PH. D QUALIFYING EXAMINATION
COMPLEX ANALYSIS-AUTUMN 2002

Work all six problems. All problems have equal weight. Write the solution to each problem
in a separate bluebook.

1. Let P(w,z) = ag(z)w"™ + a1(z)w™ ! + -+ + a,(2) be a polynomial in two variables.
Suppose zg € C is a point such that ag(z9) # 0 and P(w, 29) has n-distinct zeros, say
wi, - ,Wy,. Show that there exists an open disc A C C containing zo and n-holomorphic
functions f;(z) : A - C,i=1,---,n, such that: (1) P(fi(2),2) =0on A; (2) fi(20) = w;
and (3) whenever P(w,z) =0 and z € A, then w = f;(z) for some 1.

2. Find the Green’s function for the region consisting of the complement in the C-plane
of the intervals (—oo, —1] and [1, 00) on the real axis.

3. Let H be the upper half plane and H be its closure in C. Let f: H — C be a continuous
function that is analytic in H. Suppose f is bounded on H and

lim f(t)=0, teR.

t—+too

Show that
lim f(z)=0,teH.

|z| o0

(Hi{lt 1: You can use the following result if you like: Let D be the open unit disk and
g:D — {1} — C be a continuous map that is analytic in D. Suppose |g| < M on D and
lg(e??)| <1 for 0 < 6 < 27. Then |g(z)| <1 on D.)

(Hint 2: Consider functions of the form A+10+1igz (2).)

4. Use Argument Principle to show that the function f(z) = €™ —e~"* assumes any value
w with positive real part once and only once in the half strip Re z > 0, —% <Im z < %

5. Show that

™
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(Hint: Study the principal parts at the poles and use periodicity.)

6(a). Describe the Riemann surface of w = /z(z — 1)(z — A), A #0, 1.

(b). Show that dz/w is a holomorphic differential on the Riemann surface and describe
the mapping defined by
¢ dz
/ (C) = s

o W

where ( is a general point on the Riemann surface and (j is a chosen basepoint.



