HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2023

{E\_ PE THI CHINH THUC
MON: PAI SO
(Pé thi ¢6 02 trang) Thoi gian lam bai: 180 phut.

Bang A

Bai A.1. (6 diém)

Ky hiéu R[X]2023 la R- khéng gian vecto cac da thlIC mot bién v6i bac nhé hon hoic biang 2023. Cho f 13
4nh xa dit tuong tng mdi da thic v6i dao ham cip hai cia né:

[+ R[X]2023 = R[X]2023,
p(X) — p"(X).

Ditg= fo fo---o fla4nh xa hop cia 870 l4n 4nh xa f.
—_—

870 lan

(a) Chting minh r??mg g la mo6t anh xa tuyén tinh tit R[X]2023 vao chinh no.
(b) Tim s6 chiéu va mét co s ctia khong gian anh Im(g) va clia khong gian hat nhan Ker(g).

Bai A.2. (6 diém)

(a) Mot thanh phé) c6 hai nha may: nha may dién (E) va nha may nuéc (W). DE nha may (E) san xuat
dién thi né cin nguyén liéu dau vio 14 dién do chinh né san xuét truée dé va nudc ctia nha may (W).
Tuong tu nhu viy d€ nha may (W) san xuét nuéc thi né cAn dén nuéc do chinh né san xuét ciing
nhu dién cia nha may (E). Cu thé

e D& san xult dugc luong dién tuong duong 1 dong, nha may (E) cAn luong dién tuong duong
0, 3 dong ma nd san suat dudge trude dé va lugng nude tuong duong 0, 1 dong tit nha may (W);
e D& san xuét dugc lugng nudce tuong duong 1 ddng, nha may (W) cin luong dién tuong duong
0, 2 dong tit nha may (E) va lugng nude tuong duong 0, 4 dong do chinh nd san suat truée do.

Chinh quyen thanh pho yéu cAu hai nha méy trén cung cip dén dugc v6i ngudi dan lu’ong dién tuong
duong 12 ty déng va luong nude tuong duong 8 ty déng. Hoéi thuc té mbi nha may can san xuét téng
codng luong dién va luong nudce tuong ducng véi bao nhiéu ty déng dé cung cap di nhu ciu clia ngudi
dan?

(b) Cho A = (a4j),, la ma tran théa man cac phan ti déu 14 sb thuc khéng 4m va tdng cac phan ti
trén m&i cot clia A déu nhé hon 1. Véi d = (dq, d2)” 1a mot vects cot tiy ¥, chitng minh rang tén
tai duy nhat mot vecto cot x = (a1, :L'g)T sao cho x = Ax + d.

Bai A.3. (6 diém)

Cho a, 3, ~, 8 13 cac sb phiic théa mén da thitc ¢ — 223 — 1 bang (z — a)(z — B)(z — ~)(x — 6).

(a) Chiing minh rang cac s6 a, B, 7, 6 néi trén déi mot khac nhau.



(b) Chitng minh ring cic sb a3, 33,~3, 63 cling d6i mét khac nhau.

(c) Tinh gia tri cia biéu thitc a® + 3% + 3 + 3.
Bai A.4. (6 diém)
V6i mbi ma tran vudng A c6 phan tit 1a cc sb phiic, ta dinh nghia:

k
—1)"
sin A = lim Z ¥A2"+1.
k—o0 (2n 4+ 1)!

n=0

(O day ma trin gi6i han c6 phan ti 14 gi6i han cda phin tit tuong tng cla cac ma trdn téng Sy =

k 1" 2n+41 A .7 \ A A .
Y om0 (gnJr)l)!A n+1 Ma trin gi6i han nay lu6n ton tai.)

(a) Tim cac phﬁn tr clla ma trdn sin A véi

A:G) —21>.

(b) Cho z, y 1 hai sb thuc bat ky, hiy tim cAc phin td clia ma trin sin A véi
(T Y
= 3)

(¢) Ton tai hay khong mét ma trin vudng A cip 2 v6i phan t 13 cac sb thuc sao cho

theo x, y.

1 2023
. _ 2
sin A (0 1 >

Bai A.5. (6 di€ém)

Ky hiéu P, 13 tip hop tit ca cac ma trin kha nghich A cip n sao cho cac phan ti clia A va A~1 déu bang
0 hoac 1.

(a) V6i n = 3 hay tim tAt cd cic ma tran thuoc Ps.

(b) Tinh sb phan tit cta P,, v6i n 14 s6 nguyén duong tuy ¥.

Hét

Ghi cht: Thi sinh khéng duoc stt dung tai liéu va bdt cit loai mdy tinh ndao. Cdn b coi thi khong gidi thich gi
thém.



Bai A.1. (Tong = 6 diém)

Ky hiéu R[X]2023 1a R- khong gian vecto cac da thlIC mot bién véi bac nhd hon hodc bing 2023. Cho f 1a
anh xa dit tuong tng mdi da thiic v6i dao ham cip hai clia né:

[+ R[X]2023 = R[X]2023,
p(X) — p"(X).

Pitg= fo fo---o flaanh xa hop cia 870 14n 4nh xa f.
—_—
870 lan
(a) Chitng minh ring g 13 mét 4nh xa tuyén tinh tit R[X]2023 vao chinh né.

(b) Tim s6 chiéu va mét co s ctia khong gian anh Im(g) va clia khong gian hat nhan Ker(g).

Huéng dan giai

(a): (2 diém) Vi méi 4nh xa f déu 1a 4nh xa tuyén tinh, nén hop thanh cta né ciing 13 4nh xa tuyén tinh.
Do dé6 anh xa g la tuyén tinh.

(b): (4 = 2 4 2 diém) Anh clia g dudc sinh béi cac vecto g(1), g(X),...,g (X2023) Nhan thay

X 0 néu k < 1740,

9(X%) = k—1740 A
kE-(k—1)----- (k—1739)X néu k > 1740.
Do d6 mét co s6 ctia Im(g) 1a (1, X, X?,...,X?83). Vay s6 chiéu dim(Img) = 284.

Xét mot da thitc p(X) = ag + a1 X + a2 X? + - -+ + az023X2°23 tly y. Thé thi g (p) c6 dang
g () (X) =bo + b1 X + - 4 baga X *°%.
Da thiic p(X) € Ker(g) khi va chi khi bg + b1 X + - - - + bag3 X 283 = 0, khi va chi khi
a1740 = Q1742 = -+ = agzo23 = 0.

Do d6 mdt cd s ctia Ker(f) 1a (1, X, X2,..., X173). Vay s6 chiéu dim Ker(f) = 1740.



Bai A.2. (A.2=B.3) (T6ng=6 diém)

(@

(b)

Mot thanh phé c6 hai nha méy nha may dién (E) va nha méy nuée (W). D€ nha méy (E) san xudt
dién thi n6 can nguyen liéu dau vao 1a dién do chinh n6 san xuat trude d6 va nudce ctia nha may (W).
Tuong tu nhu vay dé nha may (W) san xudt nuée thi nd cin dén nuée do chinh né san xudt cling
nhu dién cia nha may (E). Cu thé

e D& san xult dugc lugng dién tuong duong 1 dong, nha may (E) cAn luong dién tuong duong
0, 3 dong ma nd san suat dudge trude dé va lugng nude tuong duong 0, 1 dong tir nha may (W);

e D& san xuét dugc Iu’Ong nuée tuong duong 1 dong, nha may (W) cin lu’(mg dién tuong duong
0, 2 ddng tit nha may (E) va luong nude tuong duong 0, 4 ddng do chinh né san sut trude do.

Chinh quyén thanh phd yéu ciu hai nha méy trén cung cip dén dugc v6i ngudi dan luong dién tuong
duong 12 ty dong va luong nudc tuong duong 8 ty dong. Hoi thuc té moéi nha may can san xuat tong
cong lugng dién va luong nudce tuong duong véi bao nhiéu ty dong dé cung cap di nhu cau ctia ngusi
dan?

Cho A = (a4j),, 1a ma tran théa man cac phan ti déu 14 sb thuc khéng 4m va téng cac phan ti

trén m&i cot clia A déu nhé hon 1. Véi d = (dq, d2)” 1a mot vecto cot tiy ¥, chitng minh rang tén
tai duy nhat mot vecto cét @ = (x1,x2)” sao cho z = Az + d.

Hudng dan giai

(a): (4 diém) Gia st @1, zo tuong ng 1a gia tri (t6ng thé) cAn san xut clia hai nha may (E) va (W), do
bang ty dong. Khi d6 ta c6 phuong trinh

r1 = 0, 3z, + 0, 2z + 12,
o = 0, 1$1 =+ 0,4332 + 8.

That viy, nha may (E) san xut duge zq (ty dong) gia tri vé dién thi né cin dung 0, 3z, d€ 1am nguyén
liéu cho chinh né va chuyén luong dién tuong duong 0, 25 ty ddng cho nha may (W), va con lai lugng
dién tuong duong 12 ty phuc vu ngudi dan. Do dé ta ¢6 phuong trinh thit nhit. Tudng tu ta c6 phuong
trinh th hai. Thé thi z = Az + d trong d6

_ (0,3 0,2\ _ [(x1\ , (12
=07 08 = (@)= (3)

Do dé

x=I—A)"1d= Gi) .

Viy t6ng khoi luong cin san xult clia nha may (E) 1a 22 ty déng, va clia nha may (W) 1 17 ty dong.

(b): (2 difm) Vi A = ()4, ta co:

T A— <1—a11 —ai2 >
—az21 1— a2

Ta ching minh I — A 1 m6t ma trin kha nghich. Gia st nguoc lai I — A khong kha nghich. Thé thi cac
hang cta ma trén la phu thudc tuyén tinh, nghia la ton tai b s6 (a1, az) khéng dong thoi bang 0 sao cho

aia1 + azaz = (0,0),

2



trong do «; la hang tht <. Do do

a1(1 — a11) — aza21 = 0,
—aiaiz + az(1 —agz2) = 0.

Khéng mét téng quat gid st |a;1| = max{|a1|, |az| > 0. Tit hé phuong trinh trén suy ra
a; = a1a11 — a20a21.

Do do
0 < |a1| < |a1| (@11 + a21) < |aq|

Diéu nay vo Iy, VAy diéu gia st 14 sai, suy ra I — A kha nghich. Tt d6 suy ra phuong trinh c6 nghiém duy
nhatz = (I — A)~1d.

(Nhdn xét: khdng dinh vén diing cho A la ma trdn vudng cdp n bdt ky.)



Bai A.3. (A.3) (Téng = 6 diém)
Cho «a, 3, ~, 8 13 cac sb phiic théa mén da thitc ¢ — 223 — 1 bang (z — a)(z — B)(z — ~)(x — 6).

(a) Chitng minh rang cac s6 a, B, 7, 6 néi trén ddi mot khac nhau.
(b) Chting minh ring cac sbé a3, 83,3, 83 ciing d6i mot khac nhau.

(¢) Tinh gia tri cia biéu thitc a3 + 33 + 43 + 3.

Huéng dan giai
(a): (2 diém) bit P(x) = z* — 223 — 1. Nhén thiy da thitc dao ham P’(x) = 423 — 622 = 22(4x — 6)

chi ¢6 hai nghiém x = 0 (b6i 2) va x = % (bdi 1). Cac nghiém nay déu khong phai 12 nghiém ctia phuong
trinh ban ddu P(z) = 0. Do d6 cac nghiém cia P(z) = 0 la phén biét.

(b): (2 diém) Nhén thdy P(x) = 0 khi va chi khi #* = 23 + 1. Do d6 néu gid st o® = 83 thi a* = 34.
Tt do suy ra ¢ = 3.

(c): (2 difm) Pat y = a3, suy ra * = 2y + 1. Lily thita 3 ca hai vé suy ra 2 = (2y + 1)3, suy ra

y* = (2y +1)3. Do d6
y* — 8y —12y% — 6y — 1 = 0.

Vay két hop véi (b) phuong trinh y* — 8y3 — 12y2 — 6y — 1 = 0 c6 4 nghiém phan biét a3, 33, 43, 83.
Do d6 theo Pinh ly Vieta ta ¢6 o® + 3% 4+ ~3 + §% = 8.



Bai A.4. (A.4) (Tong = 6 diém)

V6i mbi ma trdn vuéng A cé phan t 14 cac sb phtc, ta dinh nghia:

2n—+1

(O day ma trin gi6i han c6 phan ti 14 gi6i han cda phin tit tuong tng cla cic ma trdn téng Sy =
sk D" A2n+1 Ma trdn gi6i han nay ludn tdn tai.)

n=0 (2n+1)!
1 -1
a=(y )

(b) Cho z, y 1 hai s thuc bat ky, hiy tim cAc phin td clia ma trin sin A véi
_ (T Y
=52

(c) Ton tai hay khéng mot ma trén vudng A cip 2 v6i phan ti 13 cac sb thuce sao cho

(a) Tim cac phén tlr clla ma tran sin A véi

theo x, y.

sin A = (1 2023)?

0 1

Huéng dan giai

(a): (2 diém) Nhan théy A la ma tran chéo hoéa dudgc:
1 1 1 -1 1 0
<0 1)'A'<0 1>_<0 2)‘
1 -1 1 0 1 1
a=(o 1) (6 2) (o 1):

Tinh két hop clia phép nhédn ma tran suy ra
sin(A) = 1 -1 sinl O 1 1\ (sinl sinl —sin2
' —lo 1 0 sin2/°\0 1)\ o sin 2 ‘

(b): (2 diém) Bi‘mg quy nap ta tinh dudc:

n n—1
AT — <ac nx y> )

. (x y\ _ (sinxz ycoszx
sm(o :c>_< 0 sinm>'

(¢): (2 diém) Ma trén A clp 2, phan ti phtic, luén déng dang (bdi mét ma tran C kha nghich, phan tit
phtic) v6i mot trong hai ma trin sau:

Do d6

Do d6



(o %) (6 5):

Théat vy néu A khong chéo héa dudc, thi da thitc dic trung c6 dang
Py(X) = (X — N2
Chon ax tuy y khong thuoc Vi = Ker(A — Al2),va a; = (A — Alz)(az) tacod

Aa1 = )\al,
Aa2 = X1 =+ Aaz.
Do d6 v6i C ¢6 cac cot la aq, aep thi

i (A1
C’AC’_<O)\.

Ta xét hai truong hgp: A chéo hoa dudce (trén trudng phtic) va A khong chéo hoda dudc trén truong phc.

Truong hop 1: A 1a chéo héa dudc trén trudng phitc, nghia 1 ton tai ma trin kha nghich véi cdc phan tir
phtic (C € GL2(C)) sao cho C~1AC 1a mét ma trin chéo. Thé thi

A = C - diag(A1, X2) - C71,

trong d6 diag(A1, A2) 12 ma trn chéo véi cac phan tit trén dudng chéo bang Aq, Az. Tit tinh két hop ctia
phép nhan ma tran suy ra
Ak = C - diag(\k, 25) . 1

v6i moi s6 nguyén khong 4m k. Do dé
sin(A) = C - diag (f (A1), f (X)) -C™1L,

trong do
k
(D" .
f(x) = llm Z / (2n +1)' a2t

Thé thi sin(A) ciing 13 ma trin chéo héa dudc. Diéu nay mau thuin vi ma trin
1 2023
0 1

Truong hop 2: A khéng chéo héa dudc trén trusng phiic. Thé thi da thitc dic trung c6 nghiém kép A va
ton tai C kha nghich véi cac phan tit phite sao cho

C-1AC = <>‘ 1).

khong chéo hoa dudgc.

0 A

Vi ma trdn A c¢6 phan ti 14 c4c sb thuc nén vét cia A 14 thuc, do dé A € R. Theo phan (b) ta cé:
i A 1\ [sinA cosA
Mlo A/ T 0o sinA):

. (A1 —1 .
sin (0 )‘> = C~'sin(A)C,

Mat khac

6



suy ra

1 . __ (sinA cos A
C™ " sin(A)C = < 0 sin )\> .
Gia st ton tai A sao cho
.. (1 2023
sin A = (0 1 > s

suy ra sin A = 1, kéo theo cos A = 0 suy ra C~ 1 sin(A)C = I. Do d6 sin(A) = I. biéu nay v6 ly. Vay
khong ton tai ma trdn théa man dé bai.



Bai A.5. (Tong = 6 diém)
Ky hiéu P,, 13 tip hop tht c cic ma tran kha nghich A cip n sao cho cac phin ti cia A va A—! déu bing
0 hodc 1.

(a) V6in = 3 hay tim tAt ca cdc ma tran thudc Ps.

(b) Tinh sb phan ti cta P,, véi n 14 sb nguyén duong tuy ¥.

Hudng dan giai
(a) (2 diém) bit A = (@ij) g3 VA AT = (b”)3><3 Két hop véi viée A va A—1 déu kha nghich, ta c6
mbi hang ciing nhu c6t ctia né cé it nhét mot s61.V6i1 < k< 3tacd

1 = ar1bik + ar2bak + arsbsi.

Vay ton tai duy nhit m € {1, 2,3} sao cho agm = bk = 1. NOi riéng mbi hang clia A 6 dung mét s6
1. Néu c6 hai sb 1 thuoc cung mot cot thi s€ c6 mot cot gom toan so 0, suy ra vo ly. Vay m01 hang, mdi cot
clia A c6 diing mét s6 1. Nghich dao ctia A lic d6 ciing gdbm toan cac s6 0, 1. Tap Ps bao gbm cdc ma trin
sau

1 00 1 00 010 0 01 010 0 01
o10|,{oo1|,[1 00],{[1 00],/l00 1,010
0 0 1 010 0 0 1 010 1 00 1 00

(b): (4 diém) Ta chi ra tén tai mot song anh giita P, va tip S,, cac hoan vi trén n phan tit. Pit A =

(@i5) s VA A™L = (b3j),,5.,.- Két hop véi viéc A va A~1 déu kha nghich, ta c6 mbi hang cfing nhu cot
ctia nd c6 it nhat mot so 1. V6i 1 < k < n ta cd:

n
1= Z ar;jbjk. (D
i=1
Vay ton tai m € {1,2,...,n} sao cho axm = bmr = 1. Tachira s6 m nhu vay la duy nhét. That vay,

gid st c6 mot s6 m’ # m sao cho agm = 1. Thé thi tit (1) suy ra by = 0. Vi hang tht m’ clia A1 ¢
it nhAt mét sb 1 nén ton tai I # k sao cho by, = 1. Do dé (AA~1h), > 1. Diéu nay vo Iy vi k # . Viy
s6 m tng véi k nhu vy 13 duy nhit, ky hiéu béi m = o (k). Vi mbi cot clia A déu cé it nhit mét sb 1,
nén o la toan anh tu {1, 2,...,n} vao chinh nd. Do d6 o (phu thudc vao A) la mot song anh (hoan vi)
trén {1,2,...,n}. Tuong Gng tt A = (a4j),,,, Vao o cho béi ay, (k) 1a phén t bing 1 duy nhét trén
hang thit k xac dinh mét don anh tt P,, vao S,,. Ta chi ra anh xa nay la mot toan anh. That vy cho trudc
hodnvi o € Sy, xét A = (a4j),,,, 1a ma trdn ma hang thi k& bét ky ¢ phan ti ako(k)y = 1, cac phan ti
con lai déu bing 0. Ky hiéu B = (bij),,xn 1a ma trdn ma hang tht k bét ky c6 phan tit bro—1(k) = 1, cac
phan ti con lai déu bang 0. Thé thi B 14 nghich dao cta A. Do d6 A € P,. VAy tuong {ng gilta A va o
cho mét song 4nh gitta P,, va S,,. Do d6 s6 phan t clia P, bing n!.

Thang diém phé‘ln (b):

e Xay dung anh xa tu P, vao S,, (1 diém).
e Ching minh anh xa trén la don anh (1 diém).
e Chiing minh anh xa trén la toan anh (1 diém).

e Suy ra dap sb |P,| (1 diém).



HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2023

,\ Mon thi: Giai tich
Thoi gian lam bai: 180 phut
A e e N\ o \ . I\?
Loi gidi bai |A.1|va|B.1] 6 diém
2 ; A Piém | Diém
Y |Budc Noi dung a1 | B1
a Tim tit ca cac s6 nguyén duong n sao cho u,, > 5/4 2,00 | 2,00
1 | Khang dinh (u,,) don diéu ting 1,00 | 1,00
Tu dinh nghia
! 1 ! 1 1,00 | 1,00
un+1:(1+ﬁ>"'(1+m)><1+E>"'(1+47):Un P 5
v6i moi n > 1. VAy ta suy ra up4+1 > Uy, véimoin > 1.
2 Khang dinh u,, > 5/4 v6i moi n > 2 1,00 | 1,00
Do u; = 5/4 nén tu tinh don diéu cta (u,,) ta suy ra u,, > 5/4 khiva chikhin > 2. | 1,00 | 1,00
b Chitng minh rang u,, < 2023 véi moi s6 nguyén duong n 2,00 | 2,00
1 | Khing dinh Inu,, < 1véimoin > 1 1,00 | 1,00
Truéc tién ta nhic lai bat dang thiic co ban sau In(1 + x) < « v6i moi « > 0. St dung
bat dang thtic trén ta thu dugde
1 1
(14 5) <5 V21
Vay ta c¢6 danh gia 1,00 11,00
"1 1 1
=1
2 | Khing dinh u,, < 2023 v6imoin > 1 1,00 | 1,00
O budc trén ta di ¢6 Inu, < 1 v6imoin > 1. VAy u, < e < 2023 véi moi n > 1. 1,00 | 1,00
c Chitng minh rang diy s6 (u,,) hdi tu va tinh gin ding giéi han 2,00 | 2,00
Déy (u,,) don diéu tdng va bi chin trén nén hdi tu. Ky hiéu L la gi6i han caa day (u,). | 1,00 | 2,00
Ta nhic lai bt déng thitc co ban sau  — £2/2 < In(1 +z) Va > 0. St dung bét
dang thic trén va bat dang thiic co ban trong y trudc ta thu duge
! 1(1)2<1 (1+ 1)< Lovk>1
— — == n — — .
4k 2 \ 4k 4k 4k -
Tu d6 ta ¢
SIEREIEE L R
— = == nu, — Vn > 1. 1.00
k k k )
k=1 4 24 k=1 4
Chuyén qua gi6i han khi n — +oo ta thu dugc
3 1/4 1 1/16 1/4 1
s _ 4 1 Y16 g VA L
10 1—-1/4 21-—1/16 — ~1-1/4 3
Viy e3/10 < [, < e1/3. Tinh gin ding ta thu dudc dap sb 1, 3.
Ghi chd. Thi sinh c6 thé dung may tinh bé tdi hodc xip xi Padé e® =~ % v6i
|z| < 1/2 @€ tinh gin ding €3/1° ~ 1,349 va e'/3 =~ 1, 395.




HOI TOAN HOC VIET NAM

Thoi gian lam bai: 180 phut

DAP AN

PE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich

\, e e e N\ o \ o« A
Loi gidi bai |A.2|va|B.2] 6 diém
; , A Piém | Piém
Y |Budc Noi dung A2 | B2
a Chitng minh rang ham f lién tuc tai 0 2,00 | 2,00
1 | Tinh gi6i han caa f tai 0 1,00 | 1,00
Tit dinh nghia ctia f ta c6
el néuz € [-1,1]NQ,
If(z)] ={ 2 1,00 | 1,00
|z] néuzx € [-1,1]\ Q.
Dodétaluén c6 0 < |f(x)| < |z| Vo € [—1,1] . Theo nguyén ly kep lin}) f(z) =0.
z—
2 | Khing dinh tinh lién tuc cla f tai 0 1,00 | 1,00
O budce trube ta di cd lin% f(x) = 0.Dé thy f(0) = 0 nén f lién tuc tai 0. 1,00 | 1,00
z—
b Ham f c6 kha vi tai 0 khong? 2,00 | 2,00
1 | Chuyén vé khio sat gii han ctia f(x)/x khiz — 0 1,00 | 1,00
Xét su ton tai ctia gi6i han
i f(z+0)— f(0) — lim f(a:). 1,00 | 1,00
z—0 x z—0
2 | Chira rang gi6i han clia f(x)/x khi z — 0 13 khéng ton tai 1,00
Tir dinh nghia ctia f ta thiy
—x/2 1
im 7@ g T2 Y g @ T 1,00 | 1,00
Qz—0 x Qz—0 2" Qzxz—0 QZz—0 x
Vay gi6i han lir% @ 13 khéng ton tai. Tt d6 ta két ludn ham f khong kha vi tai 0.
r—r
c Ham f c6 gia tri 16n nhit/nhé nhét trén doan [—1, 1] khong? 2,00 | 2,00
1 Ham f khéng c6 gia tri 16n nhat trén [—1, 1] 2,00
Phan chling gia st f dat gia tri l6n nhat M tai diém zo € [—1,1]. Néu zo ¢ Q thi
= f(il:o) = 150 < 1. Neu To € chl |M| |f(iL‘0)| = |330|/2 < 1/2 Véyta
pha1 O M < 1. Néu M < 1 thi khi dé bang cach lay bét ky mot sO vO ti y nam gnia 2.00
M va 1 ta thu duge f(y) = Y > M. biéu nay trai vi g1a st M la g1a tri 16n nhét cta | =
ftrén[—1 1] Vay ta pha1 c6 M = 1. Tuy nhién diéu nay 13 khong xay ra vi tit Iy luan
trén ta phal cOxzg € Q,vadodd xo = 1. Nhung 1 € Q.
2 | Ham f khong c6 gia tri nhé nhét trén [—1, 1] 2,00
Phan chiing gia stt f dat gid tri nho nhit m tai diém zo € [—1,1]. Néu zo ¢ Q thi
m = f(oco) =xo > —L Néu zo € Q thi Im| = |f(zo)| = |ar:0|/2 < 1/2 Véy ta
phéi c6 m > —1. Néu m > —1 thi khi d6 bang cach 14y bét ky mot sb v6 ti y nim
2,00
gilta —1 va m ta thu dudc f(y) = y < m. Diéu nay trai voi gia st m 12 gié tri bé nhit
cua f trén [—1, 1]. VAy ta phai c6 m = —1. Tuy nhién diéu nay 1a khéng xay ra vi tu
1y luén trén ta phai c6 zo ¢ Q, va do d6 xp = —1. Nhung —1 € Q.
Ghi chi. Thi sinh c6 thé chitng minh truc tlep rang 1 (tUOng ung, —1) la can trén dung
(tuong ing, cdn dudi ding) trén doan [—1,1] cia ham s6 f, nhung “cdn” nay khong
phai 1a mot gia tri ctia ham f.




HOI TOAN

HOC VIET NAM  DE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

N, e e N\ o \ o« A
Loi gidi bai |A.3|va|B.3] 6 diém
Y |Buéc No6i dung Piém
a Con thuyén c6 dén dudc diém (0, 0) nhu du kién khong? 2,00
Con thuyén dén dudc di€m (0, 0) khi va chi khi diém (0, 0) thudc db thi ctia ham sb
R |
— . 2,00
y(x) = 3 T2
Dé thiy diéu nay 1a khong xay ra.
b Con thuyén c6 cip dudc bd trai hay khéng? 2,00
Con thuyén cip dudc bd trai khi va chi khi ham s y x4c dinh (véi gid tri hitu han) tai 0. D&
thay
1
0) = —= 2,00
y(0) 5
va do dé con thuyén cap dudc bd trai tai vi trf (0, —1).
c Vi tri ctia con thuyén khi khoang cach tit né dén diém dich (0, 0) 1a ngan nhét 2,00
Trong subt qua trinh chuyén déng, vi tri cta con thuyén Y o
dudc xac dinh béi diém (x, y) trong d6 MURIE I
Luiid
2 _
y=r -1 1
x3 4+ 2 0 T
v6i 0 < x < 1. Khoang cach tit diém (0,0) dén diém
(z,y) la
()
x
3 4 2
Xét ham sb f dudc x4c dinh bdi
F) 2+(ﬁc2—1)2 2,00
r) =x
x3 4+ 2

v6i0 <z < 1.Trén [0,1] tacod

2z (x® 4 6x% — 2% + 1623 + 422 — 3z + 4)

(@) = oty 2y

D€y ring
w9+6w6—w5+16w3+4w2—3w+4
=x% +62°+2°(1 —2?) + 152> + 42> +3(1 —z) +1>0

nén f déng bién trén [0, 1]. VAy f dat gia tri nhd nhét khi & = 0 va khoang cach ngin nhét
can tim la 1/2 tuong Gng vdi vi tri clia con thuyén khi n6 cdp bo trai.




HOI TOAN HOC VIET NAM  DE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
Loi giai bai 6 diém
Y |Buéc No6i dung Piém
a Néu fol f(x)P(x)™dxz = 0 v6imoi 0 < m € Z va da thitc bac hai P thi f =0 3,00

T tinh lién tuc cta f ta chi can ching minh
f = 0trén (0,1). Gia sit ton tai o € (0,1)
sao cho f(xzo) # 0. Ta c6 thé gid thiét 1 |
f(xo) > 0. Khi dé ta tim dugc

O0<z1 <o <22 <1
sao cho f(x) > 0véimoi xz € [x1,x2]. Dat

x1 + xo To + T2
c=——, d= —-—=-
2 2

Tacozi < ¢ < xo < d < xo. Xét da thic

P(x) = (x —c)(d — x) + 1.

Dé théy P >0trén[0,1] va P > 1trén [c,d] C [x1,x=2] C (0,1). Tl tinh don diéu ctia P
ta thay
0< P(x) < P(z1) <1 Vz €[0,zq]

va
0< P(x) < P(xz2) <1 Vx € [x2,1].

V6i da thiic P & trén ta c6 danh gia

0= /01 f(z)P(z)™dz = (/:1+/:+/Cd+/;2+/:>f(a;)P(m)mdm
> (/:1+/d+/l)f<m>P<w)T"dm
ot .
> —P)” [ 1@+ [ fa)de
~ P [ ' f (@) da.
Do 0 < P(z;) < 1va0 < P(xz2) < 1 nén qua gi6i han khi m — +oo ta phai c6
/df(a;)da: <o.

Day 1a diéu v6 1y do f lién tuc va f > 0 trén [c, d].

3,00

Khi diéu kién P 1a da thitc bac hai dudc thay bing diéu kién P 13 da thic bic nhét

3,00

Do moi da thitc P(x)™ déu dudc viét dudi dang t6 hop tuyén tinh clia cac lity thita nguyén
khéng 4m cda céc da thiic bic 1 nén két qua cta y (b) van diung.

3,00




HOI TOAN HOC VIET NAM

Thoi gian lam bai: 180 phut

DAP AN

PE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
(VMS

LJi giai bai

6 diém

Y |Budc

No6i dung

o R
biém

Néu [, f(z)g(z)dx = 0 véi moi ham lién tuc g ma g(0) = g(1) = 0 thi f =0

3,00

Tit tinh lién tuc ctia f ta chi can chling minh f =
0 trén (0, 1). Gia st ton tai ¢y € (0, 1) sao cho
f(xo) # 0. Ta cé thé gia thiét f(xe) > 0. Khi
d6 ta tim dudgc

O0<zi <z <2< 1

sao cho

J (o)

@) > =

Va € [r1,T2].

Xét ham g trén [0, 1] dugc xac dinh bdi

0 néuogwgwl,

%(m—ml) néuz; < z < zo,
J— (U 1
1= fwo)

T2 — To
0 neuzxz, <z <1.

(2 — x) néu z, <z < x,,

Khi d6 g > 0, lién tuc trén [0, 1], va ¢6 g(0) = g(1) = 0. V6i ham g d9, ta c6

o= | ' f@)g(@)de = ( / . / +f )£ (@) (x)da

= [ f@)g(x)de

1

f(zo) [*2
2 z1

_ J(@o) f(wo) (w2 — x1)
= 2 > 0.

> g(z)dx

Day 1a diéu vé 1y

3,00

Két luin 6 ¥ (b) con diing khéng néu ta thém gia thiét g(1/2) = 0?

3,00

Két ludn 6 y (b) vin ding vi 14n luct 4p dung cic ham trong 15i giai y (b) cho doan 0, 1lva

cho doan [3, 1] ta thu dugc
f =0trén [0, ] va trén [, 1].

Vay f = 0 trén [0, 1].

3,00




HOI TOAN HOC VIET NAM  DE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
N, e « 2 N e o« A
Loi gidi bai 6 diém
Y |Budc Nb6i dung Piém
a C6 tdn tai d € (0,1) sao cho |f/(d)| < (f(d))*? 2,00
1 Khing dinh khéng ton tai d va dua ra dugc 1 vi du 1,00
Xét ham sb f dudc cho béi
fle)=2z 0<x< 1. 1,00
Khi d6 f lién tuc trén [0, 1], kha vi trong (0, 1), va c6 f(0) = 0.
2 | Kiém tra dudc tinh dting din ctia vi du 1,00
Tinh toan ta thly | f/(x)| = 1 > 22 = (f(z))” véi moi = € (0,1). 1,00
b Néu |f/(z)| < (f(ac))2 v6i moi z € (0,1) thi f = 0 trén [0, 1]. 2,00
Do tinh lién tuc ctia f nén ta chi cin chiing minh f = 0 trén (0,1) 1a dd. Gia st ton tai
xo € (0,1) sao cho f(xo) # 0. Khi d6 tap hop
E = {x € [0,z0] : f(z) =0}
bi chin (do E C [0, 1]) va khéng réng (do 0 € E). Ddt z; = sup E. D& thiy z; € Edo f
lién tuc. Diéu nay co nghiala 0 < @1 < o, f(z1) = 0, va f(z) # 0 véimoi z € (z1, To].
Tit d6 cling v6i gia thiét ta thu dude
f'(t)
—1 S S 1 Vit c (1151,5120].
(£(®) 2 2,00
LAy tich phén theo ¢ trén doan [z, o] 6 ca 3 vé ctia bt ding thitc kép ta thu dugc
z — o < g(x) — g(xo) < o — x,
trong dé g 1a ham sb dugc cho bdi g(x) = —1/f(x). Tit day ta thu dudc
lg(xz) — g(wo)| < o —x V& € (w1, w0
Cho  — x1 ™ ta thu dudc diéu vé Iy
c Ton tai ¢ € (0,1) sao cho (f(c))” < |f'(c)| 2,00
Do f lién tuc trén [0, 1] nén ton tai M > 0 sao cho |f(z)| < M véimoiz € [0,1]. Néu
f(c) = 0véic € (0,1) ndo db thi ¢ chinh 1a diém can tim va do d6 ta chi can xét truong
hop f # 0 trén toan (0, 1). Do tinh lién tuc nén ta c6 thé gia thiét f > 0 trén (0,1). Do
f(0) = 0 nén ton tai xg € (0,1/2) sao cho
1 M
In f(zo) — In f(g) < -5
2,00
Theo Dinh ly Lagrange ap dung cho ham In f(x) ta c6
M 1 ! 1 1
Y > In f(xzo) — lnf(g) = J;((Cc)) (o — 5) véi ¢ € (xo, 5) nao do.
! M 1 ’ ’ !
Tit ddy ta thu duge 2 > 0vadodo — M > — 17 (c).Véy'f ) _ 7 5 ap
£ 3= 240 i~ f@
Ghi chi. Thi sinh ¢6 thé giai nhu sau va van dudc diém toi da. Trong trudng hop f = 0, ta
c6 thé chon ¢ € (0,1) tiy ¥. Trong trudng hop con lai, néu két ludn 13 sai, tic 1a (r (:n))2 >
|f/(x)| voi moi & € (0, 1), thi theo két luén ctia ¥ (b) ta phai c6 f = 0, mau thuln.




HOI TOAN HOC VIET NAM

PE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023

,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
A . . N\ o . I\,
LGi giai bai 6 diém
Y |Buéc Ndi dung Diém
a Chiing t6 rang phucng trinh f/(x) = 0 c¢6 nghiém trén (1, +00) 2,00
Dé thay Y \///
- 1 2 y = f(z)
= = -1 > 2
f(z) oI VET It =2 2,00
v6i moi > 1, va dau bing dat duge khi z = 2. (0) :
Viy ham f dat dugc gia tri nhé nhat trén (1, +o00) 4 T
taix = 2.
Tit d6 ta két luén phuong trinh f/(x) = 0 ¢6 nghiém o
x = 2 trén (1, +00). —21 y=f'(=)
b Tim c6ng thice tinh f/(x) theo x 2,00
Tinh toén truc tiép thu duge
@)= o2 2,00
)= — .
2(x —1)3/2 ’
c Tinh dién tich phan mat phang (phan dudc gach chéo trén hinh) 2,00
1 | Thiét 14p cong thic tinh [, f'(z)dx 1,00
Hoanh dé giao diém gifta db thi cia ham f’ va dudng thingy = 01a = = 2. Do f don diéu
tang (ngat) trén (2, +o00) nén f/ > 0 trén [2, 4]. VAy ta ¢ cong thic tinh dién tich can tim
4 1,00
/ f/(x)dzx.
2
2 | Tinh tich phan [} f/(z)d= 1,00
Theo cong thiic Newton-Leibniz ta co
4 4
"()de = f(4) — fF(2) = —= — 2 1,00
| s = s - £2) = = -2
va ddy la dién tich cin tim.




HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2023

{E\_ PE THI CHINH THUC
MON: PAI SO
(Pé thi ¢6 02 trang) Thoi gian lam bai: 180 phut.

Bang B

Bai B.1. (6 diém)

(a) Cho z 1a mdt sb thue. Tinh dinh thic clia ma trin sau theo x:

T 2022 2023
A = |2022 2023 T
2023 T 2022

(b) Tim cac sb thuc = sao cho hang clia ma trdn A nhé hon 3. Tinh hang clia ma trdn A véi z vita tim
dudc.

Bai B.2. (6 diém)
Gid st f : R* — R3 13 4nh xa tuyén tinh cho béi:
(1, T2, 23, 4) — (1 + AT2 — T3 + 224, 221 — T2 + AT3 + 54, 21 + 1022 — 623 4 24),

trong d6 A € R 14 tham s6.
(a) V6i A = 3, hay tim

(al) Mot co s va sb chiéu clia khong gian hat nhin Ker(f).
(a2) Mot co s va sb chiéu clia khong gian anh Im( f).

(b) Tim sb chiéu cla khéng gian anh Im(f) nhu mot ham sb ctia .

Bai B.3. (6 di€ém)

(a) Mot thanh phé ¢O hai nha may nha may dién (E) va nha may nuée (W). D€ nha may (E) san xuat
dién thi n6 can nguyen liéu dau vao 1a dién do chinh né san xuat truée d6 va nude cua nha may (W).
Tuong tu nhu vdy d€ nha may (W) san xult nude thi né cn dén nuéc do chinh né san xuét ciing
nhu dién cia nha may (E). Cu thé

e D& san xuit dugc luong dién tuong ducng 1 dong, nha may (E) cin luong dién tuong duong
0, 3 dong ma nd san suat dugdc trude dé va lugng nude tuong duong 0, 1 dong tit nha may (W);
e D& san xuit dugc luong nude tuong duong 1 ddng, nha may (W) cin lugng dién tuong ducng
0, 2 dong tit nha may (E) va lugng nude tuong duong 0, 4 dong do chinh nd san suat truée do.

Chinh quyén thanh phd yéu ciu hai nha méy trén cung cip dén dugc v6i ngudi dan luong dién tuong
duong 12 ty dong va lugng nude tuong duong 8 ty dong. Hoi thuc té moi nha may can san xuat tong
cong lugng dién va luong nudce tuong duong véi bao nhiéu ty dong dé cung cap di nhu cau ctia ngusi
dan?



(b) Cho A = (a4j),, la ma tran théa méan cac phan ti déu 1a sb thuc khéng 4m va tdng cac phan ti
trén m&i cot clia A déu nhé hon 1. Véi d = (dq, d2)” 1a mot vects cot tiy ¥, chitng minh rang tén
tai duy nhat mot vecto cét @ = (x1,x2)” sao cho z = Az + d.
Bai B.4. (6 diém)

V6i mbi ma trin vudbng A c6 phan ti 1a cac sb phic, ta dinh nghia:

(O day quy uée 0! = 1, A° 1 ma trdn don vi, ma trin gi6i han & vé& phai c6 phan t 14 giéi han cta phan

tlt tuong ing clia cac ma tran téng Sj, = Zﬁ:o %. Ma trén giéi han nay luén ton tai.)

1 -1
=0 %)

hay tim mot ma trdn kha nghich C sao cho C~! AC 1a ma tridn dudng chéo.

(a) V6i A la ma tran

(b) Tim cac phﬁn tf clia ma trin e v6i A 1a ma tran cho & phén (a).
Bai B.5. (6 diém)

Ky hiéu P, 14 tip hop tit ca cac ma tran kha nghich A cip n sao cho cac phén tit ctia A va A~ déu bang
0 hodc 1.

(a) V6in = 3 hiy tim tt ca cdc ma trin thudc Ps.

(b) Chting minh ring tdn tai mét song anh giita P,, va tip S, cic hoan vi trén n phén td. Tit d6 hay tinh
sO phan t ciia P,, v6i n 1a s6 nguyén duong tuy y.

Hét

Ghi cht: Thi sinh khéng duoc stt dung tai liéu va bdt cit loai mdy tinh ndao. Cdn b coi thi khong gidi thich gi
thém.



Bai B.1. (Téng = 6 diém)

(a) Cho z 1a mdt sb thue. Tinh dinh thic clia ma trin sau theo x:

T 2022 2023
A = |2022 2023 T
2023 T 2022

(b) Tim céc sb thuc x sao cho hang ctia ma trdn A nhé hon 3. Tinh hang cia ma trdn A véi  vita tim
dugc.

Huéng dan giai
(a): (2 diém) bit @ = 2022, ky hiéu dinh thitc cia ma trdn can tim 13 f(x). Cong hang 2 va hang 3 vio
hang 1 suy ra

1 1 1
f(x) = —(x 4+ 2a + 1)det a a+1 x|,
a-+t+1 T a

= —(x+2a+1) (a:z— (2a+1)m—|—a2—|—a+1),
= —(x + 4045) (z® — 4045z + 4090507) .

(b): (4 diém) Hang ctia ma tran nhé hon 3 khi va chi khi dinh thitc f () = 0. Vi biét thic
A= (2a+1)>—-4(a*+a+1) <0,

nén phuong trinh 2 — (2a + 1)z + a2 + a + 1 = 0 khéng ¢ nghiém thuc. Do d6 c6 duy nhit mot

s6 thuc x = —2a — 1 = —4045 d€ f(x) = 0. VAy sb thuc duy nhit d€ hang ctia ma trdn nhé hon 3 13
x = —4045. Luc d6 hang cia ma trdn bang hang ctia
0 0 0

2022 2023 —4045
2023 —4045 2022

VAy hang clia ma trin A khi d6 bing 2.



Bai B.2. (Tong = 6 diém)
Gid st f : R* — R3 13 4nh xa tuyén tinh cho béi:
(1, T2, 23, 4) — (1 + AT2 — T3 + 224, 221 — T2 + AT3 + 54,21 + 1022 — 623 + 24),

trong dé6 A € R 14 tham s6.
(a) V6i A = 3, hay tim

(al) Mot co s va sb chiéu clia khong gian hat nhin Ker(f).
(a2) Mot co s6 va sb chiéu clia khéng gian anh Im(f).

(b) Tim sb chiéu caa khéng gian anh Im(f) nhu mot ham s6 clia \.

Hudng dan giai
Anh xa tuyén tinh dé bai cho c6 ma trin trong cip cd s chinh tic cia R* va R3 1a

1 X -1 2
AN =2 -1 X 5
1 10 —6 1

(al): (2 diém) V6i A = 3, hat nhan Ker(f) 1a khong gian nghiém ctia phuong trinh thudn nhit v6i ma
trn hé sb 13

1 3 -1 2
AB)=[2 -1 3 5
1 10 —6 1

Duing bién d6i so cAp suy ra s6 chiéu dim Ker(f) = 2 v6i mot cd s6

(_83 57 7, O) 5 (_17, 13 07 7) .

(a2): (2 diém) Tu phﬁn (al), dung cong thttc dim Im(f) = n — dim Ker(f) suy ra sb chiéu ctia khong
gian anh bang 4 — 2 = 2.

Miit khac méi vects thuée Im () 12 mot t8 hop tuyén tinh ctia cac vectd cot clia A(3). Do d6 anh clia anh
xa f 1a khong gian con sinh bdi cac vecto cot. Chuyén vi ma tran A r6i dliing cac phép bién d6i so cap hang
suy ra mot ¢d sé cua Im(f) la (1,2,1), (0,1, —1).

(b): (2 diém) Sb chiéu cta anh chinh 14 hang ctia ma trén:

1 X -1 2
AN =[2 -1 A 5
1 10 -6 1
Dung bién déi so cip hang thu dugc
1 10 —6 1 1 10 —6 1 1 10 —6 1
1 A -1 2] —]|0 X—10 5 1] — 1|0 —-21 X+4+12 3
2 -1 X 5 0 —21 X+12 3 0 A—10 5 1



1 10 —6 1
— |0 —21 A+12 3
0 0 (A+5)(A—3) A—3

21 7

Viy RankA = 2 néu A = 3, va RankA = 3 néu X\ # 3. Do d6 sb chiéu ctia khong gian anh Im(f) bang
2 néu XA = 3, va bang 3 néu A # 3.



Bai B.3. (A.2=B.3) (Tong=6 diém)

(@

(b)

Mot thanh phé c6 hai nha méy nha may dién (E) va nha méy nuée (W). D€ nha méy (E) san xudt
dién thi n6 can nguyen liéu dau vao 1a dién do chinh n6 san xuat trude d6 va nudce ctia nha may (W).
Tuong tu nhu vay dé nha may (W) san xudt nuée thi nd cin dén nuée do chinh né san xudt cling
nhu dién cia nha may (E). Cu thé

e D& san xult dugc lugng dién tuong duong 1 dong, nha may (E) cAn luong dién tuong duong
0, 3 dong ma nd san suat dudge trude dé va lugng nude tuong duong 0, 1 dong tir nha may (W);

e D& san xuét dugc Iu’Ong nuée tuong duong 1 dong, nha may (W) cin lu’(mg dién tuong duong
0, 2 ddng tit nha may (E) va luong nude tuong duong 0, 4 ddng do chinh né san sut trude do.

Chinh quyén thanh phd yéu ciu hai nha méy trén cung cip dén dugc v6i ngudi dan luong dién tuong
duong 12 ty dong va luong nudc tuong duong 8 ty dong. Hoi thuc té moéi nha may can san xuat tong
cong lugng dién va luong nudce tuong duong véi bao nhiéu ty dong dé cung cap di nhu cau ctia ngusi
dan?

Cho A = (a4j),, 1a ma tran théa man cac phan ti déu 14 sb thuc khéng 4m va téng cac phan ti

trén m&i cot clia A déu nhé hon 1. Véi d = (dq, d2)” 1a mot vecto cot tiy ¥, chitng minh rang tén
tai duy nhat mot vecto cét @ = (x1,x2)” sao cho z = Az + d.

Hudng dan giai

(a): (4 diém) Gia st @1, zo tuong ng 1a gia tri (t6ng thé) cAn san xut clia hai nha may (E) va (W), do
bang ty dong. Khi d6 ta c6 phuong trinh

r1 = 0, 3z, + 0, 2z + 12,
o = 0, 1$1 =+ 0,4332 + 8.

That viy, nha may (E) san xut duge zq (ty dong) gia tri vé dién thi né cin dung 0, 3z, d€ 1am nguyén
liéu cho chinh né va chuyén luong dién tuong duong 0, 25 ty ddng cho nha may (W), va con lai lugng
dién tuong duong 12 ty phuc vu ngudi dan. Do dé ta ¢6 phuong trinh thit nhit. Tudng tu ta c6 phuong
trinh th hai. Thé thi z = Az + d trong d6

_ (0,3 0,2\ _ [(x1\ , (12
=07 08 = (@)= (3)

Do dé

x=I—A)"1d= Gi) .

Viy t6ng khoi luong cin san xult clia nha may (E) 1a 22 ty déng, va clia nha may (W) 1 17 ty dong.

(b): (2 difm) Vi A = ()4, ta co:

T A— <1—a11 —ai2 >
—az21 1— a2

Ta ching minh I — A 1 m6t ma trin kha nghich. Gia st nguoc lai I — A khong kha nghich. Thé thi cac
hang cta ma trén la phu thudc tuyén tinh, nghia la ton tai b s6 (a1, az) khéng dong thoi bang 0 sao cho

aia1 + azaz = (0,0),

6



trong do «; la hang tht <. Do do

a1(1 — a11) — aza21 = 0,
—aiaiz + az(1 —agz2) = 0.

Khéng mét téng quat gid st |a;1| = max{|a1|, |az| > 0. Tit hé phuong trinh trén suy ra
a; = a1a11 — a20a21.

Do do
0 < |a1| < |a1| (@11 + a21) < |aq|

Diéu nay vo Iy, VAy diéu gia st 14 sai, suy ra I — A kha nghich. Tt d6 suy ra phuong trinh c6 nghiém duy
nhatz = (I — A)~1d.

(Nhdn xét: khdng dinh vén diing cho A la ma trdn vudng cdp n bdt ky.)



Bai B.4. (Tong = 6 diém)

V6i mbi ma trdn vuéng A cé phan t 14 cac sb phtc, ta dinh nghia:

k n
A_ g A
e = 11m —_—
n=0

(3 day quy wée 0! = 1, A° 13 ma tran don vi, ma tran gi6i han 6 vé pha1 co phan tt 1a gi6i han ctia phan

tlt tuong ing clia cac ma tran téng Sj, = Zfz 0 n, Ma tréan giéi han nay luén ton tai.)

1 -1
4= %)

hay tim mot ma trdn kha nghich C sao cho C~! AC 1a ma tridn dudng chéo.

(a) V6i A la ma tran

(b) Tim cac phén tf clia ma trin e” v6i A 1a ma tran cho & phﬁn (a).
Hudng dan giai
(a): (3 diém) Da thitc dic trung P4 (X) = (X — 1)(X — 2). Cac gia tri riéng 1a 1 va 2. Cac vecto riéng
tuong tng 1a (1,0)T, (=1, 1)7. Vay v6i ma tran
thi

14~ (10
Cc AC_<O 2).

(1 0\ 4
A_C(O 2>C .

Cung véi tinh két hop ctia phép nhdn ma trén suy ra

A e 0 1 (e e—¢e?
eAmc(y p)ot= (5 °n)

(b): (3 diém) T phﬁn (a) suy ra



Bai B.5. (Tong = 6 diém)

Ky hiéu P,, 13 tip hop tht c cic ma tran kha nghich A cip n sao cho cac phin ti cia A va A—! déu bing
0 hodc 1.

(a) V6i n = 3 hay tim tAt cd cic ma tran thuoc Ps.

(b) Chting minh ring tén tai mét song anh giita P,, va tip S,, cac hoan vi trén n phin td. Tit d6 hay tinh
sO phan t ciia P,, v6i n 1a s6 nguyén duong tuy y.

Hudng dan giai
(a): (2 diém) Dt A = (ayj)g,5 V2@ A~ = (bij) 5, 5. Két hop v6i viec A va A~' déu kha nghich, ta c6
mobi hang cfing nhu ot ctia né ¢6 it nhdt motsb 1. Vi1 < k < 3 ta cd

1 = ak1bik + ak2b2k + arsbsk.

Vay ton tai duy nhit m € {1, 2, 3} sao cho axy, = bmi = 1. Noi rleng mbi hang clia A co dung mot )
1. Néu c6 hai s6 1 thuée cung mot cot thi sé c6 mot cot gom toan sb 0, suy ra vo ly. Vay m01 hang, mbi cot
clia A ¢ diing mét sb 1. Nghich dao ctia A ltic d6 ciing gém toan cac s6 0, 1. Tap Ps bao gbm cac ma trin

100 100 010 001 010 001
o010|,{o0 1|,{1 00],[1 0o0],[00 1|],/l010
0 01 010 001 010 100 100

(b): (4 diém) Ta chi ra tdn tai mot song anh gitta P,, va tap S, cac hoan vi trén n phén ti. Dat A =

(@i5) yoemy VA AT = (bz]) n: Két hop véi viéc A va A—1 déu kha nghich, ta c6 mbi hang ciing nhu cot
ctia né cé it nhét mot s6 1. Voi 1 < k< ntaco:
n
1= Z akjbjk. (1)
j=1
Vay ton tai m € {1,2,...,n} sao cho axm = bmr = 1. Tachira s6 m nhu vay la duy nhét. That vay,

gia stt 6 mot s6 m’ # m sao cho agm = 1. Thé thi tit (1) suy ra by, = 0. Vi hang thit m’ cia A~ ¢6
it nhAt mét sb 1 nén ton tai I # k sao cho by, = 1. Do dé (AA~Y), > 1. Diéu nay vo Iy vi k # 1. VAy
s6 m tng véi k nhu vy 13 duy nhit, ky hiéu béi m = o (k). Vi mbi cot clia A déu cé it nhit mot sb 1,
nén o la toan anh tu {1, 2,...,n} vao chinh nd. Do d6é o (phu thudc vao A) la mot song anh (hoan vi)
trén {1,2,...,n}. Tuong Gng tit A = (a4j),,,, Vao o cho béi ars (k) 1a phén t bing 1 duy nhét trén
hang thit k xac dinh mét don anh tt P,, vao S,,. Ta chi ra anh xa nay la mot toan anh. That vy cho trudc
hodnvi o € Sy, xét A = (ayj),,,, |a ma tran ma hang thi k bét ky ¢ phan ti ako(k)y = 1, cac phan ti
con lai déu bing 0. Ky hiéu B = (bij),,xn 1a ma trdn ma hang tht k bét ky ¢6 phan tit bro—1(k) = 1, cac
phén t& con lai déu bing 0. Thé thi B 1a nghich ddo clia A. Do d6 A € P,,. Viy tuong tng gilta A vi o
cho mét song 4nh gitta Py, va S,. Do dé sb phan tit ctia P, bing n!.

Thang diém phé‘m (b):

e Xay dung anh xa tit P, vao S,, (1 diém).
e Ching minh anh xa trén la don anh (1 diém).
e Chiing minh anh xa trén la toan anh (1 diém).

e Suy ra dap sb | P| (1 diém).



HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2023

,\ Mon thi: Giai tich
Thoi gian lam bai: 180 phut
A e e N\ o \ . I\?
Loi gidi bai |A.1|va|B.1] 6 diém
2 ; A Piém | Diém
Y |Budc Noi dung a1 | B1
a Tim tit ca cac s6 nguyén duong n sao cho u,, > 5/4 2,00 | 2,00
1 | Khang dinh (u,,) don diéu ting 1,00 | 1,00
Tu dinh nghia
! 1 ! 1 1,00 | 1,00
un+1:(1+ﬁ>"'(1+m)><1+E>"'(1+47):Un P 5
v6i moi n > 1. VAy ta suy ra up4+1 > Uy, véimoin > 1.
2 Khang dinh u,, > 5/4 v6i moi n > 2 1,00 | 1,00
Do u; = 5/4 nén tu tinh don diéu cta (u,,) ta suy ra u,, > 5/4 khiva chikhin > 2. | 1,00 | 1,00
b Chitng minh rang u,, < 2023 véi moi s6 nguyén duong n 2,00 | 2,00
1 | Khing dinh Inu,, < 1véimoin > 1 1,00 | 1,00
Truéc tién ta nhic lai bat dang thiic co ban sau In(1 + x) < « v6i moi « > 0. St dung
bat dang thtic trén ta thu dugde
1 1
(14 5) <5 V21
Vay ta c¢6 danh gia 1,00 11,00
"1 1 1
=1
2 | Khing dinh u,, < 2023 v6imoin > 1 1,00 | 1,00
O budc trén ta di ¢6 Inu, < 1 v6imoin > 1. VAy u, < e < 2023 véi moi n > 1. 1,00 | 1,00
c Chitng minh rang diy s6 (u,,) hdi tu va tinh gin ding giéi han 2,00 | 2,00
Déy (u,,) don diéu tdng va bi chin trén nén hdi tu. Ky hiéu L la gi6i han caa day (u,). | 1,00 | 2,00
Ta nhic lai bt déng thitc co ban sau  — £2/2 < In(1 +z) Va > 0. St dung bét
dang thic trén va bat dang thiic co ban trong y trudc ta thu duge
! 1(1)2<1 (1+ 1)< Lovk>1
— — == n — — .
4k 2 \ 4k 4k 4k -
Tu d6 ta ¢
SIEREIEE L R
— = == nu, — Vn > 1. 1.00
k k k )
k=1 4 24 k=1 4
Chuyén qua gi6i han khi n — +oo ta thu dugc
3 1/4 1 1/16 1/4 1
s _ 4 1 Y16 g VA L
10 1—-1/4 21-—1/16 — ~1-1/4 3
Viy e3/10 < [, < e1/3. Tinh gin ding ta thu dudc dap sb 1, 3.
Ghi chd. Thi sinh c6 thé dung may tinh bé tdi hodc xip xi Padé e® =~ % v6i
|z| < 1/2 @€ tinh gin ding €3/1° ~ 1,349 va e'/3 =~ 1, 395.




HOI TOAN HOC VIET NAM

Thoi gian lam bai: 180 phut

DAP AN

PE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich

\, e e e N\ o \ o« A
Loi gidi bai |A.2|va|B.2] 6 diém
; , A Piém | Piém
Y |Budc Noi dung A2 | B2
a Chitng minh rang ham f lién tuc tai 0 2,00 | 2,00
1 | Tinh gi6i han caa f tai 0 1,00 | 1,00
Tit dinh nghia ctia f ta c6
el néuz € [-1,1]NQ,
If(z)] ={ 2 1,00 | 1,00
|z] néuzx € [-1,1]\ Q.
Dodétaluén c6 0 < |f(x)| < |z| Vo € [—1,1] . Theo nguyén ly kep lin}) f(z) =0.
z—
2 | Khing dinh tinh lién tuc cla f tai 0 1,00 | 1,00
O budce trube ta di cd lin% f(x) = 0.Dé thy f(0) = 0 nén f lién tuc tai 0. 1,00 | 1,00
z—
b Ham f c6 kha vi tai 0 khong? 2,00 | 2,00
1 | Chuyén vé khio sat gii han ctia f(x)/x khiz — 0 1,00 | 1,00
Xét su ton tai ctia gi6i han
i f(z+0)— f(0) — lim f(a:). 1,00 | 1,00
z—0 x z—0
2 | Chira rang gi6i han clia f(x)/x khi z — 0 13 khéng ton tai 1,00
Tir dinh nghia ctia f ta thiy
—x/2 1
im 7@ g T2 Y g @ T 1,00 | 1,00
Qz—0 x Qz—0 2" Qzxz—0 QZz—0 x
Vay gi6i han lir% @ 13 khéng ton tai. Tt d6 ta két ludn ham f khong kha vi tai 0.
r—r
c Ham f c6 gia tri 16n nhit/nhé nhét trén doan [—1, 1] khong? 2,00 | 2,00
1 Ham f khéng c6 gia tri 16n nhat trén [—1, 1] 2,00
Phan chling gia st f dat gia tri l6n nhat M tai diém zo € [—1,1]. Néu zo ¢ Q thi
= f(il:o) = 150 < 1. Neu To € chl |M| |f(iL‘0)| = |330|/2 < 1/2 Véyta
pha1 O M < 1. Néu M < 1 thi khi dé bang cach lay bét ky mot sO vO ti y nam gnia 2.00
M va 1 ta thu duge f(y) = Y > M. biéu nay trai vi g1a st M la g1a tri 16n nhét cta | =
ftrén[—1 1] Vay ta pha1 c6 M = 1. Tuy nhién diéu nay 13 khong xay ra vi tit Iy luan
trén ta phal cOxzg € Q,vadodd xo = 1. Nhung 1 € Q.
2 | Ham f khong c6 gia tri nhé nhét trén [—1, 1] 2,00
Phan chiing gia stt f dat gid tri nho nhit m tai diém zo € [—1,1]. Néu zo ¢ Q thi
m = f(oco) =xo > —L Néu zo € Q thi Im| = |f(zo)| = |ar:0|/2 < 1/2 Véy ta
phéi c6 m > —1. Néu m > —1 thi khi d6 bang cach 14y bét ky mot sb v6 ti y nim
2,00
gilta —1 va m ta thu dudc f(y) = y < m. Diéu nay trai voi gia st m 12 gié tri bé nhit
cua f trén [—1, 1]. VAy ta phai c6 m = —1. Tuy nhién diéu nay 1a khéng xay ra vi tu
1y luén trén ta phai c6 zo ¢ Q, va do d6 xp = —1. Nhung —1 € Q.
Ghi chi. Thi sinh c6 thé chitng minh truc tlep rang 1 (tUOng ung, —1) la can trén dung
(tuong ing, cdn dudi ding) trén doan [—1,1] cia ham s6 f, nhung “cdn” nay khong
phai 1a mot gia tri ctia ham f.




HOI TOAN

HOC VIET NAM  DE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

N, e e N\ o \ o« A
Loi gidi bai |A.3|va|B.3] 6 diém
Y |Buéc No6i dung Piém
a Con thuyén c6 dén dudc diém (0, 0) nhu du kién khong? 2,00
Con thuyén dén dudc di€m (0, 0) khi va chi khi diém (0, 0) thudc db thi ctia ham sb
R |
— . 2,00
y(x) = 3 T2
Dé thiy diéu nay 1a khong xay ra.
b Con thuyén c6 cip dudc bd trai hay khéng? 2,00
Con thuyén cip dudc bd trai khi va chi khi ham s y x4c dinh (véi gid tri hitu han) tai 0. D&
thay
1
0) = —= 2,00
y(0) 5
va do dé con thuyén cap dudc bd trai tai vi trf (0, —1).
c Vi tri ctia con thuyén khi khoang cach tit né dén diém dich (0, 0) 1a ngan nhét 2,00
Trong subt qua trinh chuyén déng, vi tri cta con thuyén Y o
dudc xac dinh béi diém (x, y) trong d6 MURIE I
Luiid
2 _
y=r -1 1
x3 4+ 2 0 T
v6i 0 < x < 1. Khoang cach tit diém (0,0) dén diém
(z,y) la
()
x
3 4 2
Xét ham sb f dudc x4c dinh bdi
F) 2+(ﬁc2—1)2 2,00
r) =x
x3 4+ 2

v6i0 <z < 1.Trén [0,1] tacod

2z (x® 4 6x% — 2% + 1623 + 422 — 3z + 4)

(@) = oty 2y

D€y ring
w9+6w6—w5+16w3+4w2—3w+4
=x% +62°+2°(1 —2?) + 152> + 42> +3(1 —z) +1>0

nén f déng bién trén [0, 1]. VAy f dat gia tri nhd nhét khi & = 0 va khoang cach ngin nhét
can tim la 1/2 tuong Gng vdi vi tri clia con thuyén khi n6 cdp bo trai.




HOI TOAN HOC VIET NAM  DE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
Loi giai bai 6 diém
Y |Buéc No6i dung Piém
a Néu fol f(x)P(x)™dxz = 0 v6imoi 0 < m € Z va da thitc bac hai P thi f =0 3,00

T tinh lién tuc cta f ta chi can ching minh
f = 0trén (0,1). Gia sit ton tai o € (0,1)
sao cho f(xzo) # 0. Ta c6 thé gid thiét 1 |
f(xo) > 0. Khi dé ta tim dugc

O0<z1 <o <22 <1
sao cho f(x) > 0véimoi xz € [x1,x2]. Dat

x1 + xo To + T2
c=——, d= —-—=-
2 2

Tacozi < ¢ < xo < d < xo. Xét da thic

P(x) = (x —c)(d — x) + 1.

Dé théy P >0trén[0,1] va P > 1trén [c,d] C [x1,x=2] C (0,1). Tl tinh don diéu ctia P
ta thay
0< P(x) < P(z1) <1 Vz €[0,zq]

va
0< P(x) < P(xz2) <1 Vx € [x2,1].

V6i da thiic P & trén ta c6 danh gia

0= /01 f(z)P(z)™dz = (/:1+/:+/Cd+/;2+/:>f(a;)P(m)mdm
> (/:1+/d+/l)f<m>P<w)T"dm
ot .
> —P)” [ 1@+ [ fa)de
~ P [ ' f (@) da.
Do 0 < P(z;) < 1va0 < P(xz2) < 1 nén qua gi6i han khi m — +oo ta phai c6
/df(a;)da: <o.

Day 1a diéu v6 1y do f lién tuc va f > 0 trén [c, d].

3,00

Khi diéu kién P 1a da thitc bac hai dudc thay bing diéu kién P 13 da thic bic nhét

3,00

Do moi da thitc P(x)™ déu dudc viét dudi dang t6 hop tuyén tinh clia cac lity thita nguyén
khéng 4m cda céc da thiic bic 1 nén két qua cta y (b) van diung.

3,00




HOI TOAN HOC VIET NAM

Thoi gian lam bai: 180 phut

DAP AN

PE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
(VMS

LJi giai bai

6 diém

Y |Budc

No6i dung

o R
biém

Néu [, f(z)g(z)dx = 0 véi moi ham lién tuc g ma g(0) = g(1) = 0 thi f =0

3,00

Tit tinh lién tuc ctia f ta chi can chling minh f =
0 trén (0, 1). Gia st ton tai ¢y € (0, 1) sao cho
f(xo) # 0. Ta cé thé gia thiét f(xe) > 0. Khi
d6 ta tim dudgc

O0<zi <z <2< 1

sao cho

J (o)

@) > =

Va € [r1,T2].

Xét ham g trén [0, 1] dugc xac dinh bdi

0 néuogwgwl,

%(m—ml) néuz; < z < zo,
J— (U 1
1= fwo)

T2 — To
0 neuzxz, <z <1.

(2 — x) néu z, <z < x,,

Khi d6 g > 0, lién tuc trén [0, 1], va ¢6 g(0) = g(1) = 0. V6i ham g d9, ta c6

o= | ' f@)g(@)de = ( / . / +f )£ (@) (x)da

= [ f@)g(x)de

1

f(zo) [*2
2 z1

_ J(@o) f(wo) (w2 — x1)
= 2 > 0.

> g(z)dx

Day 1a diéu vé 1y

3,00

Két luin 6 ¥ (b) con diing khéng néu ta thém gia thiét g(1/2) = 0?

3,00

Két ludn 6 y (b) vin ding vi 14n luct 4p dung cic ham trong 15i giai y (b) cho doan 0, 1lva

cho doan [3, 1] ta thu dugc
f =0trén [0, ] va trén [, 1].

Vay f = 0 trén [0, 1].

3,00




HOI TOAN HOC VIET NAM  DE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
N, e « 2 N e o« A
Loi gidi bai 6 diém
Y |Budc Nb6i dung Piém
a C6 tdn tai d € (0,1) sao cho |f/(d)| < (f(d))*? 2,00
1 Khing dinh khéng ton tai d va dua ra dugc 1 vi du 1,00
Xét ham sb f dudc cho béi
fle)=2z 0<x< 1. 1,00
Khi d6 f lién tuc trén [0, 1], kha vi trong (0, 1), va c6 f(0) = 0.
2 | Kiém tra dudc tinh dting din ctia vi du 1,00
Tinh toan ta thly | f/(x)| = 1 > 22 = (f(z))” véi moi = € (0,1). 1,00
b Néu |f/(z)| < (f(ac))2 v6i moi z € (0,1) thi f = 0 trén [0, 1]. 2,00
Do tinh lién tuc ctia f nén ta chi cin chiing minh f = 0 trén (0,1) 1a dd. Gia st ton tai
xo € (0,1) sao cho f(xo) # 0. Khi d6 tap hop
E = {x € [0,z0] : f(z) =0}
bi chin (do E C [0, 1]) va khéng réng (do 0 € E). Ddt z; = sup E. D& thiy z; € Edo f
lién tuc. Diéu nay co nghiala 0 < @1 < o, f(z1) = 0, va f(z) # 0 véimoi z € (z1, To].
Tit d6 cling v6i gia thiét ta thu dude
f'(t)
—1 S S 1 Vit c (1151,5120].
(£(®) 2 2,00
LAy tich phén theo ¢ trén doan [z, o] 6 ca 3 vé ctia bt ding thitc kép ta thu dugc
z — o < g(x) — g(xo) < o — x,
trong dé g 1a ham sb dugc cho bdi g(x) = —1/f(x). Tit day ta thu dudc
lg(xz) — g(wo)| < o —x V& € (w1, w0
Cho  — x1 ™ ta thu dudc diéu vé Iy
c Ton tai ¢ € (0,1) sao cho (f(c))” < |f'(c)| 2,00
Do f lién tuc trén [0, 1] nén ton tai M > 0 sao cho |f(z)| < M véimoiz € [0,1]. Néu
f(c) = 0véic € (0,1) ndo db thi ¢ chinh 1a diém can tim va do d6 ta chi can xét truong
hop f # 0 trén toan (0, 1). Do tinh lién tuc nén ta c6 thé gia thiét f > 0 trén (0,1). Do
f(0) = 0 nén ton tai xg € (0,1/2) sao cho
1 M
In f(zo) — In f(g) < -5
2,00
Theo Dinh ly Lagrange ap dung cho ham In f(x) ta c6
M 1 ! 1 1
Y > In f(xzo) — lnf(g) = J;((Cc)) (o — 5) véi ¢ € (xo, 5) nao do.
! M 1 ’ ’ !
Tit ddy ta thu duge 2 > 0vadodo — M > — 17 (c).Véy'f ) _ 7 5 ap
£ 3= 240 i~ f@
Ghi chi. Thi sinh ¢6 thé giai nhu sau va van dudc diém toi da. Trong trudng hop f = 0, ta
c6 thé chon ¢ € (0,1) tiy ¥. Trong trudng hop con lai, néu két ludn 13 sai, tic 1a (r (:n))2 >
|f/(x)| voi moi & € (0, 1), thi theo két luén ctia ¥ (b) ta phai c6 f = 0, mau thuln.




HOI TOAN HOC VIET NAM

PE THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2023

,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
A . . N\ o . I\,
LGi giai bai 6 diém
Y |Buéc Ndi dung Diém
a Chiing t6 rang phucng trinh f/(x) = 0 c¢6 nghiém trén (1, +00) 2,00
Dé thay Y \///
- 1 2 y = f(z)
= = -1 > 2
f(z) oI VET It =2 2,00
v6i moi > 1, va dau bing dat duge khi z = 2. (0) :
Viy ham f dat dugc gia tri nhé nhat trén (1, +o00) 4 T
taix = 2.
Tit d6 ta két luén phuong trinh f/(x) = 0 ¢6 nghiém o
x = 2 trén (1, +00). —21 y=f'(=)
b Tim c6ng thice tinh f/(x) theo x 2,00
Tinh toén truc tiép thu duge
@)= o2 2,00
)= — .
2(x —1)3/2 ’
c Tinh dién tich phan mat phang (phan dudc gach chéo trén hinh) 2,00
1 | Thiét 14p cong thic tinh [, f'(z)dx 1,00
Hoanh dé giao diém gifta db thi cia ham f’ va dudng thingy = 01a = = 2. Do f don diéu
tang (ngat) trén (2, +o00) nén f/ > 0 trén [2, 4]. VAy ta ¢ cong thic tinh dién tich can tim
4 1,00
/ f/(x)dzx.
2
2 | Tinh tich phan [} f/(z)d= 1,00
Theo cong thiic Newton-Leibniz ta co
4 4
"()de = f(4) — fF(2) = —= — 2 1,00
| s = s - £2) = = -2
va ddy la dién tich cin tim.




