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Loi noi dau

Dé thu goi lénh lamdethi.sty toi bién soan mot s6 dé toan thi Olympic,
ma cac hoc tro cta t6i da lam bai tap khi hoc tap IKTEX. DE phu vu cac ban
ham hoc toan t6i thu thap va gom lai thanh cac sach dién t, cac ban c6 thé
tham khao. Mdi tap toi sé gom khoang 51 bai vdi 16i giai.

Rét nhiéu bai toan dich khong dugc chudn, nhiéu diém khong hoan toan
chinh xac vy mong ban doc tu ngdm nghi va tim hiéu lay. Nhung day la
nguodn tai liéu tiéng Viét vé chi dé nay, toi da c6 xem qua va nguoi dich 1a
chuyén vé nganh Toan phé thong. Ban c6 thé tham khao lai trong [1].

R4t nhiéu doan vi mdi hoc TeX nén cau tric va bd tri con xau, t6i khong
c6 thai gian stra lai, mong cac ban thong cam.

Ha Noi, ngay 2 thang 1 ndm 2010
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Chuong 1
Dé thi olympic Hy Lap

>1.1. Cho P la mgt diém nam bén trong hay trén 1 canh bat ki ciia hinh vuéng

ABCD. Hay xdc dinh gid tri 6n nhdt va gid tri nhé nhit cd thé cé cia ham so

f(P) = ABP + BCP + CDP + DAP

Loi giai: C

Dat céc dllsnh cta hinh vuéng tuong ing vdi cac gia tri 1, i, -1, -i trong mat
phang va coi P 1a s6 phtic z. Khi d6 f(P) la argument ctia s6 phtc z thod man
z—1z—i z+1z4+1 zt-1
i+1-1—i—i+11+i 4

4t -1
Khi [P| < 1,
kinh 1/4, tdm c6 toa do -1/4. Do do gia tri 16n nhét cta goc dat duoc tai 1

chay trén mién phang dugc gi6i han béi duong tron ban

diém trén bién ctia hinh tron trén, diéu d6 xay ra khi P nam trén canh ctia
hinh vuéng. Do vai tro ctia cac canh la nhu nhau, khong mét téng quat ta c6
thé gia str canh d6 1a AB.
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Khi P chay tir A dén B thi CDP giam tit % dén g ; BCP giam tir g dén 0;
Hai goc con lai nhan cac gia tri la g va 0.
.31

A 2 A 2 X N 5
Vay ta c6 gid tri 16n nhat va nhé nhat ctaa f(P) lan luot la IN va -

>1.2.  Cho ham f: (0;00) —R thod man cdc diéu kién sau:
(a) f tang nghiém ngat
(b)f(x)>_7 vdi moi x>0
(c) f(x)f(f(x)+§):1 v6i moi x>0
Tinh f(1).

Loi giai: Dat k:f(x)+§. Vi k>0 nén f(k)f(f(k)+%):1

Mit khéc f(f(k)=1. Do d6 f(x)=F(E(k)+ 2 )=f(—s— )
k f(x) f(x) + 1
1 X

. o . 1
Do f tdng nghiém ngat nén ta c6 x= +

&y +2

1++5

Gidi ra ta thu dugc f(x)= »

Dé dang kiém tra dugc rang chi c6 thod man cac yéu cau cta dé bai.

Do d6 f(1)=1 _2\/5

>1.3.  Tim tat cd cdc so nguyén thod man phuong trinh sau:

13 19% =
x2 0 y2 1997

Loi giai: Dat d=gcd(xy), tir d6 x=dx;, y=dy,
Khi d6é phuong trinh da cho tuong duong véi
1997(13)y3+1997(1996)x3=dzy?x3

Khi x; va y; nguyén t0 cung nhau, ta phai c6 x3[1997 x 13,
y3]1997 x 1996
Dé dang kiém tra dugc rang 1997 khong phai s6 chinh phuong va 16 rang
né nguyén to cling nhau véi 13 va 1996. Hon nita 1996 = 22.499, va ciing dé
dang kiém tra dugc rang 499 khong phai s6 chinh phuong.
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Khi d6 (x1,y1) = (1,1) hoac (1,2)

Bai toan duoc chia thanh 2 truong hop:
* Truong hop 1: (x1,y1) = (1,1). Khi d6
d?z = (13 4 1996)1997 = 1997.7%.41
Khi 1997 nguyén t6 cting nhau v6i 7 va 41 thi d=1,7. Tir d6 ta c6 két qua lan
luot la:
(x,y,2)=(1,1,4011973), (7,7,81877)
* Truong hop 2: (xq,y1) = (1,2).Khi d6 d?z = (13 + 499)1997 =
1997.2°
Do d6 d=1,2,4,8,16. Ta lai c6 cac két qua lan luot la:
(xy,2)=(1,2,1022464),(2,4,255616),(4,8,63904), (8,16,15976), (16,32,3994)
D6 1a cac két qua thu duoc.

>1.4. Cho P la mot da thifc vdi cdc hé s6 nguyén c6 13 nghiém nguyén phan biét.
Hay chi ra rang néu n € Z khong phdi la nghiém ciia P thi |P(n)| > 7(6!)?. Hay
cho 1 vi du khi ddu bing xdy ra.

Loi giai: Phan tich da thitc véi cac hé s6 nguyén thanh tich ctia cac da thic
cling c6 hé s6 nguyén véi bac nhoé hon thi P(x) c6 thé viét duéi dang
(x = 11)(x = 12).e (¥ = 113)Q(x)
trong do rs 1a 1 trong 13 nghiém phan biét caa da thic do.
Do doé véi tat mdi s6 nguyén x, P(x) c6 gia tri bang tich ctia 13 s6 nguyén
phan biét v6i 1 s6 nguyén khac.
RO rang gia tri tuyét d6i nho nhat cia két qua trén 1a
1(1)(=1)(2)(~2)-.(6) (=6) (7) (1) = 7(6!)2.
Tir d6 ta c6 diéu phai ching minh.
Mot vi du khi dau bf?mg dat duocdolakhix =0
va P(x)=(x+1)(x-1)(x+2)(x-2)...(x+7)



Chuong 2
Dé thi olympic Hungary

>2.5.  MGdi thanh vién trong hoi dong xép hang cic 1img vién A, B, C theo thir tu.
Diéu do chi ra ring phan 16n cdc thit hang héi dong A cao hon nhiéu so vdi B va
ciing cd thé'la phan lon cdc thir hang B cao hon nhiéu so véi C. C6 phdi ma theo do
A cao hon C.
Loi giai: Khong. Gia st gia hoi dong c6 ba thanh vién, mot trong nhiing
ngudi xép hang A > B > C, mdt trong nhiing ngudi xép hang B > C > A,
va la mot trong nhiing ngudi xép hang C > A > B. Sau d6, thir nhat va tha
ba ca hai thich A dén B, va thit nhat va tha hai thich ca hai B to C, nhung
chi 1a nguoi dau tién thich A dén C.

>2.6. Cho phép a, b, ¢ dugc cdc bén,
Mg, My, Mg

la cdc do cao, va
dIZ/ db/ dC

la cdc khodng cdch tir dinh vao trong mét trong tam tam gidc. Chiing minh rang.

a? + b% + 2

mada + mbdb + mcdc — 2
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Loi giai: Cho D, E, F la chan cta chiéu cao tir A, B, C tuong ng, va cho H
1a truc tam cda hinh tam giac ABC, Sau d6 hinh tam giac ACD la giéng v6i
hinh tam giac AHE. Vay

Tuong tu hinh tam giac ABD la gidong v6i hinh tam giac AHF. Vay

mad, = AD - AB = AF - AE = AB -c.

Do do
AE -b+ AF - ¢
myd, = >
Tuong tu
BF -c+ BD -a
mydy = >
va
CD-a+CE-b
med, =
2
Do dé

Madg + mpdy + med,

:%(AE-b+AF-c+BF-c+BD-a+CD~a+CE-b)

((BD +CD) -a + (CE + AE) - b+ (AF + BF) - ¢)

1

2
_a2+b2+02
o 2

>2.7. Cho R la ban kinh hinh tam giic ABC va G, H la trong tdm va tryc tam
tuong 1tng. Cho F la trung diém ciia GH. Dé

AF? + BF2 4+ CF? = 3R?
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Loi giai: Chung ta sit dung Vector véi goc toa do tai tam hinh tam giac
ABC. Sau d6 ching ta c6 cong thac H = A+ B+ CvG = H/3. Vay F =
(G+H)/2=2H/3v2(A+B+C) =3F.
Do do

AF? + BF? + CF?

=(A-F).(A-F) + (B-F).(B-F) + (C-F).(C-F)
=A-A+B-B+C-C—2(A+B+C)-F+3F-F
=3R*—~F-(2(A+ B+ C) —3F) = 3R?

>2.8. Mot hdp chita 4 qud bong triang va 4 qud bong dé, chiing ta cdn vé tir cdi hdp
theo mot s6 thit tw ma khong can thay thé. Trudc khi vé chiing ta can dodn mau ciia
qud bong sé vé. Con sb duoc mong doi cila cdc dw dodn chinh xdc la bao nhiéu?

Loi giai: Con s6 dugc cho doi ctia cac du doan chinh xac 1a 373/70. Cho
i,j>0,a;

biéu thi con s6 mong doi ctia cac du doan chinh xac khi ¢6 i qua bong trang
va j qua bong doé. Gia st i>j>=1. Sau d6 du dodn ctia chung ta la chinh xac
vdi xac suat i/(i+j), dua ra con s6 mong mudn ctia cac du doan chinh xac
cua

L+aiq,

va sai vdi xdc suat j/(i+j), dua ra con soO mong muon cua

ajj—1

A

Vay

i
A1

i
ajj = —— ,(1 + aifl,j) + —i ny

147
if

Ciang vay, chung ta c6
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cho
i,j>0
Néu
i=j>1

sau do chung ta doan voi xac suat1/2 va

1 1 1
aij = 5(1+ai-15) + 501 = 5 +aiia
Nhu
Aji—1 = 0i—1,;

. Cudi ciing, diéu kién bat dau la:
ajp = doj =1

voi
i>0

Chuing ta c6 thé stt dung nhiing phuong trinh nay cho viéc tinh toan

aga = 373/70

>2.9. Tim tdt cd cdc gidi phdp cho nhiing sé nguyén cila phuong trinh

B+ +2P o (x+7)2 =8
Loi giai: cac giai phap 1a: (-2,6), (-3,4), (-4,-4), (-5,-6) Cho

P(x) =+ (x + 13+ (x +2)% + .+ (x +7)% = 823 + 8422 + 420x + 784.

thi:

(2x +7)° = 8x° + 84x% +294x + 343 < P(x) < 8x> 4 120x% 4 600x + 1000 = (2x +10)3
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Vay 2x+7 <y < 2x100: do d6 y la 2x + 8 hoac 2x + 9 nhung ca hai phuong
trinh

P(x) — (2x 4+ 8)° = —12% +-36x +272 = 0

P(x) — (2x +9)% = —24x% + 66x +55 = 0
c6 bat ky can nguyén. Do vay nén ko cé gidi phap bao véi
x>0

Tiép theo, chi y rang P thdéa man P (-x-7) = -P(x), vay (x.y) 1a 1 giai phap néu
(-x-7,-y) la mot giai phap. Do vay khong c6 giai phap nao véi
x < =7

Do vay (x.y) la mot giai phap. Chung ta phai c6

Cho

Chung ta c6 P(-1) = 440
khong moét lay thira 3.
P(-2) =216 = 6°

va
P(-3) =64 =43

vay (-2,6) va (-3,4) va chi cac giai phap véi
—3<x< -1
Do do6 (-4,-4) va (-5,-6) chi la giai phap véi

—-6<x< -4

Vay dap an chi c6 thé 1a (-2,6), (-3,4), (-4,-4) va (-5,-6).
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>2.10. Chiing ta cé 1997 s6 nguyén duong khong triing nhau, bat ky 10 trong s do
c6 cung it nhit chung. Tim s6 [6n nhat co thé ciia cdc s6 nguyén to ciing nhau giita

chiing.

Loi giai: s6 16n nhét ctia tirg déi s6 nguyén t6 trong tap hgp nay 1a 9. Trude
tién, gia st ¢6 10 s6 nguyen to..

ni, M, ....1n10
Sau d6 it nhat ctia 10 thanh vién cta tap hop nay la
lem(ny, ny, ...n10) = (M1ny...1n10)
Ca biét, cho bat ky N khéc trong tap hop nay

lCWl(Nle, ....7’110) — (1’111’12...1’110)

la chia hét cho
ni
Nhu
ny
co quan hé vai
nj
cho
-2<;<10
chi cho N.
Tuong tu
ny
chia cho N véi mbi
i€{2...10}
nhu vay
n;

c6 quan hé nguyén t6.

nimns...1nq0



14 Nguyén Hitu Dién, DHKHTN Ha Noi

chia cho N. Nhung
N <lem(N.np...n10) = n1)n2)..n10)

Vay chung ta phai c6

Tir day n6 luu gitt mébi thanh phan ctia tap hop ctia chiing ta hon

Tap hop ctia ching ta chi c6 thé chita 11 thanh phan, mot sy mau thuan.
Bay gid chiing ta khéi tao mot vi du ma c6 9 sb6 nguyén to.
Cho
pn)
biéu thi s6 nguyén t6 thi n va cho
S = {@]1 <j< 1988} {m, na..omo}
]

khi

vOi

1a c&p nguyeén to.



Chuong 3
Dé thi olympic Iran

>3.11. Gid sif wy, ..., wy la nhitng sé thic phan biét véi tong khdc khong.
CMR : ton tai cdc s6 nguyén ny, ..., ny sao cho : nywy + ... + ngwy > 0 va mot s6
hodn vi 7t ciia {1,.. ., k} khong dong nhat bing nhau. Ta cd :

nlwl(l) 4+ ...+ nkwﬂ(k) <0

Loi giai:

Dau tién, ta “sap xép lai” bat dang thic :

Néua; < ... < ay, by < ... < b, la nhitng s6 thyuc, « = min {a; 1 — a;},

B = min {b; 1 — b;} thivdi 1 vai hoan vi khong thong thuong 7 caa {1, ..., n}
Y biagiy < Ybiai —ap

Diéu nay 1a hién nhién vi néu i < j nhung 7 (i) > 7 (j) thi thay 7 bdi
nhitng su hgp thanh d6 véi su chuyén vé ctia i va j ting 1én thi tong bang
(aj — ;) (bj = bi)

Gia st rang wy < ... < wy vas = |¥ w;|

bat & = min {w; ;1 — w;} va chon 1 s6 ty nhién N = :
Ta dat (n1,ny,...,nx) = (N,2N, ..., kN) + p(1, ..., 1)

O day p la s6 nguyén duy nht sao cho ¥ n;w; € (0, ]
Day la dinh ly bao ham rang 7t # 1

Zniwn(i) < Zn,-w,- —Nau<s—Na<0
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>3.12. Gid si diém P di dong doc theo cung BC cila duong tron ngogi tiép AABC,
va cho Iy, I tuwong 1ng la tam duong tron néi tiép APAB, APAC. CMR :
a) Duong tron ngoai tiép API; I, di qua mét diém co dinh.
b) Duong tron duong kinh I I, di qua mot diém cb dinh.
¢) Trung diém cia doan I I nam trén mot duong tron cb dinh.
Loi giai:
Cho By, Cy la diém gitta ctia cac cung AC, AB. Do I3, I 1a tim dudng tron
noi tiép cta cac tam giac AABP,AACP, tac6: C1A = CiB = C11, B1A =
B1C = B1L,.
Goi I 1a tam dudng tron ngoai tiép AABC va Q la giao diém thit 2 ctia dudong
tron ngoai tiép AABC va API1I,. Do C11; va Byl di qua P nén AQI;C; va
AQILB; dong dang, vay : % = % = %—‘2 khong doi.
Do dé Q la giao ctia duong tron ngoai tiep AABC véi duong tron Apollonius
cd dinh, nén Q cb dinh va phan i\) (Aiucjc ching minh.
Tic: HOF, = hPh = G PF, = (20)
Céac tam gidc AQI1 I, v6i Q # P déu dong dang véi nhau. Vi thé néu M la
trung diém cta I1 I, thi cac tam giac AQI; M cling déu dong dang.
Néu k = %, « = MQIL, nghia la M 1a anh cta I; qua qua céc phép doi hinh
tam Q v6i goc & va ti s6 k.
Do C;I; = C1A khong ddi, I; chuyén dong trén mot cung cia dudng tron
c6 dinh nén M nam trén mot duong tron ¢6 dinh va (c) duoc ching minh.
Cudi cung ta tinh dugc goc @ = % Vi thé duong tron duong kinh I I, di
qua I c6 dinh va phan (b) dugc chiing minh.

>3.13. Gid sit f : RT — R la ham lién tuc, gidm sao cho Vx,y € RT,

faty)+fF@)+f@)=FFE+fW)+fy+f)
CMR: f (f (x)) =

Loi giai:

X.

Dat y = x, ta duoc:

f2x)+ f(2f (x) = f(2f (x+ f(x))) (1)
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Thay x bdi f (x) , ta dugc :

fRE)+fRF(fF(X)=FRF(f )+ f(f(x)))(2)
Lay (2) trir (1), ta duoc :

fRE(f(x)) = f(2x) = fFfF(f () +f(f (%)) = f2f (x+ f(x)))

Néu f (f (x)) > x thi vé trai cia phuong trinh 1a am, do d6 :

fFU@+F ) > fx+f(x)

Va f(x)+ f (f (x)) < x+ f (x), mau thuan.
Diéu mau thuan tuong tu cing xay ranéu f (f (x)) < x.
Vay : f (f (x)) = x.

>3.14. Cho A la mt ma trin gom cdc s0 0 va 1 doi ximg (A;; = Aji, Vi, ) sao cho
Aj; = 1 v6i moi i. Hiy chi ra rang ton tai mot tdp con ctia cdc day ma tong tat cd
thanh phan ciia vécto la Ié.
Loi giai:
Gia st ngugc lai , ton tai mot vécto (v, ..., v,) sao cho Y v;w; = 0 vdi mot
vai day (wy, ..., wy,) nhung Y v; # 0 (TAt ca cac sb & day la chia hét cho 2) .
Cong trén tat ca cac day, ta c6

ZZZ)Z'A,']'U]' =0
j o

Do ma tran la ddi xing, diéu nay duge quy vé Y v?A; = 0 hodc Y v; = 0
i i

(v1 € {0,1}), mau thuan .



Chuong 4
Dé thi olympic Ireland

>4.15. Tim tat cd cic cdp s6 nguyén (x,y) sao cho 1+ 1996x + 1998y = xy

Loi giai: Ta ¢  (x—1998) (y —1996) = =xy — 1998y — 1996x +
1996.1998 = 19972

Do 1997 1a s6 nguyeén t6, nén ta c6: x — 1998 = +1; £1997; £19972. Vay c6 6
gia tri (x,y) thoa man la

(x,y) = (1999, 19972 + 1996) , (1997, —19972 + 1996) ,

(3995,3993) (1, —1) (19972 +1998,1997 ), (19972 + 198,195
>4.16. Cho AABC, M la diém trong tam giac. Goi D,E,F lan luot 1a hinh chiéu ciia
M xuéng BC, CA, AD. Tim tip hop tét cé cic diém M théa man FDE = Z.
Lai gii: Tir cac tir gide néi tiép MDBF va MDCE ta ¢6 MDE = MCE va
MDF = MBE do d6 FDE = % < MCB + MBC = Z hay BMC = & & M
nam trén cung tron di qua B va C.

>4.17. Tim tat cd cdc da thitc P(x) sao cho dbi vdi moi x ta cd :

(x—16)P(2x) =16 (x —1) P (x).
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Loi giai: Goi d = degP va ala hé s6 ctia x trong P(x) v6i s6 mii 16n nhat. Khi
d6 hé sb ctia x mi 16n nhit & bén trai 1a 2%a phai bmeg l6adodod =4
Do vé phai ltic nay chia hét cho (x — 1), nhung trong truong hop dé vé phai
lai chia hét cho (x — 2), tuong tu la chia hét cho (x — 4) va (x — 8). Vay da
thire P(x) 1a boi ctia (x — 1)(x — 2)(x — 4)(x — 8) 1 tat cd cac da thic thoa
man.

>4.18. Cho a,b,c la cdc so thitc khong dm sao cho a + b + ¢ > abc. Chitng minh
ring a* + b* + ¢ > abc.
Loi giai: Gia st phan ching rang vdi a,b,¢ > 0 ma a? + b* + ¢ < abc do
dé abc > a®> = a < bc. Lam tuong tu ta ciing c6 b < ca,c < ab. Do d6
abc > a* 4 b* + c? > ab + bc + ca. Theo bat dang thitcc AM-GM va ab + be +
ca > a+b+csuyraabc > a+ b+ c. Trai voi gia thiét. Vay bai toan dugc
ching minh.

>4.19. Cho tdp hop S = {3,5,7,...}. Vdi mbi x € S ta dit 5(x) la xdc dinh mot s
nguyén duy nhat sao cho:  2°09) < x < 20(x)+1
Déi vdia,b € S ta dinh nghia phép todin

axb=20@"1(1—-3)+a

a, Chitng minh rang néu a,b € Sthia xb € S
b, Chiing minh rang néu a,b,c € S thi (a *b) xc = a* (b *c).

Loi gii: a, Hién nhién
b, Néu 2" < a < 2"+1,2" < b < 2"+ thi
axb=2""1(b—-3)4a>2"1 2" —2)+2" +1=2""""141

va axb < 2mTl(antl_yg) 4oomtl 1 = 2 _ 1. Vi vy
S(axb)=m+n—1
Néu 27 < ¢ < 271 thi

(a%b)xc= <2m*1(b—3)+a> xc=2"""2(c-3) 42" (b -3)+a
Va

ax(bxc) :a*<2m_1 (c—3)+b> =2m-1 (2”_1(c—3)+b—3>+a: (axb)xc.
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>4.20. Cho tit gidc 16i ABCD c6 mot duong tron ndi tiép. Néu

s
3/ 2/ C

Tim d¢ dai AD
Loi giai: Goi I 1a tim dudng tron néi tiép . Do AABC 1a tam giac déu, BIC =
105, ICB = 15°, AID = 75°, IDA = 45° nén

_ BIAD _ sin1¥ sin75° _ = . oo

AD = — = —
BC Al sin 1059 sin 459

>4.21. Goi A la tdp con cia {0,1,2,...,1997} gom hon 1000 phan tir. Chiing minh
rang A chi gom nhitng lity thita ciia 2 hodc hai phan tir phan biét c6 tong la liy
thira ciia 2.
Loi giai: Gia st tap A khong thoéa man bai toan. Khi dé A sé bao gdbm hon
ntra sO nguyén tir 51 t6i 1997 ma ching dugc chia thanh tirng cdp c6 téng la
2048 (VD : 51 + 1997 = 2048...). Tuong ty nhu vay, A bao gom nhiéu nhat
ntta s6 nguyeén tir 14 t6i 50, gdbm nhiéu nhat nira sé nguyén tir 3 t6i 13, va co
thé ca 56 0, do d6 A c6 tong cong 937 + 18 + 5 + 1 = 997 sb nguyén, trai v6i
gia thiét A gdm hon 1000 s6 nguyén tir tap {0,1,2,...,1997}.

>4.22. Xdc dinh s6 tu nhién n théa man nhitng diéu kién sau:
a, Khai trién thdp phin ciia n gom 1000 sb
b, Tét cd cdc s trong khai trién la s Ié.

¢, Hai phan tir bt ky lién nhau trong khai trién ciia n hon kém nhau 2 don vi
Loi giai: Dat ay,, by, ¢, dy, e, 12 86 trong khai trién ctia n, d6 la nhitng s6 1 va

hai s6 lién tiép khac nhau 2 don vi do d6 tan cung theo thtttula 1,3,5,7,9
do dé

01000 ay Apy1
10100 by b1
01010 Ch | = | Cn+1
00101 dy dyy1
0 00O0°1 en €n+1
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Goi A 1a ma trdn vuong trong biéu thirc d6. Ta tim gid tri riéng cta cta A,

gid st Av = Av vdiv = (v1,v2,03,04,05). Do d6

Uy = Avq

v3=Avp —v; = (A2 1)1y

vy =Avg—vy = (A3 =2A) 0y

vs =Avg—v3= (A* =312+ 1)

vavg = Avs, do dé A5 —3A3 + A = A3 — 2. Gidi ptnay ta duoc A = 0,A =
+1,A = +/3 tuong ing ta c6 cac vecto riéng x1, xp, X3, x4, X5 1a

(1,0,-1,0,1),(1,1,0,—1,-1),(1,-1,0,1,~1), (1, +£1/3,2, £1/3, 1)

va

(1,1,1,1,1) = %xlz +6\/§x4 + 2 _6\/§x5

Vi vay

(a1000,b1000, €1000, 41000, €1000) =
2 2 —
—3% +6\@ (1, V3,2, \/5,1) _

6
_ <3499 2 3499 5 3499 5 3499 3499>

5

3 (1,—\@,2,—@1)

Vi thé két qua ctia bai toan 1a 8.3%%.



Chuong 5
Dé thi olympic Italy

>5.23. Cho m¢t ddi gidy hinh chit nhét c6 chiéu rong 3 cm, chiéu dai v tin. Gip
ddi gidy lai chi bang mot nép gap.Héi phan ddi gidy bi phii bdi viéc gdp do cd thé co
dién tich nhé nhat la bao nhiéu ?
Loi giai: Phan dai gidy bi phﬁ la mo6t tam giac.Ki hiéu ba dinh cta tam
giacla A, B, C trong d6 AB la nép gap va goc BAC nhon Ha cac duong cao
AA',BB’,CC’ cia AABC. Chu y BAB' = BAC. Dit BAB' = x. Ta xét hai
truong hop :
Truong hop1: Giasa 0 < x < 7, thé thi C nam gitta A’ va B, ABA’ = x va
ACA’ = 2x. Ta c6:

SaaBc = SaaBa’ — Saacar

1
= =.3.(3cotx) — 5.3.(3 cot2x)

(cotx — cot 2x)

= —csc2x

N @NI@N —_

Gid tri nho nhat ctia csc2x chi c6 thé 1a 1 khi x = F. Do d¢6 dién tich nho
nhat 1a 3

>5.24. Cho f la mot ham gid tri thuc sao cho vdi mdi so thuc x ta co

(@f(10 + x) = (10 — x)
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(b)f(20 + x) = — (20 — x)

Chitng minh ring fla ham 1é (f (—x) = — f(x)) va tudn hoan (titc laton tai T > 0
saocho f(x +T) = f(x)).

Loi giai: Chon x = n — 10, tir (a) taco f(n) = f(20 — n)

Chonx =ntu (b) tacd f(20 —n) = —f(20+n)

= —f(n+20
Tir d6 suy ra f(n) fln ) .Do dé f(n+40) = f(n)). Vivay
f(n+20) =—f(n+40)
f tuan hoan va c6 chu kila T = 40

Ta cing c6 —f(n) = f(20+n) = —f(20 — n) = f(n). Vay f la ham lé.

>5.25. Gdc phan tu thit nhdt ciia mdt phing toa do dugc chia thanh cdc hinh vudéng
don vi bdi cdc duong 6 ludi.Co thé'té mau cdc hinh vuéng don vi thod man cdc diéu
kién sau?
(a)VGi mdi hinh vudng lon cé mot dinh dit tai gbc, va cdc canh song song vdi vdi
cdc truc toa do thi chita nhiéu hinh vuéng don vi dugc t6 hon cdc hinh vuong don
vi khong duoc to.
(b)Mi duong song song vdi duong phin gidc ciia goc phan tu thit nhat chi di qua
cdc hinh vuéng dugc t6 mau.
Loi giai: Co thé thyc hién nhu sau: Trén mdi duong y = x + D, ta t6 mau
|D| + 1 hinh vuéng gan truc nhat.
Xét duong y = x + D v6i D > 0. Doc dudng nay hinh vudng dau tién dugce
t6 nam trén cot thit 1 va dong thi D + 1. Hinh vudng cubi cing dugce t6
mau nam trén cdt thir D + 1 va dong thit 2D + 1. Do cac hinh vudng ndm
bén tay phdi ctia hinh vudng nay ( phia trén duong y = x) 1a phan ma
cac duong chéo c6 cac hinh vudng dugce t6 it hon, thé thi khong mot hinh
vuong nao trong s6 d6 dugc to ca. Néu ta ki hiéu (i, j) 1a hinh vuong & dong
thur i va c6t thu j thi hinh vuoéng (i, j) duoc t6 khi va chi khi:

i+ 1
j2i,i§D+1:>i§(j—i+1):>i§]%

hoacj < % Tong cac hinh vuong dugc to trong 7.1 hinh vudng la

=y
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Néu n chan, ta ¢c6 C,, = %nz—kn—l
Néunlé, thiC, = 3n®>+n—3

Do do C, > %nz v6i moi n sé thod man diéu kién deé bai.

>5.26. Cho tit dién ABCD.Goi a la d6 dai ciia AB va S la dién tich hinh chiéu cia
tir dién 1én mit phiang vuéng goc vdi AB.Hay xdc dinh thé tich ciia tit dién ABCD
theo S va a.

Loi giai: Ta ki hiéu cac toa do A = (0,0,0),B = (0,0,n),C = (0,b,¢),D =
(i,j,k). Khi d6 mat phang z = 0 vudng goéc v6i AB, va hinh chiéu cda t
dién lén mat phang nay la mot tam giac ¢6 dinh A’ = B’ = (0,0,0),C’ =
(0,b,0), D’ = (i,],0). Tam giac nay c6 day 1a b va chiéu cao tuong ting 1a i.
Vay S = bi vaa = AB = n.

Dé tim thé tich , ta xét ti dién nhu 1 hinh chép 6 ddy 1a tam giac ABC.Khi
d6 mat phang day c6 phuong trinh x = 0 va chiéu cao ha tir d ¢6 do dai la i.
Dién tich cta tam giac ABC la b7. Vay thé tich ctia tir dién 1a : b%” = 5%.

>5.27. Cho X la tdp hop tat cd cdc s6s ty nhién ma cdc chit s ciia né déi mot khdc
nhau. Véi méin € X, dit Ay la tdp hop tat cd cdc s6 ma cdc chik s6 ctia nd la mot
hodn vi ctia cdc chit s6 cia n.
Vi du n = 47 thi A, = {47,74},n = 125 thi A, =
{125, 152,251, 215, 521,512}.
Goi dy, 1a UCLN ctla tt cd cdc s6 trong A,,. Tim gid tri 16n nhat 6 thé ciia d,.

Loi giai: Gid st n c6 nhiéu hon hodc bang 3 chit s6. Goi AB la hai chi s6
cubi thé thi s6 c6 hai chit s6 cudi theo thit tur 1a BA cling thudc A,,. Vay hiéu
ctia hai s6 trén 1a : |BA — AB| = [10B— A —10A+b| = 9|A— B| < 81.
Néu d,, 1a udc cta hai s6 trén thi d,, 1a udc cua 81 vay d, < 81

Néun g6m hai chit s6 , ca hai chit s6 déu khac 0 thi 1ap luan nhu trén.

Néu n gom hai chit s6 ma mot trong hai chi s6 1a 0 thi A, chi chira n.
(Vdun=90thi A, = {09,90} = {90}) trong truong hop nay gia tri 16n
nhét ctia d, = 90;néu n = 10 thi A, = {10}. Suy ra d, =90 > 81

Vay gia tri 16n nhat c6 thé cda d,, 1a 90.



Chuong 6
Pé thi olympic Japan

>6.28. Chitng minh ring bat ky 9 diém bat ky nam trong mét duong tron duong
kinh 5, ton tai hai diém cé khodng cdch nhd hon 2.

Loi giai:

Chia hinh tron thanh 9 phan: mét phan 1a hinh tron ban kinh 1 dong tam
v6i dudng tron da cho va 8 hinh quat bang nhau 1a giao ctia phan con lai
v6i duong tron. Sau d6 kiém tra duge ranng hai diém trong méi phan c6
khoang cach nhiéu nhét la 2.
>6.29. Cho a, b, c la cdc s6 duong. Chitng minh bit dang thitc sau:
(b+c—a)?* (c+a—b)? (a+b—c)? .3
(b+c)2+a%2 (c+a)2+b>2 (a+b)2+c2 5
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va xdc dinh khi nao dau bang xdy ra.
Loi giai: Dau tién, rit gon

2ab + 2ac 2ba + 2bc 2ca + 2cb < 12

a2+b2—|—c2—|—2bc+a2+b2+c2+2ac+a2+b2—|—cz+2ab -5

Dats = a? + b? + ¢2. Sau d6 quy dong khir mau sb ta c6

55%(ab + bc + ca) + 10s(a®be + ab®c + abc?) + 20(a’b*c + ab’c* + a*bc®)

< 65° 4 652(ab + bc + ca) 4 12s(a®be 4 ab*c + abc?) + 48a°b*c?

Don gian hai vé

65> 4 s2(ab + bc + ca) + 2s(a?be 4 ab*c + abc?) + 48a%b*c?
> 10s(a®bc + ab®c + abc®) + 20(a’b*c + ab’c® + a*bc?).

Thay s va khai trién biéu thic ctia s

(3a° 4 2a°b — 2a*b? + 3abc + 2a°6° — 12a%0%c + 12a°b*c?) +
+(86° 4 2b°c — 2b%c? + 3b*ca + 203 — 12b3c2a + 12b%c%a®) +

+(3c® +2c°a — 2c*a® + 3ctab + 2c%a® — 1263a%b + 12b%ah* > 0. (%)
Ap dung bat dang thitc Schur, ta c6:
(4a*bc — 8a°bh%c + 4a®b?c?) + (4b*ca — 8b3c?a + 4b%c?a?) + (4ctab — 8c3a®b + 4c%a®b?) > 0,
Dé chiing minh bat dang thiic (*), ta can chitng minh:
(3a° +2a°b — 2a*b? — a*bc + 2a°D° — 4a>b?c) +

+(3b° + 2b°c — 2b*c? — b*ca + 2b°c® — 4b>cPa)+

+(3c® + 2c%a — 2c*a* — c*ab + 2c%a® — 4c%a®b) > 0.
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Ta c6 thé chiing minh bat dang thiic trén bang bon biéu thirc khong am bai
bat dang thic AM-GM:

ab,c 3
6
0<o M EPFE ape
- 3
a,n,c

31,3 31,3
0<222ab +c°b B2

a,b,c

5 5 5 5
ngzza b+a’c+ab’ +ac P

a,b,c 6
Déu bang xdy ra khai va chi khia = b = c.
>6.30. Cho G la do thi 9 dinh. Gid sit ring vdi bat ky 5 dinh ciia G déu ton tai it
nhat hai canh c6 diém dau va diém cubi thudc vao 5 diém dé. Héi ring sé canh nhé
nhat cé thé' co ciia G la bao nhiéu?

Loi giai:

S6 canh nhé nhat 14 9, dat duoc béi 3 chu trinh roi nhau.
That vay, goi a, 1a s6 canh nhd nhét ctia d6 thi n dinh thda man diéu kién
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1 o
nt —a,. Vi mi d thi n dinh goi /1

bai ra. Ta s€ chitng minh rf?mg Api1 >
s6 canh ctia dd thi nhan dugc bang cach bo di dinh thit i va tit cd cac canh
gan v6i dinh tha i. (Ta co I; > a,, matkhacly + 1l + ... + 1,11 = (n — V)ay 1.
Vi méi canh dugc dém cho moi canh khéc trir hai diém dau cubi ctia no).

Tur d6, as = 2, ta nhan dugc ag > 3,a7 > 5,ag > 7,a9 > 9.

>6.31. Cho A, B, C, D la bon diém khong dong phang. Gid sir ring AX + BX +
CX + DX dat gid tri nhé nhat tai X = Xq khdic A, B, C, D. Chitng minh ring
AXoB = CX(D.

Loi giai:

Giasu A, B, C, D va P ¢6 cac toa do (x1,y1,21), -, (X4,Y1,24) va (x,y,z). Ta
c6 ham sb

f(P) = Y/ (= )2+ (y — 32 + (2 — )?

. Dé dat gia tri nho nhat, ba dao ham riéng ctia né phai bang khong, nhung
c6 ba ham toa do ctia u, + uy, + uc + ug, & day u, la vécto don vi W
va tuong tu. Do t6ng nay bang khong, va ug.uy = uc.uy tai diém P = X, tit
dé ta c6 diéu phai chitng minh.
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>6.32. Cho n la mot s6 ngquyén duong. CMR: c6 thé gian cho méi dinh ciia mét da
Qidc 2" dinh, mgt trong cdc chit cdi A hodgc B sao cho cic day n chit cdi nhdn dugc
bang cdch doc bat dau tir mét dinh nao do theo nguoc chiéu kim dong ho, la luén
khdc nhau.

Loi giai: Xét mot do thi c6 hudng nhu sau: méi dinh cta do6 thi 1a mot day
c6 do dai n — 1, hai dinh 1a ké nhau néu n — 2 chit céi cudi ctia dinh nay
tring véi n — 2 chit cai dau ctia dinh kia. (Chd y 1a: day 1a mot do thi c6 hai
vong). Méi dinh cta d6 thi c6 mot canh di vao va mét canh di ra, vi thé ton
tai mot duong di c6 hudng di qua mbi canh ding mot lan. Ta ¢6 thé c6 mot
chu trinh can thiét bang cach bat dau tir mot dinh bat ki, viét ra day chit
tuong duong véi no, sau do viét thém vao chi cudi cting ciia méi day, ta sé
gdp hét cac day trén duong di do.



Chuong 7
Dé thi olympic Korean

>7.33. Chiing minh rang vdi bon diém bat ki trong mot duong tron don vj thi ton
tai hai diém ma khodng cdch giita chiing khong vurot qud /2.
Loi giai: - Truong hop 1:
Néu mot trong 4 diém la tdm dudng tron thi ta ¢6 ngay diéu phai ching
minh.
- Truong hop 2:
Néu khong c6 diém nao trong bon diém tring tdm duong tron thi ta ky hiéu
cac diém dé lan luot1a Py, P, P3, Py
Ta c6 tu giac 16i Q10>Q3Q4, v6i {Q;} 1a giao diém ctia {OP;} véi duong
tron.
Khi do6: ZP,OP, + £P,0OP3 + £P30Py + ZP,OP; < 271
Tac6 LPOP1 < 5
Doan PP, nam trong tam gidc OQ;Q; 1 Vi vay ta co:
PiPii1 < max(0Qy, QiQi+1, Qi+10) = max(1,2sin L0QiQi+1) < V2

>7.34. Cho ham s6: f : N — N théa man hai diéu kién:
a.n €N, f(n + f(n)) = f(n)
b.ny €N, flng) =1
Chitng minh rang: fin) = 1Y n € N
Loi giai: Trude hét chd y rang néun € N f(n) = 1, sau d6
fn+1)=fn+f(n)) =f(n)=1
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Cho f(np ) = 1Lf(n) =1,V n > ny

Pats = {n € N|f(n) £ 1}

Néu S # @, goi N = maxS. Ta c6 f(N + f(N)) = f(N) # 1
= N+f(N) €S,N +f(N) >N

Diéu nay mau thun v6i N = max S

Vay S =@vaf(n)=1,YneN

n 7z
>7.35. Biéu thi tong Y L\/EJ theo cic s0 hang clianvia = |\/n|
k=1
Loi giai: Ta sé chiing minh két qua la:

a(a+1)(2a+1)
6

(n4+1)—

That vay, ta quy udc viéc sit dung dau [ ] nhu sau:
Goi P 1a mot ménh dé, [P] c6 gia tri béng 1néuP dung, ngugc lai P c6 gia tri
0 néu P sai.
Chu y rang | k] 1a s6 nguyén duong va binh phuong ctia n6 gan k nhat.
Vivay: [VE| = £ [ <A
j=

Dodé: ¥ [Vk| = & L [2<k =% & [P <K

k=1 k=1j=1 j=1k=1
Bay gid tong: i [ < k] dém duogc
v6i k € {1,...,1;1}1mé1k >2j<a,j><nthisbdélan+1— ;2
Vivy © |[VE| = £ (11— ) = (n+1) - HerEe

- j=

>7.36. Cho C la mét dudng tron tiép xiic vdi cdc canh ctia géc xOy va Cy ciing ka

mot duong tron tiép xiic vdi cic canh goc do va di qua tdm ciia C. Goi A la giao
diém thit hai ciia duong kinh cia Cy qua tdm ciia C vdi Cy va goi B la giao ciia
duong kinh do v6i C. Chiing minh rang duomg tron tdm A di qua B tiép xiic vdi cdc
canh cua goc xOy

Loi giai: Goi T va T; la tam duong tron Cva Cy ; 1, 1q 1an luot 1a cac ban kinh
cua hai duong tron do. Vé duong vuong goc TT”, Ty T va AA’ t6i Ox.
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Taco: TT' =1, 1 T] = 1. Vi Ty la trung diém cta AT nén

AA +TT
2
Vivay AB = AT — BT = 2r; —r. Suy ra dpcm.

T = = AA = 2T\T| — TT' =2r; —r

>7.37. Tim tat cd cic s6 nguyén x, y, z théa man dieu kién x>+y>+2z> — 2xyz = 0

Loi giai: Ta chitng minh nghiém duy nhatlax=y =2z =0.

- Trudic hét ta c6 x, y, z khong thé 1a cac s6 18 vi khi d6 téng x> +y?+22 — 2xyz
1a mot s6 1€ nén khéc 0, do d6 xyz 2

Mat khac: x2+y2+2? = 2xyz chia hét cho 4 khi tit cd cdc binh phuong chia
hét cho 4 hodc chia cho 4 du 1, x, y, z phai la cac s6 chan, do do6 ta lai viét

X =2x1,Y =2y1,z =221

Ta c6: 4x7 + 4y3 + 422 = 16311121

Hay x? + y? + 23 = 4x1y121

Vi vé phai chia hét cho 4 nén nén ta lai viét dugc

X1 = 2x2,Y1 = 2Y2,21 = 22

Thay vao ta c6: 4x3 + 4y3 + 423 = 32x71»2)

Hay x2 + y3 + 25 = 8x2y222

Tiép tuc qua trinh d6 ta duoc: Vn > 1,x2 + y2 + 22 = 2"y, y,z,

Tuong tu cac s6 Xy, ,Yn ,zn 12 chdn nén ta c6 thé viét

Xn = 2Xpi1,Yn = 2Yn41,Zn = 2Zp4q théa man: x2, + 92 +22,, =
2n+2xn+1yn+1zn+1

Lap lai qua trinh nay ta c¢6 day cac sO nguyén (x1,xy,...,X,) thda man
Xi = 2Xi41

Laicox =2"x, = x2",Vn>1= x=0.

Ching minh tuong tutacoy =z =0.

Ghi chii: Néu thé x = yz - w ta dugc bai toan USAMO 76/3

>7.38. Tim s0 nguyén k nhd nhat dé'ton tai hai day {a;}, {b;}, théa man:
a.a;, b; € {1,1996,1996%, ...} ,i = 1..k
b.ﬂi 7§ b,’,i =1.k
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c.aj < ajp1,bi <biyq
k k
d.Ya;= )b
i=1 i=1
Loi giai: Ta ching t6 s6 k phai tim 1a s6 1997.
Gia st da c6 hai day {a;}, {b;} théa man cac diéu kién ctia bai toan, vdi
k <1996
Tir diéu kién b. cho ta a; # by
Vi vay khong mét tinh tong quat, gidi st a; < by
Tir diéu kién a. tac6 0 < m < n : a3 = 1996™, by = 1996"
. k
Ta b; > b1Vi =1,2,..., (DK c.) va moi gia tri b; mot lay thura caa 1996, Y b;
i=1
chia hét cho 1996" .
Do dé tir diéu kién d, ¥ 4,:1996"

i=1
Ta ki hiéu t 1a mot s6 j, ma aj =1996™.

n

Ta c6 t.1996™ = Y a; = 0(mod 1996 1)
i=1

vithé t > 1996 va t < k < 1996

Vivaytacot=k= 1996
k k
Do d6 1996" 1 = 2 aj =Y b; > Y by =1996.1996" = 1996" !
=1 i=1 i=1
biéu nay mau thuan véi m <n. Vivay k > 1997

V6i k = 1997 ta c6 vi du:
a1 = dp = ... = 1996 = 1, a1997 = 19962
by =b,=..= b1997 = 1996
>7.39. Dit A, la tdp tat cd cdc sb thiee duoc hinh thanh tir tong:
ﬂ L%} An
R T
Voi o = {-1,1},Vj
Tim s6 phan tir ciia A,va tong ctia tét cd cdc tich ciia hai phan tir phdn biét ciia A,

Loi giai: Trude hét ta chl'mg minh bd dé:

vn>1{G + B+ + i e (-1} = {F Ll <2}
That vay

Ta chiing minh bang phuong phéap quy nap.

Khi n = 1 thi ca hai tip hop déu la { 2,2},71 >1,B€{-1,1}
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Patj=2""1By 4.+ 208, véijleva b+ B2 4 B ]

Tor Bl B2y Bol < B g (B2 +ﬁ”:%+ Fot g <1
ta co |j| < 2"

Khi d6 tap hop vé trai chia trong tap hdp vé phai.
Xét véij1é va |j| < 2" . Khi d6 hodc 51, hoacH

W= N

1a s6 1€ vi chung la hai s6
nguyén lién tiép.

Datjp 1a mot trong hai s6 1é d6, khi do [jo| < MTH < ontl

Do |j| <2",vijylasd1é, [jo] <21

Vi vay theo gia thiét quy nap ton tai B1 ,...,8,—1 sao cho

l31 B2 Bac1 _ Jo
+T+ ST = e

Datﬁn—]—Zjoe{ 1,1}
Khldoﬁl—}—ﬁz—{— +ﬁn1+ﬁn_
Vay b6 dé dugc chiing minh.
Tirbd dé ta c6: Ay = {1+ il + B3 |k |j] <2172, k| < 2/21 |

jva k1. Vivay A, chita phan tir 2021 [5] = on
Dé tinh téng tat ca cac phan tir khac nhau ctia A, ta stt dung cong thic:

2jo
= 4

2
Y ab= % Ya|l — ¥ a?
abeA,,a<b acAy acAy
Bay gi0 ta c6 thé ghép déi phan tir 1 + 2["j 77 T 2"”@ vl — n'/z] - Zk[;ﬁ]
Vi thé trung binh cta cac ph?m tircua A, la1; tr do a=|A,| =2"
aeAn
Bay gio néu X, Y 1a hai tap cac sOthuchttuhanvéi ¥ x = ¥ y=0,taco
xeX yeY
2
L L (I+x+y) =[X[[Y[+]Y] L ¥+ |X| £ v
xeXyeY xeX yeyY

Tir ba s6 hang khac khong theo gia thiét ta c6 tong:
L =32m((@m)* -1)
jI2,lj|<2m
dé dang chitng minh dugc bang phép quy nap theo m. Vi thé

. 2
2 _ ] kv2
aezz:‘l T jle - X <1 tap 2["/2]>
j|<2lm/2] Ik\<2 [n/2]

2 _ j kv2
anA T jle - Kle > <1 tapr T 2["/21>
U‘SZM/ZJ |k‘§2[n/2]
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2 1 2 oln/2) (92[n/2] _q 5 2[n/2](2|n/2) _q
L o=t <2W 1 2l
a n

2 a2 — 2n+1 -1
acAy,

Cht y n chdn va n 1é khac nhau & bude cubi cung, do do:
2
Y ab=1 Yoa|l — ¥ a2 =32 -2mt41)
a,beAy,a<b acAy acAy

>7.40. Cho tam gidc nhon ABC vdi AB khic AC. Goi V 1a giao diém cila duong phin
gidc goc A vdi BC va goi d la chan duong cao ha tir A toi BC. Goi E va F la cdc
giao diém phdn biét ctla duong tron ngoai tiép tam gidc AVD vdi CA va AB,chimg
minh ring 3 duong thang AD, BE, CF dong quy.

Loi giai: Twu LZADV = % va A, D,V, E, F nam trén duong tron, ZBFV =
ZCEV = Z ta c6 tam gidc BFV va tam giac BDA dong dang; tam giac CEV

va CDA cling dong dang.

~.BD _ AB.CD __ AC
Vivay gr = 75, ¢ = V¢

Nhung 48 = £5( theo dinh ly duong phan giac)
Vithé 52 = €&

BD
Lai c6 ZFAV = ZVAE, AE = AF, tix d6 22.£5.2F = BF = 1 va AD,BE,CF
CE

dong quy theo dinh ly Ceva.

>7.41. Mot tir [a mot day gom chit s6 0 hodc 1. Dét x va y la 2 tir khdc nhau & diing
3 vi tri. chitng minh rang s tir khdc nhau giita x va y khong qud 5 vi tri la 38.

Loi giai: Khong méat tinh téng quat gia st x=00000000, y=00000111.

Goi z 1a mot tir khdc gitta x va y ma c6 it nhat 5 vi tri khac nhau néu va chi
néua+b > 5védialachisd1dau trén trong 5 cht s6 khacnhau ctazvab
la chit s6 1 cudi ciing trong 3 chi sb ctia z. Hon nita ta c6 bat dang thiic 2a
>7.

Diéu phai ching minh la (4,1),(4,2 ) va (5,b) véi € {0,1,2,3}

Hai diéu dau tién cho
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tir cho z va cac truong hgp khéc cho 23 = 8.
Vi thé c6 38 tir khac nhau gitra x va y ma c6 5 vi tri khac nhau.

>7.42. Tim tdt cd cdc cip ham so f,g:R — R théa man

a. Néu x<y thi f(x) < fly)

b.¥x,y € R fxy) = g(y)-f(x) + f(y)

o y {xm,x>0
Loi giai: Xét cap (f,g) chobdi: f(x = t(1 —g(t))) g(x) =
—|x|™,x <0

véi t <0, m > 0la nghiém duy nhét.
batx = 0, tib ta c6: £(0) = f(0)g(y) + f(y), suyraf(y) = f(0)(1 —g(y)).
batt = £(0), ta c6f(y)f(y) = t(1 — g(y)). Do f 1a ham dong bién nén ta
khoéng co t = 0.
Thay cong thitc nay cho f 3 b cho ta #(1 — g(xy)) = g(y)t(1 — g(x)) + #(1 —
8(y)). Trdo taco: 11 — g(xy) = g(y)(1 —g(x)) +1—g(y) =1 —g(x)g(y)
hoac g(xy) = g(x)g(y) v6i moi x, y thudc R.
Tug=1- % la ham don diéu ngat, vi vay g(1) # 0
Nhung lai c6 g(1) = ¢2(1), vi thé g(1) = 1.
Ta c6 g la ham tang nén f cng tang, ta c6 t < 0..Vi g(x) > 0, Vx > 0. Goi h:
R — R v6i h =log.g.exp.
Ta c6h(x + ) = log(g(e™)) = log(g(e¥)g(e")) = log(g(e™)). log(g(e"))
— h(x) + h(y)
h(0) = log(g(e?)) = 0 va h don diéu ngat.
Ta cting c6 h(x+y) = h(x) + h(y) suy ra h(nx) = n.h(x) véin € N va h(-x) =
-h(x), do d6 h(alphax) = a.h(x) véia € Q.
Xet day hau ty {yi}, {yi}
X < X
Yi>Xx
va stt dung tinh don diéu chiing té rang h(x) = x.h(1), V x € R
batm =h(1), tr d6 ta c6 m > 0 va h 1a ham tang vi g(x) = x™ ,Vx > 0
Tacé g(—1) <0,ma (g(—1))®> = g(1) = 1nén g(-1) = 1.

R A X" x>0
Tix g(-x) = -g(x) nén g(x) = .
—|x|",x <0

Ta cling c6 f(x) = t(1-g(x)). Dé dang kiém tra duoc rang cdp (f,g) 1a nghiém
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Vm >0 >t.

>7.43. Cho ay, as, ...,a la cdc s6 duong va ki hiéu: A = ‘“Jrnﬂ
1
G = (ay...an)n

— n

Coaytay!
4 o p . Y A A
a. Neu n chan, chitng minh rang 7 < —142(%&)"
b. Néu n 16, chirng minh ring: 4 < —"=2 4 2(”11_1) (&)

Loi giai: Chu y rang theo bat dang thitc Macloranh ta c6:

n—1
n
1 . _ aAn—1
S <ﬁj2111]> =A

G _ al...an(al’1+...+a;1) 1 f ai...4y
H — n T n . aj
=1




Chuong 8
Dé thi olympic Poland

>8.44. Cho cic sé nguYén x1,Xxy,..., Xy théa man diéu kien xg = 144, x,13 =
Xpi2(Xpi1+x,);n=1,2,3,4
Tinh x7.

Loi giai: Nhan phuong trinh da cho véi n = 1,2, 3 va khit nhan tit chung ta
duoc

144 = x3(x1 + x2) (x2 + x3) (x5 + x4).[1]

Mat khac tir phuong trinh da cho ta dugc bat dang thic:

xg = x3(x2 +x1) > 2x3

x5 = x4(x3 + x2) > 23

144 = x6 > x5(x4 + x3) > 2x5(3x3) = 144 > 655 = x3 = 1,2.

+ Xét truong hop 1: x3 =1

Tix [1], 144 = (x1 + x2)(x2 + 1) (x1 + x2 + 1). Nhan ca 2 vé v6i 144 lién tiép
cac cdp s6 nguyén (1,2),(2,3),(3,4),(8,9). Tir x; + xp va x1 + xp + 1 v6i hé
0 144 d6 cac sb nguyén lién tiép va khi d6 x; + xo > 2. Ta ¢6 3 trudng hop:
la. x1+x =2 = 6(xa+1) = 144 ti d6 suy ra x, = 23,x; = —21. Tuy
nhién n6é khong théa man, vay x; 1a s6 nguyén xac dinh.

Ib. x1 +x2 =3 = 12(xp + 1) = 144 tw do suy ra xp = 11,x3 = —8. Khong
thoa man.

le.x1+x=8=72(xp+1) =144 ttr dé suy ra xp = 1,x3 = 7. Thi nghiém
c6 thé xay ra: x4 = 8,x5 = 16,x¢ = 144. Nhu vay thir (x1,xp,x3) = (7,1,1)
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ta dugc xy = 3456

+ Xét truong hop 2: x3 = 2

144 = 2(x1 +x2) (X2 +2)(2x1 +2x2 +2) = 36 = (x1 +x2)(x2+2)(x3 + X2 +
1). Nhan ca 2 vé véi hé s6 lién tiép cac cap sé nguyeén (1,2), (2,3), (3,4) ta cd
cac truong hop sau:

2a. x1 + xp =2 = xp = 4,x; = —2. (Khong thoa man)

2b. x1+x2 =3 = xp = 1,x; = 2. Ta tht cdc nghiém sau: x4 = 6,x5 =
18, x4 = 144. Nhu vay v6i (x1, x2, x3) = (2,1,2) thi x; = 3456.

Vay gid tri x; can tim 1a 3456.

>8.45. Gidi h¢ phurong trinh sau vdi x, y, z la cic s thuc:
3(x2+y>+2%) =1
2y? 4+ 22 + 2252 = xyz(x +y + 2)°

Loi giai: Ta ¢6 x, y, z hodc (x+y+z) khong thé bang 0 va xyz(x +y + z) =
x2y2+y222+22x2 > 0
(+y+2)? =
V6i 386 thuca, b, cta cé: (a — b)? + (a —c)? + (b —¢)? > O hay a® + b* +c? >
ab + ac + bc, ddu "=" xdy ra néu va chi néu a=b=c.
2,2 2,21 52,2 2 2 2
Vay 1 =3(x®> +y? +2%) > (x+y+z)? =7~ Zy;ﬁyﬁ:)x > xyx‘;j(’;i;igz =1
Dau "=" x4y ra khi va chi khi x = y = z tir d6 suy ra (xyz) la
1.1.1).(=1.-1.-1
<3'3'3 '<3' 3/73 )
D6 chinh 1a nghiém cta hé phuong trinh.

>8.46. Bai 3: Trong tir dien ABCD, ¢ giita cdac miat ABD, ACD, BCD, tir dinh D
nhin cdc canh AB, AC, BC tao thanh cdc goc tuong iing bing nhau. Chirng minh
rang méi mot tam gidc nay cd dién tich nhd hon hodc biang tong ciia dién tich ciia 2
mat khdc.

Loi giai: Cho a < 90Y 1a 1 goc, dau tién ta ching minh a # 90Y. Néu a,
b, c tuong ung la do dai 3 canh BC, CA, AB va m,, m,, m. tuong ung la
3 duong trung tuyén tng vdi 3 canh BC, CA, AB thi dién tich cta tam
giac DAB la %mcc sina. Chu y rang gid tri tuyét ddi ctia nhiing tich gitta

vecto la (D — #) va A-B 1a mcccosa= 2cota [DAB] = |DA%— DB?|.
Chung ta c6 3 dién tich [ABD], [ACD], [BCD] tuong ung ti 1é la
|DA%? — DB?|, |DA* — DC?|, |DB? — DC?|

Ta chung minh 4 = 90°. Dat x =
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z@,y —BDC, z :A/D\C(O < x,y,z < 180). Chti y rang 3 goc x,y,z 1a 3 goc
tam dién, ching taco: x +y > z,x+z >y y+z > xvax+y+z < 360.
Khi d6 dién tich ctia tam giac ADB la APBPSIX (qyong tyr d6i voi dién tich
cac tam gidc BDC va ADC) va AD=BD=CD( khi d6 & = 90°), chting ta can
chiing minh rang: sinx +siny > sinz

Ta ¢6 sin x + siny = 2sin *1¥ cos *;*
Ta can chting minh: sin *7¥ cos *7¥ > sinZ cos Z

Tux+y+z<360:> oy <180—é Dé’yrango< 2< Y <180 -2 =

,sinz = 2sin3 cos 5

sin 74 y > sin 4. Nhu vay tit ¢ < § = cos 5 > cos ;. Kh1 do ham cosin
giam trong [0, 180]
Tir d6 suy ra sin +y cos 5% > sin § cos §.(dpcm)

>8.47. Cho day ay,ay, ..., xdc djnh boi :
a1 =0,a, = Ay /2 + (_1)n(n+1)/2’n >1
Vdi moi s6 nguyén k > 0. Tim n théa man:

2k <y < 2k lpg, =0

Loi giai: Dat B, c6 nghia la co s6 2 dai dién ctia n sb. Ta chiung minh béng
quy nap. Gi st 4, 1a sb hang ctia 00 hay 11 doan trong B, trir di s6 cta
01 hay 11 trong B,. V6i k=1,2,3,...n-1, a; 1a sO hang cta 00 hay 11 trong By
trir di s6 01 hay 10 trong By. Pau tién xét truong hop khi n = 0,3(mod4)
thi B, gi6i han trong 00 hay 11. Nhu vay 4, bang mét s6 duong ctia s6 00
hay 11 trong tat cd cac doan nhung ma chir s6 cta By, trir di cac s6 01 hay

10 trong tAt ca cac doan nhung ma s6 cudi ciing ctia By, cho béi ay)- Nhu vay:

n
2

_ _ _1\n(n+1)/2
I = apg+1=ap)+ (=1

n
2

Tuong tu véi n = 1,2(mod4) ta co:

a[%] —1= a[ ] + (_1)11(11—!—1)/2

%
Vay ta da chirng minh xong.

Nhu vay véi k sb nguyén da cho ching ta can tim sb ctia n s6 nguyén thoa
man 25 < n < 2841 v s6 ctia 00 va 11 doan bmeg s6 cta 01 va 10 doan.
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Chd y rang B, c6 k+1 s6. V&i méi B,, ching ta xay dung day méi C,, ctia 0's
va 1's gibng nhu nhau.
Bat dau tir cac sb cta By, va chit sb gan cudi cta By, ta cong thém vao day
s6 C, gia tri tuyét ddi ctia sb & khdc gitta va chit s6 & bén trai. Vi du véi
B11 = 1011 va C;1 = 110. Khi d6 00 hay 11 la doan trong B, sinh ra 0 trong
day C, va 01 hay 10 trong B, sinh ra 1 trong Cy,. Chting ta can tim thay s
ctia n 56 nguyén.
Nhu vay c6 diéu phai chitng minh.

8.48. Cho ngil gidc 10i ABCDE vc’ri DC DE vi BCD = DEA = Z. Cho F la

trung diém doan AB, khz do 4 BF = BC Chitng minh rang:
FCE = FDE FEC = BDC.

Loi giai: Goi P = EA N BC va xét diem C, D, E, P. Goi Q, R tuong ung la
diém thudc DA, DB véi chu vi cta tit gidc CDEF.
Goi G = QC N RF ta co:

AG  sin DCQ QC sin RBG _ CDsin @{T} sin DBA
GB sin ERD RG gin GAQ - DE sin GQR sin BAD

sin ADE AD _ AE
sin CDB BD BC

Suy ra AADF = ABDC.

>8.49. Xét n diém(n > 2) trén duong tron. Chitng minh ring s6 lon nhit % ciia
cung tron véi diém cubi trong sé n diém cé chiéu dai I6n hon hoic bang /2.
Loi giai: Xay dung do thi cho béi cac dinh bdi moi cap diém c6 khoang cach
16n hon hodc bang /2
Chung ta sé chitng minh rang khong ton tai Ky.
Gia st ton tai Ky, goi cac dinh theo thu ty la ABCD.
Canh c6 chiéu dai 1én hon /2 déi dién cung c6 do dai 16n hon 7. Nhu vay
moi cung AB, BC, CD, DA nho hon 2pi va ching cung nho hon 2pi, suy ra

mau thuan. (dpcm)



