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DAI HOC KINH TE QUOC DAN Tai liéu hudng dan doi tuyén OLP 2012
TINH DINH THUC

Chuyén dé nay nghién ctru vé cac phuong phap tinh dinh thic cap n tong quat.
1. PHUONG PHAP PUA VE DANG TAM GIAC

Ta can bién d6i dinh thirc cip n vé dinh thire dang tam giac. Khi d6 dinh thtrc cp
n bang tich cac phan tir trén dudng chéo chinh.

Vi du 1. Tinh dinh thtc cip n:

1 1 1 1
1 0 1
D=1 1 0 1
1 1 1 0
Giai:
Lay cac dong i (i=2, 3,..., n) trir di dong th{r nhét ta duoc:
1 1 1 - 1
0 -1 0
D=0 0 -1 - 0f=(-1)"
0 0 O -1
Vi du 2. Tinh dinh thuec:
a, X X X
X a, X X
D=|x x a, X
X X X a
Giai:

Lay cac dong i (i=2, 3,..., n) trr di dong thir nhit ta duoc:

a, X X X
Xx—a, a,—X 0 0

D=|x—-a, 0 a,—Xx 0
X—a, 0 0 ea —X

Duabdi a, —x ¢ cotdau, a,—x 6 cotthir2,..., a_—x & cOt thit n ra ngoai ta dugc:
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1010 .. ()
D=(a, -x)(a,-x)...(a,—x)x[-1 0 1 - 0
-1 0 0 - 1

Viét ;- =1+ % va cOng tat ca cac cot vao ¢t dau tién ta duoc:

a;—Xx

1+ al)ix teeet anx—x Tx—x a3x—x anx—x

0 1 o - 0

D=(a, -x)...(a, —x)x 0 0o 1 - 0
0 o o0 - 1

:x(al—x)(az—x)...(an—x)<§+alix +azix+---+anix)

2. PHUONG PHAP TACH THANH CAC THUA SO

Dinh thirc can tinh duge xem nhu mot da thirc ciia mot hay nhiéu phﬁn tir cia no.
Bién do6i dinh thuc dé dinh thirc nay chia hét cho mot s cac thira s, do dé (néu céc
thira s6 nay nguyén to cung nhau) thi dinh thirc va tich cac thira s6 nay 1éch nhau mdt
hang so.

Tiép d6, dé xac dinh duoc chinh x4c gia tri cua dinh thuc ta can so sanh hé sb theo
mot bién nao do6 cua dinh thirc va tich trén, tr d6 xac dinh duogc gia tri cua dinh thirc.

Vi du 3. Tinh dinh thtc:

N <« » O
H O N <
S XN < N

< N O X

Giai:

Cong tat ca cac cot vao cot dau tién, ta thﬁy dinh thic chia hét cho x + y+2z; sau
dc:) cong vao cdt thur nhét cot tht 2, trir di cot thl:f, 3 va thtr tu ta dugc dinh thic chia
hét cho y+z—x; cOng vao cot thir 3, ¢t thir nhat va truor di cdt thu 2, thir 4 ta duogc
dinh thuc chia hét cho x — y+2z; cudi cung, cong vao coOt thir 4 cot thir nhat, trir di cot
thir 2, thtr 3 ta duoc dinh thirc chia hét cho x +y—z. Vi x, y, z 1a cac bién sé doc 1ap
v6i nhau, nén cac thira sd trén 1a nguyén t6 ciing nhau, vi thé dinh thire chia hét cho
tich:

(x+y+z)(y+z-x)(x—y+z)(x+y-2)
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a, a, a, - a,
a, X a, - a,
Tich nay chtra x* v6ihésd |a, a, x --- a |, trong khi dinh thic cling chira
. 0 1 n .
a, a, a, X

x* nhung v&i hé s6 +1, vi thé:
D=—(x+y+z)(y+z—x)(x+z—y)(x+y—z)
=x'+y'+z' - 2x’y* - 2x%’z’ - 2y’7’

Vi du 4. Tinh dinh thic Vandermonde cép n sau:

2 n-1
1 1 Xl Xl
1 x, x x"!
_ 2 2 2
D =
2 n-1
1 x, x; X

Giai:

Coi D, 1a da thtrc cua an x_ v61 cac hé so phu thudc vao x,,x,,...,x, . Tathy da

thoec trén c6 cac nghiém la x, =x,x, =X,,...,X, =X, ,, vi thé nd chia hét cho
X, =X, X, —X,e.0n X, =X
Tat ca cac phan tir trén la nguyén t6 cung nhau (do x,,X,,...,X, , la cac phan tu

bat ky, khong phu thudc vao nhau). Do d6 D_ chia hét cho tich ctia chung, nghia 13
D, =q(x,,X,,.., X )X, =X (X, —X,)...(X, =X, )
Khai trién D  theo dong cudi cung, ta thdy rang né 1a da thirc bac n—1 cua X, va

vé1 cac phan tr x,X,,...,X
tr hé sO cua x, trong phan tich bén phai cua dang thirc trén 1a 1 ta suy ra

hé s6 cua x""' bang véi dinh thirc Vandermonde D,_

1 n-172

q(x,,X,,...,Xx,) khong choa x_, so sanh cac hé ) trong ca hai vé ta duoc
D , =q(x.,X,,...,x,,). Khi d6 D =D_ (x, —x )X, —X,)...(x,—X,,), ap dung
cong thirc nay ta lai co:
D, =D, (., —x)..(X,—x.,)
Lip lai qua trinh nay, vé6i chii y rang D, =1 ta dugc:

D, = (x, = x)(x, = x,)-(x, =%, ) =[](x, —x,)

i>j
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3. PHUONG PHAP DUNG CONG THUC TRUY HOI

Trong phuong phap nay, ta dung cach khai trién dinh thirc theo cac dong hoac cac
cOt mot cach hop 1y dé dua vé dinh thire c6 cing dang nhung voi cap nhé hon. C6 thé

la dua D, vé hé thirc chi lién hé v6i D__, hogc lién hé véica D_ va D

-
Gia st bang cach khai trién nao dé, ta dua duoc vé cong thic truy hoi dang:
D =pD, +qD,,, n>2 (1)
v6i p, q 14 cac hang s6. Ta xét riéng timg trudng hop c6 thé xay ra:
Truwong hop 1. Néu q = 0 thi ta tinh duoc D, =p"'.D,, trong d6 D, 1a dinh thuc cap
1 dang da cho.
Trwong hop 2. Néu q=0, goi a,B 13 nghiém cua phuong trinh bic hai
x’—px—q=0.Khidé p=a+p,q=—ap va (1) dugc viét dudi dang:
D,-BD,,=a(D,,-BD,,) (2)
hoac
D, -aD, ,~p(D,,~aD,.) G
Truwong hop 2a. Gia sir rang o # B, khi d6 tir (2) va (3) ta duoc
D, -BD,,=a"’(D,-BD,) va
D, —oaD,  =p"*(D,-aD,)
Vi vay
D - o"".(D,-BD,)-B"".(D, -aD,)
' p

a_

Hay Dn :C](xn+C2B“ vOoi CIZIDZ_—BI)I C :_DZ_O(’Dl (4)

a(a=B) *  B(a—B)
Cong thirc (4) nay c6 thé nhé dé dang, cu thé C, va C, co thé tinh lai bang cach
xét (4) v6i n =1, n = 2 thi dugc: D,=C,a+C,B,D,=C,a’ +C,p°, tr hé nay giai
dugc C, va C, theo a,f,D,,D

Trwong hgp 2b. Bay gio ta xét truong hop o =3, khi do (2) va (3) trd thanh

D, -aD,  =a(D,, -aD, )
Do d6
D —aD, =A™ 5)
V61 A=D, —aD,.
Trong (5), xét véi n—1 ta dugc D, —aD, _,=Aa">, do d6 D, =aD, , +Ac"",

thé nguoc trg lai (5) ta duge D, =a’.D_, +2Aa"”, cu lap lai nhu thé ta duoc
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D,=a"'D,+(n-1)Aa"* hogc D, =a'[(n-1)C,+C, | véi C =4,C,=2 (vi
q#0 nén & day a#0).
Chu y:

Khi trinh bay mdt bai toan tinh dinh thic cu thé ta nén lam tuan tu nhu trén (viée

nay la khong kho khan), khong duoc ap dung ludn cong thirc vi s& dé sai 1am vé cong
thirc va ngudi doc khé chip nhan két qua dua ra.

Vi du 5. St dung phuong phép truy hdi tinh dinh thirc trong vi du 2.
Giai:

Khai trién cot cubi cling bang cach viét a_=x + (a, —x), ta dua dinh thirc D, vé
tong cua hai dinh thtrc:

a, x X X| |a, X X 0

X a, -+ X X| [X a, X 0
D = +

X X -+ a_, X| [Xx X - a 0

X X -+ X X| |[x x -+ X a -X

Trong dinh thirc dau tién, léy tat ca cac cot trir di cot cudi cung, va khai trién dinh
thirc thir hai theo ¢t cudi cung ta duoc:

D, = X(a1 —x)(a2 —x)...(an_1 —x)+(an - X)Dn_1

Day chinh 13 cong thtrc truy hoi, khi d6 ta lai tiép tuc khai trién D
cong thirc trén dugc:

D, =x(a, —x)(a,—x)...(a,, —x)+x(a,—x)(a, —x)...(a,, —x)(a, —x) +
+D,,(a,, —x)(a, %)
Ctr tiép tuc n—1 1an véi cht y ring D, =a, =x +(a, —x), ta c6:

Dn=x(a1—x)(a2—x)...(an_X)(L Lo, j

X a -—X a, —x
n

., va thay vao

Vi du 6. Tinh dinh thtc cip n:

5 0 0 0
5 0 0

D =0 2 3 0
0 0 0 0 2 5

Giai:

Khai trién theo dong tht nhat, rdi theo cot thir nhét ta dugc cong thire truy hoi 1a:
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D =5D, ,-6D, ,

Phuong trinh x* —5x +6 =0 c6 hai nghiém phan biétla a.=2,B=3.

Do dé cong thirc trén dugc viét lai 1a:

D, -2D, , =3(D, -2D,,)

D,-3D,,=2(D, -3D,,)
Do do ta duoc:

D, -2D,, =3"*(D,-2D,)

D, -3D,,=2"*(D,-3.D,)

Taco D, =5,D, =19, giai hé hai phuong trinh nay voi cac “an” dugc coi la D va
D,_, ta dugc:

Dn — 3n+l _ 2n+l

4. PHUONG PHAP PHAN TiCH MQT DPINH THUC THANH TONG CAC
PINH THU'C

Mot s6 dinh thuc duge tinh bé“lng cach phan tich n6 thanh téng cua cac dinh thirc
cung cap.

Vi du 7. Tinh dinh thtc:
a,+b, a +b, -+ a+b,
b :a2+bl a,+b, -+ a,+b,
a +b, a +b, a_+b,
Giai:

Phan tich dinh thiic theo dong thir nhét thi dinh thirc phén tich thanh tong cua hai
dinh thiurc, sau d6 moi dinh thirc nay lai phan tich thanh hai dinh thirc ntta rng voi
phan tich dong thtr hai, ctr ti€p tuc nhu thé, dén dong cudi cung ta duge 2" dinh thire.

Khi phan tich nhu vay, ta thdy mdi mot dong déu 1a cac phan tir giéng nhau hét,
hodc déu la a,, hodc déu la b,. Do d6 khi n>2 thi dinh thuc c6 it nhat 2 dong ty 1€,
do @6 dinh thirc bang 0. Khi n <2, ta duoc:

a'1 a'1
bl b2

b b,

a

D ,=a +b, D,=

) +

) =(a,—a,)(b,—b,)

2 2
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5. PHUONG PHAP BIEN POI TAT CA CAC PHAN TU CUA PINH THUC

Phuong phap nay dugc ap dung khi thay d01 tat ca cac phan tir cta dinh thirc boi
cung mot so thi ta dugc moi phan bu dai so duoc tinh mot cach dé dang. Phuong
phap ndy dua trén tinh chat sau: Néu cong tit ca cac phan tir cua dinh thire D véi sd
x thi dinh thirc s& ting thém mot lwong bang x nhan voi téng cia tat ca cic phan bu
dai s6 ctia D. That vay, néu:

D=|---

a a a +x -+ a +X

nl nn nl nn

Khai trién dong thir nhit ciia D’ thanh tong cia hai dinh thirc, sau d6 lai khai trién
cac dinh thirc nay theo dong thir hai, ctr ti€p tuc nhu thé ta dugc:

Nhitng dinh thtrc chira hon mdt dong bang x hét thi bang 0.
Nhirng dinh thirc chi chira mot dong bang x, thi khai trién theo cac dong nay ta dé
dang duogc cong thie: D'=D + xzn: A,

i,j=1
Vi vay, dé tinh dinh thirc ctia D', ta s& thay béng tinh dinh thirc D va tinh téng cac
phan bu dai s6 cua D.

Vi du 8. Tinh dinh thirc D, trong vi du 2.

Giai:
Léy tAt ca céc phén tr trur d1 x, ta dugc dinh thie
a, —Xx 0 0
D 0 a,—x 0
0 0 eoa —X

Tat ca cac phan bu dai s6 cua cac phan tor nam ngoai dudng chéo chinh bang 0, va
bu dai sO6 cua moi phan tu trén duong chéo chinh bang tich ctua cac phan tir con lai
trén duong chéo chinh, vi thé:

n

D, =(a,-x)(a,-x)...(a,, = x) +x> (a, —x)...(a, = x)(a,, —x)...(a, = x)

i=1

n
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BAI TAP
TINH PINH THUC BANG CACH PUA VE DANG TAM GIAC
1 2 3 n 1 2 3 n-2 n-1
-1 0 3 n 2 3 4 n—1 n
I.I-1 =2 0 n 2.13 4 5 n
-1 -2 -3 0 n n n n n n
X, a, a; a, 1 1 1 1
X, X, ay a, a, a, a, _bl a
301X, X, X, a,, 4.| a, a,-b, a, a,
Xl X2 X3 Xn an - bn an an an
3 2 2 2 a, a, a, a,
2 3 2 2 -x x 0 0
512 2 3 2 6.|0 —x X
2 2 2 3 0 0O O X
a1 aZ a3 an
X, x, 0 - 0
7.10 -x, X, 0
0 0 0 - x,

8. Tinh dinh thirc cdp n trong d6 cac phan tir duge xac dinh boi a, =min(i, J).
9. Tinh dinh thirc cap n trong d6 cac phan tir duoc xac dinh boi a, = max(i, ]) .
10. Tinh dinh thirc cdp n trong d6 cac phan tir duge xac dinh boi a, = ‘i - j‘ .

TiNH PINH THUC BANG CACH PHAN TiCH THANH TiCH CAC THUA

SO:

1 2 3 n 1 1 1 1

1 x+1 3 n 1 2-—-x 1 1
11.]1 2 X +1 n 12. |1 1 3—x 1

1 2 3 x+1 1 1 1 n+l-x

Tinh dinh thirc 8
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a, a, a, - a,
-x a b ¢
a, X a, a,
a —-Xx
13. la, a, x - a, 14.
c -X a
c a —x
a, a, a, X
1 1 2 3 l+x 1 1 1
1 2-x* 2 3 1 1-x 1 1
15. 16.
2 3 1 5 1 1 I+x 1
2 3 1 9-x’ 1 1 1 1-x
TiINH PINH THUC BANG CONG THUC TRUY HOI:
ab, ab, ab, - ab, a, a, a, a
ab, ab, ab, - ab -y, x, 0 - 0
17.]ab, ab, ab, -+ ab, 18./ 0 -y, x, 0
ab ab ab - ab 0 0o 0 - x,
1 0 0 O 0 1
0 1 1
1 a 0 O 0 0
1 a O
1 1 a, O 0 0
19.11 0 a, - O 20.
1 0 1 a 0 0
1 0 O a,
1 0 0 O 1 a,
2 1 0 0 3 20 0
2 0 1 3 2 0
2.j0 1 2 - O 22.10 1 3 0
0 0 O 2 0 0 O 3
5 6 0 0 0 0 0
7 0 4 5 2 0 0 0 0
2 7 5 0 0 1 3 2 0 0 0
23.(0 2 7 - 0 2410 0 1 3 2 0 0
0 0 O 7 0 0 0 3 2
0 0 0 1 3
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1 2 0 0 0 0 0
3 4 3 0 0 0 0 a+p of 0O 0 0
0 2 5 3 0 0 0 1 a+p op O 0
25,10 0 2 5 3 0 0[26. | 0 1 a+p op 0
0 0 0 0 0 5 3 0 0 0 0 a+p
0 0 0 0 0 2 5
TINH PINH THUC BANG CACH BIEU DIEN THANH TONG CAC PINH
THUC:
X+a, a, a, a,
Xl aZ an
a, X+a, a, a
al X2 an
27.| a, a, X+a, a 28.
al a2 Xn
a, a, a, x+a,
0 1 1 1 1 1
X, ab, apb, ab,
X a 0 0 0 0
aZbl XZ aZbS aan
x, x, a, 0 0 O
29. 30. |a,b, ab, a,b, ab,
X, X, X, a, 0 O
anbl aan anb3 Xn
Xll Xﬂ Xll Xﬂ Xll all
TiINH CAC PINH THU'C SAU:
1 2 3 n—1 n
1 a, a, a
1 3 3 n—1
1 a +b, a, a,
1 2 5 n—1 n
31. 32. 11 a, a,+b, a
1 2 3 2n-3 n
1 a, a, a_+b
1 2 3 n-1 2n-1

Tinh dinh thirc
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2 2 02 2 1
I n
2 2 2 2 2 5
2 2 3 2 2
33. 34.|\n n
n—1 2 2 2
n n
n 2 2 2
y 0
0 x vy 0 I-n
0 x vy 1
35. |- 36. | 1
0 0 0 O y
y 0 O X 1
1 1 I -n n 1
1 1 -n 1 I n
37. |- 38.11 1
1 -n I 1
-n 1 || 1 1
1 2
a b b b
1 3
b a b b
0 1
39. |- 40.
b b a b
0 O
b b b a
0 O
1 b, 0 0
-1 1-b, b, 0 0 0
41.10 -1 1-b, b, 42.
0 0 0 0 -1 1-b,

w N O

o O

n-1

n-1

n-1

Tinh dinh thirc
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x -1 0 0
a, x -1 0
a, 0 x -1
43,
a 0 0 0
a. 0 0 0
n -1 0 O
-1 -1 0
n-2 0 x -1
45,
2 0O 0 O
1 0
1 Cc C
1 C., C,
1 C, C,
47, |-
1 C C
1 Cc o
a'0 al aZ
1 1 1
1 2 2°
49.(1 3 3’
I n+l (n+1)
1 1
x, +1 x, +1
- X§+X; X§+Xz
X + X, X, + X,
XX x0T+ X

0
0
0

0
0
0

S
(=)

n-1 n

x>+ X

n n

X +x’
n

44.

46.

48.

50.

1 2 3 n-1 n
-1 x 0 0 0
0 -1 x 0 0
O 0 O X 0
O 0 0 -1 x
1 x x> x X"
a, 1 x X x"
a, a, 1 x 2
a'nl anZ an3 an4 1
0o 1 1 1
1 0 x X X
1 x O X X
1 x x 0 x
I x x x 0
a" (a—l)n (a—n)n
a"' (a- l)nfl (a— n)ml
a a—1 a—n
1 1 1

Tinh dinh thirc
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(x+a,) (eral)n_1 x+a, 1
5. (x+a,)"  (x+a,)" x+a, |1
(x+a,,) (x+a,,)" x+a, I
1 sing, sin’@, sin"" @, 1 cosp, cos’o, cos"" @,
53 1 sing, sin’g, sin"” @, sa. 1 cosp, cos’o, cos"' @,
1 sing, sin’@, sin"" ¢, 1 cose, cos’@, cos" " @,
Loo(x) o(x) ?,.(x,)
1
55. 9 (x:) @:(x.) 9u(x.) voi @ (x)=x"+a, x""+--+a,.
1 (pl(Xn) (pZ(Xn) (pn—l(Xn)
1 1 1
f(cosq,) £ (cose,) f (cose,)
56. |f,(cosg,) £, (cose,) f,(coso,)
f  (cosg,) f_ (cose,) f _ (coso,)
Voi f(x)=a,x" +a,x" +a,x" "+ +a,.
1 CL] Cil C:l
1 C C c - —2)(x—
57 N O o C};:x(x 1)(x 12(? (x k+1).
1 Cin Cin Ci;l
n n n n Xl XZ Xn
(211—1)1 (211—2)1 n (211)1 R —— -
(2n-1)" (2n-2)" n""' (2n)" X « X
58. 59. ) . ,
Xl XZ Xn
2n-1 2n-2 n 2n _ y _
| | | 1 X" X X"
1 2 3 n a; a''b, a'’b; by
60, 1 20 3 n’ 6L a, a)'b, a'’b: b}
L2 3 e ™ a,, azjbnﬂ anllzbiu - by,

Tinh dinh thirc
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sin"'o, sin"a, cosa, cos"" a,
0 sin""a, sin"“a, cosa, cos"" o,
sin""a_ sin"?o_  cosa, cos""a,
£(x0y)  vha(xey) yif(xey) ¥
o | BOey) v (x.y) vy fi(xy.) ¥
fn (Xn+l 4 yn+l ) yann—l (Xn+l 4 yn+1 ) YEﬂ (Xn+l 4 yn+1 ) yZJrl
Véi f,(x,y) 1a da thirc hai bién x, y véi béc i.
a, X, X, X 1 x, X X7 x!
6 22 X X5 e X5 65 1 x, x; X3 x)
a_ X, X X" 1 x, x X ox!
1 x x X! 1 x, x; x X X}
66. 1 x x X} . 1 x, x x5 xSy X,
1 x2 x X" 1 x, x x7 X x"
1 ox(x,-1) x{(x,-1) X, (x,-1) 1+x, 1+x’ 1+x]
6 1 x,(x,-1) x3(x,-1) Xy (x, —1) 6 1+x, 1+x; 1+x;
1 ox,(x,-1) x(x,-1) x!"(x, 1) l+x, 1+x 1+x"
1 cose, cos2¢, cos (n — 1) 0, sing, sin2@, sinne,
20 1 cosp, cos2g, cos(n—1)q, o sing, sin2, sinng,
1 cosp, cos2p, cos(n—1)o, sing, sin2@, sinnQ,
a b c de f g h
b adc¢c f e h g
a b c d c d a b g h e f
b a d c d ¢ b ah g f e
72. 73.
c d a b e f g h a b ¢ d
d ¢c b a f e h g b a d c
g h e f ¢c d a b
h g f e d ¢c b a

Tinh dinh thirc
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a,—b, a —b, a,—b
- a,—-b, a,-b, a,—b
a —b, a —b, a —b
f(a) f(a,) f (a,)
R@) ) o t(e)
f(a,) f (a,) f (a,)
l+a,+b, a,+b,

- a,+b, l+a,+b,
a_+b, a_+b,
a,—-b +x a —b,

3. a,-b, a,—b,+x
an_bl an_bz
a o0 0 b
0 a b 0

80. |---

0 b a

b O O aanZn
+ = 0 0 0 0
1+ £ 0 0 0

8.0 1 < + 0 0
0 0 0 O 1 2

n

1+xy,
1+x,y,

n

75.

I+x.y,

1+xy,
1+x,y,

I+xy,

1+xy,
I+x,y,

I+x.y,

voi f (x) 1a da thirc bac khong 16n hon n—2.

a,+b, Xy, l+xyy, 1+x,y,
,+b, | 4%y, Xy, I+x,y,
l+a +b, I+xy, 1+x.y, XY
a,—b, X, +ab, ab, ab,
a,-b, 9 a,b, X, +a,b, a,b_
a —b +x ab, ab x +ab,
a, 0 0 b
0 a, b, 0
81.
O b2n—1 a2n—1 O
b2n 0 O aZn
1 1 0 0
1 1 1 0
83.10 1 1 0
0 0 O 1

84. Day Fibonaci (Fibonaci la nha toan hoc nguoi Italy ¢ thé ky 13) 1a ddy bat dau
v6i cac s6 1, 2 va sau d6 mdi sb sau bang tong cia hai sé dimg ngay trude no: Ta co

day123581321

Chtng minh rang phén tir thir n ctia ddy Fibonaci bang dinh thirc cdp n sau:

1
-1
0

1 0 O
1 1 0
-1 1 1
0 0 O

0 O
0 O
0 O
-1 1

Tinh dinh thirc
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9 5 0 O 0 0 0O 1 0 O 0O O
4 9 5 0 0 O 1 0 1 O 0O O
85./10 4 9 5 0 0 8.0 1 0 1 0 O
0O 0 0 O 4 9 0O 0 0 O 1 O
0O 1 0 O 0O 0O a 1 0 0 0O O
-1 0 1 O 0 O 1 a 1 0 0O O
87.10 -1 0 1 0 O 8.0 1 a 1 0 O
0O 0 0 O -1 0 0O 0 0 O 1 a
a 1 0 0 0 0
-1 a 1 O 0 O
89. |0 -1 a 1 0 O
0O 0 0 O -1 a
90. Chirng minh rang phuong trinh:
2cosa 1 0 0 0 0
1 2cosa 1 0 0 0
0 1 2coso 1 0 0 |[=cosna
0 0 0 0O --- 1 2cosa

Str dung két qua nay va két qua cua bai 88 suy ra biéu dién cosna theo cosol.
91. Chirng minh dang thtc:

2cosal 1 0 0 0 0
. 1 2cosa 1 0 0 0
SIA% _ | 1 2coso 1 0 0
sino
0 0 0 0O --- 1 2cosa

Véi dinh thire trén cap n—1. St dung dang thirc trén va bai tap 88, hiy biéu dién
sinna thanh tich cua sina thanh da thirc cua cosa .
92. Khong tinh dinh thirc, hay chiing minh dang thuc sau:

a, b 0 0 -~ 0 O] |a, bc, O 0 0 0
c, a, b, 0 0 Ol |1 a, be, O 0 O
0 c, a, b, 0 0|=0 1 a, by, 0 0
0 0 0 O c., al [0 0 0 0 1 a
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1+x° X 0 0 0 0 1 2 3 n-1 n
X 1+x° e 0 0 2 3 4 n 1
93.1 0 X 1+x° X 0 0 (94.13 4 5 1 2
0 0 0 0 X 1+x° n 1 2 n-2 n-1
a a+x a+2x a+(n—2)x a+(n—1)x
a+(n-1)x a a+x a+(n-3)x a+(n-2)x
5. a+(n—2)x a+(n—l)x a a+(n—4)x a+(n—3)x
a+x a+2x a+3x a+(n-1)x a
1 X XZ n-2 n-1
Xn—l 1 X n-3 n-2
96 Xn—Z Xn—l 1 n—4 n-3
X x X x" 1

97. Khong tinh toan, hiy xem xét mdi lién hé giita hai dinh thirc vong tron sau day:

al aZ
a'n a'1
n-1 an
a2 a3
1 1
1 C
9.1 C
1 c
I 1
1 C
100. {1 C!
1 C

a

a

a

3

2

1

n-1 an
an—2 n-1
an—3 an—Z

an a1

1

1
Cn

2
Cn+1

n-1

CZn—Z
0
0
0
n-1
Cn

va

99.

m+1

Cn

101.

m+n—

a

n—
a'n
al

CZ

m+2

Cn

1 m+n

2
n+2 Cn+2

1 2
CZn CZn

1

a
a

a

c
Cn
Cn
Cn

2n

n

1

2

n+l

n+2

Cl

m+n

m+n+1

Cn

m+2n-1

Tinh dinh thirc
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C. C.. — C. 1 C C - C
102 C2+n+l C2+n+2 C2+2n+1 103 ) 1 CI)+1 C;2:'+1 C;—l
C;—Zn CE+2n+1 C§+3n 1 C:ﬁ-n C;2:'+n C2+n
1 C 0 0 0
c o cre 1 ¢ C o0 0
c., o co 1 ¢ c c 0
104. | ™ " " 105.
C.. G, C 1 c c C C,
1 Cr21+1 C::H—l Ci+1 C2+1
I 0 O O 0 1
) ‘ N 1 C 0 0 0
¢ 10 n(‘;l) 1 C11 C: 0 0 X2
106' 4 10 20 n(n+13)!(n+2) 107' 2 2 X
1 Cc 0 x’
n n(r;—l) (n+13)l(n+2) n(n+1)»-~(2'n—2)
! ! (n-1)! 1 CL Ci Ci CE—] Xn
I 0 0 0 0 1
I 1 0 0 0 X
1 2 2! 0 X’
108. (1 3 32 3! 0 X’
1 4 43 432 4! x*
1 n n(n-1) n(n-1)(n-2) n(n-1)(n-2)(n-3) X"
1 0 0 0 0 x,
X X
1 C 0 0 0 x,
X
1 C C 0 0 x, Y
109, S 110.ly y 0 X
1 c 0 x,
0
1 C ¢ ¢ - C7 x, oy
a X X X al X X X
y X X y 32 X X
11l |y vy X 112. |y y a, X
y y vy a y y ¥ a,

Tinh dinh thirc
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o 1 1 1 - 1 a+p af 0 o -- 0 0
1 a x X X 2 a+p o O - 0 0
13, 1 y a, x X 114 0 1 a+pf apf - O 0
1 y y a3 X ) )
0 0 0 0 - a+p o
1 v y y - a 0 0 0 0o - 1 o+p
a+1 a 0 0 0 0
1 a+l a 0 0 0
115.] O 1 a+1 a --- 0 0
0 0 0 0 1 a+l
nla, (n-1)la, (n-2)la, a
-n X 0 0
116.] 0O —(n—l) X - 0
0 0 0 e X
cosal 1 0 o - 0
1 2cosa 1 o - 0
117.1 0O 1 2coso0 1 --- 0
0 0 0 0 --- 2cosa
X 1 0 0 0 O
n-—1 X 2 0 0 O
0 n-2 X 3 0O O
118.
0 0 n-3 X 0 O
0 0 0 0 1 x
a’ —x a’ —x a” ! —x
apﬂl —X ap+n+l —X ap+2n—l —X
1109.
ap+n(n—1) —x apﬂl(n—l)Jrl -x ap+nz—1 -X
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lI-x a a® .- a' a, 1 1 1 - 1
a a'-x a - a" 1 a 0 0 -+ 0
120. | a’ a’  at-x .- a™! 121.{1 0 a, O - O
a”™  a’ a™ a’’ —x 1 0 0 O a,
c, b b b b 1 —-b -b -b -b
a ¢, b b - b 1 na -2b -3b -+ —(n-1)b
122.]la 0 ¢, b - bl 123 |1 (n-1)a a -3b - —(n-1I)b
a 0 0 O c, 1 2a a a a
(Xl_al)2 ai ai
2
4, & (e7a) 2,
a] a; (x,-a,)
2
(x,—a,) aa, aa, aa
2
a,a,  (x,—a)) a,a, a,a
125. a,3, a,a, (Xl -4, )2 a,a,
aa, a.a, a,a, (x,-a,)
1-b, b, 0 0 0 0 a, a, a,
-1 1-b, b, 0 0 b, 0 a, a,
126.| 0 -1 1-b, b, 0 127.b, b, 0 a
o 0 0 0 1-b, b, b, b, 0
I 2 3 n I 2 3 n
1 2 3 n-1 x 1 2 -1
128. 1 x 1 n-1 129. |x x 1 n-2
I x x X 1 X X X 1
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130.

132.

134.

136.

137.

n
a,X
a,x

2
a,X

n-1
ax
n
ax
X+1

X

X

x+1
X

X

W= = [u—
N N L ]

s |~

aan—l aZXn—Z
b, 0
ax b,
alxn—Z azxn—fi
aan—l aZXn—Z
X X
X+2 X
X x+4
X X
X X
X+a X
X x+a’
X X
1 1
3 n
1 1
4 n+l
1 1
5 n+2
1 1
n+2 2n-1
a, 0
a, + a, a,
a, a,+a
0 0

an—lX an
0 0
0 0
n-1 O
n—lX bn
X
X
X +2"
X
x [135.

X+a

x+1 X X
X X+2 X
131. | x X X+3
X X X
x+1 X X
X X+1 X
133. | x X X ++
X X X
-1
(al+b1) (al+b2)

X+n

x+1
(a,+b,)

(a, + bn)_1

Tinh dinh thirc
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CAC BAI TOAN KHAC
LIEN QUAN DEN PINH THUC

1. PINH NGHIA PINH THU'C

Cho ma tran vudng A cip n:

a11 a12 aln
A _ aZl aZ2 a2n
a'nl anZ ann

Khi d6 det(A)= (—I)Q(al’a”“’u")a a,, ...a, ,v6i ¢(o,,0,,...,a, ) 1a so nghich

loy, 20, no, ?
(o000t
thé ctia hoan vi (o,,a,,...,0, ) cta n so ty nhién dau tién.

Rat nhiéu bai todn lién quan dén dinh nghia dinh thirc, dac biét 1a cac bai todn vé
ching minh tinh khong suy bién cia mdt ma tran s6 (thuong la cac s6 nguyén) voi
cac tinh chat nao do.

Vi du 1. Cho ma trdn A cdp n ma cac phan tir cia n6 déu 1a cac sb nguyén, chimg
minh rang ma trdn 6A —5E_ khong suy bién.

Giai:

Ta thay rang ma trin B=6A —5E = (bij) c6 cac dic diém sau:

1) C6 moi phan tir ndm ngoai dudng chéo chinh déu 1a cac sé nguyén chin;
2) Cac phan tir trén duong chéo chinh 1a cac sd nguyén 1é.
Do do, theo dinh nghia dinh thure thi:

det(B)= ¥ (-1)""""b,b,, ...b,

(0,05 .01, )

Véi ¢(a,,ay,...,0, ) 12 s6 nghich thé ctia hoan vi (a,,,,...,a, ). Dinh thic trén bao
gdm n! phan tt, trong d6 n'—1 phan tir 1a cac s6 chin, chi c6 duy nhat phan tir
b,.b,,...b,, tmg véi hoan vi (1,2,...,n) 1a s6 1&. Do d6 dinh thirc cua B 1a s6 1é, nghia
1a det(B)=#0.

2. MOI LIEN HE VOI HE PHUONG TRINH TUYEN TiNH

Mot s6 bai toan duoc nup dudi “vo boc” 1a mot hé phuong trinh tuyén tinh (thuén
nhit). Ta d3 biét trong chuong trinh Toan Cao Cap 1, véi A 13 ma trdn vudng thi hé
phuong trinh tuyén tinh thudn nhidt AX =0 c6 nghiém duy nhat khi va chi khi
det(A) #0, va co vo s nghiém khi va chi khi det(A) =0.

Céc bai toan khac vé dinh thirc 22
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Vi du 2. (Dé thi Olympic Toan Qudc nam 1994)
Cho a, la cac sd nguyén (i,j=1,2,...,n). Giai hé phuong trinh:

1 —

2X1 - allxl + alZXZ + + alan
1 _

7X, = a,X +oayx, 4+ e+ 2 Xn
1 —

2 Xn - an]XI + anZXZ + + a'nan

Giai:
Pua hé phuong trinh v& hé phuong trinh tuyén tinh thuan nhat:

(2a,-1)x, + 2a,,X, + e+ 2a, X, = 0
2a, X, + (2a,-1)x, + - +  2a,Xx, = 0
2a X, + 2a X, + e+ (221nn —l)xn = 0

H¢ phuong trinh trén c6 ma trn hé s6 khong suy bién, vi co tat ca cac phan tr déu
1a s6 nguyén chan, trir cac phan tir trén duong chéo chinh la sO nguyén 1¢, do d6 hé
nay c6 duy nhat mot nghiém, va la nghiém tim thudng.

Vidu 3. Cho A =(a, ) 1a ma tréin cAp n thoa man diéu kin:
‘aﬁ‘ > Zn:‘aij‘ (i=12,...,n)
=
Chung minh rang A 14 ma trin khong suy bién.
Giai:

Gid sir nguoc lai, nghia 1 A 13 ma tran suy bién, det(A)=0. Khi d6 h¢ phuong
trinh tuyén tinh thudn nhat nhan A 1am ma tran hé s6 c6 vo sb nghié¢m:

ax +a,x,+--+a,x = 0
a,x,+a,x,+---+a,x = 0
a x +a.x,+-+a x = 0

Trong vo sO nghiém do, ngoai nghiém tam thuong, s€ cd nghiém khéac tam thuong,

gia st X, = (x1 D SOTI 2) 13 mot nghiém khéc tm thudng.

Trong vecto nghiém X, & trén, goi ‘xf" = Max{ X!

,j=1,2,...,n}, do dé xét phuong
trinh thir 1 cia hé trén la:

ax +--+a x +ax’ +a. x +--+ax =0

i-1771 i+1771+1
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Gitr nguyén a_x’ & bén trai, chuyén tat ca cac phan tir con lai sang bén phai va lay trj
tuyét doi hai veé ta dugc:

| =l =| 5

1

<
=L

O

= 2 [l < 2
xj ,_]=1,2,...,1’1} nén ‘x.‘>0, do d6 tir hé thirc trén ta suy ra:

< > Ja)

j=1,j#i

—(ji

0
a, J‘x‘
=1,j#1

Nhung vi ‘x?‘ = Max{

Dicu nay mau thuan vdi gia thiét cua bai toan, suy ra di€u phai chirng minh.

Chua y. Trong cac ky thi trudc, bai toan nay dugc ra nhung voi dang ma tran A 1a cac
sO cu thé nao do, cé thé voi cac so cu thé thi van dé tré nén kho nhan ra hon 1a dang
tong quat nhu vi du nay.

Vi du 4. (Dé thi Olympic Toan Qudc nam 2006)

Cho A la ma trdn vuong cap n sao cho mdi dong cua no6 chira ding 2 ph‘ekm tur khac 0,
trong d6 phan tor nam & duong chéo chinh bang 2006, phan tir con lai bang 1. Ching
minh ma trdn A 1a ma tran kha nghich.

Giai:
Khong khé dé nhén ra rang bai toan nay 1a truong hop riéng cia Vi du 3 & trén.

Chi y. Tuy khong gap thuong xuyén, nhung c6 thé néu phai chimg minh mot ma trén
vudng la kha nghich (hay khong suy blen) ban chi can chi ra rang n6 c6 ma tran
nghich ddo bang cach chi ra dang truc tiép ctia ma tran nghich dao cta né.

Vi du 5. Cho A 13 mdt ma tran vudng cip n thoa man A* =0,k € N. Chirng minh
rﬁng ma tran E — A kha nghich, va tim ma tran nghich dao cua né.

Giai:
Bang cach nhén tryc tiép ta c6 thé kiém tra raing

(E-A)E+A+A’+-+A"")=E-A"=E
Do d6 E— A khanghich,va (E-A) =E+A+A’+--+A"",

Vi du 6. Chung minh rér}g néu A 13 ma tran phan ddi xtng, nghia 1a: A’=—A thi ma
tran E + A khong suy bién.
Giai:
Gia st E+A la ma tran suy bién,ﬁ khi do ton tai vecto X#0 sao cho
(E+A).X=0,nghiala: AX =-X, lay chuyén vi hai vé€ ta dugc:
X' =—(AX)=-X"A"=X'A
= XX=XAX=-X'X
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Suyra X=0 vitaluéncod X'’X>0, VX=#0.DPiéunaylavoly,dods E+A
12 ma tran khong suy bién.

Vi du 7: Cho A 1a ma trin thuc cAp mxn voi m<n (A c6 sb dong nho hon sb cot)
sao cho cac dong cua AA’ phu thudc tuyén tinh. Chirng minh rang cac dong ctia ma
tran A cling phu thudc tuyén tinh.

Giai: Vi AA’ 1a ma trin cip mxm va AA’ co cac dong phu thudc tuyén tinh nén hé
thuan nhat (AA")X =0 c6 v so nghiém, do d6 ton tai X, # 0 sao cho :

(AA")X, =0,

Suy ra X, (AA')X, =0, nén (A'X,) (A'X,)=0, do d6 A'X,=0 (vi vecto
o, tich vo huéng a'xo=0< a=0)

Vi thé nén hé thudn nhat A'X =0 c6 nghiém khong tim thuong X,, nén no s¢€
c6 vo s nghiém, tir d6 suy ra r(A’) <m, suy ra diéu phai chimg minh.

3. PHEP NHAN PINH THUC

Nhiéu khi dé tinh mét dinh thirc ta cdn nhan n6 v6i mot dinh thirc khac (hoic nhan
v6i chinh no): ‘AHB‘ = ‘A.B‘

Vi du 7. Tinh dinh thtrc sau bang cach binh phuwong:

a b ¢ d
-b a d -c
—-c —d a b
-d ¢ -b a
Giai:
Xeét:
a b ¢ d|{ja -b —c —d
&= -b a d — b a -d c
—-c —-d a Db||jc d a -b
-d ¢ -b al|d —¢c b a
A 0 0 O
_0* 0 O:k“, h=(a’+b +c’ +d?)
0 0 A O
0 0 0 A

Dodé d=(a’+b’+c’ +d*)

Céc bai toan khac vé dinh thirc
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Vi du 8. Cho a,b,c,de R, chirmg minh ring hé phuong trinh sau chi c6 nghiém tam
thuong:

(I+a*)x, + bx, + CX, + dx, =0
-bx, + (I+a’)x, + dx, — cx, =20
-cX, - dx, + (1+a’)x, + bx, =0
-dx, + CX, - bx, + (I+a’)x, =0

Giai:

Day chi 1a trudng hop riéng cua vi du 6, hé phuong trinh trén c¢6 ma tran hé s6 1a:

l+a’ b C d

Ao -b 1+a’ d —C
—C -d 1+a’ b
—d c b 1+a’
Ta co:
2 '
Al =[Al]A
l1+a’ b c d |[1+a> -b —C —d
-b 1+a° d —C b 1+a° —d c
- . Suy ra |A| =0, suy ra
—C -d 1+a’ b C d 1+a> -b
—d C -b 1+a’ —C b 1+a’
A 0 0 O
O A~ 0 O
= =L, A=(1+a’)’+b’+c*+d*=#0.
0O 0 A O
0O 0 0 A
dpcm.
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BAI TAP
I. Chiing minh réng dinh thire D, =|d,

i va j, bang ¢(1).9(2)...¢(n). Trong d6 ¢(k) 1a sb cac s6 ty nhién bé hon k va nguyén
t6 cing nhau véi k.

, trong d6 d; la udc chung 16n nhat cua cac s6

2. Cho A 1a ma tran vudng cép n chin, thoa man a,=0,i=1,2,...,n; a,=*Li=].
Chtrng minh rang det(A)#0.
3. (Pé thi Olympic Toan Qudc nam 2003)

Cho ma tran:

1+x, 1 1 1
Ao 1 1
1 1 1+x, 1
1 1 1 1+x

Trong d6 x,,X,,X,,X, 1a cac nghiém cua da thuc f(x)=x*—x+1. Tinh det(A).
4. Cho A la ma tran cép n thoa man diéu kién:
‘aﬁ‘ > g“aij‘ (1=12,...,n)
i
vaa, >0, (i=12,...,n)
Chtng minh rang det(A)>0.

5. Tim diéu kién can va da dé ma tran c6 cac phan tor nguyén c¢6 nghich ddo cé cac
phan tir nguyén.

6. Ching minh rang voi A,B 1a hai ma trdn vudéng thoa midn AB=BA thi
det(A’ +B*)>0.
7. Cho hai ma tran A,B vudng cip n thoa mdn AB — BA = B. Ching minh rang:

a) VkeN,AB*=B“(A+kE).

b) det(B)=0 va trace(Bk ) =0 véimoi ke N.

c) B la ma tran Iy linh.

8. Chting minh rang véi A,B 13 2 ma trin vudng cap n va det(A+B)=0. Dit

A B .
M= (B Aj . Ching minh rang det(M)=0.

9. Chirng minh rang dinh thirc cia mot ma tran thuc phan dbi xtmg khong 13 s6 am.
10. Tim ma tran vuéng A cdp n>2 sao cho: det(A + M) =det(A)+ det(M) véi moi
ma tran M.
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11. Gia st A,B 1a cac ma tran vudng cap n 1¢ va AB=0. Ching minh rang it nhat 1
trong 2 ma trdn A + A’, B+ B’ suy bién.
12. (Pé thi Olympic Toan Qudc nam 2000)
a) Gia st A,B la cidc ma tran vudng cép n, thoa man AB=BA, A"=0,
B’ =0. Ching minh ring (A +B)" =0.

b) Gid st A,B la cic ma tran vudng ca“ip n, thoa man AB=BA, A"'=0,
B'=0. Ching minh rang E+A+B,E-A-B,E-A+B,E+A-B la
cac ma tran kha nghich.

13. Cho A 1a mot ma tran vudng cép n thoa man A* =0,k € N. Chirng minh rang céc
ma tran sau 1 khong suy bién: E+ A, E+(A+A>+ A’ +---+A"), véi moi peN.

TINH CAC PINH THUC SAU PAY BANG CACH PHAN TiCH THANH
TiCH CAC PINH THUC:

I+xyy, l+xy, -+ 1+xyy,
14, I+xy, 1+x,y, -+ 1+x)y,
l+xy, 1+xy, - 1+xy,
cos(a, —PB,) cos(a, —P,) - cos(a, —B,)
s cos(a,—P,) cos(a,—P,) --- cos(a,—P,)
cos(a, —B,) cos(a, —B,) -+ cos(a, —B,)
1 cos(a, —a,) cos(o, —a,) -+ cos(a,—a,)
cos(a, —a,) 1 cos(a, —a,) --- cos(a,—oa,)
16. |cos(o, —a,) cos(a, —a,) 1 .-+ cos(a,—oa,)
cos(a, —a,) cos(o, —a,) cos(o,—a,) - 1
sin2a, sin(a, +o,) - sin(o, +o,)
e sin(a, +0,)  sin2a, -+ sin(a, +o,)
sin(a, +o,) sin(a, +a,) -+ sin2a,
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l-a'b] 1-alb) 1-ab’
l-ab, 1-apb, l-ab,
l-alb] 1-alb] 1-alb’
18.{1-ab, 1-a)b, l-ab,
l1-a'b] 1-a’b) 1-a’b!
l-ab, 1-apb, l-ab,
ln—l 211—1 1,ln—l
PR n+1)"
20. ( )
n"' (n+ l)n_1 (2n- l)n_1
SO Sl S2 snfl 1
s, S, S, s, X
22.1s, s, s, s, X
Sn Sn+1 Sn+2 SZn—l Xn

Véi f(X):al+a2X+a3x2+---

a, a,
a, a,
a, a,
a, a,
n-1
+a X

24. Str dung bai 23, chirng minh rang:

al aZ
aZ a3
a3 a4
a'n a1

V6i f(x)=a,+a,x+a,x’ +-

aS an
a, a,
aS a2
aZ an—l
n-1
+a X

(ao o)n (ao b, )
19 (al + O)n al + l)n
(an +b0)n (an +b1)n
SO sl S2 sn—l
Sl SZ S3 Sn
21.0s, s, s, S,
sn—l Sn Sn+1 SZn—Z

L ok k k
Vois, =X, +X, +--+X,_ .

r _ ok k k
Vo1 s, =X, +X, +--+X, .

a

n
n-1
an—Z

a,

va € .,¢

va g,,¢

=f(g, ).f(e,)...f(g,)

195Gose

19Gose

(ao + bn)n

n

(a,+b

n

(an +bn)n

.,€, 1a cac can bic n cua don vi.

.,€, 1a c&c cdn bac n ciia don vi.

Céc bai toan khac vé dinh thirc
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TINH CAC PINH THUC CAP N SAU DAY:

1 o : ! 1
a1« o’ 1
25 an—Z an—l 1 an—S 26 Cz—l
a o o 1 C,
1 2a 3a’ na""
" na"? 1 2a (n — l)a“’2
2a 3a’ 4a’ 1
28. Chirng minh rang;
s—a, s—a, - s—a
S—an S—al s_an—l (_l)n—l(n_l)
s—a, s-—a, s—a,
(pcot) (n—pcdt)
-1 -1 -1 -1 1 1 1 1
1 -1 -1 -1 -1 1 1 1
29.
-1 -1 -1 1 1 1 1 -1
(pcot) (n—p cot)
a a a a b b b b
b a a a a b b b
30. |b a a a a b b
a a a b b b b a

Cl

n-1
Cn

n-2
Cn

n-3
Cn

1
Cn—l
C:—Z

Céc bai toan khac vé dinh thirc
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T 27 3n
COS— cCOS— COS— .- -1
n n n
-1 cosE cosﬂ -+ COS (n—l)n
n n n
31. — —
cos (n l)n -1 cosE -+ COS (n 2)n
n n n
27 3n 4r T
cosS— COS— COS— - cosS—
n n n n
cos® cos20 cos39 --- cosno
1 cosn® cos® cos20 --- cos(n—1)6
cos20 cos30 cos40 --- cos0
sina sin(a+h) sin(a+2h) sin(a+(n—l)h)
- sin(a+(n—1)h) sina sin(a+h) - sin(a+(n—2)h)
sin(a+h) sin(a+2h) sin(a+3h) sina
12 22 32 Il2 al az 33 an
n’ r 2 n —1)2 —a_ a, a, -
34. (n_1)2 n 1r ... (n—2)2 35.Tinh |-a, , —a, a, s
2° 3¢ 4 ... 1’ -4, —a; —a, - a

36. Cho x € R, tinh dinh thuirc:

al aZ a3 an
Xa'n a'1 aZ n-1
Xan—l Xan al n-2
Xa, Xa, Xxa, a,

37. Su dung phep nhan dinh thirc chimg minh rang néu d6i chd hai dong cua dinh
thae thi dinh thue doi dau.
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38. Str dung phép nhan dinh thic chirg minh rang néu bién doi mot dong cuia dinh
thirc bang cach cong vao né tich ctia dong khéc sau khi da nhan véi s6 o€ R thi dinh
thirc khong thay doi gia tri.

39. Chirng minh rang dinh thirc:

1 COsSQp, COSQ,
Cos @, 1 COS,
COS(®, COSQ, 1

bang khong néu ¢, +¢, +¢, =0.
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TINH LUY THUA MA TRAN

1. CHEO HOA MA TRAN

Rt nhiéu bai toan lién quan dén viéc tinh liy thira tong quat ciia mot ma tran
vudng, cu thé 1a tinh ma trin A", k e N, v&i A 1 ma tran vudng nao d6. D€ giai quyét
bai toan nay, trudc hét ta cAn mot sb khai niém co ban sau day:

Dinh nghia. Ma tran vudng A cap n dugc goi la ma tran chéo néu n6 c6 dang:

A, 0 o 0

0 A, - 0
A=

0 0 - X

Trong d6 cac s6 A, c6 thé trung nhau.

V&i ma tran chéo, ta c6 thé tinh Ity thira mét cach dé dang:

A0 - 0
0 A, -+ 0

A* = ? , keN
o o0 -- }g;

Pinh nghia. Cho ma trdn vuong A, néu ton tai ma tran kha nghich P sao cho P"'AP
la ma tran chéo thi ta n61 A chéo hda dugc va ma tran P lam chéo hoa ma tran A.

Vén dé dat ra la: Ma tran co diéu kién gi thi chéo hoa dugc, va néu chéo hoa duge
thi ma tran P nhu trén dugc xac dinh nhu thé nao? Cau tra 161 c6 trong dinh 1y sau
day:

Pinh ly. Gia str A 1a ma trin vuong cap n. Piéu kién can va di dé A chéo hoa dugc 1a
no ¢é n vecto riéng doc 1ap tuyén tinh.

Xem ~chl'rng minh dinh 1y nay trong sich Toan cao cap (Tap 1. Pai sb tuyén tinh,
Nguyén Dinh Tri), trang 327.

Tur cach chirng minh dinh 1y nay, ta c6 quy trinh chéo hoda m{t ma tran nhu sau:

Buworc 1. Tim cac vecto rieng X ,X,,..., X, doc lap tuyén tinh cia ma tran A;

Buwéc 2. Lap ma tran P vé6i cée cot 1a cac vectorieng X, X,,..., X O trén;

Buwéc 3. Ma tran P™'AP s€ 12 ma trdn chéo vi A, A,,..., A, 14 cac phﬁn tur trén duong
chéo chinh, trong do6 A, 1a gia tri riéng ung voi vecto riéng X,,i=1,2,...,n.

Chu y. Nguoi ta da chirng minh dugc rang néu ma tran A ¢6 n gid tri riéng do61 mot
khéac nhau thi no6 cling s€ c6 n vecto riéng doc 1ap tuyén tinh. Do d6 néu ma tran A cé
n gid tri riéng d61 mot khac nhau thi luén chéo hoa duogc.
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1 2
Vi du 1. H3y chéo hod ma tran A :( j

-1 4
Giai:
Trude hét, ta tim cac gia tri riéng cua ma tran A
A—1 =2
AE,-A|=0< =0 ©A =24, =3
A —4

Sau do ta tim cac vecto riéng trng voi tung gia tri riéng:

Ung véi gia tri riéng A, =2, vecto riéng twong ung la nghiém cua h¢ phuong trinh:

I 2)\(x 0
= &S Xx=2y
I 2)\y 0
Ta chon vecto riéng la: X, =(2,1)

Ung véi gia tri riéng A, =3, vecto riéng twong tng 1a nghiém cua hé phuong trinh:

2 2)\(x 0
= <O X = y
I -1)\y 0
Ta chon vecto riéng la: X, =(1,1)

2 1
MatrémPcc')dang:P:(1 J

N 1 -1
Ta thay rang P':(l 2j,vé:

e O

Nhan xét. Sau khi thuc hién thanh thao viéc chéo hoa mdt ma tran cu thé thi viéc tinh
ity thtira mQt ma tran (ma tran can tinh nay la chéo héa duogc) tré nén dé dang. That
vay néu co:

A0 o 0
; 0 2, 0
P AP=B=

n

= P'A'P=B* = A"=PB'P’', VkeN
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Vi du 2. (Dé thi OLP Vong 1 nim 2006 — Truong DPHKTQD).
Cho ma tran:

1 -3 3
A=[3 =5 3
6 —6 4

Hay tinh A”.

Giai:

Trude hét ta di tim cac gi tri riéng cia A bang cach giai phuong trinh:
AE,—A|=0< A, =-2;4, =4
Ung véi gia tri riéng boi 2: A,

2 ta tim duogc céac vecto ri€ng tuong tng la
X, =(1,1,0); X, =(-10,1).

Ung véi gia tri riéng A, =4 ta tim dugc vecto riéng twong ung la: X, =(1,1,2)
Lo -+
V6iP={1 0 1|thitacoP'=/-1 1 0 |[,va
0 1 2 Lo g
-2 0 0
P'AP=| 0 -2 0|=B
0 0 4
Tur day ta suy ra:
%411 +(_1)n2n—l _%411 +(_1)n2n—l %411 +(_1)n+12n—1
An — %4n + (_1)n+12n—1 _%4n +3(_1)n 2n—1
4n _ (_l)n 2n

%4n +(_1)n+12n—1
4Il
Chii y. Trong khi trinh bay bai thi, viéc tim gia tri riéng va vecto riéng cé thé lam ¢

4" +(-1)"2"
bén ngoai, cai chinh 1a ban phai dua ra dugc chinh xac ma tran P lam chéo hoa A.

Tinh I{iy thtra ma trn
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2. CHEO HOA MA TRAN VOI SO PHUC

Trong nhiéu trudng hop da thirc dic trung cua ma trén A can chéo hoa khong c6
nghi¢m thuc thi xu 1y thé nao? Vi du dudi day ta s€ thuc hién viéc chéo hda mdt ma
tr@n voi da thirc déc trung c6 nghiém phirc. Trong truong hop nay viée chéo hoda van
ctr tién hanh mdt cach binh thuong.
Vi du 3. (Bé thi OLP Toan Quédc nam 2002)

Cho ma tran:

Tinh A*.

Giai:

Gi4 tri riéng cua A 1a nghiém cua phuong trinh:
AE,-A|=0ch =L+ih, =L—1

Ung véi gia tri riéng: A= 5 41 ta tim dugc vecto riéng tuong tng 1a: X, =2+1l).

Ung v6i gid tri riéng: A, =L — 1 ta tim dugc vecto riéng twong tmg 1a: X, =(2-1,1).

. 2+1 2-1) . L, 11 =241} |
Véi P= thitaco P~ =— ], va
1 1 2i\ -1 2+i
pap—[THE 0 g
= 5y =

I

Lay mil 2002 hai vé dang thirc trén, cha ¥ rang qua dang luong gidc cua sb phic thi:

B3 ; 2002_ B NG ; 2002_ B3
(L+4) =3-Li(£-4) =4+2i

Tur day ta suy ra:
A2002 — PBZOOZP—I — (%

-3 13
—¢ 4+\3

Chu y. Dé thyuc hién tdt chéo héa ma tran véi sb phtrc thi nhét thiét phai thanh thao
viéc tinh toan véi so phire, dac biét 1a tinh Ity thira s6 phic dudi dang luong giac.
Céc bai toan xuét hién khong chi don thuan & viéc tinh ity thira mdt ma tran nhu &
trén, ma co6 thé xuat hién & nhiéu dang khac nhau.

Vi du 4. (Dé thi OLP Toan Qudc nam 2005)

Cho ma tran:

M =

S O N
O =
b OO

A3 b.(n).

=1

M

Pit M" ={b,(n)}  (neN,n>2). Tinh S =

ij=

1

Giai:
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Ta giai quyét bai toan nay thong qua phép tinh M" nhu sau:

Trudc hét ta tim cac gia tri riéng cua M:
A-2 -1 0
AE,-M|=0<| 0 A-1 0 |=0&<A =LA, =2
0 0 Ar-2
Ung véi gia tri riéng A, =1 ta tim dugc vecto riéng 1a: X, =(-1,1,0).
Ung voéi gia tri riéng A,,=2 (b1 2) ta tim dugc vecto riéng la: X, =(1,0,0) va
X, =(0,0,1);

-1 1 0 01 0 I 0 0
MatranPcodang P=| 1 O O|,suyraP'={1 1 O|,va P'MP={0 2 0
0 0 1 0 0 1 0 0 2
2" 2"-1 0
Taco: M"=PBP"'=| 0 1 0 |,dodo S, =3.2".
0 0 2"

Con mot mang kha quan trong lién quan dén tinh lily thira ma tran 13 da thitc ma
tran va dinh thirc cua da thirc ma tran.

3. PA THUC MA TRAN
Véi A la mOt ma tran vudng va f(x) 1a mot da thurc bac n,
f(x)=a x"+a_x""'+---+ax+a, a, #0
thi f(A)=a,A"+a_A"'+---+aA+aE.
Khi d6 néu A 13 ma tran chéo hoa duoc thi f(A) duoc tinh béi cong thirc:
f(A)=P(aB"+a_B"'+:--+aB+a,E)P"
v6i A =PBP™', B 1a ma tran chéo.
Ta chiing minh duoc két qua sau:
Pinh ly. Ma tran A c6 da thirc dac trung 1a P(x) thi P(A)=0.
Do d6 dé tinh da thirc ma tran f(A) (hay dinh thuc lién quan dén da thirc ma tran)

ta c6 thé xtr 1y trén da thirc du ctia phép chia da thirc f(x) cho da thuc dic trung cia
ma tran dang x¢ét (tuy day la di€u khong that sy can thiét trong nhiu truong hop).

Vi du 5. (Dé thi OLP Vong 2 nim 2008 — Trudng DPHKTQD)

3] va f(x)=x"-4x-6,g(x)=x"" —x+6

2
Cho A:[
3

1) Tinh |g(A)

2) Tinh [f(A)

Giai:

]2008
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1) Str dung phuong phép chéo hda ma tran ta dugc ‘ g(A)‘ =6""";

Tuy nghién ta c6 mot cha ¥ nho 1a trong cach giai nay, khi biéu dién g(A) thanh
tich PBP™ véi B 1a ma tran dang chéo thi ta khong nén nhan P va P~ vao, diéu d6 la
vO nghia vi & day ta chi can tinh dinh thirc, dinh thirc ctia P va P s€ triét tiéu cho
nhau;

2) Taco [f(A)]" =[P(A)+A]" =A™, P(x) la da thitc dic trung cua A.

Dung chéo ho, xét Q +od Q' =1 Y Q'AQ 10
ung chéo hoa, xét Q = Q' == a dugc: = , Va
8 301 7\ -3 4 0o 6" Y

Am_Q 0 oL 4436 4-4.6"
0 6" 7(3-3.6"" 3+4.6*"

4. CHEO HOA TRUC GIAO

Trén day ta xét cac van dé lién quan dén viéc chéo hoa mot ma tran thuc bat ky,
nhung trong trudng hop ma tran c6 dang doi xtrng thi ¢6 nhieu két qua thi vi can bo
sung.

Pinh nghia. Ma tran P duoc goi 1a ma tran truc giao néu no6 kha nghichva P'=P",

Pinh nghia. Cho ma tran vudng A. Néu t6n tai ma tran tryc giao P sao cho P'AP la
ma tran chéo thi ta n6i A 1a chéo hoa truc giao dugc va P 1a ma tran lam chéo hoéa
truc giao ma tran A.

Ta c6 két qua rat thu vi sau (Theo Toan cao cp, Tap 1. Pai sd tuyén tinh, Nguyén
Dinh Tri, trang 334)

Pinh 1y. Xét ma trin vudng A cip n. Diu kién can va da dé ma tran A chéo héa truc
giao dugc la A doi xung.

Nguoi ta cling ching minh dugc rang, néu ma tran A 13 ma tran d6i xtng thuc thi
tat ca cac gia tri riéng ctia nd déu 1a sb thyuc, do d6 ta ¢ nhan xét sau:

Nhan xét. Vi A 1a ma tran dbi xtng thuc, khi do tdn tai ma tran (truc giao) P sao
cho P'AP c6 dang chéo, vGi cac phan tir trén duong chéo chinh 1a cac gia tri riéng
cua ma tran A.

5. KHI KHONG THE CHEO HOA PUQC

Phuong phap ndo ciing c6 hai mat ciia nd, ta khong thé phii nhan tinh hiéu qua cia
viéc chéo héa ma tran, nhung cong cu chéo hda ma tran khong phai 1a duy nhét, ding
phuong phap chéo héa ma tran ta c6 thé gip nhitng rac rdi sau: Tht nhit 13 viée tinh
toan kha phirc tap, thi hai 1a c6 nhirng truong hop ma ta khong thé tim ra duoc n
vecto doc lap tuyén tinh duoc. Trudng hop thi nhat con c6 thé khic phuc duoc bang
cach thyc hién can than nhung khi trudng hop thir hai xay ra ta phai ding cach khac
dé xir 1y, ¢ thé du doan két qua rdi ching minh két qua d6 bang quy nap, hodc c6 thé
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dung cach phan tich mdt ma trdn thanh tong ctia nhitng ma tran don gian khac, sau
day ta xét co sé toan hoc va cac vi du dién hinh.

Trong toan hoc phd thong ta da biét cong thirc: (a+b) => Cla'b™, liéu cong
k=0
thirc nay con ding dbi véi cac ma tran vudng cing cap hay khong?
Pinh ly. Cho A, B 13 hai ma tran vudng cing cip théa min AB=BA, khi d6 ta cé:

“ A’-B’ =(A-B)(A+B)
% (A+B) =A’+2AB+B’
% A"-B" =(A-B)(A"' +A"’B+--+AB"* +B")

% (A+B) =Y C'A*B™*
k=0

Chu ¥ thém rang E 13 ma trin giao hoan véi moi ma tran vi AE=EA = A, do d6
tur dinh ly trén ta cling suy ra:

@ E-A" =(E-A)(E+A+-+A" +A"")
@ (E+A) =Y CiA"
k=0

Vi cha ¥ nay, rat nhiéu truong hop khi can tinh liy thira tong quat mot ma tran,
nguoi ta phan tich ma tran dudi dang A =E + B, véi B 1a mdt ma tran nao dé6 ma ton
tai k di bé (k =2, 3,...) sao cho B* ¢6 dang rat don gian.

Vi du 6. Tinh A" véGi

1 -2 1
A=-1 1 0
-2 0 1
Giai:
Tacd A=E+B, vdi E la ma tran don vi con B la:
0 -2 1
B=-1 0 0
-2 0 0
0 0 O
Tadékiémtra B>={0 2 -1|B°=0. Dod6 B*=0,k>3
0 4 2
Vay:

1 =200 100
A™=(E+B)" =E+100B+%2B*=| 100 9901 -4950
—200 19800 —9899
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Vi du 7. (Bé thi OLP Toan Qudc nim 2006)

2006 1 -2006
Cho ma trdn A =| 2005 2 -2006 |. Xac dinh cac phin t&r nim trén dudng chéo
2005 1 -2005

chinh cua ma tran:
S=E+A+A>+---+A™

Giai:
2005 1 -2006

Ta c6 A=E+B, trong d6 B=[2005 1 —2006 |, ta kiém tra khong khé khan 1a
2005 1 -2006

B? =0, va do d6 v&i moi s6 tu nhién k thi A* =E +kB. Tir d6 suy ra
S=2007E +1003.2007.B
Vay cac phan tir trén dudng chéo chinh cia S 1a:
S, = 2007(1 +1003.2005), s,, =1004.2007
Sy, = 2007(1 - 1003.2006)
Nhu dd ndi ¢ trén, ta ciing co thé tinh lily thira tong quat cia mot ma trin bing
phuong phap du doan va quy nap, nhung truong hop nay it xay ra vi du doan mét
cong thic tong quat khdng phai luc nao cling lam duoc.

100

210
Vidu8. Tinh |0 1 0
00 2

Giai:

Bing quy nap ta ching minh dugc:

.20 Y200
21 0 Z
01 0l=[0 1 0
00 2 o o0 2

Twr d6 suy ra:

2 1 0)" (2 2°_1 0
01 0| =0 1 0
0 0 2 0 0 2"
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BAI TAP
Bai tap 1. (Dé thi OLP Toan Quédc nim 1995)
2 1
Cho ma tran M:(l 2). Tinh M", véi ne N
Bai tap 2.
coS —sin@ )
1) Tinh ( Os® (Pj .
sin@ cos@

, 1 =
2) Ap dung cau 1 ¢ trén, hiy tim lim{liml(A“ - E)}, v6i A =( j

x—0 | n—oow X

2 1Y . )
Bai tap 3. Giasu A" :(1 Oj = (aij (n)) Chung minh rang ton tai gidi han cia hé

thtrc 2, (n)
a,,(n)

Bai tap 4. (Dé thi OLP Toan Quédc nim 1996)

2 0 0) (a,(n) a,(n) a,(n) @)
Giasu: |0 3 0| =|a,(n) a,(n) a,(n)|. Tim lim 22

va tinh gio1 han nay khi n — .

1= a,,(1n
0 1 2 a,(n) a,(n) a,(n)
Bai tap 5. (Dé thi OLP Toan Quédc nim 1998)
/2 1 1
Cho: A=| 0 1/3 1 |.bat:
0 0 1/6

a,(n) a,(n) a;n)
A"=la,(n) a,(n) a,(n)
a,(n) a,(n) a;(n)
Tim !ggaij(n) voii,j=1,2,3.

Bai tap 6. (Dé thi OLP Toan Quédc nim 1999)

> 1999
1) Cho ma tran: A= 1998
X
2000

Ky hiéu: An:(a“(n,X) alz(n,x)j.

a,(n,x) a,(n,x)
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Tim ygllgrllaﬂ(n,x) ,1,]=1,2.

2) Cho f(x)=x"" +x*—1 va cho ma trin

4 3 0

C:

(=]
N O O O

2
4
1

Tinh detf(C).
Bai tap 7. Cho hai ma tran
1 -3 3
1 2
A= , B=[3 -5 3
8 4
6 —6 4
Chtng minh rang det(E — A*)#0, det(E—B*”)=0.
Bai tap 8. Ching minh rang néu ma trin A vudng cap n thoa min A> = A thi ma tran
A chéo hoa duogc, nghia 1a tdn tai ma tran C sao cho: C'AC ¢6 dang chéo.
Chirng minh
D@ dang thiy rang A chi c6 cac gia tri riéng 14 0 hodc 1 vi néu A 1a gié tri riéng ciia A
thi :
AX=AX=2AX=A(AX)=A(AX)=21"X (X la vecto riéng)
Twr d6 suy ra A chi nhan 2 gié tri 1a 0 hoac 1.

Goi V 1a khong gian con sinh bai tat ca cac vecto riéng cta A, khi d6 hién nhién rang
V c R", ta chirng minh chiéu nguoc lai, nghia la: R" < V, that vay:

Xét XeR", ta co:

X=X-AX+AX (1)
Nhung A(X—AX):AX—AZX:AX—AX:O:O(X—AX), dodo X-AXeV,ta
ciing c6 A(AX)=1.AX dodo AXeV.
Vay tir (1) suy ra X € V, nghia la V=R", hay A c6 n vecto riéng doc 14p tuyén tinh,
nghia la A chéo hoéa duoc.

Bai tap 9. Ching minh rang néu ma trdn A vudng cap n thoéa man A’ =2009E thi ma
trAn A chéo hoa dugc, nghia 1 ton tai ma tran C sao cho: C'AC ¢6 dang chéo.

Chirng minh

D& dang thiy ring A chi co cac gia tri riéng 1a +4/2009 vi néu A 1a gia trj riéng cua
A thi :

AX =AX =2009X = A (AX)=A"X (X 1a vecto riéng)
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Tur d6 suy ra A chi nhan 2 gia tri la £4/2009 .

Goi V 1a khong gian con sinh boi tit ca cac vecto riéng cua A, khi d6 hién nhién rang
V < R", ta chirng minh chiéu nguoc lai, nghia la: R" < V, that vay:

Xét XeR", ta co:

| | 1 1
X _E(X+ J2009 AX] +§(X /2009 AXJ @

Nhung

G034
:%(AX+WX)=M( 1 AX+XJ

2\ 42009

dodél(X+ ! AXjeV,tuongtutacﬁngc()%(X— 1

2 V2009 V2009

Vay tir (2) suy ra X e V, nghia la V=R", hay A c¢6 n vecto riéng doc 1ap tuyén tinh,
nghia la A chéo hoéa duoc.

AX)GV.
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HANG CUA MA TRAN

1. CAC PHEP BIEN POI SO CAP TREN MA TRAN

Nhu dé biét trong chuong trinh, trén ma trin ta c6 cac phép bién ddi so cap trén
cac dong (hoac cac cdt) nhu sau:

P1. Do6i chd hai dong (cot) cia ma trin va giit nguyén cac dong (cot) khac;

P2. Nhéin mdt dong (cot) cia ma trin v6i mot s6 khac khong;

P3. Bién d6i mot dong (cot) cua ma tran bang cach cong vao dong (cot) do tich

cua dong (coOt) khac trong ma tran vé1 mdt so bat ky.

Ta ciling da biét rang phép bién doi so cap trén cac dong (cot) ctia ma tran khong

lam thay do61 hang cua ma tran d6. Bay gi¢ ta s€ nghién ctru sau thém vé cac phép
bién doi so cap.
Pinh nghia: Cac ma tran U(i,]), U(i,a), U(i, 1) (v6i a#0) twong ung la cac ma
tran c6 dugc tr ma tran don vi cung cép E béng cach: Pdi chd dong thir 1 va dong thir
j cta E, nhan dong thir 1 cua E véi1 o, va cong vao dong thur 1 tich cua dong thir j véi
A.

Tuong tu, cac ma tran V(i,j), V(i,a), V(i,j,k) (vé1 a#0) tuong ing la cac ma
tran ¢6 dugc tir ma tran don vi cung cép E béng cach: Di chd cot thir i va cot tha ]
cua E, nhan ¢t thir i ciia E vdi o, va cong vao cot thir i tich cua cot thar j vor A.

Chii y: V6i A 1a ma tran cdp mxn thi cac phép bién ddi so cap trén dong ctia A c6
thé biéu dién bsi phép nhan vé bén trai A cdc ma tran U(i,j), U(i,a), U(i,j,1). Cu
thé 1a:

P1. U(i, j).A 13 ma tran c6 dugc tir A bang cach d6i chd hai dong i va j;

P2. U(i,a).A 1a ma trdn c6 dugc tir A bing cach nhan dong i véi o ;

P3. U(i,j,A).A 1a ma trdn c6 dugc tir A bang cich cong vao dong i, tich cua

dong j voi A.

Tuong ty, ta cling co diéu twong tng v6i cac phép bién doi so cip trén cot nhung

khac 1a phép nhan la vé bén phai ma tran A, nghia la:

PI1. A.V(i, j) la ma tran co duoc tir A béng cach d6i chd hai cot i va B
P2. A.V(i,oc) la ma tran co duoc tir A béng cach nhan cot 1 voi1 A ;

P3. A.V(i, j,k) la ma tran co duoc tor A bﬁng cach cong vao cot 1, tich cia cot |
VOl A.
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Nhan xét. T cac diéu néu trén, ta suy ra viéc thuc hién phép bién doi so cap trén
dong hay trén ct cia mot ma tran tuong tmg vdi viéc nhan vé bén trai hay bén phai
ma tran d6 véi ma tran khong suy bién (chinh x4c hon 1a mdt day cac ma tran khong
suy bién nén tich d6 cling 1a ma tran khong suy bién).

Phép phan tich ma tran:

V61 A 1a ma tran cap mxn, c6 hang la r thi bang cac phép bi€n doi so cap (trén
cac dong va trén cac cdt) ta co thé dua A v€ ma tran c6 dang:

E, |0
0o

Trong d6 E_ 1a ma tran don vi cap r, ky hiéu 0 1a cac ma tran khong.

Vi Iy do nhu vy, nén v6i A 1a ma tran cdp mxn, c6 hang 1a r thi ta ludn c6 thé
viét dudi dang A = PRQ, trong do P, Q 1a cadc ma tran vudng khong suy bién cap m,
n con R 1a ma trdn cap mxn co6 dang:

E, |0
0o

Vi du 1. Chirg minh rang moi ma tran hang r déu c6 thé phan tich dugc thanh tong
cua r ma tran hang 1.

Giai:

Goi A 13 ma tran cAp mxn, c6 hang 13 r. Khi d6 ton tai cic ma trdn vudng khong suy
bién cap m, n la P, Q sao cho A =PRQ, vdi R 1a ma tran cap mxn cé dang

ot

Ta phan tich R thanh R =R, + R, +---+R_, trong d6 R, 1a ma trin c6 tat c cac phan
tir déu bang 0, trir phan tir & dong i, cot i 1a bang 1. Ta lai 6 r(PR,Q)=r(R,)=1, va
A=PR,+R,+--+R)Q=PRQ+PR,Q+:--+PR Q 1a cach phan tich A thanh
tong cua r ma tran c6 hang 1.

Vidu 2.

Cho A 12 mdt ma trdn vudng cap n, c6 hang 1 r thoa mdn A? = A. Ching minh rang
VEt(A) =r.

Giai:

Vi ma tran A c6 hang r nén tdn tai cadc ma tran P, Q, R sao cho A =P.R.Q, trong do
E |0

0 OJ, ta cling dé thay rang

P, Q 1a cac ma tran vudng khong suy bién, con R :(
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R*=R. Vi A’=A nén PRQ=PRQPRQ =R =R.QP.R (Do P, Q kha nghich).
Ta lai co

Vét(A) = V&t(PRQ) = VE&t(PR.RQ) = Vét(RQ.PR) = V&t(R) =

2. CAC BAT PANG THUC THUONG GAP
Pinh Iy 1. V4i A, B 1a hai ma tran ciing cAp mxn bat ky ta co:
‘r(A) - r(B)‘ <r(A+B)<r(A)+r(B)
Pinh 1y 2. Véi A, B 12 hai ma tran bat ky sao cho tich AB c6 nghia, ta cé:
r(AB)< min{r(A),r(B)}
H¢ qua. Hang cta ma tran s€ khong d6i néu ta nhan vé bén trai hay bén phai nd véi
mdt ma tran khong suy bién.
Chirng minh. That vy, gia st B khong suy bién, khi do:
r(A)= r(AB.B’1 ) <r(AB)<r(A) = r(AB)=r(A)
K§ thuat ching minh nhé nay tuy don gian nhung duoc 4p dung trong kha nhiéu
truong hop.

Pinh 1y 3. V6i A B, 1 hai ma tran bat ky, khi do ta c6:
r(A)+r(B)<n+r1r(AB)
Chirng minh

Gia st r(A)=r,r(B)=s, khi d6 ton tai P, Q,,P,,Q, 14 cdc ma tran khong suy bién

' E |0 E, |0
sao cho A=PRQ,,A=P,R,Q,, V61 R, = o lol - R, = o lol - Ta cod
mxn nxp

AB=PR Q,P,R,Q,

= r(AB) = r(P1R1Q1P2R2Q2 ) = r(RIQleRz) = r(RlCRz)
V61 C=Q,P, 1a ma tran cap n khong suy bién, nén r(C) =n. Ta dé thay rang ma tran
R,CR, c6 dugc tir ma tran C bang cach thay cac phan tir & n—r dong cudi, n—s cot
cudi bang 0. Ta ciing thiy rang néu bo di mot dong hay mot cot ctia ma tran thi hang
cia nd giam di khong qua 1. Vi vdy hang cua ma tran R,CR, khong nhoé hon
n—(n-r)-(n-s)=r+s—n, dodé r(AB)2r+s—n. D¢ la diéu phdi chimg minh.
Vi dy 3. Néu A 1a ma trn vudng capnva A*=E thi r(E+A)+r(E—A)=n.
Giai:

Taco n=r(2E)=r(E+A+E—-A)<r(E+A)+r(E-A), nhung ta ciing co:
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0=r(E’~A’)=r((E-A)(E+A))=r(E-A)+r(E+A)-n

Do do r(E+A)+r(E—A)£n = r(E+A)+r(E—A):n.

3. LIEN HE VOI HE PHUONG TRINH TUYEN TINH THUAN NHAT

Rat nhi€u bai toan v€ hang cua ma trdn c6 thé xtr ly bang h¢ phuong trinh tuyén
tinh mdt cach c6 hiéu qua, sau day la co s& cua viéc 4p dung nay va mot s6 vi du
minh hoa.

Pinh 1y 4. S chiéu cua khong gian nghiém cua hé phuong trinh tuyén tinh thuan
nhat AX=0 bang n—r(A), trong d6 n 1a s6 4n cta hé phuong trinh (bang s6 cot

cua A), va r(A) la hang ciia ma trén A.

Hé qua. Néu A, B 1a cac ma tran cing cdp va cac hé phuong trinh tuyén tinh
AX=0,BX=0 la twong duong thi r(A)=r(B).

Vi dy 4. Néu A 1a ma trén vudng capnva A*=E thi r(E+A)+r(E—A)=n.
Giai:
Tur gia thiét ta c6 (E—A)(E+A)=0, do d6 ta dé thay ring céc cot clia ma tran
E+A déu la nghiém cua hé phuong trinh tuyén tinh thudn nhat (E-A)X=0, vi
vay:
r(E + A) <dimV=n- r(E —A), V 1a khong gian nghiém.
Vi vay ta co:
r(E+A)+r(E-A)<n
nhung ta luén co
n:r(2E):r(E+A+E—A)Sr(E+A)+r(E—A)
Tir hai bat dang thic ndy suy ra r(E + A) + r(E — A) =n.
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BAI TAP
1. Cho A 12 mot ma tran vudng cp n c6 hang r. Tim r(A*).
2. Cho A 1a ma tran vuong C'Qip n, a,=0;i= 1,2,...,n;aij =1;p,1# j. Chung minh réng
r(A)>=n-1.
3. Cho P, Q 13 hai ma tran vudng cdp n thoa man: P> =P;Q*=Q, va E—(P+Q) kha
nghich. Chirng minh rang: r(P)=r(Q).
4.
a) Gia st A 1a ma tran vudng thoa man A* =0,k e N. Chirng minh rang ma tran
E+A+A”+---+ AP kha nghich v6i VpeN.
b) Gia st A 1a ma tran vudng thoa man A* =0,k € N. Chting minh rang v&i moi
sd nguyén n ta luén cé: r(A)=r(A+A*+---+A").
5. Ching minh rang véi moi ma tran thuc vudng cip n, déu ton tai M e N sao cho:
r(A")=r(A*");, Vk>M.
6.
a) Ching minh rang véi A, B 1a cic ma tran vudng cap n thoda mdn AB=BA va
A*=B'=0,1,5eN thi (A+B)" =0.
b) Gid st A, B 1a cic ma tran vuong cép n, thoa man AB=BA, A'=0,
B*=0,r,s € N. Chitng minh ring r(E+ A +B)=r(E—A-B)=n.
7.Giasit A__,B_,C._sao cho r(B)=r(AB). Chimg minh ring r(BC) =r(ABC).

nxp? 7 pxq? T gxr
8. Gia str P,Q,R 1a cac ma tran vudng cp n. Ching minh rang:
1(PQ) +1(QR) <1(Q) +r(PQR)

9. Chirng minh rang hang cia ma tran do61 xting hoac phan do6i xirng bang cap cao
nhat cta céac dinh thirc con chinh khac khong cua no.
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VET CUA MA TRAN

Pinh nghia. Cho A 14 ma trin vudng cap n ¢ dang

a11 a12 aln
A _ aZl a22 aZn
a'nl anZ ann

Thi Vét(A) =a, +a,, +---+a_ dugc goi la vét cia ma tran A.

3 2 4
Vidul.Véimatran A={4 —6 2 |thi
1 2 4

Vét(A)=3-6+4=1,con V&(E,)=n.

Tir dinh nghia trén ta suy ra cdc tinh chat co ban cta vét nhu sau:
Pinh 1y 1. Tinh chat tuyén tinh ciia vét ma tran

Véi A, B la cac ma tran vuong cép nva A 1a mot sb thuc thi:

% VEt(A + B) = Vét(A) + Vé(B);

% VEt(LA) = A.VEt(A).
Pinh 1y 2. Véi A, B 1a cac ma tran vudng cap n thi:

Vét(A.B) = Vét(B.A).

Chii y. Két qua cua dinh 1y 2 con dung dbi v6i cac ma tran dang A_ ,B.__,nghiala
khi d6 ca A.B va B.A déu ton tai.

Nhan xét. Vét ctia mot ma tran vudng 13 mot sd, va néu A = B thi Vét(A) = Vét(B),
nhung diéu ngugc lai hién nhién 1a khong ding. Nhan xét nhé nay dugc ap dung cod
hi€u qua trong nhi€u bai toan cu thé.

Vi du 2. Chirng minh rang vi moi ma tran A cip mxn, B cdp nxp, C cip pxq thi
ta ludn co:
VEt(ABC) = V&t(B'A'C’) = Vét(A'C'B)
Vi du 3. Cho A, B, C 14 cac ma tran vudng cap n.
1) St dung vi du 2, chirng minh ré'mg néu A, B, C la cic ma tran d6i xtng thi:
VEt(ABC) = VEt(BAC)
2) Chi ra phan vi du v6i két luan trén néu khong cé gia thiét A, B, C dbi xing.

Vi du 4. Cho A 12 ma trdn vudng cp n théa man A’A = A?, chirng minh rang;

1) Vét[(A ~A') (A- A')} =0;
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2) A la ma tran d6i xing.
Vi du 5. Chtng minh rang khéng ton tai cic ma tran vudng A va B cép n sao cho
AB-BA=E
Giai:
Dung phan chimg, gia su ton tai cic ma trin A, B sao cho AB—BA =E, thé thi
1y vét hai vé dang thtrc nay ta duoc:
0=Vé(AB—BA)=VE&(E)=n

Piéu nay 14 vo 1y, suy ra diéu phai ching minh.

BAI TAP
1. Ching minh rang khong ton tai cic ma tran A,B,C,D vudng cdp n sao
cho:AC+DB=E va CA+BD=0.

2. Gia st A, B 1a cac ma tran vuong C'Qip n va ma tran A 1a kha nghich. Li¢u c6 d'fmg
thirc: AB—-BA=A7?

3. Cho ma tran vudng A khong suy bién cap n. Liéu dbi véi ma tran Vuong X bat ky
cap n c6 thé tim duoc mot ma trin vudng Y cip n thoa min: X =AYA' —A'YA?

Cho A la ma tran vudng cAp n. Chimg minh ring néu
VEt(A.X) = 0 voi moi ma tran vuong X cap n thi A =0.

5.Cho A ,B_,, . Chimg minh rang: VE&t(A.X.B) = 0 voi moi X, ©BA=0.
6. (Pang thirc Wagner)

a) Chung minh rang voi moi ma tran A, B, C vudng cap 2 thi ta ludn cé:

(AB-BA)’C-C(AB-BA)’ =0
b) (Pé thi OLP Toan Quédc nim 2004)
Chtng minh rang voi moi ma trin A, B, C vudng cép 2 thi ta ludn co:
(AB-BA)*™C-C(AB-BA)*™ =0
7. Gia sir A, B 1a cac ma tran thuc ddi xtng. Chirmg minh rang;
Vét(ABAB) < Vét(A’B?)

8. Chtrng minh rang:

VA e Mat(3x3),A’=0
Trace(A)=0

{ Rank(A) <1

9. (Dé thi OLP Toan Qubc nim 1997)

Cho A 1a mdt ma trin vudng cdp n véi hang 1a r(A)=r<n thod min dang thuc
A’ = A . Chirng minh rang Trace(A)=r.
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PA THUC PAC TRUNG
GIA TRI RIENG

Dang cua da thirc dac trung:
Vé6i A 1a mdt ma tran vudng cap n thi da thire dic trung cia A c6 dang:
LAE—A|=A"—cA™" +c A"+ +(-1)"c,
Véic, l1a tong tat ca cac dinh thirc con chinh cép k cua A.

O day dinh thuc con chinh cia A duoc hiéu theo nghia 1a dinh thirc con cuia ma
tran A véi cac dong va cac ¢t dugc lap tir A co6 cung céc chi s6, do do:

C = ZDiliik
0 1127 I
Tir dang cua da thic dic trung ta suy ra tong cua cac gia tri riéng ctia A bang
vet cia nod va tich cua cac gia tri riéng nay bang dinh thirc cua A.
Gia tri riéng cua da thirc ma tran:
Véi da thire f(x)=x":
Gia tri riéng ciia ma tran A” bang (tinh ca bdi tuong ng) binh phuong cac gia tri
riéng cua A.
Véi da thire f(x)=x":
Gia tri riéng clia ma trdn A’ bang (tinh ca boi twong (mg) liy thira bac p cac gia
tri riéng cua A.
Pinh thirc cia da thirc ma tran:

Vé6i A, L,,...,A, 1a cac gid tri riéng cta A, f(A) 12 mot da thirc bat ky. Khi do

IEXAZERE

dinh thirc ciia ma trén f(A) duoc tinh boi cong thire:

0(A) =105 (2,)
Chung minh:

Gia sit f(1)=a,[[(n,~2) va @(A)=PE-A|=[](A~2,). Thay A=A vio

j=1 i=1

f(1) ta dugc:

f(A):aOﬁ(qu—A)

=1

Lay dinh thtrc hai vé ddng thire trén ta duoc:
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aolj(MjE —A)‘ = aSli[(P(uj) = ag]jlj(“j ~3)

£(a)[=

[T, -2 [-T1002)

Suy ra diéu phai chimg minh.
Gia tri riéng cia da thirc ma tran:

Néu A,A,,...,A 1a cic gia tri riéng clia ma tran A va véi f(x) la mot da thuc bét
ky thi £(A,),f(X,),....f(X,) 12 cac gia tri riéng cua ma tran f(A).

Chirng minh:

Xét da thirc g(x) =\- f(x) , vOi A 1a s bat ky va ap dung bai s 8 ta duoc:

a(A) =g(%)2(,)...a(h,)
Nghia la:
P~ £(A) = (A~ £(1)) (A=) (- £(,)

Chu ¥ rang ‘kE —f (A)‘ la da thac dac trung cua f (A) , do dé cdac gia tri riéng cua

£(A) 1a £(3,),£(0 ). nF(R,).

Gia tri riéng cia phan thirc ma tran:

Néu A, A,,...,A, 1a cac gid tri riéng ciia ma trdn A va f(x) % 1a mot phan

X
thirc bat ky sao cho né xéc dinh tai x=A (nghia 12 ham h(x) thoa man diéu kién
[h(A)|=0) thi [f(A)[=F(x)F(R,)...f(1,) va cac sb £(1,),f(1,),....f(,) 1a cac

gid tri riéng cia ma trén f(A).
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BAI TAP

Bai tap 1: Tim gid trj riéng chia ma trdn A'A v6i A=(a, a, - a,) .

Bai tap 2: Chimg minh rang tat ca cac gia tri riéng ciia A déu khac khong khi va chi
khi A khong suy bién.

Bai tip 3: Cho A 13 ma tran khong suy bién, chimg minh ring A, la gid tri riéng cua
A khi va chi khi A, 1a gia tri riéng caa A™.

Bai tap 4: Cho ma tran vudng A, B cép n bat ky. Ching minh rang da thire dic trung
cua AB va BA trung nhau.

Bai tap 5: Cho A 1a ma tran cdp mxn va B 1a ma tran cp nxm. Tim lién hé giira
da thuc dac trung cia AB va BA bang cach xét hé thic sau:

ME_-AB A \(E,6 O E. O0)AE, A
0 AE\B E ) (B E )l 0 AE -BA
Bai tip 6: Ching minh rang:

a) Moi ma tran vuong f:ép n, dbi xtrng véi cac phan tir 1a cac sb thue déu co du n
gia tri riéng la cac so thuc;

b) Moi ma trdn vudng cip n, phan d6i xtmg v6i cac phan tir 1a cac sb thuc déu co
du n gia tri riéng 1a cac so thuan ao. Tur d6 suy ra dinh thirc cua ma trén phan
doi xung thuce 1a cac s6 khong am.

Bai tip 7: Cho A, B la cdc ma trdn vudng cing cip sao cho AB=BA, va ton tai
p €N sao cho A" =0 thi:

A’ +AB+B2‘:\B\2

Bai tap 8: Tim gi4 tri riéng clia cdc ma tran:

a, a, a, - a, 0 -1 0 O 0 O
a, a, a, - a, 1 0 -1 0 0 O
A=|a , a, a - a_, B={0 1 0 -1 -~ 0 O
a, a, a a 0 0 0 O 1 0

Da thire dac trung & Gid tri riéng ciia ma tran 53



DAI HOC KINH TE QUOC DAN Tai liéu hudng dan doi tuyén OLP 2012
MA TRAN KHOI

I. Khai niém va cac phép toan

1. Pinh nghia. Ma trdn A duoc viét duéi dang

All AIZ Aln
A — AZI A22 A2n
Aml Am2 T Amn

trong d6 A; la cac ma trén, cach biéu dién ma tran A nhu thé dugc goi la ma tran
khéi. TAt nhién cac ma tran A; trén cung mot dong s€ co chung s6 dong, trén cing
mot cdt s€ c6 chung s6 cot.

2. Phép to4n trén ma trin khoi.

a) Phép cfng 2 ma tran, nhin ma tran véi s6: Néu A, B 13 2 ma trén khdi dugc
phan chia cac khoi nhu nhau thi ta ¢6 thé cdng va nhan binh thuong.

b) Phép nhin ma trin khoi véi ma tran khdi:

Gia st
A11 A12 Aln Bll B12 Blp
a| A Aw o Ay By Bu o By
Aml Amz T Amn Bnl Bn2 e Bnp

trong d6 A, ,B,; 1a cac ma tran con nhan dugc voi nhau (s6 cot ctia ma tran A, bang
$6 dong cua ma trén By;), khi d6 ma trén tich AB tdn tai, kh6i ma trin nam & “dong”
1, “cot j” cua AB la:

AB,+A;,By,;+--+A,B

inDnj
Vidu 1:
1 2(1 0 1 0/{0 O
P il :(C Ej _|0 1o o :(E 0]
1 0{0 0o \E 0) 1 2|1 2] (Cc C
0 1[0 O 3 4|3 4
voi C:[ i] va E = (1) (1) . Str dung phép nhan ma tran khéi & trén ta duoc:

K§ thuat sir dung ma tran khoi 1
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2 41 2
(C EY(E 0) (2C C) |6 8|3 4
'{ﬁ olé cj (E oj 1 0[0 0

0 1]/0 0

Vi du 2: Mgt ma tran khéi A = (Aij) dugc goi 1a ma tran khéi dang tam giac néu tat
1A,
vuong, va tat ca cac khdi vé mot phia cua duong chéo chinh déu bang 0. Chimg minh
rang néu A va B la 2 ma trén kh01 Vi cac phan tir trén dudng chéo chinh tuong Ung
cung cip va vé6i cac khéi bang 0 nim vé cung phia cua duong chéo chinh (déu 1a phia
trén, phia dudi) thi tich AB cua ching ciing 1a ma tran khéi dang tam giac véi cac
khéi trén dudng chheos chinh cing cip va cac khoi béng 0 cung ndm vé mdt phia cua
dudng chéo chinh nhu cic ma tran thanh phan A, B.

ca cac khoi trén duong chéo chinh (nghia la cac khoi A déu la cac ma tran

Vi duy 3: Chung minh rang ma tran khoi dang tam giac trén la lay linh khi va chi khi
tat ca cac kh6i nam trén duong chéo chinh déu 1a liy linh.

I1. Mot so két qua co ban
1. Pinh thirc ciia ma tran khoi:

Theo dinh 1y Laplace Ve khai trién dinh thtrc, ta cong nhan (khong can chimg minh
lai) cong thirc sau ddy vé tinh dinh thirc ctia ma tran khoi:

A B
det =det(A).det(C
5 oJaa)da(o)
Vi du 4: Chting minh rang voi A, B 1a 2 ma tran vudng cdp n va det(A + B) = 0. Dat

A B .
M= [B Aj . Ching minh rang det(M)#0.

Loi giai:

Xét ma tran tich cta cac ma tran khoi:
A BY(E E) (A-B A+B
B AJ\-E E) (B-A B+A
Léy dinh thuc 2 vé ta duoc:
A B E E A-B A+B A-B A+B
det .det = det = det
B A -E E B-A B+A 0 2(A+B)
A B
& 2“.det(B Aj:2“.det(A—B).det(A+B)¢O

Suy ra diéu phai chimg minh.

K§ thuat sir dung ma tran khoi 2
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2. Bién doi so cap trén ma tran khoi

Ngoai viéc ta c6 thé bién d6i so cip binh thudng trén cac khdi dong ciia ma tran, ta
con c6 thé bién doi theo kicu khac.

Thong thuong nhitng phép bién d6i dugc thuc hién chi voi ma tran khéi gdm 4 khoi
(2 khoi dong, 2 khoi cdt).

Vidu 5: Cho A= (Aij) 14 ma tran khdi va cho A; la cac khdi voi cap m, x n;. Ma
tran khéi nhan dugc tir A bang cach cong vao khéi dong thir i tich cua khdi dong thir j
sau khi da nhan v€ bén trai khoi dong thir j nay voi ma tran chir nhat X cap m; x m;
chinh la ma tran nhan duoc tir A béng cach nhan vé bén trai vi ma tran kha nghich
P. Tuong ty nhu vay vdi bién doi trén cOt, nghia la: Ma tran khoi nhan dugce to A
bang cach cdng vao khoi cot thir 1 tich ctia khoi cot thir j sau khi da nhan vé bén phai
khoi ¢t thir j nay v6i ma trn chit nhat Y cap n;xn; chinh la ma trén nhan duoc tr A
béng cach nhan vé bén phai véi ma tran kha nghich Q. Tim dang cua ma tran P, Q.
Loi gidi:

Viéc xac dinh ma tran P, Q giéng hét trong bién d6i so cép trén ma tran.

3. Ma tran nghich dio ciia ma tran khdi

Xétcacmatran A__,B__,C, . 1a cac ma tran sao cho A, B kha nghich, khi do:

IXr? 7 sxs?

1 _1
v A 0 _ A 0
0 B 0 B

L (A ) (A" -ATcB?
0 B) (o B

Vi du 6: Cho A, B 1a cac ma trin vudng cip n, tinh

1

I A C)
0 I B
0 0 I

K§ thuat sir dung ma tran khoi 3
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BAI TAP
A B L
1. Cho R :( ], chirng minh rang :
C D
a) Néu det(A)#0 thi det(R)=det(A).det(D-CA™'B);

b) Néu det(D)#0 thi det(R)=det(A—-BD'C).det(D) ;

¢) V&i ma tran kha nghich A cap n. Ching minh rang rank(R) =n khi va chi khi
D=CA'B.

2. Néu A va D 1a cac ma tran vuong cip n va AC = CA, chirng minh rang:
. A B
a) Néu det(A)=0 thi det(C D]:det(AD—CB);

b) Trong truong hop det(A) =0 thi cau a) trén day con dung nita hay khong?
Loi gidi: (Cau b)
O day ta khong can diéu kién det(A)=0, nhung trong tinh huéng twong tw thi phai
can thiét det(A)=0, néu chi ¢6 det(D) =0 va CD" =-DC" thi

det[’g Ej:det(A—BD1C).det(Dt):det(ADt+BCt)

2 ) et ) oY

A B
Thi CD" =-DC" =0, nhung det(AD" +BCT):—1¢1:det(C Dj

Xét vi du:

3. Gié str u 1a mot dong, v 1a mot cot va a 1a mét $0. Chung minh rﬁng déng thirc sau
day la dung:
A v

u a

= a‘A‘ —u(A*)V

trong ca 2 trudng hop A khong suy bién va A suy bién (Qua gi6i han!).

4. Gia sir u, v 1a cac vecto n chiéu, A 1a ma tran vudng cap n. Ching minh ring :
‘A + uTV‘ = ‘A‘ +vA'u'

5. Cho A, B, C, D 1a cac ma trin vudng cip n sao cho AB",CD" déu 1a cac ma tran
d6i xtmg va AD" —BC" =I. Chimg minh ring A'D-C'B=1.

K§ thuat sir dung ma tran khoi 4
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PA THUC POI XUNG

I. Dinh nghia va dinh ly co ban
Pinh nghia 1. Pa thic f(x,,x,,...,x, ) trong vanh R[x,,X,,...,x,] duoc goi la mot

da thuc d6i xtng n an néu
f(xl,xz,...,xn) = f(xc(l),xc(z),...,xs(n))

vé6li moi hoan vi ceS . Trong do f(xc(l),xc<2),. . .,XG(H)) dugc suy ra tu
f(xl,xz,...,xn) béng cach thay x, boi xco),i =1,2,...,n.
Pinh nghia 2. Cac da thuc sau day :

o, =X, +X,++X,

0, =XX, + XX, + -+ XX, ++X X,

O, =X, X,X; + X, X,X, +-+X_,X X,

G, =XX,X;...X, X,

1a cac da thirc d6i xtmg n an, va ta goi chung 14 cac da thire ddi xtmg co ban.
Pinh 1y co ban vé da thirc ddi xing: Moi da thirc doi xtng f(x,,X,,...,X, ) trong
vanh R[Xl,xz,...,xn] déu biéu dién mot cach duy nhat dudi dang mot da thuc cua
cac da thirc do1 xting co ban vai cac hé so trong R.
II. M6i lién hé giira mot s6 da thirc ddi xirng thwong giip ,

Trong muc nay ta nghién ctru moi lién hé & dang dinh thure cua cac da thire doi
ximg co ban 6, (X,,X,,...,X, ), cac ham s, (X,,X,,...,X, ) =X} + X5 +---+ x5 va cac da

thirc doi ximg dang p, (X,X,,....X, )= D,  X/'XF-Xp:

n
ij i+ -+, =k

1. Moi lién h¢ gitra oy va s
Ta ¢6 o, (X,,X,,...,X,) 1a da thirc doi xing co ban thir k (trong n da thirc doi
xtng co ban & trén), n6 13 hé sé cua x"™ trong khai trién da thirc:
(x+x)(x+X,)...(x+x,)
Trudc tién, ta chimg minh rang:
k
8, — 8,0, +8,.,0, —---+(-1) ko, =0

Tich s,_ o, c6 chira cac thanh phéan dang xS (le Xy ) Néuie {jl,...,jp} thi

thanh phén nay bi triét tiu voi thanh phan x/ ™" (x, ...%;...x, | ctia tich s, 0, , (¢

i i i Jp
day X, c6 nghia la tich nay bi khuyét so vdi tich trudc 1 bac 1a x;), con néu

k—p-1
i

i {jp,--..J,] thi n bi triét tiéu véi thanh phin x} " (x;x; ...x; ) cuatich s, o, -

Tt do ta c6 h¢ k phuong trinh vé1k an 6,0,,...,0,:

Mot s6 két qua vé da thirc dbi xtng 1
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G, = s
so, — 20, = s,
s,6, — so0, + 3o, = s,
1)'ko, =
50, — $.,0, + - + (-1)ko, = s,
Theo quy tac Cramer ta suy ra duoc:
S, 1 0 o - 0
s, S, 1 0
1ls; s, s 1 0
G, =—
k! -
Sk—l Sk 2 Sk 3 Sk 4 1
Sk Sk Sk Sk S
Tuong tu, ta cling co:
G, 1 0 (T
20, o,
| 3o G, O© I -0
Sy
(k - I)Gk—l Gy Oy Oy -+ 1
ko, Oy Ok Ops " O

Vidu 1: Cho A, B 14 2 ma tran vudng cdp n thoa min diéu kién
tr(A*)=tr(B*), k=12..n
Chung minh rang A va B 14 cac ma tran c6 cung cac gia tri riéng.
2. Moi lién h¢ giira py va o
Ta ki€ém chiing dé dang rang:

1+pt+p,t° +p,t°+-- = (1+X1t+(xlt)2 +---)---(1+xnt+(xnt)2 +)
B 1
- (1— xlt)(l— th)---(l—xnt)
1

l-ct+o,t’ —+(-1) o,t"
Tur day ta suy ra:

o, = b
p,6, -~ G, = P,
p,o, - po, *+ G; = Ps

k
PO, — PxyO, + o0 F (_1) Gy, = D,

Mot s6 két qua vé da thirc dbi xtng 2
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Tuong ty nhu trén, ta tinh dugc:
p, 1 0 o - 0 G, 1 0 o - 0
P, P 1 o - 0 c, O, 1 0 0
P; P, P 1 - 0] . c, o, o, 1 0
G, = va p, =
Py Peo Pes Py 01 Ow1 Ok Oks Opy 1
Pe Pixa P Pz 0 P Oy Owa Oxy Oy G,

3. Moi lién hé giira py va sy
Xét da thue f(t)=(1-x,t)(1-x,t)---(1-x,t). Khi do

!

_fi((tt)) :(f(lt)]' :Kl—lxltj(l—1x2tj"'(1—lxntﬂ :(I—X;(lt M 1—th)%

Do do:

f,(t) Xl deee Xn
1-x,t

- t:sl+s2t+s3t2+---

EON

< . - 1 \
Mait khac ta cling c6 —:1+p1t+p2t2 +p3t3 4., va

£(t)

!

4
1 P +2p,t+3pstt -
£(t)) L£(t))  1T4pt+p,t +p,t +--
Nghia la:

(l+p1t+p2t2+p3t3 +---)(s1 +Szt+s3t2+---):p1+2p2t+3p3t2+---

Tu do ta duoc:

P 1 o - 0 0
2p, P 0 0
s, = (_1)1“1
(k - l)pk—l Pv2 Prs 0 P2 Py 1
kp, Pt Pxa2 0 P3Py Py
va
S -1 0 0 0 0
s, s, 2 0 O 0
)
Sk-1 Sk2 Si3 S, § _(k a 1)
Sk Sk Sk 85 8, S

Mot s6 két qua vé da thirc dbi xtng 3



