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HOQC SINH GIOI TOAN 9 _ YEN BAI 2023-2024
Céu 1. (4,0 diém)
1. Cho x va y 1a cac sb thuc thoa méin x - y = - 4 va xy = -2. Tim gia tri cta
biéu thirc P = x* - y2.

2. Cho a va b 1a cac sb thue duong thoa man

\/a+l+\/b+%=\/a+% +\/b+% . Chung minha=b

a
Ciu 2. (3,0 diém)

1. Giai phuong trinh V9x—5 + 1 =3v2—x [V9x—5-1]

2. Cho duong thing d: y=mx + m - 1, véi m 13 tham s6 thyc va m #0

a) Puong théng d cét hai truc Ox va Oy lan luot tai A va B. Tim toa do cua A
va B theo m.

b) Tim tat ca cac gia tri ciia m dé duong thang d tiép xuc voi dudng tron tim O
bén kinh &

Céu 3. (7,0 diém)

Cho tam giac ABC céin tai A (AB > BC) ndi tiép duong tron tim O. Ké cac
duong cao AD va BH ciia tam giac ABC. Goi M 1a trung diém cua BH. AM cit
duong tron (O) tai N (N # A).

a) Chimg minh DM L BH va BMDN la mét tt giac noi tiép. Tir 6 chi ra BN
1 BH.

b) Tiép tuyén tai B va C ctia dudng tron (O) cét nhau tai S. SN cit duong tron
(O) tai E (E # N). Chtrng minh rang SB? = SN.SE va ODNE 1a mét tir giac noi
tiép

¢) Chimg minh rang ba diém C, O va E thang hang.

d) Chirng minh rang néu duong thang SN di qua trung diém cta doan thang BD
thi tan BAC = V2.

Céu 4. (3,0 diém)

1. Chtrng minh rang néu n 1a mot s6 chinh phwong thi n3 - n chia hét cho 60.

2. Tim tat ca cac bo ba s6 nguyén t6 (p,q,r) théamanp>2 vap=q*+r.

Ciu 5. (3,0 diém)



1. Cho x, v, z 1a d6 dai ba canh ctia mot tam giac. Ching minh ring

ASEENE . S y2&+@+ﬁ

Vx+y—z  Vy+z—x  Vz+x—

2. Trén bang cho mét diy gdm n sé nguyén duong dau tién (n € N, n > 3) duoc
sap xép theo thr tu ting dan tr 1 dén n. Ban An x6a di ba s hang lién tiép
trong diy, sau do tinh téng tit ca cac sd con lai trén bang thi nhan duoc két qua

bang 2022. Tim ba s6 ma ban An di xoa.

HUONG DAN GIAI



Ciu 1. (4,0 diém)

1. Cho x va y 14 cac s6 thyc thoa man x - y = - 4 va xy = -2. Tim gia tri cta
biéu thirc P = x* - 2.

2. Cho a va b 1a cac sb thuc duong thoa man

1 1 1 1 , .
=+ —= —+ = =
\/a+a \/b+b \/a+b \/b+a . Chtmg minha=b

Loi gidi
1.Taco X’ -y’ = (x - y)(X*+ xy +y?)
= (x-y)|lx—y 43| = (- H][-47+3.(-2)] = - 40.
2. Binh phuong hai vé dang thirc da cho ta dugc

a+l+b+l+2,/ a+l b+l =a+l+b+l+2 a+l b+l
a b a b b a b a

1 1 1 1
P G+E b+B = G+E b+g
a b 1 1
<=>ab+g+g+£—ab+l+l+E
284 b 50 jambP=0-a=b
b a
Laru y. Thi sinh c6 thé st dung bét déing thic AM - GM %+§ > 2 %%:2

déchiraa=b

Céu 2. (3,0 diém)

1. Giai phuong trinh VOx—5 + 1 =3v2—x [V9x—5-1]

2. Cho duong thang d: y = mx + m - 1, v6i m 14 tham s6 thyc va m #0

c) buong théng d cit hai truc Ox va Oy lan luot tai A va B. Tim toa d0 cua A
va B theo m.

d) Tim tat ca cac gia tri cuia m dé duong thing d tiép xuc voi dudng tron tim O

bén kinh &

Loi giai
1. bXXDb: g < x < 2. Vi diéu kién d6, phuong trinh di cho twong duong
V9x=5 +1=3y2—x [V9x=5-1/(1)
Patt=vV9x—5+3V2—xthit>0va

?=9x-5+92-x)+6./(9x—5)(2—x)

= 3:(2=x)(9x=5) = t2_213 @)

Phuong trinh (1) tr¢ thanh
t’=13

t=5

2 —
- £-2t-15=0 = | 7,

t+1=

Dot>0nént=5
Thay t =5 vao (2), ta dugc
x=1
V(2=x)(9x=5)=2 = -9x*+23x - 14=0 ~ |, _14 (théa mdn DKXD)
9




Vay tap nghiém cua phuong trinh da cho la

1;£}
9

Luuy.
- Thi sinh ciing c6 thé dit a = V9x—5 va b = 3V2—x dé dua vao hé phuong
trinh

a+1=b(a—1) a+b—ab+1=0

a*+b’=13  |la+b['—2ab=13

‘o 14
Giathétacoa+b=5vaab==6. Tu do tim duoc x =1 hoécx=?

- Néu thi sinh khong tim DKXD cua phuong trinh va/hodc su dung bién ddi hé
qua (=) ma khong suir dung bién doi twong duong (=) thi can thir lai nghiém;
néu khong giam khdo trir 0,25 diém.

2.

a) Chox=0tadugcy=m- 1. Do d6é B(0; m - 1)

Choy=0taduge mx+m-1=0 = x =+, DodéA(—lr_nm;O)

b) Goi H 14 hinh chiéu vudng goc cta O trén d. Khi d6 OH =

Ul =

Néum = 1 thi O = A = B. Pudng thang d di qua gbc toa do nén khong tiép xuc
. 1
véi duong tron |O; c

Do d6 m # 1, dan dén ba diém O, A, B phan biét.
Tam giac OAB vudng tai O c6 OH la duong cao nén
1 1 1
—+ =
oa’ o om &

Ta c6 OA = ‘1—m va OB = |m—1|

Thay vao (3), ta dugc
m2
im—1F  (m—1]

;=25 = m*+1=25/m-1f
- 12m*-25m+12=0 -

N , o~ 1n 3 . 4
Vay c6 hai gia tri cua m théa man 1am=—vam=§

4
Céu 3. (7,0 diém)
Cho tam gidc ABC can tai A (AB > BC) noi tiép duong tron tim O. Ké céc
duong cao AD va BH ciia tam giac ABC. Goi M 1a trung diém cua BH. AM cit
duong tron (O) tai N (N # A).
a) Ching minh DM L BH va BMDN la mét tir giac ni tiép. Tir d6 chi ra BN
1 BH.
b) Tiép tuyén tai B va C cta dudng tron (O) cét nhau tai S. SN cit duong tron
(O) tai E (E # N). Chirng minh rang SB? = SN.SE va ODNE la mot ttr giac noi
tiép



¢) Chirng minh r%fmg ba diém C, O vaE thang hang. 7 w
d) Chtirng minh rang néu duong thang SN di qua trung diém cua doan thang BD
thi tan BAC = +/2.

S

Loi giai
a) Tam giac BCH c¢6 DM la duong trung binh nén DM || CH, suy ra
BDM =BCH = BCA = BNA = BNM, do ¢6 BMDN la tr giac noi tiép.
ViDM || CH nén DM L BH, kéo theo BND = 180° - BMD = 90°.
b) Vi SB 14 tiép tuyén ctia (O) nén SBN = BEN.



SB SE
Twr d6 ta c6 ASBN ASEB (g.g), suy ra Sy~ sg- Do do
SB* = SN.SE
Tam giac SBO vuong tai B nén SB* = SD.SO, kéo theo SD. SO = SN.SE.
. 3 2 — E x £ SN —
Khi do6 SN SO dan dén ASDN ASEQ, cho ta SDN =
SEO.

Vay ODNE la tir giac ndi tiép.

¢) Theo b) thi SDN = DNB= SCN, do d6 SNDC noi tiép

Boi vay SNC = 90°, kéo theo CE la duong kinh cia (O).

d) Goi I 13 giao diém ctia BN va SD. Theo c) ta c6 SNDC ndi tiép nén
ISN = NCD = NCB = SBN, suy ra AISN AIBS (g.9).

Tir day ta co % = % hay IS = IB.IN

Lai ¢c6 DN L Bl nén ID* =1IB.IN. Vay ID = 8.
Do d6 BN di qua trung diém ctia SD.
Khi d6 néu SN di qua trung diém BD thi N 1 trong tim ciia tam giac SBD, ma

nhu vay thi ? =2.

—_— . , BN _ BN.BI _ BD’ _ , BD* | BD _ 1
Mit khic, ta lai c6 == = ——— s 4 SDZ’thanh ragy =

o = SD e
Luc d6 thi tan SBD = 5 = V2 hay tan BAC = SBD

Céu 4. (3,0 diém)
1. Chtg minh rang néu n 1a mot s6 chinh phwong thi n’ - n chia hét cho 60.
2. Tim tit ca cac bo ba s6 nguyén t (p,q.r) théaminp>2vap=q’>+r.
Loi gidi
1.Patn=x*(x € Z). Khido n*-n=x°* - x¥* = x*[x*—1].
+Néu x chin thi x* / 4 nén x*(x*—1] : 4.
+ Néu x 16 thi x* 1a s6 chinh phuong 1é nén x* - 1 : 4, suy ra x*(x*—1) : 4
Lai c¢6 x*[x*—1] i 4=(x*—1)x*[x*+1] 1a tich cua ba sb nguyén lién tiép nén chia
hét cho 3.
Mit khac x*(x*—1] = x[x*=1](x*+1]



+ Néu x = 0 (mod 5) thi x* = 0 (mod5).

+Néu x =2 1 (mod5) thi x* - 1 =0 (mod5).

+Néu x = + 2 (mod5) thi x*+1=4+1=0 (mod5).

Do d6 trong moi trudng hop ta déu c6 x*(x*—1)[x*+1] ¢ 5

Vay n® - n chia hét cho ca 3, 4 va 5 nén chia hét cho 60.

2. Gia sir (p,q,r) 1a mot bo sd nguyén té thoaminp >2 vap=gq* +r’
Dé y rang q 1é. Néu r ciing 1é thi p chan, khidé p=2vap=¢*+r’ =2, vo li.
Do d6 r chan, ma nhu vy thir=2

Véir=2thi p=q°+38

+Néu q =3 thi p= 3%+ 8 = 17 (théa man)

+Néu q > 3 thi ¢* = 1 (mod3), kéo theo ¢* + 8 : 3, hay p ¢ 3.

Do d6, p = 3, khi d6 ¢g° + 8 = 3, mau thuan

Vay (p,q.r) = (17,3,2) 12 b6 sb duy nhat thoa man.

Cau 5. (3,0 diém)

1. Cho x, y, z 1a 6 dai ba canh ciia mot tam giac. Chirng minh r@ing

X y z
+ + > Vxt+Vy+
Vx+y—z \/y+z—x \/z+x—y Y \/; vz

2. Trén bang cho mot diy gém n sé nguyén duong dau tién (n € N, n > 3) dugc
sdp xép theo thir tu ting dan tir 1 dén n. Ban An x6a di ba sd hang lién tiép
trong ddy, sau do tinh tong tt ca cac so con lai trén bang thi nhan dugc két qua
bang 2022. Tim ba s6 ma ban An d3 x6a.

Loi giai
1. Ap dung bat dang thirc Cauchy - Schwarz, ta co

X n y n z . Wx+Vy+z]
Vxty—z  Vy+z—x  Vzix—y "~ Vx+y—z+Vy+z—x+Vz+x—y’

Lai ap dung bat dang thirc quen thudc va + Vb < v2(a+b) ta dugc

Vx+y—z+y+z—x <2x+y—z+y+z—x/ =2y

Tuong tu ta co

Vy+z—x+Vz+x—y< 2z

Vzex—y +Vx+y—z<2Vx.

Cong vé ba bat binh dang trén ta dugc



\/x+y—z+\/y+z—x +\/z+x—y < \/;-i-\/;-i-\/g

Tur d6 suy ra

X y z
+ + > VxtVy+
Vx+y—z  y+z—x Vztx—y Vackdly+4z

Luu y. Thi sinh ciing c¢6 thé sir dung bat dang thitc AM - GM dé chirng minh
nhu sau

y+z—x=a’
bit | z+x—y=b" (a,b,c > 0)
x+y—z=c"

Bét dang thirc can chimg minh tré thanh

b*+c? n c*+d n a’+b’ 2\/b2+cz_|_\/c2+a2 +\/a2+b2
2c 2a 2b 2 2 2

Ap dung bat dang thirc AM - GM ta co:

b2 2 2 2 2 2
-t zz\/b%.mz.\/b O

2 2

C
Lai ¢6 {22 > 225 nén tir (1) ta ¢6
b*+c? S >\/b2+c2 _|_\/c2+a2 _|_\/az+b2 + b+c
2¢ - 2 2 2 2
= b2+C2 + c—b > bZ+C2
2¢c 2 )

Lap hai dang thic twong tu va cong vé ta thu duoc didu phai chtirng minh
2.Giastbasdban Anxdéadilam-2, m-1vam(3<m<n).
Theo giai thiét, ta co

1+2+...+tn)-(m-2+m-1+m)=2022

@@-(3m-3)=2022

= n(n+1) - 6m = 4038 (2).
Hién nhién tir (2) ta c6 n(n+1) > 4038, suy ra n > 64
Lai ¢6 4038 = n(n+1) - 6m = n(n+1) - 6n = n(n-5).
Do do n < 66. Nhu vay n € {64; 65; 66}
Mit khac tir (2) ta thay n(n+1) chia hét cho 3 nén n € {65; 66}
Véin = 65, thay vao (2) ta dugc m = 42.



Khi d6 ba sb can tim 12 40, 41, 42.
Vi n = 66, thay vao (2) ta dugc m = 6.
Khi d6 ba sb can tim 1a 62, 63, 64.



