Truong THPT chuyén Ly Tu Trong ) Bt ding thirc lwgng giac
Chuwong 3 Ap dung vao mot so van dé khac

Chuong 3 :

Ap dung vao mot so0 van dé khac

*“C6 hoc thi phai c6 hanh”

Sau khi da xem xét céc bat dang thuc luong gidc cung cac phuong phéap ching minh
thi ta phai biét van dung nhiing két qua d6 vao cdc van dé khic.

Trong cdc chuong trudc ta ¢é cic vi du vé bat dang thuc luong gidc ma dau bang
thuong xay ra ¢ trudng hop dic biét : tam gidc déu, cAn hay vudng ... Vi thé lai phét sinh
ra mot dang bai méi : dinh tinh tam gidc dua vao diéu kién cho trudc.

Mit khic véi nhiing két qua clia cc chuong trude ta ciing ¢6 thé dan dén dang toan
tim cuyc trj luong gidc nho bat déng thirc. Dang bai nay rat hay : két qua duoc “gidu” di,
bat budc nguoi lam phai ty “mod mam” di tim ddp 4n cho riéng minh. Cong viéc d6 that
thid vi ! Va tit nhién mudn giai quyét tot van dé nay thi ta can c6 mot “von” bat dang thirc
“kha kha”

Bay glo ching ta s& cting kiém tra hiéu qua cua cic bat dang thic luong gidc trong
chuong 3 : “Ap dung vao mot s6 van dé khac”
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3.1. Dinh tinh tam giac :

3.1.1. Tam giac déu:

Tam gidac déu cé thé néi la tam gidc dep nhdt trong cdc tam gidc. O né ta cé duwoc s
dong nhat giita cdc tinh chat cua cdc dwong cao, duong trung tuyén, dwong phan gidc,
tdm ngoaqi tzep, tam noi tzep, tém bang tiép tam gidc ... Va cdc dir kién do lai ciing trung
hop véi diéu kién xdy ra ddu bang ¢ cdc bat ding thwc lwong giac doi ximg trong tam
gidc. Do d6 sau khi gidi dwge cdc bat dang thirc lwong gidc thi ta can phdi nghi dén viéc
van dung né tré thanh mét phirong phdp khi nhdn dang tam gidc déu.

Vi du 3.1.1.1.
CMR AABC déu khi théa : m, +m, +m, = %R

Loi gidi :

Theo BCStaco:
(ma+mb+mc)233( . +mb +m, )
& (m, +mb+m) %(a +b* +c? )

& (m, +m, +m, ) <9R (sin2A+sinzB+sin2C)

ma: sin? A+sin’ B+sin’C<=

-lk\D

= (m, +m, +mc)2 <9R® -2=ER2
4 4
9
=>m,+m,+m, SER
Ding thirc xay ra khi va chi khi AABC déu = dpcm.
Vidu 3.1.1.2.

Jab

4c

thi AABC déu.

0 . A. B
CMR néu thoa s1n5s1n5 =

Loi gidi :

Tacé :
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2RI A+ B A-B A—B
Jab _a+b _2RGsinA+sing) _TTM 5 N, %,
4c 8¢ 2R.8sinC 2R.8.2sin gcosg 8sin ¢ 8cos A+B
2 2 2
. A . B 1
=simnm—sm—<————
A+ B
8cos

< 8cos

sinésinéél

A+B( A-B A+B
& 4cos cos —Cos 5

, A+B A+B A—
< 4cos coS

2
A+ B A—B . ,A-B
< | 2cos —Cos +sin” >0
2 2 2

= dpcm.

Vi dy 3.1.1.3.

CMR AABC déu khi né théa : 2(h, +h, +h. )=(a+b+cW3
Loi gidi :
Piéu kién dé bai tuong duong voi :

2.2p(1+1+1j:(a+b+c)ﬁ
a b c

—+—t+—=—
a b c 2
o 1 s 1 .\ 1 A3
B C C A 2
cot—+cot— cot—+cot— cot—+cot—
2 2 2
Mat khac taco :
1 1 1 1 1 A B
ﬂgz —A+—B :Z tan5+tan5
cot5+cot5 cot— cot—

Tuong ty :
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1 1 B C
—— < —| tan—+tan —
C 2 2

B
cot—+cot —
2 2

— < ManCims
C A 4 2 2

cot—+cot—
2 2

= 1 + ! + 1 <l tané+tan£+tan£
A B B C C - 2 2 2
cot—+cot— cot—+cot— cot—+cot—
2 2 2 2 2 2

V3

1 A B A B
= —<— tan—+tan—+tan£ & tan—+tan—+tan£2 \/5
2 2 2 2 2 2 2

2
= dpcm.

Vidu 3.1.1.4.
CMR néu théa S = 3Rr§ thi AABC déu.

Loi gidi :
Taco:

A B A B
S =2R*sin Asin BsinC = 2R2.2.2.2.sin—sin—singcos—cos—cos—

=4R sinésinﬁsin£4R cosécosﬁcos£ =r4R cosécosﬁcos—
2 2 2 2 2 2 2 2 2

< r4R£ = ﬂRr
8 2
= dpcm.
Vi du 3.1.1.5.

CMR AABC déu khi né théa m, m,m_ = pS
Loi gidi :

Taco:
m,’ :i(sz +2¢3 —az):%(bz — +2bccosA)2%bc(l+cosA)=bccoszé

ma:
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2 2 _ 2 2 2 2

COSA:b-l-C—ajzcoszé_l=b tc a
2bc 2 2bc
:COSzA:b2+cz—a2+2bc: (b+c) -a’ _ p(p—a)
4bc 4bc be
=m, 2/p(p—-a)
Tuong tu :

{mﬁ«/p(pb)
m, > p(p-c)

= m,m,m, 2 py|p(p—a)p-b)p—c)=pS
= dpcm.

3.1.2. Tam giic can:

Sau tam gidc déu thi tam gidc can ciing dep khong kém. Va ¢ ddy thi chung ta sé xét
nhitng bat dang thirc co dau bang xay ra khi hai bién bang nhau va khac biéen thir ba. Vi

du A=B= %;c - 2?” . Vi thé né khé hom trieomg hop xdc dinh tam gide déu.

Vi du 3.1.2.1.
A . P4 ” A .« A 2 2 2 A+B \

CMR AABC can khi no thoa diéu kién tan” A+ tan” B = 2tan va nhon.
Loi gidi :

Ta co - tan A+ tan B = sin(A + B) _ 2sin(A + B) _ 2sinC

cosAcos B cos(A+B)+cos(A—B) cos(A—B)-cosC
vi cos(A—B)<1= cos(A—B)—cosC <1-cosC = 2sin2%
. . 4sin—cos—
2 2 A+B
= ( s1n)C 2 sinC = 2 2 =200t£=2tan i
cosl{A—B)—cosC 2gin? 2 sin? 2
A+B

= tan A+tan B = 2tan

2
1 4 A+ B A+ B
[r gia thiét : tan® A+tan’> B =2tan’ 5 < 2( tan tan ]

2
=N 2(tan2 A+ tan? B)S tan’ A+tan’ B+ 2tan Atan B
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& (tanA—tanB)’ <0
& tan A =tan B

< A=B
= dpcm.

Vidu 3.1.2.2.
P, A
CMR AABC can khi thoa h, = Jbe COSE

Loi gidi :

2bc A
COS—

b+c 2

Trong moi tam giac talubncd: h, <[, =

2bc bc
A b+c22\bc = < =4/b
ma c c P \/% c

2be cosgs \/Ecosgj h, < \/Ecosg

b+c
Ding thirc xay ra khi AABC can = dpcm.

Vidu 3.1.2.3.
£ 7. . B . .
CMR néu thoa r+r, =4R smE thi AABC can.

Loi gidi :
Taco:

sin —

r+r, = (p —b)tan§+ ptang =(2p —b)tang =(a +c)tan§ =2R(sin A+sinC)

COS—
2
sin — sinE
=4RsinA+CcosA_C- 2 =4Rcos£cosA_C- 2 =4Rsin£cosA_CS4RsinE
2 2 B 2 2 2
cosz COS —

B 5
=r+r, <4R sinE Dang thtrc xdy ra khi AABC can = dpcm.
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Vidu 3.1.2.4.
CMR néu S:i(a2+b2)thi AABC can.
Loi gidi :
T L2, 12)s ] [
Tacoé:a” +b S2ab:Z(a +b )Z—abZEab51nC=S

1 ’ . . 2 .
:Z@%uﬁksz>mmcc@n@ﬂﬁﬂ%uh@dmmL

Vi dy 3.1.2.5.

CMR AABC cdn khi thoa 2cos A+cosB+cosC = %

Loi gidi :
Taco:

ZCOSA+COSB+COSC=2(1—2$in2§j+2008B;CCOSB;C

B—cj2 1 ,B-C 1 9
+ —COS

A A B - A 1
=—4sin® = + 2sin—cos ¢ =— 2sin———cos
2 2 2 2

I 9
_+_

2 4 4
B—

2
=— 2siné—lcosB_C —lsin2 C+2S2
2 2 2 4 2 4 4

Ping thic xay rakhi B = C = dpcm.

3.1.3. Tam giic vuong :
Cudi ciing ta xét dén tam gidc vuéng, dai dién khé tinh nhat ciia tam gide doi voi bdt
dang thirc luong giac. Duong nhu khi nhan dién tam giac vuong, phwong phap biéen doi

twrong dwong cdc dang thire la dwoc ding hon cd. Va ta hiém khi gdp bai todn nhdn dién
tam giac vuong ma can dung den bat dang thure luong gidc.

Vidu 3.1.3.1.
CMR AABC vuong khi thoa 3cos B+ 6sinC +4sin B+8cosC =15
Loi gidi :
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Theo BCS ta c6 :
3cosB+4sinB < \/(32 +42)(cos2 B +sin’ B):S

6sinC+8cosC < \/(62 +82)(sin2 C +cos’ C)=10

= 3cosﬁ+4sinB+6sinC+8cosC <15
Dang thtrc xay ra khi va chi khi :

cosB _sinB tanB—4
3cosB+4sinB=5 B T3
C?s o & ‘3 4 3(:)tanB=cotC(:)B+C=Z
6sinC +8cosC =10 sinC cosC 4 2
= cotC =—
6 3
=dpcm.

3.2. Cuec tri lwong giac :

Day la linh vic van dung thanh cong va triét dé bat dang thirc lwong gidc vdo giai
toan. Ddc biét trong dang bai ndy, gan nhu ta la nguoi di trong sa mac khong biét
phiwrong hwong dwong di, ta sé khong biét truéc két qua ma phdi t minh ding cac bat
dang thire dd biét dé tim ra dap an cudi cing. Vi 1€ d6 ma dang todn nay thiwong rdt “kho
x0i”, né doi héi ta phdi biét khéo léo sir dung cdc bat dang thirc ciing nhwe can mét von
liéng kinh nghiém vé bat ddng thirc khong nho.

Vi du 3.2.1.
Tim gid tri nhé nhdt cia ham s6 :
f(X, y) -

voi a,b,c,d la cac hang 56 duong.

4 -4
asin® x+bcos* y , acos x+bsin" y

csin® x+dcos’ y ccoszx+dsin2y

Loi gidi :

sin* x cos* x
+

Dﬁt f('x’y):afl+bf2 Vé’l f] -2 2 2 .2
csin“ x+dcos”y ccos” x+dsin”y

cos* x sin” x
-2 2 + 2 s 2
csin“ x+dcos”y ccos” x+dsin”y
Tacé: c+d = clsin® x+cos? x)+ d(sin® y +cos? y)
Do d6:
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<4 4
c+d)f, =|lcsin® x+d cos” y)+|ccos® x+dsin” o X + cos X
( )f] [( y) ( y) csin x+dcos’y ccos’x+dsin’y
2 2 ?
> \/csin2x+dcos2y L +\/ccoszx+dsin2y cos X =1
\/csin2 x+dcos’y \/ccos2 x+dsin’y
A a+b
= f, 2 Tuong tu : f, 2 Vay  f(x.y)=af, +bf, 2
+d c+d
Vi du 3.2.2.

Tim gid tri nhé nhdt ciia biéu thirc :
P =cos3A+cos3B—cos3C

Loi gidi :

Tacod: cos3C = cos3[7r—(A+B)]:cos[37z—3(A+B)]: —cos3(A+B) nén

P= 0053A+cos3B+cos3(A+B)= 20053(14—;Bjcos3(A;B}L2cos2 3(AL28)—1

B A—B A+ B 1
+2 3 J— 3 +—= ,
j COS [ ]COS ( j f(x y)

A':cos23[A;sz—1£O:>P2——

= P+%= 200523(A+

A'=0

cos%[ﬂjzl
2
< A+ B 1 A-B
cos3( * j=——cos3(;j
2
A=B
A=B A:27£
= 9
COS3A=—— 4
A=
9
Véy Pmin:_5<:> 49 9
Mg o7
L 9 9
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Vi du 3.2.3.

Tim gid tri [ém nhdt ciia biéu thirc :
sin®> A+sin® B+sin”> C

P: 2 2 2
cos“ A+cos“ B+cos” C

Loi gidi :

Taco :
3
P = 2 2 2 -1
cos“ A+cos” B+cos” C
B 3
3—(sin2A+sinzB+sin2C)
3

~1=3

= 9
32
4

Dod6: P, =3 & AABC déu.

Vidu 3.24.
Tim gid tri [6n nhdt nhé nhat cia y =3/sin x —~/cos x
Loi gidi :

biéu kién : sinx>0,cosx >0

Tacod: y=4\/sinx—\/cosx <4/sinx <1

. , sinx =1 1
Dau bang xay ra & & x =E+k2ﬂ'

cosx=0

Mit khéc : y =4/sinx —+/cosx = —/cosx > -1

FE , sinx=0
Dau bang xay ra < { S x=k2x
cosx=1
V4
i | Ve =l x=—+k27
Vay
Vuin =~ 1 & x=k27
Vidu 3.2.5.
, 24+ \
Cho ham so y = cosx Hay tim Max y trén mién xdc dinh cua no.

sinx+cosx—2
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Loi gidi :
Vi sinx va cosx khong dong thoi bang 1 nén y xéac dinh trén R.

S U S, 2+cosx
Y, thudc mién gia tri ciia ham so6 khi va chi khi ¥, =

sinx+cosx—2

& Y, sinx+ (Y0 —1)cosx = 2Y, +2 c6 nghiém.
v, +2) <y, +(v,-1)
& 2Y,2 +10Y, +3<0
@—S—ESYS—SwL\/E

2 0 2
—5+JE§
2

2

Vay y max =

3.3. Baitap:

CMR AABC déu néu né thoa mot trong cac dang thic sau

3.3.1. cosAcosB+cosBcosC+cosCcosA =%

3.3.2. sin2A+sin2B+sin2C =sin A+sin B+sinC

3.3.3. ! + 1 + 1 =£+ltanAtanBtanC
sin2A sin2B sin2C 2 2
2 2 2 2 2,2 2
3.3.4. a +b" +c _ a'bc
cotA+cotB+cotC

A B
tan —tan — tan —
2 2 2

335 acosA+bcosB+ccosC _l

a+b+c 2

3.3.6. m m,m_ = abc cosécosﬁcos£
' 2 2 2
3.3.7. 1,11 =abc cosécos Ecos -
2 2 2
3.3.8. bc cotg +ca cotg +ab cot% =128

(1+ ! ][H ! j[H ! j=5+—26\/5
sin A sin B sinC 9

3.3.10. sin Asin BsinC _ 1

(sin A +sin B +sin C)* 6+/3

3.3.

°
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