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L3I NOI PAU

Chuyén dé Toan hoc s6 9 ciia truong Pho thong Nang khiéu ma cac ban dang cam trén
tay 1d mot an pham cé nhiéu diéu dic biét.

Thit nhét, né duge thai nghén trong mot khoang thoi gian dai ki luc: It nhat 1a 1 nam.
Thit hai, n6 duge ra doi cach chuyén dé truée dé6 5 nam. Thit ba, tham gia déng goép
cho Chuyén dé lan nay khong chi 1 cac hoc sinh va thay co ctia trusng Pho thong Nang
khiéu ma con ctia nhiéu ban hoc sinh, sinh vién, cac thay co & cac trusng khac. Internet
da tao ra mot thé gisi khac han, va Toan hoc ciing khong nim ngoai sut thay déi do.

Lam Chuyén dé Toan hoc s6 9 nay, chting t6i bdng nhé vé cac thé hé hoc sinh ciia truong
Pho thong Nang khiéu, nhiing tac gid clia Chuyéen dé Toan hoc s6 1, 2, 3,4, 5,6, 7, 8. D6
1a nhimg Lé Long Triéu, Tran Quang Anh, V5 Tam Van, Lé Quang Nam, Luu Minh Duc,
Nguyén Lé Lie, Trinh Lé Tuan, Lé Minh Tuan, Pham Qudc Viet, Hoang Thanh Lam,
Tran Dinh Nguyén, Nguyén Cam Thach, Pham Tuan Anh, Luong Thé Nhan, Tran Vinh
Hung, Nguyén Tién Khai, Tran Quang, Tran Anh Hoang, Nguyén Dang Khoa, Nguyén
Anh Cuong, Tran Chiéu Minh, Kha Tuan Minh, ... Chung t6i dang c6 mong mudén thuc
hién mot cudn tuyén chon cac bai viét tit cac Chuyen dé nay.

Hy vong rang Chuyén dé toan hoc s6 9 véi noi dung kha phong pht va hinh thic dep sé
la mot mén qua tang ¥ nghia déi véi cac ban tré yeu Toan. Trong bién cd ménh mong
ctia kién thitc, nhitng ngudi thiyc hien chuyén dé chi mong 4n pham clia minh sé 1 mot
giot nudc trong co ich.

Chuyeén dé Toan hoc s6 9 dugc hoan thanh véi sy hd trg ciia Cong ty co phan gido duc
Titan. Ban bién tap xin chan thanh cdm on sy ho trg nay.

BAN BIEN TAP
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VE NHA TAI TRO

Cong ty co phan gidao duc Ti tan (Titan Education) hoat dong trong linh vitc cung cap
dich vu gido duc phd thong, trong do dac biét 1a cac san pham c6 noi dung Toan hoc.
San pham chinh ciia cong ty 1a trang web dao tao Toan hoc tric tuyén cho hoc sinh 16p
1 — 12, kho dit lieu Toan hoc danh cho hoc sinh, sinh vién, gido vién va cac nha nghién
cttu Toan hoc, céac 16p hoc truc tiép rén luyen tu duy Toan hoc, boi dudng va phat trién
nang khiéu Toan hoc, cac 16p hoc nghiép vu danh cho gido vien Toan.

Ngoai ra, cong ty con tu van, cung cap tai liéu, sach tham khao vé Toan cho hoc sinh
va gido vién cic cap ¢ moi trinh do.

Titan Education mong mudn bang nhiét huyét va nang lyc clia minh gép phan nhé bé
vao su nghiép gido duc va dao tao thé hée tré cho dat nuéec Viet Nam.

Moi chi tiét xin lién hé:

Coéng ty co phan gido duc Ti tan
Dia chi: 18A Nam Quéc Cang, P. Pham Ngii Lao, Q. 1, TP. Ho Chi Minh.
Dién thoai: 0854 542305 — 0839 260137.
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DUYEN SO CUA TOAN HOC VIET NAM
VOI GIAI FIELDS

Ngo6 Viét Trung

Vién Toan hoc Viét Nam

Noi 1a co duyen 14 vi rat nhiéu nude giau hon, c6 truyén thong Toan hoc hon Viet Nam
nhung khong c6 gidi Fields. Nudc Diic, mot cuong quoc vé Toan hoc méi chi c6 moéi mot
giai Fields. An D6 va Trung Qudc 1a nhitng cai noi Toan hoc trong lich st va 1a nhitng
nuée c6 nhieu nha Toan hoc ndi tiéng, nhung cling chua mon men duge dén giai Fields.
Céa chau A cho dén nay méi c6 ba giai Fields, déu 1a ctia Nhat. Chau My Latin va chau
Phi khong c¢6 giai Fields.

Theo mot nghia nao dé, doat giai Fields con khé hon giai Nobel vi gidi Nobel dugce trao
hang nam, trong lac gidi Fields dude trao 4 nam mot lan. N6i mot cach nom na, ngudi
dudc gidi Fields phai c6 két qua xuat sic nhat trong 4 nam chi khong phai trong mot
nam nhu giai Nobel. Ngoai ra giai Fields chi dugc trao cho ngusi khong qué 40 tudi.
Andrew Wiles, ngudi giai quyét bai toan Fermat khong dudc giai Fields khi con du tuoi
vi 161 giai ban dau c6 16 hong. Dén khi khic phuc duge 16 hong trong 15i giai thi ong da
qué 40 tudi. N6i nhu vay dé thay giai Fields 13 mot co duyeén thie sy. Trong lich st hon
70 nam cia giai Fields mdi c6 48 ngudi duge gidi. Thé ma Viet Nam lai ¢6 mdi lien he
chit ché véi nhiéu ngudi trong s6 ho.

Chiing ta hay bit dau cau chuyen véi GS Lé Van Thiem. Ong Thiém la ngudi Viet cé
hoc vi tién s Toan hoc dau tién va duge coi nhu 14 cha dé ctia nén Toan hoc Viét Nam.
Sau khi bdo vé tién si ong Thiém lam trg 1y cho GS Rolf Nevanlinna & truong Dai hoc
Zurich hai lan vao nhing nam 1946 va 1948. Sinh thoi ong Thiém thuong coi minh 1a
hoc trdo ctia Nevanlinna, cong trinh néi tiéng nhat ctia 6ng Thiem la vé bai toan ngudc
ctia Nevanlinna. Trong Toan hoc ¢6 mot tap chi tén 14 Tap chi trung tam vé Toan hoc,
chuyén dang bai gidi thiéu cac cong trinh méi cong bo. Ngudi gisi thieu bai bao clia ong
Thiém la ong Lars Ahlfors, mot trong hai nha Toan hoc dugce trao giai Fields lan dau
nam 1936. Ahlfors 14 hoc tro cia ong Nevanlinna (theo nghia bao vé luan 4n tién si).
Do éng Nevanlinna khong phéai 1a gido su huéng dan luan an ctia 6ng Thiém nén ta c6
thé coi ong Thiém la con nuoi ctia 6ng Nevanlinna vé mit Toan hoc. Vi vay ta cé thé
coi Ahlfors 1a anh ctia 6ng Thiém.

Giai Fields dugc trao lan thit hai nam 1950. Mot trong hai ngudi duge giai 1a nha Toan
hoc Phap Laurent Schwartz. Ong Schwartz 14 mot trong nhitng ngudi sang lap ra ny
ban qubc gia vi Viet Nam ctia Phap nam 1966 va Toa an qubc té Russel xit toi diét
chiing ciia My ¢ Viet Nam nam 1967. Ong Schwartz sang tham Viet Nam nhiéu lan, lan
dau tién vao nam 1968 trong chién tranh chéng My. Nam 1990 ong duge Bo Dai hoc moi
sang tham quan va danh gid nén gidgo duc Viet Nam. Ong da viét mot ban bao cao 40
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trang, trong do ong da dua ra mot két luan noi tiéng “Viet Nam da thing trong chién
tranh va thua trong hoa binh”. Thing 1a vi trong chién tranh Viét Nam da gii nhiing
hoc sinh t6t nhat di hoc nuée ngoai. Khi tré vé nude nhitng ngudi nay da lam cho Vieét
Nam trd thanh mot cuong quoc khoa hoc trong viing sau chién tranh. Nhung trong hoa
binh Viét Nam da khong coi trong viéc st dung va dai ngo doi ngit khoa hoc véi yéu
diém chinh 1& ché do luong boéng. Diéu nay da lam x6i mon khoa hoc Viet Nam ca vé
lugng va chat, lam cho khoa hoc va gido duc Viet Nam dan dan thua nhitng nuée trong
ving. Trong cudn hoi ky ctia minh (duge dich ra rat nhiéu thi tiéng) ong Schwartz danh
chuong dai nhat viét vé Viet Nam va két thic chuong nay véi cau “Viet Nam da danh
dau cuoc doi ctia toi”. C6 mot diéu tha vi 1a ong Lé Van Thiem va ong Schwartz co
chung mot thay huéng dan luan an la GS Georg Valiron. Ong Valiron con c¢6 mot hoc
tro Viet Nam nita 1a GS Pham Tinh Quét. Ta c6 thé coi 6ng Quat, ong Thiem va ong
Schwartz 1& anh em ruot vé mat Toan hoc.

Giai Fields dugc trao lan thit ba vao nam 1954. Mot trong hai ngusi duge giai 13 nha
Toan hoc Nhat Kunihiko Kodaira. Ong ¢6 ngudi con 1é 1a GS Mutsuo Oka, ciing 1a mot
nha Toan hoc. Ong Oka 1a mot ngusi ban 16n ctia Toan hoc Viét Nam. Ong da thu xép
cho nhiéu nha Toan hoc Viet Nam sang Nhat lam viéc va tham gia quyén goép tién cho
viéc xay duyng nha khach ctia Vién Toan hoc. Khi ong Kodaira mat nam 1997, gia dinh
da quyét dinh ting ti sich chuyén mon ciia ong Kodaira cho thu vien Vien Toan hoc.

Nam 1966 giai Fields dugc trao lan dau tién cho 4 nha Toan hoc, trong dé c¢6 nha Toan
hoc Phap Alexander Grothendieck va nha Toan hoc My Steffen Smale. C4 hai nguoi déu
noi tiéng vé hoat dong chéng chién tranh ctia My & Viet Nam.

Ong Grothendieck duge coi 1a nha Toan hoc ¢6 anh huéng nhét trong nita sau ctia thé
ky 20 va 1a hoc tro (bdo vé luan an tién si) clia 6ng Schwartz. Dé t6 thai do chéng chién
tranh ong Grothendieck sang tham Viét Nam nam 1967 trong lic My dang ném bom
Ha Noi 4c liet nhat. Ong da gidng mot loat cac bai gidng vé cac hudng nghién ctiu Toan
hoc hién dai, chtt yéu vé Dai s6 dong diéu. Trong ban bao cdo vé chuyén di Viet Nam
ong viét rang “c6 mot nén Toan hoc Viet Nam that sy ding nghia ¢ nude Viet Nam
Dan chit Cong hoa”. Cau nay duge ong gach thém bén dusi dé nhan manh. Sau day ong
viét 1a “toi sé ching minh “Dinh 1y ton tai” nay va gi6i thiéu tuong doi chi tiét Toan
hoc Viet Nam thoi bay gio”. Ong dac biet an tugng véi kha nang clia cac nha Toan hoc
tré Viet Nam va néu tén dich danh ba ngudi 1a Doan Quynh, Hoang Xuan Sinh va Tran
Vian Hao. Ong c6 ké hoach dua nhimmg ngudi nay sang dao tao & bén Phap. Sau nay chi
c6 Hoang Xuan Sinh sang Paris lam luan 4n tién si duéi sy huéng dan ctia 6ng. Tham
gia Hoi dong bao vé luan an c6 dén ba ngudi dugde giai Fields 1a Grothendieck, Schwartz
va Pierre Deligne. C6 1& chuta bao git c6 mot Hoi dong béo vé luan an ndi tiéng nhu vay.
Rat tiéc 1a GS Hoang Xuan Sinh khong cong bo cac két qua cia luan an. Gan day co
mot bai bao téng quan vé huéng nghién cttu dé c6 nhic dén cac két qua tien phong clia
GS Hoang Xuan Sinh. Ong Grothendieck la thay (huéng dan luan an tién si) ctia ong
Luc Illusie, 6ng nay lai 1a thay ctia Gerard Laumon 1a thay ctia Ngo Bao Chau. Nhu
vay Grothendieck la cu cia Ngo Bao Chau va Ngo Bao Chau c¢6 ho hang v6i GS Lé Van
Thiém va GS Hoang Xuan Sinh vé méat Toan hoc.
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Ong Smale dugc coi 1d mot nha bac hoc trong Toan hoc vi 6ng quan tam ngién citu nhiéu
chuyén nganh Toan hoc khic nhau va ¢ chuyén nganh nao ong déu dat dugc nhitng két
qua xuat sic. Nhitng ndm 60 ong 1a lanh tu phong trao tri thic chéng chién tranh Viet
Nam & My. Nam 1965 ong t6 chiic cho sinh vien bai khéa & Dai hoc California va chin
tau chd linh M§ & Berkeley. Nam 1966 ong t6 chitc hop bao chéng chién tranh Viet Nam
bén thém Dai hoi Toan hoc thé gi6i khi nhan gidi Fields. Vi nhiing hoat dong chong
chién tranh ma ong bi Quy khoa hoc quoc gia M¥ cit tién tai trg nghién citu. Nam 2004
Vién Toan hoc moi GS Smale sang Viét Nam giang bai véi su tai trg cua Quy gido duc
Viet Nam (VEF). Trong budi néi chuyén véi sinh vién tai Dai hoc bach khoa Ha Noi
ong da khéc va xin 16i vé chién tranh Viet Nam. Ong Smale ¢6 mot hoc tro ngusi Viet
la Ha Quang Minh, hién dang lam viéc ¢ Dai hoc Humboldt Berlin.

Dai hoi Toan hoc thé gidi tiép theo nam 1970 c6 hai giai Fields lien quan dén Viet Nam.
Ngudi thit nhéat 1a nha Toan hoc Nhat Heisuke Hironaka. Nam 1968 ong Hironaka day
ve Ly thuyét ky di cho cac nha Toan hoc tré & chau Au. Trong 16p hoc d6 ¢6 mot sinh
vien Viet Nam tén 1a Lé Diing Trang méi & tudi doi muoi. Sau nay Lé Diing Trang trd
thanh mot trong nhitng chuyén gia hang dau thé gidi vé Ly thuyét ky di. GS Leé Diing
Trang 1a ngusi dua Hoi Toan hoc Viet Nam gia nhap Lien doan Toan hoc thé gisi 1 t0
chiic xét va trao giai Fields. GS Hironaka rat quan tam dén viéc gitip dé Toan hoc Viét
Nam. Ong la ngusi da van dong Hoi Toan hoc Nhat thanh lap Chuong trinh trao déi
Toan hoc gitta Nhat va Viét Nam. Ong da sang tham Viet Nam mot vai lan véi tu cach
ca nhan. Nam 1977 ong cong b6 mot cong trinh Toan hoc noi tiéng ctia minh trong Tap
chi Acta Mathematica Vietnamica ctia Vién Toan, dugce trich dan rat nhiéu. Nguoi thit
hai 1a nha Toan hoc Nga Sergey Novikov. Ong Novikov 1a thay ctia Le Tu Quéc Thing,
huy chuong vang Olympic Toan qubc té nam 1982. Hién nay Lé Ty Qudc Thang 13 mot
chuyén gia hang dau thé giéi trong linh viyc To po chiéu thap.

Con hai gidi Fields nita da sang lam viéc ¢ Viet Nam. Nguoi thit nhat 1a nha Toan hoc
My David Mumford dugc gidi Fields nam 1974. Ong nay da lam béo cédo moi tai Hoi
nghi Toan qubc té do Vien Toan phdi hop véi Dai hoc Quy Nhon to chiic nam 2005.
Nguoi thit hai 1a nha Toan hoc New Zealand Vaughan Jones, ngusi duge giai Fields nam
1990. Ong nay da lam béo cdo mdi tai Hoi nghi quéc té vé Topo luong ti do Vien Toan
t6 chitc nam 2007 va cong bdé mot cong trinh ctia minh trong tap chi Acta Mathematica
Vietnamica ctia Vién Toan.

Nam 1978 ¢6 nha Toan hoc Phép Pierre Deligne dudc giai Fields. Ong Deligne 1a hoc
tro clia ong Grothendieck va la thay ciia GS Lé Diing Trang (dong huéng dan). Ong
tung la thanh vien Hoi dong bao vé ctia GS Hoang Xuan Sinh. Do GS Hoang Xuan Sinh
ciing 1 hoc tro ciia ong Grothendieck nén c6 thé coi GS Hoang Xuan Sinh 1a em va Ngo
Bao Chau la chau ho ctia GS Deligne vé mit Toan hoc.

Dic biet hon, ban cuing thay ctia Ngo Bao Chau la Laurent Lafforgue ciing duge giai
Fields nam 2002. Hoc tro dau tién ctia Lafforgue 1a Ngo Dac Tuan, nguoi da timg doat
huy chuong vang hai lan thi Olympic Toan quoc té nam 1995 va 1996. Hién nay Ngo
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Déc Tuan dang lam viéc tai Dai hoc Paris 13. Gan day nhat c6 Terence Tao 1a nha Toan
hoc Uc duge giai Fields nam 2006 ciing ¢6 lien quan dén VN. Tao ¢6 mbi quan he cong
tac than thiét véi Vi Ha Van, hien 14 mot chuyén gia hang dau thé gisi trong linh vic
T6 hop. Ho da viét chung 15 cong trinh v mot cudn sach chuyen khao. Ngoai ra, Tao
c6 cung thay véi Duong Hong Phong, ciing 1a mot nha Toan hoc VN hang dau & My.
Hién nay, Tao c6 mdt nghién cttu sinh ngusi Viét 1a Lé Thai Hoang, huy chuong vang
Olympic Toan qudc té nam 1999. Véi nhitng ngusi tré tudi nhu Ngo Dic Tuan va Lé
Thai Hoang theo dudi nghiép Toan, biét dau VN lai c6 co may duge giai Fields lan nita.

I ki M ‘ i .|.
AL ity k; i
B Lt
Grothendieck va GS Ngo Thic Lanh (phia sau) va GS Hoang Tuy (bén phéi dnh)
tai noi so tan ctia Dai hoc Téng hop ¢ Dai Tit, Thai Nguyen.

I1I. Apréa cect apergu général du prograomme scientifique et 1'organisation
de mon séjour em R.D.V., il serait temps d'en venir au sujet proprement dit,
et de parler de ce que j'al pu volr et entendre sur la vie mathématique au
Vietnam. Une premifre constatation, ¢t mlme une constatation assez extraordi-

naire vu les circonstances, c'est qu'il v 2 effectivement une vie mathémati-

que digne de ce nom en R.D.V. Pour apprécler & sa valeur ce "théoréme d'exis-

tence", il fout se tenir présent & 1'esprit, tout d'abord, qu'en 1954, 2 la
fin de la guerre de libération de huit ans du Vietnam contre 1'occupation
coloniale frangaise, c¢'est-a-dire il v a treize ans, l'enseignement supéricur

Etait pratiquement inexistant en R.D.V. Au cours de la guerre extrlmement

Ban chup trich doan bao cdo danh méay ctia Grothendieck: “C6 mot nén Toan hoc
that sy ding nghia ¢ nuéc Viet Nam Dan chit Cong hoa” (gach dudéi).
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The Minister of Higher Education and Training asked me to come in October
1990 1o evaluate higher education in Viet-Nam. It was a considerable task for
such a short time. | wrote the evaluation report after visiting the universities
and high schools of Ho Chi Minh City and Hanoi; it is about forty pages long
and is stll rather confidential. Fundamentally, at the end of the war in 1975,
thanks to an excellent scientific policy. Vietl-Nam was one of the best of the
South Asian countries, but this is no longer the case. As in other domains, it
scems that Viet-Nam won the war but lost the peace. After its victory against
American imperialism following a pitiless war, it enjoyed considerable prestige
in intemnational left-wing circles and in Third World countries. It could have

Ban chup doan Hai ky ctia Schwartz vé ban bao céo vé gido duc dai hoc, trong do
c6 cau “Viet Nam da thing trong chién tranh va thua trong hoa binh”.

Vo chong ong Schwartz va GS Ta Quang Bitu (bén trai 4nh) di tham Viet Bac.

13
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THONG TIN TOAN HOC

e Mot mua he véi nhiéu hoat dong soi n6i danh cho giao vién va hoc sinh chuyén
Toan da két thic. Nam nay, 1an dau tien Khoéa boi dudng chuyén mon nghiép vu
he danh cho gidao vien Toan (goi tat 1a Truong heé boi dudng gido vien Todn) da
duge t6 chitc tai DHQG TP Hoé Chi Minh tit 5 — 11/8 vé6i su tham gia cta trén
150 gigo vién dén tit cdc truong THPT chuyeén trén toan qudc. GS TSKH Nguyén
Van Mau, thay Nguyén Khac Minh, TS Nguyén Chu Gia Vugng, TS Lé Ba Khanh
Trinh, TS Nguyén Van Minh Man, TS Tran Nam Diing, ThS Nguyén Trong Tuan,
thay Nguyén Ditc Tan da dén gidng bai va chia sé nhiéu kinh nghiém quy bau cho
doi ngil cac thay co gido day Toan.

e Tiép ndi thanh cong ctia Truong he danh cho gido vién, tit ngay 16 — 22/8, chuong
trinh Gap gd Toan hoc lan 2 da duge Dai hoc Qubc gia thanh phd Ho Chi Minh
phdi hop v6i trusng THCS — THPT Au Lac (quan Go Vap) té chitc véi syt tham
gia ctia 50 hoc sinh dén tit cac dia phuong: thanh phdé Ho Chi Minh, Can Tho,
Dong Nai, Ninh Thuan, Quang Nam va Da Ning. Bén canh bai gidng ciia cac
thay co giao c6 nhiéu kinh nghiém, cac ban hoc sinh con dude sy huéng dan nhiét
tinh ctia cac anh chi sinh vién truéng thanh tit phong trao chuyén Toan. Chuong
trinh hoat dong vin nghé thé thao ciing hét stic s6i noi véi cac budi chicu luyen
tap va thi ddu thé thao, mot ngay di da ngoai tai thac Giang Dién, mot dem lien
hoan van nghé hét minh. Dic biét cac hoc sinh tham gia chuong trinh da duge GS
Egorov va hoc tro ciia ong 1a TS Nguyén Thanh Nam, tong giam déc Tap doan
FPT ghé tham va trao doi than mat vé Toan hoc.

e Ngay 19/9, khéa 3 ctia cau lac bo Toan hoc danh cho céc hoc sinh 16p 10 da duge
khai gidng tai truong THPT chuyén Lé Hong Phong. Céac hoc sinh sé sinh hoat
trong vong 5 thang véi nhiéu hinh thic hoat dong phong phi: Nghe gidng chuyén
de, tham gia seminar giai toan, lam bai kiém tra, tham gia cac cudc thi dong doi,
nghe néi chuyén vé Toan hoc va Khoa hoc, di da ngoai, ... C6 trén 60 hoc sinh
dén tit cac truong THPT trong thanh phd da tham gia cau lac bo, trong dé dong
nhat 1a cic truong Lé Hong Phong, Phd thong Niang khiéu, Tran Dai Nghia.

e Theo thong tin tit ban t6 chiic ctia cudc thi Giai thuéng Toan hoc Shing Tung Yau
danh cho hoc sinh pho thong thi c hai dé 4n (project) ctia hai nhém hoc sinh Pho
thong Nang khiéu (gom 4 ban Pham Hy Hiéu, Nguyén Manh Tién, Tt Nguyén
Thai Son, Pham Anh Tuén) da lot vao vong ban két ctia cudce thi va sé duge trinh
bay tryc tiép trude ban giam khéo tai Singapore vao chiéu 16/10/2010. Dugc biét
mdi project lot vao ban két sé duge thudng 1000 USD. Cac project lot vao chung két
duge thudng 2000 USD va cac tac gid sé dude di bao vé tai My. Thong tin vé cuoc
thi c6 thé xem chi tiét tai: http://www.yau-awards.org/overseas/index.html.

e Theo thong bao tit Hoi Toan hoc Viet Nam, ngay 22/4/2011, GS Frank Morgan,
chuyén gia hang dau thé giéi nhan chuyén di tham va lam viéc tai Viet Nam sé ghé

15
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thanh phé H6 Chi Minh va doc bai gidng public vé “Bong béng xa phong va Todan
hoc”. Duge biét Frank Morgan khong chi néi tiéng véi nhitng cong trinh khoa hoc
tam c& ctia minh ma cé rat noéi tiéng nhu mot dién gid xudt sic, c6 thé lam cho
hoc sinh phd thong hiéu duge nhitng diéu cao sieu. Thong tin chi tiét vé Frank
Morgan c6 thé doc tai day: http://math.williams.edu/morgan/.

Phong trao to chitc seminar Toan hoc va cau lac bo Toan hoc dang duge lan rong.
Hién nay ngoai seminar Gidi tich vi Toan so cap to chiic tai trudng Dai hoc Khoa
hoc Ty Nhien — Dai hoc Quoc gia Ha Noi (do GS Nguyén Van Mau cha tri),
seminar cac phuong phap Toan so cap tai truong Pho thong Nang khiéu da co
thém seminar toan so cap tai Vinh Long, An Giang, Long An. Dic biet, ké ti
thang 10/2010, Vien Toén hoc Viét Nam sé t6 chitc cau lac bo Toan hoc danh cho
hoc sinh THPT tai Vién Toan (1 thang 1 buoi). Dugc biét 3 bai giang dau tién
(vao céc thang 10, 11, 12/2010) sé do GS Ha Huy Khoai, TS Phan Thi Ha Duong,
TS Nguyén Chu Gia Vugng dam trach.



KHAM PHA MOT SO TINH CHAT CUA
DAY SO TRUY HOI TUYEN TINH CAP HAI

Dao Hoang Nha
HS chuyén Toén khoa 2009 - 2012

Trude hét, dé bude vao chuyen dé nay, ching ta can biét thé nao la day sé truy hoi tuyén
tinh cap hai.

Dinh nghia 1. Day so truy hoi tuyén tinh cap hai la day s6 c6 dang nhu sau
Uptg = QUpy1 + Dy,
trong dé a, b la cdc so thuc khdc 0.

Day s6 nay tuy kha don gidn nhung ding sau né la nhitng bi an thi vi dang chs dgi
ching ta. Nao, ching ta hay bat dau cudc hanh trinh.

M4 dau cho cudoc kham pha céc bi an, chiing ta hay ciing nhau tim hiéu mot tinh chat
tha vi sau.

Tinh chat 1. Cho day s6 {u,} théa man u, s = at,1 + bu, vdi moi n € N*. Khi dé
ta c6 hang dang thic sau

Unpoly — Unyy = (—b)" N uguy —u3), Vn e N*. (1)
CHUNG MINH. Truéc hét, ta sé chiing minh
Untolly, = Upy = —b(Uni1tlp—1 —up). (2)
That vay, ta co

Unp42Un — ui+1 + b(un—l—lun—l - qu—L) = un(un+2 - bun) — Un+1 (un—H - bun—l)

= Up * QUp11 — Upyy - AU, = 0.

Vay (2) dugc chiing minh. T day, bang cach ap dung lien tiép (2), ta dé dang thu duge
hing ding thitc (1) nhu & trén. O

Bay gio, trong (1) cho b = —1, ta ¢6
Up oty — Upsyq = Uglly — Us. (3)
Gia st u,, # 0 véi moi n > 1. Khi d6, dit ¢ = uzu; — u3, t (3) ta suy ra

2

Uy +c

U2 =
n

T d6 ta rat ra duge tinh chat nhu sau.

17
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Tinh chat 2. Cho day {u,} dudc zdc dinh bdi uy = m, us = p, us = q (mpq # 0) va

2
u +c
1 \/
Up+2 = 2 ) n > 17

n

trong dé ¢ = mq —p?. Khi dé, ta c¢6 {u,} chinh la day so truy hoi tuyén tinh cip 2 dang

Unp42 = AUp41 — Up,

. +m
vl a = q_
p
CHUNG MINH. Tu gia thiét, ta suy ra
€= Upyolly — uiH. (4)
Thay n bdi n — 1, ta dugc
C= Upi1Up_1 — U2 (5)

N : . 2 2
T (4) va (5), ta €6 Upqoly — U = Upy1Un—1 — U, hay

un(un—‘rQ + un) = un—l—l(un-‘rl + un—1)7

Un+-2 + Unp, o Un+1 + Up—1

Up+1 Up,
Thay n lan lugt béin — 1, n — 2, ..., 2, ta dudc
un+2—|—un:un+1—|—un,1_ _‘:u3+u1:q+m:
Up41 Up, U2 p
T do6 suy ra Uy4o = aUpy — Up,. Tinh chat 2 duge chitng minh. O

Cac tinh chat 1, 2 thuong dude st dung cho céc dang toan ma day sd dude xac dinh
nhu trén. Sau day 1a mot s6 vi du.

Vidu 1 (VMO 1999). Cho day s6 {a,} dugc zdc dinh bdi
a1 =1, as =2, apio=3ap11—ay, Vn>1

Chitng minh rang
2

a
Unso +ap > 2+ 2 ¥ > 1.
an

Lo1 GIAL Ta dé dang ching minh dugce day so trén la day tang, suy ra a, > 0 véi moi

n. St dung tinh chat 1, ta c6
2
a; 1 +1
Unio = ntl - =

n

Tit day, stt dung bat dang thitc AM-GM cho hai s6 duong, ta dugc

2 2 2
a, ., +1 a 1 a
Qniz + Gy = = ay = = (a_+a”) > 2 42,
n n n n

Bai toan duge chiing minh. O



KHAM PHA MOT SO TINH CHAT CUA DAY SO TRUY HOI TUYEN TINH CAP HAI 19

Vi du 2 (Bulgaria 1978). Cho day so {u,} théa man dong thoi cdc tinh chat sau
Lou, #0,Yn=1,2, ...
2. Uy, ug € 7.

u? +ui+a

UUz

3. € Z.

2
un—i—l + a

4. Un+2 = ,Vn:1,2,....

Chiing minh rang day {u,} chi chia toan so6 nguyén.

LOI GIAL St dung tinh chat 2, ta c6

Unio = ktpir — u,, Yn>1, (6)
. uz +u
Vi k = — :
Uz
ui+a Cuztu; uituita . s
Do u3 = nén ta co = € Z, suy ra k € Z. Ma theo gia thiet
Uy Uz U2
thi uy, us € Z nén tu (6), ta dé dang suy ra u,, € Z, ¥n > 1. ]

NHAN XET. Vi du trén cho ta mot tieu chuan dé danh gia day s6 cac s6 hang ctia day

2
un+1 +a

{un} v6i up e = c6 1a cac s6 nguyén hay khong.

n

Bay gio, ching ta hay tiép tuc xem xét day s6 {u,} thoa man

Uy =a, Uz =0, Upts=dUpii — Up.
R6 rang, néu a, b déu la cac s6 nguyén va d ciing 14 s6 nguyén thi hién nhién moi s6
hang ctia day {u,} luon luon la s6 nguyen. Vay, néu d khong 1a s6 nguyén thi d phai
théa man diéu kién gi dé moi sé hang ciia day déu la cac sé nguyen? Chinh cau hoi nay
da dua ta dén v6i bai toan sau.
Bai toan 1. Cho day s6 {u,} théa man

Uy =a, U= b7 Up4+2 = dun—f—l — Up, vn > 1a

trong doé a, b la cdc so nguyén khdc 0 va d la mot so thuc khdc 0. Tivm moi gid tri cta d
dé moi so hang ciia day déu la cic s6 nguyén.

Bay gio ching ta sé cling nhau tim hiéu 15i giai ciia bai toan nay.

LOI GIAL Néu d 1a mot s6 vo ti thi ro rang us = bd — a cling 1a s6 vo ti vi a, b 1a cac s6
nguyén. Do d6 ta chi can xét d trong tap sé hitu ti.
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Q(un+2 + un) = PUn+1- (7>

V6i n =1 thi (7) tré thanh q(us 4+ uy) = pug : ¢, suy ra us : ¢ (do (p, ¢) = 1). Tuong tu,

bang cach cho n nhan gia tri 1an lugt bang 3, 4, ta cling ¢6 uy : ¢ va us : ¢. Tt d6 cho
n = 2, ta suy ra

pus = q(ug + usg) * ¢
Ma (p, q) = 1 nén (p, ¢*) = 1, do d6 tir trén suy ra usz : ¢>. Do vay

puy = q(us +us) i ¢°.

Vi (p, ¢*) = 1 nén uy : ¢*. Cit lam nhu vay ta rat ra duge nhan xét 1a

u, P q" V> k> 1. (8)

Diéu nay ta c6 thé ching minh bing quy nap theo k. That vay, dé thay (8) ding vdi
k= 1. Gia sit n6 dang t6i k, tic 1a

Up " Yn> k> 1.

Khi dé tit (7) ta suy ra u, 1 : ¢~, tic la u, : ¢*, ¥n > k+ 1. Nhan xét duge chiing minh.
Bay gio, stt dung tinh chat 1, ta c6

2 _
Upqoln — Uy | = C,

véi ¢ = uzu; — u3 1a hang s6.

Tir day két hop véi (8), ta suy ra ¢ : ¢?* véi k 16n tuy .
Do ¢ 1a mot hiing s6 nén néu ¢ # 0 thi ¢ chi c6 thé bang 1 (vi néu ¢ khac 1, ta sé c6
¢** > c khi k tang dén mot gia tri nao d6), khi d6 d 13 mot s6 nguyén (vi mau bang 1).
Xét ¢ =0, khi d6 ta cb

Up42Un = u721+1' (9)
Dé thay, vi a, b 1a cac s6 nguyén khac 0 cho nén ta luon chiing minh dugce u, # 0 véi

moi s6 nguyéen duong n (c6 thé quy nap tit (9)). Tit (9) suy ra

Un+2 Un+1

= , Vn>1.
Un+1 Unp,
Suy ra
Upt1 U us b
n = n = = —= = = ’r” vn > ]_
Unp Up—1 Ul a
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Do d6 upy1 = ru,, Vn > 1. RO rang, lac nay day s6 {u,} 1a cap s6 nhan, cho nén
Upi1 = 1"a. (10)

£ « L . P ~ A F =2 U 2yt N
Dén day, ta viét lai r dudi dang phan s6 tdi gidn r = — v6i u, v € Z va (u, v) = 1. Do
v
Uy, 12 s6 nguyén véi moi n nén
n
Upt1 = —a € L.
v

Tit d6 suy ra a : v" (do (u”, v™) = 1). Ma a lai 14 mot hing s6 nén v chi c6 thé nhan
gia trila 1, do d6 r € Z hay b : a. Ta lai c6
J— uz+up ar’ +a B r?+1 B a’® + b?

Us ar r ab

Thit lai gia tri clia d, ta thay moi s6 hang ctia day déu nguyen. T d6 ta rit ra két luan

e Néu b khong chia hét cho a thi d & s6 nguyeén.

a® + b?

e Néu b chia hét cho a thi d 13 mot s6 nguyén hodc d = 7
a

Chinh bai toan trén da cho ta mot tinh chat tiép theo.
Tinh chat 3. Cho day s6 {u,} théa man
Uy =a, U= b7 Up4+2 = dun—f—l — Up, vn > 1a

vdi a, b la cdc s6 nguyén va ab # 0. Khi dé, moi s6 hang cia day déu la cdc s6 nguyén
khi va chi khi ta cé6 mot trong cac dieu sau
o d la mot s6 nguyén néu b khong chia hét cho a;
a’ +b?
a

néu b chia hét cho a.

e d la mot s6 nguyén hodc d =

Khong ding lai tai day, ching ta hay tiép tuc ciing nhau kham pha tiép, van con nhiéu
bi an ding sau dang chd dgi ching ta.

Xét day s6 {u,} thdéa man u; = m, uy = p va
Upio = QUpy1 — Up. (11)
Theo tinh chat 1 thi day s6 trén luon cé thé bién doi vé dang
2 _ 2 _
Un2aln — Uy = Ul — Uy = C. (12)

Nao, bay gio ching ta hay nhin that ki (11) va (12), gitta ching liéu ¢6 moéi lien hé nao
khong? Céac ban da nhéan ra chua nao? Ching ta cuing xem nhé!
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T (11) va (12), ta suy ra dugc

Upt2 + Up = QUp41
9 -
Uptolly = C+ Uy iy

Do d6 w42 va u, chinh la nghiém ctia phuong trinh bac hai

X? — aup i X + U%H +c=0,
v6i X 12 an s0, Uy, chinh la tham so.
Tt d6 ta rat ra dude tinh chat tiép theo.
Tinh chat 4. Cho day s6 {u,} théa man

Uy =m, Us =D, Upio= QUpii — Up.

Khi do, u,io va u, chinh la nghiém cia phuong trinh bac hai

X? —aupp1 X +us +c=0, (13)
vdi X la an s6, Upyq1 la tham 6 va ¢ = uguq — u3.
C6 1&, dén bay gio cac ban sé tu hoi, tinh chat 4 c6 thé suy ra duge diéu gi nita?

Bay gio, ta hay xem, néu moi s6 hang ctia day {u,} déu la cdc s6 nguyén va gia st a
ciing 1a s6 nguyen, thi rd rang phuong trinh (13) ¢6 hai nghiem nguyén. Ma diéu kién
can dé mot phuong trinh bac hai c¢6 cac hé s6 nguyén c6 nghiém nguyeén la biét thic A
clla n6 phai 1a s6 chinh phuong. Ma

A=a*ul, —4ui, +e) = (a® —4ul,, — e
Do d6 ta c¢6 (a* — 4)u?_; — 4c 1a mot s6 chinh phuong. Ta riat ra duge tinh chat sau.
Tinh chat 5. Cho day s6 {u,} théa man

Upio = QUpy1 — Uy, VN > 1.

Gid st moi s6 hang clia diy déu la so nguyén va a ciing la mot s6 nguyén. Khi dé ta co
(a® — 4)u2 ., — 4c la mot s6 chinh phuong (¢ = uguy — u3).

Vi du 3. Cho day so {u,} dugc xdc dinh nhu sau
up =05, us =16, Upio =19%upi1 —u,, Vn > 1.
Chaing minh rang 3976032u350s — 159239 la mot so chinh phuong.
LOI GIAL Ta 6 3976032 = 19942 — 4, uz = 1994 - 16 — 5 = 31899 va
159239 = 31899 - 5 — 16>,
Do d6 theo tinh chat 5 thi 3976032u;s — 159239 1a mot s6 chinh phuong. O
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Vi du 4 (VMO 1997). Cho day so6 nguyén {a,} dugc xdc dinh bdi ag =1, a; = 45 va
Qpio = 4ADap11 — Tay,
vdi morn =0,1, 2, ...
(a) Tim s6 wdc duong cia a2, — anani2 theo n.
(b) Chiing minh rang vdi moi n thi 1997a% + 4 - 7" la s6 chinh phuong.
LOT GIAL (a) Ta c6 ay = 45% — 7 -1 = 2018. Stt dung tinh chat 1, ta dugc
Up 2y — aiﬂ = T"(agag — a?),

suy ra
2 _ =n+l
Ay = Qpy2ln =T,

Do 7 1a s6 nguyén t6 nén sb cac udc nguyen duong cta a2, | — apan42 12 n+ 2 s0.

(b) Ta sé& dimg tu tudng ciia cac tinh chat trén dé gidi quyét cau hoi nay. Tir gia thiét
Unto = 45ap11 — Tay VA a2, — apanie = 7" (theo tinh chat 1), ta suy ra

Gpio + Tan = 4ba, 11
(7an)an+2 = 7a72z—|—1 - 7n+2 ‘

Do d6 7a,, va a,s la cac nghiém ctia phuong trinh bac hai
X? = 45a, 1 X + Tap,, — T2 = 0.

Vi Ta,, Gnyo 12 cic s6 nguyén nén phuong trinh trén c6 hai nghiém nguyeén, suy ra biét
thic A ciia n6 1a s6 chinh phuong. Ma

A = (45a,41) — 4(TaZ,, — 7""?) = 19972, + 4 - T2,

neén ta c¢6 1997a2,, +4-7"2 1a s6 chinh phuong. Hon nita, dé thay 1997af +4- 7" = 452
Do vay ta c6 1997a2 + 4 - 71 14 s6 chinh phuong v6i moi s6 tu nhién n. O

NHAN XET. Qua vi du trén, ta thay tinh chat 4 va 5 c¢6 thé tdng quét cho truong hop
Upt2 = PUpy1 + Uy,
VOl U, uy 14 cac s6 nguyén va p, ¢ ciing 1a cic s6 nguyen.

Khi d6 wny2 — qun = ptini1 VA Unpo(—qu,) = —qui, + (—¢)"c v6i ¢ = uguy —u3. Tt do
ta ¢6 Upio va —qu, la hai nghiém cia phuong trinh bac hai

X? - Plp 1 X — quiﬂ +(=¢)"c=0.

Va do d6 (p* + 4q)uz,; — 4(—¢)"c 1a mot s6 chinh phuong.
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Bay gio, ching ta sé tiép tuc kham pha tiép, licu tit tinh chat 4, ta c6 thé khai théc
duge nhitng diéu tht vi ndo nita? Céc ban hdy cung t6i thit gidi phuong trinh (13). Theo
cong thicc nghiém ctia phuong trinh bac hai, ta suy ra
aup £/ (a® — D, —4c

5 :
Gid st U190 > uy, khi d6 ta duge mot day s6 truy hoi c6 dang

X120 =

a 1
Upt2 = §un+1 + 5\/(@2 — 4)'&721_’_1 —4c.

Nhu vay, ta cé thé rat ra duge tinh chat 6 nhu sau.
Tinh chat 6. Moi ddy s6 {u,} théa man

Uy =M,  Upyo = %unH + %\/(QQ —du, 4+ 4c,  (ac#0)
luon ¢ thé dua vé day so truy hoi tuyén tinh cap hai cé dang nhu sau
Upt2 = QUp41 — Up.
L&1 GIAL Chuyén %unﬂ sang vé trai va binh phuong hai vé, ta dugc
a? 1
U721+2 — QUp42Unt1 + Zuiﬂ T [(CLQ - 4)U721+1 + 40} )
ui+2 — QUpy2Upy1 + uiﬂ —c=0.

Thay n béi n — 1, ta c6

2 2
Uy — AUy Up + U, —c = 0.

Tu day suy ra u, o va u, la cac nghiém cta phuong trinh bac hai

X% —au, 1 X +ui+1 —c=0.
Ap dung dinh 1§ Viette, ta c6 w, 1o + U, = aUpy1, hay U, o = ati,41 — u,. Tinh chat 6
duge ching minh. O

Vidu 5. Cho a, b, ¢ la ba s6 nguyén théa man a®> = b+ 1 va day s6 {u,} dugc zdc dinh

nhu sau
up =0, Upp1 =au, +/bu+c, Vn=0,1,2 ...
Chaitng minh rang moi s6 hang cia day trén déu la so nguyén.

LO1 GIAL Ta ¢6

2 1
Upy1 = Aty + /by, + ¢ = au, + /(a2 — Du2 + ¢ = gun + 5\/(4a2 —4)u2 +4c2.

Theo tinh chat 6, ta suy ra
Upyo = 20Up 1 — Up.

Viug =0, u; = |c| € Z nén tix trén ta c6 u, 1 s6 nguyén véi moi s6 ti nhien n. O

T tinh chéat 3 va tinh chat 6, ta c6 thé suy ra mot tinh chat nhu sau.
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Tinh chat 7. Xét day s6 {u,} théa man uy, uy € Z va

Upt1 = U, + /U2 + c.

d*>—4

voi d la mot

New ¢ la mot so nguyén va ton tai mot so d sao cho a = = va b=

2 4
, , o SNy uf + u3
s0 nguyén (néu uy chia hét hogc khong chia hét cho uy) hodc d =
U1U2

(néu uy chia
hét cho wuy) thi moi s6 hang cia day déu la nguyén.
Day c6 thé duge xem nhu mot tieu chuan dé danh gia day s6 dang trén 1a 1 day nguyen.
Trude khi két thic chuyen dé, chiing ta hiy cting nhau xem xét mot bai toan sau.
Bai toan 2 (Bulgaria 1987). Xét day so6 {x,} dugc zdc dinh bdi x; = x5 = 1 va
Tpao = a1 — 2y —4, Vn 2> 1.

Chatng minh rang vdi moin > 1, ta cé x, la binh phuong cia mot s6 nguyén.
L3I GIAL Dé giai thanh cong bai toan nay, trude hét ching ta can phai nghién citu céc
gia tri clia cic s6 hang dau tién ciia day va sau do6 rat ra nhan xét vé mdi quan hé cia
ching. Thit vai gia tri dau, ta co6

v =12, xo=1% a3=23% x4=11% x5=41% x4=153>
Hay quan sat va dé ¥, cac sb tren hoan toan c¢é quy luat. Ta nhan théiy

3=4-1—-1, 11=4-3—-1, 41=4-11-3, 153=4-41-11,
Tt cac yéu to trén, cac sd 1, 1, 3, 11, 41, 153, ... déu duge hinh thanh dya vao day sau

n=1 vw=1 Yo =4U1 —Yp, Yn>1

Bay gio, viéc clia chiing ta 1a chiing minh réng

Tn = yrZL (14)
Céch chitng minh don gidn nhat chinh 14 st dung quy nap: D& thay (14) ding véin = 1,
2. Giasuno dang véin =1, 2, ..., k, tic la
T, =y, Yn=1,2 ..., k

Ta can chitng minh noé ciing diung véi n =k + 1. Ta co6

Y = (4yk — ye—1)” = 1643 — Syrye—1 + v,
= 14y, — 21 — 4+ (295 — Syth—1 + 203, +4)
= Tt + 20 — 2(4Yk — Ye—1)Yp—1 + 4
= Th1 + 20% — 2YkpaYh1 + 4.
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St dung tinh chat 1, ta co
Yr—1Yks1 — Ui = 2.

T d6 suy ra y7,, = xx41. Vay ta co diéu phai ching minh. O

NHAN XET. Ta hoan toan cé thé tong quat bai toan trén. Xét day sd {u,} théa man
Upt2 = AUpi] — Up VA C = UUZ — u%, ta c6

2
Upqoly — Uy = C.

Xét tiép day s6 {v,} sao cho v, = u? véi moi n, ta sé co

2

2 2,2 2 _ 2 2
Upyo = Uy g = QU1 — 20Uni1Un + U; = QUL L — 2Up (QUpg1 — Uy) — U

2.9 2 2 2 2 2
= aUy | — Uy — 2Uplpgr = (0" — 2)uy 1 — 2(UplUnpa — Up ) — Uy,

= (a* = 2)Vpq1 — v, — 2c.
Suy ra vpyo = (a* — 2)v,41 — v, — 2c.

Mt khac, bang cach st dung quy nap, ta ciing dé dang chitng minh duge diéu ngugc
lai ding, tic la: Néu hai day {u,}, {v,} thda man v; = u?, vy = u3, ¢ = wyuz — u3 va

2
Up4+2 = AUp41 — Up, Upq2 = (CL - 2)”71-‘,—1 — Up — 207
thi ta c6 v, = u2 véi moi n.

Va nhu vay, ta c6 bai toan tong quat nhu sau: Cho hai diy s6 {u,} va {v,} théa man
vy = u?, vy = u?, ¢ = uguz — U3 VA Upio = AUpyy — Uy Khi d6

Upgo = (a* — 2)Vpy1 — vy — 2
khi va chi khi v, = u? vdi moi s6 nguyén duong n.
Tit cach ching minh nhu trén, ta c6 thé rit ra dudge phuong phap giai cac bai toan ve
day sb c6 lien quan dén sé chinh phuong. V6i tu tuéng nhu trén, ta cé thé gidi duge céc
bai toan tuong tu sau.
Bai toan 3. Cho day so {y,} théa man y; = yo = 1 va
Ynt2 = (4k = D)Ynt1 —yn +4 — 2k, Vn > 1.
Tim k € Z sao cho moi s6 hang ciia day déu la so6 chinh phuong.
(Ta c6 thé chitng minh duge day sé thda man bai toan trén c6 dang nhu sau
Ynt+2 = (Ynt1 = Yn — 2.

T do, 4p dung cach lam bai toan 2 thi duge diéu phai chiing minh.)
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Bai toan 4 (Canada 1988). Cho hai diy so {x,}, {yn} zdc dinh bdi zo = 0, z; = 1,
Tpyr =42, — Ty vayo =1, Y1 = 2, Y1 = 4Yn — Yn_1. Chiing minh ring

y2=322+1, VneN.
Bai toan 5. Cho day {u,} théa man uy =k, uy =k + 1 vdi k la s6 nguyén bat ky va
Up1 = Up(up — 1) +2, VYn=2, 3, ...
Chiing minh rang so6 A = (u? + 1)(u3 +1) -+ - (udgos + 1) — 1 la mot so chinh phuong.
(Ggi ¥, bang quy nap ta chiing minh duge A, = (u,y1 — 1)? véi
A=+ 1) (us+ 1) (u2 +1)— 1)
Sau day 13 mot s6 bai tap danh cho ban doc.
Bai tap 1. Cho day s6 {u,} thoa man u; = 1, up = —1 va
Uy = —Up_1 — 2Up_9, Vn=273,4, ...
Xét day {v,} nhu sau
v, =2"" T2 . Wn=2 3, ...
Chiing minh rang moi s6 hang ciia day {v,} déu la s6 chinh phuong.
Bai tap 2. Cho day s6 {u,} thoa man u; = 2, us = 3 va
Up = NUp_1 — (N — 2)Up_o —2n + 4
véi moin =3, 4, ...
(a) Tim n dé |u, — 2007 c6 gia tri nhé nhat.
(b) Tim s6 du khi chia usgo7 cho 2006.
Bai tap 3 (VMO 1998). Cho day s6 {a,} dudc xac dinh béi ag = 20, a; = 100 va
Qpio = 4ap1q + 5a, +20, Vn € N.

Tim s6 nguyén duong h nhé nhat théa man diéu kién a,.), — a, chia hét cho 1998 véi
moi s6 tu nhién n.

Bai tap 4 (TST Viet Nam 1993). Goi ¢(n) la phi ham Euler. Tim tat ca cac s
nguyén duong k > 1 théa man dicéu kién: v6i a 1a s6 nguyen > 1 bat ky, dit zp = a,
Tp1 = kp(z,) v6in=0,1,2, ... thi {x,} luon bi chan.

Bai tap 5 (Ba Lan 2002). Cho k € N* va day s6 {a,} dugc xac dinh bdi
ay=k+1, a1 =a—ka,+k VncN.

Chitng minh rang véi moi m, n € N*, m # n, ta c6 (a,, a,) = 1.



28 CHUYEN bE TOAN HOC SO 9

Bai tap 6. Cho s6 thuyc r va day s6 {z,} dugc xac dinh bdi
20=0, x1=1, Tpio=rT41 —T,, VneN.

Chitng minh ring
1+ T3+ + Tom_1 :xzn, Vm € N*.

Tai liéu tham khao
[1] Phan Huy Khai, Sé hoc va day sé, Nha xuat ban Gido Duc, 2009.

[2] Nguyén Van Mau (cht bien), Chuyén dé chon loc day so va dp dung, Nha xuat
ban Giao Duc, 2008.

[3] Céac tai lieu suu tam ti internet.



PINH LY THANG DU TRUNG HOA

Pham Hy Hiéu
HS chuyén Toan khoéa 2007 - 2010

Lugc DAN. Xuwa & Trung Quoc, c6 mot vi tudng khong nhiing cé tai thao lhigc
chién truong ma con c¢é nhiing hiéu biét sau sic vé Todn hoc tén la Han Tin.
Tuong truyén rang khi diém quan, ong ra lénh cho quan doi clia minh zép thanh
nhitng hang 5 ngudi, 7 nguoi moi 11 nguoi, sau dé dwa vao quan sé6 du con lai
sau moi lan xép hang cung vdi viéc wdc ligng quan so cia minh trong khodng bao
nhiéu, ong suy ra dudc quan sé6 chinh xdc cia minh. Nhiing gi Han Tin lam da
duge cac nha Todn hoc Trung Quoc va thé gidi ghi nhan lai thanh “dinh lij Thing
du Trung Hoa”. Day thuc su la mot két qud dep va cé nhiéu wng dung trong viéc
gidi quyét cdc bai todn vé Lij thuyét s6 va cd nhiing van dé cao cip hon cia Todn
hoc. Bai viét nay hy vong trao doi vdi cic ban vé dinh lyj nay.

1 Nhin lai dinh ly Thang du Trung Hoa
Dinh 1y 1 (Dinh Iy Thang du Trung Hoa). Cho k la mot s6 nguyén duong, my, mo, ...,
my la cdc s6 nguyén doi mot nguyén to cung nhau va ay, as, ..., ai ld cdic sO nguyén

bat ky. Khi dé hé phuwong trinh dong du

a; (mod my)

as (mod my)

x =a (mod my)

c6 nghiém duy nhat modulo myms - - - my,.

CHUNG MINH 1. Tit phat biéu ctia dinh 13, ta thiy viec ching minh can phai trai qua
hai buéc nhu sau:

(1) Chitng minh sy ton tai ctia nghiem z modulo myms - - - my,.

(2) Chiing minh tinh duy nhét ctia nghiém theo modulo mymsy - - - my,.
(1) Dé chitng minh sy ton tai nghiém ctia hé dong du, ta sé sit dung nguyén 1y quy nap.
Gia st két luan ciia dinh Iy da dang véi 1, 2, ..., k. Xét k + 1 sd nguyén mq, ma, ...,

my41 doi mot nguyéen t6 cing nhau. Dat m), = mymyi1. Vi (mg, mir1) = 1 nén theo
gia thiét quy nap, he dong du

{ r=ar  (mod my)

T =apy (mod myyq)

29
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c6 nghiem duy nhat z = a}, (mod m}). Lai theo gi& thiét quy nap thi vi my, ma, ...,
m}, 1a k s6 nguyén doi mot nguyen tot cing nhau nén hé dong du

a; (mod my)

as (mod my)

r =a); (modmy)

c6 nghiém duy nhat theo modulo mym; - - -mj, nén dinh 1y cling dung véi k + 1.
Cubi ciing ta chi can chitng minh dinh 1y trong truong hop k = 2. Dé lam duge diéu do,
ta can dén bo dé sau.
B6 dé 1 (B dé Bezéut). Néu m, n la hai s6 nguyén théa man (m, n) = 1 thi ton tai
cac so6 nguyén u, v théa man

mu +nv = 1.

Chitng minh. Xét cac s6 ¢6 dang {1 — mu | u € Z}, vi (m, n) = 1 nén ton tai u sao
1 —mu

cho n | 1 — mu. Khi d6 ta chi can chon v = . Bd dé duoc chiing minh. U

n
N N Pd X P > X . -z A ~
Vao bai. Theo bo de Bezout suy ra rang ton tai cac so nguyén u, v sao cho

Mot — myu = 1.
biat r = (ag — ag)u, s = (a; — az)v thi
MoS — M1T = A1 — G & A1 + MT = G + MsS.

bat x = a1 + mir = as + mas, ta co

{ r=a; (modm)

r=as (modmsy)
Vay z 1a nghiém ctia heé dong du véi k = 2.
(2) Bay gio ta chiing minh tinh duy nhat ctia nghiem. That vay gia st ton tai 2’ sao cho

' (mod my)

r=2" (mod my)

r=12" (mod my)

Thé thi do gid thiét m,, ms, ..., m; doi mot nguyén t6 ctiing nhau nén ta c6

r=2" (mod mimsy---my).

Dinh ly duge ching minh hoan toan. O

C6 rat nhiéu cach chiing minh dinh 1y Thing du Trung Hoa. Sau day ta dén véi mot
chiing minh khéac cho phan ton tai nghiém (ttc phan (1) é trén) ctia dinh 1y nay theo
huéng xay dung va khong can st dung nguyén 1y quy nap.
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CHUNG MINH 2. Do gid thiét my, ms, ..., m; doi mot nguyén t6 cling nhau nén
m
ged (—, mi> =1(m=mmgy---myg) véi moi i = 1, 2, ..., k. Do vay, tuong tu véi
my;
cach 1y luan trong ching minh ctia b6 dé Bezéut, ta suy ra ring véi méi ¢ déu ton tai b;
sao cho m
—b;=1 (modmy), Vi=12, ... k.

7

Tu do m
—ba; =a; (mod m;), Vi=1,2 ...k
m;
Fom
Xét s6 nguyen xg = Z —ba; véimoii=1,2, ..., k, taco
m.

i=1 "
b m
Ty — Z —blal (H’lOd mz)

i=1 "

ﬂbzaz (Il’lOd mz)

=a; (mod m;)(vi ﬁbi =1 (mod a;)).

O

Vay z & nghiém ctia hé dong du trong bai.
Nghién cttu hai chiing minh trén, ta nhan thay ching déu dya trén tu tudng ctia bo dé
Bezoéut. Thuc té, bo dé nay c6 mot hé qua quan trong nhu sau.
Hé qua 1.1. Néu m, n la cic s6 nguyén va (m, n) = d thi vdi moi s6 nguyén h ma
d | h thi ton tai cac s6 nguyén u, v théa man

h = mu + nv.
Tu hé qua nay ta suy ra mé rong sau day ctua dinh 1y Thiang du Trung Hoa.
Dinh 1y 2 (M§ rong dinh ly Thang du Trung Hoa). Cho k la mot s6 nguyén duong,
mi, Ma, ..., My la cdc $6 nguyén bat ky va ai, as, ..., ai la cdc s6 nguyén. Khi dé hé

phuong trinh dong du
r=a; (modmy)

T =ay (mod my)

x =a (mod my)
c6 nghiém modulo lem (my, mo, ..., my) khi va chi khi
a; =a; (mod (m;, m;)), V1I<i<j<k.
M4 rong nay hoan toan c6 thé duge ching minh bing phuong phap tuong tu héa tit

ca hai cach ching minh ctia dinh 1y lac dau, chi khac & chd sit dung hé qua ctia bo dé
Bezéut thay vi chinh b6 dé nay.

Khong chi trong Ly thuyét s6 ma dinh 1y Thing du Trung Hoa con c6 cic md rong
tuong tu trong Ly thuyét nhém, Ly thuyét vanh, truong, ideal, ..., nhung diéu dé vugt
qué tam quan tam ctia bai viét nay.
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2 Pinh Iy Thing du Trung Hoa trong giai toan phd thong

Trong muc nay ta tim hiéu cac bai toan tng dung dinh 1y Thing du Trung Hoa. Trudc
hét ta dén v6i ba bai toan co ban dau tien mang tinh kinh dién cho ki thuat st dung
dinh 1y thing du Trung Hoa.

Bai toan 1. Ching minh rang vdi moi s6 nguyén duong k lén tiy o deu ton tai k so
nguyén duong lién tiép gom toan hop so.

LOI GIAL Goi p; < pa < --- < pg 1a cac s6 nguyén t6 bat ky. Theo dinh Iy Thang du
Trung Hoa thi ton tai s6 nguyén duong n 16n tly ¥ sao cho

—1 (mod pi)
—2  (mod py)

n

n

n=—k (mod p)

Vay véi moi i =1, 2, ..., k thi p; | n + i, hon nita c¢6 thé chon n > p, do d6 n + i déu
1a hgp sb. O

Bai toan 2 (Problem E27, PEN, Hojoo Lee). Ching minh rang vdi moi so nguyén
duong k lén tuy  deu ton tai k s6 nguyén duong lién tiép khong la liy thiua cia mot s6
nguyén duong nao khdc.

LOI GIAL Goi p; < pa < -+ < pi 1a cac s6 nguyén t6 bat ky. Theo dinh Iy Thang du
Trung Hoa thi ton tai s6 nguyén duong n 16n tiuy ¥ sao cho

n=p —1 (modpi)
n=p;—2 (modp3)

n=py—k (modpy)

Vay v6i moi i = 1, 2, ..., k thi p; | n + 4, hon nita ta c6 thé chon n > py, do d6 n + i
déu 1a hop s6. Lai do 1y luan trén, trong biéu dién co s6 ctia n +1i c6 thita s6 p; nén n 4+ i
déu khong phai 1a Ity thita clia mot s6 nguyén nao. O]

Bai toan 3 (VMO 2008). Cho m = 2007%°8. Héi c6 tat cd bao nhiéu sé tu nhiénn < m
sao cho
m | n(2n+1)(5bn +2)7

L1 GIAL Xét phan tich tiéu chuan
m = 20072008 — 34016 X 2232008‘

Dé& dang kiém tra thay ged(i, j) < 3 v6i moi 4, j € {n, 2n + 1, 5n + 2} nén ta c6
m | n(2n + 1)(5n + 2) khi va chi khi x4y ra mot trong céc trudng hgp sau:

1. m|n.
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.m|2n+ 1.
. m | 5n+ 2.
. 31016 | 4 vy 9232008 | 9y 4 1,

. 31016 |y va 2232908 | 5+ 2.

2
3
4
5
6. 31016 | 2n + 1 va 223%098 | 5p 4 2.
7. 31016 | 2y 4 1 va 2232008 | .

8. 31016 | 5 4 2 va 2232008 | .

9. 31016 | 5p + 2 va 223%008 | 2 4 1.

Trong mdi truong hop trén, theo dinh 1y Thiang du Trung Hoa, ton tai duy nhat mot
gia tri n modulo m théa man truong hgp ay. Do vay c6 tat cd 9 s6 tu nhién n thda man
yéu cau dé bai. O]
Thuc chat bai toan VMO 2008 chi 1a trudng hgp rieng ciia bai toan tong quat sau.
Bai toan 4. Cho s6 nguyén duong n cé phan tich tiéu chuan

n— priupgz . _pgs_

Xét da thiic P(z) c6 hé so nguyén. Nghiém xq clia phuong trinh dong du

P(x)=0 (mod n) (1)
la I6p dong duzy € {0, 1,2, ..., n— 1} théa man P(xy) = 0 (mod n). Khi dé, diéu
kién can va di dé phuong trinh (1) c6 nghiem la véi méii =1, 2, ..., s, phuong trinh
P(z) = 0 (mod p{*) 6 nghiém. Hon nia, néu vdi moi i = 1, 2, ..., s, phuong trinh

P(z) = 0 (mod p}*) ¢6 r; nghiém modulo p}* thi phuong trinh (1) ¢6 r = riry---ry
nghiém modulo n.

LOI GIAL. Néu mot trong cdc phuong trinh P(z) = 0 (mod p§") vo nghigm thi hién

nhién (1) vo nghiém. Ngugc lai, gid sit v6i méi ¢ = 1, 2, ..., s, phuong trinh P(z) =0
(mod pj*) ¢6 r; nghiem 1a x;,, ;,, ..., 2, . Theo dinh Iy Thang du Trung Hoa, v6i moi
cach chon bo (xljl, Toj s - Ty, ), hé dong du

r =1y, (modpf')

T =1y, (mod py?)

T =1z, (mod p§*)

c6 nghiem duy nhat T(1;,,2 s;,) theo modulo n. R6 rang nghiém nay la nghiém cta

Jar
phuong trinh (1). Vay (1) ¢6 nghiém.

Hon nita s6 nghiem ctia (1) bang s6 cach chon cac bo (i, Jjo, - - -, Js) t cac tap c6 do
dai tuong ing la r; véit=1,2, ..., s. Vaynén r = ryry-- - rs. O
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Bai toan trén khong chi ¢6 ¥ nghia nhu mot bai toan téng quat. Thuc té, né cho phép
ta gidi han s6 lugng modulo can khéo sat trong viéc gidi cac phuong trinh dang nhu (1).
That vay, tit két qua cia bai toan nay, ta chi can xét truong hop modulo n ciia phuong
trinh dong du Ia lity thita ciia mot s6 nguyen to. Két hgp véi bé dé Hensel, ta con cé
the giéi han bai toan vé truong hop modulo n clia bai toan 13 mot s6 nguyen t6. Lic
nay, cac dinh 1y ctia Ly thuyét dong du vé sé nguyén té nhu dinh 1y nhé Fermat, sit ton
tai clia can nguyen thiy, ... c6 thé ap dung dudce. N6i chung, bai toan trén co ¥ nghia
16n trong viéc nghién citu cac phuong trinh dong du dang (1).

Qua cac bai toan trén, c6 1é cac ban da nam dudgc tu tudng co ban clia cac bai todn can
dén dinh Iy Thang du Trung Hoa. Cac bai toan dudgc trinh bay tiép theo sé doi héi su
khéo 1éo hon trong viéc sit dung dinh 1y Thang du Trung Hoa cling nhu cac kién thric
S6 hoc khac.

Bai toan 5 (Taiwan TST 2002). Trong ludi diém nguyén ciia mdt phing toa do Oxy,
mot diem A vdi toa do (zo, yo) € Z* dugc goi la nhin thay tu O néu doan thing OA
khong chia diém nguyén nao khdc ngoai O va A. Ching minh rdng vdi moi n nguyén
duong lon tiy ¢, ton tai hinh vuong n x n c¢é cdc dinh nguyén, hon nda tat cd cic diém
nguyén ndm bén trong va trén bién cia hinh vuong déu khong nhin thay dugc ti O.

LOI GIAL D@ thay rangdiéu kién can va di dé A(z 4, y4) nhin thay duge tit O 1a

ng(xAu ?JA) = 1.
Dé giai quyét bai toan, ta sé xay dung mot hinh vuoéng n x n véi n nguyén duong tiy
¥ sao cho v6i moi diém nguyén (z, y) ndm trong hogc trén bién hinh vuéng déu khong
thé nhin thay dugc tt O. That vay, chon p;; 1a cdc s6 nguyen t6 doi mot khéc nhau véi
0 <4, 7 < n. Xét hai he dong du

(2=0  (wodpopo,--po,)  (y=0  (modpi,ps, - Pu)
$+1 EO (mOdpllplg"'pln) y_|_1 EO (modp11p21 ...pnl)
r+2=0 (HlOd P2,P2; - - 'an) va Y+ 2=0 (IIlOd P1,D25 " - 'an) :

(z+n=0 (mod pupn, - Pn,) (y+n=0 (modpi,p2, " Pn,)

Theo dinh 1y Thing du Trung Hoa thi ton tai (zg, yo) thda man hai h¢ dong du trén.
Khi do, r6 rang ged(xg + 14, yo +1i) > 1 véimoi 4, 7 =0, 1, 2, ..., n. Diéu d6 c¢6 nghia la
moi diém ndm trong hodc trén bién hinh vuong n x n xac dinh bdi diém phia dusi bén
trai 1a (zg, yo) déu khong thé nhin thay duge tit O. Bai toan dugc chitng minh. O

NHAN XET. Yéu cau ctia bai toan trén khién ta phai lira chon cac bo s6 du va cdc modulo
nguyeén té thich hgp trén mot dién rong hon. Diéu nay khién cho viec ap dung dinh 1y
Thing du Trung Hoa trd nén khong don gidn nhu ba bai toan lic dau nita.

Bai toan 6 (Problem E30, PEN, Hojoo Lee). Cho n la s6 nguyén duong 1é va n > 3.
Goi k, t la cdac s6 nguyén duong nhé nhat sao cho kn+ 1 va tn déu la so chinh phuong.

S 5N . N 2 32 NS ~ £ 7s . n
Chitng minh rang dieu kién can va di dé n la so nguyén to la min{k, t} > —.

4
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LO1 GIAL Trude hét ta ching minh diéu kién can. Gia st n 1a mot s6 nguyen to thi vi
tn 1a s6 chinh phuong va n | tn nén n? | tn, suy ran | ¢, tt d6 t > n > g Hon nta, dat
a’>=kn+1thia®?=1 (mod n), suy raa = +1 (mod n). Nhung via > 1 néna > n—1.
Tedokn+1>n—-1>2=k>n—-2=k> % (Vin>3nénn-—2> %) Vay diéu

kién can dudc ching minh.
Ngugc lai, gid sit min{k, t} > % Ta xét hai truong hop.

e Truong hgp 1. n chi c6 mot wée nguyen to6 duy nhat. Do n 1é nén n = p® véi p > 3.

. - . n . 8
Néu a chan, talay t =1 < T r0 rang tn = p® la so chinh phuong, mau thuan.
a

Néualéd >3, talayt=p< %, thi tn cling 1& s6 chinh phuong va ta lai ¢6 mau
thuan. Vay a = 1, suy ra n = p la s6 nguyeén to.
e Truong hgp 2. n c6 it nhat hai uc nguyén td phan biet. Khi d6 ta c6 thé viét

n = p®m trong d6 p l1a sd nguyen t6, m 1a s6 nguyén duong 1& va (m, p) = 1. Theo
dinh 1y Thiang du Trung Hoa, ton tai s6 nguyén s sao cho

{ s=1 (mod p?)

s=—1 (modm)

3

Tit d6 n | s> — 1. Hon nita ta c6 thé chon s sao cho [s| < —. Ta lai c6 s #Z 1

[\

(mod m) nén s # 1 va s # —1 (mod p®) nén s # —1, vay tic 1a s? # 1. Do vay
2 _

néu ta dat k = thi k£ 13 s6 nguyén duong, hon nita kn + 1 = s% 14 s6 chinh

n
phuong va

[\

s2—1 S
<

<

3 |.4>|3[\3

n
n 4°

3

Mau thuan véi dieu kin min{k, t} > g Vay trusng hop nay khong thé xay ra.

Tém lai, n 1a s6 nguyeén t6.
Bai toan dugc chiing minh hoan toan. O]

Bai toan 7 (Saint Petersburg City Mathematical Olympiad). Cho S = {a1, aa, ...,
an} C N* wa P(z) € Z[z]. Biét rang vdi moi s6 nguyén duong k déu ton tai mot chi so
i€{1,2,...,n} sao cho a; | P(k). Chitng minh rang ton tai mot chi so iy nao dé sao
cho a;, | P(k) vdi moi s6 nguyén duong k.

LOT1 GIAL Phan chiing. Gid sit v6i mdi ¢ déu ton tai s6 nguyén duong b; sao cho a; ¥ P(b;).
Goi P(S) = {p1, p2, - - -, pr} 1a tap hop tat cd cac wde nguyen t6 clia cdc phan tit ctia S
va m; 1a s6 nguyén duong nhé nhat sao cho ton tai mot sé6 nguyén duong k; thoéa man
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pi" t P(k;). Chu y rang cac s6 m; nhu thé luon ton tai. Theo dinh ly Thing du Trung
Hoa thi ton tai s6 nguyén duong K sao cho

K =k (mod p™)
K =ky (mod p3?)

K =ks (mod p™)

Ta c6 p/* ¥ P(K) v6i moi i = 1, 2, ..., s. Hon nita, do gi& thiét phan ching, v6i moi ¢

déu ton tai b; sao cho a; ¥ P(b;) nén phai c6 mot wdc nguyen to pi; nao do cla a; sao

cho p;J | a; nhung p;] t P(b;). Do cach dinh nghia cac m; clia ta & tréen, m;, < r;, ma
T

pZij t P(K) nén p;’  P(K), dan dén a; { P(K) v6i moi i = 1, 2, ..., n. Dieu nay mau
thuan véi gia thiét. Do d6 diéu gid st 1a sai va bai toan dude chitng minh. O

NHAN XET. Néu bai toan cho thém gid thiét a,, as, ..., a, doi mot nguyén t6 cing
nhau thi né sé dé di rat nhiéu vi ta c6 thé sit dung truc tiép dinh Iy Thang du Trung
Hoa. Loi gidi trén dya trén ¥ tudng co s la dac biet hoa bai toan vé truong hop aq, as,

.., a, doi mot nguyén t6 cing nhau bang cach st dung phan tich tiéu chuan ctia mot
s6 tu nhién, két hop véi nguyén tac cyc han trong viéc chon cac m;. Bai toan con c6 10i
giai khac, khong st dung dén dinh 1y Thing du Trung Hoa ma van dung nhiéu hon cac
tinh chat S6 hoc clia da thitc c6 hé s6 nguyén. Cac ban hay thit tim cach giai ay, vi véi
cach gidi nay, c6 mot bai toan tong quat kha tha vi.

V6i dinh 1y Fermat nhoé va dinh 1y Euler, tit Ly thuyét dong du clia cic s6 nguyén, ta
c6 thé giai cac bai toan lien quan dén lity thita. Tinh chia hét ciia céc liy thita ¢6 anh
hudng dén viec mot sd nguyén co 1a liy thita clia mot s6 nguyén nao khac hay khong.
Hai bai toan sau sé dua ra cac vi du vé tinh huéng nay cling véi viéc gidi quyét ching
bang dinh 1y Thing du Trung Hoa.

Bai toan 8 (IMO Shortlist). Cho S = {ay, as, ..., a,} C Z. Ching minh ring ton ta:
b € Z sao cho tap bS = {bay, basy, ..., ba,} chia toan nhing luy thia bac lon hon 1 cia

mot s6 nguyén nao do.

LO1 GIAL Trong bai toan nay, ta quy udc néu néi “m la liy thia cia mot s6 nguyén
duwong” thi liiy thita ay hiéu la liy thita thuce su, tic 1a liy thita bac 16n hon 1. Goi
P(S) = {p1, pa, --., pr} 12 tap hop tat cd cac wdc nguyen t6 ciia cac phan tit trong S.
Thé thi moi sd a; € S déu duge viét dudi dang

Tiy ) Tio ik

Q; =P1 Po” " "D

trong d6 cac s6 r;; ¢6 thé bang 0. Ta sé chiing minh réng ton tai mot so nguyen b c6
df,mg b= pfip? -+ pi¥ sao cho ba; la lﬁy thia cua Ir{(f)t ) nguyé{l. That Vay, diéu kién
can va du de ba; 1a liy thita cia mot sO nguyén la ton tai mot so nguyén to ¢; sao cho

G| sj+mr, véimoii=1,2 ..., k Chon g, qs, ..., g 1a cac s6 nguyen t6 bat ky. Theo
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dinh 1y Thing du Trung Hoa thi ton tai s; théa man hé dong du

s1+71, =0 (mod ¢)
s1+ 719, =0 (mod ¢2)

s1+ 71, =0 (mod gy)

Khi d6, o rang ¢; | s1 + 75, v6i moi ¢ = 1, 2, ..., k. Tuong ty, ton tai so, s3, ..., Sk
thoa man cac dieu kién giong nhu vay. Luc nay, so b = pi'p3? - - - p;* théa méan yéu cau
dé bai. =

Bai toan 9 (Mathlinks). Cho m, n la hai s6 nguyén duong van > 2. Ching minh rang
diéu kién can va di dé {17, 2", ..., m"} lap thanh hé thang du day di modulo m la m
la s6 square-free dong thoi ged (n, o(m)) = 1.

Lot GIAL Diéu kien dii 1a hién nhién. Ta sé chitng minh diéu kien can. Trudc hét ta
chting minh m phai 14 s6 square-free. That vay, gid si ton tai s nguyén td p sao cho

p? | m, véin > 2, ta co
m n
<—> =m"” =0 (modm),
p

nén {17, 2", ..., m"} khong lap thanh hé thing du day di modulo m, mau thuan. Vay
m 1a s6 square-free.

bat m = pipe -+ pr thi p(m) = (pr — 1)(p2 — 1) -+ (pr, — 1). Theo dinh 1§ Thing du

Trung Hoa, ta chi can c¢6 17, 2", ..., (p; — 1)" lap thanh hé thang du day dt modulo p;
véimoii =1, 2, ..., k. Goi g; la can nguyén thiy modulo p; thi

(2, o (=D ={gr g o, g Y) (mod py).
Nhung {g7, ¢2", ..., g"® Y} lap thanh hé thang du day di modulo p; khi va chi khi
(n, ¢(pi)) = 1 hay (n, p; —1) = 1. Do d6 (n, ¢(m)) = 1.
Bai toan dugce chiing minh hoan toan. O]

Bai toan 10 (Cau chuyén vé s6 Carmichael). Ta da biét dinh lij nhé Fermat: Néu p la
s6 nguyén to va a la so nguyén duong sao cho (a, p) =1 thi

a?'=1 (mod p).
Tuy nhién dinh lj ddo ctia dinh lij nhé Fermat nay khong ding. Vi du nhu ta cé thé kiém
tra dugc rang vdi moi s6 nguyén duong a ma (a, 561) = 1 thi

a®® =1 (mod 561).
Nhang 561 = 3 - 11 - 17 khong phdi la s6 nguyén to. Nhing s6 cé tinh chdt ddc biét nhu
vay goi la s6 gid nguyén to vdi moi cd sd, hodc s6 Carmichael.

Ta c¢6 mot dinh lij quan trong vé s6 Carmichael nhu sau: Néu n la s6 gid nguyén to vdi
moi cd so, tic la
VaeN* (@, n)=1=a""1=1 (modn),

thim = pipy -+ - pe Vi p; la cde s6 nguyén to sao cho p; — 1| n vdi moi .
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LOI GIAL Xét phan tich tieu chuan n = p{*p§? - - pi*. Goi g; 1a can nguyén thity modulo
pit. Theo dinh Iy Thing du Trung Hoa thi v6i méi chi s6 ¢ déu ton tai s nguyén duong
a sao cho

Khi d6 dé thay (a, n) = 1. Theo gia thiét trén thi a" ! =1 (mod n), suy ra
g '=a""=1 (mod p¥).
Theo tinh chat cin nguyén thiy thi

e(pi) =pitpi—1) | n—1

Nhung pi* | n nén a; = 1 v6i moi i. Vay n = p1py - - pr va theo trén thip; — 1 | n — 1.
Bai toan duge chiing minh. O

NHAN XET. Bing dinh 1y Thing du Trung Hoa, ta da xac dinh duge dang phan tich co
s clia cac s6 Carmichael. Tuy nhién cic sé nay rat hiém. Hai s6 Carmichael dau tien 13
561 va 41041.

3 Mot s6 bai tap ap dung

Bai tap 1 (Czech - Slovakia 1999). Chiing minh ring ton tai day s6 nguyén duong
{a,}2, thoa man dicu kien: Véi moi s6 nguyen duong k, {k + a,, }>°, chi chiia hitu han
cac sd nguyeén to.

Bai tap 2 (France TST 2006). Cho a, b 1a cdc s6 nguyén duong théa man diéu kien
b" +n | a® + n v6i moi s6 nguyén duong n. Chiing minh rang a = b.

Bai tap 3 (MEMO 2009). Tim tat ca céc so6 nguyén duong k sao cho véi m, n 1a céc
s6 nguyen duong phan biét va khong 16n hon k thi k{ n"~t — mm~1.
Bai tap 4.
(a) Chitng minh rang ton tai mot cap s6 cong c6 do dai hitu han 16n tuy ¥ sao cho
moi s6 hang clia cap s6 cong nay déu la liiy thita clia mot s6 nguyén nao do.

(b) Chting minh rang khong ton tai mot cap s6 cong vo han théa man diéu kién trén.

Bai tap 5 (Mathlinks). V6i méi s6 nguyen n, ky hiéu 7(n) 1a s6 cac uéc nguyén duong
clia n. Gia st ton tai hai da thic f, g c6 hé s6 nguyen théa man 7(f(n)) = 7(g(n)) véi
moi s6 nguyén n. Chiing minh rang f(n) = +g(n).

Bai tap 6. V6i p la mot s6 nguyén t6 va n 1a mot sé nguyéen duong, ta ky hieu f,(n) la
liiy thita clia p trong phan tich co sé ctia n!. Tim tat ci cac sd nguyeén t6 p théa man diéu
kien: V6i moi cap s6 nguyen duong (m, a) déu ton tai n sao cho f,(n) =a (mod m).
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4 L&i két

Dinh 1y Thang du Trung Hoa 14 mot vien gach quan trong dé xay nén toa nha Ly thuyét
s6 va ca nhiing 1y thuyét cao cap hon ctia Toan hoc. N6 gitp ta gidi quyét nhiéu bai toan
kho, lam cho nhiéu bai toan von khé trd nén don gidn hon va dac biet, doi khi cho ra
nhiing 151 giai kha bat ngd. Vugt ra ngoai bien giéi Toan hoc, dinh 1§ Thang du Trung
Hoa con déng vai tro quan trong trong viéc xay dung Ly thuyét mat ma, trong dé tieu
biéu 1a Ly thuyét mat ma RSA. Hy vong rang qua bai viét nay, cac ban da nidm dugc
mot s6 van dé co ban lien quan dén dinh 1y rdi tit d6, tim hiéu, mé rong them dé dinh 1y
Thing du Trung Hoa trong tay chiing ta khong chi don thuan 13 mot cong cu gidi toan
manh mé ma con la mot nét dep Toan hoc.

Tai liéu tham khao
[1] Hojoo Lee, Peter Vandendriessche, Problems in Elementary Number Theory, 2007.
[LINK: http://www.problem-solving.be/pen/published/pen-20070711.pdf]

[2] Titu Andreescu, Dorin Andrica, Number Theory - Structures, Ezamples and Prob-
lems, Birkhauser, 2009.

[3] Nguyén Tho Tung, Dinh ly Thang du Trung Hoa, 2009.
[LINK: http://tungtho.wordpress.com/2009/07/06/8/]
u dién ma nguon mo Wikipedia.
[4] T\ d- 2 g by 2 W.kup d'
[LINK: http://en.wikipedia.org]

[5] MathLinks Forum.
[LINK: http://www.mathlinks.ro
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REN LUYEN KY NANG
GIAI CAC BAI TOAN HINH HOC PHANG

Lé Phuc Lo
SV Dai hoc FPT thanh phé H6 Chi Minh

1 Suy nghi vé viéc hoc Toan Hinh hoc phing hién nay

C6 khi nao chiing ta tu héi lam thé ndo dé gidi mot bai toan Hinh hoc phang (HHP)
chua? Hay lam sao dé c6 thé giéi mon HHP, lam sao mot ban nao dé c6 thé giai nhanh
gon va an tugng mot bai toan HHP, con minh thi khong? Dung 13 nhitng van dé nay rat
thuong duge dat ra nhung mudn tra 10i mot cach thoa dang va day du thi qua 1a diéu
khong don gian!

Ciing giébng nhu cac dang toan khac, dé giai mot bai toan HHP nao dé, ching ta ciing
can phai di tir gia thiét, thong qua cac suy luan dé tim ra con dudsng dén két luan hoic
mot yéu cau ndo do dat ra ctia dé bai. Nhung dic biet hon, & mon HHP, ngoai nhitng
tu duy logic thong thuong, ching ta con can phai c¢6 tu duy hinh tugng, ching ta can
phai tim dudc quan hé gitta cac yéu t6 hinh hoc thong qua céi nhin tric quan. Véi dic
trung do, mot miit lam cho chiing ta c6 thé thay duge van dé dang can gidi quyét mot
cach ré rang hon nhung mét khac cing doi hoi & ching ta mot kha ning tuéng tugng
phong phii va sau sac néu mudn hoc tét dang toan nay.

Trén thyc té, trong nhitng hoc sinh giéi Toan, khong c6 nhiéu nguoi giéi HHP; khi tham
gia cac ky thi HSG, ho sin sang bé di mot cau HHP nao d6 dé c6 thoi gian danh cho
nhitng bai toan khac. Nhung hau nhu trong tat ca cac ky thi, ta déu thay sy gép mat
ctia mot hoac hai bai toan HHP v6i khoang 15 — 25% s6 diém ca dé va nhu thé né thuc
su quan trong!

C6 mot dieu la 1a ching ta hoc Hinh hoc vé6i thai gian dai hon bat cit dang toan nao
khac. Ngay tit 16p 6 chiing ta da lam quen v6i cac khai niem diém, doan thing, duong
thang, goc, ... Dén 16p 7 ching ta da biét dinh 1y 1a gi va hoc cach chiing minh ching:
chiing minh hai géc déi dinh thi bing nhau, chiing minh tdng ba goc ciia tam giac la
180°, ... Va chung ta da hoc va rén luyén ching suét cho dén bay gio, thoi gian ay dai
hon viéc hoc bat ctt mot bai toan stt dung dao ham, mot bai gidi han hay luong gidc nao
d6. Thé nhung, duong nhu Hinh hoc luon khong 14 mot lira chon hang dau khi bat dau
cho 10i giai ctia mot dé thi HSG. Tham chi né con 1a ndi &m anh, lo s¢ ctia nhiéu ban
HSG Toan. Khi nhin thay mot bai hinh ndo dé6, ho ¢d dua vé Dai s6 cang nhanh cang
t6t va sdn sang chap nhan bién doi, khai thac nhitng biéu thiic cong kénh trong khi bai
toan do co thé gidi mot cach nhe nhang bing hinh hoc thuan tiy.

Ta ciing khong phtt nhan rang hoc va giéi d HHP khong phai 1a chuyén dé, c6 thé can
nang khiéu va rén luyén lau dai, phai lam nhiéu dang bai tap dé tich lily cho minh nhitng
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kinh nghiém va sy nhay bén can thiét dé khi déi mat véi mot bai HHP nao dé ma khong
bi ngd ngang, ling ting. Chéng han nhu c6 nhiéu hoc sinh THCS c¢6 thé giéi HHP hon
hoc sinh THPT la ciing béi If do nang khiéu nay. Thé nhung, chang may khong c¢6 nang
khiéu thi sao, chang 1& lai bé cudc? Tat nhién 1a vAn con cach gidi quyét, ching ta hay
tham khao mot sé huéng giai quyét va goi ¥ rén luyen sau day dé khic phuc va mong
rang nhitng diéu nay c6 theé gitp cac ban rit ra duge cho ban than mot ¥ tudng méi nao
d6 cho viec hoc HHP trong thai gian t6i.

Ciing phai n6i them la da s6 cac ban chua giéi HHP thuong ghét phan nay va tranh lam
cac bai toan vé hinh hoc; do dé, trude hét cac ban hay lam quen va tiép xtic nhiéu vdi
né, va lau dan céc ban c6 thé tim thay trong su tha vi ma nhitng bai toan HHP dem lai
mot su tién bd ndo dé cho minh.

Chiing ta hay suy nghi vé cac van deé sau.
e Lam sao dé rit ngdn con dudng di tit gia thiét dén két luan?
e Lam sao dé tan dung hét gia thiét dé bai cho?
e Lam sao dua cac kién thitc hinh hoc sén ¢6 (nhu mot phuong phap hogc mot dinh
1§ ndo d6) cho viéc gidi mot bai toan HHP?
e Lam cach nao dé co thé ké duong phu gidi mot bai toan?

e Lam sao dé nang cao hon trinh do giai toan HHP néu ching ta da c6 mot nang
luc nhat dinh?

Trude khi phan tich ki hon cac van dé trén, ta thit xem xét hai vi du nhé vé cac van de
thuong gap phai khi giai toan HHP.

Vidu 1. Cho tam gidc ABC ngi tiép duong tron (O) c¢é phan gidc géc A cit (O) & D.
Chitng minh rang
2AD > AB + AC.

A
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Khi ditng trude bai toan nay, ta thuong nghi dén cac phuong phap sau.

e St dung phuong phap toa d6: Dung hé truc toa do véi B(—1, 0), C(1, 0) va
A(a, b). Tinh toa do diém D rdi dimg bat ding thiic.

e Ké thém cac dudng phu: Dung DE || AB (nhu hinh vé trén) r6i chitng minh
rang AC = DE, BE = AD dua vé AD + BE > AB + DE.

e S1¥ dung dinh 1y quen thudc: Dung dinh 1y Ptolemy ¢6
AD-BC =AB-CD+ AC - BD,
ma BC < BD 4+ CD =2BD nén 2AD > AB + AC.

e S dung phuong phap ludgng giac: Tinh toan tric tiép ta co

2AD = 2Rsin (B+ é) + 2R sin (C+ g) = 4RCOSB ; ¢

)

B B —
suy ra AB + AC = 2R(sin B + sin C') = 4R sin +C cos ¢ < 2AD.

2 2
Nhu vay: Vi mot dé bai ban dau, ta da cé duge nhiéu i tudng riéng ma tu dé cho ta
nhiing hudng gidi khdc nhau; méi hudng dé déu cé nhitng diém manh, diém yéu nao do
nhung ching déu dua ta dén dieu phdi chiing minh.

Vi du 2. Cho tam gidac ABC ¢6 phan giac AD. Trén doan AD liy hai diém E, F sao
cho ZABE = ZDBF. Ching minh rang ZACE = Z/DCF.

A A

777

—>

-2 T

Ta c6 thé giai bai toan trén nhu sau: Goi M 1a diém déi xing véi F' qua BC, N, P lan
lugt 1a diém doi xing véi E qua AC, AB. Ching minh ABEM = ABPF (c.g.c), suy
ra ACEM = ACNF (c.c.c). T d6 dé dang suy ra LZACE = ZDC'F.

Cach giai 13 nhu vay, tuy nhién van dé dat ra ¢ day la:

e Tai sao lai biét lay cac diém doi xing?
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e Tai sao lai biét xét cac tam gidc bang nhau?
e Néu khong dung dudng phu thi gidi duge khong?

Trong phan sau ching ta sé cling tim cach giai quyét cac van dé trén. Loi giai clia cac vi
du sé dugce trinh bay chii yéu 1a dya trén huéng suy nghi chinh, cht trong phan tich cac
buéc lap luan cht khong di sau vao xét cac truong hgp clia hinh vé ¢ thé x4y ra nhim
han ché sy phiic tap. D vay trén thyc té, khi giai cic bai toan HHP, chting ta nén chi
¥ diéu nay, nén xét hét cac trusng hop (vi trf cac diém, cac tia; phan gidc trong, ngoai;
tam giac can, khong can; dudng tron thuc sy va suy bién, ...) dé ddm bao 13i giai duge
day du va chinh xac!

2 Mot s6 phuong phap rén luyén tu duy hinh hoc va nang cao ky nang
giai toan HHP

2.1 Lua chon céng cu thich hop dé giai mét bai toan HHP

Chiing ta hay thit ngdm nghi lai, khi dang & hoc sinh THPT nhu hién nay, ching ta da biét
dugc hét thay bao nhiéu phuong phap giai mot bai toan HHP. C6 thé chiing ta biét nhiéu dinh
1y, bd dé nhung d6 ciing chuta thé goi 1a mot phuong phap theo nghia tdng quat. 0 day, ta noéi
dén phuong phap 1a dinh huéng, 1a tu tudng chinh ctia 161 giai; gidi bang cach ndo chit chua di
sau vao viéc gidi nhu thé ndo. Xin néu mot s6 phuong phap co ban sau

e Phuong phap hinh hoc thuan tiy (quan hé song song, vuong goc; tam giac dong dang,
bang nhau; tinh chat ciia tam giac, dudng tron; cac dinh ly hinh hoc quen thudc; cac
phép bién hinh, ...).

e Phuong phép lugng gidc (dua yéu t6 trong bai vé lugng gidc clia cac goe va bién ddi).

e Phuong phéap vector (diing vector trong chiing minh tinh chat hinh hoc hodc dyng mot
hé vector don vi dé giai bai toan).

e Phuong phép dai s6 (dua cac yéu t6 trong bai vé do dai canh va bién doi).

e Phuong phap toa do (dua giad thiét da cho vao mot he truc toa do va tim toa do diém,
phuong trinh dudng thang, dugng tron lién quan).

Trong dé, dé thay ring miic do tu duy hinh hoc duge thé hién gidm dan qua thit tu cac phuong
phéap trén. Néu ching ta 14 mot hoc sinh chuwa giéi HHP thi thudng véi cidc bai toan c6 gia
thiét “thuan 1gi” thi lap tic st dung toa do, diéu dé tat nhién cé ich cho ky nang tinh toan,
bién déi dai s6 ctia chiing ta nhung néi chung khong cé 1¢i cho viéc ren luyéen tu duy hinh hoc.
Va da s6 cac bai toan hinh khé c6 thé sit dung phuong phap nay, chi can mot dudng tron hodc
mot tam duong tron noi tiép da khién cho viéc diing phuong phap toa do that khé khan roi.
Thé nhung khong phai néi vay ma ta lai quén di phuong phap dé duge. Co6 vai ban da kha &
noi dung nay thi lai khong thich sit dung toa do va c6 di tim mot cach giai thuan tdy cho né.
Cong viéc nay khong phai ltc nao ciing ding, nhat 14 déi véi cac ky thi HSG c6 thai gian “gap
rat” va s6 lugng bai toan can giai duge lai tuong doéi nhiéu.

Chiing ta hay thit néi vé mot bai toan don gian sau.
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Vi du 3. Cho doan thing AB c6 dinh va duong thang d c6 dinh song song vdi AB. Diém C
di dong trén d. Tim quy tich truc tam tam gidc ABC.

C

PHAN TicH. Mot s6 ban thay bai toan nay cé gia thiét that don gidn, chi c6 doan thing cb
dinh, mot diém di dong trén dudng thang song song rdi tim triyc tam; thém nita, bai todn nay
c6 vé quen thuoc nén ho chi vé hinh ra va ¢ ging ké duong phu dé giai. Thé nhung, chic chin
cac ban ay sé kho ma tim duge mot 10i gidi hinh hoc thuan tiy cho bai toan nay khi ma trén
thie té quy tich ctia H 14 mot dudong parabol!

Néu khong can than vé hinh truée nhiéu lan dé dy doan quy tich dé chic chin ring day khong
con la mot quy tich duong thing, dudng cong thong thuong ma mo méan di tim khong ding
cach sé khong di dén két qua mudn c6. Bai todn nay khong khé nhung néu khong lya chon
ding cong cu thi khong thé nhanh chéng thanh cong trong viéc giai né duge.
LO1 GIAL Trong mit phing toa do Oxy, xét A(—1, 0), B(1, 0) vi dudng thing d c6 phuong
trinh y = a, a # 0, do C di dong trén d6 nén co6 toa do la C(m, a), m € R. Ta sé tim toa do
tryc tam cta tam giac ABC. Phuong trinh dudng cao clia tam giac tng véi dinh C' la
x =m.

Phuong trinh duong cao tng v6i dinh A 1a (m — 1)(z + 1) + ay = 0, hay

(m—1x+ay+m—1=0.

T day suy ra toa do tryc tam cta tam giac ABC' 1a nghiém cta hé

{ m—1z+ay+m—-1=0

xr=m
1—m? 1— a2
Giai hé nay ta tim dugc z; = m va ygy = . Suy ra y, = H
a
" o s , N , . 1— a2
Vay quy tich ctia H la parabol c¢6 phuong trinh y = O
a

Vi du 4. Cho tam gidgc ABC ¢6 canh BC ¢ dinh, A di dong trong mdit phang. Goi G, H lan
luot la trong tam, truc tam cia tam gidc. Biét rang doan GH cat BC' tai trung diém cia GH,
tim qug tich cia A.
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PHAN TicH. Ta thay gid thiét clia bai todn khong phitc tap nhung diéu kien GH cit BC tai
trung diém ctia GH qua that hoi khé van dung; ta ciing c¢6 thé hiéu don gian hon la trung
diém ctia GH thudoc BC nhung vay thi ciing khong dem lai nhiéu goi ¥ cho 15i giai bai toan.
Va néu ding trude nhitng bai toan cé gid thiét don gidn nhung khé van dung nhu thé thi hay
thit nghi dén phuong phap toa do. Khi d6, dii cac tinh chat hinh hoc chua duge thé hien day
dt nhung cac diéu kién hinh hoc thi sé duge ddm bao chit ché hon.

Ciing tién hanh Iya chon mot hé truc toa do thich hop tuong ti nhu trén roéi tinh toa do cac
diém G, H va viét phuong trinh céc dudng thang can thiét, dat vao diéu kién ctia bai toan, ta
sé tim duge quy tich ciia diém A chinh 13 mot duong hypebol. Céc ban thit giai lai bai toan
nay vdi viéc giit nguyeén cac gia thiét ban dau, chi thay tryc tam H bang tam dudng tron ngoai
tiép O, cac cong viec néi chung ciing duge tién hanh twong tu nhung du vay ta cling c6 them
mot kham pha méi. Va néu dugce, hay giai lai hai bai toan vira rdi bang phuong phéap hinh hoc
thuan tiy dua trén dinh nghia cac dudng conic, tim tiéu diém v dudng chuan ctia ching! Day
13 mot van dé kha tha vi nhung ciing kha kho!

Ta hay so sanh hai phuong phéap giai bai toan sau dé rit ra tam quan trong ctia viéc lya chon
phuong phéap phu hgp giai cac bai toan HHP.

Vi du 5. Cho tam giac ABC. Vé phia ngoai tam gidgc ABC dung cic diém D, E, F sao cho
cdc tam gidgc BOCD, CAE, ABF la cic tam gidc déu. Chitng minh hai tam gidc ABC va DEF
co cung trong tam.

Lo1 GIAT 1. St dung phuong phdp vector (kha nhe nhang va khong can tén nhiéu thoi gian
dé nghi ra cach giai nay).
Goi M, N, P lan lugt 1 trung diém ctia BC, CA, AB. Ta c6

AD + BE+CF = AM + MD + BN + NE + CP + PP
:(m+ﬁv+ﬁ)+(m+ﬁ+ﬁ).

Dé thay

mﬂﬁﬂﬁ:%(E+ﬁ>+%(ﬁ+ﬁ>+%(c_ﬁ+@> =
Vam—l—ﬁ—l—ﬁ:ﬁtheodinhlyconnhimnénﬁ—i—ﬁ—i—ﬁ:ﬁ.
Vay hai tam giac ABC va DEF c6 cung trong tam. O

LOI GIAT 2. St dung hinh hoc phdng thudan tiy (dung nhiéu dusng phy, huéng suy nghi hoi
thiéu tu nhién va doi héi c6 kinh nghiem vé cac bai toan c6 gia thiét tuong tu nhu thé nay).
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Goi I 13 trung diém EF va @ la diém déi xing v6i D qua BC, khi d6 ABCQ ciing la tam
gidc déu. Ta thiy phép quay tam B géc quay 60° bién C thanh @, bién A thanh F nén
AABC = AFBQ. Tuong tu AABC = AEQC. Tit day ta c6

AFBQ = AEQC.

Suy ra FQQ = AC = AE, QF = AB = AF va tit gidc AEQF 1a hinh binh hanh. Do d6 I chinh
13 trung diém ctia AQ, ma M la trung diém ctia QD nén IM chinh 13 dudng trung binh ciia

1
tam gidac QAD, suy ra IM = §AD va IM || AD.

Goi G la giao diém ctia AM va ID thi theo dinh 1y Thales
GM GI IM 1

GATGD AD 2
Hon nita G cing thudce hai trung tuyén ctia tam giac ABC v DEF nén né chinh 1a trong tam
chung ctia hai tam giac ABC va DEF. Tt day ta c6 diéu phai chiing minh. O

Trong viéc giai cdc bai toan bang phuong phap toa do, ta cling can chi y dén viéc chon céac
hé truc toa do hgp ly: toa do cac diém, phuong trinh dudng thang can viét don gidn; c6 nhiéu
lien hé véi cac diém da cho trong gia thiét, tan dung duge cac yéu t6 dudng song song, vuong
goc, trung diém do hinh can dung don gian, ... Ching han ching ta cé bai toan sau.

Vi du 6. Cho tam gidc ABC ¢6 D la trung diém cia canh BC. Goi d la duong thing qua
D wa vuong géc vdi duong thing AD. Tréen duong thing d lay mot diém M bat ky. Goi E, F
lan lugt la trung diém ciia cic doan thang M B, MC. Puong thang qua E vuong géc vdi d cat
duomg thing AB tai P, duong thing qua F vuong géc vdi d cit duong thing AC tai Q. Ching
minh rang duong thaing qua M, vuong goc vdi duong thing PQ luon di qua mot diém co dinh
khi M di dong trén duong thing d.
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PHAN TicH. Ta thay trong dé bai nay cac gia thiét dua ra chi xoay quanh cac yéu té nhu
trung diém, duong vuong géc, doan thang, ... nhung vi ¢6 hoi nhiéu yéu t6 nhu vay nén viec
lien két ching lai va dadm béo sit dung duge tat ca cac gid thiét qua 1a diéu khong dé& dang.
Chiing ta c6 mot 10i giai bang cach st dung phuong phap hinh hoc thuan tiy nho kién thitc
truc ddng phuong nhu sau nhung né hoi phiic tap vi can phai ké nhiéu dudng phu.

LOJ1 GIAL

Goi H, K lan lugt la hinh chiéu ctia B, C lén dudng thing d. Do D la trung diém ctia BC nén
DH = DK, suy ra AD la trung truc cia HK, do d6 AH = AK.
Goi (w) la dudng tron tam A di qua H va K. Goi H', K’ lan lugt 1a cac diém déi xing véi H,
K qua cac duong thang AB, AC. Khi dé dé thiy H', K’ thuoc (w). Gid st cdc dudng thang
HH', KK’ cit nhau tai I thi I 1a diém c6 dinh. (%)
Ta ¢6 PE || BH (cuing vuong géc véi d) md PE di qua trung diém ctia M B nén ciing qua
trung diém ctia M H, suy ra PE la trung truc ciia M H va vi thé PH = PM.
Goi (wy) la duong tron tam P di qua H va M, do tinh d6i xting nén H’ cling thudc (wy). Hoan
toan tuong ty, ta cling c6 QF 1a trung truc cia M K; néu goi (ws) 1a duong tron tam @ di qua
K va M thi K’ thudc (wz). Ta lai ¢6

o (w), (w1) cat nhau tai H, H' nén HH' 14 truc ding phuong clia (w), (w).

e (w), (w2) cit nhau tai K, K’ nén KK’ 1a truc dang phuong ctia (w), (ws).
Mit khac, M cing thuoc (w1), (we2) vd P, Q lan lugt 1a tam ciia (w1), (w2) nén dudng thing
d' qua M, vudng géc v6i PQ chinh 1 truc ding phuong ciia (wi), (we). Tit d6 suy ra HH’,
KK', d' dong quy tai tam déng phuong ctia ba dudng tron (w), (w1), (w2). (xx)
Tit (%) v (%x) suy ra d’ di qua I 1a diém c6 dinh.
Vay dudng thang qua M, vuong géc véi duong thang PQ luon di qua mot diém cb dinh khi
M di dong trén dudong thang d. Ta c6 diéu phai chiing minh. O
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NHAN XET. Ta c6 thé sit dung phuong phap toa do dé gidi nhe nhang bai toan trén vi viéc xéac
dinh toa do trung diém va viét phuong trinh dudng vuong géc cho céac biéu thitc don gian, dé
ciing chinh 1a dap an chinh thitc ctia dé thi HSG quéc gia nay. Thé nhung, cling khong phai
cach chon truc toa do nao ciing cho ta mot 10i gidi nhanh gon. Néu chon hé truc toa do goc
D va truc hoanh trung véi BC' theo suy nghi thong thuong thi 16i giai sé dai va phic tap hon
so v6i chon goc toa do 1a D va truc hoanh 1a dudng thing d. Cac ban hay thit véi cach nay sé
thay ngay su khac bigt do!

Qua cac vi du vita néu, ta thay rang viéc lua chon cong cu thich hop dé gidi cdc bai todn hinh
hoc cing la mot yéu té6 quan trong dé cé thé di dén két qud mot cich don gidn va ngdn gon
hon, nhiéu khi dé cing la cich duy nhdt co thé gidi quyét duge van dé.

2.2 Ve viéc tan dung gia thiét cia de bai

Trong mot bai toan thong thuong, cac gia thiét dua ra, du it hay nhiéu, dit gian tiép hay truc
tiép, thi & trong bat cit 16i giadi ndo clia bai toan déu duge tan dung. Mot bai toan cang co it
gid thiét thi noéi chung viéc sit dung ching cang don gidn bdi khong phai dé dang gi cho viéc
dua hang loat gia thiét, yéu to, cdc quan hé hinh hoc vao 16i gidi ctia minh. Mai gid thiét dua
ra déu c6 muc dich v& tam quan trong nhéat dinh; nhiém vu ctia ching ta la xac dinh xem cai
nao 14 quan trong nhat va lam sao dé tan dung va lien két tat ca vao trong 15i gidi bai todn
ctia minh!

Trude hét, ta hay dat cau héi: “gid thiét dé néi len diéu gi?”, ching han cho gia thiét: tam
gide ABC ¢6 M, N, P la trung diém cic canh, diéu d6 ggi cho ta suy nghi ring

e Cac canh clia AM N P song song va bang nita cic canh ciia AABC tuong tng;

N PR 1
e Tam giac MNP dong dang véi tam giac ABC vdi ti s6 dong dang 1a 5
N 1
e Dién tich tam giac M NP bang 1 dién tich tam giac ABC;

.1
e Phép vi ty tam G — trong tam tam giac ABC véi ti s —3 bién tam giac ABC da cho
thanh tam giac M N P;

e Hai tam giadc nay c6 cung trong tam;

e Duong tron ngoai tiép tam gidc MNP chinh 13 dudng tron Euler nén né ciing di qua
chan cac dudng cao va trung diém cac doan ndi tryc tam va dinh ctia tam giac ABC,

e Tryc tam clia tam gidc M NP ciing 1a tam dudng tron ngoai tiép clia tam giac ABC, ...

C6 that nhiéu suy nghi tit mot gid thiét va néu ta bé s6t mot trong s6 chiing thi c¢6 thé khong
gidi dugc bai toan vi d6 chinh 1a chia khéa van dé (tat nhién cling khong phai dung hét céc
¥). Chiing ta cang c6 duge nhiéu lien tudng khi kién thitc hinh hoc ctia chiing ta cang nhiéu va
kinh nghiém cang sau sic, diéu d6 doi héi ta can lam 1 s6 luong nhat dinh céc bai toan HHP.

Tiép theo ta lai héi: “vdy néu chua cé nhiéu kinh nghiém thi sao?”, tit nhién ciing c6 mot cach
nhé nay gitp ta c6 thé thay truc quan hon gia thiét d6. Ching ta hay thit di tim cach dung
cac “gia thiét” do bang thuéc va compa, nhat 1a vdi cac gia thiét c6 phan phitc tap, diéu nay
nhiéu lac ciing rat c6 ich. Ching ta thit tim hiéu ré didu dé qua bai toan sau.
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Vi du 7. Cho tam giic ABC c¢6 K la diém ndm trong tam gidc va théa
/KAB =/KBC = /KCA.

Goi D, E, F lan luot la tam duong tron ngoai tiép cic tam gidgc KBC, KCA, KAB. Goi M,
N, P lan lugt la giao diém cia BC, FD; CA, DE; AB, EF. Ching minh ring cic tam gidc
ABC, DEF, MNP dong dang vdi nhau.

PHAN TicH. Ta thiy diém K cho nhu trén 14 mot gia thiét quen thuoc (diém Brocard) nhung
no6i chung cac tinh chat ta da biét vé né khong phuc vu nhiéu cho diéu can ching minh & day.
Néu nhu ta vé 1 hinh don diéu nhu bén duéi thi viec giai va dinh huéng cho bai todn sé khong
don gidn. Ta sé thit dung phép dung hinh xac dinh diém K trong gia thiét bing thudc va
compa dé xem thit né c6 tinh chat gi dac biét khong. Ta dé dang c6 dude phép dung hinh sau.

e Duyng trung triyc clia doan AB va duong thang vuong goc véi BC tai B, goi F la giao
diém ctia hai dudng thing tren.

Dung dudng tron tam F ban kinh F A.

Tuong tu, dung diém E 1a giao diém ctia trung tric AC va dudng thang vuong géc véi
AC tai A.

Dung dudng tron tam FE, ban kinh FA.

Giao diém ciia hai duong tron trén chinh la diém K can tim.

A

D

Tt viec tim céch dung cho diém K, ta ciing da c6 thém trén hinh mot sé6 dudng phu can thiét,
bai toan da ré rang hon nhiéu. Véi nhitng goi ¥ c6 dudce tit hinh vé ta vita dung, co thé giai
quyét duge bai toan nay theo cach nhu sau.
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HUG6NG DAN GIAL

e Chiing minh AK | EF, BK | DE.

Chitng minh Z/AKB + /DFFE = 180°.

Ching minh ZAKB + ZABC = 180°.

Suy ra AABC ~ AEFD (g.g).

e Suy ra tit giac BM PF nai tiép vi MP | EF.

e Chitng minh ZMPN = /ZFED.
e Ching minh AMPN ~ AFED (g.g).
Tt d6 suy ra diéu phai chitng minh. O

Con ddi v6i cac bai toan ma hinh vé khong thé dyng dude bing thuéc va compa thi sao, chang
han nhu dinh 1y Morley: “Cho tam gidgc ABC. Cdc dudng chia ba cic géc ciia tam gidc cdt
nhau tai cic diém M, N, P. Khi dé ta ¢c6 MNP la tam gidc déu.”

Ta biét réing viéc chia ba mot goc khong thé giai duge bing thude va compa nén cach tim goi
¥ tit viec dyng hinh khong thé thyc hien dude. Va cé 1é vi vay ma dén sau hon 50 nam xuét
hién, bai toan ndi tiéng nay mdi c6 mot 16i giai HHP thuan tdy rat dep v hoan chinh. Nhung
d6 1a cau chuyén ctia nhitng bai todn noi tiéng thé gidi; trén thuyc té, néu can thiét, ching ta
luon c6 thé ding cach dung hinh nay cho viéc tim ggi § cho bai toan va tan dung dugc gia
thiét ctia dé bai.
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2.3 Ve viéc rit ngin con dudng di tir gia thiét dén két luan

Ciing tuong tu phan trén, ta cling dit cac cau hdi: “két luan dé tu dau ma ra?”, “nhing diéu
dé co lién hé gi dén gid thiét ctia ching ta c6?”. Ching ta ciing tién hanh di ngudc lén tit dicu
can chiing minh, tim ra cac diéu can phai c6 dé c6 dugc két luan.

Vi du 8. Cho tam gidc ABC c¢6 duong cao BD va CE cit nhau tai H. M la trung diém cia
BC, N la giao diém cia DE va BC. Ching minh rdng NH vuong géc vdi AM.

A

N  C

B F M
PHAN TicH. Tt gia thiét ta dé dang thay rang ti giac DEF M noi tiép trong duong tron Euler
cua tam giac ABC nén

NE-ND=NF-NM.
Mit khac D, E nam trén dudng tron duong kinh AH; con F, M nam trén duong tron duong
kinh HM nén N nam trén truc ding phuong ctia dudng tron duong kinh M H va dudng tron
duong kinh AH. Dén day ta chua c6 ngay két qua NH 1L AM dudc.

Ta thay thiéu mot vai yéu t6 trong hinh, mot yéu t6 nao do can c6 dé két ndi cac diéu ta vira
phan tich dugc tit gid thiét dén két luan ctia bai, yéu té dé vita phai ddm bao ring c6 lién
quan dén N H trong cac phuong tich trén, vita ddm bdo ring c6 lién he dén doan AM. Va viéc
chon hai diém phu dyng thém 1a trung diém AH vi HM (I 1a trung diém AH, K la trung
diém H M) ciing la diéu ty nhién vi khi d6 IK la dudng trung binh ctia tam gidc HAM, I va
K ciing 1a tam ciia cac dudng tron vita néu & trén nén truc ding phuong NH vuong géc véi
duong ndi hai tam do. O
Vi du 9. Cho tam gidc ABC c6 O nam trong tam gidc. Cdc tia AO, BO, CO cdt cdc canh
doi dien lan luot tai M, N, P. Qua O ké duong thing song song vdi BC' cit MN, MP lan lugt
tai H, K. Chitng minh rang OH = OK.

A
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PHAN TicH. Ta thiy céc giad thiét trong bai cho rat “thoing” nhung két luan c6 dudc ciing
that tha vi. Ré rang, O la diém nidm bat ky trong tam gidc thi khong thé c6 mot tinh chét
nao dac biét c6 thé khai thac; do do, ta sé di vao phan tich cac ti s6 c¢6 duge tit duong thing
song song da ké. Néu ching ta di quen v6i cac bai toan vé ti s6 nay thi ta thay c6 mot so cong
cu hd tro cho chiing ta nhu ti s6 dién tich, ti s6 dong dang, dinh 1y Thales, dinh 1y Menelaus,
dinh ly Céva, ... Truéc tien, duong thing song song trong dé bai ggi ¥ cho ta sit dung dinh 1y
Thales dé dua cac doan thang OH, OK vé cac doan thing “dé giai quyét” hon. Ta c6

OH ON ON
° BV - BN suy ra OH = BN - BM.
OK OP OP
[ ) CiM—ﬁ,SHyraOK—ﬁ‘CM.
, 2 - . ON _OoP
Do d6, muon ¢6 OH = OK thi BN -BM = P CM, hay

ON CP CM
BN OP ~ Bl
Néu ct bién déi cac ti s6 nay tiép tuc thi dan dan, ta sé bi ngd nhan véi két luan c6 sin; thay
vao do, ta sé dua cac ti s6 doan thing nay vé ti s6 dien tich cac tam giac.
e Hai tam gidc c6 cting canh day thi ti s6 dién tich bang ti s6 chiéu cao.
e Hai tam gidc c6 cling chiéu cao thi ti s6 dién tich bang ti s6 canh day.
Ta c6 thé dé& dang thay cac ti sb6 trén c6 lien quan & trén nhu sau.

ON _ Saon _ Scon _ Saon +5Scon _ Saoc  OP _ Saos
BN  Sapny  Scen  Sapn+ Scsy  Sapc’ CP  Sapc’

Do do
ON CP  Saoc Sapc Saoc CM

BN OP  Sapc Saop Saos BM’
Dén day két luan da hoan toan ro rang. O

Vi du 10. Cho tam gidc ABC nhon cé duong cao AD théa AD = BC. Goi H la truc tam
tam gigc, M va N lan luot la trung diém cia BC va AD. Ching minh ring HN = HM.

A
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PHAN TicH. Ta thay trong gia thiét ctia bai toan c6 hai diéu dang chia y 1a: duong cao AD
ciia tam gidac ABC bing BC va M, N lai chinh la trung diém ciia hai canh &y. Ta c6 thé suy
nghi rang:

BC?

1
e Dién tich tam giac ABC 1a Sapc = §AD -BC =

e Sit dung lugng giac, ta c6 BC = BD+CD = AD cot B4+ AD cot C' = AD(cot B+cot C),
tit d6 suy ra cot B 4+ cot C' =1 va cot A + cot Beot C = 1.

e Ti gidc ANMC c6 hai canh déi AN va CM biang nhau va dudng thang qua hai canh
do6 vudng géc véi nhau nén c6 thé cé mot sé tinh chat dic biet.

e Do M, N déu la trung diém ctia BC, AD nén néu ta vé cic dudng tron dudng kinh BC,
AD thi M, N chinh la tam cta ctia cac duong tron nay. Hon nita, AD = BC nén hai
duong tron nay bang nhau va M, N dbi xiing nhau qua day chung ...

Va con nhiéu diéu c6 thé suy luan ra tir gia thiét do, nhung muc dich ciia ta la tim mot cach
giai hop 1y va don gidn. Ta thiy suy luan thtt 4 & trén c6 thé st dung dude do c6 xuét hién
su do6i xing gitta cac yéu td va gia thiét duge st dung mot cach triet dé hon. Do do, ta thit
di theo con duong d6 bang cach dyng thém hai dudng tron. Dén day, c6 vé nhu gid thiét truyc
tam H chua duge dung dén nhung van chua c6 mot con dudng rd rang chi cho ta cach st dung
n6. Ta hidy ditng viéc phan tich gia thiét lai va xem dén két luan: “ching minh HM = HN”.

Két luan nay ciing c¢6 thé c6 duge tir nhiéu huéng, chang han nhu tit ti s6 gitta cac canh, tit hai
tam gidc bang nhau, tit hai hé thitc lugng giac bang nhau, hay tit 1 phép bién hinh nio dé.

Tat nhién, v6i cac doi hdi can thiét dé di dén két luan do, ta co thé hinh thanh nhidu y tudng
cho 18i gidi nhung do da chon cach dyng dudng tron nén ta thit bam theo tinh déi xing clia
hai duong tron. Muén c6 HM = HN thi H phai nam trén trung tryc cia M N, ma M, N da
déi xiing nhau qua day chung nén H phai nim trén day chung d6! Dén day, ta thay co thé da
gan liéen két dugce cac dit kién. Ta tién thém mot chit nita! Nhu vay, mudn c6 day chung thi
phai goi tén hai giao diém ctia hai dudng tron, nhung trén thuyc té hai giao diém dé nim quéa
rdi rac, khé ma ching minh ching vad H thing hang. Ta sé khong chon cach nay. Thit nhin
day chung d6 ¢ mot phuong dién khac, khong phai 1a diém chung ctia hai dudng tron thuan
tay nita ma la truc ddng phuong ciia hai duong tron, nhu thé muén H nam trén dé thi H phai
c6 cuing phuong tich dén hai duong tron. Nhung phuong tich dé c6 dé dang tinh duge khong?
V6i duong tron dusng kinh AD thi qué don gidn, d6 chinh 1a HA - HD; con v6i dudng tron
duong kinh BC' thi chua c6, ta c6 thé vé qua H mot day cung clia dudng tron nay gin véi
mot dau mit 14 B hodc O, ta thit vé day BE va phuong tich ¢6 duge 1a HB - HE, gid chi can
ching minh HA- HD = HB - HFE nita la xong!

Hon nita, néu ta vé nhu thé thi BE phai vuong goc véi AC do H la tryc tam tam giac; ma E
thuoc dudng tron duong kinh BC nén BE vuéng goc v6i EC. Do dé, héa ra A, E, C' thing
hang hay F chinh la chan dudng cao ciia tam giac ABC, cong véi H 1a tryc tam thi ding thitc
can ¢6 1a HA- HD = HB - HE khong c6 kho khan gi nita. Va cac mac xich trén da duge noi
lién, bai toan da dudc gidi quyét. Viec phai lam con lai chi 1 trinh bay 16i gidi ma thoi. O

RO rang bai toan nay khong qui khé va van con nhiéu cach giai khac cho né nita ma ching ta
c6 thé thiy ngay ring toa do ciing la mot cach tét. Thé nhung, néu c¢é di thoi gian, ching ta
hay phan tich bai toan tir tit dé tim duge mot 16i giai hinh hoc thuan tay that dep nhu trén!
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C6 thé noéi truée nhitng bai toan HHP kho, céc cong viéc phan tich bai toan nhu & trén 1a
rat can thiét. D6 1a cach ching ta mo man, do tim cach gidi bai toan, cach c6 duge dpem tit
nhitng yéu t6 cho truéc thong qua viéc két ndi cac “mac xich” lién hé gitta ching.

N ¢

Ta hiéu “mac xich” & day c6 thé 14 “mot bude xudng dong”, “mot dau suy ra (=), tuong duong
(&) 7, “mot phép bién ddi”, ... ndo d6; tat nhien 1a khong dé dang gi ma ta c6 dudc chiing.
Chiing ta phan tich dudc cang nhiéu diéu tir gia thiét va két luan cang tot, béi c6 nhu thé thi
viéc diing nhing lién tudng, nhiing phan doan, nhitng kinh nghiém cho viéc viét tiép nhing
“mac xich” quan trong vao gitta bai nham hoan chinh 16i giai sé dé dang hon. D6 chinh la tam
quan trong ciia viéc rit ngan con duong di ti gid thiét dén két luan.

2.4 Dung thém yéu t6 phu trong cac bai toan hinh hoc

Ta thay da s céc vi du trén déu c6 dua thém céc yéu té phu vao, do c6 thé 1a mot giao diém,
mot trung diém, chan dudng vuong géc, duong thing song song hay tham chi 13 cid mot dudng
tron. Yéu t6 phu chinh 1a cau noi gitta gid thiét va két luan, no lien két cac yéu to roi rac co
san lai va gitp tan dung triet dé cling nhu phat trién gia thiét da cho thanh nhiéu két qua,
cudi cuing di dén dugc két luan. Néu khong c6 ching, ta c6 thé giai bai toan rat khé khian hoic
khong thé giai dugce.

C6 thé néi rang néu mot hoc sinh da biét cach ké dudng phu trong viéc gidi cac bai HHP thi
d6 khong thé nao 1a mot hoc sinh kém & phan nay duge. Mudn ké duge dudng phu, doi héi
chiing ta phai c6 st quan sat, danh gia van dé tot; c6 mot kinh nghiém sau sic va kha ning
phan tich, sang tao & mic do nhat dinh.

Viéc goi tén cho méot diém chua co tén trong hinh vé trén thiyc té cling 13 mot chuyén khong
don gian du diém dé da c6 sin néi chi dén viec dung théem mot hodic nhiéu yéu t6 phu, nhing
cai khong hé c6 trude do.

Diéu nay ciing khong khé hiéu vi khi lam céc bai toan Dai s6 — Giai tich, ching ta thudng
quen véi cac 1ap luan logic ¢6 sin, moi thit xuat hién déu phai c6 mot 1i do ré rang. Con HHP
thi khong phai nhu vay, néu ct cing nhic cho rang mot dudng phu nao dé6 mudn ké duge déu
can phai c6 mot lap luan logic nao d6 cho né thi khé ma thyce hién duge cong viéc nay béi trén
thite té, nhiéu khi ta ké mot duong phu ma khong c6 mot 1i do xac dang!

Do d6 trong phan nay ta sé suy nghi thém vé viéc ké dudng phu va vai tro quan trong ctia
kinh nghiém qua mot qua trinh rén luyén lau dai dé giai toan HHP bing cach ké them dudng
phu. Ta xét bai toan sau.

Vi du 11. Cho ti giGgc ABCD ngi tiép (O, R) ¢6 M, N lan ligt la giao diém ciia cdc cip

canh doéi. Chiing minh rang .
OM -ON = R?.

PHAN TicH. Khi giai bai toan nay, chic chin cac ban ciing sé mo mén bién déi tich vo hudng
ciia hai vector & vé trai dé di dén két qua nhung cudi cling ciing sé bi ngd nhan hoic cang lic
cang phtic tap them. Do d6, viéc dung thém mot yéu t6 phu sé 1a diéu tat yéu. Ching ta ding
lam tuéng bdi hinh thitc don gidn clia bai toan nay!

Viéc dung duong phu dudi day cé thé 1a khé véi mot sé6 ban nhung néu ching ta da quen véi
bai toan sau thi moi chuyén sé tré nén don gidn hon rat nhiéu: “Cho tii gisGc ABCD ngi tiép
(O) ¢6 M, N lan kgt la giao diém ciia AD, BC va AB, CD. Ching minh ring

MA-MB+NA-ND = MN?”,
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Ta sé giai bai toan nay xem nhu mot bd dé va 4p dung né vao bai toan da cho: Goi P la giao
diém ctia duong tron ngoai tiép tam gidc BCM v6i M N. Ta thay BPMC 16 rang la mot tit
gidc noi tiép néen /BPM = /BCD = /N AB, suy ra tit giac AN BP ciing ndi tiép. Theo tinh
chat phuong tich, ta c6 MA-MB = MP-MN, NA-ND = NP -NM. Tu dé6 suy ra

MA-MB+NA-ND=MN(MP+ NP)=MN?2.

Ta sé quay trd lai bai toan da cho, bién déi biéu thic can ching minh mot chit cho van dé
dugce 16 rang hon (gia sit M 1a giao diém ctia AB va CD, N la giao diém ctia AD va BO)

OM - ON = R? & OM? + ON? — MN? = 2R,
Ap dung b6 dé trén, thay MA- MB+ NA-ND = MN? vao biéu thitc tren
OM? + ON? = (MA-MB+ NA-ND) = 2R
Nhung diéu nay 14 ding do theo tinh chat phuong tich
MA-MB=0OM?—-R? NA-ND=ON?-R%
T do, ta da gidi thanh cong bai toan. O

Thit nghi néu khong cé su hd trg ctia bé dé tren thi viec ké duong tron ngoai tiép tam giac
BCM 16i di chitng minh tuan ty nhu trén qué la chuyén khong don gian. Va phai cong nhan
rang kinh nghiém giai toan HHP thé hién trong bai nay khong it! Ta tiép tuc phan tich mot
vi du khac.

Vi du 12. Trong mat phding cho hai diém A, B c6 dinh (A khic B). Mot diem C di dong
trong mat phang sao cho géc ZACB = a khong doi (0° < o < 180°). Dudng tron tam I noi
tiép tam gidc ABC va tiép zic vdi cdc canh AB, BC, CA lan lugt tai D, E, F. Puing thdng
AI, BI lan ligt cdt duong thang EF tai M, N. Ching minh ring

(a) Doan MN c6 do dai khong doi.

(b) Dudng tron ngoai tiép tam giac DM N luon di qua mot diém coé dinh.
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PHAN TicH. Néu & bai nay ta doc ki gia thiét thi sé thay ring cac diém M va N xac dinh nhu
trén da xuat hién trong nhiéu bai toan quen thudc truéc dé ma yéu cau ctia dé chi ding lai &
viéc chitng minh cac tam giac M BC, N BC vuong. Néu da biét dieu nay, ta sé chiing minh lai
két qua dé va sit dung vao viéc giai bai toan da cho nhu mot bd dé (trong bai nay khong xét

. . 180° — £C
céc vi tri ¢6 the c¢6 cia M, N). Ta thay ZMEB = ZCEF = — VA

ZABC + LACB _ 180° — ZC
2 - 2 ’

Do d6 /MEB = /MIB. Tu day suy ra tit giac EM BI ndi tiép va ZIMB = ZIEB = 90°,
suy ra tam gidc AM B vuong ¢ M. Tuong ty, ta cing c6 tam giac NAB vuong tai V.

LMIB = /ZIAB+ ZIBA =

Ap dung didu nay vao bai toan, ta duge ti gide ANM B noi tiép duong tron dudng kinh AB.

- AB  IA
Suy ra AAIB ~ ANIM, tir d6 ta duge - = =, suy ra
MN = AB - % — ABsin /NAI = ABsin (900 _ZCAB ;L 4CBA)

V4
= ABsin 70 = AB sin% = const.

Hon nita, ta thay

LMDN = ZIDN + ZIDM =2 (90O _LeAB+ ACBA) = ZC.

2
Goi P la trung diém ctia AB thi P chinh I3 tam dudng tron ngoai tiép ti giac AN M B, suy ra
LMPN =/MPA - /NPA=2(L{MBA— /ZNBA)=2(90°— ZMAB — ZNBA)
/CAB+ ZCBA
:2<90°— CAB+ 20 )zéC.

2

Do d6 ZMPN = /M DN, suy ra tit giac M N DP noi tiép hay dudng tron ngoai tiép tam giac
DMN luon di qua P c6 dinh. Day chinh 13 diéu phai ching minh. O

Bai todn nay van con nhiéu cach gidi khac nhung c6 1& cach nay don gidn, ngén gon hon ca.

Mot s6 bai toan ciing c¢6 thé gidi duge bang nhiéu cach dyng duong phu va néu chiing ta cang
c6 nhiéu cong cu hd trg nhu nhing bé deé, dinh 1§ quen thuoc thi viec dung hinh sé don gidn
va 161 gidi sé nhe nhang hon, chiing ta hay xét viéc chitng minh dinh 1y Pascal sau day.
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Vi du 13. Cho luc giGc ABCDEF noi tiép duong tron (O) c6 M, N, P lan lugt la giao diém
ctia AB, DE; BC, EF; CD, FA. Chimg minh ring M, N, P thdng hang.

PHAN TicH. Viéc chiing minh dinh ly nay da qua quen thuoc bang cich st dung dinh Iy
Menelaus thuan va dio cho céc tam gidgc. Cach d6 tuong déi ngan gon va khong ké nhiéu
duong phu. Nhung néu nhu ta khong biét truée dinh ly Menelaus va st dung mot cach chitng
minh khac thi moi cac ban hay theo doi 16i giai sau day vé6i viéc ké thém hai duong tron phu.

Goi I 1 giao diém ciia duong tron ngoai tiép tam giac BDM va FDQ. Ta sé chiing minh
rang ca boén diém M, N, P, I thang hang bang cach chitng minh titng bo ba diém thing hang.
(Viec nghi ra hai duong tron phu nay c6 thé xuét phat tit mot bai toan quen thudc la: “Cho
ba duong tron (1), (2), (3) cung di qua D. (1) cat (2) tai A, (2) cat (3) tai B, (3) cat (1) tai
C (A, B, C khic D). Véi M bat ky nam tren (1), goi P, Q la giao diém ciia M A véi (2), MC
vdi (3). Chiing minh rang PQ di qua B.”)

That vay, tit cAc ti gidc noi tiép BDIM, FDIP, ta c6
/DIM + /DIP = /DBA+ Z/DFA = 180°,

suy ra M, I, P thing hang. Tiép theo ta sé ching minh rang M, N, I thing hang. Ta cé tit gidc
P 1 1
BDIM noi tiép nén Z/BIM = Z/ZBDM = 180° — ZBDE = 180° — Esd(BAE) = §Sd(BDE).
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Mait khac, lai c6
/BIF =/BID+ /FID = /BMD + ZFPD
[(sd(AFE) —sd(BCD)) + (sd(ABC) — sd(DEF))]

[(sd(AF) +sd(AB)) — (sd(DC) + sd(DFE))]

N —R N RN

— - (sd(BAF) — sd(CDE)) = ZBNF,
nén ti giac BNIF noi tiép. Do d6
1
ZBIN = ZBFN = Ssd(BDE) = /BIM,

suy ra M, N, I thing hang. Tuong tu N, I, P thing hang.
Vay ta c6 M, N, P thang hang (dpcm). O

Qua cac vi du trén, ta thay riang viec dung dudng phu la cong viec doi héi phai c6 qua trinh
rén luyén va tich lily kinh nghiém lau dai. C6 thé néi khi ching ta da ké thanh cong dugce
dudong phu dé giai mot bai toan nao dé chinh 1a lac ching ta c6 mot bude tién dai trong viec
hoc tap HHP.

2.5 Veé viéc hoc tap va rén luyén HHP & mitc d6 nang cao

C6 khi nao ching ta dat cau héi: “Tai sao ngudi ta lai co thé nghi ra dugc mot bai toan hay
nhu vay nhi?”. Thong thuong, chiing ta giai dugc mot bai toan véi 161 giai that hay va dep rdi
gac n6 lai ma khong danh thoi gian tim hiéu thém nhitng diéu ly thi ding sau n6é hay tham
chi 1a dua ra dugc mot bai toan méi tit bai toan cii d6. Viéc tim toi nhu thé sé gitp ching ta
chti dong hon & cac bai toan va phat trién ki ning HHP tét hon.

Khi ching ta tim toi sdng tac ra cac bai todAn mdi chinh 1a lic ching ta di trén con dudng
ma nhing ngudi ra dé da di va tim hiéu xem ho da lam thé nao dé cé duge bai toan nhu vay.
Thong thuong cac bai toan HHP dit ra duéi dang che giau cac van dé va cong viéc clia chiing
ta 1a lan mo theo cac gia thiét co sin dé giai.

Viéc che gidu cang hay khi ma mot sé diém v dudng trong hinh bi xéa di ma yéu cau ciia bai
toan lai khong bi 4nh hudng, ngudi gidi cdc bai nhu vay phai khoi phuc lai cac diém d6 thong
qua cach ké cac yéu t6 phu; cling c6 thé la viec bién déi cac yéu té trong bai, them cac dudng
mdéi dé che gidu ban chat van de.

Va viéc tu nghi ra cac bai toan HHP hoiic phat trién tit mot bai toan cii 1a mot viec lam rat
c6 ich cho ching ta khi ma ta tré thanh thi sinh trong ky thi ndo dé, déi mat v6i mot bai toan
HHP kho, khong roi vao hoan canh bi dong va ling ting.

Ta thit xem cac bai toan sau day.

Vi du 14. Cho tam gidc ABC nhon c6 A la géc l6n nhdt, ngi tiép duong tron (O) va ngoai
tiép duong tron (I), H la truc tam. Trung tuyén dinh I cia tam gidgc IOH cat (I) tai P. Goi
M, N lan lugt la trung diém cia AB, AC. Ching minh ring

/BAC = ZMPN.
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PHAN TicH. Ta thay gid thiét ciia bai toan khong qua phiic tap nhung cac yéu tb rdi rac trong
hinh ciing nhu viéc dung hinh phiic tap c¢6 thé khién ta kho tim ra 15i giai. Thuc ra, bai toan
nay phét trién tit dinh ly “duong tron Euler tiép zic trong vdi duong tron noi tiép”. Cac van
dé bi che lap 1a

e Trung diém ctia doan OH chinh la tam dudng tron Euler.

e Giao diém P chinh la tiép diém ctia dudng tron Euler v6i duong tron noi tiép nén tat
nhién né sé thuéc dusng tron Euler.

e Dudng tron Euler di qua trung diém cic canh nén néu goi @ la trung diém BC thi
MNPQ noi tiép va ZMPN = ZMQN.

e Do M, N, Q la trung diém cac canh nén ZBAC = ZMQN. Tit dé6 ta dé dang di dén 1oi
giai cho bai toan. O

Néu chiing ta chua quen lan mo theo con dudng ctia ngudi cho dé dé tim ra 1oi giai thi bai toan
trén qua that khong don gian chit nao, bat ké la ching ta c6 ning khiéu HHP hay khong.

Chang han ban 1a ngudi cho dé, ban ¢6 s&n mot bai toan ching minh cic diém M, N, P nao
dé cung ndm trén duong thdng d, ban mudn bai toan nay khé hon va ban sé rat dé dang nghi
ra ring néu A la mot diém nao dé nam ngodi duong thing d thi truc tam cia ba tam gidc
AMN, ANP, APM ciing thang hang (cung ndm trén duong thang qua A vuong géc vdi d) va
nhu thé, ban ciing da tich lity duge thém mot kinh nghiém cho viée chitng minh ba diém thang
hang. Thit héi néu 13 mot ngusi di tim 101 giai bai toan thi viéc nhin ra cich chiing minh dé6
c6 dé dang khong?

Vi du 15. Cho tam giac ABC noi tiép trong (O) c¢é A la géc lén nhat. Trung truc cia AB,
AC cdt canh BC lan lugt tai D, E. Duing thang AD, AE cdt (O) lan ligt tai M, N. Goi K
la giao diém cia BM va CN; d la duong thang doi xing véi phan gidc géc DAE qua phan
gidc goc BAC. Puong thing OK cit d tai I. Chiing minh ring

ZBIC = ZDOE.
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N

PHAN TicH. Chac hin chiing ta da ting nghe dén bai toan sau: “Cho ti# gidac ABCD théa mén
/DAB = L/ABC = /BCD. Chiing minh ring duong thing Euler clia ANABC di qua D”.

Bai todn nay la mot bai toan khé nhung né hau nhu da kha quen thudc véi nhiéu cach giai.
Tudng chimg bai toan nay va vi du trén khong c6 lién hé gi nhung thyc ra vi du trén la mot
phat trién ciia bai toan vita néu véi viec che 1ap va bd sung thém hang loat van dé. Néu chua
biét dén no6 thi vi du nay qua la mot bai toan rat khé. Ching ta thit chitng minh xem tit gidc
ABKC trong hinh vé c6 tinh chat ba goc bang nhau khong, 16 rang diéu dé la dung. Khi do
dua két qua trén vao thi dudng thing Euler ctia tam gidac ABC di qua K hay ngudc lai OK sé
di qua tryc tam tam giac ABC. Dudng thing d trong dé bai thyc chat 13 duong cao ciia tam
giac ABC va I chinh 13 tryc tam. Day la cac yéu té da bi che 1ap di, néu chiing ta khong tién
hanh titng bude dé khai thac gia thiét thi khé cé thé thay duge dicu nay. Dén day thi ré rang
BI|OE,CI || OD nén ZBIC = ZDOEF la ding. Van dé da dugc giai quyét! O

Ta sé phan tich them mot vi du nita dé thay 16 vai tro clia kinh nghiém tich lily dugc ciia ban
than trong viéc giai cac bai toan HHP.

Vi du 16. Cho hai duong tron (O), (O') cat nhau tai A va B. Goi CC' la tiép tuyén chung
(gan A hon) ciia hai duong tron, C € (O), C" € (0'). Goi D, D' lan lugt la hinh chiéu cia C,
C' trén duong thang OO'. Gid sit AD cit (O) tai E, AD' cit (O') tai E'. Chitng minh E, B,
E’ thing hang.

C
K

A ¢’
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PHAN TicH. Day 14 mot bai toan hinh hoc ctia ky thi HSG quoc gia va céc 10i gidi clia né noi
chung déu mang nhiéu tinh chat ctia phép vi tu. Dap an chinh thitc cling 1a mot 10i ngén gon
va dep. Di1 vy, néu cac ban da nhiéu lan gidi cac bai toan vé hai dudng tron cit nhau cing
Vv6i tiép tuyén ciia né thi sé nhidu kinh nghieém vé dang nay va sé c¢6 thé ding kinh nghiem dé
nhu nhitng bé dé dé giai bai toan nay mot cach an tuong hon. Hay suy nghi vé cach gidi sau.
Goi F, F' 1an lugt 1a giao diém khac A clia cac duong thang AO véi (O), AO' véi (O'). Do
AF, AF' 1an lugt 1a duong kinh cta cac dudng tron (O), (O’) tuong tng nén

/ABF = ZABF' = 90°,

suy ra F, B, F’ thing hang. Goi R, R’ 1an lugt 1a ban kinh ctia hai dudng tron (O), (O'). Ta
sé chiing minh rang
LO'AD' = ZOAD. (%)

That vay, goi I 1a giao diém ctia CC’ v6i OO’ v K 1a giao diém ciia I A vé6i (O). D& dang thay
rang I chinh 1 tam vi ti ctia hai duong tron. Do d6

10 _®_0a_14_1c 10
IO R OK IK IC ID’
Suy ra AD' || KD hay ZIAD" = ZIKD. Mit khac, do AC" || KC nén

LIAC = LIKC = ZICA,

4 Ic
e IA°
Do tit gidc CC'D’'O nai tiép nén IC - IC' = ID' - IO. Két hgp véi trén ta c6 IA2 = 1D’ - 10,
hay 1111)4, = %, tir d6 suy ra ATAD' ~ AIOA. Do d6 ZIAD' = ZIOA, ma L/IAD' = ZIKD
nén /IKD = /IOA, suy ra ti giac ADOK noi tiép. Tu day ta co6

suy ra ATAC' ~ AICA va Tit day ta c6 TA%2 = IC - IC'.

ZOAD = ZOKD.
Hon ntta do OK || O'A, DK || D' A nén
LO'AD' = ZOKD.
Suy ra ZO'AD' = ZOAD, (%) dugc ching minh.
Ap dung vao bai toan, theo tinh chat ciia géc noi tiép ta co
/OAD = /FBE, /0O'AD'=/F'BFE'.

Do do6, két hgp vé6i (%), ta dugc /FBE = /F'BE'. Ma F, B, F' thing hang nén theo tinh
chat clia géc ddi dinh, ta ciing c6 E, B, E’ thing hang. Ta cé diéu phai ching minh. O

Bén canh do, ta cing can phai nhic dén mot sb cong cu goi 1a “cao cdp” dé giai cac bai toan
HHP nhu: géc dinh hudng, do dai dai s6, tich cé hudng va dién tich dai so, phuong tich va
truc dang phuong, hang diém diéu hoa, cuc va doi cuc, phép nghich ddo va dong dang, dinh
lj Carno, Michael, ... Ciing tuong tu nhu nhitng diéu goi la kinh nghiém hay b6 dé & trén,
nhing cong cu nay cé thé gitp ta gidi quyét nhanh gon v dé dang nhiéu bai toan khé ma néu
sit dung cong cu thong thuong thi 10i giai sé dai dong va phiic tap; c¢6 nhiéu khi ta khong du
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kha nang nhin ra mot 16i giai kiéu nhu thé. Thé nhung, mudn ap dung dinh 1y ndo d6 vao viee
gidi mot bai todn qua la diéu khong don gidn khi ma s6 lugng dinh 1y c¢6 sin tuong ddi 16n va
cang khé khan hon khi dac trung ctia dinh 1y d6 chura thé hién ¢ bat ¢t mit nao clia bai toan,
chiing ta phai lan mo theo gia thiét dé dat ra cac yéu cau can cé nhim di dén két luan va co6
thé bat chot mot dinh 1§ ndo d6 sé xuat hien hd trg cho ta.

Vi du 17. Cho tam giac ABC. Dung phia ngodai tam giagc ABC cdc tam gidc déu va goi M,
N, P la tam ciia ching. Ching minh ring tam gigc MNP déu.

Ta thay day 1a noi dung ciia dinh 1y Napoléon véi ciach ching minh quen thudc 13 dyng thém
cac dudng tron ngoai tiép cac tam giac déu da c6 roi goi tén giao diém ciia ching. Sau day, ta
sé cung xem hai cach chiing minh khéc ntta va dua ra nhan xét so sanh.

LO1 c1A1 1. 5% dung phuong phdp thong thuong.
Q

M

Duyng diém @ khac phia M so v6i NP sao cho ZQPA = ZMPB va PQ = MQ. Ta c6
NAPQ = ABPM (c.g.c), suy ra

/PAQ = /ZMBP = ZABC +60°, AQ =BM =CM.
Do dé6

/NAQ = 360° — (/PAQ + /PAN) = 360° — (/ABC + 60° + ZCAB + 60°)
= ZACB +60° = ZMCN.

Suy ra AAQN = ACMN (c.g.c) va NQ = NM. Ma PQ = PM do ANAPQ = ABPM nén
PN la trung truc ctia MQ, tic la M, @ dbi xiing nhau qua PN hay

/QPN = /MPN, /QNP=/MNP.
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Mat khac, ta ¢6 LZQPM = ZAPM + ZQPA = ZAPM + ZMPB = ZAPB = 120° va tuong
120° N
tw ZQNM = 120° nén LM PN = ZMNP = 0 = 60°, suy ra tam giac M NP deu. O

LO1 c1A1 2. 5% dung phép quay vector.

B/

O/

A/

Goi A’, B', C' 1a dinh clia cic tam gidc déu tuong tng dung trén cac doan BC, CA, AB. Vi
, N 1 (— —F2 ==
céc diém M, N 1an lugt 1a trong tam ciia ABA'C, AACB’ nén MN — 5 (BA +AC+ CB’) .

Tuong ty, ta ciing c6
1 /— —
MP = 5 (BC'+ A + CA) .

& 391 5 (B4) +Q5 (4€) + 05 ()]
- % (BC’+E+C_1>4 — MP
Suy ra tam giac MNP déu. O

Ta thay ring phép quay vector st dung trong bai todn da gitp han ché nhiéu l1ap luan hinh
hoc phtic tap va cho ta mot 16i gidi hét stic nhe nhang, van dé la ching ta phai biét can ci
vao cac dic trung ctia bai toan dé van dung cho phit hop va chinh xéc. N6i chung ba cong cu
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sau: vector (tuong ting vdi doan thding), goc dinh hudng (tuong ting vdi goc), dien tich dai so
va tich ngoai (twong ting vdi dién tich) 1a ba cong cu manh, phat trién tit cAc yéu t6 hinh hoc
cd ban. Chiing ta nén tim hiéu thém vé ching dé c6 thém dugce nhitng su trg gitp rat tot khi
ditng trude mot bai toan HHP ndo dé ma cac phuong phap hinh hoc thuan tiy khac duong
nhu da khong con tac dung nita.

Tiép tuc néi vé viec nghién cttu ra cac bai toan HHP méi, ching ta thiy mot diéu rang: muén
tu nghi ra mot bai HHP hoan toan doc lap véi cac bai da c¢6 qua la chuyén khong don gian; ta
van c6 thé sit dung nhing sy tuong ty gita cac yéu té duong va diém tao ra cac bai toan doc
déo.

Ching han nhu trong bai toadn trén, cac ban cé thé tu hoéi néu nhu khong dung céc tam giac
déu phia ngoai tam gidc ma dyng vé phia nguge lai thi két qua trén sé ra sao, dinh 1y c6 con
dang hay khong. Van con nhiéu vi du vé nhitng phat hién nay nhu:

e Tam giac c6 hai duong trung tuyén, dudng cao bang nhau la tam giac can; vay phan
giac thi sao?

e Giao diém cac duong chia ba phia trong cic géc ctia mot tam giac 1a mot tam giac 1a
tam giac déu (dinh ly Morley); vay thi chia ba phia ngoai thi sao?

e Ta c6 bai toan quen thuoc 1a: “Cho tam gidac ABC noi tiép (O), cé trong tam G. Gid si
cic tia GA, GB, GC cat (O) lan lugt tai A’, B', C'. Chitng minh rding

GA+GB+GC <GA +GB' +GC"
vay thi néu thay G béi tryc tam hay tam dudng tron noi tiép thi sao?

e Quy tich truyc tam H ctia tam gidc ABC c¢6 BC c¢b dinh vi ZBAC khong doi 1a duong
tron, clia trong tam G ciing 1a dudng tron; vay clia tam dudng tron noi tiép 1a gi?

e Néu biét duge trung diém céc canh c6 thé dung dugc cac dinh tam giac, biét duge chan
dudng cao c¢6 thé dung duge cac dinh tam giac; vay néu biét chan cac dudng phan giac
thi c¢6 dung dugc khong va dung nhu thé nao?

Chéng han tit vAn dé cudi vira néu & trén, ching ta c6 dude mot bai toan sau: “Cho tam gidc
ABC noi tiép duong tron tam O cé cdc phan giac AD, BE, CF dong quy ¢ I. Goi x, y, z lan
higt la cdc tiép tuyén cia (O) song song vdi cic doan thaing EF, FD, DE. Gid st x cdt y tai
P,y cit z tai M, z cit x tai N. Goi H, K, L la chan duong phan gidc ké ti géc M, N, P ciia
tam gidc M N P. Chitng minh rang

(a) Céc doan thing MD, NE, PF dong quy. Goi diém dé la R.
(b) Cac doagn thing HD, KE, LF dong quy. Goi diém dé la S.
(¢) Ba diém R, S, O thing hang. Goi duong thing qua cic diém nay la d.

(d) Duong thang d di qua tam duong tron noi tiép cia bon tam giGgc ABC, DEF, MNP va
HKL.”

Con rat nhiéu diéu rat gan gii, quen thudc ma ching ta chua tim hiéu nhiéu vé ching dé c6
thé phét hien thém nhitng sy thd vi ciing nhu rén luyén cho minh kj ning gidi toan HHP. Tai
sao ching ta khong thit bit dau ngay véi mot bai HHP don gidn ndo d6 dé di tim dén nhing
diéu tha vi?
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Tém lai, muon hoc tot & mon HHP, ching ta can phdi c6 mot qud trinh rén luyén day di cing
vdi mot cach hoc tap phi hop. Ching ta nén rén luyén tu duy hinh hoc ciia minh ti nhiéu dang
toan va nén tap trung vao cdc cong cu chinh; ding di qud sau vao mot phuong phdp, mot cong
cu ho trg ddc biét nao dé. Ta hoc that nhiéu dinh ly, b dé nhung khi can ching ta khong thé
nao nhd hét chiing va khong biét lua chon cong cu nao cho phi hop dé gidi quyét. Chiing ta
ciing nén biét ring cdc bai toan HHP trong cdc ky thi thuong khong gidi dua trén mot bo dé,
dinh lyj khé nao dé dé danh gid ki ndng nhd, thuoc bai ma chi ding cdc cong cu thong thuong,
quen thuoc dé cé thé danh gid duge khd nang tu duy, lap ludn cia hoc sinh. Hay trang bi cho
manh nhitng thit can thiét dé cé thé doi dau vdi cdc bai todan HHP khé khan & phia trude; tat
nhién, mot hanh trang tot la mot hanh trang day di va gon gang, c¢é thé st dung dugc trong
nhiéu tinh hudng chit khong phdi mot hanh trang qud cong kénh, qud phite tap dé khi can dung
mot thit nao dé khong biét tim kiém & dau, ...

Chtc cac ban c6 thé ren luyén tot va thanh cong & bo mon HHP that tha vi vi hap dan nay!

3 Cac bai toan rén luyén

Sau day xin moi cac ban hay tham khéo thit 16 bai toan trong ky thi chon doi tuyén qubc gia
ctia Viet Nam diy thi IMO duéi day va hay thit van dung céc hudng vira roi dé tim cach giai
quyét chiung. Day deéu la cac bai toan rat hay va ciing rat kho! (Cac bai toan duge siap xép
mot cach tuong doi tir dé dén kho)

Bai tap 1 (Dé TST 2000). Hai duong tron (C7) va (Cy) cit nhau tai hai diém P va Q. Tiép
tuyén chung ctia hai duong tron gan P hon Q tiép xtc véi (C7) tai A va tiép xtc vé6i (Cy) tai
B. Céc tiép tuyén cta (C1), (Cq) ké tit P cat dudng tron kia lan lugt tai £ va F' (E, F khac
P). Goi H, K lan lugt 1a céc diém nam trén cic dudng thing AF, BE sao cho AH = AP va
BK = BP. Chiing minh ring nam diém A, H, Q, K, B cing thuoc mot dudng tron.

Bai tap 2 (D& TST 2003). Trén cac canh clia tam giac ABC lay cac diem My, N1, P; sao
cho cac doan M M;, NNy, PP, chia déi chu vi tam giac, trong d6 M, N, P lan lugt 1a trung
diém ctia cac doan BC, CA, AB. Chiing minh ring

(a) Cac dudng thing MMy, NNy, PP, dong quy tai mot diém. Goi diém dé 1a K.

., KA KB KC

(b) Trong céc ti s6 B0’ OA° AB 6 it nhat mot ti s6 khong nho hon

1
7
Bai tap 3 (Dé TST 2006). Cho tam gidc ABC ¢6 H 1a tryc tam. Duong phan giac ngoai cia
goc BHC cét cac canh AB, AC lan lugt tai D va E. Duong phan giac trong ctia goc BAC
cit dudng tron ngoai tiép tam giac ADFE tai diém K. Chitng minh ring duong thing HK di
qua trung diém ctia doan BC.

Bai tap 4 (Dé TST 2006). Trong mat phang cho géc 2Oy. Goi M, N lan lugt 14 hai diém lan
lugt nam trén cac tia Oz, Oy. Goi d 14 duong phan gidc géc ngoai clia goc Oy va I 13 giao
diém ctia trung triuc M N véi dusng thing d. Goi P, @ la hai diém phan biét nim trén dudng
thing d sao cho IM = IN = IP = IQ, gia st K 13 giao diém ctia MQ va NP.

(a) Chitng minh ring K nam trén mot dudng thang ¢ dinh.

(b) Goi d; la dudng thing vuong goc véi IM tai M va dy 1a dudng thing vuong goc véi IN
tai N. Gia st cac duong thing di, dy cit dudng thing d tai £, F. Chiing minh riang cic
duong thing EN, FM va OK dong quy.
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Bai tap 5 (Dé TST 2009). Cho tam gidc nhon ABC ndi tiép duong tron (O). Goi Ay, By,
Cy va Ay, Bo, Co lan lugt 1a cac chan dudng cao ctia tam giac ABC ha tit cac dinh A, B, C
va cac diém dbéi xting v6i Ay, Bi, C; qua trung diém cta cac canh BC, CA, AB. Goi A3, Bs,
C3 lan lugt 1a cac giao diém clia duong tron ngoai tiép cac tam gidac ABoCo, BCy Ay, C Ay By
v6i duong tron (O). Chitng minh réng Ay Az, B1 B3, C1C3 dong quy.

Bai tap 6 (Dé TST 2001). Trong mit phang cho hai dudng tron cit nhau tai hai diém A, B.
Goi PT 1a mot trong hai tiép tuyén chung ctia hai dudng tron trong dé P, T la cac tiép diém.
Tiép tuyén tai P va T ciia dudng tron ngoai tiép tam giac APT cit nhau tai S. Goi H 13 diém
déi xing véi B qua dudng thing PT. Chitng minh riang cic diéem A, S, H thing hang.

Bai tap 7 (Dé TST 1999). Cho tam gidac ABC noi tiép trong duong tron I'. Mot duong tron
0 tiép xic véi cac canh AB, AC va tiép xic trong véi dudng tron I' 1an lugt tai cac diém My,
N1, Py. Cac diém Ms, No, Py va Ms, N3, Py xac dinh mot cach tuong ty. Chitng minh ring
cac doan thang My Ny, MyNy, M3N3 cit nhau tai trung diém mdi dudng.

Bai tap 8 (Dé TST 1995). Cho tam gidc ABC va diém M nam trong tam giac. Goi A’, B/,
C’ lan luot 1 anh cilia cac diém A, B, C qua phép dbéi xtng tam M.

(a) Chitng minh ring ton tai duy nhat mot diém diém P trong mit phang cach déu hai dau
mut clia cic doan thang AB’, BC', CA'.

(b) Goi D la trung diém ctia doan AB. Chiing minh ring khi M thay ddi trong tam gic
ABC va khong tring véi D thi duong tron ngoai tiép tam gidc MNP, trong d6 N 1a
giao diém ctia DM va AP, luon di qua mot diém cb dinh.

Bai tap 9 (Dé TST 2004). Trong mit phing cho hai dudng tron (O1), (O2) cit nhau tai A
va B. Céc tiép tuyén tai A, B clia dudng tron (O1) cit nhau tai K. Xét mot diém M khong
triing v6i A, B nam trén dudng tron (O1). Goi P la giao diém thit hai ctia duong thing M A
v6i dusng tron (Oz). Goi C la giao diém thit hai clia dudng thing MK véi duong tron (O1).
Goi @ 1a giao diém thit hai ctia dudng thing C A véi dudng tron (Oz). Chiing minh ring

(a) Trung diém ciia doan thing PQ nim trén dudng thang MC.
(b) Duong thang PQ luon di qua mot diém cd dinh khi M di dong trén (O1).

Bai tap 10 (Dé TST 2003). Cho tam giac ABC ¢6 O la tam duong tron ngoai tiép. Goi H,
K, L 1an lugt 13 chan cac duong vuong goc ké tir cac dinh A, B, C cta tam giac ABC. Goi
Ay, By, Cy lan lugt 1a trung diém ctia cac duong cao AH, BK, CL. Duong tron noi tiép tam
I ctia tam gidac ABC tiép xtc v6i cac doan BC, CA, AB lan lugt tai D, E, F. Chiing minh
rang AgD, BoE, CoF cung di qua mot diém va diém dé nam trén dudng théng OI.

Bai tap 11 (Dé TST 2006). Cho tam gidc ABC' la tam giac nhon, khong can, noi tiép trong
duong tron tam O ban kinh R. Mot dudng thing d thay doi sao cho d luon vuong goc véi O A
va luon cit cac tia AB, AC. Goi M, N lan lugt la giao diém ctia dudng théng d va cac doan
AB, AC. Gi4 sit cac duong thing BN va CN céit nhau tai K; gid st duong thing AK cét
dudng thang BC.

(a) Goi P la giao ctia duong thang AK va dudng thing BC. Chiing minh ring duong tron
ngoai tiép ctia tam gidc MNP luon di qua mot diém cb dinh khi d thay ddi.
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(b) Goi H la tryc tam ctia tam giac AMN. Dat BC = a va [ 1a khoang cach tit diém A dén
duong thing HK. Ching minh ring duong thing HK luon di qua triyc tam ciia tam
gidgc ABC. Tit dé suy ra l < v4R? — a2. Ding thiic xay ra khi va chi khi nao?

Bai tap 12 (Dé TST 2009). Cho dudng tron (O) dudng kinh AB va M 13 mot diém bat ky
nam trong (O), M khong ndm trén doan thang AB. Goi N la giao diém clia phan gidc trong
goc M ctia tam gidc AM B véi duong tron (O). Dudng phan gidc ngoai goc ZAM B cat céc
dudng thing NA, NB lan lugt tai P, Q. Duong thing M A cit dudng tron dusng kinh NQ
tai R, duong thing M B cit duong tron dudng kinh NP tai S va R, S khac M. Chitng minh
rang dudng trung tuyén tng véi dinh N ciia tam giac NRS luon di qua mot diém cb dinh khi
M di dong phia trong dudng tron.

Bai tap 13 (Dé TST 2005). Cho tam giac ABC ¢6 (I) va (O) lan lugt 1a cac dudng tron noi
tiép, ngoai tiép tam giac. Goi D, E, F lan lugt 1a tiép diém ctia dudng tron (1) trén cac canh
BC, CA, AB. Goi w,, wg, we lan lugt 1a cac dudng tron tiép xtc véi hai dudng tron (1) va
(O) lan lugt tai cic diem D, K (v6i dudng tron w,); tai E, M (v6i dudng tron wg) va tai F,
N (v6i dudng tron wg). Ching minh réng céc duong thang DK, EM, FN dong quy tai P va
tryc tam ctia tam giac DEF nam trén doan OP.

Bai tap 14 (Dé TST 2007). Cho tam gidc nhon ABC v6i dudng tron tam I noi tiép. Goi
(K,) la duong tron di qua A, AK, vuong goc véi BC va (K,) tiép xic trong véi (I) tai Aj.
Céc diém By, C; xac dinh tuong tu.

(a) Chitng minh rang AA;, BBy, CCy dong quy tai P.

(b) Goi (Ja), (Jp), (J.) tuong ting 1a cAc dudng tron ddi xing vdi cac dudng tron bang tiép
céc goc A, B, C ciia tam gidac ABC qua trung diém BC, AC, AB. Ching minh ring P
la tam déng phuong ctia ba dusng tron (J,), (Jp), (Je).

Bai tap 15 (Dé TST 1995). Cho tam gidc ABC c¢6 AB = ¢, BC = a, CA = b. Lay sau diém
Ay, Ay, By, By, C1, Co phan biet khong tring véi A, B, C' va cac diém A;, Ay thuoc dudng
thing BC, By, By thuoc dudong thing C A, cac diém C;, Cy thuoc duong thing AB. Goi «, S,
~ 1a cac s6 thyc xac dinh bdéi a - A1 A = a-%, b-B1By=p0p-CA, c-C1Cy =~-AB. Xét cac
c’[u’(‘jng tron ngoai tiép cac tam giac ABlCl, ABQCQ, BClAl, BCQAQ, CAlBl, CAsBy va goi
d 4, dg, do 1an lugt 1a cac truc déng phuong ciia cip dudng tron di qua A, B, C. Chting minh
rang d 4, dg, d, dong quy khi va chi khi aa + b3 + ¢y # 0.

Bai tap 16 (Dé TST 2008). Cho k la mot s6 thyc. Cho tam gidc ABC nhon, khong can c¢6
O la tam dudng tron ngoai tiép va AD, BE, C'F 1a cac dudng phan gidc trong clia tam gic.
Trén cac dudng thing AD, BE, CF lan luot lay cac diém L, M, N sao cho

AL _BM _ON _
AD BE CF
Goi (01), (02), (O3) 1an lugt la cadc dudng tron di qua L, tiép xic véi OA tai A; di qua M
tiép xtc v6i OB tai B va di qua N tiép xtc véi OC tai C.
s 1 Y
(a) Chtng minh rang véi k = 2’ ba duong tron (O1), (O2), (O3) c6 ding 2 diem chung.

(b) Tim tat ci cac gid tri clia k sao cho 3 dudng tron (O1), (O2), (O3) c6 ding 2 diém chung.
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Hinh hoc 1a mot bo phan rat hap dan ciia Toan hoc so cap. Chic hin cac ban déu cam
thiy cai hay va thu vi nhat cia cdc bai toan hinh hoc chinh 13 § nhitng 16i gidi vo cling
dep thuan tdy hinh hoc. Thé nhung dé tim ra mot cach giai nhu vay khong phai ai ciing
Jam duge. Va huéng tu nhien nhat trong hinh hoc mot khi ta khong thé tim duge 1 loi
gidi nhu vay chinh 1a dai s6. (Trong bai viét nay ching ta chi quan tam céc 16i gidi dai
s0, khong trinh bay cac cach gidi hinh hoc thuan tay). Muc dich ctia bai viét nay chinh
14 g6p phan tim ra huéng di mot khi da bé tac trong con duong hinh hoc thuan tuy.
Dé c¢6 thé tng dung tét dai sé trong hinh hoc, néi chung cé khéa nhiéu cong thic can
phai nim vimg (da s6 déu 1a co ban), ta c6 thé tém gon vai cong thitc co ban sau (cac
cong thitc quen thuoc khac cac ban c6 thé doc trong rat nhiéu tai tieu).

1 Cac cong thic lu'gng giac
Cho tam gidc ABC. Ta ky hi¢u
e a, b, clan lugt 1a do dai cac canh BC, CA, AB clia tam giac.
e 2p =a+ b+ cla chu vi cia tam gidc va S = Supe la dién tich cta tam giac.
e R, rlan luot 1a ban kinh dudng tron ngoai tiép va noi tiép tam giac.
® 74, Ty, Te lan lugt 1a ban kinh cac duong tron bang tiép goc A, B, C.
o I, Iy, I 1an lugt 1a do dai cac duong phan giac trong goc A, B, C.

Khi do

e sin — =
2

A \/<p—b><p—c> A_ folb—a) A_\/(p—b)(p—c)_
e pr=(p—a)r,=2S.
° ra—r:4Rsin2§.

e Gia stt AH 1a duong cao ctia tam gidc. Thé thi

BH_cz—l—a2—b2 G

CH
2a ’ 2a

69
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. R . _sina  sind’
e Néu cac goc «, (8, o/, f € [0°, 90°] théa man a + 3 = o/ + ' va — = —,
sinf  sinf’

thitacoa=a' va g =0
2 Dinh ly Stewart

Néu duong AD = d thuoc tam gidc ABC chia canh BC' thanh nhiing doan BD = m va
CD = n thi d®a = b*m + c*n — amn.

3 DPinh ly Van Aubel

Cho tam giac ABC, M la mot diém nim trong tam giac. AM, BM, CM cit BC, CA,
AB tai A', B', C". Khi d6 ta c6 he thitc

C'A  BA_ MA

C'B B'C MA"

4 Cac cong thiac khoang cach
Néu goi G, H, I, O lan luct 1a trong tam, tryc tam, tam dudng tron noi tiép, ngoai tiép
cua tam giac ABC, thi ta c6
e 9IG?* =9r%2 — 3p? + 2(a® + b* + 2).
| 2/bep(p — a)
¢ b+c '
90G* = 9R* — (a® + b* + ).

e OH = 30¢.

cOor—p_ %
at+b+c

. H12_4R2_a3+b3+c3+abc

a+b+c
e at+b+c=2p, ab+bc+ ca=p®+r?+4Rr, abc = 4pRr, . ..

5 Cac dinh ly: 4 diém, Carno, Menelaus, Céva va Céva-sin

e Dinh 1y 4 diém: Cho 4 diém A, B, C, D trong mit phing. Khi d6 AB vuong
gée O'D néu va chi néu AC? — AD? = BC? — BD?.

e Dinh Iy Carno: Cho tam giac ABC va ba diém M, N, P thuoc cac dudng thang
BC, CA, AB. Cac dudng thang qua M vuong géc BC, qua N vuong goc C A, qua
P vuong géc AB dong quy khi va chi khi

MB? — MC?+ NC? — NA? + PA? — PB? = 0.
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e Dinh Iy Menelaus: Cho tam giac ABC va ba diéem M, N, P thudc cac dudng
thing BC, CA, AB. Ta c6 M, N, P thang hang khi va chi khi

MB NC PA_l
MC NA PB

e Dinh 1y Céva: Cho tam giac ABC va ba diém M, N, P thudc cac duong thing
BC, CA, AB. Ta c6 AM, BN, CP dong quy khi va chi khi

MB NC PA
MC NA PB

Heé thitc trén con c6 thé viét dusi dang luong gidc 1a

sin/MAB sin/ZNBC sinZPC'A_
sin /MAC sin/NBA sin/PCB

1.

6 Hang diém diéu hoa va cac hé thirc lién quan

Cho (ABCD) = —1, I 1a trung diém AB, K la trung diém C'D. Khi d6 ta c¢6 cac hé
thic co ban sau

CA DA
CB DB

2 1 . 1
AB AC AD’

e Hé thic Decartes:

e Hé thic Newton: TA*=1C -TD.

e Hé thic Macloranh: AB - AK = AC - AD.

Ngoai ra, ta c6 con c6 mot hé thitc don gidn sau: Cho (ABCD) = —1 va K la trung
diém ctia CD. Khi do6

KB B DB KB

KC CA DA KA (KC\
KB)

CHUNG MINH. Do (ABCD) = —1 va K la trung diém C'D nén theo hé thitc Newton,
taco KC?=KD?=KC =KD =KA-KB. Tit d6 suy ra

KC AK AC DA _ KA (KC’) 2
= = —= va = .
KB CK CB DB KB KB
Cac hé thitc duge chiing minh. O

Sau day la mot ting dung nho ctia hai hé thic vita duge chiing minh.
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Vi du 1 (Duong thing Gauss). Cho tii gidc toan phan ABCDEF c6 ba duong chéo
EF, AC, BD. Goi H, I, K la cdc trung diém cia EF, BD, AC. Ching minh rdng cdc
diém H, I, K cung nam trén mot duong thdang.

D

LOI GIAL

G

Goi G 1a giao diem BD va EF, O la giao diém ctia AC' vi BD. Huéng tit nhién nhat dé
tiép can bai toan trén chinh la sit dung dinh Iy Menelaus cho tam giac MGO dé chiing
minh I, H, K thang hang. Chd ¥ ring

(GMEF)=-1, (MOAC)=-1, (GODB)=-1.
Ap dung cac hé thic trén, ta thu duge
(7)o (an) - 7o (56)
IG FG) ' HM CM) ' KO DO/ -
Nhan lai theo vé, ta thu dugc

IM HO KG (FM CO DG)2

G HM KO \FG CM DO
Dén day, ap dung dinh 1y Menelaus cho tam gidc M GO véi cat tuyén CDF, ta c6 ngay
FM CO DG
FG CM DO
Tt d6 suy ra diéu phai chitng minh. O

1.

Bai toan trén c6 nhiéu cach gidi khac rat doc ddo bang cach dung yéu t6 phu nhung ta
c6 thé thay huéng trén la rat tu nhien.
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8 Mot s6 hé thirc khac

Bé dé 1. Cho ti gide ABCD. M, N la cic diém nam trén hai doan AD, BC' sao cho
MA NB m Khi d6
MD ~ NC _ qn

—>_m@+mﬁ

MN
m-+n
AB +mD
Ddc biet khi ABCD la hinh thang the MN = %
m n

Chitng minh bd dé trén la rat don gidn, ta thit xét vi du sau 1a mot bai toan rat dé dé
buée dau thiy dude ing dung ctia bo dé 1.

Vi du 2. Cho tam giac ABC, duong cao AA'. Ho A'E, A'F vuong goc voi BC tai F,

F. Tu B va C, lan luot ké cac duong vuong géc véi BC cit A'E, A'F tai M, N. Ching
minh rang MN di qua truc tam H cia tam gidc ABC.

LOr1 GIAL
A
N
F
H
Hy
M
'E
C
Gﬁ B A/
MB EB AB? A'B?
Do M B, NC song sor;lg/g(:i AA" nén A= B4 Aan SWra MB = e Tuong
tu ta ci 6 MC = .
I ta cling ¢6 o
Giad st M N cit AA’ tai H'. Theo bo dé 1 ta c6
g AC-BM+AB-CM _AB-AC
B BC ~ BC
Suy ra A/H - AA' = A’B - A'C, hay tam giac BA'H dong dang tam giac AA'C. Tu day
ta c6 BH' vuodng goc véi AC, hay H' = H (dpcm). O

Ké dén, ta c6 mot bo dé lien quan dén duong thang Euler ctia tam giac.
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Bb dé 2. Cho tam gidc ABC. O, H, G lan lugt la tam dudng tron ngogi tiép, truc tam
va trong tam cua tam gidc. Gia st AC > AB, AC' > BC. Khi dé ta co

BC(AC? — BC?*  sin(B—A) sinZOHC
AB(AC? — AB?) B

~ sin(B-C) sinZOHA’

CHUNG MINH.

A

Ta co
sin(B — A) = sin Bcos A — sin Acos B
_AC AB?+ AC? - BC® BC AB®+ BC® - AC?

T 9R 2AB - AC 2R 2AB - BC
1 AC? - BC?
2R AB '
1 AC? — AB?
AC A s

Tuong tu, ta cing c6 sin(B — C) = R B0
sin(B—A) BC(AC? — BC?)

sin(B—C) AB(AC? — AB?)’

Ta con phai ching minh

AB(AC? — AB?)  sinZOHA’
Goi I, J lan lugt 1a trung diém ctia BC, BA. Dé& thay sin Z/OHC = sin ZHOJ va

sin /OHA =sin ZHOI, do d6
sin Z/OHC B sin/HOJ B FJ OH B FJ
sin/ZOHA sin/ZHOI OH DI DI’

BC(AC? — BC?)  sinZOHC
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T day suy ra ta chi can ching minh

FJ _ BO(AC® - BC?) 0
DI~ AB(AC? — AB?)

2 2 A2 2 2
Tacé JF — JB — BF — AB _AB"+ BC” = ACT _ AC” - BC

, va tuong tu

2 2AB 2AB
AC? — AB?
1D = ———F8—.
2BC
Do dé (1) hién nhién ding. Bé dé duge chiing minh. O

Hé thiic trén cho ta cai nhin dai s6 vé dudng thang Euler (HO chinh la duong thang
Euler). Viéc dung thém céc dudng vuong géc nhu trén cting la cédch lam quen thuoc
trong phuong phap ding dai s6 dé giai hinh hoc.

Sau day, ta xem xét vai tng dung nho ctia hé thic trén.

Vi du 3. Cho tam gidgc ABC ¢6 B > A, B > C. Vé cung mot nita mat phang bo AC,
dung cdc tia Ax, Cy sao cho ZBAx = ZABC = ZBCy, Cy cat Ax tai M. Chiing minh
rang M ndm trén duong thiang Euler cia tam gidgc ABC.

LO1 GIAL Nhan xét rang bai toan trén co cach phat biéu kha thuan tay hinh hoc, nhung
c6 18 dai s6 1a cach tiép can ty nhién hon cho bai toan nay.

Mot cach tiép can kha ty nhién 1a tim cach ching minh ZAHM = ZAHO. Véi goc
ZAHM thi ta hoan toan xac dinh duge kha dep mét va gon gang v6i bo dé tren, tir do
ta hoan toan cé thé tin tudng bai toan sé cé 16i gidi ngan gon bang dai sb.
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Dé xttly ZAHO, ta dung dinh ly Céva dang sin cho tam giac AHM (¥ tudng hoan toan
don gian va rat ty nhien). N6i HM, khi d6 cac duong thang Az, HM, Cy dong quy tai
M. Tu do suy ra

simn/MAH sin/MCA sinZMHC

sin /MAC sin/MCH sin/MHA
sin/ZMCA sinZMHC
sin/MAC sin/ZMHA

sin /ZMCA  sin/MHA  sin(B —C)
sin /MAC ~— sin/MHC — sin(B — A)’

1.

Do ZMCH = ZM AH nén ta c6 =1, suy ra

Theo bd dé trén, ta thay ngay M nam trén duong thang Euler clia tam gidac ABC. [

NHAN XET. Mot huéng giai quyét khéc cling rat tir nhién cho bai toan trén 1 st dung
phuong phap vector:

e Goi E la giao diém ciia CM va AB, F la giao diém ciia AM va BC, G la trong
tam ctia tam gidc ABC. Sau do, st dung dinh 1§ Menelaus c@)céc tam giac can,
ta biéu dién duge cac vector AM, BM, C'M theo zﬁ, ﬁ, CA.

e Sit dung hé thitc AM + BM + CM = 3GM dé biéu dién GM theo AB va CB.
e Sau d6 chit § A0 + BO + CO = 3GO, rdi tit do chitng minh GM 14 GO.

Doi khi trong phuong phap nay ta khong can tinh tuong minh cac dai lugng ma nén
khéo léo st dung cach gian tiép, tic la vAn dé mot s6 dai lugng nhu an s6 va lam sao
cho biéu thtic cubi cling, cac dai luong do bi triet tieu.

Sau day 1a mot vi du tuong tu khac v6i k¥ thuat va huéng gidi van rat ty nhién, dé
dang.

Vi du 4. Cho tam gidc ABC nhon, c6 H, G lan lugt la truc tam va trong tam cia tam
gigc. Qua A, B, C lan lugt ké cic duong thing d,, dy, d, vuong géc vdi GA, GB, GC.
d, cat dy tai C', tuong tu ta c6 A" va B'. Goi G' la trong tam tam gidc A'B'C". Chiing
minh rang G' ndam trén duong thang Euler cia tam gidc ABC.

L1 GIAL Dé giai bai nay, trude hét ta can goi them mot s6 yéu td phu:
e Goi O la tam duong tron ngoai tiép tam giac ABC.
e D, E, F lan luot 1a chan cic duong cao ha tit A, B, C clia tam giac ABC.
e NG/, B, C'G' cit B'C', C'A', A'B' tai K, N, M.
e I, J, S lan lugt la trung diém cta BC, AB, CA.

Dé dang dy doan rang A'G’ 1 BC (tuong tu cac doan con lai) va day chinh la sy thuan
li cho ta trong viéc ding dai s6. Dé chitng minh diéu nay, ta c6 kha nhiéu cach, bang
lugng giac hoac vector, & day toi trinh bay 16i giai theo hudéng vector.
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K
A
C/
Gl
H
/ |
A/

B/

B D 1

Ta co
TR 56— (W5 + 10 (G + &) - 4 - 56+ 70 GO
Nhan xét rang
Cos (1@, B?) = —cos (W, C@) (1)
That vay, do
(75, 50) = (78, G¢) + (G0, BE) == + (@, B0) (mod 2m

va

(7' GC) - (7, 5G) + (B0, &) = T (a0 BC) (mod 20)
nén <ﬁ, ﬁ) + (fl’—d’, Cﬁ) = —7 (mod 27). T day ta c¢6 (1).

? H G X
T (1) suy ra deé ching minh 2A'K - B? = 0, ta chi can chting minh dugc
A'B" CG

A'B'-GC = AC'-GB, hay 5z = =2
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Dé thay
A'B’ _sin LA C'B _ sin/ZAGB  sin/ZIGB 2)
A'C"  sin ZA'B'C' sin ZAGC  sin ZIGC”
Mat khac, trong tam giac GBC, Sgpr = Sacr, suy ra BGsin /BGI = CGsin ZCG1.
Do do

BG  sin/ZIGC (3)
CG  sin/ZIGB’
Tu (2) va (3), suy ra A’G" L BC. Chiing minh tuong tu, ta dugc

AG' L BC, B'G' 1L AC, C'G'1 AB. (4)

Ap dung ky thuat tuong tu nhu tren, ta ching minh G’ nim tréen dudng thing Euler
clia tam giac ABC bang cach sit dung dinh 1y Céva-sin trong tam giac AHC. Ta c6
sin /G'AH sinZG'CA sinZG'HC

. . =1.
sin ZG'AC sin ZG'CH sin/ZG'HA

Ma dé thay do (4) nén ta 4p dung ki thuat gian tiép

sin /G'AH  sin/G'CA  sin/G'AH G'A ([ DQ G'C\ G'A  DQ
sin /G'CH sin/G'AC sin/G'CH G'C G'A JF ) G'C JF’

Ta da triet tieu duoc cac dai luong G’A va G'C. Va nhu thé, cong viée con lai bay gio
chi la chiing minh

DQ  AB(AC? — AB?) (5)
JF  BC(AC? — BC?)’
e . sin/G'HA DQ  AB(AC® - AB?) PR .y
de tu do suy ra sn/GHC — JF ~ BO(ACE— BCY)' Ap dung bo de, ta sé c¢6 ngay

diéu phai chitng minh.

2 D ~ 2 Z
Bay gio ta chiing minh (5). Dé tinh J—?, ta van c6 the sit dung phuong phap gian tiep
(danh cho cac ban), nhung & day viéc tinh toan kha don gian va ta sé tinh tryc tiép dé
thay duge mot vai tinh chét cta didm G'. Y tudng ciia ta 1a tinh cu thé cac doan BQ
va CQ. Ta c6 L/GBC = /BA'G' va ZGCB = ZG'A'C nén

A'B __sin /BC'A  cosZGBC

A'C sinZCBA'  cos ZGCB’

Dén day bang cich st cong thitc trung tuyén cho tam gidc ABC va dinh 1§ ham s6 cosin
cho tam giac BGC, ta c¢6

A'B  BG AC?+3BC?— AB? (e § 1 BG sinéGBC’) 6
AC  CG AB*+3BC?—Ac? MY Ao T Gn 6o

Lai ¢6 A’Bsin /BA'G' = BQ va A'Csin ZCA'G' = CQ, nén

A'B sin/BAG' BQ CG AB
A'C sinZCA'G"  CQ BG AC
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Két hop véi (6), ta duge
BQ AC?+3BC? - AB®
CQ  AB?+3BC? — AC?’

) AC? 4+ 3BC? — AB?
Mit khéc, do BQ-+CQ — BC nén tit day ta dé dang tinh duge BQ = 22+ 35C

6BC ’
suy ra
2(AC? — AB?)
DQ = .
@ 3BC
2(AC? — BC?
Twong tu, ta cing c6 JF' = ( ) Tu do 16 rang
3AB
DQ  AB(AC? — AB?)
JF  BC(AC? — BC?)’
va nhu vay ta c6 diéu phai chiing minh. O
NHAN XET. Tit viec tinh DQ, CQ ta con c6 thé chi ra vi trf hinh hoc clia diém G’. That
2(AC? — AB? AC? — AB? -
vay, ta ¢c6 D@Q = ( SBO )maID:B—Cnéndéthay
4
DQ = -1ID.
@ 3
HG D 4
Tu day sit dung dinh ly Thales, ta c6 70 = % =3 suy ra
4 4 3
HG = -HO = ---HG =2HG.
3 3 2

Vay G la trung diém ctia HG' hay G’ déi xting H qua G.

Cong cu dai s6 con thé hien dudc stic manh trong nhing bai toan c¢é yéu t6 dudng tron.
Ta xét vi du sau dé hiéu ré diéu nay.

Vi du 5. Cho tam gigc ABC noi tiép duong tron (O, R), D la mot diém ndm trong
doan BC. Goi (O, 1), (0", ra) lan ligt la duong tron tiép zic vdi (O), BC va AD (hai
duong tron (O', 1), (0", re) dugc goi la duong tron Miztilinear cia cic tam gigc ABD
va ACD). Chitng minh rang

/ADB , ZADC

+ 79 Ccos 5

Lo1 GIAL Dé c6 thé gidi quyét thanh cong bai toan nay, ta can c6 dinh 1y Lyness cho
tt gidc va bd dé Sawayama.

r = 1] cos’

Dinh 1y Lyness. Cho tam gigc ABC noi tiep (O). Goi (w,, pa) la duong tron via tiép
ziic (O) via tiép xic vdi hai canh AB va AC tai E, F. Khi dé ta cé

.
(1) e = —75ac"

cos?

(2) Trung diém cia EF la tam duong tron noi tiép tam gigc ABC.
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A

Véi (1) ta c6 thé chiing minh duge (2) biang phuong phéap dai so.

B6 dé Sawayama. Cho (O) va mot dudong tron (I) tiép wic trong véi (O) tai M. Hai

day cung AC, BD cia (O) tiép zic (I) tai E, F. Khi dé tam duong tron noi tiép cila

cic tam gigc ABC va DBC ndam trén duong thing EF.

ZADB LADC
Z i 2 7 /6/: 2 ,

khi d6 o+ = 90°. Khong mat tinh tong quéat, gid st DB > DC va (O’) tiép xtc BC,

AD tai E, M; (O") tiép xtic BC, AD tai F, N.

Bay gid, ta di chitng minh bai toan da cho. Dé cho gon, ta dit o =




NHIN HINH HOC BANG CON MAT DAI s6 81

Dé thay EM 1. NF. Gid st ME cat O'O" tai I', ME cat O'D tai K, NF cat O"D tai

G, ta co
ro Ko (O’E)2 L
= = = SIn" .

00" 0D \OD
Bay giv, goi I” 1a giao diém ctia 0’0" va NF thi ta ciing c6

"0’ D DF \?
© = G =< ) = cos® B.

O/O/I DO// DO//
o’ "o’ SN
Ma sin?a = cos? 8 nén o0 = oo SWra I' = I". Theo bo de Sawayama, ta co
I'=1"=1. Tu d6 suy ra
10/
00" — sin? o = cos? 5.
Tuong tu, ta ciing c6
IO//
00 sin® B = cos? av.
Ap dung bd dé 1, ta c6
O'E-O'I+0F-0'1 o"I o1 9 9
"= OO =T 00" + 7o —O/O” = 11 COS” Q& + 79 COS ﬁ
Phép chiing minh hoan tat. [l

NHAN XET. Bai toan chua dimg lai ¢ day, ta hoan toan cé thé khai thac them nita: Ha
IH 1 BC,tacé FH =rtana va FH = rtan 3. Bay gic dat DH = z, ta tinh dugc

DE =rtana+x va DF =rtanff — x.
Suy ra
1 =DEtana =rtan’a +ztana, 1y = DFtanf = rtan®f — ztanS.
Tt day véi cac vi tri dic biét ctia D ta hoan toan c6 thé xéac dinh duge rq, 7s.

He thic trén cho ta lien hée dep gitta rq, r9, 7 va sé rat c6 1gi trong cac bai toan vé duong
tron Mixtilinear. Chang han ta c6 thé ding né dé gidi quyét bai toan: Khi D la tiép
diém cia duong tron bang tiép géc BAC vdi BC thir, =1y =1

Dé két thic bai viét, toi xin néu mot vi du cudi ciing véi hai 10i gidi déu “dai so”.

Vi du 6. Cho tam gidc ABC nhon noi tiép duong tron (O, R) c6 /C < /B < 90°.
Tiép tuyén cia (O),tai A cit BC tai S. SO cat AB, AC' lan lugt tai M, N. Goi E, F
lan luot la trung diém cia AB, AC. Ching minh ring NE, MF, AO dong quy.

LOI GIAL Bai toan trén giai bang phuong phap hinh hoc thuan tay kha ngan gon va dé
dang. O day ta xem xét né dudi goc do dai sb.
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Cach 1. Dit BC = a, CA = b, AB = c. Dé thay B nam gitta S va C. Gia stt SO cat
EF tai K, AO cat EF tai H. Huéng giai ty nhién nhat cia ta 1a st dung dinh 1y Céva

dé ching minh NE, MF, AO dong quy, tiic la can ching minh

OM FN BA _

ON FA EM
. NN B , oM KM _ .
Mudn vay ta phéi chiing minh duge (M NOK) = —1 de suy oSN = kN 2 tu do

ap dung dinh 1y Menelaus (v6i chii y F, E, K thang hang), ta sé c6

OM FN FEA KM FN FA

ON FA EM KN FA EM

tic la bai toan dugde ching minh.
Dé thay (MNOK) = —1 khi va chi khi (FEFHK) = —1, hay

HE KE
HF KF’

(1)

Vay ta chi can chiing minh (1) la dt. Ha OI L BC, dat ZIAO = o va LZAIO = 3 (dé

thay a, 8 < 90°). Ta ¢6

2 2
SA - abc’ 9B — ac SO — ab

b2 — 2 b2 — 2’ b2 — 2’

MA SAsin « bsin o

Dén day dat tiép OI = d = Rcos A, ta dugc =

bR

= —, suy ra

MB SBsinf  asinf  cd

ME bR —cd
MB 2
Tuong tu ta cing co

NE_CR—bd
NB  2bd
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Do KF song song v6i BC' nén ap dung dinh 1y Thales ta c6
ac(bR — cd) ba(cR — bd)
KE=——7-——— KF=——-
2d(b* — ¢?)’ 2d(b* — )’
suy ra
KE  c(bR — cd)
KF  b(cR—bd)

Bay giv, goi D la giao diém ctia AO va BC, ta tinh dugc

HE_DE_CCOSC’ 3)
HF DF  bcosB’

Két hop (2) va (3), ta chi can chiing minh

c¢(bR—cd) ccosC

b(cR—bd) bcos B’

Hé thitc nay hién nhién ding (c6 thé kiém tra dé dang bang bién doi tuong duong). Do
d6 bai toan duge chiing minh xong. ]

OM FN EA
ON FA EM

Cach 2. Ciing giong nhu cach 1, ¥ tudng ctia ta 1a chiing minh 1
dé tit d6 ap dung dinh 1y Céva suy ra két qua bai toan.
Hé thic trén tuong duong véi

OM FN _F A AC

ON EM EA AB’

Do FN =ON cos ZANM va EM = OM cos ZAM N nén ta co

OM ONcosZANM _AC | cosZAMN _ AB
ON OMcosZAMN ~ AB" ¥ CosZANM _ AC

(4)

Chiing minh (4) rat don gidn va c6 rat nhiéu cach, 6 day chung ta giai trén tinh than
dai s6. Ta c6
cos LZAMN = cos(a+ C) = cos C cosa — sin C'sin a

=cosCsin ZAIB —sinC cos ZAIB
= sin(LAIB — C) = sin LT AC.

Tuong tu ta ciing ¢6 cos LZANM = sin ZIAB. Ma ABsin ZIAB = AC'sin ZI AC' nén

cos LZAMN B sin ZITAC B AB
cos /ZANM  sinZIAB  AC’

Bai toan duge chiing minh xong. O

NHAN XET. Bai toan trén khong can tdi cac gia thiét tam giac nhon va ZC < ZB < 90°.
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9 Bai tap

Y tudng dai sb trong hinh hoc luon tu nhien va dep d8, hy vong qua cac vi du trén cac
ban da phan nao hinh dung duge cach ting dung linh hoat ctia dai s6 trong hinh hoc (6
day dai s6 khéac véi toa do). Dé két thic xin mdi cac ban thit gidi cac bai toan sau bing
cach dai sb.

Bai tap 1. Cho tam gidc ABC' c6 dudng tron noi tiép tam I; I1, I, I 1a tam cac duong
tron bang tiép cac goc A, B, C. Ky hieu v = 37> + (ﬁ, tuong tu véi vs, vg. Goi (Ky),
(K), (K3) 1an lugt 1a anh ctia (I1), (1), (I3) qua cac phép tinh tién theo cac vector v7,
v5, 3. Chiing minh ring tam ddng phuong ctia (K1), (Ks), (K3) nam trén duong thang
IG v6i G la trong tam tam gidc ABC.

Bai tap 2. Cho tam giac ABC nai tiép duong tron (O, R). Goi M, N, P lan lugt la
trung diém ctia BC, CA, AB. Céac dudng trung truc ciia AB, AC cit trung tuyén AM
lan lugt tai D, E va cit nhau tai F. Chitng minh ring bén diém O, D, E, F cling nam
trén mot duong tron.

Bai tap 3. Cho tu giac ABCD c6 LDAB = ZDCB = g BD ciat AC tai E. Goi Oy

va O, lan luot 1a tam cac dudng tron ngoai tiép cac tam giac ABE va CDE. Ching
minh ring trung diém ctia 0,0, ndm trén BD.

Tai liéu tham khao
[1] Doan Quynh, S6 phitc vdi hinh hoc phdng, Nha xuat ban Gido Duc, 1999.
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[4] Kiran S. Kedlaya, Notes on Euclidean Geometry, 1999.
[LINK: http://math.mit.edu/~kedlaya/geometryunbound/geom-080399. pdf]

[5] Kiran S. Kedlaya, Geometry Unbound, 2006.
:http://math.mit.edu/~kedlaya/geometryunbound/gu-060118.pdf
LINK p:// / ya/g y /g p

[6] Roger A. Johnson, Advanced Fuclidean Geometry, Dover Publications, 1960.
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Lé Ba Khanh Trinh
Truong Dai hoc Khoa hoc Ty nhién thanh phé Hé Chi Minh

LOI TUA. Seminar cdc phuong phdp Todn so cap dudc thanh ldp bdi mot so gido
vien chuyén Todn tai thanh pho Ho Chi Minh va cdc tinh lan cdn, sinh hoat déu
dan cdch tuan vao cdc sing chii nhat (trit mot s6 ngdt quing bat ddc di). Ké ti
thdang 10/2007 dén nay, qua 3 nam hoat dong da to chitc dugc trén dudi 50 seminar
vdi cdc chi dé da dang cia Todn hoc pho thong: Gidi tich, Pai s6, Hinh hoc, To
hop, 86 hoc, 1ing dung Todn hoc, gidi thiéu vé Todn cao cap.

Bai viét dudi day duge TS Lé Bd Khanh Trinh trinh bay tai seminar ngay 26/9,
dugc ghi lai va bo sung bdi ban Lé Phiic L. Qua bai viét nhé nay, ching ta cé thé
nhin thdy qud trinh hinh thanh va kiém dinh cida mot bai todn nhu thé nao. Hoc
con duong tu duy cia nguoi khdc chinh la budec mdé dau cia nhiing sdng tao.

1 Mot s6 dinh 1y mé dau
1.1 Pudng thing Gauss

Cho ttt gidc ABCD c6 E, F lan lugt 13 giao diém céc dudng thang chia cic ciap canh dbi
nhau 1a AB va CD; AD va BC. Goi M, N, P lan lugt la trung diém ctia cac canh AC, BD,
EF. Khi d6 ta c¢6 M, N, P thing hang va duong thing di qua ching dugc goi la duong thing
Gauss cua tit giac ABCD.

F «

Cach chitng minh quen thuoc ciia dinh 1y nay 14 dung ti s6 dién tich. Day ciing chinh 14 mot
trong cac tinh chat quan trong ciia ti giac toan phan.

1.2 Pudng thing Newton trong ti giac ngoai tiép
Cho t1t gidc ABCD 16i ngoai tiép dusng tron (O). Goi M, N lan lugt 1 trung diém ctia AC,

BD. Khi dé ta c6 ba diém M, O, N thing hang va duong thang di qua ching dugc goi la
duong thdang Newton.

85
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Tinh chat quan trong vé tit gidc ngoai tiép nay c6 lien quan dén bai toan tim quy tich céac
diém K ndm trong mit phing sao cho téng dién tich ctia hai tam gidac KAB va KCD béng
téng dién tich hai tam gidc KBC va KDA, tap hop d6 chinh la dudng thing di qua trung
diém hai dudng chéo; ta dé& dang thiy ring tam O dudng tron noi tiép tt giac ABCD c6 tinh
chat d6 nén O ciing phai nim trén duong thing M N hay M, O, N thing hang. Ngoai ra, ta
c6 thé dyng thém dudsng phu dé dung phuong phap dién tich hoic st dung dinh 1y con nhim
dé giai quyét van dé nay.

Dudng thing Newton ciing ding ddi véi tit gidc 16m ngoai tiép dudng tron nhu sau (trong hinh
bén dudi, ti gidc 1om ABCD “ngoai tiép” duong tron tam O vi M, N lan lugt 13 hai trung
diém ctia cac duong chéo AC va BD

)
A e
NED%

Tit d6, ta thay ring néu mot ti gidc ngoai tiép duge thi dudng thing Gauss, dudng thing
Newton ctia n6 la tring nhau va trén dé cé6 chita 4 diém dac biet. Van dung nhan xét nay, ta
c6 dugce nhiéu bai toan hay va khé lien quan dén sy thing hang cia cic diém, dong quy ciia
cac duong thing trong ti gidc ngoai tiép.

1.3 T giac Pedal

Cho tit gidc ABCD c6 I 1a diém bat ky nim trong ti giac. Goi M, N, P, Q lan lugt 1a hinh
chiéu ctia I lén cac canh AB, BC, CD, DA. Khi d6, tit gisc M N PQ 1a tii gidc Pedal dbi véi
diém I cta t giac da cho.



NGUON GOC BAI TOAN HiNH HOC $O 5 TRONG DE THI VIET NaM TST 2009 &7

> C

D .
P
Ciing giong nhu tam giac Pedal, tit giac loai nay ciing c6 nhiéu tinh chat thi vi. Trong phan
nay, ching ta quan tam dén tinh chat noi tiép dugc hay ngoai tiép duge clia né v6i mot s6 vi
tri dac biet ciia diém I va ctia tit gidc ABCD da cho.

2 Cac bai toan lién quan

Bai toan 1. Cho tit gide ABCD ngi tiép trong duong tron (O) c¢6 hai duong chéo AC va BD
cat nhau tai I. Goi MINPQ la ti gidc Pedal cia dieém I déi vdi tit giae ABCD (M, N, P, Q
lan lugt la hinh chiéu cia I lén cic canh AB, BC, CD, DA). Chitng minh raing M N PQ la ti
gidc ngoai tiép.

LO1 GIAL

Ta c6 ZIMB + ZINB = 180° nén tit giac IM BN nai tiép, suy ra
/IMN = /ZIBN.

Tuong tu, ZIMQ = ZIAQ. Mat khac, do ABCD noi tiép nén LIAQ = ZIBN, do d6
LZIMN = ZIMQ,

hay M1 1a phan giac cia ZNMQ. Tuong tu, IN, I P, IQ) ciing 14 phan giac ciia cac géc tuong
ing trong ti gidc M N PQ. Tu do6 suy ra I cach déu céc canh clia ti gidc M N PQ hay M N PQ
1 tit giac ngoai tiép duong tron tam I. Ta c6 diéu phai ching minh. O

NHAN XET 1. Néu thém vao dé bai diéu kien AC va BD vuong goéc vdi nhau tai P thi ta co
thém két qua sau: “Tw giac M N PQ vita ngogi tiép vita noi tiép duong tron.”
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Ta chi can chitng minh thém rang tit giac M N PQ nai tiép. Ta co
JAMQ = /AIQ = /ADI = /QPI.
Tuwong tu, ZBMN = ZNPI. Do dé
JNMQ+ /NPQ = /NMQ + /IPN + /IPQ = /NMQ + /AMQ + /BMN = 180°,
hay tit giac M N PQ noi tiép. Vay tit giac M N PQ vita noi tiép vita ngoai tiép.

NHAN XET 2. Ta thay ddi gia thiét mot chit va vAn quan tam dén céc tinh chat da néu: “Trong
duong tron (O) cho diém I c6 dinh. Hai day cung AC va BD ciia duong tron (O) thay doi va
cat nhau ¢ I. Goi M, N, P, Q lan lugt la hinh chiéu cia I lén cic canh AB, BC, CD, DA
ctia tit gidc ABCD. Goi E, F lan lhiot la trung diém cia M P, NQ. Chitng minh ring duong
thang di qua EF luon di qua mot diém co dinh.”

Vi 1a mot sy két hop tryc tiép ctia nhitng dinh 1y da néu & trén nén néi chung két qua thu
duge con tho, chua cé diém méi la hay diic biet gi.

Bai toan 2. Cho ti giagc ABCD noi tiép cé hai duong chéo vuong goc vdi nhau tai I. Goi M,
N, P, Q lan lugt la hinh chiéu cia I lén cic canh AB, BC, CD, DA. Gid st E la giao diém
ctia hai duong thing MN, PQ; F la giao diém cta hai duong thing PN, QM. Ching minh
rdng trung diém cia EF, MP, NQ thing hang va duong thang dé di qua I.

A

F

Két qua bai toan nay ciing khong khé dé tim duge khi da nim duge cac noi dung tren. Khi dé
tit gidc 1om NFQFE ngoai tiép duong tron (I) theo cach hi¢u & 1.2 vi dan dén ba trung diém
cia EF, MP, NQ va diém I ciing nim trén mot duong thang. Néu chua nidm dude hudng di
da xac dinh nhu ban dau thi day qua that khong phai 14 mot bai toan don gidn.
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Dé dang thiy ring bang cach dimg dinh Iy Menelaus, ta c6 thé ching minh duge M N, AC,
PQ dong quy va MQ, BD, PN dong quy. Tt diéu nay, ta cling c6 thé phat trién thém nhiéu
két qua lien quan dén tinh chéat noi tiép nay cia tii giac M N PQ.

Duta vao cau tric trén, ta sé gitt lai mot sé diém, doan thang can thiét va bd di cac diém con
lai nham che giau di ban chat “t1 giac ngoai tiép” ctia dé. Ro rang trong bai toan vita phat
biéu, tit gidc quan trong can xét 1a NFQE, nhung dé c6 thé dit cac van dé lien quan dén né
thi phai thong qua cac tit gidc ABCD, M NPQ da xuat hién truée, diéu nay sé khién cho bai
toan khong con nhiéu gia tri nita. Ta sé dung lai tit gidc NFQFE nhung thay vi thong qua céc
diém A, B, C, D c6 sin, ta sé dung thong qua doan thing EF va diém P.

Thuyc hién diéu nay ciing khong qué khé, ta c6 thé lam nhu sau
e Gia stt ta da c6 doan thang E'F va diém P trén mat phang (P khong thuoc EF).

e Dung dudng tron (O) dudng kinh EF va goi I 1 giao diém clia phan giac goc EPF vé6i
(O) (I va P nam cung phia véi P so v6i EF).

e Goi C, D lan lugt 1a cac giao diém ctia dudng phan gidc ngoai clia goc EPF véi cac
duong théng IE, IF.

e Tia FP cit duong tron duong kinh ID & Q (khac P), tia EP cat dudng tron duong kinh
IC & N (khéac P).

Dén day ro rang la yéu cau néu 6 trén da duge thyc hien. Khong cé cac ti giac ABCD,
M N PQ gitp dinh huéng, bai toan tré nén xa la hon vi ta vAn cé thé dit ra cac van dé cil
trude dé: ching minh ring trung diém cia EF, QN va diém P thdng hang.

Tit cach dung dé, ta phat biéu bai toan méi nhu sau

Bai toan 3. Cho doan thang EF va diém P khong nam tréen EF. Goi I la giao diém ciia phan
gidc géc EPF vdi duong tron duong kinh EF (I nam cung phia vdi P so véi EF). Goi D, C
lan lugt la giao diém cdc duong phan gidc ngodi ctia goc EPF vdi cic doan IE, IF. Goi N la
giao diém ciia tia EP vdi duong tron duong kinh IC va Q la giao diém ciia tia FP vdi duong
tron duong kinh ID. Ching minh ring trung diém cia EF, QN va I la ba diém thdng hang.
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LOJ1 GIAL

Dé giai bai toan nay, ta chi can ching minh dugc tt giac 16m NEQF ngoai tiép dude dudng
tron tam I dé ap dung duong thing Newton vao suy ra trung diém ctia hai dudng chéo NQ,
EF va I la thang hang. Diéu nay c6 thé thyc hién truc tiép ma khong can phai khoi phuc lai
tat ca cac diém nhu dé bai neu. That vay, goi K la giao diém ctia PQ va DI. Do PI, PD lan
lugt 1a cac phan gidc ngoai va phan giac trong cua tam giac K PE nén

DE_IE_k
DK IK

suy ra duong tron duong kinh DI chinh la duong tron Appollonius ctia hai diém D, I tng véi
ti s6 k xac dinh nhu trén. Do @Q ciing thuoc dudng tron nay nén

QK b — DK

QF =~ DE’
suy ra QD la phan giac trong cia ZEQK va QI 1a phan gidc ngoai cta goc ZEQK. Hoan
toan tuong tu, ta thay NI 1a phan gidc ngoai ciia goc ZPNF. Do dé, I cach déu cac canh
EN, FQ, QE, NF cua ti giac 16m QEQF hay I 1a tam dudng tron noi tiép clia tii giac nay.
Tu dé ta c6 két qua can chiing minh. O

Tiép theo, dé cho hinh vé thoang hon, ta thay déi dé bai mot chit, ta dinh nghia lai diém I
nam khac phia véi P so véi EF va dit tén cac diém trong bai cho phit hgp. Ta xét bai toan 4
nhu sau

Bai toan 4. Cho duong tron (O) duong kinh AB va M la mot diém bit ky nam trong (O),
M khong nam tren doan AB. Goi N la giao diém ciia tia phan gidc trong géc M cia tam gide
AM B wvéi duong tron (O). Dudong phan gidc ngodi géc AMB cit cic duong thang NA, NB
lan luot tai P, Q. Duong thing M A cdt duong tron duong kinh NQ tai R, duong thing M B
cat duong tron duong kinh NP tai S va R, S khdc M. Ching minh rang duong trung tuyén
ttng vdi dinh N ciia tam giGgc NRS luon di qua mot diém cé dinh khi M di dong phia trong
duong tron.

Day chinh 1a bai s6 5 quen thudc trong dé thi chon doi tuyén hoc sinh gidi qudc gia du thi
IMO nam 2009. Viéc xay dung cac diém theo thit tu nguge lai cling nhu ding tinh chat ngoai
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tiép clia mot tit giac 16m da bién mot bai toan két hgp tho tit cac két qua quen thudc thanh
mot bai toan khong don gidn. Trén thyc té, chi c¢6 4 thi sinh trong ky thi d6 giai duge tron
ven bai ndy, c6 mot thi sinh da tiép can duge ban chat clia bai toan. Dac biét, c6 mot thi sinh
khac da gidi duge bai nay bing phuong phap toa do va chiing minh dude ring bai todn van
ding (tic 1a trung tuyén dinh N clia tam giac NRS luon di qua O) néu thay N bsi mot diém
bat k¥ thudc phan gidc goc ZAM B chit khong nhat thiét 13 N phai thuoc duong tron (O).

3 Cac 10i gidi khac cho bai s6 5 trong dé Viét Nam TST 2009

Ngoai hudng giai bang cach dung ti giac 16m ngoai tiép va duong thang Newton, dudi day cé
néu thém ba 10i khac nita va diéu nay ciing cho ta thay ring néu hudéng tiép can, danh gia
khac nhau sé cho ra nhiéu 16i gidi khac nhau c6 noi dung kha tha vi.

LO1 GIAT 1.

Qua R ké duong thang song song v6i PQ cat NA tai C, qua S ké duong thang song song véi
PQ cit NB tai D. Goi I la trung diém ctia C'D. Ta sé chitng minh ring CD || AB.

That vay, do N nam trén dudng tron duong kinh AB nén ZANB = 90°, suy ra AN 1 BN.
Tt day ta c6 BN la tiép tuyén ctia dudng tron dudng kinh PN. Do d6 ABMN ~ ABNS
(g.g). Vi PQ la duong phan gidc goc ngoai cia AM N nén

LSMP =/ZAMP = ZQMR = ZBMQ.

Mat khéc, lai c6 ZSMP = ZSNP (gbc noi tiép cing chian cung PS clia dudng tron dudng
kinh PN) va ZQMR = ZQN R (gbc noi tiép cing chan cung QR ciia dudng tron duong kinh
ON). Do d6 Z/SNP = /QNR, suy ra ZSNP + /SNR = ZQNR + Z/SNR va

LCONR = ZSNB.

Bay gid, xét hai tam giac ABNS va ARNC, tac6 ZRCN =/MPN =/NSM = /NSB va
/ZCNR=/ZSNB nén ABNS ~ ARNC (g.g). Suy ra

ABMN ~ ABNS ~ ARNC.
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Tuong ty, ta ciing c6
ADSN ~ ARAN ~ ANAM.

Ta thay
~ NB NS
oDOABNSNRNC'nenN—R—N—C,suyraNB-NC—NR-NS.
NS ND
e Do ADSN ~ ARAN nén NA- Ngp Swra NA-ND=NR-NS.

. NA NC
Tfr2kétquénaytacéNB-NC:NA-ND,suyraﬁ:ﬁvaAB || CD. Do vay, trung
diém ctia AB, trung diém ctia CD va N la 3 diém thang hang, tic 1a N, O, I thing hang. (1)
Hon nita,

MN BN NB-NC

Do ABMN ~ ARNC nen —o — 280 _NB-NC

e Do RNC nén NC RC,suyraRC’ UN
DN DS NA-ND
Do ADSN ~ ANAM nén —— = — DS=——.
e Do S nén - = ~—, suy ra S UN

Két hop cac dieu tren, ta duge RC' = DS, ma RC || DS (cung song song véi PQ) nén ti giac
RCSD la hinh binh hanh. Do dé, hai dudng chéo CD va RS clia tit gidc cat nhau tai trung
diém ctia mdi dudng. Suy ra I la trung diém ctia CD ciing 1a trung diém cta RS. Khi d6 NI
chinh 13 dudng trung tuyén ctia tam giac NRS. (2)

Tu (1) va (2), suy ra trung tuyén N1 clia tam gidc N RS luon di qua O. Vay trung tuyén ting
v6i dinh N clia tam giac NRS luon di qua I 1a diém cb dinh khi M di dong khap phia trong
duong tron (0). Day chinh 1a diéu phai chiing minh. O

r
N ’

<

Pa

R \e
L

R

LO1 GIAT 2.

Dé thay diém c6 dinh can tim chinh 13 trung diém O ctia doan AB. Goi diém déi xtng ctia M
qua NQ la E, diém doi xting ctia M qua NP la F. Vi N thudc dudng tron dudng kinh nén
/PNQ = ZANB = 90°, theo tinh déi xting qua dudng thing nén ta dugc

LENM + ZFNM =2(/PNM + ZQNM) =2/PNQ = 2-90° = 180°.
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Suy ra E, N, F thang hang. Hon nita NE = NM = NF nén N la trung diém ctia EF.
Do N li trung diém cung AB nén SN la phan giac ZASB, do dé
IMSA=2/MSN =2/MPN = /MPE.

Tt gisc MSPE noi tiép nen ZMPE = /MSE, suy ra ZMSA = ZMSE; do d6 S, A, E
thang hang. Tuong tu, R, B, F ciing thing hang. Ta c6

AS _ Snsa _ Snpa _ Snsa+Snpa _ Snsa+Snpa _ Snsp

AE  Spsa  Sgpa  Spsa+Sepa  Sgsa+Segpa  Snep

BR SNRQ
BF SNFQ

Tuong tu, . Nhan tuong ng hai ddng thiic nay lai, ta cé

Snsp SNFQ ﬁ BF (1)
SNEP SNRQ AFE BR’

Hai tam gidc ANSP, AN RQ déu la tam giac vuong, dong thoi

/PNS = /PMS = %AAMS = %ABMR = /QMR = Z/QNR,

Snsp ( NP )2
SNRQ NQ) -
Mit khéc, hai tam gidc ANQF, ANPE déu vudng nén

Svgr  FN-FQ FQ MQ
Sype EN-EP EP MP’

nén ching dong dang, suy ra

Nhan tuong tng hai dang thic nay lai, ta c6

SNSP.SNFQ:(NP)Q.FQhay SNSP.SNFQ:(NP)Q.FQ @)
SNrRQ SNPE NQ EP SNPE SNRQ NQ EP

So sanh (1) va (2), ta co
AS BF _ (NP\® MQ
AE BR \NQ) MP
Ta thay tam giac NPQ vuong tai N c¢6 duong cao NM nén ANMP ~ AQM N, suy ra
NP\® Syyp MN-MP MP
NQ)  Soun MN-MQ MQ

Tit day két hop véi trén, ta duge

AS BF (NP MQ MP MQ _q
AE BR \NQ) MP MQ MP
AS  BR
suy ra - = oo Suy ra ton tai s6 thuc k sao choﬁ—kﬁ ﬁ kB? Do do

0 = L (3% + ) = £ (4 + BF) = k.

hay O, N, I thing hang. Vay trung tuyén NI ctia tam giac NRS di qua O la diém cb dinh.
Ta c6 diéu phai chiing minh. O
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LO1 GIAT 3.

Goi I 1a trung diém ctia RS, F 1a giao diém ctia dudng thang M A v6i (PMN), E 1a giao diém
ctia dudng thing M B v6i (QM N). Ta sé ching minh ring AB || EF. Diéu nay tuong ducng
véi viéc chitng minh

MA _MB hay Spmn _ SpvN _ Somn _ SpMN L SpumN _ Spsn (1)
AF  BE Sprn  Spsn Sgen  SNRQ Soun  Sorn

Xét hai tam giac vuong PNS va QNR ¢6 /PNS = /PMS = ZQMR = ZQN R nén ching

. S PN\? .
dong dang, suy ra PNS _ < > ; dong thoi, do hai tam giac PMN va QM N c6 chung
SQNR QN
S MP
duong cao NM nén PMN _ 22 T do suy ra (1) tuong duong véi
Somun  MQ

MP PN\? PM-PQ PN?2
MQ <QN> Y QM-QP T QN
Diéu nay ding do tinh chat phuong tich ciia cac diém, tit d6 suy ra AB || EF.
Goi K la giao diém ctia EF v6i AN thi ZKFN = ZKSN. Ta c6
/AKF =/NKFE=/NAO = /ZANO,
ma LAKF = ZAKS nén ZAKS = ZANO, suy ra KS || ON. Do dé
/ZONS=/KSN =/NFK =/ZNFE.

Tuong tw ZONR = ZOEF. Tt do, ta dugc

sinZINR B NS _ NF B sin/NFEF B sin /ONR
sin/INS NR NE sin/NFE sin/ZONS’

Dé thay cac tia NR, NS nam gitta cac tia NP, NQ nén ZRNS < ZPNQ = 90°, suy ra goc
. sinZTNR

/RNS ciing nhu cac goc ZSNI, ZRNI déu nhon va ti s6 ————— xéac dinh mot cach duy
sin Z/TNS




NGUON GOC BAI TOAN HiNH HOC $O 5 TRONG DE THI VIET NaM TST 2009 95

nhat véi tia NT nao d6 nam gita NR, NS. Suy ra hai tia NO, NI trung nhau hay N, O, I
thang hang. Vay trung tuyén NI clia tam giac NRS luon di qua diém O cb dinh. Ta cé diéu
phai chiing minh. O

Nhu da néu & trén, bing phuong phap toa do, ching ta cé thé chiing minh dude ring bai toan
van dang véi N la diém bat ky trén phan giac ctia goc AM B. Céac ban thit gidi bai toan sau
bing ca phuong phép toa do 1an phuong phap hinh hoc phéng thuan tay: “Trén mdt phdng
cho doan thcfng AB ¢6 dinh va M la mot diém khong nam trén duong thcfng AB. Goi N la mot
diém bat ky trén phan gidc cia géc AMB. Duong phan gidc ngodi géc AMB cdt cic duong
thaing NA, NB lan luot tai P, Q. Duong thing MA cdt duong tron duong kinh NQ tai R,
duong thang M B cdt duong tron duong kinh NP tai S va R, S khic M. Ching minh ring
duong trung tuyén ing vdi dinh N cia tam gide NRS luon di qua mot diém c¢o dinh vdi moi
v tri ciua M va N.”

Ta thay rang xuat phat tit nhitng bai toan quen thuoc, don gidn, bang viéc chon huéng khéc
trong qua trinh xay dyng cac diém, ta c6 thé phat hién ra them nhiéu bai toan thi vi v hap
dan. Hoc hoi duge cac cach khac nhau, ¥ tudng mdi mé trong viéc gidi cic bai toan dé 1a mot
diéu vo ciing bd ich. Cac ban hay thit thyc hién diéu nay dé thu dude cho minh nhiéu kinh
nghiém nita nham ciing ¢b, ren luyén théem bo mon hinh hoc phéng nay.
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V6 Qubc Ba Can
SV DPai hoc Y Duge Can Tho

TOM TAT. Trong bai nay ching ta sé cing ban vé mot bo dé “nhé”, nhung dng
dung ctia né thi lai khong hé “nhé” chiit nao. Dé la 1 cong cu ho trg dic luc giip
lam tang thém tinh hiéu qud ciia bat ding thic Cauchy-Schwarz trong gidi todn.

1 Giéi thidu

Toan hoc luon an chia nhiéu diéu thid vi va bat ngd ding sau n6. Mot bai toan cil, mac
du ta da gidi di giai lai nhiéu lan, thé nhung mdi lan xem lai, n6 lai goi cho ta nhiéu y
tuéng mdi la. Nhitng két qua thu vi d6 da khién cho mot sinh vién nganh Y nhu t6i van
khong thé nao xao lang v6i dam mé ctia minh, quay lung lai v6i Toan. Va téi tin rang
c6 rat nhiéu ban cling dang nghi nhu vay.

Trd lai v6i bai viét nay, mot trong nhitng bai toan cfi ma t6i muodn dé cap 1a bai toan sb6
12 ma M. Lascu da dé nghi trong [3]:

Bai toan 1. Cho n la mot s6 nguyén khong nhé hon 2, a la mot so thuc duong. Ching
minh ring, néu cic s6 thiuc x1, Ta, ..., T, théa man dong thoi cic dieu kién

T4zt ta,=a, 224+ai4-+2E<

thi ta co

2
v € {0, —“], Vi=1,2, ..., n
n

Mot bai toan don gian va khéa dé giai. Nhu vay né cé diém gi dic biet gi ¢ day? That
ra, thoi gian dau, khi méi tiép can bai toan nay toi ciing chiang c¢6 dude ¥ tudng thi vi
nio tit n6 cd. Sau nay, trong qua trinh viét vé ky thuat “them — bét” ctia bat dang thiic
Cauchy-Schwarz trong cudn sach [8], t6i méi chgt nhd vé no.

Y tudng cita ky thuat them — bét 1a thém vao cdc phan thitc (c6 mau sé duong) hodc
bét di nhitng luong thich hop sao cho ti so cua phan thic mdi nhan duge la s6 khong
am nhung cang nhé cang tot, roi ap dung bat dang thitc Cauchy-Schwarz. Nhu thé thi
kha nang thanh cong sé cao hon.

Dé ndm 16 hon tu tudéng ctia ki thuat nay, ta lay vi du mot bai toan thi thit Dai hoc

Bai toan 2. Cho a, b, ¢ la cic s6 duong théa man a® + b* + ¢ = 3. Chitng minh rang

97
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Néu st dung Cauchy-Schwarz triyc tiép nhu thong thuong, ta sé khong thu duge két qua
mong mubén. That vay, theo bat ding thic Cauchy-Schwarz thi

1 1 1 (1+1+1) 9
+ + > = :
2—a 2-b 2—-c  (2-a)+2-b0)+(2-¢) 6-—(a+b+c)

Thé nhung
9 < 9
6—(at+btec)™ 6—+/3(a+1+c)

Do d6 khong thé stt dung danh giad nhu trén dé giai bai nay dugc.

SR 1 1 L .. .
Bay gio, ta quan sat va dé y rang Cy > 5 VYa > 0. Nhu vay, néu lay moi phan thic
—a

£ . 2 £ 2 - ~ ~ ]‘ N = 2 - N
G ve trai cua bat dang thic da cho trir cho 3 thi ta van dugc cac phan thitc duong, va
lic dé bat dang thiic ¢ thé viét lai thanh

Mot diéu dic biét 1a ¢ day néu st dung bat déng thitc Cauchy-Schwarz theo nhitng “ban
nang” thong thuong, ta lai di dén két qua

a b c a? b? c?
2—a+2—b+2—c:2a—a2+2()—bz+20—c2
S (a+b+c)?
~ (2a—a?) + (20— b?) + (2¢ — ?)
 (a+b+0)? 5 (a+b+c—3)2>3
2(a+b+c)—3 2a+b+¢c)—3 =

D6 chinh la tu tudng cua kj thuat thém — bét. Mot tu tudng don gian ma hiéu qua.

Giong nhu nhitng dita tré con vui ming hén hé khi duge ngudi 16n cho qua banh, toi
ciing vo cung hing khéi khi bat gap dude ky thuat tha vi nay. Toi bat dau thi giai lai
cac bai toan ma toi da timg gidi trude day bang ¥ tudng mdéi nay dé kiem tra xem né
“manh” ¢d nao. Va roi ... toi da that bai trudec mot bai todn, d6 1a bai toan (xem [4],
bai s6 30, trang 154)

Bai toan 3. Cho a, b, ¢ la cdc so thuc duong théa man a+ b+ c = 3. Chitng minh rang

1 1 1
8(—+—+—>+9210(a2+b2—|—62).
a b ¢

x 14z PN 1 1
Oé&i oam & chd, bat dang thitc nay c¢6 dau bang khi (a, b, ¢) = (2, 3 5) , va ky thuat

tren khong hiéu qua véi loai dang thitc “ky la” nay.
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Trong ltc “bi”, chédng biét tinh co hay vo ¥, toi lai lat lai ngay bai toan 1 ngay nao. Toi
nhin né ngdm nghi mot hoi va phat hién ra mot ¥ tudng méi. Trude hét 1a toi nhan ra
nguyén nhan v sao minh lam khong ra, viéc trit ting phan thic cho nhimg s6 cu thé
lam ta kho diéu chinh khi gap phai nhiing bai toan c6 nhiéu dau déng thic hoic chi cé
mot nhung thuoc loai la (gidong nhu bai nay). “Tai sao khong thi thém va bét cho nhiing
biéu thic chita bién nhi? Nhu thé sé dé dieu chinh hon!” — Toi nghi. “Néu vay thi ta can
tién hanh ddnh gid cho tung bién.”

Bai toan 1 ciing danh gia cho ting bién, do d6 toi nghi: Tai sao lai khong thit danh gid
tuong tw? Sau 1 thoi gian nghién ngdm, toi tim ra bo dé sau véi cach danh gia tuong tu

Bo dé 1. Cho T, T, ..., Ty la cdc s6 thuc théa man xq + xo + - - + 2, = n. Ddt
e+ wi 422 =n4n(n— 1)t
vdi t > 0.1 Khi dé, véi moii=1,2,...,n, ta cé
l—(n—1)t<z; <1+ (n—1)t

CHUNG MINH. Ta sé ching minh khing dinh dang cho i = 1. Céc trudng hop khéac
duge chiing minh tuong tu. Stt dung bat dang thitc Cauchy-Schwarz, ta co

.« .. 2 _— 2
x§+x§+---+$7212(x2+x3+ + ) :(n xl)'
n—1 n—1

Do vay

2 (n— jUl)Q
+ - 7
e n—1

<n+n(n— 1)t
Giai bat phuong trinh bac hai véi bién 1, ta c6 ngay
l—(n—1t<z <1+ ((n-1)t
B6 dé dugc ching minh. O

Vé6i két qua vita tim ra nay, toi da giadi dude thanh cong bai toan 3 chi bing mot cong
cu don giadn la bat dang thitc Cauchy-Schwarz

LOI GIAI BAI TOAN 3. Do a, b, ¢ > 0 vi a+b-+c = 3 nén c6 thé dit a +b%>+c? = 346t
v6i 0 < t < 1. Khi d6 theo bo dé 1, ta c6

1—-2t<a, b, c<1+2t.

1 Z . .« Z 2. Z 2 -, .
Tu day suy ra — > va ta nghi den viéc bien doi bat dang thiic lai nhu sau

a 1+ 2t

11 11 11 3
8~ ———= - — 9 > 30(1 + 2t
Ka 1+2t>+<b 1+2t>+<c 1+2t>+1+2t]+ = 30(1 +28),

1Ta c6 thé diat duge nhu vay 1a vi 22 + 22 + -+ + 22 > n. Ngoai ra, c6 thé thay 0 <t < 1 khi x; 1a
cac s6 khong am béi vi trong trudng hgp nay ta sé ¢6 x3 + 23 + -+ + 22 < (21 + 22 + - + 3,)% = n?.

n —
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8 (1+2t—a 14+2t—b 1+42t—c
+ +

3 9 > 30(1 + 2t%).
1+ 2t +)+ > 30(1 +2t°)

a b c
Néut =0 thia?+b*+c*=3,suyraa=0b=c=1 vabat ding thiic hién nhién ding.
Vi vay ta chi can xét 0 < ¢t < 1 1a du (ban doc sé hiéu ré vi sao lai phai xét ¢t = 0 ngay
dudi day). Sit dung bat dang thiic Cauchy-Schwarz, ta dugc

1+2t—a 1+2t—b 1+2t—c
+ +
a b c
[(1+2t—a)+ (142t —b)+ (1+2t —c)]?
Ta(l+2t—a)+b(1+2t—-b)+c(1+2t—c)
36t* 362 6t

3(1+2t)— (3+682) 6t—622 1—¢t

>

Va nhu thé, ta dua duge bai toan vé chiing minh mot bat ding thic mot bién

8 6t
— [ —/—+3 9 > 30(1 + 2t%).
1+2t(1—t+)+ = 30(1 +2t°)

Thuyc hién bién ddi tuong duong, ta dugc

8(1+1)
(14 2t)(1 —1¢)

+3 > 10(1 + 2t%),

8(1+ 1) )
> 20t 7
A+2ni—n - *h

84 8t > (7 + 20t (1 + t — 2t%),
8 4+ 8t > 7+ Tt + 6t> + 20t> — 40t*,

40t — 20t° — 61>+t +1 >0,

(10t% + 5t + 1)(2t — 1) > 0.
Bat dang thtc cudi hién nhién ding nén ta cé diéu phai ching minh. O]
NHAN XET. C6 thé thay danh gia ¢ bd dé 1 1a mot danh gia rat chit bdi vi ta chi can
c6 n — 1 bién bang nhau thi déng thiic xay ra. Diéu nay phit hgp véi dic diém ctia phan
16n cac bat déng thic dbi xing, d6 1a dang thic xdy ra khi co6 n—1 bién bing nhaw. Nhu

vy, néu biét sit dung bo dé nay mot cach thich hop, ching ta sé c6 thé giai dude nhiéu
bai toan kho.

Va k¥ thuat them — bét ctia bat ding thic Cauchy-Schwarz 14 mot cong cu phdi hop
higu qué v6i bo dé 1. Ta lay danh gia (x) dé giai thich nguyén nhan vi sao. Chiing ta da
biét bat dang thiic Cauchy-Schwarz

(a2 4a3+ - +a2) (b + b5+ +b2) > (arby + agby + - - + anb,)?
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c6 dau dang thiic xay ra khi va chi khi

a1 a2 ap,

b b b
& day hiéu theo nghia néu mau bang 0 thi tit cling bang 0.
Nhu vay, trong (), chiing ta sé c6 dang thiic khi
(1+2t—a)*> (1+4+2t—0)2 (1+2t—c)?

a(1+2t—a) b(1+2t—b) c(1+2t—c)

Ta biét ring, mot trong nhitng mau chét quan trong dé biét viec sit dung mot danh gia
dé giai mot bai toan bat déng thic c6 dat duge hiéu suit cao hay khong 1a & chd: Liéu
ddnh gid dé c¢é ddm bdo duge dau dang thic cia bat dang thic ban dav hay khong? Do
vay ta sé thit kiem tra xem diém ding thiic ctia bat dang thitc ban dau cé théa man
diéu kién trén hay khong.

Z NA Y 2 1
Bat dang thiic ban dau c6 dang thic khia =2, 0 =c = 3 V6i nhitng gia tri nay ta co

1 ~ PN
t= 3 va 1+ 2t —a = 0, suy ra mau va tit cua phan thitc thit nhat deu bang 0 nén ta
loai n6 di, va diéu kien dé (*) xay ra dang thic sé 1a

*)
(1+2t—0b)> (1+2t—c)?
b(1+2t—b) c(1+2t—c)

Nhung diéu nay la hién nhien, béi vi b = c.

Tém lai, c6 thé thay viéc st dung bo dé 1 két hop véi ki thuat them — bét cia bat dang
thitc Cauchy-Schwarz da giit nguyén duge diém déng thic ctia bat ddng thitc ban dau.
Chinh diéu nay da lam ting thém tinh hiéu qua cta ki thuat.

2 Cac bai toan wng dung

Phan trén toi da giéi thiéu ciing cac ban vé kj thuat théem — b6t clia bat déng thiic
Cauchy-Schwarz va bo dé 1, ciing v6i sy phéi hop hiéu qua ciia ching. Duéi day ching
ta sé cling st dung k¥ thuat phoi hop nay dé giai lai mot s6 bai toan kho.

Bai toan 4. Cho a, b, c la cdc s6 thuc khong am théa man ab + bc + ca > 0. Ching
minh bat dang thic sau

a b c o 3a*+b*+c*) 1

b+c+c—|—a+a+b_ (a+ b+ c)? Ty

LOT GIAL Bat dang thiic c6 tinh thuan nhat déi véi ba bién a, b, ¢, vi vay khong giam
tinh tong quét, ta c6 thé gid st a+b+c=3. Data? + 0>+ =3+6t2v6i 0 <t < 1.
Ta can chitng minh

a b c 3(3+6t%) 1

> I~
3—a+3—b+3—c_ 32 +2
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Bat ding thtc nay tuong duong véi
a b c 9
1 —+1 — 1) > 28
<3_a+ >+(3—b+ )+(3—c+ >—2+ ’

2 . 2 2 4

3—a 3—0 3—c— 3
Néut =0 thi a =b=c =1, bat ding thiic tré thanh déng thic. Vi vay ta chi can xét
0<t<1 Theobddél,tacél—2t<a,b c<1+ 2t suyra

1 1 1

>
3—a ~3—(1-2t) 2(1+1t)

va ta nghi dén viec bién doi bat dang thic nhu sau

2 1 . 2 1 n 2 1 n 3 >3—|—4t2
3—a 1+t 3—b 1+t 3—c 141 1+t~ 3

1 (a+2t—1 b+2t—1 c+2t—1>> 3t

+4t2
=1+t 3

144 3—a * 3—-0b * 3—c
Stt dung bat dang thitc Cauchy-Schwarz, ta co

a+2t—1+b+2t—1+c+2t—1 S
3—a 3—0 3—c
S [(a+2t—1)+ (b+2t—1)+ (c+2t — 1)
T B-a)a+2t—1)+B-b(b+2t—1)+B—c)(c+2t—1)
3612
S92t —1)+(4-2t)(a+b+c)— (a2 + b2+ 2)
3612 6t

92t — 1) +3(4—2t) — (3+6t2) 2—1t

Va nhu thé bai toan duge dua vé chiing minh
6t S 3t n 4752
1+6)@2—t) — 1+t 3

Thuc hién bién déi va rat gon, ta duge

3t 2 4,
— (= —1) > =¢
1+t \2—1¢ -3
3t? 4
1+8)(2—1t) 3
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Bét dang thiic cudi ciing ding vi theo AM-GM, ta c6

41+0)2-t) <1+t + 2= =9
Bai toan dugc chiing minh xong. Dang thiic x4y ra khi va chi khi a = b = ¢, hodc a = b,
¢ =0 (va cac hoan vi tuong tng). O
Bai toan 5. Ching minh rang vdi moi a, b, ¢ duong, ta déu cé

a’ + b + 2 n 8abc

ab+bc+ca (a+Db)(b+c)(c+a) —
LOI GIAL Trong truong hop (a — b)? 4+ (b —¢)? + (¢ — a)? = 0, ta c6 dang thitc xay ra.
Vi vay chf can xét (a — b)? + (b — ¢)? + (¢ — a)? > 0 la di. Khong mét tinh tong quat,
gidsta+b+c=3 Diata®>+0>+c2=3+6t% v6i 0 <t < 1. Khido

(a+b+c)P?—(a>+0*+c*)  9—(3+6t%)

b+b = =3(1 —t*).
ab + bc + ca 5 5 ( )
Bét déng thic can ching minh tré thanh
2

3+ 6t n 8abc >

3(1-t2)  (a+b)(b+c)c+a)

1+ 2t 8abe

>2
-2 " atb)b+racra) "
8abe 1 — 4¢2
>

(a+b)(b+c)(c+a) = 1—1>

£ 1 P . 1
Neut > 5 thi ¢ < 0 nén bat dang thiic hién nhién dung. Xét trudng hop 0 < t < R

. 1 1 1 e s
Ta sé tim cach danh gid bieu thic A = — + 7 + —. Theo bo de 1, ta co
a c

0<1—-2t<a, b c<1+42t,

]- z . .z 2. .2 .
suy ra — < , va ta nghi dén viéc bien doi bieu thic A nhu sau

1
a 1-—2¢

A 1 1 N 1 1 N 1 1 N 3
“\a 1-2¢ b 1-—2t c 1-—2t 1—2t
1 a+2t—1 b+2t—1 c+2t—1 3
- + + .
1—2t a b c 1—2t

St dung bat dang thitc Cauchy-Schwarz, ta co
a+2t—1 b+2t—1 c+2t—1
a + b + c =
S ((a+2t—1)4+ (b+2t —1)+ (c+ 2t —1)]?
Tala+2t—1)+b(b+2t —1)+c(c+2t—1)
36¢>
(@+0+c2)+2t—1)(a+b+c)
36t° 6t
(3+6t2)+3(2t—1) t+1
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T do suy ra
6t 3 3(1—1)

AS_(l—Qt)(1+t)+1—2t: (1—2t)(1+1¢)

St dung danh gia nay, ta duge

(a+b)(b+c)(c+a) (a+b+c)(ab+ bc+ ca) — abe

abc abc
=(a+b+c) (%—1—%+%) -1
3(1—1t) 22—t
S Uity LT a—wisn
suy ra
8abc S 41 = 2t)(1 +t)
(a+b)(b+c)(c+a) — (2 —t)?

Vay ta chi can chiing minh

AL-20)(1+8) 14
2-t2 “~1-¢°

Do 1 — 2t > 0 nén bat déng thiic nay tuong duong véi

4(1+1) S 142
(2—1t)2 — 1—t*

2
AL+ 142

— — =1
(2 —1t)? — 11—t ’

Bi(4+1) 3t
2—-¢)% ~1-¢

(4+1)(1—1)> (2 1)
4—3t—t*>4— 4t + 2,
t(1—2t) > 0.

1 e 2 Z 2
Vio<t< 3 nén bat dang thic cudi hién nhién ding. Bai toan dugce ching minh xong.
Déang thtic xay ra khi va chi khi a = b = c. O

Bai toan 6. Cho a, b, ¢, d, e la cdc so thuc duong théa man a+b+c+d+e = 5. Chiing
minh rang

1+1+1+1+1+ 20 > 9

a b ¢ d e a+0P+E+dE+e? T
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LOI GIAL Dat a® + b2+ 2+ d? +e? =5+ 20t%, v6i 0 < t < 1. Ta can chiing minh

1+1+1+1+1+ 20 > 9

a b ¢ d e 5+202 7
hay

L S S U SR S

a b ¢ d e 1+4277
Bat déng thitc nay hién nhieén ding véit = 0 (vikhi dba =b=c=d = e = 1, bat
dang thtic tré thanh dang thiic) nén ta chi can xét 0 < ¢t < 1. Theo bo dé 1 thi

1—4t<a, b, c, d, e<1+4t,

1
- >
suyraa_1+4t

, va ta nghi dén viéc bién doi bat déng thiic nhu sau

)N (i P R
a 1+4t 144t 1442 — 7
1 14+4t—a 5 4

>9
D D T+ 4t 11402 =

St dung bat dang thitc Cauchy-Schwarz, ta dugdc

2
Zl+4t—a N [Z“*‘”‘a)} B 20242
a - Za(l+4t—a) (1+4t)2a—2a2
20°t? 20t

5(1+4t) — (5+20t2)  1—+¢
Do d6 chi can chitng minh

20t N 5 N 4 -
(1—t)(14+4t) 1+4 144~

Bét déng thiic nay tuong duong véi

20t N =\ > 4 4
(1 —1t)(1+ 4¢) 1+ 4t - 1+ 4t
20t o0t 16t
(1—t)(14+4t) 1+4t = 144>
202 S 16t*
(1—t)(14+4t) = 1+ 4%
5(1+4t%) > 4(1 — t)(1 + 4¢).

Ta co

5(1 4 4t?) — 4(1 — ) (1 + 4t) = 5+ 20t* — 4(1 + 3t — 4t*) = 36t — 12t + 1
= (6t —1)* >0,
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nén bat dang thic cudi hién nhién ding.
Phép chitng minh hoan tat. Dang thic xay ra khi va chi khia =b=c=d =¢ =1,

hoaca:b:c:dzé, e=3 (va cac hoén vi tuong tng). O

Bai toan 7. Cho x1, xa, ..., T, la cdc so6 thuc khong am théa o1 + xo + -+ - + x, = n.
Chaing minh rang

a0 < (n+ (it + -+ ad).
LOT GIAL Dt 22 + 22+ -+ 22 =n+n(n — 1)t? v6i 0 < t < 1. Ta phéai chiing minh
i+ ay+ a0t < (n+1) [n+n(n— 1)),

hay
xi”+x§+...+xi§n+n(n2_1)t2.

Néut=0thia?+a22+ - +22=n,suyraz, = a9 =--- =, = 1, bat dang thic trd
thanh dang thitc. Vi vay chi can xét 0 < ¢ < 1. Theo bd dé 1, ta c6

l—-(n—1t<a; <1+ n—-1t, Vi=1 2,...,n,

suy ra 27 < [1 + (n — 1)t] 22, va ta nghi dén viec bién ddi bat dang thitc nhu sau

iazg’— [1+(n—1)t]ix?+[1+(n—1)t]ixf <n+n(n?— 1)t

i=1 i=1
= [+ (=Dt —a] + [1+ (n— D] [n+ n(n — D*] < n+nn® - 1)1
i=1
St dung bat dang thitc Cauchy-Schwarz, ta dudc
n 2
=1

zn:a:?[l—i-(n—l)t—xi]z =L
=1 Z[l—f— (n— 1)t — ;]

i=1

{[1+(n—1)t]zxi—zx§}

n(n— 1)t
_{ni+ (-1t —[n+n(n- 1)t%]}?
n(n— 1)t

=n(n—1t1-1t)>
Do dé bai toan duge dua vé chitng minh

—n(n—1t(1 =)+ [1+ (n— 1)t] [n+n(n — 1)t*] <n+n(n®— 1)
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Thuc hién bién ddi va rat gon, ta duge
—n(n—1t(1 =)+ n+n(n— 1)t +n(n— 1)t
—n(n — Dt(1 —t)* +n(n — Dt +n(n — 1)
(1=t +1+t1+(n—1)t
o — 2+t 4 (n— Dt? < (n+ 1),
(n—2)t(1 —t) > 0.
Do 0 <t <1 van > 2nén bat diang thiic cudi hién nhién ding. Bai toan dude chiing

minh xong. Ta c6 ding thic xay ra khi n = 2, hoiic #1 = z» = --- = 2, = 1 hoic
Ty =29 ="-+=2Tu 1 =0, x, =n (va cac hoan vi tuong tng) khi n > 2. O
Bai toan 8. Cho x1, xa, ..., T, la cdc so thuc khong am théa o1 + xo + -+ - + x, = n.

Chaing minh rdang

11 1
n’ <—+—+~-+—> >n(n—2)%+4(n—1)(af + a5+ +a2).
il ) I,

LOT GIAL Dat 22 + 22+ -+ 22 =n+n(n — 1)t? v6i 0 < t < 1. Ta phai chiing minh

1 1 1
n? (_+_+...+_> >n(n —2)2 +4(n —1) [n+n(n — 1)},
I ) Tn

I 1_(n—2)2+4(n—1)+4(n—1)2t2:n+4(n—1)2t2.
X1 o Ty n n n

Néut=0thi2? + 22+ +22=n,suyraz, =1,=---=x, =1, bit dang thiic trd
thanh dang thitc. Vi vay chi can xét 0 < ¢t < 1. Theo bd dé 1, ta c6
l—-(n—1)t<z; <1+ (n-10t Vi=1,2 ..., n,
1

> -
Sty Ta x, 1+ (n—1t

Xn: . ! + - >n+—4(n_1)21t2
—~ |z, 1+ (-1 1+ (n—1)t— n ’

1 1+ (n—1)t—ua n 4(n—1)% ,
> —1".
1+(n—1)tz -

, v ta nghi dén viéc bién doi bai toan nhu sau

i=1
Ap dung bat ding thic Cauchy-Schwarz, ta c6

En 1+ (n— 1)t—xi]}
- (n— 1)t — {¢1
Zl+

i in[1+(n—1)t—xi] [1+(n—1)t]zf’%‘_Zf‘fz2

n?(n — 1)%t? _n(n—1)t
n[l+m—1)t—n+nn-0] 1—t °

n?(n — 1)t

i=1
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T d6 bai toan dude dua vé chiing minh

n(n— 1)t n An—1)% ,
(1—t)[1+(n—1)t]+1+(n—1)t2 n '

Bét déng thtc nay tuong duong véi

n(n — 1)t n An —1)* ,
IO+ (1)~ [”_H(n—m] i

n(n—1)t n(n— 1)t 4(n—1)% ,
OO+t -D-1+m-1¢t" =

n(n — 1)t 4(n—1)% ,
IO+ m-D1= n

n? >4(n— 1)1 —=t)[1+ (n—1)t].
Theo bat dang thitc AM-GM, ta c6

4n DA -1+ n—-1Dt] <{(n—1)(1 —t) +[1 4 (n— 1)t]}* = n?,

nén bat dang thic cudi hién nhién ding.

Phép chitng minh hoan tat. Dang thiic x4y ra khi vi chi khi 2y = 29 = -+ = 2,, = 1,
n

hodcxi =29 = =2, = =3 (va cdc hoan vi tuong ing).

2(n—1)" "

Bai toan 9. Cho x1, 2o, ..., x, la cdc s6 thuec khong am théa x1 + xo + -+ + 2, = n.
Chatng minh rdang

(n—1)(23 +a5+--+a2)+n>> 2n—1)(z] + a5+ - +22).
LOT GIAL Dat 22 + 22+ -+ 22 =n+n(n— 1)t? v6i 0 < t < 1. Ta phai chiing minh

(n—1)@f+ a5+ +22)+n*> (20— 1) [n+n(n — )],

hay
2n — 1) — n? 2n — 1 —1
xi’+x§'+'--+xi2n<n )—n +(n Jnln >t2:n—|—n(2n—1)t2.
n—1 n—1
Néut=0thiz =2y =--- =z, =1 nén bat ding thitc tré thanh ding thic. Vi vay

chi can xét 0 < ¢t < 1. Liic nay, ta c6 hai truong hop xay ra.
1 P 7 2
o Truong hop t > 1 Stt dung bat dang thitc Cauchy-Schwarz, ta co
n —

2, .2 22
r{+x3+---+x;,
xi’+x§+---+x§’;z<1 2 )

Ti+tTat -+ Ty

:n[1+(n—1)t2}2.
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Suy ra ta chi can chiing minh
nl+(n— 1)t2]2 >n+n(2n — 1)
Bét dang thiic nay tuong duong véi
(14 (n— D)2]* > 1+ (20— 1),

2(n — Dt* + (n — 1)%t* > (2n — 1)#?,
£ [(n—1)**—1] >0,

. 1
hién nhién ding do t > ——.
n—1
N 1 2 2 X 2
o Truong hop 0 <t < 1 St dung bo de 1, ta co
n_
O<l—-(n—1)t<z;<1l+n-10t Vi=1,2 ..., n,

suy ra 27 > [1 — (n — 1)t] 22, v ta nghi dén viéc bién ddi bat ding thiic nhu sau

Zx;”— [1—(n—1)t]zx§+[1_(n_1)t]zx§ > n+4n(2n — 1),

Xn:xf [+ (n—1)t =1+ [1 = (n— 1)t] [n+n(n—1)t*] >n+n2n— 1)

Stt dung bat dang thitc Cauchy-Schwarz, ta dudc

n

N {in[xi+(n—1)t—1]}
fo [z 4 (n — 1)t — 1] > ==

n

Z[xﬁ—(n—l)t—l}

{Zx?Jr [(n — 1)t — 1]2}
- n(n — 1)t -
_A{ln+n(n— D2l +n[(n—1)t—1]}2
n(n— 1)t

Do d6 ta chi can ching minh
n(n—Dt1+t)*+[1—(n—1t [n+n(n—1)t*] >n+n(2n— 1)t
Thuc hien khai trién va rat gon, ta dugc

nin—Dt1+t)?+n—nn—Dt+nn— D1 - (n— 1)t >n+n(2n — 1),



110 CHUYEN bE TOAN HOC SO 9

nin—Dt(1+t)? —n(n— Dt +nn— D21 — (n— 1)t] > n(2n — 1)t?
(n—1)1+2t+t)—(n—1)+(n—1)t—(n—1)*>> (2n — 1)t,
3(n—1)t+[(n—1)— (n—1)%] ¢ > (2n — 1)t,
n—2>(n-—1)(n—_2)¢

Dot < va n > 2 nén bat ding thitc cubi hién nhien ding.
Phép chitng minh hoan tat. Dang thic x4y ra khi vi chi khi 21 = 29 = -+ = z,, = 1,
hodc 1 =29 =---=x, = 7o T = 0 (va cac hoén vi tuong tng). O
3 Loiban

Qua cac vi du ting dung trén, ta cé thé thay k§ thuat phdi hop gitta bo dé 1 va ky thuat
thém — b6t clia bat dang thitc Cauchy-Schwarz 1a mot ki thuat manh va hieu qua. Tuy
vay, k¥ thuat nay vAn con nhiéu diém han ché can khic phuc. N6 rat khé 4p dung cho
cac bat ding thic véi diéu kien dang tich, cac bat dang thic chita can hay nhitng dang
phan thiic phic tap, ... Vi du nhu bai toan sau

Bai toan 10. Cho a, b, c la cdc 56 thiuc théa man a + b+ ¢ = 3. Chitng minh ring

1 n 1 L 1 <1
202 +7 202+7  2c2+7 3

Toi van dang c6 ging cai tién ki thuat nay dé né tré nén hieu qua hon nita. Rat mong
sé nhan dugc sy trao déi tit ban be yeu Toan gan xa. Moi gép ¥ xin giti vé: Vo Qubc Ba
Can, C65 khu dan cu Phit An, phuong Phi Thit, quan Cai Rang, thanh phé Can Tho,
ho#c qua hom thu dién t1t babylearnmath@yahoo.com.

4 Bai tap tu luyén
Bai tap 1. Cho a, b, ¢ 1a cac s6 thuyc duong théa a + b + ¢ = 3. Chitng minh ring

a? b? 2 3

a+2+b+2+c+2 ~ab+bc+ca

Bai tap 2. Cho a, b, ¢ 1a cac s6 thuc duong théa a + b + ¢ = 3. Chitng minh ring
1 1 1 3 3 3
12—+ —-+4+-) >4+ b +¢’)+ 2L
a b ¢

Bai tap 3. Cho a, b, ¢ 1a ba s6 thiyc duong tuy y. Chitng minh ring

a b ¢ 2(ab+bc+ ca)
e 24 C > 5.
b—i_c—{—ajL a?+0?+ct
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Bai tap 4. Cho cac s6 thuc a, b, c théa man a +b+c = 3 va a® + b? + 2 = 3 + 6t vdi

t > 0. Chiing minh réng
(1—2t)(1+1)* <abc < (1+2t)(1 —t)%

Bai tap 5. Cho a, b, ¢ 1a cac s6 thyc duong. Tim tap hop tat ci cac s6 thuyc & sao cho

bat dang thic sau ding
ad+0+c

k(ab + be + ca) >§+E
(a+b)(b+c)(c+a) -8 3

(a+b+c)?

Bai tap 6. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang
1 n 1 S 9
a?+ab+b ~ (a+b+c)?

1
2+ ca+ a?

b? + be + 2
Bai tap 7. Cho a, b, c 14 cac s6 khong am théa man ab+ be+ ca > 0. Chitng minh rang
a b c a+b+c 6
b2 + be + 2 + 2 + ca + a? * a? + ab + b? + a2+ +c2 " a+b+c
Bai tap 8. Cho a, b, c 14 cac s6 khong am thda man ab+ be+ ca > 0. Chitng minh rang

[+ ab)(atb) > %(a+ b+c).

(b + ca)(c + a)
a? + ab + b?

(a* +be)(b+ ¢
2+ ca + a?

b2 + be + 2
Bai tap 9. Cho a, b, ¢ 1a cac s6 thyc théa man diéu kien (a + b + ¢)(ab + be + ca) # 0.

Chitng minh ring
be ca ab 4a*>+0*+c2) _ 7
+ + + > -
?4+bc+c2  24ca+a®  a®+ab+b? (a+b+c)? 3

Bai tap 10. Cho cac s6 thic khong am a, b, ¢, d thdéa man dieu kien a® +b*+c?+d* = 1.

Chting minh rang
G+ +E+ P +ab+act+ad+be+bd+ed<a+b+c+d.

Bai tap 11. Cho a, b, ¢, d, e 1a cac sd thuc duong théa man a? + b* + ¢ +d? + e = 5.

Chitng minh ring
1 1 1 1 1
+ <1.

7T—2a 7-—2b
Bai tap 12. Cho zy, 9, ..., 1o la cac s6 thuc duong théa xq + x5 + - -+ + 219 = 10
Chitng minh rang

1 1 1 9 9 9

ry T3 T1o
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Bai tap 13. Cho 1, ¥, ..., o, 1a cac s6 thuc khong am théa x; + xo + -+ - + 2, = n.
Chitng minh ring

a1 +ay - ta) 0t < Qo (@ fag e ).

Bai tap 14. Chiing minh ring, néu ai, as, ..., a, la cac so6 thyc duong théa man
ar+as+---+a, =n, thi

1 1 1 2nvn — 1
—+ =4+ —+ >n—+2vn—1.

a;  ap a, ai+ai+---+a2
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BAT DANG THUC BERNOULLI

Truong Tan Sang
HS chuyén Toan khoéa 2009 - 2012

1 Tém tat ly thuyét
Bat ding thtc Bernoulli duge phat biéu nhu sau:

Dinh 1y 1 (Bat déng thiic Bernoulli). Vi moi 50 thuc x > —1 va moi so6 thuc r > 1,
ta c6 bat dang thic
(14+2)" >14rz.

Ding thic xdy ra khi va chi khi z = 0.

Trong truong hop 0 < r < 1, ta ¢é bat dang thic vdi chiéu nguoc lai, tic la
(14+2) <1l4rzx.

Néu lay x + 1 — z thi ta c6

Dinh ly 2. Vdi moi x > 0 va moir > 1, ta co
' >re+1—r.

Dang thite xdy ra khi va chi khi x = 1.

Bat ding thitc nay thudng sit dung hon bat déng thiic goc.

Néu dat r = % v6i a > b > 0 va cho x — 2°, ta c6 bat dang thiic

Dinh 1y 3. Cho a > b la hai s6 thuc duong. Khi dé vdi moi x> 0, ta cé

a a
“> byl — -
a:_b:)s+ b

Bat ding thic nay dude sit dung phd bién hon vi danh gia duge su chénh léch s6 mil.
Diém manh & bat déng thiic Bernoulli 1a danh gia dugc cac bat déng thic véi s mi vo
ti va nhitng bat ding thic khong dong nhat.

2 Cac dang toan dac trung
2.1 Ky thuat danh gia qua chénh léch lay thira
Céc dang toan dic tryng ciia bat dang thic Bernoulli rat dé nhan ra, vi d6 1a bat dang thic

v6i nhitng s6 mil vo ti duong hay sut chuyén déi s6 mii vo ti. Dé md dau chuyén dé, ta chitng
minh bat ddng thic sau.

113
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Vidu 1. Cho x1, x2, ..., x la cdc so thuc duong. Chitng minh rdng vdi moi m > n > 0, ta
6 bat ding thite

1 1
n - n '

LOI GIAL Y tudng chinh ctia viée sit dung bat déng thic Bernoulli 1a thé hien duge sy chenh
lech s6 mit bé véi s6 mit 16n. Dé thyc hién diéu nay, ta chuan héa 27 + 2 + - - - + 2 = n. Khi
dé, ta can ching minh rang

oy 4 > n.

Ap dung béat ding thic Bernoulli, ta ¢6

m

x;-“:[1+(x;¢—1)]?21+%(:¢y—1), Vi=1,2 ..., k

Do do m
:L{”—i-azgn—i----%—xz”Zn—i-g(x’f—kxg‘—k---%—xﬁ—n).

V6i diéu kién chuan héa 27 4+ 28 + - - + 2% = n, ta c¢6 diéu phai ching minh.
Déng thic x4y ra khi va chi khi 2y = 20 = - -+ = x4, O
Dé nim r6 hon vé k¥ thuat nay, ta lay vi du véi bat dang thic Nesbitt.

Vi du 2. Ching minh ring vdi moi s6 duong a, b, ¢ ta cé bat ddang thic

a V3 . b V3 N c V3 S 3
b+c c+a a+b T ov3’
Lo1 GIAL Ta sé danh gia s6 mi /3 thong qua s6 mi 1 bang bat ddng thitc Bernoulli, cha §
st dung cac lugng danh gia thich hgp dé déng thic xay ra.

(2(1 >¢§2\/§< % )+1\/§,

b+c b+ c
V3
2
c+a c+a
V3
2c >3 (2 ) 41— v,
a+b a+b

Cong ba bat dang thitc trén lai va ap dung bat diing thiic Nesbitt, ta c6 diéu phai chiing minh.
Déng thic xay ra khi va chi khi a =b = c. O

Vidu 3. Cho tam gidgc ABC ¢6 do dai cac duong trung tuyén la mq, my, me va cdc phan gidc
la, Uy, le. Chiing minh rang
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LO1 GIAL Ta biét rang: Trong mot tam gidc, do dai cia duong trung tuyén luon khong nho
hon d¢ dai phan giac. Do d6 mgq > la, mpy > 1y, me >, suy ra

Tit day, thyc hien danh gia s6 mi v/3 thong qua s6 mii 1 bing bat déng thiic Bernoulli, ta dé
dang suy ra diéu phai ching minh. O

Vidu 4. Cho A, B, C la ba géc ciia mot tam gide. Chitng minh rang vdéi moi 0 < k < 1, ta cé

A B C V3 ‘
k4 kD kY Vo
cos 2—i—cos 2+cos 5 <3 5

LOI GIAL Dé ¥ déng thic xéy rakhi A= B =C = g va véi k = 1 1a bat déng thitc co s3. Do

do, ta sé danh gia thong qua s6 mi 1.

Ap dung bat ding thitc Bernoulli, ta c6

Cong céac bat déng thiic trén lai theo vé va ap dung bat ding thiic co s6

C 33

B
= d b i
Ccos 5 + cos 5 4+ cos 5 =5
ta c6 diéu phai chiing minh. Dang thiic xay ra khi va chi khi tam giac ABC' déu. O
Ta c6 bai toan tuong tu.

Vidu 5. Néu A, B, C la ba géc ciia mot tam gide, thi
V2
sinV2A + sinV2B + sin¥2C <3 (f) .
Lo1 GIAL Dang phét biéu ctia bai toan goi cho ta nhé dén két qua quen thudc:

sin? A + sin? B +sin? C' < %, VAABC. (1)

Nhu vay, ¥ tudng clia ta 1a danh gia thong qua s6 mil 2.

Ap dung bat ding thic Bernoulli, ta c6

(;gsmA)Qz;ﬁ(;gm)%_;fﬁ@gsm,q)%_@
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suy ra

V2 2
2 1 2 1 22 1
—sinA < —(—=sin4d 1— — = in2A+1— —.
<\/§Sln ) T V2 (\/gsm > - V2 g SmAaT V2

Cong bat dang thitc nay véi hai bat déng thitc tuong tu va sit dung (1), ta thu dugc ngay két
qué can chitng minh. Dang thitc x&y ra khi va chi khi tam giac ABC déu. O

2.2 Ky thuat chon diém roi

Ciing nhu céc bat déng thitc AM-GM, Cauchy-Schwarz, doi khi déng thic xay ra ¢ bat ding
thitc Bernoulli kha chénh léch nhau gitta cdc bién. Nhung chi can chi can mot ki thuat nhd,
ta c6 thé gidi quyét van dé nay.

Vidu 6. Choa, b, c, k, r la cic hing s6 duong, r > 1 va , y, z la cic s6 duong thay doi sao
cho ax + by + cz = k. Tim gid tri nhé nhat cia biéu thic

P=x"+y" +2".

LOT GIAL Gid st déng thic x4y ra khi =, 0, y =y, 2 = 2. Cht § déng thic x4y ra & bat
déng thitc Bernoulli khi bién s6 bing 1, nén ta sé danh gia nhu sau

X " X
<> 27‘<>+1—r.
ZTo Zo

a" > rxx P+ (1—r)zp

Nhan hai vé cho zf, ta thu dugc

Xay dung bat ding thiic tuong tu v6i hai bién con lai 1di cong ci ba bat dang thic lai, suy ra
P> r(eay  Hyypt +zag )+ (L - ) (b +yh + 20)-

Do dé, ta sé chon zq, 39, 20 > 0 sao cho

r—1 r—1 r—1
To  _ Y%  _ 0 _
a b c

axg+ by +czog=Fk

Giai hé trén ta tim ducgc

_1
karfl
e T T
ar—1 _|_ br—l + cr—1
1
kbr—1
Yo = —— T N
ar—1 _|_ br—l + cr—1
1
kcrfl
20 = —— T T
ar—1 + brfl _|_ cr—1
Thay x0, Yo, 20 vao bat ding thic trén, ta tim dugc gia tri nhé nhat ctia P. O

Vidu 7. Cho a, b, c la cic so thuc duong théa man diéu kién a+2b+c = 3. Tim gid tri nhé
nhat cia biéu thic

P = 2(1‘/g + b‘/g—i— 20\/§.
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LOI GIAL Bing phép déi bién zV3 = 2aV3, yV3 = pV3, 2V3 = 2¢V3, ta chuyén duge bai toan
vé dang: Cho z, y, z la cdc so thuc duong théa man diéu kién

AL -}
9V 2V

Tvm gid tri nhé nhat cia biéu thic

P=aV34 V34V
Day chinh 1a mot trudsng hgp riéng cta vi du 6 & trén. O

3 Bat dang thitc Bernoulli trong khio sat tinh ting giam ciia ham s6

Bat dang thiic Bernoulli con dudce sit dung dé khéo sat tinh ting gidm ctia nhitng ham sb c6
chat bat dang thrc.

Vi du 8. Ching minh rang vdi moi a, b, ¢ duong, ham s6 sau tang trén (0, +o0)

2\ 2\ @ 2\ @

a b c

0= () + (@) + (@)

Lo1 GIAL D@ khéo sat nhitng ham s6 nhu thé bang bat dang thiic Bernoulli rat don gian, chi
can xét bat dang thitc dang chénh léch s6 mii. Lay 21 > x5 > 0, ta sé chitng minh ring

f(z1) > f(x2).

Ap dung bat ding thic Bernoulli, dé thay
a®\ ™!
2) >
(&) 2
b2 1 2\ T2
2 2
ca To \ ca Z2
NP m (e _m
ab To \ ab 2

Cong ba bat ding thic trén lai theo vé, ta c6

V

x
o) = 2pa) 43 (1- 2.
Z2
Nhu vay ta chi can ching minh dugc

(@) +3 <1 - ””1) > f(x2) hay f(z2) > 3.
xr9 )

a2

o To To
Bét déng thiic nay ding vi theo AM-GM ta c6 f(x2) > 3(’/(1)) () () =3. O
c ca

NHAN XET. Téng quat hon, ta c6 thé ching minh dugc két qua sau: Cho a, b, ¢ la cdc so thuc
duong. Xét f(z) = a® +b® + . Néu f(x) > 3, Vo > xo > 0 thi ta c6 f(x) tang trén (0, +00).
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Bai toan tong quat cho n bién phat biéu tuong tir. Ban doc c¢6 thé tu kiém tra lai két qua nay.
St dung két qua nay, ta chiing minh dugc cac ham s6 sau tang tren (0, +00) :

= (3G (2. (5~ (5 (2

. - 2a \* 26 \* 2¢ \* . . ~ 2
va ham s6 k(z) = " + P + ) cling tang nhung tang trén 3" 400 | .

4 Bat ding thitc Weierstrass

Bat déng thitc Weierstrass 1 mot dang tuong tu clia bat déng thitc Bernoulli, n6é duge phat
biéu nhu sau.

Dinh ly 4 (Bét déng thitc Weierstrass). Vdi moi s6 thuc a1, ag, ..., a, cung dau va lon hon
—1, ta ¢6 bat ding thic

I+a)I+az) - (14+ap) >14+a1+az+ -+ an.
Day la mot bat dang thiic c6 nhiéu tng dung. N6 c6 thé gitp ta dua mot bat dang thic gom
tich nhiéu thanh phan phtc tap tré thanh mot bat déng thitc don gidn hon va thuan tién hon
cho viéc ching minh. Dé ré hon vé ting dung clia né, ta xét mot s6 vi du.
Vidu 9. Cho a, b, ¢ la cic s6 thuc duong. Ching minh rang

(a®> +2)(b? +2)(c* +2) > 3(a+ b+ )%

Lo1 GIAL D@ ¥ ring trong ba s6 a® — 1, b — 1, ¢ — 1 luon c¢6 it nhét hai s6 cting dau. Gia sit
hai s6 d6 1a a®? — 1 va b> — 1. Khi d6, theo bat déng thitc Weierstrass, ta co

(@®+2)(* +2) = [3+ (a®> - 1)] [3+ (b* — 1)] :9<1+a23_1> (1+b2_1>

3
21 -1
z9<1+“ + >:3(a2+62+1).

3 3
Vay ta chi con phai ching minh
(@ +0*+1)(c* +2) > (a+b+c)
Bat ding thic nay hién nhién ding theo bat ding thitc Cauchy-Schwarz
(@ 4+ +1)(1+14+) > (a+b+c)2
Déng thitc x4y ra khi va chi khia =b=c = 1. O
Vi du 10. Cho a, b, ¢ la cic s6 thuc duong. Chiing minh bit ding thite sau

(a®> +3)(b? +3)(c* +3) > 4(a+b+c+1)2
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Lo1 GIAL Tuong tu nhu vi du trén, ta gid st a vi b 1 hai s6 sao cho a? — 1, b> — 1 ¢6 cling
dau. Khi d6, 4p dung bat ding thitc Weierstrass, ta dugc

(a?+3) (2 +3) = [4+ (a> = 1)] [4+ (1 = 1)] = 16 <1+a24_1> <1+b24_1>

2.1 -1
216(1+a4 +— >:4(a2+62+2).

Bai toan dugc quy vé chiing minh
(@®>+02+2)(P+3)>(a+b+c+1)>

Va ciing giong nhu bat déng thic trén, ta thiy bat ding thic nay hién nhién ding theo bat
déng thitc Cauchy-Schwarz

@+ +1+ D)1 +1+E+1) > (a+b+c+ 1)
Phép chiitng minh hoan tat. Déng thiic xay ra khi va chi khi a = b= c = 1. O

Vidu 11. Cho a, b, ¢, d la cdc s6 thuc duong. Chiing minh rang

(@ 4 1)@+ 1)+ D@ +1)> Dlatbt et d)

T oY 2t
V3T V3T VBB

(2% +3)(¥* +3) (22 +3)(t* +3) > 16(x +y + 2 + 1)°.

LO1 GIAL Dat a = . Khi d6 bat ding thic c6 thé viét lai thanh

Bay gio, ta c6 dé y ring trong bém s6 22 — 1, y> — 1, 22 — 1, t2 — 1 ludn c6 hai s6 ciing dau.
Gia stt hai s6 d6 1a 22 — 1 va y? — 1, thé thi theo vi du trén, ta dé théy

(22 +3)(y2 + 3) > 4(z® + 2 + 2).
Stt dung danh gia nay, ta dua dugc bai toan vé chitng minh
(2 + 2+ (23 +3) >4z +y+2+1)2

Dén day, ap dung bat déng thiic Cauchy-Schwarz

+1)?
(z+y+z+t)?<(@*+y*+2) [1+1+(2 5 ) ]
ta di dén viéc chiing minh bat ding thitc sau
t2
(z2+3)(t2+3)24{2+(2j;)} —8+2(z+1)%

Bat ding thic nay tuong duong véi z°t? + 22 + t? + 1 > 4zt, hién nhién ding theo AM-GM

22 L2 12 11> 4V242 22 421 = 4t

Bai toan dugc chiing minh xong. Déng thic x4y ra khi va chi khia=b=c=d =

Sl
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5 Cac phuong phap st dung bat ding thitc Bernoulli
5.1 Cac bai toan minh hoa

Dé chuan bi buéc sang hai kj thuat danh gia chénh léch s6 mii va Bernoulli ngugc, ta sé lam
quen dan véi cac dang toan st dung bat ding thic Bernoulli, ciing 1a sy mé dau cho hai ki
thuat noi trén.

Vi du 12 (Olympic 30-4). Cho hai s6 duong a, b théa man a + b = 1. Tim nghiém trong
khodng (0, 1) ctia bat phuong trinh
o x(1+ b)'
1+ bx

LOI GIAL. Thyc chat day 14 mot bai bat déng thite thong thudng vi véi moi 2 thuoce (0, 1), bat
phuong trinh trén luon ding. That vay, ap dung bat dang thitc Bernoulli, ta c6

d=1-1-2)]"<1-b(1-2)=1—b+ba.

T day suy ra
(1+b)zb < (1+b)(1—b+bx) <1+ b

Ma b=1—anén tacé (1+b)z'~% < 1+ bz, hay

as (1+b)x
14+bz

Vay bat phuong trinh duge théa méan véi moi z € (0, 1). O
Vi du 13 (Tap chi Toan hoc va Tudi trd). Gidi phuong trinh
30 — 2% =1 — /(1 +22)®.
LOI GIAL Ta sé chiing minh rang
32t —42® + /(1 +22)3>1, VzeR.
Ap dung bat ding thitc Bernoulli, ta c6

z2.

DO o

I+a22)3=(1+2%)2>1+
T do6 suy ra

3 1
3ot — 42 + /(1 +22)3 > 32t — 4a® + §x2 +1= 5952(6952 —8x+3)+1>1.

Dau ding thiic x4y ra khi va chi khi = = 0.
Vay phuong trinh c6 nghiém duy nhat x = 0. 0

Vi du 14. Chang minh ring vdi moi s6 tuw nhién n > 2, ta cé bat dang thic

\/§+§’/§+...+ nea Tt 1 gn(n+2).
1 2 V n n+1
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Lo1 GIAL Dé khit cac can bac k + 1, ta sé ap dung bat dang thitc Bernoulli nhu sau

k1

k> 1.
k vk2

k+1
1+(k+1)'k:(k—f—1)§[1+k:(k‘+l)] )

Tt d6 1ay can bac k + 1 ting vé, ta dugc

[k+1 1 1 1
= <l =14+ - ——— VE>1.
ko~ +k(k+1) x k+1 -

Cho k=1, 2, ..., n, i cong cac bat dang thic lai theo vé, ta dugc
2 .[3 vafnr1 11 11 11
o S LA I T 1a-_ = 14 = —
\/I+\/;+ + n o +1 2 * +2 3 teet +n n+1
1 2
mtl— ~ n(n+ )

n+1 n+1

Bai toan dugc chiing minh. O

NHAN XET. Néu dit f(n) la vé trai ciia bat dang thiic da cho thi dé thay f(n) > n (do ting
. 2
hang t& cia n6 > 1). Ma theo két qué bai toan trén thi f(n) < n(n—:—l ) =n+ Z T Do vay
n n

n<f(n)§n+n7.

Tit day, ta c6 thé thay [f(n)] = 2 véi moi n > 2.

Tac gid da doc duge mot hé qua ciia bat dang thic Holder nhung duge ching minh bing bat
déng thitc Bernoulli rat doc déo.

Vidu 15. Choa;, b; (i=1,2, ..., n) la cic $o6 thuc duong. Chiing minh rang vdi moi k > 1,
ta c6 bat dang thic
bf vh bk (b1 + by + -+ by)"
sy i e S i g k—1°
ay as Qn, (a1+a2+---+an)
Lo1 GIAL Day 1a mot bat dang thic thuan nhat véi aq, as, ..., a, va v6i by, b, ..., b, nén

khong mat tinh tdng quat, ta c6 thé gia st ay +as + -+~ 4+ a, = by + by + --- + b, = n. Khi d6
bat dang thic trd thanh

bl bk bk
ettty 2.

Ap dung bt ding thic Bernoulli, ta ¢6

. k .
(2) z0(2)+1-m vtz
a; a;

- bi\" b;
1 :ai<> > a; <k‘+1—k‘> :k:bi—l—(l—k)ai, Vi=1, 2, ..., n.

a;
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Choi=1,2,...,n1di cong cac bat ding thiic lai véi nhau, ta thu dugc
bl bk bk
Tttt e 2 k(b b+ b))+ (L — k) (e +az+ -+ ap)

=kn+ (1—Fk)n=n.
Bét déng thiic dugc chitng minh. O
1 X
Vi du 16. Chiing minh rang ham sé f(x) = (1 + ) tang tréen (0, +00), trong khi dé ham
x
1 z+1
50 g(x) = (1 + ) thi lai gidm trén khodng nay.
T

Lot G1AL (a) Chiing minh f(z) tang. Lay x1 > z2 > 0, ta can ching minh f(x1) > f(z2), hay

1\™ 1\
T i)

Bat ding thiic nay tuong duong véi

1\ = 1
<1+> 14—,

T

hién nhién ding theo bat dang thic Bernoulli

Vay f(x) tang trén (0, +00).

(b) Chitng minh g(z) gidm. Lay x1 > x9 > 0, ta can chimg minh g(z1) < g(z2), hay

1 x1+1 1 xo+1
X1 X9

Bét déng thiic nay tuong ducng véi

1+12

$1+1< To 4+ 1) +=1
o T2 ’

1+12
o 1tz < T ‘
T2 +1 T r+1

< 1 nén theo bat dang thitc Bernoulli, ta c6

1+ 2o
1+ 2

Do 0 <

i) Ltzy
X9 T+z _(1- 1 T+z; <1- 1—|—£L’2 1 1 1 _ 1 '
T2+ 1 T2+ 1 I+zy x+1 r1+1 =z +1

Vay g(x) la ham gidm trén (0, +o0). O
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NHAN XET. C6 thé dé dang ching minh f(z) < 3 < g(x) v6i moi > 0. Tuy nhién, 3 chua
phai 1a chiin trén nhé nhat cta f(z), cling khong phai la chin dudi 16n nhat cia g(z). V6i su
trg gitp ctia may tinh dién t&, ngudi ta da ching minh dugc

lim f(z)= lim g(z)= e~ 2.718281828459...

T—>+00 r—r-+00

Tit day ta c6 thé thay chan trén nhé nhat ctia f(z) va chan dudi 16n nhat ctia g(x) phai la e,

tic ta co
1 x 1 x+1
(H) §e§<1+> |
T T

1
Cho x — —, ta dugc (1 +CL‘)% <e<(1 +ﬂf)%+17 hay
x

(14z) <™ <A+2)" ) ve>o0,r>0.

Vidu 17. Cho a, b, ¢ la cdc s6 thuc duong théa man abc = 1. Chitng minh ring

1 n 1 n 1 <§
a*(b+c) W(e+a) cla+b) — 2

Lor1 GIAL Day la mot bat dang thiic dep. Cac s6 mil thyc a, b, ¢ goi ¥ cho chiing ta sit dung
béat ding thiic Bernoulli. Tuy nhién a, b, ¢ lai khong c6 danh gia thich hgp véi 1 nén ta sé gia
st ring ¢ = min{a, b, ¢}. Khi d6 ¢ < 1. Ap dung bat déng thitc Bernoulli, ta c¢6

1 1

<-ct+l—-c=2-c
c¢ c
Mit khéc, ta lai ¢6 a® > a, b > b.! Do vay ta chi can chting minh
1 n 1 +2—c<3
alb+c) blc+a) a+b— 2

1 1 1 1
Vi abec = 1 nén ta co =2 — 2 . M3
have nen ta co a(b+c)+b(c+a) c-¢ (a+c+b+c) &

Lo e (v (v

atc bte Vabte (a+c)(b+c)<\/%+c)

Dods —+ + L o 2 Hom nita, do 2— ¢ > 0 nen &p dung bt ding th
O Ao C— —F—. n nua, do — C nen a un a an C
alb+c¢)  blc+a) ~ Vab + ¢ pome i

AM-GM, ta co
2—c<2—c
a+b = 2vab

1C6 thé chitng minh bat ding thiic 2% > x, Vo > 0 nhu sau: Bat ding thitc nay tuong duong véi
21> 1.
Néu x > 1 thi bat déng thic hién nhién ding. Con néu 0 < = < 1, ta viét lai né thanh
2T <1,

va ap dung bat ding thic Bernoulli, z' =% = [1+ (z — 1 1_'Tgl—i— l—a)(z—-1)=1—(x—1)2< 1.
p g g )
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Két hop cac danh gia nay lai, ta dua dudc bai toan vé chitng minh
2¢2 2—c 3
<

+ —
Vab+c  2Vab ~ 2

1 1., .
bat t = /c <1 va thay vab= — = o bat dang thitc trén tré thanh

Ve

2c —

2t 1
+5t2 - t?) <

22 —

1
_ t2
t+

l\D\OJ

Sau khi khai trién va rit gon, ta dugc bat ding thic hién nhien ding

(t* 4263 412 + 4t + 3)(t — 1)% > 0.
Déng thic xay ra khi va chi khia=b=c= 1. O
5.2 Ky thuat danh gia chénh léch sé mi

K§ thuat danh gia chénh léch s6 mi 1a mot kj thuat rat hay sit dung. Tuy khong qua manh
nhung bat ding thitc Bernoulli cho phép ta thay doi céc s mil ma khong can thuan nhat,
tham chi c6 thé chuyén tit s6 mii nhé sang s6 mil 16n véi dau > (xem phan 5.3 bén dudi).

Vidu 18. Cho a, b, ¢ la cdc s6 thuc duong. Chitng minh rang

a b c 3
+ F oy </ =
da+b+c 4b+c+a de+a+b 2

Lo1 GIAL Day la bat dang thiic dang chénh léch s6 mii.

Ap dung bt ding thiic Bernoulli (véi chi ¥ 6 diéu kién xay ra déng thitc), ta c6

—_

6a 6a 1 3a 1
— < - — 41l —--=—— 4 -
da+b+c 2 4dat+b+c 2 4da+b+c 2

Mat khac, theo bat dang thiic Cauchy-Schwarz, ta lai c6

1 1 1 1 1 1 1
= < _ _— = — B ——
da+b+c 3a+(a+b+c) = (1+1)2 <3a+a+b+c> 12a+4(a+b+c)
Két hop véi trén, ta duge

6a 3 3 a

. <t
4da+b+c 4 4 a+b+ec

Cong bat dang thitc nay v6i hai bat déng thiic tuong tu, ta duge

g § a+b+c_
4a+b+c \/4b+c+a 4c+a+b 4 4 at+b+tc

T d6 suy ra diéu phai chitng minh. Dang thitc xay ra khi va chi khi a = b = c. O

[a—

Trong bai toan trén, ta da chuyén tir s6 mi 5 sang s6 mi 1.



BAT DANG THUC BERNOULLI 125

Vi du 19. Cho z, y la hai s6 duong théa man x2 +y> > 22 + y*. Tim gid tri lon nhat cia
P =343

LOI GIAL Bai toan trén da dugdce giai quyét theo nhiéu cach, nhung chti yéu 1 chia truong hop,
xét vi tri gitta 2, y so v6i sd 1. Nhung v6i ki thuat chénh léch s6 mii, 16i giai sau day that sy
4n tuong: Dé tim gia tri 16n nhat cla 2® + y°, ta chuyén céc s6 mi khac thanh mi 3. Ap dung
bat dang thiic Bernoulli

2 1 4 1
2 2.3, 2 45 53 _ 2
S A L
Do do 5 ] 4 1
4.3+ 35 32,3 _ 2
3:1; +3+y >z +3y 3
Tit day ta suy ra P = 2® + 3% < 2. Dang thiic xay ra khi va chi khi z =y = 1. O
Vi du 20. Chitng minh ring vdi moi x, y > 0, ta cé
334 y4 2 y2 T y
AT A Z 2T, 22
ytooat oyt a2ty

LOT GIAL Bai toan trén thé hién rat o y tuéng ctia ki thuat danh gia chénh léch s6 mii. Ta
$6 chuyén hét vé s6 mi 1. Ap dung bat ding thic Bernoulli, ta c6

™~

4
.5_1_1—7:4.{
Yy 1 Yy

T 4 g2 4 T T 4 3
2 1 '

— > +tl1--=2-—--1, — >
yt y? 2 y
T hai bat déng thic nay suy ra

4 4 2 2

T 1 =z 1 €T 1 x T T
—t = > -2 — -1 (4 —=-3)=—=+2-——-2.
2 4_2< 2 >+2< ) 2y

4

yt

| =
<

Chiing minh tuong tu, ta ciing ¢6

)
x x x
Do doé . A ) )
{1+@Q1_332_1J2+x+y23(x+y>_423 o [T Y _4_o
Yy x Y x y y y x
Ding thitc x4y ra khi va chi khi z = y. O

Vidu 21. Cho a, b, ¢ la cdc 6 thuc duong. Chitng minh ring
(a+ b)c(b—i- C)a<c+ a)b < 2a+b+caabbcc.

Lot c1iL O day, ta khong biét a, b, ¢ 16n hon hay bé hon so vé6i 1 nén khong thé ap dung triyc
tiép bat déng thitc Bernoulli duge. Tuy nhién, ta c6 thé “mugn” sé mii khéc chic chin sé danh
gid duge véi 1. Ap dung bat dang thitc Bernoulli, ta c6

b+c\amsre _ bte a a 3(b+c)
< : Tl - .
2a 2 a+b+c a+b+c 2a+b+c)
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Xay dung cac bat dang thic tuong tu roéi nhan vé theo vé, ta duge

<b+c>a+‘iﬂr0<c+a>ﬂ+bb+c<a—|—b>ﬂ+cb+c < 27(a+b)(b+¢)(c+a) <1
2a 2b 2¢ - 8(a+b+c)® -

T do6 suy ra
(b—|— C)a(c+ a)b(a + b)c < 2a+b+caabbcc'

Bat ding thic dugce ching minh. Déng thitc xy ra khi vi chi khi a = b = c. O
NHAN XET. Ciing bang cach sit dung bat déng thitc Bernoulli, ta con c6 thé chitng minh dugc

bat dang thic manh hon 13

a+b+c
:| < 2a+b+caabbcc‘

2
(a+b)°(b+c)*(c+a)d < [3(a +b+c)
Sau day 14 mot bai toan tha vi.

Vi du 22. Chitng minh ring véi moi a > b > 0, ta cé

b a
1 , 1
(50 2) < (s 0)
LoI GIAL Tai sao day la bat ding thic tha vi? Ta thit lam bai toan mot cach tu nhien. Bat
déng thiic can chitng minh tuong duong véi

(32(1 + 1)b S (32b + 1)(1
Bat ding thitc tren cliing chiéu, qua that may min. Ap dung bat ding thitc Bernoulli
b
(3% 4+ 1)e <14 - -3%.
a
Do d6, ta chi can ching minh rang
b 2a 2b
14+ -3 <37
a

Bat déng thic nay tuong duong véi
b < 9b-e,

a
Thit mot vai gia tri, ta thay bat ding thic tréen khong ding. Vay ké hoach ciia ching ta da
pha san? Khong that sy thé, néu nhin ki bat ding thic cudi ciing. Vé trai nhé hon hodc bang
1, vé phai cling nhé hon hoac bang 1. Néu vé phai 16n hon hodc bang 1 thi that tét. Nhung

that bat ngs, dieu do lai c6 thé. Chi can ta thay dugc sy binh dang gita 3 va 3 trong bat dang

N . 2 2 2. Z 2 Z. N b z 2
thitc can chting minh thi ta cé thé chuyén déi bat dang thic cudi vé — < 9%7°, bat ding thiic
a

nay hién nhién ding. O

Dé lam r6 hon ¥ tudng ctia 151 gidi trén, ta hiy cling xét bai toan tong quét.
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Vi du 23. Cho a >b la hai s6 duong va k la mot s6 thuc duong tuy 1j. Ching minh ring

a 1 ’ b 1\*
(k +ka> (k kb).

LO1 GIAL Sau khi thyc hién cdc danh gia tuong ti trén, ta can ching minh

b p2-a),
- <

127

Day 1 chd dau dau ciia ta. Nhung véi s6 k tong quat, ta cé thé thay duge cach xit 1y dé dang,
cho 0 < k < 1 thi vé phai hién nhién 16n hon hoiic bing 1. Li do tai sao c6 thé dit duge nhu

. > 1
the 1a do sy binh dang gita k va T

O]

Vi du 24 (IMO Shortlist 2004). Cho a, b, ¢ la cic $6 duong théa man ab+bc+ca = 1. Ching

minh bat dang thic sau

21 1 2/1 1
‘\3/+6b+\3/+60+</+6a§.
a b c abe

LOI GIAL Bai toan nay khong qua kho, chi can danh gia chénh léch liiy thita. Ta c6

1

1 3

a < — +6b>+,
3v3 ‘93(@ 3

Wl

1
< b (bree)
3V3 ~ 93 ’

ol

< ——(=+6a)+=.
3v3 —m@<c ) 3

Cong ba bat ding thitc nay lai theo vé, ta dugc

(o rees i) < e (3o d ) ptaroo o

1
= + ——(a+b+c)+2.
9+v/3abe 3\f( )+

Mit khac, sit dung cic danh gia co ban
ab + be + ca > 3Va2b2c2,  (ab + be + ca)? > 3abe(a + b+ ),

ta co

1 1
1<—, a+b+cec< —.
~ 3v/3abc 3abe

Két hop véi trén, ta duge

1 71 V1 < 1 2 1 >
= +6b+ (/- +6c+ /= +6a<V3 + -
\/a b c - 9v/3abc  3v/3 3abc S\fabc

Bat dang thic dugce ching minh. Déng thiic xay ra khi va chi khi a = b =

7:
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Vi du 25 (Japan 2005). Cho cdc s6 duong a, b, ¢ théa min a + b+ c = 1. Chitng minh ring

avVli+b—c+bVl+c—a+cvVli+a—->b<1.
LI GIAL D@ thay cac bidu thic trong dau can déu duong. Ap dung bat ding thitc Bernoulli

2 1
(1+b—c)s < (L+b—o)+5=30-0)+1,

Lo =

tur d6 suy ra

1
avV1l+b—c< g(ab—ca)—i-a.

Cong bat dang thic nay véi hai bat déng thic tuong tu, ta c6 ngay diéu phai ching minh.
1

Diang thitc xay ra khi vi chi khia =b=c = 3 O

5.3 Ky thuat “Bernoulli ngugc”

Nhu ta da biét, bat ding thiic Bernoulli cho phép danh gia s6 mii 16n duong troi hon sé mii bé
duong, nhung trong da sb6 bat ding thitc, nhat 13 nhitng bat dang thitc manh, ta can nhing
danh gia ngugc lai. Khi d6, mot ki thuat nhé nhung néu khong chi y sé khong thé danh gia
cac bat déng thic ngugc chieu. Tac gid dat ten 1a ky thuat Bernoulli nguoge, day ciing 1a ki
thuat ma tac gid tam dac nhat.

Vi du 26. Chitng minh rang vdi moi a, b € (0, 1), ta cé
b a
a’ +b* > 1.
Lot GIAL Day la bai toan kha noi tiéng, dac trung cho bat déng thic Bernoulli. Tuy nhién
néu mot lan nhin qua, that tiéc 1a sé mit a, b déu nhé hon 1 nén bat ding thiic sé ngugc chiéu.
Nhung chi can mot k§ thuat nho, ta co thé giai quyét van dé nay.

Ap dung bt ding thic Bernoulli, ta ¢6

b 1 1 a a
= Nb 2 1 T utb—ab  a+b
(1> 1+b(—1> a a a
a a
. . b b a b
Tuong tu, ta cing c6 b* > ——. Do d6 a’ + b* > + =1. O
a+b a+b a+b

Nhu thé néu truong hgp s6 mil cho ra bat déng thitc ngugc chiéu thi ta sé xét nghich dao ciia
biéu thitc can danh gia. Dé r6 hon vé k§ thuat nay, ta xét tiép vi du sau day, ma theo téc gia
viéc st dung Bernoulli ngugc rat trong sang.

Vi du 27 (MOP 2002). Chitng minh ring bat ding thitc sau ding véi moi a, b, ¢ duong

2 \ 3 % \ 3 2% \ 3
+ + > 3.
b+c c+a a+b
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LOT GIAL V6i s6 mii 1, bai toan 14 bat ding thiic Nesbitt quen thudc. Tuy nhien, day 1a s6 mii
2 :x gz ) 2, a2 L. gz < 1z
3 va cong viéc ctia ching ta la chuyén vé so mii 1, khi d6 bat dang thic sé trai dau. Vi the ta

sé ap dung ky thuat Bernoulli ngugc. Ta c6
2
b+c)3 <g b+c +1: a+b+c'
2a 3\ 2a 3 3a

2a 5 3a
> .
b+c “a+b+c

Cong bat dang thiic nay vé6i hai bat ding thitc tuong ti, ta dugce

2% §+ % §+ % §23m+%+3c:3
b+c c+a a+b at+b+ec

Diang thitc x4y ra khi v& chi khi a = b = c. O

T day suy ra

Trong trudng hgp téng quat, ta cé bai toan sau.
Vi du 28. Cho a, b, ¢ la cic s6 thuc khong am théa mén ab + be + ca > 0. Chiing minh rang

vdi mot n > 2, ta co
a . b c
1 + 1/ + 7 > 2.
b+c c+a a—+
1

LOI GIAL Vé trai c6 dang mii — rat nhé so vdi bac 0 & vé phai khi n cang 1én. Do dé, theo
n

tac gia, bai toan nay 1a sy 4p dung tinh té ctia ki thuat Bernoulli ngude két hop véi ky thuat
danh gia chénh léch 1y thiua.

Néu trong ba sb a, b, ¢ ¢c6 mot s6 bing 0, gia stt a = 0, khi d6 bat dang thitc trd thanh

b
¢ﬁ+_v2227
C

hién nhién ding theo bat ding thitc AM-GM.
Xét truong hop a, b, ¢ > 0. Ap dung bat ding thitc Bernoulli, ta c6

/| a 1 1 PP P
” = - > 5 (danh gia sO mi — sang s6 mi —).
btec <b+c>n 1<b+c>n n n

1
2 2

a a

Ngoai ra, ta cting chiing minh duge (b + c)% <br +cn (ciing bang bat dang thiic Bernoulli).
Do d6, két hop véi trén, ta duge

L oa S 1 _ 2a%
Vb+c™ 1ba+cer 1 anm+bs +cn

2 2 3

Cong bat dang thiic nay véi hai bat ding thiic tuong ty, ta thu dude ngay két qua can chiing
minh. Ding thitc xay ra khi va chi khi trong ba s6 a, b, ¢ c6 mot sd bang 0, va hai s6 con lai
bang nhau. O

Sau day 1a mot bai toan c6 dang tuong tu.
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Vi du 29. Cho a, b, ¢ la do dai ba canh ciia mot tam gidc. Chitng minh rdng

3 3a 2 3 3b 2 3 3c 2 3 3
S S — ) > 2V
\/<3b+3c—a> +\/<3c+3a—b> +\/<3a+3b—c> _5\ﬁ

LO1 GIAL Bét dang thiic da cho c6 thé viét lai thanh

5701 + 571) + L >3
3b+3c—a 3c+3a—0 3a+3b—c/) T

Ap dung bat dang thiic Bernoulli, ta c6

[MIN]
Wi
Wl

1——:
5a +

3b+3c—a §<g 3b+3c—a 2 a+2b+2¢
-3 5a 3 5a ’

Do do
oa 3 S oa
3b+3c—a) ~a+2b+2c
Tt bat diing thitc nay va hai bat dang thic tuong tu, ta dua duge bai toan vé ching minh

a b c 3
+ + > .
a+2b+2¢c b+2c+2a c+2a+2b 75

Bat dang thiic nay ding vi theo bat dang thitc Cauchy-Schwarz, ta c6

a N b N c S (a+b+c)?
a+2b+2c b+2c+2a c+2a+2b " ala+2b+2c)+b(b+2c+ 2a) + c(c+ 2a + 2b)
B (a+b+c)?
~ (a+b+c)2+2(ab+ be+ ca)
> (a—l—b—2|—c)2 :3
(a—l—b+c)2+§(a+b+c)2 g
Diang thitc x4y ra khi v& chi khi a = b = c. O

Ky thuat Bernoulli ngugce thudsng duge ap dung véi bat déng thitc Cauchy-Schwarz rat hiéu
qua. Va day ciling 1a con duong dé sang tao bat dang thiic.

Vidu 30. Chon la so tu nhién lon hon 1 va a1, ag, ..., ap la cdc so thuc duong. Ching minh

ﬂ+%+...+aﬁ 2
‘las  as ar (a1 +ag+---+ap)

n T alagtagaz + - +anar + (n—1)(a} + a3+ +a2)

LOI GIAL R6 rang day la mot bat ding thiic c6 dang kha la ddi véi viec giai quyét bang cac
béat ding thitc thong thuong nhung day la mot dang rat co ban cho k§ thuat Bernoulli ngugc.

Ta sé chitng minh bat ddng thic manh hon

2
a a a nlay +ao+---+a
\V a2 \/ as al a1a2+a2a3+---+ana1+(nf1)(a1+a2+...+an)
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Ap dung bat ding thitc Bernoulli, dé thiy

Jfor_ 1 1 _ nai B na?
@2 az %_ﬂ+1_l az+(n—1a1  araz + (n—1)ai
;1 na n

Xay dung cac bat déng thitc tuong ti, cong lai va 4p dung bat dang thitc Cauchy-Schwarz, ta
c6 ngay diéu phai chitng minh. O

1 1 N
Vi du 31. C’h00<a§b§4vd7+521. Chiing minh rang
a

2 2 b
MaaQ—i-b—ab—b(ab—i—l—a) Zb(a—i—l—a) :Z(a—Z)QZO,néntfrtréntacé

4
3 a?
a?+b—ab
Vay ta chi can chitng minh
a? <b
b+a%2—ab ~

Bat ding thiic nay tuong duong vé6i (b+ a — ab)(a — b) < 0, hay

1 1 P
< + 7 1) (a —b) < 0 (ding theo gia thiét).
a
Déng thitc x4y ra khi va chi khi a = b. O

NHAN XET. Néu thay diéu kién chin 14 0 < @ < 1 < b thi bai todn van ding.

Vi du 32. Cho cic 6 duong x, y théa man x +y = 1. Chitng minh ring

x y
+ > V2.
Vi—-z J1—-y "~
LOI GIAL Ap dung bat déng thic Bernoulli, ta c6
S S|
20— @)  (q_pat ol
I-2)+5 y+g

T do6 suy ra

x >\/§x_ \/EZ‘Q
1—2 +1_ +1 .
— T —T

Ity Ty
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Tuong ty, ta ciing c6

y o V22
1 — 9 — 1 -
LV gy SV

Stt dung hai danh gia nay két hop vé6i cac bat dang thitc Cauchy-Schwarz va AM-GM, ta dugc

2 2 2
1‘7" + ly >va | L | 2 V2 CR)
Vi—z  Vi-y Ty + 5o wy+ gy 23:y+§(x+y)
2+/2 2v/2
V2 o 2v2 /3

T Ay 417 (x+y)?+1 -
Dang thic xay ra khi va chi khi x =y = 3 O

Vi du 33. Cho a, b, ¢ la cic s6 duong théa man ab + be + ca = 3. Chiing minh rdng vdi moi
n>1, ta co

WJb+e  Lle+a . la+d 6n/9(a? + b2 + ?)
+ + >

2a 20 2¢c “3n+1)+(n—1)(a®+b%+c?)

Lo1 GIAL Day la mot bat dang thitc sit dung phuong phap Bernoulli-Cauchy-Schwarz rat 16
vi cin bac n chuyén thanh s6 hang khién chiing ta dy doan sit dung Bernoulli ngugc va dang
clia biéu thitc vé phai rat quen thudc véi bat ding thiic Cauchy-Schwarz.

Ap dung bt ding thic Bernoulli, ta ¢6

./b+c 1 1 n(b+ c)
2a 2a \n L—i—l—l 2a+(n—1)(b+c)
<b—|—c) n(b+ c) n
n(b+ c)?

2a(b+¢) + (n—1)(b+¢)*
Tuong ti, ta cé cac bat dang thiic

nfetag n(c+ a)? na+b> n(a +b)?
2b T 2(c+a)+ (n—1)(c+a)?’ 2c T 2¢(a+0b)+ (n—1)(a+0b)*

Cong ba bat ding thiic lai va ap dung bat dang thiic Cauchy-Schwarz, suy ra

,\l/b+c+,\1/c+a+,\l/a+b> 4n(a+b+c)2
2a 2b 2¢c T 2(n—1)(a®+ 1>+ c?)+2(n+1)(ab+ be + ca)

B 2n(a+ b+ c)?
C(n—=1)(a2+ b2+ R)+3n+1)

Bai toan dugc quy vé chitng minh

(a+b+c)?>339(a2 + b2+ 2).
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Bat dang thiic nay ding theo AM-GM

(a+b+c)®=(a® +b*+c*) + (ab+ be + ca) + (ab + be + ca)
23‘\3/(612-1-192—|—c2)(ab+bc+ca)2:33 9(aZ + 0% + 2).

Vay bai toan dugc chitng minh xong. Déng thitc xdy ra khi va chi khia =b=c= 1. O
Vi du 34. Cho hai s6 duong x, y théa man x +y = 1. Tim gid tri nhé nhat clia biéu thic
P ="+ yv.

LOI GIAL St dung bat dang thitc Bernoulli, ta c6

1 1 1
(2'7})36: 1\° > 1 = 3 )
4 — . 1 — 2
<2x> By T+ x 5 T
1 1 1
- —. 1— °_
<2y> 7R

Nhan xét ring néu dén day ta cong vé theo vé hai bat ding thitc tréen lai thi vé trai vAn con
2% va 2Y § trude cac s6 hang. Nhung dic biét, tich hai “phan thita” nay lai bang 2. Do do6, ta
nhan vé theo vé hai bat dang thic trén, suy ra

IR R

P=a 4y > 2270 = V2. /2y > V2.

. 1
Dang thuc xay ra khi va chi khi x =y = 5 O

2" yY >

T day ta co

Vidu 35. Chon >1wvaa,b, cla cic s6 duong théa mdn

6 6 6
6 6 6 > 3.
\/a+3(n—1)+\/b+3(n—1)+\/c+3(n—1) -
7\1/5+ T\L/g+ r\z/§>3"
a b c— 2

LOT GIAL Ta c6 nhan xét: Véi n cang 1én thi s6 mil clia vé trai bat dang thiic can chitng minh

Chatng minh rdang

, 1 .
sé cang nhd, ta khong thé danh gia chénh lech véi 5’ ta sé danh gia chénh léch véi s6 mi 1.

Ap dung bat ding thitc Bernoulli, ta c6

31 1 3
a says 4 1 a+3n-1)
@
3 3n n
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Cong bat dang thitc nay vé6i hai bat ding thic tuong ti, ta suy ra

’\L/§+’\L/§+’\L/§>3n ! + ! + !
a b c a+3n—-1) b+3n—-1) c+3n—-1)]

P L1 az . 1

Dén day, ta sé sit dung bat dang thic Bernoulli danh gia v6i s6 mi 5

. 6 . 1 L5

a+3n—-1) ~a+3(n-1) 6

J6 1 s

b+3n—1) “b+3(n—1) 6’

. 6 _ 1 .5

c+3n—-1) " c+3n-1) 6

Cong ba bat ding thitc nay lai va sit dung gia thiét, ta dugc

1 n 1 n 1 . 1
a+3(n—-1) b+3(n-1) c+3(n-1) 2

T do, két hop v6i danh gia & trén, ta c6 ngay diéu phai ching minh.

Déng thitc xay ra khi v chi khia =b=c=3 van = 2.

Vi du 36. Chitng minh ring vdi moi x, y, z € (0, 1), ta cé

3
AR Te R 7

LOI GIAL Ap dung bat déng thitc Bernoulli, ta ¢6

Y 1 S 1 _ T T

= > .
<1>y—y+1y rty—ay Tty
T

Do dé

Danh gia tuong ty véi y, 2, ta suy ra

2 2 2
x z
x29+y22+22x>< ) +< Y ) +< )
r+y Y+ z z+x

Vay ta chi can chiing minh

2 2 2
T Y z 3
T+y Y+ z z+x 4
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Day 1a mot bat ding thic quen thudc va cé nhiéu cach chitng minh cho né. Xin néu ra & day

mot cach chitng minh phd bién: Dat a = Q’ b= E, c= E, ta c6 abc = 1 va bat ding thic trén
x z
duge viét lai thanh
1 n 1 n 1 S 3

(I+z)2 (1+y)? (1422 4

Stt dung bat dang thiic Cauchy-Schwarz, ta duge
1 + 1 S 1 n 1
2 2 = m
(1+2)2 (1+y) <1+x>(1+xy) (1+5)<1+xy)
Y
Y x 1 z

(x4 y)(1 +zy) + (z +y)(1+zy) - 142y BEESN

Tu do suy ra

1 1 1 z 1 24+z+1 3 (212 _3

5 + 5 + 5 = + 7 = =t 2

1+z)2 (1+4+y)? (Q+2) z+1  (1+42) (z+1) 4 4(z+1) 4
Bai toan dugc chiing minh xong. O

NHAN XET. Tt cAch chitng minh trén, ta c6 thé mé rong bai todn cho n bién: V6i moi z1, xo,
, Tn € (0, 1), ta 6

a7 4 D g2 > min{l, %} .
Thuyc hién cach lam tuwong ti nhu trén, dé thay rang ta chi can chitng minh
1 1 .
(14 a)? " (14 ag)? T (14 a,)? = mm{l, Z}

Phan chitng minh danh cho ban doc.

Vi du 37. Cho a, b, ¢ la ba canh ciia mot tam gidc. Chiing minh rdng

a n b n c -3
V22122 — a2 V22 +2a2 -2 2aZ+ 22 -2 T

LoO1 GIAL Bat dang thic da cho c6 thé viét lai thanh

342 2 . 302 2 . 32 2 -
202 + 2¢2 — a? 2¢2 + 2a2 — b? 2a2 + 2b% — ¢2 =

Ap dung bat ding thic Bernoulli, ta c6

1
202 + 2¢2 — @2 2<1'2b2+262—a2+1_1_a2+b2—|—02
3a2 -2 3a? 2 3a? '

T do6 suy ra
< 3a? > o 3a?
202 4+ 2¢2 —a?2) T a?+b%24c?
Cong bat dang thic nay véi hai bat ding thitc tuong tu, ta c6 ngay két qua can ching minh.
Déng thitc x4y ra khi v& chi khia =b = c. O
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Vi du 38. Chitng minh rang véi moi a, b, ¢ duong, ta déu cé

2a% +bc  2b* + ca 202+ab<\/(a2+b2—|—c2)(a+b+c)

a2+2bc+b2—|—2ca+02+2ab - abc

LOI GIAL Bai toan trén khong gidi quyét don gidn nhu cac bai toan truée vi trude dau bé hon
hoic bang 1d mot téng ham. Loi gidi nhu sau:

Ap dung bt ding thic Bernoulli, ta ¢6

2a2% + be 3 B 1 S 1 B 2a2% + be
3be S/ 3be N2 3_be 1 aP42bc
(M> 22a% +bec 2

Cong bat dang thitc nay vé6i hai bat ding thic tuong tu, ta duge

(1)

20 +be 202 +ca 22 +ab 2a% + be 2 2% + ca 2 2¢2 +ab 2
> - + 5 < =) +—
a®+2bc  b*+2ca ¢+ 2ab 3bc 3ca 3ab

Mat khac, theo bat dang thiic Cauchy-Schwarz, ta lai c6
242 + be 2 3 3 2
2. ( 3be ) = [2(2“2 “m)] 2 (Z 3bc> ( 2 +Zbc>2 (Z 3bc)
1 1
2 [(@++A)(a+b+e)]?
<3 Z ) <Z 3bc) - [ abe } ‘ @

Tit (1) va (2), ta c6 diéu phai chitng minh. Dang thiic xay ra khi va chi khi a = b = c. O

NHAN XET. C6 thé chitng minh dugc

2a2 + be 2b2+ca+202+ab>3
a2 +2bc  b242ca 2 +2ab T

That vay, sit dung bat ding thitc AM-GM, ta c6
2a” + be 20 +bc 1 3 3 a?
Za2+260 Z (a2—|—2bc 2) 5= iz:oﬂ—i—%c+
3 a® 3
>y % 423
- 2Za2+(bz+cz) 3

Nhu vay, c6 thé thay bai toan trén cho ta mot danh gia chit hon cho bat déng thic quen thuoc

N W

(@®> +v?>+c)(a+b+c)

> 9.
abe =

Vidu 39. Cho a, b, ¢ la cdc 6 thuc duong. Chitng minh rang

2 2
3 3

4¢% + (a — b)?
a? + 0% + % +ab

40 + (¢ — a)?
a? + 0%+ c? +ca

402 + (b — ¢)?
a? +b% + c* + be
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LOI GIAL Ap dung bat déng thic Bernoulli, ta ¢6

2

4a® + (b — ¢)? b 1 >4c12—|—(b—c)2

A+ ++be| [a2+b2+c2+bcf T b2 42+ 202
4a2 + (b — ¢)?

Danh gia tuong tu véi hai biéu thiic con lai, ta suy ra

2.

Vay ta chi can ching minh dugc

402+ (b—c)®  4b* + (c—a)?  4c* + (a—b)?

4a% 4 (b —¢)?
a? 4+ b2 + 2 + be

4a% 4 (b —¢)?
- b2 + 2 + 2a?

> 3.
202 + b% + 2 202 + % + a? 2¢2 + a2 4+ b2 ~
4a® 4 (b —c)? b 2 s . .
Do M =2 M(—:_b;)—i—cQ nén bat dang thic trén c6 thé dugce viet lai thanh
(b+c)? (c+a)? (a+0b)?

< 3.
202 +02+c2 202+ c2+a?  2c24a? 4062

Ap dung bat ding thitc Cauchy-Schwarz, ta c6
(b+c)? (b+c)? b? c?

= < .
202+ 02 +c2 (a? +b%) + (2 +a?) ~ Zr0E 21 a

T do6 suy ra

b 2 b2 2
Soarrra <X (mrmt e -
2a% + b2 + 2 a?+b2 2+ a?
Bai toan dugc ching minh xong. Déng thitc xay ra khi va chi khia =b = c. O

NHAN XET. C6 thé chiing minh duge két qua chit hon

2 2
4a? 3 4b? 3 4¢? 3
+ + >3
a? + b2+ c2 + be a?+ b2+ c2+ca a? + b2+ c2 +ab

Vi du 40. Cho a, b, ¢ la cdc s6 duong. Chiing minh ring

, 20a 3+ ] 200 3+ ] 20c P
2a + 9b + 9c¢ 2b + 9¢ + 9a 2c+9 +9 ) —

Lo1 GIAL Ta sé chitng minh bat déng thitc manh hon 1a

Wl

20a e 200 5 20c
)t () () =3
2a + 9b + 9c 2b+9¢c +9a 2¢c+9a + 9

Ap dung bt ding thic Bernoulli, ta ¢6

l\)‘l\?
Nits)

2a + 9b + 9c¢ %<@ 2a+9b+90+1_@_a+b+c
20a - 27 20a 27 3a
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tur d6 suy ra
20

20a 27 S 3a
204+90+9) T a+b+c
Cong bat dang thiic nay v6i hai bat ding thitc tuong tu, ta thu duge két qua nhu tren.
Déng thitc x4y ra khi va chi khia =b = c. O
NHAN XET. Ngoai cach giai nhu trén, ta ciing c6 thé chiing minh truc tiép bat ding thic gbc
bang ki thuat Bernoulli ngugc va bat dang thic Cauchy-Schwarz.
6 Bai tap dé nghi

Bai tap 1. Chiing minh réng v6i moi n > 1, ta c6

"*Wz";

1

Bai tap 2. Ching minh ring véi moi n nguyén duong, ta c6 bat dang thiic
1
1< Yn<2——.
n
Bai tap 3. Cho a, b, ¢ 1a do dai ba canh clia mot tam giac. Chiing minh rang

a L b N c > 9 a . b i c
b+c—a Vec+a—0> a+b—c b+c c+a a+b/’

Bai tap 4. Cho a, b, ¢ 1 cac s6 thiyc duong. Chitng minh ring

2a +\/ 2b +\/ 2¢ >(a+b+c)2

b+c c+a a+b T aZ+b24c2

Bai tap 5. Cho a va b 1a cac s6 thyc khong am théa man a + b = 2. Chitng minh réng
a—b\?

Bai tap 6. Cho hai s6 duong a, b thdéa man a + b = 2. Chitng minh réng

a“+bb22—|—g(a—b)2.

Bai tap 7. Cho x1, 29, ..., 2, 1& cac s6 thyc duong. Chitng minh rang

(@2 +1)(22+ 1) (22 +1) N n"2
(w1+x2+-+x,)2  — (n—1)n1

Bai tap 8. Cho a, b, ¢ 1a cac s6 duong théa man dieu kién 2a + 3b + 4c = 5. Tim gia tri nho
nhat cia bidu thitc P = 2aV2 4 3bV2 + 4¢V2.

Bai tap 9. Chiing minh réng v6i moi a, b, ¢ duong, ta déu co6

abJrc + bc+a + ca+b > 1.
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ENLIGHTENING TRIGONOMETRICAL
SUBSTITUTIONS

Vardan Verdiyan - Daniel Campos Salas

Trigonometry has always been an indivisible part of algebra. There are certain algebraic
inequalities deemed to be highly complex; yet the use of substitutions as a key unques-
tionably makes them look more straightforward. Moreover, trigonometrical substitutions
create such amazing results along the process of reducing the problem that immedi-
ately leads to a direct solution. Besides, trigonometrical functions have some well-known
properties that are highly useful while solving inequalities. As a result, many algebraic
problems can be solved easily using a trigonometrical substitution. The article aims to
present some of such sustitutions.

Initially, we start this paper introducing the readers to these substitutions. After that
we will present some well-known trigonometrical identities and inequalities that are
highly constructive while solving algebraic inequalities with the help of trigonometrical
substitutions. Last but not least, we will discuss and introduce some Olympiad problems
to the readers.

1 Lemmas on identities

Lemma 1. Let o, 3, v be angles in (0, 7). Then, we have «, B, v are the angles of a
triangle if and only if

B B, v Y

tan%tan§+tan§tan§+tan§tan% =1.

PROOF. Since 0 < a+f < 2, it follows that there exists an angle in (—m, 7), say 7/, such
that a4+’ = . Using the addition formulas and the fact that tan x = cot (g — a:) ,

we have
!~ tan & tan 2
,}/_ O“i‘ﬁ_ an2 an2
tan — = cot = .
2 2 tang+tané
2 2

From this it results that

B, o Y, o« (1)

tan%tang+tan§tan§+tan§tan§:1.

Now suppose that

tan%tang+tan§tan%+tan%tan%:1, (2)

for some «, 3, v in (0, 7).

141
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We will prove that v = 4/, and this would imply that «, 3, 7 are the angles of a triangle.

From (1) and (2) it follows that tan% = tan%. This implies that — = kn for
some nonnegative integer k. But
1 <|3|+ T <a
2 12 ’
so it follows that & = 0, this is v = v/, as desired. O]

Lemma 2. Let a, 3, v be angles in (0, 7). Then, we have a, B, v are the angles of a
triangle if and only if

sin? 3 —1—51112 g + sin? 5 —|—2sm%sm§sm% =1.
PROOF. Since 0 < o + 8 < 27, it follows that there exists an angle in (—m, 7), say 7/,
such that o + g 4+ +' = 7. Using the product-to-sum and the double angle formulas, it
results that

/ /
sin2l—|—25ingsinésinl:COSOH—B cosa+ﬁ+251ngsiné
2 2 2 2 2 2 2 2
_COSa+B COSa+B+ Cosa_ﬁ—cosOH—B
B 2 2 2 2
a+p a— L3 cosa+cosf
= cos cos =
2 2 2
(1 — 2sin? 5) + (1 — 2sin —)
B 2
. B
—1— 2 - 2 M
sin sin” 5,
and this proves that
/ /
sin2%+sin2§+sin2%+2sin%sin§sin%:1. (1)
Now suppose that
sinQ%—|—sin2§+sin2%+2sin%sin§sm% =1, (2)

for some «, 3, v in (0, 7).

We will prove that v = 4/, and this would imply that «, (3, v are the angles of a triangle.
From (1) and (2), it follows that

! /
sin? Y —sin? L+ 2sin Csin 2 (sin ) —sin L) =0,
2 2 2 %1y 2 2
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this is,

/ /
(Sin% — sin %) (sin% + Sin% + 2sin % sin g) =0.
The second factor equals

/ p— p—
sin%+sin%+cosa25—cosa;5:sin%—l—cosazﬁ,

/
which is evidently greater than 0. It results that sin% = sin %, and this implies that

~v =~ and the proof is completed. O]

Lemma 3 (Half-angle or Briggs formulas). Let ABC' be a triangle, then,

A (s =b)(s—c¢)

sinE = and cos — = M.

be 2 be

PRrOOF. From the cosine law and the double-angle formulas, we have

A 1—-cosA 2bc—(VP+c*—a?) a®—(b—c)?

g A _
Y 2 dbe 4be

_(a+b—c)la—b+c) (s—b)(s—c)

N 4bc N bc ’
from where we conclude sin — = (S_b;& Analogously it can be proven that

c
A s(s —a)
cos o =\~

and this completes the proof. O

2 Substitutions and Transformations

T—aQ T— T—
B: O:
2 2 2

implies that A+ B+C=m,and 0< A, B, C' < g This shows that A, B, C are

angles of an acute angled triangle. Note that

T1. Let a, 5, v be angles of a triangle. Let A =

, this

Q@ Q@
cyc (sin 5 = 08 A) ,  cyc (cos 5= sin A) ,
Q Q
cyc (tan 5= cot A) , cyc (cot 5= tan A) ,
where by cyc we denote a cyclic permutation of angles.

T2. Let x, y, z be positive real numbers. Then, x + vy, y + 2z, 2z + x are the sidelengths
of a triangle. Thisis x +y+ z = s and (x, y, 2) = (s —a, s — b, s — ¢) for some
triangle ABC' with sidelengths a, b, ¢ and semiperimeter s.
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S1.

S2.

S3.

S4.

S5.

S6.
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Let a, b, ¢ be arbitrary positive real numbers, such that ab+ bc+ ca = 1. The fact

that for x € (0, g) , tan z takes all values from R*, and Lemma 1 allows us to
substitute

a=tan —, b=tan— c:tang

2’ 2’ 2’

where A, B, C are the angles of an arbitrary triangle ABC.

Applying T1 to S1 we have that if a, b, ¢ are arbitrary positive real numbers, such
that ab + bc + ca = 1, then we can perform the substitution

a=cotA, b=cotB, c¢=cotC,

where A, B, C' are the angles of an acuted angled triangle ABC.

Let a, b, ¢ be arbitrary positive real numbers such that a + b 4 ¢ = abc. Dividing
1 1 1
by abc it follows that — + — + — = 1. Due to S1 we can make the substitution
bc  ca ab
1 ¢ A 1 ¢ B 1 ‘ C
_=tanz, - =tan_, -—=tan_,
this is
A B C
a = cot —, b:cotg, c:cotg,

where A, B, C' are the angles of a triangle ABC.

Applying T1 to S3 we have that if a, b, ¢ are arbitrary positive real numbers such
that a + b+ ¢ = abc, then we can perform the substitution

a=tanA, b=tanB, c=tanC,
where A, B, C are the angles of an acuted angled triangle ABC.

Let a, b, ¢ be arbitrary positive real numbers such that a® 4+ b + ¢ + 2abc = 1.
Note that since all the numbers are positive, it follows that a, b, ¢ < 1. The fact

that for z € (0, 7), sing takes all values from (0, 1), and Lemma 2 allows us to

substitute
A B C

a=sin—, b=sin—, c¢=sin—,
2 2 2
where A, B, C are the angles of an arbitrary triangle ABC.

Applying T1 to S5 we have that if a, b, ¢ are arbitrary positive real numbers such
that a® + b + ¢ + 2abc = 1, then we can perform the substitution

a=cosA, b=cosB, c¢=cosC,

where A, B, C are the angles of an acuted angled triangle ABC.
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S7. Let x, y, z be positive real numbers. Applying T2 to the expressions

\/(x +y@§§x +2) \/<y + z?(Ey +x)’ \/(z +xg§?z +y)’

this can be substituted by

VRN e

where a, b, ¢ are the sidelengths of a triangle. According to Lemma 3, these ex-
pressions equal

A . B C
sin—, sin—, sin—,
2 2 2
where A, B, C' are the angles of a triangle ABC.

S8. Analogously to S7, the expressions

\/x(x+y+z) \/y(x+y+z) \/z(m+y+z)
(z+y)(z+2) (y+2)(y+=) (z+2z)(2+y)

can be substituted by

A B C
COS o, COS—, COS
where A, B, C' are the angles of a triangle ABC.

3 Some well-known inequalities

For any triangle ABC, we have that

A B C 3
® cos A+ cos B+ cosC <sin— +sin — +sin — < —;
2 2 2 2
B C  3V3
osinA+sinB+sinC§cos——i—cosE—i—cosE§%_;
B cC 1
Acos Bcos(C < sin — sin — sin — < —:
e cos A cos B cos _81n2s1n251n2_8,
B C  3V3
° SinASinBSinCSCOSECOS§COS§ < %_;

A B C
. cot§+cot§+cot523\/§;

Vv

A B
o cos? A+ cos? B + cos? C' > sin? 3 + sin? 5 + sin?

[ Qo Q

IN
o s w

A B
e sin? A + sin? B + sin? C' < cos? 3 + cos? 3 + cos?
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A B C
. cotA—i—cotB—FcotCZtanE—l—tanE—|—tan§ > /3.

For acute-angled triangles, we have that

A B C
° SeCA—l—SGCB—i-SeCCZCSC§+CSC§+CSC§ > 6;

e sinA+sinB+sinC > 2;

o cos? A+ cos?B+cos’C < 1;

A B C
o tan A+ tan B + tanC > Cot§+cot§+cot§ > 34/3.

4 Some well-known identities

For arbitrary angles «, 3, v, we have that

a+p . B+v . v+«
sin 5 sin 5 :

° cosa+cosﬁ+cosy+c0s(a+@+7):4008@‘55@85;70087;&;

e sina +sin 4 siny — sin(a + S+ ) = 4sin

e cos(a+[+7) = cos acos ff cosy—cos asin [ sin y—sin v cos [ sin y—sin asin 3 cos 7.

For any triangle ABC, we have that

A, B C

° cosA+cosB—|—cosC:1+4sin§singsin By
B C
° SinA+SinB+SinC:4COSECOSECOS BY

e sin2A +sin2B + sin2C' = 4sin Asin Bsin C;
o —(cos2A+ cos2B + cos2C) = 1+ 4cos Acos B cosC}
e 3 —2(cos®* A+ cos? B+ cos’> C') = —(cos 2A + cos 2B + cos 20');

e sin? A+sin? B+sin?C =2+ 2cos Acos BcosC.

5 Applications

Problem 1 (Poland 1999). Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 1.
Prove the following inequality

a? + b + % + 2v3abe < 1.
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SOLUTION. Let us denote cyc (x = \/%) . This implies that cyc(a = yz). The problem
turns to prove the inequality
(2y)® + (y2)* + (22) +2v3xyz < 1,
given that xy + yz + zx = 1, where z, y, 2z are arbitrary positive real numbers.
Note that the inequality is equivalent to
(zy +yz + 22)? + 2V3xyz < 1+ 2xyz(z + y + 2),
V3<azty+z

A
Perform the substitution S1: cyc <x = tan 5) , where A, B, C are the angles of a tri-

angle. So the last inequality is equivalent to
A B C
tan§ —i—tanE +tan§ > \/§

x .
Since the function tan 5 is convex on (0, 7), it follows from Jensen’s inequality that

A B A+ B
tan§+tan5+tan§ ZBtan%—w:?)'g:\/g,

and this completes the proof. ]
Problem 2 (Crux Mathematicorum). Let x, y, z be positive real numbers. Prove that
x Yy z
N ) s IR/ s R MRV e [
SOLUTION. The inequality is equivalent to
1 ! ! <1.

+ + <
1+\/($+y)gx+2) 1+\/(y+2)(y+fv) 1+\/(z+x)(z+y)

T y? 52

Since the inequality is homogenous we can assume that xy + yz + zx = 1. Perform the

<1

A
substitution S1: cyc | z = tan 5) , where A, B, C' are angles of a triangle. Note that

t A+taB ta A+ta€
(@+y)(z+z) 2 Y Y

2 o o A’
r tan? — sin? =
2 2

and similar forms for the other terms. Then, the inequality is equivalent to
A . B . C
sin o .\ sin . sin - -
l+sin D 14sinl 14sml
2 2 2

)
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that is
5 < 1 1 1
14 A+1+‘ B+1+' ¢
S — S1n — Sin —
2 2 2

A c 3
On the other hand, using the well-known inequality sin 5 +sin 5 +sin £l < 2 it follows

from Cauchy-Schwarz that

5 < 9 < 1 1 1
" (11sind |+ sin 2 14 sin & _1+mé+1+m§+1+m€’
—|—sm§ + —i—smE + —1—51115 S 9 S 5 S 5
and the proof is completed. n

Problem 3 (Nesbitt’s Inequality). For any positive real numbers x, y, z prove the
following inequality
x Y z
+ +
yt+z z+x THY

>3
-2

Yz
(z+y)(z+2

A
SOLUTION. Perform the substitution S7: cyc (\/ ] = sin 5) , where A, B,

C are angles of a triangle. Note that

\/ Yz \/ 2T A B

s NEryeragVrayra) shgsng

Ty \/ Ty B SmQ ’
(z+y)(z + ) 2

and similar forms for the other terms. So, we have to show that

. A . B . B . C . C A
S1ln — Sin — S1ln — S1n — Sl — S1n —
279 27 9 2792 3
| t—a Tt B 2y
S1n 2 S1n 2 Sin 2

Using the known inequalities

A B C _3
(u+v+w)? > 3(uv +vw + wu), sin’ . +sin25 + sin? B > 7
it follows that
A B _B._C _C _ A\°? ,
sin —sin —  sin —sin —  sin — sin — A B C 9
sin - sin o sin —

Taking square root of each side the conclusion follows, and the proof is completed. [
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1 1 1
Problem 4 (Iran 1997). Let z, y, z > 1 such that — + — + — = 2. Prove that
xr Yy z

Vi—1+y—1+vV2—-1<Va+y+z

SOLUTION. Let (z, y, z) = (a+ 1, b+ 1, ¢+ 1), with a, b, ¢ positive real numbers. Note
that the hypothesis is equivalent to ab+ bc+ ca + 2abc = 1. Then, we have to prove that

Va+vVbh+e<vVa+b+c+3.

Squaring the inequality and cancelling some terms yields

\/%+\/E+\/Egg.

A B C
The hypothesis and S5 allow us to take (ab, be, ca) = | sin? 2 sin? > sin? E) , where

ABC' is an arbitrary triangle. Then, we have to show that
C
2 = 2

which is well-known, and the proof is completed. O

sinE + sinE ~+ sin

Problem 5 (Open Olympiad of FML No-239, Russia). Let a, b, ¢ be positive real num-
bers such that a + b+ ¢ = 1. Prove the following inequality

\/ ab +\/ be n ca <3
c+ ab a+ be b+ca — 2

SOLUTION. The inequality is equivalent to

ab n bc n ca <3
cla+b+c)+ab ala+b+c) + be bla+b+c)+ca ~ 2

or

ab n be n ca <§
(c+a)(c+b) (a+d)(a+c) (b+c)(b+a) ~ 2

: . . . A . B . C
Using S7 we can substitute the three terms for the expressions sin 7 sin 5 sin 7 So,

we have to prove that

DN o

A L B i C <
sin — + sin — + sin —
in 2 in ino <
which is well-known, and the conclusion follows. O

Problem 6 (Romania 2005). Let a, b, ¢ be positive real numbers such that
(a+0)(b+c)(c+a)=1.

Prove that
ab + bc+ ca <

o
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SOLUTION. Let us notice that our inequality is equivalent to

(ab + be + ca)® < (%) [(a+b)(b+c)c+a).

Since the last inequality is homogenous, we can assume without loss of generality that
A
ab + bc + ca = 1. Perform the substitution S1: cyc | a = tan 3 ) where A, B, C' are the

angles of a triangle. Then the inequality is equivalent to show that

(%)3 <[(a+b)(b+c)(c+ a)]z-

On the other hand,

C A B
COS E COS 5 COS 5
(a+0)b+c)(c+a)= | —2—5 e -
COS B COS 5 COS 9 COS 9 COS 9 COS 9
B 1
A B O
COS 9 COS 9 COS 9

It suffices to prove that

43< 1
3) =\ A B C|°

COS — COS — COS —

2 2 2
or
cosécosﬁcosg < ﬁg
2 2 2~ 8
which is well-known, and the conclusion follows. O

Problem 7. Let x, y, z be positive real numbers such that vy + yz + zx = 1. Prove that

Ty 2¢(1—2%)  2y(1 —9%)  22(1 — 2?)
1+£L'2 1+y2 1_|_22 — (1_|_x2)2 (1+y2)2 (1_|_22)2 :

A
SOLUTION. Perform the substitution S1: cyc (x = tan 5) , where A, B, C' are angles
of a triangle. Note that

T A A 2e(1-2%)
m:sln§COS§’ (:l—i_—xz)QZSIHACOSA,

and analogous forms for the terms y, z. Then the inequality is equivalent to show that

A A B B C C
sinacosa%—sinicosg +SinECOS§ > sin A cos A + sin B cos C' + sin C' cos C,
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or
sin A+ sin B +sinC > sin2A + sin 2B + sin 2C'
C
From the well-known identities sin A + sin B + sin C' = 4 cos 5 €08 5 COS o and
sin2A + sin 2B + sin 2C' = 4 sin Asin B sin C,|
it follows that the inequality is equivalent to prove that
A B
cos — cos — cos — > sin Asin Bsin C,
2 2 2
or
1 . A . B C
— > sln — sin — sin —.
8 2 2 2
The last inequality is well-known and the conclusion follows. O]

Problem 8. Let x, y, z be positive real numbers. Prove the following inequality

Vel +2) + Vi + o) + Valo+ )| vaTy Tz 2 2/ - )y + )G + o),

SOLUTION. Rewrite the inequality as

r(z+y+z) y(r +y+2) Az +y+2)
\/(x+y)(x+z)+\/<y+z>(y+x) +\/(Z+$)(Z+y) > 2.

Applying S8 to the inequality, it follows that we have to prove that

o B gl
@ L I>9
Cos 5 +Cos2 +0052 > 2,
T—«
2 Y
where A, B, C are angles of an acute-angled triangle. So, the inequality is equivalent to
prove that

where «, (3, v are angles of a triangle. Perform the transformation T1: cyc | A =

sin A +sin B +sinC > 2.

On the other hand, using the fact that A, B, C are angles of an acute-angled triangle
and the well-known identity

sin? A 4 sin? B + sin® C' = 2 + 2 cos A cos B cos C,
we have that
sin A + sin B + sin C' > sin? A + sin? B +sin? C' = 2 4 2 cos A cos B cos C' > 2,
which completes our proof. O

REMARK. The inequality sin A+sin B+sin C' > 2 has other different proofs. For example,
suppose without loss of generality that A > B > C. From the fact that

(G5 0) =180
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and that the function sin x is concave on (0, 7), we can apply Karamata’s inequality to
obtain that - -
sinA+sinB+sinC > sin§ —|—sin§ +sin0 = 2.

Another approach is to use Jordan’s inequality for acute angles, this is

2
sina > —a, Va € (O, z).
s 2

Problem 9 (Turkey TST 2006). Let x, y, z > 0 and xy + yz + zz = 1. Prove that

%(z—i—y)(y—i—z)(z—km)z (VeFy+Vutz+veta) >6V3.

A B C
SOLUTION. Perform the substitution S1: (x, y, z) = (tan X tan o tan 5) , where A,

B, C' are angles of a triangle. Note that

C

A B COSE
x+y:tan§+tan§:ﬁ,
COS — COS —
2 2

and analogous forms for the terms y + z, z + x. Then, the inequality is equivalent to

2

C A B
27 COS 5 COS 5 COS 5 \/_
LA B_C° A Bt B C* oA =0
COS — COS — COS — COS — COS — COS — COS — COS — COS —
2 2 2 2 2 2 2 2 2

We will prove first the left hand side inequality. From Cauchy-Schwarz we have that
3(a® + b+ ) > (a+ b+ ),

then it suffices to prove that

A B

27 COS E COS E COS E
A B o= "a BT B T C A4
4 cos — coS — cos — COS — COS — COS — COS — COS — COS —
2 2 2 2 2 2 2 2 2

9 A B
This inequality is equivalent to 1 > cos? = + cos? — + cos?

5 5 o> which is well-known.

Now we will prove the right hand side inequality. From the inequality
(a+0b+c)® > 3(ab + be + ca),

it suffices to prove that

COS —  COS—  COS—
2 2 2
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From Cauchy-Schwarz and Jensen’s inequalities, we have that

1 1 1 S
At Bt ¢~
cos —

COS —  COS —
2

9 9
COS — COS — COS — -
B 5 S S S 3 2

2 2 2
as desired.

O
Problem 10 (Crux Mathematicorum). Let a, b, ¢ be positive real numbers such that
a+ b+ ¢ = abc. Prove that

a®(bc — 1) + b°(ca — 1) + ®(ab — 1) > 54V/3.

SOLUTION. The hypothesis and S3 allows us to perform the substitution

A B C
(a, b, ¢) = | cot —, cot —, cot — | .
2 2 2

We will prove more, namely, that for any nonnegative real number k the following
inequality holds

a®(be — 1) 4+ v¥(ca — 1) + Flab— 1) > 2. 35+,
Note that

cos B+c
A B A
a¥(be — 1) = cot” 5 (cot — cot c_ 1) = cotf

2. 2
2 2 2 singsing
2 2
coské
2

A B _C

sin 5 sin — sin —

2 2
Then, from AM-GM it follows that

cot — cot — cot —
2

- A B _C\"' A. B . C
(sin 5 sin — sin —)

A B CO\F A B C\"
COS 5 COS 5 COS 5 .
Z&k(bc— 1) >3°

sin — sin — sin —
9 9 2 2
B C A B C 1
From the inequalities cot 3 cot 5 cot 5 > 34/3, sin 3 sin 5 sin — < — it follows that

A B C\"
, cot500t500t5
/3% g 9. 35H
3 A4 B C >3V3 8=2-3 ,
sln — sin — sin —

2 2 2

as we wanted to prove.
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Problem 11 (Mathematical Reflections). Let a, b, ¢ be positive real numbers, such that
a+ b+ c+ 1= 4abc. Prove that

1+1+1>3> 1 n 1 n 1

a b ¢ T Vab Vbe Vea

SOLUTION. Rewrite the condition as
1 1 1 1

e Tea T Tae

This and S5 implies that we can take

1 1 1 A B C
— —, — | = 281n2—, 281n2—, 2sin? — ,
be’ ca’ ab 2 2 2

for an arbitrary triangle ABC. Note that this implies that

. B . C . C A B A
(1 1 1) 281n§s1n— 2sin —sin —  2sin — sin —

R 2 2 2 2 2
a’ b c siné | sinE | sin —
2 2 2
Then, we have to prove that
. B . C . C A . B A
sin —sin —  sin —sin —  sin — sin —
3 A B C
,2A2+ ,2B2+ 2022§Zsin§+sin5+sin5.
sin — sin — sin —
2 2 2

The right hand side inequality is well-known. The left hand side inequality has already
been proved in Problem 3, and we are done. O

Problem 12 (Iran 1996). Let z, y, z be positive real numbers. Prove that

(xy +yz + zx)

1 1 1 }

9
Gro? T v GroEl T4

SOLUTION. Since this inequality is homogenous we can assume without loss of generality

that zy+yz+ zx = 1. Perform the substitution S1: (z, y, z) = (tan %, tan g, tan %) ,
where «, (3, v are angles of an acute angled triangle. So the inequality is equivalent to
1 n 1 + 1 S 9
tang+tané : tané—ktanz : (tan1+tang>2 o4
2 2 2 2 2 2
or 5 8
cos? % cos? B cos? 5 cos? % cos? % cos? % 9
+ « + > Z (1)

~
cos? 3 cos? 5 cos2 B



ENLIGHTENING TRIGONOMETRICAL SUBSTITUTIONS 155

™=

Perform the tranformation T1: cyc (A = , where A, B, C are angles of an acute

angled triangle. Thus the inequality is equivalent to
sin Asin B\® (sinBsinC\> (sinCsinA\”> _ 9
—— ) =) () =+
sin C' sin A sin B 4
Suppose without loss of generality that g > A> g Rewrite the inequality in the form

fA(A, B, O) > = +2(sin® A + sin® B +sin® O,

>~ ©

where . . . . . .
sinAsin B sinBsinC  sinCsin A

sin C' + sin A + sin B
From Jensen’s inequality we have that

f(A, B, C) =

B+C A
sin? B + sin? C' < 2sin? C_ 2 cos? 7 (2)
From AM-GM and (2) we have that
: : s A
sin Bsin C' < cos 7 (3)

Consider the difference

B-C

A

) 2 c 2
B+C B4C sin 4 sin Asm§ 1
d= f(A, B, C)_f(A’ 92 2 )_ sin A sin BsinC 2

Since g >A> g, note that (3) is equivalent to

A
4sin? Asin® =
sin Bsin C

Hence d > 0, so we only need to prove that

j2(q BHC BiC
T2 T 2

A
> 16sm45 > 1.

9
) 27+ 2(sin® A + sin? B + sin® C).
By (2) we have that
. 2 . 9 .2 ) 2 A
sin® A 4+ sin” B + sin“ C' < sin”“ A + 2 cos X

so it is enough to prove that

B+C B+C 9 A
2 > 2 in2 22 ).
f (A, 5 5 >_4—|—2(sm A+ 2cos 2)
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This inequality is equivalent to

2
cos4é 9 A
2sin A + sinj 21+2<Sin2A+2cos2§),

or

cos A(cos A +1)(2cos A —1)* > 0,

which is true, because A is an acute angle, and this completes our proof. O

Problem 13 (MOSP). Let x, y, z be nonnegative real numbers such that xy+yz+zz = 1,
and no two of them are equal to zero. Prove the following inequality

1 1 1
+ +
r+y y+z z+x

3
> —
-2

SOLUTION. Since this inequality is symmetric, we can assume without loss of generality
that x >y > 2. If 2z =0 it results zy = 1 and our inequality is equivalent to

1 1 1 5
_+_+ 2_7
r Yy x+y 2
or 5
(z+y)°+12S(@+y),
or

1
<x+y—§>@+y—Q)ZQ

which is true because we have x +y > 2,/ry = 2 from AM-GM.

Let assume that x, y, z are positive real numbers. Perform the substitution S1:

=1 -
cyc { xr an
Y 9 )

where A, B, C' are the angles of triangle ABC'. Note that

A B A B

COS — COS — COS — COS —

L "o 9 79709

Tty sinA+B cosg ’
2 2

and similar expressions for the other terms. Rewrite the inequality as

A B B C c A
COS 5 COS 5 COS E COS 5 COS 5 COS E 5
COS — COS — COS —



ENLIGHTENING TRIGONOMETRICAL SUBSTITUTIONS 157

Squaring both sides we get

A B
2 2
cos® — cos® — , A
2

Z —l-QZco

25
=
cos2

Using the inequality (1) from Problem 12 it is enough to prove that
A B C
cos? = 4 cos? — + cos® — > 2,

2 2 2

which is true because

cos’ é + cos? E + cos? g =24 2sin—sin —sin— > 2
2 2 2 2 2 2 =7
The proof is completed. O

Problem 14. Let a, b, ¢ be positive real numbers, with a, b, ¢ € (0, 1) such that ab +
bc 4+ ca = 1. Prove that

a N b N c >3 1—a2+1—b2+1—c2
1—a2 1—-02 1—¢2 14 '

a b c
o A
SOLUTION. Perform the substitution S1: cyc [ a = tan 5 ) where A, B, C are angles of

B C
a triangle. Since a, b, ¢ € (0, 1) it follows that tan oL tan 2 tanE € (0, 1), this is A,
B, C are angles of an acute angled triangle. Note that

) A
Cyc a _ Sin 5 COS 5 _ tanA
1 —a? cos A 2

So the inequality is equivalent to show that

3 3

tan A + tan B 4 tan C' >
anAttan Bt e 2 e T anB | tanC’

or
tan Atan B tan C'(tan A 4 tan Btan C') > 3(tan Atan B + tan Btan C + tan C' tan A).
Applying T1 to Lemma 1, since A, B, C' are angles of an acute-angled triangle we have
tan A + tan B + tan C' = tan A tan B tan C.
So, it is sufficient to show that
(tan A + tan Btan C)? > 3(tan Atan B + tan B tan C + tan C tan A).
This inequality reduces to
(tan A — tan B)? + (tan B — tan C')? + (tan C' — tan A)* > 0.
The proof is completed. O
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Problem 15 (Mathematical Reflections). Let a, b, ¢ be positive real numbers. Prove
that the following inequality holds

b+ c c+a a+b 16(a+b+c)?
\/a +\/ b +\/ c Z\/(a—l—b)(b—i—c)(c—i—a)‘

SOLUTION. Note that the inequality is equivalent to

(a+b)(c+a) (b+c¢)(b+a) (c+a)(c+Db)
(b+c)\/ ala+b+c) Tleta bla+b+c) Tl cla+b+c) =

_ Aatb+o)vs
- 3
From T2 and S8 it follows that we can perform the substitutions

(b+c)\/(a+b)(c+a) @

ala+b+c) cosi

and

da+b+c)V3  4sV3
3 3
where XY Z is a triangle with sidelengths z, y, z and semiperimeter s.

Analogously, equivalent expressions are obtained for the other terms. Using the sine law
and the formulas for the double-angle it yields that we have to prove that

in X inY inZ X Y A 21/3
::Sl{ + ::Slz + :):z =2 (sin3+sin5+sin§> > T\/_(sinX+sinY+sinZ),
2 9 2
or equivalently,
\/§,X+_Y+,Z>,X X+,Y Y+,Z 7 0
—_— S11n — S1n — SN — S111 — COS — S111 — COS — S111 — COS —.
2 \MM 7 g RG] = S oS SIS €08y 5“5

X X
Given that the function sin 5 is increasing on [0, 7| and cos 5 is decreasing on [0, 7],

from Chebyschev’s inequality we have that

. X+, Y+, Z X+ Y+ Z
sin — + sin — + sin — COS — -+ COS — + COS —
2 2 2 2 2 2 >Z. X X @)
in — —.
3 > S 20032

X
Since the function cos 5 is concave on [0, 7], from Jensen’s inequality it follows that

cos£+cosz+cosz
V3“5 2 2 5
From (1), (2) and (3), the conclusion follows. O
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6 Exercises

Exercise 1. Let a, b, ¢ be positive real numbers. Prove the following inequality

Vab(a +b) + /be(b + ¢) + \/ca(c + a) > \/4abe + (a + b)(b + c)(c + a).
Exercise 2. Let a, b, ¢ be positive real numbers such that ab+ bc + ca = 1. Prove that

1+a2b2+1+b262+1+02a2
(a+b)?  (b+¢)?  (c+a)

5
> —.
-2

Exercise 3. Prove that if z, y, z > 0 satisfy the condition = + y + z = zyz, then

zy+yz 420 >3+ VI4+ 224+ /1+92+V1+ 22
Exercise 4. Let x, y, z be positive real numbers such that x + y + z = xyz. Prove that
(z—1)(y —1)(z — 1) < 6v3 — 10.
Exercise 5. Let a, b, ¢ be positive real numbers. Prove that

b+c c¢c+a a-+b a b c
+ + >4 + + )
b+c c+a a-+bd

a b c

Exercise 6. Let x, y, z be positive real numbers. Prove that

W+\/z+x+\/m+yz dx+y+2) .
z Y z VE+y)(y+2)(z+7)

Exercise 7. Let a, b, ¢ be nonnegative real numbers such that ab + bc + ca = 1. Prove
that the following inequality holds

1 1 1 1
- + > 24 —.
Va+b Vbtec c+a V2
Exercise 8 (Crux Mathematicorum). Let x, y, z be positive real numbers such that
xy + yz + zz = 1. Prove that

(1= ) (1= 2) 4 y(1 = 22)(1 —2%) + 2(1 —2?)(1 — p?) < %ﬁ

1

1 1
Exercise 9 (APMO 2002). Let x, y, z be positive real numbers such that —+—+— = 1.

Ty =z
Prove that

VIityz+Vr+yz+ Ve +tyz > Jryz+ Ve + 4y + Ve
Exercise 10 (APMO 2004). Prove that for all positive real numbers a, b, ¢, we have

(a® 4+ 2)(b* + 2)(c* +2) > 9(ab + bc + ca).
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Exercise 11 (Belarus 1996). Let x, y, z be positive real numbers such that
T+y+z=/TYz.

Prove that
xy+yz+ze >9(z+y+2).
Exercise 12 (Iran 2005). If a, b, ¢ are nonnegative real numbers such that
1 1 1
R e i

then prove that

DN W

ab + bec+ ca <
Exercise 13 (Romania 2005, Unused). Let a, b, ¢ be positive real numbers such that
a+ b+ c=1. Show that
a b c 3

- + >4/5
Vb+c¢ Veta a+b V2
Exercise 14 (Ukraine 2005). Let a, b, ¢ be positive real numbers such that a+b+c = 1.

Prove that
1 1 1 1 1 1
\/——1\/——1+\/——1\/——1+\/——1\/——126.
a b b c c a

Exercise 15 (USAMO 2001). Let a, b, ¢ be nonnegative real numbers numbers such
that a® 4+ b? + ¢® + abc = 4. Prove that

0<ab+ bc+ ca — abc < 2.
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VE MOT BAI TOAN BAT BANG THUC

Nguyén Van Huyén
SV Dai hoc Giao thong Van tai thanh phé Ho Chi Minh

Tru6c hét ta xét bai toan sau day.

Bai toan 1. Cho a, b, ¢ la cdc so thuc duong. Ching minh rang bat ding thic sau luon
duoc thoa man
a® 4+ b* 4+ 2 + 2abc + 1 > 2(ab + be + ca). (%)

LorciA1 1. Data=a2+1,b=y+1,c=2z+1,tacodz, y, 2 > —1. Thay vao, bat
déng thic da cho c6 thé duge viét lai thanh

2? +y? + 22+ 22yz > 0.

Vi zy - yz - zz = 2%y?2% > 0 nén it nhat mot trong ba s6 zy, yz, zz phai khong am. Do
tinh déi xiing nén ta co thé gia sit zy > 0, khi dé sit dung bat dang thiic AM-GM, ta
thu dugc

2?2 2oy > 2xy 4+ 27 4 22y = 22y(z + 1) + 2% = 2wye + 22 > 0.
Bai toan dugc chiing minh xong. Déng thitc xay ra khi va chi khia =b=c = 1. m

LOI GIAT 2. Theo nguyén 1y Dirichlet, ta thiy rang trong ba s6 a, b, ¢ s& c6 hai s6 hodc
ciing > 1 hodc cing < 1. Gia st hai s6 d6 1a a, b, khi d6

(a—1)(b—1) >0.
Tit day, bang cach st dung hing ding thic
a® +b* + ¢ + 2abc + 1 — 2(ab+ be + ca) = (a — b)* + (¢ — 1)* +2c(a — 1)(b—1) > 0,
ta thu duge ngay bat dang thic (x). O

LO1 GIAI 3. Ta sé sit dung phuong phap don bién dé chimg minh bai toan. Gia si
¢ = min{a, b, ¢} va dat

f(a, b, ¢) = a*+b* + &+ 2abc + 1 — 2(ab + be + ca),
ta co
f(a, b, c)—f(\/@, Vab, c) = <\/_—\/l_))2(a+b—0—2\/a_—20) > 0.

Do d6 f(a, b, ¢) > f (\/%, Vab, c) . Vay ta chi can chiing minh

f(\/%, Vab, c) > 0.

161
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That vay, néu dat ¢t = vab thi ta c6
flt, t, ) =22+ +2t%c —2(t* + 2tc) + 1 = (¢ — 1)* + 2¢(t — 1)* > 0.
Bai toan dugce chiing minh xong. O]

LOT GIAT 4. Stt dung lan lugt bat dang thitc AM-GM., ta c6

9abe

2abc + 1 = abc + abc + 1 > 3Va2b2c2 > ———.
a+b+c
Do do, ta chi can chiing minh

9abe

a2+
at+b+c

> 2(ab + be + ca).

Thuc hieén phép khai trién truc tiép, ta cé bat dang thic tuong duong véi
a® + b + & + 3abe > a*(b + ¢) + b*(c + a) + *(a + b),
ding vi day chinh la bat dang thitc Schur dang bac ba. O

Bat dang thitc (x) duge Darij Grinberg dé xuat vao nam 2004. Mzc dit chi 1a mot két
qua don gian nhung bat ding thic nay lai ¢6 nhiéu tng dung trong viéc ching minh
cac bat dang thiic ba bién. Sau day, ching ta sé di vao xét cac bai toan cu thé dé hiéu
ro vi sao chung t6i lai n6i nhu vay.

Bai toan 2 (Moscow 2000). Cho a, b, ¢ la cdc s6 duong théa man abc = 1. Ching minh
bat dang thic sau
a>+ b+ +a+b+c>2(ab+ be+ ca).

LOT GIAL St dung bat dang thitc AM-GM, ta c6
a+b+c>3Vabe = 3 = 2abc + 1.
Vi thé dé chiing minh bai toan, ta chi can chitng minh
a® +b* + ¢ + 2abc + 1 > 2(ab + be + ca).
Day chinh 1a bat déng thitc () nén ta c6 diéu phai chiing minh.
Diang thiic xay ra khi va chi khia=b=c=1. O]
Bai toan 3 (VMO 2006). Twm hing sé k 16n nhat dé bat ding thitc

1 1
?+b—2+§+3k2(/€+1)(a+b+c)

ding vdi moi a, b, ¢ duong thoa man abc = 1.
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. . R 1 e <z N
Lot GIAI. Choa =b =t (t > 0,t # 1) vac = 2 khi d6 a, b, ¢ la cac s6 duong va
abc = 1. Do d6, theo yéu cau ctiia bai toan ta phai c6
2, 1
t—2+t +3k>(k+1) 2t+t—2 :
Bét déng thtic nay tuong duong véi

2 1
5Tt —32(k+1)(2t+t—2—3),

5 —3t* +2 - (k+1)(2t3 — 312 + 1)

t2 - 2 ’
(12 —1)%(t2 + 2) S (k+1)(t —1)%(2t+ 1)
12 - t2 ’
(t+ 1)t +2)

>Lk+1, Vi>0.
2t +1 =k+4
Cho t — 0%, ta dugc 2 > k + 1, suy ra k < 1. Ta sé chiing minh rang 1 chinh 1a hang

sO can tim, tic 1a
1 1 1 S b
¥+E+C_2+3_2(a+ +C).

1 1
,y:g,z:—thitacéxyz:1,3:2xyz+1v?a
c

SN

bat x =

1 1 1 =zyz zyz xyz
a+tbt+c=—+-+-= + + =Ty +yz+ e
r Yy =z x Y z

Do d6 bat dang thiic trén c6 thé viét lai thanh
o2 P+ 2 2oy + 1> 2(wy +yz + 2x),
hién nhién ding theo (*). Vay ta c6 két luan kya, = 1. O
Bai toan 4 (Romania 2005). Cho cdc so6 duong a, b, ¢ théa man diéu kién
(a+b)(b+c)(c+a)=1.
Chaing minh rang
ab+ be + ca < Z
LorGiAl. Dat z =a+b,y=0+c, 2 =c+a thitacoézyz =1 va

z+T—y
= — b g
a 5 ,

rT+Yy—=z2 y+z—zx

— =,
2 2

Bat dang thtc can ching minh dugce viét lai nhu sau

Z+x—Yy x+y—z+$+y—z y+z—x+y~|—z—x Z+x—y
2 2 2 2 2 2

3
< -.
— 4
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Sau khi thu gon, ta dugc
22 P+ 223> 20y +yz + 22),

hay 1a
2?4+ y* + 2% + 2zyz + 1 > 2(xy + yz + 21).

Day chinh la bat déng thitc () nén ta c6 diéu phai chiing minh.

) 1
Diang thiic xay ra khi va chi khia=b=c= 3 m

Bai toan 5. Chitng minh rdng vdi moi so thuc duong a, b, ¢, ta déu cé
a? +b* 4+ +2abc+3 > (a+1)(b+1)(c+1).

L1 GIAL Sau khi khai trién va rat gon, ta cé bat dang thic tuong duong
A+ +E4abc+2>ab+be+ca+a+b+e,

hay 1a
2(a® +b* + ¢*) + 2abc + 4 > 2(ab+ bc+ ca+a+ b+ c).

Theo (x), ta c6
a® +b* + ¢ + 2abc + 1 > 2(ab + be + ca).

St dung danh gia nay, ta dua duge bai toan vé chiing minh
>+ ++3>20a+b+c).
Bat dang thtc nay tuong duong véi bat dang thiic hién nhién ding
(a—1)2+(b—=1)*+(c—1)*>0.
Bai toan dugc ching minh xong. Déng thitc xay ra khi va chi khia =b=c = 1. O

Bai toan 6 (APMO 2004). Chitng minh ring bat dang thiic sau luon dugc théa man vdi
moi s6 thuc duong a, b, c

(a® 4+ 2)(b* + 2)(c* 4 2) > 9(ab + bc + ca).
LO1 GIAL Bét déng thiic can ching minh tuong duong véi
a?b*c® + 3(a* +0* + ) + (a® + 0> + 2) + 2(a®* + b + 2a® + 3) +2 > 9(ab + be + ca).
Theo bat dang thitc AM-GM, ta c6

a2+bz+62+02+c2+a2
2 2 2

3(a2+b2+c2):3< )23(ab+bc+ca)

va

2(a°0” + b’ + Pa® + 3) =2 [(a®* + 1) + (b°® + 1) + (Pa® + 1)] > 4(ab + be + ca).
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T d6 bai toan dude quy vé chiing minh
a4+ b* + & + a’b*c® + 2 > 2(ab + be + ca). ()
Bat dang thic nay c6 thé duge viét lai thanh
[a® + b* 4 ¢ + 2abc + 1 — 2(ab+ be + ca)| + (abe — 1)* > 0,
hién nhién ding theo (). Dang thitc x4y ra khi v chi khi a =b=c = 1. O

NHAN XET. Bai todn con dung ca trong truong hgp a, b, ¢ 1a cac sd thuyc bat ky. That
vay, tit chiing minh trén ta thay rang

(a® +2)(0" +2)(c* +2) = (lal” + 2)(Ib]* + 2)(|c* +2) > 9(lallb] + (bl c] + |c]]al)
> 9(ab + bc + ca).
Ngoai ra, bat ding thtc trén con c6 thé lam chat len thanh

Bai toan 7 (Mg rong APMO 2004). Chiing minh bat dang thic sau luon ding vdi moi
50 thue duong a, b, c

(a®+2)(b* +2)(*+2) > 3(a+b+c)?

Lo1 GIAL Tuong tu nhu trén, ta ciing st dung phép khai trién truc tiép va viét lai bat
dang thitc dudi dang

a’b’c® + a® +b* + & + 2(a*V® + b + 2a® + 3) + 2 > 6(ab + be + ca).
Dén day, ta ciing sit dung bat ding thitc AM-GM
2(a®b* + b*c® + c*a® + 3) > 4(ab + be + ca),
va dua duge bat déng thiic vé chitng minh
a® + b + ¢ + a*b*c® + 2 > 2(ab + be + ca).
Day chinh la bat dang thic (#x).
Bai toan dugc chiing minh xong. Dang thitc xay ra khia = b =c = 1. O]
Bai toan 8. Cho a, b, ¢ la cdc so thuc duong. Ching minh rang
(a®> +2)(0* +2)(c* +2) > 3(a+ b+ c)* + (abc — 1)
LOT GIAL Sau khi khai trién va rat gon, ta duge bat ding thiic tuong duong
2(a*b* + b*c + *a® + 3) + a® + b* + ¢* + 2abc + 1 > 6(ab + be + ca).
Theo bat dang thitc AM-GM thi
2(a®b* + b2c® + c*a® + 3) > 4(ab + be + ca).
Do d6 ta chi can ching minh
a® +b* + ¢ + 2abc + 1 > 2(ab + be + ca).
Day chinh 1a bat dang thic (*).
Bai toan dugc chimg minh xong. Déng thitc xay ra khi va chi khia =b=c = 1. O
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Bai toan 9 (Iran 2002). Cho cdc s6 duong a, b, ¢ théa man a* + b* + ¢* + abc = 4.
Chitng minh rang
a+b+c<3.

LO1 GIAL Tir gia thiét sit dung bat ding thic (x), ta co

=2(a®+ b+ +abc) +1=a*>+b*++ (a* +b* + ¢ + 2abc + 1)
> a® +b* + ¢ + 2(ab + be + ca) = (a+ b+ ¢)?,

tt do suy ra
a+b+c<3.

Diang thiic xay ra khi va chi khia=b=c=1. ]
Bai toan 10 (Hello IMO 2007). Ching minh rang vdi moi a, b, ¢ duong, ta déu cé
2(a® +b* + ) +abc+8 > 5(a+ b+ c).

L3I GIAL St dung bat dang thic AM-GM, ta c6

9+ (a+b+¢)?].

|~

1
a+b+c:§«3.(a+b+c)g

Do do6 ta chi can chitng minh
12(a® + b* 4 ¢*) + 6abc + 48 > 5 [(a+ b+ ¢)* + 9] .
Bat dang thtc nay tuong duong véi
7(a® +b* + ¢*) + 6abc + 3 > 10(ab + be + ca),
4(a® + b+ —ab—bc—ca) + 3 [a® + b° + & + 2abc + 1 — 2(ab + be + ca)] > 0,
ding vi ta c6 a® + b? + ¢ > ab + be + ca (theo AM-GM) va
a? +b* + ¢ + 2abc + 1 > 2(ab + be + ca) (theo (¥)).
Bai toan dugce chiing minh xong. Dang thitc xay ra khi va chi khia =b=c = 1. ]
Tai liéu tham khao
[1] Pham Kim Hung, Sdng tao Bat dang thiic, Nha xuat ban Tri Thitc, 2006.

2] Vo Qubc Ba Can, Tran Qudc Anh, Bat dang thitc va nhiing 10 gidi hay, Nha xuat
ban Ha Noi, 2009.

[3] Vo Qubc Ba Can, Tran Qubc Anh, St dung phuong phdp Cauchy-Schwarz dé gidi
todn Bat dang thic, Nha xuat ban Dai hoc Su pham Ha Noi, 2010.

4| http://mathlinks.ro
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TO HOP VA CONG THUC C?

Dang Hoang Linh
HS chuyén Toan khéa 2008 - 2011

Vi du 1. C6 80 uy ban tao bdi 1600 iy vién, moi 1y ban cé ding 80 iy vién. Ching
minh rang ton tai hai 1y ban cé it nhat 4 iy vien chung.

LOI GIAL Thay vi dém s6 cap Uy ban bat ky, ta dém s6 “cap” iy ban ma moéi iy vién
tham dy. Danh s6 thi tu cac iy vien 1, 2, ..., 1600, cac iy vién nay lan lugt c6 s6 ty
ban tham gia la ky, ko, ..., k1600. C6 n 1y ban (n = 80), m6i iy ban ¢6 dung 80 ty vién
nen ki + ko + - -+ + kigoo = 80n. V6i méi Gy vien 4, sd cap Gy ban ma iy vién d6 tham
gia la C’,i_. Vay tong cong co

1600

e
=1

Bay gio ta sé chitng minh bai todn bing phan ching, gid sit mdi cap Uy ban c6 nhicu
nhat 3 thanh vién chung, nén c6 nhiéu nhat 3C? cgp iy ban. Do d6, ta c6

1600

> Cr <3

i=1

Mat khac, lai co

1600 1600 1600 2 1600
1600 1600 1) Zl ki — Z ki . (Z kz) Z k;

ki(k; — i —1 —1 —1
o2 — — i > Z\¢ — 2 = 2n% — 40n.
; =2 2 2 =27 1600 2 " "

i=1

3
T day ta c6 2n? — 40n < én(n — 1), suy ran <77 (vo 1y).
Vay bai toan dugc giai quyét xong. O

Ta nhan thay nhiéu bai toan thay vi dém s6 phan t1t thi ta dém s6 cip phan ti, doi khi
lai gitip ta giai duge nhiéu bai toan khé, ta thit bat dau bang mot bai toan khé hon.

Vi du 2. Mot hoi nghi st dung 4 ngon ngi chinh thic. Biét vdi hai dai biéu bat ky luon
c6 mot ngon ngit ma cd hai déu biét, chitng minh rang cé mot ngon ngi dugc biét bdi it
nhat 60% dai biéu.

Khi nhin vao dé bai trén, c6 1& rat khé dinh huéng dé giai, nhat 1a con s6 60% kha mo
ho. Nhung ta thit quén di cach dém thong thuong ma thit tim s6 ciap phan ti clia né.

LOI GIAL Néu c6 mot ngudi ndo doé chi biét 1 ngon ngit thi theo gid thiét ta suy ra duge
tat cd nhitng ngudi con lai déu biét ngon ngit do, va két luan bai toan 1a hién nhien.
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Gia st tat ca dai bieu déu biét it nhat 2 ngon ngit. Goi s6 dai biéu 1a n va tap hop A,
B, C, D lan lugt 1a tap nhiing ngudi biét cac ngon ngit I, II, 111, IV. S6 cip nhitng nguoi
biét ngon ngit A, B, C, D 1a C%, C3, C%, C%. Do mot nguoi biét it nhat 2 ngon ng,
cho neén ta c6 bat déng thic sau

C% 4+ C% + O+ C% > 202
Bat ding thtc nay tuong duong véi

AA-1)+B(B-1)+C(C 1)+ D(D—1) > 2n(n — 1),

(A—%)ZJF(B—%)2+(C—%)2+<D—%)222n(n—1)+1. (1)

Khong méat tinh tong quét, ta gid si A la tap 16n nhat trong cac tap A, B, C, D. Khi

i/ N (]) C/
n n

I - . 6 .
T bat dang thic nay dé dang chiing minh duge A > En v6i moi n > 2. O

Qua hai vi du trén, chic han céc ban da thiy dugc sy hitu dung ctia viéc st dung cong
thitc C? trong viéc giai mot sd bai toan to hgp. Nhd né ma chiing ta c6 thé gidi duge ca
mot s6 bai toan chiing minh dang thitc kha hoc biia nhu bai IMO 1998.

Vidu 3 (IMO 1998). Trong mot ky thi c6 m thi sinh va n giam khdo, trong dé n la mot
50 lé. Cho biét moi thi sinh phdi dudc cham bdi tat cd gidm khdo bdi hai gid tri “cham
do” va “cham héng”. Gid s rang moi cdp gidm khdo chi cham nhiéu nhat k thi sinh.

Chiing minh rang
k' n—1
rs _
m ~—  2n

Lo1 GIAI. Chiung ta dém s6 ciap gidam khado cham moi thi sinh. Xét thi sinh thit i
(1 < i < m) duge cham dd béi x; giam khao va bi cham héng bdi y; giam khao. R rang
x; +vy; = n. Lic d6 s6 cap giam khao cham thi sinh thi i 1a

ri(x; — 1 iy — 1 N VR T
%+%:(2 uy% L:B%_ f
(z+u)* oty 1 1 1
Z_(x +y) Tty B R [t
2 2 2 4 2 4

Vinlé va C’i + C’i 13 mot s6 nguyén nén
1
2 2 2
Ta c6 tat cd n giam khao va mdi cap giam khio chi cham nhiéu nhat nhat & thi sinh
nén c¢6 nhiéu nhat kC? cip giam khio. Vay ta c6 bat dang thiic
1

kC? > Z (cz +C2) Zm(n —1)%
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(n—1)° k' n—1
ALV RN
4C2 ,haym_ 2n

k
Tu day suy ra — > . Bai toan dugc chiing minh. O
m

Vi du 4 (Dé kiém tra doi du tuyén ctia Dai hoc Su pham). Cho n la s6 nguyén ldn
hon 1 va Py, Ps, ..., P, la cdc tap con cé hai phan ti va doi mot phan biét cia tap hop
S ={1,2, ..., n} théa man tinh chdt: néu i # j ma P; N P; khdc rong th ton tai k dé
P, = {i, j}. Ching minh rang vdi méi s6 i € S zudt hién ding hai lan trong cdc tap P;
vdi g =1,2, ..., n.

LOI GIAL Goi 21, 9, ..., T, lan luct 14 s6 lan xuét hién cta 1, 2, ..., n trong cac tap
Pjvéij=1,2,...,n Khido

£E1+l’2+"'+$n:2n.

Tong s6 cac cap P, P; phan biét ma giao ctia chiing khac réng la

Zn:Ci_ = % (Zn::xf - 2n> > n.
i=1 i=1

Dau bang xdy ra khi va chi khi 2y = 25 = --- =z, = 2 (dpem). O
Sau day 1a mot s6 bai toan dé luyen tap.

Bai tap 1 (Lién X6 1965). Mot cudc hoi thao ¢6 40 cude hop, moi cude hop ¢6 10 thanh
vien tham dy. Cho biét 2 thanh vién bat ky chi ciing du hop véi nhau téi da mot lan,
chting minh cudc hoi thao c6 nhiéu hon 60 thanh vien.

Bai tap 2 (IMO 1989). Cho n, k 1a hai s6 nguyén duong théoa man n > k va S 1a tap
hop gom n diém trong mit phang c6 hai tinh chat:

(a) Khong c6 ba diém nao ctia S thang hang;
(b) Vé6i moi diem P € S ¢6 khong it hon k diém ctia S cach déu P.
N 1
Ching minh rang k£ < 5 +2n.

Bai tap 3. Cho mot day s6 hitu han c¢6 n phan ti, s6 n duge goi 1a do dai ciia day. Gia
stt day s6 chi gom toan cac chit s6 0 va 1, ta goi khodng cich gitta hai day 1a s6 cac vi
tri khac nhau 6 hai day. Vi du 1101011 va 1011000 1a hai day c¢6 do dai 7 va c¢6 khoang
cach 4 vi c6 cac vi tri s6 2, s6 3, s6 6 va s6 7 khac nhau. Bay gio cho m day nhu trén.
Gia st hai day bat ky c¢6 khoang cach nho nhat d, ching minh rang

2d
2d —n

Bai tap 4. Cho n diém thang hang A;, Ay, ..., A, (n > 4). Dat

m <

£ N z 1
Biét A;A; c6 do dai nguyén véi moi ¢ # j, chiing minh rang cé it nhat 6|M | doan A;A;
c6 do dai chia hét cho 3.
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Bai tap 5. Trong miit phang c6 dinh hé toa do Ozy, ching ta xét tap hgp R gom nhitng
diém v6i toa do (z, y), 6 day z, y 1a nhitng s6 nguyen va 1 < x < 12, 1 < y < 10. Méi
diém dugc t6 bing mot mau tring, xanh hodc dé. Ching minh ring ton tai hinh chit
nhat c6 cac canh song song véi cac truc toa do, ma dinh ctia né 1a nhitng diém cta R
duge son cung mot mau.



MO RONG TU MOT BAI TOAN

T Nguyén Thai Son
HS chuyén Toan khéa 2008 - 2011

Trong k¥ thi IMO lan tht 29 nam 1987 c6 bai toan sau.

Bai toan 1. Goi p,(k) la s6 hodn vi ciia tap hon {1, 2, ..., n} cé ding k diém c6 dinbh.
Chaing minh rdang

n
Z kpn(k) = n!
k=0
Bai toan nay c6 10i giai kha don gidn véi phuong phap dém bang hai cach. Ta ciing xem
xét cac 1oi giai sau.
LO1 GIAT 1. Ta tinh s6 céc cap (f, i) v6i f 1a hoan vi va i 1a diém c6 dinh bang 2 cach.

e Cdch 1. Xét f 1a hoan vi bao ton ding k diém, ¢ 1a mot trong cac diem c6 dinh
ctia f. Ro rang i c6 k cach chon, con s6 cac hoan vi c6 k diém cb dinh theo dinh

nghia 1& p, (k) nén ta c6 s cac cap (f, ) la Z kpn(k).
k=0

e Cdch 2. C6 dinh mot phan tit x. V6i mdi mot gia tri x ta c6 (n — 1)! hoan vi nhan
x lam diém c6 dinh, ma o ¢6 n cach chon nén ta cé tat ca n! cap (f, i) nhu thé.

T hai céch tinh trén, ta suy ra n! = Z kp,(k). Bai toan duge ching minh. O
k=0

LO1 GIAT 2. Ta c6 dang thic sau
an(k) =n! (1)
k=0

That vay, ta biét rang tap {1, 2, ..., n} ¢6 tat cd n! hoan vi, gom céc loai khong bao
ton bat k¥ mot phan tit nao cho dén loai bdo ton n phan tit, do d6 ta c6 (1).

Mat khéac, ta cling c6 hing ding thitc sau véi moi k > 0

kpn(k) = npn_1(k —1). (2)

That vay, ta dém so cac cap (f, i) véi f 1a hoan vi c6 ding k diém c6 dinh va i 1a mot
trong cac diém do, 16 rang s6 cac cap 1a kp, (k). Mt khac ta c6 thé c6 dinh mot gia tri
tily ¥ va tinh s6 hoan vi bao ton ding k — 1 phan tit ctia n — 1 phan t con lai, va nhu
vay 80 cac cap sé 1a np,_1(k — 1). Tu day ta c6 (2).
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T (1) va (2) ta ¢

Zn:kpn(k) = an:pnl(k— )=n-(n—1!=

Bai toan dugce chiing minh. O

Thiic chat hai cach gidi trén ciing khong qua khac nhau. Cach 1 ¢6 1& rat ngan gon
nhung & cach 2, ta c6 moi lien he (2)

kpn(k) = np,_1(k —1).

Lien he nay khién ta nghi tai sao khong thit tim céch tinh tryc tiép cac sd p,(k)? Ti
(2), ta 6

) = o (h = 1) = oo = MR,

n!

= mpn—k(o) = Crpu-1(0). (3)

Tit day ta thu dugc cac cong thite (c6 thé xem nhu mot bai toan méi)

k=0

Diéu tha vi nhat la tit p, (k) = C*p,_1(0), ta c6 thé quy viec tinh p,(k) vé viec tinh
pn(0). Dudng nhu kha nang tinh p, (k) 1a c6 thé thuc hien duge va da don gian di nhiéu.

Gid ta sé tim cach tinh p,(0). Mot cach ty nhién, ta tinh vai gia tri dau ctia p,(0) :

e p1(0) =0;
o ;(0) =1
e p3(0) =2
e pa(0) =9;

Ta c6 cdc nhan xét: 9=3-(2+1),2=1-(1+0), ... Vay phai chang

Pnt1(0) = 1 [pn(0) + pnr(0)]7

Thuyc té diéu nay dang va chiing minh ciing rat dé dang. Xét S ={1,2, ..., n, n+1}.
Ta tim cach tinh s6 hoan vi khong c6 diém c6 dinh ctia S. Hoan vi nay cé thé dugc
thanh 1ap nhu sau: Dau tién lay ra s6 n + 1, ¢6 n cach dat n6 vao n vi tri (1, 2, ..., n)
dé f(n+1) #n+ 1. Gid st n+ 1 duge dat vao vi tri i (i € {1,2, ..., n}), ta can xép n
s6 {1,2,...,n}vaonvitri {1,2, ..., n+1}\ {i}.
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Dat G ={1,2,...,n+1}\ {¢}. Nhan thay rang gita G va {1, 2, ..., n} ¢6 ding n—1

s6 giong nhau, hai s6 khac nhau 14 6 G c6 n+ 1 va 6 tap {1, 2, ..., n} c6 i. Ta c6 hai
kha nang x4y ra khi xép n s6 {1, 2, ..., n} vaon vi tri {1, 2, ..., n+ 1} \ {i}.

e Néu i xép vao n + 1 thi sd cac cach sap xép n — 1 s6 con lai chinh 1a s6 cac hoan
vi khong c¢6 diem c6 dinh ctia n — 1 phan tit. Trudng hgp nay c¢6 p,_1(0) hoan vi.

e Néu i khong xép vao n + 1, ta coi ¢ gidng nhu n + 1, nhu vay s6 cac hoan vi trong
truong hop nay 1a p,(0).

T cac lap luan trén, ta co

Pnt1(0) = 1 [pn(0) + pn1(0)] .

(Vi du, xét tap {1, 2, 3, 4, 5}, ta can tinh p5(0). Gio ta can tim mot vi trf dé dat s6 5,
ching han

1 2 3 4 5
5

Gio ta sé xép bon sb 1, 2, 3, 4 vao cac vi trf 2, 3, 4, 5. C6 hai kha ning.
e Néusé 1 rai vao vi tri 5 :

12 3 4 5
X e

Gio ta phai xép {2, 3, 4} vao {2, 3, 4} sao cho khong c6 diém c6 dinh. R6 rang c6
p3(0) hoédn vi sinh ra.

e Néu s6 1 khong roi vao vi trf 5, ta coi 1 “1a” 5 va s6 hoan vi sinh ra la py(0).
Do ban dau 5 ¢6 4 cach chon vi tri nén ta c6 ps(0) = 4 [p4(0) + p3(0)])

Van dé gio day rat 16 rang, ta can tim cong thitc tong quét ctia p,(0) v6i

p1(0) =0, p2(0) =1
Prt1(0) = 1 [pn(0) + pu-1(0)]

Dé cho gon, ta dit v, = p,(0). Khi do, ta c6

Yns1 = (Yn + Yn-1), Y0 > 2
Hé thiic lien hé giita yp41, Yn VA Yp_1 cO thé viét lai thanh
Yns1 — (N + 1)yn = —(Yn — Y1)

bat z, = y, — nyn_1, ta dugc zo = yo — 2y1 = 1 va 2,11 = —2,,. Dé dang tim dugc cong
thiic tong quat cla 2, 1a z, = (=1)", Vn > 2, suy ra y, — ny,_1 = (—1)", hay

Yn = NYn_1 + (=1)", Vn >2.
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Tu day ta c6 (cha ¥ rang y; = 0)

Yn = Yp—1 + (=1)" = n(n — Dyp—s +n' (1" + (=1)"
=n(n—1)(n —2)y,_s + 21C*(—=1)" 2 + 11C} (=1)"F + 01C2(—1)"
n—k

— ... = n(n — 1) e (n _ k>yn7k71 + Zzlczl(_l)nfz

i=0
n—2

n(n—1) 2)y, + Z ilC (—1)"" = Z ilCl (—1)" "
=0

Nhu vay, ta da tinh dudc p,(0), cu the la

- iz!c;(_wi. (5)

Liéu cong thiic nay c6 rat gon duge hay khong? Ban than toi van chua tra 161 duge cau
héi nay, hy vong sé duge trao doi them véi cac ban.

Bay gio, quay trd lai bai toan cia ta. Tu (3) ta ¢

n—k—2

pn(k) = Chpp_i(0) = C¥ Z IOt (1) (6)

Tit cong thitc (6) nay, ta c6 thé tao ra nhidu bai toan kha kho, vi du
n n—k—2
> {C,’j > [@'!c;_k(—nn’”]} = nl
k=0 i=0

Tuy nhién, nhitng bai toan nhu thé nay thuong khong tu nhién va kha kho, diéu ma ta
quan tam la ta thu dugc

kaL(k) = Npp— 1(k - 1)
( ): npn k‘(o)

peas() = ()  pes 0] ")
pn0) = s (0) = (—1)"

Dé két thiic bai viét, ta xem xét mot ting dung ciia (7) trong toan so cap.

Bai toan 2. Cho S = {1, 2, ..., n}. Goix, la s6 hodn vi cé diing mot diem cé dinh va
Yn ld 0 hodn vi khong cé diém co dinh nao cia S. Ching minh riang

|zp — yn| = 1.
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LOI GIAL Véi cac két qua & trén, bai toan nay kha don gidn. Ta c6

Tp = pn(l) = npn—l(o) = NYn-1

Yn = Pn(0) = npp-1(0) + (=1)" = nyp—1 + (=1)".
Tit day suy ra 2, — 9, = (—1)*, do d6 hién nhién ta c6 |z, — y,| = 1 (dpem).

Néu khong biét p,(0) = np,_1(0) + (=1)", ta ciing c6 thé giai bai toan nhu sau: Do
LTy — Yn = NYp—1 — (n - 1)(3/7171 + yan) =Yn—1 — (n - 1)yn72 = —(l’n,1 - yn71>
nén \wn—yn\:!9€n71—yn71|:"':\331—3/1’:1- O

Cong thiic (7) néu di sau tiép tuc, cac ban sé con tim thay rat nhi¢u dang thitc thi vi.
Viéc dao sau vao mot két qua luon tao ra nhiéu diéu tha vi, xin chic cdc ban ciing sé
tim duge nhiéu diéu tha vi cho riéng minh.

Tai liéu tham khao

[1] Nguyén Van Mau, Tran Nam Diing, Vii Dinh Hoa, Ding Huy Ruan, Dang Hung
Théng, Chuyén dé chon loc To hop va Todn roi rac, Nha xudt ban Gido Duc, 2008.

[2] Titu Andreescu, Zuming Feng, A Path to Combinatorics for Undergraduates: Count-
ing Strategies, Birkhauser, 2004.

[3] Titu Andreescu, Zuming Feng, 102 Combinatorial Problems: From the Training of
the USA IMO Team, Birkhauser, 2002.

[4] Gerald Berman, K. D. Fryer, Introduction to Combinatorics, Waterloo — Academic
Press, 1972.



176 CHUYEN DE TOAN HOC SO 9



UNG DUNG CUA TOAN HOC TRONG VIEC HIEN THI
CAC BOI TUGNG HINH ANH BANG MAY VI TINH

Pham Mong Bao
SV Dai hoc Su pham thanh phd Ho Chi Minh

Bing may vi tinh ching ta c6 thé thyc hién rat nhiéu cong viéc véi hinh anh, va cudi
cting 1a thé hién hinh anh qua cac ban in. Chic han ban da timg chiéem ngudng nhitng
ban in chat lugng cao c¢6 nhitng hinh anh sic nét, doc dao. Va c6 bao gid ban tu hoi:
“May vi tinh da thé hién cdac ban in dé nhu thé nao? C6 bao nhiéu cich thé hién nhu
vay? Cdch nao la toi wu?”, trong bai viét nay ching ta cling tim hiéu vé cac van dé nay.

Dé tien cho viéc tim hiéu, ta han ché cac hinh anh ma ta dé cap dudi day la anh “tring
den”, nghia 1a khong dé cap dén bién “mau sac”.

1 Phuong phap dung hé toa 4o

C6 thé néi day la phuong phap don gian nhat, nhim gay niém tin cho phuong phap
nay ching ta cling xem qua tac pham “Chiéu chii nhat trén ddo La grande Jatte” ctia
Georges Seurat. Dé thé hién biic 4nh nay Georges khong ding bit long thong thuong
ma diing vo s6 nhitng cham chadm nhé c6 mau sic theo phong cach hoi hoa goi 1a truong
phai “chdm chdm” (pointillism). Ban c¢6 thé nhin thay nhitng cham ay néu ban ditng kha
gan bitc tranh, nhung néu ban di xa khéi bitc tranh thi cdc cham ay cudi cling pha tron
lan nhau khong con phan biét dugc ntta. Tt d6 tao nén biic hinh ma ban dang chiém
ngudng dudi day.

Hinh 1. Chiéu chti nhat trén ddo La grande Jatte.
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Hieu qua ciia bitc tranh “Chiéu chii nhat trén dio La grande Jatte” c6 co sé Vat 1y 1a
st “nhiéu xa”. Nhung néi tom lai 1a chi can thé hien nhing dau cham thich hgp, du
nhiéu, & nhitng noi can thiét la ta ¢6 thé thu duge mot hinh anh khong dén ndi qua tam
thuong nhu da mieu ta. Vay ra cac kién thitc vé hé toa do Descartes rat hitu dung trong
phuong phap nay. Va nhu vay ta c¢6 thé xem rang phuong phap nay khién méy tinh c6
cach hiéu hinh anh 1a mot tap hop céac diém c6 toa do (z, y) kiéu nhu tap A.

A={(1,1); (3, 1); (1, 2); (3, 2); (2, 2); (1.64, 1.64); (1.5, 2); (2.5, 2); (3, 1.5); (2, 1);
(15, 1): (2.5, 1); (2.75, 1): (2.25, 1); (175, 1); (125, 1); (1, 1.5): (174, 1.66); (1, 1.75);
(1,1.25); (3, 1.75); (3, 1.25); (2.75, 2); (2.25, 2); (1.75, 2); (1.25, 2); (2, 1.2); (2.54, 1.34);
(1.52, 1.34); (2.3, 1.24); (1.75, 1.24): (1.87, 1.21); (1.63, 1.28); (1.58, 1.31); (1.69, 1.26);
(1.93, 1.2); (2.31, 1.26); (2.19, 1.22); (1, 1.88); (1, 1.63); (1, 1.38); (1, 1.13); (1.13, 1);
(138, 1): (1.63, 1); (1.88, 1); (1.13, 2); (1.38, 2); (1.63, 2); (1.8, 2); (1.06, 2): (1, 1.94);
(1, 1.81): (1, 1.69): (1, 1.56); (1, 1.44); (1, 1.31); (1, 1.19): (1, 1.06): (106, 1); (1.19, 1);
(131, 1); (144, 1); (156, 1); (169, 1); (L8L, 1); (2.25, 1.24); (181, 1.22): (2.22, 1.63);
(194, 1); (207, 1.2): (2.81, 2): (194, 2); (181, 2): (1.69, 2); (156, 2): (144, 2); (1.31, 2);
(1.19, 2); (2.36, 1.64); (1.69, 1.68): (1.78, 1.63); (1.66, 1.67); (2.06, 2): (2.13, 2); (2.19, 2);
(2.26, 1.66); (2.31, 1.68); (2.34, 1.67); (2.13, 1.21): (2.37, 1.28): (2.42, 1.31): (2.48, 1.34);
( ( );
( ( );
( ( );
(

2.33. 2): (2.44, 2): (2.31, 2): (2.63, 2): (2.56, 2): (2.69, 2); (2.8, 2): (2.94, 2): (3, 1.88);
3. 1.81): (3, 1.94): (3, 1.63): (3, 1.56): (3, 1.69): (3, 1.38): (3, 1.13): (2.88. 1): (2.63, 1);
2.38, 1); (2.13, 1); (2.06, 1); (2.19, 1); (2.31, 1); (2.4, 1); (2.56, 1); (2.69, 1); (2.81, 1);
2.04, 1); (3, 1.06); (3, 1.19); (3, 1.31); (3, 1.44)}.

Bang 1. Liét ké cac phan tt ctia tap hop A.

Va hinh 2 13 cai ma tap A thé hien duge trong hé truc toa do Descartes, véi = 13 hoanh
do, y la tung do.

T

»
!

| 0 1 2 3

Hinh 2. Hinh vé minh hoa tap hgp A.
Phuong phap nay kha dé hiéu néen chiing ta cling chang can phai giai thich dong dai, cai
ta quan tam G day la lam theo phuong phap nay duge cai lgi gi? Nhung trude khi chiing
ta tim cho n6 mot nhan xét phit hgp, ban doc hay tham khéo thém mot cach bicu dién
diém trong mot hé toa do khéac
Heé toa do doc cuc
Dinh nghia 1. Trong mat phc“zng chon mot diém O ¢b dinh goi la cuc va mot tia Ox goi la
tia cuc. Vi tri ctia mot diém M trén mdat phang hoan toan zdc dinh bdi hai dai lugng

r=0M, gpz(Om, O—]\>4>,

trong dé r la ban kinh vector va ¢ la goc cuc cia diém M. (Chi 4 rdng, ¢ la géc dinh hudng
c6 chieu duong ngugc vdi chieu quay cia kim dong ho.)
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Cap (r, ) dugc goi 1a céc toa do cyc ctia diém M. Dé biéu dién dugc tat ca cac diém clia mat
phéng, 16 rang chi can han ché r > 0, 0 < ¢ < 27. Khi 4y, mdi diem M (= O) sé& c6 mot ciap
(r, @) tuong ting va mdi cip (r, ) sé tuong ting véi 1 diem. Vi géc O thi r = 0 va o bat k.

O -

Hinh 3. Hé toa do doc cuc.

Bay gio lay truc toa do Descartes sao cho gdc toa do trung véi cuyc va nita duong ciia truc
hoanh trung véi truc cyc (xem hinh). Vay ta c6

{x:rcosw r=\z?+y?

) hay ngugc lai y . (%)
y=rsing tanp = <
x

Dé tit () xac dinh duge géc ¢, ta can chon ¢ sao cho sin ¢ cing dau véi y.

Vi du, toa do clia diém M trong hé toa do Descartes la x = =, y = —. Khi d6 r = 1,
tan o = /3, ta c6 hai goc
u Iy
= ) = — Tr.
¥1 3 P2 3

. 3
Ta chon ¢ = vising>0cﬂngdauvéiy:\2[>2. Vay M : (1, g)

T
3
Thoat nhin day chi 14 mot hé thong toa do khac ma thoi, tuy nhién day ciing 14 mot hé thong
toa do ma cac nha lap trinh phan mém hay ding, ta ciing nén tim hiéu qua, tit d6 nhin téng
quan ta c6 mot danh gia mang tu tudng “thuat toan” cho phuong phap nay nhu sau

o Uu diém: dé& hiéu, tric quan, s6 lugng bién phai dimng rat it, 2 bién vi tri (cho z, y), 1
bién mau sic (néu co).

o Nhuge diém: s6 lugng diém can phai ding cho mot déi tugng qua nhiéu dan dén tén
dung lugng mot cach dang ké, va ciing vi thé ma mudbn siia chita hinh d4nh dé ban hau
nhu mat phuong huéng. Khong thé phong dai (zoom) lén nhiéu lan néu nhu ban khong
muén hinh 4nh ctia minh tré nén vo nghia.

~+ Vi 1é dé ma phuong phap nay thuong ding dé mo ta cic hinh dnh ma ta khong can
quan tam nhiéu dén do nét va chi tiét, nhiéu phan mém vé hinh, xem anh hién nay ding
phuong phéap nay.

DE cdi tién ddng ké viéc phéng dai (zoom) ciia phuong phdp dung hé toa do, nguoi ta bat dau
suy nghia dén dung do thi ham s6, tuy nhién loi khuyén la ta phdi nhin nhan mot cach nghiém
tic su lién tuc ctia ham s6 dé néu nhu ta muon dat hiéu qud tot nhat.



180 CHUYEN DE TOAN HOC SO 9

2 Phuong phap d6 thi

O day ta khong ding dd thi ham sb biéu dién dudi dang bang gié tri kiéu nhu

z [—1]0] 1 2[4
Fx) | 3 |3 -2(0]3

don gian 1 vi d6 thi ciia chiing ciing rdi rac, lam thé ching khac nao phuong phap hé toa do
cd. C4i ma ta can tim hiéu la cac do thi ctia cac ham s6 kiéu nhu y = v/1 — 22 hay do thi biéu
dién st hop thanh ctia hai ham s6

3
y——Zv3$2—\/1—$2

3
y——Zv3:v2+\/1—:v2

ma do thi cia chiing & hinh 4 1an lugt 1a

20+

15+

-05r
Hinh 4. D6 thi miéu ta vai ham sb.
Tit d6 ¥ tudng nay ra la ta sé lam sao cho may vi tinh hiéu dugc cach vé do thi ham sb, r6i dé

ching vé nhitng hinh nay cho ta.

Ban dau viéc lam nay c6 hoi qua vo nghia, vi khi hoc & cac 16p THCS, ta biét rang muén vé
duge dd thi clia mot ham sé nao dé, ta phai xac dinh duge mot s6 lugng diém di nhiéu dé c6
thé ndi ching lai tao thanh mot dd thi, lam vay chinh 1a tao diém trong hé toa do dé vé hinh
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(quay lai phuong phéap hé toa do) con gi! Tuy nhién cach lam nay c6 khéc la ta sé cu thé duge
s6 lugng diém (ctia mot hinh vé&) can vé chinh xac & day véi mot ti I¢ phdng dai cho trude. Vi
du nhu dé vé mot duong tron, thay vi tao hinh vé cho mot tap hop c6 s6 luong diém 1a By
(c6 céc toa do roi rac, xem chiing nhu vo ¥ thic), ta sé v& mot hinh cho bdi tap hop 1a B ¢6
s6 lugng diém (phan biét) tiy ¥ thich (ta cho trudc) rai déu trén bién hoanh do (lam vay dé
tranh viéc diém anh ctia hinh vé chi  mot phan nho ctia d6 thi, ma khong trai dai khdp hinh)
va théa man didu kien y = v/1 — 22 (xem hinh 5), diéu nay that sy 1a mot ing dung triet dé
ctia khéi niem ham s6 lién tuc (xem lai sach gido khoa Dai s6 va Giai tich 11) qua viéc lien he
s6 € v6i mot ti lé phong dai cho trude, tit d6 ta nhan thiy rang cho dit ¢6 phéong dai ¢d nao di
nita, ta van c6 cadm gidc do thi ctia ching ta lién nét.

A
24 Y o1l Y
..10 Ce,
[ ] [ ]
L] L)
N . i z
-1 0 1 -1 0 1

Hinh 5. Do thi miéu ta tap By v By (56 diém anh) trong tilg 1.2 : 1.

Mot van dé phat sinh 14 hau nhu khong phai déi tugng hinh anh ndo ctia ching ta déu dudc
mo td mot cach tron tru béi mot ham sé duy nhéat ci, viec tham khio qua cac dang ham sb
c6 dang khéac 1a mot diéu nén lam chang han nhu

Ham tu'ng khic
Thudng duge cho béi biéu dién hinh thitc nhu sau

fi(z) néuxe Dy

fa(x) néux € Dy
y =

fn(z) néuzxe D,

trong d6 f; 1a ham s6 xdc dinh trén D; va V(i, j), i # j = D; N D; =0, (hay la cac mién D;
rdi nhau). Day 1a ham s6 khong so cap, rat thuong duge st dung trong phuong phap nay. Mot
dai dién cho loai ham nay chinh 14 ham

z néux>0
y:|x’: £ *
—x neux <0

Ta phéan tich hiéu qua clia phuong phap nay:

o Uu diém: truc quan, s6 lugng bién phai diing tuong déi it (nhung van nhiéu hon phuong
phéap hé toa do, do thém cac bién phan hoach theo hoanh do), c6 thé chinh sita duge doi
tuong trong hinh anh bing cach thay déi ham s ctia ching, cho phép kha nang phéng
dai hinh anh.
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o Nhugc diém: sb6 lugng diém can phai diing quéa nhiéu (bién thién theo ti 1¢ phéng dai),
kh6 ma héa dit lisu dau vao cho phit hgp (khé tim duge ham sé phit hgp dé vé do thi
ctia chiing), thuat toan dé thuc hién con phiic tap.

~+ Phuong phap nay cai tién duge mot s6 diém so v6i phuong phap toa do, nhung mat khac
no6 cing c6 nhitng han ché riéng ctia minh. Cdc phan mém Toan hoc hién nay thuong
dung phuong phap nay dé vé do thi (nhu Geogebra chang han').

y

Hinh 6. Do thi miéu t& ham s6 r = 2(1 + 5cos T¢) (ham s6 theo toa do doc cuc)

x = 10(2 4 sin bt) cost . .

a ( _ ) ., te[-10, 10] (ham sb f(z, y) = 0 theo tham s6 t).
y = 10(2 + sin 5¢) sint

Phuong phdp vica cdi tién khién ta cé cdi nhin khd thién cdm, tuy nhién van dé dugc 16 r6 khi
ta bdt dau vé nhiing hinh khong tron tru, go ghé, gay vd, dé cing chinh la lic ta tim dén mot
phuong phdp mdi, khd truu tuong, nhung dep dé, ...

3 Phuong phap té chitc hinh anh theo kiéu tu dong dang

Roi xa thé gidi ciia Hinh hoc Euclide mot chut dé dén véi Hinh hoc Fractal (xem dinh nghia
va cac van de lien quan trong sach gido khoa Toan 11). Ngoi ngdm nghi lai mé kién thic vé
Hinh hoc Fractal da biét, ban chic hén sé rat thich tha véi cach dung hinh cuc ky dep mit,
ma hiéu qua déi v6i nhitng hinh go ghé, di dang nhung cong thic ban dau lai vo ciing gon
gang, nhu “bong tuyét Von Koch” (xem hinh 7) chang han

LChinh vi thé ma trong thé ché day hoc phé thong & nudce ta, phan mém nay khong cho két qué phit
hgp hay néi nang hon la vé sai.
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Hinh 7. Bong tuyét Von Koch qua 5 lan ty dong dang.
Ta ngam lai thuat toan ti xfu: Liy mot tam giac déu c6 canh bang 1, goi 1a hinh ban dau K.

e Budc 1. Chia mdi canh dang c6 ra ba doan bang nhau va thay méi doan & gitta béi hai
doan bang né sao cho chiing tao v6i doan bé di mot tam giac déu vé phia ngoai ta duge
bong tuyén K.

e Budc 2. Ctt tiép tuc lap lai theo nguyén tic: Tit bong tuyét K, (n > 0) dé c6 bong tuyét
K11, ta chia mdi canh ctia K,, thanh ba doan bang nhau va thay mdi doan & giita bdi
hai doan bing né, sao cho chting tao véi mdi doan bé di mot tam gidc déu vé phia ngoai.
e Qua trinh trén lap di, lip lai cho ta mot day cac bong tuyét Ko, K1, Ko, ..., K,, ...
Va thé 1a ta di c6 mot hinh dnh khong toi chit nao. Nhung lam thé nao dé lam may vi tinh
hiéu thuat todn dyng hinh dep dé trén kia day trén kia day! Ching ta hoan toan c6 thé lam
duge diéu d6 nho ¥ tudng sau day
Pam bui Cantor
Dinh nghia 2.

e Hinh ban dau Eqy la doan thding don vi [0, 1].

e Quy tdc sinh: Chia doan thang [0, 1] ra ba doan bang nhau, roi b6 doan nhé & chinh gitta,
duge hinh Ej.

o Lap lai quy tdc sinh doi vdi moi doan thing cia Ey, dudc Fs, ..., ct nhu thé tiép tuc
dén vo tan (vem hinh 8).

Ta duge mot tap hop gom toan nhiing hat bui, cé tong chiéu dai biang 0, khong chita bat ci
doan thing nao thuoc [0, 1] du la nhé bao nhiéu di nita, nhung van gom vo han khong dém
duogc cic diém, cé thé cho tuong 1ing 1 — 1 vdi toan bo doan thang [0, 1].

1 2
3

Hinh 8. Dam bui Cantor.
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Ngoai dinh nghia hinh &nh trén ta con c6 thé dinh nghia bang S6 hoc (ngudi ta chiing minh
duge ring hai dinh nghia nay la tuong duong) nhu la tap hop tat cd cac s6 duge viét dudi
dang phan so tam phan 0, a1, az, ..., ay, ... (phan s6 trong hé dém tam phan) ma moéi chit
s6 déu bang 0 hoac 2(khong c6 chit s6 1).

Tuy nhién diéu dang quan tam & day la tuong tng 1 — 1, chinh vi di¢u dep dé d6 ma ta c6
dinh 1y tong quat nhu sau

Dinh 1y 1 (Dinh Iy co ban clia dusng Fractal). Moi Fractal déu la dnh lién tuc ciia tap Cantor,
nghia la doi véi moi Fractal déu tim duoc mot dnh xa ¢ lien tuc bién tap Cantor thanh Fractal
dy. Theo nghia dé ta cé thé noi tap Cantor la mot Fractal “nguyén thiy”.

2

Dinh 1§ nay cho phép ta c6 thé “sd héa” mot Fractal bat ky. Va chinh vi 16 d6 ma nhitng hinh
anh c6 vé nhu tritu tugng, hon don, vo trat tu (nhu hinh ddm may, hinh day nui, ngon séng,
nhanh cay, ...) lai mang mot sy mé hoéa vo cung gon gang.

Hinh 9. Cay San ho Fractal, c6 khéi dau chi 13 mot doan thing & gbc.

Hinh 10. Vai nhanh cay thong qua 6 phép bién ddi affine ti dong dang.

D6 1a ¥ tudng vé phuong phéap t6 chiic hinh anh theo kiéu ty dong dang, viéc nhan xét phuong
phap nay hoan toan tuy thuoc vao ban doc (hdy lién tuéng dén ADN trong mon Sinh hoc di
truyen), dai dién uwu ti cho phuong phap nay 1a kg thudat IFS (Iterated Function Scheme).
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4 Vai két luan va huéng di goi mé

Trong bai viét nay 1a so nét nhitng phuong phap tiép can chinh ctia Toan hoc, trong viéc hién
thi cac ddi tugng hinh anh bing méy vi tinh. M&i cach lam c6 mot wu nhuge diém rieng! Cé
thé sau khi doc bai viét nay ban doc sé tut dé ra nhitng thuat toan, nhitng phuong phap khéc
hay hon cho van dé trén. Nhung diéu dang luu y & day 1a “Tai sao phdi can nhing hinh dnh
qud chi tiét va cé6 do chinh zdc cao?”, c6 vé nhu ta khong qua can thiét dén dicu nay. That
kho dé cho mot cau tra 15i chinh xac, nhung ban hiy ct tudng tugng nhiing gi sé dién ra néu
nhu ban c6 thé phong dai mot bitc anh lén ti 1é tity ¥ ma khong lam gidm chat lugng anh.

e (6 kha ning, ban sé la ngudi dau tién nhin thay dugce vat thé nhé nhat trong tu nhién
(nhé hon ca hat co ban).

e (C6 kha nang, ban sé 1a nguoi dau tién nhin thay mot hanh tinh khéc, c6 sy séng (ngoai
dia cau ra) chi bing mot cai may quay phim c6 st dung thuat toan ghi dnh, ghi hinh
cho chinh ban tao ra.

Diéu do chic la c6 ¥ nghia quan trong va dang dé luu tam ding khong ban nhi?!

Tai liéu tham khao

[1] D6 Cong Khanh (chti bién), Todn cao cap — Gidi tich ham mot bién (Todn 1), Nha xuét
ban Dai hoc Quéc gia thanh phd Ho Chi Minh, 2006.

[2] Hoang Chiing (cht bién), Twm hiéu Fractal — Mot hinh hoc mdi la, Nha xuit ban Gido
Duc, 2003.

[3] Kenneth Falconer, Fractal Geometry: Mathematical Foundations and Applications, Wiley
Publishing House, 2004.

[4] http://www.geogebra.org
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CAP SO CONG VA PHUONG TRINH HAM TREN N

Nguyén Trong Tuin
Trudng Phd thong Nang khiéu - Dai hoc Quéc gia thanh phé Ho Chi Minh

Chiing ta déu biét day s6 f, = an +b, 6 day a, b € N, 13 mot cap sd cong vdi cong sai 1a
a. Mot ham s6 cadm sinh ra mot cap s6 cong néu nhit né c6 dang tuyén tinh. Theo cach
tiép can nay, c6 kha nhiéu ham tren N lien quan dén cap sb6 cong. Mot dau hieu dé du
doan ham s6 f tuyén tinh 14 bac ctia cac bién khong vuct qua 1.

Bai viét sau day trinh bay nhitng k¥ thuat co ban dé gidi phuong trinh ham trén N lién
quan dén cap s6 cong. Hy vong rang né sé c6 ich cho cac ban hoc sinh chuyén Toén.

Bai toan 1. Twm tat cd cic ham f : N* — N* théa man dieu kién
f(fm)+ f(n))=m+n, Vm, neN".

LOI GIAL Dé dang ching minh duge f 14 ham c6 tinh chat don anh. Gid st m, n, p, ¢
1a 4 s6 nguyén duong théa man m +n = p + ¢. Khi d6

ff(m) + f(n) = F(f(p) + f(a)) -

Do f la don anh nén ta co

fm) + f(n) = f(p) + fla).

T dang thiic trén suy ra

fm+1) = f(m) = f(m) = f(m —=1) =--- = f(3) = f(2) = f(2) = f(1).

Nhu thé, ta thay day {f(m)} 1a mot cap s6 cong v6i s6 hang dau 1a f(1) va cong sai la
d = f(2) — f(1). Va nhu vay, dé xac dinh dugc f(m) ta chi can xac dinh f(2) va f(1).
Ta co

fm) = f) +[f2) = fF()] (m = 1), Vm e N".

Thay biéu thitc ctia f(m) vao he thitc dau bai, ta dugc
FQ2f(1)+ (m—1)d+ (n—1)d) =m+n,

hay
f+2f(1)+(m—-1)d+ (n—1)d—1]d=m+n.

Suy ra f(1) = d = 1. Tt d6 ham s6 duy nhat can tim 1a f(n) = n véi moi n € N*. [

Stt dung k¥ thuat nhu trong bai toan 1 gitp ching ta gidi duge nhiéu phuong trinh ham
mot cach ngin gon.
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Bai toan 2. Tim tat ca ham f : N — N théa man dieu kién

f(fm)+ f(n)+ f(p)) =m+n+p, Vm, n peN
Lo1 GIAL D@ thay riing f don anh. Cho n = p, ta c6

f(f(m) +2f(n)) =m+2n.
V6i moi 86 tu nhien m van > 0, ta c6 m +2n = (m +2) +2(n — 1). Tt d6
f(f(m)+2f(n)) = f(f(m+2)+2f(n—1)).
Vi f don anh nén f(m)+2f(n) = f(m+2)+2f(n — 1) hay
Fm+2) — f(m) =2f(n) —2f(n—1), Ym, neN, n> 1.

Thay n =m+ 2, taco f(m+2)— f(m) =2f(m+2)—2f(m+1). Do d6

flm+2) = f(m+1) = f(m+1) — f(m), VmeN.

Dang thitc trén ching t6 {f(m)} 1a cap s6 cong. Do d6 f(m) = am + b v6i a, b € N.
Thay vao he thitc § dau bai, ta duge f(am +b+an+ b+ ap +b) = m +n + p hay

a*m+n+p)+3ab+b=m+n+p, Vm,n, peN.
Suy ra a =1, b= 0. Vay ham s6 can tim 1a f(n) = n v6i moi n € N (thda man). O

C6 nhiéu ham s6 thda man he thic f(f(n)) = an + b véi moi n € N* nhung lai khong
cdm sinh ra mot cap s6 cong, nghia 1a day {f(n)} khong phéi Ia cap s6 cong. Bai toan
3 sé dé cap vé mot ham s6 nhu thé.

Bai toan 3. Chimg minh rang ton tai duy nhat ham so f : N* — N* théa man dong
thoi hai diéu kién:

(i) f tang thue su;
(i) f(f(n)) =2n+ 3 vdi moin € N*.
Hon nita, day f(n) khong phdi la cap so cong.
Lo1 GIA1. Chu ¥ rang do f tdng thuc sy nén véi moi m, n € N*, m > n, ta luon c6
f(m) = f(n) = m—n. (1)
Tir (1) suy ra f (f(n + 1) — f (f(2)) > f(n+1) — f(n). Nhut thé
fln+1)—f(n) <2, VneN".

Lai ap dung (1) ta duge f(n) —n < f(f(n)) — f(n) =2n+ 3 — f(n). Do do

< 3n+3

f(n) < 5 Vn € N*.
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Mzt khac, cting tir (1) ta c6

f(f(n)) = f(n) < f(F(F(n) = f(f(n)),

suy ra 4n + 6 — f(n) < 2f(n) + 3 hay

4 3
f(n) > ”; . VneN
Tt d6 v6i moi s6 nguyen duong n, ta co
dn + 3 an+3
g = fn) s ——. (2)

Tir (2), ta c6 f(1) = 3, f(2) = 4 v f(3) = [ (f(1) = 5, f(4) = /(f(2)) = 7. Bay
gio, gia st f(n) < m < f(n + 1) va khong ton tai k sao cho f(k) = m. Khi do, ta c6
f(f(n)) < f(m)< f(f(n+1)) hay 2n+3 < f(m) < 2n+ 5. Vay

F(m) =20+ 4= f(f(n)+1.
T do, ta c¢6 thuat toan xay dung ham f(n) nhu sau
o f(1)=3.Taco f(3)=5vatitdo f(2) = 4.
e Gia st da xac dinh duge f(1), f(2), ..., f(k). Ta xac dinh f(k + 1) nhu sau

— Néu ¢c6 m ma f(m) =k + 1 (s6 m la duy nhat) thi dat f(k+ 1) = 2m + 3.
— Néu khong c6 s6 m nhu thé thi dat f(k+1) = f(k) + 1.

T dé ta c6 day f(n) nhu sau

RO rang day f(n) xac dinh duy nhat thoa méan yéu cau bai toan va khong phai 1a cap
s6 cong. Bai toan dudc gidi quyét xong. O

Nhu vay, néu f tang thyc sy va thoa man f (f(n)) = an + b véi moi n € N* thi {f(n)}
chua chic 1a cap s6 cong hay noi cach khac, f c6 thé khong c6 dang tuyén tinh. Do do,
néu mudn c6 duge dang tuyén tinh, ta can phai bo sung diéu kién cho ham f. Mot trong
nhitng dieu kien dé duge néu trong bai toan 4 sau day.

Bai toan 4. Twm tat cd cdc ham tang thuc su f : N* — N* théa man dieu kién:

(i) f(f(n)) =4n+9 vdi moin € N*;

(i) f(f(n)+1)=4n+ 11 vdi moi n € N*.
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LOI GIAL Trude hét, dé dang chiing minh duge cac két qua
fAk+9)=4f(k)+9, f(4k+10)=4f(k)+ 11.
Tuong tu bai toan 3, ta c6
fn+1)—f(n) <4, VneN"
Goi k 1a s6 tu nhién sao cho f(k+ 1) — f(k) = M 1a s6 16n nhat. Ta c6
FUGE+D) = F(f () =A4f(k+1)+9—4f(k) =9 = 4M.
Mat khéac,

FUUR+D) = F(F(F(R)))

S R+D) = FFER+1) =D+

+ I FUELD)) =) = F(f(fE+1) —2)]+
+o R +1) = F U FF))]

< [f(fk+1)) = F(F(R)] M = 4M.

T d6 céc tong trong ngodic vuong phai bang nhau va bang M. Dic biét ta co
M= f(f(f(k)+1) = f(f(f(F))) = f(4k +10) — f(4k +9) = 2.
Cha y rang néu f(n+1) = f(n)+1thi f(f(n+1)) = f(f(n)+ 1) hay
4(n+1)4+9=4n+ 11 (mau thuan).

Vay ta phai c6 f(n+1) = f(n) + 2 véi moi n € N*. Nhu vay f(n) = 2n + b. Thay bicu
thic ctia f(n) vao f(f(n)) =4n+9, ta cod

22n+b)+b=4n+)9,

do d6 b = 3. Ta thay f(n) = 2n + 3 cing théa man he thic f(f(n) +1) = 4n + 11.
Vay ham s6 duy nhat can tim 1a f(n) = 2n + 3 v6i moi n € N*, ]
NHAN XET. Néu goi k 1a s6 tu nhién sao cho f(k+ 1) — f(k) = m 1a s6 nh6 nhat thi

ta ciing dan dén két qua m = 2. Bai toan sau day st dung k¥ thuat ctia bai toan 4 dé
chiing minh day {f(n)} la cap s6 cong bang két qua M = m.

Bai toan 5 (IMO 2009). Cho si, sa, ..., Sn, ... la ddy tang nghiém ngat cic s6 nguyén
duong thoa man: Cdac day con Ss,, Ssyy - -y Ssps « -+ VA Sgy 41y Ssgtls -+ Ssy+1s - - - LG Cac
cap so cong. Ching minh rdang ban than day si, Sa, ..., Sn, ... cling la cap s6 cong.

LO1 GIAL Dé dé xit 1y, ta phat biéu bai toan dudi dang tuong duong: Cho f : N* — N*
la ham tang thuc su va théa man: Cac day {f (f(n))} va {f (f(n)+ 1)} la cic cap so
cong. Chiing minh ring day {f(n)} ciing la cap so cong.
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T gid thiét suy ra f (f(n)) =an+bva f(f(n) +1) = cn+d (6 day a, b, ¢, d 1a nhiing
s6 nguyen duong). Ta c6 f(f(n)) < f(f(n)+1) < f(f(n+1)), suy ra
b

a+b
—

d
an+b<cn+d<an+1)+bhaya+—<c+—-<a+
n n

Bang cach cho n — +o00, ta duge a = c. Tém lai ta c6
F(f) =an+b, f(f(n)+1)=an+d, VneN,
Dé dang chiing minh dugc

f(flan+0b)) =af(n) +0b, [f(flan+b+1))=af(n)+d.

Tac6 0 < f(n+1)— f(n) <a véi moi n € N*. Goi r, t lan lugt 1a cac s6 tir nhién sao
cho M = f(r+1) — f(r) 16n nhat va m = f(¢t + 1) — f(¢) nho nhat. V6i ky thuat tuong
tu nhu bai toan 4, ta c6

M= f(fUr)+1)=fF ) = flar+b+1) = flar+b0) =d b

va
m=ff @) +1) = f(f @) = flat +b+1) = flat +b) = d —b.
Tw d6 suy ra M =m. Suy ra f(n+1) — f(n) =d — b v6i moi n € N*.

Ta c6 diéu phai chiing minh. O
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SANG TAO PHUONG TRINH HAM
TU CAC HANG PANG THUC

Lé Viét Hai - Dao Thai Hiép
HS chuyén Toan khoéa 2009 - 2012

Nhu ta da biét, ham s6 1a mot phan quan trong ctia Toan hoc. Viéc gidi phuong trinh
ham (PTH) vi thé ma cling duge quan tam. Trong bai viét nay, nhém téc gid mudn trinh
bay dén cho cidc ban mot cach sang tao phuong trinh ham don gidn, nhung lai c¢6 rat
nhiéu diéu dac biet va doi lac thuye sy “héc baa”. D6 1a viec dé xuat ra cac bai phuong
trinh ham duya trén cac dang thitc, hing ding thitc. Qua viéc giai ching, cac ban sé c6
them dude ki nang gidi toan, va thuce sy, day 1a mot dieu rat co ich.

Nhitng bai phuong trinh ham duge trinh bay trong bai viét nay da duge nhém tac gia
tim kiém va chon loc, c6 nhitng bai dé va cfing ¢6 bai kho, nhung méi bai déu c6 cai hay
riéng ctia minh, viéc phat hién ching va giai duge ching la mot cong viéc thi vi ma cac
tac gid mudn chia sé v6i ban doc. Bai viét chic chan khong tranh khéi sai s6t. Mong
cac ban quan tam xem xét, va liéen he véi cac tac gia dé duge trao ddi nhiéu hon.

1 Bai toan “chia khoa”

Nhiing PTH dugc sang tac tit hang dang thitc déu c6 it nhat mot ham thod la f(z) = z.
Chinh vi vay, viéc tim ra nhitng diém chung gitta cac bai PTH nay 1a mot dicu quan
trong. Sau mot thoi gian xem xét k¥, xin trinh bay dén cdc ban bai toan quen thuoc
sau, c6 thé duge ap dung dé giai rat nhiéu bai PTH dang nay.
Bai toan 1. Tim tat cd cdc ham f : R — R thod man
fle+y)=flz)+fly), Vo, yeR

trong cac truong hop sau

(a) f(x) la ham liéen tuc;

(b) f(z) la ham don diéu,

(c) 1f(@)| < M, Vz € [a, b

(d) f(z?) = f?(z), Vz € R;

(¢) f(z®) = fP(x), Vz € R.

Lot ¢1AL. Cho z =y = 0, ta duge f(0) = 2f(0), suy ra f(0) = 0. Hon nita thay y béi
—z, ta duge f(0) = f(z) + f(—=z), do d6 f(—z) = —f(z), Vo € R, hay f 1a ham 1é.
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Dat f(1) = ¢ = const. Khi d6 ta c6
C:f(l):f(l+l+...+l):nf(l).
non n n

1
Nhu’véuynf(—) =c¢,Vn € N. Tfrdayxétx:@Véim,nENVA(m,n):l,tacé
n n

f(x):f<%>:f(%+%+---+%):mf<%):c-%.

Nhu vay f(z) = cz v6i moi s6 hitu ti duong z. M&t khac do f 1a ham 18 va f(0) = 0 nén
tu day ta suy ra f(z) = cz, Va € Q.

(a) Néu f la ham liéen tuc: Véi moi s6 vo ti 2 luon ton tai mot day s6 hitu ti {x,} hoi
tu vé x. Nhu vay, dua vao tinh lién tuc ctia f, ta c6

f(z) = lim f(z,) = lim (cz,) = cz.

Ty —T Tp—T
Vay f(x) = z 1a ham thoa.

(b) Néu f la ham don dieu (& day cdc tdc gid trinh bay phan ching minh cho f la ham
don dieu tang. Truong hop f la ham don diéu gidm, ban doc cé thé ching minh tuong
tu.): Trude hét, vi f(z) dong bién nén ¢ = f(1) > f(0) = 0. Gia st ton tai zq la s6 vo ti
sao cho f(zg) > cxg. Do z 1a s6 vo ti nén dé dang suy ra duge f(zo) va czy déu la sd
vo ti. Khi d6 ton tai s6 hitu ti y sao cho

f(zo) > cy > cxo.

Tuy nhién khi d6 f(zo) > f(y) nén xo >y > xo (vo 1y).

Chiing minh tuong tu trong truong hop f(zg) < cxo, ta ciing c¢6 dicu vo ly. Mau thuan
nay ching t6 f(x¢) = cxo. Nhu vay f(z) = cx, Vo € R la ham thoa.

(c) Néu |f(x)| < M, Vx € [a, b]: Ta sé ching minh f(z) cling bi chan trén [0, b — a.
That vay, véi z € [0, b — a] thi z + a € [a, b]. Khi d6 ta c6 f(x +a) = f(z) + f(a), suy
ra f(z) = f(z +a) — f(a), nhu vay —2M < f(x) < 2M, suy ra

|f(x)] < 2M.
Pt b—a=d > 0, vay f(z) bi chan trén [0, d]. Dt ¢ = @, g(z) = f(z) — cz. Suy ra
gx+y)=flx+y) —clz+y) = flz) —cx+ fly) —cy = g(x) + g(y), Yz, y €R.
Hon nita g(d) = f(d) — @ -d=0. Vay g(x+d) = g(z), Vo € R, do d6 g 1a ham tudn

hoan. Hon nita, g(z) = f(z) — cx nén g ciing bi chéan trén [0, d], cong thém tinh tuan
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hoan chu ky d ctia g, ta suy ra g bi chan tréen R. Gid st ton tai zy sao cho g(zg) # 0.
Khi d6, ta c6 v6i moi s6 tu nhién n thi g(nxg) = ng(xg) suy ra

|g(nao)| = nlg(xo)|.

Do g(z0) # 0 nén néu chon n dit 16n ta c6 thé cho n|g(xo)| 16n tuy ¥, suy ra |g(nxg)| 16n
tuy ¥, trai véi diéu kién bi chin ctia g. Vay g(z) = 0, Vo € R. Do d¢, f(x) = cx, Vo € R.

(d) Néu f(2?) = f*(z), Vor € R: Tut gid thiét ta suy ra f(z) > 0 v6i moi s6 thuc khong
am z. Khi dé6, véi moi z > y > 0 thi

f@)=fly)=fl@-y)=0.
Nhu vay f(z) > f(y), f(z) 1a ham khong giam. Ap dung két qua cau (b), ta c6
f(x)=cx, VreR.

Thay vao gia thiét ta tim duge ¢ = 0V ¢ = 1. Nhu vay, f(z) =0, Vz € R va f(z) = z,
Vz € R la cac ham thoa.

(e) Néu f(2?) = f3(x), Vo € R: Ta c6
[f(@)+ W) = Pla+y) = f((@+y)°) = F(2* +¢* +3ay(z +y)) .
Tir day suy ra f°(x) + f2(y) + 3f () f(y) f(x +y) = f(2®) + [(y°) + 3 (wy(z +y)) , hay
f@) ff(z+y) = f(zy(z+y)), Vo, yeR

Do f3(x) = f(2®),Vx € Rnentaco f3(1) = f(1),suyra f(1) =0V f(1) =1Vf(1) = —1.
Ta xét hai truong hop sau.

o Truong hop 1. f(1) = 0. Khi d6 ta c6
f(x* +2) = f(o)f()f(x+1)=0, VzecR.

1 1
Do x? + x nhan moi gia tri khong bé hon 1 nén ta suy ra f(z) =0, Vo > 1
Mét khéc ta lai ¢6 f(z) 1a ham 1é nen f(z) =0, Vo € R. D& thay ham nay thoa.

e Truong hop 2. f(1) =1V f(1) = —1. Khi do6, dat f(1) = ¢, ta ¢

fla® + ) = fl2)f(1) f(x+1),
hay tuong duong

f@®) + fz) = cf(2) [f(2) + ] = cf*(x) + ¢ f(2) = cf*(2) + f(x).
Nhu vay f(z?) = cf?*(z). Tuy vao ¢ = 1 hay ¢ = —1, va lam tuong ty cau (d) ta
suy ra hai ham tuong ung thoa la f(x) =z, Vo € R va f(x) = —z, Vo € R.
Vay v6i gia thiét (e), ta ¢c6 3 ham s6 théa méan 1a f(z) =0, f(z) =z va f(x) = —z. [
NHAN XET. Diéu kién (d) va (e) clia bo dé c6 thé thay doi thanh f"(x) = f(2"), V2 € R
v6i n 1 s6 tir nhien va n > 1. Ngoai ra, con c6 mot huéng tong quat khac cho cac diéu

kién nay nhu sau: Cho da thic P(x) ¢ bac lon hon 1 théa P (f(z)) = f (P(x)), Yz € R.
Hay tim tat ca ham f théa.
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2 Cac bai toan ap dung

Truée khi di vao ban luan cac bai toan cu theé, xin trinh bay véi cac ban mot cach don
gian dé sang tao PTH tit hiang dang thitc. Ké tit phan nay ta quy wéc P(x, y) 1a phép
thé mot bo (z, y) vao phuong trinh ham giad thiét cia moi bai toan.

Chéc hén ai trong chiing ta cling déu biét mot vai hiang déng thic co ban, vi du nhu
(+y)’ =2+ 2y +y°, (v+y)° =2"+3aylr +y) +y’,

Viéc thay x bang f(z) hay f(f(z)), hoac dac biet hon 1a f(z +y) — y, ... da cho ra

doi rat nhiéu bai toan hay va khé. Tat ca cac bai toan ma tac gid gidi thiéu trong bai

viét nay déu dude dé xuat tit chinh viéc “don gian” nhu thé. Va ching ta hay ciing nhau

thudng thitc sy thu vi cia nhiing bai PTH dang nay.

Viéc sang tao PTH khong chi dua trén cac hing dang thiic da biét, doi khi xuat phat

tit nhitng diéu “kha hién nhién”, nhung khong vi thé ma mat di tinh tha vi, ta sé dén

vGi hai bai toan sau

Bai toan 2 (IMC 2010). Tum tat cd cdc ham lién tuc f: R — R thod man

flry+z+y) = f(x)+ fy) + flzy), Yz, yeR

LOT GIAL Bai toan ¢6 mot cach phét biéu don gian, nhung khong vi thé ma né “dé xoi”.
Ta cuing dén véi cach gidi sau day.

Ta c6 P(—x, z): f(—2?) = f(—2?) + f(z) + f(—2), nhu vay
flz)+ f(—z)=0, VreR.

Ta suy ra f la ham lé.

Dé y rang ry+x+vy = (v +1)(y+1) — 1. Mot cach ty nhién, ta lita chon cac s6 c¢6 nhiéu

hon hai cidch phan tich dé tir dang thitc nay ta tim cic bo (z, y) phit hop dé thay vao

phuong trinh, qua d6 hy vong c6 duge cac danh gia dan t6i két qua bai toan. Ciing tir ¥

tudng nay, ta nghi dén viec chiing minh f(3x) = 3f(x), Vo € R nhu sau: Ta lan lugt c6
o P(x,1): f(2x+1)=2f(z)+ f(1), Vx € R. Nhu vay, ta c6 f(3) = 3f(1) va

fx—1)=2f(x—1)+ f(1), VzreR.
o P(3, 22 —1): f(42®> — 1) = f(3(2* = 1)) + f(3) + f(x® = 1). (1)
o Xét P(1,22%—1):

Flaa? = 1) =2f(22 = 1) + f(1) = 2 [2f(2* = 1) + F(1)] + f(1)
=4f(x* — 1)+ 3f(1). (2)
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T (1) va (2) ta suy ra
f(3(z*—1)) =3f(2*—1).

Mat khéac, v6i moi x > 0, luon ton tai a € R sao cho z = a? — 1. Nhu vay f(3z) = 3f(z),
Vo > 0. Do f la ham lé, nén suy ra

fBz) =3f(x), VreR.
Bén canh d6 ta ciing chiing minh duge f(x + 1) = f(x) + f(1), Vo > 0. That vay,
o Xét P(3, —z® — 1), ta co

f(—42? = 1) = f(=3(z" + 1)) + f3) + f(—2" = 1)
=4f(x*+1)+3f(1), VzeR. (3)

o Xét P(1, —222 — 1) :

f(—4a® = 1) = 2f(=22% = 1) + f(1) = =2(2f (%) + f(1)) + f(1)
= —4f(z*) — f(1), VrecR. (4)

T (3) va (4) tasuy ra f(2? + 1) = f(2?) + f(1). Vi 22 > 0 nén
flx+1)= f(x)+ f(1), Vz>0. (5)

biat f(1) = ¢. Dua vao (5), dé dang c¢6 duge f(n) = nc, Vn € N*. Quy ude n 1a mot s6
tu nhién > 0. Ta c6 P(xz, n): f((n+ 1)z +n) = f(x) + f(n) + f(nz), suy ra

f(ln+Dz)= f(x)+ f(nx), VreR.
T diéu trén, theo quy nap, ta dé dang c6 f(nz) = nf(z), Vo € R. Suy ra f(n) = nc va
f(x) =cx, VreQ.
Vi f 1a ham lién tuc va 1é nén ta cé f(z) = cz, Vo € R. Vay day 1a ham thoa. O
NHAN XET 1. Cach giai trén dya vao viec dé ¥ gia thiét tinh lien tuc ctia ham f, ta c6
gang chiing minh f(z) = cr véi moi z hitu ti, dé tit d6 suy ra ham thod. Tat ca nhiing

phép thé trén déu xuat phat tu ¥ tudng do.

NHAN XET 2. PTH trén tuong duong v6i PTH Cauchy, va day la bai tap danh cho cac
ban: Cho ham f: R — R, ching minh ring

flay+a+y) = flay) + f(@) + f(y)
khi va chi khi f(z +vy) = f(x) + f(y) vdi moi s6 thuc x, y.

Trén thyc té, cac tac giad da tiép can bai toan dau trudce khi biét dude két qua trén.
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Bai toan 3. Tim tdt cd cic ham lién tuc f : R — R thod man
fggog(l’) =T, Vl’ - R,
trong dé fo(z) = f(f(...(f(x))...), n lan f.
LO1 GIAL Trude tien ta ching minh f 13 don anh. That vay, néu f(z1) = f(z2), ta c6
f2000(71) = faooe(w2) suy ra z; = x5. Vay f don anh. Bay gio ta chiing minh bo dé sau

Bo6 dé. Néu f: R — R vita la ham don dnh, vita la ham lién tuc, the f don dieu.

Chitng minh. Vi f 1a don anh, ta chitng minh néu ton tai x < y sao cho f(x) < f(y)
thi f dong bién (néu v6i moi # < y ma f(z) > f(y) thi hién nhien f nghich bién). Gia
stt f khong dong bién, tic 1a sé c6 ba truong hop sau c6 thé xay ra, ton tai z sao cho

(1) z<z<yva f(z) > f(2), flz) < f(y);
(2) z<y<zva f(z) < fly), f(x) < f(y);

B) = <z<yvalf(z) = f@)][f(2) = f(y)] > 0.
Dé thay, ta chi can chiing minh (1) sai. Chon M sao cho f(z) < M < min{f(y), f(z)}.

Theo tinh chat cia ham lién tuc, ton tai a sao cho z < a < x va f(a) = M, dong thoi
ton tai b sao cho x < b < y va f(b) = M. Suy ra f(a) = f(b), suy ra a = b do f don
anh, nhung diéu nay khong thé xdy ra vi a < x < b. Vay ta c6 diéu gia sit 1a sai, tom lai
f 1a ham don diéu. O

Quay tré lai bai toan, ta sé chiing minh f 14 ham dong bién. That vay, gia st f nghich
bién, ta c6 véi x < y thi f(z) > f(y). Suy ra

falw) = [ (f(x)) < F(f(y)) = fa(y).

Ctt tiép tuc nhu theé, ta duge faee(z) > fao0e(y), suy ra z > y (mau thuin). Vay f 1a ham
dong bién. Bay gio ta gia st ton tai x sao cho f(z) > z, khi d6 fo(z) = f(f(z)) > f(2),
ta suy ra ngay

T = fggog(l’) > fgoog(l’) > > fg(l') > f(l') > (mau thuén)
Tuong tu véi f(x) < x cing suy ra mau thuan. Vay f(z) =z, Vx € R. O
NHAN XET. V6i cach gii trén, ta dé dang gidi quyét dugc bai toan néu thay s6 2009

bang mot s6 tir nhieén 1é bat ky. Tuy nhién, cdc ban hdy thit suy nghi xem néu thay 2009
bang mot s6 tir nhién chin khac 0 thi két qua sé nhu thé nao?

Qua cac vi du trén, c6 thé thay ching déu c6 cach phét biéu don gidn nhung 15i gii lai
khong hé don gidn, chinh diéu d6 da lam nén si tha vi cling PTH dang nay.

Quay tré lai v6i dang chinh ciia PTH ma chiing ta dang xem xét, nhitng bai toan sau
day mot phan duge trich ra tit cdc ky thi Olympic, mot phan la clia cic tac gid sang
tac. Ta sé bit dau bang hing ding thic rat quen thuoc

" — yn _ (I o y)(xn—l +xn—2y+ . +$yn—2 _i_yn—l)‘
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Bai toan 4. Tim tat cd cic ham f : R — R thod man
f@™) = fy") = [f(@) = I @ +a" Py + oy 4y, Vo, y €R,
trong dé m la mot so tu nhién bat ky va lén hon 1.

LOT GIAL Trudc hét ta thit gidi bai toan trong timg trudng hgp cu thé ciia n. Qua do,
ta sé thay ro6 huéng di can phai lam khi gidi quyét bai toan véi cic s6 n bat ky.

e Truong hop n = 2. Phuong trinh ham ban dau lac nay tré thanh
f@®) = fy*) = [f(2) = f(W)] (@ +y), Yz, yeR

Ta khong thé tinh duge f(0), vi trén thuc té f(z) = ar + b 13 mot 16p ham thoa
man yéu cau bai toan, nhu vay gia tri f(0) 1a khong c¢d dinh. Trong trudng hop
nay, ta sé dit ham s6 ¢ : R — R sao cho g(z) = f(z) — f(0). Khi d6 ¢g(0) =0, va
ta cling thu duge phuong trinh ham tuong tu

9(z*) = g(y*) = l9(x) — g(y)] (x +y), Yz, yeR. (1)
Thay y = 0, ta c¢6 g(2?) = xg(x), Vo € R. Thay trd lai vao phuong trinh (1), ta c6
9(@)y = g(y)x, Vi, yeR.
Dén day cho y = 1, ta c¢6 ngay g(z) = zg(1) = ax, va do d6
f(x) =ax+ f(0) =ax+0b, VzeR.

e Truong hgp n = 3. Day la mot bai toan trong dé thi ciia Moldova nam 2004

F@) = (%) = [f(2) = fW)] (@® + 2y +37), Va, y €R.

Ciing bang lap luan tuong ty nhu & truong hop n = 2, ta xét ham s6 g : R — R
thod man g(z) = f(x) — f(0). Khi d6 g(0) =0 va

9(2%) = g(v*) = l9(z) — 9] (=" + 2y +v°), Vz, yeR. (2)
Thay y = 0, ta c6 g(2®) = 22g(x). Thay tré lai vao phuong trinh (2), ta c6
(x+y)ge)y = (= +y)gy)r, Vo, yeR.

O day, ching ta khong dude quyén triet tieu (z + y) ¢ hai vé ciia phuong trinh
ham trén, vi sau d6 ta khong thé so sanh duge g(z)y va g(y)z véi © +y = 0. Tuy
vdy, ta van c6 thé chiing minh dugc

g(z)y = g(y)xz, Vz,yeR.

That vay, do g(z) = 0, Vo € R 1a mot ham thda nén ta c6 thé gia st g khong dong
nhat véi 0. Khi d6, dé dang chiing minh duge

g(z) =0< 2z =0.
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V6i moi s6 thie , y bat ky, luon ton tai s6 thuc x¢ sao cho cd x + zg va y + o
déu khac khong. T d6 ta suy ra g(z)zg = g(xo)r va g(y)ze = g(x0)y, do vay

g(x)y =g(y)z, Vz,yeR.

Tuong tu truong hop n = 2, ta cing ching minh duge f(z) = ax + b, Vo € R 1a
cac ham thoa de.

e Truong hgp tong quat xem nhu la bai tap cho cac ban. O

Bai toan trén gidi thiéu cho ching ta 1 phuong phap giai phuong trinh ham doé 1a xét 1
ham mdi lién quan, tit d6 suy ra cac phuong trinh méi tir cac phuong trinh ham ci, ma
viéc gidi chiung dé dang hon. Dong thdai cling cho ta thay réng, khong phai lic nao ta
ciing tinh duge f(0) nhu mong mudn, vi vay ta can phai xit Iy mot cach linh hoat hon.

Tiép theo 14 mot bai thi trong dé IMO, bat nguon tit mot dang thiic rat quen thuoc,
duge dung kha nhiéu trong viéc chiing minh bat dang thic

(2% + v*)(a® + b*) = (va + yb)* + (xb — ya)*.
Bai toan 5 (IMO 2002). Tim tat cd cac ham f: R — R thod man
(f(@) + f(f(y) + f@) = flzy — 2t) + flat +yz), Vo, y, 2, t€R
LOT GIAL. Cho z =y = z = t = 0, ta dugc 4%(0) = 2f(0) suy ra f(0) =0V f(0) = %
Dén day ta xét hai truong hop.
e Truong hop f(0) = % Thay z=y =t =0, ta c6

1 1 1 1 1
|:f($)+§:| <§+§)—§+§, Vz € R.

1 )
Suy ra f(z) = 2 Vr € R. Thit lai thay ham nay théa.

e Truong hop f(0) =0. Thay z =t = 0, ta thu dugc

flzy) = f(x)f(y), Vo, yeR.

Do vay f nhan tinh, suy ra f(2?) = f?(z), Vo € R. Diéu nay chiing t6 f sé nhan
gia tri khong am v6i moi z khong am. Cho z =0,¢t =1, ta co

FEfy) + Q) = f(=2) + fy2),
suy ra f(z) = f(—z), Vz € R. Nhu vay f la ham chan.

Dé thay f(z) =0, Vx € R 1a mot ham thoa. Xét truong hop f khong dong nhat
v6i 0. Khi do, ta chiing minh

fx)=0<2x=0.
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Gid st dzy # 0, x9 # 0, 11 # x5 sao cho f(x1) =0, f(x2) # 0. Vi f nhan tinh nén

flx2)=f (ﬁ : $1) =f (ﬁ) f(z1) =0 (mau thuan).
I T
Nhu vay f(x) =0 < z = 0. Do d6, ta cing sé c6 f(xz) > 0 < Vo # 0.

Xét moi x, y > 0, cho z =t = /zy, ta thu dugc

(@) +F (Vey)l () + F (Vay)l = [ eyoy +yy/ey).

Ma do f nhan tinh nén ta co

F(@) + f (VEm) [f ) + £ (vVam)] = £ (va) [f (Va) + F (VD))

va

favay +yvay) = [ (Vey(z +y) = F(Vay) fz+y).
Tfrdétasuyraf(x—l-y):[f(\/_)—i-f(\/_)fhay

Vie+y)=f (Vo) +F(Vy), Yz, y>0,
Hon nita, do f(z) = f?(y/x) vd f(z) > 0, Vo > 0 nén ta c6 \/f(z) = f (/)

Vx > 0. Két hgp véi tren, ta dude

Vi@ +y) = V@) + V), Yo, y>0

Dén day ta xét ham g : RT — RT sao cho /f(z) = g(z), Vo > 0. Dé dang suy
ra duge g via la ham nhan tinh, vita 14 ham cong tinh. Khi d6, ta dé dang c6
g(z) = x, Vo > 0, dan dén f(x) = 2%, Vo > 0, ma f lai la ham chén va f(0) = 0,
ta sé c6 ngay ham can tim 12

f(z) =2 VrcR

1
Toém lai, ¢6 3 ham thoéa phuong trinh da cho 1a f(z) = z?, f(z) =0 va f(x) = o O

NHAN XET. Diém nhén ciia 16i giai trén chinh la viéc suy ra dude tinh chin ctia ham s6
f va tinh khong am véi céc gia tri ciia bién khong am. Day dudc coi 1a hai didu quan
trong, khong chi déi véi bai toan nay, ma con hitu dung trong rat nhiéu bai phuong
trinh ham khac. Ngoai ra, con mot didéu dang dé dé y trong 15i giai trén chinh la phép
thé z = t = \/zy, diéu nay bat nguon tit viéc ta mudn don gidn hoé vé phéi cia phuong
trinh ham.

Viéc ta dy doan “kha chinh xac” f(z) = 22 1a mot ham thdéa da dua ta dén viec xét
ham s6 g(x) = +/f(x), va thyc sy diéu nay gitp ta gidi quyét bai toan mot cach kha dé
dang. Day ciing la mot kinh nghiém nho, khi ta dy doan mot ham nao d6 thoa phuong
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trinh ham da cho, ta c6 thé xét mot ham méi lien quan, ma viec giadi ham mdi nay “dé
dang” hon, tit d6 suy ra ham can tim.
Lai giai chinh thic cta bai toan trén dya trén phuong trinh ham sau
fle—y)+ fle+y) =2[f(x)+ f(y)], Vz,yeR

Dong thoi ta ciing ¢ thé chitng minh duge f(x) 1a ham dong bién trén [0, +o0). Cac
ban hay thit giai phuong trinh ham trén dua trén § tudng nay.

Chung ta cling qua mot bai toan khéac trong k¥ thi China MO, xuét phat tit hang déng

thitc quen thuoc 22 + y* = (z + y) (2 — zy + y?). Diéu dic biet 1a dé bai khong yeu cau
ta tim cac ham thoa.

Bai toan 6 (China MO 1996). Cho ham s6 f : R — R thod man
f@+y) = (@ +y) [f*(2) = f@)f@) + [W)], Yz, yeR
Ching minh rang f(1996z) = 1996 f(z), Vz € R.
LOT GIAL Ta sé chitng minh réng f(nz) = nf(z), Vn € N, z € R. Viéc lam nay sé mang

lai cho bai toan mot cai nhin téng quat hon, dong thdi céc ban ciing khong bi boi roi
khi gap con s6 1996 hay mot con s6 nao khac. Ta c6

e P(0,0): f(0)=0.
e P(x,0): f(a®) =zf*(x), Vz € R. (1)
Tit day, ta suy ra ngay f(z) >0 Ve >0 va f(z) <0 Yz < 0. Goi
X = {a| f(az) = af(z), Yz € R}.
Ta sé chting minh néu a € X va a > 0 thi a + 1 € X. That vay, gia st
flaz) = af(z), VreR. 2)
Vi flla+1)-0]=(a+1)f(0) =0 neén ta xét x # 0. Xét P (z, /azx), ta c6
f(@® +a2?) = (2 + Vaz) [f2(x) = f(2)f (Vaz) + f* (Vaz)] . (3)
Theo hé thitc (1) va (2), ta lai ¢6
arf*(x) = af (s*) = flaz®) = f ((Vaz)") = Vawf? (Vaz),
hay tuong duong

Vaw [Vaf(@) - 1 (Yaw)] [Vaf() + f (Vaz)] =0.
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Do a > 0 nén x, ax cing dau, suy ra af(z)+ f (Vaz) # 0. T d6, theo trén ta duge
Vaf(x) = f(Vazx), VreR"

St dung két qua nay, ta viét duge (3) lai thanh

[ ((a+1)2) = (14 ¥/a) [2(2) = f2)¥af () + Va f*(2)]
= af(x) (1+ Va) (1= Va+ Va?) = f(2*)(a+1).
Do mbi s6 thiie déu c6 can bac 3 nén ta suy ra
f((a+ 1)) = (a+1)f(x), VeeR.
Vile X nenne X, ¥neN. Vay
f(na) = nf(z), ¥neN.
Cho n = 1996, ta c6 ngay két qua bai toan. 0

NHAN XET 1. Viéc suy ra dau ctia f(z) tit he thic (1) 1a quan trong, n6 giip ta triet
tieu binh phuong ma khong can xét dau, day cling 1a mot dieu dang luu ¥ trong rat
nhiéu bai toan khac.

NHAN XET 2. Véi dé bai tuong tu, licu c6 thé tim dudce cac ham f thod man khong?
Néu khong, can phai thém vao bai toan nhitng diéu kien gi?

Nhitng bai phuong trinh ham & trén la nhing budc khéi dong cho nhiing bai phuong
trinh ham sau day, tat ca déu dya trén hing ding thic quen thuoc

(z+y)* = 2® + 22y + .

Tat cd nhiing 101 giai sap dugde trinh bay dudi day déu cé nhitng ¥ tudng “stt dung lai”,
ma cong viec clia cac ban la tim ra, hiéu va 4p dung ching.

Bai toan sau dugc lay trong dé China TST, c6 mot chit “bién the”, 1a xuat phat ti

T +y S 2 1
=—+—+ .
xy x?  xy  y?

Bai toan 7 (China TST 2007). Tim tat cd cdic ham f: Q" — QT thod man

f(zy)
flx+y)

LO1 ciAr. Viéc ham f khong xac dinh tai x = 0 da gay mot chat kho khan khi “du
doan” ham f la ham gi. Trong nhiing truong hgp nay, ta thuong hay thit tinh cac gia tri
cia f tai cac gia tri dac biét nao do, va thusng la f(1), f(2), ... (do ta dang lam viéc
trén tap cac s6 hitu ti duong). Ta c6

f(x) + fly) + 2zyf(zy) = Ve, y € Q.



204 CHUYEN DE TOAN HOC SO 9

o P(1,1):4f(1) = % suy ra f(2) = i.

o P(2,2): 1+ +8f(4) = % suy ra f(4) =

e P(1, 2):f(1)+%+1:ﬁ. (1)
¢ PUL3): 1)+ £3)+67(3) = 1) = 10£06). @)

. 1
Tu (1) va (2), ta dé dang giai ra duge f(1) =1, f(3) = 9 Nhu vay ta c6 mot “du doan”:

1 N ) ) D ,
ham f(z) = — la ham thod man yéu cau bai toan. Trén thuc te, day chinh la ket qua
x

can tim, va vi vay vay ta sé di chiing minh
(z) x?’ '

Neén nhd, ta dang lam trén tap hitu ti duong, béi vay cach tét nhat 1a ching minh trén
tap s6 nguyén duong trude roi suy ra trén tap hitu ti. Xét P(x, 1), ta c6

_ f)
f(@) +1+42zf(x) = Tt 1)
hay tuong duong . .
m—FQ:E—i-l: —f(x—i—l)'

T dang thic nay, ta c6 thé ching minh biang quy nap ring

f) =2, ynen.

n?’

That vay, dé thay khang dinh ding véi n = 1. Gia sit khang dinh ding v6i n = k > 1,

tuc la f(k) = o Khi d6 v6in =k +1, ta co

f(k1+1) :f(lk)+2k+1:k2+2k+1:(k+1)2,

. 2 _ 1 ~ 2 . = . 2,2 _
tu d6 suy ra f(k+1) = m Nhu vay khang dinh van ding v6i n = k + 1. Theo

nguyén 1y quy nap ta cé ngay khang dinh ding v6i moi s6 nguyén duong n.

Tiép dén, ta ciing sé chiing minh khang dinh sau bing quy nap

f(nz) = fr(zf)’ Vn € N*, z € Qt.
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f(x)

Hién nhien f(1-2) = f(z) = Tz nén ta c6 khéng dinh dang véi n = 1. Gia st khéng
dinh diang v6i n = k > 1, tic la

k) = L)
Khi d6 v6in =k + 1, ta co
. 1 f(xk) r 1
o Pz, k): f(z)+ = + 2zk f(zk) = Fa k) suy ra k* + 2zk + CRNICET)
1 1 1 1
[ P(l’, 1) . m+2$+1 = m,snyra m+2($+k)+1 = m
T hai diéu trén ta suy ra
1 1
m:k2+2xk+m+2(x+k)+1
Ta lai ¢6 P(z, k+1): f(:t)—i—( i 17 5 +2x(k+1)f (x(k+1)) = %, hay
f(z) 1 _ 1
f(x<k+1))+(k+1)2f(x< ))+2x(k+1)_f(a:+k+1)'
Két hop véi trén, ta dugc
ACH N ! +2x(/€—|—1):k2+2xk+i+2($+k)+l'
flk+1)  (E+1)7°f(z(k+1)) f(z)
T do
(x) 1 1

Fak+10) Gy Y ey

(
Véi g(x) = f (z(k+ 1)), coi day la phuong trinh theo an f(x), ta dé dang giai ra duge
f(x) = (k+1)%g(z). Nhu vay
f(x)

(k+1)*
Khing dinh do d6 van ding v6i n = k + 1. Theo nguyén 1y quy nap ta c6 khing dinh
ding véi moi s6 nguyén duong n.

m

%)
n

fa(k+1)) =

Bay gio, choxzmbétky, trongdém,nEN*,tacéf(n-m>: I, t do
n n n
2
(™Y 2y = = L

. N 1
Nhu vay, ham duy nhat théa phuong trinh ham ban dau la f(r) = —, Vo € Q™. O
x

Bai toan sau day la mot chit “sang tao” clia cac tac gia, dua trén hoan toan déng thiic
(r+y)* = 22 + 22y + y?, nhung khi di tim 13i gidi, ching toi lai khong ngs né kha “hoc
btia”, va thic sy bai toan nay chita dung rat nhiéu diéu tha vi ma ching ta can hoc hoi.
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Bai toan 8. Tum tdt cd cic ham so f : R — R théa man

Fla+y) = f@®) +2f(@) f(y) + f°), Yz, yeR.

LO1 GIAL Cho z =y = 0, ta ¢6 f2(0) = 2f(0) + 2f2(0), suy ra f(0) =0V f(0) = —2.
Nhu vay, ta can xét hai truong hop sau.

e Truong hop f(0) = 0. Cho y = 0, ta thu dugc f?(x) = f(z?), Vx € R. Ta suy ra

f(z) >0, Vz>0.
Thay f(2?) = f2(x) va f(y?) = f%(y) vao phuong trinh ban dau, ta duge

fPlr+y) =[fl)+ fy), Vo, yeR (1)

Thay y = —z, ta dé dang suy ra duge f 1a ham 1é. Nhu vay f(z) > 0, Vo > 0 va
f(z) <0, Vx <0. Do dé, (1) sé tuong duong véi

flx+y)=flz)+ fly), Vr,yeR, xy>0.

Ta can chitng minh f cong tinh ngay c khi x, y trai dau (hién nhién ding khi mot
trong hai s6 bang 0). That vay, néu x, y 1a hai s6 trai dau, thi z + y phai cing dau

v6i —z hodc —y, suy ra f(z +y) + f(—y) = f(z) hodc f(z +y) + f(—z) = f(y),
C4 hai diéu nay két hgp vé6i tinh 1é ctia ham f, ta déu thu duge

flz+y) = flz)+ fy).

Nhu vay f 1a ham cong tinh trén R, két hop véi f(2?) = f2(z) ta suy ra f(z) =0
va f(z) = z, Vr € R la hai ham thoa.

Truomg hop f(0) = 2. Khi dé ta c6
P(2,0) : f(z) = f(a®) - 4f(z) - 2.
Tu d6 f(2?) = f2(x) +4f(z) + 2. Thay trd lai vao phuong trinh ban dau, ta dugc
Pl ty) = ) + 4o+ 24 2f(2) f(y) + F2(y) +4f(y) +2

=[f(@)+ fy) +2*, Vo, y €eR(2) (2)

Bay gio thay y = —z 6 phuong trinh (2), ta ¢
[f(x) + f(=2) + 2] = f2(0) = 4. (3)

Dén day, ta sé xét ba trudng hgp sau

o}

fx)+ f(—x)+2=2,Vz eR.
o f(x)+ f(—z)+2= -2,V e R.

fl@)+ f(—z)+2=2,Vre X va f(x)+ f(—x) +2= -2,V €Y, trong do
X, Y la hai tap hgp sao cho X UY =R.

(0]
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Gia stt ton tai mot s6 a sao cho f(a) + f(—a)+2 =2, hay f(a)+ f(—a) = 0. D&
thay a # 0, va ta c6 the gid st @ > 0. Goi F(x) la phép thé x vao (2). Ta c6

o F(—a): f*(a) = f((—a)*) —4f(-a) — 2.

o F(—a): f*(=a) = f ((—a)®) — 4f(—a) — 2 = f(a®) — 4f(—a) — 2.
Hon nta f(a) = f?(—a) do f(a) + f(—a) = 0, nén tit d6 ta suy ra f(a) = f(—a),
nhu vay f(a) = f(—a) = 0. Mat khac, xét F (v/a), ta co

£ (Va) = fla) = 4f(Va) =2 = —4f (Va) -2,
hay
2 (Va) +4f (Va) +2=0.

Coi f (y/a) la an, ta giai duge f (va) = vV2 -2V f (va) = —v2 — 2. (4)
Ta tiép tuc xét cac phép thé sau

o F(a): f*(a) = f(a®) —4f(a) — 2, suy ra f(a*) =2 (vi f(a) =0).
P(a, a): f*(2a) =2f(a®*) +2-0-0 = 4.

P(2a, —a) : 0 = f?(2a —a) = f(4a?) + 2f(2a)f(—a) + f(a®) = f(4a?) + 2,
suy ra f(4a?) = —2.

P(2a, 2a) : f*(4a) = 2f(4a®) + 2f?(2a) = 2(—2) + 2 -4 =4, suy ra

@)

o

@)

f(da) =2V f(4a) = —2. (5)

@)

F(2v/a) : f*(2V/a) = f(4a) = 4f (2V/a) — 2, suy ra
f? (2va) = —4f (2v/a) v f* (2Va) = —4f (2V/a) — 4 (do (5)).
Coi f (2y/a) 1a an, ta gidi dugc
f(2va) =0V f(2va) = -4V [ (2Va) = 2. (6)
Tuy nhién, ta lai c6 P (v/a, va): f2(2v/a) = 2f(a) + 2% (y/a), suy ra
1 (2v/a) =2 (Va - 2)2 VI (2va) =2(Va+ 2)2 (do (4)).

Két hop véi (6), ta suy ra dieu vo 1y. Mau thuan nay chiing t6 f(z)+ f(—z)+2 # 2,
Ve € R, do d6 f(z)+ f(—x) +2 = —2, hay

fl@)+ f(—x) = —4, VzeR.
Bay gio ta xét ham ¢g : R — R sao cho g(z) = f(z) + 2. Khi d6 ta c¢6

g(x)+g(—2) =0, VreR. (7)
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T phuong trinh ham ban dau, ta thu duge
lg(z +y) = 21" = g(e®) + 2[g(2) — 2] [9(y) — 2] + 9(y*) — 4,
hay tuong duong
gz +y) —4g(x +y) = g(2®) + g(y°) + 29(2)g(y) — 4[g(z) + g(y)].  (8)
Lai ¢6 f2(2) = /(%) ~4f(x) — 2 nen [g() — 2 = g(a?) —2— 4 [g(x) — 2] ~2, hay
g*(r) = g(2*), VreR. (9)
Thé —z vao x vd —y vao y 6 he thiic (8), két hop véi (7) va (9), ta co
g (—z —y) —dg(—z —y) = 9(2”) + 9(y*) + 29(—2)g(~y) — 4[9(=2) + g(=y)].
Phuong trinh nay tuong duong véi
9 +y) +49(x +y) = g(«®) + g(v*) + 29(x)g(y) + 4 [g(x) + 9(y)], VY, y €R.
Két hop véi (8), ta suy ra ngay
gl +y) =g(@) +9(y), Yz, yeR
Két hop v6i (9) va stt dung két qué “bai toan chia khoa”, ta suy ra
glx)=xVg(zr)=0, VrekR,
do d6 f(z) =2 —2V f(z) = -2, Vo € R. D& dang kiém tra day la hai ham thoa.

Tém lai, phuong trinh ham ban dau c¢6 4 ham thoa 1a f(z) = 0, f(z) = -2, f(z) ==
va f(x) =2 —2, Vo € R. O

NHAN XET. C6 1& khi xem 101 gidi, ai cling ty héi rang 1a “Tai sao lai giai nhu thé ?”.
Nhung néu dé ¥ k¥, tac gid da di theo mot huéng hoan toan tir nhien:

Tinh f(0), doan ham — Thit trudng hop — C6 géng ap dung “bai toan chia khoa”.

C6 thé thay, 15i giai trén hoan toan so cap, va ca hai trudng hop déu st dung két qua
“bai toan chia khéa” dé tim ra ham thoa. Tuy rang 15i giai 1a vay, nhung rat mong ban
doc gan xa sé quan tam va cd gang di tim 10i gidi khac.

Bay gio ching ta cing dén v6i mot bai toan khéc, ciing dua trén (z+y)? = 22 +2zy+y?,
nhung ciing rat thi vi nhu sau

Bai toan 9. Tum tat cd cdc ham s6 f : R — R thod man

Ax+y) = f(@®) +2f(zy) + f(¥*), Vz, y €R.

LOT GIAL Ta c6 P(0, 0) : f2(0) = 4f(0), suy ra f(0) = 0V f(0) = 4. Nhu vay, ta can
xét hai truong hop.
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e Truong hop f(0) = 4. Ta xét hai phép thé

o P(z,0): f2(x) = f(2?) +3f(0) = f(a) + 12, ¥z € R.
o P(—x,0): f2(~a) = f(22) +3/(0) = f(a?) + 12, Va € R,

Vay f%(z) = f3(—z), Vo € R. Talai c¢6 P(z, —z): f2(0) = 2f(2?) + 2f(—2?), hay
8 = f(z%) + f(—=2?). Do vay ta c6

8= f(z) + f(—=x), VxeR
Coi f(z) va f(—z) 1a hai an, tit hai didu trén ta suy ra
f(z) = f(—x)=4, VzeR.
Vay f(x) =4, Vo € R la mot ham thoa.
e Truong hgp f(0) =0. Ta co6
P(z, 0): f*(z) = f(2*), Vo eR. (1)

Suy ra f(x) > 0, Vo € R. Hon nita, P(z, —z) : f2(0) = 2f(2?) + 2f(—2?), hay
0= f(z%) + f(—2?). Tu day, ta c6 0 = f(z) + f(—=x), Vx € R. Vay f 1a ham 18.

Dé thay ham f(x) = 0, Vo € R 1a ham thoa. Ta xét ham f khong dong nhat véi
0. Khi d6 ta chiitng minh
f(z)=0<2z=0.

Gid st ton tai x1, 2 € R*, 21 # 9 sao cho f(x1) # 0 vd f(x9) = 0. Do f 1a ham
1é nén ta gia sit o1, xo > 0. Tt phuong trinh ham ban dau va he thic (1), ta duge
Pz +y) > (), Yo, y > 0, suy 1a

f(x) > fly), Yo >y>0.
Ta c¢6 P(x1, T2) : f2(222) = 2f%(x2) + 2f%*(x2) =,0 suy ra f(2x;) = 0. Nhu vay
néu f(zy) =0 thi f(2z2) = 0. Khi d6 dé dang c6 f(2"z3) = 0, ¥n € N. Chon n du
16n sao cho 2"xy > 7. Khi d6 ta ¢6 0 = f(2"x) > f(z1) > 0, vo ly. Vay
flz)=0< x=0.
Khi d6, tur he thic (1) suy ra f2(1) = f(1), suy ra f(1) = 1. Ta chiing minh
f(nz) =nf(x), V>0, neN. (2)

Trude hét, ta sé chiing minh néu k& € N thoa (2) thi £+ 1 ciing thoa (2). That vay,
xét phép thé P(kx, x) :

f2((k+1Dx) = f2(kx) +2f (ka®) + f2(x) = K*f2(2) + 2k f?(x) + f*(x)
= (K + 2k + 1) f*(z) = (k + 1)*f*(z), Yz >0.
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Suy ra f((k+1)z) = (k+ 1)f(z), Vo > 0. Vi 1 thod (2) nén moi n € N* cling
thod (2). Do f 1a ham 1é, ta suy ra

f(nz) =nf(x), VreR neN.

Tu day ta dé dang c¢6 f(q) = ¢, Vg € Q. Bing cach lam tuong tu ¢ “bai toan chia
khoa”, st dung 2 diéu sau

o f 1a ham dong bién trén R.
o flq) =¢, VeeQ
Ta suy ra f(z) = z, Vz € R. Dé thay day 1a ham thoa.
Toém lai, PTH ban dau ¢6 3 ham thoa la f(z) =0, f(z) =4 va f(z) =2, Vz eR. O

NHAN XET. Viéc du dodn ham thdéa & bai nay 1a kha dé dang. Tuy nhién & truong hop
2 (tie f(0) =0), ¢6 1 diéu tha vi la ta khong suy ra f cong tinh, nhung lai ¢6 tinh chat
ctia ham cong tinh, d6 1a f(nz) = nf(x), va tit d6 suy ra két quéa bai toan. Qua dé, cho
ta dugc mot kinh nghiém, néu khong suy ra “tinh chat” nao dé ctia ham f thi hay thi
di tim nhitng tinh chat khac c6 méi quan hé mat thiét véi “tinh chat” ma minh can.

Day ciing 13 mot vi du, cho thay duge sy hieu qua tit viec chiing minh trén tap N, dan
dén tap Q va két luan & tap R. Xin gi6i thieu bai toan tong quat, day xem nhu la bai
tap danh cho cac ban: Vdin > 1, tim tat cd cic ham f : R — R théa man

Ao+ a4+ x,) = Zf(:z:f) +2 Z f(zjxy), Vai, x2, ..., z, €R.
i=1 1<j<k<n
3 Tong két va bai tap dé nghi

Bai viét dén day 1a két thuc. Cac tac gid da c6 gang trinh bay nhiing diéu tha vi nhat ve
PTH dang nay dén ban doc, nhung chic chan thé 13 chua di. Mong rang qua bai viét
nay, cac ban sé c6 thém niém yéu thich & mon Toan néi chung va PTH néi rieng. Sau
day 1a mot s6 bai tap cho cac ban ren luyén.

Bai tap 1. Tim tat cd cac ham f: R — R thod man
(i) flz+y)=flx)+ fly), Ve, y eR.

(i) f()f @) — 1, Ve £ 0,

Bai tap 2 (IMO 1992). Tim tat c4 cdc ham f: R — R thod méan
@+ f)=y+f(2), Vo, yeR
Bai tap 3. Tim tat cd cac ham f: R — R thod man

f($2—|—f(y)—y) = f*(z), V=, y€R.
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Bai tap 4. Tim tat cd cac ham f : R — R thod man

Ax—y) = f@®) —2f(x)f(v) + f(¥*), Vz, y ER.

Bai tap 5. Tim tat ci cac ham f : R — R thod man

fQRx+ fy) = fQ2x) +af(2y) + f(fly), Vo, yeR.

Bai tap 6. Tim tat ci cac ham f : R — R thod man

fla—=fly)=flx)+af(y)+ f(fly) -1, Vo, yeR

211



212 CHUYEN DE TOAN HOC SO 9



LGOI GIAI BE THI VAO LOP 10 CHUYEN TOAN
NAM HOC 2010 - 2011

Bai 1.

(a) Cho a, b, ¢ 1a cac s6 thuc thod man dieu kien a + b + ¢ = a® + b3 + ¢3 = 0. Chiing
minh rang trong ba s6 a, b, ¢ ¢6 it nhat mot sé bang 0.

(1 diém)
(b) Giai hé phuong trinh
r+y+z=3 (1)
vy +yz+zr=—1 (2)
PP+ 22+ 6=3+y+2%) (3)
(1 diém)

Lor GIAL (a) Tt a+b+c=0suyrac=—(a+0b). Tt dé ta co
0=a*+b0"+c*=a®+ b~ (a+b)* = —3a°b — 3ab®> = —3ab(a + b) = 3abc.
Vay abc = 0, suy ra mot trong ba sb a, b, ¢ phai bang 0 (dpem).
(b) Cach 1. Dat x =a+ 1,y =b+ 1, z = ¢+ 1. Thay vao phuong trinh (1) ta dugc
a+b+c=0.
Thay vao (2) v6i chd § a + b+ ¢ =0, ta dugc
ab + bc+ ca = —4. (4)
Thay vao (3) v6i chd § a + b+ ¢ =0, ta dugc
a’ + >+ =0.

Ap dung cau (a), ta suy ra 1 trong ba s6 a, b, ¢ bing 0. Khong mét tinh tong quat, gia
st a = 0. Khi d6 b = —c va thay vao (4) ta tim duge b = £2. T day tim dudc z, y, 2.

Két luan: Phuong trinh ¢6 nghiém (1, —1, 3) va cdc hoan vi (6 nghiém).
Cach 2. Tt phuong trinh (1) va phuong trinh (2) ta suy ra

Pyl = (ot y+2)? =2y +yz+ 2z) = 11
Thay vao phuong trinh (3), ta duge

4+ f 4 22 = 2T (5)

213
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Tu (1) va (5) ta suy ra
O=(z+y+2°>— (@ +v*+2°) =3 +y)(y+2)(z +2).

Tit d6 suy ra trong ba sb x, y, z ¢6 hai s6 c¢6 tong bang 0. Khong mét tinh téng quét,
gid st x +y = 0. Tt (1) suy ra z = 3. Thay vao phuong trinh (2), ta tim duge z = —1,
y=1hoacx =1,y =—1.

Két luan: Phuong trinh ¢6 nghiém (1, —1, 3) va cdc hoan vi (6 nghiém). O
Bai 2.

(a) Giai phuong trinh

(2r—1)*=12Va2 —x —2+ 1.
(1 diém)

(b) Cho tam giac ABC vuong tai A va c6 dién tich biang 2. Chiing minh ring ta c6
bat déng thic
2 < BC < V2(AB + AC —1).

(1 diém)

LOT GIAL (a) Dicu kien 22 —2—2> 0 & 2 < —1Vx > 2. Ta bién doi phuong trinh vé
dang

(20 —12 =12Vl —zr — 2414 —dr+1=12Va2 — 2 —2+1
e —r=3Ve2—z -2
PDatt=vVa2—z—-2>0thit2=22—2—2. Thay vao phuong trinh, ta duge
4+2-3t=0t=1Vt=2.

1++13

e V6it=1,tadugca?—2—-3=0,suyrax= 5
e V6it=2 tadugca?—2—-6=0,suyrazx=—2,z=3.

Céac nghiém nay déu thoa man diéu kien.

1++13

Vay phuong trinh da cho ¢6 4 nghiém la v = -2, x =3, v = 5

(b) Dit AB = ¢, AC' = b thi theo di¢u kien dé bai, ta c6 ab = 2. Ngoai ra, theo dinh 1y

Pythagore, ta c6
BC = va® + b2

Vé thit nhat ctia bat dang thitc can chitng minh c6 thé viét lai thanh
V2ab < Va2 + b < a® +b* > 2ab

& (a—b)? > 0 (ding, é day c6 thé ding bat ding thitic AM-GM).
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Vé thit hai clia bat déng thiic c6 thé viét lai thanh

Va2 + 02 +2 < V2(a+b) < a® + b2+ 4vVa2 + 02 + 4 < 2(a® + b* + 2ab)

2
SRt AP TR 4+4> 0 (\/a2+bQ—2) > 0.

Bét dang thiic cudi cling hién nhién ding. Bai toan dudc gidi quyét hoan toan. O
Bai 3.
(a) Hay chi ra mot bo 4 s6 nguyén duong phan biét ma tong ba sé bat ky trong chiing
1a mot s6 nguyén to.
(0.5 diém)
(b) Chting minh ring khong ton tai 5 s6 nguyén duong phan biét sao cho téng ba s6
bat k¥ trong ching 13 mot sé nguyeén to.
(1 diém)
LOI GIAL (a) C6 thé chi ra bo (1, 3, 7, 9).
(b) Do cac s6 nguyéen duong la phan biét nén tong ba s6 bat ky 16n hon 3. Ta ching

minh mot trong céc téng dé chia hét cho 3, tit d6 khong thé 1a s6 nguyen to, suy ra
dpem. Xét s6 du trong phép chia cac s6 nay cho 3.

e Néu cac s6 du 0, 1, 2 déu xuat hien thi ta lay ba s6 tuong ting, ta sé dude 3 sb c6
tong chia hét cho 3.

e Néu c6 1 s6 du nao d6 khong xuat hién thi c6 5 s6 va chi ¢6 nhiéu nhat 2 s6 du,
sty ra ton tai 3 s6 c6 ciing s6 du. Ba s nay sé c6 tong chia hét cho 3.
Bai toan dugc giai quyét. O
Bai 4.
Cho truong tron tam O, ban kinh R va day cung BC ¢6 do dai BC' = Rv/3. A 1a mot
diém thay doéi trén cung 16n BC. Goi E la diém déi xting ctia B qua AC va F la diém
déi xting ctia C' qua AB. Cac duong tron ngoai tiép cac tam giac ABE va ACF cat
nhau tai K (K # A).
(a) Chitng minh K luon thuoc mot dudng tron ¢ dinh.
(1 diém)
(b) Xéc dinh vi trf ctia diém A dé tam gidc KBC c6 dien tich 16n nhat va tim gia tri
16n nhat dé theo R.
(1 diém)
(c) Goi H la giao diém ctia BE va CF. Chiing minh tam giac ABH dong dang vdi
tam giacAKC va duong thang AK luon di qua mot diém c6 dinh.
(1 diém)
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LJ1 GIAL

(a) Ta ¢c6 LAKC = LAFC (cung chan cung AC). Mat khac ZAFC = ZFCA (do F
doi xing C' qua AB) va ZFCA =90° — A, nén ta c6 ZAKC = 90° — A.

Hoan toan tuong ty, ta ¢c6 ZAKB = 90° — A. Suy ra ZBKC = 180° — 2A. Suy ra K
luon thudc cung chita géc nhin doan BC duéi goc 180° — 2A.

(b) Tam giac KBC ¢6 ddy BC = R+/3 khong ddi va K nim trén cung chita goc
180° — 24 nén dien tich tam gidc K BC 16n nhéat khi K 1a diém giita K, ctia cung chita
goc, tiic 1a tam giac K BC can tai K. Khi dé A chinh la trung diém cung 16n BC.

Dé tinh gia tri 16n nhat ctia dién tich tam giac KoBC, ta chi ¥ ring vi BC' = Rv/3 nén
A =60°. Suy ra ZBKC = 180° — 2A = 60°. Suy ra tam giac KoBC la tam gidc déu co6

.+ 3V3R?
canh BC' = Rv/3. Vay dién tich 16n nhat bang \/; .

(c) Kéo dai AC' cét duong tron ngoai tiép tam giac ABE tai C’. Khi d6 AC” 1a dudng
kinh. Tuong ti, kéo dai AB cat duong tron ngoai tiép ACF tai B’ thi AB’ 1a duong
kinh. Suy ra AK, B'C, C'B la cac dudng cao trong tam giac AB'C’. Suy ra t@ giac
B'BCC’ nai tiép va LAC'B' = LABC. Ta c6

/BAH = 90° — ZABC = 90° — LZAC'B' = /ZKAC' = ZKAC.
Mit khéc theo chiing minh & phan (a), ta da c6
LAKC = /FCA=/ABH.

Tu day suy ra tam gidc ABH dong dang v6i tam gidac AKC.
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Vi ZBAH = ZKAC nén theo mot tinh chat quen thudc trong tam gidc, ta c6 AK di
qua tam duong tron ngoai tiép O clia tam giac ABC (dpcm). O]

Bai 5.

Trong mot gidi bong da ¢6 12 doi tham dy, thi ddu vong tron mot lugt (hai doi bat ky
thi ddu véi nhau ding mot tran).

(a) Chiing minh rang sau 4 vong dau (mdi doi thi dau dung 4 tran) luon tim duge ba
doi béng doi mot chua thi dau véi nhau.

(1 diém)

(b) Khing dinh trén con ding khong néu cac doi da thi dau 5 tran?
(0.5 diém)

LOT GIAL (a) Xét mot doi bong A bat ky. Sau 4 vong dau, A chua dau véi 7 doi bong.
Goi S 1a tap hop tat ca cac doi bong chua dau véi A. Xét mot doi béng B thuoe S. Do
B mé6i dau 4 tran nén B thi ddu nhiéu nhat véi 4 doi bong thuoe S. Suy ra B chua thi
dau véi it nhat 2 doi bong thuoe S. Gia st B chua thi dau véi C' thuoe S. Khi d6 A, B,
C doi mot chua thi dau véi nhau (dpem).

(b) Két luan 1a khong. Ta chia 12 doi thanh 2 nhém, méi nhém 6 doi. Cho cac doi thi
dau vong tron trong nhém thi sau nam vong, 2 doi bat ky thudc 1 nhém déu da thi dau
v6i nhau. Lay 3 doi bong bat k¥, theo nguyen 1y Dirichlet c6 hai doi ciing 1 nhém, va vi
vay cac doi nay da thi dau véi nhau. Suy ra khong ton tai 3 doi bong doi mot chua thi
dau vé6i nhau. O
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PAP AN DE THI CHON DOI TUYEN TOAN
NAM HOC 2008 - 2009

Ngay th@ nhat, 21/11/2008
Bai 1.
(a) Chitng minh ton tai s6 n chén, n > 2008 sao cho 2009n — 49 1a s6 chinh phuong.
(b) Chting minh khong ton tai s6 nguyén m sao cho 2009m — 147 1a s6 chinh phuong.

LOI GIAL Cha ¥ rang 2009 = 49 -41 = 7241 nén yéu cau ciia bai toan tuong duong véi
viéc chiing minh

(a) Ton tai s n chén, n > 2008 sao cho 41n — 1 1a s6 chinh phuong.
(b) Khong ton tai s6 nguyén m sao cho 41m — 3 1a s6 chinh phuong.

(a) Trude hét ta di tim mot s6 a sao cho a® + 1 chia hét cho 41. Diéu nay c6 thé thuc
hién duge bang cach thit tuan ty. Ta dé dang tim duge a = 9 thod man.

T day, ta thay cac s6 (82k +9)% + 1 1a s6 chén va chia hét cho 41. Bay gio chi can chon
(82k +9)* +1
41

v6i k du 16n 1a ta tim dude s6 n thod man diéu kién dé bai.

(b) Gia stt ton tai m sao cho 41m —3 = a?. Khi d6 ta ¢6 —3 = a*® (mod 41). Tt d6 theo
dinh 1y nho Fermat

(-3)°=a" =1 (mod 41). (1)
Nhung mat khac ta lai c6 (—=3)* = —1 (mod 41), suy ra
(=3)* = (-1)° = -1 (mod 41). (2)
Do (1) va (2) mau thudn v6i nhau nén diéu gid st ¢ trén 1a sai. Vay khong ton tai s6
nguyén m sao cho 41m — 3 1a s6 chinh phuong. O
Bai 2.

Cho s6 nguyén duong n. Cé bao nhiéu s chia hét cho 3, c6 n chit s6 va cac chit s6 déu
thuoc {3, 4, 5, 6}7

LO1 crAr. Bai toan nay c6 ba cach giai nhu sau.

Cdch 1. Goi A, tap hop cac s6 ¢6 n chit 86 1ap tit cac chit 86 {3, 4, 5, 6} va chia hét cho
3, va B, la tap hop cac s6 c6 n chit s lap tir cac chit s6 {3, 4, 5, 6} va khong chia hét
cho 3. Ta can tim a, = |A,|.

Dat b, = |B,|. Ta thay ring mot s6 thuoc A, c6 thé thu duge (va chi ¢ thé thu duge)
biang hai cach sau day:

219
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(1) Lay mot s6 thuoc A,, roi them 3 hodc 6 vao phia sau (ca hai déu dugc).

(2) Lay mot s6 thuoc B, roi them ho#c 4, hodc 5 vao phia sau, hon nita, chi ¢6 duy
nhat 1 cach thém.

T day suy ra
(py1 = 2, + by, (1)

Ly luan hoan toan tuong tu v6i By, ta duge
bpi1 = 2a, + 3b,. (2)
Rit b, = api1 — 2a, (VA byyy = apgo — 2a,41) tit (1) va thay vao (2), ta ¢
Apio — 2041 = 20, + 3(ans1 — 2a,).

Sau khi thu gon, ta dugc
Upio — Dapy1 + 4a, = 0. (3)
Giai phuong trinh sai phan (3) véi diéu kien a; = 2 (¢6 hai s6 1a 3, 6), az = 6 (c6 céac 86

33, 66, 36, 63, 45, 54), ta dudc a,, = —

Cach 2. Ly luan tuong tu nhu trén nhung chu ¥ rang, do s6 tat cd cac s6 c6 n chit s6
lap tur {3, 4, 5, 6}, theo quy tic nhan, bang 4" nén ta c6 b, = 4" — a,.. Va nhu vay c6
thé thu duge cong thiic truy hoi a,,; = 2a, + 4" — a,,. Tt d6

4" —1 4" + 2

+1= .

an:4nfl_’_an_1 :4n71+4n*2+an_2:... :4”714—-"_‘_4—'—0,1 — 3

Cach 8. Cha ¥ 1a mot s6 tu nhién chia hét cho 3 khi va chi khi tdng céc chit sb6 ciia né
chia hét cho 3. Do vay sb cac s6 ¢6 n chit s6 1ap tit {3, 4, 5, 6} va chia hét cho 3 (ma ta
goi 1a a,) bang tong cac hé s6 ctia 2°F trong khai trién ctia da thiic

F(x) = (2° + ' + 2° + 2%)".

Goi £ 14 mot nghiém ctia phuong trinh €2 + e+ 1 = 0 thi €2 = 1. Tt day dé dang chiing
minh dugc ring €2 + & 4+ 1 = 0 néu k khong chia hét cho 3 va = 3 néu k chia hét cho
3. Tu day ta suy ra
F(1)+ F(e) + F(c®) = 3a,.
442

Nhung F (1) = 4", F(¢) = F(¢*) = 1 nén ta suy ra a,, = 7 O

Bai 3.
Cho tam gidc ABC c¢6 A ¢6 dinh va B, C thay doéi trén mot dusng thing d ¢ dinh sao
cho néu goi A’ 1a hinh chiéu ctia A lén d thi A’B - A’C am va khong ddi. Goi M 1a hinh
chiéu ctia A’ len AB.
(a) Chiing minh rang tam I dudng tron ngoai tiép tam gidc BC'M thudc mot dudng
thing c¢6 dinh.
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(b) Goi N la hinh chiéu ctia A’ len AC, K 1a giao diém ctia cic tiép tuyén ctia dudng
tron ngoai tiép tam giac A’MN tai M va N. Ching minh ring K thudc mot duong
thing c¢6 dinh.

LO1 GIAL

P

(a) Dat AB-AC = —k* k>0, (I, R) = (BMN). Tu I ha IF vuong goc véi AA’.
Goi N’, P lan lugt 1a giao diém ciia (I, R) va AA". Ta c6

AM - AB = AN’ - AP = AA™.

Do AN" = AA"+ A'N' va AP = AA’ + A'P nén

(A4 + AN)(AA + A7) = AA™.

Thu gon lai, ta duge

AA(A'N'+ A'P') = —A'N' - A'P.
Ma AN’ - A’P = —k? nén tit trén ta c6 AA/(A'N' + A’P’) = k?, tit d6 suy ra

2
SAE — .
AA

Suy ra E c6 dinh. Vay I chay trén duong thang qua F vuong goc AA’ ¢ dinh.
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(b) Goi F 1a trung diém ctia AA’, ta c6 F 1a tam dudng tron ngoai tiép tit giac AN A'M.
Goi Z la giao diém ctia MN va AA’, ta c6

ZJA-ZA =7ZM-ZN' = —k%.

Suy ra Z c6 dinh.

Bay gio, tt K ha KY vuong goc v6i AA’. Ta c6 F, M, N, K, Y cling nam trén mot
duong tron, suy ra

ZF-ZY = ZM - ZN' = —k*.

Tit day dé thay Y cb dinh. Vay K di dong trén dudng thang qua Y va vuong goc AA’
co dinh. O

Bai 4.
Cho da thic f(z) = 22 + ax + b. Biét phuong trinh f(f(x)) = 0 ¢6 bén nghiégm phan

biét 1, T9, T3, T4 VA T + 19 = —1. Chitng minh ring b < -

LO1 GIAL T dieu kien dé bai suy ra phuong trinh f(z) = 0 ¢6 hai nghiém phan biét c,
d va x1, T2, T3, T4 1& cdc nghiém ctia cap phuong trinh f(x) = ¢, f(x) = d. Ta xét cac
truong hop.

e 11, Ty 1 nghiém clia cing mot phuong trinh, chang han phuong trinh f(z) = c.
e 1), 75 1a nghiém ctia hai phuong trinh khac nhau, chang han f(z,) = ¢, f(z2) = d.

Trong truong hop thit nhat, 4p dung dinh 1y Viette ta suy ra a = 1 va do ¢ 13 nghiém
cia phuong trinh f(z) =0 ta ¢

+c+b=0.
Phuong trinh f(z) = ¢ < 22 + 2 + b — ¢ = 0 ¢6 hai nghiém phan biét suy ra
A=1—-40b—-c)>0.
Tuong tu 1 —4(b — d) > 0, suy ra 2+ 4(c + d) > 8b. Nhung ¢ + d = —1 nén ta dugc

1
b< ——.
4

Xét truong hop thit hai. Trong truong hop nay ta cé
ritar,+b=c, a3+ary+b=d.
Cong hai déing thic nay vé theo vé, véi cht ¥ réing c+d = —a vh 21 + 22 = —1, ta dugc
x} + 235+ 2b = 0.

(1 + 22)? Z (11 — 5)? < _}l' o

Suy ra b= —
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Ngay tha hai, 22/11/2008
Bai 5.

Gia st P(z) = (z + 1)P(x — 3)7 = 2™ + a;2" ' + aea™ 2 + - - - + a,, trong d6 p, q 1a céc
s6 nguyén duong. Chitng minh rang néu a; = ay thi 3n 14 mot s6 chinh phuong.

LOr GIAL Ta c6
P(z) = (z+1)P(x = 3)! = (2" + Cha? ' + Coa? > + - ) (27 = 3C, a9 +9CT27 2 4 - - ).

T do suy ra
a = Cl—3C), ay=C249C? — 3CCL.

Nhu vay ding thic a; = as tuong duong véi

pip—1)  9q(¢g—1
p—3q= <2 >+ (2 )—3pq,

2p —6g = p* — p+9¢* — 99 — 6pg,
3(p+q) = (p+39)°,
3n = (p + 3¢)°.
Dang thitc cudi ciing chitng té 3n 1a mot s6 chinh phuong (dpem). O
Bai 6.
(a) Cho a, b, ¢ 1 cac s6 thuc duong. Chiing minh rang ta cé bat dang thiic

a® + b + ¢? 8abc
+ > 2.
ab+bc+ca  (a+b)(b+c)(c+a)

(b) Chitng minh réng ton tai cac s6 thyc duong a, b, ¢ sao cho

ab+bc+ca  (a+0b)(b+c)(c+ a)
a?+b? + 2 8abc

< 2.

LOI GIAL (a) Xin néu ra hai cach chitng minh cho bat dang thtic nay.

Cdch 1. Khong mat tinh tong quét, ta c6 thé gid sit ¢ = min{a, b, c}. Khi dé, véi chi y
rang a? + b% + ¢ > ab + be + ca, ta c6

a® + b* + a?+b>+c—ab—be — ca a?+ b+ —ab—be—ca
— =1+ >1+
ab + be + ca ab + bc + ca ab + bec + ca + 2

a’ + b% 4 2¢2 a? + b% + 2¢2

Cab+betcat+c  (a+c)(bte)
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Vay ta chi can chiing minh

a? + b + 2¢2 N Sabe <9
(a+c)b+c) (a+b)(b+c)(c+a) ~

Bét déng thiic nay tuong duong véi
(a® + 0%+ 2¢*)(a + b) + 8abe > 2(a®b + a*c + b%a + b*c + c*a + ¢*b + 2abc),
a® 4+ b® 4 a®b + b*a + 2c%a + 2¢*b + 8abe > 2(a®b + a’c + b*a + b*c + Ea + b + 2abe),
a® + b + dabe > a®b + b*a + 2a’c + 2b%c,
(a—b)2*(a+b—2c)>0.
Do ¢ = min{a, b, c} nén bat dang thiic cudi hién nhien ding.
Phép chitng minh hoan tat. Dang thiic x4y ra khi va chi khi a = b = c.
Cach 2. Stt dung phuong phap SOS. Ta viét lai bat dang thic nhu sau.
2,12 2
a“+b°+c 1> 8abe

ab+bc+ca T (a+b)(b+c)(c+a)

1
Do a2+b2+02—(ab+bc~l—ca)25[(a—b)2+(5—0)2+(0—a)2] va

(a+b)(b+c)(c+a) — 8abc = a(b — ¢)* + b(c — a)® + c(a — b)?,
nén bat dang thic trén c6 thé viét lai dudi dang

Sa(b—¢)* + Sy(c — a)* + S.(a — b)* >0,

trong do
1 2a
“T ab+bctca (a+0)(b+c)(c+a)
g _ 1 2
"Tab+bctca (a+b)(b+o)lc+a)
1 2c

c

T abtbctca (atb)(b+o)cta)
Khong méat tinh téng quat, gia sit a > b > c. Khi dé ta dé thay S, < S, < S.. Lai ¢6
2 2 2c?

Sat 5 = ab+bc+ca  (a+c)(b+c) - (a+¢)(b+ c)(ab+ be + ca) >0,

nén 25, > S, + 5, > 0, suy ra S, > 5, > 0.
Tt day véi cha § réng (a — ¢)? > (b — ¢)?, ta duge
Sa(b—¢)? + Sy(c — a)? + Sc(a — b)? > S,(b—c)* + Sy(b — ¢)* = (Sq + Sp)(b—¢)* > 0.

(b) Kiém tra tryc tiép, dé thay bo s6 (a, b, ¢) = (2, 1, 1) thda man yéu cau dé bai. [
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Bai 7.

Cho géc Ozy va mot diém P bén trong né. v la mot dudng tron thay déi nhung luon di
qua O va P, 7y cat cac tia Ox, Oy tai M, N. Tim quy tich trong tam G va tryc tam H
ctia tam giac OM N.

LOI 1AL (a) Quy tich trong tam G cia tam gigc OMN.

T

X -

. 2
Goi [ la trung diem ctia M N, ta c6 O(? = 507 nén G la anh cua I qua phép vi ty tam
L 2
O tis0 3 Tu day suy ra

(G} = Vs (1),
tic quy tich G luon la anh ctia quy tich I qua phép vi tu tam O ti s6 g Ta dua bai
toan vé tim quy tich I.
Phan thugn. Goi X la giao diem thi hai ctia (IPM) va Ox, Y la giao diém thi hai ctia
(IPN) va OY. Ta c6
(IX, IP) = (MX, MP) (I, M, X, P déng vién)
— (MO, MP)
= (NO, NP) (O, P, M, N dong vien)
— (NY, NP)
— (1Y, IP) (I, N, Y, P ddng vien).
Suy ra (IX, IY) =0 (mod 7). Vay X, Y, I thang hang.
Mat khéac, ta lai co
(XY, XP) = (XI, XP)
=(MI, MP) (I, M, X, P dong viéen)
= (Oy, OP) (O, P, M, N dong vién),
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nén (XY, XP) khong doi. Tuong ti, ta ciing c6 (Y X, Y P) khong ddi. Ma P c6 dinh
nén X, Y ¢6 dinh. Vay I thuoc duong théng XY cb dinh.

Phan ddo. Lay X € Oz, Y € Oy sao cho
(XY, XP)=(0Oy, OP) (mod 7),
(YX, YP)=(Ox, OP) (mod )

va lay I € XY. Ta sé chiing minh ring ton tai M € Oz, N € Oy sao cho dudng tron
(OMN) di qua P.

That vay, goi M la giao diém tht hai cia (IXP) va Oz, N la giao diém thit hai clia
(IY P) va Oy. Ta ¢t
(MX, MP) = (IX, IP) (I, M, X, P déng vien)
= (IY, IP) (Do I € XY)
= (NY, NP) (I, N, Y, P dong vien).
Do d6 O, M, P, N dong vien. Tt day suy ra (OMN) di qua P.
Két lugn. Quy tich I 1a dudng thang XV, trong d6 X, Y dung béi
(XY, XP) = (0y, OP) (mod ),
(YX, YP)=(Ozx, OP) (mod ).
(b) Quy tich truc tam H cia tam gidgc OMN.
Trude hét, ta ching minh bo dé sau.
Bé dé. Cho tam gidgc ABC ¢6 géc ZBAC = a khong doi, O la tam dudng tron ngoai

) HA ,
tiep va H la truc tam tam gidc. Khi do ta cé oA khong doi va ZHAB = ZOAC.

Chitng minh.

B . C

Xét cac truong hgp ZBAC = a < 90°, ZBAC = a =90°, ZBAC = a > 90°, ta luon
c6 LZHAB = ZOAC va HA = 2R| cos A, nén

HA
OA
B6 dé dugc ching minh. O

= 2| cos A| = const.

Bay gio ta sé di tim quy tich tryc tam H cta tam giac OMN.
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Phan thuan. Goi
e T li trung diém ctia OP.
e X, Y la hinh chiéu ctia P len Oz, Oy.
e K la truc tam tam gidc OXY.
e [ la tam dudng tron (OMN).
Theo bo dé ta c6 T, K 1a tam duong tron ngoai tiép va trie tam tam giac OXY nén

K
g—T = 2| cos LzOy|, LKOy= ZTOx. (1)

Tuong tu, do I, H 1a tam duong tron ngoai tiép va triuc tam tam giac OM N nén

H
OO_I = 2|cos LxOy|, ZIOy = ZHOx. (2)
. . . OK  OH B
Tu (1) va (2), ta c6 or — oI Z10T = ZHOK, suy ra

AIOT ~ AHOK.

Mit khac, vi I 1a tam dudng tron (OMNP) va T la trung diém ctia OP nén IT L OP
hay ZITO = 90°. Két hop v6i trén, ta c6

ZHKO = 90°.

Vay H thuoc dudng thang qua K vuong goc véi OK (chi y K c6 dinh).

Phan ddo. Lady H thuoc duong thang qua K vuong géc véi OK, trong d6 K la truc tam
tam gidc OXY va X, Y la hinh chiéu ctia P lén Oz, Oy. Ta sé chiing minh rang ton tai
M € Ox, N € Oy sao cho (OMN) di qua P va AOMN nhan H lam tryc tam.
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That vay, goi T 1 trung diém ctia OP va dung AOTI ~ AOKH. Ta c6
0TI = ZOKH = 90°, (3)

/10T = /HOK. (4)

T (3) suy ra I ndm trén trung tryce ctia OP. Do d6 néu vé (I, 10) thi dudng tron nay
di qua P va cat Oz, Oy tai M, N. Ta c6 K, T la tryc tam va tam dudng tron ngoai tiép
tam gidc OXY nén /KOy = /TOz. Két hop vé6i (4), ta duge

ZI0y = ZHOzx.
H T .
Lai ¢c6 AOTI ~ AOKH nén OO_I = g—K = 2| cos ZxOy|. Két hgp véi trén, ta suy ra

H 13 tryc tam tam gidc OMN.
Két luan. Quy tich truc tam tam gidc OM N la dudng thing qua K vuong goc véi OK,
trong d6 K 1a tryc tam tam giac OXY va X, Y la hinh chiéu cta P len Oz, Oy. n
Bai 8.
Véi mbi s6 nguyen duong n, goi S(n) la tong cac chit s6 clia n.
(a) Chitng minh ring cac s6 n = 999 va n = 2999 khong thé biéu dién duge dudi dang
a+bvéi S(a) = S(b).
(b) Chitng minh ring v6i moi s6 999 < n < 2999, ta déu biéu dién duge dudi dang
a+bvéi S(a) = S(b).
LO1 GIAL (a) Cha y rang néu a + b = 999 thi do phép cong trén khong c6 nhé nen
S(a) + S(b) = 5(999) = 27.
Nhu vay khong thé c¢6 S(a) = S(b), do 27 1a s6 18. Ly luan tuong tu déi véi 2999.
(b) Trudc hét ta chitng minh ring néu 999 < n < 2999 thi ton tai sé ty nhién k sao cho
S(k) + S(n — k) 1a mot s6 chdn. That vay, néu S(n) 1a s6 chdn thi ta chon k& = 0. Néu
S(n) 18, gid st n = basaiag, trong d6 b = 1 hoac 2. Do 999 < n < 2999 va n # 1999
(do S(n) 18) nén ton tai ¢ sao cho a; < 9. Chon i 16n nhat thod man diéu kién nay. Khi
d6 chon k = 10%(a; + 1) thi S(k) = a; +1 con S(n — k) = S(n) —a; — 1+ 9 (phép

trit ¢6 nhé tao ra s6 9 & vi tri a; va giam di 1 don vi 6 vi trf truée do). Tu d6 suy ra
Sk)y+Sn—k)=a;+1+Sn)—a;—1+9=.S(n)+9 chan do S(n) 1.

Bay gio gia st ta da tim duge k sao cho S(k) + S(n — k) 1a s6 chén. Khi do6, dat
k= a3a2a10ag, n—k= bgbzblbo.

Do S(k) + S(n — k) chdn nén s6 cac chi s6 i sao cho a; + b; 1 1a chn. V6i 1 cap chi s6

(4, 7) sao cho a; + b; = 2k; + 1, a; + b; = 2k; + 11, ta ddi a; — a} = k; + 1, b, = ki,

ay = kj, b, = kj + 1. Véi céc chi s6 i sao cho a; + b; = 2k; ta ddi a; — a) = b, = k;. Khi

d6 dé dang nhan thay rang ajaba)ay + bybyb by = azasaiag + bsbabiby = n va
S(azasaiag) = S(b3b501bp),

va ta c6 dieu phai chiing minh. O
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Ngay thi nhat, 23/11/2009
Bai 1. Cho a, b, c & cac s6 thuc théa man dieu kien da thiic
P(x) =2 +az® + ba® +cx + 1

c6 it nhat mot nghiem thyc. Hay xac dinh tat ca cac bo (a, b, ¢) nhu thé sao cho tong
a® + b% 4 ¢* dat gia tri nhé nhat.

Lo1 GIAL Goi xg 1a mot nghieém ctia P(x) (dé thay zg # 0). Do P(x) = 0 nén ta c6
—(xg + 1) = azy + bag + cxo.
St dung bat dang thic Cauchy-Schwarz, ta dugc
(x5 + 1) = (axj + bxg + cx0)? < (a® +b* + A)(a) + 75 + 27).

Dat t = 27 > 0 thi tu trén suy ra

2 4+1)2 2 +1)2
PRI T Gl VN G Vil
B+t24+t t{t2+t+1)

Ma theo bat ding thitic AM-GM thi

t?+1 3

2 +1
t< ; P Ht+1<t*+

Diang thic x4y ra khi va chi khi

zy + ary + bagy + crg+1=0

x%zl

a b ¢

3wl
e . 2
Glalhenaytatlmducjca:b:c:—§hoaca:—b:c:g. O
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Bai 2.
Cho n 1a mot s6 nguyén duong va tap hop A = {1, 2, ..., 2n}. Mot tap con ctia A duge
goi 1 ¢4t néu n6 gom ding hai phan tit z, y sao cho |z —y| € {1, n}. Tim s6 cac tap
hop {A1, As, ..., A, } théa man A; 1a tap con tot cia A v6imoii=1,2,...,nva

AfUAU---UA, = A
LOT GIAL Goi u, (n =1, 2, ...) 1a s6 cac tap hop {A;, As, ..., A,} théa man yeu cau
dé bai dong thoi hai phan ti@ n va n + 1 khong di ciing nhau trong bat ct tap A; nao.
Ta chia cac s6 1, 2, ..., 2n vao mot bang 2 x n nhu sau

1 2 .l n
n+l|n+2|...]2n

Thé thi mdi cach chon dugc liet ké trong u,, tuong ng véi mot cach chon tit bang trén
cac cap gom hai s6 ¢ cling mot cot hoac hai s6 lién tiép nhau trén ciing mot hang. Xét
Upi1, Vi phan tit 2(n + 1) chi ¢ thé di cing v6i n + 1 hodc 2n + 1 trong ciing mot tap
A; nao do nén ta xét hai kha ning nhu sau.

e 2(n+1) van+ 1 cing thuoc mot tap A;, gia st dé la A, ..

1 2 o n+1
n+2|n+3|...|2n+1)
Lic nay, mdi cadch chon mot bo {A;, Ay, ..., A,} tng v6i mot cach chon céc cap

s6 gom cac s6 6 ciing mot cot hodc & canh nhau trong ciing mot hang tit mot bang
2 x n. Theo dinh nghia ctia ta s6 cach chon nhu thé 1a w,. Vay trong truong hgp
nay co u, cach chon.

e 2(n+1) va2n+ 1 cung thudoc mot tap A;, gia st dé 1a A,41.

1 2 n n+1
n+2|n+3|...]2n+1|2(n+1)

Ta thay n + 1 chi c¢6 thé di cting véi 2(n + 1) (trusng hop n + 1 di ciing v6i n + 2
khong duge xét trong u,q) nhung 2(n+ 1) da di cing v6i 2n+ 1 nén n+ 1 phéi di
cling véi n trong cling mot tap A; nao do, gid st 1a A,,. Dén day, st dung 1y luan
nhu truong hgp trén ta thay sb6 cach chon cac tap {4y, A, ..., Ay 1} 1A u, .

Vay theo quy tac cong thi wu, .1 = u, + u,—1. Mat khac, u; = 1, up = 2 nén ta co thé dé
dang tim duge cong thic cua u, la

n+1 n+1
W Ve (146
" s 2 2
Bay gio ta xét truong hop sinh ra bo {A;, Ay, ..., A} 6 n van+ 1 di cing trong mot
tap A; nao do.
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1 2 ...l n
n+l|n+2|...|2n

R0 rang 1 chi ¢6 thé di ciing v6i 2 hodc n + 1 nhung n + 1 da di cting n nén 1 chi c6
thé di cting v6i 2. Tiép theo, n + 2 c¢6 thé di ciing v6i 2, n + 1 hay n + 3 nhung 2 da di
v6i 1 con n + 1 da di v6i n nén n + 2 phai di véi n + 3. Tiép tuc, 3 c6 the di ciing 2, 4
hay n + 3 nhung 2 da di véi 1 con n + 3 da di véi n + 2 nén 3 phai di véi 4. Tiép tuc ly
luan nhu trén, ta suy ra A; phai c6 dang {1, 2}, {3, 4}, ..., {n -2, n— 1}, {n, n+ 1},

{n+1,n+2},...,{2n—1, 2n}. T d6 suy ra, truong hgp nay chi cho ta duy nhat mot
bo {Ay, Ay, ..., A} néu n 1é va khong cho bo nao néu n chén.
Tom lai, 6 cadc bo {Ay, As, ..., A,} théa man yeu cau dé bai 1a
(1 néun =1
n+1 n+1
1 | (1+V5 1-+/5 ) .
— — neu n chan
NG 2 2
n+1 n+1
1 [(1+V5 1-+5 PN
14+ — — ntunlévan>1
V5 |\ 2 2
\
Bai toan dudc giai quyét xong. O
Bai 3.

Tim tat ca cac ham s6 f : N* — N* théa man dong thoi cac dieu kién:
(1) f tang ngat trén N*;
(2) f(f(n)) =4n+9, Vn € N*;
(3) f(f(n)—n)=2n+9, Vn € N*.
Lor1 Al Vi f lam ham tang va f : N* — N* nén
fla)— f(b) >a—"0b, Va, beN* a>b.
T (3), ta cod

2=2n+1)+9-2n+9)=f(f(n+1)—(n+1))— f(f(n)—n))
> fln+1) = (n+1) = [f(n) — 1] = f(n+1) — () — 1.

Suy ra f(n+1) — f(n) <3, ¥n € N*, titc la f(n+ 1) — f(n) € {1, 2, 3}, ¥n € N*.
e Gia st ton tai n € N* sao cho f(n+1) — f(n) =1 thi
fln+1) = (n+1) = f(n) —n,
suyra 2(n+1)+9=f(f(n+1)— (n+1)) = f(f(n) —n) =2n+9, vo Iy.
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e Gia st ton tai n € N* sao cho f(n+1) — f(n) = 3 thi
fn+1)—(n+1)=f(n) —n+2.

Ta lai ¢6
f(fn+1) =
nén néu f(n) >nthitadatt = f
ma f tdng nén f(t+ 1) — f(¢)
nén f(n) > n, Vn € N*, dan dé

n = f(n)=f(f(n))=4n+9,

n+1)) = f(f(n) —n)) =2,

n)—mn, sé co6 t € N* hon nita f(t+2) = f(t)+2,
1, mau thuan. Vay nén f(n) < n, song vi f tang
f(n) = n. Nhung ti day ta lai ¢6

(
(

suy ra n = —3, vo ly.
Vay nén f(n+1) — f(n) € {1, 3}, Vn € N* va vi thé
f(n+1)— f(n)=2, VneN"
Do d6 f(n) = 2n + k v6i k nguyén nao d6. Thay vao f(f(n)) =4n+9 ta c6 k = 3.
Vay f(n) = 2n + 3 la ham s6 duy nhét théa man yéu cau de bai. O
Bai 4.
Cho duong tron (O) ¢6 dinh va AB 1a mot day ¢d dinh khac duong kinh ctia (O). Goi

I 1a trung diém ctia AB. P la mot diém di dong trén cung l6n AB ctia (O). Cac diém
M, N lan lugt thuoc céac tia PA, PB sao cho /PMI = /PNI = /APB.

(a) Chitng minh ring dudng cao tit P ciia tam gidac PMN di qua mot diém c6 dinh.
(b) Chting minh rang duong thang Euler ctia tam gidac PM N di qua mot diém cd dinh.

LOI GIAL
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(a) Ky hieu X = MINPB,Y =NINPA. Tacé LPMI =/PNI = ZAPB nén céc
tam giac PM X va PNY can tai X, Y. Tu do suy ra

/PXM = /PYN = 180° — 2/APB,
suy ra M, N, X, Y dong vién. Goi S 1a tam dudng tron ngoai tiép tam giac AOB thi

S ¢6 dinh. Ta c6 ZISB = 180° — LZAOB = 180° — 2/APB = /ZPXM va tuong tu
ZISA=/ZPYN. Suyral, S, X, B dong vien va I, S, Y, A ciing dong vién. Suy ra

/SXB=/SYA=/SIB=90°
suy ra IS 1a duong kinh ctia duong tron ngoai tiép tam giac PXY. Mat khac M, N, X,
Y dong vién nén MN va XY dbi song v6i nhau trong ZAPB, suy ra IS L MN. Néi
cach khéc, dudng cao tit P clia tam giac PM N di qua diém S ¢6 dinh (dpcm).
(b) Trudc hét ta chiing minh bd dé sau.

B6 dé. Cho tam giac ABC va mot duong tron (w) di qua hai diém B, C va cdt lai cdc
canh AB, AC tai X, Y. Goi XX', YY' la cic duong cao cia tam gidc AXY va BB,
CC" la cdac duong cao cia tam giagc ABC, H, H' la truc tam cia tam giagc ABC va tam
gigc AXY. Ky hieu I = BY NCX. Khi dé H, I, H' thang hang.

Chitng minh.

Taco X, Y, X', Y’ dong vien nen H'X - H'X' = H'Y - H'Y", tic 1
Pr By = Prr/Icx)

(6 day ta dung ky hieu [UV] dé chi duong tron dusng kinh UV). Ta c6 B, C, B', C'
dong vien nen HB - HB' = HC - HC', tic 1a

Pusy) = Puyjicx)-
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Cudi cing B, C, X, Y dong vien nén IB - IY = IC - I X, tic la
PryBy) = Prjiex)-
Suy ra H, I, H' thang hang vi ciing thudc truc dang phuong ciia [BY] va [CX]. O

Vao bai, goi H, O’ lan lugt 1a tryc tam va tam duong tron ngoai tiép ciia tam giac PMN.
Ta c6 O'P=0M va XP = XM nén XO' 1a dudng trung truc cia PM, suy ra

XO' 1 PY.

Tuwong tu ta ciing co

YO 1L PX.
Vay nén O’ ciing chinh 1 tryc tam cta tam giac PXY. Ap dung bé dé cho tam giac
PXY véi (w) = (MNXY) thitaco O, H I =Y NN MX thang hang. Néi cach khac,
duong thang Euler O'H ctlia tam gidc PM N di qua diém I c¢6 dinh (dpem). ]

Ngay th@ hai, 24/11/2009
Bai 5.

Cho a, b, ¢ 1a cac s6 thuc duong. Giai hé phuong trinh sau
(

1
ax — aby + — = bc?
Ty

1
abz —b*r+ — =ua .
2T

1
by —az + — = ab
Yz

\

LO1 cIAL Dat (m, n, p) := (a, ab, bc?), thé thi m, n, p > 0. H¢ phuong trinh trd thanh

( 1 ( 1
mr—ny—+—=2p mr—ny—p=-——
x 1Y
1
nz—pr+-—=m<E (x)8 —m-+nz—pr=——.
2T 2T
1 1
py—mz—+—=n —mz—n+py=-——
\ Yz \ Yz
Xem (*) 1a hé phuong trinh tuyén tinh an (m, n, p), ta cé
r —y —1
D=|-1 2z —z|=ayz—ayz—1—-2> -y —22=—(1+2°+9y*+2°) #0
-z -1 y
va
1
—— —y -1
Ty
1 z v 1 1 1 1+ 2% + 9% + 22
D,=|-— 2z —g|l=—17———"—— — - = ,
2T z zx ozx Yy oy 2x
1
—— -1
yz
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Tinh toan tuong ty nhu D,,, ta cling c6

1
r —— -1
Ty
1 L+a% +y° +2°
D,=|-1 —— —z|=— Y :
ZT Yz
1
yz
1
r -y ——
Ty
1 1+ 49> +2°
D,=|-1 2 ——|=~— J :
zZx Yy
1
—r -1 -
yz

T do6 suy ra
( y— (Pn Du Dy 1 1 1
m, n = —_— e _— = _— —_— JR— .
) ) p _D ) D ) D o1 ) yZ ) fL’y

Thay (m, n, p) = (a, ab, bc?), ta duge

1
xy—@, yZ—%, ZI’—E.
1
Nhan ba phuong trinh trén lai theo vé roi lay can bac hai, ta c6 xyz = 17
abc
1 1 1
oVéixyz:—,tacéxyz:izizy T d6 suy ra x = — ,y:—,Z*E
abc b2 ab a c be a
1 1 1
° V(jiyz:yz:——,taucéxyz—i:ﬁ—g Dod()m:——,y:——,z:—g.
abc bc? a c be a
1 1 1 1
Vay hé phuong trinh c¢6 hai nghiém (z, y, z R - =, “9). O
¢ be’ a ¢ be a
Bai 6.

Cho day s6 {a,} dugc xac dinh béi:
ay=a, Gny1= (a1 +ag+---+a,—2)?% VYn=1 2, ...

Ky hieu S, = a; +ay +---+a,, Vn=1,2, ... Tim tat ca cac gia tri ctia a dé {S,} c6
gi6i han htu han khi n — +o0.

LOT GIAL T gid thiét suy ra S,.1 — S, = (S, — 2)%. Vay nén day {S,} thuc ra la dugc
xac dinh nhu sau
Si=a, Spp1=f(S,) =S —3S,+4.
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Ta c6 Spi1 — Sp = (S, — 2)* > 0 nén {S,} la day khong gidm. Mat khac,

3

f’(x):2x—3:0<:>x:§.

r |—00 1 3/2 2 +00

0 +

—+00 —+00
\ 5 5 /
f(a) S

Xét cac truong hgp clia a, ta thiy

e Néua > 2. Gid st {S,} ¢6 gi6i han L thi ta phéi c6 L = f(L) nén L € {1, 2}, song
vi {S,} khong giam nén L > a > 2, mau thuan. Vay néu a > 2 thi {S,} khong
hoi tu.

e Néu a < 1 thi tit bang bién thieén suy ra Sy = f(a) > 2, quay vé truong hop 1 ta
cing c6 {S,} khong hoi tu.

e Néu 1 < a < 2 thi tit bang bién thién ta c6 Z < S, <2,Vn € N*. Tu do, {S,}
khong gidm va bi chdn trén nén {5, } hoi tu.
Vay cac gia ti can tim ctia a 1a a € [1, 2]. O
Bai 7.
Tim tat ca cac sd nguyen duong k sao cho phuong trinh 22 4 y? +x +vy = kxy c6 nghiem

nguyén duong x, y.

Lo1 GIAL. Khong mat tinh tong quat, gia sit > y. Xét gia tri k sao cho phuong trinh
da cho ¢6 nghiém nguyén duong. Trong cac nghiem ay, ta goi (zg, ¥o) 12 nghiém sao cho
2o > 1o > 0 vd 29 nhoé nhat. Xét tam thic

fz) = % — (kyo — 1)z + yg + Yo,

ta c6 f(zg) = 0 va theo dinh ly Viette thi f(z) con c6 mot nghiem zf, = kyo — 1 — xo.
Nhung theo céch chon (xg, yo) clia ta thi zf > x¢y > yo nén yo nam ngoai khoang hai
nghiém ctia tam thitc bac hai f(x) ¢6 hé s6 cao nhat 1a s6 duong. Tt d6 f(yo) > 0. Do
f(yo) = 2y2 + 2yo — ky2 nén ta co

2

k<24 —<4 (viyg>1).
Yo

Suy ra k € {1, 2, 3, 4}.

e Néu k = 1 thi phuong trinh c¢6 dang z? + y? + x + y = xy, tuong duong véi
3 2

y\? | 3y _ N
z-3 +T—|—x—|—y—0(volyV1x,y>0).
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e Néu k = 2 thi phuong trinh c6 dang 22 + y? + x + y = 2xy, tuong duong véi
(z—y’+z+y=0(olyviz, y>0).
e Néu k = 3 thi phuong trinh c6 nghiem (z, y) = (2, 2).
e Néu k = 4 thi phuong trinh c¢6 nghiem (z, y) = (1, 1).
Vay cac gia tri can tim ctia k 1a k = 3 va k = 4. O
Bai 8.

Cho tam gidc ABC noi tiép trong dudng tron (O). Ky hieu I, I, I, I3 lan lugt 1a tam
duong tron noi tiép va tam cac duong tron bang tiép trong cac goc A, B, C clia tam
gidc ABC. Duong tron ngoai tiép tam gidc 1,13 cit dudng tron ngoai tiép tam giac
ABC tai hai diém M;, N;. Al cit dudng tron ngoai tiép tam gidc ABC tai J;. K¥ hieu
di 1a duong thang di qua J; va vuong goc véi My N;. Cac dudng thang dy, dsz duge dinh
nghia tuong ty. Ching minh rang di, do, d3 dong quy.

LOJ1 GIAL




238 CHUYEN bE TOAN HOC SO 9

Goi (O') 1a duong tron ngoai tiép tam giac I, 513 va (O;) la dudng tron ngoai tiép tam
giac I1515. Ta c6 Al L L1153, BI 1 I3l nén [ 1a tryc tam cta tam giac I11513 va (O) la
dudng tron Euler ctia tam giac ;1513 nén O la trung diém ctia 10'. Ma

4[201[3 = 2(1800 - 412[[3) - 24[2[1[3 = 4[20/[3,

. —
nén O' doi xing véi Oy qua Iy13, suy ra O'O; = T[>, tic 1 AIO;0’ 1a hinh binh hanh.
Ma O la trung diém ctia 10’ nén O ciing la trung diém ctia 1;0;. Hon nita OO, L. M N;
(duong ndéi tam vuong goc véi day chung) nen ;0 L M Nj.

Mit khéc, J; 1a trung diém ctia I1; (dudng tron Euler di qua trung diém ctia doan thang
noi tric tam clia tam giac v6i dinh clia tam giac ay) nén phép vi tu

1
‘/12 : [101 — dj.

Suy ra d; di qua trung diém S ctia OI. Ly luan tuong tu thi dy, ds ciing di qua trung
diem S ctia OI. Vay ta c6 di, do, d3 dong quy tai trung diém S ctia OI (dpem). O



MOT SO BE THI OLYMPIC TOAN

La hoc sinh chuyén Toan chic hén cac ban luon muén tim cho minh nhitng thit thach
that kho khan va tim cach vugt qua ching. D6 la dip dé céc ban kiém tra lai nhitng kién
thitc minh hoc duge ciing nhu kha ning sang tao ctia ban than, vd qua dé biét dugc
ning lyc minh dén dau. Cac cuoc thi Olympic Toan dude to chic ra nhiam muc dich
nhu thé. Va & day, ching t6i xin dugc trich ra mot vai dé thi Olympic Toan tha vi trong
hai nam gan day. Cac ban hdy cting thit stc véi chiing nhé!

CUOC THI OLYMPIC TOAN MANG TEN
LEONARD EULER (24 - 27/3/2009)
Ngay thi thi nhat
Bai 1.
Bo toc cia Mumbo va Jumbo séng bén canh mot bo song. C6 mot lan hai ngusi dan
bo lac phai chay gap dén bo toc bén canh dé dua tin: Mumbo tré khde va Jumbo thong
thai. Mumbo chay v6i van toc 11km/h dén trai be gan nhat va di be dén bo toc bén

canh. Con Jumbo khong voi vang ma di bo véi van tdc 6km/h dén mot trai be khac va
di be dén bo toc bén canh. Két qua 1a Jumbo dén sém hon Mumbo.

Biét ring dong song thang, cac be di chuyén véi van toc clia dong song va van toc nay
khong doi trén toan tuyén song va la mot sé6 nguyen khong nhé hon 6km/h. Hay tim gid
tri 16n nhat c6 thé ctia van toc nay.

Bai 2.
Phéi ching v6i moi n nguyén duong 16n hon 2009, tit cAc phan sb

1 2 3 n—1

n n—-1 n-=-2" """ 2

n
1

luon chon duge hai cap phan s6 c¢6 tong bang nhau?
Bai 3.
Cho tam giac ABC can tai B. Diém D nam trong tam giac ABC sao cho goc ADC' gap

doi goc ABC. Chiing minh ring hai lan khodng cach tit B dén phan gidc ngoai goc D
cia tam giac ADC bang AD + DC.

Bai 4.
O dat nude Leonardia moi con duong déu c¢6 mot chiéu. Mdi con duong nodi hai thanh

phé va khong di qua céc thanh phé khac. Bo thong ké tinh cho mdi thanh phd téng s6
dan ctia cac thanh phé ma tit d6 ¢6 duong di dén thanh phé dang tinh va tinh tong s6

239
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dan ctia cac thanh phd ma tit thanh phé dang tinh c6 duong di t6i. Ching minh ring
c6 it nhat mot thanh phé ma s6 thit nhat khong nhoé hon s6 thit hai.

Ngay thi thi hai
Bai 1.

Ton tai hay khong mot cach thay 6 sé nguyeén lién tiép vao cac dau “s” dé dugc mot
dang thitc ding

BSCNN (%, %, ) — BSCNN (%, *, x) = 20097
Bai 2.

Trong t1 gidc ABCD ta c6 AB = BD, ZABD = /DBC. Trén duong chéo BD ton tai
diém K sao cho BK = BC. Chting minh ring Z/ZKAD = ZKCD.

Bai 3.

Trén ban c6 10 dong hat dé véi s6 lugng 1a 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 hat dé. Hai ngudi
luan phién nhau béc hat dé, méi lan boc 1 hat cho dén khi con lai 3 hat dé thi ding.
Néu day 1a 3 hat dé thuoc 3 déng khac nhau thi ngudi di sau thing. Trong truong hop
ngude lai nguoi di trude thang. Hoi ai 1a ngusi ¢ chién thuat thang, cho du déi thi clia
anh ta choi thé nao?

Bai 4.

Trén mot bang gidy vo han ta viét cac s6 lien nhau. Dau tién 1a sd 1 va cac s6 sau bang
s6 trude cong véi chit s6 khac 0 nhé nhat ciia s6 ding trude. Hay tim s6 chit s6 clia s6
ditng & vi tri 9 - 100009,

DE THI OLYMPIC TOAN TRUNG AU 2010
Phan A. Pé thi ca nhan

Bai 1.
Tim tat ci cac ham s6 f : R — R thoa méan

fe+y)+ o) f(y) = fley) + (+ 1D f(x) + (2 + 1) f(y),
v6i moi z, y € R.
Bai 2.
Tat ca cac uée duong ctia s6 nguyén duong N dude viét 1én mot bang den. Hai ngudi
choi A va B tién hanh mot tro choi luan phien nhu sau: O lugt dau tien, A x6a di s6
N. Néu s6 cudi ciing duge x6a la d thi ngudi chai tiép theo phai x6a mot uée sé cia d

hodc mot bai s6 clia d. Ngusi ndo khong xéa duge nita sé thua. Xac dinh tat ca cac gia
tri ctia N sao cho A luon c6 cach thing ma khong phu thuoc vao B.
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Bai 3.

Cho tt giac ABCD nai tiép ¢c6 E nam trén duong chéo AC théa man AD = AFE,
CB = CE. Goi M la tam duong tron ngoai tiép k clia tam giac BDE. Duong tron k
cat dudng thang AC tai E va F. Chiing minh rang FM, AD, BC dong quy.

Bai 4.
Tim tat ci cac so6 nguyén duong n théa man hai diéu kien sau

(a) n phai c6 it nhat 4 wéc nguyeén duong khac nhau.

(b) Vi hai udc a, b bat ky ctia n théa man 1 < a < b < n, thi (b —a) | n.

Phan B. Pé thi dong d6i
Bai 1.
Cho ba day tang thuc sy gom cac s6 nguyen duong
ay, ag, ag, ..., by, bo, b3, ..., c1, Ca, C3, ...

Biét rang mdi s6 nguyen duong thuoc vé ding mot trong ba day néu trén. Dong thoi,
v6i mdi sd nguyen duong n, cac dicu kién sau day duge théa man.

(a) cq, = by + 1.
(b) An+1 > bn
(€) eny16n — (n+ 1)cpy1 — ne, 12 s6 chén.

Tinh asp10, b2010, C2010-

Bai 2.
Tim hing s6 C, 16n nhat sao cho bat dang thiic sau ding véi moi ay, as, ..., a, > 0,
2 2 2 2
ai+a;+---+a ay +az+---+ap
12 - > ( L ) + Cp(ay — ay)*.
n n
Bai 3.

Tai mbi dinh ctia n-giac déu cé diat mot phao dai. Tai cling mot thoi diém, mdi phao
dai ban vao mot trong hai phao dai gan né nhat va trang dich. Ta goi két qud ban 13
tap hop cac phéo dai bi ban tring (cht § khong phan biét phao dai bi ban mot hay hai
lan). Goi P(n) la s6 lugng c6 thé ctia két qud ban. Chitng minh rang véi moi s6 nguyén
duong k > 3, ta c¢6 P(k) va P(k + 1) la hai s6 nguyén t6 ctng nhau.

Bai 4.

Cho n 14 mot s6 nguyen duong. Mot hinh vuong ABC D dugc chia thanh n? hinh vuong
don vi. Méi hinh vuong don vi lai duge chia doi thanh hai tam gidc béi dudng chéo song
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song véi canh BD. Ta to6 mau dé mot sd dinh ctia cac hinh vuong don vi sao cho mdi
tam gidc trong 2n? tam gidc con néu trén c6 it nhat mot dinh dude t6 mau dé. Tim sb
nhé nhat cac dinh duge t6 mau do.

Bai 5.
Duong tron noi tiép clia tam gidc ABC' tiép xtc véi cac canh BC, CA va AB lan lugt

tai D, E va F. Goi K la diém doi xtng v6i D qua tam dudng tron noi tiép. DE cit FK
tai S. Chitng minh rang AS song song véi BC.

Bai 6.
Cho cac diem A, B, C, D, E théa man ABCD la ti giac noi tiép va ABDE 1a hinh

binh hanh. Cac duong chéo AC va BD cat nhau tai S, cac tia AB va DC' cat nhau tai
F. Chitng minh rang ZAFS = Z/ECD.

Bai 7.
V6i méi s6 tu nhién n, ta goi a, 1a sé nguyén duong cé biéu dién thap phan 1

10...020...020...01.

Chitng minh réng C%n luén c6 thé biéu dién thanh tdng ctia hai s6 lap phuong nhung
khong thé biéu dién thanh tong ciia hai s6 chinh phuong.
Bai 8.
Cho n € N*, n khong 1a liiy thita ctia 2. Chiing minh ton tai m € N* sao cho
(a) m la tich ctia hai s6 nguyén duong lién tiép.

(b) Biéu dién thap phan ctia m gom hai phan giéng nhau, méi phan c6 ding n chit so.

PE KIEM TRA SO 1 (10/10/2010)
(CAU LAC BO TOAN HOC)

Bai 1.

Trén mot hon ddo, mot cu dan bat ky hodic toan néi that, hodic toan néi déi. Alice va
Bob la cu dan hon ddo nay. Alice néi “Ding mot trong hai ching toi néi déi”. Bob néi
“Alice da noi that”. Hay xac dinh xem ai 1a nguoi néi that, ai 1a nguoi néi doi.

Bai 2.

Cé6 8 vat c6 trong luong 1a 1, 2, 3, 4, 5, 6, 7, 8 nhung mot vat bi mat, con 7 vat con lai
dugc xép thanh mot day tang dan theo trong lugng. Hay diung 3 lan can ban (c6 thé

kiém tra dugc hai nhém vat c6 trong luong bing nhau hay khong) dé xac dinh xem vat
bi mat ¢6 trong higng bao nhiéu.
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Bai 3.

Chitng minh ring téng binh phuong ctia 24 s6 nguyen t6 c¢6 ba chit s6 bat ky déu chia
hét cho 24.

Bai 4.

Hai s6 nguyén t6 p va ¢ dude goi 1a hai s6 nguyén to sdnh doi néu g = p + 2. Chiing
minh rang néu p va ¢ 1a hai s6 nguyén t6 sanh doi thi p? + ¢ chia hét cho p + q.

Bai 5.

Day so Fibonacci 1a day s6 xac dinh béi [y = 1, Fy = 2, F,\y = F, + F,,_; v6i moi
n > 2. Chitng minh réng v6i moi n > 2 ta c6

|F?2 — F, 1 F,_,| = 1.
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