duong thang d di qua O va song song v&i mit phang (P) 20 —y—2+1=0 va
cach diém M (1; -1 2) mot khoang nho nhét. Biét u—d. = (1; b; c) la mdt vecto chi phuwong cua d .
Gié tri ctia b + ¢ bang

A.0 B. —— C. -1 D. 2

Goiy: Chon D.
Ban chit d van la dudng thing di qua O va nam trong mit phang c6 dinh (qua O va song song

= (4-513).

_—

n(P),OM

voi (P) ). Nén vecto chi phurong van la: u, = )

Vi du 13: Cho cip s6 nguyén duong (a;b) thoa man khoang cach tir O dén duong thing

r=14a+at
d:{y=2+4+b+0bt (a 5= 0) 1a nho nhét. Gid trj cita a + 2b bing
z=1+2a—b+(20—b)t
A.0 B. 30 C. 19 D. 20

Goi y: Chon B.
Puong thang d da cho di qua diém cb dinh A (1;2;1) vado u, (a; b;2a — b) vuong goc voi

—

n (2; -1 —1) nén d nam trong mit phang (P) qua A va c6 vecto phap tuyén n .

—_ ——] -

Vay vecto chi phuong ciia duong thang can tim 1a u'd) =||n,0A|;n| = (—8;—11;—5). Suy ra
g:izza_b_Vaya:&b:ll.
§ 11

Bai toan 5: Viét phuong trinh duong thang d di qua diém A cho trudc, ndm trong mit phang
(P) va cach diém M (M khac A, MA khong vudng géc véi (P)) mot khoang 16n nhit.
Goiy:
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Goi H, K lan luot 12 hinh chiéu vudng goc cia M trén (P> va d . Khi d6 ta thiy
d(M;d) = MK < MA. Khoang cach d (M;d) 16n nhét khi va chi khi K = A, hay d 1 duong

thang nam trong (P) ,diqua A vavudng goc véi AM . Puong thiang d can tim c6 vecto chi

phuong la u, =

—_—

n(P),AM

Vi du 14: Cho dudng thing d di qua diém A (1; 1;,— 1) cho trudc, ndm trong mit phing
(P) : 22—y — 2z =0 vacach diém M (0;2;1) mot khoang 16n nhat. Diém nao sau day thudc
duong thang d ?
A. (0;—2;0) B. (2,4;0) C. (3;4;-2) D. (41;,-3)
Loi gidi: Chon A.

e ——

Ta c6 vecto chi phuong duong thing d can tim la u, = [n(P),AM} = (1; 3;—1).

Vay phuong trinh duong thang can tim Ia z I L =¥ ; L =z +11 .

Vi du 15: Cho duong thang d di qua gdc toa dd O, vudng goc véi duong thang

d, : xT_l - il - 12 va cach diém M (2;1;1) mot khoang 16n nhét. Bit u, = (a;b;1) 1a mot
vecto chi phuong cta d . Gia tri cia 2a + b bang
A.0 B. —% C. -1 D. 2

Goi y: Chon C.
o oM

Vecto chi phuong cia duong thang can tim la u_.d = = (—1; 6;—4) .

Vi du 16: Cho duodng thing d di qua diém A(l; O;2> , song song voi mit phiang
(P) 22—y + 2z —1=0 vacach gbc toa 40 O mét khoang 16n nhit. Diém nao sau day thudc
duong thang d ?
A (3:31) B. (2,4;0) C. (3;4;-2) D. (4;1;—3)
Goi y: Chon A.
Vecto chi phuong cta dudng thang can tim 1a u_d. = [%, 574} = (—2; —3; 1) .

Phuong trinh duong thang d 1a L ; L S A~ 2 .
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z=1—2a+at
Vi du 17: Cho a théa man duong thang d : {y = —2 + 2a + (1 — a)t (t 14 tham sb) cach diém
z=1+1

M[%;l; 4] mot khoang 16n nhét. Biét ¢ = m (m,n € Zin > 0) 1a mot phan s6 tbi gian. Gia tri
n

2m — n bang
A.0 B. 11 C. -1 D.5
Goi y: Chon D.
Duya vao phuong trinh tham s6 ctia duong thang d di cho ta thiy d di qua diém c6 dinh
A(l; 0;3) (ng voi t = 2) va vudng goc voi duong thing cé vecto chi phuong u, = (1; 1; —1). Do
d6 khi khoang cach tir M dén d 16n nhat thi vecto chi phuong ciia né 1a

Z,ZJ\}]: 2;—l;§ .Véytacégzl_a :l:>a:—.
22 2 3
2

—

Ud:

-1
2

Bai todn 6: Cho mit phang (P) va diém A thuc (P) va duong thing d (d cat (P) va d

khong vudng goc voi (P) ). Viét phuong trinh duong thang d' di qua A, ndm trong (P) va tao

v6i d mot goc nhod nhat.
Goiy:

Tir A v& duong thang At / /d.Lay M € At (M = A) va goi H,I1an lugt 14 hinh chiéu vuéng
gbccua M trén (P) vad'.Taco sin(d;d') =sin MAI = ﬂ > @

AM ~ MA
Vay géc (d;d') bé nhat khi va chi khi / = H hodc d' di qua A va H,hay d' diqua A va song

song véi hinh chiéu vudng goc clia d trén (P) . Vecto chi phuong ctia dudong thang d' can tim 1a

_— —

P)?| ey Y

—

ud, -

P —

™

Vi du 18: Cho duong thang d' di qua goc toa dd O, ndm trong mit phang (P) 2z +y—2=0

\ e \ 2 z r .. . A 22 \ A A~
va tao voi duong thang d : 5= 1~ ; mot goc nho nhat. Diém nao sau day thudc d'?
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A. (10;-713) B. (2;4;0) C. (—5;4;-2) D. (15;-28)
Goiy: Chon A.

—_— —_— [—— —

Vecto chi phuong ciia duong thang d' can tim la U = |3 | Py )i Uy | = (—10;7;—13).
Vay phuong trinh dudng thing can timla —— =4 = 2
ay p g g g 10 7 _13°

Vi du 19: Cho duong thang A di qua goc toa dd O, vudng goc véi duong thang
r—1 y—-1 =z+1

d: = . vi tao v6i mit phang (P): z —y + 2z — 1 = 0 mét goc lon nhit. Biét
;L: = (1;b;c) 12 mét vecto chi phuong ctia d . Gia tri cia b + ¢ bang
A.0 B. g C. -1 D. 3

Goi y: Chon B.
Ban chat van 1a bai toan 6 voi vecto chi phurong ciia dudng thang can tim 1a

= (5,-13;16).

—

u =

—_— ——] —

Uy,

o Te)

Vi du 20: Cho dudng thang di qua gbc toa do O, cit duong thing d : % == % va tao voi

—

truc Oy mot goc nhoé nhét. Biét N (a; 1; c) la mot vecto chi phuong cua d. Gid tricia a + ¢
bang
A.0 B. g C. -1 D. 3
Goiy: Chon A.
Bén chat dudng thang can tim di qua O va ndm trong mit phang (O; d ) Do do vecto chi phuong

—_

n(();d)Ej

_

oa) véi j 1a vecto don vi cia truc Oy .

ctua duong thang can tim la v =

Bai toan 7: Cho mat phang (P) va diém A thudc (P) , duong thang d cit (P) tai diém M khac
A . Viét phuong trinh duong thing d' nim trong (P) ,diqua A vakhoang cach gitta d va d'
16n nhat.

Goi y: Goi (Q) 1a mat phing chira d va song song véi d'. Khi dé

d(d:d')=d ((Q);d') —d (A;(Q)). Theo bai toan 2 , khoang cach nay 16n nhat khi va chi khi

n = | ud;AB”,B €d.Khidodo d'/ /(Q) vad'C(P)nén u, = [n(Q);n(P) :
Vecto chi phuong cua duong thang d' can tim 1a Z = @; u?; ;d’; TB}”, Bed.

Vi du 21: Cho mit phang (P) 20 +y+2-3=0, A(0;2; 1) va duong thang

d:Z I L % = % Biét dudng thing d di qua diém A, nim trong (P) va khoang cach gitra d
va d' 16n nhat. Diém nao sau day thuoc duong thing d ?
A. (1;5;—8) B. (2;4; 0) C. (—5;4;—2) D. (11;—2;8)
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Goi y: Chon A.
Goi (Q) la mat ph:fmg chua d' va cach A mdt khoang 16n nhat. Khi d6 ta c6 B (1; O;O) cd',

—_— [— ——

M) = | U u,;AB|| = (—10; 4;2), vecto chi phuwong ctia duong thang d can tim 1a

- . \ 2 . oy+2 z-1
= ; =(2;14;—18). Ph trinh ¢ thang d la: — = —— = )

u, [n(Q),n(P) ( 114; ) uvong trinh duong thang d 1a N - 5

Bai toan 8: Cho mit phing (P) va duong thang d song song véi mat phang (P) . Viét phuong
trinh duong thang d' song song vdi d va cach d mdt khoang nho nhat.

Goi y: Goi A la diém thuoc d, A" 1a hinh chiéu ctia A trén (P). Khi d6 duong thang d' cén
tim di qua A' va song song vdi d.

Vi du 22: Cho mit phang (P) :22 —y + 2+ 1=0.Cho dudng thang d nam trong mit phang

(P) , song song v&i mit phang (Q) cx— 2y + 2z +2 =0 vacach gbc toa 6 O mét khoang nho

nhét. Biét u .= (a,; 1;0) 12 mot vecto chi phuong ciia d . Gia tri cia a + ¢ bang
A.0 B.1 C. -1 D.2
Goi y: Chon D.
Puong thang d can tim di qua hinh chiéu O' cta O trén mit phing (P) va ¢ vecto chi phuong

—

U,

—_—

= n(P);n(Q)] = (1;—1;—3).

Bai toan 9: Cac bai toan doi hoi chiing ta can c6 truc giac hinh hoc dé giai nhanh.

Vi du 23: Cho dudng thang d : xT—l = % =z g ! . Viét phuong trinh duong thang d' song song

véi d, cach d mdét khoang bﬁng 3 va cach diém K (—3; 4, 3) mot khoang 16n nhat, nho nhat.

Goi y: Gia sir mat phing (P) qua K va vuéng goc voi d cit d tai I, cét d' tai M . Khi d6 ta co
IM = 3, trong mit phang (P) :ta can tim M thudc duong trong tim I, ban kinh R = 3 cach

K mét khoang 16n nhat.

Goi I(1+2tt;1+2t). Suyra KI = (4 + 2t — 4,14 2t). Ma u, = (21;2).
Khi 6 Klu, =0 t=0.
Vay I(1;0;1) va IK =6 > 3. D& thdy KM nho nhatkhi M tring £, KM 16n nhit khi M

trung F'.
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Dé tim B (z;:2) ta ding hé thitc IE = %E Suyra E(-1;2;2).

Vay phuong trinh duong thing d' cach K mot khoang nho nhat 1a a ;— ! =5= 2 =%= 2 .

1 2
. \ 2 Vo A 5 . Lo1s T—3 y+2 Z
Tuong tu phuong trinh duong thang d' cach K mot khoang 16m nhat 1a 5 = B = 3
, \ 2 z—3 Yy — 3 z—3 e \ \ 2 '
Vi du 24: Cho duong thang d : 5 - 1 1 Viét phuong trinh duong thang d' song
song v6i d, cach d mot khoang bang \/g va cach duong thang A : xT—Q = % =2 I 1 mot

khoang nho nhét (16n nhat).
Loi gidi: Puong thang d' can tim 1a mot duong sinh ctia mat try tron xoay co6 truc 1a d, ban kinh

R = \/g . Goi (P) 1a mit phang chira A va song song véi d . D& dang thdy ngay, d' 1a giao mat
try trén v&i mat phang (Q) chura d va vudng goc voi (P) (trong truong hop (P) khong cit mat

—_— —

ud,uA

tru). Mt phang (P > c6 vecto phap tuyén la % = = (3;3; 3). Phuong trinh mat phang
(P):z+y+2—3=0.Lay I(33;3) € d,hinh chiéucia I trén (P) la H(L1;1),IH = N3
Goi M(m; y;z) 1a giao diém ctua IH vé&i mit tru (gan (P)) nhét. Ta c6 ]ﬂ = %Ef = M(2;2;2>.

Vay phuong trinh duong thang d can tim di qua M 1a z=2 9= 2 S 2 .

-2 1 1
r=2+t
Vi du 25: Cho dudng thing d : {y = 3 + 2t. Viét phuong trinh (P) song song voi d, cach d
z=2+t

mot khoang bang 2\/5 va cach M (0; 1; 2) mot khoang nho nhét (16n nhat).

Loi giai:

Goi (Q) la mat phang di qua M va vudng goc v6i d tai I . Gia st duong thang qua M vudng
goc voi (P) cit (P) tai A.

Goi B 1a hinh chiéu cta I trén (P) . Ta thay cac diém I, M, B, A thudc mit phang (Q) va

1B = d(d;( P)) = 22 ,d(M;(P)) = MA.
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Ta tim duogc I(l; 1;1) va IM = \/5 < 2\/5 . Trong mat phang (Q) duong tron tam [ , ban kinh

R =242 catduong IM tai E va F (M nam gitta I,E).
D& thiy MA + MI > IE = IB = MA > IB — MI, MA nh¢ nhat khi vachikhi A= B=F.

Pé tim E ta sir dung hé thic }E = 2I_]\Zf.. Suy ra E(—l; 1;3).

Mit phéang (P ) di qua diém E va c6 vecto phap tuyén 5 =

uj; W} = (2;—2;2) nén c6 phuong
trinh1a 2(z +1)-2(y —1)+2(: = 3) =0 2 —y+2-1=0.
Trudng hop khoang cach tir M dén (P) 16n nhit xay ra khi mt phang (P) di qua diém F va co
vecto phap tuyén nhu trén.
Nhan xét: Néu IM > 24/2 thi khoang cach tr M dén (P) 16n nhét khi va chi khi (P) diqua M
va khoang cach 6n nhét khi (P) di qua diém F .
Dang 3. Tim toa d9 diém
Bai toan 10. Cho mit phang (P) va hai diém phan biét A, B.(véi d(A, (P)) = d(B, (P)).)
Tim diém M thudc (P) sao cho:
1. MA + MB nhé nhét.
2. | MA — MB | 16n nhat
Phwong phap giai.
1. Ta xét cac truong hop sau
A

e
A

w| /

-TH 1: Néu A va B nam vé hai phia so véi (P). Khi d6: AM + BM > AB

Pang thirc xay ra khi M 1a giao diém ciia AB véi (P).

-TH 2: Néu A va B nam cuing mot phia so v6i (P). Goi A" d6i ximg v6i A qua (P).
Khi d6: AM + BM = AM + BM > A'B

Pang thirc xay ra khi M 1a giao diém ciia A'B véi (P).

2. Ta xét cac truong hop sau

-TH 1: Néu A va B nam cing mdt phia so véi (P). Khidé: | AM — BM |[< AB
Pang thirc xay ra khi M 1a giao diém cia AB véi (P).
-TH 2: Néu A va B nam khac phia so voi (P). Goi A'ddi xtmg véi A qua (P)
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Khi do: | AM — BM |= ‘A'M - BM‘ <AB
Pang thic xay ra khi M 1a giao diém ciia A'B véi (P).
Vi du 26: Trong mit phang Ozyz , cho mit phang (P) :x—y+22—1=0 vahai diém
A<4;—1;2),B (—2;11; —1). Tim diém M thudc mit phing (P) sao cho MA + MB nho nhit.
A, M(231). B. M(1;2:1). C. M(5;4;2). D. M (3;4:1).
Loi giai
Chgn A
Xétz, —y, +22, —1=8> 0z, —y, +2z, —1=—-16 <0 nén A, B khac phia so

véi (P). Theo bai toan 1 thi MA + MB nho nhét khi M 1 giao diém ciia AB vamp
(7).

Puong thing AB diqua A vanhan ZE = (2;—4;1) lam vtep nén c6 phuong trinh:

=442t
y=—1—4t.
z=2+t

Goi diém M(4 +2t;—1— 442 + t) € AB. Vi M € (P) nén suy ra
442t —(—1-4t)+2(2+¢t)-1=0et=—1
Vay M(231).
Vi du 27: Trong mit phing Ozyz , cho mit phing (P) : 242y — 2z —5=0 va hai diém
A(4; 8; —3),B (13; 5;—18) . Tim diém M thudc mat phang (P) sao cho MA + MB nho nhat.
A. M(3:1;0). B. M(3;-1-4). C. M(1;20). D. M (221).
Loi giai
Chon B
Xétw, +2y, —2, —5=18> 0z, +2y, — 2, —5=30>0 nén A, B cung phia so
véi (P) . Theo bai toan 1 thi MA + MB nhé nhat khi M 1a giao diém cia A'B va mp
(P) trong d6 A'ddi ximg véi A qua mp(P).

R

Taco: AA' diqua A(4;8;—3) va co vtep 1a a =My = (1;2;—1) nén c6 phuong trinh

z=4+1
la: {y =842t .
z2=-3—1

Goi H(4 + ;8 4+ 2¢;,—3 —t) 1a trung diém cia AA'. Vi H € (P) suy ra
(4+t)+2(8+2t)— (-3 —t)—5 =04t =-3= H(1;20).
Suy ra diém A'(—Q;—4;3).
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Puong thang A'B diqua A' vanhan A'B = (15; 9;—21) lam vtep nén c6 phuong trinh:

T =-—2+5t
y=-—4+43t.
z2=3-—-"Tt

Goi diém M (2 + 5m;—4 + 3m;3 —7m) € A'B. Vi M € (P) nén suy ra
~2+5m+2(—443m)—(3-7Tm)-5=0em=1
Vay M(3;—1;—4).
Vi du 28: Trong mit phang Ozyz , cho hai diém A (3;2; 1) ,B (— 1;4; —3). Tim diém M thudc mat
phang (Oxy) sao cho ‘MA — MB‘ 16n nhat.
A.M (5,-1;0) B. M(5;1;0). C. M(-5-10).  D. M(-510)
Loi giai
Chon B.
Phuong trinh mit phang (O:Ey) 12=0.

Xét z,.2, <0 nén A, B nam khéc phia so véi (Oxy).

Goi A' dbi xtmg v6i A qua (Ozy) suy ra A'<3; 2;—1).

Ta c6: |MA— MB| = |MA'— MB| < A'B.

Pang thirc xay ra khi M 14 giao diém ciia duong thang A' B véi mat phang (Oxy) .

Puong thing A'B di qua A'(S; 2;—1) vanhidn A'B = (—4;2;—2) lam vtcp nén cé

phuong trinh:
T=3—-2t
y=2+t1
z=—1—1t

Goi diém M(B - 2424+ t;—-1— t) cA'B.Vi M € (P) nén suy ra
—1-t=0%t=—1= M(510).
Vay M (5;1;0).
Vi du 29: (THPT L& Quy Pon Pa Niing 2019) Trong khong gian Ozyz, cho 3 diém A(—8;1;1),
B(2;1;3)vaC(6;4;0). Mot diém M di dong trong khong gian sao cho VAWC — MAMB +34.
Cho biét |MA — MB) dat gi tri 16n nhét khi diém M trung voi diém M, (z,;y,;2,) . Tinh tich sb

T,Yo2, -

A. 16. B. 18. C. 14. D. 12.
Loi gidi
Chon B.

Goi M = (a;b;¢) .

_— _

Ta co MAMC = MAMB + 34 < J\TA(J\TC - ﬁ) — 34 o MABC = 34
Mit khic MA = (=8 —a;1 —b;1—¢), BC = (4;3;—3)
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Suyra 4(—8 —a) + 3(1—b) — 3(1 — ¢) = 34 & —4a—3b + 3¢ — 66 = 0.

Véay M € (P)c6 phuong trinh —4z — 3y + 32 — 66 = 0.

Ky hi¢u f(M) = f(z;y;2) = —4x — 3y + 32 — 66, voi M(z;y;2)

Taco:

f(A).f(B) = (—4(—-8)—3.1+3.1-66)((—4.2 — 3.1+ 3.3 —66) = (—34).(—68) = 2312 >0

Suy ra diém A(—8;1;1) va diém B(2;1;3)nam vé clng 1 phia so v6i mat phang (P).
Khi d6 ‘MA - MB‘ < ABra ‘MA - MB‘ dat gid tri 16n nhat khi M, A, B thing hang va
M nam ngoai doan thang AB hay M la giao diém ctia duong thang AB véi (P).

Pudng thang AB c6 véc to chi phuong AB = (10;0;2) va qua diém B(2;1;3) nén co

T=2+51
phuong trinh {y =1
z=3+1

Suyra —4(2+5t)—3.1+383+1t)—66=0< —17t =68 < t = —4.
Vay M(—18;1;—1) hay zy,z, = 18.
Bai toan 11. Trong khong gian Oxyz, cho mit ciu (S) va mit phing (P) (khong c6 diém

chung). Tim diém M trén mit cau (S > sao cho khoang cach tir diém M dén mit phing (P) la
nho nhat (16n nhat).

Phwong phap giai.

Gia st mit cu (S > c6tam 1a I, ban kinh R. Goi H 14 hinh chiéu cta I trén (P) .

Vi moi diém M trén mat cdu (S) thi R+ d(], (P)) <d (M;(P)) <d (I, (P)) ~R

Nhu vay:

+) Khoang cach tir diém M dén mit phang (P) 1a nho nhat d (I ) (P)) — R lakhi. .la giao diém
ctia doan thang JH véi mat cau (S).

+) Khodng cach tir diém M dén mat phang (P) 1a 1on nhat d (1,(P))+R lakhi M la giao diém

cua tia doi cla tia /H v6i mat cau (S).
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Chii y: Pé tim cac diém nay ta c6 thé lam nhu sau:
- Viét phuong trinh duong thang d qua / va vudng goc véi (P)
- Tim giao diém ctia d véi mit clu () ta dugc 2 diém M, va M, .
- Tinh va so sanh d(Ml,(P)),d(Mz,(P)) dé x4c dinh diém M thoa mén dé.
Vi dy 30. Trong khong gian Oxyz, cho mit phang (P): 2x—y+2z-14=0 va mit cau
(S):x>+y* +2° —2x+4y+2z-3=0. Goi toa d0 diém M (a;b;c) thudc mit cau (S) sao cho
khoang cach tir M dén mit phang (P) 1a 16n nhat. Tinh gié tri ctia biéu thitc K =a+b+c.
A K=1. B. K =2. C. K=-5. D. K=-2.
Loi gidi
Chon C
Mit cau (S) ¢6 tim (1;—-2;-1), ban kinh R=3.
a-(=2)+2.(-1)-14
2 +(~1)"+22

Ta co: d(],(P)) =4>R. Suy ra mit phing (P) va mit cau

(S) khong c6 diém chung. Tir d6, diém thudc mit cau co khoang cach nho nhat hogc 16n
nhét t6i mit phang (P) la giao diém cta mit cdu v6i duong thang qua / va vudng goc voi
(P).

Truéc hét ta 1ap phuong trinh duong thang d di qua I va vudng goc véi (P).

+ Mgt phang (P) c6 vécto phap tuyén la n=(2;-1;2).

+ Vi d L(P) nénnhan n=(2;-1;2) lam vécto chi phuong.

x=1+2¢
+Tirdé d c6 phuong trinh { y=—2-1 véi (teR).
z=—1+2¢
x=1+42¢
o y=-2-t
Ta tim giao diém cua d va (S). Xét hé:
z=—1+2¢

X+ 427 =2x+4y+2z-3=0

x=1+2¢
y=-2-t
Slz=—142

(1+26) +(=2-1) +(=1+2¢) =2(1+20)+4(-2 1) +2(~1+2¢) -3 =0
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(=1
x=3
x=1+2¢ y=-3
y=-2-t z=1 o 2
= o . Suy ra 6 hai giao diém 1a 4(3;-3;1) va B(-1;-1;-3).
z=-1+2t t=—1
92 -9=0 x=-1
—1
z=-3

_iz.s—(—3)+z.1—14| L

9

Ta co: d(A4,(P)
(4(7) 224 (1) +2°
2.(=1)=(~1)+2(-3)-14
d(B,(P))=| - — |=7.
22 +(-1) +2
Suyra M =B(-1;-1;-3). Twdé a=—-1; b=-1; c=-3.
Vay K =-5.

Bai toan 12. Trong khong gian Oxyz, cho cac diém 4, 4,,..., 4,. Xét véc to
W:alm:+a2M;4;+---+anM;4:
Trong d6 a;a,...r, 1a cac s6 thuc cho trude thoa man a,+a,+.+a,#0.
1. Tim diém M thudc mit phang (P) sao cho || c6 d6 dai nho nhét.
2. Tim diém M thudc dudng thing d sao cho | w| c6 d6 dai nho nhat.
3. Timdiém M thudc mit cdu (S) sao cho || c6 d6 dai nho nhat.
Phwong phap gii.
Goi G la diém théa man: alezll + 0{2G212 4+t anG;ln =0 (diém G hoan toan xac dinh).
Ta c6 MAx =A7[G+G;1k voi k=1;2;...;n, nén
w=(a, +a,+...+a,)MG +a,G4, +a,GA, ++a,G4, =(a, +a, +...+a,) MG
Do dé: |wl=|a, +a, +++a,|- | MG |
Vi a, +a, ++-+a, 1a hing s6 khac khong nén || co gia tri nhé nhét khi va chi khi MG nho
nhat. 7 ‘ ’ 7
1. V&1 M e (P) thidiém M can tim la hinh chi€u cia G trén mat phang (P).

2. V6i M ed thi diém M can tim I3 hinh chiéu cia G trén duong phing d .
3. V&i M e(P) thidiém M can tim 1a giao diém cta doan thing GI va mit cau (S )
(trong d6 I 13 tAm mit cau, diém G nam ngoai mit cau).
Vi du 31. Trong khong gian véi hé truc toa dd Oxyz cho ba diém A(l;l;2) , B(Z;l;—l) , C(0;2;1)
va mit phang (P) ¢6 phuong trinh: 2x—y—2z+2=0. Tim toa d6 diém M thuéc mat phang (P)
sao cho do dai véc to ‘ZVA +3MB + 6M—C‘ nho nhét.
M(ﬁ,ﬁ,LJ B. M(ﬁ,ﬁ,l) C. M(E,ﬁ,lj D. M(l,é,ﬁj
333333) — 33333 33333 3 33 33
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Loi giai
Chon B
Tacd 2MA+3MB +6MC =11MI + 214+ 3IB+6IC

Goi I 1a diém sao cho 214+ 3IB +6IC =0 tir d6 ta co I(% % 1—71)

Khi do 204+ 3MB + 6MC| = |1 1MI| nén [2MA +3MB + 6MC| nho nhét khi [113|nho
nhit
Vi M thudc (P) nén M 1a hinh chiéu cta I xudng mit phang (P)
34 46 1
Ta tim dugc M (—;—;—).
33'33°3
, N . A n . 2 x y+1 z-1 . .
Vi du 32. Trong khong gian véi h¢ toa do Oxyz, cho duong thang A :5 = - = " va hai
diém A(1;0;1), B(-1;1;2). Biét diém M (a;b;c) thude A sao cho ‘W—MTB‘ dat gia tri nho
nhét. Khi d6, tong a +2b+4c bang bao nhiéu?
A. 0. B. 1. C.2. D. 1.
Loi giai
Chon C

Goi I 13 diém thoa mén IA-3IB=0 suy ra I(—2;%;§J.

Khi d6 : WZ - 3%\ - \—21\’47\ —2MI nho nhat khi MI nho nhét, tee M 13 hinh chiéu cua
diém I trén A.
Goi diéem M (2t; -1+11- t) € A 13 hinh chiéu vudng goc ciia 7 trén A.

Taco : Iﬁ.ﬁA=0<:>t=—%.

Voi t=—1:>M -1 —é 3 =a+2b+4c=2.
2 2°2
Vi du 33. Trong khong gian v6i hé toa 46 Oxyz, cho ba diém A(O; 1;1) , B(S; 0;—1), C(O; 5; —6)
2
vamit cdu ():(x-1)" +(y-1) + (z+ %) =2. Biétdiém M (x;y;z) thudc mat cau (S) va thoa
man gia tricia 7 = ‘3@ +2MB +FC“ dat gi4 tri nho nhét. Khi d6 tong P = x+ y+ z bang:
5 3

A. P=3. B. P=—. C. P=—. D. P=-3.
2 - 2

Loi giai
Chon C

4 5
Goi [ la diém théa man 314 +2IB + IC = 0 khi @6 1(1 5 —gj

3MA+2MB+MC‘ ‘3 M1+IA)+2(M1+JB) (MI+IC‘ ‘Ml‘ 6MI

Do d6 T nho nhét khi M7 nho nhat <> M 1a mot trong hai giao diém cua du’ong thang

s y Ly o
qua /E va mat cau (S) voi £ l;l;—E la thm cua (S).
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r= M, (Ll—%):]Ml =_2\3/§

IE):dy=1 M =IE (S
(IE):yy=1+t N(S)= 5

1 M, (1; o;lj =M, =%
2 3

3 , X 3
Vay M, (1;2;—5j la diém can tim. P=x+y+z:5_

Bai toan 13. Trong khong gian Oxyz, cho cac diém A4, 4,,..., 4 . Xét biéu thuc:
T =a,MA’ +a,MA; +--+a MA
Trong d6 a,,a,,...,a, 14 cic sb thuc cho trude. Tim diém M thugc mat phang (P) (hodc dudng
thang d hodc mit cau (S)) sao cho
1. T gia tri nhé nhét biét o, +a, +...+a, >0.
2. T c6 gid trj 16n nhat biét o, +a, +...+a, <0.
Phwong phap gii.
Goi G 1a diém théa man: o,GA, +a,GA, +++++a,GA4, =0
Tacd MAr = MG +GA, v6i k=1;2;...;n, nén
M4} =(MG +GA, ) = MG* +2MG-GA, + G4}
Do @6
T=(ay+a,+...+a,) MG’ +a,GA’ + a,GA} ++-+a,GA?
Vi o,GA’ +a,GA? +---+ a,GA? khong d6i nén
* VOi @, +a, +...+a,>0 thi T dat gid tri nho nhét khi va chi khi MG nhé nhét.
* VOi @, +a, +...+a, <0 thi T dat gia tri 1on nhat khi va chi khi MG nhé nhat.
Néu M e (P) thi MG nho nhat khi diém M 1a hinh chiéu ciia G trén mit phang (P).
Néu M ed thi MG nhoé nhit khi diém M 13 hinh chiéu cia G trén dudng phing d .
Néu M e(S) thi MG nho nhét khi diém M 14 giao diém cua doan thang G/ va mit cau (S).
(trong d6 I 13 tAm mit cau, diém G nam ngoai mat cau).
Vi du 34. ( Chuyén Thai Binh- Lén 5) Trong khong gian véi hé toa d6 Oxyz, cho diém
A(L;4;5); B(3;4;0); C(2;-1;0) va mat phang (P):3x—3y—2z—-12=0. Goi M(a;b;c) thuoc
(P) sao cho MA” + MB” +3MC” dat gi4 tri nho nhat. Tinh tong a+b+c
A.3. B. 2. C. 2. D. 3.
Loi giai
Chon A
Goi I(x; VA z) 1a diém thoa man IA+IB+3IC =0ta c6 hé phuong trinh:

x—1+x—3+3(x—2)=0 x=2

y—4+y—4+3(y+)=0{y=1=1(2;11)

z-54+z+3z=0 z=1

Ta co:
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—_— —\2 —_— —\2 — —\2

P =MAZ?+MB?+3MC? = (MI+IA) +(MI+1B) +3(MI+IC)
P = MI>2MLIA+IA2+MI*+2MLIB+IB*+3MI? + 6MLIC + 3IC>
P = SMI*+IA2+IB2+3IC> +2MT.(TK +IB+ 3f6)

const —_—

0

= Pmin = MImin
Khi @6 M 12 hinh chiéu cua I trén (P)
Goi d 1a duong thing di qua I va vudng goc véi (P)

=d: X;2 = y—31 = Z_zl = M(3t+2;-3t+1;-2t +1)

Me(P):3(3t+2)—3(—3t+1)—2(—2t+1)—12:0<:>t:%:M(%;—%;Oj:a+b+c=3

Vi du 35. Trong khong gian v6i hé toa 46 Oxyz , cho céac diém A(0;1;1), B(3;0;-1),
C(0;21;-19) vamit chu (8):(x—1)" +(y—1)" +(z-1)" =1. Tim diém M trén m3t cau (S) sao
cho biéu thie T =3MA> +2MB* + MC” dat gié tri nh6 nhat.

D. M(l;_?g;éj

A. M[1;§;1j B. M[l;l;§j C. M[—1;1;§j
- 55 55 55

Loi giai
Chgn A
Mit cau (S) c6 tam I(1;1;1) va ban kinh R=1.
Goi J 13 diém thoa man 3JA+2JB +JC = 0= J(1;4;-3)
Taco T =3MA> + 2MB* + MC*> =3MA +2MB  +MC'
=3(MJ + JA)* + 2(MJ + JB)* + (MJ + JC)*
—6MJ +2W(3ﬂ+278+f)+3]712 +2JB +JC
=6MJ* +3J4> +2JB* + JC* =6MJ* +672. Do d6 T

min

= MJmin

C6 IJ=5>1=R nén diém J nam ngoai mit cau.
Goi K 1a giao diém ctia doan 1J véi mat cau.

Khi do, VM & (S)

luénco JM > 1J—-IM =1J - IK = JK.

Dau "=" xay ra khi va chi khi M =K.

, — K== 1= 8
piém K théa man L =—.IJ:§]J:>K(1;E;

IJ )

1

5
8 1 L

Vay M (1;5;5) 13 diém can tim.

Bai toan 14. Trong khong gian Oxyz, cho mit cau (S) ¢6 tim / bén kinh R . Tim diém
M (x,3,32,,) trén mit cdu () sao cho biéu thitc 4 = ax,, +by,, +cz,, dat gid tri 16n nhat (nho

nhat).
Phwong phap gii.
Tacd A=ax, +by, +cz,, < ax, +by, +cz,, —A=0 suyra M e(P):ax+by+cz—A=0,

do d6 diém M la diém chung ctia mit cau (S) véi mat phang (P).
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Ton tai diém M khi va chi khi d(1,(P))<R<m< A<M .
Déu dang thirc xdy ra khi M 14 tiép diém ctia mét phang (P)véi mét cau (S) hay M l1a hinh
chiéu cta 7 1én (P).
Vi du 36. Trong khong gian véi hé toa dd Oxyz, cho mit cau (S): (x—1)* +(y—2)* +(z-3)* =16
. Tim diém M trén mat cau sao cho 4 =2x,, —y,, +2z,, dat gia tri 1én nhat.
Loi gidi

M(E,E,HJ B. M(E,E,HJ C. M(H,E,EJ D. M(l,ﬂ,zj
3'3°3 3°'3°3 333 3 3°3
Chon B

Taco A=2x,, -y, +2z,, < 2x,,—y,, +2z,,—A=0 suyra
M e(P):2x—y+2z—A=0, do d6 diém M 1a diém chung cua mat cau (S) véi mat

phang (P).

Mit cdu (S) c6 tdm I(1;2;3) va ban kinh R = 4. Tdn tai diém M khi va chi khi
[6—A]

dyp <R <4 —6<A<18.

Do d6, v6i M thugc mit cau (S) thi 4=2x,, —y,, +2z, <18.

Dau dang thic xay ra khi M 1a tiép diém cta (P): 2x —y + 2z — 18 = 0 v6i (S) hay M a
hinh chiéu cua I 1én (P).

Mit phang (P) nhan n(2;-1;2) 1am 1 vec to phép tuyén; IM (xy, =Ly, =2z, —3) suy

xM—lzyM—2:zM—3

ra IM cung phuong véi ne

-1 2
-1 -2 -3
o N E L A 11 2 17
Toa d diém M thoaman hé { 2 -1 2 DM(?;??)
2x), =Yy +2z,, —-18=0
11 2 17 , \
Vay M (?;E;?) l1a diém can tim.

Bai toan 15. Trong khong gian Oxyz, cho mat cau (S) ¢6 tim / bankinh R va hai diém 4, B
ndm ngoai (§). Tim diém M (x,,;y,,;z, ) trén mit cdu () sao cho MA+kMB dat gia tri nho
nhit. (véi k = E)
R
Phwong phap giai.
M4, A I

Ta tim cach dung diém C sao cho MA=kMC & — =k ="—=——.
MC R IM

2
Ta lay diém C thudc doan I4 sao cho: IC = R—, khi d6 1< = M suy ra hai tam giac IMC va
14 M 14

IAM @ddng dang va khi do: MA_ 14 < MA=kMC.
MC IM

Ta cb: MA+kMB =k(MC +MB) > kBC.

Ding thirc xay ra khi M 14 giao diém ciia doan thing CB vé&i mit cau (S )
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Vi dy 37. Trong khéng gian v6i hé toa d Oxyz, cho mit cau (S): (x—?»)2 +(y- 2)2 +z° =4 va
hai diém A(-1;2;0),B(2;5;0). Goi diém M (a;b;c) trén mat ciu (S) sao cho MA+2MB dat
gi4 tri nho nht. Gid tri a—b+c¢ béng
A4-43. B.—/3. C.\3. D.4++3.
Loi gidi
Chon B

Mit cau (S) 6 tim 1(3;2;0), bankinh R=2; IA=4:>%=2.

2

Ta lay diém C thudc doan I4 sao cho: IC = L =1, khido EC = M suy ra hai tam giac
14 IM 14

IMC va IAM ddng dang va khi do: MA_ 14 < MA=kMC.
MC IM

Ta tim duoc diém C(2:2;0).
Khi d6: MA+2MB =2(MC+MB) >2BC=6.
Ding thirc xay ra khi M 14 giao diém ciia doan thing CB vé&i mit cau (S )

x=2
Phuong trinh ctia CB:< y =5+3t = M (2;5+3¢,0).
z=0

Ma M e(S) :>1+9(t+1) —4<:>t——1+—

B

Suy ra M(2;2—\/§;0) hoac M(2;2+\/_;O).
Lai ¢c6 M nam gitta C va B nén M(2;2+\/§;0)3a—b+c=—\/§.

Bai toan 16. Tim diém (duong thang, mit phang) thoa man diéu kién cyc tri lién quan dén cac yéu
t6 dinh lugng (chu vi, dién tich, thé tich, khoang céch,...)
Phwong phap:

V6i dang toan nay ta thuong dung phuong phap: sir dung ham s, bat dang thic, ...
Phuwrong phdp ham sé:
- Goi mét dai lugng bién thién 1 x, tim diéu kién cta an x.
- Tinh dai lvong can tinh cuc tri theo bién x, datla f (x) .
- Khao sat ham sé f(x) dé tim GTLN, GTNN.
Sit dung bat dang thirc:
- Goi mot (hodc nhidu) dai luong bién thién 1a x (hodc (x, y,z...)), tim diéu kién cua an.
- Tinh dai lugng can tinh cuc trj theo an.
- St dung bat ding thirc dé danh gia dai lwong d6 tim GTLN, GTNN.
Mot s6 bat ddang thirc thwong ding:
Quan hé géc va canh ddi dién trong tam gidc: Trong mot tam giac canh dbi dién véi goc
16m hon thi 16n hon.
Quan hé¢ dwong xién va dwong vudng goc: Trong cac duong xién va duong vudng goc ké
tir mot diém ndm ngoai duong thang d6 thi dudng vudng goc 1a dudng ngin nhat.
Bit dfmg thirc ba diém (BPT tam giac):
+) Véi 3 diém 4, B,C batki, ta c6: |4B—BC|< AC< AB+ BC.

Tong quat: V6i n diém A, A,,..., A batkithi 44, + A, A, +..+ A _A > AA, .

n—1
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+) V&i hai vecto a,b bat ki ta ludn co: H&‘ —‘BH < ‘Zz + l;‘ < ‘Zz‘ + ‘l;‘

a,.

Tong quat: Vo1 n vecto a,,a,,...,a, batki thi ‘al +a, +...+an‘S‘al‘+‘a2‘+...+

Bit ding thirc Cauchy: V6i x, y khong 4m ta co: al ; Y > \/E .
Dau dang thirc xay ra khi x = y.
Bit dang thirc vé tich vo hwéng ciia hai vecto: Vi hai vecto a,b bt ki ta ludn co:
a5|<[al B
Diau bang xay ra khi a=kbkeR.
] N NP I 2,2,
Vi du 38. Trong khong gian Oxyz, cho diém M 5;7;0 va mat cau (S) XT+y 4+z°=8.
Puong thang d thay doi, di qua diém M, cit mat cau (S) tai hai diém phan biét 4, B. Tinh dién

tich 16n nhat S cuia tam gidc OAB.

A. S=47. B.S=4. C.S=217. D. S=22.
Loi giai
Chon A

Mit cau (S) c6 tam O =(0;0;0), ban kinh R =2+/2..

Tacé OM =1= M nam trong mit cau. Goi / 1a trung diém AB = OI 1 AB.

bat x=0I <OM = 0<x<1.

Khi d6 S,,,; =%OI.AB = OINR* -0 =x\8—x* = f(x).

' 2(4_x2) s 1a - A ‘n
=f (x) = W(O <x< 1), ta c6 bang bién thién
x 0 1
f(x) *
f(x) V7
0

Vay maxS,,,, =~/7 khi Ol =1 hay I =M.
Vi du 39. Trong khong gian v6i hé toa dd Oxyz, cho 4(0;0;3), B(0;3;3) va dudng thing

A: % = % = % Goi M (a;b;c) la diém nam trén dudng thang A sao cho MA+MB dat gia tri nho

nhit. Tinh T=a—b+c.

A. 3. B c.2. D>
2 2

1
. 5 .
Loi giai
Chon D
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Diém M nim trén dudng thing A nén M (£;¢;¢)
Ta co:
MA+MB =J(0=1) +(0=1) +(3=1)" +(0—1) +(3=1) +(3—1)

=\/§(\/t2—2t+3+\/t2—4t+6)

Pat f (1) = —20+3 4+ —41+6, teR.(¥)

Tacod: f'(t)= el 122
Ji=17+2 J(t-2) +2
— 2—
PR el B (2-1)
Je=17+2 2=y +2
bit g(u)= ,uelR.
( ) u +2
Ta co g'(u)=#>0,Vu.
2 3
(u +2)

Do viy f'(t)=0<:>g(t—l)zg(2—t)<:>t—1=2—t<:>t=%.

Bang bién thién:

400

o] w

-

/(1) -

f(1) - \ : / -

T BBT suy ra gia tri nho nhat cia MA+ MB1a 33 dat duogc tai ¢ =% thc M (%,%,%j

=a-b+c =§.

2
Nhan xét:
+) Bén canh viéc str dung phuong phap ham sb dé danh gia biéu thirc f (¢) tacod thé sur
dung bat dang thuc sau:

Ja +b* et +d > \/(a+c)2 +(b+d)2

Dau dang thtc xay ra khi ad = bc.
Taco: f(t)= \/(t—1)2 +(v2) +\/(2—z)2 +(\2) = \/(z—1+2—z)2 +(242) =3

Dau dang thirc xay ra khi (t—l)ﬁ=(2—t)\/5®t=%.

+) Céu hoi nay c6 thé dién dat bang cach khac. D6 la: Tim diém M thude A sao cho chu vi
tam gidc MAB 13 nho nhat.

Vi du 40. Trong khong gian véi hé toa d§ Oxyz, cho ba diém P,O,R lan luot di dong trén ba truc

1 1 1 . . .
+ + =—. Biét mat phang ( POR) ludn tiép xuc véi
OP> 0Q° OR* 8 A prang ( Q ) P

toa d0 Ox, Oy, Oz sao cho
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N | —

mit cau (S)co dinh. Pudng thang d thay déi nhung ludn di qua M (

diém 4,B phan biét. Dién tich 16n nhét cia tam giac AOB la
A IS, B. 5. C. V17.
Loi gidi
Chon D
Goi H 14 hinh chiéu vuéng géc ctia diém O trén mit phing (PQOR).
R S suy ra
OH®* OP* 0Q* OR’ OH’
Khi d6 suy ra mit phang (POR)luén tiép xtic v6i mit cau (§) tim O, ban kinh R = 2.

;?;OJ va cit (S)tai hai
D. 7.

D@ thay

=% hay OH =242 .

Tacod OM = %+%+0 =1<R néndiém M nam trong mit cau (S).

Goi I 1a trung diém caa 4B, do tam gidc OAB cantai O nén S,,,, :%OI.AB.

Pit Ol =x,vi OT<OM nén 0<x<1 va AB=28—x".

Taco S, =%x.2\/8—x2 = xv/8—x? =/8x* —x* .
Xéthams6 f(x)=8x"—x* véi 0<x<I.
Co f'(x)=16x—4x" =4x(4-x*)>0 véimoi xe(0:1] = f(x)<f(1)=7.

Suy ra dién tich ctia tam gidc OAB 16n nhat bang J7 dat dugc khi M 1a trung diém cua
AB.

Ciach2. S,,, = %OI.AB =xv/8—x> =/8x* —x" = \/7x2 +x (1-x?) <47 voi vxe(0:1].

Vi du 41. (Pai hoc Hong Pirc —~Thanh Héa 2019) Trong khong gian véi hé toa dd Oxyz , cho
A(-3;1;1), B(5;1;1) va hai mat phang (P):x+2y+z-4=0,(0):—x+y+z-1=0.Goi
M (a;b;c) 1a diém nam trén hai mit phang (P) va (Q) sao cho MA+ MB dat gia tri nho nhat.
Tinh T =a’ +b* +c*.

A. 5. B. 29. C. 13. D. 3.
Loi giai
Chon D

Tur gia thiét ta c6 M thue giao tuyén d clia hai mit phang (P) va (Q).
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Mit phang (P) c6 mt vecto phap tuyén 1d np =(1;2;1). Mit phang (Q) c6 mot vecto
phép tuyén 1a no =(~1;1;1). Khi d6 dudng thing d di qua N(1;1;1) va c6 mot vecto

x=1+t¢
chi phuong 13 ug =[ﬁp,ﬁg] =(1;-2;3) nén c6 phuong trinh tham s6 1a d:{y=1-2¢
z=1+3¢

suy ra M (1+¢;1-2¢;1+3¢).

MA+ MB :\/(t+4)2 +4¢2 +9¢2 +\/(t—4)2 +4¢2 +9¢2

— 1472 +81 +16 +/141* -8t +16

Bai toan tr¢ thanh tim gia tri nho nhat ciia ham so

f(£) =147 +81 +16 +/14> ~81+16 :\/ﬁsz +gt+%+\/t2 —gt+ﬂ

Koo (1) =T ] i+ sy a0y 18, (4] [ 5] 5T

Dau bang xay ra khi va chi khi hai vecto u ova v cung hudéng hay

t 2 2

+i

7 _A1 _
3_1_i>0:>t 0.
7 J7

Do d6 M (1;1;1). Vay T=a’ +b* +¢* =3.

Vi du 42. (THPT Québc gia 2018 — 101) Trong khong gian véi hé toa do Oxyz, cho mit cau ()
cO tam 1(—2;1;2) va di qua diém A(l;—2;—1). Xét cac diém B,C,D thudc (S) sao cho
AB, AC, AD d6i mot vudng goc voi nhau. Thé tich cua khdi ter dién ABCD cb gia tri 16n nhat
bang
A.72. B.216. C. 108. D.36.
Loi giai
Chon D
bat AB=a,AC=b,AD=c.
AB, AC, AD d6i mét vudbng goc v6i nhau nén ta cé thé coi tir dién vuéng ABCD 1a mot
phan cuia hinh hop chir nhat ABEC.DMNP i tiép mit cau (S) (hinh v&).
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D P

M —+

\
N/
-

Tacé: a’ +b” +c* =4R*.
XetV,pep = %abc .
Ap dung bét dang thirc Cauchy cho 3 s6 duong a?;b%;¢? ta dugc:

3 3
a’+b* +c* >3Ra’h’? < a’h’c’ <(a2+b2+02] =[4R2]
B B 3 3

, (4R*Y 43
Suy ra (6V 5cp ) S( 3 J <:>VSR3.2—7.

Véi R =14 =33 . Vay thé tich 16n nhét cia tir dién 4BCD 1a36khi a=b=c.
Vi du 43. (Chuyén Lé Hong Phong-Nam Pinh) Trong khong gian v6i hé toa d6 Oxyz, cho ba
diém A(a;0;0),B(0;0;0),C(0;0;¢) v6i a,b,c 1acac s6 thyc dwong thay ddi tiy ¥ sao cho

a*+b* +¢* =3. Khoang cich tir O dén mit phing (ABC) 16n nhét bang

A. 1 B.3 C. L D. 1
; 5
Loi giai
Chgn C
Vi OA, OB, OC d6i mgt vuong goéc voi nhau= 12 ! > ! ~+—— V6i d la khodng
d® 04 OB ocC
cach tir diém O dén mat phang (ABC). Suy ra%=%+b%+%2 .
[ A, a2 , X’ (x+y+z) - .
Ap dung bat dang thirc Cauchy-Schwarz : r 2 vol a,b,c>0 ;tacd
a b c a+b+c
I 1 1 1 9
—=—t5t52—5—7F5=3 :>d>—
d> & b S a+b+ NE)

Piang thirc xay rakhi a=b=c.
Vay khoang cach tir O dén mt phing (ABC) lon nhét bang %
I11. H¢ thong cAu héi on tap:
Cau1l: (Viét Pirc Ha Noi 2019) Trong hé truc toa dd Oxyz, mit phang (P) di qua diém

A(1;7;2) va cach M (-2;4;—1) modt khoang 16n nhét c6 phuong trinh l1a

A. (P):3x+3y+3z—10=0. B. (P):x+y+z—1:0.

C.(P):x+y+z-10=0. D. (P):x+y+z+10=0.
Loi giai

Chon C.
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Ta c6:d (M,(P))<MA
Nén d (M ,(P))mx = MA khi 4 1a hinh chiéu cia M trén mit phang (P).
Suyra AM L (P)= AM =(-3;-3;~3) la vecto phap tuyén ciia (P).
(P) diqua A4(1;7;2) vanhan AM =(-3;—3;-3) la vecto phap tuyén nén c6 phuong
trinh —3(x—l)—3(y—7)—3(z—2) =0 x+y+z-10=0.
Trong khong gian v6i hé toa dd Oxyz, cho diém A(2;-1; 1). Phuong trinh mét phing
(P) diqua diém A va cach gdc toa 6 O mot khoang 16n nhét 1a:
A 2x—y+z+6=0. B.2x—y+z-6=0. C.2x+y+z-6=0. D.
2x+y-z-6=0.

Hudng dan giai
Chon B.

0]

-\

H y
P

Goi H 1a hinh chiéu ciia 4 1én mat phang (P . Suy ra khoang cach tir O dén mat phang

(P) chinh la OH . Phuong trinh mit phiang (P) di qua diém A va cach goc toa do O
mot khoang 16n nhat khi H = 4 hay O4 L (P).
Phuong trinh mat phing (P) di qua diém A va nhan O4=(2; —1; 1) lam mot vecto

phap tuyén: 2(x—2)—1(y+1)+1(z-1)=0 hay 2x—y+z-6=0.

Trong khong gian véi hé toa d0 Oxyz, cho hai dudng thang d

x-1_ y+2 =z
1 1

x+2_y-l_ % Phuong trinh mit phang (P)chita (d,) sao cho géc giita (P) va

d,:
) -1

dudng thing (d,) 1a 16n nhatla: ax—y+cz+d =0. Gid trj clia biéu thic T =a+c+d

bang
13
A. T=0. B. T=3. C.T:—?. D.7T=-6.
Loi giai
Chon B

Gia str d, co6 vecto chi phuong 171 , d, co vecto chi phuong LTZ
Trudc hét ta xét trudmg hop d, va d, chéo nhau.
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i (P)
Goi M 1a mot diém nao do6 thude d, , dung duong thang qua M va song song voi d,.

Lay diém A cb dinh trén duong thang 6. Goi H 1a hinh chiéu cia A4 1én mit phang P
, K 1a hinh chiéu ciia 4 1én dudng thang d, .
Géc gitta mit phing (P) va duong thang d, 1a AMH .

AH _ AK

Ta c6 sin(cﬁ):sin(@)zwsw (do AH < AK). Goc (d;, P) 16m nhét khi

sin(cg,\f’) 16n nhat. Do % khong doi suy ra sin(cz,\P) l6n nhat H =K .

Mit phang (P) can tim 1a mat phang chira d, va vudng goc voi mat phang (AKM ) ,
hay vecto phap tuyén ciia (P) vuéng goc v6i hai vecto u, va [LT],Z] .

Nén ta chon vecto phap tuyén ctia (P) la a;) = [Z,[JI,LZH .

Truong hop d, va d, catnhau tai M , bai toan giai twong ty nhu trén. Két luan khong
thay ddi: vecto phap tuyén cua (P) la % = [Z,[Z,Zﬂ .

Ap dung vao bai 45 ta ¢6 u, =(1;2;-1); u, = (2;-1;2).

= (w30, |=(3:-455) = ny = w330, || =(-14:2:-10) = 2(7:-15)..

Mit phang (P) chtta d, nén mdt phang (P) di qua diém A(1;-2;0) .

Phuong trinh mt phang (P):7x-y+5z-9=0.Suyra a+c+d =7+5-9=3.

(THPT HAI HAU A-2018) Mit phing (P) di qua hai diém 4(1;2;-1), B(2;1;3) va

tao véi truc Ox mot goc 16n nhat. Diém nao sau day thude mét phing (P)?

A. M(2;-T7:1). B. N(-2;7;1). C. E(27;-1). D. F(2;7;1).
Loi giai

Chon C.

Goc 16n nhét tao boi dudng thang va mat phang 1a goc vudng suy ra mit phang dang xét

vuong goc voi truc Ox .
Do do VTPT ca (P) la n=| 4B,i |=(0;41).
Vay phuong trinh mit phang (P): 4y+z-7=0. Diém thuoc mit phing (P) la

E(2;7;-1).
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Trong khong gian voi hé truc toa d0 Oxyz, goi (P) 1a mit phing chira dudng thing

-1 +2 . L A . A -2 \ A A
d :xT =2 " = iZ va tao véi truc Oy goce cd s6 do 16n nhat. Diém nao sau day thudc

mit phang (P)

A. E(-3;0;4). B. M (3;0;2). C. N(-1;-2;-1). D. F(1;2;1).
Loi giai

Chon C

Cach 1:

Puong thang d qua diém M (1;-2;0), c6 véc to chi phuong a= (1;-1;=2) vatruc Oy
c6 véc to chi phuong ; =(0;1;0).

Goi n=(4;B;C) (4> + B +C* #0) 1a mot véc to phap tuyén cta mit phang (P).
Videc(P)=an=0=1A4+(-1).B+(-2).C=0< A=B+2C =n=(B+2C;B;C).

Goi ¢ 1a goc giita mat phang (P) va truc Oy (0 <p< %j .

n- 8 ) J 5

-7 T JBr20y 1B +C7 V2B +4BC+5C

Taco sing =

1 1
- | C CZZIczzé(Bio)'
2+4.(j+5(j 5(+] +—
B B B 5 5
Vi ham s6 sin @ tang lién tuc trén (0;%] nén ¢ dat gia tri 16n nhat khi sing 16n nhét

2

Licdo 5| S+2] +8 dat gia tri nho nhét bang S hiva chikni $+220.

B 5 5 5 B 5
Chon B=5=C=-2; A=1=n=(1;5;-2).
Phuong trinh mit phang (P) qua diém M (1;—2;0), c6 véc to phap tuyén n= 1;5;-2)
lal.(x-D+5.(y+2)-2(z-0)=0=x+5y-22z+9=0.
Thé toa 40 N(-1;—2;—1) vao phuong trinh mit phing (P): —1+5(-2)—2(-1)+9=0
(luén dung). 7
Vay diem N(-1;—-2;—-1)thudc mat phing (P).
Céach 2:
Xét bai todn tong quat: Cho hai duong thang A ,A, phan bi¢t va khong song song véi
nhau. Viét phuong trinh mit phing (P) chira duong thang A, va tao véi A, mot goc 16n
nhit.
Phwong phap gidi: ﬂ
+) V& mot duong thang A, bat ky song song voi A, vacat A, tai M . Goi B la diém co
dinh trén A, va H 14 hinh chiéu vudng goc caa B
lenmp (P),ké BA LA,

=

+) (A,,(P))=BMH . N
sin BMH =B < B4 \pong dbi As
BM ~ BM \
Suy ra BMH 16n nhatkhi H = 4 Sl
A
Aq M
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Khi d6 BMH = (m) va (P)chira A va vudng goc v6i mat phang (ALA,).
Vay (P) o6 VIPT Ia: [[u,u, |, |
Ap dung:
u, = (1,-1;-2); = (0;1;0), n= [[Z,}],Z} =(1;5;-2). Phuong trinh mat phing (P)
qua diém M (1;—2;0), c6 véc to phap tuyén n= L5-2)1a x+5y—-2z+9=0
Vay diém N(—1;—2;—1)thudc mat phang (P).
(THTT S6 4-487 thang 1 nim 2017-2018) Trong khong gian voi hé toa 46 Oxyz cho

x=t
diém A(3;2;-1) va duong thang d:{y=¢ . Viét phuong trinh mit phang (P) chira
z=1+t¢

d sao cho khoang cach tir 4 dén (P) lalén nhat.

A. 2x+y-3z+3=0. B. x+2y-z-1=0.
C.3x+2y-z+1=0. D. 2x-y-3z+3=0.
Loi giai
Chon A.
A

+ d qua MO(O;O;I) c6 vecto chi phuong u :(1;1;1).

+Goi H, K lan luot 1 hinh chiéu cia 4 1én (P) va d . Taco:
d(A,(P))=AH < AK .

Ping thirc xay ra khi va chi khi H =K .

Do do d(A,(P)) _=4K . Khid6 (P) di M,(0;0;1) nhan AK 1am vecto phép tuyén.

+ K ed nén K(t,t,1+1) va Rz(l—3;t—2;t+2). Ta co:
AK Lii < AKii =0 < 1.(1-3)+1.(t-2)+1.(t+2) =0t =1.
Suy ra: A_[fz(—2;—1;3).

Vay (P):—2(x-0)-1.(y-0)+3.(z-1)=0 < 2x+y—-3z+3=0.
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Cau 7:

Cau 8:

(SO GD-PT THANH HOA-2018) Trong khong gian vé6i hé toa dd Oxyz cho diém

1 y-1 z-1
==

phang di qua diém 4, song song v6i dudng thang (d ) va khoang cach tir duong thing

. Goi (P) la mat

A(2;-1;-2) va duong thang (d) c6 phuong trinh xl_

d t6i mdt phang (P) 1a 16n nhat. Khi d6 mit phang (P) vudng géc véi mit phang ndo

sau day?
A. . x-y-6=0. B. x+3y+2z+10=0.
C. x-2y-3z-1=0. D. 3x+z+2=0.
Loi giai
Chon D.
K (d)
L"ﬂ

A

Goi K (x; y;z) 13 hinh chiéu vuong goc cia A4 1én d. Toa dd cia K la nghiém cua hé
—x+1l=y-1 [x=1
y—l=—z+1 <{y=1 :>K(1;1;1).
x—=y+z-1=0|z=1
Ta co d((d),(P)) = d(K,(P)) = KH < KA =+/14 . Nén khoang cach tir d dén (P) dat
gi4 tri 16n nhét bng /14 khi mit phing (P) qua A4 va vudng goc voi KA. Khi do co
thé chon VTPT ciia (P) 1a KA . Vay (P) vuéng gbéc véi mat phang A'.
(SGD Quiang Nam — nam 2017 — 2018) Trong khong gian v6i hé toa do Oxyz, cho

1 y+1 z-

1 3 va diém AL 3;1)

mit phing (P):x+y—4z=0, dudng thing d : x2_

thudc mit phang (P). Goi A la duong thang di qua 4, ndm trong mat phing (P) va
cach duong théng d mot khoang cach 16n nhat. Goi ﬁz(a; b; 1) la mét véc to chi

phuong cua duong thang A. Tinh a+2b.

A. a+2b=-3. B. a+2b=0. C.a+2b=4. D. a+2b="7.
Loi giai

Chon A.
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(P)

Dudng thang d di qua M (1; —1; 3) va c6 véc to chi phuong u, =(2; —1; 1).

Nhan xétrang, A¢d va d N(P)=1(-7;3-1).

Goi (Q) 1a mat phing chta d va song song v6i A. Khi d6
d(.d)=d(A(0))=d(4(2))-

Goi H, K lan lugt 13 hinh chiéu vuong goc ciia 4 1én (Q) vad.Tacd AH < AK .
Do d6, d(A,d) 16n nhit < d(4,(Q)) lén nhat < AH,, < H=K.Suyra AH
chinh 1a doan vudng goc chung ciia d va A.

Mit phang (R) chtra 4 va d c6 véc to phap tuyén 1a % = [W,Lﬂ =(-2;4;8).

Mit phang (Q) chra d va vudng goc voi (R) nén co véc to phap tuyén la

_—

Moy =| Mo | =(12: 18; —6).

Puong thang A chira trong mat phang (P) va song song voi mit phang (Q) nén co

véc to chi phuong I u = n,),n, | =(66; —42; 6) =6(11; = 7; 1).
Suyra, a=11;b=-7.Vay a+2b=-3.
x=1+42¢
Trong khong gian Oxyz, cho diém A4(2;1;1) va dudng thang d:{y =1 . Mit phing
z=-2—t
(P) chira duong thang d sao cho khoang céch tir diém 4 dén (P) 16n nhat c6 phuong
trinh 1a

A x+2y+4z+7=0. B. 4x-7y+z-2=0.
C.4x-5y+3z+2=0. D. x+y+3z+5=0.
Loi giai
Chon D.
A

Goi H la hinh chiéu ciia 4 trén d; K 1a hinh chiéu cia 4 trén (P)

Trang 37



Cau 10:

Cau 11:

Taco d(4;(P))=AK< AH (khong dbi)

= d(4;(P)) l6nnhatkhi K=H .

Vi H ed nén H(1+2t;6,-2-1).

Tacod AH =(2t-1;t-1;,-3-1).

Duong thang d cd vecto chi phuong i = (2;1;,-1)

<y
Il
()]
0

Vi H la  hinh  chiéu cla A trén d nén A
2(2t-1)+1(t—1)+(3+1)=0=1=0.

Vay H =(L0;-2) = 4H = (-1~ 1;-3).

Mit phing (P) qua H va vudng géc véi AH nén (P) c6 phuong trinh
x+y+3z+5=0.

Trong khong gian Oxyz, cho diém M (1;2;3). Mit phang (P):x+Ay+Bz+C=0

chira truc Oz va cach diém M mot khoang 16n nhat, khi d6 tong 4+ B+ C bang
A. 6. B. -3. C.3. D.2.

Loi gisi
Chon D
Vi (P) chira truc Oz nén ludn cé d (M;(P))<d(M;0z).
Suy ra d (M,(P)) dat gid tri 16n nhit bang d(M;0z)=MH ,véi H 1a hinh chiéu cua
M tréntruc Oz.
D& co H(0;0;3). Vay (P) diqua H(0;0;3), c6 véc to phap tuyén ]\71—7(—1;—2;0).
(P):—x—2y=0<:>x+2y=0:>A=2;B=C=O:A+B+C=2.
(THPT Quynh Lwu 1 — Nghé An — Lan 2 niim 2017 — 2018) Trong khong gian v&i hé
truc toa do (Oxyz), cho mat cau (S): (x—l)2 +(y—2)2 +(z—3)2 =9, diém A(0; 0; 2)
. Phuong trinh mit phing (P) di qua 4 va cit mit cau (S) theo thiét dién 1a hinh tron

(C)cé dién tich nho nhét la

A (P):x+2y+3z+6=0. B. (P):x+2y+z-2=0.

C. (P):x—2y+z—6=0. D. (P):3x+2y+2z—4=0.
Loi gidi

Chon B.

Mat ciu (S):(x—1)" +(y-2)"+(z-3) =9 co tam 7(1;2;3), ban kinh R=3.
IA=+6 <R nén 4 nim trong mit cau.

Goi r 1a ban kinh duong tron thiét dién, ta co r = \/m .

Trong d6 & 1a khoang céch tir I dén (P).

Dién tich thiét dién 1a 7> =7 (R —h*) 2 7(R*~14*) (Do h<IA).

Vay dién tich hinh tron (C) dat nho nhét khi /= 14. Khi d6 4 1a véc to phap tuyén
cua (P).

Phuong trinh mat phang (P) 1a 1(x—0)+2(y-0)+(z-2)=0 < x+2y+z-2=0.
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Cau12: Trong khong gian Oxyz, cho hai diém A(1;2;4), B(0;0;1) va mit cau
(8):(x+1)" +(y—1)" +2*=4. Mat phing (P):ax+hy+cz+3=0 diqua 4, B va cit
mit cau (S) theo giao tuyén la mot dudng tron cé ban kinh nho nhat. Tinh T=a+b+c

3 33 27 31

A T=->. B.T=22. Cc.T==". D. T=".
4 5 4 5

Loi giai
Chon A.
Mit cau (S) c6 tim 7(-1;1;0) va ban kinh R=2.
Duong thing 4B di qua diém B, c6 mét VTCP la BA=(1;2;3)=
x=t
AB:y=2t (IGR)
z=1+3¢
IB=(1;-1;1) = IB =B<R = (P) ludn cit mat cau (S) theo giao tuyén la duong
tron (C)
(C) c6 ban kinh nh6 nhat <> d(1,(P)) 16n nhat.
Goi H, K lan lugt 1 hinh chiéu vudng géc cta 7 1én (P) va 4B, ta co:
d(1,(P))=1H <IK
Do d6 d(],(P)) 16n nhat <> H = K hay mit phang (P) vudng géc véi IK
Tim K :K € AB= K (£;2;1+3t) = IK = (¢ + 1,2t~ ;3¢ +1)

Tacod IKJ_AB<:>I‘IE.ZZ-?=0<:>t=—%:R(é;—g;i):%(@—%ﬂ
Mit phang (P) di qua B(0;0;1), c6 mot VIPT la n = (6;-9;4)
:>(P):6x—9y+4z—4=0<:>—%x+%y—32+3=0.Véy Tz—%.

Céu 13: Trong khong gian Oxyz, cho diém A(2;—;3;4), dudng thing d :xT—lzy_-i-2:£ va

mit cau (§):(x—3)" +(y—2)"+(z+1)" =20. Mit phing (P) chira duong thing d
thoa man khodng cach tir diém 4 dén (P) 16n nhat. Mt cau (S) cat (P) theo dudng
tron ¢ ban kinh bang

A 5. B. 1. C. 4. D. 2.

Loi giai
Chon D
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Cau 14:

Ta co: B

d diqua M (1;,-2;0) vaco VTCP u, =(2;1;2).

(S) cotam 7(3;2;-1) vaban kinh R =245 .

Ta c6: d(A;(P))S d(A4;d).Dau “="xay rakhi (P) chtra d va vudng géc véi AK .
Khi d6: (P) ¢6 VTPT la np = i, s |.

Vi ngan = a, AM | =(=6,6;3) = np = (9;18;-18) =9(1;2;-2).
:>(P):(x—1)+2(y+2)—2z=0 :(P):x+2y—2z+3=0.

Tacod: d = d([;(P)) =4.

Vay ban kinh dudng tron can tim: = \/fdz =20-16=2.

(THPT Chuyén Lam Son-Thanh Héa-lan 2 nim 2017-2018) Trong khong gian véi
hé toa d0 Oxyz, cho mit cau (S):(x—l)2 +(y—2)2 +(z—3>)2 =16 va cac diém
A(1;0;2), B(-1;2;2). Goi (P) 1a mat phing di qua hai diém 4, B sao cho thiét dién
cia (P) v6i mit cau (S) c6 dién tich nho nhat. Khi viét phuong trinh (P) duéi dang

(P):ax+by+cz+3=0.Tinh T =a+b+c.

A. 3. B. 3. C.0. D. 2.
Loi giai

Chon B.

Miit cau c6 tam 7(1;2;3) bankinhla R=4.
Taco A, B nam trong mat cAu. Goi K 1 hinh chiéu cua I trén AB va H 1a hinh

chi€u cua I 1én thiét dién.
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Cau 15:

Ta cé dién tich thiét dién bang S = 77" = 7(R*~IH*). Do d6 dién tich thiét di¢n nho
nhat khi /H 16nnhat. Ma IH < IK suy ra (P) qua 4,B va vudng goc véi IK .

Tacd I4=1IB=+/5 suyra K 1a trung diém cia 4B . Vay K(0;1;2) va KI = (LL1).
Vay (P):(x—1)+y+(z-2)=0< —x—y—z+3=0.

Vay T =-3.

(Chu Vian An - Ha Ngi - 2019) Trong khong gian véi h¢ truc toa d0 Oxyz , cho mat
phang (P):x—y+2z=0.Phuong trinh mit phing (Q) chira truc hoanh va tao véi (P)
mot goc nho nhat 1a
A. y-2z=0. B. y-z=0. C.2y+z=0. D. x+z=0.

Loi giai
Chon A

G

Chung minh goc giita (P) va (Q) bé nhét 1a goc giita Ox va (P).

Gia sit (Q) =(AKI). Taco ((P),(Q))= 4KI, (Ox,(P))= AIH

Xét AAHI,AAHK la tam giac vudng chung canh AH.

AIHK,K =90° = HK < HI = KAH < IAH <> 90°— AKH <90°— AIH = AKH > AIH
Ox ¢6 VTCP i (1;0;0)

(P) ¢6 VTPT 7, =(1;-1;2)

Géc gitta Ox va mit phang (P) 1a « : sina = ‘:'nf‘ L
Ll e

Goc gitra (Q) va mit phang (P) thoa: cosa = ‘?P'nf‘ =+/1-sin’a zﬁ.
|nP|.‘nQ‘ 6

Phuong trinh mit phiang (Q): By +Cz=0

-B+2C] 5 e 5
Ta c6. —ruczﬁ_%@kmzq_\/w +5C

< 4B*+4BC+C*=0=C=-2B
ChonB=1,C=-2.
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Cau 16:

Cau 17:

x+1 y-1 z-2

Trong khong gian Oxyz, cho dudng thing d : 5 R Goi (&)la mat

phang chita dudng thing d va tao véi mat phang (Oxy)mot gée nhé nhat. Khoang cach

tir M (0;3;—4) dén mit phang () bang

A. \30. B. 26 C. \20. D. \35.
Loi giai
Chon A

C6 géc tao boi dudng thing d va mit phing (Oxy) 1a (d;(Oxy))

goc tao boi mit phang (o) va mét phang (Oxy) 1a (( ):(Oxy)).

Tocs <’<\>> ((@:(0w) = (@:(0w),,, = (d:0w)=((@):(0w))
V30

6

) bkl |
s1n — ——:> cos(d (a)) =
VTR

Goi VTPT cia () la n—(a;b;c),a2+b2+02 #0
Vidc(a)uln=2a-b-c=0=c=2a-b

A pa o

‘ Hk‘ \/a +b* + 2a—b)2 6
& 36(4a” —4ab+b*)=30(5a" —4ab+2b" )

cos Oxy

& 64’ +24ab+24b> =0 = 6(a+2b) =0 = a=-2b
Chonn=(2;-1;5).
Vay(a) diqua 4(-1;1;2)ed vaco VIPT n=(2;-1;5) = (a):2x—y+5z-7=0.

30
(M(anzﬁz‘/%'

(THPT Chuyén Hoang Van Thu-Hoa Binh nam 2017-2018) Trong khong gian

Oxyz, cho hai diém A(-1;2;1), B(1;2;-3) va dudng thang d : XTszT_Szil. Tim

vecto chi phuong u clia duong thang A di qua diém A4 va vudng goc voi d dong thoi

cach B mot khoang 16n nhét.

A u=(4-32). B.u=(20-4).  Cou=(22-1).  D.u=(L02).
Loi giai

Chon A.

Tacd AB=(2;-0;-4), u, =(2;2;-1).

Goi H 14 hinh chiéu vudng géc ctia B 1én A, lic d6 d (B,A)=BH < BA.

Do d6 d(B,A) lénnhétkhi H=A4=>A1ld va AL AB.
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Cau 18:

Cau 19:

Ta c6 VTCP cta A la u, =| AB;u, |=(8-6;4). Do d6 chon u=(4;-3;2) la VTCP
cua A.
Trong khong gian v6i hé toa d Oxyz, cho hai diém M (-2;-2;1), A(1;2;-3) va dudng

thang d :XTH = yT—S = il . Tim mét vecto chi phuong i  ciia dudng thang A di qua

M , vudng goc voi duong thang d dong thoi cach diém A mot khoang bé nhat.

A. i =(2;2;-1). B. i =(1;7;-1). C.i=(1;0;2). D.
i =(3;4;-4)
Loi gidi
Chon C
Ai
d

Xét (P) la mit phang qua M va (P)Ld.

Mit phéng (P) qua M(—2;—2;1) va c6 vecto phap tuyén ﬁ; =1Td =(2;2;—1) nén co

phuong trinh: (P):2x+2y—-z+9=0.

Goi H, K lan luot 1a hinh chiéu cia 4 1én (P) va A. Khi d6: AK > AH = const nén

AKmin

khi va chi khi K = H . Puong thaing 4H di qua A(1,2,—3) va c6 vecto chi phuong
x=1+2¢

u, =(2;2;-1) nén AH cd phuong trinh tham s: { y =2+2¢.
z=-3—t

Vi H e AH = H (1426;2+26,-3 1)

Lai H e(P)=2(1+2t)+2(2+2t)—(-3-t)+9=0=>1=-2= H(-3;-2;-1).

Vay u=HM =(1;0;2).

Trong khong gian v6i hé toa dd Oxyz, cho hai diém A(-3;0;1), B(I;-1;3) va mit

phang (P):x—2y+2z-5=0. Viét phuong trinh chinh tic clia duong thang d di qua

A, song song v6i mit phang (P) sao cho khoang céch tir B dén d nho nhat.

A.d:x+3=l=2_1_ B.d:x+3= y :z—l.
- 26 11 =2 26 -11
g X3y 271 p.g: X3 -y _z271
26 11 2 -26 11 =2
Loi giai
Chon A
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Cau 20:

L=
A /

Ta thay rang d di qua 4 va d song song véi (P) nén d ludn nim trong mit phing

(Q) qua 4 va (Q) // (P). Nhu vy bay gio ta chuyén vé xét trong mit phang (Q) dé

thay thé cho (P). Ta lap duoc phuong trinh mét phing (Q):x-2y-2z+1=0.

Goi H,K lan luot 13 hinh chiéu cua B 1én (0) va d. Ta tim duoc H(—é;%;g}. Ta

ludn c6 duoc bat dang thuc d (B;d ) = BK > BH nén khoang cach tir B dén d bé nhat

bang BH .
Puong thang d bay gio di qua 4, H nén c6 phuong trinh x2_+63 = % == _21 .
(KENH TRUYEN HINH GIAO DUC QUOC GIA VTV7 -2019) Trong khong gian

x=-1-2¢
v6i hé toa d0 Oxyz, cho dudng thiang d co phuong trinh {y =t va diém
z=1+¢
A(1;2;3). Mat phing (P) chira d sao cho d(A,(P)) 16n nhét. Khi d6 toa do vecto
phap tuyén ciia mit phing (P) 1a
A. (1;151). B. (1;2;3). C. (1;-1;1). D. (0;1;1).
Loi gidi
Chon A
Goi H 1a hinh chiéu vuéng goc cta A trén (P) va K1a hinh chiéu vuéng goc cia A

trén d .
Taco: d(A4,(P))=AH < AK .

Suy ra: d(A,(P)) 16n nhat bang AK khi va chi khi A tring K .

Khi d6 toa d vecto phép tuyén ctia mit phing (P) la: AK .

Lay K(-1-2t;t;1+t)ed va AK =(-2t-2;¢t-2;¢-2).

Lai co: AKa, =0 (<26 -2)(-2)+1.(t-2)+1.(t-2)=0<1=0.

Suy ra: AK =(-2;-2;-2). Vay vecto phap tuyén ciia mat phing (P) la: (1;1;1).
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Cau2l: (CHUYEN PAI HQC VINH-LAN 3-2018) Trong khong gian Oxyz, cho hai dudng

x=1+t x=2t
thing d:{y=2—t, d":{y=1+¢ . Pudng thing A cit d, d' lan luot tai cac diém A,
z=t z=2+t

B théa man d¢ dai doan thang 4B nho nhat. Phuong trinh duong thiang A 1a

A.x—lzy—2:i' B.x—4:l=z—2'
-2 1 3 -2 -1 3
c. y—3:z+1' D. x—2:y—1=z—1
2 -1 =3 -2 1 3
Loi giai
Chon D.
And =A(1+6;2-1;1), And = B(2651+152+1').
ABu=0 (20 —t—-1—t'—t+141'=1+2=0 w-3=—2 |r=1
. = = = 2.
ABu' =0 A" =2t -2+t"+t—1+1t'—-1+2=0 or'-2t=1 -

- 13
S A(2;1;1), AB=| -1;—;=
uy ra A( ) ( : 2)

AB ngan nhat khi va chi khi 4B 1a doan vudng goc chung cta d, d'.

Vay A diqua 4(2;1;1) c6 vecto chi phuong u=2AB= (-2;1;3)

x=2 y-1 z-1

21 3 ‘

Cau 22: (THPT Chuyén Thai Binh — Thai Binh — Lan 5 ndm 2017 — 2018) Trong khong gian
v6i hé toa d0 Oxyz, cho hai diém A(-3;0;1), B(L;-1;3) va mat phang

=A

(P):x—2y+2z-5=0. Viét phuong trinh chinh tic ciia duong thing d di qua 4,

song song voi mit phing (P) sao cho khodng cach tir B dén d nho nhét.

Ag: X3y =21 B.g. X3y 21
26 11 -2 26 -11 2
C.d:x+3=l=2_1. D.d:x+3=l=2_1.
26 11 2 -26 11 -2
Loi giai
Chon A.
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Ciu 23:

B

(P)

Goi mit phang (Q) 1a mat phing di qua 4 va song song v6i mit phang (P). Khi dé
phuong trinh cia mdt phaing (Q) &  1(x+3)-2(y-0)+2(z-1)=0
&S x-2y+2z+1=0.

Goi H la hinh chiéu ctia diém B 1én mit phang (Q), khi d6 dudng thang BH di qua

B(1;-1;3) va nhén i) = (,—2;2) 1am vecto chi phuong c6 phuong trinh tham s6 1a

x=1+¢
y=—1-2¢.
z=3+2¢

Vi H=BHN(Q)=>HeBH = H(1+t;,-1-2t;3+2t) va He(Q) nén ta cob

(140)=2(-1-20) 423+ 20) +1=0 1= :H(—l;ﬂ;l)

— (26 11 -2

— AH =(—6;—;—) ~Lae11-2).
9 9 9 9

Goi K 1a hinh chiéu cia B 1én dudng thang d , khi d6

Ta c6 d(B;d)=BK >BH nén khoang cach tir B dén d nho nhat khi BK = BH , do

d6 duong thang d di qua A va c6 vecto chi phuong i =(26;11;-2) c6 phuong trinh

x+3 _y _z-1

1 -2

(THPT-Phic-Trach-Ha-Tinh-1in-2-2018-2019-thi-thang-4) Trong khong gian Oxyz

chinh tic: d :

cho hai diém A(-2;-2;1), B(1;2;-3) va duong thang A:xTﬂzyT_Szil. Tim

vécto chi phuong ciia duong thang d di qua 4 vudng goc véi duong thang A dong

thoi cach diém B mot khoang cach bé nhét.

A u(2;2;-1). B. u(1;0;2). C. u(2;1;6). D.
u(25;-29;-6).

Loi giai
Chon B
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Cau 24:

* Goi (P) 1a mt phing di qua A4 va vudng gbc véi A.

Chon 7, =ii, =(2;2;-1).

= (P) c6 phuong trinh: 2(x+2)+2(y+2)-(z-1)=0<2x+2y-2z+9=0.

Khi d6 moi duong thang d di qua 4 va vudng géc A thi d ndm trong (P).

* Goi K, H lan lugt 13 hinh chiéu vudng goc cua B 1én d va (P)

Ta c6 khoang cach tir B dén d 1a BK > BH = d(B,(P)) =6.

Dau bang xay ra khi d diqua 4 va H.

 Tim A 1a hinh chiéu vuong géc ciia B trén (P)
x=1+2¢

Duong thing a di qua B(1;2;-3) va vudng géc véi (P), c6 phuong trinh: § y =2+2¢
z=-3-t

Co H=an(P) =2(1+2t)+2(2+2t)—(-3-1)+9=0=9+18=0 <t =-2
= H(-3;-2;-1) va AH = (—1;0;-2) 1a mot vécto chi phuong cia d .
Vay mot vécto chi phuong cta d 1a ;1(1;0; 2).
(THPT NINH BINH - BAC LIEU LAN 4 NAM 2019) Trong khong gian Oxyz, cho

x=2 y+l
-1 2

duong thang d : =% va diém A(2;1;2). Goi A la duong thang di qua 4,

vuong goc v6i d dong thoi khoang cach giita d va A 1a 16n nhat. Biét v=(a;b;4) 1a
mot véc- to chi phuong cua A. Tinh gia tri a+b.

A. 2. B. -8. C. 2. D. 4.
Loi giai

Goi (P) la mat phang qua A, vudng géc véi d = (P):—x+2y+z-2=0.Suyra
A C(P)

Goi I=d " (P)=I(L;5;1), ,H la hinh chiéu vudng goc ciia / 1én A.

Taco d(d;A)=1H <I4 . Dau bang xay ra khi H = 4.

Chon B

Trang 47



d c6 VICP u, =(~1;2;1), I4=(1;0;1)
Vay maxd (d,A) =14 khi A c6 1 VTCP 1a &:[Z,E]:(z;z;—z) ma v=(a;b;4) 1a 1

VTCP clia A nén v=-2u=>a=-4,b=-4 =a+b=-8.
Cau 25: Trong khong gian vdi hé truc toa d0 Oxyz, cho mit phing (P):2x+y+z-3=0 va

diém A(1;2;2). Goi M la giao diém ciia mit phang (P)va truc oy. Viét phuong trinh
duong thang d nam trong mit phang (P) , di qua M sao cho khoang cach tir diém A

dén duong thang d co gia tri 16n nhat.

A. d x_y=3_2z B.g:-X_r3_z2

1 -1 -1 1 -3 1
Cod:X-r3_=2 D.g:X-r3_ 2

2 -3 -1 1 1 -3

Loi gidi

Chon A
M =(P)noy = M (0;3;0). Goi H la chan dudng vudng goc ha tir diém A 1én duong
thang d .

Taco AH =d(A4;d). Xét trong tam gidc vudng AHM co6

AH £ AM = AH max < H=M

= d(A;d) max < AM L d . Suy ra vecto chi phuong cuta d: LTd = [ﬂi,ﬁ]
np=(2L1), AM =(-L1;-2) = u, =(-33;3)=-3(L-1;-1).
Cau 26: Trong khong gian voi hé toa 40 Oxyz, cho 2 diém A(1;4;2),B(-1;2;4) va duong

thang d :x—_I:yT”:§. Viét phuong trinh dudong thang A qua 4 cit d sao cho

khoang cach tir B dén A 1a nho nhét.

x=1-15¢ x=1-5¢ x=1+5¢ x=1+15¢
A {y=4-18t¢. B. {y=4+8¢ C.<y=4-8t. D. {y=4+18¢.
z=2-19¢ z=2-9t z=2-9t z=2-19¢
Loi giai
Chon D

Puong thing d:x_—llzyTﬂzg di qua diém M (1;-2;0) vanhén i =(-1;1;2) lam

mot véc to chi phuong.

Goi (P) 1a mit phang chita d va 4 Khidé i =(-1;1;2) va AM =(0;-6;-2) khong
cung phuong va c6 gia song song hodc chira trong (P) . Suy ra c¢6 véc to phap tuyén cua
mit phing (P) 1a 7, =[ﬁ,A—AZ]:(10;—2;6).

Phuong trinh mt phang (P):5x—y+3z-7=0

Goi K ,H lan luot 1a hinh chiéu vudng géc cua B trén (P) va A taludn cé BH > BK
,suy ra BH nho nhatkhi H trung K.
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K e
H
P A d
x=—1+5¢

Puong thang qua B vudng goc voi (P) c6 phuong trinh: (BK) ay=2—t (Z € R).

z=4+3t
Toa d6 diém K 1a nghiém ciia hé phwong trinh
2
r=—
35
x=-1+5¢ x=-1+5¢ 5
y=2-1 y=2-t Ty ( 5 68 146)
= = =>K|—;—;—|.
z=4+3¢ z=4+3t y_@ 7 35 35
Sx—y+3z=7=0  |5(-1+5t)-2+1+3(4+3t)-7=0 35
146
35
Ta co R:(—E;—B;Ej, dudng thang A di qua 4(1;4;2), nhan i, =—£A_If
7 3535 4
hay i, =(15;18;—-19) lam mét véc to chi phuong, suy ra ¢6 phuong trinh
x=1+15¢
(A):{y=4+18" ({'eR).
z=2-19¢

Cau 27: Trong khong gian v6i hé truc toa d6 Oxyz, cho mit phang (P) x+y—z+1=0, diém

7 ! 4 ,
A(1;—1;2) va dudng thing A:%=%: z 5+ Viét phuong trinh dudng thing d di

qua A song song véi (P) sao cho khoang cach giita d va A 16n nhat.

x=1+40¢ x =1+40¢
A.d:sy=—-1+29¢. B.d:qy=-1-29t.
z=2+60¢ z=2+11¢
x=1+t x=1+21¢
C.d:iy=-1+2¢. D.d:<y=-1+10¢.
z=2-3t z=2+431z
Loi giai
Chon A

Mit phing o qua 4 va song song véi (P) c6 phuong trinh: x+y—z+2=0
=dc (a).
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Cau 28:

Dudng thing A 6 viep 14 i =(2;1;,-3), (@) co viptla 7i, =(LL-1).
x=—1+2¢
Phuong trinh tham s6 ctia A:< y =¢
z=4-3t
Goi B la giao diém ciia A va o. Toa d6 diém B {mg véi ¢ 1a nghiém phuong trinh:
—1+21+t—(4—3t)+2=0(:)tzl = B(O;l;éj.
2 2°2
Xét dudng thing A, 1a duong thang di qua 4 song song voi A. Phuong trinh ciia A,
x=1+2¢
la: Jy=—1+1¢.
z=2-3¢
Goi H 1a hinh chiéu vudng goc cua B lén A = H(l+2t,—1+t,2—3t) ,

ﬁ:(nzt;z—%;—yj.

Ta cb Zﬁ.ﬁ=0<:>2+4t+t—§+9t=0 <:>t=§.

Khi d6 ﬁ=(£;L"3;ij=L(26;—43;3)=Lﬁ1.
14728 °28) 28 28
Dudng thing d c6 vecto chi phuong i, =[i,;7, | =(40;29;69).
x =1+ 40t
Phuong trinh dudng thang d :4 y = —1+29¢.
z=2+69¢

Trong khong gian Oxyz, cho duong théng d:xT_lz%zszll

va hai diém
A(1;2;3); B(~1;0;2) . Phuong trinh duong thang A di qua B, cit d sao cho khoang

cach tir 4 dén A dat gid tri 16n nhat la

x+1_lL_Z—2 B x+l_2l_z—2

31 4 T3 -1 4
C.x+1=Z:z—2' D.x+1=l=z—2'

-1 1 -1 - 8 -1 -14

Loi giai
Chon D
A
(P)

Tacé: Ced = C(1;0;-1)= BC =(2;0;-3),u, = (21;-1).
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Goi (P) 1a mit phang chira B va duong thang d . Goi H 1a hinh chiéuké tir 4 xudng
mit phang (P)va n 1a vecto phap tuyén ciia mat phang (P) = n= [R’,LTJ =(3-4;2)

Goi K 1a hinh chiéu vudng goc ké tir 4 dén dudng thing A. Suyra d (4;A) = AK .
Ta thdy AABK vudng tai K nén AK < A4B.
= AK dat gia tri 16n nhat khi K trung véi B, khi do 4K = AB.
Do do : LTA = [E‘l,ﬂ = (—8;1;14)
A . X 2 x+1 y z=2
Vay phuong trinh duong thang A: e = = = e
Cau 29: Trong khong gian Oxyz cho mit phang (P):2x—y+2z-6=0 va hai diém
A(5;-2;6),B(3;-2;1). Tim diém M thudc (P) sao cho:
Cau 30: 1. MA+MB nho nhét
WEREIRN
11" 1111

w(-2214)
111111

M(E;_ﬂ;ij . &M(ﬂ;_ﬁ;i)
11" 1111 11" 1111
Cau31: 2. |MA-MB]| 16n nhat
A. M(E;—Z—éj. B. M(E;—é;—2j.
7 7 77
C. M(ﬂ;—i;z). D.M(—§;1—7;—2J.
77 77

Loi giai.

Chon 1.1.D ; 1.2.A.
Mt phing (P) ¢6 np = (2,-1;2) 1a VTPT
Thay toa do hai diém A, B vao vé trai phuong trinh cta (P) ta dugc 18 va 4 nén hai
diém A, B nam vé ciing mot phia so v6i (P).

Cau 32: 1.Goi A' 1a diém ddi ximg voi A qua (P), khidé A' va B & khac phia so voi (P) va

v6i moi diém M e (P),tacé MA = MA".

Do d6 VM € (P): MA+MB=A'M +MB> A'B,ma A'B khong doi va dang thirc xay
rakhi M = A'B~(P),suyra MA + MB nho nhit < M = A'Bn (P).

x=5+2t
Taco: AA' L (P)=> AA":qy=-2-t
z=6+2t
Toa d6 giao diém H cua AA' va (P)la nghiém cua hé:
x=5+2t
_ oy x=1
Y= =y=0=H(@1;-1;2)
z=6+2t
z=2

2x-y+2z-6=0
Xpr=2Xy — X4 =-3
H latrung diém cia AA'= Yar=2Yy —Yp =2 = A'(=3,2,-2)
Zp =2z —2) =-2
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X =-3+6t
Suyra A'B = (6;—4;3), phuong trinh A'B:{y=2-4t ,teR

z=-2+3t
2
X=-3+6t =17
Toa @ M 1a nghiém cua hé y=2-4t — y:_ﬂ
z=-2+3t 11
2x—-y+2z-6=0 z:i
11
Vay M 2;—E;i 1a diém can tim.
11" 1111

Cau33: 2.Vi A, B namvé cung mdt phia so voi (P) nén véi moi M € (P) ta ludn co
|AM - MB| < AB , dang thirc xay ra khi M = ABn (P).

x=5-2t
Phuong trinh AB:{y=-2
z=6-5t
x=5-2t X=177
=-2
Toado M 1Y S ly=—=2 vaym| .03
z=6-5t 3 7 7

2x-y+2z-6=0 Z=—7

Ciu 34: (Chuyén Ha Tinh - 2018) Trong khong gian Oxyz, cho ba diem A4(-1;0;1), B(3;2;1)
, C(5:3;7). Goi M (a;b;c) 1a diém thoa man MA=MB va MB+MC dat gia tri nho
nhat. Tinh P=a+b+c
A. P=4. B. P=0. C. P=2. D. P=5.

Loi giai
Chon D
Goi / 1a trung diém ctia AB, suy ra 1(1;1;1); AB = (4:2;0).
Phuong trinh mit phing trung tryc clia 4B : («):2x+y—-3=0.
Vi (2.3+1.2-3).(2.5+1.3-3)=50>0 nén B, C nam vé mot phia so véi (a),suyra
A, C nam vé hai phia so véi ().
Diém M thoa man MA=MB khi M (). Khi dd MB+MC =MA+MC> AC .
MB +MC nhé nhét bang AC khi M = AC(a).

x=—-1+2¢
Phuong trinh duong théng AC: Sy =t , do d6 toa do diém M la nghiém cua hé
z=1+2¢
x=—-1+2¢
phuong trinh y=t .Suyra M(L1;3) = P=a+b+c=5.
z=1+2¢
2x+y-3=0
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Cau 35: (THPT Chu Vin An - Ha Ngi - 2018) Trong khong gian Oxyz, cho dudng thang

A :%zyT_lz% va hai diémA(l;2;—5), B(-1;0;2). Biét diém M thudc A sao cho
biéu thirc |MA —MB| dat gia tri I6n nhat 7 . Khi 6,7, bang bao nhiéu?
AT, =57 B.T =3 C.T, =2J6-3 D. T, =36
Loi gii
Chon B

Do M thudc A nén M (t;1+¢¢t).

Khi d6 MA =~3t* —61+27 =[3(1-1)" +24 ,MB =N3> +6.
Do d6 |MA—MB|:‘,/3(1—t)2+24—\/3t2+6 :

Xét hai véc to ;t:(\/g(l—t);\/_) va v= (\/_t —\/_)

Ta co Hu‘—M

<|u+[=3 nén 7,,, =3.
Diu bang xay ra khi ﬁ:(\/g(l—t);\/_) va v= (\/_t \/_)nguqc huéng hay ¢ =1.
Cau 36: Trong khong gian Oxyz, cho 5=(1 ;—1;0) va hai diém A(-4:7;3), B(4:4;5). Gia
st M, N la hai diém thay ddi trong mat phang (Oxy) sao cho MN clng huéng véi a
va MN =52 . Gia tri 1on nhét ciia |AM —BN| bang

A V17, B. \/77. C.7\2-3. D. /82-5.
Loi giai
Chon A

Vi M—Ncﬁnghuérngvc'ri a nén 3t>0:MN =ta.

Hon nita, ]\4]\7:5\/§<:>t.‘;1‘:5\/§<:>t=5. Suy ra VNz(S;—S;O).

x'+4=4 x'=1
Goi A'(x";y";2") 1a diém sao cho A4 =MN <{y' —-T=-5 <1y =2 = A'(1; 25 3).
zZ-3=0 =3

D@ thiy cac diém 4', B déu ndm cung phia so v6i mit phang (Oxy) vi chiing déu c6
cao d¢ duong. Hon nira vi cao d§ cua chiing khac nhau nén duong thang A'B ludn cat
mit phing (Oxy) tai mot diém cb dinh.

Tu AA' = MN suyra AM = A'N nén |AM—BN| :|A'N—BN| < A'B diu bang xay ra
khi N la giao diém ctia duong thing 4'B véi mit phang (Oxy).

Do d6 max|AM — BN|= A'B = J(4—1)’ +(4-2)’ +(5-3)’ =17 , dat duoc khi
N =A4'Bn(Oxy).

Cau 37: (Chuyén Ngoai Ngit - Lan 1) Trong khong gian v6i hé toa do Oxyz, cho mit cau
(8):(x=1)" +(y=2) +(z-2)" =9 va hai diém M (4;-4;2),N(6;0;6). Goi E la diém
thudc mit cau (S) sao cho EM + EN dat gia tri 16n nhat. Viét phuong trinh tiép dién cua
mit cau (S) tai E.

A. x-2y+2z+8=0. B. 2x+y-2z-9=0.
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C.2x+2y+z+1=0. D. 2x-2y+2z+9=0.
Phwong phap giai: Dung hinh, ap dung cong thic trung tuyén dé bién luan gia tri 1on nhat
Loi giai:
Chon D.

Xét mt cdu (8):(x—1)" +(y—2)" +(z-2)" =9 co tam 7(1;2;2), bankinh R=3.

Tacé: MI = NI =3y/5>3=R suyra M,N nim bén ngoai khdi ciu ().
EM® + EN? B MN?

2 4

MNZ)

Goi H la trung diém cia MN = H (5;-2;4) va EH* =

Lai ¢6 (EM +EN) <(1’ +1°)(EM’ + EN* ) = 2(%}12 +

Pé EM +EN dat GTLN thi EH dat GTLN.
Khi d6 E 1a giao diém cua IH va mat cau (S).
Goi (P) 1a mat phang tiép dién cua (S) tai E = %f) = a.El = bIH = (4b;—4b;2b) .

Dua vao cac dap an ta théy o dapanD, apﬂ) = (2;—2;1)
Vay phuong trinh mat phang can tim 1a 2x -2y +z+9=0.
Chu 38: Trong khong gian Oxyz cho mit phang (P):x+y+z-3=0 va ba diém A(3;1),

B(7;3;,9) va C(2;2;2). Piém M (a;b;c) trén (P) sao cho ‘M+2m+31\7€‘ dat gia

tri nho nhét. Tinh 2a—10b+c.
A2 B. 2L, c. 2 p. 2.
9 9 9 9

Loi gidi
Chgn A

+Goi I(x;;2) 1a diém théa man I4+21B+3IC =0.

Ei=(3—x;l—y;1—z)
Taco E:(7—x;3—y;9—z).

IC=(2-x;2-y;2-2)

23
xX=—
23-6x=0 6 ;s s
+ IA+2IB+3IC=0<113-6y=0 < y:%:ﬂ(g;ﬁ;i)
25-62=0 55
z=—
6

[0+ 2MB + 30C| = |6MI + (14 + 218+ 31C) = |6MI| = 6M1
WZ +2MB +3MC ‘ dat gi4 tri nho nhat < M 14 hinh chiéu cua / 1én mit phing (P) .
+ Goi dudng thang (d) di qua I va vudng géc (P).

Taco (d) di qua 1(2_63;%;%j va nhan ﬁ; =(1;1;1) 1am véc to chi phuong.
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Suy ra phuong trinh (d):{y=—+1¢.

M e(d)<:>M(§+t;E+t;§+tj
6 6 6

M e(P) <:>é+t+£+t+£+t—3=0 <:>t=i'3 =i E;_—2;1— )
6 6 6 18 9 90 9
13
a=—
9
Do do6 bz_—2 = 2a—10b+c=2.
9 9
16
c=—
9

Cau 39: Trong khong gian v&i hé toa dd Oxyz .cho hai diém A(1;0;2), B(3;1;—1). va mat phang
(P):x+y+z-1=0. Goi M(a;b;c)e(P) sao cho ‘3&2—2@?‘ dat gia tri nho nhét.
Tinh S =9a+3b+6¢.
A. 4. B. 3. C. 2. D. 1.
Loi giai
Chon B
Goi I(m;n; p) 1a diém thoa man: 314 —21B = 0.
Tacé 14 :(1—m;—n;2—p);1§ =@-m;l—-n;—1-p).
3(1-m)—2(3-m)=0 m=-3
3IA-2IB=0<143(-n)-2(1-n)=0  <{n=-2 = I[(-3;-2;8).
32-p)-2(-1-p)=0  [p=8
Ta ¢6 ‘3&2—2@}‘ = ‘3(1\‘47 +E)—2(A’47+7§)‘ = ‘A‘ﬁ‘ = MI.

Khi do,

3MA —21\7&‘ dat gid tri nho nhat, M e (P) < MI nhé nhét, M e (P)

& M 14 hinh chiéu vudng goc cua I trén (P).

Goi A 1a duong thang qua I va vudng goc v6i (P). Khi d6 A nhan vecto phap tuyén
x=-3+¢

cua (P)la n= (I;1;1) 1am vecto chi phuong = A:qy=-2+¢.

z=8+t
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Cau 40:

Loi giai
Chgn C

Toa do Mla nghiém cua hé
fo 2
3 1
x=-3+¢ 11 a——?
xX=——
=-2+¢
Y = 3 0p=-8 s 0at3pr6e=3.
z=8+t y__§ 3
xX+y+z—-1=0 3 c=£
22 3
z=—
3

(Chuyén Phan B¢i Chau 2019) Trong khong gian véi hé truc toa d0 Oxyz,cho mat
cau (8):(x—1)"+(y—2) +(z+1)’ =9 va hai diém 4(43;1), B(313); M la diém
thay doi trén (S). Goi m,n la gid tri 16n nhat va gia trj nho nhat cua bicu thic
P=2MA* - MB’. Xéc dinh (m—n).

A. 64. B. 68. C.

60. D. 48.

Xét diém 7 sao cho: 2IA— 1B = 0. Gia sit I(x;y;2), tacod:
H(4—x;3—y;l—z),]f(3—x;l—y;3—z).
2(4-x)=3-x
Do d6: 2I4-1B=0<12(3-y)=1-y < I(55;-1).
2(1—2) =3-z

2 2 77 .74\ = .75\
Do d6: P =2MA* ~MB* =2(Mi +I4) —(Mi +IB)
—2MT" + 214" +4MLTA~ (VI +18" +2M1.IB)
=MI" +214 ~IB +2Mi (214~ IB) = MI* + 214’ - IB* +2MI (214 - IB
=MI* +214° - IB>.
Do / ¢6 dinh nén 4,1B* khong d6i. Vay P 16n nhat (nho nhét) < MI* 16n nhét (nho
nhat). < MI 16n nhat (nho nhat) < M 1a giao diém cia dudng thang IK (v6i
K (1;2;-1) 1a tm ctia mdt cau (S)) v6i mit cau (S).
Ta c6: MI di qua I(5;5;—1) va c6 vecto chi phuong la FI(4;3;0).

x=1+4¢
Phuong trinh ciia M/ 1a: { y=2+3¢
z=-1.
Toa do diém M can tim (g v&i gia tri t 1a nghiém ctia phuong trinh:
3
t==

(1+40-1) +(243=2) +(-1+1) =925 =9 | >

t=—=.
5
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Cau 41:

Loi giai
Chon B

Cau 42:

Loi giai

Véi tzéle [1—7;2;—1ij1[=2 (min).
5 5°5
. 3 71
Voi t=—§:>M1 —g;g;—l = M,I =8 (max).

n=P. =-1

min

A m:Pmax:48
Vay = m—n=060.

(Chuyén Nguyén Trai Hii Dwong 2019) Trong khong gian Oxyzcho A(4;-2;6),
B(2;4;2),M e(a):x+2y-3z-7=0 sao cho MA.MB nhé nhat. Toa d6 cua M bing

A. [§,5—8,ij B. (431).
13 1313
C. (1;3;4). D. [ﬂ,ﬁ,ﬁj
33

Goi / 1a trung diém 4B = I(3;1;4). Goi H la hinh chiéu ciia / xudng mit phing

().

Ta c6 MAMB =(MI +IA).(MI +1B)=MI* + ML (I4+1B)~ 14> = MI* — 4’

Do 74 khong déi nén MA.MB nhé nhit khi M7 nho nhit < MI =IH <M =H .

Goi A 1a duong thang di qua / va vudng géc v6i mit phing (). Khi d6 A nhan
x=3+t

a{; = (1;2;—3) lam vecto chi phuong. Do d6 A c6 phuong trinh § y=1+2¢.
z=4-3t

HeA< H(3+61+264-3t).

He(a)e (3+1)+2(1+20)-3(4-3()-T=0 = =1 H(431).

Vay M (4;3;1).

(Chuyén KHTN 2019) Trong khong gian voi hé toa d6 Oxyz cho ba diém
A(8:5,-11),B(53-4),C(1;2,-6) va mit cau (8):(x—2) +(y-4) +(z+1) =9.
Goi diém M (a;b;c) 1a diém trén (S) sao cho‘m—m—ﬂd dat gia tri nho nhat.

Hay tim a+b.
A. 6. B. 2. C. 4. D.9.
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Chon B
Goi N 1a diém théa man NA— NB—NC =0, suy ra N(-2;0;1).
Khi do:
[V - V5 - €| = (W + NA) (W + NB) - (V¥ + NC)| = VA~ N - NC) - ¥ = s

Suy ra [MA ~ MB — MC| nho nhit khi MN nho nhat. Mat céu (S) oo tam 1(2;4;-1),
suy ra:

x=2+2¢
NI =(4;4;-2)=(2;2;-1). Phuong trinh NI =1 y =4+2¢. Thay phuong trinh NI vao

z=—1-t

=1

phuong trinh (S) ta dugc: (2t)2 +(2t)2 +(—t)2 =9t =lc Lt_ r
Suy ra NI cit (S) tai hai diém phan biét N, (3;6;,-2),N,(0;2;0).

N

|

A
B
Vi NN, > NN, nén MN nho nhét khi va chi khi M = N,. Vay M (0;2;0) la diém can
tim.
Suyra: a+b=2.

Cau 43: (Chuyén Lé Quy Pon- Quang Tri -Lan 1) Trong khong gian vé6i hé toa dd Oxyz, cho
ba diém A(L;1;1),B(0;1;2),C(-2;1;4) va mat phang (P):x—y+z+2=0. Tim diém

N &(P) sao cho S=2NA” + NB’ + NC” dat gia tri nh6 nhat.

A. N(-2;0;1) B. N —i;Z;i C.N —l;é;z D. N(-1;2;1)
3 3 2°4°4 -
Loi giai
Chon D

Goi M(a;b;c) théa man ding thirc vecto 2MA +MB+MC =0
= 2(1-a;1-b;l—c)+(0-a;1-b;2—c¢c)+(-2-1;1-b;4—c)=0
a=0
& (—4a;4-4b;8-4c)=0< 1b=1=M(0;1;2)
c=2
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Khi d6
S=2NA2+NB?+NC? =2NA +NB +NC_ =2(W+m)2+(m+@)2 +(WN+WC)2

= 4MN? +2W.[2m +MB +M7:]+2MA2 +MB? + MC?

0 const

— 4MN? + 2MA? + MB? + MC”

const

Suyra S, <> MN_, <> Nlihinh chiéu ciia M trén(P) = MN L (P)

2 -1 -2
Phuong trinh duong thang MN la % = y_l _Z

Ma memp(P)suyra t—(1-t)+t+2+2=0<t=—1= N(-1;21)

= N(t;1-t;t+2)

Ciu 44: Trong khong gian toa dd Oxyz, cho hai diém 4(1;2;2), B(5;4;4) va mt phang (P):

2x+y-z+6=0. Goi diém M (a;b;c) thudc (P) sao cho MA* +MB* nho nhit. Khi
d6 giatri a+b+c bang

A. 5. B. 3. C. 2. D. 4.
Loi giai
Chon A
Goi I 1a diém thda man: [A+IB=0.Khido6 7 la trung diém cia 4B nén 1(3;3;3)
5 s (2 (2 2 (e =2
MA® + MB® =(MA) +(MA) =(IA-1M ) +(IB-IM) .
= 14> +IB” +2IM” ~2IM (4 + IB) = 14 + [B” +2IM".
Vi 14° + IB? khong ddi nén MA® + MB* nh6 nhét khi /M nhé nhat.
< M la hinh chiéu cta 7 1én (P).
Khi d6 duong thang /M qua I (3;3;3) va vudng goc voi (P) nén c6 phuong trinh:
x=3+2¢
y=3+t .
z=3-t¢
Toa do giao diém cta duong thang IM va (P) ung voi ¢ 1a nghi€ém ctia phuong trinh:
2(3+2t)+(3+1)—(3-1)+6=0=6t+12=01=-2.
Giao diém tim dugc chinh 14 hinh chiéu cua 7 1én (P). Vay M (-1;1;5) nén
a+b+c=5.
Cau 45: (THPT - Yén Pinh Thanh Héa 2019) Trong khong gian Oxyz, cho duong thang d
x=1-¢
c6 phuong trinh { y =2+¢ va ba diém A(6;0;0),B(0;3;0),C(0;0;4). Goi M (a;b;c)
z=—t
1a diém thudc d sao cho biéu thirc P = MA* + 2MB* +3MC? dat gi4 tri nho nht, khi dé
a+b+c bang
A. 3. B. 4. C. 1. D.2.
Loi giai
Chon B

Vi M ed néngiasi M (1-1;2+t;—1).
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Cau 46:

Loi giai
Chon B

Cau 47:

Loi giai
Chon D

Ta c6: MA® =30 +141+29; MB® =31 41+ 2; MC* =31 +10¢ + 21
= P=MA? +2MB* +3MC* =18(* +361 +96 = 18(1 +1)" +78 > 78

Do d6 P =MA* +2MB* +3MC? dat gia tri nho nhat khi va chi khi 7 =—1, khi do:
M(2;L1)=a+b+c=4.

(Lé Quy DPon - Quang Tri - 2018) Trong khong gian Oxyz, cho 2 diém A(3;—2;3) ,

B(1;0;5) va dudng thang d : xl—l = y—22 = 2_3. Tim toa do diém M trén dudng
thang d dé MA® + MB* dat gia tri nho nhét.
A. M (1;2;3). B. M (2;0;5). C. M (3;-2;7). D. M (3;0;4).

Goi I 1a trung diém ctua AB,tacod I = (2;-1;4).
) —2 2 N2 2
Khi d6: MA> + MB> =MA +MB = (MI+1A) +(M1 +IB)
=2MI" +14 +IB +2MI(IA+1B)=2MI* + I4° + IB* = MI* +6.
Do d6 MA* + MB* dat gia tri nho nhat khi va chi khi MI c6 d6 dai ngin nhat, diéu nay
xay ra khi va chi khi M 14 hinh chiéu vuéng goc ciia  trén duong thang d .
Phuong trinh mit phiang (P) diqua / va vudng géc véi dudng thang d 1a
1.(x—2)—2.(y+1)+2.(y—4) =0 hay (P) (x—=2y+2z-12=0.
x=1+t¢
Phuong trinh tham s ciia duong thang d 1a: { y=2-2¢.
z=3+2t

Toa d¢ diém M can tim 1a nghiém (x;;z) ciia hé phuong trinh:

x=1+¢ x=2

=2-2t =0
g =177 Vay M(2:05).
z=3+2¢ z=5

x—=2y+2z-12=0 t=1
Trong khong gian véi hé toa dd Oxyz, cho duong thang d : x;2 =yT+1=§ va hai

diém A(2;0;3), B(2;-2;-3). Biét diém M (X45¥,2,) thudc d théoa man MA*+ MB*

nho nhat. Tim x,.

A. x,=1. B. x,=3. C. x,=0. D. x,=2.

Goi I 1a trung diém cta AB . Khi d6 ta co
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Cau 48:

Loi giai
Chon D

MA* + MB* = (MA2 +MB? )2 —2MA* MB® = (2}\4]2 L AB

4 4
_ a2l AR + 28 ot o arrape ~ A8

4 2 2
:2M]4+3M]2AB2+%:2(M12+3AB j _%AB4

Do d6, MA* + MB* dat GTNN khi MI nhé nhit < M 14 hinh chiéu vudng goc cua 1
lén d.

Diém 7(2;-1;0). Ldy M (2+6-1+263t)ed. IM =(1;26;31)

IM Lu, < IMu, =0 t+4t+9=01=0

Suyra M =1.

Vay x, =2

(THPT An Lio Hai Phong 2019) Trong khong gian v6i hé toa do Oxyz, cho 3 diém
A(1;2;3),B(0;1;1),C(1;0;—2) va mat phang (P):x+y+z+2=0. Goi M la diém thudc
mit phang (P) sao cho gia tri cia biéu thirc 7'=MA> +2MB* +3MC? nhé nhat. Tinh
khoang céch tir M dén mat phang (Q):2x—y—2z+3=0?

N B, 121 C. 24 p.
3 54 54
Goi I(a;h;c) 1a diém thoa man IA+21B+31C=0.
Tacé IA(1-a;2—b;3~c),IB(~a;1-b;1-c),IC(1-a;—b;—2~c)
2
a=—
l—a—2a+3-3a=0 6a=4 ; sy
IA+2IB+3IC=0<12-b+2-2b-3b=0 <J6b=4 < b:E I[?E"Ej
3—c+2-2¢-6-3¢c=0 6c=—1 1
c=——
6

Ta ching minh duge T=6MI° +I4* +2IB* +3IC*. Do d6 T dat GTNN khi MI dat
GTNN < M la hinh chiéu vudng goc ciia / trén mit phang (P).

2
X=—+t
3
Taco MI: y—§+t ,
1
z=——+t
6
MeMI=>M t+g;z+g;t—l ,Me(P):3t+£:0<:>;:_£
33 6 6 18
7 7 22
7.7 1 ENTER K
>M|——;——;—— |=d(M; = =—.
(18 18 9] ( (Q)) 3 54
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Cau 49:

Loi giai
Chon B

Cau 50:

Loi giai
Chon A

(THPT C4m Giang 2 2019) Trong khong gian Oxyz, cho ba diém A(-10;-5;8),
B(2;1;-1), C(2;3;0)va mit phang (P):x+2y—2z-9=0. Xét M la diém thay doi
trén (P) sao cho MA® +2MB* +3MC” dat gia tri nho nhat. Tinh MA® +2MB* +3MC”.
A. 54 B. 282 C. 256 D. 328

Goi I(x;y;z) 1a diém théa man IA+2IB+3IC=0.
Tacd IA=(-10-x;-5-y;8~2), IB=(2-x;1-y;-1-2z), IC=(2-x;3- y;-z).

(-10-x)+2(2-x)+3(2-x)=0 x=0
Khi do, {(-5-y)+2(1-y)+3(3-y)=0 <Jy=1=1(0;L1).

(8-2)+2(-1-2)+3(-z)=0 z=1
Véidiém M thay doi trén (P), ta c6

. —\2 —  —\2 —  —\2
A +2MB* +3MC* =(MI +I4) +2(MI +1B) +3(MI +IC)
= 6MI” + I4* +21B” +31C” + 2MI (14 +21B +3IC)
= 6MI* + 1A% +2IB* +3IC* (Vi IA+2IB+3IC =0).
Talai c6 I4” +2IB* +31C* =185+2.8+3.9 =228.
Do d6, MA* +2MB* +3MC* dat gia tri nho nhat <> MI dat gia tri nho nhat
< M 1a hinh chiéu vudng géc ctia 1 trén (P).
Khi d6, MI =d(1,(P))=3.
Vay gia tri nho nhat cia MA® +2MB* +3MC? bang
6MI* +228 =6.9+228 =282,
Gia trj nho nhat ctia MA® +2MB” +3MC? dat dugc khi va chi khi M 1a hinh chiéu
vudng goc cua 1 trén (P).
x=t
Goi A la dudng thang qua / va vudng goc v6i (P). Phuong trinh cia A: {y=1+21.
z=1-2¢

Taco M =A m(P) . Xét phuong trinh
t+2(1+26)-2(1-26)-9=0 < % —9=0 1 =1 = M (1;3;-1).
Trong khong gian véi hé toa dd Oxyz, cho tam gidc ABC véi A(2;1;3), B(1;-1;2),
C(3;-6;0), D(2;—2;—1).Biém M (x;y;z) thudc mat phing (P):x—y+z+2=0 sao
cho §=MA*+MB*+MC*+MD* dat gia tri nho nhat. Tinh gia tri cua biéu thic
P=x*+y"+2".
A. P=6. B. P=2. C. P=0. D. P=-2.

V61 moi diém [ taco

S =2NA*>+ NB* + NC* =2(ﬁ+ﬁ)2 +(ﬁ+f§)2 +(N7+75)2
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:4N12+2ﬁ(2ﬁ+173+f?)+21A2+IBz+1C2
Chon diém I sao cho 2[4+ IB+1C=0
2IA+IB+1C=0<> 414+ AB+ AC =0 Suy ra toa d diém / 1a 1(0;1;2).
Khi d6 § =4NI’ +214° + IB* +IC*, do &6 S nho nhatkhi N 1a hinh chiéu cta 7 1én
mit phang (P).
x=0+¢
Phuong trinh dudng thang di qua / va vuéng géc véi mit phang (P) 1a {y=1-¢
z=2+t
Toadd diem N(t;1-1;2+41)e(P) =t-1+142+1+2=01=-1= N(-L21).
Cau 51: (KTNL GV THPT Ly Thai Té 2019) Trong khong gian v6i hé tryc toa do Oxyz , cho
ba diem A(1;4;5),B(3;4;0),C(2;-1;0) va mit phing (@):3x-3y-2z-12=0. Goi
M (a;b;c) thuoc (a) sao cho MA®+MB*+3MC* dat gia tri nho nhét. Tinh tong
S=a+b+c.
A. 3. B. 2. C. 2. D. 1.
Loi giai
Chon A
Goi diém 7(x;y;z) théa man IA+ IB+3IC =0.
j;lz(l—x;4—y;5—z) H:(l—x;4—y;5—z)
Ma {IB=(3-x;4-y;—z) < {IB=(3-x;4-y;~z)
IC=(2-x;-1-y;—z)  |3IC=(6-3x;-3-3y;-3z)
= [A+IB+3IC = (10-5x;5-5y;5-5z)
x=2
Do do: IA+IB+3IC=0<{y=1=1(2L1).

z=1

Mit khac: MA*> + MB* +3MC* = (1\‘/17+f2)2 +(]\7[7+f1§)2 +3(]T47+75‘)2

=5MI” + 2.MI.(Z?1 +1B + 376} +14° + IB* + 3IC?
ﬁ—J
0
Vi 1,4,B,C c¢bdinh nén 14* + IB*> +3IC* khong dbi
Do d6: MA* + MB> +3MC? nhé nhat <> MI° nho nhat < MI nho nhat
& M 1ahinh chiéu ctia / trén mit phang (a).
Phuong trinh duong thang d qua I va vudng goc véi mat phang (a) la:
x=2 y-1 z-1
3 -3 27
Goi {M}=d(a). Toadd cia M la nghiém cua hé phuong trinh:
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Cau 52:

Loi giai
Chgn A

Cau 53:

Loi giai
Chon B

)C—2_y—1_z—1 —3x+6=3y-3 . .
2 27 2
3x-3y-2z-12=0  [3x-3y-2z-12=0 | _,

Vay a=%,b=—%,c=0:>S=a+b+c=3.

(P& Thi Cong Bing KHTN 2019) Trong khong gian Oxyzcho cac diém
A(1:2:0, B(1:=1:3), C(I;—1: 1) va mit phing (P):3x—3y+2z—15=0. Xét M(a;b:c)
thudc mit phang (P) sao cho 2MA* — MB? + MC? nho nhét. Gia tri ciia a+b+c bang
A 3. B.7. C.2. D. 1.

Goi { 1a diém thoa man:
2IA+1C-1B =0 < 2(0A-0I)+(OC—0I)—(OB—-0I) =0

- 0f= 204+0C-0B

= 1(1;2;-2)
Tacd 2MA® =2MA" =2(Mi+IA) =2MI +2I4" +4MI.IA

P —2 _ —\2 —2 —2 R
MB>=MB = (M1 + IB) ~MI +1B +2MI.IB

2 —2 — —\2 —2 —2 _—
MC?* =MC = (Mi +Ic) =M +IC +2MIIC
Suy ra 2MA — MB® + MC* = 2MI” + 214’ + IC* ~ IB* + 2MI (24 + IC - IB
Suy ra 2MA* — MB* + MC? = 2MI* +214*> + IC* — IB*. Do I ¢6 dinh nén
214 + IC* — IB* khong d6i. Vay 2MA* — MB* + MC? nho nhat <> MI nhé nhat <> MT
nho nhit < M 14 hinh chiéu cua 7 trén (P).

x=1+3¢

e Duong thing A qua 7(1;2;-2) va vudng goc véi (P) 1a: 4y =2-3¢
z==-2+2t

Suy ra toa do diém M 1a nghiém cua hé

x=1+3¢ x=4

=2-3 —-1
g =177 7 5 M (4-1,0)
z=-2+42t z=0

3x-3y+2z-15=0 t=1
Suyra a+b+c=3
(Tran Phd - Ha Tinh - 2018) Trong khong gian Oxyz, cho ba diém A(L;-2;1),

B(5;0;-1), C(3;1;2) va mat phéng (0):3x+y—z+3=0. Goi M(a;b;c) 1a diém
thuoc (Q) théa man MA® + MB® +2MC? nhé nhat. Tinh tong a+b+5c.
A. 11. B. 9. C. 15. D. 14.
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Cau 54:

Loi giai
Chon D

Cau 55:

Goi E 1a diém thoa man EA+EB+2EC =0 = E(3;0:1).

Taco: S =MA> + MB® +2MC* = MA + MB' +2MC

=(]\7E"+EZ)2 +(]\7E+Ef9)2 +2(1\71§+1:‘f)2 =4ME’* + EA> + EB* + 2EC*.

Vi EA® + EB* + 2EC? khong d6i nén S nho nhét khi va chi khi ME nho nhat.
= M la hinh chiéu vudng géc clia £ 1én (Q).

x=3+3¢
Phuong trinh duong thing ME: <y =t
z=1-t
x=3+3¢ x=0
A 30 R \ ‘A , A \ y=t =-1
Toa dd diem M la nghiém cia hé phuong trinh: & .
z=1-t z=2
3x+y—-z+3=0 =-1

=>M(0;-1;2) =>a=0,b=-1, c=2.

=a+b+5c=0-1+52=9.
(Lé Quy Pon - Quang Tri - 2018) Trong khong gian vdi hé truc toa d6 Oxyz cho 3

diém A(L;1;1), B(0;1;2), C(-21;4) va mit phang (P):x—y+z+2=0. Tim diém
N e(P) sao cho §=2NA"+ NB> + NC* dat gia tri nho nhat.

A. N(—E;Z;ij. B. N(-2;0;1). C. N(—l;é; ) D. N(-1;2;1).
373 24

Alw

Véi moi diém I taco

. —\2 _ —\2 _ —\2
S=2NA2+NBZ+NC2=2(NI+IA) +(N1+IB) +(N1+IC)
:4N12+2ﬁ(2ﬁ+173+f?)+21A2+IBz+1C2
Chon diém 7 sao cho 2IA+IB+1C =0
2[4+ IB+1C =0 414+ AB+ AC =0 Suy ra toa do diém 7 la: 1(0;1;2).
Khi d6 S =4NI* +214% + IB* + IC?*, do d6 S nhé nhét khi N 1a hinh chiéu cia  1én
mit phang (P)

x=0+¢
Phuong trinh dudng thang di qua / va vuéng géc véi mit phang (P) la: { y=1-1
z=2+t

Toa dd diém N(£;1-£;2+1)e(P) = t—-1+1+2+1+2=01=-1= N(-L;21).
Cho mat ciu (8):(x—2) +(y—1)+(z-3)"=9 va hai diém A(1;1;3),

B(21;9; -13). Piém M (a; b; c) thuge mit cau (S) sao cho 3MA> + MB® dat gia

tri nho nhat. Khi d6 gia tri cta biéu thic T = a.b.c bang
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Loi giai
Chon B

Cau 56:

Loi giai
Chon A

A. 3.

I
>
@]

. 6. D. -18.

Goi diém 7 thoéa mén 3H+E=6:>I(6 ;35 -1).
. — N2 e 2 —
Khi d6 3MA® + MB® =3(MI + IA) +(MI +1B) =4MI’ +314* + I8’ +2MI.(314+IB)
=4MI° +314° + IB”.
Do 314% + IB* khong d6i vi ba diém 4;B;I cb dinh nén 3MA> + MB® dat gia tri nhod
nhat khi MI nho nhét. Khi d6 M la giao diém cta duong thang 1J voéi mat cau (S), (
J(2;1;3) la thm ctia mdt cau (S)).
x=2+2t
Ta c6 phuong trinh dudng thang IJ 1a 4y =1+t =1L/ N(S)=
z=3-2¢t

Kiém tra IM, < IM,(3<9) nén M, (4;2;1) 1a diém can tim. Vay T =ab.c=8.

M, (4;2;1)
M2(0;0;5)'

Trong khong gian Oxyz cho duong thing d : x;l = y;2 _Z23

(x+3) +(y+4) +(z+5)" =729. Cho biét diém 4(-2;-2;-7), diém B thudc giao
tuyén clia mit cau (S) va mit phang (P):2x+3y+4z-107=0. Khi diém M di dong

va mit cau (S):

trén duong thang d gia tri nho nhat cua biéu thirc MA+ MB bang

A. 530. B. 27. C. 5v29. D. /742 .

Mit cau (S) c6 tim 1(-3;—4;-5) va ban kinh R=27.

Dudng thang d c6 1 véc-to chi phuong 1d u =(2;3;4)= d L (P).

Goi K 1a giao diém cta mit phang (P) va duong thing . Vi / ed nén K 1a tdm cua

duong tron giao tuyén va KB 1 d.

Taco IA=(1;2;-2)= I4=3 va [Au=0=1I41d.

)= [2.(=3)+3.(-4)+4(-5)-107]
V22437 4+ 4

=529 va

Ta tinh dugc IK = d([,(P

KB=+R*—IK*=2.
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Do M di dong trén duong thang d (truc cia dudng tron giao tuyén) va B thudc duong
tron giao tuyén nén biéu thirc MA + MB nhé nhat khi va chi khi M = ABNd .

Khi do6, ta co ﬂ=£=3 va MI+ MK =1K =5~/29 .
MK KB 2

Suy ra M]=3\/E, MK =2429.

Taco AM = 14>+ MI* =330 = BM =%AM=2\/%.

Vay gi4 tri nho nhét ciia MA+MB 1a AM + BM =3+/30 +2/30 = 5130
Cach 2:

M

Taco (S) cotam [ (-3;-4;-5) bankinh R=27.

Dé thay d di qua I(-3;-4;-5) va vudng goc véi (P).
(P) cit (S)theo dudng tron cé ban kinh r=2

Med o M(1+262+363+41),

Taco T = MA+MB=MA+NMH" +1.

29087
Lai c6 MH —d(M,(P))—W—‘@t—%/E‘.

Suy ra T =~/297 +116¢ +125 +4/29(1 —3)" + 4

9 : 4
=29, [(1+2) +=+~/29, /(1 -3) +—.
V29, [(e42) + 5 #4129, (1 =3) +
- 3 —~ 2 - - 5
Xétu=\t+2;— | v=|3-t;,— | u+v=|5——|.
e IR Cr )
Do d6 T:@(‘ﬁ‘+‘;‘)2@‘&+;‘=5@.
Cau 57: (THPT Chuyén Thai Binh - 2018) Trong khong gian véi hé toa d6 Oxyz, cho mat
x=15 y-22 z-37
1 2
(S):x*+y +2° —8x—6y+4z+4=0. Mot dudng thang (A) thay doi cit mat cau ()

phang (P):x+y+z-1=0, duong thing (d) va mit ciu

tai hai diém 4, B sao cho AB=8. Goi A', B’ 1a hai diém lan luot thudc mit phing
(P) sao cho A4A4', BB' cing song song véi (d). Gia tri 16n nhat ctia biéu thic

AA'+ BB' 1a
A 8+390J§_ B, 24+518J§_ c 12+59J§_ DL 16+§0\/§.
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Cau 58:

Loi giai
Chon C

Mit cau (S) c6 tm (4;3;-2) va ban kinh R=5.
Goi H la trung diém cta AB thi IH 1 AB va IH =3 nén H thudc mit cau (S') tAm
I bankinh R'=3.

Goi M 1a trung diém ctia A'B' thi A4'+BB'=2HM , M nim trén mat phang (P).

Miat khac ta co d(l;(P))=%<R nén (P) cit mat cau (S) va
sin(d;(P)):sina :%. Goi K 1a hinh chiéu cua H 1én (P) thi HK = HM sina.
Vay dé AA'+ BB’ 16n nhat thi HK 16n nhat
4 4+33
< HK diqua I nén HK__=R'+d(I;(P))=3+—==—F—.
q max ( ( )) \/3 \/3
Viy AA'+BB' 16n nhét bing 2(4%\/5}3\5/5 _2 +;8\/§.

(Chuyén Hung Vwong Gia Lai 2019) Trong khong gian Oxyz, cho hinh hop chir nhat
ABCD.A'B'C'D' ¢6 A trang véi gbec toa do O, cac dinh B(a;0;0), D(0;a;0),
A'(0;0;b) v6i a,b>0 va a+b=2.Goi M 1a trung diém cua canh CC’. Thé tich cua
khdi tir dién BDA'M c6 gia tri 10n nhat bang

N p. 22 : 4

T 27 T27° = 27 T27°
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Cau 59:

Toa d6 diém C(a;a;0), C'(a;a;b), M(a;a;g).

BA'= (—a;O;b),?i’B =(-a;a;0), BM = (O;a;%) .
. . o === a’b
[ BA"BD | = (~abi—ab;~b*) nén V,,,,, :g‘[BA ',BD].BM‘ =27

a+a+2bY 64 32 8
Tacod: aa.2b)<| ——— | =— = d*h<—=V, . <—.
(2) ( 3 j 27 27 M T g

(Hoang Hoa Tham Hung Yén 2019) Trong khong gian v6i hé toa d§ Oxyz, cho tir
dién ABCD c¢6 A(-1;1;6), B(-3;—-2;—-4), C(1;2;-1), D(2;-2;0). Piém M (a;b;c)
thuoc duong thang CD sao cho tam giac ABM c¢6 chu vi nho nhét. Tinh a+b+c.

A. 1. B. 2. C. 3. D. 0.
Loi giai
c
D
/A
~ 7JH
B
Goi C,;,, la chu vi cua tam gidc ABM .

AB=(-2-3;-10)= 4B =113
AB =(-2;-3;-10), CD =(1;~4;1) = ABCD =-2+12-10=0 = AB L CD .
Goi (P) la mat phing chira duong thing AB va vudng goc véi duong thang CD.
H 14 giao diém cta (P) va duong thing CD.
Phuong trinh mét phang (P)qua A4(~1;1;6)co véc to phap tuyén CD = (1;—4;1)la:
x—4y+z-1=0.
x=1+¢
Phuong trinh duong thang CD: {y=2—4¢.

z=—1+t¢

HeCD < H(1+t;2—-4t,—1+1).
He(P)e1+t-4(2-41)-1+1-1=0 <:>t=% @H(%;O;—%).
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Cau 60:

Loi giai
Chon A

Cau 61:

Loi giai
Chon D

) AM > AH
Véi VM € CD, ta co = AM + BM > AH + BH .
BM > BH

C,py =AB+AM + BM >113+ AH +BH , VM € CD.

Suy ra minC ,, =113+ AH + BH , dat dugc M = H @M(%;O;—%j.

Vay a+b+c=1.

Trong khong gian v6i hé toa dd Oxyz cho tir dién ABCD c¢6 A(-1;1;6), B(-3;-2;-4),
C(L,2;-1), D(2;-2;0). Biém M (a;b;c) thude dudng thing CD sao cho tam gidc
ABM c¢6 chu vi nho nhat. Tinh a+b+c.

Al B.2. C.3. D. 0.

Tacé C,,p, = AM +BM + AB ma AB khong dbi suy ra C, ,,, nho nht khi
AM + BM nhé nhat.

Tacé AB=(-2;-3;-10), CD =(1;-41).

Xét ABCD=0=> AB L CD. Goi () qua 4B va vudng goc véi CD.

(a) diqua 4(-11;6) va nhan CD = (1;—-4;1) lam véc to phap tuyén.

Suy ra (a) c6 phuong trinh la: x—4y+z-1=0.

Vidiém M thugc CD sao cho AM + BM nhé nhitnén M =CD ().

x=1+¢
(a):x—4y+z—1=0, CD c6 phuong trinh: { y=2-4¢
z=-1+¢

_1 _
M=CDn(a)=>M é;0;— :>a+b+c=§+0+—1=1.
2 2 2 2
(Chuyén Lé Hong Phong Nam Pinh 2019) Trong khong gian véi hé toa d6 Oxyz,
cho mit phing (P):x+y—-z+2=0 va hai diém A(3;4;1);B(7;-4;-3). Piém
M (a;b;c)(a>2) thudc (P) sao cho tam gidc ABM vudng tai M va c6 dién tich nho

nhat. Khi d6 gia tri biéu thitc 7 =a+b+c bang:
A. T=6. B. T'=8. C.T=4. D. T=0.

Taco: S,,, = %AB.MH v6i H 13 hinh chiéu vudng goc ciia M 1én AB .

Do AB khong ddinén S ,,,, nho nhit khi MH nho nhét.

{E = (4,-8;-4)

n, =(L1;-1)

ABM

= AB.n, =0= AB//(P)

b

MH nho6 nhat khi M nam trén giao tuyén cia mat phang (Q) va (P)
v6i (Q) 12 mat phang chira AB va vudng goc v6i mp (P) .
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Cau 62:

Loi giai
Chon C

Cau 63:

AB =(4;—8;—4) —
. :>nQ:(3;0;3):>phu0ngtrinhmp (Q)lél x+z—-4=0.
np =(1;1;—1)

M nam trén giao tuyén ctia mit phing (Q) va (P) nén toa d0 M 1a nghiém cta hé

x=t
x+z-4=0 ,
phuong trinh = y:2—2t:>M(t;2—2t;4—t) voi t>2.
xX+y—-z+2=0 4
z=4-

Taco AM =(t-3;-2-26;3—1);BM =(t-7;6-2t;7—1).
Tam gidc ABM vudng tai M nén
AM.BM =0 < (1-3)(t=7)+(-2-2¢)(6-2t)+(3~1)(7~1) =

0

3

S (1=-3)(t-7)+2(t-3)(t+1)=0=(1-3)(3r-5)=0=| 5
3

Voi t=3= M (3~41)=>a+b+c=3-4+1=0.

(Chuyén Quang Trung- Binh Phudc 2019) Trong khong gian Oxyz cho hai duong
. X -1 x—1 . . N
thing A:T=%= Zl va A'=T=§=? Xét diém M thay déi. Goi a,b l1an

luot 14 khoang cach tir M dén A va A'. Biéu thic a” + 2b*dat gi4 tri nhé nhat khi va
chi khi M =M (x,, .z, ). Khi d6 gid tri x, + y, bing

A.g. B. 0. g.%. D. 2.

Gia sit PQ 1a doan vudng goc chung ciia hai duong thang A va A'

Véi PeA va QeA'co P(0,0,1) va O(1,0,0). Goi E, F lan lugt 14 hinh chiéu ciia
M trén duong thang A va A'

Khi d6 ta c6 a+b=ME +MF > EF > PQ hay a+b>+/2.

Nhin thiy %(a—2b)2 =(a’ +2b2)—(§a2 +§ab+§b2j =(a’ +2b2)—§(a +b)’
4 I4 1 2 2 2 2 2 2 2 4
Do d6 ta c6 E(a—Zb) >0<a +2b 2§(a+b) hay a” +2b ZE.

. . 4 L
Vay gia tri nhd nhat cda a’+2b° bang g dat dugc khi dau bang xay ra khi

M e EF
EF = PQ hay MP = -2MQ hay M(%,O,%).
a=2b
(Chuyén Lé Quy Pon Quang Tri 2019) Trong khong gian Oxyz, cho mit cau

5 , .
(S):(x—1)*+(y+1)+2° =g, mat phang (P):x+y+z+1=0 va duong thang
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Loi giai
Chon A

Cau 64:

X z . . .
A= T biém M thay doi trén dudng tron giao tuyen cua (P) va (S). Gia tri

11
16n nhét cia d(M;A) 1a
A. % B. 24/2. C. 2. D. g

30

Mit cau (S) cotamla  I(1;—1;0) va ban kinh R = —~

1 .
Ta co: d(I;(P)) = 3 < R . Khi d6 ban kinh dudng tron giao tuyén la:

Ny e

3 2
A qua O va c¢6 vecto chi phuong a= L) = Ol = (1;—1;0),[@,&] =(-L-1;2).
‘ Ola| fiira
Tacé:d([;A)=[ — ]= 1+1+4=
a VI+1+1

Mit khac A L (P), goi H 1a tam cta dudng tron (C) giao tuyén cta (P) va (S).

Tacé: IH//A. Do @6 d(M;A) 16nnhat <> d(M;A) = r+d([H;A) =r+d(l;A)

V2, 532
2 2

(HSG Bic Ninh 2019) Trong khong gian voi hé truc toa d0 Oxyz, cho mat cau

Khoang cach 16n nhét cia d(M;A) =

(S):x*+y*+2°=2x+4y+2z-3=0 va mit phing (P):2x—y+2z-14=0.
Diém M thay d6i trén (S), diém N thay doi trén (P). Do dai nho nhat cia MN
bang

Al B. 2 C D.%

1
)

Loi giai

A B~

Mit cau (S) c6 tam /(1;—2;—1), bankinh R =3; d(/;(P))=4> R = mit cau (S)
va miat phang (P) khong c6 diém chung.

Dung IH 1 (P),(H € (P)). Tacdé: MN nhé nhatkhi M 1a giao diém cua doan [H
voi (S) va N=H .
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Cau 65:

Loi gidi
Chon C

x=1+2¢t
Phuong trinh duong thang IH : {y=-2—t ;(t € R)
z=—1+2¢
Piém M (1+26;-2—1;-1+2t) €(S) nén (x~1)" +(y+2)" +(z+1)" =9
& (20) +(~1)" +(21) =9 & t=+1.Khido M, (3;-3;1), M, (~1;-1;-3).
Thi lai: d (M ,;(P))=1; d(M,;(P)) =7 > IH = 4(loai).
Vay MN_. = MH =1 khi M(3;—3;1);N(?;——;—j.
(THPT Yén Phong S6 1 Biic Ninh 2019) Trong khong gian v6i hé toa dd Oxyz, cho
cac diém A(l; O;O), B(3;2;0), C(—l;2;4). Goi M 1a diém thay d6i sao cho dudng
thaing MA, MB, MC hop véi mit phang (ABC ) céc gbc bang nhau; N 1a diém thay

ddi ndm trén mit cau (S) : (x - 3)2 + (y - 2)2 + (Z - 3)2 = % Tinh gia trj nho nhét cia

do dai doan MN .
A.ﬂ. B. 2. g.ﬁ. D. 5.
2 2
M
B A
H

c

Tac: AB =(2;2;0), AC =(-2;2;4)= AB.AC = 0 = AABC suy ra AdBC
vuong tai 4.

Goi H 14 hinh chiéu vudng géc clia di€ém M trén mit phang (ABC). Ta c6:
(MA,(ABC))=(MA, HA) = MAH

(MB,(ABC))=(MB, HB) = MBH

(MC,(ABC))=(MC,HC)= MCH

Theo gia thiét MAH = MBH = MCH => AMAH = AMBH = AMCH (g.c.g)

Do d6: HA=HB = HC nén H 1a tim duong tron ngoai tiép A4BC.
Suy ra: H la trung diém ciia BC = H(l; 2;2).

Ta c6: [E,E‘] =(8;-8;8), Chon vecto chi phuong ciia dudng thing MH 1a

Uy =(L-11).
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x=1+t¢
Phuong trinh duong thang MH c6 dang:{y=2—-t ,eR
z=2+t

2

Mit cau (S) c6 tam (3;2;3) va ban kinh R = -

N
M
Goi K (1+t;2 —-t;2 +t) 1a hinh chiéu vuéng goc cta diém I trén duong thang MH .
Taco: IK =(t-2;-t;t=1),u,, =(L-11)
Do IK 1L MH nén IKu,, =0, ta duoc: £ =1.Khi do: K(2;1;3) va IK =2
Do IK > R nén dudng thang MH khong cét mit cau.

NG

Ta co: MNZd([,MH)—INz]K—IN:T
V2
S
Cau 66: Trong khong gian Oxyz, cho diém A(l; 4;3) va mit phang (P):2y—z= 0. Biét
diém B thudc (P), diém C thuoc (0xy) sao cho chu vi tam gidc ABC nho6 nhit.
Hoi gia tri nho nhat d6 1a

A. 635 B. 2/5. C. 45, D. /5.

Vay gia tri nho nhét cta d6 dai doan MN bé’mg

Loi gidi
Chon C
Goi H 1a hinh chiéu vudng géc cua 4(1;4;3) 1én mat phang (Oxy) = H (1;4;0)
Goi 4, 1a diém d6i xting ctia A qua mit phang (0xy) , ta tim duoc 4, (1;4; —3)
Goi K 1a hinh chiéu vuong géc cia A(1;4;3) 1én mit phiang (P)

x=1
Ta c6 phuong trinh dudng thang 4K : 4 y =4+ 2¢, Goi K(1;4+2t;3—t)e AK
z=3-t

Mitkhéc, K € (P)=5t+5=0=>1=-1 = K(1;2;4)

Goi 4, 1a diém dbi xtng cia 4 qua mit phang (P) thi K 1a trung diém ctia A4, .
X, =2xg —x, =1

Taco 4y, =2y, —-y,=0 :>A2(1;0;5)
Zy =ZXg—Z,=5

Ta co6 chu vi tam giac ABC 1a P, = AC+ AB+BC=A4C+ A,B+BC2> A4A4,.
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Déu bang xay ra khi 4, 4,,B,C thang hang
Suyra (Pyye), =Ad, =45 .
Ciu 67: (THPT Nguyén Hué - Hué - 2018) Trong khong gian véi hé toa 46 Oxyz , cho duong
x=—1+2¢t
thing (d):{y=1—-¢  va hai diém A(1;5;0), B(3;3;6). Goi M (a;b;c) la diém
z=2t
trén (d ) sao cho chu vi tam gidc MAB dat gia tri nho nhat. Tinh P=a+b +c.

A. P=1. B. P=-3. C.P=3. D. P=-1.
Loi giai
Chon C
Med= M(-1+261-1;2t).
Chu vi tam giac MAB 1a: AM + BM + AB . Vi AB = const nén chu vi nho nhat khi
(AM + BM ) nhé nhét.

AM (2t =2;~t —4;2t), BM (2t —4;~t - 2;2t —6) .
AM +BM =9 +20 +9r —361 +56 = \/(31‘)2 +(245) +\/(6—3t)2 +(245)
Pat u =(362v5), v=(6-362V5) = u+v=(6:445).

Ap dung bat dang thic vecto: M + M > ‘& + \7‘ . D4u bang xay ra khi #, v cing hudng.

Ta co: AM +BM =u|+[y| 2 |+ = 6 +(4v5) =2v29. Do do (AM +BM)

nho nhat khi

ton tai s6 k dwong sao cho u=kv @{3t:k(6_3t) & {t:I . Khi d6 M(l;O;Z).
25=2/5k k=1

Vay P=a+b+c=1+0+2=3.

Ciu 68: (Chuyén Lé Khiét — Quang Ngii — Lan 1) Trong khong gian v6i hé truc toa d6 Oxyz,
cho hai diém A(3; 2;6), B(0;1;0) va mit cAu (S):(x—-1)" +(y—2)" +(z-3)" =25. Mt
phang (P):ax+by+cz—2=0 di qua A, B va cit (S) theo giao tuyén la dudng tron c6
ban kinh nho nhét. Tinh T=a+b+c

A. T=5 B. T=3 C.T=2 D. T=4

Phwong phap:

- Pua phuong trinh mit phing (P) vé dang chi con 1 tham sd.

- (P) cit (S) theo giao tuyén la duong tron c6 ban kinh nhé nhit < d(I;(P)) max, trong do: I 1a

tam mat cau (S).

Loi giai

Chon B

3a—2b+6¢c—-2=0 b=2
A(3;—2;6),B(0;1;0)e(P):ax+by+cz—2:0:>{ :{
b-2=0 a=2-2¢

= (P):(2-2¢)x+2y+cz-2=0
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(S):(x —1)2 +(y—2)2 +(z—3)2 =25 ¢6 tam I(1;2;3) va bankinh R =5
- (P) cit (S) theo giao tuyén 1a duong tron c6 ban kinh nhé nhit < d(I;(P)) max, trong

d6: 11a tAm mit cau (S).

o (2-2¢).1+22+c3-2] lc+4] < 18c+16
Ta co d(I,(P)): — :\/ — = s sorg
\/(2—20) +2° +¢ 5¢” —8c+8 c” -3¢

2 2
Ta tim gia trj 16n nhat cta (:2-|-8—C+16 Goi m la gia tri cla 02-4—8—c+16 voi ¢ nao do.
5¢°—8c+8 S5¢°—8c+8
Ta co:
c?+8c+16 5 5 5
=—— —&c +8c+16=m(5c —8c+8)<:>c (1-5m)+8(1+m)c+16-8m =0(*)
5¢°—8c+8

A'=(4+4m)’ —(1-5m)(16—8m) =16+32m +16m* —16 + 8m + 80m — 40m* = —24m’ +120m

(*) co nghiém < A>0<0<m<5

’ 5 —4(1+m) —4(1+5
:>0Sc2+_8—c+16£5:> C;__8—0+16 max:ﬁ@cz (_ ): E ):1
5¢°—8c+8 5¢"—8c+8 1-5m 1-5.5

Khido T=a+b+c=2-2¢c+2+c=4-1=3
Cau 69: Trong khong gian Oxyz, cho mit cdu (S):(x—l)2 +(y+2)2 +(Z—3)2 =48 Goi
(a) la mat phang di qua hai diém A(O;O;—4),B(2;O;O) va cit mit ciu (S) theo giao

tuyén 1a duong tron (C ) Khéi non (N ) c6 dinh 1a tdm cua (S ) , duong tron day la
(C ) ¢6 thé tich 16n nhét bang

1287 887 2157
A ——— B. 397 C.— C.——
3 3 3
Loi giai
Chon B

Ta c6 tam cau /(1;-2;3);R = 43
Goi H 1a hinh chiéu vuéng goc ctia tim cau / 1én miat phang (a)
Vay chiéu cao ctia khdi non (N ) la h=d (1 ,P) =IH < IK , trong @6 K 1a hinh chiéu

vudng goc cua [ 1én AB
Goi (Q) 1a mat phang di qua 7 va vudéng goc véi  taco (Q) x+2z2-7=0

x=t
Phuong trinh 4B :{y =0 thé vao (Q) tadugc t—8+4r-7=0=>1¢=3
z=-4+42t¢

Toa d6 K(3;0;2):> IK =3

Bén kinh ciia khdi nén r =48 -’

Vay thé tich ctia khdi non:

V=Larn=Lz(as-n)h=Lx(4s-)n vei vhe[0;3].
3 3 3

Khao sat V' = f(h) ta tim duge V=397
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Cau 70: Trong khong gian Oxyz cho mit cau (S): (x—l)2 +(y+2)2 +(z—3)2 =27.Goi (a) 1a
mit phing di qua hai diém A(0;0;,—4), B(2;0;0) va cit (S) theo giao tuyén 1a duong
tron (C) sao cho khdi non cé dinh 1a tim cta (S), day 1a (C) co thé tich 16n nhat. Biét

mit phang (a) c¢6 phuong trinh dang ax+by —z+c =0, khi d6 a—b+c bang:

A. -4 B. 8. C.0. D. 2.
Loi giai
Chon C
(8):(x=1) +(y+2) +(2-3)" =27 = 1(1,-2;3);R =33
A(0;0;-4), B(2;0;0); (ar):ax+by—z+c=0.

a=2
c=-4

Taco: V. = %71’.\/27—1‘2 e

non

Ta c6: A,Be(a):{ =(a):2x+by—z-4=0

Xét: T=~27-r 1 =T :(27—r2).r4

p? AM-GM 4.(27—r2 +r? )3
— <
2 27

2
Diu ‘=’ xay ra: 27 —r* :%3r=3\/5 =h=~27-r" =3

=4

= 4.(27—r2).§.

Taco: h=d(l;a)=3=>b=2
a=2
Vay 1b=2 .
c=—4
Cau 71: Trong khong gian vGi hé toa do Oxyz, cho C (0;0;4),M (3;3;1). Viét phwong trinh
mit phang (P) di qua CM va (P) cit hai tia Ox, Oy lan luot tai A, B sao cho dién tich
tam giac ABC nho nhét.

Ax+2y+2z-8=0. B. x+y+2z+8=0.

C.x+2y+2z+8=0. D. x+2y+z-8=0.

Loi giai

Chogn A

Goi 4=(a;0,0) B=(0;5;0),a>0,b>0

Khi d6 phuong trinh mat phang (P): £+%+§:1,
a

p i . 3 3 3

Do mat phang (P) di qua M(3;3;l) :>—+Z:Z<:>ab:4(a+b)

a

N(ab) +32ab

1= —=] 1 1
Dién tich tam gidc ABC la: S = 5‘[AB,AC] = 5«/16a2 +16b6% +(ab)’ 2 >

Do ab=4(a+b)>8Jab = ab>64= S > 166
Dau dang thirc xay rakhia=b=8.
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Dién tich tam gidc ABC nho nhit bang 16+/6

Y

Khi d6 phuong trinh mat phang (P) %+§+§=1<:>x+y+22—8=0.

Cau 72:

Loi giai
Chon B

(THPT Lé Quy Pén Pa Ning 2019) Trong khong gian Oxyz, cho hai diém
y 5+\/§;7—\/§;3 | 2 5—\/5;7+\/§;3

2 2 2 2
(S):(x=1)*+(y—2)+(z-3)>=6. Xét mat phing (P):ax+by+cz+d=0,
(a,b,c,d € Z:d <—5) 1a mat phing thay di luon di qua hai diém 4,B. Goi (N) la

] va mat cau

hinh nén c6 dinh 1a tAm ctia mat cau (S) va duong tron day la duong tron giao tuyén
cua (P) va (S). Tinh gia trj cia T = |a +b+c+d | khi thiét dién qua truc ctia hinh
nén (N) c6 dién tich 16n nhét.

A.T=4. B.T=6. C.T=2. D.7T=12.

Mat cdu (S) c6 tam 7(1;2;3), ban kinh R =/6 .
Co I4=IB =~/6 nén A, B thuoc mit cau (S).
- - 57 .
AB =(—3;4/3;0) =3 (1;-1;0) = —3a, M(E;E;?aj la trung diém cia AB.
Goi a = (1;-1;0) va n= (a;b;c) v6i a’ +b* +c” >0 1a vecto phap tuyén cua mat
phang (P)
5 7

I e(P) —a+—b+3c+d=0 d =-6a—-3c
Vi 4,Be(P)néncod - - <492 2 = .
an=0 _ a=b

a-b=0
Goi h=d(1,(P)), (C)=(P)N(S), r 1abankinh duong tron (C).
F=NR =1 =61 .

Dién tich thiét dién qua truc ctia hinh nén (N).
2 2
s :%.h.Zr: na6— 12 swzs.

MaxS =3 khi B> =6-h> = h=+/3.
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h=d(1,(P))<:>\/§:|a+2b+30+d |
\/az+bz+c2

<:>a2=cz<:{a:c .

a=—c

Néu a=c thi b=a;d=-9a va (P):ax+ay+az-9a=0&x+y+2z-9=0
(nhén).

Néu a=—c thi b=a;d=-3a va (P):ax+ay—az-3a=0=x+y—2z-3=0
(loai).

Vay T =|a+b+c+d|=6.
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