Chuong II: CAC BAI TOAN VE DAY SO
TRONG CAC PE THI OLYMPIC 30-4
(Tw lan V dén vl(‘in IX)

1. CAC BAI TOAN VE DAY SO TRONG CAC PE THI OLYM-
PIC 30-4 LAN V, NAM 1999

(1)  Cho day s6 [x,} duge xéc dinh bdi:

1 2 k
X = —+—+..t
2! 3!

(k +1)!
Tinh lim §/X2 + X2 + ... + Xl
n-»+0
Giai
k + 1 vkeN

Vi

xk+1—xk=(k+2)!>0, = X, >% >0, VkeN

= Xjogg < X7 + X3 + ...+ Xjggg < 1999.X7904

= X999 < {'/x;‘ + X2 4+ Xlgge < V1999.X150  (*)
Mait kh4c, ta cé: |
kK (k+D-1_1 1

k+1D!  &k+1! k! (k+1D!

- =[1__1_)+(_1___1_~]+ +(_1__ 1 J
k 21) (21 81) 7 (k! (k+D!

41
(k+D!
11
= T = 1 20001
Pén day, thay x,49 vao (*) ta dugc:
1 n n n 1
- 55051 < BXD 4 XD 4+ X < IJ1999(1 - W)

Nhung vi:
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n—+0w

2000

n-»+w

2000!

1
2000!

Iy . * n n n —
Nén ta suy ra: x}fﬂo lel + X5+t Xjgee =1

(5 -]

Cho day sg {a_} théa BDT:

2000
al“® >a ., +a, ,+..+a,, Vn>2

Chdng minh ring tén tai s6 ¢ sao cho a_ >n.ec, VneN

Ta c6

Dit

Gia st

Ta ¢6

Giai
1999
a, >a%0 vn>2
2000 1999
= al® >(n-2)q?° +q,, Yn>2

= lima, =+

n—+w

=3n,eN:a, 21, Vn2n,

C=Min{—1—,a s’ .a"“}
4

9T 90y
"2 n

[+]
=>a, 2n¢, Vne(l,2,..,n]}
a,2nc, Vn<n, (véin, eN, n, >n )

1999
2, 2000
a,,za za, +a, ; +..+a,

n+l n+l =
2n+(n-D+..+1lc

S nn+1)

(vi —n——lec)
| 2n+1) 4

=a,,,;2h+1c

Vay bai toan dugc chitng minh
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@ Cho day s6 {a_} dinh béi:
a, = 1999

2

" , Vn=>0
l1+a

n+l
n

Tim phén nguyén cia a_ (v6i 0 < n < 999)

44

Giai
R6 rang a,>0,vyn20, nén:

2
n

a, -, =a

n

_ % % >0,vn2>0
1+a, 1l+a, ‘
= {a,} la day gidm , | . (1)

2

a, a
»a,=—2*—=a, -—2—>a -1,vVn20
1+a, - l+a,

=>a,,,>a,-(n+1),vn=>0
=>a,;>a,-(n-1),vn=>2 .
=a_, >2000-n,Vn>2 (2)
Mgt khdc ta lai c6: |
a, =at(a, -a)+(a,-a,)+..+(a, —a,_;)

a a a
0 + 1

oo p——m=l
l1+a, 1l+a, . 1+an—1)

=1999 -n + 1 + 1 +ooct 1 (3)
l+a, 1l+a, l+a

= 1999 —(

n-~1

Tu (1) va (2) ta cé6 :

1 1 1 n
0< + -4 <
l+a, 1l+a, o 1l+a,;, 1l+a,,
n n

<1 (v6i2<n <1999
<2001—-n 1998-n° (véi2<n ) @)

Tu (3) va (4), ta c6 :




1999-n<a, <1999-n+1 (v6i 2<n < 999)
=[a,]=1999-n (v6i 2 <n <999)
Kiém tra truc tiép : |
+ a, =1999 = [a,] = 1999

a a
+ a,=—2—=3 ——>=°

l+a, 1+a,

- 1999__]:.9_9._9.

2000

1
2000

=a, =1998 +
= [a,] =1998
Vay [a,]=1999-n (v6i0<n<999)

Cho c4c ddy s6 {a;}, {b_} théa:
a, =3
b, = 2
a'n+1 = ai + 2bi
b,,, = 2a,b,

(vneN)

a) Chitng minh riing a_, b_1a hai s§ nguyen t6 sdanh d6i
b) Tim céc cong thidc choa , b

Giai
a)

*Véin=1,tacé: a?—2b? =37 -292 =1
*Véin =k, gid sit : a2 -2b% =1

*Véin=k+1,tacé: al,, —-2b2

= (af +2b} )2 -2(2a,b,)’
= (a2 -2b3) =1
(Do gid thi€t quy nap)
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Qua vay :
Gia s |a1|21,tacéi

ol

|a,| = |2af -a

=2aj -12|a,|
Bing quy nap, ta cé :
|an+ll = |2alan - an—ll
- =2¢os@.cosng — cos(n — 1)o
= cos(n + 1)¢ + cos(n - 1)¢ — cos(n - 1)@
, = cos(n +1)¢
Do dé 8,000 = €051000¢ = 0

< 10000 = g. +kmnkeZ

= 844 = COS1999¢

" = ¢0s(2000¢ — @)
= cos(m + 2kn - ¢)

=—-CoSQ = -,

Cé6 bao nhiéu day s nguyén duong {a_} théa:

- = 2 |
a, = 1, a, = 2, Qpi2:8y —Ap,5| = 1

Giai
Ta c6 so d6 xdc dinh day:

[ 5
3= a, =[
;, 4
a,=la; =2a,= 13
|5 a, =
i 12

Ta sé& ching minh ton tai s6 ddy s6 nguyén duong théa dé bai.
Truée hét, ta chdng minh tén tai duy nhat ddy nguyén duong
théa: '
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~a,=la,=2a,=34a;=5,]a 2, —aa, ,/=1,Vn>2
d6 chinh 1a ddy cdc s6 nguyén duong
{a,} théaa,=1,a, =2,a, =2, +a,,,Vn=2 (1)
Qué vay: '
2, =|(B0es +2,) 2, — 2%,

a -a.a

n+l n“n+2

= |a:21 +tasn (an - an+1)

= a: - a'nd-.l'a'n--l

=1 VneN
« Bing phuong phédp quy nap ta ching minh dugc (1) 12 day téng

| +
Qué Vé_.y: a121+1 —8,.8,,5|F 1= Ap,p = -ﬁ_l_:l
. a,
Tt gid thiét quy nap: a_, >a, = a, <a,,, -1
+
= an+2 > n+1 - 1 n+2 -1 =a,,, +1
a,n 1 Q0 2

=a,,,>a,,

* Day (1) dugc x4c dinh duy nhé.t

Qua vay, gid sl ton tai n > 2, sao cho an,an+1 duy ma c6 2 gid tri
a_,,,al,, v6ia,,, >al,, thda man cdch xdc dinh day, tdc la:
8,85, = ag, +1
{an'aix+2 =ag, -1
=4a, (an+2 - a:1+2) =2
=>2:a,
= Vo ly (ia,2a,=3>2)

Tém lai ta da chiing minh dugc tont ai duy nhat day nguyén

duong:
a,=1la, =2,a,=3,a; =5,)a =1,VYn2>3

P6 4y chinh 1a diy a, =1,a, =2

-aa

n+1 n+2




an = an—l + an—2’

Tuong tu ta ciing ching minh duge tén tai duy nhét cdc ddy nguyén

duong:
a, =1l,a, =2,a,

a, =1l,a, =2,a,

Yn > 2

=1vn>2

- 3 a3 - 4 anan+1

n+1

=1vn>2

anan+2

n+1

=H,a, =12,|a

a=1,a =2,a,=5,a,=13,

2
a —a,8,,9

n+l

Dé ciling chinh 1a cdc day (tuong ing):
a,=1a, =2a,,
a, =1, a, =2,a,,,

=2,a

' “n+2

Tén tai bon diy s8 nguyén duong (1), (2), (3), (4)

a,=la, =

Két ludn:
théa dé bai.

=1, vyn>2

(2)
(3)
(4)

= 2an+1 -a, VvneN
= 2an+1 + an’ Vn [ N

- 3an+1 - an' vneN

Cho day s {S_}

@

Ching minh ring :

lim S_ ton tai va tinh gi6i han dé.

n—+we

Ta c6 :

n + 23! 2k
2n+2 “ k

Sn+1

n+2

n+1

Giai

_n+2(2!
A R

_ n+2
2(n+1)

Tuong tu :
n+3
2(n + 2)

n+2 =

2n+1) 2°!

(S, +

2t 22 20
—t— et — |+
1 2 n

1)

(Sn+1 + 1) A
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-Tu 46 : v ,
5 - m+DMn+3XS,,, +D-(n+2°*S, +1)
n 2(n +1)(n+2)
_(n*+4n+3)8,,,-8)-5, -1
2(n+1(n+2)
' R6 rang {S_} 1a ddy lugng gide
Do d6 1lim S, ton tai. Ky hiéu giéi han dé 1a S.

n—ow .

S

n+2

Tir =22 (s 1)
2in+1)
~s=1s4+1
2
<S=1

n—w

Bi&t ring bat ding thic:

2 ' :
XA xE x> (X Xy e+ X )X,

théa man v6i moi s6 thuc x,,X,...,x,(n >1) thi n bang
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bao nhiéu.
Giai
Gij sif bat dédng thic
X2+ Xy + e+ X 2 (X Xy + o X)X (1)

théa méan véi moi s6 thue x;,X,...,x,(n>1)
C as s~ » . J¥1 T X =
- Khi d6 né ciing xay ra véi 9
X, =

=>mnh-1)+4>(n-1)2

=1<n<b
Déo lai, gid st 1<n <5, ta sé sé chitng minh ring (1) dugc théa
man véi moi bdi s6 thue x,X%,,...,X, |

Qua vay, xét tam thic:




Fx,) = X2 (X + Xy + o+ X, )%, + X2+ %2 4.+ %0,
bay la tam thic bac 2 d6i v6i x , va ta c6 :
: 2 2 2 2
A=(x;+.0+%x, ) —4X{ +X; +.c+ X0 )
Theo bat ddng thic Bunhiacopski :
2 2 2 2 2 2
4(x1 + X5 + ...+ xn_l) >(n - 1)(x1 +X; ot xn_,l)
2 . 2 2 2y
A=(X +...+x, ) —4(x] + Xy + oot X5 )
~ Theo b4t ddng thic Bunhiacopski:

2 2 2 2 2 2
4(x]+x5 4. +x2, )2 (- D(x] +x] +...+x2,)

> (X + Xy + o+ X, )
=>A<0
=f(x,)20, Vvx_ eR
Vay két qua can tim 1a n e {1,2,3, 4,5}

X4c dinh s hang tong quat cta day s {u }, biét ring

u, =2
Uy =9u) +3u,(n=1,23,...)

Giai

Pit: | V, =3u,(n = 1,2,...). Tacé:

V,=6
Vn+1=Vr?+3Vn
S [X,+X, =6
Chon x, x, sao cho : X.X. = -1
1942 =
e Véin=1,tacé:
Vi=6=x +x,

1-1 1-1
Y3 3
=X] +X,

e Véin =k (k e N), ta gia st

k-1 k-1
V = 8 3
k=X tX
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e Véin=k+1,taco:
Vi = Vi +3V,

gk-1 gk-1 gk-1 gk-1

3
‘=(x1 + X, )+3(x1 + X, )

k k k-1 (" k-1 k-1 k-1 k-1
3 -3 3 3 3 . 3 3
X, +Xx;, + 3(x1x2) (X1 + X, )+ 3(x1 +X5 )

k k
3 3
.Xl +X2

(Vi (Xlxz)?’m1 = (—1)31‘_1 = —1)

— Theo nguyén ly quy nap thi:

_ 3n—1 gn-1
V,=x; +%X, ,vneN

Vay: U, = %[(3 _ m)sn—l +(3+\/1—0-)él'1—1:|

S (vix, x,1a nghiém cta phuong trinh x* -6x-1=0).

X, =1

Cho day {x } x4c dinh nhu sau: [3 ] vn > 1
' xn+1 = :

.—xn
2

Ching minh réing day {x } c6 v6 han cdc s6 chin, c6
v han cédc s6 18 ‘

(ky hiéu [x] 12 phan nguyén cta x)
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Giai
o Gia st day {x,}" chi ¢6 hitu han céc s chin, suy ra c6 it nhat
mdt s6 n e N sao chox _1é, vk >n '
apeN
bt : - x, =2°p+1 véi B,
B 1lé

Ta suy ra :




Xy, =3"B+1
= X,., 12 s6 chdn = Vb ly
Tir d6 suy ra rang ddy da cho phai c6 vb6 han cdc s6 chin
* Gia st day {x,}" chi c6 hitu han cdc s& 18, suy ra c6 it nh&t mot
s0 neN sao chox_chdn, Vk 2n
Pt x, = 2°B (vc’ri {;’f; N)
Ta suy ra :
X1 = 3-2a_1[3
X, = 3%.2°7°B
Xppq = 3°8
=X, 1a s618 = Voly

Tir d6 suy ra day da cho phai c6 vo han cdc s6 18

@ Cho n s6 thuc duong
a,,a,,..,a, >0 (n22)
théa: a; ta,+..+a, =1

Ching minh r?zlng :

Ta cé6 :
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2.8 a(l-a)-(1-aja;
i=1 j=1 \/ai(l -a;)

= ‘ + >0
ISiSJSn{\/ai(l_ai) \/aj(l_aj)] ’

- =) Jad-ay

(a- ai)[\/aj(l “a) ~Jad-a)]
- \/aia'j(l -a;)1-a;)

(vi:

(a; -a;)’(1-a; -a)

= \/aiaj(l - aj)[\/aj(l -a)) +_\/ai(i - ai)}

>0)

@ Cho day {x } v6i x, =a #-2 va

2 —_—
o 3J2x2 + 2 2 nenN
2%, +2x2 + 2

Xét tinh hoi tu ctia day va tim giéi han cla day (néu cé) tuy
theo truong hgp cla a.

X




Glal

3V2x2 +2 -2
2x+\/2x +2

. 2x* +(3-x)W2x2+2-2
f(x) X = (x # -1)
2x + V2x? +2

Gidi phuong trmh gx) = 0 ta dugc hai nghi¢m:

x=1
X =-7

Dé y rang, trén méi khoang (—,~7),(1,+) thi g déu lién tuc va
khong cé nghiém nén ddu ctay trén mdi khodng nay khéng déi.
Hon nira:

bt f(x) =

Va g(x) =

-128 + 11V130 -2
-16 + V130

J130 (J130 - 11) .
>
10 - /130

= g(x)>0,vx < -7

'y g(—8) =

o f(x) > x,Vx < -7

10+\/—
\/_+4

= g(x)<0,vx>1

g(2) =

= f(x) <x,vVx>1
bat: h(x)=f(x)-1,x = -1

C242x% +2 - 2(x+1)

2x +V2x2 + 2

Phuong trinh h(x) = 0 ¢6 nghiém duy nhat x = 1. Ly ludn tuong t
nhu trén, ta suy ra h khong ddi ddu trén méi khoang( -1, 1)
(1, +0)

Hon nita:

<
(1]
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h(0)=2‘/§‘2=2ﬁ>0

h(z)_zJ_ 6_+10-3
4 +10 2+J_
= h(x)20,vx > -1
Défu“= & x=1
=f(x)>21,vVx > -2
Diu“=" @ x=1

bat : k(x) = f(x) - (-7)

14x 2 +10v2x% +2
2x +v/2x + 2
Phuong trinh k(x) = 0 ¢6 nghiém duy nhat x = -7
Ly luan tuong tu nhu & 1), ta giao k(x) khong d8i ddu trén mbi
khodng (—w,-7),(-7,-1)

x# -1

Hon nita
k(_g)_loJls -114
V130 - 16
k(6 )_10J_ 86 _,
J74 -12

= k(x) <0,vx <-1
Dau “2” < x = -7

= f(x)<-7,vx < -1
Diu“=" o x=-T
Tu cdc két qua trén ta thu duge:

a. Néux, = a > —1 thi theo (2) ta c6 x, = f(x;) 21

Tit d6 suy ra x_>1,Vn >2
(Ddu "=" < a=1)
Két hop v6i (1) ta duge Xx,,;, = f(x,)<x,,Vn>2




_ (Dadu“=" @ a=1) _
Vay day {x} 1a diy gidm (n€u a = 1 thi {x_} 1a ddy hing va bi
chin dudi. Do d6 day {x } hoi tu. '

Dé& dang ching minh duge lim x, =1

b. N&u x‘1 = a < —1, tuong tu trudng hgp trén, theo (3) ta duge
x, =f(x,)<-7.  Tudésuyra x, <-7 VneN o
' ' (DAu “=" & a=-T)
Két hop véi (1) ta duge X,,; = f(x,)2x,,Vn>2
(Dé’u" =" a=-1)
Vay day {x_} 1a day ting (nfu a = —7 thi {xn) 12 ddy hing) va bi
chin trén. '

Do dé déy {x"} hoi tu va lim x, = -7

n—+wo

@ - Cho day s6 {u_} xdc dinh nhu sau :
u =1
. u?
un+1 = un + 1999
_ . {u; u u
Tim lim| Lt +-24...4 22
, Ere Uy U Uy

Giai
Ta c6 :

u, u?z  1999u,,; —u,)

—_ n

un+1 un+,1un un+1'ul
=1999[i— 1 J |
un l'ln+1 .

u u u 1 1
> 14244 "k =1999[-—-— )
U, U, U Uy Upy
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=1999(1— 1 ]
uk+n

u,,>u, 21, VneN

Hon nita :

= {u,} la ddy don diéu ting

Do d6, néu day {u_} bi chin trén thi né hdi tu vé a hitu han.
Suy ra:

_ w2 a2
a—hmu =lim|u +—=-|=a+

n->+w n—>+w 1999 1999
=a=0

= Voly(viu, 21,VneN=a2>1)

Vay day {u_ } khong bi chén trén, do dé:

= limu, = +w

n—o

. (u, u u
= lim|{ 2L +-2+...4--1

ll—)+<l? 3 u

J = 1999

n+l

14. Cho p 1a s6 nguyén t6. Ching minh ring
C%, —2

la s nguyén

58

Giai

2
* Néu p = 2 thi Ci -2

* Néup > 2 thi:
» _ (2p)!  (2p).(2p - 1!
Cp =2 -
(p)*  pp-D!p!
= 2.0*2’];11

Hon nita :
(2p-k)p+k)=k(p-k) (modp?)

(vk -1,2,.. 2~ 1)
2




- [(Zp ~1)(p+ 1)]_[(2p - 2)(p + 2)][(21) - p; 1)(p + p; 1)]

. [1(p—1)][2(P-2)---][p—_1 Eg—l} (mod p?)

=>(P+Dp+2)..2p-D=(p-1! (modpz)

_(p+1)(p+2)..2p-2)2p-1)

= Cp—l = %
2p-1 (p _ 1)!
2 —_ 1)
= m'p(pt(f)! D! (v6ime Z)
2
L S 1
(p-D!
mp?

o-Di- Cs.l, -1 1a s6 nguyén
p-1!

= mi(p-1)! (vi p? va (p— 1)!1a hai s6 nguyén t6 cﬁhg nhau)
>m=n(p-1)! (v6i ne Z)

= C§! -1 =np’

=Cp, -2=2(C5}, -1) = 2np*
cz, -2

2

Y

= =2neZ
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@ Cho day sd duong U, Ul,...' U.... théa man céc diéu

N ? 1999
kién:

U, = Ujgge =1 (1
u =24y, —uy, 5 1=12,..,1998  (2)
Ching minh ring : .
a. 1<y <4Vvi=12..1999

. LY — — —
b. U, = Ujgg,U; = Ujggg,..., Uggg = Uyggg
c. U, <Uj <...<Uggg
Giai
a) DPit o= Max u,f= Minu;, (a,p>0)
r=0,1999 i=0,1999
Néu a =B thiu, =u, =... = u;q9, = 1, nhung diéu kién (2) cho ta
o 1 1999 _
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thady diéu nay vé ly. Nhu vy o > B.
Mit khéc theo ainh nghia, ta c6 :
| «>u, >Bi=1,1999

>a>12p ' 3)
Néu B = u, (k €{1,2,...19998}), theo (2) thi

B=u, =2{u_uy, 2 ‘\1/[372

= p* > 16p°

=>pB=>4

= V6 ly (vi mau thuan véi (3))

Nhu vay B # u,, vk =1,998

Suy ra f=u; = Uge =1

Vay ta da ching minh duge u >1,Vi = 0,1999,
Do o >B =1 nén ta c6 a =u, nao dé

(v6i k €{1,2,...,1998})

= u, =24u,_,u,,, <2¥a”




b)

c)

- = as4 o | -

N&u nhu o = 4 thi u,, =u,,, =4. Tuong tu day lién ti€p (2) ta
suy ra:

U, =U; = Uy =...= Ujgeq = 4.
Diéu nay mau thuidn véi gia thiét (1), suy ra a < 4.
Diédu d6 c6 nghia 14 u, < 4,Vi = 0,1999
Tém lai ta di d&€n két luan rang:

1<u, <4,i=0,1999
Dé dang ching minh duge ring day s6 thoéa (1), (2) 1a duy nhat

Xét day Ujggq,Usgegs---» Uy, U,

'R6 rang ddy nay ciing théa man diéu kién (1) va (2). Do tinh duy

nhat suy ra:

' u, =1999,u; = U,4g,-.., Uggg = Ujpgg
Theo diéu kién (2), ta suy ra :

‘ = 94
Uggg = 23/ Uggg:Uyg0
Theo chiing minh trén ta ¢6 0 <uggy = U4 <4
2
= Uggg = 44/Uggg-Uggg < 4ugyy,
L
= Uggg-Uggg < Uggg

= Uggg < Uggg
Ly luan tuong tu ta c¢6 diéu phai ching minh.

Tit day {u } duge xdc dinh béi:

u, =2
u? +1999u,
Uy = — oo »n
2000

ta thanh lap day (S} véi S, = —=

i U, —1

eN

Tim lim S,

n—»+wo .

Giai

Tir gid thiét ta suy ra :
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k un+1='w+un,VneR
2000

Viu =2néntacé:

2=y <y, <..<u, <..
c¢6 nghia rang {u_} 1a mét day tang. Gid st ddy nay bi chin trén,
liic d6 ton tai L €[2,+x) sao cho lim U, = L

2
T d6 - L=_L_ﬂ?9iL
2000
L=0
<
L=1

Diéu nay vo ly (vi L 2 2)
Nhu vdy ddy {u } ciing bi chén trén
Do @6 : lim u, =+

Mait khdc, ciing tir gid thiét :

u - u? +1999u_
n+l 2000

= u;l(un -1 = 2000(u,,, —u,)

R u (u, -1) _2000(u,,, -u,)

g =1 (U = 1)(u, = 1) (uyey - 1)(u, -1)

= 2000 1 __1
u, -1 u, ;-1

= lim S, = 2000

n--»+0




@)

ao = 1 8
Cho day s6 {a_} véi 18, =2 : ¥YneN
A9 = 4an+1 -

n

Tim tat ca cdc gid tri cia n d€ a_— 1 12 mjt s6 chinh

phucn_g.

Giai

Xét phuong trinh dic trung : t? =4t-1

ot,=2+4/3 |
=a, = a(2 +'J§)n + [5(2—\/5)n
(a.B e R)

{ao =1
Hon nita :

a, =2

{a+[3 1
2(o + B) + /3o — B)_

= a :%(t‘l’ +t§)

e ekl

2

[ (o) ( By
(V2]

Via_ — 2 la sd chinh phuong nén :
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(] (]

n+l EZ
(+2)
Ta 1an lugt xét cac trudng hop
e Néu n=0=>A=0eZ
e Néu n=1=>A=1¢Z
e Néu n=2k, keN*

Xét day {b,}, v6i

_@+3F -@-3F _(B+1"-(B-1
" V2 2)rt

Ta lai c6 2 ++/3 1a céc nghiém ctia phuong trinh dic trung
x* =4x -1 nén {b,} théa:
by, = 4by,; — by
\ b, =0
ma {b p
b, eQVkeN*
= a, —1; khong phai la s6 chinh phuong
nénn=2k+1,keN: |

e S

b =A

" 2
5 1[ 2+\/— 2 \/—) }
Pt : C, =\/§2+1[(2+\/§)k—(2—\/§)k},keN

thi day {C_} théa mén
Ck+.1 =4C,,, -Cy

o C,=0
Ma C, =5




=C,eZ, VkeN

. =0
a_-— 1 1a sd chinh phuong < [n

n nguyén duong 1é

Cho o ¢ [o,lz‘-J. Tim

‘ ‘ n
lim (cosi Yeosa + sin® a¥/sin a)

n—+o

bat :

Giai
x, = cos2 ¥Ycosa + sin® a¥/sina,n e N
= x, > Lkhi n - +w

Inx,
X, -

— 1L, khi n - +o

0<x,<lLVneN
béy: .
Y l—rl—(-h—}()al,khix—ao

X . '
:%al,khin—awa
n(x, —1)

n
n(x, -1) = cos2aT—+sin e
n n

- cos’alncosa +sin‘alnsina

’ (vi lim n(?/-zz—l) =Inx (v6i x > 0))

n—>+w

= (x,)" > (cos OL)coszcl (sin oz)Sinzol

cosa —1 2 Xsina -1
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' Cho day sb {un} véi:

n+

u, e N
u,,, =11n(1+u§)—1999, n>1
2

Ching minh ring day {u} hoi tu
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Giai
Ta c6 f(x)= §1n(1 +x*)-1999 1a ham s6 kha vi trén R va f(x)

. X 11
=172 23 (vxeR)
Mit khédc, dit:

R | '
g(x)=x+ 1999—§ln(1+x2) »

=x — flx)
thi g ciing kha thi trén R va
X .
g’(x):l—1+ 7 >0 (VxeR)
Hon nita: ~ g(0).g(- 1999) = -@m@ 199*) <0

Tit d6 suy ra tén tai L € (-1999,0) sao cho:
g(L)=0«<f(L)=L
Ap dung dinh ly Lagrange, ta ¢6 ¢ e R sao cho:
Un -1 =Jf )- £(L)] = (c)|-Ju, ~ L < —Iu -1
Tir d6 ta duge:

n-1
lu, -L| < (—;—] lu,-L|, VneN

= limu, =L

n—+w




Cho {n N

n23 '

Hay x4c dinh gid tri 16n nhat cia G va gi4 tri nhé nhat cta k

sao cho n s§ duong trén c6 a,, a,,..., a_ thi bat ddng thic sau
day luén ludn ding: '

a, a ' a

k < + b+ <G
a,+a, a,-+a, a_ +a,
Giai
. n
Dé.t S= Zai
i=1
T=T | 2;
=T(a,,a,,...,8,) = ).
in & +a;,
(Trong dé: a_, =a,)
n g
Ta c6: T> Z—L =1
S
=>k=>1.
M4t khéc: ,
a a a a
n-T=—2—+-3 4+ + R
a,+a, a,-+a, a,,+a, a,+a,
=T(a,,a,.,..,a,)>1
=T<n-1
G<n-1
Vé6i x > 0, ta c6: _
. 1 X x*!
T(l,x,...,x“1)= — 4+ st ———
1+x x+X X" +1
n-1 x"1
= +

S l4+x 1+x™!

limT(l, x,...,x’;‘l) =n-1 |

x—>0

| lim T(l, X,..., X" ) =1

X~»+0

Nhu vay: Max G =n-— I,MinK=1




