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CAU CHUYEN TOAN HOC

V4 Y LAY ?
Toan hoc va Dién anh
Phong dich theo Joan Lasenby, Maths goes to the movies, Plus Magazine, Thang 03 - 2007

DuoNG TAN VU, Hoc sINH TRUONG THPT Qubc Hoc - HUE

An hét bong ngo chua? Ché ngoi ban tét chit? Ban ngoi cé thodi mdi khong? Hay bdt dau xem nhé...
Toan hoc han hanh gidi thiéu...

Tat ci chiing ta diéu ngac nhién bdi nhitng hinh anh vi tinh giéng thyc dén mitc khong thé tin
dugc trong nhitng bo phim. Nhung hau hét ching ta khong nhan ra ring nhitng con khiing long
trong Cong vien ky Jura va nhimg ki quan ctia Chiia té ctia nhitng chiéc nhan - dic biét nhat la
nhan vat Gollum - sé khong thé ¢6 duge néu khong c¢6 Toan hoc.

Nhitng hinh 4nh dang kinh ngac nay duge lam ra nhu thé ndo? D6 hoa vi tinh vA tam nhin may
tinh 1a nhitng vAn dé rat 16n. Trong bai viét nay, chiing ta s& c6 mot cai nhin don gidn vao vai yéu
t6 toan hoc can ding dé di dén san pham cudi cling. Dau tién, chung ta xay dung mot thé giéi dugc
thay trong phim, v& sau dé mang ching ra doi thyc.

Duyng canh

Mo hinh chii thé dau tién nhu mot khung day duge lam ti nhing da gidc don gidn vi du nhu tam
giac.

Buéc thit nhat trong viéc lam mot bo phim vi tinh 1 tao ra nhitng nhan vat trong truyén va thé
gidi ching séng. Méi ddi tugng duge lam mo hinh nhu mot bé mat phi bdi cac da giac lien két véi
nhau (thuong 1a tam giac). Céc dinh ctia mdi tam giac duge luu trong bo nhé may tinh. Biét mat
nao ciia tam gidc ndm ngoai bé mat vat thé hay nhan vat ciing rat quan trong. Thong tin nay dugc
mé hoa bang tht tu cac dinh duge luu vao, theo quy tac dinh 6¢ (quy tdc ndm tay phéi): Khum cac
ngoén tay clia ban tay phai vong quanh tam giac theo chiéu duge quy dinh béi cac dinh. Chi c6 mot
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céch duy nhéat dé lam diéu nay vh ngén tay phai sé chi vé mot phia ciia tam giac - phia dé 1 phia
ngoai. Néu ban thit véi mot vi dy, ban sé thay chiéu huéng ra ngoai (phap tuyén ngoai) ctia tam
gidc (A, B, C) s& ngugc chidu véi clia tam giac (4, C, B).

Phap tuyén ngoai cia (A, B,C) ngugc hudng véi (A, C, B) dugc zdc dinh theo quy tdc nam tay
phdi (quy tdc dinh oc)

Ké mot tia tw diém nhin dén mot bé mat. N6 ¢6 phdn xa va giao vdi nguon sing khong?

Bay gio bé mat clia vat thé 13 mot mang 1udi nhitng tam giac, ching ta sip stta to nhing thanh
phan ciia né. Didu quan trong & day la phai bat git anh sang thyc té ciia khung nén ching ta dang
lam mo6 hinh, diéu nady duge thuc hién bang quy trinh goi la ray tracing. Bit dau tit diém nhin,
chiing ta ké nhitng tia tré lai huéng vao vat thé va dé ching phan xa qua né. Néu mot tia tit mit
chiing ta phan xa qua bé mit (mot trong nhitng mit ludi tam giac) va giao véi nguodn sang, thi
ching ta t6 bé mit né béi mot mau sang dé khi xuét hien ching nhu bi chiéu sang béi ngudn sang.
Néu tia khong giao v6i nguon sang ching ta to6 mot mau tbi hon.

Dé vé mot tia trd lai mot bé mat, ching ta can moé ta bé mat mot cach toan hoc bao gom nhiing
dudng thang va mit phang duge mo ta bdi bé mit dé. Didu nay duge thyc hién bing viéc sit dung
Vectd. Chiing ta dat mot he toa do khong gian 3 chiéu lén phong nén véi diém goc (0,0,0) - dat tai
diém nhin ctia chiing ta. Mot vectd v = (a, b, ¢) bay gid biéu thi mot miii tén tit gbc dén diém c6 toa
dd (a, b, ). Chiing ta c6 thé nhan v véi mot s6, 2 chang han, theo quy tic 2v = 2(a, b, ¢) = (2a, 2b, 2¢).
Vay 2v 13 mot miii tén dude vé cting huéng v6i v nhung dai gap doi.

Xét bidu thic Av véi bién A 1a mot s6 thuc ndo d6. Pay khong con hién thi mot mii tén véi
chiéu dai xéc dinh nita, vi chiéu dai da tré thanh bién, chi c6 huéng 1 xac dinh thoi. No6i cach khac,
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biéu thitc nay mo td mot dudng thing chia vecto v. N6 mo td mot duong thing - mot tia phat ra
tit diém gbc nhin theo hudéng duge cho béi vects v.

Mat phfmg dudc xac dinh bdi bé mit tam giac ¢6 thé duge miéu ta béi 3 mau thong tin: toa do
mot dinh-goi 1a dinh a;, hai vecto thé hién 2 dudng thing tit dinh a; dén dinh as va tit dinh a; dén
dinh as.

Duéi day cho thiy phuong trinh cia mot tia tit mat ching ta va phuong trinh mit phang duge
cho bdi mot bé mit. Dé tim ra tia c¢6 cit bé mit khong va néu co thi cit & dau va dé lap phuong
trinh clia tia phan xa, ching ta can gidi nhing phuong trinh bao gom 2 biéu thic nay.

Phuong trinh cia mot tia, véi A 1a mot s6 thyc va v 1 mot vecto:

r= v

Phuong trinh ciia mat phing duge xéc dinh bdi bé mat véi cac dinh a1, as va as:

r=ay+ p1(az —ar) + p2(az —ax)

Ray tracing c¢6 thé tao ra nhitng khung canh thuyc té nhung né rat cham. N6 c6 thé chap nhan
duge dbi v6i nhitng bo phim vi tinh, nhung sé trd thanh mot van dé khi ban can sy thay déi anh
sang trong thoi gian thuc, vi du nhu tro choi vi tinh. Nhitng hién tugng phitic tap nhu bong, tu
quang, nhimg phan xa phtc tap rat khé dé lam méu séng dong. Nhiéu phuong tién toan hoc phiic
tap, vi du nhu Precomputed Radiance Transfer' va Radiosity? sé duge sit dung & day.

Cédc game nhuw Doom 8 va Neverwinter nights doi héi dnh sdng séng dong

'http : //en.wikipedia.org/wiki/Precomputed Radiance Transfer
?http://en.wikipedia.org/wiki/Radiosity
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Tit ci nhitng gi phai can la moét chit tudng tuong

Mot khi khung cdnh dugc thiét 1ap va chiéu sing, ching ta van dang dgi dao dién néi “Action”
va nhitng nhan vat ciia ching ta bit dau chuyén dong. Bay gi ching ta sé kiém tra ring toan hoc
c6 thé mang nhing nhing hinh 4nh ciia ching ta dén véi cudce séng khong.

Mot trong nhitng chuyén dong co ban ma vat thé trinh dién 1a sy xoay tron quanh mot truc cho
trude va qua mot gée cho trude. Hinh hoc toa do cho chiing ta nhitng cong cu dé tinh vi tri ciia
mdi diém trén vat thé sau khi ching dudc xoay, nhung diéu quan trong 1a nhitng cong cu nay phai
nhanh va hiéu qua.

Dé tim nhitng cong cu nay, hay liii mot bude trd lai 16p hoc mon Toan. Ching ta biét rang c6
hai cin bac hai ctia 25 1a: 5 vi —5 vi (£5)? = 25. Nhung can bac hai ciia -25 14 bao nhigu? Dé tim

cin bac hai ctia mot s6 am, nhitng nha toan hoc da xay dyng mot sé mdi, goi 1a 4, véi 2 = —1. Vay
vi (£57)? = 25i2 = —25 nén chiing ta tim ra ring v/—25 = £5i Sy dua vao s6 i c6 nghia 14 phuong
trinh nhu 22 = —1 bay gid c6 thé giai dugc. Va nhitng s6 c¢6 dang z = x + iy, goi la s6 phiic, tré

thanh mot cong cu quan trong trong toan hoc. Nhung nhiéu ngusi da khong vui véi s6 4o ¢ méi la nay.

Cubi cling vio ndm 1806 nha toan hoc nghiép du Jean-Robert Argand da dua ra mot giai thich
hinh hoc vé s6 phiic va s6 i. Argand lién két nhitng s6 phiic v6i nhitng diém trén trén mit phing
ring s6 thuc 1 ndm trén mot truc va sb 4o ¢ ndim trén truc khac. Vi du s6 1 + 4 tuong tng véi diém
(1,1). Mot cach téng quat s6 a + ib tuong tng véi diém (a,b).

Phép nhan vdi s6 phic c6 mot §f nghia hinh hoc - phép quay

(-1,1) or -1+i

(1,1) or 1+i

Argand nhan ra ring phép nhan véi s6 phitc mé t4 mot ¥ niém hinh hoc: phép quay. Hay xem
chuyén gi xay ra néu ta nhan s6 1 + i, biéu dién bdi diém (1, 1), véi i

i(i+1)=i—1=—1+i
s6 ma duge biéu dién bdi diém (—1, 1), mot phép quay véi géc 90°. Lai nhan véi i ta duge:
i(—lti)=—i—1=—1—i
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chinh 1a diém (-1, —1), mot phép quay 90°. Nhan véi ¢ 1a mot "léenh" dé quay 90°! Thuec té, bat ct
st quay nao, khong chi 90°, ¢6 thé dat dat dugce bing phép nhan véi mot sb phiic.

Tién t6i 3D

Tam bia tudng niém dat trén cau Broome (Dublin), Hamilton da phdt hién ra quaternion khi
dang di bo dudi chiéc cau nay.

— — |

Here as he walked by
on the 16th of October 1843
Sir William Rowan Hamilton
in a flash of genius discovere
the fundamental formul
quaternion multiplicati

i’=j*= R*= ijR=~1
€ cutit onastone ofthis b

= = itk il

Nha toan hoc Sir William Rowan Hamilton da cdng hién 20 nam cudi doi cho viéc tim kiém cach
biéu dién phép quay ba chiéu tuong tu nhu viéc s6 phitc ¢6 thé biéu dién phép quay trong khong
gian 2 chicu.

Dén cudi doi Hamilton da kham ph4 ra cau tra 13i, trong hinh thic ctia mot céi gi d6 ong goi la
quaternion - 1 nhitng s6 c6 dang

q = ap + a1i + agj + ask
Véi i2 = j2 = k2 = ijk = —1 vA ag, a1, as, a3 1 céc sb thuc.

Ciing chi nhu chiing ta da lam véi s6 phiic, ching ta c6 thé moé ta quaternion mot cach hinh hoc
va sit dung ching dé mo ta phép quay. Nhung l1an nay 13 phép quay trong khong gian 3 chiéu.

Dé lam diéu nay, 7,7 va k phai mo td nhitng mit phang co ban trong khong gian 3 chiéu: dé la
i mo ta mat phing yz, j cho mit phing zz va k cho mit phing 2y véi phap tuyén ngoai lan lugt

theo huéng x, —y va z.

i,j va k co thé dugc thé hién nhu la nhimg mat phdng co bin ciia khong gian 8 chiéu
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Gia sit chiing ta can quay diém a = (a1, az,a3) mot goc 3 qua truc di qua gdc toa do va cho béi
vectd (b1, be, b3). Ching ta xay dung 2 quaternion ¢; va g2 sit dung vectd truc b va goc quay 3

q1 cos(6/2) + sin(B8/2)(byi + baj + bsk)

g2 = cos(3/2) —sin(8/2)(b1i + baj + b3k)

Sau d6 chiing ta c6 thé nhan a (duge bidu dién bing sy két hop cac vecto don vi theo huéng z,y
va z) v6i 2 quaternion (tuan theo cic quy tic dic biét trong nhan nhitng mit phang 4, va k véi
cac vectd don vi), ta dugce:

a' = qags

Thi ra réing diém o’ cho béi phép nhan nay chinh xéac 1a diém c6 duge khi ban quay a quay quanh
truc cho truée mot goc B! Vay ciing nhut s6 phitc c6 thé duge ding dé miéu ta sy quay trén mit
phéng, thi quaternion c6 thé dugc sit dung dé mo ta sy quay trong khong gian 3 chiéu.

Anh sang 16e len trong Hamilton, khi ong di bo dudi cai cdu d6 ¢ Dublin, héa ra la cach hieu
qué nhat dé quay mot vat thé trong khong gian 3 chidu. Nhung khong phai moi ngusi da vui véi
phuong phap nhan méi mé nay clia 6ng. Lord Kelvin, nha vat li, néi vé quaternion: “..tuy la tas
tinh, nhung du sao di nita, né hoan toan la mot tai hoa cho ai da ting dung dén né!”

C6 didu dic biet dang ngai véi mot s6 ngusi 14 khi ban nhan 2 quaternion, két qué phu thudce vao
thtt ty ban nhan ching, mot dic tinh goi 13 khong giao hoan . Vi dy, tit quy tic nhan ciia Hamilton,
6 thé thay rang ij = k va ji = —k. Tuy nhién khi mot ngudi xem 7, j va k nhu nhitng mat phéng
c6 ban, thi nhitng dic tinh, cai gay lo ling cho Kelvin va nhitng ngudi cting thdi v6i 6ng, chi 14 sinh
ra trie tiép tit toin hoc.

Mang nhitng hinh anh vao cubc séng

Phat minh ctia Halminton bay gis duge sit dung trong nhiéu ting dung do hoa dé di chuyén
vat thé hay tao sy van dong. Hai cong cu quan trong nhat trong do hoa vi tinh 1a sy bién hinh
va phép no6i suy. Phép noi suy va ki thuat ciia keyframing bao gom xac dinh hinh dang, vi trf ban

dau va két thic cia vat thé vi méy tinh sé thuc hien nhing cong viéc & gitta, nhu thay trong hinh sau.

Hinh dang ciia am tra thay doi dan dan qua mot chudi dnh.

@D, D, V, Y,
¥V, v,V
¥ .

Su bién hinh 13 cach dung nhitng vat thé phitc tap tit nhiing cai don gidn hon. Mot tAm vai roi
vao mot qua cau méo, nhu hinh dudi, c6 thé nhan duge tit sy van dung todn hoc vao vao khung
canh ctia qua cau binh thudng. C4 bién hinh v noi suy déu yéu cau nhitng ki thuat toan hoc nhanh
chéng va én dinh va nhiing phuong phap lien quan dén quaternion sé cung cip nhing thi dé.
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Mot tam vdi roi zudng qud cau tron cé thé duoc lam moé hinh bing viéc st dung nhung quy tdc
vat li.

Va sau dé duge van dung dé lam hinh dnh trén qud cau méo...

Lam cho Gollum nhu that!

Nhiing ki thuat duge miéu ta & trén la nhitng cong cu thiét yéu trong hoat hinh c¢é dién, va ching
ta that sy vui khi tin tudng nhing thanh qué cta ching trong nhimg nhan vat hoat hinh. Nhung
khi lam con ngudi ching ta ngay lap titc nhan ra ring né khong ding. Dé xay dung nhitng chuyén
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dong thuc té, thuong thuong phai doi héi k§ thuat bit giit chuyén dong.

Nhiéu nhan vat, nhu Gollum trong phim Chia Té Ctia Nhitng Chiéc Nhan ching han, duoc xay
dyng st dung cach bt giit chuyén dong nay. Diéu nay ducc thire hién bing viéc gin nhiing guong
phan xa trén ngudi that ¢ nhiing diém chinh trén co thé: dau, vai, khugu tay, ddu gdi... Nhitng ca
thé dugc quay phim bing nhitng nhimg méy quay da chiéu va nhing thay ddi vi tri clia guong phan
xa sé duge luu trit trén mot may tinh. Mot bo xuong sé dude dat vao khong gian 3 chiéu do. Cudi
ciing, tat ca ki thuat duge mo ta & trén duge st dung dé dit thit vao xuong va tao mot nhan vat
song, thé va chuyén dong.

D lieu thu duoc tit chuyén dong ciia nhing guong phdn za gdng vao cdc phan khdc nhau cia co
thé

Néu ban timg & lai dé xem toan bo doan gidi thieu ban sé nhan ra riing c6 rat nhiéu tai ning
sang tao khi 1am mo6t bo phim thanh coéng: tic gid, dao dién, dién vién, thiét ké trang phuc, dung
canh... danh sich con tiép tuc. Nhung mot cai tén thuong bi bd quén - d6 13 Toan hoc. Rat nhidu
bo phim ngay nay sé khong thé c6 dudc néu khong c6 Hinh hoc ciia viec vé tia vi quaternion da
quay nhitng vat thé trong khong gian. Vay lan sau ban vio ghé ngdi 6 rap chiéu phim dé thudng
thic mot quang canh CG, hay gio cao béng ngd ctia ban cho Toan hoc - ngdi sao lang 1& clia budi
biéu dién. Hay thit nhé!

10



Tap chi Toan hoc MathVn S6 03-2009

BAI VIET CHUYEN DE MATHVN

Phép Nghich dao - Ung dung trong giai va
chitng minh Hinh hoc phang

NGUYEN LAM MINH! | HOC SINH TRUONG THPT cHUYEN LE HONG PHONG, TP. HCM

I - DINH NGHiA - TINH CHAT
1.1. Pinh nghia
Hoi con hoc 6 THCS, c6 mot bai toan kha quen biét:

"Cho (O). Mot diem A ndm ngodi duong tron (O). Ve tiép tuyén AK dén (O) (K € (0)). Mot
cat tuyén bat ky ti A dén (O) cdt (O) lan lugt tai 2 diem M, N. Khi dé, ta luon c6 AK? = AM.AN".

Dé ¥ ring ctt v6i mot diém My bat ky nim trén dudng tron (O) thi luon ton tai mot diém Ny
khac 1a giao diém cua (O) va KMy sao cho AMy. ANy = AK?. Khi cho My — K thi Ny — K.

Phép nghich ddo duge xay dung dita bai toan quen thudc bén trén. Tic 1a, véi mot diém O cb
dinh ndm trén mat phing vh mot sé hing s6 k # 0. Néu tng v6i mbi diém P cud miit phing khac
v6i diém O, ta tim dugc mot diém P’ khac nam trén OP sao cho OP.OP’ = k thi phép bién hinh
bién P — P’ dudc goi 1a phép nghich ddo cuc O, phuong tich k. Ta ky hiéu phép bién hinh nay 1
Z(0, k) hay f(O, k). Trong bai viét nay, tac giai sé sit dung ky hieu f(O, k) va f(P) = P’ sé am chi
P’ 1a anh cua P qua phép nghich ddo cuc O, phuong tich k.

1.2. Tinh chéit

a) Phép nghich ddo cé tinh chat déi hop. Vi OP.OP’ = k = OP".OP. Do d6 P = f(P') va ngudc
lai P’ = f(P). Nhu vay f o f(P) = P hay f? 14 phép mot dong nhat.

b) Néu k > 0 thi hai diém P, P’ nim ciing phia déi véi O. Dudng tron (O, Vk) lic nay duge goi
1 duong tron nghich ddo cud phép nghich déo f(O, k). Khi d6 cac diém M ma thod man f(M) = M
duge goi 1a cac diém kép cud phép nghich dao f(O, k). Hon nita, tap hop cac diém nay 1a (O, Vk).

Néu k < 0 thi hai diém P, P’ ndm vé hai phia khac nhau déi véi O. Trong trudng hop nay sé
khong xuat hien diém kép déi véi f(O, k) do d6 duong tron nghich ddo cud f(O, k) sé dugc goi la
duong tron bdan thue, trong dé tam cuad dudng tron la thuc va ban kinh cud duong tron la ao.

Khi M cang tién lai gan O la cyc nghich ddo thi anh cua thi f(M) sé cang tién xa O, titc 14 néu
M — O thi f(M) — oc.

¢) Phép nghich dao f(O, k) c¢6 phuong tich k£ > 0 va P, P’ 1a &nh clia nhau qua phép nghich déo
f(O, k) thi moi dudng tron qua 2 diém P, P’ déu truc giao véi (O,Vk) (Hai duong tron (O), (O')
dugce goi 1a tryc giao v6i nhau néu 2 tiép tuyén tai 1 giao diém cué (O) va (O') vuong géc véi nhau).
Hon nita, moi duong tron (C) qua P, P’ déu bién thanh chinh né qua f(O, k), v6i k > 0.

1Email: lamminh_12kof@yahoo.com
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d) Néu (0y) va (O9) 1an lugt truc giao véi (O, Vk), k > 0 va (O), (O2) 1an lugt cit nhau ta hai
diém thi hai diém nay sé la 4nh cua nhau qua phép nghich dao f(O, k).

e) Phép nghich dao f(O, k), k # 0. Thi v6i hai diém A, B khong thang hang véi cyc nghich déo,
ta luon c6 A, B, f(A), f(B) la cac diém dong vien.

AB
"0A.0B’

Tuy nhién ta lwu y réing khang dinh f(O,k) : AB — A'B’ 1a sail.

f) Dat A’ = f(A) va B' = f(B) khi d6 A'B’ = |K|

Tinh chat &nh cud mot dudng thdng hay mot duong tron qua phép nghich déo sé duge phat biéu
ngay sau day:

e Tit dinh nghia ban dau, ta da biét dugce ring mot dudng thing d bat k¥ qua cyc nghich déo O
thi qua f(O, k), d bién thanh chinh né.

e Mot duong thing d bat ky khong di qua O- cuc nghich dao thi qua f(O, k), d sé bién thanh
mot duong tron (C) di qua cyc nghich déo.

That vay, ta goi P 1 hinh chiéu cud O lén d va P’ 1a 4nh cud P qua f(O,k). Goi A la diém
bat k¥ nam trén d va A’ 1a 4nh cud A qua f(O, k). Khi ay, ta dugc OP.OP' = OA.OA’ =k, tut d6
suy ra AA’P'O dong dang APAO. Suy ra ZAPO = ZA'P'O = 90°, dié¢u nay néi len A ndm trén
dudng tron dudng kinh OP’. Hon nita, tam cua (C) sé la anh cud diém doéi xiing v6i O qua d qua
phép nghich déo cuc O, phuong tich k.

e Dao lai, néu duong tron (C) di qua cuc nghich ddo O. Khi d6, qua f(O,k), (C) bién thanh
dudng thang d khong qua cuc nghich dao.

Goi P la diém ddi xing cud O qua tam dudng tron (C) va P’ la anh cud P qua f(O,k).
V6i A la diém bat ky nam trén (C) (A # O), ta goi A’ 1a anh cud A qua f(O,k). Cing nhu
chitng minh cud tinh chat bén trén, khi d6, ta dugec AOP’'A’ dong dang v6i AOAP. Tu d6 suy ra
ZOP'A" = ZOAP = 90°. Do dé moi diém A sé ndm trén dudng thing di qua P’ va vuong géc véi OP.

e V6i moi duong tron (C) khong qua cyc nghich ddo O thi qua f(O, k), (C) sé bién thanh (C’)
ciing khong di qua cuc nghich dao.

Lay mot diém M bat ky ndm trén (C) va M’ la anh cud M qua f(O,k). Khi dé, ta c6
OM.OM' = k. Goi N la giao diém thtt hai cud OM va (C) va p la phuong tich cud O déi véi
(C), ta ¢c6 OM.ON = p. Tt d6 suy ra OM' = %ON.

Hé thic nay chitng t6 ring M’ 13 anh cud N qua phép vi tu tam O, ti s6 k; = %. Khi M chay
vach nén (C) thi N ciing chay va vach nén dudng tron (C), con M’ sé vach nén (C”) 1a &nh cua
(C) qua H(O, k;). Do dé6 (C’) 1a anh cua (C) qua f(O, k). Vi (C) khong qua cyc O, hién nhien (C')
ciing khong qua cuc O.

Tuy nhién tam cud (C) sé khong bién thanh tam cué (C’) qua f(O, k).

g) Phép nghich ddo bao ton goc gitta 2 duong tron (hay gitta mot dudng tron va mot dudng
thang, hay giita hai dudng thang).

Tinh chat g bén trén 14 mot tinh chit quan trong cud phép nghich ddo nén tac gidi sé cd ging
trinh bay that chi tiét vi dé hiéu cho ban doc.
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Ta dinh nghia thé nio la goc gita hai dudng cong:

Dinh nghia. Cho hai duong con (C1) va (Co) cdt nhau tai mot diém A nao doé va tai dé, ta
dung cdc tiép tuyén cud (C1) va (Co). Khi dé, ta dinh nghia géc gitta hai duong cong (C1) va (Ca)
la goc gitta hai tiép tuyén tai A cud ching.

Ching minh

Trudce tien, ta xét bd dé sau:

B6 dé. Cho f(O,k) bién duong cong (C) thanh duong cong (C'). Néu A, A’ la hai diém tudng
ting trén (C), (C") va tai dé ching c6 cac tiép tuyén thi cac tiép tuyén nay doi zing vdi nhau qua
duong trung truc cud dogn AA’.

That vay, ta goi M 1a mot diém nam trén (C) vi M’ 1a d4nh cud M qua f(O, k), suy ra M’ nim
tren (C”). Ta lai c6 OM.OM’' = OA.OA’ =k, suy ra M, M’ A’, A ndi tiép.Goi (K) la dudng tron
di qua A, A", M',M. Cho M — A, khi ay M’ — A’. Do d6 M A, M’ A’ lan lugt suy bién thanh
tiép tuyén ¢t va t’ tai A, A’ cud cac duong cong (C), (C') tuong ting va (K) suy bién thanh duong
tron (K') tiép xtc véi dudng cong (C) va (C') 1an lugt tai A va A’. RS rang ltc nay, t va ' sé la
tiép tuyén tai A vd A’ cud (K’) tuong ting. T d6 suy ra, t va ¢’ ddi xing nhau qua dudng trung
truc cud AA’.

Chiing minh tinh chét

Gi4 stt qua phép nghich dao f, hai dudng cong (C) va (D) cit nhau tai mot diém A bién thanh
dudng cong (C’) va (D’) cat nhau tai A’ = f(A).

Theo b dé céc tiép tuyén At va A't' cud (C) va (C') tai A va A’ déi xiing nhau qua trung truc
cia AA" va cac tiép tuyén Au va A'u’' cud (D) va (D’) tai A va A’ cling ddi xiing nhau qua trung
truc ciia AA’. T d6 suy ra (At A'u') = —(At, Au).

II - VE DEP CUA PHEP NGHICH DAO TRONG CHUNG MINH CAC BAI TOAN HINH HOC PHANG

Ta khdi dong véi bai toan quen thuoc, ting xuét hién nhidu trong céc ky thi trong nuée, gan
day nhat 13 ky thi tuyén sinh THPT nam hoc 2009-2010.

Bai toan 1. Cho AABC ngi tiép duong tron tam (O). Goi By, Co lan lugt la hinh chiéu cud
B,C trén AC, AB. Chiing minh rang tiép tuyén tai A cud duong tron (O) song song vdi BoCy, tu
do suy ra AO 1 ByCy.

Loi gidi
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Truéc tien dé thay dugc rang B, Cy, By, C' dong vien. Do d6 AB.ACy = AC.ABy = k. Xét phép
nghich ddo cuc A, phuong tich k, ta duge Z(A, k) : By — C, Cy — B. Vivay Z(O,k) : BoCy — (O).
Goi t, 1a tiép tuyén tai A cud (O) thi ta c6 T(A, k) : t, — d. Mat khéc t, tiép xic (O) do d6
ta||BoCo (phép nghich déo béo ton goc). Khi dy, ta c¢6 ngay OA L BoCy (Vi OA L t,) O

Bai toan trén 1a mot bai toan thudc dang kinh dién va quen thudc. Nhiéu ban tham chi 1a cac ban
THCS khong gap khé khian may khi chitng minh bai toan trén. Trén trang website www.mathlinks.ro
c6 dén "hang ta" cach giai cho bai toan nay, trong dé ¢6 mot cach chi thuan tiy bién déi géc. Riéng
¥ sau cué bai toan trén van cé thé chiing minh duge ma khong can ding dén y dau. That vay, ta da
biét qua phép nghich déo cyc A, phuong tich k, Z(A, k) : BoCo + (O). Do d6 O sé la &nh cud diém
déi xting v6i A qua BoCy. R6 rang ta c6 ngay AO L ByCy. Hon nita, tit ¥ nay, ta con c6 thé chi ra
céc dudng thing lan lugt qua A, B, C vuong goc véi Co By, AgCo, AgBy thi dong quy véi nhau tai O.

Bai toan bén trén c6 mot dang téng quat hon. Ching ta cling xét dang tong quat cud bai toan
nay qua bai toan tiép theo.

Bai toan 2. Cho AABC ngi tiép duong tron tam (O). Mot duong tron (O') bat ky di qua B,C
thod man né cdit doan AB, AC lan luot tai By, Cy. Goi Ag la giao diém cud BoCy. Mot duong tron
(K) c6 tam ndm trén ByCy tiép xic vdi AAg tai A. Ching minh ring Ag va O la hai diém lién hop
vdi nhau qua (K).

Loi gidi

Dé chiing minh Ag, O 14 hai diém lién hgp véi nhau qua (K). Ta sé chitng minh rang duong tron
duong kinh AgO tryc giao véi (K). Goi (Kp) 1a duong tron dudng kinh AgO. Do d6 ta sé ching
minh phuong tich tit K dén (Kj) biang R?, trong d6 R la ban kinh cud (K). Mat khac, tit gid thiét,
ta suy ra dugec AAgAK la tam gidc vuong & A. Do dé néu goi A’ 1a hinh chiéu cud A lén ByCoy;
khi 4y ta nhan dugec R? = AK? = KA. K Ap. Do vay ta sé chitng minh A’ € (Kj). Diéu nay tuong
duong véi viec chiing minh A, O, A’ thing hang (*). Va day chinh la ¥ md rong cua Bai toan 1 ma
tac gidi mudn néi véi ban doc. Bay gig, ta sé chiing minh ().
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That vay, qua phép nghich déo cuc A, phuong tich k = P4 0r), ta c6 I(A, k) : By — B, Cy — C.
Do d6 ByCy — (ABC). Tit dé suy ra duge AOLByCy. Diéu ay ching t6 A, O, A’ thing hang. Tit
dé suy ra diéu phai chitng minh. OJ.

Bai toan 3. (Dinh 1y Ptolémée) Chitng minh ring dieu kién can va di dé€ mot tit gidc 10i noi
tiép dugc la tich hai duong chéo cud né bing tong cud tich hai canh doi dién.

Loi gidi

Xét tit gide ABCD. Xét phép nghich ddo cyc D, phuong tich k bat ky. Thi Z(D, k) : A — A’,
B+~ B, C — C'. Nhu vay ABCD la t1 giac noi tiép khi va chi khi A’, B, C’ thing hang. Diéu nay
xay ra khi va chi khi A’'C" = A’B’ + B’C’ hay néi cach khac la:

AC AB BC

*5apc = Moaps ="M o500

Nhan hai vé cho DA.DB.DC'|k|, ta thu duge: AC.BD = AD.BC + AB.DC [

Dinh 1y Ptolémée 13 mot bai toan quen thudc déi véi cac em hoc chuyén sau vé toan § THCS
va cach gidi phd bién cud dinh Iy nay la cach goi théem diém Dy thod man £DyDC = ZBAC,
£DyCD = /BCA dé tao cip tam giac ACDyD va ACBA déng dang nhau vad mot cip dong
dang khac, xuét hien mot khau bién déi géc. Ro rang dudi quan diém ciia phép nghich déo, dinh
Iy Ptolémée trd nén khong hé mot chut khé khan trong viéc suy nghi goi thém yéu t6 phu! Luu
¥ rang bing phuong phap dung phép nghich ddo, tuong tu ta ciing chitng minh duge dinh 1y mé rong:

"Diéu kién can va di dé mot da gidc 107 trén mat phing A1 As.. A, n > 4 noi tiép duong tron
N 1
la: Z?:Q AiAi+1(Hk;£1 AlAk) = AQAn.AlAg...AlAn,1 "

Tiép theo 14 mot tng dung khac cud phép nghich dio trong mot bai toan cud Nga (Lién Xo
trude day) dé nghi trong k¥ thi IMO 1985.

Bai toan 4. Cho tam gidc ABC. Mot duong tron tam O di qua diém A,C va cdt lai doan
AB, BC theo thi tu tai hai diém phan biet K, N. Gid st cic duong tron ngoai tiép tam gidgc ABC
va KBN cdt nhau tai ding hai diém phan biét B, M. Ching minh ring: ZOM B = 90°.

Loi gidi
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Goi R 1a ban kinh cua duong tron tam (O) néi trén. Goi P = KN N AC, S = KC N AN. Theo
mot két qua quen thudc thi B sé 1 d6 cuc cud PS qua (O) va ngudce lai P sé 1a d6i cuc cud BS qua
(0). Do d6 S sé 1a dbi cyc cud BP qua (0). Goi M’ = OSN BP, ta ¢c6 ngay OM' 1 BP. Mat khac,
ta lai c6 BS L OP (Do BS la dudng doi cuc cud P qua (O)), tuong tu PS L OB. Ta suy ra dugc S
1a trye tam ABOP. Do d6 néu goi B’ = BSNOP, ta c6 ngay B’ 1a anh cud P qua Z(O, R?). Talai c6
I(O,R) : A A, C — C. Do vay AC v (OAC), P € AC = B' € (OAC) = PO.PB' = PA.PC.
Mt khéc, dé théay B, M’, B',0 déng vien do d6 PM'.PB = PO.PB' = PM'.PB = PA.PC
= M’ € (ABC). Dé y ring PA.PC = PK.PN = PM'.PB, do d6 M’ € (BKN). Hay néi cach
khac M’ = (BKN) N (ABC) M = M’. Ta c6 ngay di¢ phai chiing minh OJ.

Bai toan trén ciing 1a mot dang bai kinh dién. C6 téi nhitng ba céch ching minh cho bai toan
trén trong dé c6 mot cach bién déi goc va do dai cac canh kha cau ky. Mot 1an nita, véi quan diém
phép nghich dao lai cho ta mot 15i gidi dep "thuan" tinh ly thuyét, khong hé mot chit tinh toan cho
bai toan cit ma dep beén trén. Ciing xin néi thém, diém M trong bai toan cé tén goi la diém Miquel
d6i véi tit giac toan phan (BA, BC, PK, PA) c6 nhiéu tinh chat thi vi sé duge gidi thigu trong bai
viét ky khac.

Ta tiép tuc xem xét mot ing dung khac cud phép nghich ddo qua bai dé nghi IMO cud Bulgaria
nam 1995.

Bai toan 5. Cho A, B,C, D la bon diém phan biét nam trén mot duong thdang va duge sdp xép
theo thit tu dé. Cac duong tron duong kinh AC, BD cdt nhau tai cic diém X,Y . Duong thing XY
cit BC tai Z. Cho P la mot diém trén duong thing XY khac Z. Duong thing CP cit duong tron
duong kinh AC tai C va M, duong thing BP cdt duong tron duong kinh BD tai B va N. Ching
minh rang: AM, DN, XY dong quy.

Loi gidi
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Goi (C4) la duong tron duong kinh AC, (Cy) la dudng tron dudng kinh BD. P nam trén
tren XY la truc ding phuong cud (Cy) va (C2) do d6 Ppj(c,) = Ppj(c,)- N6i cach khéc ta co
PC.PM = PB.PN = k. Xét phép nghich dio cyc P, phuong tich k, ta c6 Z(P,k) : M — C, A+ A’
= AM — (PA’C). Tuong tu ta cling c¢6 duge ND — (PBD'), trong d6 D’ 1a &nh cud D qua phép
nghich d4o cuc Z(P, k). XY ~ XY. Do dé dé chiing minh XY, AM, DN dong quy, ta sé ching
minh XY la truc ddng phuong cua (PA’C) va (PBD’). That vay, ta ¢c6 ZPZC = /PA'C = 90° =
Z € (PA'C). Tuong tu ta cling c6 duge Z € (PBD'). Do d6 PZ = XY la truc ding phuong cui
(PA'C) va (PBD’). T day ta ¢6 duge diéu phéi ching minh 0.

Mot 1an nita phép nghich dao lai cho ta thiy dugc sy 1¢i hai cud né trong viéc sy dong quy. Cé
thé thay dé y ring, phép nghich dio da lam gidm t6i thieu lugng duong tron xudt hien trong bai
toan ma thay vao dé la cac dudng thing, hay cac dudng tron c6 vé "dé nhin hon". Bién cai xa lai
gan, bién cai khé kiém soéat, khé ndm bét thanh cai dé kiém soat, d& ndm bt 13 mot trong nhing
ddc tinh vo6 cing 1¢i hai cud phép bién hinh dit biét nay. Ciing luu ¥y v6i ban doc ring, bai toin
tréen c6 thé giai bang truc ddng phuong bing cach goi Q va Q' lan lugt 1a giao diém ctia AM, DN
v6i XY roi ching minh @ = @Q’. Phan chi tiét xin danh cho ban doc. Tiép theo sé lai 1& mot @ng
dung khac ctia phép nghich dao, ta tiép tuc xét bai toan sau.

Bai toan 6. Cho (O) dudong kinh BC. Mot diém A ndm ngoai (O). Goi By, Cy lan lugt la giao
diém ciia AC, AB vdi (O). Goi H la giao diém ciia BBy, CCy. Goi M, N lan lugt la tiép diém ciia
tiép tuyén ta A dén (O). Ching minh rang H, M, N.

Loi gidi
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Goi Ap 13 hinh chiéu ctia A len BC. D& thay H 13 tryc tam tam gidc ABC. Xét phép nghich
dao cyc A, phuong tich ABy.AC = ACy.AB = AM? = AN? =k, ta c6 Z(A,k) : M+ M N — N,
H — Ag. Dé thay ZOMA = ZONA = ZOAyA = 90°. Nhut vay ta dude Ay € (AMN). Tit d6 suy
ra duge M, H, N. [

Phép nghich dio t6 ra hitu hiéu trong viéc chiing cac bai toan thing hang. Bai toan beén trén c6
thé dugc phat biéu mot cach téng quat hon. Viéc chitng minh chi tiét xin danh cho ban doc:

"Cho (O), tir diem K bat ky ndm ngoai (O) ké cdc tiép tuyén KM, KN dén (O) trong dé M, N
la cdc tiép diem. Hai duong thang bat ky qua K cdt (O) tai cic diém lan lugt la (A, D), (B,C). Goi
G la giao diém cia AC va BD. Ching minh rang M, N, S thing hang."

Ta tiép tuc xét bai toan sau. Day 1a mot bai toan tinh chat dep, khé va thi vi cud tac gid Ha
Duy Hung - gisgo vien DHSP Ha Noi dang trén tap chi Toan Hoc Tudi Tré

Bai toan 7. (THTT 360/6-2007) Cho ti giaGc ABCD c6 cap canh doi dién khong song song va
va hai duong chéo AC, BD cit nhau tai O. Cdc dudng tron ngogi tiép cdc tam giac OAB va OCD
cat nhau tai X va O. Cdc duong tron ngoai tiép cic tam gisgc OAD va OCB cdt nhau tai Y va O.
Cidc duong tron duong kinh AC va BD cit nhau tai Z va T. Chiing minh ring bon diém X,Y,Z,T
cting thuoc mot duong thdang hodc dong vién.

Loi giai
Truéce tien di viéc ching minh bai toan, ta xét b dé sau day:

B& dé. Cho ti giagc ABCD. E la giao diém cud AB,CD; F la giao diém cud AD, BC. Khi dé
cac duong tron duong kinh AC,BD,EF ¢6 cing truc ding phuong.

That vay, goi H, K 1an lugt 1a tryc tam cud céc tam gidc ECB va FCD. Goi L, M, N lan lugt
13 hinh chiéu cud H len EB, EC, CB va P,Q, R lan lugt 13 hinh chiéu cud K len DF, CF, CD.
Khi do6 ta thu dugc:

T do suy ra:
Puyacy = Puysp) = PH/(EF)
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Prjacy = Prjp) = Pr/(EF)
Diéu trén chitng té6 HK 1a truc ding phuong chung cué cac dudng tron duong kinh AC, BD, EF.

Trd vé bai toan. Xét phép nghich déo cyc O, phuong tich k bat ky. Ta c6 Z(0,k) : A— A’, B —
B, C—C,D—D XX Y=Y Z—Z T—T.Dodé(OAB)— A'B’, (OBC)— B'C’,
(OAD) — A'D', (OCB) v C'B. Tt d6 suy ra X' = A'B'NC'D',Y' = A'D'N B'C". 7', T" 1a giao
cud cac dudng tron dudng kinh A'C’ va B'D’. Ap ding bd dé ben tren ta duge X', Y’, Z', T’ ddng
vien. Tit dé dan dén X,Y, Z, T dong vién hay thing hang. O

Céc bai toan ma c6 noi dung yéu cau chitng minh cic diém dong vien hay thing hang nhu bai
toan trén thi y tuéng tu nhién ban dau cud ching ta khi tiép can bai toan 13 sit dung phép nghich
ddo. Day chi 1a chf mot nhan dinh chlt quan cud riéng tac gid dua trén mot sd6 kinh nghiém gidi
toan, ban doc c¢6 thé thay viec diing phép nghich dao trong cac bai toan lai nay 1a khong can thiét;
cu thé 1a Bai toan 7 bén trén van c6 thé gidi duge ma khong dimng dén bién hinh (Tham khao 15i
giai trong s6 366/thanh 12/2007 tap chi THTT)- bién d6i géc va xét cac cip tam gidc dong dang -
khong hé dé nghi!. Song ¥ cué tac gidi mudn néi ring qua "lang kinh" cud phép nghich ddo da cho
ta mot 1oi gid dep, tu nhién, dam tinh 1y thuyét va quan trong la khong bién ddi tinh toan phiic tap.

Bai toan 8. Cho tam gidgc ABC nhon noi tiép (O). Goi Ay, By, Cy lan lugt la hinh chiéu cud
A,B.C lén BC,CA, AB. Goi H la truc tam cud AABC. Gid st Ay, By, Co lan lugt la giao diém cud
HA,HB,HC vdi B,Cy,C A1, A1 By. Goi dg,dy,d. lan lugt la cic duong thing qua A, B,C vuong
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goc vdi BoCy, Oy Az, Ay By. Chitng minh ring dg, dy, d. dong quy tai tam duong tron Euler cud tam
giac ABC.

Loi gidi

Nhan xét trude tien cud ching ta khi tiép can bai toan Ia tinh "ddi xing" cua né. Do vay ta c6
thé chi tap trung vao viéc chiing minh dudng thing d, di qua tam Euler cud tam gidc ABC sau dé
lap luan tuong tu cho dp, d.

Goi Og4, Oy, O, 1an lugt 1a tam cac dudng tron ngoai tiép cac tam gisc ABHC, ACHA, ANAHB.
Xét phép nghich dao cuc A, phuong tich k = AC,.AB = AH.AA, = AB;.AC, khi iy ta co
IZ(Ak) : B— C1, By — C = BB; — (ACC4), H — A; = C14A; — (HBA). Tt d6 suy ra
I(A,k) : By — B’, trong d6 B’ 1a giao cud 2 dudng tron (ACC}) va (HBA). Tuong tu ta cling ¢
Cy — C' trong d6 C' 1a giao cud (ABB;) va (HAC). Do vay BaCo — (AB'C).

Goi I, 1a tam cuéd duong tron ngoai tiép AAB'C’. Khi dé ta ¢6 I, € d,. Mat khac BoA1.B2C =
B;B’.B;A = ByH.ByB; ching t6 rang PB,/(1.) = PB,j(BHC)- Lap luan tuong tu cho Ca. Do vay,
néu goi X,Y lan lugt la giao diém cud duong tron ngoai tiép cac tam gidc AB'C’ va BHC. Ta
c6 ngay BoCy = XY. Khi &y T(Ak) : X — X, Y — Y. Mit khac H — A, B — Cy, C — By;
suy ra (HBC) — (A1 B1C1) = X,Y € (A1B1C}). Dan dén (A1 B1Ch), (1,),(BHC) la mot chum
dudng tron. Dé y ring (A;B1C) la dudng tron Euler cud tam gidac ABC. Do vay néu goi £ la
tam cud dudng tron Euler cud AABC, ta thu duge &, I,, O, thing hang. Hon thé nita, 1,£0, L
XY = ByC5. Nhung A, L B>C5. Suy ra &€ € d,.

Lap luan tuong ty cho dy, d.. Tt d6 ta c6 dude dg, dy, d. dong quy tai tam duong tron Euler cud
ANABC. O

Bai toan tiép theo sau day 1a mot bai hinh trong tuyén tap BMO 2007 dugce dé xuat béi tac gia
Cosmin Pohoata
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Bai toan 9. (BMO 2007) Cho (O) la mét dudong tron va A la diém nam ngoai (O). Goi AB, AC
lan legt 1o 2 tiép tuyén ti A dén BC. Cho D la giao diém cud OA va (O). Goi X la hinh chiéu tu
B len OD. Gid st'Y la trung diem cud BX va Z la giao diém thit hai cud DZ and (O). Ching
minh rang: ZAZC = 90°

Loi gidi

Goi M la trung diém cud BC. Xét phép nghich dao cuc O, phuong tich k = R?, trong d6 R la
ban kinh cua (O). Ta ¢6 Z(O,k) : A— M, Dw— D, Z — Z. Vivay Z(O,k) : (ADZ) — (MDZ).
Dé y ring BD + (OBD) qua Z(O, k). Ta dy doan ring BD la tiép tuyén tai D cua (ADZ).

That vay, vi D = OAN(0) = /DCO = /CDO = /DBO. Do d6 CD la tiép tuyén tai D cua
(OBD), (1)

Ta c6 ZDCB la t1i giac noi tiép = LY ZB = /DCB = ZXCB. Nhung M,Y lan lugt 1 trung
diém cud BC,BX = MY||CX = /YMB = /XCB. Vivay /YZB = /YMB. Suy ra ZY BM
noi tiép = LZMB = /XY D. Mat khac ZDMB = ZMYX =90° = /DMZ = /DYM = /XDY
(CX||MY), diéu nay néi len DX ciing la tiép tuyén tai D cud (DZM), (2).

T (1), (2), ta suy ra CDX la tiép tyén chung tai D cud (DZM) va (OBD). Khi ay (DZM) va
(OBD) tiép xtic chung nhau tai D. Do d6 BD l1a tiép tuyén (ADZ) = /BDZ = /DAZ = /M AZ.
Mit khac Z/ZBDZ = /BCZ. Suy ra ZMAZ = /BCZ = Z/MCZ, diéu nay ching t6 AZMC noi
tiép duong tron. Lai c6 ZAMC = 90° = LAZC = 90°. O

That ra, mot ching minh diy da cho bai toan bén trén phai bao gom nhitng hai trusng hgp:
Truong hop D ndm trén cung nhé cud BC va D nim trén cung 16n cud BC. Ldi giai trén cud tac
gid chi xét trong truong D nidm trén cung nhéd cud BC. Con 16i gidi cho trudng hop con lai chinh
1 151 gidi cué chinh tac gid bai toan bén trén, phan chi tiét cud chitng minh nay xin danh cho ban doc.

Bai toan 10. Goi O va R lan lugt la tam va ban kinh cta duong tron ngogi tiép NABC. Goi Z
va r lan lugt la tam va ban kinh cud duong trom noi tiép AABC. Gid st K la trong tam cud tam
gidc tao bd cic diém tiép wic cud (Z) vdi cic canh cud tam gigc ABC. Chiing minh ring Z € OK

. 0Z 3R
IR T r

Loi gidi
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Goi D, E,F lan lugt la diém tiép xtic cua (Z) véi lan lugt cac canh BC,CA, AB. Giai st
M,, My, M, lan lugt 1a trung diém cac canh EF, FD, DE. Xét phép nghich ddo cuc Z, phuong
tich k = r2. Tac6 Z(Z,k) : D — D, E — E, F +— F va A — M,, B — My, C — M,.. Do d6
I(Z,k) : (ABC) — (M,M,M,). Dé y ring (M, M_.M.) la dudng tron 9- diém Euler cud ADEF. Do
vay, néu goi O’ 1a tam cud duong tron (M,MyM,.) = O’, Z, O thang hang. Mat khac O’ nim trén
dudng thang Euler ZK cua ADEF. Vivay O, Z, K thing hang.

Vi (M, MyM.) 1a dnh cud (ABC) qua phép nghich déo cuc Z, phuong tich k, do d6 (M, MyM,)
r2 ro_ Z0' T Mt
—_— e — = — = —. a
PZ/(O) 2Rr 2R Z0 2R ’
khac, xét trong ADEF, ta c6 ADEF 13 anh cud AM,MyM, qua phép vi ty tam K, ti sb6 ky = —2,
KZ KZ 2 KZ T
ivay H(K, ko) : O’ — Z = =2= == "= =
vivay WK ko) : 0" 2= 325 Z0' ~ 3 7O ~ 3R
Bai toan trén cho ta thay mébi lién hé giita phép vi tu v phép nghich ddo. Bai toin chic chin
c6 nhiéu cach giai khéc, song qua tu tudng viéc van dung mdi lien he gitta phép nghich dao va vi tu
da cho ta mot cach nhin sing sud, tu nhién khi tiép can van dé. Ban doc sé gip lai ¥ tudng 151 giai
trén qua mot cau trong phan bai tap ap dung.

ciing 1a 4nh cud (ABC) qua phép vi tu tam Z, ti s6 ki =

Ta két thic "chuyén di" cua ching ta bing mot bai toan di qua diém c6 dinh. Qua bai toan cudi
cling nay, ban doc sé thay ring phép nghich dao td rat hitu hiéu cho cac dang toan loai nay.

Bai toan 11. Cho (O) duong kinh AB. Diém I trén dogn AB (khdc A va B). Mot duong thing
d thay doi qua I cdt (O) tai P,Q (d khong tring vd AB). Duong thing AP, AQ cdt tiép tuyén m tai
M, N, trong dé m la tiép tuyén tai B cia (O). Chiing minh ring (AMN) di qua diém c6 dinh thi
hai, tw dé suy ra tam cia (AMN) luon nam trén mot duong co dinh.

Loi gidi
Xét phép nghich ddo Z(A, k), trong d6 k = AB?, khi d6 ta c¢6 Z(A, k) : (O) — m, do d6 P+ M,
Q — N. Nhu vay d — (AMN). Mat khac I — I’ la diém c6 dinh, I € d = I' € (AMN) do d6

(AMN) luon di qua I’ ¢6 dinh. Vi (AMN) di qua 2 diém cb dinh 1a A, I’ do d6 tam ctia (AMN)
chay trén trung tryc ctia AI’. O
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II1 - DOI NET VE LICH SU

Trong cudén Topics in Elementery Geometry clia Bottema da két phan phép nghich dio bang cac
dong dudi day, toi xin dugce trich nguyén van nhu sau:

"Inversion originated in the middle of the nineteenth century and was first researched exten-
sively by Liouville (1847). Its great importance for elementary geometry is clear if we consider that
it makes it possible to transform certain exercises in which circles are concerned, and in particu-
lar many constructions, into less complicated ones where one or more circles have been replaced by
a line. For similar reasons, inversion was soon applied by physicists, for example by Thomson in
the theory of electric fields. The transformation is also important from a more theoretical point of
view. In analogy with what we have seen for affine and projective geometry, a conformal geometry or
inversive geometry was developed, which only studies such motions and properties that are not only
invariant for rigid motions and similarities, but also for inversions. This geometry therefore includes
the notions of circle and angle, but not that of line, radius, or center. The figure of a triangle, that
is, of three points, is not interesting in this geometry. We can in fact prove that it is always possible
to choose an inversion in such a way that three given points are mapped into three other given points,
so that from the point of view of conformal geometry all triangles are “congruent”. This is clearly
not the case for quadrilaterals, since four points can either all lie on a circle, or not. It is then no
coincidence that we will use inversion to prove certain properties of quadrilaterals: these are in fact
theorems from conformal geometry."

IV - BAI TAP AP DUNG

Bai 1. a) Néu (O, R), (I,7) thod man he thitc I0? = R? — 2Rr thi chiing 14 duong tron ngoai
tiép, noi tiép tuong tng clia mot tam gidc ndo do.

b) Néu hai dudng tron (O, R), (I,r) thod man I0? = R? + 2Ry thi lan lugt , hai duong tron do
13 cAc dudng trom ngoai tiép va bang tiép clia mot tam giac nao doé.

Bai 2. (Dinh ly Feurebach) Chitng minh riing trong mot tam giac thi dudng tron chin diém Euler
clia tam gidc ABC tiép xtc v6i dudng tron noi tiép tam giac va tiép xtc lan lugt véi cac dudng trom
bang tiép tam gidc ABC.

Bai 3. Cho tam giac ABC. M la diém bat ky nim trong tam giac, H la tryc tam ciia tam
giac. Cac dudng théng qua H vudng goc véi AM, BM,CM tai BC,CA, AB lan lugt tai Ay, By, C;.
Chting minh ring: A;, B1, C; thing hang.

Bai 4. Cho tam gidgc ABC vé6i diém M la diém bat ky nim trong tam gidc. Dudng thing vuong
géc v6i MA, MB, MC tai M cit BC,CA, AB tai cac diém Ag, By, Cy. Chitng minh ring: Ay, By, Co
thang hang.

Bai 5. Cho tam gidc ABC c6 (I) 1a tam dudng tron noi tiép tam giac. Goi Ag, Bo, Cp lan lugt
la cac diém tiép xic ctia (I) v6i BC,CA, AB. Chiing minh ring tam ctia cac dudng tron (AIAg),

Bai 6. Cho tam gidc ABC c6 dinh noi tiép duong tron (O). M, N 1a hai diém chay trén AB, AC
sao cho khoéng cach giita hai hinh chiéu ctia M, N léen BC luon bang 3 BC. Chiing minh réng duong
tron ngoai tiép tam gidc AAMN ludn di qua mot diém cb dinh khac A.

Bai 7. Cho AABC nhon noi tiép duong tron (O). Goi Ay, By, Cilan lugt 1a hinh chiéu cta
A,B,C len BC,CA, AB. Goi D la giao diém thit hai ctia AO va (O). Dat M, N, P lan lugt 4 hinh
chiéu ctia D len BBy, BC,CC;. AP cit dudng tron dudng kinh AB tai P, AM cit dudng tron
duong kinh AC tai M’. AN cit dudng tron dudng kinh AH tai N’. Dudng déi trung ciia AAB;C;
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cat duong tron dudng kinh AH tai I,. Ching minh ring: I,, M’', N’, P’ dong vién.

Bai 8. (CMO 2007) Cho AABC nhon nai tiép (I) va ngoai tiép (O). Goi Ag, By, Co lan lugt
la diém tiép xtc cta (I) v6i BC,CA, AB. Goi (0O,),(0y), (O.) la cac dudng tron ngoai tiép tiép
tam gidc AByCy, BCyAg, CAgBy 1an lugt. Gia sit Ay 1 giao diém thit hai ctia (O,) va (O), By, Cy
dinh nghia tuong tir. Chitng minh rang: AgA;, BoBy, CoC; dong quy. Goi N 1a diém dong quy nay.
Chitng minh N nim trén duong thing Euler ciia tam giac AgByCo.

Bai 9 (China TST 2009) Cho AABC vi mot diém D nam trén canh BC thoi man ZCAD =
/CBA. Mot dudng tron (O) di qua B, C cit canh AB, AD mot 1an nita lan lugt tai E, F. Goi G 1a
giao diém ctia BF va DE. Gia st M 1a trung diém ctia AG. Chitng minh ring: CM 1 AG.

Bai 10. (Serbia TST 2009) Cho k 1a dudng tron not tiép tam giac ABC khong can véi tam la
S. k tiép xtc véi BC,CA, AB lan lugt tai P,Q, R. Goi M la giao diém ctia QR va BC. Mot duong
tron di qua B, C tiép xtc véi k tai N. Dudng tron ngoai tiép tam giac AM NP cit AP tai diém thit
hai 1a L. Chitng minh ring S, L, M thang hang.

Bai 11. (IIT AMP Olympiad, pro.2) Cho AABC véi truc tam H. Goi D la chan dudng cao tit
B xudng AC va E la diém dbi xing ctia A qua D. Dudng tron ngoai tiép AEBC cit dudng trung
tuyén tit A ctia AABC tai F. Chting minh réng: A, D, H, F dong vién.

Bai 12 (Iran Geometry exam 2004) Cho AABC noi tiép dudng tron tam (O). Goi Ay, By, Cy
la giao diém ctia cac tiép tuyén tit A, B,C dén (O) lan lugt. Goi As, Bs,Cs la trung diém ciia
BC,CA, AB lan lugt. Duong thing vuong géc tit A3 dén AO cit tiép tuyén tit A; cta (O) tai X,.
X3, X, dinh nghia tuong ty. Chiing minh ring: X,, X;, X, thing hang.

Bai 13. (Chon doi tuyén PTNK 2009) Cho dudng thang d c6 dinh, A 1a mot diém c6 dinh nim
ngoai d. A’ 1a hinh chiéu ctia A trén d. B,C la hai diém thuoc d sao cho A’B.A’C = const (B,C
khac phia véi A). Goi M, N 1an lugt 13 hinh chiéu ctia A’ len AB, AC. Tiép tuyén tai M, N cla
duong tron dudng kinh AA’ cit nhau & K. Chitng minh ring K nim mot trén dudng cd dinh.

Bai 14. (Dé dé nghi Olympic truyén théng 30/4) Cho dudng tron (O, R) tiép xtc véi d tai H
¢b dinh. M, N 1a hai diém di dong trén d sao cho HM.HN = —k < 0, k = cosnt. Tt M, N vé hai
tiép tuyén M A, NB t6i (O). Chting minh ring: AB luon di qua diém cb dinh.

Bai 15. (Dé dé nghi Olympic truyén théng 30/4- 2008) Cho tam gidc ABC c6 dudng trung
tuyén AM, dudsng cao BD,CE. Gia sit P 1 giao diém ctia DE va AM. Gia st AM = %ﬁ. Chiing
minh ring P la trung diém ciia AM.

Bai 16 Cho tam gidc ABC nhon nai tiép (O). Goi Ao, Bo, Cp 1an lugt 1a hinh chiéu cud A, B,C
tren BC,CA, AB tuong tng. Giai st Ay, By, C; lan lugt 1a giao diém thit hai cud cac duong tron
ngoai tiép cac tam giac AABYCy, ABCyAy va ACAgBy v6i (O). Ay, By, Cy lan lugt la giao diém
thit hai cud céc trung tuyén ké tit A, B, C dén (O). Chiing minh ring A3 Ay, Ba By, CoC; ddong quy.
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Applying R,r,p — method in some hard problems

TRAN QUANG HUNG, HANOI NATIONAL UNIVERSITY '

Introduction
In this article we will use R, r,p - method to prove some inequalities in triangle

Given triangle ABC, we denote by a, b, ¢ the sides, semiperimeter p, circumradius R, inradius r,
centroid G, incenter I, orthocenter H, we have following famous formulas:

ab+ bc + ca = p® +r2 + 4Rr

a?+ b2+ c? =2(p* —r? —4Rr)

OI* = R? — 2Rr = R > 2r, this formula is well-known as Euler’s.

9IG? = p? — 16Rr + 512 = p? > 16Rr — 5r2, this inequality is well-known as Gerretsen’s
ITH? = 4R%* 4 3r2 + 4Rr — p? = p? < 4R? + 4Rr + 3r?

OH? =90G? = 9R?* — (a®> + b + ¢?) = a> + b* + 2 < 9R?

I - GARFUNKEL'S LEMMAS

In this section we introduce the useful lemma which was proposed by Jack Garfunkel in Crux
Math.

Lemma 1. Let ABC be acute triangle prove that
p2 > 2R% + 8Rr + 3r?

Proof.

The inequality equivalent to
sin? A + sin® B +sin® C' > (cos A + cos B + cos C')?

Let H be orthocenter of triangle ABC, we have HA = 2Rcos A,HB = 2Rcos B, HC = 2R cos C
and by law of sine a = 2Rsin A,b = 2Rsin B, ¢ = 2R sin C' we need to prove

a> + 0+ > (HA+ HB + HC)?
Let A’B’C’ be Cevian triangle? of H we have

2 2 2
) ) Ry e HA HB HC _
AA' AH + BB'.BH + CC'.CH = . and 5+ S ey = 2

Now apply Cauchy-Schwartz inequality we get

HA HB HC

vt B T oo 2 HA+HB+HC)

a®> +b* +c* = (AA.AH + BB'.BH + CC' .CH)(

We are done.

1Email: hung100486@yahoo . com
?http://mathworld.wolfram.com/CevianTriangle.html
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Lemma 2. Let ABC' be acute triangle such that % <min{A4, B,C} <max{A,B,C} < g, prove

that
p° <3R®+TRr +r?

Proof.

Using the indentities of R, 7, p

R+r

cos A+ cosB +cosC =

p? —4R?> — 4Rr — 12

AcosBceosC =
cos A cos B cos VP

The inequality is equivalent to

3(cos A+ cos B+ cosC) > 4 + 4cos Acos B cos C

Because % < min{A4, B,C} <max{A4, B,C} < g we can assume that % <AL g, therefore
A A A
(2sin? 5 +2sing - 1)(281n§ -1)>0
A A
<:>3COSA+6Sin§—4COSASin2§24 (1)
We have |B — C| < g o)
dcos A(1 + — 9y S a1 1 ) > 6> 6si A
cos cos — sin —
V2 2
therefore
B-C 1 - -
4cosA(1+cosT)22(1—1—%)(1—0057)2651115(1—(305 5 )
A .o A
< 3(cos B+ cosC) — 681n§ + 4 cos Asin 3 > 4 cos Acos BcosC (2)

From (1), (2) we have
3(cos A+ cos B + cosC') > 4 + 4 cos Acos BeosC

We are done.

Note that. When we apply Garfunkel’s lemma in acute triangle then we obtain the inequality

A Bt (A B €
Sin 9 Sin 9 Sin 9 =3 Sin 9 Sin 9 Sin 9

This inequality was propesed by Jack Garfunkel in Crux Math., vol 10 1984, problem 987, there-
fore we call it by Garfunkel’s lemma.

IT - SOME PROBLEMS

In this section, using standar notations in triangle, we will show somes problems solved by R, 7, p
method.
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Problem 1. Let ABC be a triangle with area .S, prove that

20 _ 200 200 _
2(ab +be + ca) — (a®> +b* + %) > 4 (v a)+b(p b)+c(p 2 > 44/38
b+c ct+a a+b

Proof.

First at all, we will say something about these inequalities,
2(ab+be+ca) — (a> + 0>+ ) > 4V3S < a* + 02 + 2 > 4V3S + (b—¢)* + (c — a)* + (a — b)?
It is well-known under the name Finsler - Hadwiger inequality, and the inequality

20 20 20
a*(p a)+b(p b)+0(p 6)2\/33
b+c c+a a+b
a b c
>
(:)ra—i—ha—i_rb—l—hb_'—rc—&—hc_\/g

It makes Finsler-Hadwiger stronger, we now solve the first by the follow indentities of R,r,p

2(ab + be + ca) — (a® + b* + ¢*) = 16Rr + 42

a*(p—a) b (p—->b) AElp—c) 21"((31" +2R)p? —r® — 6r’R — 8R?r)

b+c c+a a+b p2 + 12+ 2Rr

The first inequality equivalent to

2(ab—|—bc—|—ca)—(a2+b2_|_32)24(a2(pa)_|_b2(pb)_|_02(pc))

b+c c+a a+b
r((3r + 2R)p* — 3 — 6r*R — 8R?r)

< 16R 472 > 8
rar 2 p? + 12+ 2Rr

o r(18Rr + 24R? + 312 — 5p?)
p2 4+ 12+ 2Rr

>0 < 5p? < 24R? + 18Rr + 312
Now using p? < 4R? + 4Rr + 3r? we must to show
5(4R? +4Rr + 3r?) < 24R%* + 18Rr + 3r* & 2(2R + 3r)(R — 2r) > 0

Which is true. Now for the second, we easily seen

a®(p—a)  Vp-b)  Ep-—c)\’ v*c*(p—b)(p — ¢
( b+c + c+a + a+b ) ZBZ (a+b)(a+c)

We will prove that

Zb202(p—b)(p—0) > §2 = p22

(@a+b)ate) pr
‘We have
Z V*Ep—b)p—c) 22 _ r3((r — 8R)p? +r® + 10r°R + 32R?r + 32R3)
(a+b)(a+c) p o p2 + 12+ 2Rr

Therefore, it is sufficient to show that

3 1 2 2 2 2 3
(r— SR)P? + 1% + 10r2R + 32R%r + 321% > 0 4 p? < L 10" Rg;?’_f”?’ i
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but using inequality p? < 4R2? + 4Rr + 3r2, we only must show

3 4+ 1002 2R? 2R3 2r(2R — -2
r+OrR+3Rr+3R©T(R r)(R T)>O

AR% + 4Rr + 312 <
HaRr It = SR —r 8R—r =

Which is true.
Problem 2. Let ABC be a triangle and AA', BB',CC' are bisector of ABC' prove that

p(A'B'C") < ~p(ABC)

> =

here p(XY Z) show perimeter of triangle XY Z.
Proof.
We will prove stronger form of this inequality
2
BC? 4+ A+ AB? <
-3

When p is semi-perimeter of triangle ABC, indeed, we can use the following indentity of R, r,p,
when AA’, BB',CC" are bisector of triangle ABC' then

%_B/C/Q_’_C/AQ_’_A/BQ _

ﬁ B S8Rr?((TR + 8r)p? — 4R%*r — r?R)
3 p*+4R%r? + 4p2Rr + 4r3R + vt + 2p2r2

(96 R373 + 24 R2%r4) + (—188r3R — 164 R%r? + r)p? + (212 + 4Rr)p* + pb
3(p* + 4R%r2 4+ 4p?Rr 4+ 4r3R + r* + 2p?r?)

Therefore, it is sufficient to show that

(96 R3r3 + 24R?r") + (—188r3 R — 164R*r? + r)p? 4+ (2r2 + 4Rr)p* +p® > 0
It is equivalent to
413(R — 2r)(648R? — 237Rr + 10r?) + 472 (183R? — 161 Rr + 147r%)(p? — 16 Rr + 5r2)
+13r(4R — r)(p® — 16Rr + 5r°)* + (p* — 16Rr + 5r°)° > 0
& 4r3(R—2r)(2128r% 423557 (R—2r)+648( R—2r)%)+4r? (4241 +-571r( R—2r)+183(R—2r)?)13r(4R—)
+(p* — 16Rr + 57)% + (p* — 16Rr + 5r%)* > 0
Which is true. Now from this inequality we easily seen

(A/B/ +B/C/+C/A/>2 S 3(3/0/2 +C/A/2 +A/B/2) §p2

1
< p(A'B'C) < 1
Problem 3. (Proposed by Ji chen) Let ABC' be a triangle, v4,7p, 7. are exradius, prove that

p(ABC)

=

2.9 15(b—c)*(c—a)*(a—b)?
e 5?2
+ 2 "4 + 4a2b3c?

<
N|Q N
SN

+

S
Tl

Proof.

Use the indentities of R, r, p we have

LTh e 9 (256rRS 4 16r°R + 96R + 256! + %) + (2 — 68R)p? + '
2

‘\3
(R N

4 16p2 R?
29
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and

15(b — ¢)*(c —a)*(a —b)®  15(64rR> + 48R%*r? + 1213 R+ r*) + (—4R? — 20Rr + 2r?)p® + p*
4a2b2c? N 16p2R2

Therefore we need to prove that
(2561 R® + 1673 R + 96 R*r* 4+ 256 R* + r*) + (2r% — 68R?)p* + p*
> —15(64r R + 48R*r*> + 12r° R + 1) + (—4R? — 20Rr + 2r?)p* + p*
& (304rR® + 4973 R + 204R?*r? + 64R* + 4r*) + (8v? — 32R? — T5Rr)p? + 4p* > 0
Now using p? < 4R? + 4Rr + 3r? it is equivalent to

4r(4r + R)(R — 2r)? + r(43R — 32r)(4R* + 4Rr + 3r* — p?) + 4(p* — 4R* —4Rr — 3r*)? > 0

Which is true.

Note that. This inequality is form of famous inequality Iran 96 as following

2 p2 tan> é 1 2 1
Ta _ 2 _ :
Y=Y =g (Lmd) [ —
16 R* sin® — cos” — cos” —
2 2 2
cos? B cos? ¢
A B C> 1 5 o5 5
_ 24 2D oY Z _ Z 2 2
cos” — cos cos
A A
( 2 2 2 cos* = cos? =
2 2
So it is equivalent to
2D 9 Q
Z cos” 5 cos” 5 - 9+ 15(b — ¢)%(c — a)%(a — b)?
5 A — 4 4a2b2c?
cos” —
2
A _
Using cos® = = IM, it is equivalent to
2 be
pp=b)p—¢) 9 15(b=c)(c—a)’(a—b)?
a’(p—a) 4 4a?b?c?

Now we can replace a = zy + z2,b = yz + yz,c = za + 2y, Va,y,z > 0 it is equivalent to

1 1 1 9 15(z —y)*(y — 2)*(z —2)*
Cry)? R (z+x)2) 21T M) W22+ 1)

(zy +yz + 22) (
This is stronger than Iran 96 inequality.

Problem 4. (Proposed by Jack Garfunkel, problem 825 Crux Math.) Let ABC be a triangle,
prove that
tan? é + tan? E + tan? g +8sinésin§sing >2
2 2 2 2 2 2 -
Proof.

Using the indentities of R, r,p we have

2 C (4R +1)? — 2p?
2

A B
tan? = + tan? = + tan
2 p?

2
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. . . C r
Sin — SIn — S1in — — ——
2 2

2 4R
It is equivalent to
(4R+1)2—2p*> 2r 5 _ R(4R+1)?
— e+ =22 p < ———
p? TR7 p= 22R—r)
Using the result of Mittenpunkt?® (middlespoint) M of triangle ABC| note that M (a(p—a),b(p—
b),c(p—c)) in*, with O is circumcenter and using formula of distance, we can compute

_ 2 2
v0? — 2r —2R)p’ + R(AR 4 1)
(4R + )2

4 2

From MO? > 0 we easily seen p? < Fm
4 2
Note that. p? < ];((21]2—&—7“)) < 4R? + 4Rr + 312, where the second inequality is equivalent to
—r
3r2(R —2r)
2QR—-r) —

Problem 5. Let ABC be a triangle prove that

A+ B+ S 2 . A+ . B+ . C
CcOS — + oS — +cos — > — [ sin — + sin — + sin —
52 52 52 =75 S 5 S 5 S 2

Proof.

First at all we will prove the following inequality for acute triangle

2
sin A + sin B + sin C' > — (cos A 4 cos B + cos C)*

V3
Actually, this problem was proposed by Jack Garfunkel in Crux Math 1990 and the solution of

author in Curx Math 1991, here is our solution.

The inequality is equivalent to

2 (R+7)? 9
> N <p° >

4(R47)4
3R2

s
B

Now apply Garfunkel’s lemma p? > 2R? + 8Rr + 3r? we must show

4(R+r)* o (B- 2r)(2R® + 12R?r + 9Rr? + 2r3)

2R? 2>
R* + 8Rr + 3r< > ViP VP

>0
which is true, so we are done.

After that we introduce here the solution by Jack Garfunkel himseft,

Slie!

therefore

ool —

A
We note that sin 5 sin 5 sin — <

A A A A
) . . 2 . _ . ‘.2 .
(cos A + cos B + cos C)* = <1+4| |s1n2> —1+8| |sm—2 +16| |sm 5 §1+10| |s1n—2

Shttp://mathworld.wolfram.com/Mittenpunkt.html
4nttp://mathworld.wolfram.com/BarycentricCoordinates.html
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So me must prove that

sinA+sinB +sinC >

&\w

(1 + 10 H sin A)

It is equivalent to

V3p > 2R + 51 & 3p? > AR* + 20Rr + 257>
But by Garfunkel’s lemma p? > 2R? + 8Rr + 3r2, we must show

3(2R? + 8Rr + 3r2) > 4R2 + 20Rr + 2512 & (R — 2r)(4R +1) > 0

which is true, so we are done.

Now we apply

2
sin A +sin B +sinC > %(COSA+COSB+COSC)2

T—A n—-B 7-C
2 7 2 7 2
Problem 6. (Proposed by Virgil Nicula on Mathlinks.ro) Let ABC' be three side of an acute

triangle prove that
b - —-b b—
\/—l—c a+\/c+a +\/a+ 023
a b c

in acute triangle with angle , we obtain our problem.

Proof.
A —b)(p-— A B
Note that sin® — = w, and r = 4R sin — sin — sin g, therefore
2 be 2 2 2
a a 2R . , A
= = —sin® —
b+c—a 2(p—a) r 2

Now we can write the inequality as

[ r A B C
7>3<:>251n—sm531n2 Z +QZ — 4 B >9
sm— sin® = sm—sm—
2 2
sm—sm— A 9 B . C 1 9
@Z +QZS1 222<:)(Zsm251n2> Z — 25
Sm§ sin o

Now need to prove the inequality

(Senponc) (5 1)

for triangle ABC such that g > max{A4, B,C} > min{4, B,C} > Z, indeed, write it in R, 7, p,
note that

2 2 .2 2 2 42
p? —AR? 47 1 p*—4R“+r
E B C= =
CcOs COs 4R2 ’ ZCOSA p274R274R7’77‘2

We need to prove that

p? —4R? 4 r? p? —4AR? 4 r?
4R2 "p2 —4R% — 4Ry — 12

32
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& 10R*r? + 72R%r + r* + 88R* + (=26 R* + 2r?)p? +p* > 0

Note that in triangle ABC such that g > max{A4,B,C} > min{A, B,C} > % then we have
Garfunkel’s Lemma p? < 3R? + TRr + r2, the above inequality equivalent to

(r? + 8Rr + 19R?)(R — 2r)* + (48r% + 66r(R — 2r) + 20(R — 2r)*)(3R* + TRr + 1 — p?)

+(p?> —3R? —7Rr — %)% >0

Which is true, so we are done.

Note that. There are some nice equivalent form of this problem, let I be incenter of ABC.

\/b+c—a+\/c+a—b+\/a+b—c>3
a b c

1 IR
@ZﬁEG §<:>IA+IB+1023\/2RT
Sin —

Problem 7. (Proposed by Jack Garfunkel, Crux Math.) Prove in acute triangle ABC we have

cosé +COS§ +cosg > i <1+sinAsinBsinO>
2 2 2 =3 g M Y
Proof.
First at all we will prove the inequality in triangle such ABC that g > max{A4,B,C} >
min{4, B,C} > %:
sin A+sin B +sinC > %(1 + cos A cos Beos C)

It is equivalent to

£>ip2—4Rr—r2
R~ 3 4R?

& (16R*? +1* + 83 R) + (—2r? — 8Rr — 3R*)p*> +p* > 0

& 3R*p? < (p* — 4Rr — 1?)?

Which is true, so we are done.

REFERENCES
[1] Cruz Mathematicorum, vol 10 - 1984, Canadian Mathematical Society.
[2] Cruz Mathematicorum, vol 12 - 1986, Canadian Mathematical Society.

[3] Dragoslav S. Mitrinovic , J. Pecaric,V. Volenec, Recent Advances in Geometric Inequalities,
Kluwer Academic Publishers, 1989.
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Cac phuong phap tinh tich phan

NGUYEN VAN VINH, DAI HOC TONG HOP QUOC GIA BELARUS

Trong s6 trude chiing ta da lam quen véi mot s6 ki thuat tinh tich phan suy rong, tich phan ham
phan nguyén, phan 18,... nhu phép bién ddi Laplace, Fourier hay khai trién tich phan thanh chudi.
Trong bai viét nay ching ta sé tim hiéu thém mot vai phuong phap khac ma chii yéu ld phuong
phap tich phan tham s6, day 13 mot trong nhiing phuong phap hét siic co ban nhung hiéu qua khi
ta ap dung giai toan, bén canh dé la tng dung clia ham Gamma, Beta dé tinh tich phan.

I - PHUONG PHAP TICH PHAN THAM SO

Vé cac tinh chat clia loai tich phan nay hau hét cac gido trinh giai tich diéu da c6, nén khong
xét lai § day. Trong s6 cac tinh chit thi c6 hai tinh chit kha quen thudc ma ta hay ap dung 13 vi
phan vi tich phan cta tich phan chita tham s6. Chung ta ciing chlt yéu xoay quanh hai tinh chét
nay va mot sé cac chi § nhé khac dé thu duge két qua. Diéu kien dé ton tai tich phan trong ting
thi du khong phiic tap xin bdé qua, cac ban tu kiém tra.

Tru6e tién ta xem xét itng dung tinh chat dao ham ctia tich phan chita tham s6. Ching ta bat
dau bing mot vi du don gian.

Vidul. Tinh

I(m,n) = /1 2™ (Inz)"dz
0

Loi gidi. Khi 4p dung tinh chat dao ham thi ta can chi ¥ c¢6 hai con duong dé 4p dung, ching ta
c6 thé xuat phat tit mot tich phan don gian da biét va sau dé vi phan lién tuc theo bién ma ta can
dé thu dugc két qua, nhung doi lic ta lai lam theo chiéu nguge lai 1a dao ham tich phan can tinh
theo bién thich hop dé thu dugc tich phan don gidn hon, bai nay ctia chiing ta 4p dung ki thuat tha
nhét.

Ta c6
1
1
/;L’mdxzi
m+1
0

Dao ham hai vé tich phan trén theo m ta thu dugc

1 1
i/:L’mala::/mmlnxdx: f%
dmo ) (m+1)

Lip lai n lan buée lam trén ta thu duge

1
"l z)de = (1) — "
0
Mot vi du cho phép ting dung tha hai
Vi du 2. Tinh
A
In(1 + A\x)
IN= | ——=d
W= [
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Loi gidi. Ta dao ham I(\) theo A thu duge

A
Fy x In(1 + \?)
I()\)_O/(1+/\a:)(1+x2) Tt e

Bing ki thuat tinh tich phan thudng ta thu duge

A
x  In(142)? | In(1+4X?)
/(1+)\x)(1+x2) T == 1+ A2) + (142 + Tr 2 arctan A
0
Tt dé ta co
In(1+ \2)

I'(A)

= + A arctan A
214 22) 14 A2

T biéu thitc cudi cling ta thu duge
1 2
I(\) = 3 arctan An(1 4+ \*)

Trong mot s6 trudng hop khi ta ap dung ki thuat thi hai thi tich phan tham sb ta can tinh thoa
man mot phuong trinh tich phan nao dé

Vidu 3. Tinh

10) = [ N
0

Loi gidi. Ta thiy sau khi dao ham thi tich phan ta can tinh thod man phuong trinh tich phan
thuan nhat tuyén tinh
I'(\) +2I(\) =0

Nghiém ctia phuong trinh trén chinh 1a gi4 tri tich phan ta can tinh

I\ = ge”)‘

Tuong tu ta ¢ thé dé dang kiém tra ring

™

y(z, 1) = / eHreost e

0
la nghiém ctia phuong trinh vi phan
xy’ +y — Py =0
Tuy nhien khi ta lam toan mot sé tich phan khong chi chita 1 tham s6 ma c6 thé cé nhiéu hon,

doi hoi ching ta phai tién hanh dao ham nhiéu lan va ciing chon bién cho thich hgp.

Vidu 4. Tinh
+o00
I(a,b) = / arctan ax . arctan bx

dxr, Ya,b#0

x2
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Loi gidi. Ta thay tich phan can tinh chita hai tham s6 khac nhau nén dé tinh ching ta cling tién
hanh dao ham theo ca hai tham s6 va thu dugc

" o ™
ab(a’7b) - 2(a+b)

Tu do6 ta tim dugce

I(a,b) = 5 (a-+b) (In(a+b) — 1) + d(a) + ()

Tt tinh lién tuc cta tich phan can tim ta thu duge

é(a) + () = Z (b(1—nb) +a (1~ Ina))
Do do6 ta cé

T al + [p)lelt1ol
I(a,b) = 0 sgn (ab) In (|:||a|||z|b|
a

Ap dung cac ki thuat trén ta co thé giai dugc mot s6 bai toan kha thia vi

Vi du 5. (SIAM-08-001) Tinh

> Ci(an
Z:l (an)

n2

Loi gidi. Day 1a mot cong thitc khéa hay, bing mot sé6 phép bién déi ta nhanh chéng chuyén bai

toan vé tinh
n
1 cosat - 1
I(a) = — —dt
@=> | [
0

n=1

Dé tinh bidu thic cubi ta dao ham hai vé theo

a

va thu duge
n

'(a) :_i/sinatdt: (—Z—FE)
0

2
n
n=1

Tu do ta c6 )

—-ma @
I(a) = @
Cubi cling ta thu dugc cong thiic chudi can tim kha dep
= Ci(an) 7lna 7y ma  a?
= B0 N L T
nz::l n? 6 ¢+ 6 2 +

Thém mot vi du nita kha hay

Vi du 6. (CMJ-C904) Tinh

11
I= //lnl"(x-l—y)dxdy
00
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Loi gidi. Bing mot s6 phép doi bién va chia mién tich phan boi da cho ta thu dudc
2 1 . 2 .
I= /lnF(u)dqu /uln du = /th(u)dqu 1
1 0 1
Ta can tinh tich phan
2
/ln I'(u)du
1

Dé tinh tich phan nay ta chuyén qua tinh tich phan chua tham sé c6 dang
p+1
1) = [ mL(wd (5> 0)
P

Khi p = 0 ta dé dang tinh dugc

In 27
10) = =

Khi p > 1 ta c¢6 dao ham I(p) theo p thi thu duge

I'(p)=InT(p+1)—InT(p) =Inp

Tu d6 ta rat ra dude

p

I(p) :/lnxd:b+l(0) =p(lnp—1)+
0

In 27
2

Tu cac diéu trén ta thu duge két qua cudi ciing
11 :
2 3
I= InT(z + y)dedy = w2
2 4
00

Trong mot sé trudng hop tich phan can tinh khé ma lai khong chita tham sb thi ta can linh hoat
thém cac tham s6 phi1 hgp ddm bao tinh hoi tu cia tich phan nhu vi du & trén sé gitp ta tinh toan
kha don gian.

Vidu 7. Tinh tich phan

7— 7sinwdm
x
0

Loi gidi. Ta thay dé tinh truc tiép tich phan trén thi kha kho nén ta chuyén qua tinh tich phan

sau
00

I(a) = /e_a"%dx

xT
0

Cht ¥ ring tich phan nay hoi tu v6i moi a > 0. Dé tinh tich phan trén thi don gidn ta dao ham
theo tham s6 a v thu dugc
-1

I'a) = ——
(@) =170
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T day ta rat ra duge
™
I(a) = = — arctana

Va tich phan ta can tinh 13

==
2

O tren chiing ta da xem xét mot sb vi du ting dung phép dao ham tich phan tham sé. Tiép theo
ta sé& xem qua mot sé ki thuat ctia phép tich phan cac tich phan tham sb.

Vi du 8. Tinh tich phan

1

b a

— 1

I(a,b):/ggln;C sinln;dw (a>0,b>0)
0

Loi gidi. Dé tinh tich phan nay ta khong ap dung dugce phép dao ham tich phan chita tham sb
nhu trén ma ta chuyén tich phan can tinh vé dang tich phan kép dang tham sb.

Ta viét lai tich phan can tinh dudi dang

Ta co

Tt d6 tich phan ban dau can tim 1a
/ b
—a
I(a,b) = | I;(p)dp = arctan(b+ 1) — arct 1) = arct
(a,b) / 1(p)dp = arctan(b + 1) — arctan(a + 1) = arctan Py

a

Mot trong nhitng vi du ta quen biét trong phép tich phan cic tich phan tham s6 la gidi phuong
trinh tich phan Abel

Vi du 9. Gidi phuong trinh tich phan Abel cé dang

x

/ﬂdtzf(x) 0<a<l)
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Loi gidi. Ta thay tich phan vé trai 1a tich phan phu thudc hai tham s6, dé giai phuong trinh tich
phan Abel ta can tac dong thém mot tich phan theo tham s6 nita clia ham vé trai.

Nhan hai vé clia phuong trinh da cho véi (x_‘;ﬁ va chuyén hai tham s6 trong tich phan vé trai
thanh «, s va tich phan ca hai vé theo s tit 0 — z ta thu dugc
x

/ (x —dssﬂ -/ (s¢—(t2>adt:/ <x—f(>)d

0 0 0

Bién déi vé trai ta thu dugc

S

/d) dt/(x—S)“’S—t /Jr—s

t

(=)

T d6 ta dé dang thu dugc

€T

/ o(t)dt = Sinﬁm ] (x f (8‘9))1 _ds

0

[}

T d6 ta c6 nghiém ctia phuong trinh Abel 1a
sin am f'(s
#(z) = L+ / )
0

Stt dung ki thuat tich phan cac tich phan c6 chita tham s6 ta tinh dugc nhiéu tich phan quen
thudc nhu Laplace, Lipchizt, Dirichlet, ...

Bén canh mot sb tich phan thong thudng thi cé kha nhiéu tich phan dac biét ciing nhu ham dac
biét ¢6 dang biéu dién dusi dang tich phan tham sb. Mot trong sé d6 la tich phan Eliptic v6i kha
nhiéu dang biéu dién khac nhau va ciing c6 khong it cac ting dung lién quan dén 16p tich phan nay.
Vi van dé kha 16n nén néu c6 dip sé trd lai trong mot bai viét rieng vé “Tich phan Eliptic”.

Bai tap ap dung

Tinh céc tich phan sau

Bai 1.
+o0 d
I(a):/ wn+1,n€Na>0
(22 +a)
Bai 2.
oo —ax —bax?
I(a,b):/e S 4z, a>0,b0>0
x
0
Bai 3.
+oo
e—aw_e—bm )
I(m,a,b) sinmadr, Yme R, a >0, b>0
x
0
Bai 4.
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Bai 5.
+oo

arctan ax
I(a) = —————dx, Ya€e R
(@) / 2vx? -1

IT - HAM GAMMA, BETA

Nhu chiing ta da biét cting véi su phét trién toan hoc thi s6 lugng cac ham toan ciing dude mé
rong, nhidu ham dic biet dong vai tro to 16n trong giai tich ciing nhu cac linh vite khac ma c¢6 thé
n6i hai ham Gamma, Beta 13 nhitng him co ban vé6i nhiing tng dung hét stc co ban. Mdc do ap
dung ctia hai ham nay trong van dé tinh toan vi tich phan hét stc lén tuy nhién vi bai viét chi c6
tinh giéi han nén chi néu ra mot s6 vi du c¢6 thé néi la hay dé qua dé ching ta thay duge cach ap
dung ciing nhu cac phép bién déi ctia noé.

Vi du 10. (SSMJ-5073) Tinh
1
/{lnx} x"dx
0

vérm > —1
Loi gidi. Bing mot s6 bién déi co ban tich phan phan 18 ta chuyén tich phan can tinh vé dang

+oo

1
1
/{lnx} x"dr = T / tetm+) gy
e m o __
0 0

Ta chii ¥ tich phan tht hai dé& dang biéu dién duge qua ham Gamma va thu duge két qua cudi

cung la

[ oy o 1 e ! o1
O/{lnx}x dr = (el+m —1) (1 + m) (m+1)2 (et — 1) (1 +m) (m+1)2

Tuy nhién trong mot sé bai toan doi hoi ta ¢ bién déi linh hoat dé thu duge bicu dién ctia ham
Gamma,

Vidu 11. (Cruz-3386) Tinh

oo x

—t
/e*w /e - Lt | mwde

0 0

Loi gidi. Bang ki thuat khai trién chudi ta dé& dang thu dugc

/€7$ /6 ——dt | lnzdzr = Z (=1) /eif”x" In xdx
t nln
0 0 n=1 0

Ta thiy ring tich phan trong tong chudi c6 thé biéu dién thong qua dao ham ctia ham Gamma
va tit dé ta dé dang tinh dugc tdng trén

r fet—1 = (—1)"T(n + 1)

/efm /6 dt | Inxdz = E -
t nln

0 0 n=1

Van dé tinh chudi trén ban doc c6 thé tu lam dé hiu rd them.
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Ung dung hai ham nay ta ¢6 thé thu duge nhiéu cong thitc biéu dién tich phan va chudi kha dep
vi du nhu 1a cong thic duéi day

Vidu 12. Ching minh

/ k 1 - ¢
'o/ t)dt:nz:%(na+1)(na+2)...(na+k)

(oo}

Trong dé a > 0 va f(x) = Ecnx Vz e (—1,1)

Loi gidi. Thay ham f(z) biéu dién duéi dang chudi vao tich phan & vé trai ta c6

1 1
1 k—1 a _ 1 +OOC an
_1)!0/<1—t> f(t)dt—(k_l)!;no/t (

Stt dung tinh chit ctia ham Beta ta thu dugce diéu phai chiing minh.

B(an + 1,k)

Néi dén cac tng dung clia ham Gamma, Beta ta khong thé b qua tich phan Dirichlet va cac
dang biéu dién cta né.
Vidu 13. Cho

Vn,r _
111,

{(a:1,..,scn) € R, >0, Vi=T,n|0< |21, ey, < r}
van€ N,p>1r>0,0>1,a; >0

Tinh tich phan sau

P D B-1
T Loa an=l1 1—m dxidzs...dz,
rP

Lot gidi. St dung tich phan Dirichlet va chi y

['()T'(y)

B(z,y) = T+ 1)

(14 z) =2al(x)

Ta thu dugc cong thitc téng quat kha dep

_ P(g)r+=+on I T (1+ a1 /p)
P p\ 81 ;
/ / o=l gon—l (1 I S a1 ';—HC”) dzidzs...dx, = =1
T
L(8+ (o1 + ... + ) /p)

Cac budc bién ddi trung gian ban doc c6 thé xem thém coi nhu 1 bai tap van dung.

::]:

% 1

Ham Gamma va Beta dugc st dung lam dinh nghia cho mot lugng 16n cac ham trong toan hoc
nhu Bessel, PolyGamma, HyperGeometric,...

Vi céc tng dung ctia hai ham nay kh4 16n nén sé tré lai trong bai viét tiép véi cac phuong phap
van dung cu thé hon. O tren chii yéu chi néu ra mot vai vi du dé c6 cai nhin vé hai ham nay.
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Bai tap ap dung

Tinh cac tich phan sau

Bai 6.
/2
/ (sin g + COS¢)3 sin™'/2 ¢ cos /2 ¢d
0
Bai 7.
2
/ dx
3/22(9 _
) Ve (2—x)
Bai 8.
2P llng
I(p) = —d 1
)= [ e e (0.1
0
Bai 9.
+oo
I(p) = / aPe” ™ Inxdr (¢ > 0)
0
Bai 10.

1 P
1
/ (ln ) dx
T
0
Trong bai viét tiép dén ching ta sé xem xét ing dung clia haim Gamma, Beta va cdc ham dic
biét khac cuing véi phép tinh thang du.
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Bai toan Kakeya

MacH NauyET MINH! - UNIVERSITY OF PisA, ITaLy

PHAN THANH NAM? - UNIVERSITY OF COPENHAGEN, DENMARK

I - NHOT VOI VAO TU LANH!

C6 lan ching toi gip mot cau db vui rang: "Lam thé nao dé nhét mot con voi vao ti lanh?".
Tha that, dén bay gid ching t6i ciing khong biét dap an clia cau d6 nay. Tuy nhién, ching ta hay
xem Toan hoc c6 thé xem xét van dé nay nhu thé nao.

"Nhét mot con voi vao ti lanh!" Mot cdch Toan hoc, phat bidu nay cé nghia la dit mot vat
"l6n" tity ¥ vio bén trong mot thé tich cho truée? Tat nhién, bing 1 phép co, cau héi nay tuong
duong véi: lam thé nao dé dat mot vat cho trude vao trong mot thé tich "bé" tiy y. Diéu nay thoat
nghe hinh nhu khéng tudng, nhung ban ditng voi phan dbi trude khi chiing ta dinh nghia thé nao la
16n, thé nao la bé, va, tit nhién, thé nao la thé tich.

Dé don gian, ching ta hiy xét mot hinh tron dudng kinh don vi trén mat phang hai chidu. Mot
trong nhitng dac trung cho sy "lén" ctia hinh tron nay la: né chita mot doan thing do dai don vi
v6i phuong tity §. Mot cach hinh &nh, chiing ta c6 thé tudng tugng mot doan thing do dai don vi
13 mot cay kim. Vay thi hinh tron dudng kinh don vi cho phép cay kim nay quay dt mot vong 360°
ma khong di ra ngoai hinh tron.

Niam 1917, nha Toan hoc Nhat Ban Soichi Kakeya dit cau hoi sau day

Kakeya needle problem. Dién tich nao la bé nhat ma cho phép quay mot doan thing do dai
don vi mot cach lién tuc di 360° (ma khong di ra ngodi dién tich do)?

Trong vi du dudng tron dudng kinh don vi néi trén can mot dién tich /4 = 0.785. Mot vi du
khéc, khong tam thuong, la xét mot tam gidc déu ABC' ¢6 chiéu cao bang 1 (xem Hinh 1), khi d6
tit doan thiang AA; (do dai 1) ta c6 thé c6 dinh A va quay 60° dé thanh doan thing AA,, sau do
tinh tién doan théng nay dé bién thanh CCy, rdi quay 60° dé dugc CCs ... Nhu vay toan bo dien
tich da sit dung chinh la |[ABC| = 1/v/3 ~ 0.577 (ta ky hiéu |S| cho dién tich ctia hinh S).

Tuy nhién, Kakeya nhan ra ring chiing ta tham chi c6 thé tiét kiem dien tich hon néu quay doan
thang trong mot hinh tam giac cong deltoid (Hinh 2): day 14 hinh hypocycloid vach béi 1 diém cb
dinh trén 1 duong tron ban kinh 1/2 khi ta lin né trong 1 dudng tron bén kinh 3/2. Dién tich hinh
nay bing 7/8 ~ 0.393. Chi § ring trong hinh tam gidc cong d6 thi khoang cAch tit mdi dinh t6i
canh déi dieén 1a 1. Cac ban hay thit hinh dung chiing ta c6 thé quay cay kim bén trong dién tich
nay nhu thé nao? (c6 thé xem ¢ [11]).

b

O

Hinh 1 Hinh 2

!Email: mach@mail.dm.unipi.it (M.N. Minh)
?Email: ptnam@math.ku.dk (P.T. Nam)
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Kakeya gia thuyét rang day 1a hinh cé dién tich bé nhat. Nam 1925, G.D. Birkhoff khi viét vé
céc bai toan md trong mot quyén sach clia ong, trude hét dé cap t6i bai toan bén mau, sau d6 ong
thém vao "Cung mot sy don gidn 16i cudn nhu vay 1& cau héi dude néu cach day vai nam clia nha
Toan hoc Nhat Ban Kakeya." [1]

Nam 1928, Abram Samoilovitch Besicovitch, nha Todn hoc Nga—Do Thai, da gidi quyét bai toan
theo mot 16i dang kinh ngac: 6ng chitng minh dap s6 cho bai toin Kakeya 13 "zero". Chinh xac hon,
ong chi ra c6 thé tim mot hinh c6 dién tich bé tiy ¥ ma vAn cho phép quay mot doan thing don
vi mot cach liéen tuc di 1 vong [2]. Tham chi néu bé di yéu cau "quay lién tuc" thi ton tai mot
tap hop c¢6 do do 0 (do do & day 1a do do Lebesgue, néu khong c6 chii thich khac) ma chita mot
doan théng do dai don vi theo moi huéng. Mot tap hgp nhu vay ngay nay dude goi 1 tap Besicovitch.

That ra, Besicovitch quan tam dén bai toan nay bdi mot cin nguyén doc lap véi Kakeya. Trén
mot bai bio bing tiéng Nga ndm 1920 6ng xem xét mot cau hoi trong tich phan Riemann: néu f 1
mot ham kha tich Riemann trong miit phing thi lidu ¢ ton tai mot cip toa do vudng goc sao cho
v6i moi y thl ham sb6 = — f(z,y) khé tich Riemann (theo bién x) va ham sé y — [ f(z,y)dz cing
kha tich Riemann (theo bién y)? Besicovitch phat hién ring diéu nay khong ding néu ong c6 thé
xay dung mot tap hop compact ¢6 dd do 0 va chita mot doan théng do dai don vi theo moi huéng [1].

C6 mot chi tiét thu vi 1d nam 1958, Hoi Toan Hoc M cé lam mot series phim 4 tap vé Toan
& nhidu bac gido duc. O tap cudi cing Giso su A.S. Besicovitch duge moi gidng vé 10i gidi clia ong
cho bai toan Kakeya [1]. C6 1é bai toan nay la mot vi du cho tinh don gidn va dep dé ctia Toén hoc.

Trong bai viét nay, chiing ta sé tim hiéu 15i giai cho bai toan Kakeya (c6 18 15i gidi nay du don
gian dé mot hoc sinh phd thong c6 thé theo déi dugc) va cach xay dung mot tap Besicovitch (ban
doc can mot it kién thitc co ban vé gidi tich ham va 1y thuyét do do). Cudi cling lien hé téi Gia
thuyét Kakeya. Cac ban doc mudn tim hiéu them xin xem & [11, 13].

II- LOI GIAI CHO BAI TOAN KAKEYA

That ra, cic két qua ciia Besicovitch da c6 tit nam 1919, nhung do tinh hinh bat én ctia nuée Nga
ltic bay gid nén ching chi duge biét dén rong rai khi dude cong bb sau nay trén to Mathematische
Zeitschrift (1928). Nam 1929, y tudng ctia Besicovitch da duge Perron don gidn héa. Chitng minh
ma chiing ta tim hiéu sau day dua trén trinh bay & [1, 4] va chiing t6i nghi ring né hoan toan thich
hop véi mot hoc sinh phd théng.

Trude hét, dé y ring thay vi yéu cau quay cay kim (mot cach lien tuc) di 1 géc 360°, ta chi can
xay dyng 1 tap hop cho phép quay cay kim dua 1 géc 90°, sau d6 dimng phép dbi xiing ta dé dang
thu dudc 18i giai cho bai toin ban dau.

Tré lai v6i cau héi: Lam sao dé nhét 1 con voi vao tii lanh? Cau tra 15i phd bién nhat ma ching
toi tim dude trén Internet 1a: chiit con voi ra nhiéu khic, dit ting khiic vao bén trong rdi déng ciia
t@ lanh. Tt nhiéncau tra 13i nay chi c6 nghia hai hudc, nhung ¥ tuéng & day hoan toan tuong tu
nhu vay cong v6i mot diém khac biét: trong khi cac thanh phan khac nhau ciia con voi khong thé
chiém cting 1 vi tri trong khong gian, thi céc hinh ctia ching ta c6 thé chdong lén nhau trong mit
phing!

Cu thé hon, xét mot tam gidc ABC (khong nhat thiét can tai A). Tudng tugng ring ta cit tam
gidc ABC doc theo trung tuyén AM va dugce 2 tam gidc con A1 BMy, AsC My (Hinh 3). Tinh tién
A1BM; béi §BC (6 € (0,1)) dé cho chong len A,C M, thi ta duge mot hinh méi c6 dién tich nhd
hon dién tich tam giac ban dau. Diéu quan trong 1a mdi doan thing AN véi N bat ky thuoc doan
BC van thuoc hinh méi (sau mot phép tinh tién). Mot phan tich chi tiét hinh mdi duge cho trong
B6 dé 1 dudi day (xin ban doc ty chiitng minh xem nhu mot bai tap hinh hoc don gian).
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Hinh 3

B6 dé 1. Hinh 3 (Budc 2) tao bdi 2 bp phan: tam gidc mdi X BC dong dang vdi tam gidc ban dau
vdi ti le (1 —6); hai "tai" (hai tam gidc AsXY va Ay X Z) c6 tong dién tich biang 26 dién tich tam
gidc ban dau.

Tuy nhién néu ban 1a mot ngudi "kho tinh" (theo nghia Toan hoc) thi vin con mot chit khong
thodi méi. D6 1a bang céach tinh tién nhu vay ta da pha vo sy lien tuc: trong Hinh 3 (Bude 2) néu
X B < 1 thi ta khong thé quay 1 doan théng do dai don vi trén doan A; B thanh c6 phuong AsC'
mot cach lien tuc ma van khong di ra ngoai hinh vé.

Tuy nhién khé khan nay c6 thé xtt 1y nhu sau. Dé y ring A; M, //As Mo, do dé néu ta lay 1 diém
U thuoc doan M;M, (nhung khac Mi) thi A;U va Ay M, sé cat nhau tai 1 diém R nao d6 (xem
Hinh 5). Lic nay sy lien tuc duge khoi phuc nhu sau: ta xuat phat tit 1 doan thing don vi AW véi
W thuoc A B; ¢b dinh Ay va quay A1 W t6i tia A1 R (qua trinh nay khong di ra ngoai dién tich tam
giac ABC néu dudng cao tit A clia tam gidc nay > 1); trugt doan thing nay theo tia A; R cho dén
khi mot dau mit la R; ¢6 dinh R va quay doan thing t6i tia RAg; trugt doan thing nay theo tia
RA5 cho dén khi mot dau mut 14 As; cudi ciing ¢b dinh Ay va quay doan thing t6i tia A>C. Trong
quéa trinh nay dién tich st dung thém la tam giac can RPQ véi cac canh RP = RQ = 1; tuy nhién
dien tich nay nhoé hon dién tich tam gidc A; MU va c6 thé lam nhd tity ¥ bang cach chon U du gan
M;.

Tong quét hon, ta cé thé chia tam gisdc ban dau thanh 2V tam gi4c con, sau dé tinh tién ting
cip tam giac con dé ching phii 1én nhau (xem Hinh 4 véi N = 3). Bing tryc gidc ta thay ring khi
chon N 16n lén thi ta c¢6 thé lam cho dién tich hinh cudi cting bé di.

MINSNY

Budce 1 Budce 1 Buéc 3 Budc 4
Hinh 4
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Dé dién dat ¥ tudng nay mot cach chat ché, ta ky hieu T 1a mot tam gisac ABC c6 day BC nam
tren duong thang d va dudng cao tit A bing 1. V6i mdi s6 nguyén duong N ta chia doan thing BC
thanh 2V doan bing nhau va tit d6 thu duge 2V tam giac T; chung dinh A trong d6 Tj_; va T; ké
nhau. Dau tién ta tinh tién timg cap tam giac (11, Ty), (T3, T4) ... nhu trusng hgp trong B6 dé 1 véi
tile 6 € (0,1) va thu duge 2V 1 hinh ¢6 dang nhu Hinh 3 (Budc 2) trong d6 méi hinh gém mot tam
gidgc méi B; = (1 —6)(Tei—1 UTy;) va hai "tai" véi dien tich 262|Ty; 1 U Ty;| (cht ¥ ring Th; 1 U Th;
la mot tam gidc, va nhic lai 1a ta ky higu |S| cho dién tich hinh S). Dé ¥ la cac tam giac E; sau
mot s6 phép tinh tién thich hop c6 thé ghép lai thanh mot tam giac bang véi (1 — §)T. Tiép theo
ta xem cac tam gidc mdi E; nhu 1a cic tam giac T; & bude 1 va lai tinh tién ching theo ting cip
(Eg;i_1, Es;) v6i cuing ti 16 6 > 0 dé duge 2V =2 hinh mdi (khi tinh tién tam gidc E; thi hai "tai" ctia
n6 ciing duge tinh tién theo)... Bing cach d6 sau N buéc ta duge mot hinh cudi cling, goi la cay
Perron.

Dinh 1y 1 (Perron tree). Dién tich ciia cay Perron khong vigt qud ((1— 6)?N +26) |T|. Néi riéng,
chon & va N thich hop ta cé thé lam cho dién tich nay bé tuy ¥.

Chitng minh. Sau buéc dau tien ta duge 2V 1 tam gidc méi E; va 2V "tai" v6i tong dien tich khong

qua 26%|T|. Tuong tit, sau bude thit hai ta c¢6 2V =2 tam gidac méi va cac "tai" méi véi tong dien

tich khong vugt qua 262(1 — §)2|T|... T6i budc thit N ta duge 1 tam giac méi bang (1 — §)NT véi

cac "tai" mdi véi dien tich khong qua 26%(1 — 6)2V=1|T|. Vay téng dién tich ciia cay Perron khong
vugt qua

(1= )N (T)] + 262 (1 F(1=0)2+ (1 =84+ .+ (1—6)2N- 1>) IT|

1—(1—8)2N

=(1-6)*N|T|+28°——~

(1= 0P [T+ 28

R6 rang chon § di nhé sau dé chon N dii 16n ta c6 thé lam cho (1 — §)2N 42§ bé tuy y. (Ta

ciing ¢6 thé chon § = log(N)/(2N) va sit dung bat déng thiic 1 —§ < e™® dé suy ra (1 —0)2V 426 <

2log(N)/N.) O

IT] < (1 - 8) +20) 7).

Ap dung dinh 1y tren cho tam gidc vuong can T = ABC véi A = (0,0), B = (1,0),C = (0,1) ta
xay dung 1 tap c6 do do nhd tuy ¥ (bao gom mot cay Perron va cac phan thém vao nhu ¢ Hinh 5)
ma van cho phép quay mot doan thing don vi mot cach lien tuc da mot goc 90°. Sau d6 st dung
4 ban copy (qua phép ddi xting) ctia hinh nay, ta ghép lai dugec mot hinh c6 dién tich nhd tuy ¥
ma cho phép quay 1 doan thing don vi 1 cach lién tuc dit 360°. D6 1a cau tra 13i cho bai toan Kakeya.

IIT - TAp BESICOVITCH

Trong muc trude ta thay ring véi mdi e > 0 ta déu c6 thé xay dung duge mot hinh c6 dien tich
khong qué € ma trong dé co thé quay 1 doan théng don vi mot cach lién tuc. Mot cau héi ty nhién
12 lieu ta c6 thé lay € = 07 Dang tiéc, khong qué kho khin ta c6 thé thay cau tra 15i 1a phi dinh.

Ménh dé 1 (Terence Tao [12]). Khong ton tai mot tap c6 do do 0 ma trong dé mot doan thang don
vi ¢6 thé quay mot cdch lién tuc tron mot vong 360°.

Dé cho mot ching minh chiit ché két qua nay, ching ta cin phat biéu bai toan dusi mot dang
"giai tich" hon. Mot doan théng don vi cé thé tham sé héa béi £ = {(u + sv|s € [0,1]} v6i u € R?
vav € St trong d6 S = {(x,y) € R?|z? +y? = 1} la duong tron don vi. Nhu vay két qua trén phat

biéu rang néu
0t) = {u(t) + so(t)|s € 0,1]}

v6i u : [0,T] — R? lien tuc, v : [0,T] — S* lién tuc va toan anh, thi tap hop {é( )|t € [0,T]} khong
thé c¢6 do do 0. That ra trong chiing minh dudi day ta thay ring chi can yéu cau anh xa v khong la
hing sb.
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Chiing minh. Vi u va v lién tuc trén khoang déng [0, 7] nén chiing lien tuc déu. Do d6 véi § = %
ton tai € > 0 sao cho |u(t;) — u(te)] < 6, |v(t1) — v(t2)] < § néu [t; — ta] < e.

Bdi viv: [0,7] — S! khong 1a hiing s6, ton tai t1, 2 sao cho 0 < [t; —ta] < e va v(ty
don gian, bang phép tinh tién va quay néu can, ta co thé gia st u(t;) = (0,0) vav(ty) = (
t € [t1,t2] taco [u(t)] = Ju(t)—u(ty)] < & = 1/8, do d6 u(t) nim & bén trai duong thing =
tu u(t) + v(t) ndm ¢ ben phai duong théng = = 3. Vay doan thang £(t) := {u(t) + sv(t
cat méi duong thing z = a véi a € [, 3] tai mot diém, ky hiéu 1a (a,we(t)). Béi vi w,
VA wq(t1) = 0 nén [0, uq (t2)] C we([t1,te])-

) Véi moi
Tu’ong

) # v(t2). D
1,0

I[}}

S
) lién tuc

)
(t

@ x(Ey) +3(t) )

£) |2 1
X(%ﬂi_,::-—-': k (£ xe) B Q___’___;ry xit) ()

x(y R o pe xGIE & b

T 7 i
Trwdng hop 1 Trwéng hop 2
Hinh 6

N6i rieng, doan thing £(t1),{(ty) cit cic dudng thing x = %, T = % lan lugt tai Pp, Q1 va Ps,

Q> (xem Hinh 6). Theo phan tich & trén, v6i moi diém (a,b) thuoc doan PQ, thi doan thang nédi
(a,b) va (a,0) hoan toan ndm trong tap hop {{(t)[t € [t1,t2]}. Vay {€(t)|t € [t1,t2]} chia tid gidce
P P,Q2Q4 (day 1a tit gidc 161 néu PQ khong ct truc hoanh — Trudng hgp 1, va la ti gidc 16m néu
PQ cit truc hoanh — Truong hgp 2). Hién nhién dién tich ti gidgc P;P>Q2Qq 16n hon 0, va ta c6
diéu phai ching minh. O

Nhu vay véi yéu cau "cay kim" phai quay lién tuc thi dién tich ma né chiém chd phai c6 do do
duong (mic dit ¢6 thé nhé tity ¥). Tuy nhién trong mot s6 van dé thi sy kién "c6 do do 0" tré nén
quan trong, trong khi yéu cau "quay lien tuc" khong con can thiét. Chang han, cac tap hgp c6 do
do 0 duge xem la "khong dang ké" trong ly thuyét tich phan: viéc thay déi gia tri mot ham s6 trén
mot tap c6 do do 0, mic dit ¢6 thé pha vd mot cach nghiem trong su lien tuc, lai khong hé anh
huéng t6i tich phan ciia ham sd d6. That ra, nhu da néi trong muc dau tién, ban dau Besicovitch
quan tam dén cau héi ring: néu f 13 mot ham kha tich Riemann trong mat phang thi liéu c¢6 ton tai
mot cap toa do vuong goc sao cho véi moi y thi ham s6 x +— f(z,y) kha tich Riemann (theo bién

z) vaham s6 y — [ f(z ,y )dx ciing kha tich Riemann (theo bién y)? Besicovitch thay ring dé phi
dinh diéu nay, ong chi can tim mot tap compact c6 do do 0 va chita mot doan thing do dai don vi
theo moi huéng.

Dinh 1y 2 (Besicovitch). Ton tai mot tap compact trong mdt phdng, cé do do 0, va chita mot doan
thang do dai don vi vdi phuong tiy 4.

Tét nhién, nhu ¢ muc trude, bang cach lay doi xiing, ta chi can xay dyng mot tap hgp chita mot
doan théng don vi tao véi truc hoanh 1 géc bat ky trong [0, 7/2]. Ta sé sit dung cac cay Perron &
muc trude, cling véi mot phép chuyén qua giéi han, dé xay dung mot tap hgp nhu vay.
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Chiing minh. Y tudng chinh 13 ta ding cac cay Perron lam "khung" dé xay duyng mot day cac tap
mdé bi chan {Vi}72 , théa man:

(i) Vi1 C Vi v6imoi k = 1,2, ... va limg_ o0 [Vi| = 0 (|Vi| 1& do do ctia tap V%).
(ii) Vi chita mot doan thing don vi tao véi truc hoanh 1 géc bat ky trong [0, 7/2].

o0 —_— b X ~ ~ -~
Khi d6 E = () Vi la tap can tim. That vay, vi m6iV; 1a mot tap compact nén E compact. Hon
k=1

nita diéu kién (i) ddm béo E c¢6 do do 0. Bay gio xét £ := {u+sv,s € [0,1]} (u € R%, v € S') 1a mot
vector don vi tao véi truc hoanh 1 géc bat ky trong [0, 7/2], ta sé ching t6 ton tai 1 phép tinh tién
t € R? sao cho ¢ +t:={(u+t)+s(v+t),s€ 0,1} C E. That vay, do diéu kién (ii) v6i mdi k € N
ton tai t, € R? saocho £+ t, C Vj. BSi vi Vi, C V4 bi chén nén day {t;}32, bi chin. Do d6 ton tai
mot day con {t, 152, hoi tu vé mot vector ¢ trong R2. Véi mdi m € N thi £+t C Vi, C V,, v6ir
dt 16n, do dé cho r — oo ta duge £+t C Vi,. Vi diéu nay ding v6i moi m nén £+t C E.

Trong phan con lai ctia ching minh ta sé sit dung cac cay Perron dé xay dung mot day tap hop
{Vi} nhu thé. Ta théng nhét ring cac cay Perron dé cap téi bén dudi duge hiéu la cac tap dong.

Buéc 1 (k= 1). Lay Tp 1a mot tam giac (déng) ABC vé6i day BC nam trén dudng thing d va
dudng cao tit A bang 1, va lay Vy 1 mot tap ma bi chin chita Tp. Ta sé xay dung mot cay Perron
T tit Tp nhu & Dinh 1y 1 sao cho |T3| < 272, hon nita ta muén cay Perron nay nam trong Vj.

Tru6e hét, ta chon € > 0 di nho sao cho lan can mé B(Ty,¢) := {a + bla € Tp,|b| < €} théa
man B(Ty,e) C Vo (ban doc hay gii thich tai sao ta c6 thé chon e nhu vay?). Lay § > 0 di nhod va
N € N dt 16n, ta xay dung duge mot cay Perron T3 theo Dinh 1y 1 (14 hgp ctia 2V tam gidc con
c6 day tren duong thang d va chiéu cao bing 1, cdc tam gidc nay c6 thé chong len nhau) sao cho
|T1| < 22,

Ta chiing minh ring néu N dii 16n sao cho 2=V < ¢ thi Ty C B(Tp, ). That vay, tré lai véi cach
xay dung cay Perron § Dinh 1y 1, ta thiy ring & buéc dau tién ta tinh tién mdi tam gidc con maot
doan khong qua 27V (27N 14 canh day ctia mdi tam gidc con), & buge thit 2 ta tinh tién mdi tam
giac con m6i mot doan khong qua §(1—9)27N ((1—6)27 14 canh day ciia mdi tam gidc con méi)...
va tdng cong trong ca qua trinh ta tinh tién mdi tam gidc con mot doan khong qua

_ NS et Ot
020 NA+ (1 =0+ 1=V =02 T

< 27N <.
Vay mbi diém trong T sau qua trinh nay dugce tinh tién mot doan nhé hon e, do dé khong thé
di ra ngoai lan can B(Ty,¢). Vay T1 C B(To,¢).

Cubi ciing, ta chon Vi 1a tap md chita 77 va nam trong B(Tp, ) sao cho |Vi| < |Th| +272 <271
(ban doc hay giai thich tai sao ta c6 thé chon Vi nhu vay? Ggi y: stt dung tinh chit outer regularity
ctia do do).

Toém laijét thic bude 1 ta duge mot cay Perron T; (dong), mot tap ms V; vé6i [Vi| < 271 va
ThncVicwvicVW.

Buéc 2. Gia sit ta dang ¢ bude thit & > 1, trong d6 ta da c¢6 mot cay Perron T}, (dong), mot
tap mS Vi véi |[Vi| < 27K va Ty, € Vi C Vi C Vi1,

Nhéc lai rang Ty 1a hop ctia 2™ (m € N nao d6) tam gidc con Tk;, trong d6 mdi tam gidc con

c6 déy tren dudng théng d véi chiéu cao bing 1. Bsi vi mbi tam giac con Tj; chia trong Vi, ta
6 thé sit dung ly luan & Bude 1 (véi T = Ty, Vo = Vi) dé xay dyng mot cay Perron Tj; sao cho
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Thi| < & :=27(M+k+2) & Tpi Vi, LAy Thoyr = Thi, ta 6 Thyy C Vi va [Thgq| < e2m = 27 (k+2),

Tit d6 ta c6 thé chon Vii; 1a mot tap md sao cho Ty C Vigr C Vigr C Vi v [Vigy| <
|Tk+1| + 27(k+2) < 27(k+1)'

Béng quy nap ta xay dung dugc day {V;}7°; nhu mong mudn. Diéu nay két thic ching minh.
O

IV - MOT CACH XAY DUNG KHAC

Trong muc nay ching t6i giGi thieu mot cach xay dung khéc cho tap Besicovitch. Cach xay dung
nay ciing rat doc ddo va mdi duge dua ra gan day (2003) bdi Tom Korner (Cambridge, U.K) [9],
trong d6 diém méau chét 1a st dung Dinh 1§ Baire cho khong gian Banach, vh qua d6 chi ra ring

¢6 "rat nhidu" tap Besicovitch. O day ching ta dua theo mot ching minh duge trinh bay lai béi
Terence Tao [13].

Mot khéi niém quan trong trong xay dung nay la essential range (mién anh chinh).

Dinh nghia 1 (essential range). Cho mot ham so f : [0,1] — R do dugc, khi dé ta dinh nghia R(f),
essential range ctia f, la tap hop cic diém y € R sao cho tap hop f~((y — €,y +¢€)) c6 do do duong
vdir mot € > 0.

Dé ¥ riing béi vi f do duge nén f~((y — €,y + €)) la do duge. Hon nita néu ta thay ddi f trén
mot tap c6 do do 0 thi do do ctia f~((y — €,y + €)) khong déi. Do d6 R(f) dugc dinh nghia tot va
chi phu thuoc vao 16p tuong duong ciia f (gdm cac ham sai khac trén mot tap c6 do do 0). Cac tinh
chét can ban khac cla essential range dugc néu ra trong B dé dudi day.

B6 dé 2. Cho f:[0,1] — R do dugc. Khi dé
(i) f(x) € R(f) vdi hau hét = € [0,1].
(ii) R(f) la mot tap dong.
(iii) Néu g € L>([0,1]) thi
R(f +9) € R(f) + [=lglloc; [lg]lc]-

Ni rieng, néu f € L=([0,1]) thi R(f) C [[|fllc, || ]loc] bi chan.

Dé chitng minh (i) ching ta can ding B6 dé phi Vitali. Xin nhic lai mot phién ban don gian
ctia b6 dé hitu ich nay va bd qua chitng minh (xin google néu céc ban mdi biét két qua nay lan dau)

B6 dé 3 (Vitali Covering Lemma). Cho {B;};cu la mot ho cic qud cau mé trong khong gian RN .
Thi ton tai mot tap con dém duge J C U sao cho {B;}icy la cdc qud caw md roi nhau, va

U B; C U 5B;
€U icJ
trong dé 5B; la mot qud cdu mé cung tam vdi B; va cé bdan kinh gap 5 lan.

Phan sau day gdm c6 chitng minh cho (i) va (iii), con khang dinh (ii) xin danh lai nhu mot bai
tap don gian cho ban doc.

Chatng minh Bo dé 2. (i) Dat B = {z € [0,1] : f(x) ¢ R(f)}, ta sé chiing minh |B| = 0. Theo dinh
nghia, v6i méi € B thi ton tai e, > 0 sao cho tap hop f~1((f(z) — €, f(2) + €2)) c6 do do 0.
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Xét ho cac khoang mé {A, := (f(z) — €,/5, f(x) + €4/5) }zep. Theo Bé dé phu Vitali thi ton tai
mot tap con qué 1dm dém duge J C B sao cho {A, }.cs 1a cdc khoang md roi nhau, hon nita

U 4. ¢ | 54,

zeB zeJ
trong d6 54, = (f(2) — €z, f(z) + €2).
St dung tinh chat trén, ciing v6i z € f~1(A,) (Vo € B), ta c6

Bc | 1A c | £ (54,).

rEB zeJ

Nhic lai réing f~1(54,) c¢6 do do 0. Vay B chita trong hgp ciia mot ho qua lam dém duge cac
tap ¢6 do do 0, do d6 |B| = 0.

(iii) Bing cach thay ddi f va g trén mot tap c6 do do 0 néu can (diéu nay khong lam thay doi
R(f) va R(f + g)), ta ¢6 thé gia st f(z) € R(f) va g(z) € [~|gll, ||gll0] v6i moi z € [0,1].

Bay gio xét y € R(f +g). Do dinh nghia, véi méi n € N thi tap hop (f +¢) ' ((y —1/n,y+1/n))
c6 do do duong (néi rieng khac réng), do dé ta c6 thé chon ra mot phan tit 2, € [0,1]. Vay
flan) +9(xn) — .

Do day g(z,,) chita trong tap compact [—||g||co; ||9]|cc] néN chuyén qua mot diy con néu can ta
c6 the gia st g(zn) — 2 € [~|9]|oo, [|9]|oc]- Khi d6 f(zn) =y — g(xs) — y — 2. Vi day f(z,) chia
trong tap déng R(f) nén y — z € R(f). Vay

y=(y—2z)+z€R(f)+[-lglloc, lglloc]-
Diéu nay ding véi moi y € R(f + g) nén suy ra
R(f +9) € R(f) + [=l9llse; [19llsc]-
N6i rieng chon f = 0 ta thu duge R(g) C [~g[oc, [|9]loc] v6i moi g € L>=([0,1]). O

Ta sé quan tam dén do do clia essential range R(f). Tong quét hon, ta c6 khai niém Favard length.

Dinh nghia 2 (Favard length). Cho f € L>([0,1]) va o € R. Ta dat
La(f) = [R(f + a1d)|
trong dé Id la dnh za dong nhat Id(z) = .

Luu y rang f + ald € L*([0,1]) nén R(f + ald) 1a mot tap compact, do d6 L, (f) la mot s6
thuc khéng am.

Két qui sau day lien két khai niém essential range va Favard length & trén vdi tap Besicovitch
ma chiing ta dang can xay dyng. TAt nhién, tuong ty nhut muc trude, bing phép dbi xing ta chi can
ching t6 ton tai mot tap compact trong mit phing, c6 do do 0 va chia mot doan thing don vi tao
v6i truc hoanh mot goc tuy ¥ trong [0, 7w/4]. Mot tap hop nhu vay goi 1a mot tap quarter-Besicovitch.
Dinh 1y 3. Gid s f € L*([0,1]) théa man Lo(f) =0 vdi moi « € [0, 1]. Khi dé tap hop

E:={(z,y) e Rx[0,1] : z € R(f + yId) vdi moiy € [0,1]}

la mot tap quarter-Besicovitch.

50



Tap chi Toan hoc MathVn S6 03-2009

Chitng minh. D& thay ring E bi chan. Dé ching minh E dong, gid st (7,,y,) € E va (2, yn) —
(7, y) trong R2, ta sé ching t6 (z,y) € F, tic la v € R(f + yId). Sit dung B6 dé 2 (iii) ta co

zp € R(f +yn1d) C R(f +yId) + [~|yn — ¥, |yn — yll.

Do R(f + y1d) la tap compact nén = € R(f + yId). Vay E déng. Hon nita dé y ring phan giao
clia E v6i mdi dudng thing y = a luon ¢6 do do 0 (do L, (f) = 0 v6i moi a € [0,1]). Tit d6 dung
dinh 1y Fubini suy ra |E| = 0.

Cudi ciing ta chiing té E chita mot doan thang don vi v6i hé s6 goc tity ¥ trong [0, 1]. That vay,
ta sé chi ra v6i moi x € [0,1], ton tai A(z) € R sao cho

(A(z) + zy,y) € E véi moi y € [0, 1]. (1)
Khi dé {(\(z) + zy,y)|y € [0,1]} C E la doan thing c6 hé s géc bang z € [0,1] tuy ¥, va day

chinh 13 diéu phai ching minh.

Dé chiing minh (1), truée hét do Bd dé 2 (i) nén véi mdi y € [0,1], f(z) + 2y € R(f + y1d),
tiic 1a (f(x) + zy,y) € E, v6i hau hét x € [0,1]. Xét rieng v6i cac y hitu ti suy ra ton tai mot tap
A €10,1] véi A°:=[0,1]\A ¢6 do do 0 sao cho

(f(x) +zy,y) € Evéimoixz € A,y €[0,1]NQ.
Béi vi E déng nén chuyén qua gidi han ta c6
(f(x) +2y,y) € Evéimoix € A,y € [0,1].

Vay néu z € A thi ta chi can chon A\(z) = f(z). Néu 2 € A° thi do A trit mat (bdi vi |A¢| = 0)
nén cé6 1 day x,, trong A hoi tu vé z. Ta c6

(f(zn) + zny,y) € E v6i moi y € [0, 1].

Vi E bi chin nén f(z,) bi chan. Do d6 chuyén qua mot diy con néu can ta cé thé gid st f(z,,)
hoi tu vé mot s6 thuc, ky higu 1a A(x). V6i méi y € [0,1] ¢6 dinh, do (f(z,) + ny,y) € E déng va
(f(zn) +20y,y) — (M(z) + 2y, zy) nén suy ra (A\(z) + zy, zy) € E. Vay ta thu dude (1) va didu nay
hoan tat chiing minh. O

Trong phan con lai ta ching t6 rang ton tai f € L°°([0,1]) thda méan L, (f) = 0 v6i moi a € [0, 1].
Ta can hai két qua chudn bi.

B6 dé 4. Vdi moi o € R thy ham s6 L : L=([0,1]) — [0,00) la nita lién tuc trén (upper semicon-
tinuous).

Nhéc lai réing tinh nita lién tuc trén c6 nghia la néu f,, — f trong L>°([0, 1]) thi limsup Lo (f,) <
Lo (f). Mot cach tuong duong, véi moi € > 0 thi ton tai & = §(f,€) sao cho Lo (f + g) < Lo(f) néu
lglleo < 8.

Chiing minh. Do Lo (f) = Lo(f + aId) nén bang cach thay f + aId thay cho f, ta chi can chiing
minh cho Ly. Do R(f) compact nén

R(f) = () Re ¥ R = ROF)+ [, ).

Suy ra |R,| — |R(f)|.- Do d6 v6i moi € > 0 thi

R,| <|R(f)| + € v6i n du 16n.

Mit khac, theo B6 dé 2 (iii) ta ¢6 R(f + g) C Ry, v6i moi ||g||oc < 1/n. Tit d6 ta c6 diéu phai
chiing minh. 0
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Bay gio chiing ta xem thit khi ndo thi ¢6 L, (f) = 0?7 Ta bat dau bang mot vi du don gian. Ky
higu PC 1a tap cdc ham hing ting khiic (piecewise constant), ttic la f € PC néu ton tai mot phan
hoach hitu han 0 = tg < t; < ... <ty = 1 sao cho f 1a hing s6 trén mdi khoang (t;_1,t;)). D& dang
thay ring néu f € PC thi f chi nhan c6 hitu han gia tri, do d6 Lo(f) = 0. Tuy nhién diéu d6 khong
dam bdo L (f) = 0 v6i a # 0. Du sao, két qua sau day chi ra ring ta c6 thé kiém soat L, (f) = 0
néu chon |a| nhé. Chiing minh két qua nay don thuan ding dinh nghia va ching toi danh lai cho
ban doc nhu moét bai tap.

Bb6 dé 5. Néu f thuoc PC thi Lo(f) < |a| vdi moi a € R.

Bay gio ching ta da sin sang dé ching minh dinh Iy chinh: ton tai f € L°°([0,1]) sao cho
La(f) = 0 v6i moi « € [0, 1]. Thute ra, ta sé thu hep xuéng khong gian con déong PC C L>([0,1]).
Khong gian nay chita hau hét cac ham s6 "t6t", chang han Id, nhung né thiyc sy nhé hon L>([0, 1)),
chéng han n6 khong chita sin(2) (ban doc héy kiém tra cdc khéng dinh nay). Ta c6

Dinh 1y 4. Tap hop F = {f € PC|Lo(f) = 0 vdi moi o € [0,1]} tru mat trong PC.

N6i rieng F' # Mnr mong mubn. Dé ching minh Dinh 1y 4 ta sé st dung Dinh 1§ Baire cho
khong gian day di PC (xin google néu cic ban gip dinh 1y nay lan dau).

Baire Category Theorem. Cho X la mot khong gian Banach va {F,}22, la cdc tagp md, tra
mat trong X. Khi d6 (\,—, F,, tra mat trong X.

Ching minh Dinh ly 4. Ta co

o= Ql{f € TC‘La(f) < % v6i moi « € [0,1]}
A PC 2 . . m—1 m
= 791 le{f € PC|L,(f) < - v6i moi « € | - ’E]}

Do Dinh 1y Baire, ta chi can chitng t6 mdi tap hdp c6 dang
Bye = {f € PC|Luy(f) < 2¢ v6i moi a € [y,y + €|}

md va trit mat trong PC. That vay, vi By . chita PC +yId (do B6 dé 5) suy ra tinh trit mat. Phan
con lai xin ban doc tu kiém ching rang phan bil

PC\By. ={f € PC3a € [y,y +¢] : La(f) > 2¢}

déng (st dung tinh compact ctia [y, y + €] va tinh nita lién tuc trén & Bo dé 2).

V - GIA THUYET KAKEYA

Mot tap Besicovitch trong RN 14 mot tép hop c6 do do 0 (trong RN ) v chita mot doan théng don
vi v6i phuong tity §. Tt tép Besicovitch trong mat phing, ta c6 thé xay dung céac tap Besicovitch
v6i s6 chiéu 16n hon (ban doc hay giai thich vi sao?).

Cac tap hop Besicovitch nhiéu chiéu da dit ra mot ho cac gid thuyét, goi 14 Kakeya conjectures,
vi cic bai todn nay mdé man cho mot linh vige Todn hoc mang tén "Ly thuyét do do hinh hoc"
(Geometric measure theory). Trong 1y thuyét nay, ngudi ta khong théa man véi thong tin "c6 do do
0", v& ngudi ta ¢d gang do dac chinh x4c hon la chiing "nhé bao nhiéu". Dé thio luan van dé nay
mot cach chinh xéc, chiing ta can biét mot s6 khai nigm vé s6 chieu Hausdorff (Hausdorff dimension)
va 86 chidu Minkowski (Minkowski dimension). Day 1& c4c khéi niém co ban trong hinh hoc fractal.
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Truée hét ching ta lam quen véi s6 chiéu Hausdorff. Néi nom na, néu ta xem do do 1a mot "ude
lugng chinh xac" vé do 16n thi s6 chiéu 1a mot"usc lugng tho". Hay tudng tugng mot con kién ca
doi chi bo trong dudng thang R. D&i véi con kién thi R 14 mot khong gian vo cling rong 16n, khong
thé nao di dugc t6i bien gidi. Nhung mot ngay no, con kién béng leo lén duge mat phéng 2 chicu.
Déi véi né lac nay khong gian R lai tr6 nén nhé bé. Nhung né ban khosn khong biét lam sao c6 thé
giai thich cai cAm giac ring R "nhoé", bdi vi dit sao R vin la mot tap vo han.

V6i kién thitc vé do do Lebesgue, ban c6 thé tra 15i con kién kia ring: don gian 1dm thoi, trong
khong gian 2 chiéu thi R ¢6 do do 0. Tuy nhién, ditng quén la con kién chua hoc vé 1y thuyét do
do, nén can giai thich them cho né: ta c6 thé phit R béi mot ho dém dudce céc hinh tron trong R?
ma téng dién tich c6 thé lam cho bé tity y. Chang han ta c6 thé phii [0, 00) bdi mot diy cac hinh
tron lién nhau (Hinh 7) v6i ban kinh %, %ﬂ’ ﬁ, ... trong d6 m c6 thé chon 1én tity ¥ (chi ¥ la
St =oconhung Y07 L < 00).

n=1n

v

Hinh 7

Tuy nhién sy thuc thi trong mat phing 2 chidu, R con bé hon thé. That vay, khing dinh phia
trén c6 thé phéat biéu cu thé hon 1a: ta c6 thé phit R bdi mot ho dém duge cac hinh tron B(x,,7,)
trong R? ma > r2 6 thé lam cho bé tity y. That ra, sit dung vi du phia trén ta c6 thé lam manh
phét bidu tren thanh: néu d > 1 thi ¢6 thé lam cho Y o, r? bé tuy . Mt khéc, hién nhien khong
thé chon d = 1. Nhu vay sé hgp 1y néu ta tuyén bd: "s6 chiéu" cia R 1a 1. Chd ¥ ring néu ta thay
R? bdi R™ bat ky thi "sb chiéu" ctia R van luon 1a 1. Nhu vay day 1a mot khai niem thudc ban chat
cia R hon 14 khong gian ma né duge nhing vao.

Téng quat quan sat trén, ta c6 thé dinh nghia sé chiéu Hausdorff ciia mot tap U trong khong
gian metric X nhu sau. Ta n6éi U khong qua d chiéu néu U c6 thé phii bdi mot ho dém duge céc qua
cau {B(zn,ry)} trong X sao cho Y 7 rd ¢6 thé chon bé tiy ¥. Chan dudi clia céc s6 d nay goi 1a
s6 chiéu Hausdorff ctia U, ky higu 1a dimg (U) (mot sd tac giad cling goi 1a Hausdorff—Besicovitch

dimension). Mot cach hinh thitc, v6i mdi d > 0 ta c¢6 thé dat dung lugng Hausdorff (Hausdorff

content) ctia U 1a
C4(U) := inf {ZT:HU <y B(:cmrn)}
n=1 n=1

va dinh nghia dimg (U) := inf{d > 0|C%(U) = 0}.

S6 chiéu Hausdorff 1& mot tong quat clia s6 chiéu thong thuong (dimg(RY) = N) va duge
xem 13 dinh nghia co ban cho s6 chidu. Tuy nhién tinh s6 chiéu Hausdorff ctia mot déi tugng cho
truéc néi chung 1 khong dé&. Do d6 c6 mot s6 dinh nghia khac vé s6 chiéu ciing duge st dung
rong rai. Mot trong ching 1a s6 chiéu Minkowski (Minkowski dimensions, doi khi con duge goi la
Minkowski—Bouligand dimension hay box—counting dimension).

Cho U la mot tap bi chan trong R™. Vi moi § > 0 ta goi Ns(U) la s6 lugng nhé nhat cac qua
cau (n chiéu) ban kinh § ching ta can ding dé phti U (chd ¥ ring do N dugc sip tot, titc 1a mdi tap
con khéc réng déu c6 phan tit bé nhat, nén Ns(U) 13 mot sé nguyén duong hoan toan xac dinh). Ta
6 thé hi vong rang néu U c6 d chiéu thi v6i § > 0 nho

Ns(U) = const(U)s %
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(Dé dé hinh dung, hay thay cic qua cau béi cac hinh lap phuong (n chiéu)! That ra sit dung cac
hinh lap phuong khong 4nh hudng dén dinh nghia nhung ta diing cic quéa cau bdi vi né 1a ban chat
ctia khong gian metric — trong khi céc hinh lap phuong la diém dic biét ciia rieng R™.)

Tit cong thide phia trén, lay log hai vé ta duge

log(Ns(U)) =~ dlog(1/6) + const(U).

Do d6 v6i § — 0 ta hi vong
_log(Ns(U))

log(1/0)
T d6 ta dinh nghia lower va upper box-counting dimensions bdi
. .. log(Ns(U))
verbox(U) = liminf ~S00))
dimioverbox(U) gy log(1/4)
log(N,
dimupperbex(U) = lim sup £

5—0 IOg(l/(S)

Néu hai gi6i han nay bing nhau thi ta goi n6 box—counting dimension ctia U va ky hieu béi
dimpex (U). Day 1a dinh nghia clia s6 chiéu Minkowski (vay néi chung ta sé c6 2 s6 chiéu lower va
upper).

Diém tien lgi clia s6 chiéu Minkowski 1a né dé dang dé tinh mot cach xap xi (sau khi ta chon § > 0
nhé thi Ns(U) hoan toan xac dinh). S6 chiéu Minkowski bang v6i s6 chiéu Hausdorff tréen mot 16p
cac tap hgp "dep" (ching han cac s6 chiéu nay trén tap Cantor 13 nhu nhau va bang log(2)/log(3)),
tuy nhién néi chung chiing khong bing nhau (ching han dimg(Q) = 0 nhung boxz(Q) = 1, ban
doc hay gidi thich tai sao?). Mot cach tong quat, ta cé (xem [5], trang 46)

dlrnH < dimlowerbox < dimupperbox . (2)

Trd lai véi cac tap Besicovitch, gia thuyét Kakeya [11] phat biéu ring

Kakeya set conjecture. Moi tdp Besicovitch trong R déu cé sé chieu Hausdorff va so chiéu
Minkowski bang n.

Diéu nay c6 nghia la mac dit ¢6 do do 0, mot tap Besicovitch khong "thyc sy nhé" (vé s6 chiéu
thi n6 bang cd khong gian). Chd ¥ ring do bat ding thitc (2), néu ching minh dugc giad thuyét
Kakeya cho s6 chiéu Hausdorff thi né hién nhién ding cho s6 chiéu Minkowski. Tuy nhién phét biéu
phia trén nhin manh ring ngay véi s6 chidu Minkowski thi giad thuyét vAn chua dugc ching minh,
va ngay véi sd chieu Hausdorff thi gid thuyét van chua bi bac bé.

Truong hgp n = 1 thi gid thuyét ding mot cach tam thusng. Nam 1971 Roy Davies chiing minh
khang dinh véi n = 2 (xem [3] hozc [5], trang 178). V6i trudng hop n > 3 thi hien tai moi ngusi
dang c6 gang nang dan chiin dudi clia s6 chiéu Hausdorff (néu ching minh duge chin dudi 1a n thi
gid thuyét giadi quyét xong). Nam 1995 Thomas Wolff chitng minh mot chin dudi la n/2 + 1, néi
rieng mot tap Besicovitch trong R3 ¢6 t nhat 5/2 chiéu va mot tap Besicovitch trong R* 6 it nhat 3
chiéu (s6 chiéu Hausdorff). Nam 2002, Nets Hawk Katz va Terence Tao cai thien danh gia nay thanh
(2—+/2)(n—4)+3 cho trusng hgp n > 5. Riéng véi s6 chiéu Minkowski upper (dimypperbox) thi nam
2000 Katz—Laba—Tao [7] chiing minh chan dué6i 5/2 +1071° cho n = 3, v nam 2001 Laba—Tao [8]
ching minh duge diéu tuong tu, tic 1a chin dudi 3 + 10719, cho n = 4.
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BAI VIET CHUYEN DE DICH THUAT

Phuadng trinh va Bat phuong trinh ham sb

Phéng dich theo G.Falin, A.Falin, Tap chi Kvant s6 05, 06 ndm 2006

DiNH Ncoc VUONG , SINH VIEN DAI1 HOC VAT LY KY THUAT MOSKVA

Trong nhitng nam gan day dé thi vao truong Dai hoc Téng hop Qubc gia Matxcova mang tén
M.V. Lomonosov thudng xuit hién nhitng bai todn vé giai phuong trinh, bat phuong trinh va he
phuong trinh ma trong dé gia tri chua biét can tim khong phai 1a mot s6 ma 13 mot ham s6. Cac
bai toan nay khac cac bai toan thudng ca vé dang 1an phuong phap gidi. Vi vay, trong bai bao nay
tac gid xin giGi thiéu nhing dang va nhing phuong phéap giai ¢ ban dya vao vi du la nhing bai
toan ctia dé thi. Nhitng bai toan vé gidi phuong trinh hay bat phuong trinh ham rit cé ich trong
viéc phan loai hoc sinh vao cac 16p chuyén toan.

I - PHUONG TRINH THAM SO HOA

Phuong trinh ham dang don gidn nhat 13 phuong trinh ma ham chua biét duge mo t4 béi mot
hay nhiéu tham s6 (vi du don gidn nhat 13 ham sb 1a cdc da thiic). Trong trudng hgp nay bai toin
tim ham s6 dugc dua vé dang xac dinh cac gia tri tham s6, nghia la dua vé cac bai toan pho thong
thong thuong. Ching ta cung khao sat bai toan sau:

Vi du 1 (Khoa Toan hoc tinh toan va Diéu khién, 2001) Ton tai khong mot ham tuyén tinh
y = f(x) théa man phuong trinh sau vdi moi x:

2f(z+2)+ f(d—z) =20+7 (1)
Lii gidi
Theo dinh nghia, ham s6 tuyén tinh 14 ham s6 c6 dang: f(x) = kz + b. Cac tham s6 k va b biéu
dién mot ham s6 duy nhét, nghia 1a kix + by = kox + by dling v6i moi z, do dé ky = kg , by = bs.
Pay la trudng hop riéng ctia khing dinh quan trong sau ma ching ta sé ap dung nhiéu lan:
Hai da thitc dong nhat khi va chi khi cdc hé s6 1ing vdi bac clia bién so twong wng bing nhau.
Vi vay bai toan ban dau c6 thé viét dusi dang sau:
Ton tai hay khong cdc s6 k,b sao cho vdi moi x thi ding thic sau ding:
2k(x+2)+b)+(k(d—x)+b) =22 +7 (2)
Bién déi tuong duong ta dudc: kx + 8k + 3b = 22 + 7, v6i moi .
Vay céc s6 k, b thda man he:

k=2
{8k+367 ®)

Dé thiy ring hé trén c6 nghiém duy nhat 1 & = 2,b = —3. Nhu vay, ton tai duy nhat ham s
tuyén tinh f(z) = 2x — 3 thoéa méan diéu kien bai ra.
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Mac dit tat cd céc phép bién ddi déu tuong duong va viec kiém tra lai 13 khong can thiét, ching
toi sé gidi thieu cho ban doc cach kiém tra truc tiép ring cé tim duge ham s thuc sy théa man
phuong trinh (1) hay khong. Nhan xét ndy sé néi trong nhitng bai toan tiép theo.

Gidéng nhu déi véi nhitng phuong trinh binh thuong, khi ma dai lugng chua biét 1a cac s6, cac

phuong trinh ham néi chung c6 thé khong c6 nghiém hoic vo s6 nghiém. Ching ta minh hoa bing
2 vi du tiép theo:

Vi du 2 (Khoa Toan hoc tinh toan va Diéu khién, 1997/2001/2005) Ton tai hay khong ham sé
tuyén tinh y = f(x) théa man diéu kién sau vdi moi x

flea+3)—f2—2)=3z+1 (4)
Loi gidi
Gibéng nhu phuong phap giai phuong trinh (1), bai todn da cho c6 thé dua vé dang sau:

Ton tai hay khong cic s6 k,b dé hé sau ding:
2k=3
k=1
He nay vo nghiem. Do d6 phuong trinh (4) khong c6 nghiém dudi dang tuyén tinh.
Vi du 3 (Khoa To4n hoc tinh toan va Didu khién, 1997) Tim ham bac hai y = f(x) théa man
diéu kién sau vdi moi
fA—z)—f2—2)=—-2x+7 (5)
Loi gidi
Theo dinh nghia, ham bac hai 14 ham s6 c¢6 dang
fx)=ax’>+bx+c, a#0

Dua bai toan ciia ching ta vé dang:

Tim s6 a # 0,b, c théa man heé:
2a = -2
{ —3a—-b="7 (6)
He (6) c¢6 nghiem (a,b,c¢) = (—1,—4,c), trong d6 ¢ € R - he¢ sb6 tu do. Vay phuong trinh

da cho c6 vo s6 nghiem thudc 16p ham sé bac 2. Tat ci cac nghiem déu c6 thé viét dusi dang:
f(x) = —2? — 4z + ¢, trong d6 ¢ - he sb tu do.

Bai toan tiép theo ciing yéu cau gidi phuong trinh ham thuoc 16p xdc dinh (da thic bac n),
nhung phuong trinh phtic tap hon nhitng phuong trinh da cho & trén.

Vi du 4 (Khoa Toan hoc tinh toan va Diéu khién 2002/Olympic Romania 1980) Tum tat cd cdc

da thic bac n:
P(Jj) = anxn + an_1$n71 + ...+ a1x+ag

nghia la hé s6 a, # 0, théa man dong nhat thic

Loi gidi
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Dé gidi bai toan trén chiing ta viét P(x) dudi dang Q(z) + a,a™, trong do:
Qx) = an_12" 'V + ..+ a1z + ag

Bac clia Q(x) ching ta chua biét nén khong thé loai trit kha ning ring mot sé hé sé (hay tham
chi 1a tat ca) bang 0. Khi d6 (7) ¢6 dang:
Q(2?) + anz® = (Q(2))? + 2a,2"Q(x) + ap2®", & € (—00; +00) (8)

Hai da thitc dong nhéat véi nhau khi v chi khi cac hé sé ciia cac hang ti cing bac phai bang
nhau. Bac ciia da thitc Q(2?), (Q(x))? bang 2k, bac clia da thitc 2a,2"Q(z) bing n + k. Céc sd

hang 1a don thiic bac 2n chi ¢6 a,2*" va a22*", do vay: a, = a?. Nhung vi a,, # 0 nén a,, = 1. Diéu

nay cho phép viét (8) dudi dang: Q(2?) = (Q(x))? + 22" Q(z), x € (—00; +00)

Vi k < n, nén bac clia da thitc vé phai 16n hon bac ctia da thitc vé trai, didu dé chi xay ra khi

tat ca cac cac he so clia da thic Q(z) bang 0, tic 1a Q(x) = 0. Khi d6 dong nhat thitc (8) c6 dang:

anx®" = a2x®", x € (—o0; +00) tuong duong véi a,, = 1

Vay nghiém duy nhéat ctia phuong trinh ham (7) thugc 16p da thic bac n 1a P(x) = ™.
II - PHUONG TRINH HAM TONG QUAT

Tit vi du 1 xuat hién mot cau héi rat ty nhien la: "Ton tai hay khong mot ham sé dang tdng
quat (khong nhét thiét phai 1d ham tuyén tinh) théa man phuong trinh ham ban dau?". Dé tra 15i
cau hoi trén ching ta sé giai (1) v6i ham cho ¢ dang tong quét.

Dau tien, thay x béi x — 2, (1) ¢6 dang:

2f(z) + f(6 —x) = 22 4 3,V (9)

Coi (9) nhu mot phuong trinh binh thuong véi 2 bién A = f(z), B = f(6 — x), = trong truong

hop nay déng vai trdo nhit mot tham s6: 24 + B = 22 + 3

Ta thay, chi mot phuong trinh ma chia téi hai an chua biét, ta can mot phuong trinh nita. Tit
(9) thay = bdi 6 — 2 (vi dang thitc ding v6i moi 2 nén c6 thé thay = bing bat ky gia tri nao):
2f(6 —z) + f(xr) = —2x + 15, v6i moi « hay 2B+ A= -2z + 15

Ta c¢6 hé phuong trinh sau:
2+ B=2x+3
2B+ A= —-2x+15

Dé dang giéi ra duge: A = f(x) =22 —3
Néu dit ¢o(z) =z va ¢y () = 6 — . D& dang kiém tra
Po(do(z)) = ¢o(z); ¢o(P1(2)) = ¢1(x); d1(do(x)) = d1(2); P1(1(2)) = ¢o()

No6i theo ngon ngit clia dai s6 hién dai, ham s6 ¢y va ¢1 ciing v6i phép hgp ham tao thanh mot
nhém. Khai niém nhém 13 mot trong nhitng khai niém quan trong nhit clia toan hoc hién dai va
duge ting dung rong rai trong nhiéu linh vue.

Ciing lap luan tuong ty, phuong trinh (4) vo nghiém khi xét ham can tim thuoc 16p bat k.
Chiing ta c6 két qua manh hon sau:

Khong ton tai ham f(x) nao cd thé théa man dong thoi (4) tai hai diém x1 va xo doi zing nhau

wa diém ——
q 2

58



Tap chi Toan hoc MathVn S6 03-2009

That vay, ta co6 hé:
f(l'l +3) - f(2 —iCl) = 3{E1 +1
flxa+3)— f(2—a2) =320+1

V1 21 v 29 déi xitng nhau qua diém —3 nén x; + x9 = —1 hé trén chuyén vé dang:

{ flxr+3) = f(2—21) =321 +1
f(2—a21)— f(x1 +3) = =321 — 2

Cong theo timg vé hai phuong trinh thi: 0 = —1.

Giai phuong trinh (5) sé khé hon nhung ciing tha vi hon néu khong can diéu kign f(z) la tam
thitc bac hai. Giai bai toan nay can st dung nhitng phuong phap mdi, ching thuan 1gi cho viéc giai
c& nhitng phuong trinh khac, vi vay ching ta sé& néi k¥ hon vé van dé nay. Giéng nhu viec giai (1)
khi ham thuoc 16p tong quat, trude tien ching ta thay 1 — x béi z khi dé (5) ¢6 dang:

fl)—fx+1)=22+5, Yz eR (10)
Phuong trinh (10) khong thuan nhat, dé phit hgp véi tu tudng chung khi giai phuong trinh ham

thi ta can dua né vé dang thuan nhat. Dé giai quyét van dé nay thi ching ta tim mot nghiém riéng.
Thyc té chiing ta da lam dugc diéu nay, nghiem rieng 1a fo(z) = —2? — 4x.

Bay gio dat g(z) = f(z) — fo(x) ta suy ra g(x) = g(x + 1), Vo € R

Diéu d6 chi ra ring ham g(x) 13 ham s6 tuan hoan v6i chu ky T = 1. Vi vay, nghiém chung ctia
(5) ¢6 dang sau: f(x) = —2? — 4z + g(z), trong d6 g(x) - ham tuan hoan vé6i chu ky 1, xac dinh trén
toan truc so.

Téng quat hoa vi du 4 (bé qua didu kien P(x) la mot da thiic) thi néi chung khong c6 cau
tra 16i cu thé. Phuong trinh ham da cho duge théa man véi nhidu ham khac nhau, vi du nhu: |z,
Yz, y = sgn(z) - ham s6 dau (sgn(z) bang 1, 0 hay -1 phu thuoc vao z 16n hon, bang hay nhé hon 0)...

Cac lap luan dua ra yéu cau cao hon khi gidi nhiing phuong trinh ma thiéu cac thong tin lién
quan dén dang ctia ham can tim. Mic dit phuong phap giai khong thay ddi nhung xuét hien nhing
kha nang diic biét, ching ta cling xem xét diéu nay thong qua vi du sau:

1
Vi du 5 (Khoa Héa hoc, 7/2000). Ham f(x) zdc dinh trén doan {6,6} théa man he:

— 12 cos <2f (i)) = 1;0

cos? f(z) —
0< fz) <

| o=

Gidi bat phuong trinh: f(z) < %

Loi gidi

Don gidn héa phuong trinh dau:

b ()% <1

. 1 1 1 1
Néu z € [,6] thi — € {,6} Trong (11) ta thay x bdi —
6 x 6 z

C()S(Q;(i)) ~6cos (2f(2)) = br, x € {(136] (12)
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R i 1
Coi hé gom hai phuong trinh (11) va (12) 1a hé hai an s6: A = cos(2f(x)) v B = cos <2f ()),
x
x trong trudng hop nay déng vai tro nhu mot tham sé.
1 5
— —6B=—
x

{

Bing phép bién ddi so cap, ta dua hé trén vé dang:

r—5A
{ B= 6Ax
(A+2z)(6A—2)=0

. 1 R
V6i moi x € {6,6] thi A = A(z) nhan mot va chi mot trong hai gia tri: —x hay % Dieu kién

0< fz) < % bao ddm cho A = cos (2f (x)) > 0. Vithé néen A+xz > 0 va dé dang c6 A = A(z) = %,
1
B = B(r) = —
(@) =

Hé phuong trinh dau tuong duong véi hé sau:

cos (2f (z)) =
0<2f () <

= ol

1 1 1 N P
Khi x € {6’ 6] thi — € [36’ 1}, chii y réng [36’ 1} C [-1,1]. Stt dung dinh nghia ham s6 cosin
x

ching ta thu duge két qua: f (z) = 5 arccos 3 Yéu cau cia bai todn ban dau dua ve viéc giai bat

4

Vi du 6 (Khoa Héa hoc, 2000). Tim = dé ham f (x) c6 cuc tri va théa man dieu kien sau vdi
moi x # 0,1

1 -
phuong trinh: arccos% < E7 véi x € [67 6} Dé dang giai ra dugc: 3V2<2<6

(i) = (13)
Tim ham s6 dé.
Loi gidi
Gidéng nhu cach gidi ciia cac vi du trude, chiing ta coi phuong trinh ham da cho nhu mét phuong
trinh binh thudng véi an chua biét 1A A = f(z) va B = f (lix>’ 2 coi nhu 13 mot tham sb:

A+ B = z. D& nhan thém mot phuong trinh nita, trong (13) thay x béi

1 z—1 1 1
_ = — B =
f<1x>+f( :c) T A s
-1
trong d6 C' = f (33 )
x

Vi xuat hién thém mot an nita nén ta can thém mot phuong trinh nita. Trong (13) thay x bdi
r—1

T

xT xT

f(x_1>+f(x):x;1®C+A:I_1
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Nhu vay chiing ta khong lam xuét hién thém phuong trinh méi, c6 hé sau:

A+B=x
Bro=—1_
Ct+A="1

T

Dé dang giai dugc hé nay va thu duge két qua:

- 7x37x+1
A:f(x)—m,:r#O,l (14)

Ba ham A, B, C phu hgp v6i nhan xét ciia ching ta khi gidi phuong trinh (9): cac ham tao thanh
mot nhom bac ba. Bay gio ¢6 thé tim duge diém cyc tri ctia ham (14). Dao ham:

x4—2x3+x2—2x—|—1: (CE2—(1+\/§)$+1) (x2—(1—\/§)$+1)

fi() = 22 (z — 1) 22 (z — 1)

Bién dbi nho xét dau dao ham ta thu duge két qua la ham s6 f (x) c6 2 diém cyc tri:

:1+f—\/2\/§7—1€<0
2

:1+\/§+\/2\@7—16(
2

;1) (diém cyc dai)

1

T 1; 4+00) (diém cie ticu)

II1 - SU DUNG CAC KHAI NIEM VA KET QUA CUA GIAI TicH

Vi du 7 (Khoa Toan Co, 2001/Olympic 16p 10) Ham so f (z) théa man dieu kién sau

o4 f(0)=F(f (@), Ve €R (15)
Gidi phuong trinh f(f (z)) =0
Lai gidi
Ham s6 can tim 1a mot song anh, that vay: néu f (z1) = f (z2) thi:
zy=f(f (21)) = f(21) = [ (f (22)) — f (22) = 22

Néu z1, 2 14 nghiém ctia phuong trinh f (f (z)) = 0 thi f (f (1)) = f (f (x2)). Vi 12 ham song

anh nén ta suy ra dude: f (z1) = f (72) = z; = z2. Nhu vay phuong trinh f (f (z)) = 0 khong thé

c6 hon mot nghiém s6.

Thay x = 0 vao phuong trinh (15) thi dé dang thay dugc n6 1a mot nghieém phu hgp. Vay ham
da cho ¢6 nghiem duy nhat: z = 0.

Sau day dua theo vi du 7 chiing ta hay tim ham f (x) théa man (15). Néu f (z) c¢6 dang tong
quat thi viec giai sé kho thanh cong, nhung néu f (z) c6 dang 1a mot da thiic thi c6 thé chitng minh

dugce (15) ¢6 2 nghiém:
1++5 1-+5
hiw) =—3 g ¢

That vay, néu f (z) 1a da thitc ¢6 bac n > 1 thi vé trai ctia (15) ¢6 bac n con vé phai cia (15)
c6 bac n?. Diéu d6 phit hgp chi khi n = 1. Dt f (z) = kx + b. Khi d6 (15) c6 dang:

€, f2 (.’E)

x+ (kxr+b) =k (kx +b)+ b, Va
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Hay
(k+1)x+b=kz+ (kb+0), Vo
Tuong duong véi hé:
k+1=Fk
b=kb+b

Ching tuong duong véi 2 ham s6 théa man diéu kien (15):

_1+V5 1-5

f1 (@) 5 % f2(z) = 5

x (16)
Hai ham nay chua dii dé lap thanh tap nghiém ctia (15). Chéng han, ham s6

LS hize A= {attVE | abe Q)
flz) = 2 (17)

1*2‘/5@ khiz € R\ A

cing 1& nghiém cla phuong trinh nay.

Vi du 8 (MK-MGU, 2005, vong 1) Ton tai hay khong hai ham f va g zdc dinh trén R va théa
man diéu kién sau:

flg@) =2% g(f(x) =2° (18)
Loi gidi

Gia sit ton tai nhitng ham thoéa man didu kién bai toan. Giéng nhu cach gidi vi du 7, trudc hét
ta chiing minh ham f (z) 1a song anh. Gi stt v6i 2 s6 21, w2 sao cho f(x1) = f (x2), tit (18) ta co:
g9 (f(x1)) = g(f (x2)). Do d6 1 = w».

Xét ham s6: f (g (f (). Vig(f (2)) = 2% nen f (g (f (2))) = f (2°)
Mat khac: f (g (f (z))) = (f (z))®. Ta c6 déng thic ding: f (%) = (f (z))® v6i moi z € R

Thay céc gia tri # = 0, 1, —1 vao déng thiic trén, dit a = f(0), b= f (1), ¢ = f(—1) thu dugc
cac dang thic sau: a = a2, b = b2, ¢ = 2.

7

Vi ham f la song 4nh nén cac sb a, b, ¢ phai khac nhau, nghia 13 phuong trinh bac 2: t2 =t ¢6
3 nghiém phan biet. Diéu nay khong thé xay ra nén diéu gia sit cac ham f, ¢ ton tai 1a khong chinh
xac. Vay khong ton tai cdc ham f, g théa mén diéu kién bai ra.

Vi du 9 (Khoa Toan Co, 2003). Tim tat cd cic ham f (z) zdc dinh trén toan truc so théa man
bat ding thic sau

fy).cos(x—y) < f(x) (19)
trong dé x, y la 2 s6 bat ky.

Loi gidi

Trong (19) thay y bdi x — g:

f(x—%).cos%ﬁf(x)@f(x)za
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Trong (19) thay tiép y bdi = + ¢:
flx+1t).cost < f(x)

2
Vicost > 1— — va ham f khong am nén bat ding thic sau ding:
t2
fle+n.(1-5) <7 @ (20)

t2 2

Xét t € (—v/2;v/2), khi d6 1 — 7 > 0, chia c& 2 vé ctia (20) cho 1 — —
farn< (1)

2

Trong (20) thay « b6i = — ¢, sau d6 thay ¢ b6i —t thi thu duoc:
(22)

t2) < f(z+1)

1— =

ro-(
T (21) va (22) ta co:
2 t?
~SF@ < fa+D) (@) @) g, te (—VEVE)

Bat ding thiic sau ding:

t2
e+t = f@) < f @) gp te (-V2V2)
te(—\/ﬁ;ﬁ), £ 40 (23)

Gid sit t # 0 thi
+1)— t
f(w 7)f f(x) < p(x)2||t2’

Bay gid ¢ dinh = va cho ¢ tién dan dén 0, ham s6 & vé trai tién dan dén 0. Theo nguyén 1y kep

thi sé co:
L faAn @)
x—0 t
Theo dinh nghia thi giéi han d6 1a f’ (z). Nhu vay ching ta da ching minh duge dao ham cia
ham can tim bing 0 vdi moi gid tri clia z, tidc 1a f (z) 1a ham hing vA gia tri d6 phai khong am vi
(24)

f(x) >0 (da chiing minh & trén):
fx)=¢, ¢>0
0 théa man didu kien (19) vi hién nhién

Kiém tra d& dang ring ham s6 f ()

cos (x —y) < 1.

IV - PHUONG TRINH HAM SO CO DIEN
M&i ham s6 trong toan hoc déu c6 nhitng tinh chat x4c dinh duge mo ta béi dang thic hay bat

dang thiic, tham chi 14 nhitng khang dinh phtic tap. Vi du ham s6 f (z) = a®, a > 0,a # 1 thda
- a—y @ >0, a®=1..

man mot s6 tinh chat sau (véi moi  va y): a* 1Y = a”a?, a” Y
Mot vai tinh chét ciia ham sb trén dude moé ta bdi mot sé khai niem phitc tap hon:
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f(x) = a® ting néu a > 1 va gidm néu 0 < a < 1;
f (z) = a® lien tuc véi moi x;
f (z) = a® kha vi v6i moi z, khi d6 f' (z) = a®Ina.

Néu tit nhitng quan hé trén ching ta chua biét r6 ham f () nhu vay cac tinh chat trén cé thé
viét lai nhu sau:

~

Faty)=F@ ), fla—y) = E”y”i (2) > 0, £ (0) = 1

f(x) ting néu a > 1 va gidm néu 0 < a < 1;

~

f (z) lien tuc véi moi x;
f () kha vi v6i moi x, khi d6 f/ (x) = f (z) Ina.

Mot s6 phuong trinh (vi du: f(z+y) = f(z) f (), f'(x) = f(2)Ina) c6 thé xem nhu mot
phuong trinh ham s6 va xuat hién mot cau héi rat tu nhién vé tap hop nghiém ciia chiing. Diéu thi
vi hon 14 khi phuong trinh da cho khong c6 mot nghiém ham nao khac ngoai ham ma tinh chét clia
n6 da dan dén phuong trinh. Trong trudng hgp ndy phuong trinh ham cho két qua 13 mot ham c6
tinh chat dac trung. Néu trong phuong trinh c6é chia cac phép toan vi phan thi phuong trinh dé
dudc goi 1a phuong trinh vi phan. Ly thuyét phuong trinh vi phan 1a mot linh vyc 16n clia toan hoc
hién dai v6i rat nhiéu cac bai toan ctia tu nhién.

1. Tinh chat ham ti 1& thuan

Ham ti lé thuan c6 dang: y = kx. D& thay ring tat cd cAc ham c6 dang nhu vay déu la nghiem
ctia phuong trinh:
flety)=f@)+f(y), Vo,y eR (25)

Du6i day ching toi sé ching minh: Néu f () lien tuc thi phuong trinh trén chi théa man khi
nghiém c6 dang f (z) = kx. Néu bé di didu kién lién tuc thi nghiém sé& chi ding véi moi z hitu ty.
Chiing toi sé trinh bay ly thuyét ctia Cauchy dé gidi quyét mot s6 bai toan sau:

Vi du 10 (Khoa Sinh hoc, 7/2005) Cho ham so f théa man: f (x +vy) = f(z) + f (y) vdi moi

P 2
x hiu ty. Biét rang f (10) = —7w. Tinh f (—7> ?
Lai gidi
Ching ta cung gidi phuong trinh ham da cho:
flaty)=f@)+f), veeQ (26)

Tru6e hét nhan thiy ring ham c6 dang f (x) = kx thda man phuong trinh. Ta s& chting minh
phuong trinh khong con nghiém nao khéac.

Thay y = 0 vao phuong trinh da cho: f (z) = f (z) + f (0), suy ra f (0) = 0.

Thay y = —x thi (26) c¢6 dang: f(0) = f (z) + f (—z), suy ra f (—z) = —f (z)

Nhu vay tat ca cac nghiem ciia (26) déu 1a ham 1é.
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Thay y = = thi (26) c¢6 dang: f(2z) = 2f (z), Yz € Q. St dung phuong trinh nay va tit (26)
thay y = 2z ta ¢6: f (3z) =3f (z),Vz € Q.

Tuong tw khi y = 3x thi ta ¢6: f (4z) = 4f (x),Vz € Q. Lip lai qué trinh trén ching ta nhan
duge: V6i moi s6 nguyen duong n thi ding thiic sau ding

f(nz) =nf(z),Vo eQ (27)

Chiing minh diéu d6 dé dang nhd phuong phép quy nap. Ham ta can tim la ham 18 (nhu da nhan
xét 6 trén), nhu vay (27) ding v6i moi s6 nguyen n.

Ta sé chiing minh:

flrz)=rf(z), Vo €Q (28)
Trong (27) thay = = %, thé thi: f (t) =nf (;) Suy ra: f (;) = %f (t).
Nhu vay (28) dang véi r = %, dé dang suy ra: f (%x) = %f (mz) = %mf (x) = %f (). Vay

(28) dtng v6i moi s6 hitu ti r
Néu thay z =1 thi: f(r) =7rf(1)

Néu thay k = f (1) thi:

f(x) =k (29)
Vay néu ham s6 f (x) 14 nghiém ctia (26) thi s& c6 dang cho béi cong thitc (29).
1ot Lns o s s s 2 ™
Tré lai bai toan ban dau dé dang tinh dugc: f (—7) =3

Néu ta bo sung them diéu kien ham f () lién tuc trén toan R thi f (x) = kx luon ding. Dé chitng
minh diéu nay ta xét day sd hitu ty (z,) hoi tu vé x. Khi d6: lim f(z,) = f( lim z,) = lim kz,
hay f(z) = kz.

Vi du 11 (Khoa Toan Co, 2003) Ham s6 wdc dinh vdi moi 6 thuc x,y théa man:

flx+y)=f(z)+ f(y) +80xy

Tinh f (g) néu biét f (i) =2.

Loi gidi

Phuong trinh ham da cho khong thuan nhat vi vé phai chita hang ti 80zy. Cach thong thusng
13 dua n6 vé dang thuin nhét béing cach tim nghiém rieng. C6 mot dang tuong tir nhu phuong trinh
clia ching ta 1a: (z 4+ y)* = 22 + y? + 2zy. Khong kh6 dé ¢6 thé ching minh ring fo (z) = 4022 1
nghiem. D&t g (z) = f (z) — fo (z). Phuong trinh ban dau tr§ thanh:

glx+y) =g@) +g(y), Yo,y eR
Theo vi du 10 thi g (z) = kx véi moi x € Q. Vay c6 thé khang dinh ring f (z) = 4022 + kx. Tt
\ 1 4 4\*
dieu kién f (4) =2suyrak = -2, f(z) = 402% — 22. Nhu vay: f <5> =40 <5 —2.—- =24,
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2. Tinh chat ham tuyén tinh
Vi du 12 (Khoa Héa hoc, 1999) Ham s6 f (z) théa man diéu kién sau vdi moi so thuc a, b:

f(a—i—Qb):f(a)—i—Zf(b)

3 3
Tim gid tri cia f(1999) néu biét f(1) =1, f(4) =
Lai gids
Dat g (z) = f () — f (0). Ta c6:

, <a+32b> g(a) +2g (b)

Il
s
—~

(e
=

Il

(en]
—~
w
(e
=

Thay b = 0 vao (30):

9(5)=39, ack

%\ 2
Z)=Z40), beR
g<3> 39(), €

2

—.g(b) =2¢g(b).
) =3390)=20)
Nho tinh chat trén ctia ham g, phuong trinh (30) tuong duong véi:

g(a) +29(b)
3 &

Thay a = 0 vao (30):

Khi do:

w8

(2b)—3 g (2b) —3g<
(

—g(a+2b) = g(a+2b)=g(a)+2g9(b) < g(a+2b)=g(a)+g(2b)

Thay 2b béi ¢ thi:
glatc)=g(a)+g(c); a,ceR

Nhu da chitng minh & vi du 11 thi g (z) = kz. Do d6 f (x) = f(0) + kz, z € R. Dya vao diéu
kien f(1) =1, f(4) = 7 dé dang xac dinh duge f(0) = —1, k¥ = 2. Vay ham can tim ¢6 dang:
f(x) :2x—1, x € Rva f(1999) = 3997.

3. Tinh chit ham mi

Ching ta da biét tinh chat sau ctia ham mi: a®¥ = a®a?. O vi du tiép theo sé la mot phuong
trinh ham s6 c6 tinh chat tuong ty:

[ty =f(x)f(y) (31)

Dé giai phuong trinh (31) chiing toi sé gidi thiéu cho ban doc ly thuyét Cauchy.

Vi du 13 (Khoa Sinh hoc, 6/2005) Cho ham sé f théa man f (x +y) = f(x).f (y) vdi moi
o 3
x,y € Q. Biét rang f (4) = 16. Tinh f (—2> ?

Loi gidi
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Y tudng chung dé giai phuong trinh (31) 1a dya vao phép lay logarit. Dit g (z) = In f (2) thi

g(z+y) = g(x) + g(y). Theo vi du 10 thi g (z) = kz, Vo € Q tuong duong véi f (z) = k¥ =

R 3 2

a®, Yz € Q (6 day a = €¥). Tir didu kien f (4) = 16 rit ra a = 2. Do d6 f (—2> %

Nhung dé lap luan trén dugce chit ché thi yeu cau phai chitng minh f (z) > 0, V € Q. Trong (31)
thay y =4 — x:

f@)f(4—z)=f(4) =16

Didu nay ching t6 f () £ 0, Va € Q. Mat khac f (z) = f (5 n 5) = (f (g))z Vay chiing ta

da chiing minh xong f () >0, V€ Q
Bai toan trén khong chi ding trong trudng hop z 13 s6 hitu ty ma con diang khi z 14 s6 thyc.
4. Tinh chit ham logarit
Ham s6 logarit y = log, = c6 tinh chét: log, (vy) = log, = + log, y. Chiing ta c6 khing dinh sau:

Néu ham so6 f(x) wdc dinh vdi moi so6 thuc duong x, lien tuc trén tip nay va théa man:
FQ)#0; f(zy)=f(x)+f(y), z,y € Ry thi sé ton tai mot s6 duong a # 1 sao cho f (z) = log, x.

Dé chitng minh khéng dinh trén ching ta xét ham: g (z) = f (e®) xac dinh va lién tuc v6i moi
zeR. Tacorg(z+y)=f(e")=f(e"e¥)=f(e") + f(e¥) =g (x) +9(y), suy ra g (z) = ka.

V6iz > 0thi f(z) = f(e™") =g(Inz) = klnz.

Theo dé bai: z9 # 1 thi f (z0) # 0 cho ta k # 0. Khi d6 a = e+ la s6 duong khac 1. Vay ham
Inx

f (z) 6 thé viét dudi dang sau: f (z) = klnz = e = log, .
na

5. Tinh chat ham lugng giac

Xét ham y = cosz. Ta c6 tinh chat: cos (z + y) = cos (z — y) = 2cos z. cosy. Phuong trinh ham
tuong ung:
flaty)+fl@—y)=2f(2)f@), zyeR (32)
Trén thyce té khong chi ¢c6 ham cosin ma con nhidu ham khac nita cling c¢6 tinh chat nhu vay,
dau tién phai ké dén 13 f (x) = 0, nhung day 14 mot nghiém tam thudng. Dé loai bé nhitng nghiem
tam thudng ching ta bo sung thém mot didu kien: tai mot s6 diém zo thi f (z) # 0.

Mot ham thi vi hon c& va that khong d& théy 1a ham cosin hypebolic: cosh (z) = %
That vay:
Tty T—y Tty —z+y
cosh (z 4+ y) + cosh (z —y) = ¢ te ¢ —1—26
T (Y 1Y —T (Y 1 oY T4 eTT oY LY
_— (e +ert(erte ):2.e te cte = 2cosh (z) . cosh (y)
2 2 2
e s LT te® £ . S .
Ta c6 bat dang thiic: — > 1 (ddu “=” x4y ra khi va chi khi = 0). Dya vao day ta c6

thé loai bé nghiém 1 ham cosin hypebolic bing cach thém vao diéu kién f (x) < 1 véi moi x. Gidng
nhu cdc phuong trinh Co-si khac ching ta gia thiét f (z) lien tuc v6i moi x. Nhan thay, néu f (x)
la nghiém cia (32) thi g () = f (az) cing la nghiém, hay ham y = cos (ax) cing 1a nghiém (a la
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(33)

tham s0).
Ching ta sé chitng minh phuong trinh (32) khong con ¢6 nghiém nao khac

) Thay @ = x¢, y = 0 vao (32): 2f (z9) = 2f (o) £ (0). Vi f (o) # 0 nén
f(0)=1
( y) = 2f(0).f (y)- Ap dung (33) nhan dugc f(y)

2) Thay z = 0 vao (32): f(y) +
f(=y), Yye R No6i cach khac f (z) 1a ham chén.
3) Trong (32) thay = bdi nx va sau d6 thay y =«
f((n+1)z) =2f (nz).f(x) = f((n—1)x)
o) né Vo). 1)
) thi ¢6 the tinh duge f(22), f(3x),..., va

Day 13 mot cong thitc truy hoi. C6 thé xac dinh duge f ((n + 1) 2) néu biét f (nx), f ((n —
= 1 i 5

Vi vay néu éhﬁng ta biét f(x) (vi da biét f(0)
Két luan: Néu 2 nghiem f () va g (r) bang nhau tai diém ¢ thi chiing sé bing nhau tai moi diém

f(iQx)a f(73x)a
T N T S
c6 dang nt, n € Z. (Dé chat ché ta phai chiing minh bang phuong phap quy nap toan hoc)
(34)

f(22) +1=2f%(a)

4) Trong (32) ta thay y = x
, trong d6 n € Z:

Déng thitc nay gidng véi: cos (22) + 1 = 2cos? z

T day dé thay v6i moi x thi f (z) > —1. Trong (34) thay = bdl
= 35
()] ()
Néu bd sung gia thiét f ( ) > 0 va gia tri f (z) da biét thi phuong trinh (34) gitp ta tinh duge
tat ca cac gia tri f (2%) , n€Z.
Két luan: Néu 2 nghiém f (x) va g () trung nhau tai mot s6 diem ¢ va khi d6 gié tri cia ching

ie 2 vi
khong am tai cac diem —, n € Z thi ching tring nhau tai tat cd cac diem do6 (dung quy nap dé

) Vi £(0) =1 va f(z) lién tuc tai = 0 nén c6 thé gidi han tréen doan [—¢; +¢], (¢ > 0) ham

lim f(zx) <0

chitng minh).
2) lien tuc tai
f (x) duong. That vay trong trudng hgp nguge lai ton tai day sb zx hoi tu vé 0 sao cho f (zx) <0
Khi d6 tinh lién tuc ctia f (x) tai diem 0 cho ta
f0)= I

trai v6i diéu kien f (0) = 1.
6) Bat dang thic 0 < f(g) < 1 cho thiy ton tai s6 o = arccos f () vd a € [0, ) Diédu nay

tuong duong véi f () = cosa = cos ag, trong d6 a = &
m,n €Z

5 F (e
Theo muc 4 da ching minh chiing trung nhau tai cdc diem c6 dang 5=, n € N, va theo muc 3

)

me
27’1,
68
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Vi du 14 (Khoa Toan Co, 2005) Tim gid tri nhé nhat cia ham sé f wdc dinh trén tap so tu
nhién va théa man 2 diéu kién sau:

f(1) =cos2 (36)
va
f(n+1)=f(n).cos1—1/1—(f(n)’sinl, neN (37)
Lai gids

Phuong trinh (37) cho phép tim duge gid tri ctia f (n + 1) néu nhu da biét gia tri cia f (n). Vi
da biét f (1) = cos2 nén c6 thé tinh duge f (2), f(3),...

Chiing ta hay tinh vai gia tri dau véi hy vong tim duge quy luat. Ta co:
2) =cos2.cosl —|sin2|.sinl = cos2.cos1 —sin2.sin1 = cos 3

(
(3) =cos3.cos1 — |sin3|.sinl = cos3.cos1 —sin3.sin 1 = cos4
(

4) = cos4.cos1 — |sin4|.sinl = cos4.cos1 +sin4.sin1 = cos 3

f
f
f
f(5) =cos3.cos1— |sin3|.sinl = cos3.cos1 —sin3.sin1 = cos4

Nhu vay f (2k) = cos3 va f (2k + 1) = cos 4 véi k € N*. Diéu nay ching minh kha don gidn nho
phuong phap quy nap:

Véi k =1: f(2) =cos3, f(3)=cosd.

Tw (37) cho n = 2k + 1:

F@(k+1) = F((2k+1)+1) = f (2k +1).cos 1 — /1= (f (2k +1))*.sin1

= cos4.cos1 — /1 — (cos4)®.sin1
=cos4.cos1 +sin4.sinl = cos 3

Tuong tu:

f(2(k:+1)+1):f(2(l<:+1)).coslf\/lf(f(2(k+1)))2.sin1

= cos3.cos1— /1 — (cos3)*.sin 1
= c0s3.cosl —sin3.sinl = cos4

Nhu vay ham f chi nhan 3 gia tri 1a: cos 2, cos 3, cos4. Gia tri nhé nhat trong sé dé 1a cos 3.

BAI TAP AP DUNG

Bai 1. (Khoa Toan hoc tinh toan va Diéu khién, 1997) Ton tai khong ham tuyén tinh y = f ()
théa man diéu kién sau v6i moi s thuce

2f(z+2)+f(Ad—2)=2x+5

Bai 2. (Khoa Toén hoc tinh toan va Diéu khién, 1997) Ton tai khong ham bac hai y = f ()
théa man diéu kién sau v6i moi s thuc z:

f+)+f2—2)=(@+1)?
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Bai 3. (Khoa Toan hoc tinh toan va Diéu khién, 1996) Tim ham s6 y = f (x) thda man diéu
kién sau v6i moi x # 0:

f(x)+3xf <;> = 322
Bai 4. (Khoa Hoéa hoc, 6/2001) Cho ham s6 f (z) thda man diéu kién sau véi moi x:
fle+1)=f(x)+2zx+1
Biét f (0) = 0, tinh f (2001)?

Bai 5. (Khoa Toan hoc tinh toan v Diéu khién, 2002/Olympic Bungari 1968) Tim tat ca cac
ham s6 f (x) théa méan:

ef (y) +yf (@) = (@ +y) f(2) f(y), Yo,y € (-00,+00)
Bai 6. (Khoa Sinh hoc, 6/2005) Cho ham s6 f thoa méan

P )
Biét ring f (6) = —/3, tinh f (—4)?
Bai 7. (Khoa Sinh hoc, 6/2005) Cho ham s6 f thoéa méan

f(x)

fle=y)= f )

, Vo,y € Q

Biét riang f (3) = 27, tinh f <2>7
Bai 8. (Khoa Toan co, 2005). Ham s6 f x4c dinh trén tap Z théa man:
f(1)=cosl,f(n+1)=f(n).cosl —sinn.sinl, neZ

Bat ding thic f (n) > —1 c6 ding véi s6 tu nhien n bat ky khong?
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BAN bOC TIM TOI

Bi an cha cac tap dong long nhau

TRAN BAT PHONG, DAl HOC KHOoA HOC TU NHIEN, DHQG Tp. HCM

Gidi thiéu. Trong qué trinh hoc tap, h3n mdi ching ta déu cé nhiing "kham pha", tim tdi dng
nhé. D6 c6 thé 13 mét chiéing minh "la" cho mét dinh ly "quen", mét nhan xét don gidn nhung cé nhiéu
tng dung, hodc don gidn chi 13 nhitng thic m3c "vi sao lai th&, sao 13 thé nay ma khdng I3 thé kia?"
Nhiing tim toi nay cé thé nho, cling cé thé khéng méi, nhung chiing tdi tin ring ching 13 mét phan
quan trong trong chu trinh "hoc-hidu-thich", va do dé chiing that su dang quy. Muc BAN DOC TiM TOI
hi vong s& nhan dugc su chia sé tir cdc ban nhiing tim toi, suy nghi cta chinh minh.

Toi xin bt dau véi mot két qua quen thudc, ring mot diy ciac qua cau déng "thit dan" trong
mot khong gian metric day di thi c6 giao khac réng. Dé phat bidu diéu nay mot cach chit ché,
chiing ta hay théng nhat mot s6 ky higu. Xét khong gian metric (X,d). V6i méi z € X var > 0 ta
ky hieu B’(z,r) 1a qud cau déng tam z ban kinh r, tic 1a

B(w,r) = {y € X|d(z,y) <r}.
Bay gio két qua phia trén c6 thé phat biéu nhu sau:
Ménh dé 1. Cho (X,d) la mot khong gian metric day di. Gid si ta c6 mot day cic qud cau dong

long nhau
B'(z1,71) D B'(x2,72) D ...

v 7y — 0. Khi d6 () B' (w0, 70) # 0.
n=1

Chatng minh. Dé ¥ rang v6i mdi m > n thi z,,, € B/ (2, 7,), tic 1a d(z,, Tm) < 7. Do 7, — 0 nén
xp, 1a mot day Cauchy, va do (X, d) day di nén z,, hoi tu vé mot phan ti = trong X. Bay gio, véi

mdi n thi @, € B'(xp, 1) v6i m > n VA ,, — z, suy ra x € B'(x,,r,) vi mdi qua cau déng 1a mot
(oo}

tap déng. Vay x € ﬂ B'(xp, ) vA ta c¢6 dpem. O

n=1

oo

Ban doc tinh ¥ c¢6 thé thiy ring that ra ﬂ B'(xy,,7,) chi ¢c6 duy nhat mot phan tit (vi sao?) .
n=1

Bay gid phan tich kj Ménh dé 1 ta thiy c6 3 gia thiét co ban:

1) (X, d) day dit.

2) B'(xp,my) la cac qua cau déng (1ong nhau).

3) r, — 0 (tinh thit dan).

Ching ta sé ciing xem thit céc gid thiét nay c6 thé giam b6t hay khong.

Van dé 1: Tinh day du.
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Meénh dé 1 cho ta mot tinh chit quan trong ctia khong gian day da: "mot day cac qua cau dong
thit dan thi c6 giao khac rdng". Mot cach ty nhien ta c6 thé thic mic: phai ching tinh chat nay la
dac trung cho tinh day du ctia khong gian? N6i cach khac, néu biét ring moi diy cic qua cau that
dan trong khong gian metric (X, d) déu c6 giao khéac réng, thi liu ta c6 thé két luan ring (X, d)
day di hay khong? Khong qué kho khan, ching ta cé thé kiém tra ring diéu ngudc lai nay cling ding.

Ménh dé 2. Cho (X,d) la mot khong gian metric. Gid s moi ddy cdc qud cau déng long nhau

B'(z1,71) D B'(x2,72) D ...

vi 1y — 0 déu théa man (| B'(xn,rn) # 0. Khi d6 (X,d) day di.

n=1

Chitng minh. Lay x, 13 mot diy Cauchy trong X, ta can chiing minh x,, hoi tu. TAt nhién, ta chi
can chitng minh ¢6 mot day con ctia o, hoi tu la di (vi sao?). Tit d6, chuyén qua mot day con néu
can, ta c6 thé gid sit (vi sao?)

d(Tn, Tnt1) <277, VR eN

9]
n=1

(diéu nay nhim muc dich 1a dé >°°7 | d(xy, Zpe1) < 00). Dit

o0
Ty = Z d(zk, Tpa1)-
k=n

Khi d6 dé dang kiém tra ring r,, 1a mot day gidm vé 0 va
ATy Tm) < Ty — Ty, V> M
Tt tinh chat thit hai ta ciing suy ra

B'(z1,71) D B'(x2,72) D ...

o0
Vay theo gia thiét, ton tai x € ﬂ B'(x,,7y,). Cudi cing x,, — x bdi vi d(x,,x) < 7, — 0 VA
n=1

diéu nay két thic ching minh. O

Van dé 2: Qua cau déng.

Mot cau hdi tu nhién la liéu ta c6 thé thay thé cic qua cau déng trong Ménh dé 1 béi cac qua
cau md. Day 1a mot cau héi dé& vi ngay trong R (véi metric thong thuong) ta c6 thé tim mot phan
vi du: xét cac khoang mé (0, L) (la céc "qua cau mé" tam x,, = 5= véi ban kinh 7, = 5~ — 0), thi
ta co

(0,1) D (0,=)D(0,=) D ...

3 )
S|
nhung ﬂ (0, ) = (). Ban doc tinh ¥ ciing ¢6 thé nhan ra tam x,, clia cic qua cau trong vi du trén
n
n=1
van hoi tu (vé 0) nhung gi6i han nay ndm ngoai cac qua cau, tit d6 cac ban sé giai thich duge diéu
nay pha vé phan nao trong chiing minh Ménh dé 1.

Nhu vay tinh déng 13 thiét yéu. Nguogc lai, gia thiét vé "cac qud cau" 1a khong thiét yéu: ta ¢
thé ching minh diéu tuong tu cho cac tap déng.
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Ménh dé 3. Cho (X,d) la mot khong gian metric day di. Gid sit A, la mot day cdc tap dong, khdc
rong, long nhau
Al DAy D ...

va diam(A4,) — 0. Khi doé ﬂ A, #0 (va do dé, c6 duy nhat mot phan ti).

n=1
O day ta ky hieu diam(A) la dudng kinh cia tap A, tic la
diam(A) = sup{d(z,y)|z,y € A}.
Chitng minh Ménh dé 3 hoan toan tuong ti nhu Ménh dé 1 va xin danh lai cho ban doc.

Van dé 3. Tinh thit dan.

Bay gio chiing ta c6 cau héi vé gia thiét cudi ciing, va ciing 1a cau héi tha vi nhat, 1a lisu gia
thiét r,, — 0 trong Ménh dé 1 c6 thé bo bét?

Trude khi dén véi cau tra 16i, mai cac ban hay chiing minh ring néu X la khong gian dinh chuan
(day du) thi gia thiét r, — 0 thyc sy 1a thia.

Ménh dé 4. Cho X la mot khong gian Banach. Gid st ta c6 mot day cic qud cau dong long nhau

B/($1,7“1) D B/($2,7“2) D...

Khi d6 (1| B'(zn,10) # 0.

n=1

Hudng dan. Trong khong gian dinh chuan tit B’ (2,7, ) C B'(2,,7,) ta c6 bat déng thitc
|z — zm|| < 7 — T, VM > n.

Dé ching minh bat ding thic nay, hay xét diém a 1a giao diém cta tia néi z,, ,, v& mit cau

OB (X, ), tlc 1a
Ty — T
a=Ty +Tm—"7-
Hl'n *me

O

Bay gio trd lai truong hgp khong gian metric. That bat ngg, trai véi cdm giac clia chiing ta sau
khi lam viéc véi khong gian dinh chuan, trong trudng hgp khong gian metric tong quat (day di) thi
diéu kien r, — 0 1a khong thé bé bdt. Dé thay dicu d6, ching ta sé xay dung mot khong gian metric
day du (X, d) ma mot ddy cdc qua cau déng (khong that dan) c6 thé c6 giao bang rong. T Ménh
dé 4 ta thiy ring khong gian X phai kha "bénh hoan" (it nhat khong la khong gian dinh chuan).
Su kién cac ban kinh khong tién vé 0 gdi ¥ cho chiing ta mot nhan xét don gian nhung hitu ich sau
day. Gia st metric trén X thoa man: ton tai € > 0 sao cho

d(l‘,y) > €, vz 7é Y.
Thi (X, d) 1a mot khong gian day di (vi moi day Cauchy y,, sé 14 day hing néu n du 16n).

T cac phan tich dé ta c6 mot phan vi du nhu sau. Xét X 13 mot tap dém dude gdm céc diém
(phan bigt) {z,}52,, va trén X ta trang bi mot metric d dinh nghia béi: d(z,,, z,,) = 0 néun =m
va

11 £
d(Tn, m) =1 in{—, — € .
(Tny Tpn) +m1n{n m}neun;ém
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Ban doc c6 thé dé dang kiém tra d 13 mot metric, va theo nhan xét & tren thi (X, d) day du. Bay
gio lay 7, = 1 + 1/n thi ta thiy B'(z1,71) = X va

B'(zp,rn) = X\{z1, .., Tp_1} v6in > 1.

Nhu vay B'(2n,75) 13 mot day cac qua cau déng 1ong nhau nhung cé giao bing rong.
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CuOC THI GIAI TOAN MATHVN

Phan A - Dé toan danh cho Hoc sinh

A25. Cho tam giac ABC noi tiép duong tron (O). A; la diém bat ki tréen BC; A, la diém déi
xitng clia A qua O. Dudng thang A; A, lai cit (O) tai Az. Lay Ay doi xing v6i A qua OA;. Duong
thang qua A, vuong goéc véi BC lai cit (O) tai As. Chitng minh ring, A3zAs di qua tryc tam ciia
tam giac ABC.

NGUYEN Ming HA, Kuér THPT cuuYEN DHSP HA NoOI

A26. Cho 8 diém nim bén trong (hodc trén bién) mot hinh tron ban kinh » > 0 sao cho c6
mot diém nim tai tam hinh tron va khoang cach giita hai diém bat ky khong nhé hon 1. Héi 7 ¢6
thé chon nhd nhit 1a bao nhieu?

Theo PAUL BATEMAN, PAUL ERDOS

A27. Cho {z,}n>1 & day s6 thuc théa méan
1

. nln(2 — 2nx
v6i moi s0 nguyén duong n. Tinh lim M
n—oo Tn

DuoNGg VIET THONG, KHOA CO BAN, DHSP K¥ THUAT NAM DINH

A28. Cho tam giac ABC va XY Z, chiing minh ring

9 X A 5 Y B 92 C X Y Z
cos® — cot — + cos® — cot — + cos“ — cot — > cos — cos — cos —
2 2 2 2 2 2 2 2 2

TRAN QUANG HUNG, DAI HOCc KHOA HOC TU NHIEN - DHQG HA NoOI

A29. Cho tam gidc khong can ABC ngi tiép duong tron (O). Hai tiép tuyén cud (O) tai B va
C cit nhau ¢ S. Tiép tuyén ctia (O) tai A cit BC 6 V. Goi M la trung diém canh AC. Ki higu
P,Q, I tuong tng la diém chung cud ting cip dudng thing (V M, AB),(AS, BC), (AQ,CP). Trén
M P, MQ lan lugt 1ay hai diém E, F sao cho IE||MQ,IF||MP. Gid st MP cat AQ 6 H, MQ cat
CP ¢ K.Chitng minh ring FH, KE va M1 dong quy.

HoANG Quoc KuANH, Hoc siNH THPT cHUYEN VINH PHUC, TiNH VINH PHUC
A30. Cho tit gidc noi tiép ABCD. Goi M, N theo thit tu la trung diém cta AC, BD. Dit E =
ABNCD va F = ABNCD. Ching minh réng:

MN 1|AC BD

EF 2|BD AC

TA HONG SON, SINH VIEN TRUGNG DAl HOC KINH TE QUOC DAN, HA NOI

75



Tap chi Toan hoc MathVn S6 03-2009

A31. Giai hé phuong trinh sau v6i z,y,z € R
223 + +y = 372 + 70
Y3 4+ 2z = 18y + 40
323 +x = 56z + 100

L& NGUYEN - SINH VIEN L6p TC0662A1, Dar Hoc CAN THO

A32. Tim s6 nguyen duong m bé nhat sao cho ton tai @ > 1 dé hé phuong trinh dong du

xr=a3x modm

y=a’y modm
z=a"2z modm

théa méan v6i moi z,y,z € N

VLADIMIR LESKO, KHoA DaI s6, HINH HOC VA TIN HQC, DAI HOC SU PHAM VOLGOGRAD, LB NGa

A33. Gia stt a,b,c 13 nhitng s6 thyc duong. Ky higu
Sp=a"(a—=b)(a—c)+b"(b—c)(b—a)+ " (c—a)(c—Db)
V6i r 1a s6 thyc duong. Khi d6 ta c6 bat dang thiic
S2(a® 4+ b? + c2) + (ab+ be + ca)(a® + b* + ¢* — ab — be — ca)(a — b)*(b — ¢)*(c — a)? > 2abcS; Sy

Kim Dina SoN, Hoc siNH LOp 12A1, THPT CHUYEN VINH PHUC

Phan B - Dé toan danh cho Sinh vién

B7. Chof:R—ﬂRva/ |f(z)|dr < o0
a. Tim phan vi du cho phét bidu | l‘im flz)=0
b. Gia st f’ lién tuc va / |f/(z)|dz < oo, lieu chang | llim f(x)=0

PHAN THANH NAM - KHOA TOAN, DAl HOC COPENHAGEN, DAN MACH

B8. Cho A la mot tap md, bi chin trong R. Hoéi do do Lebesgue ciia A va A c¢6 bang nhau hay
khong?

LAM BAT PHONG - DAl HOC KHOA HOC TU NHIEN, DHQG Tp.HCM
B9. Chitng minh ring
|sin(At)| < elA=Palt

Trong d6, v6i A = (a;j)n, ki hidu |A| = (|as|)n, Da = diag(ai1, age, ..., any). Quan hé A > B nghia
1a ma tran A — B khong am.
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Phan C - Cac van dé mdé!

C4. Xét phuong trinh vi phan

2" (t) + a(t)z?" () =0, 0 <t < o0
Trong d6 n nguyén duong, a(t) 1a ham kha vi lién tuc va a(t) > ag > 0 v6i moi ¢.
a. Néu a/(t) d6i dau hitu han lan chiing t6 moi nghiém z(¢) bat ki déu bi chan.

b. Néu bé di diéu kién a/(t) ddi dau hitu han lan, ligu khang dinh trén con ding?

Theo KHOA TOAN, TRUONG DAl HOC KHOA HOC VA NGHE THUAT McMICKEN, DH CINCINNATI, HoA KY

C5. Xét ma tran ddi xiing cap 8m c6 dang

A A . Asg
A _ A21 A22 e A28
Ag1 Aga ... Asg

Trong d6 céac block A;; 1a cac ma tran doi xing cap m. Giad st A ¢6 ding k gid tri rieng am, ching
minh ma tran Aj; + Ass + ... + Agg ¢6 khong qua k gia tri rieng am, (s6 gia tri & day tinh ca véi boi
clia n6 trong da thite dic trung)

Theo PROBLEMS AND SOLUTIONS, STAM

C6. Tim mot ham f tit khong gian Schwartz S(R) ciia cdc ham gidm nhanh véi gia trén R = {2 €
R : x>0}, v6i bién d6i Fourier-Laplace

fe)= [ e s

0
khong c6 khong diém trén CT = {z € C : Imz > 0}

Theo PROBLEMS AND SOLUTIONS, STAM

1C4c bai toan ctia phan nay dugce chiing t6i chon ra tit nhitng van dé ciia cac khoa Toéan, cac trudng Dai hoc tren
Thé Giéi va tit cac tap chi Toan hoc. Nhitng bai toan nhu thé nay mang tinh chat sinh vién nén ching téi hi vong
céc ban c6 thé cting nhau tham gia gidi quyét.
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LOI GIAI Ki TRUGC

A1l. Cho tam gidc khong can ABC noi tiép duong tron tam O. M la diém bat ki trong mdat phing.

AM N (0) = A,
BM N (0) = B
CMN(0)=Cy

Chiing minh rdng ton tai ding hai diém M sao cho tam gidc AyB1C, déu

Solution by Francisco Javier Garcia Capitan, Priego de Cérdoba, Spain

Let k be the power of the point M with respect the circle (O). Then we have
MA-MA;, =MB-MB; = MC -MC; =k,

so Ay, Bi, Cy are the inverses of A, B, C' with respect circle with center M and radius k.

We take into account that by such an inversion we have

k*.- AB k*.-CA

MBv =y OM T are A

Since we want A;B1C1 to be equilateral we must have

k2. AB 2.CA MB AB
B =Gl = g T M0 A MC - AC
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that is M must belongs to the A—Apolonian circle for ABC, and in the same way to the three
Apollonian circles, so M must be one of the two isodyamic points of triangle ABC (we exclude the
trivial case in which M belongs to the circumcircle of ABC and A;B;C; degenerates in a point).

A2. Cho tit giac ABCD ngoai tiép duong tron (O). Tiép diém cia (O) tren AB, BC,CD,DA
lan lugt la M, N, P,Q. Puong thing qua M wvuong goc véi MN cit PQ ¢ I. Puong thing qua M
vuong géc véi MQ cit PN & J. Chiing minh rang AI||BJ

Solution by Ercole Suppa, Teramo, ltaly

First we prove the following lemma:

Lemma. Let ABC be a triangle inscribed in the circle (O). Let X be an arbitrary point on AB
and Y = OX N AC. Let t be the tangent at A to the circumcircle. The lines through O parallel to
AB and AC intersect t at U, V respectively. Prove that UX||VY .

Proof. Let D= ABNOU, E=ACNOV and F=ABNVY.

Taking into account the equality of the opposite sides of the parallelogram ADOF and the similarity
AUDA ~ NAEV, ADXO ~ AEQY , we have:

UD _UD AD _AE FO _AE EY AP PY _EY

DX AD DX EV DX FEV DO EV AE EV
Therefore the triangles ADUX and AEY'V are similar, hence
LUXD=/EVY = LZAFY
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and the proof of the lemma is complete. O

Coming back to the problem denote R = M1 N (O) and S = MJ N (O) as shown in figure:

We can notice that QS N RN = O because ZQMS = ZRM N = 90°, so the Pascal theorem applied
to the hexagon QPN RM S yields that I, O, J are collinear. Thus the result follows at once from
the lemma applied to the triangle AM RS since AO||M S, BO||MR.

Solution by Francisco Javier Garcia Capitan, Priego de Cérdoba, Spain.

We observe from construction that line BJ is the reflection of line Al with respect to the angle
bisector m of angle QM N.

If we consider that M, (Q, N are fixed points and P is a variable point on the circle, then, as P
varies, the points I and J vary on the lines r and s perpendicular at M to M N and M@, respec-
tively.
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The map I — J from r to s is a homography. For, we can see that the map I — J can be defined
as follows: given any I € r, we draw line I() intersecting the circle again at some P. Then we draw
PN, and J is the intersection of this line PN with the reflection of line M I on the angle bisector
m of angle QM N.

Therefore the problem will be solved if we can find three positions of point P on the circle for
which the lines AI and BJ are parallel. (]

First we suppose that point P is confounded with IV,

and the result follows from applying the following lemma to triangle M NQ).

Lemma 1. If XY Z is the tangential triangle of ABC, and the perpendicular to CA at A intersects
BC at D, then DZ and CY are parallel.

Proof. Let’s make an angle chase. Suppose that C' < 90°. We have the semiinscribed and inscribed
angles /YCA = L£YAC = ZABC = B = ZYCB = B+ C. We also have /ZBA = /ZAB =
LACB = C = ZBD = A. Moreover ZAZB = 180° — 2C = 2(90° — C') = 2£ADB, hence D is
on the circle centered at Z with radius ZA = AB. Therefore the triangle ZDB is isosceles with
ZD=7B and ZZDB =A=180° — (B+ C) = 180° — ZY CB and lines AY and DZ are parallel.
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If we have C > 90°, we get as before that /YCA = /Y AC = ZABC =B = /YCB = B+ C and
ZYCD = A. We also have /ZBD = A and LZBA = LZAB = ZACB = 180° — C. In this case
we have ZADB = 90° — (180° — C) = C — 90° and LAZB = 180° — 2(180° — C') = 2C' — 180° =
2(C' —90°) = 2£ZADB, hence D is on the circle centered at Z with radius ZA = AB. Therefore the
triangle ZDB is isosceles with ZD = ZB and ZZDB = A = ZYCD and lines AY and DZ are
parallel.

In the same way, when the point P reaches the position of point ¢ the we have that the result
also is true by applying Lemma 1 to triangle MQN.

As a third case, when P = M, then we have P = M =1 = .J and AI = BJ = AB, so Al and BJ
are parallel.

A P=M=Il=J B

A3. Cho tam gidc ABC v6i ly, Iy, 1. tuong tng la phan gide cia cdc géc A, B,C. Chitng minh ring

a+b b+c c+a
> 2
lo+ly L+l lo+1, V3

Lsi gidi cia Nguy@&n Manh Diing, 12A2 Toan, DHKHTN-DHQGHN

Dau tién ta chimg minh mot bé dé:
Bb6 dé. Cho tam giac ABC, khi dé

\/§la§b+cfg

Chitng minh. Ap dung bat ding thic AM-GM ta c6

— 3(p—a)+p _
g+\/§la:g+2\/@m§g+wzg+4}j 3a:b+c
2 2 b+e 2 b+ec 2 2
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Ta c6 diéu phai chiing minh.
Tuong tu ta cling ching minh duge
b c
\/glb §c+af§,\/§lc §a+bf§

Quay lai bai toan, 4p dung b dé trén ta dugc

a+b b+c c+a >ZQ\/§(a—|—b)
lo+l L+l lo+1ls — a+b+4c

Mat khac, ap dung bat déng thiic Cauchy-Schwarz, ta cé

Z atb 4(a+b+c)? 1 (@a—b)2+(b—c)?+(c—a)?
a+b+4c ™ > (a+b)(a+b+4c) 2(a? + b2+ %)+ 10(ab + be + ca) —

Do do6

a+b b+c c+a
> 2v/3
el el L 228

Dau ding thitc x4y ra khi va chi khi @ = b = ¢ hay tam giac ABC la tam giac déu.

Solution by Francisco Javier Garcia Capitan, Priego de Cérdoba, Spain.

By using the AM-GM inequality, we have

o 4bcs(s —a)

e (s < s(s —a),

where s stands for the semiperimeter of triangle ABC'. Adding the three similar inequalities, we get,
by using the Cauchy Schwarz inequality

la+lb+lc:1'la+1'lb—|—1.lcg\/§ lz_’_lg_’_lg
<\/§\/S(S_a’+s_b+8—c):\/38.

Next we use first the Chebyshev inequality, then the HM-AM inequality

a+b b+c c+a o+l L+l l.+1,
la+ly L+l l.+1l,~ 3
9

2l + lp + 1) 6s 6 — 923

1 1 1
(2a + 2b + 2¢) < + + >

4s

> = > =
3 lo+1p+ 1. NE

and the problem is solved.

Loi gidi cta Nguyén Duy Khanh, Lép Toan Tién tién, DHKHTN, DHQG H3 N&i

Ta c6
la:72\/m </s(s—a)
b+c
Tuong tu l, < /s(s — b) suy ra
a+b a+b a+b

> >
lat+ly = /s(s—a)++/s(s—b)  /clatb+c)
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Hoan toan tuwong tu

b+c S b+c S b+c
b+le ™ \/s(s=b)++/s(s—c)  ala+b+c)
ct+a > ct+a > ct+a
letle ™ \/s(s—c)++/s(s—a) ~ /bla+b+c)
Nén
a+b+b+c+c+a S 1 (a+b+b+c+c+a)
latl L+l le+ls " Va+tb+e Ve NG NG
Vi thé ta chi can chi ra
a+b b+c cHa
+ + >24/3(a+b+c
ve vt 2V )
hay dang tuong tu :
2, .2 24 .2 2 2
MUAW WP AW, 3(m? 4 n? + p?)
D m n
1 1 2
@Z(m—nﬁ(——i——— )>0
m n  \/3(m24+n+p?)+m+n+p
Theo bat dang thitc AM-GM ta c6 \/3(m2 + n2 + p2) > m +n + p, suy ra
V3m2+n24+p2)+m+n+p>2(m+n+p)
Do do6
i_i_l_ 2 Zl-ﬁ-l— 1 :(m+n)2+mp+np—mn20
m n \/3(m?P+n2+p2)+m+n+p m n m+n+p mn(m +n + p)

Vai tro clia m,n,p 1a nhu nhau nén ta cé diéu phai ching minh. Ding thitc xay ra khi va chi khi
tam gidc déu.

Cadc ban ciing c6 1oi gidi tot: Nguyén Dinh Thi (THPT Chuyén Luong Van Chanh, Tuy Hoa, Phi
Yén), V6 Quoc Ba Can (DH Can Tho, Tp. Can Tha), Ercole Suppa (Teramo, Italy).

A5. Cho cic 56 duong a,b,c. Chitng minh bat ddang thic sau vdi moi k > 1:

201k 1 Ak 20k k 20k o pk
ak+bk+ckza(b+c) b(c" +a”) | c*(a” + ")
a2+ be b2 + ca c2 4 ab

Lai gidi cda Nguyén Dinh Thi (THPT Chuyén Luong Vin Chanh, Tuy Hoa, Phi Yén)

be ca ab
Datgzx;bjzy;c—zzz:xyzleacé

a? (bk + ck) b? (ck + ak') N 2 (ak + bk)

ko, 1k |, Kk
b >
@tttz a2 + be b2 4 ca c2 4+ ab

bk+ck+ck+ak S
be ~ 4, @ ab 14z 1+y 14z

Sah b+ >

(@ +tF+F) @+ Dy +1)(z+1) >
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>+ ) (y+ D+ + (P + ) @+ 1) (z+1) + (" + %) (y+ 1)(z + 1)
@(ak—l—bk—i—ck) CH+art+y+zt+aytyz+zz)>
a"242c fy+ztay+ )+ 02442y 2 tay+yz) FFQFxFy+ 224 yz 4 2x)
& afyz + b zx + Fay > aFx + by + P2

g Ca ab p be ab 4 be ca g be ok ca+ck.a7b

TR 2T ErTt 2 b2 c?
Nhan 2 vé bat déng thiic cho abe ta duge bat ding thiic tuong duong la
I B e N e I Ve S P S PETE
o gkt (a4 — 6202) +pF L (b4 —c? ) (04 2b2) 0
Khong mét tinh téng quat, gia st a > b > ¢, do k > 1 nén a* > b >

Va
a* — b2 > bt — 2a? >t — a%b?

Do d6 theo bat déng thiic Chebysev ta c6

a1 (at — B2c?)+b1 (b4 — 2a?)+ch1 (cf — a?6?) > (aF + bF + cF) (at + b + 4 — a2B? — c2a® — b2c?) > 0
Vay ta c6 ta c6 diéu phai ching minh. Déng thiic xay ra khi va chi khia = b= c.

Nhan zét. Bing cach chiing minh tuong tu nhu trén ta ciing thu duge bat déng thic

be (bk + ck) N ca (ck + ak) N ab (ak + bk)

> b bk
a2 + be b2 4 ca c2 4 ab ar b

Bét déng thitc nay dugc chitng minh nhu trén va cudi ciing ciing van 13

kb K €O kab<kcaab g b ab o be ca

S b,
2t 2 SR 2T ae
Do dé tir 2 bat dang thiic trén ta thu duge chudi bat déng thitc thi vi la

be (bk + ck) ca (ck + ak) ab (ak + bk)
a? + be b2 + ca c2 4 ab

a? (bk + ck) b2 (ck + ak) 2 (ak + bk)
a? + be b2 + ca c2 4 ab

SUPLEN LN

Loi gidi cha V6 Quéc B4 Can (DH Can Tho, Tp. Can Tho)
Bét déng thitc can ching minh c6 thé viét lai nhu sau

2 2
S 1 b . c S
Z b24ca c24ab) —

cyc

Tuwong duong

akbe(a® — be)
> -
p” (b2 + ca)(c? + ab)

hay la
ak—l(a4 _ b202) 4 bk—l(b4 _ cQCLZ) 4 ck:—l(c4 _ a2b2) >0

Bat dang thitc viét lai thanh

ak+3 + bk+3 +ck+3 > ak—leC2 4 bk—lc2a2 +ck—1a2b2
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Ap dung bét déng thic AM — GM ta duge
(k — 1)ak ™3 4+ 26713 4 2683 > (k 4 3)ak 10?2,

(k — )63 4 2683 1 2073 > (K 4 3)bF1c%a?,

(k — 1)cF 3 4 2a%+3 4 2083 > (k 4 3)cFa?p?
Cong tuong tng vé theo vé 3 bat déng thiic nay roi chia ci hai vé cho k + 3 ta duge bat ding thiic
can phai chitng minh. Déng thitc x4y ra khi va chi khi a = b = c.

A6. Vi a,b,c la cic s6 thuc duong sao cho a+ b+ c = 1. Chitng minh ring

a>+b%c b +cfa A +a®b S 2
b+c c+a a+b T3
Loi gidi clia V& Qubc Ba Can (DH Can Tho, Tp. Can Tho)
Ap dung bét déng thic AM-GM, ta c6
b2c be? (b+c)’c 3 1
=bc — >be—~———— = "be— -2
bte C bte- ¢ 4lbre 4° 14

T d6 dan dén
2

b’e %a a*b 3 1 5 1
+ + > —(ab+ bc+ — —(a®* +b* +¢*) = S (ab+bc + - =
e to 5 4(a ¢+ ca) (a ) 4(a ¢+ ca)

Bay giv, 4p dung bat ding thitc Cauchy-Schwarz, ta dugc

o + la + a =(a+b+c) 2 5 b +— —(a+b+c)

b+c ct+a a+b b+c c+a a+b

__e b LS s (a+b+ep?® _ 1 B
b+c c¢c+a a+d 2(ab + bc + ca) 2(ab + bc + ca)

Bay gio ta chi can chitng minh

5 1 1 2
2(ab+b S S
4(a +bet ca) 4+2(ab+bc+ca) — 3
Twong duong
5 1 23
2(ab+b >
4(@ * C+Ca)+2(ab—|—bc+ca) 12
Lai 4p dung bat ding thic AM-GM
5 1 9 1 13
—(ab+b — = |—(ab+ b ——— | — —(ab+d
4(a + C+ca)+2(ab+bc+ca) 2(a + c+ca)+2(ab+bc+ca) 4(a +be+ ca)

2
>3_E'(a—|—b—|—c) _ 23
- 4 3 12

Vay bat thiic da duge chitng minh, ding thitc xay ra khi vi chi khi a =b=c = %
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L&i gidi ctia Nguyén Dinh Thi (THPT Chuyén Luong Vin Chéanh, Tuy Hoa, Phi Yén)
Theo bat dang thitc Schur thi
(a+b+c)(a®>+b°+ +ab+be+ca) >3 (a*(b+c)+b°(c+a)+c(atd))

2 2 2
S Q2(b4 )+ b (cta)+ Aot b) g LT T Tabtbetea

3
Do dé
a? n b? N - at n bt . ct
b+c ct+a a+b a2(b+c) b2 (c+a) c2(a+b)
< (a2—|—b2—|—62)2 o 3(a2—|—b2+02)2
T a2(b+c)+b2(c+a)+c2a+b) T a2+ b2+ c2+ab+be+ca
Lai c6

b2e c2a a’b b2e? ca? a’b? (ab + be + ac)?

b+c+c+a+a+b: be + c2 +ca+a2 +ab+b2 T a2+b2+2+ab+be+ca

Do dé theo 2 bat déng thic trén véi chd §
A+ 4+ >ab+be+ca
Ta c6

a?+b%c bV +cfa P +a% 3(a2+b2+02)2 (ab+ be + ac)?
b+c c+a a+b T a2+b2+R+ab+bect+ca a?2+b2+c2+ab+be+ ca

- 2 (a® +b? —|—c2)2 (a2+b2—|—c2)2 (ab + be + ac)?
T2+ 4+24ab+bectea a?+b2+c2+ab+bet+ca a?+b2+c2+ab+be+ ca

2
240> +c?+abtbet
2'(a B Ca) (6L2—|—b2—|—62—|—ab—|—bc—|—ca)2

Z
a? 4+ +c2+ab+bc+ca  2(a®+ b2+ 2+ ab+ be+ ca)

2 2
:(12—|—1)2—1—02—&—ab—i—bc—&—ca2g(a-i-b-f-c)zzg

Vay ta c6 diéu phai chiitng minh. Dang thitc x4y ra khi va chi khia =b =c = %
Lsi gidi cia Nguy@&n Manh Diing, 12A2 Toan, DHKHTN-DHQGHN
Theo bat ding thitc Cauchy-Schwarz, ta co:

b2c ca a®b (ab + be + ca)? 3abe

>
b+c+c—|—a+a+b* a2+b24+c2+ab+bedtca a2+ b2+ c2+ab+beHca

Ta can chiing t6 ring

a? b? c? 3abc 2(a+b+c)
+ + + 5 5 >
b+c c+a a+b a*+b>+c+ab+bc+ca 3

Coi bat dang thitc nhu A > B, trong dé

6 a?+b2+c24+ab+be+ca

a 12‘17 B a+b+e 3abc
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Bién déi don gian, thu dugc

Y (Gatb+e)(b-c)?
B a+b+ec (b—C)2 o cyclic
A= 5 E ( B

a+b)(a+c)’ 12(a2 + b2 + ¢ + ab + be + ca)

cyclic
Nhu vay, c6 thé viét bat ding thic nhu sau
S.(b—c)* 4+ Sp(c — a)* + Se(a—b)* >0
V6i ki hieu
6a+b+c) Sa+b+c
(a+b)(at+c) a?+b2+c2+ab+be+ca

a =

va db6i xitng cho trudng hop Sy, S..

Do 6(a+b+c) >5a+b+cva(a+b)(a+c) < a®+b*+c+ab+bc+ ca, nén S, > 0.
Tuong tu ciing c6 S, > 0, S, > 0. Nhu vay ta di dén diéu phai chitng minh. Dang thitc xay ra khi

vachikhia:b:c:%.
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NHIN RA THE GIOI

Ky thi Qualify cho nghién ciru sinh ¢ My

Trong chuong trinh gido duc ctia M§, mot sinh vien sau khi t6t nghiép ¢t nhan c6 thé xin hoc tiép
dé l1ay bang Tién si (Ph.D.) ma khong can c6 bang Thac si. Chuong trinh hoc danh cho nganh Toan
thuong 1a 5 nam, trong d6 giai doan dau (khodng 2 nam) sé hoc cic mon cd ban (c6 thé xem nhu c6
¥ nghia tuong duong véi chuong trinh Thac si, mic dit noi dung cé thé khé hon), va giai doan con lai
sé tap trung nghién citu dé hoan thanh luan van. Thong thuong, dé danh dau két thic giai doan dau,
c4c sinh vién phai dau mot ky thi kiém tra chéit lugng, goi 1a Qualify exam. Noi dung ma mic do
khé dé ctia k¥ thi ndy phu thudc vao ting trudng, tuy nhieén nhin chung né sé kiém tra hiéu biét ctia
sinh vién vé cac moén hoc co ban, va quyét dinh sinh vién sé dugc tiép tuc di vio nghién citu hay khong.

Véi muyc tiéu d6, cac dé thi Qualify thudng héi vao nhitng diéu co ban, khéng danh d6, nhung
dé tra 18i duge sinh vien phai ndm vimg kién thiic & mitc do "hiéu" chit khong phai "thuoc". That
ra, ngay mot sinh vién dai hoc & Viét Nam da hoc vitng kién thitc vé mot mon hoc nao d6, thi hoan
toan c6 thé tra 10i dugc cac cau héi roi vao linh vyc dé. Mt khéc, ching t6i thay ring hién nay
nhiéu sinh vién nam thi ba, tht tu clia ching ta vAn con dau tu stic lyc vao cac ky thi Olympic sinh
vien Toan qudc, von dé bai gdm cac bai toan trong phan gidi tich mot bién va dai s6 tuyén tinh ma
tran (tuong duong véi cac mon hoc trong hoc ky dau tien ndm thit nhat). Day 13 mot sy lang phi
thoi gian déi véi cac ban ¢ ¥ dinh theo dudi chuyén nganh vé Toan. Do d6, ching t6i xin gisi thieu
mot s6 dé thi Qualify, véi hi vong day 1a mot ngudn tai lieu tham khao tét dé cac ban sinh vien tu
kiém tra kién thitc ciia minh, dong thoi c6 duong huéng hoc tap ding din, dac biet 1a cac ban co
udc mo sé hoc Toan lau dai.

Duéi day, chiing téi xin gi6i thiéu cac dé thi Qualify ctia Dai hoc Indiana 6 My trong nam 2009.
Cac ban c6 thé tham khéo nguyén vin dé thi, ciing nhu dé thi cdc nam trude trén trang web clia
truong nay

http://www.math.indiana.edu/programs/graduate/tiers/

Tier I Analysis Exam: January 2009

Huéng dan: C6 gang tra 15i tat ca cac cau hoi. Moi bai todn c¢é diém s6 nhu nhau.

Bai 1. Gia st f va g 1a cac ham lién tuc déu R — R. Néu f va g déu bi chiin, chiing minh ring
fg ciing lien tuc déu. Cho mot vi du dé chitng t6 ring néu f hoiic g khong bi chan thi tich fg c6
thé khong lien tuc déu (chiing minh r6 rang ring phan vi du khong lién tuc déu).

Bai 2. Cho cdc ham nhan gia tri thuc f,g € C?(R) va h € C1(R?) sao cho

f(0) =g(0) =0, f(0) =g'(0) = 1(0,0) = 1.

Chitng minh ring ham ham s6 H : R? — R cho béi

f(@) 9(y) )
H(z,y) = / / h(s,t)dsdt + 5:102 + by?
0 0

nhan (0,0) lam mot diém cyc tiéu dia phuong néu b > 1/2, va nhan (0,0) lam mot diém yén ngua
(saddle point) ¢6 1 diém yén ngya néu b > 1/2.
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Bai 3. Cho H = {(z,y,2) € R?*|z > 0,22 + y* + 22 = R?}, ttic la nta trén clia mat cau tam 0
ban kinh R trong R3. CHo F : R — R3 Ia truong vector

F(a,y.2) = {22(? - 2°) oz + 7yt +y,0%y(y2® + 3)z + ¢ )
Tinh f F -ndS trong d6 n 1a vector don vi huéng ra ngoai trén mat cau va dS 1a do do (dign
H
tich) bé mat.

Bai 4. Cho D la hinh vudng véi céc dinh (2,2), (3,3),(2,4), (1,3). Tinh tich phan

/ /D In(y? — 22)dzdy.

Bai 5. Gia st ham s6 f : R? — R thuoc 16p C* c6 tinh chat: moi dao ham riéng phan bac nhat
va bac hai clia f tai (zg,%0) déu bing 0, vA c¢6 it nhat mot dao ham rieng phan bac ba tai (zg,%o)
khac 0. Chttng minh ring f ¢ thé khong dat ca cuc dai dia phuong cling nhu cuyc tidu dia phuong
tai diém t6i han nay.

Bai 6. Chitng minh ring chudi

oo

DTy n2(log(n))22?

n=1

hoi tu déu tren [g, 00) v6i mdi € > 0.
Bai 7. Gia st ham s6 f : R? — R thuoc 16p C! sao cho f(0,0,0) = 0 va

of of of of

Chitng minh ring hé phuong trinh

[z, f(r1, 22, 23),23) =

f(xla T2, f('rh €2, 1’3)) =
xac dinh cdc ham zo = ¢(z1),r3 = ¥(x1) thuoc 16p C* v6i 1 trong mot lan can ciia 0 sao cho

f(xlvf($17¢($1)7¢($1)),¢(331)) = O
f(.’l?l,@($1)7f<$17g0($1>,¢($1))> =0.

Bai 8. Cho b € [1,¢] va day truy hoi ag = Vb, ap11 = (Vb)*,n=0,1,2,...,, tic 1a

b -
Vo oY Y
Voo Vb Vb -
Chtng minh day s6 nay hoi tu va tim gi6éi han dé.
Bai 9. V6i mdi n=1,2,... ta dinh nghia z,, : [-1,1] — R bdi

—1néu —1<t<—1/n,
zp(t) =4 ntnéu —1/n <t <1/n,
Inéul/n<t<l.
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a) Chitng minh rang {x,} 1&2 mot day Cauchy trong khong gian metric (C([—1,1]),d), trong dé6
C([-1,1]) 1a tap hop cac ham lién tuc trén [—1, 1] va ham khoang cach d cho boi

1

d(z,y) = / (1) — () dr.

-1

b) Chiing minh rang (C([—1,1]),d) khong day du.

Tier I Algebra Exam: January 2009

Huéng dan: Méi bai toan hodc mot phan chinh ciia mbi bai toan duge tinh 5 diém, nhu dugde chi
ra, va tong cong 1a 90 diém. Lam mdi bai toan trén mot t& gidy rieng. Trit khi c6 ghi chii khéc, nén
trinh bay bai lam chi tiét va kiém tra cac khing dinh ciia ban.

Bai 1. (10 diém).
(1) Chitng minh ring mdi nhém con ctia mot nhém cyclic ciing cyclic.

(2) Hay xac dinh, sai khiac mot dang cau, cdc nhém abel hitu han sinh ¢6 tinh chat 14 m&i nhém
con thyc sy déu cyclic.

Bai 2. (5 diém). Cho G 1a mot nhom. Dinh nghia mot nhém con H € G la dic trung (charac-
teristic) néu véi méi ddng cau ¢ : G — G ta c6 p(H) C H. Bay git gia st ring H < G 13 mot nhom
con chuan tic vi K < H 13 mot nhom con dic trung ctia H. Chitng minh ring K 1a mot nhém con
chuan tic ciia G.

Bai 3. (5 diém). Cho G 13 mot nhém abel hitu han cap n, trong d6 toan tit nhan giita hai phan
t1t dugc viét theo kidu nhan. Gia st ring anh xa f : £ — 2™ la mot tu ding cdu ctia G, véi mot sé

nguyén duong m cho truge. Chitng minh rang m va n nguyén té cling nhau.

Bai 4. (10 diém). Cho V la mot khong gian vector phite hitu han chidu, va L(V) la khong gian
phtic cdc anh xa tuyén tinh V' — V. V6i méi A € L(V), ham s6 T : L(V) — L(V) dinh nghia béi

Ta(X)=AX — XA, VX € L(V)

13 mot anh xa tuyén tinh.

(1) Gia st réing A, B € L(V) ¢6 cing dang chuan tic Jordan (Jordan canonical form). Chiing
minh ring T4 vd T ciing c6 ciing dang chuan tic.

(2) Gia st réng s6 chiéu ctia V 14 2. Chiing minh rang v6i méi A € L(V) thi rank(T4) 14 0 hogc 2.

Bai 5. (5 diém). Cho V 1a mot khong gian vector thyc va T': V' — V 1a mot anh xa tuyén tinh.
Gia sit ring mdi vector khac 0 trong V déu ld mot vector riéng ctia 7. Chitng minh rang T bing
anh xa dong nhat nhan véi mot hing sb.

Bai 6. (10 diém). Trong bai nay ta chi xét cac ma tran trén trudng s thuc.

(1) Cho A la mot ma tran thuc 2 x 2 sao cho

(D))

Chitng minh ring A dong dang v6i ma tran B = < _01 (1) > .
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(2) Cho A 1a mot ma tran thiyc n x n sao cho A% + I,, = 0 trong d6 I,, 1a ma tran vuong don vi
cap n. Chitng minh ring néu n = 2m thi A déng dang véi ma tran B = ( _(1). 16” ) .

Bai 7. (10 diém). Cho R 13 mot vanh giao hoan vé6i don vi 1 va chita ding 3 ideals.

(1) Chitng minh ring mdi phan tit khac 0 ctia R 1a khéa nghich hodic 1a uéc ctia 0.

(2) Diéu ngudc lai c¢6 ding khong? Chitng minh cau tra 1oi.

Bai 8. (5 diém). Cho mot s6 nguyeén t6 p, va F, 1a truong ctia p phan tit. Gia sit ring udc chung
16n nhat clia hai da thic

f(x) = 62 + 102 — 110z + 16 va g(x) = 62 + 10z — 16
trong F),[z] 1a 1. Tim p.

Bai 9. (10 diém). Cho F3 la trudng hitu han v6i 3 phan tit va F3 14 bao déng dai s6. Cho K la
trudng phan ra (splitting field) ctia g(x) = 22 — 1.

(1) Tim sb nghiém cta g(z) trén F3.

(2) (a) Tim s6 phan tit ctia K. (b) S6 phan tit clia truong con thuc sy cuc dai ciia A 1a bao
nhieu? (mot trudng con clia K goi 1a trudng con thyc sy néu né khong bing K)

Bai 10 (10 diém).

(1) Gia stt v 1a moi s6 phiic sao cho 2 1a mot s6 dai s6 tréen Q. Chitng minh ring v 13 mot s6
dai s6 tren Q..

(2) Cho «, (3 1a céc s6 phiic sao cho « 1a s6 siéu viet tréen Q. Chiing minh rang it nhat mot trong
hai s6 a — 8 va a3 1a sb sieu viét

Bai 11 (10 diém). Cho D 14 mot mién nguyén (domain). Hai ideals khéac khong I,.J C D duge
goi 1& comaximal néu I + J = D, va hai ideals goi 1a coprime néu if INJ =1-J.

(1) Chitng minh rang néu hai ideals I, J C D la comaximal thi chiing ciing coprime.

(2) Chiing minh rang néu D 13 mot vanh chinh (PID, tic 1a mot mién nguyén ma moi ideal déu
sinh ra tir 1 phan t1t) va hai ideals I, J C D 1a coprime, thi ching 14 comaximal.
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OrLyMPIC HOC SINH - SINH VIEN

Olympic Sinh vién Kiev 2009

Bai 1. Tam gidc ABC ndi tiép trong mot dudng tron. Liéu c6 ludn ton tai diém D trén duong
tron ndy sao cho ttt giac ABCD ngoai tiép.

Bai2. Fy=0,F =1,F, = Fj,_1+Fj_o,k > 2 1a day Fibonaci. Tim tét ca cac sd nguyén duong
n sao cho da thitc F,z"*! + F,, 112" — 1 bat kha quy trén Q[xz].

Bai 3. Cho 4, B,C la cac goc clia tam gidc nhon. Chitng minh bat ding thiic

cos A cos B cosC
- - + = - + = - > 2
sin BsinC  sinCsinA  sin Asin B

cos A cos B cosC
—— f ———+ ——— <3
Vsin BsinC  vsinCsinA  +/sin Asin B

Bai 4. Tim tat ca cac s6 nguyén duong n sao cho ton tai ma tran A, B,C € M,,(Z) sao cho
ABC+ BCA+CAB=1

Bai 5. Cho cac ham z,y : R — R sao cho (z(t) — z(
Chiing minh ring ton tai hai ham khong gidm f,g : R — R v
z(t) = f(2(t)),y(t) = g(z(t)) v6i moi t € R.

$))(y(t) —y(s)) > 0 v6i moi t,s € R.
ham 2z : R — R sao cho

Bai 6. V6i (z,,)n>1 la day s6 thuc sao cho ton tai giéi han hitu han

Chitng minh ring v6i moi p > 1 ton tai hitu han
1 n
. p71
nhm > kg 1 kP~

Bai 7. Dat K(z) = ze *,z € R. V6i moi n > 3, tinh

su min K(|lz; — x;
L S i (lz; — 2;])

Bai 8. Liéu ¢6 ton tai ham s6 f: Q — Q sao cho f(z)f(y) < |z —y| v6i moi z,y € Q,x # y. Va
véi moi z € Q, tap hop {y € Q | f(z)f(y) = [z — y|} 1a vo han?

Bai 9. Tim moi n > 2 sao cho c¢6 thé danh sb tat ci cac hoan vi ciia tap {1,2,...,n} bang cac s6
tit 1 dén n! trong dé véi bat ki cip hai hoan vi o, 7 vdi chi s6 lién ké nhau, cling nhu cip thi 1 va

n! thi o(k) # 7(k) théa mén v6i méi 1 <k <n

Bai 10. Cho p 1a do do trén o—dai s6 Borel trén R sao cho /e‘”du(x) < oo véi moi
R

a € R, vd p((—00,0)) > 0,u((0,+00)) > 0. Chitng minh ring ton tai duy nhat sb thuyc a sao
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cho / xe®du(x) = 0.
R
Bai 11. V6i (£,)n>0, (Vn)n>0 12 hai day bién ngdu nhién gom cac phan ti doi mot doc lap cung
phan phéi (phan phdi ctia hai day c6 thé khac nhau). Néu E(&) = 0, P{v; = 1} = p, P{v; =0} =
1—p,pe(0,1). Ki hieu g =0, z,, = ka, n > 1. Chitng t6 rang - Z&xk — 0 theo x4c suat khi

k=1 k=0
n — 0.

Bai 12. V6i X1, Xo, ..., Xa,, 13 cac bién ngAu nhién doc 1ap cting phan phéi sao cho X7 # 0 hau
chic chin. Ki hiéu

, 1<k <2n

k
> X
i=1

Chitng minh bét déng thic E(Y2,) < 1+ 4(E(Y,))?

Olympic Xac suat Kolmogorov 2009

Bai 1. Dai lugng ngau nhién X c6 phuong sai hitu han va khong déng nhét bing 0. Ching minh
ing P(X = 0) < (E(X2)-1D(X)

Bai 2. Cac tap hgp Ay, As, ..., Asgoo C A, mbi tap chita t6i thiéu 1a 6 phan tit va khong c6 2 tap
nao tring nhau. Ching minh ton tai 100 phan hoach ctia tap A, mdi phan hoach tao béi 5 tap con
d6i mot khong giao nhau F,, Es, Es, B4, Fs sao cho mdi tap A; chita it nhat hai tap E;.

Bai 3. Tu container A ma trong dé c6 1000 qua tao xanh va 3000 qua tdo dé ngudi ta liy ra
mot nita s6 tado va chuyén sang container B ma trong d6 da c6 3000 qua tdo xanh va 1000 qua téo
do. Sau dé tit container B ngudi ta lay ra mot qua tao. Tinh xac suat dé qua tao do 1a quai tao xanh.

Bai 4. Cu dan thanh phé N sau khi tan s yéu thich di cau ca. Gid tan sé clia ho 1a ngdu nhién.
O trong hd c6 ca chép va cé ro. Ty 1é cac chép 1a p. Trong thanh phd ¢6 mot dao luat cAm 1 nguvi
khong dugc bit qua 1 con ca chép trong mot ngay, va cu dan thanh phd thi rat tuan tha phap luat,
do d6 ctt sau khi cau dugc ca chép dau tien 1 ho sé ra vé. Hay tinh ty 1&é s6 ca chép méa cu dan
thanh phé cau dugc.

Bai 5. Day céc dai lugng ngdu nhién (X, ),en hoi tu theo x4c suit vé dai lugng ngiu nhien X
sao cho v6i mdi n X,, va X doc lap. Phai chdng X bang hing s6 hau khip noi?

Bai 6. Cho diy cac dai lugng ngdu nhién X;, X»,... véi phan phdi Poisson ting véi tham sb
A = 1. Chitng minh rang E(max{Xi, X», ..., X,,}) = O(Inn) khi n — oo.

Bai 7. Cho (Sp)nen la day dai lugng ngdu nhién sao cho Sy = 0, S, = & + ... + &, 6
day (§j)jen 1a dai luong ngdu nhien dat gia tri béng 1 ho#ic -1 ung véi xéc suat la 1/2. Ki hieu
T=inf{n e N : S, =0}. V6i a € N tim E(N,) v6i N, = |{j <7 : §; =a}|.

Bai 8. Cho qua trinh Wiener W = (W,);>0. Tim ki vong ctia thoi gian ma d6 thi ctia n6 vugt cao
hon duong thing y = ¢. Viét va tinh phuong sai ctia thoi gian nay dudi dang tich phan cic ham co ban.
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Bai 9. Thuc nghiém véi dai lugng ngdu nhien X cé phan phdi chudn véi trung binh p chua
biét, phuong sai bing 1. Dé udc lugng u ta sit dung biéu thic f(X) v6i f la ham lien tuc va
E(f(X)?) < +00 v6i moi p. Chitng t6 gia tri nhé nhéat (xac dinh trén tat cid cdc ham f théa man
diéu nhu vay) ciia sup,cg E(f(X) — p)* dat duge tai ham f(z) =z

Bai 10. Vé6i p > 0, v& X1, Xo, ..., X, 1a cdc dai lugng ngdu nhién trong cing mot khong gian
o0

XAc sudt, sao cho véi moi € > 0 day Zn‘lP(k max | X%| > enl/p) hoéi tu. Chitng minh ring
=1,2,....,n

n=1

X,,/n*/? — 0 hau kh&p noi khi n — oo.
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Ky thi TST Viét Nam 2009 — Dé thi va Binh luan

TRAN NAM DONG - TRUONG Da1 Hoc KHTN, DHQG Tp.HO CHi MINH

Ky thi chon doi tuyén Viet Nam tham dy IMO 2009 dién ra trong hai ngay 18 va 19/4/2009 tai
Ha Noi. Nhu thuong 1é, mdi ngay cac thi sinh lam 3 bai toan trong vong 4 gio. Dé thi ndm nay dugc
danh gia 1a kha kho chiu va két qua diém chudn 15 cho 1 suit vao doi tuyén da ching toé diéu dé.
Duéi day 1a dé thi va binh luan ciia chiing toi.

Binh luan chung

Dé thi c¢6 khéa nhiéu bai kho, trong d6 khé nhét 1a cac bai 3 (S6 hoc) va 5 (Hinh hoc). Bai 3 kho
do tinh doc dao clia né, v chi ¢6 nhitng thi sinh nim rat vimg vé thuyét phuong trinh Pell nang
cao méi c¢6 thé cong pha duge. Bai hinh s6 5 ¢6 cAu hinh kha khé chiu, ban chat bai toan bi dau
kh4 k¥ khién nhiéu thi sinh khong tim duge phuong huéng. Bai s6 2 thuc chit khong khé nhung do
céch phét biéu cong kénh, thira dit kien nén ciing lam cho cac thi sinh s¢ va lac dudng. Tuong tu
bai s6 6 cling khong qua khé nhung do duge dit & vi tri cudi nén s6 thi sinh dam cong pha bai nay
khong nhiéu, mic dit cau goi § (cau a) 1a kha don gian.

Hai bai dé nhét ciia k¥ thi 1a bai s6 1 (Hinh hoc) va bai s6 4 (Bat dang thiic). Dang tiéc 1a nhidu
thi sinh vAn gap kho6 khan ngay ci véi hai bai nay. Tuy nhién, day ciing 1a Iy do khién diém can ke
khu vite “phao cttu sinh” kha dong: c6 dén trén 10 bai nim & mic diém 13-14. Day ciing 1 diém yéu
cia dé thi chon doi tuyén nam nay: tinh phan loai khong cao.

1 - CAC BAI TOAN CHO DIEM

Bai 1. Cho tam gidc ABC nhon noi tiép duong tron tam O; goi Ay, By, Cy lan lugt la chan
duong vuong goc cia A, B,C zudng cic canh doi dién; goi Ay, B, Co lan lugt la diém doi zing
ctia Ay, By,C1 qua trung diém cic canh BC,CA, AB. Cdc duong tron ngogi tiép cdic tam gidc
ABQOQ,BCQAQ,CAQBQ C(it (O) t@i cac dzém thit hai la Ag,B3,C3.Ch’L/6’ng minh A1A3,BlBg,0103
dong quy.

Loi gidi
Goi H la triyc tam ciia tam giac ABC. Goi S 1a diém déi xiing ciia H qua O. Ta c¢6
SA; 1 BC,SBs 1L CA,SC, 1 AB

Do dé, duong tron ngoai tiép tam gidc AByCsy la duong tron dudng kinh SA. Goi D la diém
déi xting ctia A qua O thi SD1BC. Do ZAA3D = 90° nén Az thuoc duong thing SD. Goi M la
trung diém ctia BC. Do M A1||AA3 va MA; = AA3/2 nén A; Az di qua trong tam G clia tam gidc
ABC. Chitng minh tuong tit ta cfing c6 B1Bs va C1C3 di qua G. Vay A, A3, B1 B3, C1Cs dong quy
tai didm G.

Binh luan. Bai nay kha don gian. Mau chét clia 10i gidi 1a chiing minh AAs||BC. Dang tiéce 1a
nhiéu thi sinh lam duge dén day nhung van khong di tiép duge hodic st dung nhitng “dinh 13 tu ché
nhu “Néu c6 3 dudng thang dong quy (¥ néi AAs, BBy, CCy) lay ddi xing qua ba truc dong quy (¥
néi ba duong trung trie ciia tam gidc) thi ba dudng thang anh cling dong quy”. Céc ban c6 thé lay
phan vi du dé chimg t6 “ménh dé” nay khong ding.

Bai 4. Tim tdt ci cic s6 thic r sao cho vdi moi s6 duong a,b,c ta luon cé bat ding thic sau

a b c 1\?
r+o— |7+ r+—— ]2 \(r+5
b+c c+a a-+b 2
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Léi gidi
Do bat déng thitc 1a thuan nhét, ta c6 thé gid st a+b+c = 1.

Ta bién ddi bat dang thiic dé bai vé dang
2

S b= (Gh+e)+ T -2 =0

2

Dat S, = %(b+c)+ ra

4
dua vé& dang

D (b—0c)?S >0

+ Cho b = c thi bat déng thiic tuong duong Sy = S. > 0 < 4r2 — (472 — 2r +1)b > 0.
+ Cho a — 0,b — 1/2 thi tadu@c4r2—%(4r2—2r+l) >0&4r2+2r —1>0.
Ta chiing minh day ciing 1a diéu kien di dé bat ding thic ding véi moi a, b, c.
That vay, gid sta>b>c. Vidr?2 —2r+1>0nén S, < S, < S.. Hon nita khi d6 b < 1/2 nén
Sy =712/2 — (4r* —2r +1)b/8 > 1?/2 — (4r* —2r +1)/16 = (412 +2r — 1)/16 > 0
Spy+ Sy =712 —(4r? —2r +1)(a+0)/8> (47 +2r —1)/8 >0
Tu dé
Sa(b—c)? 4 Sp(c — a)* + S.(a —b)* = S, (b — c)* + Sp((a — b) + (b — ¢))* + Se(a — b)?

= (S, 4+ Sp)(b—¢)? 4+ (Sp + Se)(a —b)* +2S,(a —b)(b—¢c) >0
Binh luan. Ngoai cich giai trén, con c6 mot sd cach giai khac nhu khai trién toan bo roi ding
céc bat diing thitc Schur vi Muirhead. C6 mot s6 thi sinh tiép can bing phuong phap don bién hoic
pgr nhung do nam 1y thuyét khong viing nén da pham nhiing sai 1am "khong stta chita dudc". Day
ciing 1 bai hoc cho cac ban hoc sinh: Khi hoc mot phuong phap mdéi, phai hoc that ky va phan tich
16 cac diém manh yéu ctia phuong phap, nhitng diém dé bi so hd, sai lam.

IT - HAI BAI TOAN TRUNG BINH

Bai 2. Cho da thitc P(x) = ra® + qx® + px + 1 trong dé p,q,r la cdc s6 thuc vdi r > 0. Xét day
s6 (an), n =0, 1, 2... xdc dinh nhu sau

ap =1, a1 = —p, az =p° —¢q
Up43 = —Pap42 — qanp41 — Tap (Tl > O)

Chiing minh ring néu da thiic P(z) chi c6 duy nhdt mot nghiém thuc va khong cé nghiém boi thi
day (a,) c6 vo $6 s6 am.

Binh luan. Bai toan nay 16 ra da khong khé dén vay (s6 thi sinh lam duge bai nay c6 thé dém
trén dau ngén tay) néu nhu khong phai 1a "deé bai". Vige dé bai cho céc gid tri ban dau ag, a1, as
kha dac thit da khién cac thi sinh lac dé, khong biét khai thac thé ndo. Loi giai trinh bay duéi day
cho thay cac gia tri d6 hau nhu khong quan trong, khong anh huéng dén két qua bai toan.

Léi gidi
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T didu kien dé bai suy ra phuong trinh dic trung clia phuong trinh sai phan 3 +pa?+qgz+r =0
¢6 1 nghiém thyc am va hai nghiém phic lién hgp.

Gié st ba nghiém d6 1a —a, R(cosa + isina), R(cosa — isina) véia > 0,R > 0,0 < a < 7 thi

an = Ci(—a)" + CoR™(cosa + isina)" + C3R™(cosa — isin )"

trong d6 C1, Cy, C3 1a cac hing sb ndo d6 va C2,C3 1 cac s6 phiic lien hop.

Dat Cy = R*(cos ¢ + ising) véi ¢ € [0,27), ta ¢

an = C1(—a)™ + R™"(R*(cos ¢ + isin p)(cosna + isinnp) + R*(cos ¢ — sin p)(cos na — isinny))

= C1(—a)" + 2R"R*(cos(na + ¢))

Gia st ngugc lai ton tai n sao cho a, > 0 v6i moi n > ng. Khi dé ta co

0 < apy1 +aa, = 2R R*(cos((n + 1)a + ¢)) + a2R™"R*(cos(na + ¢))

=2R"R*(Rcos((n + 1)a+ ¢) + acos(na + ¢))

=2R"R*.C.cos(na+ ¢*) (C > 0,¢"* € [0,27))
v6i moi n > ng.

Diéu nay khong xdy ra vi 0 < o < 7 nén ton tai vo s6 n sao cho na+¢* € (w/2+k2m, 31 /2+2k).

Bai 6. Q6 6n + 4 nha todn hoc tham du\] hoi nghi, trong dé cé 2n+ 1 budi thdo ludn. Moi budi
thdo ludgn déy ¢6 1 ban tron cho 4 nguos ngoi va n bdfz tron cho 6 ngudi ngoi. Biét rang 2 ngudi bat
ky khong ngoi canh nhau hodc doi dién nhau qud 1 lan.

1. Héi c6 thé thuc hién dugc viéc sdp zép cho ngéi voin =17

2. Héi c6 thé thuc hién dudc viéc sdp xép ché ngodi véin > 17

Binh luan. Bai toan nay thudc dang xay dung vi du. Day la dang toan khong thuc sy quen
thuoc véi hoc sinh ching ta (vén quen véi tim va chitng minh). Chinh diéu nay va viéc bai toan
dugc xép & vi tri s6 6 da khién ?ch? ¢ 1t thi sinh giai va giz\ii dugc l?ai nay. V& thye chat thi bai nay
khong kho. V6i n = 1, ta ¢6 the dé dang xay dung vi du vé cach xép:

1. (1234), (5869 710)

2. (1567), (28394 10)

3.(18910), (253647)

O day, ¥ tuéng 1a tach 1 ra rieng, con 9 s6 con lai phan thanh 3 nhém (2 3 4), (56 7) va (8 9 10),
sau d6 ghép cip nhu & trén.

Lai c6 thé ghép cip bing mot cach khéc:
1. (1258), (3467910)

2. (1369), (24578 10)
3. (14610), (2356809)
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Tiép theo, véi n = 2, ta cling tach 1 ra va 15 s6 con lai chia thanh 3 nhém (2 345 6) (78 9 10
11) (12 13 14 15 16) va tiép tuc xép

1. (12712)(34891314) (561011 15 16

2.(13813)(267111216) (459101415

3.
4 469111416

(
(
(14914) (2571012 15
(151015) (23781213
(

)

) ( )

) (3681113 16)

) ( )

5 ) ( )

161116) (24791214) (358101315

Tt day c6 thé ndy sinh ra ¥ tudng cho 15i giai téng quat: Tach mot s6 ra rieng, con lai chia thanh
3 nhém, mdi nhém 2n + 1 ngusi. S& 1an lugt cho 1 ngudi 1é tham gia ban 4 ngudi, 2n ngudi con lai
tach thach n cip va phdi hop véi cic cip clia 2 nhém con lai tao thanh ban 6 nguoi. Van dé 13 phai
ghép cac cap thé ndo dé hai ngudi cting nhém khong duge ghép cip véi nhau hai 1an. Nhu vay, dé
thay bai toan chuyén vé bai toan quen thuoc: Hay xép lich thi ddu cho mot gidi ddu gom 2n + 1
doi thanh 2n+1 lugt, méi lugt ¢6 n tran dau. Bai toan nay c6 thé gidi bang quy nap hoic hé thing du.

Loi gidi. Tach sb 6n + 4 ra rieng. Cac s6 con lai chia thanh 3 nhéom: {1,2,....2n + 1},{2n +
2, .., 4n+2}, {4n+3,...,6n+3}. O budc thi k, tit 3 nhém ta chon ra 3 sd k, 2k +1+k va 4k +2+k
dé ghép véi 6n + 4 vao ban 4. Cac s6 con lai thuoe {1,2,...,2n + 1}\{k} ta phan cip theo quy tic
i, 7 cting cip khi va chi khii+j = 2k mod 2n+1. Ta chttng minh cach chia nay thod méan diéu kién:

i. Hai s6 4, j khong thé cling xuét hién tuong dng & lan k va 1lan &/, do 2k = 2k’ mod 2n+1 &
k=k mod2n+1

ii. V6i moi ¢ thuoec A = {1,2,...,2n + 1}\{k}, ton tai duy nhéat j thuoc A sao cho i + j = 2k
mod 2n + 1. (Ban doc hdy chitng minh chi tiét didu nay).

Céc 86 thuoe {2n+2,...,4n+2\{2n+ 1+ k} va {4n+3,...,6n+ 3}\{4n + 2 + k} ciing dugc
ghép cip tuong ty. Lay cac cip tit nhom 1, nhém 2, nhém 3 ta ghép thanh cac ban 6 ngudi.

IIT - HA1 BAI TOAN KHO

Bai 5. Cho duong tron (O) duong kinh AB, M la diém tuy 5 trong (O). Duong phan gidc ti
M ciia tam giac AMB cit (O) tai N. Phan gidc ngoai cia géc AMB cat NA, NB tai P,Q. Duong
thing AM cat duong tron duong kinh NQ tai diém thi hai R; duong thing BM cdt duong tron
duong kinh NP tai diém thit hai S. Chiing minh duong trung tuyén ké to N cia tam gidc NSR di
qua mot diém cé dinh.

Binh luin. Day 13 mot bai toan kha kho chiu. Va rat nhicu thi sinh da sa lay & bai toan nay,
tén nhidu thdi gian va cong stc nhung khong tim ra sgi chi ciia chting minh. Dugce biét bai toan nay
dugc tao thanh tu hai bai toan quen thudc:

1) Cho ti giagc ABCD ngi tiép mot duong tron. Gid st hai duong chéo cat nhau tai O va
K,L,M,N la chan cic duong vuong goéc ha ti O zuong AB, BC,CD,DA thi KLMN la mot t¢
gidc ngoai tiép dudc. Ngodi ra, O chinh la tam duong tron noi tiép ti giagc KLMN wva cdc bo ba
duong thang (KL, MN,AC), (KN, LM, BC) dong quy.

2) (Duong thing Newton) Cho tii giage ABC'D ngoai tiép duoc. Gid sit E, F la giao diém cdc cap

canh doi dién. Khi dé trung diém M, N, P cia AC, BD, EF va tam I dudng tron noi tiép nam tren
mot duong thdng.
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Dap 4n chinh thic di nguge theo huéng nay va vi thé kha cong kénh, bao gom cic budc tim lai
cau hinh ban dau, tic la ti giac ngoai tiép duong tron (O), roi st dung ¥ tudng chiing minh cia
dudng thing Newton dé chitng minh sy thing hang.

Chi c¢6 mot s6 it thi sinh lam tron ven bai nay, trong d6 dang cht ¥ 1a 10i giai trinh bay duéi day
(rdt ngdn gon va sang stia) v mot 10i giai bang phuong phap toa do. Ciing rat sang sta (d6 1a mot
diéu ddc biet vi 16i giai theo huéng nay thuong cong kénh va xau xi) va dic biet hon, nho 16i giai
nay ma ching toéi phat hién ra diéu kien ZANB = 90° 13 khong can thiét. Thuyc ra la chi can N
ndm trén phan giac goc ZAM B. Sé rat 1y thi néu ban doc tu kiém tra lai diéu nay (bing phuong
phép hinh hoc hodc phuong phap toa do).

Loi gidi. Giast I = NSNPQ,J = NRNPQ. Vi M, N, Q, R dong vién, tacé LZAMP = ZRMQ =
ZJBM = ZJNQ. Tit day suy ra M, N, B, J dong vien.

Tuong tuw, M, N, A, I dong vien. Vi vay ZJBN = ZIAN = 90°.

T A v B ké cac dudng thing vuong géc véi M N cit NJ va NI tuong tng tai U vd V. Ta c6

AU NA NA BV _NB NB
= A P = BV = 1Q.°—~
gp - np o AVEIPRE T T Ng T BV @ NQ

Tu do
AU _JP NA NQ _ NA NQ Sngp _ NA NQ NJNP.sinZPNJ NA NJ

BV 1IQ NB'NP NB NB Syig NB NP NINQ.sn/QNI NB NI

Suy ra AU = BV, nhung AU||BV nén AUBYV la hinh binh hanh. Vay O 1a trung diém cta UV.

Mt khac, ANAI ~ ANSP ~ ANB.J ~ ANRQ

L NA_NS_NB_NR _NANS _ NBNR_ NUNS _ NVNR:>NU_NV
NI NP NJ NB_ NI'NP_ NJNQ  NJ NI NJ ~ NR NS

Do dé UV||RS. Tit day suy ra ring trung tuyén ké tit N clia tam gidc NSR di qua trung diém
O ctia UV. Ta c6 diéu phai chiing minh.

Bai 3. Cho a,b la cdc s6 nguyén duong khong chinh phuong sao cho ab ciing khong chinh phuong.
Chatng minh rdng it nhat mot trong hai phuong trinh ax?® — by? = 1 va ax? — by? = —1 khong cé
nghiém nguyén duong.

Loi gidi. Trude hét ta ching minh bd dé sau

B4 dé. Cho phuong trinh
Az? — By’ =1 (1)

v6i A va AB khong chinh phuong. Goi (a, b) 1a nghiém nhé nhat ctia phuong trinh Pell két hop
2?2 — ABy* =1 (2)

Gia stt phuong trinh (1) ¢6 nghiem va (zo; yo) la nghiém nhé nhét ctia né thi (zo;y) 14 nghiem

duy nhit ctia hé phuong trinh
a = Ax? + By2
b= 2xy

Chitmg minh. Gia st (zo;yo) 14 nghiem nhd nhét cia (1). Dat u = Az + Byd,v = 2xoyo thi ta
co
u? — ABv? = (Az? + Byd)? — AB(2woy)? = (Az? — Byd)* =1
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Chiing t6 (u;v) 1a nghiém ctia phuong trinh (2). Ma (a;b) 1a nghiém nhé nhat ctia phuong trinh
nay nén u > a,v > b.

Ta chting minh v = a,v = b. That vay, gia s trai lai u > a,v > b.
a—bVAB < (a—bVAB)(a+b/AB) = a®> — ABV> =1
= (a — bVAB)(V Az + VByo) < (VAzo + VByo)
= (axo — Bbyo) VA + (ayo — Abxzo)VB < (VAo + VByo)

Lai c6

(a-+ bV/AB) < (u+ v/AB) = (VAzo + VBuy)

= (azy — Bbyo)V'A — (ayo — Abxo)vV'B = (a + bV/AB)(v/Azo — VByo)
< (V Az + VByo)*(V Az — VByo) = (VAzg + vV Byo)

Dit s = axg — Bbyg, t = ayg — Abxg thi cac bat ding thic trén cé thé viét lai thanh

sVA+1VB <2oVA+yVB (3)
sVA—tVB < 2oVA+yVB (4)

Tiép theo, ta c6 (As? — Bt?) = A(axo— Bbyo)? — B(ayo — Abxzo)? = (a®> — ABV?)(Axg — Byd) = 1.
Ta thiy s > 0 vi

s >0 axg > Bbyy < a’z% > B?b*y¢ < a’z3 > Bb?(Azd — 1)

& (a® — ABb2)2% > — BV < 23 > —Bb>.

Bét ding thitc cudi ciing ding, do dé s > 0.

Tathiy t # 0vit = 0 & ayy = Abrg & a®y3 = A%b*23 & (ABW*+1)y2 = Ab?(Byd+1)yé = Ab>.
Diéu nay khong thé xay ra do A khong chinh phuong.

Néu ¢ > 0 thi (s;¢) 1a nghiém nguyéen duong ctia (1), ma (zg,yo) 12 nghiém nhé nhat ctia (1) nén
5> xg,t > yo. Do vay sv/A +tVB >/ Azy + vV By, diéu nay mau thuin véi (3).

Tuong ty, véi t < 0 thi (s, —t) 14 nghiém nguyén duong ctia (1) va ta ciing dan dén mot bat déng
thitc mau thuan véi (4).

Vay u = a,v = b hay (z9,y0) 1 nghiém ctia hé trén.
Tré lai bai toan gia st ca hai phuong trinh

ax® —by® =1 (3)

be? —ay® =1 (4)

¢6 nghiém.

Goi (m,n) la nghiém nhé nhat ctia phuong trinh 22 — aby? = 1, (x1,y1) 14 nghiém nhoé nhat cta
phuong trinh (5) va (z2,92) 1a nghiém nhé nhat ctia phuong trinh (6).
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Ap dung b6 dé 2, ta c6 m = ax? + by?;n = 2z1y; va m = bx2 + ayd;n = 22?y?
Do ax? = by? + 1 va ay? = bz — 1 nén tit day ta suy ra

azf + by} = ba3 + ays

& 2by? +1=2bx3 — 1

& b(z3—yi) =1

Diéu nay khong thé xay ra do b > 1.

Nhan xét.

1. B6 dé trong 15i giai trén chinh la mot phan cta dinh Iy 5.19 , trang 148 trong cudn Mot sé
van dé vé S6 hoc chon loc do Nguyén Van Mau chii bien, NXB Gisgo Duc 2008. Trong dinh 1y nay
chi ¢6 diéu kien AB khong chinh phuong va A > 1. Diém duy nhét can dén A khong chinh phuong
la diém ma ta chitng minh ¢ # 0. Trong chitng minh trén, ¢ = 0 khi v& chi khi y2 = Ab?. Thay vio
ding thitc AzZ — By2 = 1 ta suy ra A(z3 — Bb?) = 1. Diéu nay khong thé xdy ra do A > 1. Vay bo
dé dung véi didu kien AB khong chinh phuong va A > 1. VA ¢6 nghia 13 bai toan clia ta cling diing
néu ab khong chinh phuong va a,b > 1.

2. Bai toan nay c6 xuat xit rat gan véi bai toan sau day dang trong tap chi American Mathe-
matical Monthly:

“Gid st x va y la cdc s6 nguyén duong sao cho x + xy va y + xy la cdc s6 chinh phuong
a. Chitng minh ring cé ding mot trong hai s6 x va y la s6 chinh phuong.
b. Hay mo td tat cd cac cap s6 nguyén duong x,y nhu vay”. (x)

That vay, truée hét, néu biét da chiing minh duge bai toan (*), ta c6 thé giai bai s6 3 VTST09
nhu sau:

Gia stt ton tai x,y,u,v sao cho az? — by? = 1 va au?® — bv? = —1. Dat X = by? va Y = au? thi
X(Y +1) =by?.bv? = (byv)?, (X +1)Y = ax?.au?® = (awu)? 1a cac sé chinh phuong, suy ra X hoic
Y chinh phuong (theo bai toan (*)!). Diéu nay mau thuan vi a va b khong chinh phuong.

D6 1a bé ngoai, con néu doc ky 15i gidi bai toan (*) thi c6 thé thidy mau chdt clia 16i gidi ciing 1a
mot tinh chét “co ban” clia phuong trinh Pell loai 1 va loai 2 tuong duong véi b dé trong 151 gidi &
trén.

3. Thyc ra két qua bai toan 3 1a mot dinh 1y trong bai bao ctia D.T. Walker ding trén tap chi
AMM nam 1967 (On the Diophantine equations mX?2 —nY? = £1). Viéc st dung mot dinh 1y toan
hoc trong dé thi 13 viéc lam kha théng dung, tuy nhién thuong la dinh 1y dé phai it nhidu quen
thudce, c6 ching minh ngin gon vi bai toan phai 13 mot ap dung khéo léo ctia dinh ly. 0 day, véi
bai toan 3, ca hai yéu cau nay déu khong duge dap ng. Vi thé, diing bai toan nay dé phan loai hoc
sinh 1& khong kha thi.
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SAI LAM G DAU?

D6 do Metric

PHAN THANH NAM - KHOA TOAN, DAl HOC COPENHAGEN, DENMARK

Giéi thiéu. Mot trong nhitng dic tinh t6t cia mot ngudi hoc toan 13 sy can than dugc ren luyén
dé tranh nhing sai 1am trong 1ap luan. Tuy nhién, tit mot hoc sinh phd thong cho téi mot giso su
dai hoc thi viéc thinh thodng méic "16i" vaAn 13 diéu kh6 tranh khéi. Chuyén muc "Sai lam & dau?"
duge mé ra dé ching ta chia sé mot s6 16i ma chiing ta gip trong qua trinh hoc tap, doc sach, nghién
cttu ... Hoc héi tit sai lam ctia minh, va clia ngudi khéc cling 14 mot diéu hay, phai khong cac ban?

Trong bai viét nay t6i mubn trao doi véi cdc ban mot ching minh trong sach "Hausdorff mea-
sure" ctia C.A. Rogers (Cambridge University Press, 1970) vé do do metric.

Tru6e hét, xin nhic lai mot s6 dinh nghia. Ching toi gia sit ring ban doc da quen thudc véi céc
khai niém nhu o—dai s6 (c—algebra), do do (measure) va khong gian metric. Cho Q 13 mot tap hgp
khac réng va 2% 1a ho tat ca cac tap con ctia Q (ky hieu 22 1 tit nhan xét ring mot tap hitu han
c6 n phan tit thi s6 lugng cac tap con ciia n6 la 2" ). Mot ham s6 p : 2% — [0, 00 goi 1a mot do do
ngodi (outer measure) néu né thda man:

(i) u(0) =0,
(i) Néu A C B thi u(A) < u(B),
(iii) Néu Ey, Fs, ... 1a mot ho dém duge cic tap con ctia Q thi
u <U En) <> p(Ey).
n=1 n=1

Tinh chat (iii) goi 1a du6i cong tinh dém duge (countably subaddtive).

Tt mot do do ngoai p nhu vay, ching ta c¢6 thé thu hep 22 xuéng mot 16p o— dai s6 ma tren dé
p 1a mot do do. Cach xay dung nay rat tong quat va la ¥ tudng ciia Carathéodory. Dé lam diéu do,
ta dinh nghia mot tap £ C Q 1a p—measurable néu né théa méan tiéu chuan Carathéodory

p(A)=pu(ANE)+ u(ANE®), VACQ
trong d6 E¢ = Q\E. Mot cach tuong duong, F 1a y—measurable néu va chi néu
(AU B) = pu(A) + u(B)
v6i moi A C E, B C E° (xin ban doc kiém tra diéu nay). Ta co:

Dinh ly. [Carathéodory] Cho u la mot do do ngoai trén Q va >, la Idp cdc tap hop u—measurable.
Khi d6 Y la mot o—dai s6 va thu hep clia p trén > théa man tinh cong tinh dém duge.

Bay gio chung ta gid sit trén £ ¢6 mot "ham khodng cach" p : Q x Q — [0,00) sao cho (€, p)
la mot khong gian metric. Bay gid ta c6 mot 16p cac tap hgp quan trong la cac tap md va cac tap
déng. Mot cich ty nhién, ta muén xay dung mot do do trén o—dai s6 chia tat ci cdc tap md (va
céc tap dong) nay (o—dai s6 nho nhét c¢6 tinh chat nay goi 1a o—dai sé Borel). T cach xay dyng
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ctia Carathéodory & trén, ta s& lam duge didu nay néu ta c6 mot do do ngoai p trén Q ma & dé moi
tap md (hodc mot cach tuong duong la moi tap déng) déu 1a p—measurable.

Dé c6 diéu noi trén, ching ta sé gid sit p théa man thém mot tinh chit. Ta dinh nghia khodng
cach gita hai tap hgp A, B C Q 1a

d(A, B) = inf{p(z,y)|x € A,y € B}.

Ta goi A, B 1a tach ngat (positively separated) néu d(A, B) > 0. Tinh chat sau day néi rang u
théa méan tinh cong tinh gitta hai tap tach ngat.

(iv) Néu A, B C Q,d(A, B) > 0 thi
n(AU B) = p(A) + pu(B).
Mot do do ngoai p thdéa man tu (i)-(ii)-(iii)-(iv) goi la mot do do ngodi metric (metric outer
measure, ho@c metric measure). C6 thé chiing minh ring néu g 14 mot do do ngoai metric thi méi

tap déng (va do d6, méi tap md) déu pu-measurable, va do d6 sit dung xay dung ctia Carathéodory
ta thay thu hep ciia p trén o—dai s6 Borel tao thanh moét do do.

Chitng minh sau day trich tit sach "Hausdorff measure" ctia C.A. Rogers (Cambridge University
Press, 1970, trang 32-33). Day la mot chting minh ty nhién va dep mat, tuy nhién con c6 mot 16i
nhé. Cau héi danh cho ban doc: 16i d6 1a gi, va lam sao dé sita chita? Toa soan xin ting ban in clia
Tap chi MathVN sb6 tiép theo cho 3 ban c6 cau tra 15i ding va sém nhét.

Theorem 18. If p is a metric measure in a metric space € all closed
sets of ) are p-measurable.

Proof. Let I' be a closed set in Q. Consider any two sets 4, B that
are separated by F with

AcF, B < Q\F.

We may suppose that 4, B are both non-empty. Our aim is to express
B as a union of an increasing sequence

BieB,cByc ...

of sets with B, and Q\ B, ,, positively separated for each » > 1 and
with 4 and B, positively separated for each n > 1.

Once we can effect such a construction it will follow, by using the
metric property of the measure, and theorem 17, that

p(A U B) =z supu(du B,)
= sup{u(4)+p(B,)}
= p(A) +sup u(B,)

= p(Ad)+pu(B),

and we shall have the required measurability condition for #.
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Define B,, to be the set of all points « of £ in B with

infp(x,y) > 1/n.

veF
Then B, B,=By<..<B.
Further, if be B, then b ¢ F', as B < Q\ F, and b is not a limit point of
F and so lies in B,, for all sufficiently large n. Hence

B=UB,

n=1

As A < F, it follows, from the definition of B,, that 4 and B, are
positively separated. Now consider any two points b and e with

beB,, ecQ\B, 4, (8)
for some n > 1. Then, from the definition of B, ,,

inf ple,y) < 1/(n+1).
yel

So, for some choice of a point fin F, we have

ple,f) < 1/(n+1).
3
If we had plb,e) < ;!’(n—_i_%?):

this would yield infp(b,y) < p(b,f)

velR
< p(b,e)+ple.f)
1 1

contrary to the definition of B, and the relation < B,,. Thus for all
pairs b, e satisfying (8) we have p(b,e) > 1/[n(2rn+1)] and B, and
Q\ B, ., are positively separated. This completes the construction
and so the whole proof.

Ghi chii: Dinh Iy 17 dugc nhic t6i trong chitng minh trén phat biéu ring néu p 1a mot do do

ngoai metric thi n6é thda man tinh chat "tang ngit": néu A; C A, C ... 1a mot diy ting cac tap con
ctia 2 sao cho A, va A tach ngat (positively separated), tic la d(A,, AS, ) > 0, thi

(UA)-bup,uA)

meN
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-2 -2

Thong bao vé van dé giai bai va gidi thudng

MathVn 1a mot tap chi khoa hoc mang tinh cong dong va gido duc Toan hoc. Di kem véi céc bai
viét chuyén dé ching t6i khéi xuwéng cudc thi gidi toan khong han ché déi tuong. Qua dé ching toi
mong mudbn cac ban tré tham gia tim hiéu va gidi quyét nhiéu vn dé khac nhau phan thanh ba loai:
phan cho hoc sinh, phan cho sinh vién, phan cac van dé ma. Céac doi tugng tham gia c6 thé giai bai
3 tat ca cac phan.

Co cau giai thuéng

e Giai nhat: 3 trigu dong (1 giai)

e Giai nhi: 2 trigu dong (1 giai)

e Giai ba: 1 trigu dong (2 giai)

e Giai khuyén khich: Ban in Tap chi MathVn 1 nam (10 giai)

Qui tic tinh diém

V6i muc dich phat trién cac chuyén dé, dong vien céc ban tham gia trao ddi giao luu, chiing toi
khuyén khich giti 16i gidi cho cac bai toan trong mdi phan clia tap chi.

+ Loi giai cho cac van dé md (Open Problems): 15 diém (Cac ban c6 thé khong can gt cho tap
chi MathVn ma gtii tryc tiép dén cac dia chi gbe chita van dé d6, ban nao dude dang tén trong 15i
giai thi sé duge tinh diém).

+ Loi giai cho cac dé Qualify cho nghién citu sinh: 15 diém.

+ Bai toan dé nghi giii cho tap chi: 10 diém.

+ Loi giai cho cac bai dé ra ki nay ctia MathVn chia ra ciac mic khac nhau tuy thudc vao tinh
thach thic cla bai toan:

* Bai kho va hay: 8 diém.

* Bai binh thuong va hay: 6 diém.

* Bai dé va hay : 4 diém.

+ Loi giai cac bai tap trong chuyen dé: 3 diém.

V6i co ché tinh diém nhu trén sau 4 s6 ching t6i sé ¢6 bang tong két theo thit tur va cong bd &
dién dan ciing nhu tap chi danh sach cac ban dat gidi. Tuy nhién dé giai nhat 1a xing dang thi diém
téng két sau 4 ki ra bao phéai 16n hon 150 diém. Cac ban nhan dugc gidi thudng sé duge chiing toi
thong bao va chuyén tién qua buu dien.

Vé mtc do chia cac bai khé dé& qua 3 s6 bao da ra nhu sau:

+ Loai khé: A2,A4,A8,A9,A10,A11,A12,A13, Al4, A25, A26, A32, B1,B2,B3,B4,B5,B6,B9.(8
diém)

+ Loai binh thuong: A1,A3,A5,A6,A7,A15,A16,A17,A19,A20,A21,A23,A24,A27,A28,A29,A30,A31,A33,B7,B8.(6
diém)
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+ Loai dé&: A18, A22. (4 diém)

Vé han giai cac bai:

+ S6 1 : dén hét ngay 25/07/2009.

+ S6 2: dén hét ngay 29,/10,/2009.

+ S6 3: dén hét ngay 29/01/2010

Mot lan nita thay mat nhém bién tap tap chi MathVn mong ring cé sy tham gia nhiéu hon nita
ciia cac thay gidgo co gidgo va cac ban tré dé cong dong ciing nhu tap chi chiing ta ngay cang phét trién

bén vitng va chat lugng. Thu tr thic mic xin gii vé dia chi thu dién t mathvn2008@gmail.com
hodc truy cap vao website http://mathvn.org.

BAN BIEN TAP
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