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A- CAC CHU BE DANG THUC
CHU PE 1: CAC BAT PANG THUC VA BO PE THUONG GAP

1. Tinh chat cua bat dang thirc.

1.1. Tinh chdt bdc cau.

V6i moi so thue a,b,c:
Néu a>b vab>c thia >c
Néu a<bvab<cthi a<c.

1.2.  Tinh chat lién hé phép céng va phép trtr.

V6i moi so thue a,b,c :
Néu a>bthia +c>b+c
Néu a<bthi atc<bzc
1.3 Tinh chdt lién hé phép nhdn va phép chia:
V6i moi so thye a, b, c thdaman a>b:
a b

’ . . Cc
Néu c>0thi ac> bc va >

Néu c = 0 thi ac =bc
a b
C

N . . C
Néu c <0thi ac<bc va <
1

S| =

a
Néu a>bva ab>0thi <
1

. . . a
Néu a>bva ab <0 thi >

V&i moi so thue a, b,c,d thbamdn a>bva c>d.

S| =

P

a=b=0
= ac =bd
c=dz=10
Néu
‘h<a<D
= ac < bd
d=<c<0
Néu
(a=h=0
= ad <bc
d<c<0
Néu
2. Phuwong phap bién doi twong duwong va nhirng bo dé thuwong gap.

2.1.  Phuong phdp bién doi twong duong.

Phwong phéap bién doi twong dwong la mot trong nhitng phwong phap thuong duwge dung dé chitng minh
bat dang thirc.

Muon st dung thanh thao phwong phap bién doi twong dwong dé chitng minh bat dang thitc thi chiing ta
can ghi nh@ cac khai niém, dinh 1y va tinh chat vé bat dang thitc dé st dung vao phép bién doi twong duong.

Dé chitng minh bat dang thitc A = B thi chiing ta thwong dung phwong phap xét hiéu, cu thé hon chiing
ta di xét cac bo dé duéi day:

2.2 Cdc b6 de thuong gdp khi lam bat ddng thirc
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Bo dé 1.1 . Cho a,b 1a hai s6 thuc .
<(a+b)’ < a* b

Chitng minh rang : 4ab 2( +
Chirng minh
Thuyre hién xét hiéu , ta duoc:
(a+b)’ . a’ b? - a - b* (a-b) > v
4ab=  +2ab+ 4ab = 2ab+ = 0( ab)
= (a+b)’ >
4ab
Thuyre hién xét hiéu, ta dugc :
@ b* - (a+b) & b - - _bp? (a-b) > vy
2( + ) = +2 2ab = 0( ab)
> _a® b* =(a+b)’
2( )
< (a+b)’ < a* b’
Vay 4ab 2( + )
Pang thitc xdy ra khi:a=b
ﬂ2+b2.“-_* a+br (a+b)’
2 2 ] < 4
Loi binh : Ta viét dudi dang nhu : hodac ab

Bo dé 1.2. Cho a,b,c 1a cac s6 thuc .
<(@+b+0)’ < @ +b+c?

Chitng minh rang : 3 (ab + bc+ ca) — 3( )
Chirng minh
Thuc hién xét hiéu ta dugc:
1
(a+b+c)2_ 5[(ﬂ-br+[b-f}z+[f-ﬂ}ziﬂ

3 (ab + bc+ ca)=

> (a+b+c)’ =

3 (ab + bc+ ca).
Thue hién xét hiéu ta dugc:

@’ +b*+c? - (a+b+c)*  (a-b)* (b-0) (c-a) > vy
3( ) = + + 0, ab,c.
> d+b*+c’ >(a+b+c)’
3 >

<(@+b+0) < g +b’+c
Vay : 3(ab+bc+ca) 3

DPang thic xdyrakhi:a=b=c

1
<3 (@a+b+c)’
Loi binh: Ta c6 thé viét dang :ab +bc +ca .
1 1 4
o i . a b =a+b
Bo dé 1.3: Cho a,b > 0. Chithg minhrang: +
Chirng minh

Thure hién xét hiéu , ta dugc:
1 1 4 a+b 4 (a+b) - 4ab (a-b)"-}ﬂ

a b - a+b ab - a+b a+h a+b v
+ = = = , ab,>0

Chirng minh
Thure hién xét hiéu ta dugc:




(a+b+c)2—3(ab+bC+Ca]:%[(G—b)2+(b—c)2+(c—a)2]20

(>la+b+cf’>3|ab+bc+ca)
Thure hién xét hiéu ta dwgc:
3(a2+b2+c2)—(‘a +b+c/=la—b/+b—c/+lc—af>0
(>3|a*+b*+c?|>la+b+c)
Vay: 3lab+bc+cal<la+b+cf <3|a*+b*+c?)
Dbang thitc xay ra khi a=b=c;

1

Loi binh: Ta c6 thé viét dwéi dang: ab+bc+ CCIS§ la+b+cf’

Bo dé 1.3: Cho a, b >0 chin h l+1 4

0 de 0 a, chitng minh rang: PR
Chirng minh

Thure hién xét hiéu ta dugc:
1,1 4 _a+b 4 la+b’—4ab _ |a—bf

P = - = == >0V a,b>0
a'b a+b ab a+b  ablatb] _ablath]
1,1 4
(>—+=>——
a b a+b
bang thirc xay ra khi a=b
L% binh: Ta c6 thé viét du6i dang: —— <~ | ~++
i binh: Ta c6 thé vié idang: — <7 4y
~ A - . - ]- ]. ]_ 9
Bo dé 1.4: Cho a,b,c > 0 chitng minh rdng: —+—+—2
a b ¢ a+b+c
Chirng minh
xét P=(a+bcl| Lo lel|= a,bib,c)lci)ss
a b c b a c a c
2 2 _
Xét hieu £+2 _2:(1 *b —2ab:[a b) >0= (,a+b>2 Ya,b>0
| b ab ab b a
Tuwong tu: —+ >2 2+C>2 Va,b,c>0
a c b
1,119

P>2+42+2+3=9=(= + +—
Vay: b ¢ a+b+c

bang thitc xay ra khi a —b =c;

AL
atb+c 9'a b c

Lai binh: Ta c6 thé viét dudi dang

MG 10 -;<li+1+ +i\7’aa ..a,>0
O’FOHg. al+a2+”.an n al a2 an 1>%25- .
Bé deé 1.5. Cho a,b>0. Chiing minh ring: V(a+b)<va+vb<v2(a+b|

Chirng minh
\Wa+Vb['=(Va+b’=a+b+2vab—|a+b|=2'ab>0V a,b>0
Dbang thitc xay ra khi ab=0;
Xét hiéu:
(\/2(a+b])2—(:@+\/5]2:2[a+b)—(a+2 m+b]:a—2@+b:(\/a—\@)220
Va,b>0
Dang thitc xay ra khi a = b;
Vay: V[a+b|<vVa+vVb<y2(a+b|Va,b=0
Loi binh: Hoan toan twong ty ta cling co:




Vat+b+c<vVa+vVb+vVc<v3la+b+c|Va,b,c>0
B dé 1.6. Cho a,b>0. Chitng minh ring: a*+b°>abla+b)
Chirng minh
Thure hién xét hiéu ta dugc:
a*+b*—abla+b|=la+b|la*~2ab+b?*|=la+b)[a—b[’>0Va,b>0
Dbang thitc xay ra khi a=b;
Vay: a’+b*>abla+b|Va,b>0
Loi binh: Twong ty ta ciing ¢6 dwgc a*+b*> abla*+b) Y a,b>0
Bé dé 1.7. Cho a,b>0. Ching minh ring: a+b>2+ab
Chirng minh
Xét hiéu, ta dugc:
a+b—2+ab=|\al =2 Vab+Vb=(a-vb*>0V a,b>0.
bang thitc xay ra khi a = b;
Bé dé 1.8. Cho a,b,c >0. Chitng minh ring: a+b+c >3V abc
Chirng minh
Ta dat x3=a,y3=b,z3=c(x,y,z)20
Ta can chitng minh: x*+y’+ 2’ >3xyz ;
That vay, ta co:
X’+y’+2°>3xyz(x+y[+2° =3 xy(x+y+2z]>0
& (x+y+z)[[x+yf—[x+y|z+z°~3xy]>0
a4 (x+y+z)[(x2+y2+zz)—(xy+yz+zx]}20
]2

@%[x+y+z)[(x—y +(y—x']2+(z—x)2}20,Vx,y,220

bang thitc xay ra khi x=y=zhaya=b=c;

Ngodai ra, doc gia co thé tham khdo cdch chitng minh khdch nhu sau:
St dung bo dé 1.7. ta co6:
\a+b|+|c+Yabe|>2ab+2+ ¢ Yabc= 44 abe Yabc =4 abe
&a+b+c>33abc

Pang thitc xay ra khi a=b=c;

Bo de 1.9. Cho a, b, cla cac so6 thyc duwong, chitng minh rang:
\a+b+c|(ab+bc+cal>9 abc

Chirng minh
Str dung bo dé 1.8. ta c6:
a+b+c>3Vabc>0
ab+bc+ca23(\/3 abc)2>0
Vay: a+b+c|lab+bc+cal>9 abc
Pang thitc xay ra khi a=b=c;
Bo deé 1.10. Cho a.b,c la céc s6 thuc dwong.

N34 (a+b+c](ab+bc+ca]293/[abc]3:9abc.

Chitng minh ring: (a+b)(b+c](c+a]2g(a+b+c)(ab+bc+ca)

Chitng minh:
(a+b)(b+cMc+a)=(a’b+a’c)+(b’a+b’c)+(c’a+c’h)+ 2abe.
Ta co:
(a+b+c)ab+bc+ca) =(a’b+a’c)+(b’a+b’c)+(c’a+c’h)+3abc.
Ta co:

= (a+b)(b+c)c+a)=(a+b+c)ab+bc+ca)- abc.




Mait khac, theo b6 dé 1.9 ta c6:
(a+b+c)(ab+bc +ca) =9abe

= -abc =- é(a +b+c)(ab+bc+ca)

(a+b)(b+c)c+a) ::g(a +b+c)(ab+bc +ca)
Vay:
Pang thitc xay ra khi: a=b=c

Bo de 1.11. Cho a,b 1a cac s6 thyc khong am.
a +b' __a+b

5 EEE}

Chitng minh rang:
Chitng minh:
Thure hién xét hiéu, ta dugc.
a +b' a+b., 4a’+b")- (a+b) 3[01 +b’ - ab(a +b}l
;)T 8 - 8 =0

Vi theo b6 dé 1.6 ta c6: a’+b’> ab(a+b)
a +b' _ a+bh

5 3—‘(2}

Vay:
Dang thitc dung khi: a=b.

a’ +b ::l{a +b)?

.

Loi binh: Ta c6 thé viét dang :
Bo dé 1.12. Cho a,b la hai so thuc duong.

1 1 8

@ b “(a+by

a
Ching minh rang:

Chirng minh:
1,1.,2. 8

T s a® b* ab (a+b)
a co:

¥

D{abﬂmw}:iz 4 ﬁi:_r- 8

. 4 ab (a+b) ab (a+b)
Vi

Dang thitc xay ra khi: a=b
1 1 2

+ >
1+a” 1+b° 1+4ab
B6 dé 1.13. Cho ab > 1. Chitng minh ring: a

Chitrng minh:
1 1 2
7+ -3
l+a- 1+ 1+ab

Thure hién xét hiéu, ta dugc:




1 1 1 1 ab-a)  bla-b)

1+a’ 1+ab}+[ ) )=

= 1+b* 1+ab” (1+a*)1+ab) (1+b*)1+ab)

2y _ 2 _
—(@-b) b(1+a%)- a(l+b*) (@ by (ab- 1)
(1+a*)(1+b*)(1+ab) (1+a*)1+b*)(1+ab)
1 1 2
+ =
o _1l+a’ 1+b° 1+ab
Vay vai ab >1 thi
1 N 1 2

-
1+a° 1+b° 1+ab
Loi binh: V6i-1<ab <1 thi: — © a

Bo dé 1.14. Cho a,b 1a hai s6 thuc dwong.
1 1 1
+ >
~ (l+a)* (1+b)* 1+ab
minh rang:
Chitng

Chirng minh:
Thyc hién phép bién doi twong dwong, ta co:

(a+1)" +(b+1)° _ 1
(ab+a+b+1f ab+1
. [(a +1)° +(b +1}2] (ab+1) =(ab+a+b+1)°

= (@' +b +2a+2b+2)ab+1) =(ab+a+b) +2(ab+a+b)+1

Mat khac, ta lai co:

(a® +b* +2a +2b +2)(ab +1) =(a’b + ab’ +2a’b + 2ab* + 2ab) +(a* +b” +2a+2b +2).

Ta cling c6 dugc:

(ab+a+b)*+2(ab+a+b)+1= a’b’ + a’ + b? +2a’b + 2ab’+ 4ab +2a +2b +1
Thuyre hién xét hiéu, ta duoc:

(a® + b* +2a+ 2b +2)(ab + 1) - [(ab+a+b)*+2(ab+a+b)+1]

= a’b+ab’+1-2ab-a’b’ = ab(a’>-2ab+b*)+(a’b*-2ab+1)

= ab(a-b)*+(ab-1)*>0, v4i moi a,b>0.

Dang thitc xay ra khi: a=b=1

Lo binh: Ta c6 thé st dung bat dang thitc Bunyakovsky dé chitng minh
(doc gia tham khao trong chua dé so 5)

Bat dang thitc co ban thuwong gap.
3.1.Bdt dang thitc AM-GM (thuong goi la bat dang thirc Cauchy).
3.1.1. Dang téng qudt (n s6 khéng Gm)
a,+a,+..+a

aa,,..a,, =0, n

Cho ta co
a, =a, =..=d,,

=ya,,a,,..q,.

Dbang thitc xay ra khi:
3.1.2.Dang cu thé (2 s6, 3 s6 khong am).

Cho a,b>0 ta co:




Dang xay ra khi: a=b
atbtc =+/abc.

Cho a,b,c >0 ta co:

Dang thitc xay ra khi: a=b = ¢

(Cdch chitng minh bat ddng thirc trén, déc gid xem lai b6 dé 1.7 va 1.8)
3.1.3. Cdc vi du minh hoa

Vi du 1.1. Cho a,b,c 1a céc s6 thuec.

Chitng minh rang: (a>+b*)(b*+c?)(c*+a?)>8a’b*c?

Chttng minh:
(a® +b* =2ab
b* +c* =2bc = (a’ +b*)(b* +c’ )’ +a’) =8a’b’ac’
¢ +a’ =2ca
Sai lam hay gap: (sai)

Bo dé 1.10. Cho a.b,c la céc so thuc dwong.
Chitng minh ring: a+b|(b+c|(c+a|> g(a+b+c)(ab+bc+ca)

Chitng minh:
(a+b)(b+c)c+a)=(a’b+a’c)+(b’a+b’c)+(c’a+c’b) + 2abc.
Ta co:
(a+b+c)ab+bc+ca)=(a’b+a’c)+(b’a+b’c)+(c’a+c’h)+3abc.
Ta co:

= (a+b)(b+c)c+a)=(a+b+c)ab+bc+ca)- abc.

Mait khac, theo bo dé 1.9 ta co:
(a+b +c)ab+ be +ca) =%abe

= -abc =- é(a +h+c)ab+bc+ca)

(a +b)(b+c](c+a}:_=g(a +b+¢c)(ab +bc+ca)
Vay:
Dang thitc xay ra khi: a=b=c

Bo dé 1.11. Cho a,b Ia cac s6 thuwc khong am.
a +b’ __a+h

5 3—‘{2}

Ching minh rang:
Chirng minh:
Thure hién xét hiéu, ta duoc.
a +b* a+b., 4a’+b*)- (a+b) 3[01 +b’ - ab(a +b}l
y ) E A B A =0

Vi theo b6 dé 1.6 ta c6: a*+b*> ab(a+b)
a +b’ _ a+b

5 3—‘{2}

Vay:




Pang thitc ding khi: a=b.

a’+b’ ::l[a +b)’

I

Loi binh: Ta c6 thé viét dang :
Bo deé 1.12. Cho a,b la hai s6 thyc duong.

1 1 8
—+—_>
) a’ b (a+b)
Chitng minh rang:
Chitrng minh:
1 1 _2 8
—+—="=
a’ b* ab (a+b)
Ta co:
D{ab{[ﬂq‘b)z::i:: 4 c::-i:s 8
. 4 ab (a+b) ab (a+b)
vi:

Dbang thitc xay ra khi: a=b
1 1 2

+ =
1+a® 1+b° 1+ab
Bo de 1.13. Cho ab > 1. Chitng minh rang:

Chirng minh:
1 1 2

+ -
+a’ + I +
Thue hién xét hidy, ta duge: LT ¢ 10 1+ab
=( 1 1 1 1 ab-a) ,  bla-b)

va® 1rab  Q+b 1+ab’ (Q+a)i+ab) (+b')1+ab)
(ab-1)

b(1+a*)- a(l+b*) —(a- by
(1+a®)(1+b*)1+ab) (L+a*)1+b>)(1+ab)

=(a-b)
1 1 2
2+ 2 ::
l+a” 14b 1+ab

1 1 2
.2+ 2 E
1+a° 14b° 1+ab

Vay vai ab >1 thi

Loi binh: Vi -1<ab<1 thi:
Bo dé 1.14. Cho a,b 1a hai s6 thuc dwong.
1 1 1
+ >
~ (l+a)’ (1+b)* 1+ab
minh rang:
Chitng

Chirng minh:
Thyc hién phép bién doi twong dwong, ta co:

(a+1)" +(b+1)° _ 1
(ab+a+b+1f ab+1
= [(a +1)° +(b +1}2] (ab+1) =(ab+a+b+1)°

= (a’+b +2a+2b+2)ab+1) =(ab+a+b) +2(ab+a+b)+1

Mat khac, ta lai co:
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(a® +b* +2a +2b +2)(ab +1) =(a’b + ab’ +2a’b + 2ab* + 2ab) +(a* +b” +2a+2b +2).

Ta cling c6 duoc:

(ab+a+b)’+2(ab+a+b)+1= a’b® + a* + b? +2a’b + 2ab’+ 4ab +2a +2b +1
Thure hién xét hiéu, ta duoc:

(a® + b* +2a+ 2b +2)(ab + 1) - [(ab+a+b)’+2(ab+a+b)+1]

= a’b+ab’*+1-2ab-a’b’ = ab(a’>-2ab+b*)+(a’b*-2ab+1)

= ab(a-b)*+(ab-1)*>0, v4i moi a,b>0.

Dang thitc xay ra khi: a=b=1

Lai binh: Ta c6 thé st dung bat dang thitc Bunyakovsky dé chitng minh
(doc gia tham khao trong chu dé s6 5)

Vi du 1.2. Cho a,b,c la céc s6 thyc dwong.
1 1 1]
44+ ‘ =9

+h+
(a C).a b ¢

Ching minh rang: .
Chitng minh:

St dung bat dang thitc AM- GM cho 3 s6 thuc dwong ta co:

’a+b+c:_=3i.fabc::-[] -

1 1 1 111 3 =*(a+b+c)[_+_+_‘;_=g
- —+—:_=3?—.—.—: }D .'ﬂ b. C

a b ¢ Nabec 3Yabe

bang thitc xay ra khi: a=b=c.
3.2. Bit dang thitc Cauchy- Schwarz (thwong duoc goi la bat ddang thirc Bunyakovcsky).

3.2.1. Dang téng quat.
(a,a,,..,a,) (b,b,,..,b,)
Cho hai day s6 thuc va ta ludn co:

(aZ+a®+..+a )b +b +...+b*)=(ab, +ab, +..+ab )

4 _9 _ %4
bl bz h b.'l
Dang thitc xay ra khi:
b,=0 a =0 b,,b.,...,b,
Quy woc: Néu thi twong tw voi

3.2.2. Dang cu thé:

3.2.2.1. Dang 1:
(@ +b* ) +d*) =(ac+bd )
Cho ab,c,d R, taco:
a_b
] . ¢ d
bang thitc xay ra khi:

3.2.2.2. Dang 2:
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c (.:1‘Z+E7r‘Z +-C'2)(Hz +y2+22)3_=(ﬂx+by +cz)
Cho a,b,c,x,y,z R, ta co:
a b c

] X y z
Dang thitc xdy ra khi:

\)(({:rZ +b2)(c* +d?) =|ac +bd | =ac +bd.
Doc gia can chu y:

Chirng minh:

Dang 1: Bién doi twong duong ta dugc:
(¢ +b*)(c +d*) =(ac+bd) = (ad) - 2abed +(be) =0 < (ad - be) =0

a b
o —=—
d

Dbang thitc xay ra khi ad = bc

(ay- bx)’ +(az- cx) +(bz- cy) =0.
Dang 2: Hoan toan twong tu dwa ve:

‘ay =bx
a b ¢
az =cX & — =— =—
b z
bz =cy Y

DPang thitc xaye ra khi:
3.2.3. Cdc vi du minh hoa:

(@ +b°)=(a+bY.
Vi du 1.3. Cho a,b 1a cac s6 thuc. Chitng minh rang: 2
Chirng minh:
St dung bat dang thitc Bunyakovsky, ta cé:
(2+2)(a?+b)=(l.a+1bY = (a® +b)=(a+b).
2

92 a=h
Dang thitc xay ra khi:

Vi du 1.4. Cho a,b,c la cac s6 thue khac 0.
a b* ¢ _a b c
—E 4

, .. b ¢ a b c a
Chttng minh rang: .

Chitng minh:
St dung bat dang thitc Bunyakovsky, ta co:
2 2 2 ) 2 2 y 2
3a_+b_+c_ :(12+12+12)E+E +|C :_=E+E+E
b* & a’ bl |c| |a |b| |c| |all

12



bay.

Mat khac, st dung bat dang thitc AM- GM cho 3 s6 khéng am ta co:

al |b r:" al |b| e

S+ 2+ 23315 2L S =3

b |c| |all blic||a
al |bl lel\" {la| [b| lc|| (la| |B| lc| [abc'

= | |=+|—+|=| =||=|+H+ ]| [H+|H+ |~ =3 —+—+—
b |c| |al] [{b| |c| l|a|]||b| |c| |all c al
a b & _a b c
s el i

b ¢ a b ¢ a

Vay: .

Lai binh: Vi dé bai chi cho cac so thyc nén ching ta phai dwa vé dang:

] y 2 2
“_:[E‘ —|2
B b ‘b

dé c6 thé van dung bat dang thitc AM-GM nham tranh sai [am nhw vi du 1.1 da trinh

3.3. Bat dang thitc Svac-xo ( thuwong goi la bat dang thitc cong mau).
3.3.1. Dang tong quat:

(a,a,,..,a,) (b,b,....b, >0)
Cho day s6 thuc va thi ta lu6n co6:

a’ a’ a® (a+a,+.+a)
e R TP WS -

b, b, b b+b +..+b,

Dang thitc xay ra khi:
3.3.2. Dang cu thé.
3.3.2.1. Dang 1:

x,y>0 X ? X+y
Cho , ta co:

Dbang thitc xdy ra khi:
3.3.2.2. Dang 2:

a’ +|E:r‘Z N 2 (a+b+c)

x’y32>03 x ?

] X+y+z
Cho ta co:

Dang thitc xay ra khi:

Chirng minh
Dang 1:
St dung bét dang thitc Bunyakovsky, ta cé:

(Vx) +(y)

=(a+b) = a b ::(ﬂ +bY
X

y Xty

i"lir
Wl

13



Dang thitc xay ra khi:
Doc gia cling c6 thé bién doi twong dwong nhu sau:
a’ b _(a+by

Xy X+y
Ta co:

o (@y+bx)x+y) =(a+b) xy = (ay- bx)’ =0

a_b
. X Yy
bang thitc xay ra khi:
Dang 2:
a b ¢ (a+b)Y ¢ (a+b+c)
|+ = +—z—
x y| z X+y z X+y+1z
Hoan toan twong tu ta co:
a b

X
bang thirc xay ra khi :
Chu y: Bat dang thitc Svac-xo' la mot hé qua cta bat dang thitc Cauchy-Schwarz va khi ap dung can lvu
y cac mau phai la nhitng s6 duong.
3.3.3. Cdc vi du minh hoa.

1 1 4
=
, a, b <, ~ , 3 N a b a+b
Vi du 1.5. Cho la cac sb thue dwong. Chitng minh rang:
Chirng minh
St dung bat dang thitc Svac-xo, ta co:
1,1 1 ¢ 41y 4
—_—t =+ —=
a b a b _ a+b a+b
l :l — (1 :E}
Dbang thitc xay ra khi: a
1 4 9 36
4=
] a.be ) . . a b ¢ a+b+c
Vi du 1.6. Cho la cac sé thuc dwong. Chitng minh rang:

Chirng minh
St dung bat dang thitc Svac-xo, ta co:

1,49 ¢ 20 ¥ (1+24+3) 36

T+l ="+

a b ¢ a b ¢ a+b+c a+b+c
1 2 3
a b c

Pang thitc xay ra khi:
3.4. Bat dang thirc Minkovsky (Mmcopskl)

3.4.1. Dang téng quat.
(a,a,,..,a,) (b,b,,...b,)

Cho hai day s6 thyc va thi ta ludn c6:
Ja,z +b” + ,jaj +b° 4.4+ ‘ja_f +b* ::J(a, +a,+..+a," )+ (b +b, +..+b).
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9_% _ 9%

b‘I bz b:'l
DPang thitc xay ra khi:

b=0 a =0 by, b,y b,
Quy ué'c: Néu thi , twong tw ap dung vai
3.4.2. Dang cu thé.
3.4.2.1. Dang 1:
a,b,c,d €R, Ja' +b* 3¢t +d’ ::J(a +c¥ +(b+dY

Cho ta co:

a_c

. b d
Dang thitc xdy ra khi:
3.4.2.2. Dang 2:
a,b,c.d,e, f €R, Ja? +b* +4fc? +d* +fe’ + [ ::J(a +c+e) +(b+d+f)

Cho ta co:

a_c_°¢

, b d f
bang thiec xay ra khi:
Chirng minh

Dang 1:

Bién doi twong dwong, ta co:
Jai +b? +4Jc? +d° ::J(a +c) +(b+d) = J(az +b N +d?) =(ac+bd)

= (a2 +b?)c? +d?) =(ac+bd ) = (ad - be) =0, Va, b,c.d.

ad =hc = a :E
< oo . c d
Dang thitc xdy ra khi:

Dang 2:
St dung két qua trén, ta c6 dugc:

Ja? +b* ++Jc? +d? +.Jez + f? ::J(a +c) +(b+d) + fe’ + f*

= JJa? +b? +4fc? +d? +J¢3£ + f? ::J(a +c+e) +(b+d+ )

Chu y: Bat dang thicc Minkovsky cting la mot hé qua cta bat dang thic Cauchy-Schwarz.
3.4.3. Cdc vi du minh hoa
a,b,c>0  gb+bc+ca =abc

Vi du 1.7. Cho va
2 2 2 2 2
Jb +2a +ch +2b +Ja +2c -3
i ) . ab be ca
Chirng minh rang: .
Chirng minh
1 1 1
ab+bc+ca =abc = —+—+—-=1
a b ¢

Bién doi gia thiét: .
b e2a N +an Jad +2c J 1 2 \/ 1 2 J 1 2
+ + — +—+ +—+

ab bc ca a b\ & a

¢ al

Ta co:
St dung bat dang thitc Minkovsky, ta c6 dwoc:
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2 2 2 2 5
Lz"' E + L_;: £ + L.}. £ = £+£+£ +32 l+£+l
a | b b ¢ | al la b ¢ la b ¢
l+£+£:1
a c
Mat khac
2 2 2 2 2 2
JE} +2a +\r"b +2c +Jﬂ +2r ::JE
~ ab be ca
Vay:
1 1 1 1
+ + >_
. a,b,c>0 g+b b+c c+a 2
Vi du 1.8. Cho va
2 2 2 2 2 2
-ul"b +2a +JE} +2c +~J’a +2c 3_‘\1@
i . ab be ca
Chttng minh rang:
( Trich BTTS vao 16p 10 Hdi Phong nam hoc 2015 - 2016)
Hwdng dan giai
b e2a b2 Jah+2c J1 2 [T 2 J1 2
+ + =+ —+ [+
) ab bc ca a b \b* & Nc& o
Ta co:
Theo vidu 1.7, ta cé:
1 2 1 2 1 2 1 1 1) 1 1 1
b — v S S = 3 S| =3 S
\/a‘Z b* th c \/::‘Z a’ la b c la b c)
1 1{1 1 1 1 1 1j1 1 1
— = |+ + + < | —+_+_—
a+bh 4la b| a+b b+c c+a 2la b ]
Mat khac:
1j1 1 1 1 1 1 1
| —t—+_|=_e= _+_+_=1
20a b ¢ 2 a b c

Tw do, ta c6 duoc:
2 2 2 2 2 2
JE} +2a +\r"b +2c +Jﬂ +2r ::JE
ab bc ca

Vay:

(a+2)(b+2)=2>
a,b 4

Vidu19.Cho 14 haisd thuc théa min
F =J1+a* +y1+b*

Tim GTNN cta biéu thitc
( Trich DTTS vao I6p 10 Ha Tinh ndm hoc 2018 - 2019)
Huwéng dan giai

a a=b

Do tinh d6i xitng cia  va  nén dang thitc xay ra tai
512 a :%::- b :%::- F :g

(ﬂ +2 )2 :[ — ‘ =
L 2) -9 -9 J6577

g=—=h=—= F=
2 2 2

Khi dé :
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7

MinF =——— = a =b :l
2 2

Vay ta du doan :
St dung bat dang thitc Minkovsky , ta co :

Jl‘:" +(a?) +.J12 +(b?) ::J(Hl)z +(a* +b?) :J(a‘* +b?) +4.

(a+2)(b+2) :?ﬁ. 2(a+b)+ab :91
Theo gia thiét :
[ 1 2 1 2 )
2| a- =| +2 b-—‘ =0 |2(a+b)=2(a® +b*)
' 2) ' 2 = &+
a’ +b’ ab =
ab = 5 2
Tw do xét :

Thyc hién cong cac vé vdi nhau, ta duoc :

%:E(a +b)+ab ﬂg(az +h?)+1e= a* +b° :_,%

7

= Jl+a* +1+b° ::T

MinF :E =a=b :l
R 2 2
Vay :
3.4. Bat dang thirc Vonicur Schur
3.4.1. Dang téng quat
a,b,c r =0
Cho la cac s6 thyc khong am va

a (a-bXa-c)+b (b-c)c-a)+c (c- a)lc-b)=0

3.4.2. Dang cu thé

r =1 ala-b)a-c)+b(b-c)b- a)+clc- a)lc- b)=0
Khi taco:
=2 a*(a-b)a- c)+b* (b- c)b- a)+c*(c- a)lc- b) =0
Khi taco:
Sau day chuing t6i trinh bay cach chithg minh bat dang thic trén tng vdi treong hop r=l
Chirng minh
a,b,c azbz=cz0
Do vai tro binh ddang nhau nén khong mat tinh tong quat ta gia st rang
Ca=0_ (e a)e-b) =0
c-b=0

Khi dé, ta c6 :
ala-b)a-c)+bb- c)Nb- a) =0
Ta can chitng minh
= ala- b)a- ¢)- b(b- c)a- b)=0= (a- b][a(a -¢)- b(b- c)] =0

e (a- b)(a? - ac- b* +bc) =(a- bY (a+b- ¢) =0

] x=a-bz0, y=b-cz0, =a-c=x+y.
Ngoai hudng trén, ta co thé dat
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( Cdc vi du va itng dung hé qua cta bdt ddng thitc nay sé trinh bay trong chu dé so 3)
3.5. Bat dang thirc Nesbitt.

a,b,c
Cho 1a cac s6 thuc duwong.
a b c 3
+ + >
, .. . b+c c+a a+b 2
Chttng minh rang:
Chirng minh

St dung bét dang thitic Svac-xo;, ta co:
a h c a’ h? c? (a+b+c) 3
+ + = + + = =—
b+c c+a a+b ab+ac bc+ba ca+ch 2(ab+bc+ca) 2

(a+b+c) 1 3
o )

ab+bhc+ca = =
2(ab+bc+ca) 2(a+b+c)

Vi
. L . a=b=c
Dang thitc xdy ra khi:
Lai binh: Hién nay c6 hon 49 cach chitng minh bat dang thitc nay, doc gia ty tim hiéu thém.

Mot so bai tap tw luyén, cing cé kién thic:
a,b,c
Bai 1.1. Cho la cac so6 thye bat ki.

a’ +b* +c” +3=2(a+b+c)
Ching minh rang:

X,y
Bai 1.2. Cho la cac s6 thyc duong.
2 2

y

—+—Z=X+Yy
X
Chitng minh rang:

X,y
Bai 1.3. Cho 1a cac s6 thue khac 0.
2 2
L P
L YVoxX Yy x
Chitng minh rang:
X,y
Bai 1.4. Cho la cac so6 thue khac 0.
2 2 i
X a3 XY
V¥ oA

2

. y
Chitng minh rang:

a>b>0  Jai- b +2ab- b >a
Bai 1.5. Cho . Chitng minh rang:

( Trich BTTS vao 16p 10 chuyén, TP H6 Chi Minh ndm hoc 2005 - 2006)

1 1
= __ + _
a,b>0 a+bf 242 . a b
Bai 1.6. Cho va . Tim GTNN cua biéu thic
(Trich BTTS vao 16p 10, Son La nam hoc 2018-2019)

.. a,b,c>0 a4b+4c=1
Bai 1.7. Cho va thda man .

1 1
—+—3 16
i ... ac bc
Chitng minh rang

(Trich BTTS vao 10 chuyén, Ha Tinh nam hoc 2007-2008)
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a,b,c
Bai 1.8. Cho la céc s6 duong.

b+ + +b b C
c cta_ a 34§a+ L c ¢

‘ a b C +c c+a a+bé
Chttng minh rang .
(Trich BTTS vao 16p 10, Ninh Binh nam hoc 2012-2013)
a,b,c
Bai 1.9. Cho la céc s6 duong.
g
Ll Lol L, 18
~a b ¢ +2b b+2c c+2a@
Chttng minh rang .
(Trich BTTS vao 16p 10, THPT chuyén Ngoai ngit nam hoc 2007-2008)
Lililoge
a,b, c>0 a b C
Bai 1.10. Cho va
1 1 1 8
+ + £ —
] . 3da+2b+c a+3b+2c 2a+b+3c 3
Chitng minh rang

(Trich BTTS vao 16p 10, Hai Phong nam hoc 2017-2018)
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CHU PE 2: PHUONG PHAP CHON PIEM ROI
1. Ly thuyét phwong phap chgn diém roi.
Chon diém roi chinh la viéc dy doan dau bang xay ra tai cac gia tri cda bién.
Neéu biéu thitc c6 diiéu kién rang budc thi GTNN hodc GTLN thwong dat tai vi tri bién. Théng thuong
v6i cac biéu thirc d6i xing thi dau bang xdy ra khi cac bién bang nhau.
2. Piém roi cua biéu thitc déi xirng va ac ky thuat lien quan.
2.1. Biéu thitc déi xiang voi cac bién.
_ 1 + 1 + 1 .
2x+y+z x+2y+z x+y+2z

Cho biéu thirc
X

~ T s A o .
Néu ta hoan doi vai tro cta cho nhau thi biéu thitc P khong thay doi nén ta noi biéu thirc P 1a biéu
thitc doi xing vdi vai tro cac bién binh dang véi nhau.
. . } . ) . ; . X = y =7
Vay diém roi dat dugc khi cac bién cé gia tri bang nhau tirc 1a

2.2, Phwong phap giai va cac vi du minh hoa.
Ta dy doan dang thitc x4y ra (chon diém roi) tai gia tri cac bién bang nhau r6i ghép tirng cap ap dung bat
dang thirc Cosi, cu thé hon ta di xét 4c vi du dudi day.
1
a3 3 P=a+—
Vidu 2.1. Cho . Tim GTNN cua biéu thitc
Phan tich
Sai lam: Néu v0i vang, ta dan dén 1oi giai sau:

St dung dang thitc AM-GM cho 2 s6 duong, ta dugc:

1 ’ 1
P=a+-2 2, /a.—=2
a a

a= 1 Ua=1<3
. a
bang thic xay ra khi
Vay khong c6 a théa nam nén 10i giai trén la sai.
Twr d6 viéc dy doan dau “ =” xay ra ( tic chon diém roi) la vo cung quan trong.
. a=3
Loi gidi ding: Chon diém roi tai
a=3p a? 1
. a . .. . e } .. . . k=0
Vi nén dé st dung bat dang thitc AM-GM ta phai thém hé so nhu sau:
a
2 =§+ka$+{a— ka)
&
il
~ 1—=ka 1 - 1
Ula Pp3k=-Uk=-
_ 3 9
a=3
Tim k dya trén dau bang xdy ra
Véi huéng phan tich nhw trén, ta c6 10i giai chi tiét:
1 Ba 1 83 10 10 -
P=— 4045 28,9 _Th MinP=—0 a=3
a 9 9 a9 9 3 3

Ngoai cach phan tich trén, ta con cé nhiéu hwdng tw duy khac:
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_ .1 10_3a’-10a+3_3(a- 3) +8(a- 3)

? a? 3Ja
a

=3
Dbang thitc xay ra tai

a3 o p=a’+l
a
Vidu 2.2 Cho . Tim GTNN cua biéu thirc

a=2
Hudng 1: Ta dé thdy diém roi dat tai

1

5

P=az+_=§2+ﬁ+5$ s 3367- L =2p minp =
a a ad a 2 2

Khi do:

9
2

(S

1 28 15 1 15 3 15
P=a’+ §+—+a——:+—a2331i—+—.4=—+—=
a 2a 16F 16 64 16 4 4
Ta co:

ra| o

2a%- 9a+2 _(a- 2)(2a° +4a- 1)
2a

a
Dang thirc xay ra tai
Huéng 4:

8

P=(a- 2}2+§3+E; 15 45 0+2063- 2. 4
ald a 2

. a=2

Dbang thitc xdy ra tai

1
a 3 P = — +a
Vidu 2.3. Cho . Tim GTNN ctia biéu thitc

Hudong dan giai

a=
Hudng 1: Ta dé thay diém roi dat tai
1 a

a 3 I 3. 9
P=—+—+—+—=33¥’—+—.2=— P minP =

T 88 4 64 4 i
Ta co:

4
Huéng 2:

P:[i+f+i‘-i
2 2 a'l a

N

EU a==2
4

=3-

£ w

:E:, MinP :E = aq =2
4 4
Ta co:
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Huéng 3:

Xét hiéu:
1 _gg? (a- 2)(4a” - a- 2)
P—g:%+a—gz4ﬂ g{j +4: < =0 (ﬁaz?}ﬂPzg—.
4 a 4 4a 4a 4
Y . La=2.
Dau bang xdy ra tai
Huéng 4:
P=l—- l‘ + l E|+3_ﬂ_ 1:_=[]+l+3_ l:g
a 2/ la 4] 4 4 2 2 4 4
Ta co:
a=
bang thic xay ra khi
x>0;y>0 x+y=2 X +y =2
Vidu 2.4. Cho va Chéng minh rang:
Huéng dan giai
Huéng 1:
! x =y =1.
Ta dé thay diém roi dat tai:
X +1=2x : .
; = X +y +222(x+y)=4= x"+y’ =2.
Vv o+lz=2y
Khi do6 ta co:
Huéng 2:
(x- yY 200 2+y =2y o 2(2 +y )2l +y) =4 = x* +y* =2.
Ta co:
Huong 3:
2=x+y=2fxy e fxy <lo ay<i= X +y =(x+y) - 2y 22" - 2.1=2.
Ta co:

Qua 4 vi du trén, tuy ban chat chi 1a mot nhung ching t6i mudn mé rong thém nhiéu huéng suy nghi,
tim toi hon khi lam bat dang thitc nham khoi day niém dam mé, rén tw duy ciing nhw sy sang tao ctia moi hoc
sinh dé chinh phuc cac bai bat dang thitc khé hon, phitc tap hon. Dwéi day la mot s bat dang thiec cho doc gia

tw ren luyén.
Ju :ﬂ + _"ﬂb

a>0;b>0. Jab a+b’
Vi du 2.5. Cho Tim gia tri nhé nhat cta biéu thirc:
Hudng dan giai
t :ﬂ+b|[[ =2)= P :r+£ :[E 1‘+3_[:_=1+E :E_
Jab t 14 )] 4 2 2
bat:
MinP :gﬁ t=2< a=b>0.
Vay:
M=t
x,y>0 X=2y. Xy
Vidu 2.6. Cho théa man Tim gia tri nho nhat cta biéu thic:
(Trich BTTS vao 16p 10, Ha N6i ndm hoc 2012 — 2013)
Huwdng dan giai
t :i{[ .':_52}:.1 M :i+£ :[+1: £+£‘+3_[?-_=1+E :E_
¥ Vo oXx tol4 ) 4 2 2
bat:
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MinM :;mrzzm x=2y.

Vay
1

1

P=—— +—

2

x,y>0 x+y <l. X4y oxy

Vidu 2.7. Cho va théa méan Tim GTNN cta biéu thitc
Huwdng dan giai

1
x=y =
Ta dé thay diém roi dat tai:

1 1 1 1 1 4 2 6
+ + =

— — + > + = =6.
X4yt 2xy | 2xy (x+y) (x+y)y  (x+y)

P =

X4yt xy

minP =6 = x =y :%.
Vay
S :(x+y)2 +(x+y)zl

X,y >0. X +y Xy
Vi du 2.8. Cho Tim GTNN ctia biéu thirc
Huwéng dan giai

St dung két qua cua vi du 2.7, ta dugc:
(x+yY +(M+Fj'|Z =(x+y)

X 4y Xy

1 1 6
| =(x+y).

S =
Xy Xy (x+y)

=6.

Ta co:
mins =6 <= x =y.
Vay:

x,y>0 X+y =3. X4y
Vidu 2.9. Cho va théa méan Tim GTNN cta biéu thitc
Huwéng dan giai
5 3 1 1 1 4 2 22 22
——+— =5 ——+ + =5. + = =
Xy oxy ey 9] 2y (eay) Gey) (x+y)y 9

P =

MinP :E = X =y :E.
. 9 2
Vay:
2 +2.on

a,b>0  ag+b=L. a’+b’ ab
Vi du 2.10. Cho va Chttng minh

Hudng dan giai
3 2 [ 1 1 4 2 14

1
— " 4+ - = + + =3, + = =14,
a'+b’ ab la’+b’ Eab_‘ 2ab — (g+b) (a+bY (a+b)

a=b=—.

Dang thitc xay ra khi:
P :; + L +4xy.
x,y>0 x+y <l. X +yt o xy
Vi du 2.11. Cho va théa man Tim GTNN ctia

Hudong dan giai
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X=y=—.

2
Ta dé thay diém roi dat tai:
P= 21 2+L+4xy: < 2+L+4xy+ 1 + 1 = 4 +2+ L =7,
x4yt xy L x Yy 2xy) | 4xy | 4dxy (x+y)l (}(+_].?)Z
. 1
MinP =7 = x=y :E.
Vay:
P= L + 1 .
x,y>0 x+y <l. l+x° +y*  2xy
Vidu 2.12. Cho va théa man Tim GTNN cua
Hudng dan giai
X =y =%.
Ta dé thay diém roi dat tai:
b 21 2+1: 212+1+1_
I+x +y  2xy [1+x +y  Gxy) 3ay
4 1 _4 4 8
=Pz - 4=
(x+y) +4xy+1 3xy 3 3 3
(x+y)2 1 (?{+}')2+4K}'+1£3
Xy £=———=<—= 3
4 4 3y ==
. 4
Vi
. 1
MinP =— = x =y :E
Vay
1+x? + v’
mxy =1+x +y’ s m=——o Y —g
X
Lo binh: Vi diém rai trén ta can: Y
2 35
P=— + —+2xy
x,y>0 X+y <4 X +y Xy
Vi du 2.13. Cho va théa méan . Tim GTNN cta biéu thitc
(Trich dé BTTS vao I6p 10, hung Yén nam hoc 2017 — 2018)
Hwdng dan giai
Cen X =y =2
Ta dé thay diém roi tai
2 35 1 32| 2
P=———+—+2xy =2| ——+ +| 22Xy +— | +—
X"+y Xy X" 4y 2xy | Xy | Xy
= Pz— —+16+—— =17
(x+v) (x +y)
MinP =17 = x =y =2
Vay
1 25
S=——+—+ab
a,b>0 a+b <4 a’+b* ab
Vi du 2.14. Cho va théa man . Tim GTNN ctia biéu thitc
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P =

(Trich dé BTTS vao I6p 10, Ninh Binh nam hoc 2017 — 2018)

Huwdng dan giai
o a=b=2 o o
Vi diém roi dat tai nén ta co huwéng phan tich sau:
S= 21 2+L + al:n+E . 17 = 4 +B+i2§+82E
a-+b" 2ab]| ab] 2ab (a+b) (a+b) 8 8

83
Min§ =— < a =b =2

Vay

X,y >0 (x+y-1) =xy
Vi du 2.15. Cho va thoa man . Tim GTNN cua biéu thitc
1 1 ..|I'x:-,f

+—+

X" +y Xy X+y

(Trich dé BTTS vao I6p 10, Thdi Binh ndm hoc 2013 — 2014)
Hudng dan giai

Ta co:
, (x+y) 2
xy =(x+y-1) =———= 3(x+yf-8(x+y)+45[lw §£x+y52
X =y =1
Ta deé thay diém roi dat tai
P= 21 2+L+‘-”{:"r: 21 -+ 1 + ~‘K:"r+ 1
X"+y Xy X+y X" +y  2xy| X+y 2xy

=> P> 4 -+ 2 >2
(x+y) \/E(x+y]ﬁ

(x+y)2fxy =(x+y) = 2

2 = =1
J(x +y)2fxy  XHY

Vi
MinP =2 = x =y =1
Vay
2 2
X" +2
A :—‘}r
X,y >0 Xy +4 <2y Xy
Vi du 2.16. Cho va théa méan . Tim GTNN cta biéu thitc
Hudong dan giai

2y 2xy+424@w J?EE\-";& 334
X

Ta co:

t =2 (t=4)
X
Ta dat

= ﬂ:£+2_}r:1+2[:

1 [‘+31 1+31 33
y X ot

e+ =2+ 4 =22
t 16) 16 16 16 4
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xy =4 X =
MinA :Eﬁ t =4 = y =
4 y =4x y =4
Vay
ab
B=—0—7-
) a,b>0 ab+4<2b o a’ +2b
Vi du 2.17. Cho va théa man . Tim GTLN ctia biéu thttc
Huwéng dan giai
b
2b zab+4 =4ab = b =2Ja = — =4
a
Ta co:
t=—(t=4)
Ta dat
i:i &_£+2 = E+L‘ +ﬂ[ =2 L+E_4 :Ea Egi
B b a t t 16 16 16 4 33
ab =4 a=
MaxB=— o= t=4 < =
3 b =4a b =4
Vay
X +
Q = 2 }r 2
X,y >0 Xy +1 <x J3K s Xy+y
Vi du 2.18. Cho va théa man . Tim GTLN cta biéu thitc
(Trich dé BTTS vao I6p 10, Qudng Ninh nadm hoc 2018 — 2019)
Hudong dan giai
X =Xy +1 22,,‘:{:{ = \E 22\/;1:- X =4
. y
Ta co:
; 2 ;
X X
2, , —| +2{ —|+1 | ot 41
+ + "+ 2t +
[:E(tgq):’r«}z:xz = }'2:;‘{_2 .}’_ =2
N 3XT- XV +Yy X x 3t - t+1
3 —| - |—|+1
¥ y)
Ta dat
5 L, 5 t+2t+1 6t2-23t- 4 6(t- 4) +25(t- 4)
—- Q' =—- — - = - =0(Vt =4)
9 9 3c-t+1 9(3t%- t+1) 9(3t*- t+1)
Xét hiéu:
x =2
=1
= Qz EE:? Q iiE:? MaxQ=£w . = 1
9 3 3 x =4y y =—
2
1 1 . 1 >3
) 3,b,c>0 a+b+c+ab+bc+ca=6abc - S - S
Vi du 2.19. Cho va . Chitng minh rang:
(Trich dé BTTS vao I6p 10, TP Ha N¢i ndm hoc 2013 — 2014)
Huwdng dan giai
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1 1 1 1 1 1
a+b+c+ab+bc+ca =6abce= —+—+—+—+—+—=6
) a b c ab bc ca
Ta cé:

1 1 1
X=—y =z =—(x,y,2>0)= X +y+X + xy + yz +7x =6
a C
Ta dat:
x?+y? +z7 =3
Ta can chitng minh:
] X =y =2 =]
Dé thdy diém roi dat tai
X +122x; vy +122y; 2 #1222 X +y +z2° +322(x+y+1z)
T do:
2(x? +y?* +2?) 22(xy + yz + zx)
Mat khac
CoOng vé vdi nhau, ta dugc:

3(x? #y? #22)+322(x +y+z+xy+yz+2x) =12 & X2+ y 420 23

LE+L+L:_=3

a b
Vay:
2.3. K¥ thuat ghép cap
Dé st dung k¥ thuat nay, ta can chti y dén bac ctda biéu thitc dé ghép chiing vdi nhau. Cu thé hon chiing
ta cung xét cac vi du duéi day:

a b
—+—+—=a+b+c
i ) . b ¢ a
Vi du 2.20. Cho a, b, ¢ > 0. Chithg minh rang;:
Huwdng dan giai
Ta dé y bac cua ching la bac 1 nén ta can ghép cac biéu thitc dong bac véi nhau:
2 2 2
9 +b>2a b—+c =2c S va=2
c a
Ta co: ; ;
Pang thitc xdy rataia=b =c.
DBdy la mét vi du rdt co ban minh hoa cho ky thudt ghép cdp tng dung AM-GM.
3 3 3
4 b_+c— =ab +bc +ca
. c a
Vi du 2.21. Cho a, b, ¢ > 0. Chitng minh rang:
Hudong dan giai
Ta dé y bac cua ching la bac hai nén ta can ghép cac biéu thitc dong bac véi nhau:

3 3 3 3 3 3
ﬂ—+b_+bc:_=3ab h—+c_+ar::_=3bc C—+a_+ab:_=3ac
C c a a1
5 s
3 3 3
ﬂ—+E}—+':—:_-~w:1E:-+£:u:+m
. o c a
Cong cac vé, ta dugc:

bang thitc xdyrataia=b = c.

Vi du 2.22. Cho a, b, ¢ > 0. Chitng minh rang:
Huwdng dan giai
Ta dé y bac cua chiing 1a bac 0, tic 1a ta can ghép vdi hé so:
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a a’ a b b b* ¢ c’

—+—+1=23— —+—+1=3— —+—+1=3—
h' b’ ' & ¢ a a a’
b bl
3 3 3 2 2 2
a1 b ¢
2 prtat s +323| s+t
¢’ a ¢t a
T d6 ta co:
al bz Ez 3 ﬂl bl E.E al bz Ez al
3 bT+cT+aT =2 E:-_2+c1 +ﬂ_2 + E:r_l+r:2 ey =32
Mat khac, ta cling c6 dugc:
2 ﬂ'{+b'{+£'{ +3}2 2+ 2+E.2 +3 '{+b'{ C.'{ al bl E.E
— =M —— = | — 4+ —+ — | = —+—
.b? o a .bz c? {]2_ . T ﬂw. .rth P
Vay:
Pang thitc xdy ra tai:a=b =c.
a b c a b C
+ + = + +

Vi du 2.23. Cho a, b, ¢ > 0. Chitng minh rang:
Huwdng dan giai
b c a b+c c+a a+h
+ + = + + =

a b C
+ —. =
\b+c c+a a+b| la+b b+c c+a a+bh b+c c+a

3

Ta co:

Mat khac, ta co:

b C a
+ +

L a+b b+c c+a

a b C
+ +

a+bh b+c c+a
+ = + + =
| la+b b+c c+a

— =3
a+b b+c c+a

a 3] C a b C
+ + > + +
b+c c+a a+b a+b b+c c+a

Vay .
a+b+c =3
Vi du 2.24. Cho a, b, ¢ > 0 va théa man .
a b* c 3
+ + =,
(a+b)a+c) (b+c)b+a) (c+alc+b) 4

Ching minh rang:
Huéng dan giai
Ta dé y bac caa ching labac 1 vadiémroitaia=b=c=1.

a’ +a+b+a+c}3_a
(a+b)a+c) 8 8 4
Ta co:
Tuong tu ta cling co:
b’ b+c b+a 3b c c+a r:+b}3r:

G+o)b+ra) 8 8 4 (c+a)csb) 8 8 4

}3(a+b+c) a+b+c 3
-4 2 4

Cong vé ta dugc:
bang thitc xdy ratai:a=b=c=1.

i . a+b+c =3
Vi du 2.25. Cho a, b, ¢ > 0 va thoa man .
a’ b’ c’
+ + =1.
b(2c+a) c(a+b) a(Zb+c)

Chitng minh rang:

b+c c+a a+b a+b b+c c+a
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Huwéng dan giai
Ta dé y bac cua ching la bac 1 va diém roi dattaia=b=c=1.

a’ b 2c+a
=

o+
b(2c+a) 3 9

Ta co:

b c 2a+bh c a 2b+c
44 = +— 4 >
c(a+b) 3 9 a(Zb+c) 3 9

Tuong ty: ;
a N b’ . c? atht 2(a+b+c)1
=il - —=1.

b(2c+a) c(a+b) a(Zh+c)

Vay
Dang thitc xdy ratai:a=b=c=1.
Vidu 2.26. Cho a, b, c > 1.

a b ¢
b- 1+ c-1 ' a-1
Ching minh rang:

2

=12,

(Trich DBTTS vao 16p 10 Hung Yén ndm hoc 2015 - 2016)
Hudong dan giai
Ta thay diém roi dattaia=b=c=2.
2
a

1+4(b- 1) =4a.

Ta co:
2

2
+4(c-1D=4b = +4(q-1) =4c.
c-1 a-1

Tuong tu: ;

bang thitc xdy rataia=b =c = 2.
Loi binh: Ta c6 thé st dung BDT Svac-xo nhu sau:

a b ¢ (a+b+c)
+ + = )
b-1 ¢-1 a-1 a+b+c-3

(a+b+c)
et

a+b+c-3
Ta can chitng minh:

(a+b+c)
22 (a+b+c-6) =0 Vab.e>l
That vay: ,
2.4. Ky thuat Cauchy ngugc dau.
C6 nhitng bai toan ap dung BDT Cauchy dan dén viéc chiéu cia BDT bi nguoc.
Dé giai quyét van dé do ta dung ky thuat Cauchy ngwoc dau.
a+b+c =3

12

Vidu 2.27. Cho a, b, c > 0 va thoa man
1 1 1 3
+ + >

1+a° 1+b 1+¢° 2

Ching minh rang:
Phan tich va tim loi giai
3 ~ ~ a :b :C :1 ~ ~ 7, > ~ 2 ’ =
Ta dé thay diém roi tai nén nghi dén huéng st dung bat dang thirc Cauchy cho mau:
a’+1=2a = . ﬂi
l+a” 2a

Khi dé, ta co:

29



RO rang ta thay chiéu cua bat dang thic sé bi nguwgc so véi chiéu ma dé bai yéu cau.
Twr d6 van dung ki thuat Cauchy ngugc dau, ta giai quyét theo hwéng tach nhu sau:

2 2
12 =1- 2 _>1-2 5.8
1+a l1+a 2a 2
Ta co: .
1 ~1- b 1 ~1- c

o 1+b° 2 1+c 2
Hoan toan twong tu, ta dugc: ; .
1 1 1 a+b+c 3
—+ —+ =3- =3-—=
o C1+a’ 1+b° 1+¢ 2
Cong ve voi ve, ta co:

I | L

Loi binh: Qua vi du trén ta thdy ki thuat Cauchy ngugc dau gitip ta cé 15i giai gon va dep.

asbsc>0 a+b+c =3
Vi du 2.27. Cho va théa man
a b C 3
T+ T+ T =5
. . 1+b" 1+ 1+4a 2
Chttng minh rang .
Huwdng dan giai
R a=b=c=1
Ta thay diém roi dat tai .
a _ b _ [1_ b* }a[l— |_a_ai:-
1+b°  1+b 1+b* | | 2
Ta co:
b be ¢ ca
=h- — =C- —
1+¢” 2 1+a’ 2
Twong tu ta dugc: ,
a b c ab+bc+ca _ 3
_ —+——z=(la+b+c)- ————— ==
N e e o 1+b" 1+4¢° 1+a 2
Cong vé vii ve, ta co :
ab +bc+ca i%(a +b+c)Y =3= (a+b+c)- w;ﬂ— ;:;

Vi:
Lo binh : Ta c6 thé méd rong cho 4 bién véi bai toan sau day :

ﬂ,b,C,d?-‘U ﬂ‘l"b‘l"f‘l"d =4
Cho va .
a ., b L d
. . 1+b" 1+4c¢" 1+4a° 1+d
Chitng minh rang

=2

( Doc gia tw chitng minh)
a,b,c>0 a+b+c =3
Vi du 2.28. Cho va théa man .
Q= a+l b+l c+1

‘ T4 1+ 1+
Tim GTNN cua biéu thitc

( Trich DTTS vao 16p 10, Hai Duong ndm hoc 2017- 2018)
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Huwéng dan giai

a b C
Q= + + + +
[ 1+b° 1+c¢® 1+a° ] [1+4b° 1+ 1+a” )
Huéng 1 :Tacé:
Str dung két qua cua hai vi du trén , ta thu dwoc :
3 3

Q=5+573 . MinQ =3 a=b=c=1

[ 1 1 1
+

Huéng 2 : Ta cling ap dung truc tiép ky thuat Cauchy ngugce dau :

2
(@Dt —(as)[1- 2 b

1+b* 1+b .1' 1_’_':}.::.‘ :—’(ﬂ+1]-[1-§‘:a+1—

ab+h

h+1 ~b+1- bo+c c+1 —c+l- ca+a

C1+c 2 1+a
Tuwong tu, ta co : ;

Cong vé vdi vé, ta co :
Q}a+b+r:_ab+bc+r:a+ - 3
2 2 2 2 = MinQ =3

Qua cdc vi du trén ta thdy dugc viéc ting dung ki thudt Cauchy ngugc ddu giup cho chiing ta c6 10i gidi
ngdn gon va dep mat. D€ rén luyén va khdc sdu ta xét thém cdc vi du mau dudi dady :

a,b,c>0 a+b+c =3
Vi du 2.29. Cho va thoa man

i b C
= 2 + 2 + 2
1+b’c 1+c’a 1+ab

Tim GTNN cta biéu thirc

Huwdng dan giai

I a=b=c=1
Ta thay diém roi dat tai .
2
d =a. L :a.[l— be :_ba.[l— —bJE =a- ﬂbJE
1+b%c  1+bc 1+b'c | 2 2

Taco:

b Eb_chE C ::c—mJE
1+c’a 2 '1+a‘2b 2

abJE +bcq"5 +r:aJE
2

Tuong ty ta dugc :

Q =(a+bh+c)-
Cong vé vdi vé, ta co :
Mat khac véi diém roi trén ta c6 :

JEﬂCTHm abc 5@= abJc +berfa +ca b E%(Sabc+ab+bc+ca) <3
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ab+ bc +ca i%(a +h+c) =3

3
a+b+c

= 3abc+ab+bc+ca =6

abe = 3 =1
Vi: '
Tw doé :
+ +
Q=(a+b+c)- abye+beareah 5 33 MinQ =2 = a=b=c=1
2 2 2 2
a,b,c>0
Vi du 2.30. Cho
a’ b’ c a+b+c
2 2 + 2 2 + 2 2 ::
Chﬁ’ng'h”ga+b b"+¢c™ ¢ +a 2
minh ring:
Hwdng dan giai
a’ a a _ [ b ‘ [1_ _ﬂ_b
a*+b a’+b’ a’ +b* | al 2
Ta co :
b’ c c a
b 3 =b- E 3 7 =C- E
+ +
Tuong tu ta dugc : ¢ ;‘C a .
a’ b* c }a+b+r:

+
o @b b
Cong vé voi ve, ta co :

c+a’ 2

a,b,c>0 a+b+c =3

Vi du 2.31. Cho va

a’ b* C

2

+ +
] , a’ +2b" b 420 '+
Ching minh :

e s a=b=c=l1

Ta dé thdy diém roi dat tai .

2b 22 [ b r
=

a’ +2b* =a’ +b’ +b* =3a’h* = - <
2k 33y ah? 3

a +
a’ a
—a.
a’+2b° a +2b
Tw doé :
2
%:_:b_ &?[E
b +2¢ 3\l b)

Tuong tu ta dugc :

2 2 (b’ 2a [ b)
=a.|1- - —| =a 1- —3)| — =g- —3|| —
| a +2b 3\l al 3 \lal

=1

2a

Huwdéng dan giai

bﬂ

lz c’ 2c [ar
7 z:—:E__¥
c +2a 3

b
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b bb“b*bl 2h bIP 1
3 —‘ =3l - — =9 @ _" 114" —| ==(a+2b)
L a a a 3 31 a | L a 3
Mat khac :
b|* ‘ al’ 1
af| =| +bzl| =| +cz| = £E(a+2b+b+2c+r:+2a):a+b+c
| a | )
Do do:. .
a’ b* c’ a+b+c
M = + + =(a+b+c)- —(a+b+ )= =1
R a +2b° B +2c° & +2a° 3
Vay :
a,b,c>0 a+b+c =3
Vi du 2.32. Cho va
1 1 1
+ + =1
i _ 2+a’h 2+b’c 2+c’a
Chttng minh:

Huwéng dan giai
Ta dé tim thay diém doi dattaia=b=c=1
Vi diém doi trén ta ¢ :
2 .2
2 +a’b=1+1+a’bh =3fa’bh = ab = ab 11,‘

2+a’b®  33a?p 3

Ta co:

1 1[ a’b 1[ 1, 11,
Svath ol —Jla’b* | z=- —3a’h’
2+a’b 2| 2+a‘b] =2 &

1 1.,
=—- —\a" +2ab
2 18( )

a a’ +2ab
Ja‘b* =aifabb EE(H +2h)=— "
Vi:
L l'L(CZ'FZﬂC)
2+-:1E} 2 18
1 1 11
== —\b* +2bc); =—- —(c* +2ca
2+b’c 2 18( )2+r:2a 2 18( )
Tuong ty :
1 1 1 3 1 3 1
+ + =—- —(ﬂ+ﬁ‘+-ﬂ')l = -_=1

. 2+a’h 2+b°c 2+c’a 2 18 7 9
Vay :

. i a=b=c=1
bang thuc xdy ra :

ab,c>0 a+b+c =3

Vi du 2.33. Cho va
a b C 3
+ + ==

. .. b'+ab c'+bc a +ca 2
Chitng minh :

Hudong dan giai
o a=b=c=1
Ta de thay diém roi dat tai
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a _ a _1 a _1f F }l[l-i_l-L
b'+ab b(b*+a) b a+b’® bl a+b’| bl 2Ja)l b 2Ja
Taco:
b 1 1 C }l 1
r:+bc C EJEaH:a a Wfc
Tuwong tu :

_[_ 1‘ L l[l Ll%i
}' 41 ,1' \,‘ ﬂl' 4 la b | 4
Mat khac ta cé:
a b C
+ +

1 1 11 1 1 3}3
b*+ab c'+bc a'+ca

.ab r:_44

Loi binh: Qua cac vi du trén, ta c6 thé dwa ra cach tac cho dé dang nhw sau:
M M K M [ - N

=

2

9 1‘_3
a+b+c

K+N K K+N K| K+N) ‘
Ta ghi nhg: v6i K 1a hang s6 khac 0
1L, @ 1 1 2 _1[1_ a’
l+a*®  1+a’ '2+a’ 2'2+a° 2| 2+d°|
a 1 b a+l b*
= e -— |i——=lg+1)|1- ——
1+b° 14D 1+b° | 1+b° (a ), 1+b* |
a _ .1 _[_ b'c | 1 1 2 _1[1_ a‘b
1+b’c  1+b’c 1+b’%c |’ 2+a’b 2 2+a’b 2| 2+a’b]
a’ 4 a’ _[_ b* | a’ R R 2b*
a +b* at+b a+b* |"a+2b’  a+2b* a+2b° |
a _ a 1 a1, b*
b'+ab b(b*+a) b a+b® bl a+b’]
3. Diém roi cua bieu thitc khong doi xitng va ky thuat lién quan
3.1 Biéu thirc khong doi xirng voi cdc bién

P =5x+3y+ 10 + 8
x ¥
Cho biéu thitc
Neéu ta hoan doi vai tro cta x,y cho nhau thi biéu thitc P sé thay doi nén ta ndi biéu thitrc P khong la biéu
thitc doi xitng vdi vai tro cac bién khong binh dang véi nhau. Vay diém doi x #y
3.2 Phuong phdp gidi va cdc vi du minh hoa

a,b>0 a+b=3
Vi du 2. 34. Cho va théa man
P=a+b +L +E
2a b

Tim GTNN cua biéu thttc
Huwdng dan giai
a=xb=y(yy>0)= x+y=3
Ta gia st diém roi dat tai:
Duva trén lién hé x va y ta dat:
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X :[y(r:.v[]]:- X+ y :y_([+1}:3\=. y :i

t+1
P_ﬂ+2([+]_)+3 [—+_‘ 32 =7 £+E:E
Gt 9 6 2
Khi do thi:
l:g([}[])c::-[':lz:razﬁ;ﬂ+b:3=?ﬂ:].;bzz
a P . Gt 2 2
Dang thitc xay ra khi:
MinP :gﬁ a=Lb=2
Vay
, a=1b=2

Loi binh: Khi da biét diém doi dat tai
Ta tach nhuv sau:
M:a+b+i+3_ — —‘ [2 b +ﬂ}2\’3+2+3:2

2a b | 2a b 2 2 4 2 2

a,b>0 a+b =6
Vi du 2.35. Cho va
P 3a+2b+6+ﬁ
N . e . a b
Tim GTNN cta biéu thitc
Huwdng dan giai

a=xb=y(x,y>0)= x+y=6
Ta gia stt diém doi dat tai:

3} ot
x=tylt>0)= x+ (t+1)=6= y=— = x=——
5 Y y=y y t+1 t+1
Ta dat :
4lr+1 40 +1
18412 e+l 4C+D | 6 404D 1 +1=338+13 =19
t+1 t 3 t+1 3
Khi d6 thi :
6t 4(t+1) 1, 1
>0)= t=—= a=2;b=4
. . t+1 3t 2
Dbang thirc xdy ra khi:
MinP =19 < a =2,b=4
Vay :
a=2b=4
Loi binh : Khi da biét diém roi dat tai
Ta tach nhu sau:
8 b 3
p 3a+2a+ +___ + 2 (a+b}}23+22+25 =19
a
a+b— P:i-}i
) ab>0 4 L i a 4b
Vi du 2.36 Cho va . Tim GTNN cua biéu thirc

( Trich DTTS vao 16p 10, Bdac Giang nam hoc 2008-2009)
Huwéng dan giai
a=xb=ylx,y>0)= x+y :%
Ta gia st diém doi dat tai:
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5 St

5
x=ty(t>0)= y(t+1)—z“i‘ y —‘4([4_1):' X Ca(r+1)

Ta dat :
16(t+1) r+1 1[15 l 17
= +—— =—| — 4t |+—=5.
5t 5 5l 5
Khi do6 :
16 x =4y (x =a =1
T:r(t:»[])ﬁtzdrﬁ 5 b 1.
X+y=— =N =—
R I (R
bang thirc xdy ra khi :
MinP :Scba:l,b:&.
Vay :
Lai binh : Vi diém roi bén trén, ta c6 hudng tach nhw sau :
a=1,b=l=» p={didal+| Lim - 32216 +2- 5 =5.
4 | a |1 4b ,
Taco:
a,b>0 ~ab(a-b)=a+bh.
Vi du 2.37. Cho va

. P =a+b
Tim GTNN cua biéu thitc

(Trich BTTS vao I6p 10 chuyén, PHSPHN ndm hoc 2012 — 2013)
Huwdng dan giai
Jab(a-b)=a+b>0= a>h
T gia thiét ta co:
q:x’b:y x>y a>b =ﬁ(x—y]:x+y.
( do )

= JE(E‘—I)—E+1ﬁ [+1
X=ty t>1 x>y) g Y= -».-"-(E 1)

Ta dat: ( do

(c+1)  (-1) +4t (-1 4\."-

Ta gia st diém roi dat tai:

P=y(t+1)=
Y JGE-1D Jie-) e el
Ta co:
:,_1 4"’r(r>1)ar 6t +1=0 < t =3+ 2/2.
t
bang thitc xay ra khi:
:(34‘-2\-';2_)_}-’ |}f:.ﬂ:2+ﬁ
o )
x+y=4 y=b=2-2
Khi doé:

MinP =4 = a =2+2,b =2- 2.
Vay :
Lai binh : Vi vi du trén thi vi tri diém roi “rdt xdu” nén ky thuat nay to ra rat hiéu qua, khi da biét
diém roi ta c6 thé lam nhw sau:

(a+bY =abla- by %mb.[(a +bY - 4ab].

_(a +b)

= (a+b) {_[4{1{} +(a+b) - 4{1&]
16
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(a+b =4

(a=2+42
a+b=4= MinP =4 = Ifab(a- b)=a+b (a>b>0)= ¢ J_
b=2-2
=(a+b) -
Vay :
a,b>0 4a+b+~f@:1.
Vi du 2.38. Cho va

1
P=—.

Tim GTNN cta biéu thirc
(Trich DTTS vao I6p 10 chuyén, PHSPHN ndm hoc 2015 — 2016)
Hudng dan giai
a=xb=y(x,y>0)= dx+y+fxy =1,
Ta gia st diém roi dat tai:

x =ty(t>0)= _}?(4E+1+JE):1¢}’:4L+I+JE_== x =—"
t

at+144t
Ta dat :
2
p=_ = 4“““{-‘ 4J+—+1 >(4+1) =25.
y* |
Khi dé thi:
1
y =4x X =d :ﬁ
4 _(E>u)¢ [ = =
Vi = Jo 4 {25@ =1 52
o
Dbang thitc xay ra khi :
MinP =25 <= a :L,b :3.
10 o

Vay :
Lai binh : Vi diém roi bén trén, ta c6 hudng tach nhw sau :

a :i,b:3=~ 4g =h= 1=4a+b ++fab =2/4ab +Jab =5.Jab = P 1 oo

10 5 ab

2017 . 2018 1
a,b>0 a h
Vi du 2.39. Cho va
. P =a+bh.
Tim GTNN cua biéu thitc

Ta co:

(Trich DBTTS vao 16p 10 chuyén, Binh Dinh ndm hoc 2017 — 2018)
Huwéng dan giai

a=xb :_y(x,_]; >0)= E.FH —1.
X
Gia st diém roi dat tai : y
Ta dat :
x =ty(t >0)= t.y =2017 +2018t = y :M=& x =2018t + 2017.
t
P =2018¢ +2017 + 2018 #2017 :[ 2018t + 2217 | 4 4035 =(2017 + 2018 .

t | /
Khi dé :
bang thitc xay ra khi :
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2017 o7 |x=a =42017 (2017 +/2018)
2018t =—(t>0) =t = = i
t J2018 |y =p =2018({/2017 ++/2018)

la =2017 (2017 ++/2018)

MinP =(y2017 +2018) =

b =+/2018(4/2017 +2018)
Vay :
Loi binh :
Ta c6 thé lam nhanh hon st dung bat dang thitc Svac — xo nhu sau :

| _2017 2018 (V2017) (V2018) (2017 +2018)
= + = +

=

a b a b a+b

Ta co :

o P=a+b =(J2017 +/2018) .

(J2017 2018
V2017 _4 a =/2017 (2017 ++/2018)
a b )
2017 2018 _ | b =y2018(42017 ++/2018)
b

bang thic xay ra khi :

a,b>0  2q+3b<4
Vi du 2.40. Cho va

p :2[][]2 +2[]1?

5 =2996a - 5501b.

. a
Tim GTNN cna biéu thirc:

(Trich BTTS vao l6p 10, Bac Giang ndm hoc 2017 — 2018)
Huéng dan giai
a=—,b=1.

Ta thay diém roi dat tai :
p =2002| L+4q ‘ + 201?{ %m ‘ - 2506/(2a +3b) =2018.
a | L |

1
2!

Ta tach :

MinP =2018<= a :%,b =1.
Vay :
a,b>0 2q+b=7.
Vi du 2.41. Cho va

S=a‘-a +3£:-+E+1+9.
a
Tim GTNN cua biéu thitc

(Trich BTTS vao l6p 10, Qudang Ninh ndm hoc 2015 — 2016)
Huwdng dan giai
Ta dé thay diém roi dat tai a=3,b =1
S=a*- a+ 3£:-+E+%+9 =(a-3)' +
a

Khi dé:
St dung bét dang thitc AM — GM, ta c6:

gm ‘ +[%+bj‘+2(2a +hb)
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+ 1
S5=0+2,|—a+2 b'E +2.7+9 =6+2+14 =22
\ a \'

=
Vay: Mins = 22 a=3, b=1

3.2.2. Ky thuat can bang hé s6
Vidu2.42. Choa, b, c >0 va atb+c =3
(Trich BTTS vao 16p 10, Bac Ninh nam hoc 2018 — 2019)
Huwdng dan giai
=

Ta gia su diém roi dat tai: a=x, b=y, c=z(x,y,z>0) x+y+z=3
Khi dé ta co:

4(a* +x°) =8ax

6(b* +y*) =12by = (4a* +6b* +3c*)+(4x* +6y° +32° ) =8ax +12by +6cz

3 + 22 ) =6cz

(Bx =12y =6z

(x,y,z>0)= x =1y _2 =4
X+y+z=3 3 3

Ta can tim x, y, z sao cho:

A=8x(a+b+c)- (4x° +6y°3z°) =24-12 =12

T do:
2 4 2 4
MinA =12 = x = =—,z=—haya=Lb==,c =—
. by 3 3 Y 3 3
Vay:
a,b,c>0
Vi du 2.43. Cho va atb+c=3
. P=a’+b" +c’
Tim GTNN cua biéu thirc
Huéng dan giai
Do vai tro a, b 1a nhw nhau, ta gia st diém roi tai:
a=b=x,c=y(xy>0)= 2x+y=3
[a® +x* =2ax
b* +x° =2bx = (@ +b" +¢)+2(x* + ') =2ax +2bx + 3¢y’
C'-! +J‘;?+};¥ :_‘315'-}?2
Khi do cé:
19- 437
2x =3y° X= 12
(x,y>0)=
2x+y =3 71
Y=7%
Ta can tim x, y sao cho:
P=2x(a+b+c)- 2(x* +y‘) :m
A 108
Vay:
vinp =541 37437 _ R L Jf,c _\B7-1
R 108 12 6
Vay:

Vidu2.44. Cho x,y,z>0vaxy +yz+zx =1
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B =x" +28y° +28z°
Tim GTNN cua biéu thitc
Cach1
Y =z #X
Vi vai tro binh dang cia y va z nén diém roi dat duogc tai:
Do dé:

B =x"+28y" +282° =(28- k)(y* +2°)+

x* N
?H\y .‘,(D{k <28)

B=2(28- k)yz +2J§.xy +2\/g.zx

St dung bat dang thitc Cauchy, ta c6:

EB-RZJE 49
E:k:?

O<k <28

Dua trén gid thiét ta can tim k sao cho:
2 2
B :;(}f +7° )+ %+ 49y

=7 (xy+yz+2x)=7

Vay:

, 7
|y=z=2 J5

7 —

xy+yz+ix =1 y=Z=—n0s

Dang thitc xay ra khi:
Cach 2
] Y =Z #X
Vi vai tro binh dang cuia y va z nén diém roi dat dugc tai:
Do do:

(a(y* +2?) =2a.vz
bx* +cz* =2+/bc.zx = 2bx* +(a+c)y® +(a+c)z* =24bc.xy +2a.yz + 24bc.zx
bx* +cy’ =2be.xy

Duva trén gia thiét ta can tim a, b, ¢ sao cho:

7
i a:_
a =bc f
2h =1 (a,b,c}ﬂ)ﬁ'bzi
a+c =28 49
c=—
2
T d6 ta duoc:
49 249 7
B— %4.?32 + %4-?};2 +5(y2+zz)l_=?(xy+yz+zx}=?
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, 7
X =
y=z=2 J15

MinB =7 = 7 =
Xy + yz+ix =1 y=2=——e—

Vay:
x,v,zER  xy+yr+izx =1
Vi du 2.45. Cho va
P =10x" +10y° +2°
Tim GTNN cta biéu thitc
Huéng dan giai
] ) X =y #1Z
Vi vai tro binh dang cda x va y nén dau bang dat dugc tai:
2 i 2 i
P =(10- K)(* +y* )+ %mﬁ + %qu (0<k <10)

pP=2(10- k)xy+2Jg.zx+2J§}z

Theo Cauchy c6:
'k
10- k = > = k =8

D=k <10

Do dé:

Dua trén gid thuyét can tim k sao cho:

2 2
2 ovaxt |+ :"r_+8y‘Z
2 2

P=20x+y" )+ >4(xy +yz +2x) =4

Vay:

Z X=y=+=

—
xy+yz+ix =1 Z=*—

Dang thitc xay ra khi:
a,b=0,c=3, a+b+c =6
Vidu 2.46. cho a, b, c théa man

27
abc <—
4

Ching minh rang:
Hudong dan giai
Do vai tro a, b nhw nhau nén ta dé thdy diém roi dat tai:
a=h zg,c =3= c=2a=2b
"‘ 1 [ 9 '|‘ 2
=—|=| ==
413

2a+2b+c 7
4

1 1
E(Ea W 2h).c EE. 3

Khi dé abc =
Vi:2a+2b+c=2(a=b+c) S2(a+b+c)—3=2.6—3=9
Vi du: 2.47. Cho a, b thoa man 0 = a = 3,a=b=11
Chitng minh rang : ab = 24.
Hudng dan giai
Ta dé thay diémroitaia=3,b=8 - 8a=3b
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1 (Ba).(3b)gL(Ba +3bY ﬂl.a,a-* =24
e 24 96 96
Khidd co:ab =

<<
Vi:8a+3b=3(+b)+5a 3.11+53=48
Vi cac bai toan c6 diém roi dep thi doc gia c6 thé dung ky thuat 1ap bang hoac si ho trg may tinh. Cu
thé ta quay lai vi du 2.34.

>
Vidu 2.34: Choa,b>0vathoamana+b 3
1 2
4+
. s s i} 2a b
Tim GTNN cua biéuthtcM=a+b +

Hudng dan giai
Dé tim diém roi ta gia s dat tai:
= (=14 =
a=x,b=y x+y=3 y=3-x>0 0<x<3.
Y tudng la quy vé mét an x xét cho dé:

M__ :(x+y]+i+3:3+i+i([]{x{3).
' 2x y 2x 3-x
=
Dung may tinh CASIO vai chitc nang TABLE timra: x =1 y=2
Nhu vay diém roi dattai:a=1,b =2
12[1{:'[2&'{“{:\[? 3 9
—+ = —+—‘+ —+—|+—2=2 |-+ 2+ —=—
2a b 12a 2] |b 2] 2 4 2 2
Tatdch: M =a+b+
9
7 = a=lb=2
Vay MinM =

Loi binh: Kinh nghiém cho thay diém roi thwong la gia tri dep nhw s6 nguyén hodc hitu ti nén ta c6 thé
lap bang thtt dé tim GTNN hodac GTLN dat tai dau tir d6 tim diing diém roi, nhd thu gon khodng can xét dua
trén gia thiét nhw bai trénla 0 <x < 3.

Ddc gia co thé Idp bang sau dé tim diém roi nhu sau:

X 0,5 1 1,5 2

2,5

M 4,8 4,5 4,(6) 5,25 7.2

DEé c6 thé tinh gia tri dién bang cho nhanh, doc gia c6 thé dung chitc nang CALC.

4. Diém roi dat tai bién va cac vi du minh hoa.

> >
Vidu 2.48. Chox,y>0vaxy 6,y 3.

Tim GTNN cta biéu thitc P = x + y + 2013

Hwdng dan giai
Xy :Eﬁ X :2:’ x+1=y.
y =3 y =3

Ta dé thay diém roi dat tai bién:

T do6 ta ghép :
,f(x +1)y +2012 =2,fxy + y +2012 =2018

P=(x+1+y)+2012 ~ 2
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(xy =6
XF}B = xy+y=9= 2 fxy+y =23=6

Vi: B
=
Vay: MinP =2018 Xx=2,y=3
abec =6,bc =6,c =3
Vi du 2.49. Cho a,b,c thod méan

>
Chitng minhrang:a+b+c 6
Hudng dan giai

‘abc =6 [a=1 b
bc =6 = b:z:rﬂ:_zi

2 3
c=3 c=3

Ta dé thay diém roi dat tai bién :

Tw do ta ghép :
[a+E+EI +[E+EI‘+5331’@+2 ’E+E:_=3+2+1 =6
.2 30 12 3] 3 G 6 3

>
Vay:a+b+c 6.

P=a+b+c=

<1 <y<3
Vi du 2.50. Cho x, y thod man 0 < x , 2 ,X+y=3
1 1
T
Xy
Tim GTNN cua biéu thitc P =
Huwéng dan giai
(x =1 )
= =2x
y =2 g
Ta dé thay diém roi dat tai bién:
1 1 1] 3 9 3 3

2 2
+ — =

= 4= " 4 =3= pP="
x y 12x y y| 2x 2(x+y) 2

Tw do ta xét : 2P =

3

7 = x=ly=2
Vay MinP =

O0=xyz=1
Vi du 2.51. Cho
Tim GTLN cua biéu thitc M = x'° + y® + z2'° - xy - yz - zx
Huwéng dan giai

Ta dé thay diém roi dat tai (x,y,z) = (1,0,0) va cac hoan vi.

=y

[ x
y'sy = M <x+y+z-xy- yz-zx <1- xyz <1
zﬁlliiﬂz

Tw do :

Bdi twr gia thiét, ta c6 :

<
x-Dy-DE-1) 0
=
Vay: MaxM =1 (x,y,2) = (1,0,0) va cac hoan vi.

= XYZ+X+Y+E- xy- yE- Z2x-1=0
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>
Vidu 2.52. Choa,b,c Ovaa+b+c=1
Joa+4+Bb+4+f5c+4 =7

Ching minh rang :

(Trich BTTS vao 16p 10 chuyén, PHSP Ha Noi nam hoc 2016 — 2017)
Cach 1

Ta dé thay diém roi tai (a,b,c) = (1,0,0) va cac hoan vi.

T gia thiét ta c6 :

O<a<l= a =a= JSa+4 =Ja+da+4 =+Ja’ +da+4 =a+2
ob+4=b+2, 5c+4 =c+2

Tuong tu ta co:
J5a+4+5b+4+\5Sc+4 za+b+c+6=7

Vay:
Cach 2
J5a +4, J5b+4 Joc+d= X +y 4z’ =17
Ta dat: x = y= , Z=
0<a,b,c<1= 2=xy,z=<3= (x-2)(x-3) =0 < x* =5x- 6.
Vi

y*<5y-6 ;'<5:-6
Twong tu ta dugc : , .

Cong vé vdi vé ta dugc :
S(x+y+z)-18=17= 5P =z35= P =7

<x <I.

P:-J'l—x+ 1+x+2~f§.

Tim GTNN ctia biéu thirc
Hwdng dan giai

0
Vi du 2.53. Cho

Ta dé thay diém roi dat tai x = 0

e
s

sa

Twr gia thittac6: 0<x<1 e
Vay: MinP =2 < x = 0.

Loi binh: Ta con c6 huéng tuv duy khac dua trén: 0 < x < 1 thi

5. Ung dung nguyén ly Dirichlet chitng minh bat ding thitc.

5.1. Nguyeén ly Dirichlet co ban.

Néu nhét n+1 con thé vao n chuong thi bao gio cling c6 mot chuong chira it nhat hai con tho (nEN*).

Nguyén ly nay twdng chitng don gian nhung né cé nhiéu ap dung trong cac linh vic khac nhau ctia toan
hoc ('s6 hoc, hinh hoc t6 hgp ...). Cu thé hon ta c6 ménh dé sau.

5. 2. Ménh de:

Trong ba s6 thitc bat ky a,b,c luon tim duwgc hai s6 c6 tich khong am ( cing dau).

bay la mot ménh dé quan trong bdi khi ta da tim ra diém roi thi ta c6 thé ap dung ménh dé trén dé ching
minh bat dang thitc. Cu thé néu diém roi dat tai a = b = ¢ = k thi ta c6 thé gia st hai s6 la a- k va b - k ¢6 tich
khong am tire 1a (a-k)(b-k) > 0.

5.3. Cac vi du minh hoa:

Vidu 2.54. Choa, b,c,>0




Chitng minh rdng: a* + b* + ¢* + 2abc + 1 > 2 (ab + bc + ca).
Huéng dan giai.

Ta dé thdy diémroi dattai:a=b=c=1.

Theo ménh dé trén trong 3 s6 a-1; b-1va c-1 ludn c6 hai s6 c6 tich khong am.

Khong mat tinh tong quat ta gia s: (a-1)(b-1)>0 < ab+1>a+b

< 2c(ab + 1) > 2c( a + b) & 2abc > 2ac + 2bc - 2c.

Vay ta can chitng minh : a>+ b* + ¢ + 1 > 2ab +2c.

That vay: a’+b*+c*+1>2ab+2c < (a-b)*+(c-1)*>0 Va,b,c.

Bat dang thitc sau luén ding nén ta cé diéu phai chitng minh.

Pang thitc xay rakhi:a=b=c=1.

Vidu 2.55. Choa, b,c,>0

Chitng minh rang: a* + b® + ¢* + 2abc + 3 > (a +1)(b+1)(c+1).
Huwéng dan giai

Ta dé thay diémroidattai:a=b=c=1.

Ta c6: (a +1)(b+1)(c+1) = abc + (ab +bc +ca) +(a+b +c)+1

Bién doi twong dwong ta dugc;

2(a*+b*+¢*)+2abc+4>2(a+b+c)+2(ab+bc+ ca).

Theo vi du 2.54 ta dd c6: a* + b* + ¢ + 2abc + 1 > 2 (ab + bc + ca).

Vay ta can chiing minh: a*> +b*+c*>+3>2 (a+b + ¢).

That vay:

a?+b’+c*+3=2(@+b+c) e (a-1)> + (b-1)*+ (c-1)*>> 0 Va,b,c.

Bat dang thitc sau luén ding nén ta cé diéu phai chitng minh.

Pang thitc xay ra khi:a=b=c=1.

Vi du 2.56. Cho a, b, ¢, > 0 va abc = 1.
Chiéng minh rang: a> + b> + ¢ + a +b +c > 2(ab +bc +ca).

Huwéng dan giai
Ta dé thay diémroidattai:a=b=c=1.
St dung bat dang thitc cauchy, ta co:

3R/abc
atb+c> =3=a+b’+c*+a+tb+c 2a’+b*+*+3

Ta can chitng minh: a* + b* + ¢* + 3 > 2 (ab + bc + ca).
Tadéy: a*+b*+c*+3= a’+b?+c*+2abc+1(doabc=1).
Theo vi du 2.54 ta c6 diéu phai chitng minh.
Pang thitc xay ra khi:a=b=c=1.
Vi du 2.57 (USA 2001). Cho a, b, ¢, >0 vaa® + b*+ ¢* + abc = 4.
Chitng minh rang: ab + bc + ca <2

Hudng dan giai
Ta dé thay diémroidattai:a=b=c=1.
Theo ménh dé trén trong 3 s6 a-1; b-1va c-1 ludn c6 hai s6 c6 tich khong am.
Khong mat tinh tong quat ta gia si: (a-1)(b-1) > 0 < ac +bc - ¢ < abc (1).
Mat khac:
4=a’+b’+c?+abc>2ab+?+abce=4-c?>ab(c+2) @ab<2-c(2).
Cong vé cua (1) va (2) ta dwgc: ab + bc + ca < abc + 2.
Pang thitc xay rakhi:a=b=c=1.
Vi du 2.58 (IRAN 2002). Cho a, b, ¢, > 0 va thoa man a* + b* + ¢* + abc = 4.
Chitng minh rang:a+b +c<3

Huwéng dan giai
Theo vi du 2.57, ta chitng minh dugc: ab+c<2 < c<2-ab.
Tu: (a-1)(b-1)>0 < a+b <ab+1.
Vay:a+b+c<ab+1+2-ab=3
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Pang thitc xay ra khi:a=b=c=1.
Vi du 2.59( VMO 2006). Cho a, b, ¢, >0 va abc = 1.

1 1 1
ﬂ_;.' n: 7
Chitng minh rang: +3>2(+b+o)
Hudong dan giai
1 1 1
X=—;y=—;Z =—
. a b c .
Ta dat: (x;y;z>0vaxyz=1).
1 1 1
T+
X y z
Ta cin chitng minh: x*+ y* + z> + 3> 2 ( ) & X2+ y? + 77 + 3 > 2(xy + yz + zX).

Tadéy: x*+y* +z>+3=x"+y* + 7+ 2xyz + 1 > 2(xy + yz + zX).

Theo vi du 2.54 ta c6 diéu phdi chitng minh

Dang thitc xay ra khi:a=b=c=1.

Vi du 2.60(VMO 1996). Cho a, b, ¢ > 0 va théa man ab + bc + ca + abc =4

Chitng minh rang: a +b + c = ab +bc + ca
Huéng dan giai
Ta dé thay diém roi dat tai: a=b = c =1.
Theo ménh dé trén trong 3s6 a—1,b— 1, va ¢ — 1 luén c6 hai s6 tich khéng am.
(a- 1)(b- 1) =0 < ¢ =ac + bc - abc.

Khoéng madt tinh tong quadt ta gia st:

a +b =ab +abc(1).
Ta can chitng minh:

ab+bc+ca+abc =4 < cla+b+ab)=4- ab < czﬂ
NN ; a+b+ab
Tw gia thiét ta co: .
o a+bzab|1+— P | o (a+b)(a+b+ab)=ab(a+b+4)
a+b+ab

Tir do co: (1)
o (a+b) =4ab= (a- b) =0, Ya,b.

Vay bat dang thitc (1) ludn ding nén hoan tit chitng minh.
Pang thitc xdy ra khi:a=b=c=1

_a’+b’ +c’ +2abc =1
Vidu 2.61. Choa, b,c>0va .
Tim GTLN ctia P = ab + bc + ca - abc.

(Trich dé thi HSG9 thanh phé Ha N¢i 2017 -2018)
Huwéng dan gidi

Do vai tro cua a, b, ¢, nhw nhau nén ddng thifc xdy ra tai: a = b = c.

2a'+3a’-1=0< (2a-1)(a+1)’ =0=a zé.
Thay vao ta dugc:

N | =

Ta tim duoc diém roi dat tai: a=b = c =
1 | 1
a-—,b- Eva - —
Theo ménh dé trén trong 3 s6 [uén c6 hai sé tich khéng am.
Khéng madt tinh tong qudt ta gia su:
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day.

1

a-5||b- 3|20 acf a- 3 |[b- 3|20
2 2 2

h-—
2
< dabc - 2ac - 2bc+c =0 < 2(ab +bc +ca - abc) =2ab(c +1) +¢
= 2P =2ab(c+1)+c
1 — ¢ =a’ +b’ +2abc =2ab +2abc =2ab(c +1) = 1- ¢ =2ab
Tir gia thiét co:
Khi do:

2P =2ab(c+1)+c =(1- c)(l+c)+c=1- ¢ +cC :g-

1

:Ec:;a a=bh=c=_.

Vay: MaxP =
Ngodi cdch gidi trén, chuing t6i ciing trinh bay theo phuwong phdp do bién trinh bay trong chu dé so 3 tdi

6. Mot so bai lap ty luyén cing co6 kién thirc

Bai 2.1. Chox,y>0vax+y+xy=15
Tim GTNN cta biéu thitc P = x* + y?.
(Trich DTTS vao 16p 10 tinh Qudng Ninh nam hoc 2016 — 2017)

<
Bai 2.2. Chox,y>0va2x+3y 2
4 9

4x* +9y*  xy
Tim GTNN cta biéu thirc
(Trich dé thi tuyén sinh vao Iop 10 TP Hai phong nam hoc 2012 - 2013)
Bai 2.3. Choa,b,c>0vaa+b+c=1
9 2

= + .
2(ab+bc+ca) a’ +b’ +c’

Tim GTNN cua
(Trich dé thi tuyén sinh vao I6p 10 TP Hdi phong ndm hoc 2016 - 2017)
1 1 1

—+_—_+_=16.
. .a b ¢
Bai 2.4. Choa,b,c>0va
1 + 1 + 1 Eg.
) . 3a+2b+c a+3b+2c 2a+b+3c 3
Chttng minh rang :
(Trich dé thi tuyén sinh vao I6p 10 TP Hdi phong nam hoc 2017 - 2018)
3
Bai 2.5. Chox,y,z>0vavax+y+z= .Chitng minh rang:
1 1 1
b(x* +y +z°)+10(xy + yz + zx) + 2 + + =9.

2x+y+z x+2y+z x+y+2z
(Trich dé thi tuyén sinh vao I6p 10 TP Hai phong nam hoc 2018 - 2019)
<
Bai 2.6. Chox,y,z>0vax(x+1)+y(y+1)+z(z+1) 18
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1 1 1
+

P= + .
x+y+l y+z+1 z+x+1

Tim GTNN cua biéu thic:

(Trich dé thi tuyén sinh vao I6p 10 tinh Thdi Binh nam hoc 2014 - 2015)
<
Bai 2.7.Chox,y,z>0vax+y =z

27
>

2

1 1 1
—t ot

[J{z+_}"z+22} '

£
Chttng minh rang :
(Trich dé thi tuyén sinh vao Iop 10 tinh Nghé An nam hoc 2014 - 2015)

>3 2x y 2
Bai 2.8. Chox,y>0vax+y Chirng minh rang :
(Trich dé thi tuyén sinh vao I6p 10 tinh Nghé An nam hoc 2015 - 2016)
Bai 2.9.Chol<a,b,c<3vathbamdna+b+c=6.
P =a +b’ +c".

Tim GTLN cuta

(Trich dé thi tuyén sinh vao I6p 10 tinh chuyén Hau Giang nam hoc 2017 - 2018)
Bai 2.10. Cho a, b, ¢ > 0.

Jab_ . \Jbc Jea
c+2Jab a+2J_c b+2J__

Chitng minh rang :
Bai 2.11. Cho hai s6 thuc x, y théa man x >y, xy = 1.

M =Xt
X-y

Tim GTNN cua
(Trich PTTS vao I6p 10 tinh Ninh Binh nam hoc 2016 - 2017)
Bai 2.12. Chox,y >0

X+y
\r'x(Zx +y) +Jy(2y + x}
(Trich dé thi tuyén sinh vao 16p 10 tinh Phii Tho nam hoc 2013 - 2014)

Tim GTNN cua

Bai 2.13.Choa,b,c>0
18

P=a'+b" +c" +2abc+ —
ab + bc + ca

Tim GTNN cua
(Trich dé thi tuyén sinh vao 16p 10 tinh Phii Tho nam hoc 2016 - 2017)
Bai 2.14. Cho a, b, ¢ > 0 va thda man 2ab + c(a+b) = 6.
p— 2a+2b+c

. ) afﬂla +12+\/4b +12+~J‘4c +12
Tim GTNN cua
(Trich dé thi tuyén sinh vao lop 10 Trwong THPT LTV nam hoc 2019 - 2020)
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CHU DPE 3 : PHUONG PHAP DPOI BIEN

1.  Gié6i thiéu phuong phap déi bién.

Phwong phap doi bién la mot trong nhitng phwong phap pho bién nhat khi chitng minh bat dang thic,
thong qua viéc chuyén doi sang bién méi gitip ching ta c6 cach nhin nhan, danh gia dir kién dé bai mot cach
dé dang hon tir d6 gidi quyét duoc bai toan.

Dé giup doc gia hinh dung cach tiép can, ching t6i phan loai cac kiéu doi bién nhu sau:

2. Phan loai cac kiéu doéi bién :

2.1. Déi bién cac mau phirc tap.

Trong mot s6 bai toan ma biéu thitc & mau phitc tap thi viéc déi bién dac biét ¢ hiéu qua. Cu thé ching
ta cung di xét cac vi du dudi day:

Vi du 3.1. Cho a, b, c la do dai 3 canh cia mot tam giac.

a’ b’ c’
+ + za+b+c
. . . b+c-a c+a-b a+b-c
Chttng minh rang: .
Huwéng dan giai:
X+1z
a=——
(x =a+b-c>0 2
+
F=b+c—a>[]:=-b:x2y
z=c+a-b>0 Ytz
=
2

Ta dat :

(x+y) +(y+z)’ +(x+z)l
4z dx 4y

=X+ y+I

Ta can chitng minh :
+ + +

(x yY+(y 2)Z+(x z) XL Y X

(1)
4z 4x 4y Z X ¥
Taco:
£+£32}; £+322x, E+£32y.
3 X x ¥ y z
Mat khac: ,
p| a2 =2(x+y+z)= £+E+E:_=x+y+z[2}
bz x y|

Z X y
T do ta duogc :

(x+y) +(y+z)1 _|_|‘:;1r+z]lZ
4z 4x 4y

=N+ V+E
Tw (1) va (2) ta dugc :
a’ b* c’

+ +

=a+b+c
b+c-a c+a-b a+b-c

Vay :

Loi binh :

Tacothédat:4x=a+b—-c >0;4y=b+c—-a >0;4z=c+a-b>0

Khidé:a=2(x+z); b=2(x+y); c=2(y+z).

(Jf+y)2+(y+z]z _|_(;!f+z}'Z
z X ¥

=4 x4+ y+12)
Bai toan quy vé chitng minh :
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a b C 3
+ + >

. b+c c+a a+b 2
Vidu 3.2. Cho a,b,c > 0. Chitng minh rang :

Hudng dan giai :

X+y+1zZ
= q+bhtc=2"Y*?

Tadat:x=b+c,y=c+a,z=a+b(xvy,z>0)

-ﬂ:y+;_x,b :2+;_‘P,E :}f-l‘-g-f
Khi do6 :
y+z—x+z+x—y+x+y—z:_=§
2x 2y 2z 2
Ta can chitng minh :
l £+£+£+i+£+£_3 :_:Ea i.p.i +[£+£‘+ 14-.3 =6
2lx x y y 1 1 2 ly x| lz x| 1z y]

Vay bat dang thitc dugc chitng minh.
Vi du 3.3. Cho a,b,c 1a d6 dai 3 canh cia mot tdm giac tim GTNN cua biéu thitc:
4a 4h 4c
= + +
b+c-a c+a-b a+b-c

( Trich BTTS vao 16p 10 BPHKHTN Ha N6i nam hoc 2002-2003)
Hudong dan giai

X+z
a=———
(x=a+b-c>0
+.
F=b+c—a>[]::ab:'¥2y
Z=c+a-b=0 y+z
o=
2
Ta dat
P:4[y+z}+9[z+x}+16(x+y}
2x 2y 2x
:l ‘4_)'?4:9_}f +[4_2+U5_x‘+ 9_z+15_y =206
20 x vy | x Z |y z |
3 a=—c
e 1YY 5
Z =2x bh=—c
Vay : MinP = 26
Loi binh : Boc gia c6 thé lam theo cac hudng khac nhu sau:
2P = 8a +4|+ 18b +9|+ 3 +15‘-29
 b+c-a | lc+a-b | la+b-c _
Tach :
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22 3.2 42
e 2D =fa+b+c + + - 29
{ },b+c—a c+a-b a+b-c|

(2+3+4)
= 2P >(a+b+0)—— 7 29 =52« P =26
a+b+c

Vi du 3.4. Cho a, b,c 1a d6 dai 3 canh ctia tam gidc c6 chu vi bang 2. Tim GTNN cta biéu thitc
a 4b 9
+ +
b+c-a c+a-b a+b-c

( Trich dé thi vao 10 chuyén Nguyén Trai, Hai Dwong nam hoc 2013-2014)
Hudng dan giai:

5=

Tir gia thiettacoa+b+c=2

(x=a+b-c>0 2
y:b+r:—a>[]:‘ Jp Xty
z=c+a-b=0 2

X+y+z=2 y+z

Ta dat :

s _(y+2) 4z+x) 9x+y) _1
2x 2y 2x 2

= 5=2+3+6=11

Y
(x Yy

[z 9:{]
+| 2+ 0+
lx oz |

=2x,2=3x,2z =3
MinSs =11«= {y Ve

x=1
X+y+z=2 3

a’ =b* +c’
Khi do6 thi tam giac do tr¢ thanh tam giac vuong boi
Loi binh : Boc gia c6 thé lam cach khac nhu sau

gs = _ 8¢ +4‘+ 32D 6la] T2
| b+c- a | lc+a-hb | la+b-c

+35‘- o6
22 42 52
+ +
b+c-a c+a-b a+b-c

= 85 =(a+b+0) - 56

(2+4+6)
= 8S =(a+b+c)—— - 56=88 S =11
a+b+c

Trang 91
a+3c c+3a 4b
+ +

a+b b+c c+a

=6

Vidu 3.5 Cho a, b, ¢ > 0. Chitng minh rang:
Huwéng dan giai

51



X+y+zZ

= a+b+c=——-—
Taditx=a+b;y=b+c;z=c+a(x,y,z>0)
a_x+z— V., X+y-Z _ y+I-X

2 2 2

Khi do:
' x+z—y+3(}r+z—x}
2 2
+Z- X +3{x+z— v)
2 2
4b=2(x +y- 2)

a+3c=

—y+2z2- X

A
iCc+3a ==

=X +2z-y

Tw do:

v+272- X X-y+2z 2(x+y-2z)
ot + ot + ot
X y z

o

=6

Ta can chitng minh:

V X
A

X ¥

L X
B W
X Z]

F
4

Vv oz

(I, I

—

+2 +2 -4 =6

X v
_ 4
Vv Z

(- I

z
4
' x z]

y X
L
Xy

= +2 +2 =10

That vay:

y X P
—+—=2; —+— =2,
X Z

o

a+3c c+3a 4b
+ +

a+h b+c c+a
Vay

25x 4y 9z
+ +
V+ZI Z+Xx x+Yy

=12
Vidu 3.6. Cho x, y, z > 0. Chitnhg minh rang:
Huwdng dan giai

a+b+c
= X+y+Z= >
Tadat:a=x+y,b=z+x,c=x+y(a b,c>0)
Jqf_E:r+;:—ﬂ _c+a-b __a+b-c
2 2 2

Khi do:
25(b+c- a) +4[r:+a - b) +9[a +b-¢) > 12
2a 2b 2c

Ta chitng minh:
That vay:
25 , 4a +[ & l +[f+%‘ - 19210+15+6- 19 =12

2a 2b) |l 2a 2] |2 2¢
VT =
5h =2a
= Sh+5c =5a= x=b+c- a=0
o =3a
Dang thitc trén xdy ra khi: (tréi gt)
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206 4y 9z
+ +
V+ZI I+X X+Yy

=12

Vay
2.2. Doi bién dua trén gia thiét bai todn
Vidu 3.7. Cho a, b, c la cac s6 thyc dwong va thoa man abc = 1

a b C 3
+ + ==

ab+1 bc+1 ca+l 2

Chitng minh rang:
Hudong dan giai

Tit gia thiét abe = 1, ta dit: , . xy,2>0).
a 1 1
ab+1 1y ¥ Xy +yz
a z «x

Khi dé:
b xy c vz

bc+1 _yz+zx ca+l _xz+xy
Tuong tu co: ,

xy vz ZX 3
+ + ==
YZ+ix Zx+xy xy+yz 2

Ta can chitng minh:
a b c
+ +
b+c c+a a+b

::E(‘a‘a, b,c>0).

; ; 2

Theo Vi du 3.2 ta c6:

Vay bat dang thitc dwgc chitng minh.

Dang thitc xdy rakhi:a=b=c=1.

Vidu 3.8. Cho a, b, c la cac s6 thuc dwong va thoa man abe = 1.
1 1 1

+ +
a(b+1) blc+1) cla+l)

3
=
. 2
Chitng minh rang :
Huwdng dan giai
b=y ¢ :E(x,y,z >0)

N ex s o z X
T gia thiét abc = 1, ta dat : s s

1 1 1wz
a(b+1) X[FH] X, X x+xy
ylz | £
1 ZX 1 xy

a=

< | =

Khi dé :

b{c+1}:xy+yz cla+1) _yz+zx
Tuwong tw co: ,

xy vz ZX 3
+ + =—.
VZ+Ix Ix+xy xy+yz 2

Ta can chitng minh:

Theo Vi du 3.2 ta c6 diéu phéi chitng minh.

bang thitc xdy rakhia=b=c=1.

Vi du 3.9.(IMO 2000). Cho a, b, ¢ > 0 va thod man abc = 1.
[a— 1+£”b— 1+1‘
| bl cll

c—1+l‘ 1.
a )

Ching minh rang:
Hudng dan giai
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X
a=— b:l C:i
y z X
Ta dat: , , (x,y,2>0)
ao1el X q B _Xytz
Khi dé: Y Y Y
b_1+l:y—z+x c_l_'_l:z—xﬂ;
c z a X

Twong tu ta cling cé dugc: ,
(x- y+z)y- z+x)z- x+y) =xyz.
Vay ta can chitng minh:
(x- y+z>0
xzyzz=0=
y-z+x=>0

Khong mat tinh tong quat gia si:

z-x+y=0= (x-y+z)(y-z+x)z- x+y)=0=xyz, ¥x,y,z >0.
THI:

X-yHzHy-ZHX
2

z-x+y>0=0<f(x- y+2)(y- z+x) =<

TH2:
Twong tu ta co:

0<f(y- z+x)(z- x+y) <y

= (x- y+z)(y- z+x)(z- x+y) =xyz.

0<f(z- x+y)x- y+z) =z

[a-1+%Ha-1+%Hc-1+é}gL

Vay:
Vi du 3.10. Cho a, b, c la cac s6 thyc dwong va thod man abc = 1.
1 1 1 3
+ + ==
, . ab+a+2 bc+b+2 ca+c+2 4
Chitng minh rang :
Huwéng dan giai
X
a =— b:l CZE
N . y z X
Tuw gia thiét abc = 1, ta dat: s s (x,y,2>0)
1 _ 1 _ 1 _ vz
ab+a+2 Xy X o, X_ X o X+ Xy +2yz
Z Z
Khi do: Y Y Y
1 _ X 1 _ Xy
bc+b+2  xy+ yz+2zx ca+c+2 yz+izx+2xy
Tuong tw cé: ,

all + yz + - EE.
yZ+zx+2xy zx+xy+2yz xy+yz+2zx 4

Ta can chitng minh:

xy 1 xy 1 1
=Xy. == +
VZ +ZX + 2xy (xy+yz)+(xy+2zx) 4| xy+yz xy+ix
= Lﬂl Lq-i
vi+ix+2xy 4l x+z y+EI)
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vz {1 y , Z ZX {1 z X
x+xy+2yz 4| y+x z+x) ’ xy+yz+2zx 4l z+y x+y)
Tuong tu co:
xy . vz . XZ {3

] VE+ZX+2xy EX+Xy+2yz xy+yz+2xz 4
Cong vé dugc:
1 1 1
+ +
 ab+a+2 bc+b+2 ca+c+?2
Vay :
bang thitc xdyrakhi a=b=c=1

3
s
4

b c a
+2E}+b+2c+c+2a =1
Vidu 3.11. Choa, b, ¢ > 0. Chitnhg minh rang : a
Huwdng dan giai
1 1 1
+ + =]

a+2 b+2 c+2
o ax b C a
Bién doi ta dwgc:
a b C
x=—sy=—;z=—;yz>0)= xz =1
b C a

bat :

1 1 1
+ + =1
X+2 y+2 z+l2

Ta can chitng minh:
e (y+2)z+2)+(z+2)(x+2)+(x+2)(y +2) =(x +2)(y + 2)(z + 2)

= Gy+yz+m)+a(x+y+z)+12 sxyz+4(x+y +2)+2 0y + yz + 2x) +8

= l+xy+yi+x =4 < xy+ yz+ix =3 Xy + yz+z =33 xyz =3
(dung do
b c a
+ + =1
. a+2b b+2c c+2a
Vay :
Vi du 3.12. Cho q, b, c la cac so thyc dwong . Chitng minh rang:

ab N be N ca }ﬂ+b+E
clc+a) ala+b) blb+c) c+a a+b b+c

Hudong dan giai
b a c b a c a b c
—. +—. +—, = + +
cc+a aa+bh b b+c c+a a+b b+c

Bién doi thanh:
b 1 c 1 a 1 1 1 1
= + +

= —, + + —

c 4 ﬂ.a+1 IE’.E"+1_'C+1 41 b+1
a b C a b C
a b C
X=—;;y=—;z=—;(x;y;z>0;xyz=])
b C a

Ta dat :
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¥ z X 1 1 1

+ + = + +
2+l x+1 y+1 z+41 x+1 y+1

Ta can chitng minh :

Doc gia dua veé :

(-1 +(y- 17 +(z- 17 + (et y+z-3)+ (07 + y2 +2x*- 3) =0 (*)

X+y+2=33xyz =3
xy® +yz’ +2x’ =3xyz =3
Bat dang thic (*) ludn ding vi :
ab bc ca a b C
+ + = + +
clc+a) ala+b) blb+c) c+a a+bh b+c
Vay :
Ngoai kiéu bién doi trén, chiing t6i gidi thiéu mot kiéu doi bién dya trén dang thirc da biét.

et )y + 2z +x) =xy(x+ )+ yz(y + 2)+ zx (2 + x) + 2xyz

Ta da biét:
xy(x+y)+ yz(y +z)+zx(z+ x)+ 2xyz .
L~ —
(x+ y)(y+z)(z+x)
xy 4 ZX 2xyz

G0 GGy GeG) GG+

a= X b= y S a— z = ab+bc +ca+2abc =1
y+z Z+X X+y
bat :
_ i . h— Yz .o X 2 ka2 _
a=|—— b= |—+ = |—— = ag+b +c"+2abc=l
‘\‘(y+z)(z+x) \(z+x)(x+y) ‘1‘(x+y)(y+z)
bat :
a= 2x b= 2y ;4::22 = ab+bc+ca+abc =4
y+z Z+X X+y
bat:
Vidu 3.13. Cho a, b, c >0 vathéaman ab + bc + ca + 2abc = 1.
Lol o d(aeb+o)
) . a b ¢
Chttng minh rang :

Hwdng dan giai

a=—"—:b=—";c="_: (uyz>0)
y+z Z+X X+y
T gia thiét ta dat :
yrz zHx x+y |l ox [y , 2
X ¥ z | y+z zZ+x x+y|

Ta can chitng minh :
1 1 4 X o x_ 4x

—+_= =+ =
Z y+Z ¥y z y+z
Taco:
Y Y Ay z,y, 4
I X Y+I X Yy X+y
Tuwong tu :
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X z
4

| y+z Z+x x+y|

+Z I+Xx x+
yre, +X5Y oy
X ¥ z

a=b=c :l
2

Cong vé vdi vé dugc:

bang thitc xdy ra khi
Vidu 3.14.Chox,y,z>0va x+y +z+ 2 =Xxyz.

Jiafy ez ==z

Chitng minh :
Huwdng dan giai
11 11,11 111
X+y+z+2=xyz e — —+—. —+— —+2.— — —=1
X Z I X XxXyz
Ta bién dai : oy Y
1 a 1 b 1 ¢
X b+c'y c+az a+b

Theo trén ta dat :

Jx + y+J_ q,‘xyzﬁ\/——+ Jll*_:%
Ta bién doi : Y
J b c J c a J a h 3
) + ) + ) =
c+a a+b a+b b+c b+c c+a 2
Khi dé ta can chitng minh:
J h c _\/ b ¢ 1 h , C
c+a a+b Va+b c+a ~ 2 a+bh c+al
J c a _J c a _1{ c _a
a+b b+c Vb+c a+b 2l b+c a+bh)
J a b _J a b _1{ a b
b+c c+a c+a b+c 2|

+.
J h c J c a J-ﬂ b 3
) + } + ) =
c+a a+b a+b b+c b+c c+a 2

c+a b+c|
Cong vé vdi vé dugc:
Vidu3.15.Chox,y,z>0 va xy+yz+zx +xyz =4
X+V+ZZ=Xy+VZ+zx
Chitng minh rang :

1A

A

Ta co:

Huéng dan giai
_ 20 Py = 2b ;= 2 J(a;b;c=0)
N b+c c+a a+b
Ttr gia thiét ta dat:
a b c 2ab 2bc 2ca

bic c+a a+b (rodc+a) C+a)a+h) (@+b)b+c)
Ta chithg minh :
ala- b)a- c)+b(b-c)b- a)+clc- a)lc- b) =0

Doc gia dwa ve: (Schur)
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Vi dl;l 3.16. Cho Xy, x>0 va X+y+z +1 :4xyz '

l+l+l =3

Chting minh ring: * ¥ 2
Hudong dan giai
Ta bién doi gia thiét:
X+y+z+l=dxyz = (2x)+(2y)+(22)+2 =(2x).(2y).(22)
1 _a 1 b 1 ¢
Theotréntadét: 2x E}+r:"2y c+a’22 a+hb (a,b,c>0)

Ta can chitng minh:

2a+b+€ }3ﬁa+b+c}3

| b+c c+a a+b| b+c c+a a+b 2 (Nesbitt)

Vi du 3.17. Cho ©b:¢>0 3 a® +b* +¢” +2abc =1
Tim GTLN cua P =ab +bc+ca- abc,

(Trich dé thi HSG I6p 9, TP Ha N¢i ndm hoc 2018 — 2019)
Hudong dan giai

Q= Xy b= yz o= X
D (x+z)(y+2z) (y+x)z+x) \Gz+y)x+y) (x,y,2>0)
, 2P =a’ +b* +c* +2(ab+bc+ca)-1=(a+b+c) -1
Ta co:
“ =G ):\fx'y 5 e
Mt khac: x+zMy+z y+z z+x 2|l x+z y+1z)
111+|E}+1:‘£l X+E+_].?+E+H+_].? :E = 7P Eg_lz_ﬁpﬂ_
Tir d6: 2l x+z y+z x+y| 2
::1=t34=c=l Emﬂ:h:ﬁ:l
bang thitc xay ra khi: 2 Vay: MaxP = & 2

2.3 Doi bién bat dang thirc c6 diéu kién

3a’ +b° + 3ab 3-_=E

Vi du 3.18. Cho @ =<l v3 a+b =3 Ching minh ring: 4

Huwdng dan giai
1- a =x (x.v20) (a=1-x
x,y =0)=>
Ta dit: a+b=3+y y b=x+y+2
M =3a* +b* +3ab- 27

Ta co: 4

27

=3(1- x) +(x+y +2)(x+ y+2+3- 3x)- Y

Bién do6i thu duoc:
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eyt sxa Ty Bl Y 5] 43,9
M=x"+y -50x+7y-xy+ _Ix 1 +4y +2y:_=[] (x,y =0)
(1.5 (5 |a=-2
2 21 2= gz
y =0 y=0 E}:E

Dbang thitc xay ra khi:

a’ (2- a)+32 =0
Hudng dan giai

Vi du 3.19. Cho 9 =4 Chitng minh rang:

Ta dé dang thdy diém roi dat tai: 9 =4

Ta dit 4-a=x(x=0)= a=4-x

= M =(4- x)¥ (x-2)+32 =(x- 2)(x* - 8x+16)+32 =x" - 10x° +32x :x[(x— 5) +?] =(
2.4. Poi biéen P97
2.4.1. Kién thitc cn nhé

Néu ta die P =4 +b+c,q =ab+bc+ca,r =abc (a,b,c =0)

0 (a+b+c) =3(ab+bc+ca)= p* =3q

thi ta sé c6 cac két qua sau:

2) (ab+bc +ca)’ z3abc(a+b+c) = ¢* =3pr
l+1+ 1 :ab+bc+ca _q.3p

3ya b ¢ abc r g (ab,c>0)
2) (a+b+c) =27abc = p* =27r
5) (a+b+c)(ab+bc+ca)=9abc = pq =9r

Ngoai ra ta cling thu dugc nhitng dang thitc quen thuoc dwdi day:
a* +b* +¢ =(a+b+c) - 2(ab+bc+ca) =p* - 2q

7 a’ +b* +c* =(a+b+c)(a® +b* +¢* - ab- bc- ca)+3abc

6)

=p(p*-3q)+3r =p*- 3pq+3r
8) (a+b)b+c)c+a)=(a+b+c)lab+bc+ca)- abc =pq-r

9 ab(a+b)+bc(b+c)+calc+a) =(a+b+c)ab+bc+ca)- 3abc =pq- 3r

10) a’h? +b*c* +c*a* =(ab+bc+ca) - 2abc(a+b+c)=q* - 2 pr

Do khuén khé cuén sdch nén khéng trinh bay hét duwoc, moi doc gid tu khdm phd thém.
2.4.2. Cac vi du minh hoa.

Vi du 3.20. Cho %2> 0 y3 thea man @° +b” +¢* =3

2(a+b +c}+l+l +1og
Chitng minh rang: a b ¢ |
Huwdng dan giai
Huéng 1: Theo ky thuat déi bién P97 ta quy ve bai toan sau:
_ 4q
2 _ M=2p++=9
Cho P47 >0 yathaman P~ 2P =3 Ching minh rang: r
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Theo trén ta da co:
Ta can chitng minh:

2p+ 5?3 =9 e 2p'-9p*+27 =0 (p-3) (2p+3)=0,%p >0

2

Ding thitc xay ra tai: @ =P =c =1
Huéng 2: Theo bét dang thitc AM — GM ta co:

2(a +b+C)+l+$+l =(a+b+c)+(a +b+c)+—ﬂb+b€+m
a c a

= 2(a +b+c)+l+%+l ::BJ(a +b+r:)2_[w‘

a C abe
Mat khac ta biét:

ab+bc+ca 3a+b+c)
(ab+bc+ca) =3abcla+b+c) © =
abc ab+ bc +ca

Ta cling co:

(ﬂ‘z+—E}2+C£)(ﬂb+bc+fﬂ)(ﬂb+bc+ﬁﬂ)£$
e (a+b+c) =9(ab+bc+ca)

3 - 27
ab+bc+ca (g+b+c)

ia(a +h+c) ’ 3 3
M=33— =3a+b+c)z{—— =3a+b+c). =9
ab +bc+ca (a c) ab +bc +ca (a ©) a+b+c

Huéng 3: Ta ciing c6 thé dung ki thuat UCT dé giai quyét bai toan trén (Trinh bay chu dé 4)

—

1 1 1

_2+_+—2:12 M:l+£+l+2(x+y+z]
Vi du 3.21. Cho % Y»Z2>0 3 X vz . Tim GTNN ctia biéu thiic Xy z
(Trich dé thi HSG 9, tinh Thdi Binh ndm hoc 2015 - 2016

Hudng dan giai
Huwéng 1: Néu ta doi bién sé dwa vé bai toan quen thudc:
Ta dat:
1 1 1
— =2a,— =2b,— =2cla,b,c > 0)= 4(:12 +b%+¢? ) =12 = a° +b* +¢” =3
X ¥ z
1 1 1

M =2(a+b+c)+—+—_+_

Khi dé: a b c

bay chinh la vi du 3.20, doc gid tham khéo 10i giai bén trén

3. Bat dang thitc Schur va @wng dung

3.1. Nhac lai bat dang thirc Schur

Bat dang thitc Schur: ala-b)a-c)+b(b-c)b- a)+clc-a)lc-b)=0

Chirng minh

Do vai trd a, b, ¢ binh ddng nhau nén khong mat tinh t6ng quét ta gia sit ring @ =b =c =0
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- a =0
a [I: clc- a)lc-b)=0

s s ., | =
Khi d6 ta co:

Ta cin chitng minh: ala- b)a-c)+b(b-c)b- a)=0

= agla- b)a- c)- b(b- c)(a-b)=0< (a- h)[a(a- c)- b(b- {')] =0

= (a- b](az- ac- b? +bc) =(a- by (a+b- c)=0

Vay bét dang thitc dugc chitng minh
Ngodi huéng trén, ban doc c6 thé dat: X =9~ bz0;y=b-c=0=a-c=x+y
3.2. Khai thdc trng dung cua bdt ddng thitc Schur.

Ta cé: ala-bNa-c)+bb-c)b-a)+clc-alc-b)=0

= ala’ - a(b+c]+bc] +b[b2- b(c +a)+ca] +c[c2- cla+b)+ab| =0

a’+b’ +c +3abc za* (b+c)+b* (c+a)+c*(a+b) 1)
a3+b3+c3+3ab{' =p3-3pq+5r

2 2 e _ )
Mt khéc ta bigt: (b+c)+b (c+a)+c (a+b)=pq- 3r

vi. (@+b+c)ab+bc+ca) =a*(b+c)+b*(c+a)+c* (a+b)+3abc

3 3 P(""q - p° )
= p -3pq+6r =zpq- 3r = 9r 2p(4q- P )1: r=e———
Vay ta co: (1) 9

bay la két qua quan trong dé xt li cac bai toan bang phwong phap doi bién p, g, r
Chung ta cung tim hiéu cu thé hon qua cac vi du minh hoa sau:

Vi du 3.22. Cho a, b, ¢ 1a cac s6 duong va théa man @ *+b +¢ =1 Ching minh ring:

4 5
+abc =—
81(ab + bc + ca) 27

Huwéng dan giai
Theo ki thuat doi bién p, g, r ta quy vé bai toan sau:

—+r=—
Chop, ¢, r >0 vathéaman P =1, Chitng minh rdng: 81q 27
2
pl4q- p?) ; )
SIS, . S . Bt
Ta da co: 9 9 81q 81q 9
4 41,5
9 27

Ta can ching minh: 819

4 49-1 [ 4 4q| 1 {15 1 5

+ = +—L|- =22 |—- ===

8lg 9 8lg 9| 9 729 9 27
ﬂ:b:g:i

DPang thitc xdy ra khi: 3

That vay:
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4 5
+abc =—

. 81(ab + bc + ca) 27
Vay:

Vi dy 3.23. (UK 1999) Cho a, b, c 14 céc s6 thuc khong am va @ +b +¢ =1 Chitng minh réng:
9abc =4(ab +bc +ca)- 1
Huwéng dan giai
pit: P =a+b+c, g =ab+bc+ca, r =abc (p,q,r>0; p=1)
Ta can ching minh: 97 =44~ 1
or = p(4q- p?)

That vay, theo trén ta da co:

vy P == 9r =1(4q- 1) =4q- 1

Vi du 3.24. (IMO 1984) Cho q, b, c 1a céc s6 thyc khong am va @+ b+c =1 Chn g minh réng:
7
0 =ab+bc+ca- 2abc =—
27
Hudng dan giai
pa. P =a+b+c q=ab+bc+ca, r =abe (p,q,r>0; p=1)

7 7
0=q-2r=—= 2r=q =—+2r
Ta can chitng minh: 27 27

pq =91 or+1
= 0r =q =
or =p(4q- p*)=4q-1 4
Ta da biét:
O9r+1 7
<Ir+— = r=— 3
Ta chi can ching minh: 4 27 27 (do P 2273“)

7
0 =ab+bc+ca- 2abc =—
Vay: 27
, < . ~ A A N 5 ~ 2 + bz + 2 =1 , . o
Vi du 3.25. Cho a, b, ¢ 1a cac s6 thic khong am va thoa man 4 € =l Ching minh ring:

3
a b3 {'3

2 7v 3 7t 23"-‘2
b - bc+c c"-ac+a a -ab+hb

Hudng dan giai
4 4 4
p= a . b . C
ab® +abc +ac® bc” - abc+ba®  aa” - abc +ch®

= P= !
(a+b+c)ab+bc+ca)- 6abc

s, P =a+b+c q=ab+bc+ca, r =abc (p,q,r =0)

a*+b*+c* =1= p -2q—1ﬁq—p Lo 4q-p?=p-2
Tu: 2
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1 1 P(Pz'l) 1

22 = pq-6r s —— <br+——
Ta can ching minh: P9~ 6F 2 2 2
(49- p)p (p?-2)p T |
r= = ﬁﬁi"+—2—(p -2p)+_
Mt khéc: 9 9 2 3 J2
p(p*-1)

2(p*- 2p)+ \,,15 >

Ta can chitng minh: &
o 4(p*- 2p)+3v2 =3(p*- p) = p*- 5p+342 20

= (p- v2)(p* + p2- 3) 20

p(p*-1) p 1 1
<= pP<2=2 0 TP - <bre——.
THL: g 2 2 V2

2T = (p- VT)p + pE-3)20, vp =24Z

TH2:
Dé dé nhd, chiing t6i tong hop lai gitp djc gia dé dang tra citu vdn dung vao lam bdi tdp.

Néu ta dge P =0 +b+c q=ab+bc+ca, r =abc (a,b,c=0)

p’ =3q; p’ =27r; pq=9r; ¢’ =3pr; (4g- p*)p =or.

thi ta sé c6 cac két qua sau:

1)
2) a’+b*+c =p*- 2q.

3) a'+b' +c' =p’- 3pg+73r.

" (a+b)b+c)c+a)=pq-r.

5) ab(a+b)+bc(b+c)+calc+a)=a’(b+c)+b (c+a)+c’(a+b)=pq- 3r.

6) a’b® +b’c’ +c’a’ =q°- 2pr.

4. Mot so6 bai tap tu luyén cing co kién thirc.

Bai 3.1. Cho q, b, c 1a cac so thyc d6i mot phan biét.
2 2
@ b L <C sy
(b- ¢} (c-a) (a-b)

(Trich DTTS vao I6p 10 THPT chuyén Vinh Phiic ndm hoc 2009 — 2010)

Chitng minh rang :

Bai 3.2. Cho @2 >0 v théa man a +b = 4ab.
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a b 1

3

+ .
Ching minh rang : *+1 4a+1 2
(Trich DTTS vao I6p 10 THPT chuyén Hiung Vitong ndm hoc 2012 — 2013)

2
Bai3.3. Cho @b 0 3 (a- b) =a+b+2.

= a’ e b u
§+ b+1‘f§+ a+1) HHEQ'

Chitng minh rang :
(Trich BTTS vao l6p 10 THPT chuyén DH Vinh ndm hoc 2018 — 2019)

Bai 3.4. Cho %20 y3 thoa man V2 =1
p= x'(y+z) + v (z+x) + Z(x+y)
Tim GTNN ciabisu thie YNV +2247 - 2z +2xdx  xx+2yfy
(Trich dé thi tuyén sinh cao dai hoc khéi A ndm hoc 2007 — 2008)

Bai 3.5. Cho ©0:¢>0 (3 abc=1
be ca ab .

+ + 2,
Chitng minh ring : a’b+a’c bc+b'a clatch 2

Bai 3.6. Cho a, b, c 1a do dai ba canh ctia mdt tam giac.

Chitng minh réing : (a+b- e)(b+c- a)lc+a- b)£ abr:'

Bai 3.7. Cho %Y+Z >0 3 tha man ¥ tyztxz+2xyz=1
3

Chitng minh rang E(X ty +E} +1 32}{}’2.

2 2

X+y+z= o
Bai3.9. Cho % Y:Z27 0 43 2 Tim GTNN cag P =% Ty +2' +x7y'z".
(Trich BTTS vao l6p 10 chuyén THPT Hung Virong ndm hoc 2012 — 2013)

3 - - -
Bai 3.10. Cho %27 0 ya X+y+2=2_cpano minn X2y +2% (2- x)(2- y)(2- 2).
(Trich dé thi HSG I6p 9, tinh Vinh Phiic ndm hoc 2015 — 2016)
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CHU PE 4: PHUONG PHAP HE SO BAT PINH (UCT)

1. Gidi thiéu phuwong phap hé so6 bat dinh (UCT)

Phurong phap hé s6 bat dinh hay thwong van goi la phwong phap UCT (viét tdt cua Undefined Coeffient
Technique) la mot trong nhitng phwong phap dugc dung rat nhiéu khi chitng minh bat dang thitc, dwgc coi nhw
budc dém quan trong trén con dwdng di tim 10i giai ty nhién, sang sua, dé tw duy.

Dé hiéu r6 hon vé phrong phap nay, ching t6i dwa ra cac vi du minh hoa kém phan tich huéng giai gitp doc gia
dé hinh dung.

2. Cac vi du minh hoa.
2(a’ +b" +¢°
bem0 y arpren Ledelo B0,
Vidu4.1.Cho ©%¢>0 y3 a+b+c=3. Ching minhring: @ b ¢ 3

Phan tich va loi giai
Ta dé thdy diém roi dat dugc tai @ = b=c=1
DE nhin ro cdu tric biéu thitc ta viét lai :

a a a

P =§ +3a2$+§ + 21 $+Ei +202%
2 3 E— 2 3 E— 2 3 E—
14205 mxtn (1), (0<x <3)

~ .2 -~ A 7 .7 'z
Dua trén gia thiét ta can danh gia: X° 3

x=1P lz+3.1'=m.1+nlﬁ.l m+n=20 n=2-m
V6i diém roi tai 3 3 3
Khi do :
(1)0 L+3f3 n’.rx-l'-E— m
x* 3 3

U L-Ihzx‘” m(x- l‘j-l'-E
x* 3 3

~ 1 2 2 5
R P
TS m(x- 1)

U 3+x*(2x*- 5)2 3mx*(x- 1).

U 2x*- 5x* +32 3mx(x- 1)
0O (x- 1)(2x"- 3)2 3mx’ (x- 1) 0 (x- 1)§x+1)(2x°- 3)- 3m’§ 0(2).

2
n A s f0o1s roria \X= 1) =1 o LA < A
Ta can (2) ludn ding tic la can xuat hién ( ) nén ta thay X =1 vao biéu thiic trong ngodc vudng duoc:

x=1b (x+1)(2x*- 3)- 3mx* =(141)(2.1°- 3)- 3m1=0U m=%_
iz+3x23 2+
Vay ta can chitng minh: X~ 3 3 3

Phan tich la nhw v@y con ta can trinh bay 10i gidi gon nhv sau:
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L+3a23 _ §a+§ (0<a<3).

Ta di chitng minh: a 3

2 ™~
Ll 20470 L 20N 7,
Thatvaytacé: @ 3 3 3 a 3 (ding véi a>0)
iz+3£:-23 - Eb+3, i+3c23 —c+3.
Tuong twtacé: b~ 3 3 3 ¢ 3 3
2|a* +b" +¢°
Lﬁriﬁriﬁr ( )3 - ~{a+b+c)+7=5.
vaya b ¢ 3 3

Loi binh: Nho phuong phap hé s6 bat dinh ma 161 giai dugc tw nhién, giadi dap dugc thac mac caa doc gia khi
dwa ra va chi'ng minh:

> 2 +?
2 307 Eﬂ 5,(0{0{3)

Vi du 4.2. Cho P ¢>0 (3 thoa man @ +b* +¢* =3

2(a +b+c)+l+l+l =9

Chtng minh rang: a b c
Huwéng dan giai
Ta dé thay diém roi dat duoc tai 9 =b=c=1
P :[ 2a +l ‘ +[ 2b+£ ‘ +[ 2c+£|
Dé nhin rd céu tric biéu thic ta viét lai: al L bl 1 ¢

1
. R 2H+—3_=m}fz+i1[l} (D{x{ﬁ)
Dua trén gia thiét ta can danh gia: X .

b

x=1l= 2.1+£:_=r|rn~:‘Z +3-me 2.‘!~:+l >m(x?-1)+3
Vi diém roi tai 1 X

2_
= 2x+l— 3 :_=-m(.!f2 - l)ﬁ w Em(}fz - 1)
X X

2x-1
X

= (x-1) - m(x-1)| =0 (2)

(x- 1)2

Ta can (2) ludn dung tirc 1a can xuat hién nén ta can thay X =1 vio biéu thitc trong ngoic duoc:
5

x=1= 2 k) =2-1-m2 =0 m=to n=2
X 2 2
Sau day la phan trinh bay 16i giai sau khi da phan tich & trén:

11 o
2a+—:_=—a‘3+E (0<a<+B)

Ta di chithg minh: a 2
2a+ 51742 o 42 +25a(a? +5) o @’ - 4a” +5a- 2 <0
That vay: a 2
e a'-4a°+5a- 2 <0 = (a-1¥ (a- 2) <0, Y0<a <3
2(a+b+c)+l+l+l:_=£(az+b‘*+c‘*)+E:9
Vay: a b ¢ 2 2

Lai binh: Qua 2 vi du trén chac han doc gia da hinh dung ra hiéu qua cia phwong phéap nay.
Nham khac sau va ren luyén thém, chung t6i tiép tuc gidi thiéu thém céac vi du mau:
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Vi du 4.3. Cho ©2:¢>0 y3 thea man @’ +b* +c* =3

4 l+£+l +5(a® +b* +¢* ) =27
Ching minh rang:

la b ¢
Hudng dan giai

Ta dé thay diém roi dat duoc tai 9 =b=c=1

Dé nhin r6 cdu truc biéu thire ta viét lai:

4 +5a° 4 +5b°

| a | b _

P = +

+[i+562
s

4

—+5x =zm’ +n(l) (0<x<3i3)
Dua trén gia thiét ta can danh gia: X , )
Vi diém roi tai X =1= m+n=9< n=9-m

= i+5J1f‘Z >mx*+9- me i+5,!1f‘Z >m(x*-1)+9
Ta cé: (1) X X

?_
= i+5::r‘Z -9=mx*-1)= wzm(x‘ -1)
X X
2 -
o (-1 XA (¢ axe1) 20(2)
X

2
- A ar o vs s e a X=1) - I <
Ta can (2) luén dung tirc la can xuat hién ( ) nén ta can thay X =1 vao biéu thitc trong ngoic duoc:
5x° +5x- 4
= —_—-
X

x=1 -m(x*+x+1)=6-3m=0=m=2= n=7

345 200747, (0<x<33)
Ta di chitng minh X

4 l+l+£

Tyds: '@ b ¢
Loi binh: Tinh bay loi gidi nhu sau:

i+5.ﬂz 3_‘2{1-‘ +'J-"r, (D{ G{é}’i)
Ta di chitng minh: X (D)

() 2a*-5d +7a-4 <0 (a- 17 (2a% - a- 4) <0, (V0<a<if3)
That vay:

i[]-:a-:f.-@::- 2a°-a- 4=a(2a-1)- 4<0

+5(a? +b* +¢?) =2(a® +b* +c* ) +21 =27

A%
= (a-1)(2a*- a- 4)<0 (*ﬁ“[]{a{.ﬁ)
4[l+%+l +5(a* +b* +c?) =2(a* +b* +c*)+21 =27
L a c|

Vay:

Vi du 4.4. Cho ©0:€>0 (3 thga man @ +b* +¢ =3

a b C 3
+ + -

Chitng minh rang: b*+c’ c'+a’ a'+b® 2
Huong dan giai

Ta dé thdy diém roi dat dugc tai 9 =b=c=1
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P= + +
~ Y ~ ~ e -2 e -~ . 2 2 '2
Dé nhin rd cdu tric biéu thire ta viét lai: 3-a 3-b 3-c

a
B R 3 -l’ﬂlﬁfz-b-ﬁ[l} (D{x{'ﬁ)
Dua trén gia thiét ta cin dénh gia: 3- @ , .

x=1= m+n :lﬁn:——m
Vi diém roi tai 2 2
2 1 2 ].
= - ZmX°+—-me > ::m(x -1)+—
Tacé(l) 3-x 2 3- X 2
2_ -
o X - l::m(x* 1) L}:B::m(xz -1)
3-x° 2 2(3- x*)
Xx+3
= (x-1) - m(x+1)| =0 (2
2G-x) "D
2
Ta can (2) ludn ding tic 1a can xuat hién (x-1) nén ta can thay X =1 vao biéu thitc trong ngoic duoc:
+
x=1l= x—B'z mx+1)=1-2m =0+« m:l:r n=0
2(3- x°) 2

X

2
X
=— (0<x<4/3
Poc gia tw chitng minh: 3- X2 , ( J_)

2
a9 .95 P::%(a‘*+b‘*+c‘*):;

Tir d6 ta dwoc: 3= @ 2

Vidu 4.5. Cho % Y:Z2>0 (3 x+y+z=0

Tim GTNN ciia biéu thie: A=V~ 0 +y° +y* - yz# 244z - axe
Huwdng dan giai

mn>0 45 X - XY+’ =m(x+y) +n(x- y)

Ta can tim
< x - ay+y =(m+n)x’ +2(m- n)xy +(m+n)y’

Pong nhat:
. 1
m+n =1 m=— 1 3 1
1= Yo ey =Gy 2 (x- y) = (e y)
m-n=-— 3 4 4 4
2 n—4—

[

Vay ta danh gia duoc:
yi-yz+z SOALIN TS A
Tuwong tuta co : 2 2

Tirdo: =X - xy+y 4V - yz+ 2 +7- ax4x® 2x ey 4z =3,
MinA =3 <= x =y =z =1.

Vay

2 2
T6ng quét hon ta can dénh gia : VOX° +b0 +cy* =mx+ny.

V6i diém roi dat dugc tai ; ¥ =Y = M+ =JJa+b+c.
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TH1: ™+ <0 3 bat déing thitc ludn ding.
TER: MX+ny =0= ax’ +bxy +cy® =m’x* + 2mnxy +n"y".
(@- m*)x* +(b- 2Zmn)xy + (c- n*)y* =0.(%)
Pé (*) ludn ding véi moi XY thi trwdc hét ta can:
a-m'=c-n"e=m-n =a-c
— 2
Vidiémroitai: * =V 7 k(x- y) =20, vk >0.
Bang suy luan trén, ching t6i manh dan dwa ra tha thuat nhé nhw bén duéi :
a=c= m=n= /2a+b (1).

TH1: 2

‘m+n=Ja+b+c

a#c= a-c (2).
m-n=

TH2: +Ja +h+c
_N2a+b _421-1 _1

a=c=l= m=n= —.

Theo Vi du 4.5 thi: 2 2 2
JX - xy sy >L(x +y).
Vay ta can di chitng minh: 2

JX - xy+y’? ::l(x+y)*=r Ax* - xy+y') =(x+y) = 3(x- y) =0, Vx,y.
That vay : 2

A=t(x +y)+l(y #x)4 2 (x+x) =x+y+z=3.
Tvdétacs: 2 z 2
Vay : MinA=3< x=y=z=1.
Ttr nay vdi cdc bai todn lién quan, chiing t6i chi dua ra bdt ddng thirc can danh gid con phan chitng minh bdng
bién doi twong duong khd don gidn xin danh cho djc gia tw ren luyén.

Vidu 4.6. Cho *Y>Z =0 v theaman ¥ *Y*Z =3-Tim GTNN ctia biéu thic :
B =\2x% +3xy +2y° 4|2y +3yz +27° +27° +3zx + 2.
( Trich dé thi HSG 9, tinh Ninh Binh ndm hoc 2014 — 2015 )
Hudng dan giai

“4;3 =§:’ 25 +3xy + 2y Eg[x+y}.

Theo trén ta co :

d=c=2=m=h=

J7

B ::T(Ex+2y+2.z] =37 = MinB =3[7 = x=y =z =1.

Vay :
l + l + l =3.
Vidu4.7.Cho @b:¢>0 y3a b ¢
1 1 1
— + + .

Tim GTLN cta Ja* - ab+b b -bc+c* NP - ca+a’

( Trich dé thi HSG 9, TP Ha N6i ndm hoc 2014 — 2015 )
Hudng dan giai

Ta danh gia duoc:

Ja’ - ab+b’ Eé(aﬂrr)ﬁ L <2 1

Jai-ab+b: a+b 2la b)

1 1"
+
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Z+Z 4+ | =+ =3= MaxP =3 <= g =b=c =1.
la b ¢ a b c

1[ 2 2 2} 1 1 1
Vidu 4.8. Cho ©b-¢>0 y3 a@® +b” + " =3.Chgng minh ring
a’ +3ab +h° . b* +3bc+c’ . c* +3ca+a’
J6a +8ab+11b*  +J6b* +8bc+11¢  J6c? +8ca+11a°

( Trich dé thi HSG 9, tinh Hdi Duvong ndm hoc 2016 — 2017 )
Huwéng dan giai

=3.

2 2
Theo cong thitc trén ta danh gia dwoc : V6a® +8ab+11b" =20 +3b.
a’+3ab+b’  _a’+3ab+b’

Tirds: 6@ +8ab+11F  2a+3b

a’ +3ab+ b’
—————— =ma+nb.
Dén day ching ta cin danh gig: 2a+3b
2 2 2
a=bh= a +3a +a —a(m+n)= m+n=1= n=1- m.
Vi diém roi dat tai : 2a +3a
“+3ab+ b’ 2 4 3ab+b°
- 7T =m{a- b)+b+= m(a- b) L4 TP
2a+3b 2a+3b
- by(a+2b
= mia-b) :_:w_
2a+3b
+2b |
c-(a—b)[m-ﬂ =0 (1).
| 2a+3b ] (1)
a+2a 3
a=b= =Z=p==
Dé (1) ludn dung ta can : 2a+3a 5
Vay ta danh gia dugc :
2 2
a’+3ab+b £3ﬂ+2b= p El(Eﬂ +5b+5c) =a+b+c.
2a+3b 3 o)

Miit khéc: @ +b+c =J3a’+b* +c°) =3= P <3.

Déng thifc xay ra khi @ =b =c¢ =L.
Co nhirng bai todn viéc st dung phuong phdp hé sé bat dinh khd kho khan. Dé ho tro doc gia co thé gidi quyét
vdn dé do, chiing t6i xin gidi thiéu thém mot so ky thudt.

3. Ky thuat chuan hoa bat dang thirc.
bay la mot ky thuat con kha xa la v6i doc gia, bdi kha it tai liéu dé cap dén. Trudc hét ta can tim hiéu
mot s6 khai niém co ban sau:

3.1. Bt dang thirc thudn nhat.
Mot bét ding thite dugc goi 1a bat ding thite thuin nhat néu nhan mdi bién véi mot s6 £ >0 thi bat ding
thitc d6 khong doi.

3.2. Bdt dang thirc doi xirng.

Mot bat dang thitc dugce goi la bat dang thitc d6i xitng néu hoan vi hai bién bat ki thi bat dang thirc do
khong doi (vai tro ctia cac bién nhw nhau).
Dé€ hiéu ki hon vé k¥ thuat chuan hoéa thi chiing ta di phan tich vi du dwéi day:
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a . b . € }3
Vidu 4.9. Cho ©%:€>0 Chgng minh: b+c c+a a+b 2
Phan tich va loi giai

Trén day chinh la bdt ddang thitc Nesbitt quen thudc va da cé rat nhiéu cach chitng minh. Bat dang thic nay la
bat dang thitc doi xing thuan nhat theo khai niém da néu & trén.
D& hiéu 1o ban chat cia k§ thuat chudn héa, trudc tién ta chia ti va mau cho a+b+c >0

a b c
_a+b+c a+b+c  a+b+c
b+c c+a a+b
Ta duoc: a+b+c a+b+c a+b+c
3a 3b 3c 3(a+b+c)
X = N zZ= = X+y+Z=—— =3
Ta dit: a+b+c a+b+c. a+b+c a+b+c
X y z
= 3 + 3 + 3 = X + Y + z
_}-"l"f I+ X H-I"_}-’ };_}_2’ F+x H‘I"_}-’
Luc nay: 3 3 3
Nhw vdy bai todn quy vé:
Cho %Y Z>0 y3 thea man X *¥ +2 =3,
X .y .z :___E
Ching minhrang Y*+Z Z+x Xx+y 2
Nhin vao 16 rang ta thdy c6 thém rang bugc: X ¥¥*+Z =3,
Tt d6 chiing ta hoan toan cé thé chuén héa: 9 +b+c =3
a b c _3
+ + ==
Sau khi d3 chudn héa ta quy vé chitng minh: 3- @ 3-b 3-c¢ 2,

Chung ta dung phwong phap hé so bat dinh dé chitng minh nhu sau:
Chirng minh
Ta dé thdy diém roi dat duoc tai @ =b=c=L

9 ~ma+n,(0<a<3)
Ta can danh gia: 3- @

1 1
a=1= m+n=—=n=—-m
Vi diém roi tai 2 2
Khi do
il_‘m(ﬂ—1]+_mi—lzm(a—1)m(ﬂ—1] 3. >
-a -a 2 (3- a)
3 3 1 3 1
- == == — == —
2(3-1) 4 2 4 4
IMa-1
_a :_bia-L,(D-:a-:ﬂcb—( )23:[],#[]{{1{3
-a 4 4 4(3- a)

71



a4 b P .':_bi(ﬂ-l'-i}-l‘-ﬂ')—izi_ 3.3

Tidétacs: 3-a 3-b 3-c 4 4 4 4 2

Loi binh: V§i cac bat dang thirc doi xing thuan nhat ching ta dung ky thuat chuan héa dé c6 thém diéu kién
rang budc, tir d6 quy vé phuong phap hé s6 bat dinh giai quyét.

Cu thé hon, chiing t6i dwa ra cac vi du phitc tap hon cho doc gia tiép can.

Vi du 4.10. Cho @ b € 13 céc 58 thue duong.
alb+c) N b(c+a) N cla+h)

2 2
Chitng minh ring: a+(b+c)y P +lc+a)y F+(a+b)

6
=—.
5

(Trich Tap chi Todn hoc va Tudi tré)
Huwdng dan giai
V& tréi c6 tinh thuin nhét theo 3 bién @ P va ¢ nén ta ¢6 thé chudn hoa: d+b+c =3

a(3-a) b(3- b) c(3-¢) &6

<=

a*+(3- ay +E:t‘z+(3— b)Y +r:2 +(3-¢) _5.
a(3- a)

Ta duwa vé dang:

, (ludn ding véi 0<a<3),
-9a” +27a-18 _-9(a-1)a- 2)

Ta di tim ™ va " sao cho:

_ 2
3a-a —Eﬂm(a—l}ﬁm(a—l}::

- — —
2a*- 6a+9 5 5(2¢° - 6a+9) 5(2a° - 6a+9)
9(a- 2)
= (a-1) U e T
a’ - 6a+
' (lubn ding voi 0<a<3),
9(2-1) _9 2 9 1

=M= n=——e =
5(2-6+9) 25 dod=lyya 5 25 25

3_
a@3-a) Ea+2—15l'([]~-.:a:1~-.:3}

ﬂ
2 - 25
Ta can chitng minh: a’+(3-a)
That vay:

3_
a(3-a) {EM%Q (a-1) (2a+1) =0

———— =<
a’+@3-a) 25 , (lubn diing véi 0 <a<3),
alb+c)  blc+a) — cla+b) 6
a+b+c) b +lc+a) E+(a+b)y 5

Vay:

Vi du 4.11. Cho & b, ¢ 13 céc 56 thye dwong. Chitng minh rang:
(b+c+2a) . (c+a+2b) . (a+b+2c) -5
(b+c) +2a (c+a) +2b° (a+b) +2¢¢
Huwdng dan giai

V& tréi ¢6 tinh thuan nhat bién @ P va ¢ nén ta ¢6 thé chudn héa: a+b+c =3
(3+a) . (3+p) (3+c)

2 )2 3 )1+ B )Z =d.
Ta dua vé dang: 2 +(3-a) 20°+(3-b) 207+(-¢
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(B3+a) (3+b) (3+c)
+ +

& - - h <24,
a-2a+3 b -2b+3 ¢ -2c+3
(3+a)
2—£mﬂ+n
Ta can tim ™ va " sao cho: @ - 2a+3 , (lubn diing véi 0 <a<3),
Tai diém roi: @ =1 taco; M+n=8=n=8-m
3+
E—a}zim(a—lhﬁ,
Ta di tim ™ sao cho: @ - 2a+3 (lubn ding véi 0<a<3),
(a+3) -7a’ +22a-15 _-(a- 1)(7a-15)
= mla-1)z=— - 8=—— =——
a -2a+3 a - 2a+3 a -2a+3
= (a-1) m+ja;15 =0
L@ -2a+3)(1ysn ding véi 0<a<3),
_15-7
1- 2+3 (doazl)vé n=8-4=4
(3+a)

Péc gid ty chitng minh: @ - 2a +3 <4(a+1), (O<“<3),
(3+a) . (3+b)’ . (G+c)

Tirdétacs: @ - 2a+3 b*-2b+3 ¢*-2c+3
(b+c+2a) N (c+a+2b) N (a+b+2c) -8

v (b+c) +2a (c+a) +2b* (a+b) +2c°

=dla+b+c)+12 =24

Va

4 4
Xy NS

(x+y) x+y 8

Vi du 4.12. Cho * Y 1a céc s6 thyc dwong. Chiing minh ring:
Hudng dan giai

Bt ding thitc da cho dbi xtng thuin nhét nén ta chuan héa: XY =1

x4yt +.JE ::E
Tir d6 ta can chitng minh: 8
Ta dat:

t:ﬁﬂ%:& x'+y’ :[(}f"‘_]r’)z‘ nyr— 20y Y =(1- 22 ) - 2¢°

(1- 262) - 2t* 41 22 & 166 - 326 +Bt +3 =0
Ta di chitng minh: 8 .

1
= (4t - 3)(46* - 1)+8t(1- 2t) =0 VO<I =

4. Mot so bai tap ty luyén cung co kién thitc.

A=2x+
Bai 4.1. Cho *>Y > 0-Tim GTNN ctia biéu thitc
x(ovI+x +1341- x ) <16.

xy(x-y)

Bai 4.2. Cho 0 =X =1 Ching minh ring
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Bai 4.3. Cho ©2:¢>0 y3 thoa man Va +b +3o =1 Ty GTNN ciia bisu thiic
P =2a° +ab+2b° ++J2b° +bc+2¢* ++J2¢° + ca +24°.
(Trich DTTS vao 10, Hung Yén ndm hoc 2016 - 2017)
Bai 4.4. Cho 9b:€ =0 ya thoa man V@ +vb +4e =3. Tim GTNN cia biu thitc
P =3a" +2ab +3b° ++/3b° + 2bc +3c” ++/3c” +2ca +3a°.
(Trich BTTS vao 10, Ninh Binh ndm hoc 2017 - 2018)
Bai 4.5. Cho 9 b€ 13 c4c s6 thuc duong va thea man @ +b* +c* =3.
1 1 1
+ + =3,
Chitng minh ring 2-a 2-b 2-c
Bai 4.6. Cho a, b, c 1a d6 dai 3 canh mdt tam giac c6 chu vi bang 4.
1 1 1 [ 1 1 1 |
—+—+_+8=>=9 + + ‘ ;
Chiing minh réng : @ b ¢ la+bh b+c c+a
Bai 4.7. Cho X YZ 13 cc s6 thyc va thoa man X +Y+Z =3.
_ 4 F 4
Tim GTNN ciia bigu thic; P =V2+X" +42+y" +32+2".
Bai 4.8. (HOMC 2015)
Cho céc s6 thuc a, b, ¢, d va théa man a’ +b* +c* +d* =12.
M =4(a® +b* + & +d°)- (a* +b* +* +d*).

Tim GTLN cua biéu thirc

l+l+l =1

Bai 4.9. Cho *¥>Z 1a cac s6 thyc dwong va théaman * Y 2
1 1

1
P = + + .
Tim GTNN cta biéu thitc: ﬁ“}’*f “‘EF” —“f+J’+~Ef
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CHU PE 5: CAC PHUONG PHAP KHAC CHUNG MINH BAT PANG THUC

1.Phwong phap dong bac chitrng minh bat dang thirc.

1.1. Gidi thiéu:

Khi chitng minh bat dang thitc,néu chid y dén bac cua cac bién trong bat dang thitc roi tim cac can bang,
chiing ta sé chitng minh dwgc mét cach dé dang.
Duéi day chiing t6i dwa ra cac vi du minh hoa kém phan tich cu thé dé gitip doc gia hiéu ro hon vé phuwong phap
nay.
1.2. Cdc vi du minh hoa

Vi du 5.1. Cho x, y, z la cac soosthwci dvong va thoa man x +y + z = 1.
=16xyz  (1).
Chitng minh rang: y + z
Phan tich va loi giai:
Ta thay vé trai ctia bat dang thitc (1) la bac nhat trong khi vé phai la bac ba, do d6 dé quy bat dang thitc (1) vé
cung bac ba thi ta bién déi nhw sau:

Tacs: YHEzl6nz e (y+2)x+y +z) =164xyz.

(x+y+z) zax(y+2)e (y+2)x+ y+2) zdx(y+z) =16xyz.
St dung bat dang thitc AM -GM ta c6:

,x:_}?+z X:l

Yy =zZ =3 2
+yv+z =1 =i =—

A+ V+E ¥ 4

DPang thitc xdu ra khi :
Vi du 5.2. Cho a, b, c 1a cac so thyc dwong va thoa man a + b+ ¢ = 3.
4@+ +c?)- (@ +b* +¢?)=9. (2)
Ching minh rang:
(Trich dé thi vao 10 chuyén tinh vinh phtic ndm hoc 2016 - 2017)
Phan tich va loi giai:
Dbé quy bat dang thitc (2) vé cung bac thi ta bién d6i nhu sau:
4a* +b* + Na+b+c)- 3(a® +b* +c?)=(a+b +c)

Ta co:
Ta co:

a(a* +b* +* Na+b+c) =4(a® +b° +c*)+4(a’b +bic + Fa+ab® +bc* +ca®)

(a+b+c) =(a® +b° +c*)+3(a’b +b’c +c*a +ab® +bc® +ca’ ) + Gabe

. (a+b+c) =(a+b) +3(a+b)Y c+3(a+b)c® +c.
Vi

4@+ + Na+b+o)-3(a* +b +c?)=(a+b+c)

T do:
a’b+b’c+c’a+ab’ +bc’ +ca’ =6abc.
That vay, st dung bat dang thitc Cauchy:

[a’b+bc® =2abe

b'c+ca’ =2abc = a’b+bc” +b’c+ca’ +c’a+ab’ =6abc

ca+ab’ =2abc
Vay bat dang thitc dwge chitng minh.
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Vi du 5.3. Cho @5:€13 cac s5 thuc duong va thoa man @ +b* +¢* =3.
2a’ 2b* 2c?

-+ + —za+b+c
Chitng minh ring: a+b” b +c c+a
Phan tich 1oi giai:
Véi y twdng dwa tit va mau vé cung bac, ta ¢ hwdng phan tich sau:
arbtzalab? Ty WAL 20 dd” | 4d
Ta c6: 2 2 a+b’ a +2’+1 a'+2ab +d’
2b* 4h° 2’ 4h°
= =

Twong twtaco: b+c’ b +2b°c* +b*" b+c® b +2b°c* +b*

2> 2b°  2¢ 4(a* +b* +c*)
2 + + 2 :: ] :3.
Cong vé ta dug a+h® b+c c+a@ (g2+p*+c?) +a’ +b' +
ong ve ta 0C:
Mt khé (a+b+c) £3(a2 +b’ +c2):g = a+h+c <3,
d dacC:
2a* N 2b*
Vay: a+b’ b+c® c+a

~=da +h+c

ab bc ca
—+—+—=3

Vidu 5.4. Cho a, b ¢ 1a céc s6 thyce dwong thoa man : @ +b*+¢” =3 Ching minhréing: € @ -
Phan tich va 1¢i gidi
Dé dua vé cung bac ta thue hién binh phwong hai vé dwoc :

Taco:

2 2 2 2
[£+E+E >9e 3D D ¢, ca +2(a® +b* +c?)=3(a* +b* +¢?)
¢ a c’ a’ b*

2L 2 2.2 2
aaE’ +bf +c2'3 =a’ +b” +c’
C a b
That vay, Theo Cosi cé:
212 2
aE +b52:_=2b2
C a
2.2 2 212 2.2 2.2
.bf +C;i1 =2c :“uaE: +bf +Cb§ =a’ +b* +¢’
a C a
c'a’ a’b’ )
—+—2=2a
b* c
ab bc ca
—+—+—2=3
Véy C d

2. Phwong phap sit dung bat dang thitc Bunyakovsky.

2.1 Nhac Igi ly thuyét bat dang thirc Bunyakovsky.

(al,az,...,an) va (bl,bz,...,b )

Cho day s6 thuc *“ thi ta ludn co:
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(a?+a’+..+a’)(b +b> +..+b*) =(ab, +a b, +..4a b )

a, _a, _ _a,
Dang thitc xay ra khi : b b, b, .
Quy woc : Néu b, =0 thi & =0 , twong tw ap dung vai b2, s, by .

(a+bXc+d) E(JE%JE)E ,Wa,b,c,d =0

(Va) 4@)‘*] (Vo) +(va)y

ac =bd = a :E

DPang thitc xdy ra khi : c

(a+b+c)d+e+f)=(Vad +be +/cf ) ,Va,b,c.d,e f >0

Pdc biét :

>(vac +vbd)

Vi theo Bunyakovsky c6 :

MG¢ rong :

2.2. Cdc vi du minh hoa.

1 1 1
+ >
: * 1+ab
Vi du 5.5. Cho @Y > 0 Ching minh ring: (#3) (#b) 1+ab.
Chitng minh
1 b

(1+ab)

al 2
1+E| >(1+a) 0= (1+a) 2(1+ab)(a +b)

Taco:
Tuong tu ta c6 dugc :

(1+ab) 1+E‘:_=f1+b}2=: 1 d
a |

=
(1+b) (1+ab)(a+b)
1 1 1
¥ Qeby 1+ab
Cong vé vdi vé ta dugc : (1+a * .

Piéng thic xay ra khi : @ =b =1,

Vi du 5.6. Cho a, b, c 1a cic s6 duong va théa man ; a+b+c =3
1 1 1

3 +— +— =1

Chiéng minh réing ; @ +b+c b +c+a c +a+b

Hudong dan giai

Ta dé thdy diém roi dat tai : @ =b=c=1
St dung bat dang thitc Bunyakovsky co :

a +(b) +(Ve) | |2 +(WB) + (Vo)

(a+b+c) 1 l+b+c
= < )
1+4b+c a’+b+c (a+b+c)

~(a+b+c).

= a‘+b+c=

1 - l+c+a 1 - l+4a+b
b*+c+a (a+b+c) c+a+b (a+b+c)

Twong tu ta c6 :
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1 1 1 {2(a+b+c}+3_

+ + =
va a‘+b+c b +c+a c'+a+b (a+b+c)
ay :

Ping thitc xdy ra khi : @ =b =¢ =1,

Vidu 5.7. Cho #:¢>0 va théa man @ +b+C =1 Tim gi4 tri 16n nhét caa bidu thic :
a b C
= 3 2 + 3 2 + 3 2
9a +3b +c 9b +3c +a 9c +3a +b.
(Trich dé thi HSG I6p 9 tinh Vinh Phiic nam hoc 2014-2015).
Huwéng dan giai
a=h=c :1
Ta dé dang thdy diém roi dat tai :
Taco:

(Qa‘ +3b° + c}

:_rr(a2 +b’ +r:2} =1« 9a’ +3b" +cC :—’ﬁ'
+

+C
9a

1 1
— 4+ 4C
9a 3

Wﬂa — 4+ —+C
Tirdg: 98 +3b"+c (92 3 _
b b 1 C C 1

————— =—+ba+—,———F— =—+cb+—

Tuwong ty: 9b +3c +a 3 9 9c +3a" +b 3 9.

a+h+c

a 1 1 ‘ a
= +ac+—
3

P 5[ |+(ac+bc+ca}+£ £E+£(a+b +c)' =1

Khi do6 : ' 3303
MaxP=1e=a=hb=c= 1

Vay 3

Vi du 5.8. Cho #P:¢>0 3 théa manabC =1, Ching minh ring:
1 1 1 3
- + — = =
a' +b'+c® b +c’+a’ c+a'+b’ a'+bi+c’
(Trich dé thi vao I6p 10 chuyén, tinh Hung Yén ndm hoc 2016-2017).
Hudng dan giai

Ta dé thdy diém roi dat tai : 4 =b =c=1
Taco :

(a® +b? +c"’)Z
1
a

(a‘ +b* +r:2}[ l+l:r2 +c? ‘ :_=(:c:r2 +b* +r:*")Z = a +b'+c’ =
L d | +b2 +C2

Libtsec
1 a

a’+b’+c’ E(a‘Z b +C)

Tir d6 :
1
1 1 c

- = - =
b* +c’ +a’ (a® +b* +C~’)Z " +a’ +b’ (a2 +b? +c2)l

+C +a’ +a’ +b’

Tuong tu :
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L1l +2(a? +b* +¢)
1 N 1 . 1 _\a b ¢
+b+C B+ +a’ C+a’+b’ b 4 3
Khi do : (a - }
l+l +l :m =ab +bc+ca(d0 abc ::1}
a b c abc
Miit khac - ab+bc+ca =a* +b’ +¢’
1 1 1 3
+ <

. +— . <
Vay: @ #b'+c” b+c’+a’ C+a’+b’ a +bi+c

Vi du 5.9. (IMO 2005) Cho &5 ¢>0 y3 thea manabc =1 Ching minh réng:
a-a’ N b'- b N c-c

_ _ _ =0
a’+b’+c” b'+c +a’  +a’ +b’
Hudng dan giai
) a’+b’ +c’ o1 a +b* +c* o1 a’ +b’ +¢° -0
5 12 . 3 T 15 . 3 3 T T 7| =
. 2 § a +b +c b +c +a c'+a +b
Béat dang thirc : : :
' 1 1 1
= (@@ +b* +c?)| — ——t———+—— | <3
a’ +b" +¢ b +c"+a° o +a +b" |
1 1 1 3

—

_ - - =
a+b’+c® b +c+a’ c+a +b’ a +b+c’
Theo vi du 5.8 ta c6 diéu phai chitng minh.

Vi du 5.10. Cho ®P€ 13 céc s6 dwong va thoa man @€ =1, Ching minh réng:
1 . 1 . 1
a'+b’+1 b'+c’+1 c'+a +1
( Trich dé thi tuyén sinh vao I6p 10 tinh Hdi Duong ndm hoc 2010 — 2011).
Hudng dan giai :

=1

Ta dé thdy diém roi dat tai: ¢ = b=c=1,

' a+b+c
1il.e 2(a+b+cfﬁal+b3+12—( : J
a b il
Tacoh: a

(03 +b? +1)

“ 4+t
1 a

=
a +b'+1 (a+b+r:)2

Tt do ta c6 duoc :

l+£+ﬁ l+l+bz
1 b ¢ . 1 - C _a
b*+c*+1 (a+b+ " rat+l (g+b+
Tuong t (a+b+c) (a+b r:)z.
o Lelt +(a® +b* +c%)
1 1 . 1 a b ¢
3 3 3 3 3 3 -
a+b +1 b +c +1 c +a +1
Khi d6 : (a+b+c)
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1 1 1
—+—+—_=agb+bc+ca
Mitkhac: @ b ¢ (do abc=1)
1 1 1 (a+b+c)
+ = =1

+ = =
a+b’+1 b'+c’+1 c’+a +1 (a+b+c)

Vay
Déng thitc xay rakhi: @ =b=c=1,

Loi binh :
Ngoai cach giai trén , doc gia co6 thé tham khao cach giai khac nhw sau :

a +b* zabla+b)= a* +b* +1zabla+b+c) = ! €

a+b'+1 abla+b+c) a+b+c

1 . 1 . 1 {c+a+b_1
Tlfdngu_ftacé;ﬂl"'bl"'l b*+c’+1 c’+a’+1 a+b+c

Vi du 5.11. Cho ®P€ 13 céc s6 dwong va théa man @ +b +¢=2016 Tim GTLN cda biéu thic:
a b C
. .
a++2016a+bc b++f2016b+ca c++J2016c+ab

( Trich dé thi tuyén sinh vao 16p 10 chuyén, tinh Ha Tinh ndm hoc 2016 — 2017 )
Hudng dan giai

F=

. J2016a + bc :Ja(a+b+c]+bc :J(a +b)c+a) EJE+J¢E

Taco:
a - il o JE
Tir d6 ta cé duoc : a++/2016a +bc _a+]ac+3ab :Ja+:jb +§?c
b - b _ c - Je
Tuwong ty : b+2016b+bc  a+b +yJc  c+v2016c+ab  a ++/b +e
b Narbse _
Khi d6 : Ja +Jb + e
1

1 1
—+—+—=ab+bc+ca
a fa (do abc=1) = maxP =1 a=b=c=672

Mat khac :

3. Phuong phap mién gia tri

b_ %2 +}r2
Vidu5.12.Cho X~ ¥~ 0 y3 XY =4 Tym GTNN cia bidu thie: X~ Y +1
Hudng dan giai

_(x- y)z +2x:-,r_(x- y)2 +8
x- y+1 o x- y+1

P
Taco:
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= t’- Pr+8- P =0

2
i +8
t=x-y=>0=P=
Ta dit : [+1
=4

A, =P*- 4(8- P)=z0= P°+4P- 320«
P <-8

biéu kién c6 nghiém t :

x=2+
it <112 e [T (e
Vay : 2 xy =4
L i binh : Ngoai cach giai trén , doc gia c6 thé tham khéo cach gidi khac nhu sau :
t* +8 '
t=x-y>0=P= = t-1+—=
Dit t+1 t+1
Hodc dung ki thuat bién doi twong dwong
2
_ (x- yY +8 e (x- yY - alx- y)+4 0o (x- y-2)

9
t+1+—|-2=23-2=4

t+1

p=""2 "7 -y 0 — 2" >0(¥x>y>0)

Ta di chitng minh : x-y+1 x- y+l1 X-y+1

x-y=2
minP =4 < Y=o (x;y) :(J§+1;J§- 1)

Vay : xy =4

p= 1 1

_ ] I

Vidu5.13.Cho %Y~ 0 va X*Y=1 Ty GTNN ctiabidu thic: X T¥ X

( Trich dé thi HSG I6p 9, tinh Thanh Héa ndm hoc 2013 — 2014 )

Huwéng dan giai
Ta c6 nhan xét : %Y > 0= P=0.

1
x3 +-}|,3' :(X +_}")3_ 3,}(_}-’(x+_}-’) =1- 3;,:};:3 P = -
Taco: 1- 3xy xy

(x+y) 1 1 1 1-2t

L=xy = Y == P = +— = 2':'3P[2'(P+2)[+1:[I
Pon gian ta dat : 4 4 1-3t t t-3t

= A=(P+2) -12P 20 = (P+2) =12P = P =4+2/3 (P>0)

bé c6 nghiém t :

P+2_2(3+"f§) _3--J§ x+'}'r:1

MinP=4+2~Ewt: = = = 3-J3 = X, ¥
6P 12(2 + ﬁ) 6 xy = ;{_
( Viéc tim khd don gidn xin danh cho doc gia tu lam )
4. Phuong phap don bién
- 3 a 9
b>0 . a- =g
Vidu5.14. Cho &7 va théamin @ +b =l Ching minh ring : 4a b 4,

Hudng dan giai

Ta dé thay diém roi dat tai:
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l=a+b=2fabo da<-o 4 <% - 2 47
Ta co: b b
d CO:
Mzg->-2.q2.3 az-3a+1]2
o 4a b 4a 4
Tw do:
.1 [ 1‘2 1] 1 ZJI 1 3
a+—=|la-=| +|a+—|-==0+2|=- ===
, ) da |7 2] |7 aal a 4 4 4
Vi véi diém roi trén thi ta tach:
1
a=b=c=Z.
3

bang thitc xay ra khi:

r r

C
la cac s6 thuc dwong. Tim GTLN cta biéu thic:
4 9

g :wfaz +bH++4 ) [a+b)J[a+2c)(b+ ZC)I

(Trich dé thi Bai hoc khéi B nam 2013 — 2014)
Hudng dan giai

a
Vi du 5.15. Cho

Ta thay diém roi dat tai: a=b=c=2.

(a+b) , (c+2) }(a+b+ c+2)
2 4 '

F+++4z=
Tw do ta co:

(a+b)2+(c+2)2 }a+b+c+2
2 2 '

= J@+P+C+4=

(a+b)J(a+2c)(b+ 2c) ﬂé(3a+3b)(a+b+ Ac) E%MEH ab+ 4c)

= (a+ b)\f(a+ 25)(&3+ Ec) ﬂ%(a+ b+ c)z :

.8
_a-l‘-b-l‘-lf-l‘-z 2[a+b+c)2
Vay:
t=a+b+c(t>0)= p=8 27
y t+2 2F
Ta dat:
b—cer t=6=P_ =2
Véi diémroitai: @ ° €< thi 8
1 1 1/ 1 1 3 1/3 1 9 1
= | —+ =t —F = | =—+ —.
t+2 2t [t 402t t 8 16/t 2| 16t 32
+| —+2 +2
3713 7 3 37
Ta co:
:.p{i_E_Ll_E_EE[%-l‘ 22 5
T2 ¥ x4 ¥ 82t 2 8 MaxP =g = [=6= a=b=c=2
ay:
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o Xty 1 =X+ 2.
Vidu5.16. Cho y la cac so thue duong va théda man 4 Tim GTLN cta biéu thtc:
P = 2 + 2 - 3 .
1+ 1+y 1+ 2xy
Hudong dan giai

1
X=y=—.

7

Xy+2= x“+y‘+1 —(xz+y‘°‘) l:_“—~2(.!-:}.z)2+l.
Xy Xy

Xy

Ta thay diém roi dat tai:

Ta co:

t=xy(t=0)= t+2 =2 1o - -2t+1<0= lgrgl.
i t 2
at:
1 1 (D”y{l):_P{ 4 3 4 3

1o 10y 1+ T+xy 1+2xy 1+t 1+2t
Ta dung bo dé: v i 2y

4 3 5t+1 |1 |
- = — =t=1|.
1+t 142t 26 +3t+1] 2 _

Ta co:

EEHEE
7 5t+1 14t - 9t+1 2 2

6 2 +3t+1 ﬁ(21"'+3t+1) 6(2t2 +3t+1)
Xét hiéu:

::D,vt::l.
2

541 7 ppanp < oot L gy L

—= X=y=—.
. S +3+1 6 6 2 Y J2
Vay:

a bc=>0 =
Vidu 5.17. Cho va théaman P+ =L i GINN ctia bisu thite

_ ab+bc+ca
0=14(g + +c)+ ZbrbciCa

(Trich BTTS vao 10 chuyén Nguyén Trdi — Hai Duong nam hoc 2016 — 2017).
Hudng dan giai

a=b :C:E.

Vi diém roi dat tai 3

1- (& +b* +C

(a+b+c) - (az+b2+cz)l = ( +2 +)
(a+b+cl@ +p7+3)=(a + b +&)+(@b+bc+ Fa)+(atF + b2 + ).

Ta da biét:

St dung bat dang thivc AM — GM:

& +ab? =2a’b= (a*+ab?)+(b* + b2 )+ (S + ca®) =2(a%b + Kc+ a).

ab+bc+ca:%
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(a+b+c)(@ +b* +c2) =3(al? + bc+Ca)= ab? + Pc+Ca ﬂ—az Hi < .

3-3a7+H+
= 9214(32 +b2+C‘2)+ ( ):14(az+b2 +C'2)+ 3 - E
28+ +2) Aa2+p7+2) 2
Ta dat:
2
b
t=a’+b +c* ::M:lzv {?::14t+i-§: E..-E +£_§;_=§.
3 3 2t 2 |2t 2 2 2 3
MinO:Eﬁt:Eﬁa:b:czl.
Vay 3 3 3

e e (a+b+c)@+ b +)=3(ab+bc+ca).
Loi binh: Ta can chu y két qua:

5. Phuong phap phan chirng.

Vi du 5.18. Cho %Y 1a céc s6 thuc duong va théa man X +Y” =X~ ¥ Ching minh rang X *¥* <1
Huwéng dan giai

Ta gid st réng: X +y =1,

Tir gia thist; X~ Y=X"+y’= x>y>0,

B e S S 34
i do:
= Xx2- Xy-2y =0 y[x(y— x)- 2;-./"-] <0,¥x> y>0.
*
Vay bat dang thirc khong thé xdy ra, nén diéu kién gia st la sai = (dpcm).
3 3
Vidu 5.19. Cho a b 14 cac s6 thyc dwong va thoa man 9+ b=2. Chitng minh rang: "-’G + \‘{B =2
Hudng dan giai
 x=¥a, y=Ib(xy>0)= ¥+y =2
Ta dat:
Ta can di chitng min

 x+ys2e (x+y) >80 B+ +3yx+y)>8e xlx+y)>2,
Ta gia su:

B Xty =<2

o xp(x+y)> i +y @ x> - y+y e (x- y) <0 W6 1Y)
Vay diéu gia st 1a sai nén hoan tdt viéc chitng minh.

6. Phwong phap lam troi.

a b c
1= + + <3
Cho 4, b, € 13 céc s6 thyc duong. Chiing minh ring:  @+b b+c c+a
Loi giai
a a a+c
= <]= < < .
Tacé: 0<a<a+b a+b a+b+c a+b a+b+c
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b b b+a c c c+b
< < < < ]
Tuong ty ta c6 dwge: +b+c b+c a+b+c a+b+c a+c a+b+c

1{ﬂ+b+c¢:2

Cong vé v6i vé tadugc: a+b b+c c+a

7. Mot so bai tap tv luyén, cing co kién thirc.

Bai5.1. Cho @, b, ¢>0 y3 2ab+6bc+2ca =7abc
4ab 9ca  4bc

Q = + + .
Tim GTNN ca biéu thitc =~ a+2b a+dc b+c
(Trich dé thi HSG I6p 9, tinh Hdai Dwong ndm hoc 2013-2014)

L1 1  so0ts.

S S S
lab bc ca

7
Bai 5.2. Cho 4, b, ¢>0 3 thoa man
1 1 1

P = + +
Qe +p)  3erec) (30 +a?)
(Trich dé thi vao 10, Phu Tho ndm hoc 2015-2016)

Bai 5.3. Cho 4, b, € 13 céc s6 thuc dwong va théa man 9+b+c =3

M = L + 2009 =670.

Chitng minh ring: @ +b*+c®  ab+bc+ca
(Trich dé thi vao 10 THPT NK Tran Phu, Hai Phong nam hoc 2009-2010)
Sl
Bai5.4.Cho X, ¥ >0 vathéaman ¥*Y <! Tim GTNN cia y- I X7
(Trich dé thi vao I6p 10 chuyén DPHSPHCM ndm hoc 2015-2016)
Bai 5.5. Cho 9, b, € 1a cac s6 thyc duong va théa man @ +b+c =2
a’ b’ c’ 2

+ + l
Chtng minh ring; @ +ab+b* b +bc+c® o +ca+a’ 3

L+L+LI =G
la® b )

Tim GTLN cna biéu thirc

Bai 5.6. Cho 9, D, € 13 cac s6 thuc duong.
a+b+c

T = .
(4a® +2b° +1)(4c? +3)

Tim GTLN cua biéu thitc

CHU BE 6: CAC BAI BAT PANG THUC CHON LOQC
(x4 yday =x" +y°

A :i3+i3
Xy
(Trich dé thi dai hoc khéi A ndm hoc 2006 — 2007)
Hudng dan giai
1 1 1 1 11
(x+ )y =x'+y' -y —+— =t —- ——

Ta c6 x y ¥y oxy

Vi du 6.1. Cho hai s& thuc x, y khac 0 va théa man "% Tim GTLN cta biéu thitc
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a leb L asb=a*- ab+p?
bt X ¥
Khi dg: A=a'+b" =(a+b)a* - ab+b*) =(a+b)*

2
a+h=a’-ab+h® = (ﬂ +|[;|-} :{ﬂ +E}}2 - 3ab 3_‘({1 +b}2 = i—{ﬂ +E}}z :{ﬂ :rh} -

< (a+b)’ - 4a+b)=0= 0=(a+b) =4= A=(a+b)’ =16

MaxA =16 < a =b =2 = x =y _1
Vay 2,

Vi du 6.2. Cho x, y 12 cdc s6 thyc dwong va théa man ¥+ =1, Tim GTNN cua biéu thic:

p=lsl JL+ Xy,
A
(Trich dé thi vao 10 chuyén KHTN vong II ndm hoc 2013 — 2014)
Huwdng dan giai
l=x+y ::Eﬁﬁ 0<xy ﬂl.
Ta co:
1+ x°y* :=— 1+ x'y* =2 1+XF =2 —+xy
Tir do: )
t =xy Df-:t*i—‘:bPPE ‘r+_ r+_ +_:=2_"”_:J1_?_
Dit: 16t 2

[[+L+15 - 1+15 E [“- + -J'_
16t 16t 16 4 4 16c] 160 2

MinP =17 = x =y :%.

Vi:

t :l = X = _],? :l
DPang thitc xay ra khi: 4 2 Vvay:

(Vx+1)({y +1)=4
2
P :i +’V_.
y X
(Trich dé thi vao 10 chuyén KHTN vong 1 nam hoc 2012 — 2013)
Hudng dan giai

Vi du 6.3. Cho x, y la cac so thuc dwong va théa man . Tim GTNN cta biéu thirc:

Ta dé thay diém roi dat tai * =Y =1

x+1:;_=2vl'; x+3:_‘2(ﬁ+1)}[]

1=2 = >

Khi doé: y+1=2y F+3‘2(‘E+1) 0

= (x+3)+(y+3) ::2[(-.-";+1)+(J}+1)] ::4J(J§+1)(J}_2+1) =8 x+y=2
XLy (x+y)

P=—+"_=> =x+y =2
Tir dé: y o x Xty . Vay:

MinP =2<= x=y=1
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9
(1+a)Q+b) ==
Vi du 6.4. cho % b 1a cac s6 thuc dwong va théa man 4. Tim GTNN cuia biéu thifc:

P =1+a* +\1+b*
(Trich dé thi vao 10 chuyén KHTN vong 1 ndm 2010 — 2011)
Hudong dan giai

. o Alleat # 14D ;_,1,4+[ﬂz +b), Ya,b
Ta chitng minh rang:

That vay, binh phuong hai vé ta dugc:
a +b* +2+2J(1+a‘)(1+b‘) =q' +b* +2a°b +4

= J(l +a’ )(1+ b* ) =a'h’ +1= a’b® +a* +b* +1 =2ah® + 2a’b* +1
a’- bz)l =0, Ya,b

a b‘* o1 Lo
—(1+a)(1+b]—ab+a+b+1{ +a° +— +b + +le g* +b' ==
M3 4 2

v"1+a +«!1+E:r4 J4+[ﬂ +£:r‘Z 4+— g MinP :?ﬁa:bzé

. Vay:

Tw do

J+z 25 + 2y

Vi du 6.5. ChoX,” 1a cic s6 thuc dwong thoa man X+ *2 =1 . Chitng minh rang: 1 +J—
( Trich dé thi vao 10 chuyén KHTN vong II ndm hoc 2010- 2011)
Hudng dan giai

Tacs. (ZH0(E+Y) 2(2+ 1) & z(x+y+ 1) +xy 2(z2+[xy)

= x+xy3_=z+,"xy.
2 2
- ,fxy+z+J2x +2y LIy txty x+y+z}+.r‘

Miit khdc: V¥ 207 =20 +y") Zx+y N N L+ Jxy

_ J X J 4y’
- 3 3 3 3
Vi du 6.6. Cho ¥, 13 hai s6 thuc dwong. Tim GTNN ctia biéu thic X 4+8y Ny +(x+y)
(Trich @é thi vao 10 chuyén KHTN vong I ndm hoc 2011-2012)

Huéng din giai
, X 1 1 X
H-{‘I"B 3 = B 3 = E| ::H,2+2 z[:]'}'
d 1+ JH[EF g
Ta c6: X LX)
4y’
3 2 2+ 2 2
1+[2—F‘ = [1+2—y 1—2—F+4F < X :1+2F X +2y
Vi x| ox o ox x| 2 X x*
4y’ 3 4 B 2
yiH(x+y)y x | :
VH }’H 14| =41
Tuong ty ' -
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2
3 2 2+ +1
1+ £+1 :\ﬂz+£ = —+| —+1 =
) ) | A |
Ma y y uy
2 2 2
T R 51+(“«f} 142 +2,P}
Ly 2y 2y
3 2 2 2 3 2
o fle| Xa1| e X XY A
_}‘; _}"2 _}‘;2 F¥+(x+},)? }[.2+2F2

3 3
P :‘j 3 . 3 +J 3 4-}; 3 ::1
Tir (1) va (2) ¢6 X 4by Ny +x+yy o

Vidu 6.7. Cho X,V |z 1a c4c s6 thyc 16n hon 2. Tim GTNN cua biéu thitc:
_ X . % . z
Jy+z-4 Jz+x-4 ([x+y-4
(Trich dé thi vao 10 chuyén KHTN vong I nam 2015-2016)
Hudng dan giai
y+z X 4x
2fy+z-4=Jdy+z-4) = = =
vy Va0 , 2 Jy+z-4 y+z

Ta co:
y - 4y z . 4z
Tuong tu ta co: Vztx-4 2+X,JX+}F-4 X4y
Cong vé dugc:
X J ') LS . ::4.%:5

= + +
Jy+z-4 Jzex-4 fx+y-4  |y+z z+x x+y|

4y o,z 3

Vitadabisy Y+z z+x x+y 2 (Nesbitt). Péng thtic xay ra khi: * =Y =2 =4

T :3+x+5— X

Vi du 6.8 Cho s6 thue X thoa man 1<X <2 Tim GTLN va GTNN ctia biéu thiic X 3-x,
( Trich dé thi HSG Todn 9, Tinh Bdc Giang nam hoc 2015-2016)
Hudng dan giai

Ll=x=2= (x-1)(x-2)=0= x* - 3x+2 =0 3x- x° =2.

Ta co:
3+x 6-x 9- x"+6x-x" -2x" +6x+9 9 13
T = + = = =2+ ——
M x  3-x x(3- x) -x" +3x 3x-x* 2
x =1
Ding thiic xay ra khi: [ * =2
3x-x° =2
: =T =2+ =2+4 =6
—X2+3X:E-[X-E EE BX‘X‘Z
Ta co: 4 2] 4
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3 3 13 x =1

X =— . X =— MaxT =— —
Ding thitc xay ra khi: 2. vay: MinT =6 ypj 2 2 khi 1* =
Loi binh: Doc gia c6 thé tach:
T_3+—}1f E_X:B l+ ! |+2:_=3. 4 +2=06
X 3-x lx 3- x| X+3-x
Vidu 6.9. Cho X,  z 13 cac s6 thyc dwong va thoa man * ty+z=xe Ching minh rang:
Tl 14y’ N
141+ x +1 Jl ¥ +1+ 1+z <y,
X y z
(Trich dé thi HSG Todn 9, tinh Bdac Giang ndm hoc 2015 — 2016)
Hudng dan giai
1 1
X+y+z=xyie —+—+—=1.
Tir gia thiét cé: Xy oy
1,21 1
a=— b= ¢c=—

Ta dit: X, Y, 7 (a,b,c>0)= ab+bc+ca =1.

a+b+c+at +14/b7 41447 +1 {_:L_
Ta can chitng minh: abc

Ja* +1 =+fa* +ab +bc +ca = fla+b)(a+0) ﬂl{za +b+c).
Ta cé: 2
Jb' +1 Ell[ﬂ +2b+c) o +1 Ell[ﬂ +b+20).
Twong tw co: 2 , 2
a+b+c+a’ +1 40 +1+Jc* +1 <3(a+b+0) EL.
Vay: abc
(ab +bc +ca)’ =3abc(a+b+c)= Ha+b+c) EL.
Vi: abc
a b

—+—+—=a+b+c
Vi du 6.10. Cho @,b € 13 cac s6 thirc dwong. Chitng minh rang: bc  ca  ab
( Trich Tap chi Todn hoc va tudi tré)
Cdch 1: Dung bdt ddang thirc Cauchy cho 3 s6 duong.
3 3 3
2 tb+c=3a —+c+az=3b £ ta+b=3
Ta c6: be , ca , ab
a b
—+—+—=a+b+c
Cong vé duoc: bc ca ab
Ding thitc xay ra khi: @ =b =c.
Cdch 2: Dung bdt ddang thirc Cauchy cho 4 s6 duong.
3 3 3 3
ﬂ_.}. ﬂ_+ b_ + E_ =4
Tacé: bc bc ca ab
3 3 3 3 3 3 3 E]
a_+b_+ﬁ_+ﬂ_ =4h ﬂ_+b_+E_+C_ =4
Tuong ty ta c: bc ca ca ab ,bc ca ab ab
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ﬂ? b? C? 1 E] 3
4 E E"‘E }4(ﬂ+h+ﬂ'} +—+E—}lﬂ+b+ﬂ'
Cong vé duoc: bc ca ab
Cach 3:
& b & a b o0 @+ +c )2
—+—+ = + + >
Tacé: be ca ab abc abc abe Jabc

Ta can chitng minh:
(ﬂz +h+ ¢ )2
Yabc =2a+b+C & (g% +b* +¢*) =3abe(a +b+r:)

ay (a +b +c*) =(ab+bc+ca) =3abc(a +b+c}
That v

Cach 4 Dung bién doi twong duong.
a’ h* o’
Ta c6: abe +a£w: +a|[},|5' za+b+c o o6 pt 4ot =abc(a +b+c).

o (@2- b)Y +(b*- ) +(c* - a*) +(ab- bc) +(bc- ca) +(ca- ab) =0

93fabc

a b ¢
—t—+— =6
Vidu 6.11. Cho 4, b ¢ 13 cdc s6 thuc dwong. Chitng minhring: b ¢ a@ a+b+c
Hudng dan giai
a b c¢_a+b+c
P
Ta dé dang chitng minh duge: 0 € @ abc
a a b ‘ﬂz 3a
—t—+—=33— =
That vay: b b ¢ be  Jabc
b b LCo 3b C ¢ a 3c
—+—+— 4+ =
Tuong ty: © "' 1ﬂirus, a a b 3Yabc
a a+b+c a b c_a+b+c
3 —+ +— =3 ; = = :
Cong vé ta duoc: abc | b ¢ a abc
a b c Qx;‘ﬂbﬂ‘ a+b+c 93fabe }2\@ g
Tir d6: E:r c a a+b+£ Jabe a+b+c
Ding thitc xay ra khi: @ =b =c
a | [ b | C
+ +
Vidu 6.12. Cho @, b ¢ 1a cdc s6 thyc dwong. Chitng minh ring: la+b] lb+c] lc+a)
Huwdng dan giai
2 2 2
a 2 h 2 c 2 3 L + L + 1 ;_:E
+ + =— 1+ 1+E 1+ﬂ 4
Tacé:'ﬂ"'b- | b+c| lc+al 4 | al U bB] U ¢
b ¢ a
Pat: X_E y_E Z_; (XJ’:Z:’D):: XVZ =1

| L
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1 1 1 E
T (1+yY Uy 4

Ta can chitng minh:

1 1 1z
1+ 1+ —
Theo b6 dé 1.14 ta c6 (1+X)1 (1+F)2 v g (do X% =1y,
z 1 3
+z (1+.?:)2 4

1
Ttr d6 ta di chitng minh:
z 1 - 3

1+ 4 .
Thatvay: 112 #2) 4edz(len)+423042) = (-1 20

4
+

4
+

a b !

Vidu 6.13. Cho 9, b ¢ 1a cac s6 thyc duong. Tim GTNN cua biéu thitc la+b] (b+c)
(Trich dé thi HSG 9, tinh Nghé An nam hoc 2019 — 2020)

Huaong dan giai

‘(b

| b+ |

C

|\ C+a)

4 4 4 2 2 2

b
| b+

2 [ b‘
+
| b+

3

a
|l a+b]

C 1 a c
=

P =

| C+a)

|l a+b |

| C+a)

3

16

2
+

2
a

a+bhb]

C

3
Ta da biét: * c+al 4
MinP :1 <= a=b=c
Vay: 16 .
Vidu 6.14. Cho @, b ¢ 13 céc s6 thyc dwong va théa man 9 +b+¢ =1 Ching minh ring:
1 1 1 21
el
a b ¢ 1+36abc
Hudng dan giai
t,r 1.2 (1+35&b£][l+l+l‘ =21
Ta co: a b C 1+35ﬂbﬂ‘ \ d b‘ C)
o Lili 1 36(ab+betca)=21
a b ¢

= (a+b+c)[ l+l+l‘ +36(ab +bc+ca) =21

= [ﬂ [ ‘ [_ = +35(ﬂb+bc+m'):=18

[a b [b C
= +_+2
b a I 1

(a+b) (b+cY (c+a)
o + +
ab bc ca

(a T)} +36ab ::2..,35(& +b) =12(a +b).

Theo Cosi co: @
b+ +
b+0) sepes12(pec) €V
Tuong tu ta ¢6 duwge:  be , ca

2‘ [ + +2‘+35(ab+bc+r:a}:=24

+36(ab +bc+ca) =24

+36ca=12(c+a)
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(a+b) +(b+¢)1 +(c+a)1
Cong vé duge:  ab be ca

+36(ab+bc+ca)=24(a+b+c)=24

Vi du 6.15. Cho @, b € 1a cdc s6 thyc dwong. Chitng minh ring:

1 1 1 3
S S S—
ay3a+2b by3b+2c c\3c+2a Sabc

(Trich dé thi vao 10 chuyén, tinh Thdi Binh ndm hoc 2017 — 2018)
Hudng dan giai

o . a3
5
Ta dua vé dang: J5aGa+2b) \[5bBb+2c) [5c(3c+2a)
- S S =2 )
\(5{1(3{1+2E}) J55(35+2c) JSE(3c+2a) 5
bc ca ab
Ta dé y rang:
1 _ 1 _ 1 1 1
JSa(3a+2b) J5a2 (3a+2b) _[5(3, 2 a [5 3,2
bc ¢ ab clb a) clb a)
B S |
Tido dé don gignta dgt: X, Y, z (6¥.2>0)
X ¥ z 3
+ + =—(2)
o
Ta duge: J5zBy+2x)  \5xBz+2y) 5y (x+z) '
*,‘52(3y+2x)£wﬂ (x )::2 +§x+5
X z
Mat khéc: Y3 Gy +2x yer
Tuong tu ta duoc:
VT(2) =2. X vy ¢ ‘:2
| 2x+3y+5z 2y+3z+50x 2z+3x+5y]
Ta cé:
2
Q= X . y . z . (x+y+z)
2x+3y+5z 2y+43z+45x 2z+43x+45y 2(x*+y* +z°)+8(xy + yz + x)
2 2
cQs (xrye) NG L
x+y+z) +4{xy+yz+x) 3{x+y+z]z 10

Xy + X + ZX %{szf = 4xy +yz+2x) ﬂ%(ﬂwzf
Vi:

Vi du 6.16. Cho ¥ 14 hai s6 thuc théa man X =2 va X*Y =3 Tim GTNN cua biéu thic:
P =x*+y’ N
X X+y
Huwéng dan giai:
Ta dé thay diém roi dat tai : * =2,y =1
Khi do:
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P=(x-2) +(y-1° +4x+2y+1+ 1

-5
X X+y
c::rP:(x—E))+(_}’—1)2+2 X+y-6+ +2 ;f—ﬁ1-+i - z+ 17 +15
| X+y| Xl lx x+y|
- 2 - 2
aP:[x—2}2+[y—l}z+2[x+y ) 22 17,17 |y
X+y X | X X+
717 7 1? 35
= P=-]—+ = 2 3 +15_E MinP :Ec::r x:Z,_}? =1.
X X+ | / Vay 3]
a 4b 9c
+ + >4,
Vi du 6.17. Cho %5 1a cac s6 thuc dwong. Chiing minh ring: b+c c+a a+b
Hudng dan giéi
a 4 4b + Jc >4 | % 4 [_45 +4 |+ =18
Tacs: P*+c c+a a+b b+c c+a la+b
12 22 32
= (a+b+c) + + >18.
| b+c c+a a+b]
: 2° 3 36
(ﬂ+b+ﬁ') b+ + " + +b -E(ﬂ"‘b"‘ﬁ')m:
Thit vay: . ¢ c+a a+b| (a c)
biéng thitc xdy ra khi:
1 2 3 3 1+2
= = (= = = =0
b+c c+a a+b a+b a+b+2c (vo 1i).

Li binh: Doc gia c6 thé d6i bién dwdi mau.

Vidy 6.18. Cho ©P-¢>0 Ching minhréng: b* ¢ @ b ¢ a
Hudong dan giai

a b l[abcz l[ﬂE:rﬂHabr: [ﬂbcl
e e (Sl N [P Sl I Bl
Taco: P ¢ a 3 c a 3lb ¢ allb ¢ al b ¢ a
l_ E+E+£ :_sl_31 EEE =1
Vi theo Co-sico: > |0 ¢ al 3 Nbca . Dang thitc xay ra khi: @ =b =c.
£+E+E_ M
Vidu 6.19. Cho @%¢>0 Chingminhring: b ¢ a  a+b+c
Hudng dan giai
g b* : Aa +b +c°
[ﬂ——zaﬂb +| - 2b+c|+| - 2c+a :;—[a ). (a+b+c).
Ta co: | | | c | | a a+bh+c
2 2 2 2 2 2
- (a-b) +[b—c} +[£—a} z[ﬂ_b} +(b-c) +(c- a) .
b c a a+b+r:
1 1
= (a- b)l[ ‘+(b— )2[ - ‘+(r: a)l[ ‘::[]_
b a+b+r: C a+b+r: a a+b+c
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1 1 1 1 1 1
a+b+c>b>0= <, <—, <.
Vi: a+b+c b a+b+c ¢ a+b+c a

a=b =c.

DPang thitc xdy ra khi:

a b 1 1 1
= S

Vi du 6.20. Cho @ > €>0 Ching minhréng: b ¢ @ a b ¢,

Huwdng dan giai
ad 1 1. 3 b 1 1_3_3 ¢ 1 1_3
e - S -
Tacé: b a a b ¢ b b ¢ ¢ a ¢ ¢ a.
a b 1 1 1
Rt e
Cong vé ta dugc b ¢ a a b c, Ding thiic xay ra khi: @ =b =c.

2 3 3

a b c

—+—+—zab+bc+ca
Vi du 6.21. Cho® b, ¢>0 .Chimg minhring: b ¢ a

(Trich de thi HSG Todn 9, TP. HCM nam hoc 2010 - 2011)

Hudng dan giai
a b’ c’
—+ab =2a’, —+bc =2b", € tca =20
Tacé: b c a
a? 3 3

a,.0.c =2(a® +b* +¢* )- (ab +bc +ca) =ab+bc +ca
Twdo b ¢ a

Ping thitc xay ra khi: @ =b =c,
Loi binh: Ta di st dung b dé: a’+b’ +c* zab+bc+ca,

Vi du 6.22. Cho % b, €12 cac s6 thwe duwong thod man a’b+b’c+c’a =3 Chttng minh ring:

ab +bc +ca 1 +£ c a+b+r:
2(a?+b* + ¢ J 6|bc ca ab) 3
Huwdng dan giai
ab+bc+ca 1(a b ¢
a=b=c=1= —_—
X a s . . 2(a* +b* +¢*) 6lbc ca ab|
Ta dé thay diém roi dat tai:
_ ab+bc+ca  a’+b’+c¢® _ |ab+bc+ca
- 2 2 2 =
Khi dé: VT 2(a* +b* +c*) Gabc Jabc
ab+bc +ca zﬂ+b+cm 3 £+£+ll >(a+b+c)
Ta di chitng minh: 3abc 3 la b c
1 1 1 - 11 .
3| 4=+ | =(a®b+b’c+c a) —+—+_|=(a+b+0c)
la b ] ‘b ¢ a]

That vay:
Ding thitc xay ra khi: @ =b =c =1

(Bunyakovsky).

Vi du 6.23. Cho %Y>Z 13 cac s6 thuc duong thod man X(x+y+z)=3yz Chitng minh rang:

(x+y) +(x+z) +3x+y)y+2z)z+x) =5(y+z)
(Trich dé thi Bai hoc khéi A nam 2009 -2010)
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Hudng dan giai

a=x+y, b=x+z,c=y+z (a,b,c>0)= x+y+z :a+b+c
Ta dat: 5
a+b-c _a+c-b __b+c-a
.h’: . = ,z: .
Ta cé: 2 2 7
a+b-c|fa+b+c

ﬂ+C-be+c—a
2

=3

2 2

T gid thiét ta co:
= (@+b) - ¢ :3[1:*’ -(a- b)l] —(g+b)Y +3(a- b)Y =4c” = a* - ab+b* =c".
a® +b* +3abc <5¢° = (a+b)(a?- ab+b*)+3abc <5¢ = (a+b)c+3ab <5¢°.
Ta co:

= a+b =2¢.

a’- ab+b =c* < ¢* =(a+b) - 3ab=(a +b) - %(a eby =1 :,ﬁ)l

= (a+b)c+3ab <2¢* +3ab.
Ta can chitng minh:
5¢? =2c* +3ab = ¢ =ab< a° - ab+b* =ab = (a- b) =0, ¥a,b.

Vi du 6.24. Cho ¢ b, € 13 cac s6 thuc dwong. Chitng minh ring Jﬂ Jb +C Jc +a
Hudng dan giai

J J J =3 b N I I
ath Vhtc Yc+a + \]1+E }jl+ﬂ
Ta co6: b C

""-'_J_ J_Z—J_(xy,z>ﬂ)== xyz =l.

[E [T T =
Ta di chitng minh: 1+ x 1+ 1+2°
z =l
_ I 1 E=X
I =max|x,y,zj = PN 1
zzy |xy=—=l
Khong mat tinh tong quat ta gia sit’ 7
L, 1 o2 (Dcxy-{l)

Tacg: 1+X° 1+y" l+xy T4z

2 2
T 1y 2
T dé: y |

2 (1+E)2 2 2
= =

P+7° =
1+z° o7 1+
Mt khac: z (1 +1 Y z z

21’—22 +_ =7
Khi d6 ta chi cin chitng minh; V1+Z 1+z

2 2z ‘ 1 1 27
* =2 [——+—— =2
1+x* 1+ y° | 1+x>  1+)° 1+ 2
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= 2f22(+2)+2 30+ 2) & (VT2 - V22) 20,¥z>0.

Péng thic xay ra khi: ¥ =Y =% =l 5y a =b =c.
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CHU PE 7: UNG DUNG BAT PANG THUC

1. Ung dung vao dang toan rit gon biéu thirc.
xx+26x-19  2x  Jx-3
P= - +
Bai 7.1. Cho biéu thitc x+24x-3  x-1 Jx+3 (g x20,x 21y
a) Rut gon biéu thirc P .
b) Tim GTNN cuia biéu thitc P .

Hudng dan giai
a) Rat gon biéu thitc P .
xJx+26Jx-19  2x  Jx-3
x+2J§-3 «E-l -J;+3
_xfx +264fx - 19 2x(Vx+3)  (Vx-3)(Jx-1)

P = -

((r- D5 +3) [(r-DWx+3) Wr-DWx+3)
_xalx +264fx - 19- 2x- Gafx + x- dafx +3

(Vx- )({x +3)

_xx- x+16fx- 16 _(\E' 1)(x+16) _x+16

R ) (/) R ) (V0 BN e

b) Tim GTNN cutia biéu thitc P thi ta ¢6 thé 1am theo hai cach sau:
Cdch 1: Thém, bét ting dung bdt ddng thirc.

P:H+15 _X-9+25:J;_3+ 25 :'\.!;4‘3"‘ 25 .6

P =

P

Jx+3 Jx+3 Jx+3 Jx+3
25
= p=2 [(x+3 —‘-5:2.5-5:4.
J(f |2
25
MinP =4 = Jx+3= = x =4(TM).
NP (M)

Cdch 2: Dung phuong phdp mién gid tri.
p=2*1%  (Jx) - Pyx +16- 3P =0.

Jx+3

Phuong trinh c6 nghiém:
A=P°-4(16- 3P) =0 = P* +12P- 64 =0 = (P- 4)(P+16) =0
P=4
—
P <=-16

= MinP =4 = -E:%:za x =4(TM).

x-20x el 142x- 2%
P = + +
Bai7.2. Chobidu thic ~ XWx-1 xx+x+dx  xX-Jx (g x>0.x#1
a) Rut gon biéu thicc P .
b) Tim tét ca cac gia tri cia X sao cho P nhan gia tri nguyén.
Huwdng dan giai

a) Rut gon biéu thicc P .

x-::_'JE+ Jx+1 +1+2x-2J}
-1 xfx +x+40x X - Jx

P =
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x- 24Jx Lo st 2x- 24x +1
(«,E—l)(x+ x+1) ﬁ(x+ x+1) J;(JE—I)(X+ x+1)

x (- 2 )+ (W +1) (Wi - 1)+ 2x- 24x 41
Jx (V- 1)(x+/x +1)

Wrleedx-2) (- D)Wx+2)  frao

J;(\E—l)(x+ x+1):(ﬁ—1)(x+ x+1)_x+ x+1

b) Ta c6 thé lam theo hai cach sau:
Cach 1: Danh gia
vei X>0x #1= x+fx 41> Jx+151.

Jx+2 {JE+2_ 1

P =

0<P = =1+ — =<2
Vay x+fi+l el Jxwl
pote YX*2 (KTM).
¥+aJx+1

Vi P nguyén nén
Vay khéng c6 gia tri nao ciia X dé P nhan gia tri nguyén.
Cach 2: Dung phuong phdp mién gid tri.

Jx +2

p=Y**2 o p(Jx) +(P-1)Jx +P-2=0

X+afx+1

TH 1: P =0= J;:—Eﬁ XED@
P#0= A=(P-1)- 4P(P- 2)=3P? +6P+1=0= P2- 2P- %gu

TH 2:
o P2- 2p+1g%m (p-1) 5%:- Pe|1;2| (doPeZ,P>0)
p=le ﬂ:la x =1(KTM)
X++Jx+1 )
P:Ecb J;+2

—2 e 2x44fx =0 Jx(2Jx+1) =0 = x =0(KTM)

ac T B Jx . 24x - 24
Bai7.3.Cho hai bigu thic ~ VX+8 va  Vx-3  Xx-9 4 x=0,x9y
a) Rut gon biéu thic B.
b) Tim t4t ca cac gia tri ciia x sao cho P =A-B nhan gia tri nguyén.
Hudng dan giai

x+afx+1

a) Rut gon biéu thic B.

Vx| 2x-24 Jx(Vx+3) J2x-24 _ x45(x-24
Jx-3 x-9  (x-3)(x+3) x-9  (Jx+3)([{x-23)
WD) s

(Wrx+3)(x=3) a3

b) Tim tat ca cic gia tri ctia x sao cho P =A-B nhan gi4 tri nguyén.

B =
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7 Jx+8 7

P=AB= _ =
J;+B J;+3 -J';+3_
x=0,x#29= Jx+3=3=0<p= <7 pe 12|
Vi: x+3 3
Pode ' —leJx+3=7o Jx =4 x=16
Vi Vx+3 (TM)
7 1
P=2< :2c::-.f;?+3:_c::r i — N e
Véi: Jx+3 2 2 4 (™).

M = a+l aJ_l a—a.f_+.f_1
Bai 7.4. Cho biéu thirc J_ J_ Ja - aJa , (v6i 97 0, a #1 ).
a) Rut gon biéu thitc M.
b) Chitng minh réing M >4

N=2

c) Tim a dé biéu thiic M nhan gia tri nguyén.
Hudng dan giai

a) Rut gon biéu thicc M.

afa-1 (Va) - ¢ (-J’_)(aw'_ﬂ) _a+ya+l
a-Ja Jﬂ(m Jﬂ( a-1) Ja

Tadeéy:

Thém nita:

a-afasya-1 (@-1)-ala-1D (@-Dla-va+1) 4. G4
Ja-ada  Jal-a) - Jat-a) 0 Ja

a+l a+-J'_+1_a Ja+1 (\-"54‘1)2
Ja  a Ja Ja

b) Chiéng minh ring M >4,

= M =

Xét hiéu:
- (Va-1)
M- g=0rarl  a-2a+l >0(doa>0, a#1)= M >4
Ja Ja Ja
N=2
c) Tim a dé biéu thiic M nhan gia tri nguyén.

M>4=0<N :E{E=~ N =l{doNeZ)
Vi: M 2 .

N:mi:laawﬁﬂ:na (Va-2) =3 Ja =2+

Vi a+ 2JE+1
< a :(2 iﬁ)z (T™M )
Cach 2: Ta danh gia nhu sau:
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(JEH)Z 6
(Va +1) >3Ja(doa- ya+1>0)= M :T:ﬂﬁ 0<N :Hf‘z_

2
P:2x+2+xﬁ—l X +~H

Bai 7.5. Cho biéu thitc Voo xe 0 xfxex (g x>0.x#1 )
a) Rut gon biéu thic P.

M ==
b) Tim x dé biéu thirc P nhan gia tri nguyén.
Hudong dan giai
a) Rut gon biéu thic P.

2
P:2x+2+xﬁ—l X +J§

Jx x-Jx xfx+x
p_2x+2 (V- )lx+x+1) Jx(Vx+1)(x- Jx+1)

W EWR) x(xe)

ptnen (o) (oo puenfia o1,
= - = = X -_
N RN I N R DAY Ay
M ="
b) Tim x dé biéu thic P nhan gia tri nguyén.
1 1
D=x #l= J;+—+1}3c::2 \f’;+—+1 -5
Vx BN A
::-M:%: ?1 {%
2 fx+ +1
Aad)
= M=1= 7 =1
2 J;+ +1
Do M nhan gia tri nguyén: \ J;

= 4fX+ 2 :Eﬁ2x—5£+2:ﬂﬁ xe{l;nt
Jx 2 4

2. Ung dung vao dang toan lién quan dinh ly Vi-et.
2
Vi du 7.6. Cho phuong trinh ; X~ = 2Zmx+2m=- 2 =0 Goj X2 13 hai nghiém ctia phuong trinh.
6l +xy)
X +x3 +4(x +x,)

Tim GTLN cua
Hudng dan giai
A =m-2m+2 =(m- 12)+1>0(vm) o L
Ta co: nén phuong trinh ludn c6 hai nghiém phan biét
*1%2 v6i moi m.
(X + X, =2m
XX, =2m- 2

Theo dinh ly Vi-et ta co:
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M- 6(x, +x,) _ 6(x, +x,) B 23m

i +m+1
Xét: .
Pé tim GTLN caa biéu thitc M ta 1am theo 2 cach nhu sau:

Céach 1: Phuong phdp thém bét.

Ta co:
Moo 3m :rr.r2 +m+1- (m- 1) . (m- 1) -
m* +m =1 m® +m+1 m?+m+1 .
= MaxM =1<m =1
Cach 2: Phuong phdp mién gid tri.
M :23—mm Mm® +(M - 3)m+M =0
Ta c6: m-+m+1

TH1:M =0=m =0
L M #0= A =(M- 3 -4M? =0 = -3(M?+2M - 3)=0

TH
= M +2M-3=<0e -3=M <1
= MaxM =le m=>"M 371
2M 2
Vi du 7.7. Cho phuong trinh: x*-mx+m-1=0

_ 2xx, +3
T+t +2(xx, +1)

Tim GTNN va GTLN cua biéu thitc
Hudng dan giai

R _ 2
Tace & =m -4(m-1)=(m-2)" =0(¥m) 5, phuong trinh lu6n c6 nghiém véi moi ™M
X, +X, =m

Theo dinh 1i Vi-et ta c6: (X% =" 1

_ 2xx, +3 _ 2xx, +3 _2m+1
X +x +200x, +1) (x +x,) - 2xx, +2(xx, +1) m’ +2

Xét:
Cdch 1: Phuong phdp thém bét.
_2m+1 _m’+2- (m- 1) - (m- 1) <

B = =

Ta co: m2+2 m2+2 mz+2
= MaxB =1=m=1

_2m+1_m +dm+d-(m'+2)  (me2p 1 1

1
mi42 2(m* +2) T2(m+2) 27 2

B

Ta co:
= MinB:—%ﬁ m=-2

Cdch 2: Phuong phdp mién gid tri.

B=2"*1, Bu- 2m+2B-1=0
Ta co6: m-+2
B=0=m=- l
TH1: 2
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THo: B#0= A =1- B(2B-1) 20 & -2B* + B+1=0

o 2B'- B- 120 (2B+1)(B-1) <0 & -

—=B=1
2

Min B =- lﬁ m:l:—z
2 B

MaxB =1l=m :l =1
B

Vi du 7.8. Cho phuwong trinh: 2x° +2mx+m” - 2 =0

Goi *»*2]3 hai nghiém cua phuong trinh.

Tim GTLN ciia 2 =/2%% * X+ %, - 4|

Hudng dan giai
Phuong trinh c6 nghiém:
A=m-2(m*-2)=4- M’ 20 m* <4 -2<m <2
(X, +x, ==-m
m’ - 2

xl xz =
Theo dinh li Vi-et ta c6: 2

A=[2xx, +x +x, - 4 :|m2 -2-m- 4| :|m2 - m- 5| =|(m+2)(m- 3)|

Xét:
2

-2=m=l= A:{m+2}{3-m}:-ml+m+5:§- 1 EE

Vi: 4 | 2 4
MaxA :Ec::r m :L[TM}
Vay 4 2
Vi du 7.9. Cho phuong trinh: Ex +2mx+m’ - 1=0
Goi *1> %213 hai nghiém ctia phuong trinh.
Tim GTLN ctia B =P +% +3x,|
Huwéng dan giai

Phuong trinh c6 nghiém
A=m*-2(m*-1)=2-m* 20 m’ <2< -2 <m <2

'x|+x2 —-m
m'-1
Xx, =
Theo dinh 1i Vi-et ta c6: 2
2
B:|x|+x2+3xlx2|:—m+i(m‘z—1 :1|3m2-2m-3|:£3[m-l B
Xt 2 2 21l 3] 3

ﬁ{m{f:-ﬁ-iﬁm-%{ 2-—::[]{[ ‘ [

Vi:

2 2 —
Vi du 7.10. Cho phuong trinh: X = 2(m= Dx+2m" - 3m+1=0
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X +x, +x|x2| gg
Goi *>*213 hai nghiém cua phuong trinh. Chitng minh: 8
Hudng dan giai
A =(m-17- @m*-3m+1) =-m* +m 20 = 0 <m <1
Phuong trinh c6 nghiém: (m-1)- @m*- 3m+1)=-m* +m =0 = m
[}fl '|‘,;!If2 zzfm_ ]_}
- 2 _
Theo dinh 1i Vi-et ta cg: (%1% =2M" = 3m+1

2

A=[x, +x, + x| =[2m- 2+2m’ - 3m+1=2m* - m- ] :Z[m— %

9

16

1 1 3 [ 1 9
0=m=l=-—=m-—=—=|m-—-| =—
Vi 4 4 4 | 4 16
2 2
A=2 [m—l —i =2 E—[m—l EE
A 4] 16 16 | 4) 8
Vay :

1
DPang thitc xdy ra khi va chi khi: 4

2 —
Vi du 7.11. Cho phwong trinh: * ~ 2(m+1)x+2m-3=0 Goi *>*21a hai nghiém ctia phwong trinh. Tim

P:xl+x2

GTLN caa biéu thirc:

X, - X,
Huwdng dan giai

R 2 —yy 2
Phuong trinh c6 nghiém A =(m+1)"- 2m+3 =m"+4>0(¥m)
X +x, =2m+2

Theo dinh li Vi-et ta c6: L' X, =2m- 3

|x,+x2|:2|m+1| |x +x| |m+1|
= p =2 2l =
Vi |x,—xz|:\((x,+xz)l—4x,xz =2ym’ +4 |X|‘9fz| Jm +4
2
T=p: =" 2 - 2meaT-1=0
Dit m°+4

T=1=3-2m=0<= m:E
TH1: 2
THZ:T #l= A =1- (T- 1)(4T - 1) =-4T"* +5T =0

e T(5-4T) 20 < 0 <T gg

V5 V5

= p° EE:. P=""= MaxP=""=m :L =4
2 2 T-1

3.Ung dung vao giai phwong trinh vé ti va hé phweng trinh v ti.

103



) X -2x+2

+2x =h.
Vi du 7.12. Giai phuong trinh: 2x-1
Hudng dan giai
1
X £—
Diéu kién xdc dinh: 2 (%)

2
1) = 3;’% +(2x- 1) =4,
Ta co )

TH1: 2x-1<0= VT <0 pgp phwong trinh vo nghiém.

2x-1>0= x> l
TH2: 2
St dung bat dang thitc AM — GM cho 4 s6 duong ta co:

2 2 2
'J(x-l} +1+{l“{_1} +1+{j[x—1} +1 | (0x-1) >4
2x-1 2x-1 2x-1 )

Ding thiic xay ra khi X =1

Vi dy 7.13. Giai phuong trinh 132X - x* #9320 +x* =32
Hudng dan giai

X(2-x°) =0 = |x] =2 *)

Diéu kién xac dinh:

(2) = |x|(13y2- % +9y2+x7) =32
Ta cé:
Stt dung bat dang thitc Bunyakovsky ta c6 dugc:

X [Jﬁdmz T x) + W3 +x2}r <X [(13+27)(26- 13¢° +6+3x)]
o xz[Jl_BJIB(E— ) 43332 +x)

40x* (32- 102 ) =4.10x* (32- 10x7) g[mf +(32- 10%?)

2
<40x7(32- 10x%).

 _3p2

Mat khac:
(1342- ¢ +9y2+x ) <32

.
Vay
Ding thitc xay ra khi X =1

x'-3x+2 =y +3y*

- 3. 2 .
Vidu7.14.Gi;;uhepmomg__:,trinh:|“"""f 2[5’ 35 4y 42 =x'- 3y

Hudong dan giai

x =2

3 2
Diéu kién xdc dinh: 1"‘ "3 +y+220

3 — 1_
Tacs: ¥ - 3x+2=(y+1) - 3(y+1)+2

= x-3x=(y+1) - 3(y+1)
x=y+1(1)
x4+ x(y+1)+(y+1) =3(2)

T (1) = ¥ =x-1= - 2+ - 307 +x 41 =x7 - 3x+ 3,

e x'-(y+1) =3[x- (y+1)] &
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o Jx-2 +J(x- D7 - 2x-1) =x7 - 3x +3.
( x-2+1 x-1
Jx-2)1 = = -3

: = VT =
J(x— D2 - 2x-1) ﬂx_—H 2
Theo Co Si ta c6: 2
¥ -3
X -3x43< e (x-3) =0 x =3(TM).
Tt do ta duoc:
2 2
@ e | Xa(y a1y + X 20432 =3
Ta c6: 2 4 4 (do X =2),
f+(y +1)=0 {x =
2 —
, . . lx=2 y=-2
Dbang thirc xay ra khi:
2x°
x+1 -y
2y°
vy +1
2z*
=

Vi du 7.15. Giai hé phuong trinh: 1 Z *+1
Huwéng dan giai
Diéu kién dé hé c6 nghiém: *JV>Z =0.

Ta dé thay (x, y,z) =(0,0,0)

vé6i Y2 =0 (3 nhan ba phuong trinh v&i nhau dugc:

8x’y'z’
(x> +1)(y7 +1)(z7 +1)
= (2 +1)(y? +1)(2% +1) =8xyz.
(X +122x>0
y 4122y >0= (x +1)(y* +1)(2* +1) =8xyz.

7 +1=2z2 >0

la mot nghiém cta hé phuong trinh.

=xyz

Theo Co Si ta co:

Piéng thitc xay ra khi: * =¥ =2 =1
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PHAN B - GOI Y, PAP AN
Bai 1.1.
,a +b'+c" +3=2(a+b+c)
Ta co:
= (a*- 2a+1)+ (b - 2b+1)+(c* - 2c+1) =0
e (a-1) +(b- 1) +(c- 1)’ =0 (diing vei a0 )
. a +b'+c+3=2(a+b+c)
Vay:
bang thirc xdy ra khi ¢ =b =c =L.
Bai 1.2.

2 2

LY sxeyo ey zgbeey)e Gyl - xy+y*- xy)=0

Taco: ¥ X

=Y (x+y)(x2_ 2xy+y2):_=[] = (x+y)x- J,:)’ =0 (dtng véi ‘v’x,y>0)
2 2
—+‘P—3_=x+_p
vay ¥ X :
Déng thifc xay ra khi: ¥ =V
Bai 1.3.
oy x eyt x4 i L
Ta c6: J’_ﬂ_zfiﬁ xl}’f ) xyy = a2yl )ﬂ(x-ﬂ(f+xy+y‘*)zﬂ,w,y

2 2
e +xy+yl = x+£‘ +3L>D,'?'x,y 20
2 2
LN 4
vay: J Xy X Pang thitc xay ra khi: X =Y #0-
Bai 1.4
t:i-ﬁl
pat Y X

2 2
Ta can ching minh: P42 =3t -A+220e (- 1)(t-2) =0

_ 2 _ 2

o [ZaZa|[2aog|z0 0 G I wer)

vy X ly ox Xy

2 2 2 2

x'-xy+y° :[x—il +3L>D,*¢x,y;t[]_ x—2+y—+43_=3 L
Vi: \ 2] 4 Vay: y X LyoX)
Ding thitc xay ra khi: X =Y 70
Bai 1.5

(\-"az— b? ++/2ab- b )} a’=a-2¥ +'2a£:r+'2,‘)'(a2 - b )N2ab- b?) > a*

Ta co:

= 2b(a- b)+2J(a‘:"— b )(2ab- b*) >0

Vay bat dang thitc dugc chitng minh
Bai 1.6

(ding véi Ya>b>0
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11
P=—+_2 =2
Ta c6 a b 22 . Vay MinP =2 = a=b=+2
Bai 1.7
11 (c+a+b) 1
= | 4= =16 E(ﬂ'l‘b)i— =_
Ta c6: O€ bc cla b)) cla+bh) Vi 4 4
ﬂ:b ﬂ:b :l
c=a+b = 4
a+b+c=1 ==
Pang thitc xay ra khi: .
Bai 1.8
l+l3_’ ('?'X,_}’}D) l+l:_:iﬁ E+E:_=4_a
Ta dung b6 dé sau: ¥ ¥ X+Y Tedotaco: b ¢ b+c b ¢ b+c Tuongtytaco:

b b 4br:r: 4¢
= —t—

a ¢ a+ca b a+b

Cong vé co:

a c a b b ¢ b+c c+a a+b a b c
—F_—+—_+_+_+_ = + + =4 + +

b b ¢ ¢ a a a b ¢ |b+c a+c a+b)
Bai 1.9

1,102 9 (wyzs0)

Tading b désau: ¥ ¥ Z X*+V+I
1 1 1 9 1 1 1 9 1 1 1 9

4= —d 4= C—+—+—_=
Tdotacs: @ b b a+2b b c c b+2b ¢ a a c+2a
[1 1‘ [ 1 1 1 1 1 1 1 1
3| —+—+ =9 + + = _+_+_=3 + +
Cong V& v6i vé duoc: ' @ a+2b b+2c c+2a) a b ¢ la+2b b+2c c+2a)
Ding thic xay ra khi: @ =b =c.
Bai 1.10
l+l+£:_:L(w,y,z>D)
Tading bd désau: ¥ Y Z X+y+zZ
1 1 1[ 1 1 1
= <— + +
. 3a+2b+c (a+b)+(a+b)+(a+c) 9l a+b a+b a+c|

Taco

1 1 1 1[2 2 1 1 1[3 21
+ + < | Z4+Z+ 4+ | =2 | Z+Z+_
b a c] 4l

a

Mit khic: 9+b a+b a+c 4la
1 1 3 2
- - = -
Tir d6 ta co: 3a+2b+c 361
1[1 1 1[2 1 3
S S - [ S
Tuwong tv ta dugc: ﬂ"‘3b+2'f 361 a "2a+b+3c 36la b c|
1 1 1 1j1 1 1‘ g
+ + | — | =—
Cong vé véi vé dugc: 3a+2b+c a+3b+2c 2a+b+3c 6Gla b c] 3
a:b:{':i
Déng thitc xay ra khi 16
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1 1 3 21
< i Sl S
o o . 3a+2b+c (3+2+1) )
Loi binh: Ta c6 thé dung cong thirc tinh nhanh:
Bai 2.1
Ta dé thdy diém roi dat tai: X =Y =3 . Khi d6 ta c6:
x* +3° =6x
y +3' =6y = 4(x +y*)+18 26 (x + y +xy) =6.15 =90
3(x% + y*) =6xy

P=x*+y’ >90-18 _ 15 MinP =18 & x =y =3
Tw do:
Bai 2.2:

2 =2x+3y =2,f6xy = xy ﬂl
Ta co: 6

:ﬁJ’E b 19 2 +121 +325 > )14_325 =0
+ +
Khids: Y Y X'+9y° 12xy] 3xy  (x+3y) 3wy
(2x+3y) 54
. 16,26 .16 960 =56
Ay <— (2x+3y)2 3’1'}’ 4
Vi: 2
1 1
MinA=36< 2x =3y =1le x=—,y =
Vay 2 3
Bai 2.3:
1 1 1 1

pP=2 + + +
Ta c6 a*+b*+c* ab+bc+ca ab+bc+ca) 2(ab+bc+ca)

p=2_ 2 438323
Tt dé: (a+b+c) 2 2 2

1 3

2(ab+bc+ca) == (a +h+c) =

2(a£}+bc+ca) 2

Béi:
rnin,F‘:Ewa:h:‘c:l
Vay 3
Bai 2.4:
1 1 B 1
Tacg 30+ 2b+c (a+c)+(a+b)+(a+b) 9la+c a+b a+b|
1 1 1 i1 1 2 2 3 2 1‘
+ + = | Z+_+2+= i S S
Mt khac: @+¢ a+bh a+b 4la ¢ a E} 4 a b ¢
1 113 2 1 1{3 2 1
= T |Z+Z4_|= _+_+_
T do: Ba+2b+c 9 4 b‘ [N 35 b C}
1 1 1 1{6 6 6 1 3
+ + S| —F+—+—| =—.16=—
Va.3a+2b+c a+3b+2c 2a+b+3c 36la b ¢l 6 3
dy:
a:h:{':i
Dbang thitc xay ra khi: 16
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Bai 2.5:
1 1 1 9
+ + = =3.
2x+y+z Xx+2y+z x+y+2z 4lx+y+z)
Ta co:

6(x*+y? +22)+10(xy + yz+ 2) =6 (x+ y +2) - 2 (xy + yz +zx).
Mat khac:

(x+y+z) 3
XF+FZ+H£T:E'
Ta da biét:
(x+y+z)2—2(xy+yz+zx)zﬁ.£—£:3.
\ as 16 16
Tw do:
2 2 2 ]- 1 1
6(x +y? +22)+10(xy + yz + 2x)+ 2 + + =)
2x+y+z x+2y+z x+y+2z
1
x:}r:g:z_
DPang thitc xdy ra khi:
Bai 2.6:

6(x* +y* +27)+(x+y+z) <18,
Tir gia thiét ta c6 dugc:

X +y 4z ::%(x+y+z)z.

Mat khac:
l(;~r+y+z)2 +(x+y+z)=18= O<x+y+z <6.
T d6 ta duoc:
1 1 1 9 9 13

= + + = =— =
x+y+l y+z+l z+x+1 2(x+y+z) 15 5

MinP :E = X =y =z =2

of

Vay:
Bai 2.7.
X =y =—
Do tinh d6i xitng ctia x va y nén ta dé thay diém roi dat tai:
. , . 1 1 X.E },z 2 _}"2 Z.Z
P=(x*+y*+2%) _Z+y_2 —|= y_2+x_"' H |+ z_"'+y_2 +3.
£+£_ £+ z’ +15.z2 9 X 7z +153*’- _l+1522
7 x |z 16x7) 16x° Nz '16x® 16x° 2 16x°
Ta tach:
2 2 2 2 2 2 2 2 2z
y_+z_:[y_ z +15.z - Yoz +152 :l+153_
'yt |zt 16y*| 16y z' 16y* 16y° 2 16y
Tuwong tu:
2 2 2
P::5+152 Lz+izl 15z 8 -6 15z E}_:E
16 | x* y 16 (x+y) 16 % 2
Vay:
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z
X =y :E.
DPang thitc xdy ra khi:
Bai 2.8.
Cach1

x=a,y =b= a+b=3.
Ta gia st diém roi dat tai:

a _ b
Dva trén liéen hé  va ta dat:

a:bt(r>D):=a+b:b(r+1):3mb:i:= _
t+1 t+1
p:ﬂq.z( +1)+3 [ ‘ 23 =7 L'.?_'_r E:E
6c 3 66 3 6 2
Khi d6 thi:
P:5l+?(t::[])mt_%::x =1,y =2.
t
DPang thitc xdy ra khi:
Cach 2
x=ly=2.
Vi diém roi dat tai:
P x+y+L+3:[i+i‘+ E+£ +X+F :_=3+E:E.
2x oy 2x 2) |y 2] 2 2 2
Ta tach:
] x=ly=2
DBang thirc xdy ra khi:
Bai 2.9.

((a- 3)(b-3)c-3) =0
a € = agb +bc+ca =11.

l=a,b,c=3= (a- D(b-D(c-1)=0

—(a+b+c) - 2(ab +bc +ca) <36- 2.11 =14 = MaxP =14.
Vay:
(a:b;c)=(1;2;3)

Dau “=” xay ra tai va cac hoan vi.

Bai 2.10.
2.Jab 2.Jbc

N 2.Jea
c+ 2:?a a+ 23

b+ ZZica

- 2=1.

Ta bién doi:
a

- ° NI
c+2JcEa+2Jb_c E}+2JE

c+2Jab =c+a+b=>
Mat khac:

C C
= .
c+2fab a+b+c

b b
>

a
= : = .
a+2Jb_f: a+b+c b+2J5 a+b+c
Tuong tu:
b a+b+r:

c+2-,1"_b a+2J_ b+2Jca a+b+r:'

Cong cac vé ta dugc:
Ta cling c6 thé lam nhu sau:
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2 2 2
o (VoY (a)y () (asdb+ie)
< +
c+2ab  a+2bc E:r+2 ca ( +J_+J_)
Bai 2.11.
2 2 _
M:x +y :(x y)z+2xy :x-}r+i:_=2ﬁ.
X=y X=y L
Ta co:
DPang thitc xdy ra:
x—y:i(x:}y} -y =2 xzﬁ.kﬁ:;y:ﬁ_ﬁ
xX-y = XY= = 2 2
Xy =1 Jf_].-’ =1 x:—_ﬁ-"ﬁ:: y:—_ﬁ_ﬁ
2 2
Bai 2.12.
Cach1

,jx(zx+y]+Jy(2y +x) EJ(J{ +y)Bx+3y) =3 (x+ y).
Ta co:
X+y

Jx(2x+y)+Jy(2y+x) E

1
= MinP =—=+ x =y.
Nl

Vay:
Cach 2

X =y.
Ta dé thay diém roi dat tai:

,fx(2x+y)_J_,|l'3x(2x+y = (3x+2x+y)_T(5x+y).

Ta cé:
1 1 1
,fy(zy +X) :E,b}?(z_}i +x) ﬂm(3y+zy +x}:m(5y +X).
Twong ty:
Cong vé:
Jx(2x+y)+Jy(2y+x}£ﬁ(X+y} xry

Jx(2x+y)+\ly(2y+x) T

1
MinP=—= x=v.
ﬁ ¥y

Vay:
Bai 2.13.
a’ +b® +¢” +2abc +1=2(ab +bc +ca).
Ta da chitng minh dugc:
18

P> " 42(ab+bc+ca)-1=218.2-1=11.
o ab +bc+ca
Tuw do:
_ MinP =11= a =b =c =1.
Vay:
Bai 2.14.

Jad +12 =J2 (24 +6) =J2 (2a* +2ab + ca +cb) =,f(2a + 2b)(c +2a)

Ta co:
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J4b? +12 :J(za +2b)(c+2b ):AJc? +12 :,j(c +2a)(c+2b)
Tuwong ty:
Tir d6:

Jaa +12 ++J4b? +12 +4Jc” +12 GOa+@+dc Ja+2h+ic —2(2a +2b +2¢)
p— 2a+2b+2¢c 21: MinP :lﬁ {a =h =1
A JAa +12 +4/4b* +12 ++c* +12 2 c=2
Vay:
Bai 3.1
Cach1
a+b-c a-b+c
X=———= x+1= x-1=
-C -C b-c
b+c-a b-c+a
1y = :::_}:-1»—]_: yy-1=
c-da c-a c-da
c+a-b c-a+b
7 = :}z-{»—l:—, - e P——
Tady . d-b a-b a-b

> (x+ D@ +DE+D=(x- D(y-1Nz- Do xy+yz +zx =-1.
2z 2 2

Ta can chitng minh: X 4y +z =2

(x+y+z) 200 X +y  +2° =-2(xy+ yz + 2x) =2.

That vay:
Cach 2
Ta c6: ab(b- a)+bclc- b)+cala- c)=(a- b)(b- c)c- a).
- ab . bc . ca —.1
(b-c)c-a) (c-aXa-b) (a-b)b-c)
" a b c | a’ b’ o2
+ + = + + -2
vay \2-€ ¢-a a-b (b-cY (c-a) (a-bY
ay
2 2 2 f 2
= + b +_ € =9 4 b +_C +2 =2
(b-¢cY (c-a) (a-bY |b-c c-a a-b
a_ ., b +_ S o
Dau déng thitc xdy ra khi : b-c c-a a-b
Bai 3.2
X _+i i-i'-i Z-i.q..i
Ta co: yo 2 X Xy
1,1 1 2 22
a——,b——,a——([]-:a,b,c-:ﬁ):: a +b +c =3
PGi bién bang dat: ¥ y Z
a b C a b c
P = + + = + + .
Khi do: b*+c® ¢ +a a +b* 3-a 3-b° 3-c¢°
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b x° a b C a’+b*+c* 3
= |0<x<+3)=> P= + + > =.
3- x* 2( J_) 3-a° 3-b* 3-¢° 2 2
Bai 3.3
(ﬂ-b)2=a+b+2ﬁ(rf+a)+(b2+b)=2(a+1)(b+1)mL+L:2_
b+l a+l1
D6i bién bang dat: P +1 a+l
¢ 3
P={1+|-L | [|1+ i] =(1+x* )1+ y*) <0.
+ a+l
Tw do:

o l+x’+y +xy =9 x*y* +(x +y)[(x+y)z - 3:@?] <8.

(x+y) :l].
4

o Xy +2(4- 3xy) <8< xy(x¥*y?- 6)<0|do 0 =<xy <

Bai 3.4
X (y+2)2x"2\yz =2xJx; y*(z+x) 2y* 2Jzx =2y\[y; z*(x+y) 2224z (do xyz =l).D6
i bién bng dat: a=x+x+ Zy‘j;; b=yy+ ZZ\E; ¢ =2z + 2xJx.

xsj;=4C+ﬂ- Zb;}-’\/j_a’ :4H+b- ZC;E\/’E :4b+c‘- 2:].
Khi doé: 9 9 9

P 23(4.3+3- 6)=2= MinP =2 © x =y =z =1.
Ta chitng minh dugc:
Bai 3.5
i D€ =% ca =y; ab =z (x,y,z>0)= xyz =(abc) =1.

bc _ be 1 bc _ (bcY X
Khigg. Aprac ab+c) a alb+c) ac+ab y+z
P = X + y + z’ }(x+y+z)2 ZX+y+z:=- Xy :E
T do: y+z z+x x+y 2(x+y+z) 2 2 2
Bai 3.6
Tadét,x=a+b-C}D;y=b+c-a>ﬂ;2=c+a-b:=-[].
H:x+z;b:x+y;f::y+z.
Khi dé: 2 2 2
z£(x+y)(y+z)(z+x).
Vay ta can chitng minh: 8
TheoAM-GMcé-x+y22J§}U;y+z EZJy_z:aU; Z+X 22@}0.
Nhan vé vdi vé ta dugc: (x+y)(y+z)(z+x)28xyz.
Bai 3.7.
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b
X = a ¥y = LI = c (a,b,c>0)
Ta dit: b+c c+a a+b
' a b c 32abc
2 + + =

+1= ;
Khi dé ta can chitng minh: b+c c+a a+b, (@+b)b+c)c+a)

Bai 3.8.
Huéng giai 1
Ta dé dang thdy diém roi dat tai: @ =b =c =1.

ab +bc + ca i%(a+b+c)2 =3= - (gb+bc+ca) =-3.

Ta da biét:
Viy: @’ +b* +c* +ab+bc+ca =(a+b+c) - (ab+bc +ca) =3’ - 3 =6.
' Hudng giai 2
Ta dit: @ =l+x,b=l+y=c=3-(a+b)=1- x- y.
2
a’+b’+c’+ab+bc+ca=x +xy+y +6= x+§ +§y2+525.

x+L=

2 = x =y =0« a=b =c =1.
Ding thitc xay ra khi: Y =0
Bai 3.9.
pat: ¢ =2x;b =2y;c =2z (a,b,c =0)= a +b+c =3.
X +y' 4z =1(a* +b +c?)
1 a = (4P zﬂ(al +b3+fl)+(ab{')2_
x'y'z’ =—(abc)
Khi do: 64

3,33, .3 3 —7. =
Tabist: @ +b +c =p - 3pq+3r =27- 9q+3r (da.p—:’-].

Q =64P =8(a’ +b* +c*) +(abc) =8(27- 9q +3r)+r’.

Tu do:
2 ] 2
pldg- p*) aq-9 4g- 9
r= =19" 7 - Q =8(27- 9g+4q- 9)+| 4 ‘ .
Ta co: 9 3
25 1
MinP =—— = P =q == g =h =¢ zlﬁx:}r:z =_.
Tir d6 tim duogc: b4 2

2
piq—:?ﬂﬂ 0=qg =3.

Lo binh: Ta chti y rang
16 16
Q=—q’ - 48q+153 =—(3- g)(24- q)+25 =25 (Vg =3).
Hoac: 9 9
Bai 3.10.

i XTY =@y +z=bjz+x =c(a,b,c =z0)= a+b+c =4.
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x+2v+z=(x+v)+(y+z)=a+b
y Y y = a+b =abc.
2-x=y+z=b;2- y=c;2- z=a

(a+b)

Khi do: [

(a+b+c)

abc = c :l(a+b)(a+b)c ':_il(ah';)]— =a+bh.
4 4 4

Ta thay:
4=a+b+c 22,’(&' +b)c = (a+b)c <4 = 4(a+b)=(a+b) c =4abc.

x+y=2a;y+z=2b;z+x=2c= a+b+c =2.

Hoac:
Loi binh: Dit:

+2y+z=(x+y)+(y+z)=2(a+b)
x+2y+z=(x+y)+ly+z T, 2(a+b) =8abc = a+b =4abc.

2-x=y+z=2b;2- y=2c;2-z=2a

Aabe <(a+byc =(a+b)(a+byc <(a+b) L) +TC)Z —a+b

Hoiic 2=a+b+c=2\f(a+b)c = (a+b) 1= a+b=(a+b)c 3:4&&«‘:-
Bai 4.1

A= L
k(U"-’-k":Z) de x_};[x_};}

1

+Hhx+(2- k)(x- y)+(2-Kk)y
Ta tim .
L che=(2- K)x- y) =(2- Ky = k=2
DPang thitc xdy ra, ta c6 Xy(x- y) 3.
Phan con lai tw chitng minh.
Bai 4.2

LA . nlmn>0
Ta thém hé s6 ™ va ( ):

Oxf1+ 2 +13x1- x° :E.mx\,‘1+ X +E.nx~.f1— x*
—mx-d'l+x +—nxx|l'1 x° { (mzx +14x° )+2 (n*x® +1- %)

3
Dua trén dang thitc xdy ra, ta tim dugc 2 2
Phan con lai tw chithg minh.

Bai 4.3
2@ rab+ 2 = Y2142 (0 4p) :E(a +b)
Ta danh gia duoc 2

p;%{a+b+b+c+c+a}l J_(a+b+c)}£( +-.r"_+~.-"_)z J_
N

MinP =— = g =b=r :é

Tw do

Vay
Bai 4.4

J3a® +2ab +3b* =
Ta dé dang danh gia dugc

P=22(a+b+c) 3¥(JE+ b+o) =642

—'34-224-3(& +h)=J2(a+b)

Tw do
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vay MinP =632 & a =b =c =1

Bai 4.5
Ta danh gia dugc
1 1, 1
—=—a +—, Dcacﬁ
2-a 2 2( )
Phan con lai ty chitng minh.
Bai 4.6
9 1 [ 9 1‘ [ 9 1
— - |+ —-= —— -_|<8
4-a a -b b) l4-¢ ¢

9
Ta danh gia duoc 4- @

Tadéy 95 1a do dai 3 canh tam gidc nén; A<b+c= 2a<4= 0<a<2,
Phan con lai ban doc ty chitng minh.

Bai 4.7

J2 +x :_=— X+ — L \
Ta danh gia dugc 3 \E
Phan con lai ban doc ty chitng minh.
Bai 4.8

C
- lgza(uqu)
a

.k ax' - ¥ <k, W o X2 (x7 - dx+k) =0, Yx= k =4
Ta can tim X sao cho .

3 4 2
Tt d6 dénh gid dugc; ¥ ~ X =4, VX,

Phan con lai ban doc ty chitng minh.

Bai 4.9
ko 1,1 (1)
Ta can tim K sao cho "Ex y z x,.Ex+y+z_
k11
V2x y z=k=\2
DPang thitc xay ra khi x=y=z=3
Phan con lai ban doc ty chitng minh.
MaxP = = XxX=y=z =3
T day doc gia tim ra 2442
Bai 5.1
2ab+6bc +2ca =7abc = E+ 2 +3 =7
Ta co a b ¢
Ta cé
4ab  9ca 4bc 2 32 22 (243+43) 49
Q= + + = + + = = =7

a+2b a+4c b+c 1 2 1 4 1 16 2 2 7
b a ¢ a ¢b a b ¢
(a=2b=2c
MinQ=7e lg 2 2 el @72
—+—+==7 b=c=1
Vay a b ¢
Bai 5.2
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JB(Z&‘Z +b*) =\](1‘Z +12 412 )(@® +a* +b? ) =(a +a +b) =2a +b
Tw do
1 1 1 1
< + + <
2a+b 2b+c 2c+a (2+1)

1 2 1
o+
c ¢ al

1

3

1 1.1

a b ¢

2
“+
a

1 2
4=
b b
2

=3

1+1+1 L+L2+L2 =32015 = l+l l =4f3.2015

Ma la b ¢l a‘* b a b

c
1
P=_ EZDIS:MaxP ﬁa =h=c
vay 3 \’ ‘sz

Bai 5.3
Ta co
1 1 1 9

a+b +c’ +ab+bc+ca +ab +bhc +ca E(a +b+c) =1
(do A+b+c =3y

M= . blz 2+b£i: +bzgg? :_=1+ZDD?:ETD
Tir d6 a+b +c° ab+boc+cal ab+bo+ca 3

ab +bc+ca El(a +h+c) =3 = 2007 ::EDD? —(99

Vi 3 ab+bc +ca 3

Déng thitc xay ra khi @ =b =c =L
Bai 5.4

1
+=

P =
lEr(;!nLjf}'2 2

Ta cé:

xz+$.“ —‘ =(xy) +

. 25 1 1
mnP=—eot=—e x=y=—
Bang doi bién tim dugc: 16 16 2
Bai 5.5.

a b’ c _a+b+c
" 2 2 + 2 2 . 2 2 =
Tadwave: a +ab+b™ b +bc+c” ¢ +ca+a 3

a _atb+c _a- E:r (a+bXa- b)Y
a’ +ab +b* 3 3[a +ab+bf)

Bai 5.6.

=((2a) + (bJ_T+
(a+b+c) z4(a+b+c)= %(a +h+c+1) ::?(a +h+c)

J_

T +(2c) + (2

=M ::%(a +h+c+1)

Mait khac:
a+b+c 3

= i_
(40% +2b* +1)(4c* +3) " 16

Vay
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