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Chuong 1

Cac bai toan da co6 1oi giai

1.1 [V6 Qudc Ba Can] Cho x,y, 2 la cic s6 duong théa xy +yz + zx = 1, chiing minh
1 1 1 3v3
+ + <33
VI+QRr—y)?2 1+ Q2y—2)2 1+ (22—1)2 2

Loi gidi. Data =2z —y,b=2y—z,c=2z—z,dodba+b+c=zx+y+2z>0vathtoy+yz+zz=1,
ta co

14(a® + b* + %) + 35(ab + be + ca) = 49
Lai ¢6 3(14(a? + b + ) + 35(ab + bc + ca)) < 49(a + b + ¢)?, nén
a+b+c>V3
Ta sé ching minh v6i moi s6 thuc a, b, ¢ théa man a + b+ ¢ > /3, thi
1 1,1 3V3
VeIl VEI1 VErio 2

Néu ¢ < 0, thay ¢ bdi ¢ = —c, thi ta ciing c6 a+b+¢ > /3, va gia tri ctia biéu thitc P van khong déi,
do do, khong mat tinh téng quat, ta c6 thé gid sit a,b, ¢ > 0, khi d6, dat a = kay,b = kb, c = ke;
v6i k> 1,a1,b1,c1 > 0saochoa; +by +¢; = \/3, thi

P(a,b,c) =

P(a,b,c) = P(ay,b1,¢1)
cEy; sza +1 czy; Vai+1
Nhu vay, ta c6 thé gia sit a,b,c > 0 va a + b+ ¢ = v/3. Xét ham 6 f(z) = ﬁ, ta co
2% — 1
"\
f (l) - ($2+1)5/2

Tit day, ta c6 thé dé dang kiém tra duge f 16m trén [0, %} va 16i trén [%, \/g} .

Khong méat tinh téng quat, gia sit a > b > ¢ > 0, tit day suy ra ¢ < Xét 2 truong hgp

f?
Truong hop 1. b < ﬁ’ stt dung bat déng thic Jensen
b+c 2 B 4

2 ): VED +1 J(VB-a) +4

() + f(e) < 2f (

Ta can chitng minh

4 N 21 §3\/3
JB—a) g VEFTT 2

1

(1.1)



2 CHUONG 1. CAC BAI TOAN PA CO LOI GIAI

3 >t >1 va ta can chitng minh

=

That vay, dit ¢ = = th

B

4 N 1 _3
VE2—6t+21 Vi2+3 2

Hay

16 N 1 8/ (2 +3)(f2 —6t+21) _ 9
t2—6t+21 243 (t24+3)(#2—6t+21) ~ 4

St dung bat ding thitc AM - GM, ta c6

2 2 _
\/t2+3§t17’ /t2—6t+21g$

Nhu vay, ta chi can chiing minh

16 N 1 (t2 +7)(t* — 6t + 37)
2 —6t+21  124+3  4(t2+3)(t2 — 6t + 21)

9
< Z
— 4

Hay

(t-1)2(t-2)*2>0
Béat ding thitc nay hién nhién dang.
Trudng hop 2. b > %, ta co

ez (5) s oos-)

St dung bat ding thic Jensen,

f(1)+f(c)g2f <C+V§> —of V3 (““Lb_%)

NG 2

Nhu vay, ta can chiing minh

2f

EROTE\ N g

Bat dang thitc nay ding theo (1.1). Bat ding thitc dugc chiing minh xong.

Déng thiic xay ra khi va chi khiz =y =2 = %

Nhan xét. Bat déng thiic trén vin ding v6i moi x,y, z € R théa man zy + yz + 2z = 1.

1.2 Cho cdc s6 duong a,b, c théa abc = 1, chiing minh ring

b b b
av/ —|—c+ \/c+a+c\/a+ >3
b+c+1 c+a+1 a+b+1

Loi gidi. St dung bat dang thitc Holder, ta co

2
( : b+c> (Za<b+c+l)2>z(a+b+c)3

Cycb—i—c—i—l b+c

Do d6, ta can chitng minh
a(b+c+1)2

3
(@a+b+c)®>2) e

cyc



hay

Za3+32%+322+624Zab+42a+22bic

cyc cyc cyc cyc cyc cyc

St dung bat dang thitc AM - GM, ta lai c6

b 1 1 b
PIEED D DEED WD 2Zbic<zzz+2§a

cyc cyc cyc cyc cyc cyc

Do dé,

VT—VPzZa3+gz%+gzg—42ab—42a+6

cyc cyc cyc cyc cyc
. 1
> Za3+2a6742a+6:2 <a34a++2>
cyc cyc cyc cyc a

Xét ham s6 f(z) =2® — 4z +1 + 24 2Inz véi z > 0, ta c6

fz) = (x—1) (3x+3+;2_1>

x
Néuz <1thi >4 nfuz>1thil>2 dods
fllxy=0sa2=1
Tir day, ta dé dang kiém tra dugc
fl@) =z f1)=0 V>0

Hay
1
2 —dr+=+2>2nzx Vo >0
T

Vay

Z<a3_4a+(ll—|—2> >-2) Ina=0

cyc cyc
Bét ding thitc duge chitng minh xong.
Déang thiic xay ra khi va chi khia =b=c=1.

1.3 [Pham Kim Hung] Vdi moi s6 khong am a,b,c, ta cé

a b c
\/ 1/ N <1
4a—i—4b—&—cJr 4b—|—40—&—0zJr 4c+4a+b —

Loi gidi. St dung bat dang thitc Cauchy Schwarz, ta co

a a
¢ <3y *
Z\/4a+4b+c_\/z4a+4b+c
cyc cyc
Khong mét tinh téng quat, gia sit a +b+c = 3 va b 1a s6 hang nim giita a va ¢, ta can chiing minh

a
Za—l—b-l—l s1

cyc

hay
ab + b%c + c*a + abe < 4
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Vi b 1a s6 hang nam gitta a va ¢ nén
cb—a)b—c) <0

Suy ra
b%c + ?a < abe + bc?
Do do

=4

1(2b ’
azb+b20+02a+abc<b(a—|—c)2<2< +(a+c3)+(a+c))

Béat ding thitc duge ching minh xong.
Déng thic xay ra khi va chi khi a = b =c.

1.4 [Pham Htu Dic] Cho cic s6 duong a,b,c, ching minh

1 n 1 n 1 < at+b+c 1 " 1 n 1
a2+bc b24ca c24ab " ab+bect+cal\a+b b+c cHa

L&i gidi. Ta c6 bat ddng thic can ching minh tuong duong véi

z:z(a2 —bv*)(a—b) >0

cyc

Véi

(a(b+ c)(b* + %) + 2a*(b* + ¢*) + 3a®be + a®(b + ¢) — b*c?)(a® + be)
(b(c+ a)(c? + a®) + 2b%(* + a?) + 2b%ca + b*(c + a) — ¢*a®)(b* + ca)
(c(a +b)(a® + b%) 4+ 2c%(a® + b?) + 2c¢%ab + c*(a + b) — a®b*)(c? + ab)

[SI S
o

Khong mat tinh téng quat, gid sit @ > b > ¢ > 0, khi d6 dé thiy z,y > 0. Lai c6

y+ 2> blc+a)(c® 4+ a®)(b? 4 ca) — a®b*(c + ab)
> a®b(b? + ca) — a*b*(c? + ab) = a®be(a® — be) > 0

Chi § ring a > b > ¢ > 0 nén (¢? — a?®)(c — a) > (a®> — b?)(a — b). Tt day, ta c¢6 dpcm.

Déng thiic xay ra khi va chi khia =b=choiica =1t > 0,b = ¢ — 0 va cac hoan vi.

Nhan xét. Bai toan nay cé thé giai dé dang nhs phép dit p, q,r.
1.5 Chiing minh ring vdi moi s6 duong a,b,c ta luon cé

a® n b3 n c? a+b+ec
2a%2 —ab+4 202 262 —bc+2c2  2¢%2 —ca+ 202 ~ 3

Loi gidi. Ta c6 bat déng thiic can chiing minh tuong duong véi

ZS’C(a —b)%*>0

cyc

trong do
2c—b 2a — ¢ 2b—a

5o = Se = 2a2 — ab 4+ 202

Sa = 9
2 2¢2 — ca + 2a?

b2 — be + 2¢2’
Xét 2 truong hgp
Trudng hop 1. a > b > ¢ > 0, khi d6, dé thay S, > 0. Ta sé chiing minh

Sp+2S.>0 (1)



a’Sy + 2b%S, > 0 (2)
That vay, ta c6

(1) < 6a*b + 4ab® — 3abc + 8bc® — 4ac® — 2b*c > 0 (dang do a > b > ¢)

a*(2a — c) 20%(2¢ — b)
2) & =
(2) & f(a) 22 —ca+2a®  2b%2 —bc+2¢? T
Lai co6
3 _ 4,2 2 4.3
f(a) = a(4a® — 4a”c 4+ 13ac* — 4¢?) >0

(2¢2 — ca + 2a2)? -

Do dé6, f(a) 1a ham dong bién. Suy ra,

3b%¢
> = >
Ha) 2 f0) = gy =0

Céc bat dang thiic (1) va (2) duge chitng minh.
Tit cac bat déing thitc nay va v6i chi § riing a > b > ¢ > 0 nén (a—c)? > max {‘g—;(b —¢)?, (a— b)2},
ta ¢

2 Se(a—1b)* = (Sy(c — a)* +254(b — ¢)*) + (Sb(c — a)* + 2S.(a — b)?)

cyc

(b—c)2 2 2 2
> = (a®Sp 4+ 2b°S,) + (a — b)*(Sp +25.) >0

Trudng hop 2. ¢ > b > a > 0, dé thay S,, S, > 0. Néu 2a > ¢ thi bat ding thic can chiing minh
hién nhién ding. Xét trusng hgp nguge lai ¢ > 2a, titc 1a Sy < 0. Xét 2 trudng hgp nhéd

Trudng hop 2.1. 2b > ¢+ a, ta ¢

Sp(c —a)? 4+ Se(a —b)?> >0 (3)
0 = S e 2
o Eg e
Do d6, m(b) 1a ham dong bién. Suy ra,
m(b) zm <a ; C) - 2(42(2a+_acc)it(lc(;?;z;??fcaif;c% =

Vay (3) ding. Do do,
> Se(a—1b)* > Sy(c—a)* + Se(a—b)*> >0
cyc
Trudng hop 2.2. ¢+ a > 20.
Truwong hop 2.2.1. 2b — a > 4a, ta sé chiing minh

S.+3S,>0 (4)
S, + gs,, >0 (5)
That vay
2% — 3(2a —
(4) & g(c) = o _3azo

2a%2 —ab+ 202 2¢2 — ca + 2a?
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Ta c6
6e(c — 4a)

(2¢2 — ca + 2a2)?2 —

g'(c) =
Do dé6, g(c) 1a ham dong bién. Suy ra,
4% — 4ab® — a?b + 13a®

> g(2b—a) = 20
9(e) 2 g 2 (2a2 — ab + 2b2)(5a? — 10ab + 8b2) ~
4c —2b 6a — 3¢
5) & h(a) = =0
B &) = o he 2 ¥ 2@ —cat 242 =

3(3¢? + 4ca — 4a?)
(2¢2 — ca+ 2a2)2 —

h(a) =

Do d6, h(a) 13 ham déng bién. Suy ra,
++, Néu ¢ > 2b thi

(c —2b)(2¢ + 3b) >
2¢(2¢? — be + 2b%)

h(a) > h(0) =

++, Néu 2b > c thi
(20 — ¢)(4b* + 13bc — 2¢?)

> h(2b—¢) = =
hla) 2 h(2b =) (22 — be + 2¢2)(8b2 — 10bc + 5¢2) — !

Toém lai, ta luon ¢6 h(a) > 0.
Tit (4) va (5) v6i chi ¥ réng (c — a)? < 3(b—a)? + 2(b— ¢)?, ta c6
Z S.(a—b)? > (S.+3Sy)(a —b)* + <Sa + 25@) (b—c)?>0
cyc
Truong hop 2.2.2. 2b —a <4da < a > %b, ta co
Sa+ 8+ 5. >0 (6)
SaSp + SpSc + 55, > 0 (7)
(6) hién nhién ding vi theo (5), ta c6
1
Sa + Sy + 5. =8, + (2Sb+56> —551,20

Bay gid ta sé ching minh (7), ta c¢6
(7) & k(c) = 4(ab® + bc® + ca®) + Tabe(a + b+ ¢) — 2(a’b + bPc + c3a)
—6(a®b? + b2 + cQaQ) >0

K'(c) = 12bc® + 4a® + 14abc + Tab(a + b) — 20> — 6ac® — 12c(a® + b%)
E'(c) = 24bc — 12ac + 14ab — 12a* — 12b
> 24b* — 12ab + 14ab — 12a* — 12b% = 12b* + 2ab — 12a* > 0

Do dé, k'(c) 1a ham dong bién. Suy ra,

K'(c) > K (b) = 4a® — 5a%b + 15ab* — 26> > 0 (do a > %b)
Suy ra, k(c) 1a ham dong bién. Do d6,

k(c) > k(b) = b(2a° — 5a2b + 16ab? — 45%) > 0 (do a > %b)

T day, ta c6 dpem.
Déng thic xay ra khi va chi khi a = b =c.



1.6 [V6 Qudc Ba Can] Cho cic s6 khong am a,b, ¢ théa a + b+ ¢ = 1. Ching minh bt ddang thic

\/a—i— (b;c)2+\/b+ (C_a)2+\/c+ (a;b)z <V3+ <1—\f> (la =t +1]b—c|+]c—al)

4

Loi gidi. Khong mat tinh tdng quét, gid st a >b>¢>0.Dita+b=2t,a—b=2m,k = i thi do gia
thiét, ta c6 t > m >t — ¢ > 0. Khi d6, bat déng thitc can ching minh tré thanh

f(m)z\/t+m+k(m+c—t)2+\/t—m+k(m+t—c)2—|—\/c+4km2
—(2—\/5)(t+m—c)§\/§

Ta c6
4k(2t —c) -1 4k(2t —c) -1 4k
f(m) = ( 2 52 T ( 2 32 T - 3/2
4t +m+k(m+c—1t)?) 4(t—m+k(m+1t—c)?) (¢ + 4km?)
c c

- _2 (a+ 300~ 0)2)3/2 - 2(b+L(c— a)2)3/2 - (c+ 1(a— b)2)3/2

Chti ¥ réng a > b > ¢ > 0 nén

a—i—l(b—c)Q—c—i(a—b)?:§(a—c)(b+1)20

4 4
bt 2(e—a)’ —c— fla—bP=2(b-c)at1)>0
1 c—a c 1 a =1 c)la >
Suy ra
1 3/2 1 3/2
(a+(bc)2> > <c+(ab)2) >0
4 4
1 3/2 1 3/2
<b+(c—a)2> > <c+(a—b)2) >0
4 4
Do do,
C C C
f(m) > — 52 + 3z = 0

2 (c+ L(a—b)?) 2(c+1@-02)"?  (c+La—-1)?)
Suy ra, f(m) 1a ham 16i. Do do,

f(m) <max {f(0), f(t - c)}
Nhu vay, ta chi can chimg minh

max {f(0), f(t —¢)} < V3

Diéu nay c6 nghia la ta chi can chitng minh bat dang thitc da cho trong trutng hop 3 s6 a,b, ¢ 6
2 s6 bing nhau, khong mét tinh téng quét, gid stt b = ¢. Ta can ching minh

Va2 for O < By (2o VB) o)

Hay

2
\/<3a2_1> +2(1—a)<\/§+<1—\2§> 3a— 1] — va
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Dit t = v/3a thi ta c6 t < /3, ta can ching minh
V3T 142 27 <6 — 2t + (zf— 2) 12— 1|

Xét 2 truong hgp
Trudng hop 1.t > 1, ta c6 bat dang thitc tuong duong

V3 142 427 <6 — 2t + (2\/5— 2) (2 — 1)
Hay
200 1) (1= v3) ((6v3-9) 2+ (3+V3) t+18 - 11V3) <0
Bét déng thitc nay hién nhien ding do /3 >t > 1.
Trudng hgp 2. t < 1, bat ding thic tré thanh

V3t 142 127 <6 — 2t — (2\/3— 2) (2 — 1)
Hay
2= 1) ((6v3-9) " + (2v3-3) 2+ (2v3-9) t+6v3 - 3) <0
Bat dang thitc nay ciing ding do 1 >t > 0. Bai toan dudc gidi quyét hoan toan.
Déng thiic xay ra khi va chi khia=b=c= % hoac a = 1,b = c = 0 va cac hoan vi.
Nhan xét. Ta c6 1 két qua "yéu" hon nhung kha "dep" 1

\/a+ (b;C)Q +\/b+¥+\/c+ (a;b)Q <2

v6i moi a,b,c > 0,a+b+c=1.
1.7 [Pham Kim Hung] Cho cdc s6 duong a,b,c théa a + b+ c = 3, chimg minh bat ddng thic
a32b + b3%¢c 4+ 32 <3

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta cé

a?b 4+ 0%/%c + *%a < \/(ab + be + ca)(a2b + b2c + c2a)
Nhu vay, ta chi can chiing minh
(ab+ be + ca)(a®b + bPc + c2a) < 9

Hay
(ab+ be + ca)(a + b+ c)(a’b + b?c + c2a) < 27

Hay

(ab+ bc + ca) (Z a®b + Z a’b? + 3abc> <27

cyc cyc

Chd y rang %chc(aQ — ¢ — 2ab+ be + ca)? > 0 nén

Za3b§;<2a2>2

cyc cyc

Ta can chitng minh

2
(ab + bc + ca) (Z a2> +3 Z a®b? + 9abe | < 81

cyc cyc



DPit = ab + be + ca thi theo bat ding thitc AM - GM va Schur, ta ¢6 2 < 3,3abc > 4o — 9, bat
déng thic tré thanh
2((9 — 22)% + 32% — 9abc) < 81

Nhu vay, ta chi can chiing minh
z((9 —22)% + 32% — 3(4 — 9)) < 81

Hay
(x —3)(T2* — 272 +27) <0
Bat dang thitc nay hién nhien dang do 3 > 2 > 0.
Bét ding thitc duge chitng minh xong.
Déng thic xay ra khi va chi khia=b=c= 1.

1.8 [Pham Kim Hung] Ching minh ring vdi moi so6 thuc a,b,c, ta cé

ab n be . ca < 1
4a2 + 02 +4c2 402+ 2+ 402 42 +a?+4b2 — 3

Loi gidi. Dé thay trong 3 s6 a, b, c ludn ton tai it nhat 2 sd cing dau, gia st be > 0, néu ab < 0,ac <0
thi

Z ab < bC <1<1
4a2 + 02 +4c2 — 42 +c2+4a2 4 3

cyc

Nhu vay, ta chi can xét trudng hdp cac s6 a, b, ¢ cing dau, va do do6, ta chi can xét a,b,c > 0 1a da.
Khong mét tinh tdng quét, ta cé thé gia sit a® + b? + ¢ = 3 va b 14 s6 hang nim giita a va ¢, bat
déng thic tré thanh

4Zab+42ab3 —|—acha62 + a3 < 16+4Za2b2
cyc cyc cyc cyc
Vi b & s6 hang nam gitta a v ¢ nén
alb—a)(b—c) <0

Suy ra
ab® + a%c < abe + a?b

Do do
Zobb2 < b(a® +c?) +abc=2— (b—1)*(b+2) + abc < 2+ abc

cyc

St dung két qua bai toan trudc, ta co
. 2
3 2| _
Sar < () s
cyc cyc
Nhu vay, ta chi can chitng minh

42 ab + abc(2 + abe) + a?b’? <4+ 42 a’b?

cyc cyc
Mat khac, st dung béat déng thic AM - GM, ta c6
2abe < a?b?? + 1
Do d6, ta phai chitng minh

P(a,bc) =4Y a’b® —4Y ab—3a’b*c® +3 >0

cyc cyc
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Vi day 14 mot bat dang thitc d6i xttng véi a, b, c nén khong mat tinh tong quat, gia sit @ = max{a, b, c}
suy ra a > 1,62 +¢2 <2, taco

b2 +62 b2 +02
P(a,b,c)—P<a7\/ 5 ,\/ 5 )
(302 — 4)(b+c)2>

4a
=b-c)?(2+ +
( ) ( V20?2 +c)+b+c 4

Ta c6

(b+c)

2 .2
22_T>2_b +c

2+ >0

2 2 2 2
R e

Nhu vay, ta chi can ching minh

(3a% — 4)(b+ c)?
4

Do do

P(a,t,t) >0
V(’iiathO,a2+2t2:3.
Hay
(a® 4 2t%)3 + 126%(a® + 2t%)(2a® + %) > 27a*t* 4 4t(2a + t)(a® + 2t?)?
Hay

(a —t)*(a*(a — 3t)% + 4a*t* 4+ 16t*) > 0
Bat ding thitc nay hién nhién ding. Vay ta c6 dpem.
Déng thic xay ra khi va chi khi a = b =c.

1.9 [Phan Héng Son] Cho cdc sé6 khong am a,b,c théa a + b+ c = 3, ching minh

a2+ b2 N b? + ¢2 n 2 +a? >i
(a+1)(b+1) (b+1)(c+1) (c+D(a+1) = 2

L&i gidi. Binh phuong 2 vé rdi nhan 2 vé véi (a + 1)(b+ 1)(c + 1), ta duge bat déng thiic tuong duong

| ©

@+ +0)+2) Ve +)B* +A)a+1)(b+1) >

cyc cyc

(a+1)(b+1)(c+1)

Theo bat dang thiic Cauchy Schwarz thi

Z V@2 +e) B2+ ) (a+1)b+1) > Z(c2 + ab) (1 + \/%)

cyc cyc

Ta can ching minh
9
Y@+ )1 +e) +23 (¢ + ab) (1 + \@) > S(a+1)(b+1)(c+1)
cyc cyc

Hay
8% a®+> ab+4) Vab(c* + ab) > 36 + 15abe

cyc cyc cyc

St dung bat dang thitc AM - GM va Schur, ta c6

43 " Vab(c* + ab) — 15abe > 9abe > 12y ab — 27

cyc cyc



Nhu vay, ta chi can chiing minh
8 a®+> ab+12) ab—27 > 36
cyc cyc cyc

Hay
ab+bc+ca <3

Bat ding thitc nay ding theo bat ding thitc AM - GM. Vay ta c6 dpem.
Déng thic xay ra khi va chi khia=b=c=1.

1.10 [Phan Héng Son] Vdi moia > b > c >0, dat

_a n b L c

b+c ct+a a+b

Q_Q(b—I—c)—a 2(c+a)—b 2a+b)—c
T da+b+c 4db+c+a dc+a+b

P

Chitng minh ring
1. Néwa+c>2bthi P> Q.
2. Néua-+c<2bthi P<Q.

Loi gidi. Khong méat tinh tdng quat, gid st a +b+c = 1.
(1) Bat dang thitc can chitng minh tuong duong véi

3a—1
2 Garnaa 2°

cyc

Hay
Z z(a—0)? >0

cyc
voi z = (1-9a%)(1 —a),y = (1 —96?)(1 —b),z = (1 —9¢*)(1 —¢).
Chi y rdng a > b > c,a + ¢ > 2b nén
1

bgg, Y,z >0, a—c>2(b—c)>0, a—b>b—-c>0

Do dé, ta chi can chitng minh
r+4y+22>0
Hay
F(a,b,c) = 9(a® + ¢*) — 9(a® + ¢*) + 36b> — 360> —3b+5 >0

Ta c6
(1 —3b)(11 + 30b — 45b% + 9(a — ¢)?)

4
(2) Béang bién ddi tuong ty, ta cé bat ding thic tuong duong

> Se(a—1b)* >0

cyc

F(a,b,c) = >0

v6i Sy = (9a® — 1)(1 —a), Sy = (9 — 1)(1 —b),S. = (9¢2 — 1)(1 —¢).
Doa>b>¢,2b>a+ cnén

1

zbzg, Sa,Sp >0, a—c>2(a-b)>0, b—c>a—b>0

1
2
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Nhu vay, ta chi can chiing minh
Sa+4S,+5.>0

Hay
G(a,b,c) = —9(a® + ¢*) + 9(a® + ¢*) — 36b® + 36 +3b — 5 > 0

Ta c6

(3b — 1)(11 + 30b — 45b% + 9(a — ¢)?)

G(a,b,c) = 1

>0

Bai toan dugc giai quyét hoan toan.
Déng thiic & ci 2 bat ding thitc x4y ra khi va chi khi 2b = a + c.

1.11 [Lé Van Chanh] Cho cdic s6 khong am a,b, c théa a+b+c = 1, dat x = a® +b* + 2, ching minh

bat dding thic
V1+2a2 -2+ V14202 — 2+ V1422 —2>11 - 9z
L&i gidi. Binh phuong 2 vé rdi thu gon, ta c6 thé viét lai bat déng thiic nhu sau

Z\/(1+a2—b2—02)(1+b2—c2—a2)28Zab

cyc cyc

St dung bat dang thitc GM - HM, ta c6

(14a% - =) (1+b* — 2 —a?)

VA +a2-02—-2)(1+b2—c2—a2)> s

Ta can ching minh

212 2 2 2 2
Z(1+a b*—c?)1+0°—c a)282ab

1—c2
cyc cyc
Hay
c(a — b)?
2 - >0
Z 14+c¢ —
cyc

B4t dang thic nay hién nhién ding, vay ta c6 dpcm. Dang thitc xay rakhi va chikhia =b=c = %
hodc a = 1,b = ¢ = 0 va cac hoan vi.
1.12 Chitng minh ring vdi moi a,b,c > 0, ta cé
1 n 1 n 1 > 3
ala+b)  bb+c) cle+a) ~ 2(abc)?/3

Loi gidi. Khong mat tinh tdng quat, ta c6 thé gia sit abe = 1. Khi do, ton tai cac sd duong x, v, z sao
choa=%,b= 2 ¢c= % bat dang thic tré thanh

y7
2
Ytz
2 +yz 2

cyc

St dung bat dang thitc Cauchy Schwarz, ta co

Z y2 (I2+’y2+22)2

>
33'2 -l—yz - $2y2 +y222 +Z2$2 +.’L’3y+y32+23$

cyc

Mat khac, ta lai c6

1
(2 +y* + 2% = 3(z%y + y°2 + 2%) = 3 2(332 — 22 = 2ey +yz +22)? > 0

cyc

1
($2 +y2 _'_22)2 _ 3(1,23/2 +y222 +22.’E2) _ 5 Z(xQ _ y2)2 >0

cyc

Nen tit day, ta dé& dang suy ra dpcm. Péng thiic x4y ra khi va chi khi a = b = c.
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1.13 [Phan Thanh Nam, VMEOQO 2005] Ching minh rang néu a,b,c > 0 thi

1 1 1 3
+ + >
ava+b b/b+c ceta T 2abe

Loi gidi. Tuong ty bai trén, ta ciing dua bai toan vé chiing minh ring v6i moi x,y, z > 0 thi

Yy 3
Czy; Va(a? +yz) =2

St dung bat dang thitc Cauchy Schwarz, ta co

o (+y+2)?

T Vay(a? +y2) + Vyz(y? + 2x) + z2(22 + )
(z+y+2)?

" V(mytyz+22) (@ + 3% + 2% +ay +yz + 2w

vT

Mat khac, theo bat déing thic AM - GM thi

8(xy +yz + zx)(2? + oy + 22 + 2y + yz + 22)

—_

6

S(x2+y2+22+3(xy+yz+zx))2§§(x+y+z)2

Tt day, ta c6 dpem. Déng thiic x4y ra khi va chi khia = b = c.

1.14 [Vasile Cirtoaje] Cho cdc s6 duong x,vy,z théa x> + y* + 22 > 3, chiing minh ring
5 2 5 2
x’ —x — 2> —z
+ >
o +y?+22 P+ 42?2+ +y?

5 2

Loi gidi. Bat déng thiic da cho duge viét lai nhu sau

1 3
<
Zaz5+y2+22_$2+y2+22

cyc
Tit day, ta suy ra dugc chi can xét truong hop 22 + y? + 22 = 3 1a di, khi d6, bat dang thic tuong

duong
1
ZI57I2+3§1

cyc
St dung bat dang thitc AM - GM, ta c6

5 x6> 220
xr =
T x24+1

z
Dit a = 22,b = y?,c = 22 thita c6 a + b+ c = 3 vA ta can ching minh

T
2% _ 543"

cyc a-+1

a-+1
<1
Z2(137(12+2a+3 -

cyc

(a —1)%(—2a% + 3a + 3)
> o
203 —a?+2a+3

cyc
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Khong mét tinh tdng quat, gid st a > b > ¢, suy ra a > 1 > ¢. Xét 2 trudng hop
Truong hop 1. b+ ¢ > 1, suy ra a < 2, khi do, ta cé
—2a*+3a+3>0, -20°+3b+3>0, —2°+3c+3>0
Nen két qua bai toan la hién nhien.

Trudng hop 2. b+c <1, suy raa > 2, tacod

3 2
(2a® —a? +2a+3) - 5(a+1) = 2a* — a* —3a — 2 = a® (2—a—a2—a3>
>a3(2—;—232—223):2a3>0
Suy ra m < & Nhu vay, ta chi can ching minh
b+1 c+1 <é
208 — 02 4+20+3 23 —c2+2c+3 7 5

Diéu nay ludén ding vi véi moi 1 >z > 0, ta ¢

r+1
203 — 22+ 22+ 3

2
< Z
)
That vay, bat dang thic tuong duong
42 > (z+1)(22 — 1)
Néu z < £ thi ta ¢6 ngay dpem, néu z > 1 thi

4o — (x +1)(2z — 1) > 4a® — 2(22 — 1) = 2(22° — 22 + 1)
>2

(x> =2z +1)=2@x—-1)2>0
Bét ding thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi z =y = 2 = 1.
1.15 Cho n > 3 va a1, as, ..., a, la cic s6 khong am théa a2 + a3 + ... + a2 = 1, chitng minh bt ding
thic
1
—(a1 +as+ ...+ an) > aras + asaz + ... + anay

V3

Lot gigi. Dat f,(a1,a9,...,a,) = %(al +as + ... + a,) — (a1a2 + azaz + ... + apar). Khong mat tinh

2 . co o P 1 N
tong quat, gid st a; = max{as,as,...,an}. Néu a, < 7 thi

f’n(alaa2a "'aan) - fn—l <a17a27 vy Ap—2, \/ 03171 + a%)
1 2 2 2 2
=75 Un-1+ an —y/ar_ +a2 | + (an—2 +a1)\/a;_| + a2 — ap_1(an—2 + ay) — anay
> 1—an) (anl—i—an—g/aQ +a2)>0
- \/g n—1 n -

Suy ra
2
fular,as,..yan) > fr-1 (al,az,...,an_g, \Jar_y —|—a%>
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Néu aHZTthl ta c6 a; > f,suy ra an—1 < f,do do

fn(al;a2;---aan)_fn—1 <a17a27"'7a'n—3) \/a%—2+a’%—1?a/n)
1 2 2 2 2
= ﬁ Ap—2+ Gpn-1—/Qp o+ ay 1| +ap-3|1/0Q,_o+ay_1— Qp_2
/ 1
+an < a%,g + 0%71 - an1> — Gp—20p—1 Z Up—2 (\/g - anl) 2 0

/.2 2
fn(a17a27 "'70%) Z fnfl <a17a27 ey p—3, an72 + anlaan>

Tit day, ta suy ra dudc ta chi can chiing minh bat déing thic trong truong hop n = 3 1a dii nhung
trong trudng hop nay, bat dang thitc 1a hién nhién nén ta c6 dpcm. Ding thitc xdy ra khi va chi
khin:?)vaal:ag:ag:%.

Suy ra

1.16 [Nguyén Anh Cudng] Cho cdc s6 duong a,b,c, ching minh bat dang thiic

a b ¢ ab + be + ca
-+ -+ - —_— 1
\/b+c+a+\/a2+b2+ > > V34

Loi gidi. Trude hét, ta chiing minh két qua sau véi moi a, b, c > 0
2fa b ¢ 2 2, 2
(a+b+c) B+E+E > 9(a* 4+ b° +¢7)

That vay, bat ding thiic tuong duong

Z S.(a — b)?

cyc

trong do

b 2 5 b 2b 5 2 5
Sa:*-i-g—f—fa—* Sb:E_A'_,_i_i_, Sc: E_i_ic_,
c a b 2

b c 2 a ¢ a 2’ +

@
b
Khong mét tinh tong quat, gid st a = max{a,b,c}. Néuc>bthitaco ¢ + 2+ < > % + ¢+ 2 nen
khong mat tinh tdng quat, ta chi can xét a > b > ¢ > 0 1a d1, khi d6, dé thay S. >0

minh

Sa +25, >0, Se+ 285, > 0, Sp+S5.20
That vay, ta c6

15
Sat25=2(2+5)+ (24 ———>4+4+3——>0
c a b 2
b 4\ 3¢ 15 15
Set+25 =245 )+ (r4+=)+Z -2 >a44-2>0
c b b a a 2 2

a 2b b 2¢ b 2¢c a b 2b
= — _— R _— R _— — > - — —_ —
Sy + Se (b+a)+(2c+b)+<20 a) 5b+2\/;+a+2 5
T\ a 2b a a

T day, ta co



16 CHUONG 1. CAC BAI TOAN PA CO LOI GIAI

+, Néu S, <0 thi

D Se(a—1b)* > (Sa +28)(b— ¢)* + (Se +25,)(a — b)* > 0
cyc
+, Néu S, > 0 thi
> Se(a—b)* > (Se+ Sp)(a—b)* >0
cyc
Bat déng thiic trén duge chiing minh, sit dung bat ding thiic nay, ta suy ra dugc, ta chi can ching
minh
a? + b2 + 2 ab +be+ ca
>V3+1
(a+b+c)? * a?+b2+c2 V3

Dat x = ,/% < 1, ta can chiing minh
3
V2z2 +1

Dé dang kiém tra dugce bat dang thiic nay ding v6i moi 1 > x > 0, vay ta c6 dpem. Ding thitc xay
ra khi va chi khi a =b=c.

+2>vV3+1

1.17 [Nguyén Van Thach] Ching minh ring vdi moi a,b,c > 0, ta cé
a> b 2 8(ab+bc+ca)
Sl I i e /AN
b2 +02 +a2+ a?+0b2+c2
Loi gidi. Trude hét, ta sé chiing minh két qua sau véi moi x,y, z > 0 thoa zyz = 1
3 1 1 1
?+y + 22+ 6> = (x+y+z+++>
2 r Yy z
That vay, khong mat tinh tdng quat, gid st = min{z,y, z}. Dat t = \/yz v&
3 1 1 1
P(z,y,z) =2 +y> +2° +6 — = <x+y+z+++)
2 T Yy =z
Ta co
2 2 3
P(l’,y,Z)—P(l',t,t): (x/ﬂ—ﬁ) (2(\/@"‘\/;) _3_170)

(VI—v2) (8-3-3)>0

vV
N = N =

Lai ¢c6

! t—1)2((t2 -2t —1)2+¢2 +1
P(x,t,t) =P —,t,t :( )2 (( )2+ t2 + )20
2 211

Bét déng thitc dugc ching minh. Trd lai bai toan ctia ta, sit dung bat déng thic trén véi z = ¢,y =

b 2 = <, ta suy ra dugc ta chi can ching minh
c a

> 17

§Za2+b2 8(ab + be + ca)
2 ab a?+b%+c?

cyc

Hay
> Se(a—1b)*>0

cyc
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trong do

3 8 3 8 3 8

— - 5 Sp=— — 5—5—, Se=—— —5—5—3
bc  a?+b%+c2 "T a2t bpEtc? ab a4+ b%+c2

S, =
Khong mat tinh téng quat, gia st a > b > ¢, khi d6, dé thay S, > S, > S,, lai ¢6

3b+¢) 16 6 16 _ 6 16
abe a2+ +c 7 avbe a®+2bc T gvbe  2av2bc

Tir day, ta dé dang suy ra dpcm. Dang thitc x4y ra khi va chi khi a = b = c.

Sy + S, = >0

2
Nhan xét. Chad § ring (%) +1> %, ta suy ra

2 2 2 2
a b C ab 4+ bc+ ca
Tl g (T >
b2+cQ+a2Jr (a2—|—b2+62) -

Két qua nay dugc tim ra bdi ban Nguyén Anh Cudng va da dugdc dua lén http://mathnfriend.org/

1.18 [Pham Thi Hing] Chiing minh ring vdi moi s6 duong ay,as, ..., apn, by, ba, ..., by, ta cé

(32) (33) = (e o) (5555

Loi gidi. Dat f,(ay,as,...,a,) = VT — VP. Ta sé chitng minh bat dang thitc da cho bing quy nap. Véi
n := 1 thi bat ding thiic 1a hién nhién, gid st bat ding thiic ding véi n := n, khi d6, sit dung gia
thiét quy nap, ta co

f’rLJrl(ala as, "'7a‘n+1) 2 fn+1(a17a27 ~~~7an+1) - f’n(a17 g,y ...y an)

1 En: (ant1bi — bn10i)?(an41ai + bpy1a; + ani1b;)
a; +b;

>0
Unt1 + bng1 =

Vay bat déng thic da cho cling ding khi n := n + 1 nén theo nguyén Iy quy nap, né dang véi moi
n.

1.19 Chitng minh ring vdi cdc s6 thuc a,b,c doi mot khdc nhau, ta cé

1 1 1 27
212 .2
_ _ _ > 2
(a4 b+ ¢ —ab—bc ca)(( b)2+(b C)2+(C )2>

Léi gidi. Khong mat tinh tdng quat, gia st a = min{a,b,c}, dit b = a + z,¢ = a + y thi ta c6
z,y > 0,7 # vy (do a,b,c phan biet nhau) va bat dang thitc tré thanh

1 1 1 27

2 2
_ [ T [
(z xy+y)<x2+y2+(x_y)2> 1

Lai dat t = % % —1, dé thay t > 1, bat dang thitc dugce viét lai nhu sau

4¢3
t—1

> 27

Hay
(2t —3)%(t+3) >0

B4t ding thitc nay hién nhien ddng, vay ta c6 dpem.
1.20 [Pham Kim Huing] Cho cdc s6 khong am a,b,c,d théa a® + b*> + ¢ + d? = 4, chiing minh bat

ddng thic
1 1 1 1
<2

3fabc+3fbcd+3fcda 3 —dab —
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Lo gidi. Dé dang chiing minh duge v6i moi 7 >x >0, tacod

2 < 522 — 3z + 12
3—x — 14

St dung bat déng thitc nay véi chi ¥y 1a max{abc, bed, cda, dab} < %, ta suy ra dugc ta chi can
chiing minh

5(a?b*c® 4+ b2 c*d? + *d*a® + d*a®b?) — 3(abe + bed 4 cda + dab) < 8

C6 nhidu cach chitng minh cho bat dang thitc nay, xin duge gisi thiu véi cdc ban cach chiing
N 2 2 2 2

minh sau dya vao kj thuat ham 156i. Dat ¢2 = %,kQ = % va x = ab,y = cd thi ta co

t2> 2 >0,k* >y > 0, bat ding thitc duge viét lai nhu sau

flz) = 102%k2 4+ 10y%t> — 321/2y + 2k2 — 3y\/22 + 22 — 8 < 0

Ta c6

3y >0

() = 2087 +
F () * (2x + 2t2)3/2 —

Suy ra f(z) la ham 15i, do d6
fx) < max{f(t*), f(0)}

Ta co . .
0 =( tﬂﬂ) (5 tf—s) doytv2 < —= < =
f(0) = (y y (doy N 5)
F(#?) = 10y%#% — 6yt + 10k>t* — 3t\/2y + 2k — 8 = g(y
Tuong tu nhu trén, ta ciing 6 g(y) la ham 16i nén

9(y) < max{g(k®),g(0)}

Ta ciling c6
8 8
= — < — —
9(0) (kt\/§+ 1) (5kt\/§ 8) (do ktv2 < 35 < =)
k? +t2

g(t?) = 4(kt — 1)(5kt +1) <0 (do kt < =1)

Bét ding thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia=b=c=d = 1.

1.21 [V6 Qubc Ba Can] Cho cic sé duong a,b,c, ching minh bit dang thic
2 12 2
a b e g jerrte
b ¢ «a ab+be+ ca

Lot giai. Nhan xet réng ta ch1 c:in chu’ng minh bat déng thitc da cho trong trudng hop a > b > ¢ 1a di,
khi do, ta c6 2 + cti>7+2e + . Mat khac, sit dung két qua bai toan trudc, ta co

a® + b?
Zﬁ+6_22 ab

cyc

Suy ra

O o a0 D ED W) W o

cyc cyc cyc cyc cyc
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Ta can chitng minh

5 a® + b2 9(a® + b2 + ¢?)
e _eg>2 7 =7
32

a ~ ab+bc+ca

cyc

af O 9
— S
Z(a ) <ab ab+bc+ca) 0

cyc

Hay

Hay

S (0 - b)? <5ac+5bc—4) >0

cyc

Khong mét tinh tdng quat, gia st a > b > ¢ > 0, khi d6, ta c6

Lai c6

Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c.
1.22 [Nguyén Anh Cudng] Cho cdc s6 khong am a,b,c, ching minh bat ding thic

3(a2 + b2+ %)  a’b+b%c+ cPa
a+b+c ad+b+c3 =

Loi gidi. St dung két qua bai toan trudce, ta co

b a ¢ _ 9a®+b2+c?)
-t -t
a ¢ b (a+b+c)?

Suy ra
9abc(a® + b2 + 2)

ab + b%c + Fa >

(a+b+c¢)?
Ta can chitng minh
3(a? + b2+ c?) 9abc(a® + b* + ¢?)
a+b+c (a+b+c)2(ad+b3+3) —

Khong mat tinh tdng quat, gid st a+b+c = 1, dit = ab+ bc + ca thi ta c6 % >z > 0. Hon nita,
theo bat déng thitc Schur, ta suy abc > 496;1, do do

9abe 9abe < 3(4x — 1)

a3+ b+ 3abe+1-3x - 2-—5zx

Nhu thé, ta phai chiing minh

730 = 22) + 3(4z — 1)(1 — 22) > 8

2 —bx

Ta co

147(1 — 22) — (8 3(dr—1)(1— 2x)>2 _ (3w —1)*(227 — 550z — 642?)

2 — bz (2 —5x)2
N (3z — 1)% (227 — 550- % — 64- 1) _ 3293z —1)° >0
(2 — 5x)2 9(2 — 52)2

B4t ding thitc duge ching minh xong. Pang thic x4y ra khi va chi khia =b=c.
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1.23 [Nguyén Van Thach] Ching minh ring vdi moi so6 duong a,b,c ta cé

ad b3 3

: + + >
a® +abc+ b b3 +abc+c3 A3+ abe+ a3

Loi giai. Dat x = g, y=7%,z=¢thitacoz,y,2>0,zyz=1va bat ding thitc tré thanh

1
DarEri 2!
x —|—;+1

cyc
Hay
PO S
3+ 222 +1
cyc

Hay
PEETE
22+ yz + 21

cyc

St dung bat dang thitc Cauchy Schwarz, ta co

s_r (v + 22 + oy)?
22 +yz+ze ~ yz(x? +yz+ zx) + 22 (y? + zz + xy) + vy(22 + 2y + yz)

cyc

Bat déing thitc duge chitng minh xong. Déng thitc x4y ra khi va chi khi a = b = ¢ hoac ¢ =0, g —0
va cac hoan vi.
1.24 [Nguyén Van Thach] Cho cdc s6 duong a,b,c,d, chiing minh ring

abe abd acd bed
A1 a)d+D)d+e)  cxactdetrd  b+rab+ab+d  (@atbatdatd

1
>
-2

Loi gidi. Dt v =1 y=4 2=21t=1 thitaco z,y,z,¢> 0 va bt déng thic trd thanh

x3 1
DD e s e

cyc

St dung bat dang thitc Cauchy Schwarz, ta suy ra dugc ta chi can chiing minh

2 (Zx2> > Zx(m+y)(m+z)(x+t)

cyc cyc

Hay

2
2 (Z Jc2> > Zx4 + Z(mgy + P2+ 2B0) + (v +y + 2 + 1) (xyz + yzt + zat + toy)

cyc cyc cyc

St dung két qua bai toan trudc, ta c6 3(x3y + 32 + 23x) < (22 + y? + 22)2, ta can ching minh

2
1
2 <Zx2> > a2t §Z(x2 +y? + 282+ (r +y+ 2+ t)(xyz + yzt + zat + toy)

cyc cyc cyc

Hay
4
3 g (@2y? +y22% + 222°%) > (x + y + 2 + t) (zyz + yat + zat + tzy)

cyc
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St dung bat dang thitc AM - GM, ta c6

1
VT > Z zyz(z+y+2)+ 3 Z(w2y2 + 9222 + 2% > Z xyz(x +y + 2) + dayzt

cyc cyc cyc

=(x+y+z+1t)(axyz +yzt + zat + tery) = VP
Béat ding thitc duge ching minh xong. Dang thic x4y ra khi va chi khia=b=c=d.
1.25 Chitng minh ring véi moi a,b,c > 0, ta cé
abte 4 pete 4 oth >

Loi gidi. Néu 1 trong cac s6 a,b, ¢ khong nhé hon 1 thi bat dang thiic 1a hién nhien. Xét truong hop
a,b,c <1, khi dé c6 2 khé ning

Kha ning 1. Néu a+b+c < 1, suy ra max{a+b,b+c,c+a} < 1, sit dung bat déng thiic Bernoulli,

ta co
b+c
1 1 b b
- :(1+—1> §1+(—1)(b+0)§1+ te_atbre
a’T¢ a a a a
Suy ra
ab+c> a
“a+b+e

Stt dung tuong ty véi b, ¢ roi cong lai, ta c6 dpem.

Kha nang 2. Néu a + b+ ¢ > 1, lai st dung bat déng thiic Bernoulli, ta c6

i<a—|—c(1—a)) i<a+b(1—a)
a¢ — a ab — a
Suy ra

2
b+C> a

LT —a)at el —a)

St dung tuong ty véi b, ¢, ta can ching minh

2

a
>1
%C: (a+b(1—a))(a+c(l—a)) —
St dung bat dang thitc Cauchy Schwarz, ta co
a? (a+b+c)?

2 (@t b1 —a)a+el—a) = Yeyela+0(1 —a))(a+c(l - a))

cyc
Ta lai co

(a+b+c)272(a+b(l—a))(a+c(lfa)) =(ab+bc+ca)la+b+c—1)+abc(3—a—b—c) >0

cyc
Bat ding thitc duge chitng minh xong.

1.26 [V6 Qubc Ba Can] Chon > 3,n € N vd x1,x0,...,x, la cic s6 khong am cé tong bing 1. Tim
gid tri l1on nhat clia biéu thic

3,2 .32 3,2 2(n—1),3,3 3
P(x1,2a,...,x,) = x322 + 2522 + ...+ 2322 £ n2 V323 48
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Loi gidi. Khong mat tinh tdng quat, ta c6 thé gid sit o1 = max{xy,7a,...,2,}, ta sé chitng minh
P(xy,x9,...,2,) < P(x1,22 4+ ...+ 2,,0,...,0)
That vay, ta co

Pz, 204 ...+ 2,,0,...,0) =23 (zy + ... + 2,)?

3 3 3 3,2, .32

> 2(xywoxs + TIX3T4 + . .. + TITp_1Ty) + TIT5 + TITH
3 3 3 32 3 2 3,2, .32
> (zixex3 + T1T3%g + ... + X7 Tp1Ty) + (325 + ..+ x,_x0) + 225 + T, xT

3 3.2 3.2 3,.2
> T1Tox3 + 1Ty + X553 + ... + T, T

Ta can chitng minh

wirows > 2 Vgded | a3

Néu n = 3, bat déng thic trd thanh zazs < §. St dung bat déng thic AM - GM, ta ¢6

2 2
To + X3 x1 + o+ x3 1
< < | == 72 —

Néu n > 3, bat déng thtc tré thanh

1
2.2.3 3
ToTaly ... T <
2344 n_n2(n71)

St dung bat dang thitc AM - GM, ta c6

x2+x3+...+xn>2(n1)

2.2 3 3 2
2505y ... Ty < (Taxg ... Ty) <( —

Béat ding thitc dugc ching minh xong. Lai c6

3 2 5108
23 (g + ... 4+ x,)% =108 (%) <M> <108 <x1+x2+ +g;n>

2 5 T 3125
Suy ra P(z1,22,...,2,) < ;1—0285. Mait khéac, cho z1 = %,172 = %,563 =...=ux, = 0, ta cb
P(xy,x9,...,x,) = %. Vay
max P(x1,2Za,...,2,) = %
1.27 [Vé6 Quéc Ba Cén] Cho cdc s6 thuc a1,as,...,a, théa aias . ..a, =1, tim cdc hidng s6 tot nhait

m, M sao cho

\/a%—i—nQ—l—l— ad+n?2—1+...+a2+n>—1<mla1+as+...+a,)+M

Loi gidgi. Choa; =ay =...=a, =1, tasuy radudc mn+M >n? Laichoa; =as = ... = ap_ =
%>O,an:x”*1, ta ¢6

1 -1
$2”_2+n2—1+(n—1)\/2+n2—1<m<w"_1+n >—|—M
x x
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Cho = — o0, ta suy ra dugc m > 1, do do
mZai—&—M szai—l—nQ—mn:m (Zai —n) +n?> Zai—i—n(n— 1)
i=1 i=1 i=1 i=1

Tu day, ta sé ching minh m = 1, M = n(n — 1) 1a cdc hing s6 can tim, ttc 1a

Zn:\/a? +n2-1< zn:aq;—i-n(n— 1)
i=1 i=1

Ta sé ching minh v6i moi = > 0 thi
-1
1< ay M=)
z+n—1

n+1 < n
r+vVri+n2—1 z4+n-1

St dung bat dang thitc Cauchy Schwarz, ta c6

- x2+n2—1>x+x+n2_1 _ n+1)(zr+n—-1)

n
St dung bat dang thitc nay lan lugt cho ay, as, ..., a, roi cong lai, ta can ching minh
n
1
DEREER
c~q;, +n—1
=1
Dat a; = 27 > 0, ta ¢6 theo bit dang thitic AM - GM
—1 ) n—1 n—1
T g% g . z; <1-— x; 1
a;+n—1 a;+n—1 T (= 1)@ 1T - Ty o7 ay T 4 an
Choi=1,2,...,n, roi cong lai ta c6 dpecm. Vay m = 1, M = n(n — 1) la cac hing s6 t6t nhat cta

bat ding thiic da cho.

1.28 [V6 Qubc Ba Can| Ching minh ring vdi moi s6 duong a,b,c,d, ta co

. + b + ‘ + i <I(iylylyl
32+ 202+ 2 B +22+d2 32428 ta? BE+2°+02 6\a b ¢ d

Loi gidi. St dung bat dang thitc AM - GM vi bat déng thitic Cauchy Schwarz, ta c6

18a _ 18a < 9 <2+1
3a2 + 202+ 2 2(a2+b2)+a2+c2 " 2b+c b ¢
Tuong tu, ta co6
18b <2+1 18¢ <2+1 18d <2+1
324+2c2+d?2 ¢ d’ 3c2+2d2+a2 —d a’ 3d2+2a2+0b2 ~a b

Cong tuong ting cac bat ding thic trén vé theo vé, ta c6 dpem. Dang thiic x4y ra khi va chi khi
a=b=c=d.

1.29 [Pham Hitu Dic] Cho cdc s6 duong x,y,z, ching minh bat ding thic

x(y+z)+y(z+x) 2(1’+y)<x+y+z<x2+yz y2+zx 24y
2?4+yz  yrP4zxz 224wy T Yryz T axly+z) ylz+x) zlx+y)
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Loi gidi. 1. Trude hét, ta sé chitng minh

Zﬂc(y+2)<x+y+z
o 2 4+yz —  Yryz

Diat z = a®,b=1>,2 = ¢ (a,b,c > 0), ta c6 bat dang thiic tuong duong
Z a(b® + ) < ad+0+

ab +b3c3 — abe
cyc

Stt dung bat déng thiic 2 + y* > zy(z +y) Yo,y > 0, ta co
3(13 1 3 2013 4 3
Za(b +C)§Lza(b +C)
p ab + b3¢3 abe po a? + be
Ta can chiing minh

2% +¢?)
Z a2—|—bc Z(l

cyc

Z a?(a® + abc — b3 — ¢?)

>0
a? 4 be -

cyc

a(a—b)(a—c) ab(a — b)?(a + b)(ac + bc — ab)
Z a? +be * Z (a2 + be)(b2 + ca) 20

cyc cyc

Khong mat tinh tdng quat, gia sit ¢ = min{a, b, c}, ta co

adla—b)(a—c) b(b—a)b—c) a?b*(a—0b)*(a+b)
VT2 a? + be + b2 + ca (a2 + be) (B + ca)
_cla—0b)*(a+b)(a® +b* — a’c — b3c)
B (a? + be)(b? + ca) =0

2. Ta con phai ching minh
Z a:2+yz > rT+y+z
po x(y+z) —  Yryz

Néu % > ¥/xyz, sit dung bat ding thiic Cauchy Schwarz va bat déng thic AM - GM,

ta co

22 2 2
Yz (t4+y+2) (xy + yz + zx)

VT = + > +
Z z(y + 2) Z»’C(yJFZ) T 2@y tyz+zx)  2xyz(r+y+z)

cyc

>\/(w+y+z)(my+yz+zx) STty

B TYz - Jryz
Néu zyz > zyg;yyzjm stt dung bat déng thic nay, ta can chitng minh
2
¥+ yz 2
Ty + Yz + zx — 2> (r+ty+=z
(zy +y )Zx(y+z)_( y+2)
cyc

Hay

y222 + xzyz

>xy+yz—+ zx
x(y + 2) gy

cyc
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T (yz + zy)(yz + 21)

>
TWELED > (ay+y2) + (v + 2w) o+ (oo o+ )

cyc
Bat dang thitc nay ding theo bat déng thiic AM - GM, vay ta c6 dpem.
1.30 [Pham Kim Hung] Vdi moi s6 duong a,b,c théa a+b+c =3, ta cé

a N b n c
b24+c c24+a a?+b

3
> 2
-2

Lot gidi. Xét 2 trudng hgp
Trusng hop 1. a > b > ¢, sit dung bat déng thitic Cauchy Schwarz, ta c6

Z a_ (a+b+c)? B 9
po b2 4+c — chc ab? + chc ab chc ab? + chc ab

Ta can chitng minh

ZabQ—l—ZabSG

cyc cyc
Hay
2> a®+3) a’b+3abc>6)  ab?
cyc cyc cyc
Béat ding thitc nay dang do
s Yt s Y
cyc cyc cyc
Za3 + 3abc > Za%—&—ZabQ > 2Zab2
cyc cyc cyc cyc

Trudng hop 2. ¢ > b > a, bat ding thitc duge viét lai nhu sau

22@4 —|—2Za2b3 —|—22a2b2 + 3abc > 3a2b? P +3Zab3 —|—32a3b2
cyc cyc cyc cyc cyc
St dung két qué bai toan trudc va bat dang thitc AM - GM, ta c6
Za4+22a2b2232ab3, 1> abe
cyc cyc cyc

Ta con phai chitng minh

Za4+22a2b3 ESZagbZ

cyc cyc cyc
Hay
Za5 + Zab(a?’ + ) + 62(12113 > QZa?’b2
cyc cyc cyc cyc
Bat ding thitc nay ding do
S Yt s Y
cyc cyc cyc
Z ab(a® +b%) > Z a’v*(a+b) = Z a’b? + Z a’b® > 2 Z a®v?
cyc cyc cyc cyc cyc

Béat ding thitc duge ching minh xong. Dang thic x4y ra khi vi chi khia=b=c=1.
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1.31 [Pham Kim Hung] Véi moi s6 khong am a,b,c théa a + b+ c =3, ta c6
aVB+1+bV/B+1+ce/ad+1<5

L&i gidi. St dung bat déng thiic AM - GM, ta c¢6

davB+1=> a/b+1)(> —b+1) < %Za(62+2) - %Za62+3

cyc cyc cyc cyc

Ta can chitng minh

Zab2 <4

cyc

Khoén maét tinh téng quat, gid stt ¢ > b >a > 0, ta co
alb—a)(b—c) <0

Suy ra
ab® + a%c < a®b + abe < a’b + 2abe

Do do

Z:ab2 < be? + a®b 4 2abe = b(a + ¢)* < 3 3

cyc

1 <2b+(a+c)+(a+0))3:4

Bat déng thic duge chiing minh xong. Dang thitc xay ra khi va chi khi (a,b,c) = (0,1,2) va cac
hoéan vi tuong tng.

1.32 Tim hdng s6 k tot nhat sao cho bat dang thic sau diing vdi moi a,b,c > 0

1 1 kmax{(a — )2, (b — ¢)?, (c — a)?}
b+c>29+ (a+b+c)?

(a+b+c) ((11—&-

Loi giai. Khong mat tinh téng quét, gid st a > b > ¢, ta can tim k sao cho

k(a — c)?

(a+b+c) 1+1+1 >9+
“ NaTv7¢) " (a+b+c)?

Cho b = %<, bat déng thic trd thanh

3(a—c)? S 4k(a — c)?

2ac T 9(a+c)?
Hay
2
k< 27(a+c¢)
- 8ac

Cho a = ¢, ta suy ra dugc k < 27, ta sé ching minh day la gia tri can tim, tc la

1 1 1 27(a — ¢)?
o) > [ S
(a+b+c) (a+ b+c) _9+2(a+b+c)2

Dita=b+z,c=0b—ythitacéxz>0b>y >0, bat ding thic tuong duong véi
9(z —y)%b® + 3(y — ) (2? + 162y + y°)b% + (4o + 1123y + 782%y> + 11xy® + 4y )b+ 2xy(y — )3 > 0
Néu y > z thi ta c6 ngay dpem, xét = > ¥, khi do, ta c6

2210 + 2xy(y — )3 > 22ty + 2zy(y — ) > 22ty — 22ty =0



Ta can chitng minh

f(b) = 9(z — y)?b® + 3(y — ) (2% + 162y + y*)b + 22* + 112y + 782%y* + 11ay® + 4y* > 0
Nhung bat déng thiic nay ding vi

Ap = —9(7x* + 122y + 54a?y® 4+ 122y° 4+ 15y*) (2 —y)2 <0

Vay ta c6 dpem, tit d6 ta di dén két luan

1.33 Cho cic s6 duong x,y,z c6 tich bang 1, chitng minh ring vdéi moi k > 0, ta cé

kmax = g
2

3 z +
y+k

. R -~ by . 4
Lot gidi. Do z,y,z > 0,zyz = 1 nén ton tai a,b,c > 0 sao cho z = 7,y = o,

tré thanh

I {7 e
24k t+k = Yk+1

C4

8/3 3

a
>
Z W3t + kat — VEk+1

cyc

St dung bat ding thic Holder, ta c6

cyc

Ta can ching minh

Khong mat tinh téng quat, gia sit a* 4+ b* +¢* =3, suy ra a < v/3 < 2, do d6

Z4(a3 —a?) = Z4(a3 —a?) — Z(a4 -1) = Z(a —1)?*(14+2a—a* >0

cyc cyc

Suy ra

Do dé, ta chi cAn chitng minh

Hay
> Salb—c)’
cyc
trong do
2 4 p2 b2 4 2 2 2
Sa:a+ _bv Sb: +C_a SC:C+a
c a b

C6 2 truong hgp xay ra

8/3

(Z Wm) (Z(& + ka4)> > (Z ‘2)

(

cyc

4
a? 27 4 4
—_ > +
Zb) _k+1z(c ka®)

cyc

cyc

a2
Z? > /27(a* + bt + )

cyc

cyc cyc

a® + b + 3
a?+b%+c2 ~

3(a® + 0%+ ¢c?)

a
b a? + b2 4 c2

>

cyc

27

z= z—j, bat ding thiic
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Trudng hop 1. a > b > ¢, khi d6 d& thay S,, S, > 0, ta lai c6

2 b2 b(b — b2 22 2 b2 2 b2
Su428= L+ g Moz b2 Z&+——202%+f—262a+b72020
C a C a a

a
Ta sé ching minh S, + 2S5, > 0. That vay, néu a? > 2b%, ta c6

)@ —2?) & 2
S, 428, = (a=We ) T - >0
ab b a

Néu 2b2 > a? va a > 2c¢, ta c6

—-b 222 22 252
a(a )+C—+%+7—2c27—202a—2c20

Sc+25b: b b

Néu 2b2 > a? va 2¢ > q, ta c6

ala—b) 2 22 22 ala—0b) a®> a 20
P Gt A E S W A Sl .2 A A
Se 250 b T T e T TrE Ty Tttt T
(a —b)(5a —4b) 3a b? 3a a
= T S 2> S >
dab Ty g thmez g et

Trudng hop 2. ¢ > b > a, khi d6 dé thay S, S. > 0, ta c6

_ _ 2 32
b(b—a) + c(c a)+a +b S

Sy + S, = 0

a c

Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khi z =y = z = 1.

Nhan xét. Bat déing thic véi 4 s6 vAn con diing

e Rl s i/t > = t,k P=1
\/?/'~'I‘;+\/Z+k+\/lt—i-k:Jr z+k = Jk+1 Va,y,z,t,k > 0,zyz

1.34 [Pham Hitu Dic] Cho cdc s6 duong a,b,c, ching minh bat ding thic

3
abe(a+ b+ c)

¥+ P+a® | a4 b )
> v+
010 heta) ey 2@ )

Loi gidi. Bat déng thic tuong duong

Z b? + c? S (a® + b2 + ¢?)y/3abc(a + b+ c)
p alb+c) — abe(a + b+ c)

St dung bat dang thiic AM - GM, ta c6 ab + bc + ca > /3abc(a + b + ¢), ta can chiing minh

b? + 2

a(b+ c)

abc(a—kb—&—c)z > (ab+ be + ca)(a® +b* + %)

cyc

1 (b—c)?
—ab >
2a CZ b+c — 0
cyc
Béat ding thitc duge ching minh. Ding thitc xy ra khi vi chi khia = b = c.
1.35 [V6 Qubc Ba Can| Cho cic sé duong a,b,c, ching minh bit ding thic

2 b2 2 15 2 b2 2
2 ai_t'_i_;'_ci +3(a+b+c)zu
b c a a+b+ec
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Loi gi(?i. Khong métv tinh tdng quat, gid sit @ = min{a,b,c}, dit b = a + z,¢ = a +y (z,y > 0), bt

dang thic c6 thé viét lai nhu sau

(2 — zy + y*)a® + 3zy(2y — x)a® + (z* — 5y + 62%y* + xy® + yHa + 2y (x +5y) >0
Ta sé ching minh
g(a) = (2% — 2y + y*)a® + 32y(2y — x)a + z* — 5y + 62%y* + xy® +y* >0
That vay, ta c6
A, = —(42° — 242y + 392ty? — d2’y® — 120%y* + 4y°) = — f(z)

Néu z > 3y, ta c6 f'(x) = 122(x — 2y) (222 (x — 3y) + zy* + 3®) > 0 nén f(x) 1a ham dong bién, suy
ra f(z) > f(3y) = 31y° > 0. Néu = < 3y, ta ¢

f(z) = (22° — 62%y + 2y® + °)* + 2°y* By — 2) + ¥ (2° + 4y° — y(z + 9)?)
. . 1 . .
>y} (@ + 4 —y(x+y)?) > (4(96 +9)° +3y° —y(z + y)2>

=y (;(x+y)3 + é(x—ky)?’ + 3y° —y(x+y)2) > <3i/§ - 1) ylz+y)?* >0

Nhu thé, ta luon c6 f(z) > 0, suy ra g(a) > 0. Vay ta c6 dpecm. Dang thitc x4y ra khi va chi khi
a=b=c

1.36 [V6 Qudc Ba Can] Ching minh ring vdi moi sé thuc duong x,y,z c6 tich bing 1 va vdi moi

k>0, ta co
x Y z 3
4 +4 +4 >
\/y+k: \/z+k \/x+k;—<‘/k+1

Loi gidi. Do z,y,z > 0,2yz = 1 nén ton tai cac sd duong a,b, c sao cho z = ‘bl—?,y = Z—z,z = Z—z, khi do
béat dang thic tré thanh

Z a5/2 > 3
B5/4/cd + ka® — vk +1

cyc

St dung bat ding thitc Holder, ta c6
4 5
ab/2 ) ( s 5 a2
Z 5/4 3/ 5 5 Z(C +ka’) | = Zi
<cyc b®/ ¢+ ka cyc cyc b
Ta can chitng minh

a? ’ 81 5 5
Z? ZmZ(c + ka”)

cyc cyc

a2
> 2 VB 17+ )

cyc
Stt dung két qua bai trén, ta can ching minh
15 2 b2 2 3
15(@® + 6" + ) —3(a+btc)>28/81(ad + b5 + )
a+b+c
Khong mét tinh téng quat, gid st a + b+ c = 1, dat ab+ be + ca = 14 . — abe (1>q>0), thé

3
2
thi ta c6 r < w, khi do, ta c6

1
a’ + b +c° = 5(15(q2 +2)r + 35¢* — 25¢% — 1)



30 CHUONG 1. CAC BAI TOAN PA CO LOI GIAI

Do dé, bat dang thic tuong duong

5¢2 +1> $/9(15(¢ + 2)r + 35¢% — 25¢2 — 1)

2 N
Dor < w nén ta chi can ching minh

5¢2 +1 > /5(q2 +2)(1 — q)2(1 + 2q) + 315¢* — 225¢2 — 9

5¢° +1 > 3/10¢5 + 300¢* 4 20¢3 — 250¢2 + 1

Ta c6
VT® — VP = 5¢*(625¢° + 625¢° + 250¢* — 2¢® — 10¢®> — 4¢q + 55) > 0 (do 1 > ¢ > 0)

Bét déng thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi x =y = 2z = 1.

Nhan xét. Tit két qua bai nay, ta c6 thé suy ra dude két qua bai 33. Mot cau héi ty nhien dat ra la: Véi
nhitng gia tri nao ctia n thi bat déng thic sau ding

= +7\}/ Yy _’_7\1/ z o3
y+k z+k z+k = YVk+1

1.37 [Pham Hwu Dic] Chiing minh ring vdi moi s6 khong am a,b, ¢ va vdi moi k > 3, ta c6

a(b* +c*) | b(c"+a¥) | c(a¥ 4 b) > gk=l k=1 4 k-l

a? + be b2 + ca c+ab ~
L&i gidi. Ta sé chi ra ring ta chi can xét bat déng thiic trong truong hgp k = 3 1a di, that vay xét ham
sb
1 a(bk + )
k
f() ak— 1+bk 1+Ck IZ a2+bc
Ta co

c abla+b—c
(a1 4Pt D28 (k) = Zakilbkfl(a —b)(Ina —Inb) <02 b + a2 —i-(ch)r(b2 +)ca)>

cyc

o 1 ab
Zank Lpk 1(a_b)(1na—lnb) (02+ab_ (a2+bc)(b2+ca))

cyc
Zc 2ak=1p*1(a — b)(Ina — Inb)(a® + b3) >0
N (a? + be) (b2 4 ca)(c? + ab) -

cyc

Do d6 f(k) 1a ham dong bién, vi nhu thé néu bat déng thiic trong truong hgp k = 3 thi ciing ding
cho moi k > 3. Ta con phai chitng minh v6i k = 3 thi bat dang thitc ding, hay

a®+¢*
Z a2—|—bcc >Za

cyc
Hay
b3 3
D B SRS SR B
cyc a® +be cyc cyc cyc
ZMa(a—b)(a—c)ZO
cyc
trong do6
]\/[a:(a—l—b—c)(a—i—c—b)7 M,b:(b—i—c—a)(a—i—b—c)7 MC:(c+a—b)(b+c—a)

a? + be b2 + ca 2+ ab
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Khong mét tinh tdng quat, gid sit a > b > ¢, xét 2 trudng hop
Truong hop 1. b+ ¢ > a, khi dé, ta ¢c6 My, My, M. > 0, lai c6

(@a+b—c)(a—0b)(abla+b—c)+c(a? +b%) + c*(a+ b))
(a® + be)(b? + ca)

aM, — bM, = >0

Trudng hop 2. a > b+ ¢, khi d6, ta c6 M, > 0 > M, M., viét lai bat ding thitc nhu sau
(a—c)(Mg(a—b)+ M. (b—c)) — My(a—0b)(b—¢c) >0

Ta can chitng minh
Ma(a—b)+ M.(b—c)>0

Ta co

Ma(a—b)+MC(b_C)_(a+c_b)<(a122(cjr+bcbc) B (bcc)2(cjrabbc)>

a2+bc A+ab
cla+c—0b)(a—b—c)(a®—b*+ ac+ bc)
(a? + be)(c? + ab) -

Z(a-l—c—b)(a—b—c)( a b_c>

Bét déng thic duge chitng minh xong. Dang thiic x&y ra khi va chi khi @ = b = ¢ hodc (a,b,c) ~
(1,1,0).

1.38 [Nguyén Van Thach] Cho cdc s6 khong am a, b, c, chitng minh bt dding thic

a? n b* 4 ¢t a4+ + 3
ad+abc+b3  b3+abct+cd B +abec+ad T a? + b2+ 2

Lot gias. Xét 2 truong hop
Trudng hgp 1. a®b? + b3c? + ca? > abe(a® + b? + ¢?), khi d6 st dung bat dang thitc Cauchy
Schwarz, ta c6

Z a* (a3 + b3 + ¢3)?

>
a3+ abc+ b3 T a® 4+ b® 4 ¢® + abe(a® + b2 + ¢2) + a?b? 4+ b2e3 + 2ad

cyc

Ta can chitng minh
(@®+ %+ ) (a® + b+ ) > a® +0° + c° + abe(a® + b + c2) + a?b® + b2 + 2a®
Hay
a®b? + b3c? 4 Pa? > abe(a® + b? + ) (ding)
Trudng hop 2. a®b? + b3c? + 3a? < abe(a? + b? + ¢?), khi d6, ta chitng minh duge

1
3(a*0® + b + ta?) < %(a3b2+b302+cga2)z < (@ 4+ 033 1 Fa?) (0 + B+ )
< abe(a® + b* + c2)?

Do d6, sit dung bat dang thitc Cauchy Schwarz, ta co
Z a4 > (a4 + b4 + 64)2
a® +abc+ b2 T a” + b7 + 7 + abe(a* + b2 + ) + atb® + vAcB + ctad

cyc

N 3(a* + bt +ct)?
T 3(a" + b7 + ") + 3abc(at + b + ¢*) + abe(a? + b2 + ¢?)?
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Ta can chitng minh

3(at + b + )2 PRI I
3(a” + b7+ c7) + 3abe(a* + b* + ¢*) + abe(a? + b2 +¢%)? T a? 4+ b2 + 2

Khong mét tinh tdng quat, gid st a + b+ ¢ = 1, dat ab + bc + ca = 1;q2 (1>q>0)var=abe,

théthitaco 0 <r < (17(1);% va bat déng thitc tré thanh f(r) > 0, véi

9 178¢ —31¢" , (¢*+5)(20¢" —6¢> + ., (g2 — 1)2(8¢° + 21¢* — 3¢% + 1)
3 9 81

2
f(r)=—99r°+
Theo bat dang thitc Schur, ta c6 27r > 1 — 4¢%, do d6

2(29 — 178¢2 — 31¢%) 2(29 — 178¢2 — 31¢%)

f(r) = =594 + < -22(1—4¢) +

3 3
2 4 2
_ (31g* + 46¢% 4+ 4) <0
3
Suy ra f(r) 1a ham 16m, do d6
)2
f(r) > min < £(0)f, w
27
Lai c6
2 _ 1)2(8,6 4 _ 9.2
f(O):(q 1)%(8¢° + 21¢* — 3¢ +1)20
81
; (1—q)%(1 +29) _ 2¢%(q — 1)%(46¢° + 54¢° + 102¢* + 13¢® + 36¢% — 12¢ + 4) -0
27 2187 -

Dé hoan thanh ching minh clia bai toan, xin dugc néu mot 1i giai cho bat dang thic
3abe(a*b® +b*c® + cta®) < (a0 + b3 + a?)?
Dat o =L,y =4,z =1, thé thi bat déng thic trd thanh

(52 x5

cyc cyc

Hay
ZSI(y—z)Qz()
cyc
trong dé
2 2 2
Y y 2x 3 z z 2y 3 z xr 2z 3
Se=5-—->4+—-—= Sy=—=—-——-—4+—=-= S, = —-——+—-—<-
‘”z2z+y2’yx2xz2’zy2y+w2
Cé6 2 truong hgp xay ra
+,Néuz >y > 2 khidotacoS, >0, lai co
2 2 2 2 2
Sy—|—5z:i2+i il %_£_3Zi+7y+%_£_3
’ x x oz oy y x oz oy y
L SR G ) [k )
Ty oy zy?
22 x 222 4y 9 _ 22 oz 2 1
S, +2S, = —t =t == -4+ = —-=>0
+ 2 372 z 2—y2 Yy 2 2 —
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z z 2y 3_ 22 =z 2z 3
Sy=——-——-"+——-—->—=—-—=+—--2>0
Vooax2 oz oz 27 g2 erz 2~
2 2 2 2 2 2 2
Sy+S. =44y T 32 W 32 W 35
2z oz y? 2 2z
22 2 2¢ =z z 2 z
SotSy=+L 48 22 2 g 2 Y Y Ty
x z z oy z
_yz3+2(a?2—2xy)z2+my22+a:y3>y4+2(x2—2xy)y2+xy3+xy3
N Ty22 - Ty22
2 02
ey
x22 -

Bét ding thiic dugc chiing minh xong. Dang thitc xay ra khi v& chi khi (a,b,c) ~ (1,1,1) hodc
(a,b,c) ~(1,0,0).
1.39 [Pham Vian Thuan] Cho cdc s6 duong x,y, z,t théa

1 N 1 N 1 N I
r+1 y4+1 z4+1 t+1

Chitng minh ring

. 11 11 1 11 1 11 1 1
mn{—-—+-+—-,—-+-+-,—-+-+—,-+—+-—, <1<
x t xt x vy

—_

11 11 1 11 1 11 1
<max{—+-+—-,-+-+-,-+-+—,-+—+-
x vy 2y =z tz t xt =z

<

Loi giai. Data:ﬁ_l,b:ﬁ,c: ld= 21 théthitacol>abc,d>0vaa+b+c+d=1.

g 1
Khong mét tinh tdng quat, gia st a > b > ¢ > d, bat déng thic tuong duong véi
b n c n d <1< a n b n c
1-b 1—-¢ 1—-d~ “1—a 1—-b 1-—c¢
Hay
b n c n d <1< a n b n c
a+c+d a+b+d a+b+c™ T b4+c+d c+d+a d+a+bd
Doa>b>c¢>dnén
b b c c d d
= ’ < ) <
a+c+d " b+c+d a+b+d " b+c+d a+b+c  b+c+d
Suy ra

b n c n d
at+c+d a+b+d a+b+c ™

Tuong ty, ta c6
a S a b S b c c
b+c+d " a+b+c’ c+d+a " a+b+c’ d+a+b " a+b+ec

Do do
a b c

>1
b+c+d+c+d+a+d+a+b -
Béat ding thitc duge ching minh xong.
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1.40 [Pham Van Thuan] Cho cdc s6 khong am a,b,c, ching minh bat dang thitc

a? n b2 n c? S @ +b+c
Vida? +ab+ 402 VA2 + be+ 42 VA2 + ca + 4a? T 3
Loi giai. V6i moi x > 0, ta co
622
—— >3z -1
VarZ +x+4
That vay, néu = < g, bat ding thiic la hién nhien. Néu z > £, ta c6
364 —1)%(152 — 4
4?2 + v+ 4 4o + v +4
Sit dung bat déng thic tréen, 1an lugt thay = boi 4,2, £, ta 6
6a? 602 6¢2
+23a—b7 —_— >3b—c, ;230—(1
V4a? + ab + 4b2 V4b? + be + 4¢? V4c? + ca + 4a?

Cong lan lugt vé véi vé 3 bat dang thiic trén, ta c6 dpem. Déng thitc xay ra khi va chi khia = b = c.

1.41 [Pham Hitu Dic| Cho cdc s6 duwong a,b,c, ching minh bat ding thic

alb+c) | beta) | clatb) 1\/(a+b+c) <i+1+i>+27

a2 + be b2 + ca 2+ab 2 b

Loi gidi. Bat déng thic tuong duong

a?(b+c)? abla +¢)(b+c 1 1 1
4z(az(++bc;2+8z(a2(+b+c)()b(21ci) <27+ (atbto) (a+b+c>

cyc cyc

Hay

a?(b+ c)? ab(a+¢)(b+ ¢) (b+c)?
42(a2—|—bc)2+82(a2+bc)(b2+ca) §24+Z be

cyc cyc cyc

(b+c)%(a® — be)? c(a—1b)*(a+b)
Z be(a? + be)? 8 Z (a® 4+ be)(b? + ca) —

cyc

Bét déng thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi a = b = c.

1.42 [Pham Kim Hiing] Cho cdc s6 khong am a,b,c théa a + b+ c = 1, ching minh bat ddng thic

a b c 3
+ + </
Va+2b Vb+2c e+ 2a 2
Lot giai. Xét 2 trudsng hgp
Trudng hop 1. ¢ > b > a, khi d6 sit dung bat déng thiic Cauchy Schwarz, ta cé

2
<Zm> SOz+bJrC)Za—&-2b:Za—i—Qb

cyc cyc cyc

Ta can chitng minh

o w

a
§a—|—2bS



bat x = %,y =7,2=%thitacoz,y>12>zvawzyz =1, bat dang thic tuong duong

1 . 1 n 1 <3
204+1  2y+1 22417 2
Do x,y > 1 nén
1 1 1 1 2z —1)(y — 1)(dey — 1) < 1 1z

2+l 241 Zoy+l 3 3R+ D2yt Doyt 1) " 2ey+1 3 z42

Ta phai chitng minh

z n 1 < 7
z+2 224176
Hay
222 +232+2
————— >0 (dn
Gt 2@t = (ding)
Truong hop 2. a > b > ¢, xét 2 kha ning
Kha nang 2.1. a > 4b, khi d6 ta sé chiing minh
a a+c b c

) + <
Va+2b 7~ Va+c+2b Vb+2c Ve+2a

That vay, ta c6
(a+c)? 3 a? _c(a2—|—4ab+ac—|—260)>0
a+c+2b a+2b  (a+2b+c)(a+2b)

b n c < b n c
Vb+2c Ve+2a T Vb+2¢c e+ 8b

Ta phai ching minh

b c
+ <Vb
Vb+2c et s8h

Hay
b2 c? 2be
+ + <b
b+2c 8b+c (b+2¢)(8b+ ¢)
2 c S 2b
b+2c 8b+c ™ \/(b+2c)(8b+c)
224b* — 36b3¢ — 71b%c? — 4bc? + 4c*
(b+2¢)2(8b+ ¢)?
Kha nang 2.2. 4b > a, khi d6 ta sé chiing minh

> 0 (ding)

a - a+3 b n c - /b+E
Va+2b_ /a+2b+%7 \/b+20 \/c+2a_ 2

That vay, ta c6
(@+5)° @ c(2a(4b—a)+cla+2b))

a+2b+3¢  a+2b  2(a+2b)(2a+4b+ 3c)
b c b c
+ < -
Vb+2c Ve+2a T Vb4+2c e+ 2b

Ta phéi ching minh

b ¢ < bt é
Vb+2¢ Ve+2b T 2

35
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Hay
b? c? 2bc c
+ + < =
b+2c 2b+c (26 + ¢)(b+ 2¢) 2
2b 1 2b c
+ - > +
b+2c 2 (2b+c)(b+2c) 2b+c
Do b > ¢ nén
c 1 1 2b 2b
S =< ) S
2b+c — 3 2 (2b+c)(b+2c) ~ b+2c

Nhu vay, trong moi kha nang, ta chi can xét bat dang thiic trong truong hgp ¢ = 0, khi d6 bat déng
thic tré thanh

a 3
\/a+2b+\/l;§\/;
Hay
1-0
e R

(1—1b)2 3
7o = <\/;\/5>
1 — 2v/6b + 9b — 2b\/6b
2(b+1)

Bat ding thitc duge ching minh xong. Pang thic khong xay ra.
Nhan xét. Ngoai ra, bing cach sit dung bat ding thiic Holder, ta tim dugc két qua sau

> 0 (dting)

a b c
+ +
vVa+2b Vb+2¢c c+2a

1.43 [Pham Van Thuan] Cho cic s6 khong am a,b,c, tim hing so k tot nhat dé bat ddang thic sau
dung

a b c 3 kmax{(a—0b)2 (b—c)? (c—a)?}
+ + e
b+c c+a a+b~ 2 ab+ be+ ca

Loi gidi. Khong méat tinh téng quat, gia st a > b > ¢, bat déng thic trd thanh

3 k(a — c)?

b+c 2 ab+bc+ca

cyc

Choc=0,b=1,a= % ta suy ra dugc k < 16, ta sé chiing minh dé 13 gia tri can tim, ttc 1a

3 7(a —c)?

b+c 2 16(ab + bc + ca)

cyc

Hay
a(a(b+ c) —|—bc) 3 7 5
; e 2(ab—&—bc—|—ca) 16(a c)
a2+b2+02+abczi > §(ab+bc+ca)+l(afc)Q
b+c ™ 2 16

cyc

St dung bat dang thitc Cauchy Schwarz, ta c6

9
Zb—i—c ~2(a+b+c)

cyc
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Ta can chitng minh

> %(ab+bc+ca) + l(a—c)g

9abce
2 2 2

b

@t te +2 16

(a+b+c)

Dit a = ¢+ x,b = ¢+ y thi ta ¢c6 & > y > 0, bing bién déi tuong duong, ta c6 thé dua bat ding
thitc vé
(112* — 322y + 32y*)c + (x + y) 3z — 4y)* > 0

Bat ding thitc nay hién nhien dung, vay ta c6 dpcm, do dé
7

kmax = TG
1.44 [Nguyén Van Thach, V6 Qudc Ba Can] Cho cdic s6 khong am a,b,c, ching minh bat ding
thic )
a \* b\? c \* 3 [a?+p2+¢2
+ + <o\l 07—
a+b b+c c+a 8 \ab+bc+ca

Loi gidi. Trude hét, ta chiing minh ring v6i moi z,y,z > 0,zyz = 1 thi

1 5
DIy G T T

cyc

That vay, dat m = L‘_—fc,n = %,p =122 thita c6 m,n,p € [-1,1] va (1 —m)(1 —n)(1 —p) =

1+ 142z
(1+m)(1+n)(1+p), suy ra

m+n+p+mnp=0
bat ¢ = mn +np + pm,r = mnp thi |r| <1, ta c6

m2n2p? = (m+n+p)2 =m? +n?+p® +2¢

Suy ra
2q = m?(n?*p? —1) —n? —p* <0

Mat khac, ta lai c6
2 =m?n2p? —1) —n? —p2 > (2 —1) -0 —pPP =02 1) —p?—1> (P —1)—p> — 1= 2
Do d6 g € [~1,0], ta c6 bat dang thitc tuong duong
4+ 3r2 —q(14+3r)>0
Néu r > —1 thi ta c6 dpcm, xét r < —%, khi do, ta c6
432 —q(14+3r) >3 + 3 + (1+3r)=(1+7r)*>0

Bat déng thiic duge chitng minh xong, sit dung két qua nay véi z = Y= %, z = <, ta suy ra dudc

b? 5abc
D el ey sy s Yo

cyc
Tré lai bai toan ciia ta, bat ding thiic duge viét lai nhu sau

Z L a® +3(a2+b2+02)2>3
(a+b)3 8(ab+ be+ ca)? —

cyc

b ab 3(a? 4+ b? 4 ¢?)?
—+3 >3
Z(a—i—b)?’Jr Z(0L—&—b)2jLS(ab—i—bc—&—ca)Q_

cyc cyc
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St dung két qua trén, ta can chiing minh

32 ab N 3(a® + b + %)? S 94 5abc
(a+b)?2  8(ab+ bc+ ca)? (a+b)(b+c)(c+a)

cyc

Khong mat tinh téng quat, gid sit a +b+c = 1, dat ab + bc + ca = 1_3q2,7“ =abc (1 > g > 0), khi
dé6 ta c6 r > max {O, W}, bat déng thiic tuong duong

2\ 2 2 2. (1 2)\2 2
f(r)::<l+2q> 10872 + (15 + 20¢%)r — (1 q)(l—i—q)zo

1—¢? (1—¢*=3r)

Ta c6
3((87 — 60¢2)r + (1 — ¢%)(2¢* + 4¢ + 3))

f/(r) = (1—¢%—3r)

>0

Do d6 f(r) 1a ham dong bién, suy ra

2
Néu 2 > 1 thi f(r) > £(0) = 3 (1;2;22) >0, néu 1> 2¢ thi

2(1 —
= g (20220

~3¢%(14(2 — 10g + 13¢?) + 124¢%(1 — 2q) + ¢*(1 + 52¢° + 10¢*) + 18¢°(1 — q)) >0

8(1-¢*)2(2—-q)*

Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c.

1.45 [Vé6 Qubc Ba Can] Cho a,b,c,d la cic s6 duong théa man a,b,c > 1 va abed = 1, chiing minh
ring
1 1 1 1 <4

@ —at 12 T2 b3 1) (@ _er1pP (@ _drip -

Lot giai. Ta co
1
<1
@+ 17 Pyl @ —ay 1P

v6i moi x,y > 1. That vay, bat déng thic tuong duong

1 1 1
- (1= > .
( <x2x+1>2>( <y2y+1>2>—<x2x+1>2<y2y+1>2 5 — 7y + 1P
Hay
zy(z — Dy — D(@® -z +2)(y* -y +2)(«y* —zy +1)°
>(@—D(y—D(@+yRe*y —aylz+y)+2>+y° —z—y+2
wy(@® =z +2)(y* —y +2)(2%y" — 2y +1)? > (¢ +y)[22%° —ay(z +y) + 2> +y* — 2 —y + 2]
Do z,y > 1 nén
(@® —z+2)(° —y+2)@*P —ay+1) >4, 2zy>z+y

Do dé6
ay(a? — x4+ 2)(y* —y +2)(2%y? — vy + 1)? > 2(z + y) (2y? — xy + 1)

Ta can chitng minh

2%y —xy+1) > 22%% —ay(e+y) + 22+ —x—y+2



Hay
(z —1)(y —1)(z +y) >0 (ding)

Stt dung két qua trén lan lugt véi a, b, ¢, ta duge

1 1 1
<1
(a2—a+1)2+(b2—b+1)2_ +(aQbQ—ab—I—l)2
! + ! <1+ ! =1+ &
(a?b?2 —ab+1)2  (2—c+1)2 — (a2b2¢2 — abc + 1)2 (d? —d+1)?
Do do
1 1 1 d*

<24+ -———
@ ot 12 T @ b1 (@ _erip T @—dr1p

Mat khac, ta lai c6

d! + ! = — (d_1)4 +2<2
(d?—-d+1)2  (d>—-d+1) (d?> —d+1)? -

Béat ding thitc duge ching minh xong. Pang thic x4y ra khi va chi khia=b=c=d = 1.

1.46 [V6 Qubc Ba Can] Vdi moi s6 khong am a,b,c, chimg minh ring

24+ 4b b2 +4 2 + 4ab
\/a c+\/ ca+\/c ab 54 va

b2+02 C2+CL2 +b2

Loi gidi. Khong mét tinh tong quat, gid sit a > b > ¢ > 0. Xét 2 truong hop
Trudng hop 1. 463 > a?c, khi dé ta c6

a?+4bc  a®  c(4b® — a®c) b +4ca  b*  c(4a® —b%c)

b2 +c2 b2 b2(b2 +¢2) — 7 2+a2 a2 a?(c2+a?) —

a2+4bc a b ab
JJETEC S8 D g Y
Z b% + c? “ptat a? + b2

cyc

Suy ra

St dung bat dang thitc AM - GM, ta dugc
9+9+2 ab 17i a2+b2Jr a2+b2+2 ab
b a a?+ b2 V2 ab V2ab \V a2 + 02
1 a2 + b2
>2(1-— +24M22 +2vV2 =242
V2 ab

Trudng hop 2. 463 < a’c, suy ra a > 2b, ta c6

(-

a® + 4be B a? +4b*  (b—c)(a*(b+c) —4b*(b—¢))
b2+ 2 202 202 (b2 + ¢2)

Z\/a2+4bc \/a2+462+b+2 ab
b2 +¢c2 2b2 a a? + b2

Ditz= ¢ >2,ta can chiing minh

2 1
— 2 — 2 S 2242
2 x z2+1

>0

Suy ra

39
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Doz >2néna(a?+1)—(z+1)P2=a%(1-2 -5 -%)>a%(1-1—- % — %) =42°>0,suy
ra Jx(z2+1) >2x+1,do do

f/(ﬂf)_iz —i— a1 > ! _L_L
o /2 12 P @+ DV D) g/l z 2t @244

_ 2 _ _9)2
Zl_i_w 1z 4+(x 2) +1>0
2 22 a?+1 422 4(x2+1)

Vay f(z) la ham dong bién trén [2, +00), do d6

f(x)>f(2):g+2\/§>2+\/§

Bét déng thitc duge chitng minh. Déng thitc x4y ra khi va chi khi (a, b, c) ~ (1,1,0).
1.47 [V6 Qubc Ba Can] Cho cic s6 khong am a,b, ¢, chiing minh bat ding thic

(a—0b)(13a+5b) (b—c)(13b+5¢) (c—a)(13¢c+ 5a)

>0
a2+b2 b2+62 62+a2 -

Loi gidi. Bat déng thic duge viét lai nhu sau

13a? — 8ab — 5b2
Z CL2 + b2 Z 0

cyc

(a —b)? a? — b2
42 a2+b2 +9Za2+b220
cyc cyc

Chi y rang

a? — b2 b2 — 2 2 —a? a? — b2 - 2 —a?
14+ ——— 14+ ——~ 1+—)=(1-——— 1—- —— 1—-——
CL2+b2 b2+02 62+a2 a2+b2 b2+02 02+CL2

Nén

240 (@@+02)0 + ) (2 +a?)

Z a? —v? (a? — ?) (b2 — ?)(c® — a?)

Ta can chitng minh

(a—b)%2 _ 9(a? - })(1? — ?)(c? — a?)
4 >
%C: a2 +b2 = (a2 4+02)(b% + 2)(c? 4 a?)
St dung bat dang thitc AM - GM, ta c6
Z(a—b)z S 34/ _(a=b)2(b—c)?(c—a)?
a?+b2 (a® +b2)(b2 + 2)(c? + a?)

cyc

Ta phéi chiing minh

4§/( (a=b)*(b— 0)*(c— a)?

a? + b2)(b% + ¢2)(c2 + a?)

3(a? — v*)(b? — ) (c? — a?)
(a? +b2)(b2 + ¢2)(c? + a?)

>

Hay
64Ha +b2 >2 Ha 762 a+b)2
cye

cyc
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Bat dang thitc nay 1a hé quai ctia bat déng thiic sau véi moi z >y > 0
42 +y%)? 2 3(2% — y*)(z +y)°

Hay
zt — 623y + 82%y% + 6z + Tyt >0

+, Néu = > 6y thi bat déng thic hién nhién ding.
+, Néu z < 6y thi ta c6

xt — 623y + 827y + 6xy® + Tyt = 2% (2 — 3y)? + 29?6y —2) + Tyt >0
Bat ding thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c.

1.48 [V6 Qubc Ba Can| Chimg minh ring vdi moi s6 duong a,b,c,n, ta cé
2 n 2 n 2 n
(a +bc) +<b +ca) +(c +ab> A b
b+c c+a a+b
Léi gidi. Khong mat tinh tdng quét, gid st a > b > ¢ > 0. Ta ¢
2 n
a® + bc -1
alb+c)) —
a? +be "Jr b+ ca n>2 (a? + be)(b? + ca) n/2>2
a(b+c) blc+a)) — ab(a+¢)(b+c¢) -
(a® 4 be)(b? 4 ca) —ab(a +¢)(b+¢) = c(a —b)*(a+b) >0
2 2
a” + be b* + ca c? +ab >3
a(b+c) b(c+ a) -

= _ a’+be " _ b%+ca
Dit x = (a(bfrc)) —-1,y= (b(;’ra)> —1,z= ( (J:Lb)) — 1 thi ta c6

Do

Va do doé

z >0, z+y >0, r+y+22>0

Do do

2 b n
S () S s o
cyc cyc
=@ -Mzr+ V" -")z+y)+c"(z+y+2)>0
Bét déng thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi a = b = ¢ hoic n — 0.

1.49 [Pham Van Thuan] Cho cdc s6 khong am a,b,c théa a + b+ c = 1. Tuy theo gid tri cia n € N,
hay tim gid tri lon nhat va gid tri nhé nhat cia biéu thic

P(a,b,c) =a(b—c)" +blc—a)" +cla—b)"

Ldi gidi. Trong truong hgp n =0van =1thitacé P=1va P =0. Xét n > 2, khi d6 c6 2 trudng hop
Truong hgp 1. n 1é, suy ra n > 3, ta sé chiing minh

P(a+c,b,0) Sp(aabac) SP(a+C,O,b)

C6 2 kha nang



42 CHUONG 1. CAC BAI TOAN PA CO LOI GIAI

Kha nang 1. a > b > ¢ > 0, xét ham s6 g(a) = P(a+¢,0,b) — P(a,b,¢) = (a+¢)"b— (a + ¢)b" —
alb—c)" —=b(c—a)™ —c(la—b)", ta cod

g(a)=nbla+c)" P =b"—(b—0c)")+nbla—c)" ' —cla—b)""1)>0
Suy ra g(a) 1a ham dong bién, do d6
g(a) > g(b) =b(b+c)((b+¢)" ' =b""1) >0

Xét tiép ham s6 h(a) = P(a,b,c)—P(a+c¢,b,0) = (a+c)"b—(a+c)b"+a(b—c)"+b(c—a)"+c(a—b)",
ta ¢
B'(a) =nb((a+¢)" ' = (a—c)" 1) ="+ (b — ¢)" 4 nc(a — b)"*
>nb((b+c)" P —(b—c)" ) ="+ (b—c)"
_ QnZCQij-llbnfﬂflchJrl _ 202i+1bn72i7102i+1 4 ZCZibnfm’C%

i=0 =0 i=1

n—3 n—1

2 2
_ an—Qi—IC2i+l(2nCZ1:kll _ C’Zi-‘rl) + chibn—2i02i —c" > 0
=0 i=1

Suy ra h(a) 1a ham dong bién, do do
h(a) > h(b) =b(b+c)(b+e)" 1 —=b""1) >0

Kha ning 2. a < b < ¢, xét ham 86 k(c) = P(a+¢,0,b) — P(a,b,¢) = (a+¢)"b— (a+¢)b"™ —a(b—
) —blc—a)" —c(a —b)"™, ta ¢

K'(c)=nb((c+a)" ' —(c—a)" 1) =b" 4+ (b—a)" +na(c—b)" "
>nb((b+a)" ' —(b—a)" ") = b+ (b—a)"
_ anciijl%nfziqaziﬂ _ Zcii+1bn72ifla2i+1 I Zciibnfma%
i=0 i=0 i=1
_ an72i71a2i+1(2ncii+11 _ oLy chibnfﬁam —a" >0
i=0 =1

Suy ra k(c) 13 ham déng bién, do d6
k(c) > k(D) =bla+b)((a+b)""t —b""1) >0

Lai xét ham s6 m(c) = P(a,b,c)—P(a+c,b,0) = (a+c)"b—(a+c)b" +a(b—c)" +b(c—a)" +c(a—b)",
ta co
m'(c) = (nb(a+¢)" 1 =" — (b—a)") +n(blc —a)" ' —alc—b)""1) >0

Suy ra m(c) 1a ham dong bién, do do

m(c) >m(b) =bla+b)((a+b)""t—b""1) >0

Vay trong moi kha nang, ta luén co
P(a+¢,b,0) < P(a,b,c) < Pla+¢,0,b)

Xét ham s6 f(z) = ot Vol @ >0, ta c6

(:cﬁ-l
—z" 4+ nz" 4 nzr—1
(z+ 1)n+2

fiz) =
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fllr)y=0e~y@)=2"—nz" ' —nz+1=0
Dé thiy « = 0, = 1 khong la nghiém ctia y(z) va néu z > 0 (z # 1) la 1 nghiém ctia y(z) thi 1
ciing 1a nghiém cta v(z), do d6, ta chi can xét nghiem ctia y(x) tren [0, 1] la di. Khi do, ta c6

Y (x) ==l —z""4+nn-12""?)<0

Suy ra 7(t) 1a ham nghich bién, lai c6 v(0) = 1 > 0,7(1) = 2(1 —n) < 0 nén ton tai duy nhét
xo € (0,1) sao cho y(zg) = 0, do d6 phuong trinh y(z) = 0 chi ¢6 2 nghiem duong 1a zy va ﬁ T
day, ta d& dang kiém tra dugc

Suy ra

Pla+te.0.b) = (a+0)"b— (a+ et = A= (@t :f(a_;)_c> Sf(l)

(a+b+c)ntl T
()
Zo

Trudng hop 2. n chin, khi dé dé thay min P(a,b,c) = 0 va P(a,b,c) la mot biéu thic déi xing
véi a,b,c, do d6 khong mat tinh téng quét, ta c6 thé gid st a > b > ¢ > 0. Néu n > 4, dat
b=t+s,c=t—s(t>m >0 vaxét ham sb

Y

Pla+¢,0,b)=—(a+¢)"b+ (a+ )" =—f (a—;)—c)

a(s)=2"as"+ (t+s)la+s—)"+({t—s)(t+s—a)”
Ta c6
"(s) =2"nas" ' +(a+s—t)"+n(t+s)at+s—t)" ' —(t+s—a)" +nt—s)(t+s—a)"!
') =2n((a+s—t)""t—(t+s—a)" HN+nn—-1)(t+s)(at+s—t)"24+(t—s)(t+s—a)""?)
+2"n(n — 1)as™ 2

dnn—1)0b—c)" 2 +2n((a—b)" 4+ (@a—c)" H+nn—-1)((a—b)""2+(a—c)""?)>0

Suy ra a(s) 1a ham 16i, do do
a(s) < max{a(t),a(0)}
Nhu vay, ta chi can xét bai toan trong truong hop (a — b)(b — ¢)(c — a) = 0 hodc abc = 0.
(i) abc = 0, khong mat tinh tdng quat, gid sit @ > b > ¢ = 0, ta can tim gia tri 16n nhat cia

P(a,b,c) = a™b+ ab™ = &n_fj)ﬁﬂ = (yinl')’_fﬂ =u(y) véiy = g <1.Taco

A=y ' =-y"?—...—(n=Dy+1)
(y+ 1)n+2

u'(y) =

Tt day, ta dé dang suy ra duge u'(y) = 0 chi c¢6 2 nghiem 1a 1 v& yo € (0,1) v nhu thé, ta c6 thé
kidm tra dugc

u(y) < u(yo)

(ii) (a — b)(b — ¢)(c — a) = 0, khong mat tinh tong quét, gid st b = ¢, ta c6 a +2b = 1 va
P(a,b,c) = 2b(a — b)". Néu a < b thi P(a,b,c) = 2b(b — a)” < 2b"™! < 5, néu a > b thi sit dung
béat dang thic AM - GM, ta c6

(n+ 1)+t 3(n+ 1)n+!

— " (q — n+1 n
P(a,b,c) = 2b(a — b)" = gn”.g,b. <“n b) n"(a — b+ 3b) om
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Néu n = 2 thi ta ¢c6 P(a,b,c) = a(b — ¢)? + b(c — a)? + c¢(a — b)? = ab + bc + ca — Yabe. Néu
ab 4+ be + ca < % thi hién nhien P(a,b,c) < i néu ab + bc + ca > i thi st dung bat déng thic
Schur, ta c6

] =

P(a,b,c) = ab+ bc + ca — 9abe < ab+ be+ ca — (4(ab+ be+ca) — 1) =1 — 3(ab + be + ca) <

Tt day, ta dé dang di dén két luan ctia bai toan.
1.50 [V6 Qubc Ba Can] Cho cic sé duong a,b,c théa a+b+c =3, tim hing s6 k ldn nhat sao cho
515 4 5
a’+b+c -3 -
BB+ -3

Léi gidi. Choa=b=3—+/3,c=2V3— 3, ta suy ra duge k < %, ta sé ching minh day chinh

13 gia tri can tim, tic 13

5(5v3-1) 24/3 — 36
Z<a5— A1 a’ + 31 >>0

cyc

Hay
— 22 2 (37— 23V3
Z:(a—l)2 a3+2a2—|—38 \/§a+ ( \[) >0
poo V3+1 V3+1
Hay
> (M, + M, + M) (a —b)(a —c) > 0
cyc
trong do
- 2 (37— 233
Ma:a3+2a2+38 22‘/§a+ ( V3)
V341 V341
—22 2(37 — 233
Mb:b3+2b2+38 ﬁb+ ( v3)
V3+1 V3+1
— 2(37 —23V3
MC:03+202+38 22\/36-1- ( \[)
V341 V341
Ta c6

3(38—22v3)  9(62—38V3)

AM, + My + M, = 4a® + 03 + A + 2(4a® + % + A) + a+
a b c ( ) \/§+1 \/§+1

b+c)s 3(38—22v3)  9(62—38V3)
>4a3+(7+8a2+ b+c)? + a+
- 4 (b+e) V3+1 V3+1
3—a)? 3(38—22v3)  9(62—38V3)
:4&+ﬁ +8a® + (3 —a)® + a+
4 3= V3+1 V341

C15(a+3-2v3)" (a—3+4v3) -

= T >
Tuong tu, ta c6 4My+M.+M,, 4M.+M,+M, > 0. Khong mat tinh tdng quat, gid sita > b > ¢ > 0,
suy ra a + b > 2, ta c6

19— 11
(4M, + My + M.) — (4My + M, + M,) = 3(M, — M) = 3(a® — b*) + 6(a — b) a+b+97\/§
V341
19— 11v3
>3(a® -0 +6(a—0b)[24+ —2"]| >0
> 3( ) +6( )( vl )2
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Do do,

> (AMy + My + M) (a — b)(a — ¢) =(a — b)(4Ma + My + Me)(a — ¢) — (4My + M + M,)(b — c))

cyc

+ (dM.+ M, + My)(a—c)(b—c) >0
Bét ding thitc duge chitng minh xong. Vay

5(5v3—7)
V3+1

kmax =

1.51 [Nguyén Phi Hung] Cho cdic s6 khong am a,b, c théa a® +b* +c? = 8, chitng minh bat ddng thic
4(a+b+c—4) <abe

Loi gidi. Dat x =a+b+ ¢,y = ab+ bc+ ca thi ta ¢6 22 — 2y = 8. Sit dung bat dang thitc Schur bac 4,
ta co

ahe > W =)@ —y) _ (@® —16)(@? +8)

6x 12z

Ta can chitng minh

(22 —16) (2 + 8)
122

>4(x —4)
Hay
(r —4)%(2® + 8z — 8)
12z

Bat dang thiic nay hién nhién ding, vay ta c6é dpem. Dang thitc xay ra khi va chikhia =b=2,¢=0
va cac hoan vi.

>0

1.52 [V6 Québc Ba Can] Cho m,n (3n? > m?) la cic s6 thuc cho trudc va a,b,c la cic s6 thuc théa
man a +b+c=m,a’® +b% + c? =n?. Tum gid tri l6n nhat va gid tri nhé nhat cla biéu thic sau

P =a%b+b%c+ a

Loi gidi. Dat a = x4+ 2,0 = y+ B, c = z + 2, thé thi dicu kién bai toan cho ta z +y + 2z = 0 va
2+ P+ 2= M Biéu thitc P trd thanh

3
P:x2y+y2z+z2:ﬁ+%

2 .
EPUREL N |0 I R R NI S (R T o P
3n2 — m? o (3n% —m?2)? s 3n2 — m? 3n2 —m?

cyc
3/2
324 ) s 2 ,
=3+ (3n2 — m2)2 Zx y -4 <3n2 m2> Zx Yy
C

cyc

ycC

D0x+y+z:0nénmy+yz—|—zx:—%(m2+y2+z2):—3"2gm2,suyra

£ (o) ez (Da)

cyc cyc cyc

(3n% — m2)?
36
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Do do
9 3/2 ,
12—54<M) > 2y >0
cyc
Suy ra
2 (3n? —m? 3/2
Sae (250
9 2
cyc
Vay

Miit khac, cho z = 7‘2(371;_7”2) cos 2y = 7‘2(37132_7”2) cos 4%,z = 7”2(%;_7712) cos 5%, ta co
P—2 3n? —m? 3/2+m3
9 2 9

Vay

2 /3n2 —m? 8/2 m?>
maxp:9(2> iy

2
Hoan toan tuong tu, bing cach xét bidu thic chc (3;p1 / 3n23m2 + 3n21§m2 xy + 1) , ta dé dang
suy ra dugc
2 (3n? —m? 8/2 m3
mnP=—=( ——— - —
9 ( 2 ) 9
Bai toan dugc giai quyét hoan toan.

1.53 [V6 Qubc Ba Can| Tim hing s6 k nhé nhat sao cho vdi moi a,b,c > 0 thi

a3 N b3 n c3 < 3(a+b+c)
ka? 4+ (b+ c)? kb2 + (¢ + a)? k2 + (a+b)2 — k+4

Loi gidgi. Choa=b=1,c=0, suy ra k > 5. Ta sé& chitng minh day 1& gia tri can tim, tic 13

Z a3 - la+b+c
p 5a2 + (b+¢)?2 — 3

St dung bat dang thitc Cauchy Schwarz, ta c6

a3 ’ a?
(Ziws) = (5) (Zwtem)

cyc cyc

Ta can chitng minh

a? 1
>
5a2+ (b+¢)?2 ~ 3

cyc

Khong mét tinh téng quat, gid st a+b+c=1vha>b>c >0, suy ra a > % > c¢. Bat ding thiic

tré thanh )

Z“7<1
6a? —2a+1— 3

cyc

Xét 2 truong hgp



+, Néu ¢ > £, ta c6

27a? 3a—1 )“(8a — 1)
L (] PSS [P L >
9= G 2ati Z( “ 6a2 2a—|—1> Z 2011 =

cyc cyc cyc
+,Néuc< 4, taco

2a —1 20 —1 6c2

6(VIT —VP)=
( ) 6a2—2a+1+6b2—2b—|—1+6c2—20+1
_a—-b-c b—c—a 6c2
6a2 —2a+1 6b2—-2b+1 6¢2—2c+1
B 2(a — b)?(3c —2) n 6c 1 1
T 62 —2a+ )62 —26+1) " \6c2—2c+1 6a2—2a+1 662 —2b+1
Ta phai chitng minh
1 n 1 . 6c
6a2 —2a+1 602 —2b+1 ~ 6¢2—2c+1
Docgénén&%gcﬂgl, suy ra ta chi can chitng minh
1 + 1 >1
6a2 —2a+1 6b2—-20+1
++, Néu b < & thi
1
_— >1
602 —20+1 —
++, Néu b > &, sit dung bat déng thitc Cauchy Schwarz, ta chi can ching minh
4>6(a*+b%) —2(a+0b)+2
Hay

(2(a+b) +c)(a+b+c) > 3(a® +b%)
DobZ%nénZ&bza,dodé

2(a +b)? = 3(a* + b?) + 4ab — a® — b?
3(a® 4+ b%) + 3ab — a® > 3(a® + b?)

(2(a+b)+c)a+b+c) >
>

Bat dang thitc dugc chitng minh xong. Vay

kmin = 5.

1.54 [V6 Qubc Ba Can| Ching minh ring néu a,b,c >0 va a +b+c=3 thi

(ab + be + ca) K b - <g
4+9 2+9 a?>+9/) 10
Loi giai. Bat ding thic tuong duong véi
> :
b2—|—9 0(ab+ be+ ca)
Hay
9 a1
10(ab+bc+ca) 9 po b2+9 — 3

47
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St dung bat dang thitc Cauchy Schwarz, ta co

ab? (ab + be + ca)?
p b2+9 ~ ab? + bc® + ca? 4+ 27

Ta can chitng minh
9 (ab + be + ca)?
10(ab + be + ca) — 9(ab? + be? + ca® + 27)

1
> =
-3

St dung bat dang thitc AM - GM,

2 (ab + be + ca)? > 55 1
5(ab+bc+ca)  9(ab® 4+ be? + ca® +27) — 9.10%(ab + be + ca)?(ab? + bc? + ca® + 27)

Lai st dung bat ding thiic Cauchy Schwarz va bat ding thic AM - GM, ta dugc

(ab 4+ be + ca)* (ab® + be? + ca®)? < (ab+ be + ca)* (a®b? + b*c® + ?a®)(a® + b* + ¢2)
< 27(ab 4+ be + ca)?(a*b? + b*c® + c*a?)

Dat z = ab + be + ca, theo bat déng thic AM - GM va bat déng thic Schur, < 3,abe > 422,

Suy ra
(ab + be + ca)*(a?b* + b*c* + 2a?) = 2%(2® — 6abe) < 2% (2 — 8z + 18)
=(z—3)*x+1)+27<27
Do dé
(ab + be + ca)*(ab® 4 bc? + ca®) < 27
Suy ra
2 (ab + be + ca)? < 1
5(ab—+bc+ca)  9(ab® + bc? + ca? +27) T 6
Va nhu thé
9 (ab + be + ca)? < 1
10(ab + bc+ca)  9(ab? + bc? + ca? +27) — 3

Béat ding thitc duge ching minh xong. Dang thic x4y ra khi va chi khia=b=c= 1.

1.55 [V6 Qubc Ba Can| Cho cic sé duong a,b,c théa a+ b+ c = 3, ching minh bat dang thic

ab be ca 3
+ + <c
V2 +3 Vaz+3 V2 +3 7 2

Loi gidi. St dung bat déng thitc Cauchy Schwarz, ta can chitng minh

SHISESR

cyc cyc

Khong méat tinh téng quat, gid st a > b > ¢ > 0. Dit a + b= 2t,a — b = 2m, suy ra % >t>1,c=
3 — 2t, xét ham s6

t2 —m? c(t+m) c(t —m)

342 34+(t—m)2 3+ (t+m)?

f(m) =



Ta co

1 2m
(3+(t— )2)2 3+t—|—m))2)_3—|—62

F(m) = 26(t2 — m?) (

(
+C(3+(t1—m)2 3+ t+m >

_ c(a® —b?) 2abc(a? — b2)(a® + b* + 6) a-—b

 (3+a?)(3+1?) (34 a?)2(3 + b2)? 34+

:(a—b)( c(a +b) 2abc(a +b)(a® +b°+6) 1
Bra)B+0%)  (B+a22B3+2)? 3+

Ta sé chiing minh f/'(m) <0, hay

)
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c(a+b) 2abc(a + b)(a® + b2 +6) 1
(3+a?)(3+b?) (3+a?)2(3+b2)2 342
Chu ¥ rang (3+a?)(3+%) > (3+ t2)2 do a+b < 3 va ab(a® +b?) < 2t1. Do do, ta chi can ching
minh
2tc n 8t3c < 1
B+ B+epP "3+
Hay

2t(3 —2t)  8t3(3—2t) 1
(3+12)2 (34123 — 3+ (3—2t)2

9(t — 1)(9t° — 31" + 42t — 22t 421t — 3) > 0
Bat dang thitc nay ding do % >t > 1. Do d6, f(m) la ham khong tang, suy ra

2 2tc

fm)<fO)=s—5+t37p

Mit khéc, dé thay ab + bc + ca < t(t + 2¢). Ta con phai chitng minh

t? 2tc 9
t(t + 2c) <3+62 +3+t2> < 1

t2 2t(3 — 2t)> 9
=1

t(t+2(3 —2t)) <3+(32t)2 3+ 12

(t — 1)2(5t* — 24> + 33t — 9t — 9) < 0
Bét dang thic ding do 2 >t > 1.
Vay ta c6 dpcm. Déng thitc xdy ra khi vi chikhia=b=c=1.

1.56 [V6 Qudc Ba Can| Ching minh ring vdi moi a,b,c duong thi

b+c c+a a+b 16(a+b+c)3
\/a +\/ b +\/ ¢ Z\/3(@+b)(b+c)(c+a)

Loi gidi. St dung bat ding thitc Holder, ta duge

(V5 (Sae) = (50)
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Do d6, ta can chitng minh

3
1 16(a+b+c)? 1
(Z a) e PRI e D ST

cyc cyc

bat x = é,y = %,z = %, bat déng thiic tré thanh

(z+y+2)°>

16(zy + yz + z2)3 x
3x+y)(y+2)(z+x) Zy—i—z

cyc
St dung bat dang thitc AM - GM, ta c6
8
(z+y)ly+2)(z+2)=(x+y+2)(zy+yz+ 22) —zyz > §(x+y+z)(wy+yz+zx)

Ta phai chitng minh

r+y+2)*
MZG(my—Fyz—}-zx)Z
Ty + Yz + zx Cycy—|—z
Hay
(z+y+2)* 2 .2 2 1
—— >6(z"+y° +2°) + 6zyz
xy +yz+zx ( Y ) Y Cyzcy+z
Lai sit dung bat ding thiic AM - GM,
4 1 1 4 1 1 4 1 1
§7+77 §7+77 §7+7
y+z Yy oz zZ+x z T T+y r Yy

Suy ra

1 1/1 1 1 Yy +yz + zx
Z §(++>:yy
Cychrz 2\z y =z 2xyz

Ta can chitng minh

(z+y+2)* 2 2 2

- 7 Z >6 3

P (2" +y" +27) + 3(xy + yz + 2x)
Hay

(z+y+2)* 2

- 2 Z >6 —9

p—— (x+y+2) (zy +yz + zx)

((z+y+2)* =3y +yz + 2x))?
Yy +yz+ zx

>0

Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c.

1.57 [V6 Qubc Ba Can] Tim hing sé k ldn nhat sao cho bat ding thic sau ding

1 1 1 k 3 k
< —
a1 1002 " bltcaZ c(lvab)? - (A+ab)(l+be)(i+ca) 4 8

trong dé a, b, c la cic s6 duong théa abc = 1.

Loi giai. Choa=2,b=1,c= %, ta c6 k < 4. Ta sé chiitng minh

1 16
4 — = <1
; a(l+bc)? — * (14 ab)(1 + be)(1 + ca)
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Hay 16
a
4%;@3” DT
Dit x = ﬁ—g,y = %,z = %_T_f, thi z,y,z € [-1,1] v&
(1=2)1-y)1—-2)=0+z)(1+y)(1+2)
Suy ra

r+y+z+ayz=0
Béat ding thic tré thanh
d(i—a?) <1420 +2)1+y)(1+2)
cyc

Hay
2y 222wy +yzr+2x) 2y + 2+ ayz) >0

(x+y+2)2>0

Vay ta c¢6 dpcm, do do
kmax = 4.

1.58 [Pham Sinh Tan] Cho cic s6 khong am a, b, c, chitng minh bat ding thic sau vdi k = —23

In3—In2
a2 1/k b2 1/k 2 1/k
_— _— _— > 2
(b2+bc+02) +(02+ca+a2> +<a2+ab+b2> -

L&i gidi. St dung bat dang thitc Holder, ta c6

9 1/k\ *
(Z (m) ) (Z a(b? +bc+c2)> > (a3 (kD) 4 p3/ (k1) | B/ (k+1))k+1

cyc cyc

Ta phai chitng minh
(a3/(k+1) + b3/(k+1) +CB/(k+1))k+1 > 2k(a—|—b+c)(ab—|—bc—|— CCL)

Khong mat tinh tong quat, gid st a >b>c, dit a =t +m,b=1t—m v6i t > m +c,m > 0, xét
ham sb

Fm) = (k+1)In ((t +m)> *+D 4 (¢ —m)3/ B L /DY _n (12 4 2tc — m?)

Ta c6
iy = BELEMEDIED — (¢ m)ED/OD) | om
(t +m)3/ A 4 (¢ —m)3/ (k1) 4 3/ () 42 4 2tc — m?
3(a2=R)/ (1) _ p2=k)/(k+1)) a—b

T @3/ (k+1) 4 p3/(k+1) f 3/ (k+1) + ab+bc+ca

Ta sé& chitng minh f/(m) > 0, dat a = 21, b = y**1 ¢ = 21 (z >y > 2 > 0), ta phai ching

minh k=2, k—=2(,k+1 k+1 k—2 k—2
M A At A N | Cit /A B

xk+1yk+1 +yk+lzk+1 + Zk+1$k+1 1,3 +y3 + 23

D& thiy ring do z > y va k > 2 nen zF+! — yk+l > EELyS(ph=2 _ yk=2) nhy thé ta can ching
minh
(2% + 4P + 23) > 3(aMHLyhtT 4 bRt | kL)
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[ =2k py1 ki1 ki1 k1 KL ko kg k+1 5 9 k=2, k+1.3
- =" _ - - _ >
= "y 3z 2 + A 5T Y + 3 5% 3z y iz 0

Nhu thé, néu FHlzh=2yk+td > ghtlzk+l thy do 2 > y va =28 > 2 nen bat ding thic ding.
Xét truong hop ngude lai, BELgh=2yk+d < gh 1k quy ra o > 3/5Hy > {/dy, khi d6 ta 6
Pt — R+l > 693 (282 — y#=2), vay nén ta can chiing minh

22y (53 4y 4 23) > (LR PR kL

Hay
$k+1(yk+1 _ Zk+1) T 21‘k_2yk+4 4 (ka—Q _ Zk—2)yk+1z3 >0 (dﬁng)

Vay ta luon c6 f/(m) > 0, va nhu vay, ta chi can xét bat ding thitc da cho trong trusng hgp
a =0 > cla dua, tic la ta phai chiing minh

(2a3/(k‘+1) + C3/(k+1))k+1 Z 2ka(a+ 20)(2G+C)
Dat u = (g)l/(k—'_l) <1, ta can chiing minh

(’U,S + 2)k+1 - 2k:
w4 2)(2uk T 1) T

g(u) = (

Ta c6
2k + 1)(u? + 2)Fu (w2 — 4R 4 5uk ! — Buh 2 403)

A
g (U) (uk+1 + 2)2(2uk+1 ¥ 1)2

Xét ham s6 h(u) = u?+2 — 4y =1 4 5uF+1 — 5¢4%=2 4+ 3 ta tim duge

B (u) = uF 32k + DuPt — 4(2k — D)o + 5(k + D)ud — 5(k — 2))

1.59 [V6 Qubc Ba Can| Cho cic s6 khong am a,b, ¢ ching minh bit ddng thic

a? + be \/ b2 + ca \/ c2 4 ab
> V6
\/b2+bc+02+ 02—|—ca+a2+ a2+ab+b2*\[

Loi gidi. St dung bat dang thitc Holder, ta c6

2
a? + be ) < ) 5 o ) s s ,
S Ve ) (D@ + 002 4 be+ ) | 2 (2 + 8+ ¢ +ab+ be + ca)
<CyC b? 4+ bc+c p

Ta can chitng minh

(a® +b* + ¢ +ab+be+ca)® > 6> (a® + be)*(b* + be+ ?)
cyc
Hay
(a®+b%+c*+abtbetca)® > 12 a®b*(a®+b7)+6 Y a®b?+6 Y a’be+12 ) a’b’c(a+b)+36a%b%c?
cyc cyc cyc cyc
Khong méat tinh téng quat, gid st a+b+c = 1, dit ab+be+ ca = 1;‘12,7" =abcthitac61>¢q>0
VA r > max {O, %}7 béat dang thic tré thanh

17 8 20
—2(4q2+5)r+ﬁq6— 97 — g1 +—=<0
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Néu 2¢ > 1 thi ta ¢ %;qG %q‘l — 290q2 —|— < 0 nén bat dang thitc hién nhién ding, néu 2¢ < 1
thi ta c6

2 17 8 20 10
VT < ——(4¢°> +5)(1 — 2 +1 62t — =2+ —
= 7(‘] ) 9(g+1)° + 27‘] 9q 9(] o7

=574 ?(17¢* +16¢> + 20q — 38) <0

Bat ding thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia = b= c.
1.60 [Pham Van Thuan] Ching minh ring véi moi z,y € [0,1], ta cé

1 1 1
>14+
J:Q—J:—&—lerQ—y—i—l_ ergy?—xy—i—l

Loi gidi. Bat ding thic tuong duong véi

1 1 1 1
1-— ) (1= < -
( xQ—xH)( y2—y+1)_($2—w+1)(y2—y+1) a?y? —ay + 1

ryl—z)(l-y) (1-2)1-y)(=+y)
(2—z+ )W -y+1) = @ -+ 1)(? —y+1)(@%y? —zy +1)

z+y > ay(a®y® —ay +1)
Do z,y <1mnén 2%y? —ay+1<1,do do6

wty—ay@®y —ay+ 1) >aty—ay=a(l-y)+y>0
Béat ding thitc duge ching minh xong.

1.61 [Nguyén Van Thach, V6 Qubc Ba Can] Cho cic s6 duong a,b,c, chiing minh bat ding thic

a n b n c >i ab + bc + ca
a+b Vb+c c+a V2 VaZ+b?+4c?

Loi gidi. Tru6e hét ta ching minh ring

2 2 2 2
3(@ +b +C)>QZ a
a+b+c a+c

cyc

That vay, ta c6

2 62 2 b2
(VT—VP)(a+b+c):3(a2+b2+62>—<a+b+c)zaaib :“QH’QHQ‘Z%

cyc cyc
)2
_ Z ab(a —b) >0
poo (a+c)b+¢)

St dung bat dang thitc nay va bat dang thitc Holder, ta c6

(aaiz:—i—cc (Z a+> <Cyc a+b)(a+0)>
) () (e
>

2(a+b+c)?
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Ta can chitng minh
4(a+b+c)® > 27(ab 4+ be + ca) Za(a +b)(a+c)

cyc

Khong mat tinh téng quat, gid sit a + b+ c = 1, dat ab + bc + ca = #,r =abc (1 > q > 0), thé
thi ta co r < (1_(1)2%, bat déng thiic trd thanh

4> (1—-¢*)(6¢* +3+27r)
Ta c6
4—(1-¢*)(6¢> +3+27r) > 4~ (1-¢*)(6¢> +3+ (1 — ¢)*(1 +29)) = ¢*(2¢° +2¢° + (¢ —1)*) > 0
Béat ding thitc dugc chitng minh xong. Pang thic x4y ra khi va chi khia =b=c.

1.62 [Darij Grinberg] Ching minh ring vdi moi a,b,c >0, ta cé bt dding thic

a?(b+ c) N b (c+a) N c*(a+b) S 2
M2 +c2)2a+b+c) (2+a®)(20+c+a) (a2+b2)(2c+a+b) ~ 3

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta cé

a’(b+c) a?(b® +cA)(2a+b+c)
(Z(b2+02)(2a+b+c)> (zy: b+ )Z(a2+b2+c2)2

cyc

Do dé6, ta can chitng minh

2
>QZ 20 + A (2a+b+c)

3(a? + b?
(a® + b* + %) T

cyc

3 at+2) a0 >4y ZTCC

cyc cyc cyc

b2+C 2 3(b2+62)
—_— ] >
E (- R (e - T 2o

cyc

b(a —b) — ca®(c — a) a?(b®> +c)(b+c—a)
>
32 b+c Jrz b+c =0
cyc cyc
3z:aba—b) (a? —|—b2—|—ab+bc—|—ca)+Za2(b2+62)(b+c—a)
(a+c)(b+c) b+c

cyc cyc

>0

Khong mat tinh téng quat, gia st a > b > ¢ > 0. Khi dé, ta c6

2ab(a — b)?(a® +b*> + ab+bc+ca)  a?(b*> +c2)(b—a) b*(a®+c)(a—b)
+ +

(a+c)(b+c) b+c a+c
(a —b)?(2ab(a® + b* + ab + be + ca) — (a®b? + (a® + b* + ab)c® + (a + b)c?))
B (a+c)(b+¢)
S (@ —b)2(2ab(a® + b + ab + be + ca) — (a®b? + (a® + b + ab)ab + (a + b)abc))
- (a+c)(b+c)
ab(a — b)?(a® + b* + ac + be)

= (@a+0)(b+0o) =0

VT >

Bat ding thitc dugc chitng minh xong. Dang thitc xay ra khi va chi khi (a,b,c) ~ (1,1,0).
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1.63 [V6 Qudc Ba Can] Cho cic s6 duong a,b,c, chiing minh ring vdi moi k > 2, ta cé bt ding thitc
a+b+c > </a—i—c_i_ </c+b N C/b-i—a
Jabe b+c a+b c+a
L&i gidi. St dung bat dang thitc Holder, ta c6

k
3
Lja+c k_q la+c
E <32 E
(Cyc b+c> - po b+c

Mat khéc, theo bat ding thic AM - GM thi

§-1
LJa+c Lja+c Lja+c k_1q Lja+c
= >
(Z \/b+c> ( \/b+c> (;Vb+c) =37 Z\/bJrc

cyc cyc

cyc

R/a+C a+c
E <§

\/b: \/b:
cyc cyc

chca >Z ja+c
Vabe b+c

cyc

Suy ra

Do dé, ta chi can chitng minh

St dung bat ding thic Cauchy Schwarz, ta dudc

(2V55) =) (57

cyc cyc cyc

Nhu vay, ta chi can chiing minh

a—|—b+c> 2 n 2 n 2
Ja2b2c2 " a+b b+4+c cHa

Hay
(a+b+c)a+Db)(b+c)(c+a) > 2Va2b2c2(a® + b + ¢ + 3ab + 3bc + 3ca)

St dung bat dang thitc AM - GM, ta c6
ab+ be + ca > 3V a?b%c?, (a+ b+ c)(ab+ bc+ ca) > Yabe

Suy ra
(a+b)(b+c)(c+a) =(a+ b+ c)(ab+ bc+ ca) — abe
> g(a+b+c)(ab+bc+ca)
> gvg a?b?c2(a+b+c)
Do dé 8
(a+b+c)a+d)(b+c)(c+a)> gva a2b?c2(a + b+ c)?

Nhu vay, ta chi can chiing minh

4
g(a+b—|—c)2 > a? + b2 + 2 + 3ab + 3bc + 3ca

Hay
(a+b+c)? > 3(ab + be + ca) (ding theo AM - GM)

Vay bat déng thiic can chitng minh ding. Ding thiic xay ra khi va chi khia = b = c.



56 CHUONG 1. CAC BAI TOAN PA CO LOI GIAI

1.64 [V6 Qubc Ba Can| Cho cic s6 khong am a,b, ¢, ching minh bt ding thic

3(z_|_3/b+3 C 5o abc 1
b+c c+a a+b~ (a+b)(b+c)(c+a)

Loi gidi. Trude hét, ta chitng minh

a n [ b n C oo abc 1
b+c c+a a+b~ (a+b)(b+c)(c+a)

That vay, bat déng thic tuong duong

Z\/a(a+b)(a—|—c) >2y/(a+ b+ c)(ab+ be + ca)

cyc

Hay

(Z\/ (a+b)( +c> >4(a+ b+ c)(ab+ be+ ca)

cyc

Za3 +22(a+b)\/ab(a+0)(b+c) > BZab(a—i—b) + 9abc

cyc cyc cyc

St dung cac bat ding thic AM - GM, Cauchy Schwarz va Schur, ta c¢6

VI>Y a®+2) (a+b) (ab+cx/%) = a®+2) abla+b)+2Vabe Y e(a+b)

cyc cyc cyc cyc cyc
> Za?’ —|—22ab(a+b) + 12abe = <Za3 + 3abc> + 2Zab(a—|— b) + 9abc
cyc cyc cyc cyc

>3 ab(a+b) + 9abe

cyc

Tiép theo, ta sé chiing minh
a a2/3

b+c = b2/3 4 ¢2/3

3

That vay, bat déng thic tuong duong

a® a®

>
(b+c)2 = (b2/3+c2/3)3

(0% + )3 > (b+c)?
3b2/3¢2/3(b2/3 4 2/3) > 2bc (ding)

T a 2/3
Z Z b2/3a_|_ 62/3

Tit bat ddng thitc nay, suy ra

Theo trén thi

a2/3 ~y a2/3p2/3:2/3 .
; p2/3 L 2/3 = (a2/3 + b2/3)(b2/3 4 ¢2/3)(c2/3 + a2/3) T
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Suy ra

a a2/3b2/302/3
> > 2 +1
b+ec (a2/3 + b2/3)(b2/3 4 ¢2/3)(c2/3 + a2/3)

cyc

Do do, ta chi can ching minh

a2/3b2/3c2/3 > abc 1
(@25 4 )25+ 2 (@B @) S\ @bt aleta)

(a+b)(b+c)(c+a) > a'Pot/3c 3 (a3 + V23 (023 + 23)(*® + a?/?)
(@ + 7)) + 2°) (2% + %) > wyz(a® + y*) (v* + 22)(2° + 2?)

trong d6 « = al/3,y = b1/3, 2 = /3.

Bét ding thitc nay chinh 14 hé qué clia cac bat ddng thiic hién nhien sau
1
T +y > 21y, x2—xy+y225(3:2+y2) Yo,y >0

Vay ta c6 dpem. Déng thiic x4y ra khi va chi khi (a,b,¢) ~ (1,1,0).
1.65 [V6 Qudc Ba Can] Cho cdc s6 thuc a,b,c,d théa a® +b* + % +d? = 4, chimg minh bit ddng thic
9(a+b+c+d) < dabed + 32

Loi gidi. Dé dang kiém tra dugc max{abc, bed, cda, dab} < 2, do d6 néu ton tai 1 trong 4 sb a,b,c,d
khong 16n hon 0, chang han d < 0, ta c¢6

9(a+b+c+d)—4abed = 9(a+b+c)+d(9—4abe) < 9(a+b+c) < 9v/3(a + b2 + 2 + d2) = 18V/3 < 32

Nhu vay, ta chi con phai xét bat ding thiic trong trudng hop a,b,c,d > 0. Khong mat tinh téng
quét, gia st d = min{a,b,c,d}, suy ra 1 > d > 0, dit P(a,b,¢,d) = VT — VP,x = g/%ﬁ va
p = a+b+c, thé thi ta c6 2v/3 > 3z > p > /3, ta sé ching minh P(a,b,c,d) < P(z,z,,d), that
vay bat dang thitc tuong duong

9(3z — p) > 4d(z* — abc)

p?—622)(p®+322)

Tit bat déng thitc Schur bac 4 Y . a%(a—b)(a—c) > 0, ta suy ra dugc abe > ( 35 , nhu

vay, ta chi can chiing minh

cyc

9(3z —p) > 4d (ac?’ _ -6 + 3x2))

12p

Hay

d(p® + 3px + 6px? + 6x3)) -0

(32 — p) <27 - ;

Chu ¥ rang 3z > p > /3 nén

3d(p® + 3p%x + 6pa? + 62°)
p

81 —

> 81 — 782%d = 81 — 26d(4 — d*) =3 +26(1 —d)(3 —d —d*) >0

Nhu vay bat déng thiic ding va ta con phai chiing minh
9(3x +d) — 42°d < 32

Hay
(9 — 42®)V/4 — 322 = d(9 — 42®) < 32 — 2Tz
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32— 27x

fle) = (9 — 4x3)v/4 — 322 =

Ta c6
12(z — 1)(81az* — 4723 — 11922 + 92 + 81) -0

f(x) = (9 — 423)2(4 — 322)3/2 =

Suy ra f(x) la ham dong bién, do d6 f(z) > f(1) = 1, vay ta c6 dpcm. Déng thitc xay ra khi va
chikhia=b=c=d=1.

1.66 [V6 Qudc Ba Can| Cho cic sé khong am a,b, ¢, ching minh bat ddng thic

\/a2+256bc+\/b2+2560a+\/02+256ab -1
B2 + ¢2 2 + a2 a2 + b2 —

Léi gidi. Khong mat tinh tdng quét, gid st a > b > ¢ > 0, xét cac truong hop sau
Trudng hop 1. 256b% < a?c, suy ra a® > 256b2, do d6

a? + 256bc /b2 + be
——— 2> 164/ 5——= > 16 > 12
b2 +c2 b2 +c2
Trudng hgp 2. 2566 > a’c, khi d6 ta co

a? + 256bc f n (2560 — a’c) S aj b? +256ca  b*  ¢(256a® — bc) _ b
b2+ b2 b2(0% +¢?) — N

b2’ c? +a? a? a?(a? + c?) = a?
ARSI Ty L L 8/ =2 > 38 =12
b a a2 +b2 ab a?+ b2 — o

Bét déng thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi (a,b,c) ~ (2 +3,1, O) .

Do do

1.67 Cho cdc s6 duong x,y,z c6 tich bang 1, chitng minh ring

I S |
yr+2  2A4+2 zt42

Loi gidi. Do x,y,z > 0,zyz = 1 nén ton tai céc sé duong a,b,c sao cho x = %,y = £,z = 2 khi d6 bat

déng thic tré thanh
5
a
— _>1
%C: b(ct 4 2a*) —
St dung bat dang thitc Cauchy Schwarz, ta co

VT > (a® + b3 + )2
~ 2(aPb + bPc + cPa) + abe(ad + b3 + ¢3)

Ta can ching minh
(a® 4+ 0% + )2 > 2(a®b 4 bc + Pa) + abe(a® + b3 + )
Hay
(a® + 1% 4+ )2 — (ab+ be + ca)(a* +b* +¢*) > Za5b - Zab5

cyc cyc

(5 -(2) (5 (£ me-rme) 55

cyc cyc cyc cyc cyc cyc cyc cyc
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> (@ + 6"+ ¢t = 20°0%) (a — b)* > 2(a — b)(b - ¢)(a — ¢)((a + b+ ¢)(a® + b* + ¢*) + abe)

cyc
Tir day, khong mét tinh tdng quat, ta chi can xét @ > b > cla dt. Data = a1 +t,b = by +t,c = ¢+t

v6i t > —cp, xét ham s6

F@&) = ((ar + )" + (b +1)* + (1 + 1)* = 2(a1 + )* (b1 +1)*)(a — 1)

cyc

+2]J(a—1b) ((Z(al + t)) (Z(al + t)2> + (a1 +t)(by 4+ t)(c1 + t))

cyc cyc cyc
Ta co

) =4 (a1 +8)° + (b1 +)° + (c1 +8)° = (a1 +£)° (b1 + ) — (a1 + ) (b1 +)*)(a — b)?

cyc

+2]Jla=b) |3 (a1 +1)* +2 (Z(al + t)) +) (a1 +t)(by +1)

cyc cyc cyc cyc

@) = 42(2(a1 + )2 4+2(by + )% +3(cy + )% — 4(ay +1)(by +1))(a — b)?

cyc

+24]J(a 1)) (a1 +1)

cyc cyc

= 42(20,2 + 202 + 3¢* — 4ab)(a — b)? — 24(a — b)(b—c)(a —c)(a+b+c)

cyc

=2 Z(ZaQ — 2b% + 5bc — 3ca — 2ab)? + 62 la—b)*>0

cye cye
Suy ra f’(t) 1a ham dong bién, do d6
() > f(—c1) = 2(42® — 11aty + 623y* + 62%y> — 2y + 44°) > 0
trong d6 x = a3 — ¢1,y = by — ¢1. Nhu vay f(t) 1a ham dong bién, suy ra
ft)> f(—c1) = 2% —22°y + 2233 +45 >0
Béat ding thitc duge ching minh xong. Dang thic x4y ra khi va chi khiz =y =2 = 1.

1.68 [V6 Qubc Ba Can| Chimg minh rang vdi moi s6 duong a,b,c,d ta cé bat ding thic

1,111 LS SRR SRS S W [
a b ¢ d a+b b+c c¢c+d d+a)  abed+1
Loi gidi. St dung bat dang thitc AM - GM, ta c6
1 1 a+b c+d a+b a+b c+d c+d
T=(=+—
v (ab + cd) * (ab(c+d) + cd(a+b)) * ab(d + a) + ab(b+c) + cd(b+ c¢) + cd(d + a)
4 a+b a+b c+d c+d

>
~ Vabed * ab(d + a) + ab(b+ ¢) * cdb+c)  cd(d+a)

Tuong tu, ta co

4 n b+ec . b+c . a+d . a+d
abed be(a+b)  be(c+d)  ad(a+b)  ad(c+ d)

VT >
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Do do
8 a+b a+d a+b b+c
2VT > +
_\/rbcd—i_(ab(d—ka) ad(a+b)) <ab(b+c) bc(a+b)>
c+d b+c c+d a+d
* (cd(b+c) + bc(c+d)> * (cd(d+a) + ad(c+d)>
N 8 n 2 n 2 n 2 n 2
~ Vabed avbd  bvea  e/bd  dyca
L2 (1)L (1),
Vabed  Vbd \a ¢ Vac \b  d) = Vabed
Suy ra

8 16

T > >
VT2 abed — abcd +1

Vay ta c6 dpcm. Déng thitc x4y ra khi va chi khia =b=c=d = 1.

1.69 [Pham Hitu Dic] Cho cdc sé6 duong a,b,c,d théa a® + b* + c® + d* = 4, ching minh bt ding

thic
at+b+c+d ) 1 1 1 1
7< 3 — — — —
5 _\/(abcd+1)<a—|—b+c+d)

Loi gidi. St dung két qud bai toan 1.65, ta c6
9(a+b+c+d) < 4abed + 32

Mait khac, theo bat ding thitc AM - GM thi

abed < 1, -4+ -+-+

Nhu vay, ta can chiing minh

véi x = Vabed < 1.

Hay

Ta co f'(x) = (14+8)2(gf1_);1$4+8) > 0, suy ra f(z) la ham dong bién, do d6 f(z) < f(1) = 2.
Bat ding thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia=b=c=d = 1.

1.70 [Pham Kim Hung] Cho cic s6 duong ay,as, ..., a, théa ajas---a, = 1. Khi dé, vdi moi k € R,

ta co
1 1 1 . n
+ +~-'+7>mln{1,?}

(1+a))k  (1+az)k (1+an)k —
Lot gidi. Nhan xét rang ta chi can ching minh trong truong hop & > 0 1a du. Dat f(t) = W Goi
M la trung binh nhan ciia a1, as, . .., a,. Khi dé, bat déng thitc can chitng minh tuong duong véi

flar) + flag) +--- + f(an) = min{nf(M),1}

Ta ¢6 B3 dé sau
Bé dé. Néu0 < a<b<c<dvhaad=bcthi

fla) + f(d) = min{f(b) + f(c), 1}
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That vay, dat m = Vad = vbe va g(t) = f(mt) + f () = (mt +1)7F + (2= + 1)_k v6i moi ¢ > 0.
Lai dat t; = £ty = % thi ty > ¢; > 1. Ta can chiing minh

g(t2) = min {g(t1), 1}

Xét tinh don diéu ctia g trén [1,400), ta c6
1 —k—1
g (t) = mk < (@ + 1) — (mt+ 1)’“)

—k—1
(+1) >0+

2

1—k
h(t) = t7=1 —mt +mtTF —1 <0

Lai c6
21—k 1-% 2k
h(t) = tTHE — —mt 1
() P Ttk m+1+km E+1
2(1—k) _ 8k+1
h'(t) = ———2t~ "1 (t —mk
O= Gt T

2(1 —km
h(1) =0, (1) = %
Ty thudc vao cac gia tri cia m va k, xét cac truong hgp sau
()k=1m<1,tacoh(t)=(1—-—m)(t—1)>0Vt>1,dodéh >0 trén (1,+00).
(i) k=1,m>1tacé h(t)=(1—m)(t—1) <0Vt >1,dodé h <0 trén (1,+0c0).

1

(t4i) k<1l,m < o khi do6, ta c6 " >0Vt > 1, vi h/(1) > 0 nén A’ > 0 trén (1,+00). Vi h(1) =0
va h lién tuc nén A > 0 trén (1, +00).

(iv) k < 1,m > f, khi d6, ta c6 h/(1) < 0 va h” < 0Vt € (1,mk), suy ra b’ <0Vt € (1,mk). Vi
h(1) = 0 v& h lién tuc nén h < 0 V¢t € (1, mk]. Trén (mk,+o0), ta c6 h” > 0, tic h 14 ham 16m
trén (mk, +00). Ta lai ¢6 h(mk) < 0 va . 1i21 h(t) = +00 nén tdn tai duy nhat p > 1 sao cho h < 0
vt € (1,p) va h > 0 Vt € (p, +00).

(v) k>1,m< %, khi d6, ta c6 h” < 0Vt > 1, tiic h 1a ham 16i trén (1, +00). Do h 13 ham lien tuc

nén h(t) > min {h(l),t ligl h(t)} =0Vt>1.

(vi) k > 1,m > 4, khi d6, ta c6 K/ > 0 Vt € (1,mk), ttc h la ham 16m tren (1, mk) va " < 0
Vt € (mk,+00), tic h 1a ham 15i trén (mk,+o00). Néu h(mk) < 0 thi do h(1) = 0 va h lién tuc
nén h < 0Vt € (1,mk], lai do tliﬂ_n h(t) = 400 nén ton tai duy nhat u > mk sao cho h < 0
Vt € (mk,u) va h > 0 Vt € (u,+00). Néu h(mk) > 0 thi do h la ham 15i trén (mk,+o0) neén
h(t) > min {h(mk),tliin h(t)} > 0Vt > mk, do h 1a ham 16m trén (1, mk) va k(1) = 0 nén ton
tai v € [1, mk] sao cho h <0Vt € (1,v] vi h > 0 Vt € [v, mk].
T cac truong hop néi trén
+, Néu h(tz) > 0thi h > 0Vt € (tg, +00), tiic 1a ¢’ < 0. Suy ra, g 1a ham khong tang trén [t2, +00).
Do do6

g(t2) > lim g(t) =1

t——+oo
+, Néu h(tz) < 0 thi h <0Vt € (1,t2), tiic Ia ¢’ > 0. Suy ra, g 1a ham khong gidm trén (1,%3). Do
do
g(t2) > g(t1)
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Vay, ta c6

g(t2) = min{g(t1), 1}
B dé dugce chitng minh hoan toan.
Tré lai bai toan clia ta, ta sé chitng minh bang quy nap theo n. Trudng hop n = 1,n = 2 thi bat
dang thitc hién nhién ding. Gia st bat ding thitc ding cho s6 bién bé hon n (n > 3). Ta sé chiing
minh minh né ciing ding cho s6 bién bang n. Ta can chiing minh

flayy + f(az) + -+ f(an) = min {nf(M),1}

Dé thay ring trong day ai,as,...,a, luén ton tai it nhat mot sé khong 16n hon M va it nhét
mot sé6 khong nhé hon M. Khong mét tinh téng quat, ta cé thé gia si a1 < M < ao. Ky hieu
T = min{M7 “}\;2} VA To = max {M, %} Khi d6, ta c6 a1 < x1 < x99 < as va 179 = aias, do
d6 st dung B dé trén, ta c6

far) + faz) = min {f(21) + f(22). 1} = min { 1) + 1 (57) 1]

Chu y rang %42, as, a4, ..., a, cing c6 trung binh nhan 1a M va s6 bién 1a n — 1 < n neén theo gia

thiét quy nap, ta cé

(57 + Fas) + ...+ flan) = min{(n = 1)f(M),1}

Do do

a1a2

Zn:f(ai) > min{f(M) +f( i )1} + flaz) + -+ flan)

ai1az
M

> mm{f(M) ny ( ) + flaz) + -+ f(an),1} > min {nf(M), 1}

Vay bat déing thic trén ciing dung cho s6 bién bang n. Theo nguyén 1y quy nap, ta suy ra né dung
v6i moi m. Bai toan dugce giai quyét hoan toan.

1.71 Cho a,b,c la cdc s6 duong, ching minh ring

a® b &

2
L —+—+ S +—F—>2ad"+0"+"+2

bc  ca ab abe

a® b & 3

=t —+—+—>a"+b +c+3

bc  ca ab abe

L&i gigi. (1) Sit dung bat déng thitc AM - GM, ta c6

a® b° e
—+ab622a5, —+ab022b5, — 4+ abe > 20
be ca ab

Suy ra

a 0 5 5 5 5 5 5 3
b——&———i——bZQ(a +b°+¢) —3abe > a® + b° + ¢ + 3V adbhdcd — 3abe
c ca a

Do d6 dé chiing minh bat ding thiic da cho, ta chi can chitng minh
2
3V abbh5¢d — 3abe + e > 2
abc

Hay
2
5 3
3t° — 3t +t—322



63

véi t = Vabe > 0.

(t —1)%(3t% + 6t° + 6t* + 613 + 6> + 4t + 2)
3

>0 (ding)

Vay bét ding thic can chiing minh dang. Déng thiic xay ra khi va chi khia =b=c = 1.
(2) Tuong ty nhu trén, 4p dung bat ding thitc AM - GM, ta ciing c6

a’ b° o
— +abc + a® > 3a*, — + abc + b% > 3b*, — +abc+c* >3t
be ca ab
Suy ra
O b &
b7+7+7b > 3(a* +0* + ) — (a® + b + %) — 3abe
c

Lai 4p dung bat ding thitc AM - GM, ta c6

1 1 1
—(a*+1) > a?, —(0*+1) >, —(t+1) >
2 2 2
Suy ra
1
§(a4+b4+c4)2a2+b2+c272
Do d6 tu trén, ta dugc
CL9 b9 C9 5 4 \/m 4 3
E—Ff—t—fb ( + 0t +ct) — 3abc—§22 atbict 4 (a* + b +c)—3abc—§

Nhu vay, dé ching minh bat ding thitc da cho, ta chi cdn ching minh
9 3 3
5\/3 ab*ct — 3abe — 5t e 2 3

Hay
3

t3_

l\D\@

9 3
t
& - 2 -3t +
véi t = vabc > 0.
;(t —1)2(t 4+ 1)(3t* + 3 4 4¢% + 2t + 2) > 0 (ding)
Vay bat dang thic can chiing minh dang. Déng thtic x&y ra khi va chi khia =b=c = 1.

1.72 Cho x,vy, z,t la cdc s6 duong théa xyzt = 1, chiing minh ring

1 1 1 1
+ + + <1
zy+yz+ze+1 yz+zt+ty+1 zt+tr+zxzz+1 tet+zy+yt+1
Loi gidi. Dat a = 1,b = %,c: 1.d =1, thita c6 a,b,c,d > 0 va abed = 1. Bat déng thiic can ching

minh tré thanh

1 1 1 1
<1
alb+c+d)+1 +b(c+d+a)+1+c(d+a+b)+1+d(a+b+c)+1 -

Khong mat tinh tong quét, ta co thé gia st a > b > ¢ > d > 0, thi cd < 1. Khi d6, theo bat ding
thitc AM - GM, ta c6

1 1 1 1
+ < +
cld+a+b)+1 dla+b+e)+1 c(d+2\/@>+1 d(2@+c>+1
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Mit khéc
1 N 1 B (a+b)(c+d) +2(ab+1)
ab+c+d)+1  blc+d+a)+1 (a+b)(c+d)(ab+1)+ablc+ d)?+ (ab+1)2
B m+2(ab+ 1) — f(m)
5 =

~ m(ab+ 1)+ ab(c+d)? + (ab+ 1)
trong d6 m = (a + b)(c + d) > 2vab(c + d) > 0. Ta ¢6

ab(c? + d? + cd — ab — 2)

/
= <
Fm) = @+ 1) T able dZ + (@b 122 = °
Do d6 f(m) la ham ngich bién, suy ra
2
f(m) < f(2Vab(c+d)) =
( ) \/%(c+d+\/%)+1
Dat A = v/ab, thi ta c6 A > 1 vh A%ed = 1. Do d6
2 1 1
VT <
*A(c+d+A)+1+c(d+2A)+1+d(2A+c)+1

Nhu vay, dé ching minh bat ding thitc da cho, ta chi cAn ching minh

2 1 1
<1
Alctdr A+l cdi2A) 41 deAto 11

Dat p = A(c+d), khi d6 sau mot vai tinh toan don giadn (véi chi ¥ ring A%ed = 1), ta ¢ bat déng
thitc trén tuong duong véi

2cdp® 4 (cd — 1)*p 4+ 34% — 2d*> —3cd — 7> 0

Hay
2A%cd(c+ d)* + Alc + d)(cd — 1)*> +3A% — 2d* —3cd — 7> 0

2(c+d)? + A(c+d)(cd —1)* + 342 — ?d? —3cd — 7> 0

2(c—d)* + A(c+d)(cd — 1)* + 34% — 2d® + 5cd — 7> 0
2 — d)? + Ac+ d)(cd — 1)2+%—c2d2+50d—72 0

(cd —1)%(3 — cd)

2(c —d)? + A(c+d)(cd — 1)* + o

>0

Bét dang thitc nay hién nhién ding vi ed < 1. Vay bat déng thiic can chitng minh ding. Dang thiic
xdy ra khiva chikhia=b=c=d=1.

1.73 [V6 Qubc Ba Can| Ching minh rdng vdi moi x,y, z,t > 0 thi
(+y)(@+2)(x+0)(y+2)(y+t)(z+1t) > dayet(z +y+ 2 +t)?
Loi gidi. Data=1,b=

%7 c=21,d=1thitacoa,b,cd>0. Khid6, bat dang thic trén tré thanh

(a+b)(a+c)(a+d)(b+c)(b+d)(c+ d) > 4(abe + abd + acd + bed)?
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St dung bat dang thitc Cauchy Schwarz, ta co

2
(abe + abd + acd 4 bed)? = (\/@~b\/ﬁ+\/@'a\/ﬁ+\/ad~0\/ad+\/ch'd\/%>

< (ac + bd + ad + be)(ab*c + a*bd + ac®d + bed?)
= (a +b)(c+ d)(ab’c + a®bd + ac*d + bed?)

(abc + abd + acd + bed)? ( Ve - avbe + Vad - Wad + vac - dyac + Vod - cx/>)

< (be + ad + ac + bd) (a*be + ab*d + acd® + bc?d)
= (a +b)(c + d)(a*bc + ab®d + acd® + bc?d)
Cong 2 bat ding thiic trén vé véi vé, ta dudc

2(abc + abd + acd + bed)? < (a + b)?(c + d)?(ab + cd)

Tuong ty, ta c6
2(abc + abd + acd + bed)? < (a + ¢)?(b + d)?(ac + bd)

2(abc + abd + acd + bed)? < (a + d)*(b+ ¢)?(ad + be)
Do do

8(abc+ abd + acd +bed)® < (a+b)(a+c)?(a+d)*(b+c)*(b+d)*(c+d)*(ab+ cd)(ac+ bd)(ad + be)
Nhu vay, ta chi can ching minh
(a+b)(a+c)a+d)(b+c)(b+d)(c+d) > 8(ab+ cd)(ac + bd)(ad + be)
Stt dung bat déng thitic AM - GM, ta c6
4(ab + cd)(ac +bd) < (ab+ cd + ac + bd)? = (a + d)*(b + ¢)?

Tuwong tu

4(ac+ bd)(ad + be) < (a+b)?(c+ d)?, 4(ab+ cd)(ad + be) < (a+c)*(b+ d)?
Suy ra

43(ab + cd)?(ac + bd)*(ad + be)* < (a +b)*(a + ¢)*(a + d)*(b+ ¢)*(b + d)*(c + d)?

Hay
(a+b)(a+c)(a+d)(b+c)(b+d)(c+d) > 8(ab+ cd)(ac + bd)(ad + be)

Vay bat déng thiic can chitng minh ding. Ding thiic xay ra khi va chi khi z =y = 2z = t.

1.74 [Gabriel Dospinescu] Chiing minh ring véi moi s6 duong ay,as,...,a, théa ajas---a, =1 ta
6 bat ding thitc

\/a§+1+\/a3+1+--~+ a +1<V2(a1+ag+-- +ap)
Loi gidi. Xét ham s6 f(z) = Va2 +1 -2z + (\f— 7>lnx v6i x > 0. Ta ¢

(x—1) (—2:02 +x—1-222/2(z2 + 1))
2/2(22 + 1) (V222 + Va2 + 1)

f@)=0ez=1

fiz) =
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Qua 1 thi f/(z) ddi dau tit duong sang am nén

fz) < f1)=0  Va>0

Hay
1
\/x2+1§\f2x<\[)ln:1: Vx>0
V2
St dung bat dang thitc nay cho n 6 a1, as,...,a, roi cong lai, ta duge
n n 1 n
a2 +1<V2 ai—<\f—) Ina;
n 1 n
=2 ai—(\f—)lna as--an)=v2Y a;
; 75 ) (@az -+ an) ;
Vay bét déng thitc can chiing minh ding. Péng thic xdy ra khi vi chi khia; =as =+ =a, = 1.

1.75 [Kiran Kedlaya] Chiing minh ring vdi moi s6 duong a,b,c ta cé bat dang thiic

a+\/@+\3/abc<<,/a at+b a+b+c
3 - 2 3

Loi gidgi. Dat a = 25,0 = y5, ¢ = 25 (2,y,2 > 0). Ta c¢6 bat déng thitc can chiing minh tuong duong véi
9
(z* + zy® + y22?)% < 5(3:6 + %) (2% +y° + 29)
St dung bat ding thic Holder, ta c6
(1‘4+1‘y3 +y222)3 _ (1‘2 '!L‘2 -1+:Uy-y2 . 1+y2 .22 . 1)3 < 3(1‘6+1‘3y3+y6)($6+y6 +Z6)

Mzt khéc, theo bat ding thitc AM - GM thi

Suy ra
(z* + zy® + y2z2)3 <32 + 23y 4+ %) (2% + 4% 4 20) < g(xG +4%) (2% + y°® + 29)
Béat ding thitc duge chiing minh xong. Pang thic x4y ra khi va chi khia =b=c.
1.76 [V6 Qudc Ba Can] Cho cic s6 khong am a,b, ¢, chiing minh bat ding thic

a3 N b3 N 3 > 2+b2+ 2
a c
VB2 —bc+c2 V2 —ca+a® Va2 —ab+ b2

Loi gidi. St dung bat dang thitc Cauchy Schwarz, ta co

3 S (a® + b% + c?)?

a
Z Vb2 —be+c® T Yo avb —be+c?

cyc

Do d6, ta chi can ching minh

Za\/bechch <a?+v:+c2

cyc
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Lai st dung bat ding thitc Cauchy Schwarz, ta dugc

(Z am>2 < <Z a> (Za(b2 - bc+02)>

cyc cyc cyc
Nhu vay, ta chi can chiing minh
(a®> +b* +c*)? > <Z a) <Z a(b* — be + 02)>
cyc cyc

Hay

Za +acha>Zab +b2

cyc cyc cyc

Day chinh 14 bat ding thitc Schur. Vay bat dang thiic can chitng minh ding. Déng thitc x4y ra khi
va chi khi (a,b,¢) ~ (1,1,1), hodc (a,b,c) ~ (1,1,0).

1.77 [Vé6 Qubc Ba Can] Ching minh ring vdi moi a, b, c khong am

>
a? 4 6ab + 22 + b2 4 6bc + 2¢2 + c? 4 6ca + 2a2 —

Loi gidi. Dt x = g, y=1,2=%thitacoryz>0varyz =1, khido bat dang thiic tré thanh

Z \/2232 +6x +1

cyc

Do z,y,z > 0,zyz = 1 nén ton tai cac s6 m,n,p > 0 sao cho z = 25,y = B3 » = o bat dang

thitc duge viét lai nhu sau
m2

> 1

e V/mA + 6m2np + 2n2p?

St dung bat dang thitc Holder, ta c6
2 (Z m2(m4 —|—6m2np+n2p2)> > (m2 +n2 _|_p2)3
cyc
Ta phai chitng minh

(m? +n? +p?)3 > Z m?(m* 4+ 6m2np + n’p?)

cyc

3% m*(n—p)* >0

Bét ding thiic nay hién nhien ding. Vay ta c6 dpcm. Dang thitc x4y ra khi v& chi khia = b = ¢
hodic cac s6 a,b,c thoéa £ — 0, — 0 va cac hodn vi.

1.78 [V6 Qubc Ba Can| Cho cic sé khong am a,b, c, ching minh bat ddng thic

3(ab + be + ca)
b+c Vc—l—a a+b a2+ b2 4 c2
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Loi gidgi. Khong méat tinh tong quat, gid stt a > b > ¢, ta sé ching minh

b c b+e
A/ + 4/ >4/
c+a a+b— a

That vay, bat ding thiic tuong duong

b c be b+c
a+c+a+b+2 (a—i—b)(a—&—c)Z a
Hay
be S be n be
(a+b)(at+c) ~ala+c¢) ala+b)
27a> 2a+b+c
Vboe ~ \/(a+b)(a+c)
2o Vi) | o
Ve T \flatb)(a+o) (Vatb+vate)
Ta c6
2(Vo-vE)  p-op 2 (Vi) (Vi ve)
VT-VPE = e - (V) | e aarg ) 2O
Vi

(\/B+ﬁ)2§2(b+c)§2(a+c), \/E(\/B—ﬁ)Sx/% a
Miit khac, dé thay

ab+ be+ ca > a(b+ ), AP+ <a+(b+c)?

Suy ra
a [b+c¢ 3a(b+c) 33
VT > —+3 =
_\/b—i—ch a a?+ (b+c)? z+\/a:2—2
vl z = /5 4 /e > 2.
Ta can chitng minh
3
vy 3V3 TV2
72 —2 2

Néu z > 77‘/5 thi bat diing thic hién nhién ding, xét trudng hop nguoc lai z < 77‘/5, khi d6 ta c6

97 V32 2 (= 2v2)? (19 + 6V2z — 22 V32
x2—2_<2_x> - )25:52—2) )ZO(dNST)

Bét déng thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi (a, b, c) ~ (3 +2V2,1, 0) .

Nhan xét. Mot cach téng quat, ta cé két qua sau

a b c ab + be + ca . k
\/ k > —_— Va,b,c,k >0
\/;+ C+a+\/a7+b+ a2+b2+c2713121121{m+ m} a,b,c,k >

Tuy nhién, bang tinh toan thuc té, ta nhan thiy véi k = 3v/3 thi bai toan c6 dap sb dep nhét.
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1.79 Cho cic s6 khong am a, b, c, chiing minh bit ding thic

o b c 16(ab + be + ca)
b+c c+a a+bd a? +b2+c2 ~

Loi gidi. Khong mat tinh tong quat, gid st a + b+ ¢ = 1, diit ab+ be+ ca = x, bat dang thic tré thanh

3abc+1—2x 16x

>
T — abc 1—233_8
Ta c6 )
1-22 16z (6x —1)
VT > = 8>8
Tz 1—-2x x(1—2x)+ -

Bét dang thitc duge ching minh xong. Déng thic xay ra khi va chi khi (a,b,¢) ~ (2++/3,1,0) .
1.80 [V6 Qubc Ba Can] Cho cic s6 khong am a,b, ¢, ching minh bat ding thic

a? + b? +02)3/2

3(a® + b* + ) + 2abe > 11( 3

Loi gidi. Khong mat tinh tong quat, gid sit a+b+c = 1, diat ¢ = ab+bc+ca,r = abe thi ta cé % >q >0,

ngoai ra, stt dung bat déng thic Schur, ta ciing ¢6 r > max {0, 4q9_1 }, bat dang thic trd thanh

3/2
1-2
11T+3—9q>11( - q)

Néu 1 > 4q, ta c6

3/2
1-2 1
q) >0 (do = >¢q>0)

_ >3_9g—
VI —-VP>3-9q 11( 3 12

Néu 4¢ > 1, ta c6

1— 2q)3/2 _ (1-3q)(673¢ — 107 - 968¢°) _

9 (16 —37q+ 11@)

Bat ding thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia = b= c.

16 —
VT—VP26937Q—11(

1.81 [Pham Van Thuan] Cho cdc s6 khong am a,b,c,d théa a® + b% + ¢ + d? = 1, chiing minh bat
ddng thic
a? b3 c3 d?
lfbcd—’_ lfcda+ 1—dab+ 1 —abc

4
> =
-7

Loi gidi. St dung bat dang thitc Cauchy Schwarz, ta suy ra dudc ta chi can chiing minh
7(a® 4+ 0% 4 ¢ 4+ d*)? + dabed — 4(a® + b + A +d®) > 0
Khong mat tinh tdng quat, gid st d = min{a,b, ¢} suy ra d < %, dat t = \/W, ta sé chiing

minh
VT > 7(3t° 4+ d*)? + 4t3d — 4(3t* + d°)

Hay

7(a® + 0% + & = 3t3)(a® + b* + ¢+ 2d° + 3t%) > 4(a® + b® + ¢ — 3t%) + 4d(t* — abe)
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Tit két qué bai toan trén, ta dé dang suy ra duge 0 < 2(t3 — abc) < 3(a® + b3 + ¢* — 3t?), ta can

chiing minh
7(a® + 0% + & = 3t3)(a® + b° + ¢ +2d° + 3t%) > 4(a® + 0> + ¢ — 3t%) + 6d(a® + b° 4 ¢ — 3t3)

7(a® +b* 4+ ¢ 4 2d® + 3t3) > 4 + 6d

Hay
Theo bat dang thitc Holder, ta c6
3,13, .3, B3 L 3, 34 1
a”+b>+c’+d 25, 3t°+d 25
Suy ra
7(a® + % + ¢ +2d° +3t3) —4 — 6d > 3(1 — 2d) > 0

Tiép theo, ta phai chitng minh
7(3t3 + d®)? + 4t3d — 4(3t> + d3) > 0

7(3t3 + d3)% + 4t3d(3t% + d?) -
(3t3 +d3)(3t2 +d?)3/2 —
3 2 2
f@%:mx+$ +m@A+$24
(23 + 3) (22 + 3)3/2

véi x = % <1.
Ta c6 thé dé dang chitng minh bat déng thiic trén. Déng thiic xay rakhivachikhia =b=c=d = %

1.82 [Pham Van Thuan] Cho cdc s6 khong am a,b,c,d théa a® + b3 + ¢3 + d3 = 1, chitng minh bat

dang thic
L < 0,3 N bS N C3 N d3 < é
“1—bcd 1—cda 1—dab 1—abc ™ 3
Loi giai. Ta co
I PED DU
1—bed = 2" =
cyc cyc
Mait khéc, sit dung bat ding thic AM - GM,
3a® 3a3 a? 1
T S - o = =12-6 —_
96 4

<12 - =_
ad+b+c3+d3+8 3

Béat ding thitc duge ching minh xong.
1.83 [Vasile Cirtoaje] Cho cdc s6 duong a,b,c,d théa a+ b+ c+ d = 4, chiing minh ring

1 1 1 1
—+—F+ =+ ——>a’+ 0+ + &

ab + bc  cd da

Loi gidi. St dung bat dang thitc AM - GM, ta suy ra duge véi moi z,y > 0 thi

4
22412 < (r +y)
S8xy
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St dung bat dang thitc nay, ta co

(a+c)*  (a+c)*bd - (a+c)*(b+ d)?

2 2
< =
@S 8ac 8abed 32abed
Tuong ty, ta co
b+ d)*(a+ c)?
2 2 < (—
Frd s 32abcd

Ta can chitng minh
32(a+c)(b+d) > (a+c)?(b+d)?((a+c)+ (b+d)?)

Hay
32> (a+c)(b+d)((a+c)* + (b+d)?)
((a+¢)+ (0+d)* = 8(a+c)(b+d)((a+c)* + (b+d)?) (ding)
Vay ta c6 dpem. Dang thiic xay ra khi va chi khia=b=c=d = 1.

1.84 [Nguyén Van Thach, V6 Quéc Ba Can| Cho cdc s6 duong x,y, z, tim hing s6 k 1on nhat sao
cho

x z r+y+z
R N (R ) et
Y z x Jryz

Loi gidi. Khong mét tinh tong quét, gid sit xyz = 1, khi d6 ton tai a,b,c > Osaochoz = ¢,y = £,z = 2,
bat ding thiic tré thanh
a® + b® + ¢ + 3kabe > (k + 1)(ab* + be* + ca?)
Cho a = 1,b = ¥/2,¢ — 0, ta suy ra duge k < 3%/1 — 1, ta s& chitng minh day 13 gia tri can tim.

That vay, khong mat tinh tdng quét, gid sit ¢ = min{a,b,c}, dit a = c+2,b = c+y (z,y > 0),
bing tinh toan don gian, ta cé bat ding thic tuong duong véi

1 3
31— —= )@ —ay+yP)ec+a®+y>— —zy>>0
( ﬂ>( y+y°) Vo gt 2

St dung bat dang thitc AM - GM, ta c6

3 3
3 3_.3,9Y Y 3 2
4y =x +?+52Tﬂxy
Vay ta c¢6 dpcm, do d6 gia tri £ phai tim la
3
Fmax = —=
7

1.85 [Pham Van Thuan] Cho cic s6 khong am a,b,c,d, chiing minh bat ddng thitc

/ +4/ / + 4/ <
a+b+c b+c+d c—I—d—l—a d+a+ -

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta cé

(Z \/a+b+c> (Z(a+b+d)(a+c+d)> <Z (a+b+c)(a+b+d)(a+c+d)>

cyc cyc cyc

22(a+b+c+d)?+ (a+c)(b+d))((a+c)(b+d)+ ac+ bd)
(a+b+c)b+c+d)(c+d+a)(d+a+Dd)
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Ta can chitng minh
8(a+b+c)(b+c+d)(ct+d+a)(d+a+b) > 3(2(a+b+c+d)*+ (a+c)(b+d))((a+c)(b+d)+ac+bd)

Dit P(a,b,c,d) = VT — VP = f(x) v6i x = bd, 16 rang day 1a 1 ham bac nhét theo z, nén ta phai

c6 f(=) >min{f(0)7f((bzd)2>}

Do d6 P(a,b,c¢,d) > min {P(a,b +d,c0), P (a, %, ¢, %)}, tuong ty, ta co

P(a,b+d,¢,0) Zmin{P(a—l—c,b—i—d,O,O),P(a;—c,b+d7a—2i_c70)}

P(a,ber . b+d> Zmin{P(a+c,b+d,O,b+d>,P<a+c b+d a+c b+d>}

2 772 2 2 2727 27 2
Nhu vay, ta chi can xét bai toan trong cac trudng hop sau la du
+, ¢ = d = 0, bat ding thiic tré thanh

8ab(a + b)? > 3ab(2a* + 5ab + 2b%)

Hay
ab(2a* + ab + 2b%) > 0 (ding)

+, a =c,d =0, bat ding thic tré thanh
16a(2a + b)(a + b)* > 6a(a + 2b)(a + b)(4a + b)

Hay
2a(a + b)(4a* — 3ab + 2b%) > 0 (ding)

+,a =c,b=d, bat ding thiic trd thanh
8(2a + b)?(a + 2b)? > 12(2a® + 5ab + 2b?)(a® + 4ab + b?)

Hay
4(2a +b)(a + 2b)(a — b)* > 0 (ding)

B4t ding thitc duge ching minh xong. Dang thic x4y ra khi va chi khia=b=c=d.
Nhan xét. V6i cach lam tuong tu, ta c6 thé gidi duge bai toan sau clia Vasile Cirtoaje tren MR 1/2007

V2(d—ab—be—c—d—da)> (V2+1) (d=a—b—c—d)
v6i moi s6 thuc khong am a, b, ¢, d théa a® 4+ b% + ¢* + d* = 4.

1.86 [V6 Qubc Ba Can| Ching minh ring vdi moi a,b,c,d € [1,2], ta co

— <
c+d a+b b+d—

a+b c+d a+c §
2

Loi gidgi. Dat VT = f(a,c), ta c6

O*f  2(c+d) O*f  2(a+b)

92 a2 " a2 (exap 0

Do d6, f 1a ham 13i véi a, c. Xét cic trudng hgp sau
Trudng hop 1. b > d, khi d6 do a,b,¢,d € [1,2] nén 2d > a,b,c,d > %b, do f 1a ham 1di v6i a,c

nén
fla,e) < max{f(?d, 2d), f (2d, 2) i (Z,Zd) f <l2), ;)}
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Ta lai ¢6
(2b+d)(b? — 4d?) — 9d%(b+4d) 3 _ 3
= - < =
f(2d, 2d) 6d(b + d)(b 1 2d) 353
b b—2d 3 3
2 = g
f<2d’2> Sb+d) 2= 2
b (b —2d) + d(d—b)(b+4d)) 3 _ 3
Z - P g
f(2’2d> 20d T3
b b\ (b—d)(b—2d)5b+4d) 3 3
f 5’0 = + - S s
272 60(b + d)(b + 2d) 272
Truong hop 2. d > b, khi d6, do a,b,c,d € [1,2] nén 2b > a,b,c,d > 1d, do f la ham 16i véi a,c
nen d d d d
< Z b -z z
fa.e) <max{ v £ (20.5) £ (5.2) £ (5.5
Ta lai ¢6
(b+2d)(d?* — 4b%) — 9b*(4b+d) 3 _ 3
= - < =
f(25,20) 6b(b+ d)(2b + d) T35
d\  d?d—2b)+b(b—d)4b+d) 3 3
2 = P g
/ <2b’ 2) 2d(b + d) 353
d d—2b 3 3
z - P g
f(z’%) 2b1d) 22
dd\ (d—b)(d—2b)(5d+4b) 3 3
f 59 | — + = S s
272 6d(b+ d)(2b + d) 2 =2

Béat ding thitc duge ching minh xong.
1.87 [Pham Hitu Ditc] Ching minh rang vdi moi a,b,c > 0, ta luon cé

a’b L bie 4 cta §a2—|—b2—|—02
cb+c¢) alc+a) bla+bd) — 2 a+b+c

Loi gidi. Dat o =1,y = ¢, c =1 thé thi bat déng thic trd thanh
Z z? .3 22y% + Y222 + 2%
v2(z+x) ~ 2 ayz(zy + yz + zx)

cyc

Hay
Z ?(x+y+2) S 3(x%y? +y?2% + 222)(x +y + 2)
y2(z+x) ~ 2xyz(zy + yz + 2x)

cyc

x? 22 32y +y222 + 22 (e +y+ 2
Z R Z > (z%y Y )( Y )
Y o y(z + ) 2zyz(wy +yz + 2x)

cyc
St dung két qua bai toan 1.21 va bat ddng thic Cauchy Schwarz, ta cé
2 2 .2 2 2
x 3 z“ 4+ T T+y+z
I I e e
y2 T 2 Ty y(z+x) — 2(xy +yz + 2x)

cyc cyc cyc

Ta can ching minh

§Z;112+y2 64 (z+y+2)>2 N 3(xy? + y22? + 22t (z +y + 2)
2 Ty 2(xy +yz + zx) — 2xyz(zy + yz + 2x)

cyc
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Chuan héa cho z +y + 2 =1 va dit u = zy + yz + zx,v = xyz thita cé L > ¢ > 0,7 > 0 va bat

déng thiic tré thanh

1
3

3(u—3v) 1 3(u? — 2v)
b Stk Y Bk Sl
2v + 2u - 2uv
Ta c6 7
VT —VP= M >0
2u

Bat ding thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia = b= c.
1.88 [Vasile Cirtoaje] Cho cdc s6 khong am a,b,c, théa a® + b* + ¢ = 3, chiing minh ring
1+ 4abc > 5min{a, b, ¢}
L&i gidi. Khong mat tinh tdng quét, gia sit a = min{a, b, c}, suy ra 1 > a > 0, bat ding thitc tré thanh

1+ 4abc > 5a

Do a = min{a, b, c} nén ta c6 bc > av/b? + ¢ — a? = a\/3 — 2a2, ta phai chiing minh
4a2\/3 —2a2 > 5a — 1
Néu a < %, taco VI — VP >2y10a2 —5a+1 >0, néu a > %7 béat dang thic tuong duong véi
16a*(3 — 2a*%) > (5a — 1)?

Hay
(a —1)(32a° + 32a* — 164> — 164> +9a — 1) <0

32a° 4+ 32a* — 164> — 1642 +9a —1>0

Ta c6
32a° + 32a* — 16a® — 164> + 9a — 1 = %(2(1 —1)(32a® + 3) + 2a(2a — 1)*(4a® + 4a + 3) + % >0
Béat ding thitc duge ching minh xong. Dang thic x4y ra khi vi chi khia=b=c=1.
1.89 [V6 Qubc Ba Can] Vdi moi a,b,c >0 va ab+ bc+ ca = 1, ta 6

1 N 1 N 1 - 2v6
V2a2 +3bc V202 +3ca V22 +3ab ~ 3

L&i gidi. Dat o = be,y = ca, z = ab, suy ra x + y + z = 1, bat ding thiic trd thanh

T n Y n z S 2v/2
322 + 2yz 3y? + 2zx 3224+ 2xy — \/3(x+y+2)

Ta c6 A
Yoigo > (1.2)
po 3224+ 2yz ~ 3(x+y+2)
Ty 4
> 1.3
; (322 +2y2)(3y? + 2zx) — Yz +y+ 2)? (1)
vi
322 +2yz  3(w+y+z) 3(z+y+2)(3x2+ 2y2)(3y? + 221)(322 + 2zy)

cyc
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302 + 2y2)(3y2 + 222) Iz +y+2)2 9w +y+2)2(322 + 2y2) (32 + 222) (322 + 2xy) —

Z xy 4 184 + 36B + 22C + 15zyz(x + y + 2)3
(

vii A = (z —y)%(y — 2)%(z — 2)%, B = xyz(x + y)(y + 2)(z + 2),C = (wyz)2. Tiép theo, vi moi
m’ n7p Z 0’

m—i—p—l—nz\/m2+n2+p2+2(mn+np+pm)

= \/m2 +n2 4 p? + 2¢/m2n2 + n2p? + p2m?2 + 2mnp(m + n + p)

> \/m2 +n2 + p? + 2¢/m2n2 + n2p? + p>m?

Stt dung bat ding thiic nay va cac bat dang thic (1.2), (1.3), ta dugc

Z Z i
3;v2 + 2yz 3x2 + 2yz (322 + 2y2)(3y? + 2zx)

4 4 22
S 5=
3x+y+2) Yz +y+2) V3(x+y+2)

Bét ding thitc duge chitng minh xong.

1.90 [V6 Québc Ba Can] Cho a,b, c la cic s6 thuc khdc 0 théa a® +b*+c? = (a—b)?+(b—c)?+(c—a)?,
chiing minh bat ding thic
1 a’b + b%c + c*a 5

a b ¢
1. —+-4+-2>5 2. —<—
pTete” 12 = (a+b+c¢)? 36

IA

Loi gidi. Khong mat tinh tong quat gia st @ = max{a,b,c}. Chi y ring didu kien dé bai va cac bat
ding thitc trén sé khong ddi néu ta thay (a,b,c) béi (—a, —b, —c). Nhu vay, ta chi can xét a > 0,
khi do

Néu b > 0> c thi
(a=b*+(b—c)?+(c—a)P—(a®+b*+c*)=(a—b)?+c*—2c(a+b) >0
Néu ¢ > 0 > b thi
(a=b*+(b—c)+(c—a)P—(a®+b*+c*)=(a—c)? +b*—2b(a+c) >0
Néu b < 0,¢ < 0 thi
(a=b*+(b—-c)+(c—a)P—(a®+b*+c*)=0b-c)?+a*—2a(b+c)>0
Nhu thé, ta chi can xét b > 0 va ¢ > 0 la da. T
0= (a—b*+(b-c)?+(c—a)*—(a®+b*+?)
— (Va+ vb+ve) (Va+vb-ve) (Vb+ve—va) (Ve+ va—vb)

Ta suy ra dugce \/a = Vb + /¢, do dé bat ding thiic tuong duong véi

(‘/E"_\ﬁ)z b c

+-+

b c (\/E+ﬁ)2

vV
ot
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1 (\/B+\/E)4b+b2c+c2(\/5+\/6)2 5
< " <
<(\/5+\ﬁ)2+b+c)

b
bat t = \/7 > 0, ta phéi ching minh
c

t+1)>* 5
1. t > 5
7 +(t+1)2 -
5 2 (t+ D)2 +t* + (t+1)? _ 1o
3 - (2 +t+1)3 -9

That vay, bat dang thitc (1) tuong duong véi (2 + t2 — 2t — 1)2 > 0, vé trai clia bat ding thiic (2)
twong duong vé6i (12 + 3t2 — 1)2 > 0, va vé phai tuong duong vé6i (13 — 3t2 — 6t — 1)2 > 0.

Vay ta c¢6 dpcm.

1.91 Tim hdng 56 k > 0 nhé nhat sao cho bat dang thic

Va+k(—c)2+Vb+klc—a)?++c+k(a—b)2>V3
ding vdi moi a,b,c >0 vaa+b+c=1.

Loi gidi. Choa=0b= %,c =0, ta dugc k > 1. Ta s& chiing minh k£ = 1 I3 gia tri can tim, tic 1a

Vat+(b—c2+Vb+(c—a)?+ e+ (a-b)?2>V3

Binh phuong 2 vé, ta c6 thé viét bat ding thic lai nhu sau

S =0 +2) Va+b-0?)(b+(a—c)?) >2

cyc cyc

St dung bat dang thitc Cauchy Schwarz, ta co

Z\/a+ (b—10¢)?)(b+ (a —¢)? >Z\ﬁ+2|afc c)

cyc cyc cyc

Ta can ching minh

S b—c)+2> Vab+2) [(a—c)(b—c) >2

cyc cyc cyc

Khong mat tinh téng quat, gia st a > b > ¢ > 0, khi d6

Z(b—c)2+22@+2Z|<a—c)(b—c)|—2:4(a—c)2—2(1—2@)

cyc cyc cyc cyc

— dfa-of - (Va- Ve - ((va-vB) + (V- ve))
da—? =2 (Va-ve) =2(Va- o) (2(Va+ve)' 1)
> 2(\f—\/5) (2(a+c)—1):2(\f—\/5) (a—b+¢)>0

vV

Bat ding thitc dugce chitng minh xong. Vay ta c6

Fmin = 1.
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1.92 [V6 Qubc Ba Can| Ching minh ring vdi moi a,b,c > 0 thi

a3+abc+ b3—|—abc+ 03—|—abc> a n b N c
(b+c¢)3 (c+a)d (a+b)3 “b+c cH+a a+d
L&i gidi. Binh phuong 2 vé, ta c6 bat ding thitc tuong duong

a® + abe a3 + abc (b3 + abe) a? ab
> 2 —_—
(b+c)® 2 Z )3(b+¢)3 _é(b‘FC)z—’— %C:(aJrc)(bJrc)

Chi y ring (a? + be)(b? + ca) — ab(a + ¢)(b+ ¢) = c¢(a — b)%(a + b) > 0, nén

(a® + abe) (b3 + abe) < a’b?
(a+c)Pb+e)P  ~ (a+c)2(b+c)?

va do do

\/(a3 + abe)(b® 4 abce) < ab
(a+e)3(b+e)® ~ (a+c)(b+e)

Nhu vay, ta con phai ching minh
a® + abe a’
N -
Z(b—I—C)?’ —Z(b+c)2
cyc cyc

Ta co

a® + abe a2 —ale—b)a—c
Z((b+c)3_(b+c)2)_z (b+c)3 >0

cyc cyc

Bét déng thiic dugce chitng minh xong. Déng thiic xay ra khi v& chi khi a = b = ¢ hodc a = b,c =0
va cac hoan vi.

1.93 [Pham Hitu Ditc] Cho cdc so6 duong a,b,c, chimg minh ring
ab®>  bc? ca® 6(a’ + b + c?)
a bye>22 T2 TC)
c2 +a2+b2 tatbte a+b+c
Loi gidi. St dung bat dang thitc Cauchy Schwarz, ta co

ab? 1 B a(b® + c?) 1
(Z% ) (Zawrm) = (22F7) (Sawvm)

cyc

vV
VR
a
ElNg

Q|
~—
()

Ta can chitng minh

() (23) =+(z7) (Gata)

2

1 1 2a 1

() e (s
(a—b)2 /1 1 1 3(a+b)(c®>—ab)

Z ab (a+b+c+(a2+02)(b2+02)>20

cyc
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+, Néu L > 2050) oy

1 1 1 3a+b)(@—ab) 1 1 1 3(a+b)
S4c4z S G LA
a+b+c+(a2—|—c2)(b2+c2)_a+b+c ab ~

2(a+b) b N
((ZZT hay C Z m, thi

x
z,
[N
=i
I
IN

1 1 1 3(a+b)(c*—ab)
b ¢ (a®+A)(b%+?)
ct(ab+ be + ca) + abc?(a? + b?) + (a + b)(a® + b% + 3ab)c3 + a®b® — 2a%b%c(a + b)
abe(a? + ) (b? 4 ¢2)
S abc?(a? + b?) + (a + b)3c3 + a®b® — 2ab%c(a + b)
- abc(a? 4+ ) (b% + ¢?)
- A s (a+b)3c® + a3b3 — 2ab%c(a + b)

4(a+b)?
- abe(a? + ¢2)(b% + ¢2)
(a+b)3c3 + %a3b3 + %a3b3 —2a%b*c(a +b)
- abe(a? + ¢2)(b% + ¢2)

3¢/ 2-a’b?c(a + b) — 2a*b*c(a + b)
>0

- abe(a? 4+ ¢2) (% + ¢?) -

Bét déng thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi a = b = c.
1.94 [V6 Qubc Ba Can| Tim gid tri lon nhat ciia biéu thic
P=(a—-b)(b—c)(c—a)la+b+c)
vdi a,b,c > 0 théa a®> +b* + 2 = 1.
Loi gidi. Néua>b>c>0,taco P<0.Néuc>b>a>0thi
P=(c—b)(b—a)(c—a)la+b+c)=(c—b)(b—a)(c®+ bc—a*— ab)

1
(b2 +C2)2 S Z

| =

< b(c—b)(c® +be) = (c* — be) (b + be) <

Cho a =0,b=sin g, c = cos g, ta dugc P = %. Vay

1
P=-.
max 1

1.95 [V6 Qudc Ba Can] Vdi moi s6 duong a, b, c,d,

bla+c) cb+d) d(c+a)
ca+d) dbte) alcxrd)  bd+a)

Loi gidi. Bat dang thic duge viét lai nhu sau

@+ (zatw * aera) 0+ 9 (a59 *wara)

\%

4

Hay

\Y]

4

b+d
(abc + abd 4 acd + bed) < ate i )

acat et d bdbrodTa)

<1+1+1+1>< R I L >>4
o' b e ) \GHP ) GG T
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St dung bat dang thitc AM - GM, ta c6

Y

1 1
b d
1

G+HG+D

al
+
o=
+
-
SN—
N

Béat ding thitc duge ching minh xong. Ding thic x4y ra khi vd chi khia=b=c=d.
1.96 [Nguyén Anh Tuén] Ching minh ring vdi moi s6 thuc a,b,c thi

a? — be b? — ca 2 —ca
+ + >0
a? +2b24+3c2 b2 4+2c¢2+3a%2 2+ 2a? + 3b2

Lot giai. Ta co
4(a® — be) 4(a® — be)
Za2+2b2+302 ;<a2+2b2+302+

cyc
(b—c)? 5a + c?
= 2 pa—
Z a2+2b2+302 +Z a2—|—2b2—|—302

cyc cyc

Z 5&2 + 62 .
a? + 2b2 + 3c2

cyc

Y

Ta can ching minh
2, .2
Z 5a + C Z 3
p a? + 2b% + 3¢

Hay

5r + z
— >3 Va,y,z >0
Zx+2y+32_ Y 2

cyc

St dung bat ding thiic Cauchy Schwarz, ta dugc

Z S5t + z S 36(z +y + 2)?
T+2y+3z Y. (5z+2)(z+ 2y + 32)

cyc
9(x +y + 2)?
222 4+ y? + 22) + T(xy + yz + 2x)

Mat khac, ta lai c6
3e+y+2)? -2+ +22) —T(ay+yz+zx) =2+ >+ 22 —ay—yz — 22 >0
Bat ding thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia = b= c.
1.97 [V6 Qubc Ba Can| Cho cic sé khong am x,y, z, chiing minh bat ddng thic

ZE4 y4 24

+ + > 1
.’174+.’L'2y2+y222 y4+y22$+22x2 Z4+szy+$2y2 -

Loi gidi. St dung bat dang thitc Cauchy Schwarz, ta co
Z JLA > (x2 +y2 +22)2
(22 + 42 + 22)?
N chc zt +2 chc y2Z2

=1
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Béat ding thitc duge ching minh xong.
Nhan xét. Dit a = 5,0 = Z—g,c = 74, ta dudc

1
;mzl Va,b,0>0,ab621 (14)

Ti day, ta lai dat a = Z,b= 2, ¢ == (m,n,p > 0), nhu thé ta c6

n
m

2
m
_— >1 1.
Zm2—|—mn—&—n2_ (1.5)

cyc
1.98 [Vt Dinh Quy] Cho cdc s6 duong a,b, c théa abc = 1, ching minh rang

1 1 1
<3
a2—a+1+62—b—|—1+02—c+1_

Loi gidi. St dung 1.97(1.4) khi thay (a, b, c) 1an lugt boi (a%, b%, C%), ta dugc

E L>1
at+a?+1 7~
cyc

Hay

2
p at+a2+1—

1 1
<4
Z112—|-a—|—1+§(ﬂ—a—|—1_

cyc

Lai sit dung 1.97(1.4), ta ¢c6 dpcm. Dang thitc xay ra khi va chi khi a =b=c=1.
1.99 [Thomas J. Mildorf] Chitng minh ring véi moi s6 duong a,b, c,

3a? — 2ab — b? n 3b% — 2bc — 2 n 3¢? — 2ca — a?
3a2 4+ 2ab+ 302 302+ 2bc+ 3¢ 3c? + 2ca + 3a% —

Loi gidi. Bat dang thic tuong duong véi
2 _ 32
3a? + 2ab + 3b?
cyc
Hay
b(a+b) 3
L UREE
p 3a2 +2ab+3b%2 ~ 4
Do 3a? + 2ab + 3b*> > 3(a® + ab + b?) nén ta chi can ching minh
Z a + b §
B(a2+ab+b?) — 4
cyc 3

Hay
2

a
—_—>1
;QQ—I—ab—l—bQ -

Day chinh 14 1.97(1.5). Bat ding thiic dugc chitng minh xong. Dang thitc xay ra khi va chi khi
a=b=c
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1.100 [Phan Hong Son] Cho cdc s6 duong a,b,c théa a* + b* + c* = 3, chitng minh bat ding thic

a? i b2 n ? >§
B+1 3+1 ad3+17 2

Loi giai. Ta co

2,3/2 g 1 9
Zl+b3 Z Z bg—za Zabg/ ZZG—ZZab(b—i—l)

cyc cyc cyc cyc cyc
— ZaQ — EZaQbQ — 12a2b > Zaz — iZa%Q — éZaQ(bQ +1)
cyc cyc cyc cyc cyc cyc
Zgzaz—gzaW
cyc cyc

Ditz=a?2+b2+c2 thitaco 3>z >3 vaa2b? 4+ b2 + 2a? = I2;37 ta can chiing minh

7> =3 d’b? > 12

cyc cyc

2 _
3(x* —3) > 12
2
(x —3)(3z — 5) <0 (ding)
Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c= 1.

Tx —

1.101 [Vé Québc Ba Can] Cho cic s6 duong a,b,c, ching minh bit dang thic

(a2+b2+c2)3> a3 . b3 . 3
(a+b+c)* “a+db b+c cHa

9
2

Lot giai. Ta co

a3 — b3 a—b)((a—+b)*—ab abla — b
e SCEULET R et

cyc cyc cyc cyc
_ (ab+bc+ca)(a—0b)(b—c)(c—a)
B (a+b)(b+c)(c+a)
Suy ra
a? a’ + b3 a’® —b? ab+bc—|—ca)( —b)(b—c)(c—a)
2 = 477 o -
;(wb zy: a+b +%C: a+b ;a Zy: abt @+ 0)(b+o)(cta)

Ta phéi chiing minh

9(a? + b% + c?)? (ab+be+ ca)(a—b)(b—c)(c—a)
(@a+b+c)f Zab 2> o> @+ 0)(b+o)(cta)

cyc
Pite=a?>+b>+c2,y=ab+bc+cathitacéz>yva

9z° _(w—y)(72® —4y?) 3w —y) _ z(z—y)

VIi= ——— 4+y—2z=
(@+2y? Y @+2m? (@t rty

Mat khac, sit dung bat ding thitcc AM - GM, ta c6

(a+Db)(b+c)(c+a) = (a+ b+ c)(ab+ bc+ ca) —abc > —(a+ b+ c)(ab + be + ca)

©| o
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Ngoai ra, ta ciing dé thay ring ta chi cdn xét bat ddng thitc trong trudng hop ¢ > b > a la di. Nhu
thé, ti cac lap luan trén, ta suy ra ta chi can ching minh ring

x(z —y) S 9(a—0b)(b—c)(c—a)
T+2y — 8(a+b+c)

Hay
8(a? + 0% + ) (a? +b* + ¢ —ab—bc—ca) > 9(a—b)(b—c)(c—a)(a+b+c)

101
16 (8a* — 8b* + 6ab + 5bc — 11ca)? + 0 202(a—b)220

16

cyc cyc

Bat dang thiic cudi ciing hién nhién ding, vay ta c6 dpcm. Dang thitc xay ra khi va chi khia = b = c.

1.102 [V6 Qudc Ba Can] Cho cic s6 duong a,b,c,d théa a + b+ c+d = 4, tim hing s6 k tot nhat
sao cho
1 1 1 1 9 9 9 9
—4+ -+ -—4+=—4>k(@*+bV°+c"+d*—4)
a b ¢ d
Lot giai. Choa=b=c= %, d =2, ta suy ra dugc k < %. Ta sé chitng minh day 1a gia tri can tim, tic

la
1 1 1 1 3. 0 90 9 o
— — — — > —
i et = B Gl

Khong mét tinh téng quat, gidA st d > c>b>a,suyraa+b<a+c<2b+c< %, dat

t = etbte <1 ta sé ching minh
1 1 1 3,5, 5 5.3 9,
L4 -_ = >2 =
+ty s 4(a+b—|—c)_t 2t
Hay
1 1 1
4(a+b+c)<a+b+c>362(a+b+c)(3(a2+b2+c2)(a+b+c)2)
Zm(b—c)QZO
cyc
Vc’iia:z&—a—b—c,yz%—a—b—c,z:ﬁ—a—b—c.Tacé
z:ifafbfczif324f3:1>0
ab (a+b)?
4 16
y=——a-b-c> > -3>4-3=1>0
ca (a+c¢)?
4 4 16 16 9 1
— S S oaabie) > 62440 —6=->0
rty=—+ (a+ +C)_(a—|—c)2+(b+c)2 4+ 1>
Do d6 bat déng thitc trén ding. Nhu vay, dé chiing minh bat ding thic da cho, ta chi can ching
minh 3 1 3
S =>4 (3 4 d?
t+d_ +4( +d)
Hay
3 1 3
S > 14+ (3t (4-3t)2
Tt o5 2 —|—4(3t—|—( 3t)?)
Ta c6 ) )
-2 —1
VT—VP:3(3t )"t ) >0
t(4 — 3t)
Vay ta c6 dpem, tit d6 ta di dén két luan
3

kmnx = =
: 4
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Nhan xét. C6 thé thay két quai nay manh hon két qui sau ciia Pham Kim Hing

11 1 1 9 R
?+b72+ +ﬁ2a+b+6+d

That vay, dit = = a® + % + ¢® + d? > 4, sit dung bat ding thic Cauchy Schwarz, ta c6
) 2
64VT > 16 = > 2
> (Z ) > (32 4+ 4)
cyc
Lai ¢6 (3x + 4)? — 64x = (z — 4)(92 — 4) > 0 nén bt ding thic ding.

1.103 [V6 Québc Ba Cfin] Cho cdc s6 duong x,y, z théa vy + yz + zx = 1, chitng minh bat ddang thiic

r(y+2)? ylz+2)?  zlx+y)? S 3v3

(14y2)? (Q+zx)?2 Q+azy)?2~ 4

Loi gidi. Dat a = yz,b= zz,c = zy thi ta c6 a + b+ c = 1 va bat ding thic trd thanh

Va(b+ c)? 3[
Zf ) 4

cyc

Hay

(l—a)2 3\[
Z (1+a)2 - \/ﬁ

cyc

R

cyc

1_£\/E 42

Dit ¢ = ab + be + ca, R = V/3abe, sit dung bat ding thiic AM - GM va bat ding thiic Schur, ta cé

q=ab+ be+ ca > \/3abe(a + b+ ¢) = V3abec = R

1+9abc  3R%*+1
4 4
9R? = 2Tabc < (a +b+c)® =1

qg=ab+bc+ca<

Suy ra 33241 > ¢ > R va 1> 3R, bat ding thitc da cho tuong duong véi

12(6¢%> + 4R?q+ R* —6R?>+3) 3
Ut (3¢ + R2 + 6)2 Fpfm1s0
Ta c6
F(g) = 216(33 — 26 R% — 24q + R*) _ 216 (33—26-5—24-3) 4776 =0
v= (3¢ + R% + 6)4 = (3q+R2+6) T BgtRZ+6)"

Suy ra f(g) 1a ham 16i, do d6 ta c6

) < max ). g ()]

Lai c6
R(3R — 1)(R® + 21R? + 84R + 36)

)
4(R?2+ 3R + 6)?

f(R) = <0
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<0

f 3RZ +1 _ (3R —1)(169R* + 1719R3 + 546 R? + 81(3R — 1)(3R — 4))
4 N 4(13R? + 27)2

Bét déng thitc dugc chiing minh xong. Dang thiic xay ra khi v chi khi a = b = ¢ = % hodc

a=1,b=c=0 va cac hoan vi.

Nhan xét. Bat déng thic trén c6 dang lugng gidc nhu sau

sin A sin B sinC

cos? B%C cos? % cos2 fFTB

2

w
w%
w

Két qua nay dudc tac gid dit ra tit két qua sau sin A +sin B +sin C < 37\@, tat nhieén cac ban c6 thé ching
minh "dang lugng gidc" bang kj thuat don bién trong tam giac nhung xem ra c6 vé dai hon! Loi gidi trén
tuy phiic tap nhung lai c6 vé ngan gon!

1.104 [Phan Hong Son] Cho cdc s6 khong am a,b, c théa a + b+ c =3, chiing minh bat ding thiic

\/a+ b2+c2+\/b+ c2+a2+\/c+\/a2+b2z3\/\f2+1

L&i gidi. Binh phuong hai vé, ta c6 thé viét lai bat ding thic nhu sau

Zm+zz\/a+ b2+c2) (b+\/m)>9f+6

cyc cyc

St dung bat dang thitc Cauchy Schwarz, ta c6
QZ\/CH— b2+02)(b—|—\/a2—|—62 >22\/ b+c < \f)

—WZ\/ 1) a+3) ((vVE-1)b+3)
>WZ(( 271)\F+3> ( \/5)2@+9\/§

cyc cyc

Nhu vay, dé chitng minh bat ding thiic da cho, ta chi can chiing minh bat déng thitc sau véi moi
z,y >0
zt + oyt + (2—\/§>my2x2+y2

That vay, ta co

V2(VT —VP) = (z — (Jafli(—i—zjyj—x2+y \/§+1>
)2 (z+y) B _ (V21 ay(z—y)?
S ((\/5+1)(m2+y2) \@+1>_ 2?4y =0

Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c= 1.



