Cau 1.

Cau 2.

(S& Yén Bai 2024) Trong khong gian PZ | cho mat chu (5):(x- 17 +(y+2) +(z- 3] =27

A(0;0:- 4), B(2:0:0) va cit ) theo giao tuyén la dudng

won (). Goi V) 13 khéi non co dinh 1a tim caa (), day 13 hinh tron (©). Khi V) ¢6 thé tich
ax+hy- z+¢ =0

Goi (@) 1a mat phang di qua hai diém

16n nhat, mit phang (@) ¢4 phuong trinh dang . Gia tri ctia @ - 2b+3¢ bang?

Loi giai
Tra loi: - 14

Mat cau ) ¢6 tam (57 23) va ban kinh R =3V3 |

Goi ' 1a ban kinh dudng tron (€) va H 13 hinh chiéu cia 7 1én (@)

Dit IH =x ta¢6 " :JR: - x :\-"2? -x

|2 :l IH S, :;—_1' -;T(\JIE? - x° ): :Ing(E?.T- .T")

Vay thé tich khéi nén tao duge 1a 3

Goi /(¥) =27x= ¥ i x€(0:3¥3)  Thé tich non lon nhét khi /) dat gid tri 16n nhét

Taco f (¥)=27- 3%’

Fx)=0e 27-3x =0 = x =43 & x =3,

Bang bién thién:

I - L] = |
54
P2
2 2 o
P 4 g
(1] L]
1
V. =—1 34 =I8x
vay 3 khi x =IH =3
. Car N . () - 2 ()
Midt  phang (@):ax+by- z+c =0 di qua hai diém A(0;0; 4}3(“’0’6}, nén
e ==
= (a):2x+hy-z-4=0
a=2

12 14b {-2)- 3- 4|
"'22+h2+(_|}2

d(I:(Q)) =IH =
Va

=3 e[ -2b- 5|=35+ 1

e 4b° +20b+25 =454 90" = -5b" +20b-20=0= b =2

Vay gid trj cila @7 20 +36=2-22+3.(-4) =14
(Chuyén KHTN 2024) Trong khéng glan OxyZ , ChO hal dlém A(Z, 0, ]) va B[\- l - 6?) v mét

phéng (P)ix-y+2-3=0 x4 didm M thuoc mat phang (P ), gi4 tri nho nhat coa
2.-1{‘!] +.-:'I.i{.8] béng‘?

Loi giai



Cau 3.

Tra loi: 63

Goi I(a;b;c) 204+ 1B == I(I;—E;B}_

thoa man

SN m|N)

Khi  d6 2MA® + MB® =2(MT + I4Y +(w+f3} —3MI +2MI (214 + [B)+ 214" +IB°
=3MI" +2I4" +IB°

Vay 2MA® + MB® nho nhit khi MI nho nhét
Khi d6 2MA +MB* nho nhéit bing 39 (/:(F) + 214" + 15" =03

(Sé Hoa Binh 2024) Trong khong gian Oxyz , cho céc diém A(0;0;-2) va BG:41) . Goi (P) 13

(5): (xx- 1) +(p- 1F +(z +3)* =25

mat phang chtra dudng tron giao tuyén cua hai mat cau va

x4y 4z - 2x-2y-14= Z P n L, — .
(s.):x"+) x-2y-14 D.Lay M. N 13 hai didm thuoc (P) tuy y sao cho MN =1 Gia
tri nho nhat cia AM + BN 137

Loi giai

Tra loi: 5

'(5,):.1': +y 4z - 2x-2x+0z-14=0

(S )i x4yt 427 - 2x- 2p- 14 =0 N s o I
Ta co - nén mat phang chira duong tron giao tuyén cua

hai mit cau c6 phuong trinh Z =0 suy ra (P)=(0x)

Goi H,K lan Iuot 1a hinh chiéu cua 4,8 1én (OW) Suy ra H{0:0:0), K(3: 4 D}.

— -
Do do A =2.BK =1 3 HK =5

AM + BN = AH* + HM® +BK* + NK* 36 nhit ki M-NE€ HK

pat HM =x guyra NK =HK - MN - HM =4- x

Khi dg AM +BN =N2 a7 T (4 x) 224 1)+ (x4 4o x) =

¥ 4-x

= = oy =

Déu dang thic xdy ra khi 2 | 3,

(Lién Trm‘)’ng Nghé An 2024) Trong khong gian véi hé truc toa do OXYZ ¢ho hai mit ciu

- - 7= 2Y = (x=2) =S (] = ,
(5 ):(x- 17 +(y- 1y +(z-2) =9, (,):(x- 27 +(y- ) +(z+) =4, mit phing
(P):2x+y+22411=0 o1 C.D 1y Jugt 1a cac didm thuge mat ciu (S‘)’(Sz). Diém



Cau 5.

M(a:b:¢) n3m trén mat phing () sao cho MC+MD dat gia tri nho nhat. Khi do gia tri biéu
thire T =a +b+¢ ping?
Loi gidi

Tra loi: =

5
® E M
o
((s,):1, (1:1:2); R, =3 d(1:(P)>R

IS ): (25 -1)R, =2 i\:\P))>R, . . (s, .
Xet thiy 5 L (ES-DR =2 4 (P)> R, iy 16D e hia so véi
(P)
Goi (s) doi ximg voi (5) qua mjt phang (P), suy ra (s1) o6 tam 1177 3-6)

Khi d6 v&i moi diém M thudc mit phang (P) ta c6: MC+MD =MC'+MD =C'D

CID..-.in :|"r|‘r:_ R, - R:| =170 -5

Ta c6

-7

-

(-5
Khi do M =010 (F), suy ra toa do diém M‘ 2 "
(Sé Thira Thién Hué 2024) Trong hé tryc Oxyz oo mit cau (8): (x= 1) +(y- 1y +27 =6 va
didm M(3:3:4) Mit phing (P) thay d6i ludn cit mit cau (5) ¢o duong tron giao tuyén véi ban
kinh * =\E. Khi khoang cach tir M dén mit phang (P) 160 nhét thi phuong trinh mat phang
() o dang 7 bytez+d =0 1y gid trj ctia b+c+d.
Loi giai

Tra loi: 7



Cau 6.

. ®

(S) o /10X R o

Xét mat cau

— T ] ] \ .
Suy ra [H=2M>R=M pim ngoai (5)

- dM(P))  =MH =MI +I1H =8§
Vay My

(W0 4 O

MH =_MI= H

1 4"
Ta co 3

H‘“?'

M =MI=(2,44)= (P):x+2y+2z43=0—= b+c+d =7
Nén "

(S6 Thai Binh 2024X) Trong khong gian véi hé truc toa d6 @Y7 cho hai mit ciu

4 7 14

(5,):x° +(y- P +(z-27 =16 (5,):(x- 1) +(y+1)° +2° =1 R ey
e T , ATw - - va diém ! . Got
I 13 tam cta mit cau (S‘)Va‘l (P) 1a miat phang tiép xuc véi ca hai mit cau (S‘)Vé (Sz).Xét cac
(s,)

diém M thay ddi va thudc mat phang (P) sa0 cho duong thang IM tiép xtic véi mat cau

Khi doan thing AM ngén nhat thi M(@:0:¢) Tinh gia tri cua T =a +b+c,
Loi gidi

Traloi: - 1

xet D) oo tam (012K =4

xet 52) oo tam J(1i- LORR, =1

Vi 7 =J1+4+4 =3 =R - R,

(P)

nén 2 mit cau di cho tiép xac trong
1a mat phang tiép xuc v6i ca 2 mat cau nén () gi qua 7', va vudng gbc voi 1,

D@ thdy, M thudc duong tron tam 7', ¢6 dinh trén (P),



Cau 7.

/ .
/ o
/ /
/ /
® /
N
il ad i 4 - | i 7
IT :i;,.r:i“_;-j_;-j].:‘ i_S_?‘ T‘i;—i—i
co 33 37373 1333
ALJE — AMT = JE _IE 1 _N9-1 :E: MT =2
Co MT 1T MT 4 2 _
- 4 C
) ni i =(L-2:-2)= (P):x- —- 2 ,1-+_‘- 3| c+2| =0
Co qua 7'; VTPT la 301 -3

= (P):x-2y-2z-06=0

1

(4
Xét thay 3

%.:— g E(P)TA =4 +4 =42

S| uN}

AM 2AT-TM =42 - 2 =32, "=" = MA+3MT =0

. A .
ﬁ.-‘lrf‘i;-::-é‘=‘* a+h+c=-1.
'3 3 3]

(S& Thai Nguyén 2024) Trong khong gian Oxyz , cho mit phang (P)ix+y-z+2= va hai

didm AGHDB(T=4-3) pyign, M(aibic) p3m tren mit phiang (P) sao cho tam giac ABM

vuong tai M va co dién tich nho nhat. Biét @ > 2 gi4 tri cua biéu thiae I =@ +b+¢ ping?
Loi giai

Traloi: 0
, AB =(4-8:-4)= 4B ={00;n,,, =(L1:- 1) ABn,, =0= 48//(P)

Ta co ta thay

1
5_.-,11-_; :E{'f(w AB)JE Sn-_in — d(wAB)nm

Ta cod , ta thiy

Ké MH L AB g H k& K 13 hinh chiéu vuong goc cia # 1en



Cau 8.

b
» I
&

@)

d (M2 AB) =MH =HK =d (48:(P)) dhu bing xdy ra khi M =K

Xét mat  phang (©) chta 4B va vudng gbéc  voi
UL uug duu
Mgy =| ABin | =(12;0:12) =12(1;0;1)
x+z-4=0
(0):x+z-4=0:M(P)N(Q)=A = |
Suy ra x+y-z+2=0
f.‘l.' =
= A {y=2-2%= M(2-26:4- 1)
z=4-¢
0t} oo =3 (tm)
Me AMBM =0 | 5. = M(3-41)
I :g(L)

Ta co A4BM vudng tai

(P)

9

ta

cod

(S6¢ Quang Binh 2024) Trong khong gian Oxyz , cho mit cau (5) ¢6 tam 11:0:3) va pan kinh
=32 . Xét khéi non V) c6 dinh 1 , duong tron day nam trén mit cau (5), Khi khéi non

(N)

phuong trinh dang * toytez+d =0 54 tri ctia biéu thae I =b+c-d bang?

Loi giai
Tra loi: 0

Dit (P)ix+hy+cz+d :CI'

c6 thé tich 16n nhét thi mat phang chira dudng tron day cua (V) i qua diém M(O:L1) ¢4



Cau 9.

IH =d(1,(P)) =h.(0 < h <3J2).

Ta c6 ban kinh dudng tron ddy ctia (N) i =0 =r = =180

q , N =L min =La(s- w)
Thé tich khéi non (V) bang 3 .

, Viih) =xle- K F(h) =0 6-h" =0= h =406
V 16n nhdt khi | w(6- )= v (i) =0 - J_.

h 5 V6 3v2
V'(h) 4+ 0 -

V(h)

0

Thé tich khéi non V) 16n nhét khi & =V6
Ma [H =(- LL-2) = IH S 1H [=J6 =d(1,(P)= M 13 pinh chidu cva 7 1en P).

Do do " =(L-L2) la véc to phap tuyén cua (P)= (P)ix- y+2z+d :D.

Me(FP)=-142+d=0=d =-1= a+b-d =-1+2-1=0.

Oxyz S):(a= 2P +(p+3) +(z- 1) =1

(Sé Soc Trang 2024) Trong khong gian , cho mit cau (

x+]l y+2 =
d:——== =

va duong thing 2 -1 2 Ty diém
MA dén mat chu ) (4 13 didm tiép xtc). Tinh @*+b+¢ khi MA nho nhét.
Loi gidi

M(a;bic) thugc duong thang d ke tiép tuyén

Tra loi: 0

Mit cau () o tam 727331 y3 ban kinh R =1



Cau 10.

Puong thing ¢ c6 di qua diém B(-1-2:0) y3 ¢6 mot vecto chi phuong ¥ =(2:-L2) gy
v =- 142t
y=-2-t;(teR)
z=2

phuong trinh tham s6 13 |
Goi H 1a hinh chiéu vuong goc cua diém 7 1én dudng thing ¢ .

- P P o
Suy ra H(-1+2t-2 f._uf}Ea"

O - [1H =(2e- 3412t 1)
MaJlH w =0 {- '
e =(2:- 1:2)
= 2(2t-3)- (-t+1)+2(2t-1) =0
=t =|.

Suy ra H(1:-32)

Theo dé M4 12 tiép tuyén ciia mit cau (5) tai 4 nen AMIA vuong tai 4

= MA=NIM? - I4 =JIM* -1

Do d6 M4 nho nhét khi va chi khi /M nho nhat < M 1a hinh chiéu vudng goc ctia diém 7 1én
duong thing 4 hay M =H

Suy ra M(L;-3:2) hay @ +b+c=1-3+2=0

(Sé Soc Trang 2024) Trong khong gian Oxyz , cho hai diém A2 1;3) va B6:3: 3) . Xét khoi

chop tir gidc déu dinh 4 ndi tiép mit cau duong kinh 4B . Khi khdi chop c6 thé tich 16n nhit thi

, . Vb byt em b d = .
mit phing chira mit ddy cua khdi chép c6 dang =~ by+cz+d =0 ;4 tri cia D+ c+d ping?
Loi gidi

Tra loi: - 18

(NN]N]

Taco ABHE42) nay 4B =6,
Dt ST =x= IB=0-x Khids VI =1B14=x(0-x)

Vi MNPQ 13 hinh vusng nén V€ =MN2 = 2NI =MN2 = MN* =2NI*



Do do
. L—p-xe x=4
Ding thirc xay ra khi 2
m o - - \
[A=2IB= [4+2[B =0 = f‘ E;E;E‘
Suy ra '3 3 3

Suy ra phuong trinh (MNPQ) 1y 2+2y+2-21=0

Vay b+e+d =-18,

Caull. (S& Ci Mau 2024) Trong khong gian %2 cho ba mat phing

(P):2x+2y+z+5=0,(0Q):2x+2y+z+1 =0 (R):2x+2y+z+3=0

9

. Mot duong thang A

thay ddi, ct ba mat phfmg (P)L(O)(R) lan luot tai A’B’C. Gia tri nho nhit cua biéu thuc
216
AC bang?

M =AR +

Loi giai

Tra loi: 108

A M
® | i
P
R)
B N
(8)
(G.)!ﬂ.‘r+|":rl'+|:'_‘+d. =0 = {f({ﬂ'}_;'_,"{ﬁ ],): |d_ d.|
Ta c6: (cr):ax+by+cz+d =0, ) m
- 3
MP =d((P),(R)) __I5-3] 2
2242742 3

PN =d((R),(0Q)) =

AR MN
_ =
Talet: AC MP



7 2
=Agf+£:4,4cf+£:4gcf+ﬁ+@ 344108108
AC AC AC  AC

=108.

Caul2. (S6¢ Bic Ninh 2024) Trong khong  gian Oxyz ,
A(T:-2;- 3), B(- 1:4;- 3),C(- ;- 2,6), D(- 1;- 2;- 3)

cho bén  diém
va diém M thay doi tuy y. Khi biéu thirc
F =MA+MB +MC +5MD dat gi4 tri nho nhét thi thé tich khi tr dién MABC bing?
Loi giai
Tra loi: 72
-l
D4 =(8:0:0)
100
%4]? =(0;6,0) = DA, DB.DC
DC =(0,0;9)

Xét thiy ' do61 mot vuong gée voi nhau

B(0;6:0)

MA=\J(x- 8y #7427 2f(x- 8) Zx-8[28- x
MB =\x* +(y- 6) +2° 24fy-6) Hy-6[z6- »

| mc =7+ (2= 9) 2(z- 9)* Fz-9[=9- =
NGY7s :\/5(_1-3 +37 +27) ::J(H}- 42) Sx4yp4c

pat M Ceyiz) s g

S Fz8-x+40-y+9-z+x+y+z=13
uy ra . A

dAu biing xay ra khi va chi khi ¥ =Y =7 =0 pay
diém M =D

Vay Vouse =12

: T . 4: -5
Cau 13. (Sé Ninh Binh 2024) Trong khong gian Oxyz , cho ba diém A(L:-2:3), B(3:41),C(- 5: 1)
(@) 1a mat phang chira truc hoanh sao cho 4,8,C

d,.d,.d, lan luot 1a khoang cach tur 4,B.C dén (0{). Gia tri 16n nhat cua biéu thuc
T =d +2d, +3d,

. Goi

nam vé ciing phia d6i v6i miat phang (@) va
bang a/b (véi 4 N0 1556 nguyén td). Tinh S =3a+2b
Loi giai

Tra loi: 38

10



Cau 14.

C
1 |
A L
i v
& po
I T
| I 1 I"FI i
i R
| ;o |
a0 .
i
I .
il -4 000 (1 11 |
. OA =—0A= A ‘—-.'5 5 d(.ﬁi,f_t’{‘}):—dlc::rdl :f_‘ld(.}i._f_ﬁ})
Lay 4 thoéa man: 0 \ 0 =/ va 0
Mg .y 00d 41 I
o ﬂﬁ-—gﬁﬁ B| E‘i‘ d(B.(a))==d,= 2d, =6d(B,(a))
Lay B thoa man: 'va 3
Uid-— 4 0od - 5 I | |
, :GC ——GC:? C ‘ —_ = (}r(c__(f',f}) :_d_\ = 3{}'__' :ﬁd(f[({})
iv C the ah- 2 202 s 77 :
Lay “ théa man: va < .

=T :f:u(a’(A'._f_rz})+ a’(B'._l[:’r})+ a’(f._f_rz}))

MBC:GY_

2.4 |
Goi G 1a trong tdm tam giac 93 9] va I =06.3d(G,(a)) ZISGI[G"[R”.

Ta c6: d(G,(ax)) =d(G, Ox) =4[y

=T ‘_~'41,-"E='? a=db=13= 5 =3a+2b=12+26 =38,

(S6 Binh Thuan 2024) Trong khong gian OXZ | ho ba diém AL L), B(1:2,2),1(0,0:4) Mat

4,8 va tiép xuc voi mat phéng (Oxy) tai diém C(m;n; 0). Khi @6 dai

doan théng IC gat gia tri lon nhat, gia tri ciia m+n bé'mg?
Loi gidi

cau (5) di qua hai diém

Tra loi: 3

11



Cau 15.

XOy)

(x =I
AB: iy =1+t

z =1+t

:AB =(0:1:1) Phuong trinh dudng thang
(AB) N(xOy) =D(1:0:0)= DB =2/2: D4 =2

Ta co

Mit cau (5) di qua hai diém 4B 3 tiép xtc v6i mit phang (Oxy) tai diém C(m;n;(}). Khi do:
DC* =DB -DA=2\2 2 =4= DC =2= C tysc duomg tron (D52

Trong tam giac vuéng OCI .

IC =\10° +OC* ={16+0C* = IC,_ = OC, ¢ OC =0D +DC =1+2 =3,

Khi db: 5:’? :35}_._}:’ Cl(30:0)= m=3n=0= m+n 23'

(S¢ Tién Giang 2024) Trong khong gian Oxyz , cho diém A(L- 12;4), mat phang

(P):y+z+4=0 cat mit cau (S)oam #7427 +10x 442435 =0 0 giao tuyén 1 dudng tron
(a)). Piém M thudc (@) sao cho doan thfmg AM ngén nhét. Tinh do dai OM
Loi gidi

Tra loi: 5

Goi 1,J 1an luot 1 tim mat cau (S) va tdm cua dudng tron (@)

12



Cau 16.

Mt ciu ) c6 tam 7C50:22) pan kinh R =26 |

vl =7 e 2 _ g2 2 . —
AIMJT vudng tai J o it -+ JM = R d f_f.f_F']l]l+.l..lll = ro 22

=17 4 !
AH =d(A,(P)) :MZE‘E
Ke AH L(P) tai . Suy ra NIT +1
Vi H,J 1an luot 1a hinh chiéu vudng goc ctua diém 4 va I 1én mit phang (P)
J(=5-1-3) 3 H(L-10:6) Suy ra 7 =322

nén ta tim dugc

AAHM vupng tai H co AM® =AH* +HM® =8+ HM"

3 4 : ’ £ ) HM =|Hr-r | =222
bé AM ngin nhat < HM ngin nhat. Khi d6 |F - 7 ,

Suy ra A'.iffll'.in = 8+ EEE}: :4_\,"5.

Déu " =" xay ra khi va chi khi M =/ 0@ o3 M n3m gita H va 7.

Im 100 100

s ="y =L 7 3 40
Ta co HT 3 néntatim duoc toa do diém M 13 M(=3:-%:0)

OM =yJ(-3) +(-4)* +0° =5

Vay d6 dai doan thfmg
(Sé Hau Giang 2024) Trong khong gian véi hé toa do OXZ, cho diém LD vy mat phang
() o phuong trinh * * 2y-z-0=0. Mit cau (5) g qua 4, tiép xtic v6i mit phang ) vaco

ban kinh nho nhat. Goi (a;bsc) la tim cia mit ciu (5)- Tinn gia tri cua biéu thirc
T=a+b+c.
Loi giai

Tra loi: 8

?A

A
I nI .I
H - .

_Ké AH L(P)

H. Vi 4 ¢6 dinh va (S) di qua 4 nén duong kinh mat cau phai 16n hon hoic
bang khoang cach tir 4 dén (P) = 2R =AH Pang thirc xay ra khi 4, 1, H thang hang, v6i 4 thude
(S). Do d6, R nho nhét khi 4, I, H thing hang, hay 7 13 trung diém ctia doan thang AH.

x =2+t
y=1+2z
z=4-¢

- Puong thang AH

13



- PT toa d6 giao diém cia AH va (P): R +t) +2(1 +2t) = (4—t) =6 =0 <> t=1.
- Tim duoc diém H(3; 3; 3) 1a giao diém cta AH va (P).

I

.b._)

ru'| -1

b2 | A

- Suy ra ."Khidéi‘":a+h+c-:8.

14



