HOI CAC TRUONG CHUYEN PE THI DPE XUAT MON TOAN

VUNG DUYEN HAI PONG BANG BAC BO KHOI 10 - NAM 2023
TRUONG THPT CHUYEN HUNG VUONG Thoi gian 1am bai: 180 pht
PHU THO (Pé c6 01 trang, gom 05 cau)

Cau 1 (4,0 diém). Tim tat ca cac ham sé f : R — R thoa man dong thoi cac diéu kién sau:

) vx,yeR,JaeR: f(x+y)=f(x)f(a—y)+f(y)f(a—x);
i) f(O):%.

1 c’
2 3 =2
a“+1 b*+1 c¢"+1

Cau 2 (4,0 diém). Cho a,b,c >0 thoa man: . Chtg minh rang

abc(a+b+c)2\/§(ab+bc+ca).

Cau 3 (4,0 diém). Cho t giac ABCD ndi tiép duong tron (O). Goi M, N lan luot la trung diém cua
AB, CD . Pudng tron ngoai tiép tam giac ABN cit CD tai P . Duong tron ngoai tiép tam giac CDM  cit
AB tai Q. Chiing minh rang AC, BD, PQ ddng quy.

Cau 4 (4,0 diém). Cho n>5 la s6 nguyén dwong 1& va c6 cac wdc nguyén t 1a p,, p,,..., p,. Chimng

Cau 5 (4,0 diém). Cho p 1a mot sb nguyén t6 va n 1a mot s6 nguyén duong. Tim s6 bo sap thir tu

(a,.3,,a;,,3,) théaman a,a,,a,,3, €{0,1,2,.., p" -1} va p"

(a,a, +a,a, +1) ?

—-HET----
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Céu Ngi dung bié¢m
1 Cau 1. (4,0 ¢iém) Tim tat ca cac ham sé f : R — R thoa man dong thoi cac diéu
Kién sau:
i) vx,yeR,Ja: f(x+y)=f(x)f(a—y)+f(y)f(a—x);
1
f 2
i) £(0)= 5
- . 1 . 1,0
Cho x=y=0 ¢i)taduoc f(0)=f(0)f(a)+f(0)f(a) ma f(O):E nén
1
f =—.
(a)-12
Cho y=0thi f(x)=f(x)f(a)+f(0)f(a—x)=f(x)="f(a-x).() 1,0
Tur d6 suy ra f(X+y) ( )f( )(2)
O(2)lay y=ataco f(x+a)=f(x) 1,0
Thay x boi —x vao (1) vakéthop (2)taco f(—x)=f(a+x)=f(x).
Oi)thay y boi —y taco
f(x—y)=f(x)f(a+y)+f(-y)f(a—x)=2F(x)f(y) 3)
1,0

Tr(2va3)tacd f(x—y)="f(x+y) vx,yeR.

Thayxybol tacod f(x)= f(O):1

Hoc sinh ¢ the lam cach khac, gio vién cham theo thang diém tuong tng
Cach 2. Tuong ty dén f (x+a)= f(X)

f(x)=+
Thay y=a-x tarat ra dugc 2

bat S ={XER‘ f (x):—%} . Ta di chitng minh S =@ . That vay, gia s ton tai

X, €S

Taco _%: f(%)="f(%+0)="1(x)f(a)+f(0)f(a~x)=f (a—XO):—%

Tuong ty suy ra f(a—n.x,)= —%

Do dd a—nx,€S,vneN

Tuong tu




f(a+x)= f(a)f(a—x0)+f(xo)f(O):—%3a+xoeS:>a+nxoeS,VneN
Vay a+nx,eS,VneZ.

Mat khac f (x,+X))=2f(x,) f(a—x)= %
Taco f(a+2x))="f(a)f(a—2x)+f(2x
1
2

o) f(0)=0, mau thuan.

Vay f (X) =

4
Cho a,b,c >0 thoa man: 41 + 41 = f . Chtng minh ring
a’+1 b'+1 c"+1

abc(a+b+c)>+2(ab+bc+ca).

1 1 1 1 1 1 1 1

+ = =N + = o =
a*+1 b*+1 c¢*+1  a*+1 b*+1 c*+1  a*+1 b*+1 c*+1

1 x 1 y . 1 Z
X+y+z 1+b* x+y+z 1+c* Xx+y+z

1,0

Khiddotaco a=

Jyrz. =4x+z;C=4\/x+y
X y z

_abc(a+b+c)_abc(a+b+c)  3abc

ab+bc+ca ;(a+b+c)2

Taco

a+b+c

1,0

Taco

e RETRE>) Cet e

‘ Xy Xy 1
M = . = .
a\/(x+z)(y+z) \/y+z x+z a’b’

Nhu vay L + ! + 1 <§
7 a’h® b*c® cfa® 2

1,0

Talai co

1 1 1Y 1 1 1.9 (a+b+c) _9 a+b+c_3
—t+t—+— | 3| Sttt 55 S>> <-= —
a’h?® b%c?® c%a?) 2 abc 2 abc \/_

Do dé P>+/2.

1,0

Cau 3. (4,0 diém) Cho t giac ABCD ndi tiép duong tron (O). Goi M, N lan luot 2
trung diém ctia AB, CD . Budng tron ngoai tiép tam giac ABN cit CD tai P . Buong




tron ngoai tiép tam gidc CDM cat AB tai Q. Chang minh rang AC, BD, PQ dong
quy.

*)Néu AB // CD thi ABCD I hinh thang can do d6 AC, BD, PQ dong quy.

0,5
*) Néu AB va CD khong song song, goi S 1a giao diém cia AB, CD 1,5
Khi d6 do tr giac ABCD ndi tiép néntacé SASB =SC.SD (1)
Do 4 diém A, B, N, P ciing thuoc 1 duong tron nén SASB =SN.SP (2)
Mat khac 4 diém C, D,M, Q cling thudc 1 dudng tron nén SM.SQ =SC.SD (3)
T (1), (2), (3) tasuy ra: {S__A§= @@ +0

SC.SD =SN.SP

Ma M, N lan luot 13 trung diém ciia AB, CD nén theo hé thircc Maclaurin ta co: 1,0

(SQAB)=-1 va (SPCD) =-1

Vay AC, BD, PQ ddng quy.

Cho n>5 la sé nguyén duong 1é va co cac uéc nguyén td la p,, p,,..., p,. Ching

minh rang 27" —1 c6 wéc s nguyén 6 khong thudc tap { p; Py Py -

k

Dt n:li[ pe m:(p(n):H(pf’*’l(pi —1)):2u.

i=1




Tacou:p,-1lva2'-1:p, Vi=12,..,k

1,0

Mit khac 2* ~1=(2" -1)(2" +1) va (2 -1;2" +1)=1 10
Suy ra (p;2° +1)=1, Vi=12,...k taca 2 +1 c6 uéc nguyén t6 khong thuoc tap | 1.0
{Ps Py D

Tirdo ta co 27" —1 ¢6 udce s6 nguyeén té khdng thugc tap { p;; py;-..; Py |- 1,0
Cho p la mét s6 nguyén t6 va n 1a mot sé nguyén dwong. Tim sb bo sap thir ty
(a.8,,a;,3,) thoeaman a,a,,a,,8, €{0,1,2,.., p" -1} va p"|(aa, +aa,+1) ?

Nhan xét. Néu (x, p)=1=(x, p")=1=>{xk|k=0,1,2,.., p" -1} la h¢ thang du | 1.0
day d¢a mod p".

TH1. Néu a, = 0(mod p) va véi mdi cach chon a,,a, thi ton tai duy nhat mots6 | 1,0
3,{012,.,p"-1} thoa man p°|(aa,+a3,+1). Do d6 sb bo sip thi tu
(a,a,,8,a,) trudong hop ndy la s6 cach chon a =0(modp) va
a,,3,€{0,1,2,...,p" -1} suyrasébola: o(p").p".p" = p* - p**.

TH2. Néu a =0(modp)=>a,a, =0(modp) va véi mdi cach chon| 1,0
a, =0(modp),a,€{012,..,p"~1} thi ton tai duy nhit mot sb
a,€{0,1,2,..,p"~1f,a, = 0(mod p) théa man p"|(aa,+a,a,+1). Do d6 sb bo

sap thu tu (a,a,,a,,@,) truong hop nay la so cach chon a =0(modp) va

a, = 0(mod p),a, €{0,1,2,..., p"~1} suy rasd bo Ia:

(pn _(0( pn))pnq)( pn): p3n—1_ p3n—2.

Do d6 s6 bo sap thir tu thoa man yéu cau bai toan 1a: 1,0

3n 3n-1 3n-1 __ 43n-2 3n 3n-2

pr=p +p




