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Chiing minh rang :
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Bai toan nay cé thé giai theo phuong phap dao ham.

3. 0<X<%<1:>0<X6<....<X2<1:—1<—x2g—x6<0:0<1—x2<1—x6<1:\/1—x2 <A1-x° <1
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1
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1 1
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X+1 1+X\/7 2() X [ ]
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-
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01+x 1+X\/_ 0X +1 01+X\/; 4
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1 1
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5, 0<x<1l=x"<x=x+x < +x=22+2x <x* +x+2 >

1 1 11 1 11
J'Z—dxg— > de ;1= S dx
' x“+x+2 270 x* +1 °'1+x
bat x =tgt = dx =———dt = (1+tg’t)dt
cos’ t
1 v 1+ 1g°t y 1
x 0 =" i i dt=jAdt=£:>I=£ Vay jlz—dng
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4
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6. 0<x<1=> S0y +x" <2’ =2 x'+3<x+x +x +3<3x’ +3
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1 1 1 Ve o _ Jx _
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1 1 ¢1 0 1
°] = #dx=— ﬁdx s Pat x=1;(t > 0)= dx =2tdt s
03x*+3 30 x’+1 ¢ 0 1
1 2 2 2, 1 2
o[ a2 3 by y—p s au=spa O SN
30 +1 90 ()" +1 u 0 1 90y +1 18
Két qué:1=§(bai tap 5)
' Vx o | Jx
8] =| ——=—+~ (tuong ty) Vay ()<= I, < dx <1
2 Joxi g3 9\/5( gtw) Vay (1) : j°x5+x4+x3+3 ?
£<I1 \/; e < 8
18 dox +xt+x’+3 \9x/§
. . N A sin x.cos x T
1,Chitng minh rang:j 7 —dx>—
0 (1+sin x)(1+cos x) 12
4 e
2.Néu:1, =jt’g—xdx>0,we 0,7 |sthi s ggf 14+ Z | > 20 )
" Jo cos2x 4 4
Bai gidi :
3 3 2+ cos’ x+sin’ x 2 +sin* x + cos’ x
1. Tacé :

(1+sin’* x)(1+ cos” x) B (1+sin* x)(1+cos* x) ~ (1+sin* x)(1+cos” x)
3 l+sin* x+1+cos* x 1 1

= - +
(1+sin* x)(1+cos*x) ~ (1+sin* x)(1+cos* x) 1+sin*x 1+cos’x
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3sinx.cosx sinx.cosx sinx.cosx sin x.cos x 1( sin2x sin2x
. 4 4 > 1. T Tl . 4 4 Z— 2T 4
(1+sin” x)(1+cos™ x) 1+sin™ x 1+cos™ x (1+sin”" x)(1+cos"x) 6\ 1+sin"x 1+cos x
:J-% 3sin x.cos x I/ sin2x I/ sin2x
0 (1+sin4x)(1+cos4x) 0 1+sin* x 0 1+cos’ x
2
J‘y sin2.x Pit ¢ =sin’ x = dt = sin2xdx
0 1+sin’ x
x 0 7/ d
2 t T A, 2 T \e A
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i 0 1 [~y (Ctaual=_ baitap3)
2
I/ Sin2x Pit  u=cos’x = du=—sin2xdx
0 1+cos’ x
X 0 T/ 1 d
2 u T A, 2 T \e LA
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u 1 0 ’ I0u2+1 4 Keta 4 P 3)
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dt
2. it t=tgx:>dt=(1+tg2x)dx:>dx=1 o
tgt ¢4 dt tgte'de  tat 1 1,1 [e1]B 1 1. |tat-1
I =I _ j . j (-t2-1+ St =| - -t-—In|—— = -Ztgdt-tgt-—In|2o
tJo 1.2 71462 Do 162 e 1-t 3 2 [t+1])), 3 2 |tgt+1
1+t
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I, >0 nén :-1tg3t-tgt-1ln£ >
& 3 2 [tgt+1
2( 153
1 -1 1 1 £l tg2t+3tgt
o Dl e+ | > 2tgir+ gt = 1g] £+ F >e3( )
2 |tgt+1| 2 4 3 4

2

X
1.1 = Chiing minh : < va lim I,dx=0
Tox+1 2(n+1) Io T T n4l e
n X . . 1 2
2.J,=x (1+e )Chu‘ngmmh: O<I Jadx<——va lim J,dx=0
0 n+1 n—>+oo
Bai gidi :
1 1 ' x" n l¢tn
L 0<x<I=>1<x+1<2>5-<——<1 ;-—< <x :>—jx dx < —dx< x"dx
2 x+1 2 x+1 240 0x+1
n+l |

n+1 |

X D < 1
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1

o mal) n
©2(n+
Tacod: (n ) = lim X =0
n—o x 4]
lim—=0
n—op 4]

Chuyén Pé B4t Pang Thic Tich Phan

2. 0<x<1:>0<e'x<e°=1:>1<1+e‘x<2:x"<x"(1+e‘x)<2.x" hay0<x"(1+e'x)<2x"

:>0<_[01x"(1+e'x)dx<2‘[0]x"dx3Og‘[;x"(1+e‘x)dxgi

. 2 .
Tacé: lim——=0 :llmxn(1+e'x)dx=0

n—opn +1 n—o0

Chiing minh ring :

n+1

1. f.zmM—&/cosx)(Z\/cosx +2)dx <8~ 2-1;2 VInx (9 —3vInx —2Inx)dx < 8(e —1)

3, L;A\/sinx(l—i-2\/sinx)(5—3\/sinx)dx<2?“ 4. fo %«/tgx(7—4«/tgx)dx§49“

5. fﬂsin4 x.cos® xdx < 2483w
0 — 6250

Bai gidi :

Pbat f(x)=+/cosx(4-3+vcosx)(2v/cosx +2)

Jeosx +4 —3\/cosx +2\/cosx +2

cauchy

f(x) <

3

64

= fé f(x)dx < SIZ dx = IZ Veos x (4 —3cos x)(2V/cos x +2)dx < 8w

2.Pbat f(x)=vVInx(9—3vInx —2Inx)=+Inx(3++VInx)(3—2vInx)

f(x)<

3
vInx +3++Inx +3—2\/lnx] —3g

3

:f:ef(x)dx<8]:edx:f:e\/lnx(9—3\/lnx —2Inx)dx <8(e—1)

3. bat f(x)=+/sinx(1+2/sinx)(5—3+/sinx)

vsinx =1+ 2+/sinx \sinx =-1
4+4/sinx =5

Ping thic < {

=
vsinx =5-3+/sinx

3
vsinx +142+/sinx +5—3+/sinx <

8
3

oSxed

=>f(x)<8=>ﬁff(x)dx<8j:fdx = f\/sinx(l+2\/sinx)(5—3\/sinx)dx<2?ﬂ

4. Pat f(x) = \[tgx(7—4./tgx) = %.4@(7 —4.Jtgx)
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f(x)<l 4jtgx + 7 —4/tgx ZZQ
4 2 16

S I N T

5. sin* x.cos® x = (1 -cos’ x).(1—cos” x).cos’ x.cos” x.cos” x

1
= 5(2 —2cos” x)(1—cos’ x).cos” x.cos” x.cos” x

< —
5

5
1{2-2cos® x+1—cos® x+cos’ x + cos’ x + cos’ x
2

24311
6250

. I,
= sin® x.cos® x < = IO sin x.cos® xdx <

6250

Chiing minh ring :

ST1V2
3

il
1. Ié(\/coszx+3sin2x+\/sin2x+3coszx)dx<
/3

2 [ (V342 v +5-2mn" x)ax < 4(e-1)

dx < —

3 _H<J- 3 cos x + sin x 11
T4 x* +4 4

Bai gidi :
1.bat f, = 1Wcos? x + 3sin® x +14/sin’ x +3cos” x

fz(x) < 2(cos2 x+3sin’ x +3cos’ x +sin’ x) = fiy < 242

U P A , . 5TIV2
= dx <22 2 dx= | 2 (\/cos2x+3sm2x+\/sm2x+3coszx)dx<
[ o [ ae= 1, 3

2.Pat f, =13+2In’x +1Y/5-2In’ x
[y <2(3+2In° x+5-2In" x)= f <4

= [ fyde<a] av= [(Va42m® x4 V5= 200 x)dr < 4(e-1)

3. ‘\/5 cOS X + sin x‘ < \/|:(\/§)2 + IJ(cos2 x +sin’ x)

‘\/gcosx+sinx‘ ) 2 ‘x/gcosx+sin x‘

=

£2I2 dx

< J
X +4 X’ +4 0 X' +4 0 x* +4
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Pt x =2gt = dx = 2(1+1g"t)dt

x 0 1 2 ode Y 2(leeg) 1 0]
t 0 ly 3'[0 X +4 '[ 1+tgzd _EL i

‘\/g COS x +sin x‘ H H
=]

5 )
dxé—:——gj 300s2x+smx <1_[
x*+4 4 4 0 x +4 4

PANH GIA TICH PHAN DUA VAO TAP GIA TRI
CUA HAM DUGI DAU TiCH PHAN

Chiing minh rdang :

I1 IT nl
l.jAsiandeZIAcosxdx 4. J-/smx _[n smxd
0 0 X

I1 I1
Zjésin2xdx<2j‘04sinxdx S’L (In x)* dx <j1 In xdx
2 1 22x—1 Il Il
3I i j al dx 6.j4sinxdx<J.Acosxdx
box+1 0 0
Bai gidi :

1.Vx e

= 2sinx.cosx <2cosx

H] 0<sinx <1
0;,—|=>
0<cosx<l1

IT IT
& sin2x <2cosx :>fAsin2xdx§2f Acosxdx
0 0
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I1 cosx <1 . .
0,—|= ) = 2s8in2x.cosx < 2sinx
2 0<sinx

2.Vx €

IT IT
<:>sin2x§2$inx:>f4sin2xdx§2fésinxdx
0 0

x-1 2x—1_—x’+x-1
X x+1 x(x+1)

x—1 2x-1 2x—1 22x—1
= < :>£ dx<j: dx

3.Vx € [1;2} Xét hiéu :

X x+1 X x+1
4.Pat x=1[-u = dx =-du
I1 I ) ) )
X I1 0 _ I1
A = [ Smxdx:fn sin(I] M)(—du):f 2sinx
u 1% 0 2 X S | =7 0 —x
[I 1
O<x<—=0<x<[][-x= <—
2 —X X
Vi sine > 0= sin x < sin x :>fH2 sin x dx<fn2 sinxdx
| 1—x X o J[—x n x
o 0
:>fésmxdx> smxdx
o x v x

5. Ham s0 y = f(x) = Inx lién tuc trén [1,2] nén y = g(x) = (lnx)2 ciing lién tuc trén [1,2]
1<x<2=20<Inx<n2<1(*)=0<(Inx)* <Inx

‘v’xe[1,2]:>jizﬂnx)2dx<j;21nxdx

Chi § : ddu dang thic (*) xay ra tai xo = 1< [1,2]

sin x
<1

6. 0<x<H:>0<tgx<tgH:1<:>
4 4 cos X

I1 I1
<:>sinx<cosx<:>fAsinxdx<fAcosxdx
0 0

Chiing minh rdang :
] .
1 5 4. ﬂdxgl—lnz
1. 2<f0\/X +4dr<A5 014 x.sinx
1 o 3 e sinx I1
2‘ _< —dx<1 5 0< dxg
7 J, o Loy,

1 1 x® 1 6 H< 1 dx <H\/§
30— < | —————dx<— . —< <
2632 fo 3410 1 S5 6 fo 4 _ 3 8
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Bai Gidi:
1.0<x<1=>0<x’<1=4<x>+4<522<Jx2+4 <45

:>2I;dx sjol\/xz +4 dx Sx/g.[;dx:>2£ jol\/xz +4de<5

2. 0<x<1:>0<x8<1:>1£x8+1£2

1
=0<Vx*+1<4/2 —_ _<1
1 <J4 dx

1
Ejodx_ 0 /8 4 Sjod 2

1 1 x25
< dx <
0 263/2 IO 3/x10 +1

4. Trudce hét ta chitng minh : xsm.x < a ;(D) Vx €[0,1].
l+xsinx 1+x

Gia st taco : (1).

Heol-— <1 woge— > !
1+ xsinx 1+ x I+xsinx 14+x
< 14 x > 1+ xsinx < x(1—sinx) > 0 ding Vx €[0,1]
I xsinx ! 1
e 1— dx
M j:)x+xsmx f1+x 0[ 1+x]
2 ! .
Vay (1) ding thifc diing , khi dé: < [ -5 < (x — |1+ x|)\1 —1-1n2
01+ xsinx 0

o
:>f B e <1-Tn2.
01+ x.sinx

x_1 1
S.xe[l,\/ﬂc(O,H): O<e _ex<62>0<e 2s1nx< 1
x+1 e(x2+1)

0<sinx<1
s1nx 3 dx V3 dx
=20<| —— =—1 ;I=
I J.l X+l e '[1 X+l
bat x=tgt => dx = = (1+1tg’t)dt
cos” ¢
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n/ (1+1g’t
x 1 T A ) P P
. ry ry Vi 141g’ Y 7
Vay O<I Slnxabc<£
x*+1 12e

6.0<x<1I=20<x <X’ =" <% <0
=4-2x"<4-x" -x <4-%°
=S V4-2x <VA-x —x <V4-

1

1 1
= Z Z
\/4—2x2 \/4—x2 —x \/4—x2
=/= I dx <.[ !
V4 ‘Va4—-x* -x

——dx <J.4dx J

V4 —2x?

Pat x =2sint = dx = 2costdt

x 0 1 I/ 2costdt e T1

o =1= j | ==
t 0 % 4— (2s1nt) 6
bat x=~2sint = dx =2 costdt
X 0 1

Il
¢ 0 A

A
M, 2 costdt \/§| V2

:}J:J.O = =

\/4—2(x/§sint)2 2 ‘0 8
_n <I dx V2
=<

<

'Va—x* -x 8

Chiing minh rang :

_ 1 IT
l.e—l< efxzdxgl 3.ESJ’A‘/1+lsin2x.deH\/8
e 0 2 0 2

11 .
2.E<j5 sintrge <1, 4, 0.88<j1
2 o 2

1
O J1+x*

dx <1

Bai gidi :
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1..0<x<l:>0<x2<x<1:>0<e"2<ex
1
ex
2 X2 0 —x?
ox’>0=e" 2e'=1=e™ <1(2)

1 >
> T >e(1
exc>e e (1)

To (1) va (2)suyra ;e " <e ™ <1
1 2 1 2 1 —1 2

:>J. e dxéJ. e’ dxéj. dx:e—gjle_x dx <1
0 0 0 e 0

2. 0<sin’x<l=>1<e™  <e

:>j dx<j5 S'”dx<ej/dx:> <j4 ey <

3. 0<sm x<1:>0<ls1n x<1:>1<‘/1+%51n x<\/E
:>J./dx<J. ‘/1+—s1n xdx<\/7j./d :>1;[ ,/ sm X dx<—

4. Cdach 1:

—e

I1
2

1 1
>
Ji+xt 145
1
! [ dlen‘x+\/1+x2 =In(1+v2)> 0,88
\/1+x2

dx >
0\/1+x4 0 0

Mit khdc: [+x* >1=> —— ! <1:>j—dx<1

V1+x* V1+x
dx <1
VI+x*

Chii ¥ : hoc sinh tu ching minh j S N ln‘x +x+ad

Ja' +x?

VxE(O,l) thi x'<x’=>1+x'<1+x* =

Vay : 088<j

+C bing phuong phap tich phéan titng

phan .

Cdch 2 :
xG(O,l):>x4 <x'=1+xt <147
1

1 11
j—t > =
\/1+x4 \/1+x2 J‘0\/1+x4
H 1= I

bat x=1gt = dx =

dx>1

1+x

Sdt =(1+1g7t)dt
(O]

10
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x 01, I/ ((1+tgt) Io/ 1

t o I " J(1+g%) cos1”
I/ cost "
1—sin*¢
t o I
Pat u =sint = du = costdt 0 14
‘ /JE
I/f I/fl u+u+1 j/f( N ”
1+u 1+u 1-u
J‘/f J‘/f y o L lru Ve
1+u 1—u
2+f
I— —dx>0 88
PR A v
Mit khac :1+x* >1=> ! <1
NIES

de< [ dr=1 (2)

|
=

J.O [1+ 4
Tw (1) va (2) suyra : 088<J.4dx<1

NIES

Chiing minh rang :

1/ 1 4 ﬁe""cosxdx E

l. 0<J‘0 X tgxdx<§ _[1 1+ e
2 leOS”"dx <In2 5.7 22 < !

0 1+x - x 20011

Ve .sinx I1 1 ( 1 ] et e ( 1
3| ————dx|<— 6. ——| I-— |< —dx < 1——

L 1+x° ‘ 12¢ n—1 2" I0(1+x) n—1 2"
Bai gidi :

1. 0<x<%:>0<tgx<l:>0<w/tgx<1:>0<x 1gx < X

Xét :0<a<x<ﬂ<% taco:
O<tgx<l1

I1 = 0<xtgxr <x
0<x<?

I:IO%X 1gx dxzjoax\/Qg_xdx+Ijx\/Qg_xdx+jﬁ%x tgx dx
11
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Taco:

0< I: x\/tg_x dx < J.: xdx
0<J‘jx\/tg_x dx<J.jxdx :Oéjo%x\/tg_x dx <Io%xdx
Ogj.ﬂ%x\/tgix dx < Iﬁ%xdx

2

=0< Io%x tgx dx <l;[—2
Chii § : (o, 8) [a.b] thi jb Sgde= [ S+ | f Syt j;’ £
Tuy nhién néu : m < JgSM thi :
mIbdxgIbf(x)dngJ‘bdx:m(b—a)gj‘bf(x)dxgM(b—a)

b b b
Nhung (e, 8) [a,b] thi m[ dx< [ f,de<M][ f dx

(Pay la phan méc phai sai lAm phd bi€n nhit )Do chua hi€u hét § nghia ham sé’ /i, chia (e, 5)lien
tuc[a,b] ma (a,B) < [a,b)])

2 Ilcosnxdx J'l cosnx, J-|cosnx| 1n|1+x” =In2
0 1+x 0 1+x 0] +x
J-l Cosnxa]x‘<ln2
0 T+x -

e <el =1
3.1<x<\/§:>{ ‘ é

smx|<1
e - 1
Ble. 5
J- s1nx J~3 e s1r;xdx< 3 42 5
1+x U+ x
5 5
r S“jxdxgl.l voi 1=[" 1 i
Lo 1+x e U l+x
Pat x=1gt = dx=(1+1g’t)dt
X | B ny (1+1g°) 11
=1I= 2t = dt =
¢ l_y l_y W 1+’ IFV 12
j esinxd 1Ly (Cach 2 xem bai 4 dusi day )
U I+x 12e
Dﬁng thic xay ra khi :

12
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{ex:ela{le :xG@,Vxe[l,\/g}

sinx =1 sinx =1
Be F.sinx 11

Vay : —dx| < —

1y -[1 1+x2 ‘ 12e

Xem lai chi § trén , day la phén sai JAm thudng mic phai khong it ngudi da voi két luan ding thidc (*)
ding . That vo ly

e e hoe™
4_J' wdx<.|' wdxéjqe—zdx
I 14+x Ul 1+x U l+x

.o _ 41
Do y=c gidm = max(e " )=e¢"' ==
e
e 1¢v3 1
I wdxg_ —2dx:£ ;do I bai 3
L 1+x el 1+x 12e
Dau ding thic :
—X -1
e =e x=1
& @xG@,VxG[I,\/g]
cosx=1 cosx =1
Vi e Fcosx I1
Va ——dx|<—
v |l e ‘ 12¢
_1 d =_y d
U= u X
5. Pit A = x’
dv = cos xdx y=sinx
20011 )
200I1 COS X 1 . 20011 S1N X
j dx =—sinx + S—dx
10011 x X 10011 10 x
20071 COS X 20017 ] 1 2o 1
< = —— =
= foon— <o 7%= = 00m

wr COS X e < 1
o x 20011
Bai toan nay cé thé giai theo phuong phap dao ham .

vay |

13
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[ <[ —dr<e] ——
0(1+)c) °(l+x) 0(1+)c)
—’11 n
(x+1)] L < (x+1)1
1-n 0(1+x) 1-n 0

| x 1
Vay — (1— _Jgj] R .~ (1— _]j;n>l
n—1 2" 0(1+x)" n—1 2"

Bai todn nay cé thé giai theo phudng phap nhi thiic Newton .

Chiing minh rdng : n&u f(x) va g(x) 1a 2 ham sé lién tuc va x xac dinh trén [a,b] , thita cé :
b 2 b, b,

(I f(x)-g<x)'dx) <[, L, &g

Cdch 1 :

Cho cic sé a,, tuy § (i € l,n) tacé :

(azl +a’, +...+0:2n)(,821 + 5, +...+,32n)> (af+a,B+..+a,B,) (1)

Ping thic (1) xay ra khi : 4 _%_ %
ﬂl ﬂZ ﬂn

That vay : phan hoach [a,b] thanh n doan nhé biing nhau béi cac diém chia :
a=X)<X;<X3<..<Xp=bvachon:

b_
$ € [xi—laxi]: ?

Do f va glién tuc , ta cé :

Vi€in

J[ £ =lim > 7 (£)7 (2)
€ )dxz}irﬂcigz(é)b;a (3)

Khi dé (1)
! b—a

alimeZ(é)b%. lim 3 ¢*(&) ;

n—+o0 4 -
i=1 i=1

b—

n

{Q
[
[\
—~
N
N—

2{1111}3021’(65)8(@)

T (4) ta cling ¢o :

ST 6> 506 Sele)]

D%ng thite xay ra khi : f(x):g(x) = k hay f(x) = k.g(x)
14
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Tit (5) = ( jb f(x).g(x)dx)z < jb FA@ds. [ g (@)dx

Cdach2:YVteR" taco:
0<[if () —gx)] =2/ (x) =241 (x).g(x) + g*(x)

b b b

= h(t)=1 j F2(x)dx— 2tj F(x).g(x)dx + j 2% (x)dx >0
h(t) 14 1 tam thidc bac 2 luén khong 4m nén can phai cé diéu kién :

a,=t">0

<A, <0
A, <0
b b, b,

=N [ j f(x).g(x)dx} - j F2(x)dx. j 2% (x)dx <0

= ( [ f(x).g(x)dx)z <[ x| g ()

Chiing minh rdng :

l.j1ma’x<£ 3-€x—1<ﬁmdt<\/(e"—l)(e“‘—%j
7 J‘ sin®x 7 >_ n .'-()ISCoslx+—x4!sinxdx‘< 5?

Bai gidi :

1. Ta ¢6 :(Lb f(x).g(x)dx)2 < jb A (x0)dx. jb g*(x)dx (da ching minh bai trugc )
S| e gwad <[ e[ ¢ was

NIES :\/(l+x).(1—x+x2) :,/(1+x).4/(1—x+x2)

= I;\/l+x3dx:I;,/(1+x)1/(l—x+x2) dx <\/I;(l+x) d)c\/jol()c2 —x+1) dx

1
———+x
A3 2
0

2. [t = (Kt ey [V g

I, 1
X
Détt=§+t =dx=dt A

¢ 0 1%

2
J‘O]\/l+x3dx< [%+xj

:>J.01\/1+x3dx<§

15
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= et e [P et e [ 4
(B e [ e o] B
Ta lai ¢6 ( [ &dsz - ( [k dxf
< j:% e dx . jol% e dx
har( [ ] < [ j/dj = [P <[ o a
P (f Zj

:>_[ sin® xdx>2

n ..
:>.[ e "dx>§
0 2

Chu ¥ : bai nay cé thé giai theo phuong phap dao ham .

3. [N vetdi=[ /e e ar

([ vemar) <[ ea]/ (e +e ™ i

vi( jb f(x).g(x)dx) < j 2 (0)dx. j 22 (x)dx

= ([ e ) <(ex_1)(6)6_1_%}(@-*_1)(@_3

2 e
= J‘Ol\/e” +e'dt < \/(ex —1)(@" —%) )

Miit khac :ve* +e” >e' ;VO<t<x

= on\/ e’ +e' dt > one’dt =e¢' -1 (2)
Tw (1) va (2)suyra :e' —1< '[Ox\/e” +e'dt< \/(e —1)(5‘ —%j

3cosx—4sinx 1 271 . 5
4. I oo |<1+x2 \/[32+(—4) J[s1n2x+cos2x] ==

J-13cosx—4s1nx
0 1+ x*

1|3c0sx—4sinx| 1]
o e Cab vt

Pt x =19 = dx=(1+1gt)dt

16
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0 1 1, () T
.o T =l = e e =

=4.

J-13cosx—4sinxdx

0 1+ x?

sI1
4

<

Chiing minh bét ddng thiic tich phdan bang phuong phdp dao ham.

Chiing minh ring :
1.54x/§<J.H(\/x+7)+(\/11—x)dx<108 Hgf%(sinx+cosx)dxén—\/5
-7 4 o 4

‘ 4 e
2.0<I0x(1—x2)dx<2—7 4‘Ioesm xdx>%
Bai gidi :

LXét f(x)=(Vx+7)+(11-x);x€[-7,11]
11-x—+vx+7
'(x)= (x)=0e x=2
f(x) 211 —x~/x+7 :>f(x) =
X -7 2 11
f’(x) + 0 -
fix) 6
/N
32 32

=312<f(x)<6= 32| ax< [ f(x)de <6 dx
=542 <[ (Va+ 7 +4T1-x) dr <108

2. Xét ham s6': f(x) = x(1-x) ; Vx€[0,1] = f'(x)=3x"-4x+1

:f’(x)=0©x:% v x=1

X -0 0 % 1+

f’(x) + 0 -

f) 4

17
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4
=20 f(x)<—
f(x) Y

g e (0, 4 ):(14.0)=0< 1, <%,

Joy =Sy =0
:,»0<jlf(x)dx<ijldx:0<j1f(x)dx<i
0 27 0 27

3. Xét ham so :
f(x)=sinx+cosx = 2sin(x+%j;xe[(),%}
f'(x):x/zcos(x+%j;0 ,vxeﬁojgj

s s 1
= f(x) 1a ham s6 tang Vxe[o,q}:f(o) < f(x) <f(11/)
HI

= 1<sinx+cosx <2 == <I/ (sinx+cosx Jdx < ——

4. Nhan xét Vx>0 thi ¢* >1+x (day la bai tap Sgk phin chitng minh bat ding thiic bing pp dao ham)
Xét f,=e' -1-t ;t202>f'(t) =e'-1>0;Vt>0

= ham s f(t) ddng bién V>0
Vix>0nénf(x)>f(0)=0 > e —1-x>0e" >1+x(1)

Do vy : Vx € (0,[1) thi & * > 1+sin’ x (do(1))

:j sin” "dx>j 1+s1n x)dx 1+ J‘H4d1 c0s 2x

:>I sin’ "dx>—

Chiing minh rdang :

L2 = dx <L 4£< Wcotgxd <L

5 0 X+ 2 T x 3

\/_ 1/ sin x 1
2.—/—K dx <— 5.—< —dx<

Viox 2 J’\/2+x x’
HI<J. ! dxéZH\B 6. 2\/7<.[( 1+x +31- x)dx<4
3 \/cos x+cosx+1 3

Bai gidi :

18
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) . 1-x°
1. Xét : f(")=x2x+1 ;x€(1,2]. cé f(x):(“_:z)zgo ; Vxe[1,2]

= ham s& nghich bién vx €[1,2]= £, < £, < f,,

:>g< 2x élzg 2a’x< 2%dx<l 2a’x
5 x*+1 2 59 U x"+1 29
N
5 Ux"+1 2
2.Xét f =" ivVxe n = £y _ X.cosx—siny
* X 63 X
Pat Z=x.cosx—-sinx=7Z'=—x x<0; Vxe[% %}
= Z d6ng bién trén Vxe[%;%} va:
1-3v3 [H H}
Z<Z, =—<0;Vxe|—;—
(%) 6 63
IT I1
:>f()<0 Vxelig ?:l
- IT I1
X 0 / g+oo
f,(X) -
fix I1
® 14
N
3\/—V
211
W3
211 (X) 1
hay:3\/§<smx<i
2H X [T
/sinx A f 1/ sin x
< — dx = —dx <—
J.H/ LA HL% FV X

3.Pat t=cosx;xe[0,[1]=re[-11]
va f(t):t2+t+1;t€[—1,1]

19
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fly=2+1f,=0t=—=

t -0 -1 —% 1+
10 — 0 +
fo) 1 3
NS
%

3
:>Z<f(t)<3;‘v’te[—l,l]
%<cos x+cosx+1<3;Vxe[0,[1]
hay£<\/cos 2Y+cosx+1<3 = — ! 1 i
2 f \/cos x+cosx+1 \f

1 1
=—| dx< dx < d
\/EJ. TS ) cos? xcosxAl \/_I *

:Hﬁ 1 ﬂgnw§

<

3 IO Jeos? x+cosx+1 3

Chi § : thyc chat bat ding thic trén phaila :
Hﬁ<n 1 27143

dx < (hoc sinh ty giai thich vi sao)
3 '[0 Jeos? x+cosx+1 3

; lién tuc Vx € [% H}

3

cot gx

4. f(x) =

X

, —(2x+sin2 ¢
6 f :M 0;Vxe H H = f(x) :nghich bién trén H,H
(x) 2 '3 4 3

2
2x°sin” x

REUARECRS(A

I I
:>£<C0tgx<4:>\/§n/d< 4cotgxdx<i ngd
I1 X Im 1% W ox 1'%

I
f< /cotgxdgl
o x 3

5. ﬁx) = 2+x—x2 ,VX c [0,1] cé f’(X):l- 2x

:>f'(x)=0c>x=%

| % 1+

20
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f’(x) + 0 -
f(x) 94
7N
2
=2< f, <2
X (x)\4

3x€(0,%);(%,1)32<f( : <2
Y4

Joy=Tn=2

=2<2+x-x" <2

m
:%j;dx<fol—mdx<$jodx
2
:>§<I ﬁd)m
6. Xét :

fog =1+ x+1-x sxe[-1]]

ol

f(X) 4[4\‘/(1+x)3 ‘\‘/(I—X)S}
=0 (1-x) ={(1+x) x=0
! !

= -1<x<0

Miit khac : 1 '(X) >0

f’(x) +

f(X)

=</, <2

{Elx € (-1,0);(0,1)

:><‘/§<fx <2
Jiy=Ty =42 .

Jasxy -y

Chuyén Pé B4t Pang Thic Tich Phan

:II dx<j ( 1+x+m)dx<2_[ dx:>2\/7<.f( 1+x+<‘/§)dx<4
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Chiing minh rdng :
3
> < 3 — 4 <
| aete Iozex_x <2t 4. 9< jo (COS4 21g xjdx <90
2 ] 2
2.j2°°e'x dx < 0,005 5. f% ages1p ]
100 0 4

100 %{ 9 V
3.90—1n1osj10 e dr <90+ -+In10 " I%tg o
o x

Bai gidi :
1. it f(x):x—x2 ;x€[0,2]c6f'(x):1—2x
. 1
co =0 x=—
S 5
X |- 0 % 2+
f’(x) + 0 -
fx %
7N
0 -2
2< <1
=25/, <5

1
hay—2<x—x2<Z
2 1 2 2 2 2
=elLe éeA:{‘/;:eJSJ‘ deI e dxé{‘/;j dx
0 0 0
2 2
2.7 < IO e dx < 2.(‘/2
s , % % 2 2, A N -2 2 x—x2 4
Chu y : thuc chat bat dang thdc trénla: 2.e <IO e dx<2.\/g
» . . e 1
2. TruGe hét ta ching minh : ¢ <—;(1)x=0
X
Pit r=x ;x#0=>¢>0
Giiaisii’tac()(1)Vz‘1(1)<:>e"<1 t>0e >t5t>0
t

e —-120(2);t>0
D:itf(x)ze’—t cof'(t)zet—1>0,t>0
22
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= f,luon dong bién V¢ >0 va Ji 2 figy=1>0

2 1 200 _ 2 200 |
= f,20,t>0=e¢ S—:>.|. e deJ. —dx
) X2 100 100 52

200
:jeﬁw<am5
100
1

3. Truéc hét ta chiing minh : l—lge% <1—1+F;(1) Vx>0
X X X

bat t:—l ;x>0=>1<0
X

(l)©1+t<et<l+t+%t2 ;(2)1<0

P 1
Xéthamsd f, =¢' ~t-1 ;h, =¢ —1—t—5t2 ;<0
*fy=¢-1
t -0 0 +oo0
LT -

O
0

= Jiy >0 ;V1<0

hay e —1—t>0 ; Vi< 0
=l+t<e’ ;Vi<0(3)
hiy=e ~1-1
X -0 0 +00
h't +
ht 0

/!

=l <0 ; V<0

hay €' <1+t+%>0;Vr<0(4)

Tw (3) va (4) suyra :

23
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l+t<eé <1+t+%t2 V<0

hayl——<e/<1—l+L ;x>0
x  2x

= 100(1 —l)dx < IIOO ef%dx < Iloo(l —1+L2jdx
10 X 10 10 X 2x
90—1n10 < J-looe%dx< 90+ 1110
10 200

* La bai todan khé , hi vong cdc em tim diéu thi vi trong bai toan trén — chiic thanh cong .

. 3 I1
4. Xét f(x) = . -2tg*x ;x¢€ [O,?}

[1
. =1+tg’x ;x€x€|0,— =tc[l;4
bat  cos’x & [ 3 [1:4]

:f(t):t2+4t—2:>f'(t):4t3+4>0 ,Vt€[1,4]
= Joy STy STy =35 fys30

= 3[14 dt < f Syt < 30[14 dt

ﬂ
=9< (i—%g xjdx<90
0\ cos

5. Xét ham so f(x):ex—l—x;‘v’x20

€6 [, =¢ =1>0 ,Vx>0= f, dongbi€n Vxec[0,+x)

:f(x)2]"(0):0:>ex—1—x>0:>e"21+x Vx>0

1
:>e%“‘z>l+ Vx>0

1+ x?

:J. /**dx>.|'(l+

Dt x=1gt = dx=(1+1g’t)dt

{xzo {z :Il 1 x:jol(lwgt)dtzﬂ

x=1 t—ry 01+ x° l+1gt 4

T (¥) suy ra :_[ e@”dx > 1+%

]d e[ (4)
1+x°

. g%
6. Trudc hét ta chitng minh : A <% (X E (0,%)
X
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Xét ham s& f(x) = l.tg% ;X E [Q%]
X

x—sinx

f'(X) 2 2
bY
2x".cos A
bat Z——x—sinx:>Z’——1—cosx>O,Vx€(O,—2j

:>Z>Z —O:>f >O,Vxe(0,%}

X -0 0 1%
v +
fo %—[
/
—o0
= f(x) <— = % < 2

:Irytg/d <I —dx :>I /dx<1

Chiing minh rang :

2001 2001
l.ljnxmg.ezx.dx> I I
27 2001 2002
2.'[1x1n(x+\/1+x2 )dx}lln(1+\/§)+£_1
0 2 2
n n+2
3.J‘Axtg"xdx> ! (H
0 n+2\ 4

Bai gidi :

1. Tru6c hét ta chitng minh : ¢>* > 2(x2 + x) ;Vx >0

Xét ham so:
f(x) =e™ —2()62 +x) (Vx>0
"

! _ 2x _ _ .
f(x)—2.e 4x-2 f )
= [ (ylaham ting ;Vx>0= f > f, =
= /i, laham tang ;Vx>0= 1, > f,

=4 —4>0 Vx>0

25
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= > 2(x2 +x) = ' e > 24" (

x2+x)
1 el o909 o T 1099 ( 2

:>—J. x e dx>I X (x +x)dx
2 Jo 0

200 2001

+
2001 2002

1 ell
:>—j X e* dx >
7 Jo

2. Truéc hét ta chiing minh : 1+x1n(x+\/1+x2)2\/1+x2 ;Vx€eR

Xét ham so :
f(x) :l+xln(x+\/1+x2)—\/l+x2

f'(x) :ln(x+\/1+x2):>f'(x) =0 x+Vl+x* =1

1-x20
=0
Tl =-xp T

va f <Oc>1n(x+\/1+x2)<0c>x<0

X -0 0 4w

Pl - 0+

fo | N
0

:>f(x)>f(o):0 ;VxEeR

:>1+x1n(x+\/l+x2)>\/l+x2

:xln(x+\/l+xZ)2\/1+x2 -1
:J‘leln(x+\/l+x2)dx}jol(\/1+x2 —l)d :%[X\/xz +1 +%ln(x+m)—x}
:J.lxln(x+\/1+x2 )dx}lln(l_h/z)_,.ﬁ_l

0 2 2

1

0

3. bat f(x) =tgx—x;Vxe [O,%}

= ! ~1=tg’x>0 ;Vxe(O,%J

@) cos® x

A e o I1
= f(x) dong bién trén [O’Z} = f(x) > f(o) =0

26
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=>gx=>x ; Vxe[O,%} =1g"x > x"
n+l / 4 n+1
= xtg'x > x :>J. xtg xdx>I dx

/ ) 1 H n+2
:>J‘0 xtg" xdx > n+2(?

Gia su f(x) ¢c6 dao ham lién tuc trén [0,1] va f(1) - f(0) =1
Chiing minh ring : J. ( ) dx>1

Tac():jol(f'(x)—l) dx>1;Vxe[0,1]
= [0( )2dx—2jlf' dx>1+j]dx>OQI‘(f'(X))zdx—z[f(l)-f(o)}+1>o

@j( )dx 2+1>0:>j( )dx>1

Cho f 13 1 ham lién tuc trén [0;1] dong thoi thod man
1<f(x) <2; ;Vxe[O,l](a)

1 3
J.o f(x)dx o 5 (b)

Chiing mink %g jol LI
«

Theo BDT Bunhiacosky
2
1 2 1 1 1 1 dx
1<(j01.dx) - [ /f(x).\/ffdx <[ S e
(x) (x)
1 dx J-l dx

Diu “=” kh6ng xay ra :

Vo
/ :k<:>f(x):
Jy

1 3
do L f(x) dx = E

2-Jiy 20
Jiy~120

(2= 1, )(f —1)>0 & 17, =3f,+2<0

Tt (a) :1< £, <2 ; Vx e[0,1] thi{

27
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2 <
f(x)—3+K<0 (2) bat¢= 1,

= 1</<2 thi (2) @z—3—%:f(,)<o

t 1 V2 2
£ -~ 0 +
£ NS

2\/5 -3

:j;ﬁx)dx—3j;dx+2j;%<0

:>2j;ﬂ<3j;dx—j;f(x)dx=§:> ;ﬁé
Y 2 Sy 4

Tw (1) va (2) suyra :

2 (gl

37 Sy

28
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BAI TAP TU LUYEN

Chitng minh riing :

29
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I 1
28 5+2cos” x 24
y! 1
0/ 7 dx < —
24 3+4sin” x 18
2 2
<3 dx < —
9 x~ +8 7

=

5
-[0 —dx<—
x +16 6

5

COS x
18 22

’ \/1+x4

6E<_[0/—dx<E

16 5+3c032x 10

5. dx

J3e ™ sinx I1
7.]; 32—dx<—
xT+1 12e

8.]&\]3 re Ydx <2

9. J'l'[ 2001

4003
n x.dx < (\/ﬁ)

I 1 nﬁ

/\

10f<j0
\/4 x - 8
1 ! 1 IT

Vi-x il

2
l4.1<jéex dx<e

19
s e !
) 0 —
20%/5 \/l+x6
6E<j0 —abc<E
10 5—3cos” x 4
17.0 < Ioidx
n+1

Chiing minh rdng :

Chuyén Pé B4t Pang Thic Tich Phan

1
18.1<I§—d T

\/—x +2x+8

19.1< 1+ x2ar <2
203 < 3+l <2

Im 31 1 I1
21.—<111/472dx<—

3+sin” x 7

22.2 < ' N5 - 4xdx < 6
23.2< M4+ xPar <5

m 1 1
24 < dx < —

18 x 4+x+2 8

1 ! 1 nl

J2 | 2004 4

n Vx 3
267\'[0 7 dx <

18 x +x +x +3 27
27.0<f§xlnxdx<ez
28.9 < 381+ x> dx < 10

211 dx 211
29.—<I§H7<—

3 10+ 3 cos x 7

m o[ 1 MV
30.—<IOA 14— sin? x dx <

2 2 4

31.0 < [ rgx2dx < 2\/5

I1
32. IV<In/ v < —
4 3-2sin” x 2
1 _
33.—(e~1) < e 2 <l
e

| sin(nx)

4.l dx

<In2

x+1

| cos(nx)

35.1p

dx <In2
x+1

x I1
36I/f —— dx<—;n=34
l—xzn 12

37.L;/ﬁ sin(xz)dx >0

30
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I.J.On(\/2+cos2 x ++/2 —cos’ x)dx< 2211

5 )
2'0<J. 3300sx+4smxdx< 511

X +1 T
3 (3- 2950  (sin x-+ 655 + 5)ax < 21

o 1< 20

S.LI% sin’ x(2 +3cos’ x)dx < 225

12511

6. jo% cos* x(2sin’ x +3)dx <

7.'[152(\/5—2&52 x ++/3—2sin’ x)dx< 31_[2\/5

S.I%M(2+3M)(7—4@)dx <271
(3 2@)(5+\/smx)(l+x/smx) 9H

2

R
10. L (2sinx +1gx)dx > 0
11.0< J.Ol(e’* +x—1)dx< e’
1 N 5

12.— < <—+l
2 T doxt+1 24 2

Chiing minh rdng :

Ixsina++~a+1cosa

11. —1< dx <1
13 °© 10+3cosx 7 (aER)
1 H —
14\'[ 4+3cos’x 8 I I 1=’ dx <\/E
0
jlg cosx 4( 1+x° 6
/—1+x 13.1<j_12x dx <4
4.on/l+x dx>j0xdx 14.1<I1ex2dx<e
5.J.01x2 sin’ xdx<_“;xsin2 xdx s TI< |, ;dxgﬂ_[
] J'Z iy >J'2 y sin* x+cl£)[s X
| e dx edx 1
1 1 dx < —
1 J“)xz+x+2 s 8

31
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Il x> cosa—2x+cosa

7. dx| <2

-1 x?—2xcosa +1

a € (0,IT)

Chuyén Pé B4t Pang Thic Tich Phan

A
17. sin xdx > | /? cos xdx
I% I%

18.3v6 < [}, (V2+ x + 4 - x Jix < 643

VAT A 3
8.._[0 sin xdxg_[o sin” xdx 19'25<E X dx <27
x“—4x+5
/(\/cos X+ 2sin x+\/sm x+2cos2x)dx<Hf
10.]02(\/3coszx+sin2x+\/3sin2x+coszx)dx<H\E
Chzi’ng minh rdng :
jrysmx 1
= 1
2 28..[2 cosY yeo L
. X 211
, V3 I/smx .
29.0< Jl2 xle*dx < 8e™
4
3-0<IOX(1—X )dx<ﬁ 3o.—24<j_21(—x5—5x3+20x+2)dx<32
4_1—1_\/§<J’H 1 jx<2H\/§ 31.—2%/Z<r] —x’ +3x-2dx <0
3 0 Jeos? x +cosx+1 3 , /_
2 1 3. 0<J‘ x/Vr gy < 2
5. =< —d <— 0

5 x4l 2

243

6. 0<j x(1- x)dx<—

7. 54x/§<J._I;(\/ll—x+\/7+x)dx<108

1
8..|. A(;+3cosz xjdx} 5
0 {3cosx+cos3x

o S
9.——<L—[ sin x — —sin x — ; dx < -3
8 " sin x sin” x
1 dx
1o.0,65<j2—<0,9
1 1

11—<j4dx<

V2+x—x \/E

211
33.1<J. 4(2coszx+2cosx+1 X <5
2 0

34.

IH sinx (1+cos x) dx| < 3
n 2

<2112
5H\/§+6
3

35.

Inn(sinx +cos x)dx

T3
36.
3

211 .
<I (x 3+25mx)dx<
0

37. Jjn (cosx—x)dx <2I1

m
38. I (c'os3x —2cotgx]dx < M2y
0 \sin” x 9
2_
0.2 [(E T g
2 x°=5x+7
40, o<j1 461" T3+l <10
L x?—x+1
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12 §<_[3 X dx<9\/§
) 2 [2 1 2
2 x -1 4 21. ééjéw&céﬁ
J-zool'[ cos)cdx< 1 2 -2 x +1
Soorr 20011 22.0<I:xlnx<e2
1 D gin x \/E >
14.—< |2 dx <— 2 <X 3
2 .[T ¥ 5 23.¢ (e—1)<L ln—xdx<e (e-1)
82
15.2(ez—e)<J‘ ?;ln)c—L x 24.§< 222—xdx<1
2 Inx 4 91 x 41
1
6.2 <[ ae<l 25.1n2< [ In""=dr <In3
5 T xt+1 2 X
1 1 2 2 xz—x 2
174'[0x(1—x)dx<5 26.%<Ioe dx < 2e

2¢" 1
27.e< | —dx<—¢°
1 x 2

il
18. HéIIchos2x—cosx+l dx <211
2

19. 542 < J‘Oﬁ(—x“ +4x? +5)dx <2

20, ~141< [ (~3x* ~8x +30x* + 722~ 20 Jdx < 369
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