LOI NOI bAU
4t dang thuc 1a mot trong nhimg no6i dung quan trong trong chuong trinh toan phd
thong, n6 vira 1a ddi twong dé nghién ciru ma ciing vira 1a mot cong cu dic luc, voi
nhimg tng dung trong nhiéu linh vuc khac nhau cta toan hoc. Trong cac dé thi
chon hoc sinh gioi ¢ cac cAp nhiing bai toan chimg minh bat dang thirc thudng xuat hién
nhu mot dang toan kha quen thudc, nhung dé tim ra 161 giai khong phai 1a mot viéc dé
dang.

Cac phuong phap ching minh bat dang thic kha phong phu, da dang va da dugc kha
nhiéu tai liéu dé cap dén. Mot trong nhitng phuong phap chimng minh bat dang thirc hoic
sang tao ra bat ding thurc 1a viéc sir dung cac tinh chat dai s6 va hinh hoc ctia tich phan.

Trén tinh than do ti€u luan gdm cac phan: myc luc, mé dau, 7 van de, phu luc, két luan va
tai li€u tham khao.

Vén dé 1: Bat dang thirc ctia ham sb gi6i noi va 10i.

Van d¢ 2: Bit dang thic ciia ham s lién tuc.

Van dé 3: Bt déng thire ctia ham sd lién tuc va don diéu.

Van d¢ 4: Bit dang thic ciia ham sb kha vi.

Vén dé 5: Bat dang thirc ctia ham s6 kha tich.

Van d¢ 6: St dung cong thirc tinh d6 dai cung phang dé chimg minh bat dang
thtrc .

Van dé 7: Sir dung cong thic tinh dién tich hinh phang dé chimg minh bat dang
thtrc .

Noi dung trong 5 van dé dau dé cap dén viéc sir dung cac tinh chét dai s6 don gian cua tich
phan dé chimg minh mét sd bai toan lién quan, trén co s& d6 dua ra nhirng vi du ap dung dé
sang tao ra bt dang thirc, 2 vin d& con lai d& cap dén viéc thong qua nhitng wéc lwong truc
quan tr hinh hoc dé chting minh bat dang thirc kém theo nhiing vi du minh hoa cy thé.

Dé hoan thanh tiéu luan nay, chung toi da cb gang tap trung nghién ctru, xong do it nhiéu
han ché vé thoi gian cing nhu vé nang lyc nén tiéu luan chic chan con nhleu véan dé chua
dé cap dén hodc c6 dé cap nhung chua di siu vao khai thac y tuong van dé. Vi vay tiéu
luan khé tranh khoi nhitng thiéu x6t nhat dinh. Chung t6i rit mong duoc sy chi bao cua quy
thé‘ly ¢d va céc ban doc vé tiéu luan nay.
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Quy Nhon, ngay 11 thang 11 nam 2009.

Vin dé 1.
Bat Pang Thirc Cua Ham S0 Gidi Noi Va Loi

Bai toan. Gia sur rang trén [a,b] ham f(x) gidi noi va 16i. Chimg minh rang

(- )f(a) f(b)<ff(x)dx<(b a)f a+b




Chirng minh
Vi f(x) 16i trén [a,b] nén véi bat ky x,x, € [a,b] ta c6 bat dang thirc so sanh f(oux, + 0:X»)
> ouf(x1) + cuf(x) néu oy > 0, 02> 0, oy + 0 = 1 (theo dinh nghia)
Vi ham 16i trén mot doan nén né lién tuc. Nhu vay, f(x) kha tich trén [a,b]. Sir dung tinh
chét 161 cua f(x) ta co

a+b a+ E b-&
f ) =f( )

Tich phan theo & trog khoang [0,b-a] ta nhan duoc

1(b-a b-a b
= O[f(a+.§)d§+({f(b-éf)df]:mx)dx (H
a

5> [f( +&)+ f(b- §)],a <& <b-a

trong tich phan dau ta thay a + & =t , con tich phan thir hai thay b- & = z. Chia [a,b] thanh

Axl- :b- a
n

n phan bang nhau va lap tong tich phan voi & kK

k(b- a)

n

-k

n
b-a k:; [1- flay+X f(b)\ } ).

Chuyén qua gi6i han bt dang thtc (2) khi 77— 0 (do f(x) kha tich ) ta nhan duoc
b b-a
ff(X)dx Z—(f(a) + /(b))

bh-aqn-1
5 f|a

- K
n

a+£b
n

Sp =

v iz’

_b- an:-l [

Do fx) 181 . ta ¢6 f arlp)> 1 f<a>+ff(b)

b-a

n+1

Bai vay Sy >

a+b

Két hop (1) va (2) ta co (b- a)w<ff(x)dx <b-a)f

Vidu 1.1. Cho 0 <a <b, p> 2. Chiing minh rang
(- D(a?*- 5P*) <ab(p +1)(a?" ! - 5071)

’ Loi gidgi
Xét ham s0 y = f(x) = x” trén [a,b], vdia >0, p > 2.
Ta c6 y" =- p(p- ])xp-z <0.
Vay ham so y = f(x) bi chén va 101 trén [a,b]. Khi d6

(- )f(a)+f(b) <jf(x)dx



gPopP b
< (b- a)us- [xP dx
2 a

) ap+1_ bp+1)

o (a- b)(ap +bp)5
p+l

o (- D(a?* - 6P ) <ap(p+1){a? ! - 1)

Vidu 1.2 V6i 0 <a<b Chimg minh_ab(Ina? - nb2) =42 - b2

Loi gidai
Xéty = - xInx trén (0,+0) .
" 1
Taco y =-—<0,Yx>0, Khido
X
b-a b
~ " (-alna- blnb) <- [ xIn xdx
2 a
b
- 2
< b—a(-alna- bhlnb) <- l x2 Inx- X
2 2 2
a

=3 ab(lna2 - lnbz)Za2 - b2

Vidu 1.3. V6i 0 <a <b < 1. Chimg minh b\/l- a® - a\/l - b% <arcsinb-arcsina
Loi gidgi
Xét f(x) = /] 2 trén[ab] véi0<a<b<1.
Taco f(x)= " L o= 21 2 <0, VYx€[ab]
\/ 2> (l- X )\/1- X ’ ’

1- x

f(x) bi chan va 16i trén [a,b] . Khi d6

(b- a)(f;a) +f (b)) gzr £

\/1- a2 +\/1- b2 Sl} 1- xzdx
a

\/1- a2 +\/1- b2 xVl1- x2 + arcsinx

= b\/l- a2 +a\/1 - b2 <arcsinb -arcsina

1
Aad E(b' Cl)

b

@%(b- a)

1
<—
2

a

b+b? +1

Vidu 1.4. V6i 0 <a <b. Ching minh b\/l- a* - a\/l- pr > 2PV2
a+vVa“ +1

Loi gidi



N ! <0, ¥x €[a.b]

Ly =-
(l- xz)\/l +x2 )
. b
Ta c6 y = f(x) la ham bi chén va 161 trén [a,b]. Khi d6 (b- a)w < [f(x)dx
a

: x\/x2 +1 +1n x+\/x2+l

<- =
2

xXét

b

a-b
=

a2 +1+\/b2 +1

a

[ 2
= b\/a2 +1- a\/b2 +1 ZlnM
af+\/1+a!2

Vidu 1.5. Véi 0<x<y< % . Chig minh

(y- x)sin(2x +2y) <cos2x-cos2y <2(y-x)sin (x + y) .
Loi gidgi
4
Xét f(t) = sin2t trén [x,y] < [0,—].
4
Tacod f () =-4sin2t <0Vxe[x,y]. Khido
(y_x)f(x);f(J/) x;—y

y
<[f(x)dx <(y- x)f
X

)sin2x+sin2y

y
o (y-x < [sin 2tdt <(y- x)sin(x +y)
X

e (y- x)sin(2x +2y) <cos2x-cos2y <2(y=x)sin (x + y).

(a-b)a+b+2) -
2@+D0B+1)
Loi gidai

a+l1
b+1

2(a-b)
<
a+b+2°

n

Vidu 1.6. V6i 0 < a <b. Chimmg minh

1
Xét y =- —— trén [a,b] v&ia > 0.
x+1

Y =- 2 <0, Vx€e[ab

Tacod Y (x+1)3 [ ].

Ham s6 y = f(x) bi chin va 10i trén [a,b] . Khi d6

a+b
2

(b- a)w szf f(x)dx <(b- a) f




- b
@ba_ ! - ! S-jl dx <(b- a)| - I
2 a+l b+l ax+l1 +b+1
2
a-b a+b+2 b 2(a-b)
S-ln|x+1” <
2 (a+1)(b+1) a T a+b+2
(a- b)a+b+2) a+1 2(a-b)
= <In < .
2@ +1D)(B+1) b+1) a+b+2

]\{hén xq't: Pé thudn tién cho viéc ra dé bai tdp o dang nay chung toi dwa ra mot $6 ham
loi ¢ phan phu luc.
Van de 2.

Bat Dang Thirc Cua Ham So Lién Tuc

Bai toan 2.1. Ching minh néu f(x) va g(x) 1a 2 ham lién tuc, xac dinh trén [a,b] thi ta
co
2

b b ) b )
c{f(x)g(x)dx Sd[f (x)dx.c{g (x)dx

( Bat dang thire Cauchy Bunhiacopxki).
Chirng minh
Vte R, tacd
2
0 <[ (n)+e]” =212 () + 2 (g (x) + g2 ()

26 2 b b 2
= 0=<t” [f“(x)dx+2t [ f(x)g(x)dx+ [g“(x)dx
a a a

Vé phai 1a tam thirc bac hai khong 4m V t

2 b

. b
= A <0 [ [f(0)g)dx| - [f2(x)dx. [g%(x)dx <0= dpem -
a [4) d

1
S ()

HE qua 2. Gia st f(x) 12 ham lién tyc trong a < x < b. Ching minh
2

<(b- a)l}f2 (x)dx.

dx >(b - a)z_

b b
Heé qua 1. Vi f: [a,b] — (0,+0) lién tuc , tacé [f(x)dx. |
a a

b
[f(x)dx
a

Dau “=” xay ra khi va chi khi f(x) = const.
X

Vi du 2.1. Chitng minh: véi Vx> 0,tacé e’ -1< f\/ezt +e ldr < \/(ex -1)
0

Loi gidi




1
X X =
Tacd f\/ezt +e ldr :feleet +e-2tdt (1)
0 0

. T . . x 1 2 ? X X -2
Ap dung bat dang thuc Bunhiacopxki, ta co O[ 2\l +e 4t dt <[ dt ) (et +e t)dt
0 0

X
Theo (1) ta co je \Ie +e Idt <(e*-1)| e - %— %e_ 2x <(e®-1)] - %] ()
0
Hién nhién ta ¢ \/ > e VO<t<xs nén ta suy ra
X
j\/ezt +e lar> fetdt =¥ -1 3)
0 0
. X -
Tir (2) va (3) ta suy ra diéu phai chimg minhe” - 1< f\/ezl re lar< \/(ex_ | e* - %]
0

2
6 \/l-az'\/l'bz] (a- DOB+1).

<In
Loi gidi

Vidu 2.2. Véi 1 <a <b. Chirng minh

1
Xét f(x) = m ,g(x)=xtrén [a,b] voi 1<a <b.

D@ théy f,g lién tuc trén [a,b]. Ap dung dang thirc trén ta co

[ xdx | <[ dx.szdx
a 1-x2 al-xz a
2

b 3
o|-vi-2| | <-LlmPYoj=
a 2 .x+1a 3

2 ) 3 3

o |- 2 - a2 - L2 e L e ]| 22 e

2 b+l 2 |la+l 3 3

2
2 2
6[J1-a Ni-b ] DG
3.3 =@+ DG- 1)

2
Vidy 2.3. V6i 0 <a <b. Chimg minh (¢ - @) (b~ ) %P

Loi gidi



1
Xét f(x) = ¢e*, g(x) = — trén [a,b] vé1 a > 0. Khi do
e

b b
fexdx. flxdx >(b- a)2 <
a ae

2
= (eb - ea) >(p- a)2 eaeb.
Vidu 2.4. Véi Y0<a<b< % . Chimng minh

4(cosa-cosb)2 <(b- a)(2(b - a)+sin2a- sin 2b).

Loi gidi
JT 2 b
Ta cd V0<a<b<5, [sinxdx <(b- a)fsinzxdx.
a a
2 b
o 'Cos‘a sza (- cos2x)dx
a

< 4(cosa-cosb )2 <(b- a)(2 (b- a)+sin2a- sin 2b) .

b+\/b2 +1
a+\/a2 +1

Vidu 2.5. Véi 0< a <b . Chirng minh In S\/(a - b)(arctana - arctanb).

Loi gidai
1
xét S (xX) = > lién tuc trén [a,b] véi a > 0. Khi dd
x“+1
b 2

b b b
[ ! dc| =<(b-a) j%dx.a In x+\}x2 +1 <(b- a)arctanx‘a
[7) ﬂ'.rz +1 ax +1 a

n b+yb? +1
a+ \/a2 +1
Vin de 3.
Bat Dang Thirc Cia Ham So Lién Tuc Va Don Diéu
Bai toan 3.1. Cho f, g : [a,b] — R lién tuc
a) Néu f, g déu la ham ting. Ching minh

1 b 1 b 1 b
s [ f(x)g(x)dx =—— [ f(x)dx Jg(x)dx
-ad b-aa b-aa

b) Néu fla ham tang ,g 1a ham giam. Ching minh

1 b 1 b b
ha [f(xX)g(x)dx <—— [f(x)dx [g(x)dx
-aaq b-aa a

o1 s\/(a- b)(arctana - arctanb) .

b-a



( Bit dang thirc Trébusep).
Chirng minh
a) Voi Vx € [a,b] = f(a) <g(x) <f(b)

b b b b
= [f(a)dx < [f(x)dx <[f(b)dx= (b- a)f(a) < [f(x)dx <(b- a) f(b)

Theo dinh 1y gia tri trung binh ctia ham s6 lién tuc 3 x, € [a,b] sao cho

1 b
f(x0) ~5a S (x)dx
-aaq

Hon nita ham f, g dong bién trén [a,b]. Suy ra
£ ()= f(x0)][2(x)- g(xp)] 20, ¥xE[ab]
= [(0)g(x)- f(xp)g(x)- f(x)g(xp)+ [ (xp)g(x0) 20

b b b
= dff(x)g(X)dx' f(xo)gg(X)dX' g(xo)él’f(x)dx +(b- a) f(xp)g(x,) 20

b b b
= If(x)g(x)dx = (%) Jg(x)dx+g(xo) Jf(x)dx' (B- a)f(x,)g(x,)

b
Py fg(x)dx +g(x0)(b a)g(xo) (b- a)f(xo)g(xo)
b b
b [ f(x)dx jg(x)dx [g(x)dx
ad -dd

b) G1a thiét suy ra f, (-g) déu la ham tang nén theo cau a)

b b
17 s le = ae L g

baa

- — ff(x)g(x)dx <— ff(X)dx jg(x)dx

Chu y. Neu f, g déu la ham giam thi bat dang thire cau a) van ding. Tic 14 f, g don diéu
cung chiéu thi bat ddng thirc cu a) ding.

Néu f1a ham giam, g 13 ham ting thi bt dang thirc cdu b) van ding. Tic 1a f, g
don diéu nguoc chiéu thi bat dang thuc cau b) ding.

Bai toan 3.2. (Pinh Iy vé gia trj trung binh) Néu f kha tich trén [a,b] thi ton tai
1 b
ce(a,b): f(c) =—— [f(t)dt.
b-aa
Bai toan 3.3. Néu f(t) lién tuc va nghich bién trén [0,a] thi
x a
a [ f(0)dt =x [ f(6)dt, Yx€[0.,a].
0 0

Ping thirc xay ra khi va chi khi x = a hodc x = 0.
Chirng minh



Né:u x = 0 hodc x = a thi ding thirc xay ra.
Néu 0 < x < a,vi f(t) nghich bién trén [0,a] nén Vt, 0 <x <t < ataco f(t) < f(x).

Suy ra fjf(t)dr Sf(X);}dt ~(a- x)/(x). Do d6 f(x) =— jf(z)dr

a- X

X X
Mat khac khi 0 <t < x thi f(t) > f(x) nén Of f(0)dt = Of S (x)dt =xf (x) |
X
Suy ra — [ /0t = [ (x)
x0

1x 1 a
Tu détaco — [f(@)dt = f(x) =—— [ f(t)dt
x() a-xx

X a 0
Nén 1 [f(@)dt = 1 [/ (®)dt . Suy ra(a- x))j f(t)dt Zxaf S(@)dt =x( [ f(t)dt +C} f(t)dt
x0 a-xx 0 X X 0

Vay az[f(t)dt ZxZ[f(t)dt .

Ta chimg minh ding thirc xdy ra khi x = 0 hodc x = a.

That vy néu ton tai be (0,a), azf f(t)dt :bé‘ f(t)dt :b(Zf f(t)dt+ ;} f(t)dr)
Suy ra

b a
al}f (O)dt- b [ f()dt =b [ f(t)dt
0 0 b
b a
< (a- b)O[f(t)dt =b [ f(t)dt
b

L o = pwya

& — t)dt =—— t)dat
b-a()[f( a-bgf

Theo dinh 1y vé gia tri trung binh ta ¢

1b
32€(0,b]: £(&) = Of f(t)dt

se(b,a): £(5) :ﬁ;} F(t)de

= f(§) =/(9)

Ma 6 > &, didu nay mau thuin véi gia thiét f(t) 1a ham giam trén (0,a)
Vay ding thie xay ra khi x = a hodc x = 0.

HE qua 1. Néu f(t) lién tuc va nghich bién trén [0,a], Vx€ [0,1] thi

X 1
({f (H)dt =x Off (1)dt Dang thirc xay ra khi va chi khi x = 1 hodc x = 0.

Chimg minh tuong tyr ta c6 két qua sau
Bai toan 3.4. Néu f(t) lién tuc va dong bién trén [0,a], Vx € [0,a] thi



x a
agf(t)dt Sxoff(f)df . Dang thirc xay ra khi va chi khi x = a hodc x = 0.
H¢E qua 2. Néu f(t) lién tuc va dong bién trén [0,1], Vx € [0,1] thi

X 1
({f(f)dl SX({f(l)dl . Ping thirc xay ra khi va chi khi x =1 hodc x = 0.

)21na+\/a2+1
b+\/b2+1

Vidu 3.1. V6i 0 <a < b. Chung minh

b+yb? +1
a+\/a2 +1

b\/b2+1-a\/a2+1+ln >2(b-a

Loi gidi
1
Xét f(x) = /2 41, g(x)= = trén [a,b], véia > 0.
x“+1 /x2+1
Ta c6
f(x) ==X >0, Vx>0
x“+1
' X
g (x) =- <0,Vx>0
(x2+1)\/x2+1
Khi @6
1 b 1 b b
jdxs ) x2+1dx ) dx
b-aa  b-aa b-aa 2 4
b
= 1s¥2 x\1x2+1+ln x+\/x2+1 ]nx+\/x2+1
2(b- a) a a

b+\/b2+1 2 a+\/a2+1
>2(b-a) In

a+\/a2+l b+\/b2+1 .

Vi du 3.2. Chtng minh rang  Vx € [0,1], 2x° + 3x* + 6x> — 11x < 0.
Loi gidi

@b\/b2 +1-a a2 +1 +1In

Xét f(x) = 2x° + 3x* + 6x* — 11x,
g(t)y= t+E+t
Ta c6 g(t) lién tuc va dong bién trén [0,1]. Do d6 Vx € [0,1] ta co
X 5.3
O[(t +1t

0 4 2

l s 3
+0)dt <x ((t~ +t7 +1)dt
)d. 0[( )d

= f(x) =2x0 +3x% +6x2 - 11x <0

Dau “=" xdy ra khi va chi khi x =0 hodc x=1.



X+ x2 +1
Loi gidgi
Xétham sy = /2 41 lién tuc, ddng bién trén [0,1]. Do d6 Vx €[0,1],ta co

)ng +1dt Sx(lj[\/‘tz +1dt
= ;(t\/rz +1+In t+\/12 +1

x+\/x2 +1

Vi du 3.4. Chimg minh ring Vx € [o,%]. Ching minh%xz 1+ T k< %(cosx -
8

1.

<In(e¥2 (14+2)). ¥xe (0.1].

/ |
Vi du 3.3. Chirng minh ¥ +14—1In
x

1

t+\/12+1

!

0

X
) g’z‘(z\/zz +1+In
0

2

o\x +1+lln
X

<In(e¥2 (1+42)), vxe(0.1].

Loi gidai
e N £ A T
Xét g(t) =t + sint lién tuc va dong bién trén [0,5] .
T

. T X 2
Khido Vx €[0,] tacd %j(ﬂsint)dt <x [(t +sint)ds
0 0
J
X 2 5

t
<Xx(—- cost

gt
= —(—- cost
2(2 )

0 0

7| x2 2
= —| —=- cosx+1 1+—
2 8

2

< X

72

2 1+

= f(x) =%x :

JT JT
X- —COSX <-—
2 2

. 1

Dau “=" xdy ra khi va chi khi x = 0 hoac x = —.
2
/ 2 1
Vi du 3.5 Chitng minh V x € [0,1], xarccosx - V- X - gx X - gx >-1.
Loi gidi

Xét g(t) = /£ - arccost lién tuc va ddng bién trén [0,1].
Do d6 ¥ x € [0,1] thi



1
)0([(\[ - arccost)dt <x O[ (N1 - arccost)dt

1

X

2
= [Et f - tfarccostt l-t2 <x

%t t - tarccost+ l-tz]
3 0

2 1}
3
= f(x) =xarccosx-\/1-x2 - %x X - %x >-1

Dau “=" xay ra khi va chi khi x =0 hodcx = 1.
Vi du 3.6. Chimng minh Y x € [2kst,(2k+1)mt], sin’x + 3sinx- 4+/sinx <0.
Lai gidi

0
2

= +1l-x

2
+ §x\/;- 1- xarccosx <x

bat Vsinx =t= 0 <t <I.

= g(x) co dang sau: h(t) = +3t2 -4t
Dit k(u) = u® + u 1a ham lién tuc, dong bién trén [0,1]

t 1
= f(u5 +u)du <t (uS +u)du
0 0

6 2
o v i e 64324 <0
6 2 6 2

Suy ra sin3x+3sinx- 4/sinx <0.

. b4
Dau “=" xdy ra khi va chi khi x = £y + k2 hodc x = k.

2
Vi du 3.7. Ching minh V x € [0, ], mix - 2/2 arcsinx > 0.

2
Léi gidi
1
batg(t)=" 5 nghich bién va lién tuc trén [0, 72 ].
1-¢
V2
X 2

:ﬁ ! dthO[- ! dt

2 1- 12 1- 12

1 * V2
< ——arcsint SXarcsint|0 2 o ——arcsinx <2>

V2 0 V2 4

< X - Zﬁarcsinx >0

J2

Dau “=" xdy ra khi va chi khi x =0 hodc x = —.

Vi du 3.8. Chimg minh ¥ x € [0,2], 3x% +4xy/x +4(2- x)V2- x - 6x- 8/2 <0



Loi gidi
Dit g(t) = ¢ +/¢ - V2- ¢ 1a ham ddng bién va lién tuc trén [0,2].

. 2§(;+I- Ny 5x§(z+J- Ny

2

=X

@2% 2t 2(2-1)\f % 2t 2(24)\/

0 0

=3 3x2 +4x\/;+4(2- x)\J2- x - 6x 58\/5

= dpcm.
Dau “=" xay ra khi va chi khi x = 0 hodc x = 2.
Nhdn xét
[Dé tao ra nhitng bdi tdp thuéc dang ndy cé thé lay mét ham sé6 so cdp don gian thod
man lién tuc don diéu trén mot khodng ndo do, roi ldy tich phén trén khodng dé
tir @6 dwea ra bdt d‘dng thitc can chieng minh.
OTa c6 thé mé rong két qua trén bang cdch tir f{x) > g(x), Yx € [a,b] ta ldy tich phin
nhiéu lan ta thu dwoc cdc bt dang thiee phiec tap hon

j ff(t)dt ff(t)dt

[ Twong tir ta c6 thé mo réng cho truong hop ham 2 bién x, y. Cho f(x,y), g(x.y) khad
tich trén D va f(x,y) > g(x,y) V(xy) €D taco

N Coydedy = 18 0o y)Axdy Ny fix,y) kha tich trén D va fixy) > 0, Yivy) €D

dx , a<t<x<b.

x>f

ta co gf(x, y)dxdy ZO. Khi day cho hoc sinh thi ta co thé hwong dén cho hoc

sinh thdy trong cdc trwong hop ddc biét thi tich phdn 2 16p cé thé hiéu la ldy tich
phdan mot 16p hai lan, coi x la tham so, ta lay tich phan theo bien y, sau do ta
maoi lay tich phdn theo bién x nhw thé viéc chung minh sé dé dang hon.

Vin dé 4.
Bat Pang Thirc Cia Ham So6 Kha Vi

Bai toan 4.1. Cho ham s y = f(x) c6 dao ham lién tuc trén [a,b] va
f(a) =0. Chiing minh
2
b
<(b-a)J
a

, 2
£ dx

max [f(x)|
x€la,b]

Chirng minh
x 1
Do ffa) = 0nén /(x9) =/ (¥0)= f(@) = ]  ()ds



trong 6 /(o) =max | [fx)/x €[a,b]] .
2

X, ‘ X, Xoo 12 Xor . 12
Suy ra[f()co)]2 :( ?l.f ()dx| < ?lzabc Cj)[f (x)] dx | <(b- a) ?[f (x)| dx.
a a a a
? b, 2
Vay max‘f(x)‘ <(b- a)f f(x)} dx -
xda,b] a

Bai toan 4.2. Néu y = f(x) , y = g(x) lién tuc, khong am, ting trén [0,+o0] sao cho
f(0)g(0)=0.Khido Va>0, Vx> 0taco
a X '
gf (t)g(f)dﬁ({f(t)g (D)dt = f(a)g(x) (1).
Ping thirc xay ra khi va chi khi x = a.
Chirng minh i
Neéu x = a thi hién nhién dang thirc xay ra.

Néu x < a. Goi I 1a vé trai caa (1) khi d6 ta co

X a X [ X ! a
I =O[f (t)g(t)dt +){f (f)g(f)dﬁgf(f)g (t)dt =O[[f(f)g(fﬂ a’f+kff(f)g(f)df

=gy + jf'(r)gmdr = F()g(x)+ jf'(r)gmdr

Vix <t <a,gx) < g(t) nén f(t)g(x) < £(t)g(t).
Doy = f(x), y = g(x) khong am, tang trén [0,+00] nén

a
12/(g(x)+ [/ (g =/(x)g(x) re@ o), =r@e).

Néux>a
a a ' X . a ' X '
I =0[f (f)g(f)dHO[f(f)g (¢)dt +a[f(l)g (r)dt =0f[f(f)g(l)] dl+dff(f)g (1)dr

= (020" +er(r)g'(r)dr = f(a)g(a) +;}f(r)g'(r)dr

Via <t < x, f(a) < f(t) nén f(a)g(t) < f(t) g(t) .
Doy =1(x), y = g(x) khong am, tang trén [0,+c0] nén

I zf(a)g(a)+;}f'(a)g'(r)dr =f(a)g@)+ f@[ g0 o =/ (@)g(x).

Chimg minh tuong ty ta c6 két qua sau

Bai toan 4.3. Néu y = f(x), y = g(x) lién tuc, khong am, ting trén [0,+0] sao cho
f(0)2(0) = 0. Khi d6 ¥a >0, ¥b > 0 ta cb

' b '
fo OO+ /0 e = (0)z(0) 2

Ping thirc xay ra khi va chi khi b=a, ¢ = min(a,b).



Vi du 4.1. Chting minh rang V x > 0, ta c¢6

(x2 - l)ln(l+x)- %+h12 X x- %+ln2 >0,

Loi gidi
Xét f(t) = 1, g(t) = In(1+t) lién tuc va khong am, dong bién khit > 0. Khi d6 V't > O,ta
co

t 2 X
2 t
x In2<[——dt+2 [t In(1+t)dt -
01+¢ 0
Ma
1
e 1
[—=|—-t+ln(+1)|| =In2-—
Ol+t 2 2
0
X 1|2 2 ' 1| 2 x2
[tIn(1+¢ Mt ==|! In(1+1)- ?+t—]n(l+t) =—|x ln(l+x)—7+x—ln(l+x)
0
0

x2 +Xx Zl- In2
2

:(x2 - l)ln(l +x)-

=dpem.
Dau “=" xay ra khi va chi khi x = 1.

l+ln2
2

2
Vi du 4.2. Chirng minh V x > 0, ta c6 e* (x6 - 3x% w6x2 - 7)+3e >0.
Loi gidi
Xét f(t) =t°, g(t) = e’2 lién tuc, khong 4m va dong bién khi t > 0. Khi d6 V t > 0,ta co

2 12 X 2
& < (el 6r3dr+ (215" dr
0 0

Ma

L2 s 2(4_ .2 1

[e" 61 dt =e (z‘ - 2t +2) =3e- 6
0 0

X 22 2 2
(207 dr =o' (10 - 3% + 612 - 6)‘ = (x0- 3x% +6x2- 6)+6
0 0

2
=" (x6 -t aea?- 7) =>-3e
=dpem.
Dau “=" xdy ra khi va chi khi x = 1.

T
Vi du 4.3. Ching minh Vx > 0,tacé | x- —

tan (x) +In |cos(x)[+1n2 =0

Loi gidi



Xét f(t) = tant, g(t) =t lién tuc, khong am va dong bién khit > 1. Khido Vt > 0taco
JU

dt -

3 X
ztan(x)s jtantdt+f !
3 0 2

0 cos

®)
Ma

T
ost ‘O 3 =n2

X

L [ttant+1n]| t”| Y o rtanx+1 |cosx|
= an n|(cos =xtan x n|coSX
Ocos2 0

®)

x-Z tan(x)+ln‘cos(x)‘ >-In2

=

=dpcm.
. b4
Dau “=" xay ra khi va chi khi x = 3

1- a a-1
Vidu4.4.V3i 0 <1 <a. Cht inh —= <Ilna < .
idu o1 a ung min \/; \/Z

’ Loi gidgi
Xét ham so y = Inx trén [1,a], véia > 1.
Tacoy(l)=0
y’z l>0.
X
2 . 2
Khi d6 max|lnx|| <(a-1) [|(nx)| dx.
x€[1,a] 1
Suy ra
b 1
(na)? =(a- D[~ dx = (na) <(a- 1)[- L
1 x a
I-a <ng <% 1
(=4 = — .
Ja Va

Vin dé 5.
Bat Pang Thirec Cua Ham So6 Kha Tich

b b
Bai toan 5.1. Néu f(x) ,g(x) kha tich trén [a,b] va f(x) < g(x) thi [f(x)dx < [g(x)dx.
a a

Hé qua. Néu f(x) = 0, V x € [a,b] thi

Bai to4n 5.2. Gia st ham s6 f(x) kha tich trén [a,b] va ‘nfaf;(]x) >0 Kni do, ta c6



b
- In f'(x)dx
- b
b-a - b-aC{ 1

I}l—dx <e =5 aaff(x)dx ().
a f(x)

Nhan xét. Véi a; >0, =1,n. Ta c6 diy bat ding thirc sau

2 2
n aj +ay tay @ tayt +otay
LI ‘\/ p @
—+—+.... —
“4 N n
Chirng minh
Chia [a,b] thanh n doan nho bang nhau béi cac diém chia @ =X <X <.eee. <xp =b v
b-
chon & €[x;_ |, x;1i =1,n, A; =x;- X, | = na _
b . f(&)
Taco ff(x)dx = lim lim ¥ I
a n— ool = n— oof n
L f(x)d
ma[nf(x)x_ bea ;
Tuong tu © hm i H f(& )ab 1 —nll)moog—l.
dr” 2 7E)
Ap dung day bat dang thirc (2) ta c6
n f(&)
X —L=n H /(&)= —71
i4 n 5

i4 f(f )
Cho 7 — ® ta dugc diy bat dang thic (1) .

Vi dy 5.1. Chimg minh ring | + yin(x +y1+x2) =v1 +x2, VxER.
Léi gidi
t++1 +t2
t+v1 e

Xét ham sé f(¢) =In >0, V¢ >0.

X

KhidévéiOSthtacé({ln dt>0,

X

Xét [=C{ln(t+\/1+12)dt.
— [{e,2

Pit {u =In(t +V1+¢ )'

dv =dt

Suy ra [ =yIn(x +y1+x2)- V1+x2 +1>0.

Vay ta co l+xln(x+\/1+x2) Z\/1+x2,Vx>0-



Véix <t<0thi f(¢) =In t+\/1+t2 =-In -t+\/1+t2 <0, Vx >0.
0

Khidovoix <t<O0tacd [In t+\1+12 |dt <0
X

0
= [=jln(t+\/1+12)a’t =-xln(x+\/1+x2)- 1+\/l+x2 <0
X

= xln(x+\/1+x2)+l > 1+x2,Vx<0
Khi x = 0 bat dang thirc tro thanh dang thic .

Vay ta co 1+xln(x+\/1+x2) 2\/1 +x2, VxeR.
Vi du 5.2. Cho x > 0. Chtrng minh v6i n nguyén duong

eX> +x_'+ + 2 ™.

Loi gidgi
Ta chimg minh (*) bang phwong phap quy nap .
Voin=1,tre'>1voit>0tacovdix>0
Xt X X
({edt>({ldt©e -lsxeoer>1+x.

Giasuvoin=k, Vt>0

3 k
el > +t—+ ........ +Z—.
3! k!
X ¢ X 2 tk
Voix>0,taco [edl> [[1+t+—+.... th
0 !
X
t‘ X 2 t3 tk"'l
= e > | 1l+—+—+....... +
0 2 213 kl(k+1) 0
) x2 3 xk+1
el > x+—+—..... +
21 31 (k+1)!
2 3 k+1
et > 1+x+—+x— ....... + a .
21 31 (k+1)!

Cong thtrc voin =k +1 dung.
Vay (*) ding Vn > 1.

Vidu 5.3. Chimg minh ¥ x >0, tacod x- > <gin(x)<x.
6
Loi gidi

2
!
:

. t
Taco Vt>0taco0 < 1—cost=251n2(5) <2




Suyra Vx>0

) X

X X - 3 " ~
0< ((1- cost)dt < f—a’f@()<(f—sinf .x(r_ o 0<x- sin(x)<L@.x—L<sin(x)<.x
0
2 6 6 6

0
Vi du 5.4. a) Ching minh rang v6i n nguyén duong
2m!
(n- DN

2
1

2

1 JT

T 2n)!!
2n+l1 2

(2n- DN

o2
d

o0
b) Str dung (8) dé tinh K = ({ e

Loi gidi
-777 T
2
a) Xét tich phan I, = j sin’? xdx = f sin”" 1 xsinxdx -

Dung phuong phap tlch phan tirng phan ta co
. {u =sin’" 1 x= du =(n- 1)cosx.sin™ 1 x.dx
dat

dv =sinx.dx = v=-cosx

Ta c6
T
2
I, =- sin’"” l x.cosx +(n— l)o[cos x.sin’"” 2x‘dx
g T T
2 2 -
I, =(n-1) j(l- sin x) sin™ 2 x.dx =(n- 1) [sin” 2 xdx- [sin” x.dx
0 0 0
_ _ _n-1
= Iy =(n=-D|1,_5=Tp| & nly =(n-D1, 5= 1, = 1,
Véin=2m, ta co6
2m-1
2m 9y 2m-2
2m 3 3
D275, 5 lm-4= 14 =312
nhan vé cho vé ta ¢6
QCm-1Qm-3)...3
I
2m - 2mQm- 2)....... 4 2
biét
7T E T
2 i 2
12 fsm2 xdx = j(l cos2x )dx —l x- sin 2x :l.z
0 0 2 2 o 22

Vay



_@m-1D@m-3)..3x 1
2m = 2m©m- 2)......... 222
Véin=2n+1taco

2m
Dmel =5, 71 2m-1
2m- 2

Dom-1 =75, -1 2m-3

Nhan vé cho vé ta c6

L, .= I
2m+ ” 2+ 1) Qm-1)...3 1

biét
b4
2 T
I1 ({smxdx =- cosx|0 2 =1
Vay

; _ 2m(Qm-2)...2
2m+1 _(2m+])(2m- Do 3

Cho0<x< %.Suyra

S5
lel

2n-1 2n+l

JT
2
sin 2" (x)< sin2” x <sin J in2n-1

x= O[sin xdx<0[sm X.dx <

hd 12n+1 < [2n <[2n-1

Déu “=" xay ra khi va chi khi t = 1. Theo cong thirc (1) va (2) ta c6
2nQ2n-2)......... 42  (2n-1)Q@n-3).... 372 @2n-2)Qn- 4.

Cn+)Qn-1..53 = 20Cn-2)...2 2 2n-1)Cn-3)..3

2
2n(2n- 2).......... 4.2 1 7 _| 2nQn-2)s, 271
2n-1)Qn-3)....53| 2n+1 2 | @2n-1)Q@n-3)..3| 2n
2
2n)!! 1 Qn)!! .
<<= — (M.
Q@n-DU| 2n+1 2 |[Q@u-1| 2n

L -x
b)TinhK:({e



Nhan xét. £ (¢) =1 +1)e” ! dat gid tri 16n nhét bfmg l1taix=0.Dodovoit#0sécod

2 _ -x2 1 ( 2)" - nx2 1
-7 L., I-xT<e < = \l-x <e <—,0<x<l1
(1+1)e” ! <1. T do 21 (x2+l)n
1 n 1 .2 © 2 0
j(l- x2) de< [ ™ dv< [ dx < [——grdx
Suy ra 2 .Y
0 0 0 0(x2+1)
trong do
T
11( 2)”0])6:2Is 2n+ o
0 0 Qn+
L2
J’e nx x:LK,
0 Jn
T
o});dxzzfsinzndldt =@n- 7w
0(x2+1)” 0 2n-2)112
Vay
N (2n)!! J—(2i1- N7
(211+1)” Qn-2)112
2 2
n 2! 1 2 n | Qn-3)M [;r]
o <K-< Qn-1)|=| (**
2n+1|Qn- 1)!1} 2n+1 2n- 1‘(2;1- 2N 2 )
"
Ttr cong thue (*) ta duge: ;) (2n) 1 -
noto| Qn- DN 2n+1 2
Tir (**) cho 71—~ % suy ra K2 = %va K :g.
! Inx
Vidu 5.5. Tinh 1=/ dx, V=1
1(l+x
Chimng minh rang
¢t t+1 41
i > - Ve >1.
Loi gidgi
=Inx u =
- ' X
bat 3, = 1 = 1
(1+x) V="



Khi d6

t t
t
7=- lnx| N | - = Int +lnx| _. lnt+lnt+ln2.
l+x]  {x(+x) 147 1+x| 1+1 1+¢
Vi
flx) = lnx2 >0, Yx €[1,],1 >0
+x)

=20 - In(l4£)+1n2 >0
1+¢
Suy ra
-lnt+G+Dnt- G+DIn(G+D+(+1DIn2 =0

e (+Dn2t = +Dn(t +1) +Int = ln(2t)t+1 zln(z+1)t+lt

1+

Ll IRV

o (21‘)"+1 2(t+1)t+lt o>

Dau “=" xay ra khi va chi khi t = 1.
Vidu 5.6. V6i 1 <a<b . Ching minh

2 2
(a- D)inab <2(alna- binb+a+b)<(a- b)n & TL*+"
, Lai gidi
Xét ham s0 y = x* kha tich trén [a,b] v&i a > 0. Khi do
1
b-a <eb_ a

bl

a[nxdx | b
<
b-aa

x2 dx

2[ alna- blnb+a+b]
b-a b-a 1 b -a

2 2
(a- b)Inab <2(alna- blnb+a+b) <(a- b)lnﬂ~
Vidu 5.7. V6i 0 < x <y. Chirng minh

3x+y  x+3y
- P <(x- pe 2 - 2 ) (e ey
’ Loi gidi
Xét ham s0 y = e' kha tich trén [x,y] vdi x > 0. Khi d6
L s

- V- X Yy
yyl * <o o <L el
(i Y- XX
Xe




Lz x+3y ’
= x+y(x y) <(x- y) -e 2 S(ex-ey)_

Nhdn xét. Voi cac vi du trén ta dung tich phan giai duoc dé dang néu ding phuong phap
khac sé gap nhiéu khé khan. Pé thday dwoc hiéu qud cia viée dimg tich phdn dé chirng
minh bat ddng thire, cdc vi du sau sé sir dung cdc g dung ciia tich phin dé tao ra
nhitng bat dang thirc va chi c6 sir dung tich phdn méi chirng minh duworc.

Vin de 6.
Str Dung Cong Thirc Tinh Do Dai Cung Phang
Bai toan. Cho cung AB cta dd thi ham lién tuc y = f(x) trén [a,b]
thi d¢ dai | ciia cung AB la
b T
I = (\1+ £ 2(0)de .
a

Bai toan 6.1. Cho cung AB cua dd thi ham lién tuc y = f(x) trén [a,b]. Goi 1 1a d6 dai
cung AB thi | > ABding thirc xay ra khi va chikhi y = f(x) = ax + b; a,b € R.

B

O a b X

Vi du 6.1.1. Chimg minh /a(a+4) +4In(Va +Va+4) =Ja(a+4) +4In2,Ya >0,
Loi gidi
Xét ham sd y = 4+/x va hai diém 0(0,0), A(a, 4v/a ). Khi do

a V2a [i+4
=7 1+idx= ) t2+8dt=«/a(a+4)+4lnw
0 X 0

04 =\a? +16a

Ttr 1> OA Suy ra dpem.
Vidu 6.1.2. Cho a 1a s0 khong &m. Chirng minh

2a\1+4a? +In(2a +V1+4a%) =4a\1+a? -
Loi gidi
Xét ham s8 y = ax® va hai diém 0(0,0), A(1,0). Khi d6 0y =+/1 + 42



1
l=f\/1+4a2x2dx
0
bit ¢ =2ax,dt =2adx . Suy ra

r\}1+r2 +1n

2a

r+\jl+52 Za\/1+4a2+]n 2a+\jl+4a2

2a
1= e =L
2a () 4 0 4da

a

Tl > OA suy ra

2ax/1+4a2 +1n(2a+\/1+4a2) 24a\/l+a2 .

Ding thirc xay ra khi va chi khi x =0.
Vidu 6.1.3. Chimg minh v6i 0 < a < b thitacd

2 (1496495 - (1+92)41+94] >27\4a> + 453 - 8abJab +a2 +b> - 2ab .
Loi gidi

Xétham s , :Jx? va hai diém A(a,2a+/a ), B (b,2b\/g )

Taco 4pB :\/4a3 +4b3 - 8abJab + a2 +b? - 2ab V& y =3Jx nén do dai cung AB la

b
b 3 2
[ = [V1+9xdx :%(l+9x)2 IE[(H%)\/H% - (1+9a)\/1+9a] ,

a

a

Vay 2—27[(1+9b)\/1+9b - (1+9a)V1+9a]| =43 + 453 - 8ablab + a2 +b2 - 2ab

Ding thirc xay ra khi va chi khi a=b.

Vi du 6.1.4. Chimg minh véi 0 <a <b <% thi ta c6

Z\/(a- b)2 +(ln(sina)- ln(sinb))2 )

Loi gidi
Xét ham y = In(sinx) va 4(a,In(sin a)), B(b,In(sin b)) . ta ¢

b a
In| tan— |- In| tan —
2 2

2 . A xA qr: \
AB :\/(a - b)2 +(In(sina)- In(sinp))~ vay = cotx nén d6 dai cung AB la

b 2 b X b b a
[ = [Nl+cos“xdx = [——dx =Intan— =Intan—- Intan—
a @ s1nx 2l 2 2
. b a 2 . . 2
Véy In tanz - In tanz >+(a- b) +(ln(sma)- ln(smb)) .

Ding thirc xay ra khi va chi khia=b
Vi du 6.1.5. Chiing minh v61 0 < a < b thi ta co

)
b\/1+b2 - a\/l+a2 +lnu
a+\/1+az2

>(b- aWa2 +52 +2ab+4



Loi gidi

o q 1 1
Xét ham s6 =5x2 va hai diém A(a,zaz),B(b,Ebz).

1 X
Tacd AB :E(b- a)\/az +b% +2ab+4 va y’ =x nén do dai cung can tim la

b
b
l:j 1432 dx =21+ 27 +lln x4+ x2
2 2 a
b 1+b —ln b+\/1+b2]-% 1+a2-%1n a+\/1+a2

b2 f b+\/l+b2
_5 e a+\/1+a2

ta co dpcm. Pang thic xdy ra khi va chi khia=b.
Bai toan 6.2. Cho cung AB ciia d6 thi ham lién tuc y = f(x) trén [a,b]. Trén cung AB
lay n diém 4) =4.45,...... 4y =B Goi 1,d 1a d6 dai cung AB va d¢ dai duong gép khic
A] =A,A2, ----- »Ap =B thitaco 1> d . Ping thirc xay ra khi va chi khi y=f(x) =ax + b ;
voia,b € R.

A
y
An—l
A _
A r
A
a b X

Vidu 6.2.1. Cho 0 < a <b < ¢ <d < 2xn. Chiing minh rgnjg

\/(b- a)2 +(sinb - sina)2 +\/(c- b)2 +(sinc- sinb)2 +\/(d- 0)2 +(sind - sina:’)2 -4-271 <0
’ Loi git?i

Xét ham s0 y = f(x) = sinx trén [0,27] va cac diém

A(a,sina), B(b,sinb),C(c,sinc), D(d,sind),0(0,0), M (27,0) .

Tuwl>=dtacod

\/(b a)2 +(sinb - sma)2 \/(( - b)z +(sinc- smb)2 \‘/(d ()2 (sind - smc) \/1+c052xdx
Ma f\/1+cos xdx < j(l+‘cosx‘)dx <4421

Suy ra

\/(b— o) +(sinb- sina) +\/(c— b)Y +(sinc- sinb)? +\/(d— ) +(Gsind - sine)’ <4+27
Ding thirc khong xay ra .




Vidu 6.2.2. Cho - 1 =x; <Xy <...... <x <l Chimg minh ring

g (x -X)2+ \/l-x 2-\/1-x22<£.
=\ i+l i b
Loi giai

1A A _ D N che AR 2N T v A=A,,B =4
Xétham so y = f(x) =/]- ¢ vacdc diém Al.(xl.,,ll x;”),i =Ln, Vol 1 7.

Tu 1> dta duoc
n 2

2 2
lél\/(xiﬂ_xl') + \/l-xl._'_1 -\/l-xl.

Ping thirc khong xay ra.

2
JT
<.
2

Bai toan 6.3. Cho hai ham y = f(x), y = g(x) lién tuc trén [a,b]
thoa f(a) = g(a) , f(b) = g(b)
goi ! f’lg 1a 46 dai cung phang ctia d6 thi ham f, g trén [a,b].

1. Néu db thi f(x), g(x) 18i va f(x) > g(x) thi / y >lg .
2. Néu db thi f(x), g(x) 16m va f(x) > g(x) thi /y <lg.

Ya

N
»

X O a b X

O a b
Vi du 6.3.1. Ching minh néu 0 < a <1 thi



-2 -2 2
\)4a3-a+l-2a\f; \/4a3-a+1+2a\/; . \/4a3-a+l+2a\/5

\/l-a \/l-a \/l-a
2
-2
| V4a? - a+1-2aa o Jaa3 - a+1+2aa ., Pa+1+24a
\/l'a ‘ \/4a3-a+l-2a\/;’ \/l-a
-2 2 2
» Pa+1-2a . a+1-24a . a+1+20a
V- a V- a V- a
2
Ba+1-2a
+4alna —_————
Va+1+2Ja
Loi gidi

Xét ham s6 y = f(x) = ax®-a va y = g(x) = x°
v6i0 < a<1.Taco f(x) < g(x) vado thi 1om trén [0,1] nén /¢ =g

= dpcm. ’
Vidu 6.3.2. Chung minh néu 0 < a <1 thi

{\J4a2+4a+2-2a-l \/4a2+4a+2+2a-l
\Maz +4a+2-2a-1

-2
+

-1 2
+

V4a2 +4a+2+2a- l]
-2
\la2 +2a+2-a-1

N4a? +4q+2 +2a- 1
>2

\/4612 +4a+2-2a-1

2
\}az-2a+2+a-1 Va2-2a+2+a-l
2
a

2 [ 2
[ 42042 - a-1| +8mIV? +2a+2+a-1
/ \/a2+2a+2-a-l
, Loi gidi
Xét ham s0 y = f(x) = 2x* + (1-2a)x vay = g(x) = x> + (1-a)x, v6i a > 0.
Ta c6 f(x) < g(x) va dd thi 1dm trén [0,a] nén ! f Zlg = dpem.

Vin dé 7.
Str Dung Cong Thirc Tinh Dién Tich Hinh Phang

Bai toan. Cho f(x) lién tuc ,khong 4m trén [a,b]

2
+ln‘

-2
+2

-2
-2




thi dién tich gioi han béix =a,x=b,y= 0,y =

b
fx)la § = [f(x)dx. a b
a

Bai toan 7.1. Cho y = f(x) lién tuc khong 4m trén [a,b].Goi S 1a dién tich giGi han bdi x
=a,x=b,y=0,y=f(x),Sn 14 dién tich hinh thang c6 canh day 1a f(a), f(b) va chiéu cao
b-a . Khi dé ta co

1. y=f(x) co do thi 16i thi S > S, dang thirc xay ra khi va chi khi a =b.

2. y=1(x) c6 dd thi Idm thi S < S, dang thirc xay ra khi va chi khi a =b.

y ‘r y T
B
B
A A
(@) a b g x O a b X
Vidu 7.1.1.

Cho0<a<b< % Chimg minh 2(cosa - cosb) =2(b- a)(sina +sinb).
Loi gidi

L. A . Xe A T
Xét ham s0 y = sinx ,10i trén 0,5} :

Tur S > Sy suy ra dpem.

b+\/b2+1 \/2 i \/2
L <bVa“ +1- aVb” +1.
a+\/a2+1

Loi gidi
Xétham séy = /2 41 16m trén [a,b] , x > 0.

Tt bét dang thirc S < Sy suy ra dpem.
Dau “=" xay ra khi va chi khi a=b.

Vidu 7.1.2. Cho 0 < a < b. Chung minh In

b

a
Loi gidi

Xét ham s6 y = Inx 16i trén [a,b] , x > 0.

Tu S > Sy suy ra dpem.

Dau “=" xay ra khi va chi khi a =b.

a+b Z[b'a]
>e .

Vidu 7.1.3. Cho 0 < a < b. Chiing minh




Bai toan 7.2. Cho y = f(x) lién tuc va khong am trén [a,b]. Chia [a,b] thanh n phan

bang nhau béi cac diém chia @ =Xp <X| <.....<xp =b_Goi S la dién tich hinh thang

b
cong gidi hanboix =a,x=b,y =0,y =1f(x) thi § = [ f(x)dx.
a

Goi S la téng dién tich n hinh chir nhat c6 canh la
b-a

n

canh kia la
n

S (o) f (6D J(X, 1) thi S} = So)+ fO) et f(x ]

Goi S; 1a téng dién tich n hinh chir nhat c6 canh

b-
12 2 canhkiala SO S (X)sees [ thi YA
n
b- a
Sy = . FOD+ )+t )| Pl
Goi S; 1a téng dién tich hinh thang co chiéu cao —/
b-
la 2 ,hai canh day 1a f(x,) va f(xi), f(x;) va
n
f(x2),....., f(Xa1) va f(x,) thi
gX=a X1 xx Xn-1 b=X,
b-a (x,)+ f(x
Sy =2 FO+ S+t )+ SOOI E

Khi d6 ta co
1) Néu f dong bién thi Sy =S =5,
Dau “=" xay ra khi va chi khi y = f(x) = ax + f ,v6i o, p € R.
2) Néu f nghich bién thi S; =5 =5, .
Déu “=" xdy ra khi va chi khi y = f(x) = ax + B ,véi o, f € R.
3) Néu 9 thi y = f(x) 15i thi S; <S.
4) Néu dd thiy = f(x) 16m thi S < S

Vidu 7.2.1. Chiing minh véi V n € R, ta luon c6

2”3\/;<1+\/5+ ........... +\/Z< 4n+3 \/;
Loi gidi
Xéthamy = Jx trén [a,b] tang , dd thi 15i ,ta co

S 21:{\/;61)( =2 Jn

—n
3

[
»

X



S2:1+\/§+ ........... ++/n

Tur S35 <S5 <S5, . Suy ra dpcm.
Vi du 7.2.2. Ching minh

n+l
\/Zl Pt <pran 2e1'n~
5

’ _Loi gidgi

Xét ham s0 y = Inx trén [1,n+1] tang, do thi 161 ta co

n
S =[lnxdx =nlnn- n+l

1

1 1 1 1
3 :—ln2+—(ln2+ln3)+ ..... +—(n(n-D+Inn)=Innl- —Inn

2 2 2
Goi Al, A2’ A3,...., Ay 14 cac diém trén truc ox c6 hoanh do 1an luot 13 1,2,3,.,n

My, My,.... My 13 cac diém c6 toa d9 (2,In2);(3,In3);....;(n,Inn)

S

A 9A aA 9. -9A s \ ’ R A r \ A TA \
527375 n- 17"+l 1a cac diém trén truc ox c6 hoanh do lan luot 1a
4 2 2 2 2
535 1 1
— ey T — R —
422 2 2
Khi d6 S, 12 tong (n- 1) dién tich hinh thang c6 cac duong trung binh AiM; (1=2.3,...) ¢6

cac day 1a cac doan chan bai tiép tuyén véi @6 thi y = Inx tai M; véi cac du’O’ng song song

7. A , <\ , < A A 9 A \ . A M A \ A < A
v6i truc tung xuét phat tir cac diém ;- % i+% va hai canh bén nam trén ox va trén tiép

. X Az M
tuyén voi d6 thi tai M; cong thém hinh thang nhd c6 duong trung binh % % .
1, 5 1, 5
S4 =—In=+1In2+1In3+...+1In(n- )+1Inn ==In=+Inn!,
2 4 22

1 1, 5
Ta co 53 <S<S4 < lnnl- Elnn<nlnn- n+1<51nz+lnn!

1
n+—-
A Eel-nnn<n!<n 2 1- R,

Vi du 7.2.3. Chiing minh ,v6in € R, n>0 ,ta c6

l+ ........... + <ln(n+1)<1+l+ ________ +l_ n+2 .
2 n+l 2 n 2n+2
Loi gidai

, 1
Xét ham sb y =—giém valomtrén [1,n+ 1] nén S <S<S3taco

n+l
S = f dx _1nxy1 —ln(n+l)



1

n+l
b-a J(xg)+ f () 1 1 n+2
S, = X))+ f(x ) +..... + f(x + =l+—+........ —-
3 n 7 1) A 2) 7 ”‘l) 2 n 2n+2
:l+ ........... + ! <ln(n+1)<1+l+ ........ +l- n+2 )
2 n+l 2 n 2n+2
Vidu 7.2.4. Chon € R, n > 1. Chiing minh
| T 27 (n-m 2 T 2 (n-Dx
—+C0S—+cO0S—+....... + C0S <—p<l+cos—+cos—+....... + cOs
2n 2n 2n T 2n 2n 2n
Loi giai
T

Xét ham s y = cosx nghich bién ,16i trén [0,1] nén S3 <§< Sl tacd g — 2fcosxdx -1
0

T 2 (n- 1) nir
1+cos—+cos—+....... +coSs +cos—
2n 2n 2n n

2n

n
JT u p (i’l _ I)JT 1 +COSE
=—|coOS—+cos—+....... + cos +
2n 2n 2n 2n 2

| T 2 (n-Dx 2 T 27 (n-hrx
= —+C0S—+C0S— +....... +cos <—n<l+cos—+cos—+....... +cos

2n 2n 2n T 2n 2n 2n
Bai toan 7.3. Cho y = f(x) lién tuc va khong am trén [a,b]. Goi S 1a dién tich gii han
boéix =a,x=b, y=0,y=f(x) voi phép phan hoach trén [a,b] bdi cac dieém chia

a4 =Xp SX| S <X, .1 =P .Goi S, 1a tong dién tich n hinh chit nhét c6 canh X, - X,

n
f(x;) thi 5 =i§0(xl-+1 - X )s (xl- ).i =0.11_ Goi S, 14 téng dién tich n hinh chit nhat c6

n N
C@l’lh Xir1 - Xi , f(XiH) thi S2 :iZ:()(xi+l - Xl- )f(xl+1 )al :0,7’1 . GOl S3 1a tél’lg dlén tich n
hinh thang c6 chiéu cao x: - x;, hai day f(xi), f(xi+1)

S3 :%igo(xiﬂ - xl')[f(xlq_l)' f(xl-)},i :O’—n-



Khi dé ta co ya
1) Néu f dong bién thi S} <S<S$,. )
DAu “=" xay ra khi va chi khi y = f(x) = /]
ox+p,voia, p €R. 7
2) Néu f nghich bién thi S} >S5 >S5,
Dau “=" xay ra khi va chi khi y = f(x) = ax
p.voia, p R ‘
3) Néu dd thi y = f(x) 10 thi S5 < S.
4) Néu do6 thi y = f(x) 1o0m thi S < S;. O|Xo=a Xi Xil X; Xn-1 b=Xn

A\ 4
e

Vidu 7.3.1. Cho 0 <x <y < 1. Chiing minh

Al+x+(y- x)e’ +(1- p)e? ] <2e <2+(1- y)e+x+ye’ +(1- x)e” .
, Léi gidi

Xét ham so f(t) = e' tang, 16m trén [0,1]. Khi do: S; <S < S; vai

S1 =x+(y- x)e’ +(1- y)ey

lt
S =fed=e-1
0

Sy =5 [10+e) (- 0 4N+ (1= pere))]

= dpcm.
Vi du 7.3.2. Cho hai s thuc x, y théa man diéu kién 0 <x <y <I. Ching minh

x+y\l- x2 +(1- x)y1- y2 <§<2 x+(y- x)V1- x2 +(1- y)y1- y2
Loi gidi
Xét ham s6 f(t) = /1 - ;2 nghich bién ,1i trén [0,1] nén S3 <S <S5,

4 _1 2 .2 [ [
5_2,53 = x+yVl-x +(1- x) -y ’Sl =x+(y- x) 1-x2+(1-y) 1-y2
Suy ra dpcm.

Bai toan 7.4. Cho y = f(x) lién tuc, khong Am va ting trén [0,c] véic> 0. Khido Va €
a b

[0.c], Vb € [f0),f(c)]taco [f(x)dx+ [ f {dx 2ab- af(a).
« f(a)

, A
Déu 3> xay ra khi va chi khi f(a) = b.

yx
b b
S,
Sz
f0) S, /\/
S

f(o)

0 (1 a X0 (x a tx




Chting minh
a

Goi S, la dién tich giéi han béi x = @ x =a,y =0,y = f(x) thi S} = Jf(x)dx .
a

Goi S 1a dién tich giéi han boi ¥ =f (@), y=b,x=0, y =/~ l(x) thi

b .

Sl :ff A l(x)dx. Goi S 1a dién tich hinh chir nhat giéi han béi x =0, x=a,y=0,y =
()

b thi S =ab. Goi S” 1a dién tich hinh chit nhat giéi han boix=0,x= @, y=0,y= f(@)

thi ' = & f(e2) Trong hai truomg hop b < f(a), b > f(a), ta déu c6 S, +S, =5~ S . Pic
biét o = 0 hodc f (@) =0 thi S S5 =5 Ding thirc xay ra khi va chi khi f(a) = b.

HE qua. Cho y = f(x) lién tuc, khong 4m va ting trén [0,c] véi ¢ > 0. Khi d6 V a € [0,c],
Vb € [f(0),f(c)] ta cod

a b -1
[f(x)dx+ [ f “(x)dx =ab,
0 £

Déu “=" xay ra khi va chi khi f(a) = b.
Vidu 7.4.1.Choa > 0,b > 1, ab= /2 . Chtrtng minh

\/ ) \/ 2 a+\/1+a2
aNl+a” +aNb” - 1 +In—————
b+aVb? -1
Loi gidi
Xét ham s y = f(x) = /14 42 lién tuc ,khong am, ting trén (0,+00), f(0) = 1 va ham

nguoc —Jx2-1.Tacod

/ 2
af\/x2 +1dx+bf\/x2 - ldx =ab =\/§ = a\/1+a2 +ar\/b2 - 1+lnu Z\/E.
0 i b+avb® -1

>2.

11 _al b1
Vidu 7.4.2. Chop > 1, q> 1 thoa —+— =1, Chimng minh — +— >ab, Va,b>0.
p 4 p q
Loi gidi
. 1
Xétham so y = xP', x > 0. Vi ;"‘g =1 nén x = y*'. Do d6 ta ¢6 ham nguoc y* = x*'. Ta
a . b P4
co jxp 1a’x+ fxq ldx >ab < a—+b—2ab,
0 I P 9

Dau “=" xay ra khi va chi khi b = f(a) = a”".
Nhdn xet.



8 Bai todn ¢ van dé 1 1a mot truwong hop riéng ciia bai todn 7.1.
& Cho ham so y = f{x) > 0, véi x € [a,b] . Vi moi phép phdn hoach [a,b] béi cdc
diém chia @ =4y <a| <........ <an =b tqco

5=5(a,,- )min(f( ) F(@) =) £y <
= 2\ sl " Y 41 (@) =[] () =

%
. ¥
<2 (a - a)max(ria,,).fa)) =8
i
Ddu “=" xdy ra khi va chi khi a =b hodc| a,=a
Ap+1 = b
f(x) = const

& Phirong phdp dé ra nhitng dang todn nhur trén la
v’ Xdc dinh dwoc ham so y = f(x) > 0 véix € [a,b].

. s . _ b
v" Chon dwoc phép phdn hoach va biéu dién cac bat dang thirc qua S, S, [ f(x)dx
a

va dwa vao (*) dé két ludn bat dang thirc. doi véi bai todn max, min ta can heu y
kha ndng dau “=" xdy ra.
& Ta c6 thé mé réng lén cho tich phan 2 16p nhir sau
Cho f{x,y) > 0 kha tich trén D. Cho moi phép phdn hoach trén D thanh cdc mién

nho c6 dién tich By>B|>Bys-- By
— n

EZZ%BI max(f(xl’+1:yl‘+1)af(xl"yl'))

Khi d6 ta co: S = lf)f S (x,y)dxdy <S

& Qua cdc iing dung hinh hoc cua tich phan ta c6 chung mot phirong phap dé chimg

minh bat dang thirc do la
Cho y = f(x) lién tuc va khong am trén [a,b] va goi A(a,f(a)), B(b,f(b)). Chia [a,b] thanh
n phan béi cic diém chia : 4 =X S¥ Seeeees <xp =b_ Trén cung AB ldy cdc diém
AI’A2’ ...... 9An-1céh0dnhdé X[ X serennees X 1.

a) Dwa vao do dai cung AB va do dai duwong gd'p khuc AAlAzAn_ 1B ta tao dwoc mot s6
bdt dang thire.

b) Dua vao dién tich hinh thang cong gioi han x = a, x = b, y = f{x), y = 0 va dién tich

cdc hinh thang nhé ( hay dién tich cdc hinh chit nhdt nhd) ta tao dwoc mot sé bdt dang
thure.

BAI TAP

1
1) Chimg minh Vn€ R tacod (n+1) <nle" <(n+1)"2

2) Tim gia tri 16n nhat ctia
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n

P =barcsinb-cos2a+y1-b*,a € O,% ,be(0,1),ab =

1 1
3)Chop>0,q>0thoa —+— =1
) p q g

a’ b?
Ching minh Va,b>0tacdé —+—>ab
P 9

4) Chung minh Vx,y:0<x <ytacd |arctany-arctanx| S|y - x‘

5) Chtrng minh Y x ta ¢ 1+xln(x+\/l+x2)2\/l+x2

I+x
6) Chuing minh véi x >y ta co (x- »)Q2- x- y)<2lnm
7) Véia, b > 1 chitng minh ab >¢“' +bInb

8) Chu i h\/n2-1+\/n2-22+ ...... +n* - (n-1) >7
) Chirng min \ 1

1 1
9) Chy inh —
) Chimg min sinx  x°

<l- i Vxe
T

-b

10) Cho 0 <a <b chirng minh i ln% <
a

11) Cho diy {a;}: 0<a, <@, <.....<a, <1. Ching minh ring

Ca, — a day,—= v+ Ca, — a,, 4, d=a 71— +— - a,, da,, = — % —

—_—a, v CaEa, - ay ey, - .. CaE,, - a, 403, - - a, D
12) Ching minh rang Vb>0,0< a<% ta co
1 2
barctal’n)zab+EIn(1+b ) + In(cos)

13) Ching minh rﬁng 0<Xy,X, <3ta co

\/(xl- 1)2+1+\/(x2- 1)2+1+\/(x1- x, ¥ <3++/2+4/5

PHU LUC
Gi6i thiéu mot s6 ham 16i va ham 16m
1) Mot s6 ham 16i.



f(x) =x% x>0,a <0

f(x) =(a- x)a ,a>0,xe(0,a),a<0

@
fx)=[x+—| x>0,a>1
X
x2
f(x) = ,a>0,x>0
X+
. 1
j(x) :—29X>0
X
S(x) = ,a>0,x€(0,a)

f(x)=l+ o> X =0,a =1
2
. |
f(x)= eax+éW
f(x)=In 1+l x>0
X

f(x)=In(1+e**),a>0

f(x) =In

ax ., |
X
O

£(x) =sin* x,xe(0,7).k <0

f(x) =In(1+ .12 ),x €(0,7)
sin” x

f(x) :coskx,x € (0, %),k <0

f(x) Ztan”C x,xE(O,%),k >1

2) Mot s6 ham 16m.



F(x)=x%,x>0,0<a <l

fx)=(a- x)%,a>0,xe(0,a),0<a <1

1
f(x)=Inx" x>1,n=L2,...

f(x) =In(e® - 1),x>0,a>0
f(x)=lnx,x>0

f(x) =cosk x,xe [0,%],ke[0,1]

£(x) =sink x,xe[0, 7],k €[0,1]
f(x) =In(sin x),x €[0, 7]

f) = sin x
f(x) =1n(1 - cosx),x€(0,7)

,x€[0,7]

x =0

f(x) =arcsin al ,
1+x

X
f(x) =arcsin ,a>0,x>0
a+x

f(x) =arctan x,x >0

KET LUAN

Tiéu luan di tap trung nghién cru mot so van dé chlnh sau day.

1. Di cy thé hoa cac tinh chit dai s6 cua Iy thuyét tich phén xac dinh bang nhing bai
toan va vi du cu thé. Tiéu luan con dua ra bang mot sO ham 16i,ham 16m trong
phan phu lyc dé phuc vu cho vi€c sang tao ra bat dang thirc.

2. Su dung tinh chat hinh hoc cua tich phan dé chimg minh bat dang thuc. Day la
mot van dé khong moi nhung con it tai liéu toan THPT viét vé van dé nay.

3. Trinh bay hé théng cac vi du 4p dung bao gém 50 bai, trong d6 28 bai tham khao
trong cac tai liéu, con lai 22 bai dugc sang tac dya trén nhimg két qua tir cac bai
toan.

Trong qué trinh thyc hién dé tai ching t6i con thiy mot sb van dé chua dugc dé cap hodc
c6 nhung chua di sdu nghién ctru nhu: ddu hiéu dé nhan biét cac yéu td dai s cling nhu
hinh hoc cua tich phan trong cac bai toan bat dang thire cu thé, viée mé rong céc tinh chét
dai s6 cua tich phan xac dinh cho tich phan 2 16p, 3 16p,...;m& rong tinh chat hinh hoc
cua tich phéan tir khong gian 2 chiéu 1én 3 chiéu, sir dung tich phan dé ching minh cac bat
dang thire chira cac sb to hop, nghién ctru viéc dung tich phan dé ching minh cac bt
dang thirc co ban nhu bit déng thirc Jensen, bit déng thirc Cosi,... Vi thoi gian khong cho
phép nén ching t6i chua thé thuc hién duoc nhitng diéu mong mudn nhung chic chin
trong thoi gian dén ching toi s& tap trung tim hiéu va dé tim nhiéu hon vé nhiing van dé
con dat ra.
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