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Peso1
DE THI CHON HOC SINH GIOI MON TOAN 9 TiNH VINH PHUC
Nam hoc 2015 - 2016

Cau 1 (2.0 diém). Cho biéu thitc A = &+4+ L] 2vx+5
x—4 x =2 \/;+2

a) Rut gon biéu thirc A.
b) Tim tat ca cac gia tri nguyén cua x dé€ biéu thic A nhan gia tri nguyén.
Ciu 2 (2.0 di€m).
a) Giai phuong trinh (x +1)(x =2)(x +6)(x - 3) = 45x*
b) Tim tat ca cac cap sd nguyén (x;y) thoa man X(X2 +X+ 1) =4 -1.
Cau 3 (1.0 di€m).
Cho céc s6 nguyén x, y thdéa man 3x + 2y = 1. Tim gid tri nho nhat cua biéu thic:
H=x"-y +‘xy‘+‘x+y‘—2
Ciu 4 (3.0 di€m).

Cho hai diém A va B phan biét, 1dy diém C bat ki trén doan AB sao cho 0 < AC < EAB . Vé tia Cx

vudng gboc voi AB tai C. Trén tia Cx 1ay hai diém D va E phéan biét sao cho g—i = g—g =3. Duong

tron ngoai tiép tam giac ADC va dudng tron ngoai tiép tam gidc BEC cat nhau tai diém thit hai la H (H
khong trung voi C)

a) Chting minh rang ADC = EBC va ba diém A, E, H thang hang.

b) Xac dinh vi tri cua C d&€ HC vudng gbc véi AD.

¢) Chting minh réng khi C thay d&i thi duong thang HC luén di qua mot diém c8 dinh.
Cau 5 (1.0 di€m).

Cho ba s6 thuc khong am x, y, z thoa man diéu kién x + y + z = 2. Chting minh rang:

X+2y+2z Z(?—X)(Z—y)(2—z)

Cau 6 (1.0 di€m).

Trén mit phang c6 ndm diém phan biét sao cho khong c6 ba diém nao thang hang va khong ¢
bdn diém nao cting thudc mdt duong tron. Chitng minh rang ton tai mot duong tron di qua ba trong

nam diém da cho va hai diém con lai ¢6 dting mot diém nam trong dwong tron.

Phan tich va huwdng da giai

Cau 1. Cho biéu thic A = &+4+ Lo| ] _2x+5
x—4 X =2 Jx +2

a) Diéu kién xac dinh cua biéu thitc Ala x > 0;x # 4. Ta c6




A_\/;+4+m'\/§+2—(2 x+5)_2(\/;+3)’—(\/§+3)_ )
- x -4 ' Jx +2 Cox-4 0 x4z 2-x
2

-~

chia hét cho 2 — \/; hay 2 — \/; € {—2;—1; 1;2} .

b) Véi x > 0 va x # 4 thita duoc A = . Do x nguyén nén dé€ A nhéan gid tri nguyén thi 2 phai

FV6 2—+x = 2 e x =4 < x = 16, khi d6 ta dwoc A = —1.
+Voi2-Vx=-1lcVx=3<x=9, khi détadwoc A =-2.
+Voi2-VJx=1lWx=1<x=1,khidétaduwoc A =2.

+V6i2-x =2 & x =0 x = 0, khi d6 ta duwoc A = 1.
Két hop véi diéu kién xac dinh ta duwoc x nhéan cac gia tri nguyén la 0;1;9;16 .

Cau 2 (2.0 diém).

a) Giai phuong trinh (x +1)(x —2)(x +6)(x - 3) = 45x".

o Phin tich. Chil y ring (x +1)(x +6) = x* + Tx +6 va (x —2)(x = 3) = x* = 5x + 6. Do d6 ta viét dugc

phwong trinh thanh (x2 +7x + 6) (x2 - 95X + 6) = 45x*. Chil y rang néu x # 0 thi ta chia hai vé'ciia phuong
N gy 6 6 VA N 6 N
trinh cho x, khi do ta dwoc | x + —+ 7 || x + ——5 | = 45. Dén ddy ta chi cin dit t = x + — + 1 thi ta dua
X X X
dwoc phirong trinh vé phwong trinh bic hai in t.
e Loi gidi. Nhan thdy x = 0 khong phai la nghiém ctia phuwong trinh.
Xét x # 0, khi d6 phurong trinh da cho twong duong véi

X X

(X2+7x+6)(x2—5x+6)=45x2 @[X+E+7j(x+§—5j:45

it t = x+ 2 + 1 thi phuong trinh trén tro thanh (6-6)(t+6)=45 < t*-81=0< t =49
X

AV t=0 tadugc x+ 0419 x? —8x+6=0 x = 4+10.
X

FV6it=—0taduoc x+ 9 41=-9 e x?+10x+6 =0 x = -5 + 19 .
X

Vay phuong trinh da cho ¢6 tap nghiém la S = {—5 - \/E; -5+ \/5;4 - \/5;4 + \/E} .

b) Tim tat ca cac cdp s6 nguyén (X; y) thdéa man x (x2 +X+ 1) =4" -1.

e Phan tich. Bai todn cho trong cdu b la mgt dang cuia bai todn phiwrong trinh nghiém nguyén. Triweoc khi dwea ra
cdc ddnh gid phu hop ta bién d6i phwong trinh truée.

Ta c6 phwong trinh dwoc viét lai thanh x(x2 +X+ 1) +1=4" < (x + 1) (x2 + 1) = 4" . Tir phwong trinh ta

nhin thdy do x, y la cdc s6' nguyén nén ta dwgc x,y 2 0. D€y dén co s6'4 cia lity thiva bén phdi thi ta nhin thiy




rang néu y =0 thi 4% la s6'1é, con néu y > 0 thi 4 la s6 chin. Do d6 ta di xét cdc truong hop ciia y dé tim
nghiém nguyén cho bai todn.

e Loi giai. Phuong trinh da cho twong duong véi x (x2 +x+ 1) +1=4" & (x + 1)(x2 + 1) =4",

Do X, y 1a cac s6 nguyén nén tir phuong trinh ta suy ra dugc x > 0;y > 0.

x+1=1

, = x =0.Tacd (0;0) 1a mot
x +1=1

+Xét y = 0, khi do ta c6 phwong trinh (X + 1)(}{2 + 1) =1= {
nghiém ctia phwong trinh.

+Xét y > 0, khi do 4 1as§ chinnén (x +1)(x” + 1) phai la s chin, do d6 x phai la s3 1é.

Pat x = 2k +1(ke N').

Khi d6 ta duoc (2k +2) [(Qk +1) + 1} = 4" & (k+ 1) (2K + 2k +1) =47

Dé thay 2k’ + 2k + 1 luon la s8 1é nén tir phuong trinh ta thu duoc k = 0. Tt d6 ta tim duwoc x = 1 nén
y=1.Tacod (1; 1) la mot nghiém ctia phuong trinh.

Vay phwong trinh da cho c6 hai nghiém (0; 0) va (1; 1).

o Nhdn xét. C6 thé gidi thich r6 hon tai sao ta c6 thé’ suy ra dwpc k = 0.

Do (k+ 1)(2k2 +2k + 1) = 4" nén ta dwoc 47 5(2k2 +2k + 1).
+Néu y =1 thi ta suy ra dwoc 2k” +2k +1 =1 tir dé ta dwoc k = 0.

+Néu y > 1 thi 47 1a liy thiva ciia 4, ma 4 5(21{2 + 2k + 1) nén 2k*> + 2k +1 =1 tir dé ta dweoc k = 0

Cau 3. Cho cac s6 nguyén x, y thdéa man 3x + 2y = 1. Tim gid tri nho nhat cua biéu thic

H=X2—y2+‘xy‘+‘x+y‘—2

e Phan tich. Gid thiét bai todn cho x va y nguyén thoa man 3x + 2y =1, ddy la mgt dang phwong trinh
nghiém nguyén v dinh va ta cé thé’tim dwoc nghiém téng qudt ciia phwrong trinh

XeZ.

1- § A A
Ta co 3x+2y:1<:>2y:1—3xc>y:—X+TX.D0x,ylc‘zs@nguyennen

qutl_szteZ thi ta diwoc x =1 -2t nén y = 3t — 1.

Ngoai ra tiv phirong trinh ta nhin thdy x va y trdi ddu, do do t viét lai dwoc biéu thire H la
H=x"-y —xy+‘x+y‘—2

Dé’'tim dwoc gid tri nhé nhdt ciia biéu thire H ta bién d6i biéu thirc H tir biéh x, y sang bién t.

Taco H=(1-26) —(36-1) —(1-2t)(36 1) +[1-2t+ 201~ 2= £ =36+ |¢| - 1.

Dé thiy biéu thirc H cd bdc 2 nén chi ciin xét cdc trieong hop t > 0 va t < 0 la ta tim dwoc gid tri nhd nhét ciia
biéu thirc H.

e Loi gidi. Do X, y 1a s6 nguyén théa man 3x + 2y =1 nén ta suy ra dugc x va y trai ddu.




1- n A A
Ta co 3x+2y=1©2y=1—3x<:>y=—X+TX.Dox,ylésonguyennen *ez.

1-x

bat =teZthitadwugc x=1-2t nén y =3t —1.

Tirdosuyra H=(1-2t) —(3t-1) —(1-2¢)(3t~1) +[1-26+ 20~ 1 -2 = * = 3 4] - 1.

+Xét 20, khid6tacd H=1t"~2t~1=(t~1) ~2> -2, ddu bing xdy ra khi t = 1.

+Xét t <0,khidétaco H=t" -4t -1>-1> 2.
Vaytaco H = =-2 khi t =1 hay x =-1;y =2.

Céu 4. Cho hai diém A va B phan biét, 18y diém C bat ki trén doan AB sao cho 0 < AC < %AB . Vé tia

Cx vudng gdc v6i AB tai C. Trén tia Cx 1ay hai diém D va E phan biét sao cho g—i = g—g =3. Duong

tron ngoai tiép tam giac ADC va dudng tron ngoai tiép tam gidc BEC cit nhau tai diém thit hai la H (H

khong trung voi C)

a) Chttng minh rang ADC = EBC va ba diém
A, E, H thang hang. E

—_

e Phin tich. D& chitng minh dwoc ADC = EBC
ta di chirng minh AADC o« AEBC, dé'y rang tir H
Qidi thiét cia bai todn ta ¢6 diéu do. D chitng minh

ba diém A, E, H thing hang ta cin chirng minh duwoc

e —_

AHC + CHE = 180°. B¢y ta dii c6 ADC = EBC

— -

va AHC = ADC. Nhw vdy bai todn sé két thiic khi

—

ta chi ra dwgc EBC + CHE = 180°, tuy nhién diéu
nay hién nhién vi tir gide BCHE ndi tiép.

o Loi giai.

. CE CA
a—=——o

=\/§.Laic()]§C\A=]§C\E=900.
CD

+ Tt giai thiét ta c6 CE > CD v

Do dé tacd6 AADC «» AEBC, tir d6 suy ra ADC = EBC.

+ Do i gidc AHDC noi ti€p nén AHC = ADC va t& gidc BCHE noéi ti€p nén EBC + CHE = 180".

—_ e

Két hop v6i ADC = EBC thi ta dwoc AHC + CHE = 180° hay ba diém A, E, H thang hang.
b) Xac dinh vi tri ctia C ¢ HC vudng goc véi AD.

e Phan tich. Tir tan ADC = é—g =3 1 duweoc ADC = 60°. Khi AD vuong géc voi HC ta dyw dodn C sé la

trung diém ciia AB. Mudn chitng minh dwoc diéu nay ta cin chi ra dwoc tam gidc ABE déu hay ta cin chi ra

AEB = HCA = 60"




e Loi giai. Tir giai thiét CE_CA _ V3 tacé tan ADC = AC_ 3, do d6 ta suy ra dugc ADC = 60"
CB CD CD

, tir déy ta thdy EBC = 60°. Nhu vay khi AD 1 HC thi ACH = ADC = 60"

Ma ta lai c6 tt gidc BCHE noi tiép nén suy ra AEB = HCA = 60°.

Diéu nay dan dén tam gidc ABE déu, suy ra C la trung diém cta AB.

¢) Chting minh réng khi C thay d&i thi duong thang HC ludn di qua mot diém c8 dinh.

e Phdn tich. Ti gid thiét ciia bai todn ta c6 AHB = 90", diéu nay cd nghia la H ludn thudc duong tron duwong
kinh AB c& dinh. Mt khdc ta luén c6 AHC = ADC = 60" . Nhw vdy khi C thay doi thi H luon nhin mt cung
tron khong d6i trén dieong tron dwong kinh AB. Do A cd dinh nén cung tron dé c6’dinh hay HC di qua diém c6’
dinh.

e Loi giai. Ttr gia thiét ctia bai toan ta 6 AHB = 90°, do d6 H ludn thudc duong tron duong kinh AB
8 dinh. Goi I 1a giao di€ém ctia HC v6i duong tron duong kinh AB. Ma ta ¢6 AHC = ADC = 60" . Suy
ra khi C thay d6i thi H luén nhin mét cung tron Al khong ddi. Do A ¢8 dinh nén I ¢6 dinh, do &6 HC di
qua diém I cd dinh.

o Nhdn xét. Bai todn hinh khong qua kho, tuy nhién cin khai thic dwoc gid thiét theo nhiéu hwéng khic nhau dé¢

c6 thé tim ra 10i gidi. Ching han trong v thit nhdt ta ste dung gidi thiét g—i = g—g =3 dé’chitng minh hai tam

gidc dong dang, con trong hai y con lai thi ta si dung gidi thiét S—E = g—g =3 dé’suy ra cdc goc bing 60° .

Cau 5. Cho ba s6 thuc khéng am x, y, z thdéa man diéu kién x + y + z = 2. Chtéing minh réng:

x+2y+22(2-x)(2-y)(2-7)

e Phan tich. Quan sit bat ding thirc ta thiy cd thé viét lai dwoc thanh
X+y+y+z2(y+z)(z+x)<x+y)
Dé don gidn hoa ta cé thé’ doi bieh a = x +y;b =y + z;¢c = z + x . Khi d6 bt ding thiec dwoc viét lai thanh

a+b > abc. Chil y ring gid thiét méi la a +b + ¢ = 4. D'y dén vai tro ciia a va b trong bat ding thikc ciin

chitng minh, ta dw dodn ddu bang ciia bt ding thirc xdy rakhi a =b =1;c = 2.

Nhie viy ta thily a+b = ¢ = 2, tie d6 d¢'y dén ddnh gid a +b+c 2 2,/(a+b)c

Hay ta c6 221/(a+b)c @42(a+b)c.

D& lam xudt hién a+b bén vé phdi ta nhin cd hai v& v6i a+b, khi d6 ta dwoc bat ding thikc
4(a+b)>(a+b) c. Chul y déi dinh gid (a +b) > dab ta cd dicu phdi chiing minh.
* Loi giai. Bat déng thiic ta thay c6 thé viét lai duoc thanh x +y +y +2 2 (y +2) (2 +x)(x +y)
bita=x+y;b=y+zc=z+x.Khidothr x+y+z=2taduwgca+b+c=4.
Bat d:fmg thitc dwoc viét lai thanh a + b > abc.

Ap dung bat d¢éng thitc Cauchy tacd 4 =a +b +c¢ > 2 (a + b) c




Haytaduoc221/(a+b)c <:>42(a+b)c nén 4(a+b)2(a+b)2c.

2
Ma ta lai c6 (a +b) > 4ab nén suy ra 4(a + b) > 4abc hay a +b > abc.
Bat dang thitc dwoc chiing minh. D&u bang xay rakhi a =b =1;¢ =2 hay x =z =1,y = 0.
Cau 6. Trén mat phiang c6 nam diém phan biét sao cho khong c6 ba diém nao thing hang va
khong c6 bén diém nao cting thuéc mot duong tron. Chitng minh rang ton tai mot duong tron di qua
ba trong ndm diém da cho va hai diém con lai c6 ding mot diém nam trong duong tron.
e Phdn tich. Gia st ta vé dwoc dweong tron thoa man yéu /\
ciu bai todn. Khi dé dé trong ba diém C, D, E cd diém C A B
nam trong dwong tron va diéin E nam ngoai dwong tron khi
dé ACB > ADB > AEB, chii y rang néu diém E nam
khéc phia v6i C, D so v6i AB thi so v6i E ciing c6 thé nam

trong hodc nam ngoai dwong tron. Do dé dé'ddm bdo diém E
luén nam ngodi thi ta cin cdc AB nhd nhat, liic nay thi cdc E
gdc XC\B; ﬁ; X]ﬁ?) luon la géc nhon. Tir do theo
nguyén Iy cyc han ta c6 thé gia siv AB nhé nhat, khi do bai
todn dwoc chirng minh.

e Loi giai. Ty nam diém A, B, C, D, E ta vé duoc 10
doan thang. Gia stt trong 10 doan thang d6 thi AB c6
dd dai nho nhat. Khi d6 véi ba diém C, D, E con lai c6
hai truong hop x4y ra.

+ Truong hop 1. Ca ba diém C, D, E cling ndm trong
ntta mat phang c6 bo 1a duong thang AB. Vi khong c6
bdn diém nao cling nam trén mot duong tron nén cac
diém C, D, E nhin doan thiang AB dudi cic géc nhon
khac nhau. Khong mat tinh tong quat ta gia s
ACB > ADB > AEB. Khi d6 vé duong tron di qua ba

diém A, B, D thi ta c6 diém C nam trong duong tron

va diém E nam ngoai duong tron.
+ Truong hop 2. Ba diém C, D, E nam trén hai nita mat phang d6i nhau bo 1a duong thang AB. Gia st

C, D nam trén cung nita mat phang c6 bo AB. Vi khong ¢ bon diém cung nam trén mot duong tron

nén C, D nhin doan AB dudi cac goc nhon khac nhau. Khong mat tinh tong quat ta gia st ACB > ADB
. Khi d6 vé duong tron di qua ba diém A, B, D thi ta c6 diém C nam trong duong tron. Do diém E nam
trén nita m3t phang bo AB con lai va AEB Ia g6c nhon nén E ndm ngoai duwong tron.

Vay ludn ton tai duwong tron thdéa man yéu cau bai toan.

2 Nhdn xét chung.

o D@ thi c¢6 ddy dii cic dang bai todn vé dai s6, s6"hoc, hinh hoc va t6 hop.

o Trong dé thi cdc bai todn dai s6, hinh hoc khdng qud khé, cdc bai todn s hoc va t6 hop khé hon.

e Hai bai todn s6 hoc va t6 hop khd hay va nhiéu kha khd ning la cd it hoc sinh hoan thanh dwgc hét dé thi,



Pé s6 2
DE THI CHON HOC SINH GIOI MON TOAN 9 TINH THANH HOA
Nam hoc 2015 - 2016
Cau 1 (4.0 diém).

Cho biéu thirc A = {a_?’@ a+3\/§}.(\/;—%],vdi a>0a%9.
a

Ja+3  a-3

a) Rut gon biéu thirc A.

b) Tim gid tri nho nhat cua biéu thiic M = A +a.
Ciu 2 (4.0 di€m).

a) Giai phwong trinh A + X 1

x* V2x® +9

x’ -y’ =4(4x -
b) Giai hé phuong trinh { T (4x-v)
y —5x" =4
Cau 3 (4.0 diém).
a) Tim cac nghiém nguyén (x; y) ctia phwong trinh 54x* +1=y°.
b) Tim céc gié tri nguyén duong cia m d€ phuong trinh x> — mxy + y* + 1 = 0 c6 nghiém
nguyén duong (x, y 1a an).
Cau 4 (6.0 diém).

Cho duong tron tam O ban kinh R. Tam giac nhon ABC ndi tiép duong tron (O; R) c6B,Cco
dinh. Cac duwong cao AD, BE, CF ctia tam gidc ABC dong quy tai H. DPuong thang chita tia phan giac

ngoai ctia goc BHC cat AB, AC Ian luot tai M, N.
a) Chting minh rang tam giac AMN can.
b) Xac dinh vi tri cua diém A d€ tam giac DEF c6 chu vi 16n nhat.

e

¢) Puong tron ngoai tiép tam giac AMN cat deong phan giac ctia goc BAC tai K(K # A) . Chiing
minh rang HK ludn di qua mdt diém c8 dinh khi A thay d6i.
Céu 5 (2.0 di€m).

Cho ba s8 thuc duong a, b, ¢ théa man diéu kién ab” + bc” + ca’ = 3. Chiing minh rang:

2a° +3b°  2b° +3c¢®  2¢” +3a°
+ +

ab be ca

215(35’*+b3 +c3—2)

Phan tich va hwéng dan giai

Cau 1. Cho biéu thic A = a-3Va _a+3Va .[\/Q—i],véi a>0a%0.
\/g+3 a—3 \/;

a) Rut gon biéu thirc A.




. (x/;—s)?—(\/5+3)2 a_9_\/;[(a—6\/;+9)—(a+6\/;+9)}a_g_
A =+a. (\/;_3)(\/;+3) T — A =—12Va

b) Véia>0:a %9 thi A =—12va, khidétaduoc M= A +a=a—12Va.
Tacd M=a—-12Va =a—12 a+36—36:(\/;—6)—362—36,dé’ub§ngxé’yrakhia=36.

Vay gia tri nho nhat caaM la —36 khi a = 36.

o Nhdn xét. Ciu thir nhdt ciia dé thi thudc dang riit gon biéu thitc chita cidn va cdc bai todn lién quan. Biéu thirc
2 N

M c6 dang x +anlx +b nén ta vict M ¢ dang [ A (x) [ +1 >k v6i A (x) la biéiu thirc chita x va k li hing

so.

Cau 2.

a) Giai phuong trinh % + X 1.

X7 2P+ 9

e Phin tich. Phwong trinh di cho chi chiva mgt ddu can thikc dwéi mdu, do dé dé'don gidn hoa phwong trinh ta

7 PAE TR . z A P [y 9 VA . 2N
co thé dat an phu t = , khi do ta cin biéu dién — theo t. Chii y rang x # 0, khi d6 tir t = =

X
V2x? +9 X V2xt +9

2 2
X lz B9 2+ % Dén day ta quy phwong trinh vé dn t dé gidi.

ta duge t* = — = 5
2x°+9 t X

e Loi giai. Diéu kién xac dinh ctia phuong trinh la x # 0.

’ 1 2x°+9 9 9 1
Détt:L;ﬁO,khidétaduocf: Z( === X2 =2+—==>—==-2.
Vox2 49 2x"+9 t X X bl t

Thay vao phwong trinh da cho ta duoc %—2 +2t=12t -3 +1=0< (t—l)2 (2‘5 + 1) =0.
t
o . x>0 x>0 o R
+Voi t-1=0 taduwoc x =V2x" +9 &4 ) &9, , hé vo nghiém.
X =2x"+9 x*+9=0
=
4x* =2x* +9 2% =9 2

x <0 x <0
+Vc’yi2t+1=0taduoc—2x=\/2x2+9®{ { @xz—ﬁ.

Két hop véi diéu kién xac dinh ta duoc x = — % la nghiém duy nhat caa phwong trinh.

e Nhdn xét. Phwong trinh trén dwoc dwa vé phwong trinh dn t qua mgt phép dat an phu. Sé la sai [im néu ta

9 2x 9 2
thiec hien bitn doi — + ————==1 — + ——==1
x* V2x® +9 x* 2+g

2
X

Ly do la & ddy ta chua xdc dinh dwoc x nhin gid tri dm hay dwong. D& khic phuc didu nay ta c6 thé xét
truong hop x dm va x dwong dé dwea phirong trinh vé dang




LIV S B B
X X
2+% 2+%
X X

Tuy nhién cdch gidi quyét nay ta phdi xét hai trieong hop.

x' —y? =4(4X—y)
vy’ —5x* =4

b) Giai hé phuwong trinh {

e Phan tich. Quan sdt hé phwong trinh ta thay trong phirong trinh thir nhit thi vé'trdi co bic ba va vé' phai co
bic nhat, con trong phwong trinh thir hai thi vé'trdi c6 bdc hai va vé'phai c¢6 bdc 0. Nhir vidy néu ta nhan chéo hai
phwong trinh thi ta thu diegc mot phwong trinh dong bdc ba. Dén day ta tim cich phin tich phwong trinh bdc ba
thanh tich hodc sir dung cdch dit x = ky .

e Loi giai. Ttt hé phuong trinh da cho ta duoc

4(x3 —y3) = 4(4}<—y)(y2 —5X2) & 21X - 56X’y —4xy’ =0 & X(7x—4y)(3x+y) =0
+Néu x = 0, thay vao phuong trinh thit hai cia hé ta dwgc y* =4 < y = +2.

+Néu 7Tx -4y =0 < x = 47},, thay vao phurong trinh thit hai ctia hé ta duwoc —i—; y’ =4, vd nghiém.

+Néu 3x+y=0<x= —%,thayvéo phuong trinh thi hai ctia hé ta duoc y° =9 < y = 3.

Khiy=3thix=-1vay=-3thix=1.

Vay hé phueong trinh cé cac nghiém la (x; y) = (0; 2) , (0; —2) , (—1; 3) , (1; —3).

o Nhan xét. Trong hé phwong trinh trén ta siw dung phwong phdp nhin cic phwong trinh khi phdt hién ra tich
chit vé bic ctia cdc phwong trinh. Ngodi ra A€’y ta thdy phwong trinh thie hai la 4 = y* —5x” va trong vé phdi
cia phwong trinh thit nhdt co thiea s6° 4, khi do ta siv dung phép thé" thi thu dwoc phwong trinh
(x3 - y3) = (4x - y) (y2 - 5x’ ) , dén day ta cé két qua twong tw nhw trén.

Cau 3.

a) Tim c4c nghiém nguyén (X; y) ctia phuong trinh 54x° +1 = y°.

o Phén tich. D¢y ta thiy 54x° = 2(3){)3. Do d6 ta c6 th dit t = 3x(t € Z), khi d6 ta c6 phuong trinh
2t> + 1 =y". Tir ddy suy ray phdi la s6' nguyén 1é nén ta dit y = 2k + l(k € Z) . Khi d6 ta lgi c6 phwong trinh
2t° +1 = (Qk + 1)3 st = 1{(41{2 + 6k + 3). Dén day ta ciing chua thé khiang dinh dwoc t chia hét cho k, do
dé hwéng di nay khong higu qud. D& y tr 2t +1=7y’ ta viet dwoc phwong trinh lgi thanh
2 3 S
8t” (2’53 + 1) =8t’y’ < (4‘53 + 1) = (Zty) +1. Chil y ridng trudc khi nhan véi 8t° ta cin xét cic trieong hop
t=0 va t=0. Lic nay dé don gidn héa ta dit a =4t’;b=2ty. Khi d6 phwong trinh c6 dang
(a+1) =(b+ 1)(b* =b+1). Nhin thiy (b+1,5" =b+1)=1 nén phuong trinh ta thu duwgc b+1 va

b’ —b +1 la cdc 6 chinh phwong. Do d6 lai dgt b+1=m’ va b*> —b +1=n" thi ta dwoc, dén ddy ta tim moi

lién hé ctia m va n dé gidi bai todn.




* Loi gidi. Do 54x° = 2(3x) . Do d6 ta 6 thé dat t = 3x (t e Z).
Khi d6 ta c6 phuong trinh 2t* + 1 = y*. Ta xét cc truedng hop sau
+Xét t =0 suy ra x = 0 khi d6 ta dwoc y =1.
+Xét y = 0 thi khong ton tai x nguyén téa man bai toan.
+Xét t # 0;y # 0, khi d6 ttr phuwong trinh 2t* +1 = y* ta dwoc

. . 2

8" (267 +1) = 8t'y" & (48" +1) = (2ty) +1
. \ . 2 2

Dit a = 4t*;b = 2ty(a #0;b # 0) . Khi d6 phuong trinh c6 dang (a + 1) = (b + 1)(b -b+ 1).

Tt phuong trinh trén va b’-b+1>0 tadwoc b+1>0.Goi (b+1,b2 —b+1)=d.

C|b+1:d ) . .
Ta cé b2 _b+lsd:b(b+1)—2(b+1)+3:d:>3:d,dodotaduc_yc de{1;3}.

Ma ta thdy t:3 nén a:3 do dd a + 1 khong chiahétcho3,suyrad#3 nénd=1.
Hay ta dwoc (b+1,b2 —b+1) =1.
Nhu vay theo (a + 1)2 = (b + 1)(b2 -b+ 1) thi b+1 va b’ —=b +1 1a c4c s6 chinh phuong.
Dit b+1=m” vd b’ =b+1=n’ véi m, nla cic s nguyén dwong. Khi d6 m > 2 nén m” > 4.
2 2 2

Tacé b=m"—-1nén n’ =(m2 —1) —(m2 —1)=(m2 —1) —Q(m2 —2)< (m2 —1)

2 2 2
Laics n* =(m’ -1} —(m’ -1) = (m’ =2) +(m*-1) > (m* -2} .

2 2 2 2 2 M

Do d6 ta duoc (rn - 2) <n < (m - 1) , diéu nay vo ly.
Do d6 phuong trinh (a +1) = (b+1)(b* — b +1) khong c6 nghiém nguyén.
Vay cdp sO nguyén thoa man phuong trinh da cho la (X; y) = (O; 1)
b) Tim cdc gid tri nguyén dwong ciia m dé phuong trinh x* —mxy +y* +1 =0 ¢6 nghiém nguyén dwong (x, y
la én).
e Phin tich va 1oi giai. Trong tat ca cac nghiém nguyén duong (X; y) thoa man phuong trinh, gia st
(XO; yo) la mot nghiém théa man x;, +y, nho nhat. Do vai tro ctia x va y nhu nhau nén khong mat
tinh tong quat ta c6 thé gia st x, <y, . Xét phuong trinh bac hai c6 an y la y' - mx,y + Xf) +1=0.
Ta c6 y, 1a mot nghiém cua phuwong trinh trén. Goi nghiém con lai la y, .

yU +y1 = HlXO

Khi d6 theo hé thirc Viet ta co 9 .
YoV, =X, + 1

Dé dang nhan thay y, <0 gié tri nguyén va tir cach chon (XO; yo) ta suy ra duoc y, <y,.Dén day ta

xét cac treong hop sau



. N\ AY \ DA 1 A A? \ V4
e Truong hop 1: Néu x, =y, thi tt phuong trinh ban dau ta dwgc m =2 + — - Nén démva x, co

X0

0
gid tri nguyén thi x, =1 va m = 3.

Véi m = 3 ta thay (x; y) = (1; 1) la mot nghiém nguyén dwong cua phuong trinh da cho.

e Truong hop 2: Néu y, =y, thitkr y,.y, = X% + 1 hay ta duoc (y0 - XO)(yO + XO) =1.

N Yo = X0 = 1 Yo = 1 \ \ N ~
Tt d6 ta suy ra dwoc = 0 Truong hop nay loai vi (xo; yo) nguyeén duwong.

yo-i—xozl X, =

e Truong hop 3: Néu x, <y, <y, khiddtaduwocy, >2x,+1; y, >x,+2.

Kéthop véi y,.y, = x; +1 taduoc x;, +1>x +3x, +2 = 3x, +1<0, dieunay volivi x, > 0.
Nhu vay dé€ phuong trinh da cho ¢ nghiém nguyén duong thi m = 3 va khi d6 phuong trinh c6
nghiém nguyén duwong la (X; y) = (1; 1) .
o Nhin xét. Y thit hai ctia cdu 3 ta str dung dinh 1y Vi — et ¢ chitng minh k = 3 la gid tri cin tim, tuy nhién dé
logi di cdc trieong hop khdc 3 ta cin sir dung dén nguyén Iy ciec han.
Bai todn nay dwoc phdt biéu dwéi dang cic bai todn khdc nhu:
o Chii y rang v6i k = 3 1a s6' nguyén t6, khi d6 ta phdt biéu lai bai todn trén nhw sau:
+ Bai todn 1. Cho a, b la cdc s6' nguyén dwong théa man diéu kign a’ +b”> + 1 chia hét cho ab. Chirng minh

. a’+b’+1 . o
rang B la s6'nguyén to.
a

+ Bai todn 2. Tir phwong trinh x* —mxy +y° +1=0 ta thay y = 2t va x = kt — z, khi do ta dugc phwong

N SR 2 2 2 2 2 A7 A
trinh méi la (mt —z) —2m(mt —z)t +(2t) +1=0. Thu gon ta dwoc z —(m —4)‘5 =-1. Dén day ta
phat biéu dwoc bai todn nhw sau:

Xdc dinh cic s6' nguyén duwong k sao cho phuwong trinh z° — (m2 - 4) t* = =1 6 v0 s6' nghiém nguyén

dwong.
Céu 4. Cho duong tron tam O ban kinh R. Tam gidc nhon ABC ndi tiép duong tron (O; R) c6B, Cco
dinh. Cac duong cao AD, BE, CF ctia tam gidc ABC dong quy tai H. Puong thang chita tia phan giac

—

ngoai ctia goc BHC cat AB, AC Ian luot tai M, N.
a) Chitng minh rang tam gidc AMN can.
e Phdn tich. Dé chitng minh diwroc tam gidc AMN cin ta di chitng minh AMN = ANM.

e

Dé thidfy AMN; ANM [in lwot la cic géc ngoai ciia tam gide BMH va CNH.

— — -

Lai thay dwoc FBH = C/H\E, nhw vdy ta cin ¢6 MHB = NHC. Tuy nhién diéu nay ta dé dang cé dwgc do do

J—

HM va HN lan lwot la phin gidc cua goc BHF va CHE.

e Loi giai. Theo tinh chat goc ngoai ctia tam gidc ta co



AMN = ABH + MHB A

ANM = ACH + NHC x
Do HM va HN lan luwot la phan giac cua goc Q
BHF va CHE va ta ¢ BHF = CHE nén

suy ra duoc MHB = NHC. Lai c6 tt giac F
BFEC ndi tiép nén FBH = CHE. M

—

Ttr d6 ta dwgc AMN = ANM nén tam giac
AMN can tai A. D c

b) Xac dinh vi tri ctia diém A dé tam gidc DEF ¢6 chu vi 16n nhat.

e Phdn tich. Dy dodn rang tam gidc DEF c6 chu vi I6n nhat khi M nam chinh giita cung 16n AB. Nhw vdy khi
dé ta thdy AD c6 do dai 16n nhat va tam gidc ABC c6 dién tich I6n nhdt. Nhw vdy ta cin biéu dién dwoc chu vi
cuia tam gidc DEF theo dién tich tam gidc ABC. Ta thdy cé cdc y twong sau.

+ Ta sé dwng mot doan thing cé d6 dai bing chu vi tam gidc DEF 1di chi ra dogn thing d6 dai nhat khi AD Ién
nhit. Mudn vdy ta ldy P, Q lin lugt d6i xitng véi D qua AB va AC. Khi d6 ta bon diém P, E, F, Q thing hang.
Khi d6 ta c6 chu vi tam gidgc DEF la dogn thiang PQ. Liic nay ta thdy AP = AD = AQ nén tam gidc APQ cin

tai A, do @6 PAQ = 2BAC khong doi. Nhw vdy PQ 16n nhit khi AP 16n nhit hay AD 16n nhdt. Diéu nay c6
duwoc khi A nam chinh giita cung 16n BC.

+ Ta sé tim cdch biéu dién dién tich tam gidc ABC theo chu vi ctia tam gidc DEF. Nhidn thidy AO vuéng géc véi

EFdodd S, = %AO.EF. Hoan toan twong tw nhw vdy ta tinh dwoc
1
Susc = Seora T Senor + Sopor = ER (DE +EF + FD)
Mitacs S, = %AD.BC nén DE + EF + FD = AD}'{BC ,
AD.BC

Do BC, R khong déi nén DE + EF + FD = I6n nhat khi AD I6n nhat.

e Loi giai
Cach 1. Lay P, Q Ian luot d6i xtiing voi D qua AB va AC.
Khi dé taco FP =FD va ED = EQ.Dodotaco p,,. = DE + EF + FD = PQ.

—_—

Tt cac ti giac BDHF, BCEF va CDHE ni ti€p ta ¢6 PFB = BFD = BHD = DCE = EFA
Tt d6 suy ra ba diém P, E, F thang hang. Tuong tu ta dwoc bén diém P, E, F, Q thang hang.

Lai co AP = AD = AQ nén tam giac APQ can tai A, do d6 PAQ = 2]§A\C khong d6i. Nhw vay PQ lon
nhat khi AP 16n nhat hay AD 16n nhat. Diéu nay c¢6 dwoc khi A nam chinh gitta cung 16n BC.

Vay chu vi tam giac DEF 16n nhét khi A 1a diém chinh gitta cung 16n BC.

Cach 2. Trudc hét ta chiing minh OA vudng goc voi EF.



That vay tit A ta vé ti€p tuyén voi duong tron (O). Khi d6 ta c6 BAx = ACB . Mat khac tit giac BCEF
ndi tiép nén ta c6 AFE = ACB. Do d6 ta duoc AFE = xAB nén Ax//EF ma talai c6 OA L EF.
Hoan toan twong tu ta cting c6 OB L DF;CO L DE . Tt d6 suy ra

S, = Suops +Sunor + Seney = %R.AO +%R.OB 4 %R.OC - %R (DE + EF + FD)
Matacd S, . = %AD.BC nén DE + EF + FD = AD}’{BC .
A o ADBC _, Mo Lt . ~
Do BC, R khong d6i nén DE + EF + FD = 16n nhat khi AD 16n nhat.

Vay chu vi tam gidc DEF 16n nhat khi A nam chinh gitta cung 16n BC.

¢) Puong tron ngoai tiép tam giac AMN cat dudong phan giac ctia goc BAC tai K(K # A) . Chting
minh rang HK ludn di qua mot diém c8 dinh khi A thay d6i.

e Phdn tich. Tir hinh vé ta dy doan dwoc HK di qua trung diém ciia BC c6'dinh. Mt khdc ciing tir gidi thiét va
hinh vé ta nhin thiy tiv tie Qidc HIK] la hinh binh hanh. Do dé HK di qua trung diém cia I]. Mudn chitng minh
dwoc HK di qua trung diém ciia BC thi ta ciin chi ra dwgc 1] song song véi BC.

e Loi giai. Goi I 1a giao diém cta BH véi KM, J la giao diém cua CH vdi KM.

DPuong tron ngoai tiép tam gidc AMN cat tia phan gidc ctia goc MAN tai K nén AK la duong kinh cta

—

duong tron. Ttr d6 ta c6 KMA = KNA = 90". Tt 46 dan dén KM//CH va KN//BH suy ra t& gidc HIK]
la hinh binh hanh, do d6 HK di qua trun diém cta IJ.

Do IM//HF nén theo dinh ly Talets ta c6 % = % Lai c6 HM Ia phan giac ctia tam giac BHF nén ta c6

MF HF .. ., IH HF . . , H] HE

—— = — . Tir d6 ta duoc — = — . Hoan toan tuong tee ta c6 — = —.

MB HB IB HB CJ HC

Ma t giac BCEF noi tiép nén ta cd ar _HE do do m_ E Tt day suy raIJ //BC.
HB HC IB CJ

Vay HK di qua trung diém cua BC ¢6 dinh hay HK ludn di qua mét diém ¢8 dinh.

o Nhdn xét. Co thé'ndi bai hinh ciia dé thi la mgt bai hinh kho. D kho ciia cdc yf trong bai hinh ting din. Ditng
trede bai todn nhuw vdy ta cin phdi don gidn héa bai todn bang cdch thay doi yéu ciu chieng minh dé duwa didu cin
chitng minh vé dang quen thudc hon. Ngoai ra ciing phdi tim dwoc moi lién hé chat ché giia cic gia thiét cua bai
todn. Trong bai todn ta cin ndm cic diéin sau.

—

+ Dé chitng minh dwgc tam gidc AMN cin ta di chitng minh AMN = ANM .

+ Dé chi ra dwoc vi tri ciia diéim A ta ciin tim dwegc moi lién hé ciia chu vi gidge DEF v6i dwong cao AD.

+ Dy dodn duoc diéin cd dinh ma doan thing HK sé di qua va phdt hién ra hinh binh hanh HIK] ta quy bai todn
veé chirng minh IJ song song véi BC.

Cau 5. Cho ba s8 thuc duong a, b, ¢ théa man ab” + be” + ca’® = 3. Chitng minh rang:
2a° +3b°  2b° +3c¢® 2¢” +3a°
+ +

ab bc ca

215(a3+b3 +c3—2)

e Phan tich. Chii y dén gid thiét ab® + bc” + ca’ = 3 ta viét lai bt ding thirc thanh.




5 5 5 3 5 5
2a’ +3b +2b * 3 +2C +3a 215(a3+b3+c3)—10(ab2+bc2+ca2)
ab be ca
Du dodn duwoc diu bang xdy ra tai a = b = ¢ = 1. Quan sdt bit dang thirc cin chitng minh trén ta quy vé chirng
. 2a” +3b’

minh =————— >ma’ + nb’ —10ab’ véi m, n la cic hang s6. Ta cin tim dwoc m, n dé’bat ding thirc trén xdy
a

ra. DY ring bt ding thirc c6 ddu bang xdy ratgi a =b =1 va m+n = 15.
5 5
Khi d6 ta viét Igi bat ding thikc trén thanh 2 (%} +3> % m [%) o % . Dit t = % thi ta viet lai bat
ding thitc trén thinh 2t” +3 > t(mt” =10t +n) < 26 —mt’ +108 — (15— m)t +3 > 0.
Lai chit vj ring déu biang xdy ra khi t = 1. Do d6 ta phén tich bat ding thikc trén thanh
mt (6= 1)(¢ + 6+ 1) < (£ -1) (2t +26° + 26" + 126 - 3)

2t +2t° + 2t +12t -3
& (e-1) - t(t2+t+1) =0

Chon t =1 thi ta dwoc m =5, dan dén n = 10.

2a° + 3b°
a

Tir d6 ta di chitng minh bat dang thikc > 5a® +10b® — 10ab’. Bat ding thirc trén twong duwong véi

(a - b)4 (Qa + Bb) > 0. Ap dung twong tw ta c6 1oi gidi cho bai todn.

N Lo .o . Ny 3% .22’ +3b’ 3 3 2
e Loi giai. Trudc hét ta di chitng minh bat dang thirc — > 5a” +10b” —10ab”.
a

That vay, v6i a va b la cac s6 thue duwong ta ludn c6
2a° + 3b°

ab \

& 2a” —5a’'b +10a’h’ —10ab’ +3b” > 0 < (a—b) (2a+3b) =0

> 5a® +10b® — 10ab? < 2a° + 3b° — ab(5a3 +10b% — 10ab2) >0

2a° + 3b°
ab

Bat dang thtkc cudi cung ludn ding. Do vay ta ¢6 > 5a’ +10b® —10ab’.

2 5 + 5 2 5 + 5
Hoan toan twong tu ta cd % > 5b% +10¢° - 10bc? va 2< T30
c ca

> 5¢* +10a® —10ca’.

Cong theo v& cac bat dang thitc trén ta duoc
2a° +3b°  2b° +3¢’  2¢” +3a’
+ +

ab be ca

> 15(a3 +b’ Jrcs)—lo(ab2 + be? +ca2)

Ma ta cdab’ + bc® + ca’ = 3 nén ta duwoc
2a° +3b° 2b° +3c®  2¢’ +3a°
+ +

ab be ca

215(&3+b3 +c3—2)

Vay bat dang thitc duoc chitng minh. DAu dang thitc xdy ra khi vachikhi a=b=c=1.

5 5
e Nhén xét. Phuong phdp cdc dinh cic hing s6'm va n dé’% > ma’ +nb’ —10ab’ luén xdy ra véia, b
a

dwong duwoc goi la phuwong phip hé s6'bat dinh trong chitng minh bat ding thirc.
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Cau 1. (4.0 diém)
x —oy =-20

@) Giai hé phuong trinh {(1 ) (1+2x) (14 8x) = (1+ 3y ) (1+ 3y + 2

b) Tim t4t ca cac s6 thuc m dé phuong trinh x* — 2 (2m + 1) X+ 3m +4 =0 c6 hai nghiém duong
phan biét.
Cau 2. (4.0 diém)

a) Cho x, y, z 1a cac s thyc thoa man \/;+\/;+f =2 va x+y+z=2. Tinh gia tri cua biéu
thiec:

Vi Ay e
P=x+1)(y+1)|z+1) + +
\/( )(y )( ){X+1 y+1 z+1]
b) Viét phuong trinh duong thang di qua diém M (1; 2) va cat hai tia Ox, Oy l4n luot tai hai diém
A va B khac goc toa do O ma thoaman OA + OB =6.
Cau 3. (4.0 diém)

, ., I 3
a) Tim céc s6 tu nhién co hai chit s6 ab théoa man ab + 6 = (a + b) .

b) Cho a =111...1 va b =1000...05. Chtmg minh rang s8 M = ab + 1 1a s8 chinh phuong.
2017 cs1 201650
Cau 4. (4.0 diém)

Cho t& giac ABCD noi tiép duong tron duong kinh AB =2R. Biét BC =CD va hai duong
thang AD, BC cit nhau tai F. Trén duong kinh AB 14y diém E sao cho AD = BE. Vé EH vudng géc véi
AD tai H. Hai duong thang AC, EH cat nhau tai K. Goi I 1a trung diém ctia AE.

a) Chting minh rang AD.AF + BC.BF = 4R’.

b) Chiing minh rang ba diém D, I, K thang hang.

Céu 5. (2.0 diém)

Cho t gidc ABCD c6 hai duong chéo cat nhau tai O va dién tich tam gidc AOB bang 9cm’, dién
tich tam giac COD bang 16cm” . Tim gia tri nho nhat cta dién tich t& giac ABCD.
Cau 6. (2.0 diém)

Cho a, b, cla cdc s6 thuee thay d6i thoa man ab + 7be + ca = 188 . Tim gid tri nho nhat cua biéu
thiec P = 5a” +11b* +5¢”.

Phan tich va huwéng dan giai

Céu 1. (4.0 diém)

x —oy =-20

) Gial hé phuong trinh {(HX)(mX)(HgX) = (1+3y)(1+ 3y +2x)




e Phadn tich. H¢ phuong trinh di cho c6 phwong trinh thit nhat c6 bdc nhat doi véi moi dn nén ta cd thé'rit dn x
qua dn y va s dung phép thé.
e Loi gidi. Tk phuwong trinh tht nhét ctia hé ta dugc x = 5y —20. Thé vao phuwong trinh th hai ta

dwoc

(5y —19)(10y - 39)(15y —59) = (1+ 3y)[1 +3y +2(5y - 20)2}
& 750y° — 8725y° + 33830y — 34719 = 150y* — 1141y* + 2006y + 801
& 600y” — 7584y” — 31824y — 44520 = 0 <> (y — 5)(75y2 — 573y + 1113) =0

Dé thdy phuong trinh 75y” — 573y + 1113 = 0 v6 nghiém
Do dé tir phuong trinh trén ta duoc y —5=0< y =5 nén x = 5.
Vay hé phuong trinh ¢6 nghiém duy nhat la (5; 5) .
o Nhin xét. Khi thuc hién phép thé” x = 5y — 20 vdo phieong trinh thir hai thi ta diroc phwong trinh mot dn,
tuy nhién phwong trinh kho phdn tich. Do do ta c6 thé'tim cich phin tich phwong trinh thir hai thanh tich.
(1+x)(1+2x)(1+3x) = (1+ 3y)(1 +3y +2x2)
& (2 + 3x +1)(3x +1)=(1+ 3y)(1 +3y + 2x2)
& (3x+1) +2x* (3x +1) = (1+3y) +2x* (3y +1)
x—y=0

@3(X—y)[2+3(x+y)+2xz]=0c> 2+3(X+y)+2x2 0

Dén day ta két hop véi phwong trinh thir nhat dé’tim nghiém.
Trong hai cdch trén thi cdch thic hién phép thé dé thay hon nhung cdch phin tich phwong trinh thir hai

thanh tich cho 1oi gidi don gian hon.

b) Tim tat ca cc s& thuc m dé phuong trinh x° — 2 (2m + 1) x4+ 3m +4 =0 c6 hai nghiém dwong phan

biét.

e Phdn tich. Ddy la dang bai todn vé dinh ly Vi — et va cdc bai todn lién quan. Mudn tim m dé phwong trinh cé
hai nghi¢m phan bigt thi ta cin A" > 0 va mudn hai nghiém d6 dwong thi ta cin c6 x,.x, >0 va x, +x, > 0.
Nhuw vdy dé’ phirong trinh cé hai nghiém nguyén dicong phin biét thi ta cin co

A>0

x,.x, >0

x +x,>0
Biéu dién hé trén theo m ta tim duwoc diéu kién cho m.

e Loi giai. Phuong trinh c6 hai nghiém dwong phan biét khi va chi khi

A>0 (2m+1) ~(3m+4)>0  [(m+1)(4m-3)>0
xx,>0 < 3m+4>0 < <4m > -3 <:>m>z
x +x,>0 2(2m+1)>0 2m > —1

e Nhdn xét. Vi cdc bai todn lién quan dén phwong trinh bdc hai thi ta cin ndm vitng diéu ki¢n cé nghi¢m ciia
phwong trinh va dinh ly Vi —et.
Bai 2. (4.0 diém).



a) Cho x, y, z la cac s0 thyc thoa man Jx + \/; +z=2vax+ y +z = 2. Tinh gid tri ctia biéu thic:

sz(XH)(yH)(m).[& Ay e

x+1 y+1 z+1}

e Phin tich. Ddy la dang todn vé bién d6i dong nhit biéu dai s6. Nhw vdy truedc hét ta cin bién doi gia thiét dé
¢6 thém gid thict méi. Tie N'x ++/y +Nz =2 vd x+y +2=2 tacé \xy +Jyz +Vzx =1.

Nhin thdy biéu thirc P chiva cdc tong x + 1,y + 1,z + 1 nén ta chii y dén phép bién d6i

x+1=x+@+@+€=(&+&)(&+&)

Ap dung hoan toan twong tw va thay vao biéu thitc P dé'riit gon.

e Loi giai. Tt \/;+\/;+\/>=2 vax+y+z=2tacd

(\/;+\/;+\/;)2 =x+y+z+2(\/§+@+@
Tt d6 ta duoc \/g+\/;+\/;=1.l<hidé

~—

Thay vao biéu thirc P ta dwoc

sz(XH)(yH)(m).[ x , v Ao

x+1 y+1 z+1

e () 0
(e 5 )[4 =) [+ 45)

e (s (e 2
=2(\/§+\/;+\/£)=2

o Nhin xét. Véi bié thirc dang x +1 trong d6 \[xy +[yz +~zx =1 ta chii  dén bich di
x+1=x+@+@+&=(&+\/§)(&+&)

Vi biéu thirc dang a® + 1 trong dé ab + be + ca = 1 ta chit y dén biéh doi

a2+1=a2+ab+bc+ca=(a+b)(a+c)

b) Viét phuong trinh duong thang di qua diém M (1; 2) va cat hai tia Ox, Oy Ian luot tai hai diém A va

B khac goc toa do O ma thoa man OA + OB =6.

e Phdn tich. Gid sir dwong thing cin viét c6 dang y = ax + b. Didu tién do dwong thing di qua diéin M (1; 2)

néntacé 2 = a+b. Do dwong thang cit cdc truc Ox, Oy lin luwot tai A va B nén ta cd.



Khi x =0 thi y = b, do dé ta c6 B(O;b). Khiy =0 thi x =2 dodé tacé A(—E;O).MC‘: ta c6
a a

_b 6. Chii yf rang dwong thiang cit tia Ox va Oy nén tacé b > 0;—E >0
a a

OA + OB = 6 nén ta dwoc ‘b‘ +

dodo b > 0;a < 0. Dén ddy két hop hai diéu kién ta tim dwoc a va b.
e Loi gidi. Goi duong thang can tim 1a y = ax + b. Do duong thang di qua diém M (1; 2) nén ta co

2 = a +b. Do duong thang cit cac truc Ox, Oy Ian luot tai A va Bnén ta c6

Khi x =0 thi y =b, dodé tacd B(0;b). Khi y =0 thi x __b dodstacs A(—E;Oj.
a a

b=6.

Ma ta c6 OA + OB = 6 nén ta duoc ‘b‘ +|——
a

Chti y réng duong thang cat tia Ox va Oy nén ta c6 b > 0;—E >0dodo b>0;a<0.

a
ot o a+b=2 b=2-a b=92—a a=—lb=3
= _ =
HeeEe, by (2—a)+a 2 67 la?+3a+2=0|a=-2b=4
a a

Vay cac duong thang théa man yéu cau bai toan1a y = —x + 3 hodc y = —2x + 4.

e Nhin xét. Trong bai todn nay ta chii y dén gia thiét dwong thang cit tia Ox va Oy dé’suy ra cic hoang do va
tung do cdc giao diém nhin gid tri dwong. Tir d6 ta phd dwoc gid tri tuyét doi.

J A 7 . ~ ~ - 2 ~ _ 3
Cau 3. a) Tim cac s0 ty nhién ¢6 hai chir s6 ab thoaman ab +6 = (a + b) .

e Phan tich va 10i giai. Do s6 can tim ab nén ta dé dang suy ra dwoc 10 < ab < 99.

3

Tird6 tacd 16 < ab +6 < 105. Chity ring ab+ 6 = (a + b) nén ta dugc 16 < (a +b) <105.
Ta tim cac lap phuong dung trong khoang ttr 16 dén 105 thi duoc (a + b)3 =27 va (a + b)3 =64.

Tt dé tadugc a+b =3 va a+b =4.Dén day ta dugc ab e {12;21;30,13;22; 31} .
Tht [an lwgt cac truong hop thi duoc % =21 vi21+6= (2 + 1)3 .

o Nhdn xét. Bai todin so" hoc thit nhdt cia ciu 3 khong qud khé. Trong bai todn nay ta chi cin tim diwrgc

16 < (a+ b)3 <105 dé'suyra a+b=3 vi a+b =4 la xem nhu gidi duoc bai todn.

b) Cho a =111...1 va b =1000...05. Chitng minh rdang M = ab + 1 la s& chinh phuwong.

2017 cs1 2016¢s0

A A A2 1 " — 1
e Phan tich va 10i giai. Chu y dén bién da6i 111...1 = 0
nscl

ta di phan tich cc s6 a va b vé cac lay

102017 _1
thtra ctia 10. Tacé a =111...1 =——— va b =1000...05 =1000...0+5=10" + 5.

2017scl 2016¢s0 2017cs0

:




2
2017 10°') +4.10"7 -5 2017 :
KhidétaduocM=ab+1=u.(10“+5)+1=( ) +1= 100 +2 ]
9 9 3
2017 2
Dén day ta chi can chi ra dugc — e N ta ta c6 diéu phai chtiing minh.

2017
Tuy nhién % € N hién nhién dtng do 10™'" +2:3. Vay M = ab + 1 1a s8 chinh phwong.
o Nhdn xét. V6i dang todn chitng minh s6'chinh phwong nhw trén ta chii y dén phép bién d6i

9=10"'-1;99 =10° = 1,999 = 10* - 1;...;999...9 = 10" -1

nes9

Cau 4. (4.0 diém)

Cho t& giac ABCD ndi tiép duong tron duong kinh AB =2R. Biét BC = CD va hai duong
thang AD, BC cit nhau tai F. Trén duong kinh AB 14y diém E sao cho AD = BE. Vé EH vudng goc véi
AD tai H. Hai duong thang AC, EH cit nhau tai K. Goi I 1a trung diém ctia AE.
a) Chting minh rang AD.AF + BCBF = 4R’. F
e Phan tich. Quan sit hinh vé va két hop voi gia thiét
ta nhin thidy d¢ AD.AF + BC.BF = 4R? thi ta ciin cd
AD.AF = AB.AM va BC.BF = AB.BM . Muén vdy
ta di chirng minh:

AADB @ AAMF va AACB «» AFMB.

e Loi giai. Ké FM vuong goc voi AB. Khi d6 ta co

ADB = AMF = 90". Xét hai tam gi4c ADB va

AMF c6 ADB = AMF = 90" va BAD chung

Do d6 AADB @ AAMF nén ta duoc AD = AM

AB AF

suy ra AD.AF = AB.AM.
Xét hai tam giac ACB va FMB c6 ACB = FMB = 90 va ABC chung

Do d6 AACB » AFMB nén ta duoc i—g = % suy raBC.BF = ABBM.

Ttr d6 ta duoc AD.AF + BCBF = AB (AM + BM) = AB’ =4R’.

b) Chttng minh rang ba diém D, I, K thang hang.
e Phan tich. Goi I’ la giao diéin ciia DK v6i AB. Ta cin chitng minh I va I’ trimg nhau. Mudn vdy ta di chitng
EI

minh I’ la trung diém cia AE. D&y la gid thiét cho AD = BE nén ta ciin chi ra % =30

'

e Loi giai. Do BC = CD nén BC = CD, do d6 AC la tia phan gidc cua BAD. Trong tam gidc ADI c6
AK la tia phan giac nén A—I = ﬁ Mait khac do HE//BD nén ta dwoc E = 2
AD KD KD EB
o Al EI o A AT 1 o
Tt d6 ta dwgc D BE’ ma theo gia thiét ta c0 AD = BE nén AI = EI hay I’ la trung diém cta AE.

Do d6 hai diém I va I’ tring nhau. Suy ra ba diém D, I, K thang hang.



o Nhdn xét chung. Bai todn hinh cua dé thi khong qud kho. Trong bai todn chu yéu sw dung tam gidic vuéng
dong dang. Trong y b ta ciin chii yj dén cic gia thiet BC = CD va AD = BE.

Cau 5. (2.0 diém). Cho tit gidc ABCD c6 hai dudng chéo cat nhau tai O va dién tich tam giac AOB bang
9cm”®, dién tich tam gidc COD bang 16cm” . Tim gid tri nho nhat ctia dién tich t& gidc ABCD.

e Phén tich. Gid thiét bai todn cho dién tich tam gidc AOB bang 9cm® va dién tich tam gidgc COD bang 16cm?,
do dé ta cin biéu dién dién tich tie gidc ABCD qua di¢n tich hai tam gidc AOB va COD.

S S
Tir hinh vé ta thay —298 = —BOC — OB Nhwvdy S, Syue = Syop-Seop = 9-16 =144
AOD SCOD OD
Ta thdy S,,on = S,io5 + Scop T Saon + Ssoc 2 Saos T Scop + 2y S a0n-Spoc - Dén ddy ta thay sothi tim

dwgc gid tri nho nhdt cua S, -

SAOB S OB

e Loi giai. Ta c6 = _BOC — Do dd S, Sne = Siop-Scop = 9-16 =144
SAOD SCOD OD
Tacod S, =S,08 T Scop T Saon T Ssoc = Saos T Scon T 245100 Op0c = 9 +16 + \144 =49,

Dé&u bang xay ra khi va chi khi S, =S, hay OA.OD = OBOC.

OA OB

biéu nay c6 duoc khi & = O_D hay AB//CD. Vay gia tri nho nhat cta S 1a 49cm? khi AB//CD.

ABCD

Céu 6. (2.0 diém). Cho a, b, c1a c4c s8 thyce thay d6i thoa man ab + 7be + ca = 188 . Tim gid tri nho

nhat ctia biéu thic P = 5a” + 11b* + 5¢°.

e Phin tich. Quan sit gid thiét va bat ding thirc ta thiy vai tro ciia a, b, ¢ khdc nhau. Yéu chu bai todn ta ta
nghi dén chirng minh 5a* + 11b° + 5¢” > k (ab + 7he + ca). Nhu vay ta di dp dung bt ding thire Cauchy cho
tieng cip a*;b?, b*;c® va a’;c’. Chil y dén nhin cic hé s6' dé ddu ding thiec xdy ra. Gid stk ta co cdc bat ding
thirc

m’a’ +n’b* > 2mn.ab;(11 - nz)b2 +pct =2 (11 — 112)p2 .bc

(5—m2)a2 +(5—p2)c2 > 2\/(5—m2)(5—n2).ca
Nhw vdy ta cé 5a” +11b* + 5¢* > 2mn.ab+24[(11—nz)pQ.bc+2\/(5 —mZ)(E) —nQ).ca
) o \/(11—n2)p2 i \/(5—m2)(5—n2)
N .

Lo ’ . ’ N A 2 2
Ta cin xdc dinh cdc hang s’ m”;n”;p - N

B (s L et
ay ta duwoc " - =

o ae 1a N 1 14 . ., L e e
Nhém cic gid tri ddc bi¢t ta tim dwgc m” = 2;n* = > p’ = e Tir d6 ta c6 loi gidi cho bai todn.

e Loi giai. Ap dung bat déng thitcc AM — GM ta c6
2a° +%b2 > Qab;%b2 + %02 > 14bc; 3a’ +§02 > 2.ca

Cong theo vé cac bat dang thiic trén ta dwoc




4a® = b’
v s . |9 =4c’
Déau bang xaurakhi ¢ |
9a" =c¢

ab + 7bc + ca = 188

P =5a% + 11b + 5¢® > 2ab + 17bc + 2ca = 2(ab + The + ca) =2.188 = 376

2a ==b
3b =+2¢ a=2b=4c=6
< 3a = =*c < a=-21b=-4c=-6

ab + 7bc + ca = 188

o Nhdn xét. Bai todn thit siu ctia dé’thi la mgt bai todn kho. Cdch xdc dinh cdc s6'm, n, p dé'bat ding thirc xdy ra

diegc goi la phwong phdp dong nhat hé so.



Pé so 4
DPE THI CHON HOC SINH GIOI MON TOAN 9 TINH VINH LONG
Nam hoc 2015 - 2016
Bai 1. (4.0 diém)

Va+243 -3
(JE + 2)\3/17\/3 _38-2

b)Cho x+y =-5 va x’ +y* =11. Tinh x" +y".
Bai 2. (4.0 diém)

a) Cho x =

.Tinh P = (X2 + X - 1)2016

a) Giai phuwong trinh x* +4x =24/2x +3 -5

5x” +2y° + 2xy — 2x — 4y = 24

b) Giai hé phuong trinh {3x+(2x+y-1)(x-y+1) 11

Bai 3. (2.0 di€ém)
Cho phuong trinh x* + (m - 1) x — 6 = 0 (m la tham s6). Tim cac gid tri cia m d€ phuong trinh
trén c6 hai nghiém x,x, sao cho biéu thitc A = (xl2 - 9) (xz - 4) dat gia tri lon nhat.

Bai 4. (2.0 diém)

Cho a, b la cac s6 duong théa man ab = 1. Tim gid tri nhé nhat cua biéu thiic

A:(a+b+1)(a2+b2)+a+b

Bai 5. (3.0 diém)

a) Cho p va qla cac s6 nguyén t6 16n hon 3 va théa man p = q + 2. Tim s6 du khi chia p + q cho
12.

b) Tim cac cdp sO nguyén (x; y) thoa man phuong trinh x (x + 1) =y’ +1.
Bai 6. (3.0 diém)

Cho tam gidc ABC déu ndi tiép dudng tron (O;R) va H 1a mot diém di dong trén doan OA(H

khéc A). Puong thang qua H va vuong goc véi OA cit cung nho AB tai M. Goi K 1a hinh chiéu ctia M
trén OB.

—

a) Chting minh rang HKM = 2AMH.

b) Céc tiép tuyén cia duong tron (O; R) tai A va B cat tiép tuyén tai M ctia dwong tron (O; R)
lan luot tai D va E. Goi giao diém ctia OD, OE vé6i AB lan luot la F va G.

Chting minh rang OD.GF = OG.DE.
Bai 7. (2.0 di€m)

Cho duong tron tam O ban kinh R =5cm va mot diém P ¢ dinh trong duong tron sao cho
OP = 3cm . Hai day cung AC va BD thay d6i nhung ludén vuéng goc véi nhau tai P. Khi dién tich cua
t& giac ABCD dat gia tri 16n nhat, hay tinh dién tich d6 va sd do goc OPD.

Phan tich va huwéng dan giai



Bai 1. (4.0 diém)

4+2\/§—\/§
(x/3+2)%/17\/3—38 _2

2016
a) Cho x = Tinh P =(x* +x-1)

2016
« Phan tich va 1i gii. D& tinh duoc gid tri ciia P = (x” +x 1) ta can tinh duoc gid tri ctia x.
2
Tacd Va+23 =\3+2V3+1 = (\/§+1) — 3 +1. Mt khéc ta lai c6
3
a = (JE + 2){)/17@ _38 = a’ = (JE + 2) (17J3 - 38) _ (17J3 + 38)(17\/5 - 38) _1

Tt 46 ta suy ra duwoc a =1 hay (\/g+2)\3/17\/3—38 =1.
V3+1-43 1

9 2016
Nhu vay ta duoc x = 5 _—1=—1.TudosuyraP=[(—1) +(—1)—1} =1.

o Nhdn xét. Vi cdc bai todn dang nhw trén thi mdc di biéu thitc x cho rdt phirc tdp nhwng khi tinh ra ta thirong
thidy x nhdn mot s6' Qid tri twong doi ddc bigt nhw —1;0;1;..., diéu nay lam cho biéu thirc trong diu ngodc ciia P

nhdn mét trong —1;0;1, khi dé ta moi tinh dwoc P. Trong bai todn trén ta thdy thuwc sw phirc tdp khi di tinh
(\/g + 2)\3/17\/3 — 38, thong thwong ta di viét 17\/3 — 38 thanh lity thira bdc ba dé' co thé' dwa ra khéi cian bic

ba, diéu nay khd la kho khin. D& khic phuc diéu do ta di lily thiea bic ba sau dé thuwc hién thu gon két qud, khi c6

két qua ta 13y cdn bic ba la dwoc.

b)Cho x+y = -5 va x* +y* =11. Tinh x" +y".

e Loi giai. Ta co x + y = —5 nén ta dwoc (X+y)2 =25 = x> +y +2xy =25.
Matacod x> +y* =11, do d6 suy ra 2xy = 14 hay xy = 7.

2
Taco x' +y' =(x*+y°) ~2(xy) =11 ~2.7* =121 - 98 = 23.

Bai 2. (4.0 di€m).

a) Giai phuong trinh x* + 4x = 242x +3 - 5.

e Phan tich. Phuong trinh chita mgt cin thitc bdc hai nén ta c6 thé'sir dung phdp ning 1én lity thiva, tuy sau khi
ndng lén lity thira ta thu dwgc phwong trinh bdc 4. Trong khi ta chi méi nham dwoc mgt nghiém dep la x = -1
nén viéc phan tich phwong trinh kha kho khdin.

2

Chi  déin 24/2x + 3 ta c6 phép bich d6i (2x +3) £ 22x +3 +1 = (\/QX 134 1)

2
Dé'c6 phép bién doi (2x + 3) +2V2x+3 +1= (\/ 2x +3 + 1) ta viét phwong trinh lai thanh

X 46X +9=2x+3+22x + 3 +1 & (x+3) =(\/2x+3+1)2

Dén day ta viét dwoc phwong trinh trén thanh tich.

2
Dé’co phép bién doi (2){ + 3) -22x+3+1= (\/2){ +3 - 1) ta viet phwong trinh lai thanh




xQ+2x+1+2x+3—2\/2x+3+1@(x+1)2+(\/2x+3—1)2 =0

Dén day ta ciing giai dwegc phwong trinh. Nhiw vdy ta c6 hai loi gidi cho phwong trinh.
¢ Loi giai. Diéu kién xac dinh cta phuwong trinh la 2x + 3 > 0.

+ Cach 1. Phuong trinh da cho twong duwong voi

2
X+ 6x+9=2x+3+2 2x+3+1<:>(x+3)2 =(\/2x+3+1)
X+3=4v2x+3+1 Xx+2=42x+3

P =
x+3=—(\/2x+3+1) —x—-4=+2x+3

S x=-1.

x+220 x+2>0
oViix+2=vY2x+3 & )
X" +2x+1=0

(x+2)2 _oxi3

, hé v6 nghiém.

—x—-420 x+4<0
o Vi x-4=V2x+3 &

2 = 2
(X+4) — 9% +3 XX +6x+13=0

Két hop véi diéu kién xac dinh ctia phuwong trinh ta duoc x = —1 la nghiém duy nhat.

+ Cach 2. Phuong trinh da cho twong duong voi

xQ+2x+1+2x+3—2\/2x+3+1<:>(x+1)2+(\/2x+3—1)2 =0

(x+1) =0 {x+1=o

o x=-1
2x+3-1=0|V2x+3-1=0

<

Két hop véi diéu kién xac dinh ctia phuong trinh ta duoc x = —1 la nghiém duy nhat.
o Nhdn xét. Ciing dé'y dén N2x +3 tavict phwong trinh vé dang
2% +3+2V2x +3 —x —6x—8 =0
Dit t =2x +3 > 0, khi do phuwong trinh trén tré thanh t* +2t — x> —6x -8 = 0.
Taco A =1 +(x2 +6x+8) = (x+3)2 > 0. Tir ddy phiwong trinh c6 hai nghiém 1a t = x +2 vd t = —x — 4

. Dén day ta giai hoan toan twong tw nhw trén.

5x” +2y° + 2xy — 2x — 4y = 24

b) Giai h¢ phurong trinh {3X ey -1)(x-y+1)=11

e Phan tich. H¢ phwong trinh da cho cd hai phwong trinh déu cd bdc hai doi v6i moi an, do do ta di kiém tra xem
trong hai phwong trinh do thi phwong trinh nao phin tich duwoc.

Xét phwong trinh 5x° + 2y° +2xy — 2x — 4y = 24 < 2y° + 2(x —2)y +5x° —2x —24 =0. Xem
phwong trinh bén la phwong trinh dn y ¢6 x la tham so.
Khi d6 ta o6 A' = (x - 2)2 —2(5x" —2x —24) = 52— 9 nén phuong trinh thit nhit khong phn tich
dwoc thanh tich.
Xét phuong trinh 2x° -y’ —1+4x+2y—xy =11 <y -i—(x—?)y—Qx2 -4x+12=0, xem

phwong trinh bén la phwong trinh dn y vdi x la tham so.



Khi d6 ta 6 A =(x —2)2 + 4(2x2 +4x —12) = 9x" +12x =48, do 6 phuong trinh thit hai ciing
khong phan tich dweoc thanh tich.

Nhw vdy ca hai phwong trinh déu khong phdn tich dwoc thanh tich nén ta sé thir nghi dén hwéng khdc.
Quan sit kij cdc phwong trinh cua hé ta nhdn thiy (2X +y - 1) + (X -y + 1) = 3x. Nhw vdy néu xem
a=2x+y—-1b=x-y+1 thitaviét lai dwoc phwong trinh thir hai thanh a +b +ab = 11. Vin dé la ta cin
viét phwong trinh thir nhat theo a va b. Mudn thiec hién diéu dé ta lam nhw sau
a’ =(2x+y—1)2 =4x" +y° +1 =4xy —4x -2y
b =(x—y—i—1)2 =x>+y +1-2xy+2x -2y

a’+b? =26

Tir d6 ta dwoc a® +b° = 26 . Nhu vdy ta thu dwoc hé phwong trinh )
a+b+ab=11

Dén ddy ta xem nhw gidi dwgc phirong trinh.

e Loi gidi. Dat a =2x +y — ;b = x — y + 1. Khi d6 hé phuwong trinh viét duoc lai thanh

a’+b> =26 a’ + b’ +2ab —2ab = 26 (a+b)2—2[11—(a+bﬂ=26
= =
a+b+ab=11 ab:ll—(a+b) abzll_(a+b)
(a+b)2+2(a+b)—48=0<:> a+b=-8ab=19
ab=11—(a+b) a+b=06ab=5
la+b=-8 N 2
+ Vi ab = 19 , hé v6 nghiém do (a+b) < 4ab.
. la+tb=6 a=Lb=5
VO hos Clazsbo1

2x+y—-1=1 X =2
o Khia=1b=5 taco =
Xx—-y+1=5 y

2x+y-1=5 X =
o Khia=5b=1tacd

x—-y+1=1

Vay phuong trinh da cho c6 cac nghiém la (2; —2) , (2; 2) .
o Nhdn xét. Khi hai phwong trinh ciia hé déu khong thé phin tich dwoc thanh tich thi ta nhan mot trong hai
phuwong trinh v6i mot s6'k voi cong theo vé hai phwong trinh thi dwoc mot phwong trinh bic hai. Ta cin tim hang
50’k d& phuwong trinh phéan tich dwoc thanh tich. Chiang han ta viét lai hé phuwong trinh nhu

{5}(2 +2y° +2xy —2x — 4y =24 {5){2 +2y° +2xy —2x —4y —24 =0

And 2 2
3x+(2x+y—1)(x—y+1)=11 2x" -y —xy+4x+2y—-xy-12=0
Khi dé ta thay néu nhan phwong trinh thir hai véi k = 2 r6i cong hai phwrong trinh thi ta thu dwoc

phuwong trinh 9x* +6x —48 = 0.



Bai 3. (2.0 di€ém). Cho phuong trinh x* + (m - 1)x —6 =0(m la tham s6). Tim c4c gia tri cia m dé

phuong trinh trén c6 hai nghiém x ,x, sao cho biéu thitc A = (Xf - 9) (xg - 4) dat gia tri I6n nhat.

e Phan tich. Bai todn s6'ba la bai todn vé hé thitc Vi —et, do do ta siv dung hé thitc Vi— te dé’ giai quyét. Tuy

nhién trwdc hét ta cin phai tim diéu kién c6 nghiém cho phwrong trinh.
e Loi giai. Taco A = (m - 1)2 +24 > 0 v6i moi m nén phuong trinh c6 hai nghiém phan biét x ;x, .
Theo he thirc Vi-ettacd x, +x, =1-m va x,.x, = 6.
Taco A = (Xf - 9) (X; - 4) =x].X, +36-9x) —4x] = (xlx2 + 6)2 - (QX1 + 3x, )2.
Do x,x, = -6 nén A = —(2x, +3x,) <0.Do 6 gié tri nho nhét ctia A 1a 0.
x,x, =06

=3x,=-2m=0

. X
Déu bang xay ra khi va chi khi {2x, +3x, =0 < | ' .
X, =-3;x, =2;m =2

X, X, =1-m

Vay véi m = 0 hodc m = -2 thi biéu thirc A dat gia tri nho nhat.

Bai 4. (2.0 di€m). Cho a, b 1a cc s6 dwong thoa man ab = 1. Tim gi4 tri nhoé nhat ctia biéu thirc

4
a+b

A:(a+b+1)(aQ+b2)+

e Phdn tich. Quan sdt bit ding thitc nhdn thdy c6 danh gid a’ + b* > 2ab = 2. Nhw vy ta suy ra duwoc
4
a+b

A=(a+b+1)(a2+b2)+ 22(a+b+1)+ =2(a+b)+2+

a+b a+b

Ta cin mot danh gid lam triét tiéu . Dy dodn ddu bang xdy ra tai a =b = 1, khi d6 ta dé'y dén danh gid

a+b

theo bit ding thirc Cauchy dang k (a + b) + 1 - > 2.k .
a+

2
-
—_ ~—
Il
=~

Dén ddy ta c6 1oi giai cho bai todn.
e Loi giai. Ta cé a’ + b* > 2ab = 2. Khi d6 ta duwoc

4
a+b

A=(a+b+1)(a2+b2)+ 22(a+b+1)+ :2(a+b)+2+

a+b a+b

>4 va a+b=>2vab.Do dé ta duoc

Theo bat déng thtrc Cauchy ta lai c6 (a + b) +
a+b

=a+b+2+a+b+ >2dab+2+4 =8

a+b a+b

A22(a+b)+2+

Vay gia nho nhat cia Ala8 khivachikhia=b=1.



o Nhdn xét. Bai toin st dung bt ding thitc Cauchy cho hai s6’dwong. Tuy nhién mot sai lim thwong hay gdp
4
a+b

do ta thwc hién dinh gid 2 (a + b) + > 442, Nguyén nhdn sai lim 6 day la bat ding thirc khong xdy ra

ddu bang tai a=b =1.

Bai 5. a) Cho p va q la cac sd nguyén t6 16n hon 3 va thoa man p = g + 2. Tim sd du khi chia p + q cho
12.

e Phdn tich. Bai todn cho p va q la s0' nguyén t6'lén hon 3, nén p va q khi chia cho 3 cé s6'dw la 1 hodc 2. Ngoai
ra bai todn yéu ciu tim s’ dw khi chia p +q cho 12 nén ta tim s’ dw ciia p + q khi chia cho 3 va 4. Chii y rang
tacé p =q+2 nén ta chi cin xét cic truong hop ciia g la ¢é thé'suy ra cdc truong hop ciia p.

e Loi giai. Do qla s8 nguyén t& 16n hon 3 nén q c6 dang 3k + 1 hodc 3k +2 véi k e N

+Néu q =3k +1, khi d6 do p =q+2 nén p =3k + 3 chia hét cho 3, truong hop nay loai do p khong
phai la s6 nguyén té.

+Néu q =3k +2,khidédo p=q+2 nén p = 3k + 4. Do p 1a s6 nguyén td nén k phai la s6 tu nhién
l1é. Khi d6 ta duwoc p+q = 6(k+1)312.Véy s0 dw khi chia p+q cho121a0.

b) Tim cac cap s6 nguyén (X; y) thoa man phuong trinh x (X + 1) =y’ +1.

e Phan tich. Truéc hét ta viét lgi phwong trinh thanh x° +x —y° = 1. Tir phuong trinh ta nghi dén viét vé’
trdi thanh cdc binh phwong, mudn vdy ta cin nhin vao hai vé'mot so’ chinh phwong chin. Ta cé
XHx-y =lodx +4x -4y =4 S 4" +4x+1-4y° =5 & (2x~|—1)2 —(2y)2 = 5. Dén day thi ta
c0 thé dwa phwrong trinh vé dang phirong trinh wéc so.
e Loi giai. Phuong trinh da cho twong dwong véi
XHx-y =leodx’ +4x -4y’ =4 4" +4x+1-4y* =5

o (2x+1) —(2y) =5 (2x+2y +1)(2x -2y +1) = 5

Do x, y la cac s6 nguyén nén ta cd cac truong hop sau

2x—2y+1=1 {le

+Tru¢€mghcjp1.Vc’yi{2 roviles S %
X+ay = y=

. o 2x=2y+1=5 x=1
+ Truong hop 2. Véi = .
2x+2y+1=1 y=-1
. 2x=2y+1=-1 X =-2
+ Truong hop 3. Véi = .
2x +2y+1=-5 y=-1

. o 2x-2y+1=-5 x=-2
+ Truong hop 3. Véi

=
2x+2y+1=-1 y=1
Vay phwong trinh c6 cac nghiém nguyén la (x; y) = (1; 1) , (—2; 1) , (1; —1) , (—2; —1) .

Bai 6. (3.0 di€m). Cho tam gidc ABC déu ndi tiép duong tron (O; R) va H la mot diém di dong trén

doan OA(H khéc A). Puong thang qua H va vudng goéc véi OA cat cung nhé AB tai M. Goi K 1a hinh
chiéu cua M trén OB.




—

a) Chiing minh rang HKM = 2AMH.

—

e Phan tich. Nhin thdy tir gisc MHOK ngi tiép nén ta c6 MKH = MOH .

Nhw vdy dé chitng minh HKM = 2AMH ta ciin chi x D A

ra dwgc HOM = 2AMH. Chil y ring MOH i g6c

o —

6 tdm chian cung AM. Nhw vdy ta cin chi ra AMH

bang mot niva s&’do cung AM. DE'la dwoc didu nay ta y "
chi cin vé tiép tuyén tai A véi dwong tron (O) la

duwoc. E G ©
e Loi giai. Vé tiép tuyén tai A v6i duong tron K

P P B
(o). Khi d6 ta c6 MAx = %MOA . Mt khéc ta \—/

lai c6 Ax//MH nén ta dwoc MAx = AMH.

Do d6 AMH = %MOA . Ttr gidc MHOK ¢6 MKO + MHO = 180" nén noi ti€p duwoc, do d6 ta dugc

—_—

— — — o — —

MKH = MOH . Tt d6 suy ra AMH = %MKH hay HKM = 2AMH.

b) Chting minh rang OD.GF = OG.DE.
e Phan tich. Dé chirng minh dwoc OD.GF = OG.DE ta di chitng minh hai tam gidc OGF va ODE dong dang.

—

Ma hai tam gidc d6 c6 mot géc chung la DOE, nén ta cin chi ra dwoc mét cip géc nira bang nhau. Dé thiy tir
gidc ADMO néi tiép, nhiw vdy ta cin chi ra diém O nam trén dwong tron ngoqi tiép tir gidc ADMO thi xem nhw
bai todn diwgc chitng minh.

e Loi giai. D@ thdy t& gidc ADMO ndi tiép duong tron.

Ma ta c6 MAG =%sd]§1\\/[ va MOE = BOE =%sdl§1\\/[. Do d¢6 ta duoc MAG =ﬁ4,mé hai géc nay

cung nhin doan MG, suy ra tit gidc MGOA ndi tiép duong tron. Ttr d6 ta thady nam diém A, D, M, G, O
cting nam trén mét duong tron. Do d6 ta duwoc FGO = ODA = ODM .

—

Xét hai tam gidc OGF va ODE ¢6 GOF chung va FGO = ODM nén AOGF <> AODM.

Ttr d6 suy ra oG _DE hay OD.GF = OG.DE.
OD GF

Bai 7. (2.0 di€m).
e Phin tich. T gidc ABCD c6 hai dwong chéo AC va BD

A . ACBD . .
vudng goc voi nhau nén S, .= = — ma ta lgi cé

B
AC? + BD? AC? + BD? A/ Y
ACBDS ————nén S, <————.
2 4
K o)
Dén day ta can biéu dién dugc AC® + BD’ theo R va
OP.
e Loi giai. Dung OH vudng goéc véi AC tai H va OK
D

vuong goc véi BD lai K. Khi d6 ta co



AH = %AC; BK = %BD . Tt gidc OHKK la hinh chi

nhat nén OP = HK khong doi.

, 2 2

Ap dung dinh Iy Pitago ta c6 AC” + BD’ = (2AH) +(2BK) = 4(AH2 + BK2).

Lai c6 AH? = OA® - OH*;BK® = OB® - OK”. Do d6 ta dwoc

AC? +BD® = 4(0A2 — O + OB’ —OK2) - 4(0A2 + OBZ) - 4(0H‘Z + OKQ) = 8R* - 40P?

2 2
< 8R” - 40P

ABCD —

T dosuyra S =2R* -0OP? =2.5° - 3* =41 (cm2).

Vay gid tri I6n nhat cta S, la 41 (cm2 ) , d&u béng x4y ra khi va chi khi AC = BD.

Khi d6 ta dwoc OH = OK hay OHPK la hinh vuéng, do d6 ta dwgc OPD = 45°.
o Nhdn xét. Bai hinh thit hai ciia cia thi ciing lién quan dén dwong tron. Tuy nhién diém mdu chdt ¢ ddy la st
dung dinh li Pitago dé’tinh AC* + BD” theo R, ngoai ra ciing do hai dwong chéo ciia tir gidc vudng géc voi nhau

nén ta ciing tim dwoc lién hé giita S, . v0i R.
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Cau 1. (5.0 diém).
a) Cho cac nguyén a, b, ¢, d théa man diéu kién a’ + b* =2 (c2 —8d* ) )
Chiing minh rang a + b + ¢ + d chia hét cho 3.

b) Tim tat ca cac s6 nguyén t& x sao cho 2* + x” 1a s8 nguyén td.

Cau 2. (5.0 diém).

a) Giai phuong trinh V2x* +11x +19 +2x* +5x +7 = 3(x +2)

X+y+z=3

TN N ., . 1 1 1 1

b) Tim tat ca cac bd ba sd (X;y;z) thoaman < —+—+— = 3
X y z

X4y 4zt =17

Céau 3. (3.0 diém).

~ 2 ~ 3 \ 3 N .7 . 2 A, ?
a) Cho ba so thuc x, y, z thdaman 0 < x,y,z < > va Xy + yz+zx = 1 Tim gid tri nho nhat cta

biéu thirc:
4x 4y 47,

P= + +
3-4x 3-4y° 3-47°

b) Cho a, b, ¢ 1a @ dai ba canh ctia mot tam giac. Chitng minh rang:

2016 b2016 2016

a C

201 201 201
> 2" + b 4 P

b+c—a +cha—bjLaer—c
Céiu 4. (6.0 diém).

Cho tam giac déu ABC c6 canh bang a. Lay diém Q bat ki trén canh BC (Q khac B va C). Trén tia
d6i cua tia BA 14y diém P sao cho CQ.AP = a’. Goi M 1a giao diém cua AQ va CP.

a) Chting minh bon diém A, B, C, M cung thudc mot duong tron.

b) Goi I, J, K Ian luot 1a hinh chiéu ctia M trén AB, BC, CA.

1. X4c dinh vi tri ctia Q d€ IK cé d6 dai 16n nhat.
2. Chting minh MI* + MJ* + MK? khong ddi khi Q di chuyén trén canh BC.
Cau 5. (1.0 diém).

Cho bang 6 vuong kich thudce 10.10 gom 100 & vudng c6 kich thuée 1x1. Dién vao mdi 6 vuong
cua bang nay mot sd nguyén duong khong vwgt qua 10 sao cho hai s6 ¢ hai 6 vudng chung canh hodc
chung dinh nguyén t8 cting nhau. Chttng minh rang trong bang 6 vudng da cho c6 mot s6 xuat hién it
nhat 17 lan.



Phén tich va huéng dan giai
Cau 1. (5.0 diém).

a) Cho cdcnguyén a, b, ¢, d théaman a’ + b* =2 (c3 - 8d’ ) Chting minh rang a + b + ¢ + d chia hét

cho 3.

e Phan tich. Dé chirng minh duwpc a +b + ¢ + d chia hét cho 3 thi ta cin tao ra téng trong d6 cd chira biéu
thitc a +b +c+d va téng dé chia hét cho 3. DEy dén gid thiét a’> +b* =2 ((33 —8d’ ), ta nght dén bién doi dé
lam xudt hién (a + b)3 + (c + d)3 . Do d6 ta sé thém bot mot lwong thich hop cho gia thiét cia bai todn. Ta c6
a’ +b’ + Sab(a + b) + (03 + d3) + 3cd(c + d) = 3ab(a +b)+ 3cd(c + d) +3c® —15d°
= (a+b) +(c+d) = 3ab(a+b)+3cd(c+d)+3c —-15d
~ 3 3
De thiy Sab(a + b) + 3cd (c + d) +3c¢® —15d’ chia hét cho 3 nén ta dwgc (a + b) + (c + d) chia hét
cho 3. Dén ddy ta thdy néu viet (a + b)3 + (c + d)3 veé dang (a +b+c+ d) A thi ta chua thé khing dinh duoc
a+b+c+d chia hét cho 3. Do d6 ta sé viét bicu thie (a+b) +(c+d) @@ dang ldy thira bic ba ciia
a+b+c+d.Taco
(a+b)3 +(c+d)3 =(a.+b+(3+d)3 —3(a+b)(c+d)(a+b+c+d)
Dén day ta c6 dwoc diéu can chirng minh.
« Loi gidi. Tir gia thiét a’ + b’ =2(c’ - 8d’ ) ta c6
a’ +b’ + Sab(a + b) + (03 + ds) + 3cd(c + d) = 3ab(a +b)+ 3cd(c + d) +3c¢® —15d°
= (a+b) +(c+d) = 3ab(a+b)+30d(c+d)+3c —15d
D3 thay 3ab(a +b)+3cd(c+d)+ 3¢’ ~15d° chia hét cho 3 nén ta duoc (a+b) +(c+d) chia hét
cho 3.

Mat khac ta lai c6 (ahtb)3+(c+d)3 =(a+b+c+d)3—3(a+b)(c+d)(a+b+c+d)

Ma 3(a+b)(c+d)(a+b+c+d) chia hét cho 3 nén suy ra (a+b+c+d)3 chia hét cho 3.

Do vay a + b +c+d chia hét cho 3.

e Nhan xét. Bdn chit bai todn trén chinh la bai todn co ban: Néu x* +y* chia hét cho 3 thi x +y chia hét cho
3.

b) Tim tat ca cac s6 nguyén t& x sao cho 2" + x” 1a s6 nguyén 5.

e Phén tich. Dé thiy x =2 khong théa man yéu ciu bai todn con x = 3 thda mdn yéu ciu bai todn. Ta cin
chitng minh rang khi x > 3 thi khong fon tgi s0'nguyén to'théa man. Chii y rang khi x > 3 thi x la s6 nguyén to’
16 ta ludn c6 x* chia 3 ¢6 s6'dw 1o 1. Ngoai ra khi s6 nguyén t0' x > 3 thi 2° chia 3 ludn dw 2. Diéu nay dan dén
2% + x? ludn chia hét cho 3, do dé khi x > 3 thi 2° +x* luén la hop sb.

e Loi giai. Ta xét cac truong hop sau

+Khi x =2 ta dwoc 2° +x” =2° +2° = 8 khong phai la s6 nguyén t6.




+Khi x = 3 ta dwoc 2° +x” =2° + 3 =17 1a sd nguyén té.
+Khi x > 3 thi x 1a s6 nguyén t& 1é. Khi d6 x” chia 3 c6 s6 dw 1a 1.

Ngoai ra do x la s6 nguyén t6 1é nén ta dat x =2k +1 (k eN’ )

Tird6taco 2 = 2" =2.4" =2(3 + 1)k chia 3 ¢6 s6 du 14 2.

Nhuw vay 2° + x* ludn chia hét cho 3. Do d6 2* + x* ludn 1a hgp s8 khi x > 3.

Vay x = 3 la gia tri théa man yéu cau bai toan.

o Nhdn xét. Vi bai todn s6"hoc dang nay ta thwong thir véi mot s6' nguyén t6'nho x = 2;3. Véi cdc s6 nguyén
t0'lon hon ta chitng minh khong thoa man.

Céu 2. (5.0 diém).

a) Giai phuong trinh v2x* + 11x +19 +2x* +5x + 7 = 3(x +2)

e Phan tich. Quan sit phwong trinh ta nhin thiy (2){2 +11x + 19) -~ (2){2 + 5% + 7) =6 (x + 2) nén ta nghi
dén phép nhin lién hgp. DEy la cin xét cdc truong hop ciia phép nhin lién hop c6 thé thiee hién duwoc.
e Loi giai. Diéu kién xdcdinh ctia phuong trinh 1a 2x* + 11x +19 > 0;2x° +5x + 7 > 0.

+Xét x = -2, ta thdy thoa man phwong trinh, do d6 x = -2 1a mot nghiém ctia phuong trinh.

+Xét x # 2, khi d6 ta c6 V2x* +11x + 19 —v2x” + 5x + 7 # 0. Phuong trinh d& cho tuong duong véi
6(X + 2)

= = :3(x+2)©\/2x2+11x+19—\/2x2+5x+7=2.
2x° +11x +19 —/2x" +Ox + 7

V2 4 11x +19 + 8252 + 5x + 7 =3(x+2)

Két hop véi phuong trinh da cho ta cé hé
V257 4 11x +19 = V2 +5x+7 =2

3x+82>0

Tt d6 ta dwoc 2v2x” +11x +19 =3x + 8 < , &> x =2,

4(2x" +11x +19) = (3x + 8)
Két hop véi diéu kién xac dinh ta duoc tap nghiém la S = {—2; 2} .

e Nhin xét.

+ Kij thudt nhan lién hop nhw trén dwoc goi la nhin lién hop dwa vé hé tam. trong bai todn nay sé cé nhiéu em sai
lam khi khong xét cdc trwong hop x = -2 va x # —2, diéu nay vira cho phép nhin lién hop khong xay ra viea
lam cho ta ldy thiéu nghi¢m.

+ Ngoai cdch nhin lién hop thi ta ciing co thé'sir dung phép dat an phu nhw sau.

Dt a =2x" +11x +19;b =2x" +5x +7(a > 0;b 2 0). Khi d6 ta c6 hé phieong trinh

{Z;—bbj i(6x(:: ?2) ~ {?aibb;(?;(f ;)2=) 6(x+2) ~ {?x++b2;(z(j{ b+)2=) 2(x+2)

Dén day ta c6 hai triecong hop x +2 =0 va a —b =2 thi thu dwoc két qua twong tw nhuw trén.




X+y+z=3

Ny 2 s 1A o .. 1 1 1

b) Tim tat ca cac bo ba so (X; v; z) thbaman <—+—+—= 3
X y z

X4y 4zt =17

. 1 1 1 1 N 1 gy S
e Phan tich. Dy x+y +2z =3 va —+—+— = — tanhin thdy —+ —+ — = —————, khi d6 quy dong va
x vy z 3 X y zZ X+y+z

phan tich thanh tich ta dwoc (X + y)(y + z)(z + X) = 0. Dén day ta xét cdc trueong hop roi thé’vao phwong
trinh thir ba dé’ tim nghiém cho hé.
1 1 1 1 1 1 1 1

e Loigiai. Tk x+y+2z=3 va —+ —+—=— taduoc —+ —+— = ——— . Khi d6 ta duoc
x vy z 3 X 'y zZ X+y+z
1 1 1 1 + +
e s Y Ty =0
X ¥V 7z X+y+z Xy z(x+y+z)

& (X+y)(Xy+ZX+yZ+Z2)=0<:> (X+y)(y+Z)(Z+X)=O
+ Xét truonghop x +y =0, khidotlr x +y +z =3 tadugc z = 3.
Cingtr x +y =0 tadwgc x = —y. Thévao x* +y° + 7’ =17 taduoc 2x° =8 <& x = +2.
Tt d6 ta duwoc hai bd s8 (x; y; z) théa man la (2; -2 3) , (—2; 2 3) .
+ Giai cac trudng hop y +2z =0 va z+x = 0 ta dugc céc bd s6 12 hodn vi ctia hai bd 6 trén.
Vay cacbd s8 (x;y;z) can tim 1 (2; -2 3),(—2; 2:3),(2:3,-2),(-23:2), (32 -2),(3:-22).

Cau 3. (3.0 diém).

~ 2 ~ 3 N\ 3 N .7 . 2 A, k3 .« A?
a) Cho ba s6 thuc x, y, z thdaman 0 < x,y,z < — va Xy + yz + zx = —. Tim gia tri nho nhat cta biéu

4
thic P = I Ay + iz .
3-4x> 3-4y’ 3-47

s z Ar M » A Z , ~? . 1 , A 2 , A
e Phan tich. Dy dodn ddu bang cua bit dang thirc xdy ratai x =y =z = 5 Quan sdt bat dang thirc ta thay
biéu thiec P cé cic dai lwong doc ldp nhau vé biéh. Do dé ta nghi dén chirng minh cic bat ding thirc

4 4 4
x Zf(x);?)—ZyQ Zf(y);?)—jlz? Zf(z).

D&y rang néu ta thwc hién phan tich 3 —4x" = (\/5 - 2X) (\/§ + 2X) thi trong biéu thirc xudt hign J3

la 6" vo t rat khé dé can bang diéim roi. Nhw vdy thay vi xét bidu thiec ta di xét biéu thirc

3—4x

2 2
x ~| = X —. Vi bat ding thitc cin chitng minh cé dang ix > f(x) nén ta sé danh gid madu
3-4x) (3-4x) 3-4x"

2
theo chiéu ting dan. Do trong dai lugng 3 — 4x” c6 —4x" nén ta cin nhan thém vaio (3 - 4X2) mot lwong kx’




d¢’khi ddnh gid theo bat ding thitc Cauchy thi bién bj triét tiéu. DE'y ring khi x = % thi ta c6 8x° = 3 —4x".

Do d6 dp dung bat ding thitc Cauchy ta duwoc

8x’ (3_4X2)2 = 8X2.(3—4X2)(3_4X2) < (8){2 +3-4x2 +3_4X2J3 i

3
x? _ 8x! S 8x*
(3—4x2)2 8f%3—4xﬁ2_ 8 3 - 4x’

e Loi giai. Ap dung bat dang thitc Cauchy cho ba s& duong ta c6

Tte do

8x” (3—4X2)2 _ 8X2'(3_4X2)(3_4X2) S [8){2 43 Ay +3_4X2J3 B

3
2 4 4
T d6 ta dwoc X = 8x - > 8 _ x' nén 4x - > 4x*
(3—4){2) 8x” (3—4)(2) 8 3-4x
hN S 7 2 4Z 2
Hoan toan tuwong tw ta co >4y >4z,

3 — 4y '3-47°

Cong theo vé& cac bat dang thitc trén ta duoc P > 4 (x2 +y' + z2) >4 (xy +yz+ zx) =3.

Vay gi tri nho nhat ctia P 1a 3, ddu bang xay ra khivachikhi x =y =z = % .

b) Cho a, b, ¢ 1a &6 dai ba canh ctia mot tam giac. Chiing minh réng;

2016 b2016 2016

a C

+ + 2a2015+b2015+c2015
b+c—-a c¢c+a-b a+b-c

o Phin tich. Véi bt ding thiec cin chitng minh trén ta khong thé'sie dung cdc danh gid theo bat diang thikc
Cauchy hay Bunhiacopxki. Do d6 ta nght dén phwong phdp bién d6i twong dwrong.

2016 b2016 CZUIG
Xét hiey ——— —a™ + ———— b 4 _ ® Khi d6 ta dwoc
b+c-a c+a—->b a+b-c

2005 a 1|42 b R PGk c 1
b+c-a c+a-—b a+b-c

_ 0 a—-b+a-c B2 b-a+b-c et c—a+c—Db

b+c-a c+a-—b a+b-c
_a2015(a_b) b2015(a_b) bzols(b_c) C2015(b C) azols(a C) bzols(a_c)
" b+c-a - c+a—b c+a-—Db - a+b-c b+c-a - a+b-c

Néu a>b > c khidé ta thiy a™° >b™ >c™ va 0<b+c—a<a+c-b<a+b-c.

2015 2015 2015 2015 2015
gy o b b c a c
Khi do ta thay > ; > ; > .
b+c-a c¢+a-b a+c-b a+b-c b+c-a a+b-c
3,2015 b2
Do dé6 ta duwoc (a - b) - > 0. Hoan toan twong tw ta ciing co
b+c-a c+a-b

b2015 C2015 a2015 b2015
b-c - >0;la—c — >0
( )(c+a—b a+b—cJ ( )[bJrc—a a+b—cJ




Dén day bai todn xem nhw dwrgc chitng minh.
2016 b2016 2016

c
_ a2 IR RUCEN
b+c—-a c+a—->b a+b-c

2015 a 1|4 p2os b R PGk c 1
b+c—-a c+a-—b a+b-c

5| a—b+a—c PRRUE b-a+b-c et c—a+c—b

e b+c—a c+a-—-b ¢ a+b-c

2015 (. 2015 (. 2015 (1. 2015 (1. 2015 (. 2015 (0
a (a b)_b (a b)+b (b c)_c (b c)+a (a c)_b (a c)

b+c—a c+a—-b c+a-b a+b-c b+c—a at+b-c

e Loi giai. Xét hiéu —¢®" hay ta duoc

Khéng mét tinh tong quat ta giast a > b > ¢ > 0.
Khi d6 ta thay a*° > b > va0<b+c-a<a+c—-b<a+b-c.

2015 2
e a b S L
Do do ta céd (a - b) (b - bJ > (0. Hoan toan twong tu ta cting c6
+c—a cH+a-

b2015 C2015 32015 b2015
b-c - >0jla—c - >0
( )(c+a—b a+b—cJ ( )[bJrc—a a+b—cj

Cong theo vé cac bat déng thitc trén ta duoc

22015 (a _ b) H2015 (a _ b) p20Ls (b _ c) 2015 (b _ c) 5,2015 (a _ c) p20L5 (a _ C)
— + —

- >0
b+c-a c+a-b c+a-b a+b-c b+c-a a+b-c
2016 b2016 2016
Do d6 205 _pos € 5 s
b+c-a c+a-—b a+b-c
2016 b2016 C2016
Ttr d6 suy ra + >a®" + b 4 P
b+c-a c¢c+a-b a+b-c
Vay bat dang thitc duoc chitng minh. DAu bang xay ra khi va chi khi a =b =c.
Céu 4. (6.0 diém). A
a) Chiing minh bon diém A, B, C, M cung thudc
mot duong tron.
e Phdn tich. Gid thiét CQAP =a’ dwoc viét lgi
thanh CQ.AP = AC* hay P _ £ Tir do ta nght
AC AQ
dén hai tam gidgc ACP va CQA dong dang. Diéu nay
2 . S~ ~ , B J
dwoc khang dinh do PAC = QCA =60". DE chitng | Q c
minh tir gidec ABMC ngi tiép dwong tron ta chi cin chi
— M
ra MAB = BCM la dwoc. .
e Loi giai. Tt CQ.AP = a® ta dugc CQ.AP = AC? hay cr = £
AC AQ
s . . , CP AC | == =% 0 A
Xét hai tam giac ACP va CQA c6 — = —— va PAC = QCA =60" nén AACP «» ACQA .

AC  AQ



Tl‘xd(')taduocA/C\lezQ\C.Métacéﬁ=@+]3/€?’=600+]3/0}

Lai c6 AQC = ABC + BAM = 60° + BAM .

Do d6 ta dugc MAB = BCM, suy ra tt gidc ABMC noi tiép duong tron.
b) Goi I, J, K Ian lwot 1a hinh chiéu ctia M trén AB, BC, CA.
e Phan tich.
+ Xdc dinh vi tri cua Q d€'IK ¢6 do dai I6n nhat.

Ta nhin thiy rang ba diéin 1, ], K thang hang (Puong thing Simson). Do d6 ta dy dodn la IK dai nhat khi
IK = BC, khi d6 diém M nam chinh giita cung nhé BC ciia dwong tron (O). Dé thdy hai tam gidc BMC va IMK
dong dang v6i nhau. Do dé ta dwoc LI E

BC MB

Ma ta c6 IM < MB nén ta dwoc IK < BC. Tir dé ta co loi gidi cho bai todn.
+ Chitng minh MI* + MJ? + MK® khong doi khi Q di chuyén trén canh BC.

Dé'tinh dwge MI* + MJ* + MK®, truéc hét ta cin tim dwoc mdi 1én hé giita MI, MJ, MK. Chii y rang ta
c6 MI, M], MK lin lwot la cic dwong cao cua cdc tam gidgc ABM, BCM, ACM. Khi dé ta cé

S = %AB.MI' S.n = %BC.MJ; S = %MK.AC

ABM 7 BCM ACM

Quan sdt cdc cong thiec trén ta thay co moilien hé¢la S, +8S, .\ = Sy + Sape, Ma tam gide ABC déu

2 2
canh a nén ta tinh dwoc S, . = & ;/g Tir do ta thay AB.MI + MK.AC = BCMJ + 2 ;/g

A3 MI 4 MK - MJ = 23

2 2

hay ta dwoc

MI+ MK =MJ +

. Dé'tinh dwoc MI* + MJ? + MK ta c6 thé'binh phwong

hai vé'biéu thire M1 + MK — MJ =

av3
5
2

Nhw vy ta c6 MI* + MJ? + MK® + 2 (MI.MK - MLMJ - MJ.MK) = 3%. D& chirng minh dwoc yéu

ciu cuia bai todn ta cin phai chitng minh dwge MLMK — MLMJ — MJ.MK khéng doi.
Trong cic bai todn lién quan dén dwong thang Simson ta thidly c6 mot hé thirc lign hé giita MI, NJ, MK d6

la = + 1 L Ciin kiém tra xem hai hé thirc nay ¢ moi lién hé gi khong.
MI MK MJ
Toco v 5 =1 o MIMK = MJ (MI + MK) < MLMK — MJMI - MJMK = 0. Béir diy
MI MK MJ

ta c6 thé chirng minh dwgc MI® + MJ* + MK?* khong d6i khi Q di chuyén trén canh BC.

o Loi gidi.

+ X4c dinh vi tri cta Q d€ 1K cb do6 dai 16n nhat.

Do ttt gidc ABMC va AIMI ndi tiép nén BMC = IMK = 120", suy ra IMB = KMC.

—

Ma hai tt gidc BIMJ va CKJM noi tiép nén ta lai c6 BMI = BJ; KMC = KJC.

Do d6 ta duoc BJI = KJC nén ba diém I, ], K thang hang.



Dé thay hai tam giac BMC va IMK dong dang v6i nhau. Do d6 ta duoc % = E

MB
Ma ta cé6 IM < MB nén ta dugc IK < BC hay IK < a, ddu bang xdy ra khi MB | AB hay M ndm
chinh gitra cung nho BC, khi d6 Q la trong diém canh BC.
Vay IK 16n nhét khi Q 1a trung diém ctia BC.
+ Chting minh MI* + MJ* + MK® khong ddi khi Q di chuyén trén canh BC.
Do tit gidc BIMJ ndi tiép nén ta c6 IMJ = ABC = 60° = ACB. Lai c6 MLJ = MBJ = MAC.

Do d6 hai tam giac IMJ va ACQ dong dang, do d¢ ta duoc % = gg Tuong tw ta duoc MJ_BQ

MK AB’

Tt d6 suy ra E MJ CQ‘ 5Q
MI MK CA AB

Hay MIMK - MJ.MI - MJ.MK = 0.

=1 nén ta duoc MJ(MI n MK) MLMK .

Mat khactalaicd S, .. = AB MLS, . = BC MJ;S, . = %MK.AC

ABM 7~ BCM 7T ACM

2 2
MaS. +S. . =S.. +S._ . vas _af 8 . af

ABM ACM BCM ABC

a3 o3
2

MI+MK=MJ+T<:>MI+MK—MJ=

.Nén tacé ABMI+ MK.AC =BCMJ +

. hay

. Do dé (MI+MK—MJ)2 =3%2

2
Suy ra MI” + MJ* + MK® +2(MLMK — MLMJ - MJMK) = 38

2
Ma MLMK - MJ.MI - MJMK =0 nén MI* + MJ* + MK? = 3% khong dai.

Vay MI* + MJ? + MK® khong ddi khi Q di chuyén trén canh BC.
o Nhin xét. Dé chirng minh dwge MI* + MJ* + MK® khong déi khi Q di chuyén trén canh BC ta di chitng

minh hai bai todn nho sau.

+ Bai todn 1. Cho tam gidc ABC déu c6 canh a ngi tiép dwong tron tam O.Goi M la diém bat ki tré cung nhé BC.

Goi 1, ], K lin lwot la hinh chiéu cia M trén AB, BC, AC. Khi d6 MI + MK — MJ khong doi.

+ Bai todn 2. Cho tam gidc ABC déu c6 canh a ndi tiép dwong tron tam O.Goi M la diém bit ki trén cung nho

BC. Goi 1, ], K lan lwot la hinh chiéu cua M trén AB, BC, AC. Khi dé L + Lo . Hé thiec trong bai todn
MI MK MJ

2 con diing cho tam gidc nhon ABC bit ki.

Cau 5. (1.0 diém).

e Phan tich. Bing co kich twoc 10.10 co tdt ca 100 6 vudng don vi. Theo bai ra thi hai 6 chung canh hodc chung

dinh ludn nguyén to cing nhau, nhw vdy trong hai 6 chung canh hodc chung dinh thi c6 mgt s6"chian va mot so'Ié.

Trong hinh 2x2 co nhiéu nhdt mot so'lé. Ngoai ra trong cdc s6'lé do co nhiéu nhdt mot s6'la bdi cia 3 nén cé

nhiéu nhat hai so'1é khong chia hét cho 3. Ta viét rang trong 100 6 vudng don vi c6 25 6 vudng 2x2 nén cd nhiu

nhat 50 s6'lé khong chia hét cho 3. Ma cdc so'lé khong chia hét cho 3 thoa man bai todn gom 1; 5; 7. Nhw vdy theo

nguyén ly Dirichlet thi bai todn dwoc chirtng minh.

e Loi giai. Xét hinh vudng canh 2x2, do hinh vudng nay c6 mdi hinh vuéng nhé luén chung canh hodc

chung dinh nén ton tai nhiéu nhat 1 s& chdn, nhiéu nhat 1 s§ chia hét cho 3 do d6 c¢ it nhat 2 s& 1é



khong chia hét cho 3. Bang 10x10 duoc chia thanh 25 hinh vudng c6 canh 2x2 nén c6 it nhét 50 sd 1é
khong chia hét cho 3. Tir 1 dén 0 c6 3 8 1é khong chia hét cho 31a 1, 5, 7. Ap dung nguyén i Dirichlet ta

n A wiyon s 1| DO "
dwoc mot trong ba s6 trén xuat hién it nhat [?} +1=17 lan.



Peéso6
DE THI CHON HOC SINH GIOI MON TOAN 9 THANH PHO PA NANG
Nam hoc 2015 - 2016

Cau 1 (1.5 diém).

sa+V9a-3 Va+l va-2
atva-2 Ja+2 1-+a

a) Rat gon biéu thic M.

Cho biéu thitc M =

voia>0,a =1

b) Tim tat ca cac gia tri nguyén cua a dé biéu thizc M nhan gid tri nguyeén.
Céu 2 (2.0 diém).

a) Giai phuong trinh \/x+3+4\/x—1 +\/X+8+6\/X— =9.

X° + Xy +2zx = 48
b) Giai hé phuong trinh {y* + xy + yz = 12.
7’ +7x +yz =84

Cau 3 (2.0 diém).

a) Cho a = V224242 va b =\2242..42. Chting minh rang hai s8 a va b ¢6 cling chit s&

2016 ts/2 3016 tsv2

hang don vi.

b) Chohams§ y = ax +a+1 voialathamsg, a # 0 va a # —1. Tim tat ca cac gia tri cia a d€

khoang cach tir goc toa d6 O dén d6 thi ctia ham sd dat gid tri 16n nhat.

Cau 4 (3.5 dieém).

Cho tam gidc déu ABC ndi ti€p duong tron (O) . Trén cung nho BC 1dy diém M tuy y. Puong

tron (M; MB) cit doan théng AM tai D.

a) Chiing minh rang tam gidc BDM la tam giac déu.
b) Chting minh rang MA = MB + MC .

¢) Chting minh réang khi diém M thay d6i trén cung nho BC thi diém D luén nam trén mot

duong tron ¢ dinh ¢d tam thudc duong tron (O) .
Cau 5 (1.0 diém).
Cho céc s6 thuc x, y, z khac 0 thoa mén x +y +z = 0. Tinh gia tri cua biéu thirc:

1 1 1
P: 2 2 2+ 2 2 2+ 2 2 2
X'+y —-z2° y +z -x 7z +x" -y

Phan tich va huwéng dan giai

3a+\/9_—3_\/;+1+ Q-2
a+va-2 Ja+2 1-+a

Cau 1 (1.5 diém). Cho biéu thiic M =

voia>0a=1

a) Rut gon biéu thicc M.




i sa+3a-3 _(x/;+1)(\/§+1)+(x/;—2)(x/;+2)

(\/;—1)(\/Q+2) ([—1)(\/;+2) ([—1)(\/g+2)
_Ba+3 a-3-(a-1)+(a-4)  ay3fas2 (J;+1)(\/5+2) Ja+1

[ot)ar2) (e t){das2) (o)) oo
b) Tim tat ca cac gia tri nguyén cua a dé€ biéu thizc M nhan gid tri nguyén.
Ja +1 2

=1+

Ja -1 a—1

Véia>0a=1tacd M=

D& M nhén gia tri nguyén thi € Z hay ta phai c6 Ja-1eU (2) .

2
Va -1
Tt d6 ta duwoc Va —1 € {—1;1;2} hay a € {0; 4;9} .

Thtr lai cac gia tri ctia a trén ta thay thoa man yéu cau bai toan. Vay cac gid tri can tim a € {O; 4; 9} .

Céu 2 (2.0 di€m).

a) Giai phuong trinh \/X+3+4\/X—1 +\/x+8+6\/x— =9.

2 2
e Phan tich. Nhin thdy x + 3 + 4vx — =(\/x—1 +2) v X+ 8+ 6Vx — =(\/X—1+3) nén ta chuyén

phwong tinh vé phwong trinh gid tri tuyét doi dé gidi.

e Loi giai. Diéu kién xdc dinh cta phuong trinh la x > 1. Phuong trinh da cho tuong dwong véi

\/x 1+44x 1+4+\/x—1+6\/x—1+9=9
@\/ 142 +\/(\/ —1+3)2:9@‘\/ —1+2‘ ‘\/ —1+3‘=
1+2+\/x 143=9c2x-1=4Vx-1=2<x=5

Két hop voi diéu kién xac dinh ta dwoc x = 5 la nghiém duy nhat cua phuong trinh.

x* + Xy +2zx = 48
b) Giai hé phwong trinh {y* + xy + yz = 12.
7' +7x +yz = 84

e Phan tich. Quan sit cic phwong trinh ta nhin thdy phwong trinh da cho dwoc viét lai thanh
x? + Xy +2zx = 48 X(X+y+Z)=48
VHxy+yz=12 & y(x+y+z)=12
7' +2x +yz = 84 Z(X+y+Z)=84
Nhw vidy néu tinh dwoc x +y + z thi xem nhw ta tim dwegc nghiém cua hé phwong trinh.
Chui y dén cic phwong trinh cua hé ta lai thay néu cong theo vé'cdc phwrong trinh cua hé thi ta dirgc

(x+y+2) =144. Déh day ta 6 Ivi gidi cho bii todn.




X’ + Xy +2x = 48 X(X+y+Z)=48
e Loi giai. Bién ddi twong duong phuong trinh ta duge {y* +xy +yz =12 < {y (X +y+ z) =12
7' +2x +yz =84 z(x+y+z)=84

Mat khac cong theo vé€ cac phuong trinh ctia hé ta dugc (x +y+ z)2 =144 o x+y+z==x12.
+V6i x +y + z = —12, thé vao phuong trinh trén ta duoc (x; v; z) = (—4; -1 —7).

+V6i x +y +2z =12, thé€ vao phuong trinh trén ta duoc (X; Vi z) = (4; 1; 7) .

Thtt vao hé phuong trinh da cho ta dwoc cac nghiém ctia hé la (x; v; z) = (4; 1 7) , (—4; -1; —7).

Céu 3 (2.0 di€m).

a) Cho a = V222,42 va b =2A2:2..42. Chting minh rang hai s8 a va b ¢6 cling chit s hang

2016 ts 2 3016 ts /2

don vi.

e Phin tich. Dé dang nhin ra dwoc a = V221242 =2 v b= V2242..4/2 = 27 N vdy dé¢
_ _
2016t /52 3016t/5+2

chitng minh hai s6'a, b c6 cing chir s6'tdn cung thi ta di tim chit s6'tdn cting cua a va b, hodc di chitng minh hi¢u
a —b chia hét cho 10.

o Loi gidi. D3 thay a = vV2424/2..4/2 = 2™ va b = V24/24/2..4/2 = 27,

%f—/ %—/
2016t/542 3016t/542
377

Tacsa=2"" = (2" )252 16" =(.6) va b=2" =(2')" =16" =(...6)

Vay a va b cung cd chir s6 tan cung la 6 hay ta c6 diéu phai chiing minh.

b) Chohams6 y =ax +a+1 vdialathamsd, a # 0 va a = —1. Tim tat ca cac gia tri cua a dé€ khoang

cach ttr géc toa do O dén do6 thi cua ham sd dat gia tri 16n nhat.

e Phdn tich. Do a # 0 va a # —1 nén do thi ham s0’' y = ax + a + 1 cat truc tung va truc hoanh tai cdc diém

a+1

khic goc toa dj O. Goi cdc giao diém dé la A[—
a

;0] va B(O;a +1). Khi d6 ta c6 cic khoing cich

OA = _a+l

;OB =‘a+1‘. Goi h 1 khodng cich tiv O dén db thi ciia y = ax +a +1.
a

2
Khi dé theo hé thirc lirong trong tam gidc vudng ta co % _ 1 -+ L - = a -+ L =
h OA™ BO (a + 1) (a + 1)

Dén ddy ta di tim gid tri Ion nhat cua h.
e Loigidi.Doa#0 vaa#-1nénddthithamsd y =ax+a+1 cit truc tung va truc hoanh tai cac

a+1

a

diém khac gbc toa do O. Goi cac giao diém ddla A (— ;OJ va B (O; a+ 1) . Khi d6 ta c6 cac khoang

cach OA = |- 2*1

;OB = |a +1|. Goi h 1a khoang céch tir O dén dd thi ctia y = ax +a + 1.
a




2
Khi d6 theo hé thitc lwong trong tam giac vuong ta cd % _ 1 -+ L == a -+ 1 =
h® OA" BO (a + 1) (a + 1)

2
a+1 2 2la
( ) _a +2a+1:1+ 2a <14+ H
a’+1 a’+1 al+1 a+1

Tt d6 ta dwoc h* = <2, d4ubang x4y rakhi a = 1.

Tt d6 suy ra h <+2.
Vay khoang cach 16n nhat tir O dén duong thing v =ax +a+11a v2 khia =1.

o Nhdn xét. Ta ciing cd thé tim Qid tri [6n nhit ciia h theo cich khdic nhw sau

2
1 a+1
.‘a+1‘:§.( ‘a‘) .

a+1

Dién tich tam gidc OAB la S = %OA.OB = %

a

(a + 1)2

Mt khdc ta c6 AB =vJOA® + OB® = \/—+ (a + 1)2 =

2
a

a+1lf [

a”+1.
a

2 a+l 5
Tir do ta dwoc h = AR ‘ ‘ . Dén ddy ta tim gid tri lon nhdt cia h twong tw nhuw trén.

a’+1

Cau 4 (3.5 di€m). Cho tam gidc déu ABC ndi tiép duong tron (O) . Trén cung nho BC ldy diém M tuy y.
Puong tron (M; MB) cat doan thang AM tai D.

a) Chting minh rang tam giac BDM la tam giac déu.
e Phin tich. Dé thdy tam gidc BMD ¢6 MB = MD nén
dé’ chitng minh tam gidc BDM déu ta chi cin chitng
minh dwoc BMD = 60°.

e Loi giai. Tam gidc BMD c6 MB = MD, mat khac

talai c6 BMD = BCA = 60°. Tir d6 suy ra tam gidc
BMD déu.

b) Chting minh rang MA = MB + MC .

e Phdn tich. Ta di c6 MB = MD . Do do dé chirng
minh MA = MB + MC ta di chitng minh MC = AD.
Muon vdy ta chirng minh hai tam gidgc ABD va CBM

biang nhau.

o —

o Loi gii. Hai tam gidc ABD va CBM c6 AB = BC;BD = BM va ABD = 60° - DBC = BCM. Do d6
ta duoc AABD = ACBM, suy ra AD = CM..

Tt d6 ta dwgc AM = AD + DM = CM + BM hay ta ¢6 diéu phai chttng minh.

c) Chitng minh rang khi diém M thay d6i trén cung nhé BC thi diém D ludn nam trén mot dudng tron

6 dinh c6 tam thudc duong tron (O) .

e Phén tich. Do tam gidc ADM déu nén ta c6 BDA =120°. Lgi thdy AOB =120°. Nhw vdy i gidc BDOA
ngi tiép dwong tron. DE'y la ba diém A, O, B cddinh nén dwong tron di qua bon diém A, B, O, D cd'dinh. Ta cin



—_

chi ra dwgc tam I ctia dwong tron nay thudc duwong tron tam O la dwoc. Chii v dén cdc goc AOB =120° ta suy

ra duwoc I nam chinh giita cung nhé AB ctia dwong tron tdm O.

—_ o —

e Loi gidi. Do tam gidc ADM déu nén ta c6 BDA =120". Lai thdy AOB =120". Suy ra t& gidc BDOA
nodi tiép duong tron. Do ba diém A, O, B ¢6 dinh nén duong tron di qua bén diém A, B, O, D ¢d dinh,

suy ra diém D thudc mot duong tron ¢d dinh. Goi I 1a giao diém cuta tia phan giac caia ACB véi duong

tron (O) Khi d6 ta ¢ cac tam giac déu OIB va OIA nén suy ra IO = IA = IB hay I la tim duong tron
di qua cac diém A, O, B, D.

Vay D thudc duong tron ¢8 dinh ¢6 tam I nam trén duong tron (O) .

Céu 5 (1.0 diém). Cho céc s0 thuc x, y, z khac 0 thda man x + y + z = 0. Tinh gia tri ctia biéu thitc:

1 1 1
P: 2 2 2+ 2 2 2+ 2 2 2
X +y -z y 4z -x 7z +x -y

e Phan tich. D¢ tinh duwoc gid tri ctia biéu thiec P ta cin tim dwoc méi lién hé ciia cdc mdu thikc v6i gid thiét
2
x+y+z=0.Taco X+y+Z=O:>X+y=—Z:>(X+y) =7" = x’ +y -7’ =-2xy. Hoan toan

1 1 1 X+y+7z
+ + =
-2xy 2yz —2zx —2xy7z

=0.

twong tuw ta dieoc P =

2
e Loi giai. T x+y+z=0:x+y=—z:(x+y) =7 =>x*+y -7° = -2xy.

Hoan toan twong tw ta dwoc y* +7z° —x° = -2yz;72° +x° -y’ = —22X.

1 1 1 x+y+z

Thay vao biéu thic P ta dugc P = + + = =0
—2xy 2yz —2zx —2Xy7

o Nhan xét. Mot so'bai todn tirong ti cdu 5.
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Nam hoc 2015 - 2016

Cau 1 (4.0 diém).

X_\/2+\/§—\/2—x/§
) V2

Cho

, o . 3 52016
. Tinh gia tri ctia biéu thic P = (1 +3x° —x ) .

Cau 2 (4.0 diém).
1
Cho Parabol y = —x* (P) va diém A (0;1).
y=7x(P) (051)

a) Vé Parabol P trén mit phang toa d6 Oxy.
b) Chiing minh rang néu diém M nam trén Parabol P thi d6 dai doan thang AM bang khoang
cach tir M dén duong thing y = 1. Biét rang khoang céch gitta hai diém C(x;y, ), D(x,;v, ) batky

2

trén mat phang toa d6 Oxy duoc tinh theo cong thiie CD = \/(XC - X, )2 + (yc - yD) .
Cau 3 (4.0 di€m).

Cho phuong trinh x* + bx” + cx + 1 = 0 trong d6 ¢, d 1a cac s6 nguyén. Biét rang phuwong trinh c6
mot nghiém x, =2+ J5 . Tim ¢, d va cac nghiém con lai ctia phuong trinh.

Cau 4 (3.0 dieém).

Tim x, y biét ,/2(\/;+y—2) = \/;.y.

Cau 5 (5.0 di€m).
Tt mot diém M nam ngoai duong tron (O) vé hai tiép tuyén MB, MD véi duong tron(B, D la
tiép diém) va mot cat tuyén qua M cit dwong tron tai hai diém phan biét A, C.
a) Chting minh rang hai tam gidc MAB va MBC dong dang véi nhau.
b) Chting minh rang AB.CD = BC.AD.

¢) Goi d 1a duong thang qua D va song song véi MB. Puong thang d cit BA, BC lan luot tai I
vaJ. Chting minh rang DI = DJ.

Phén tich va huwéng dan giai

_\/2+\/§—\/2—\/§

12016
Cau 1. Cho x = . Tinh gia tri cia biu thite P = (1+ 3%’ —x*) .

V2

e Phan tich. Dé'tinh dwgc gid tri ciia biéu thirc P trudc hét ta ciin tinh dwoc x. Quan xét biéu thirc x ta cé hai
cdch dé’xir I

+ Cdch 1. Str dung hing ding thitc NA® = ‘A‘ dé’logi b6 cdc cin bic hai



=1

2 2
J1+203 —J1-23 \/(\/g”) _\/(\/5_1) J§+1_(J§_1)
X = = —
2 2 2
+ Cich 2. Déy la x > 0, do dé ta c6 thé'sir dung phép ning lén lity thiva dé'loai bé cin bic hai

o Vi B :2“/5_(2_\/5)_2\/(2“/5)(2_\/5) 42

= =1
2 2 2
Do x > 0 nén ta suy ra dwoc x = 1. Dén ddy ta tinh dwoc gid tri ciia biéu thikc P.
2 2
S LRt R CRAS
OL(‘Yigiéi.TaCéxz\/4+2\/§2\/4 2\/5: 5 = 5 =1.

Do d6 ta duge P = (1+3x" —x° )2016 (1432 -1 )2016 ~1

Cau 2. Cho Parabol y = iXZ (P) va diém A (0;1) .

a) Vé Parabol P trén mit phang toa d6 Oxy.
b) Chitng minh rang néu diém M nam trén Parabol P thi d6 dai doan thang AM bang khoang
cach tit M dén duong thang y = —1.

e Phén tich. Truéc hét ta dé dang vé dwoc Parabol y = ixZ (P) va dwong thing y = —1. Do d6 dé chitng
dwoc do dai doan thﬁng AM bing khodng cich tir M dén duwong thcfng y = —1 thi ta chi cin tinh dwoc do dai
dogn AM va khodng cdch tie M déin dwong thang y = —1. Chii i rang M ndm trén P va dwong thing y = —1

song song vdi truc Ox.

e Loi giai.
a) V& Parabol P trén mat phfmg toa do Oxy. Ta c6 bang cac gia tri dac biét
X -2 -1 1 2
1, 1 1
=—X 1 — — 1
Y 4 4 4

Tt d6 ta vé d6 thi ciaham s6 y = ixQ va duong thing y = —1.
b) Goi toa do diém M 1a M (xM;ixilJ va N 1a hinh chiéu ctia M trén duong thang y = —1, khi d6 ta c6

2

M+1.

N (XM; —1) . Ttr d6 ta duoc khoang tir M dén duong thing y =-11a MN =y, +1= ix

Doco M {XM;l xi,[j va A (O; 1) nén theo cong thitc tinh khoang cach trén ta c6
15

2
2 2 1 1 1 1
AM = \/(XM - XA) + (yM - YA) - \/Xil + (Z XiT - 1} = \/Exiq + Exir +1= inr +1

Tt d6 ta dwoc AM = MN hay d¢ dai doan AM bang khoang cach tir M dén duong thang y = —1.




o Nhin xét. Véi hai diéin C(Xc;yc),D(xD;yD) bat ki

trén mat phing toa dj Oxy ta cd thé chitng minh cong o D

thire CD = \/(XC - X, )2 + (yc -¥p )2 theo cich sau.

o TN X N ~ C
Gia str toa do cua cdc diém C va D dwoc cho nhw hinh ve. Yc M
Khi d6 ta c6 CM =|x, —x,| 04 DM = |y, —y,|. Do
tam gidc CDM vudng tai M nén ta cé Xe © *p

CD =+CM’* + DM* = \/(XC —XD)2 +(yC —yD)2

Cau 3. Cho phuong trinh x* + bx” + cx + 1 = 0 trong d6 ¢, d 1a cic s8 nguyén. Biét rang phuong trinh

c6 mot nghiém x, =2 + \/g . Tim ¢, d va cac nghiém con lai ctia phuong trinh.

e Phan tich. Phuong trinh x° + bx® + cx +1 =0 cd nghi¢m X, =2+ \/g nén ta dwoc
3 2
(2+\/g) +b(2+\/3) +c(2+\/g)+1:0
Kihai triéin v thi gon ta duge (4b + ¢ +17)35 +(9b + 2c + 30) = 0.

D&y ring J5 15606 ty va b, ¢ la s6 nguyén nén dé ding thirc trén xdy ra thi ta cin phai cé
4b+c+17=0
9b+2c+39=0

Dén day ta tim dwoc cdc hé s6'b, ¢ va giai diegc phwong trinh.

e Loi giai. Do x, =2+ J5 1a nghiém cua phuong trinh x* + bx” + ¢x + 1 = 0 nén ta dwoc

(2+\/g)3+b(2+\/g)2+c(2+\/g)+1:0
@8+12\/3+30+5\/3+b(4+4J3+5)+c(2+\/3)+1=0
& (4b+c+17)5 +(9b+2c+30) =0

Do /5 1a s vo ty va b, c a s6 nguyén nén dé dang thic trén xdy ra thi ta can phai c6

4db+c+17=0 8b+2c+34=0 b=-5
9b+2+39=0 " 9b+2c+39=0 " Jc=3

Khi d6 phuwong trinh tré thanh x* —5x* +3x +1=0 < (x - 1) (X2 —4x - 1) =0.

Giai cac trrong hop trén ta duoc tap nghiém 1a S = {2 5 L2+ J5 } .

Cau 4. Tim x, y biét \/2(& fy— 2) _ JWxy.

e Phdn tich. Ding thirc dwoc cho trong bai todn c6 dang phuwong trinh hai dn, do dé @& xir I né ta thwong sir
dung cdc phwong phdp dic biét nhw phin tich thanh cic binh phwong, phin tich thanh tich hay la dinh gid. D&
don gian hoa phwong trinh ta thwc hién binh phwong hai vé. Khi dé phwong trinh trén dwoc viét lai thanh



2 (\/; +y- 2) = y\/; hay 2\/; +2y—4- y\/; = 0. Déy phwong trinh ta thdy phwong trinh phan tich dwoc
thanh tich (y - 2) (2 - \/;) = 0. Dén ddy ta gidi dwegc bai todn.

e Loi giai. Diéu kién x4c dinh ctia phuong trinh 1a x > 0;y 2 0; \/; +y-220.
Binh phuwong hai v€ phuong trinh ta duwoc

2(\/;+y—2)=y&@2\/§+2y—4—yf=0
<:>(2 x—4)—(y\/;—2y)<:>(y—2)(2—\/;)=0<:>{y=2

x =4

+Khi y = 2 thay vao phuong trinh ta duoc V2vx =y 2x , dang véimoi x > 0.

+Khi x =4 thay vao phwong trinh ta duoc \/5 = \/2_ , dang véimoi y > 0.

Vay cac cdp s6 thdamanbaitoanla x =4;y >0 va y =2;x > 0.

Cau 5. Ttr mot di€mM nam ngoai duong tron (O) vé hai tiép tuyén MB, MD véi duong tron(B, D la
tiép diém) va mot cat tuyén qua M cat duong tron tai hai diém phan biét A, C.

a) Chting minh rang hai tam gidc MAB va MBC dong dang véi nhau.

b) Chting minh rang AB.CD = BC.AD.

¢) Goi d 1a duong thang qua D va song song véi MB. Puong thiang d cit BA, BC Ian luot tai I
vaJ. Ching minh rang DI = DJ.

e Phan tich.
+ Dé chitng minh hai tam gidc MAB va MBC ta

—

cin chi ra dwoc MBA = MCB, diéu nay dé
dang khing dinh dwoc do chiing cing chin cung
nho AB cua dieong tron (O)

+ Theo y thit nhat thi ta co AB _ @ Nhuw
BC MC
vdy dé chirng minh dwpc AB.CD = AD.BC thi

ta can chi ra dwoc AD _ @, diéu nay dong
DC MC

nghia vdi viéc chirng minh hai ta gidc MAD va
MDC dbng dang.

+ Gid thiét cho biét I] song song véi MB, lai theo cdc i trén ta thiy dwoc cic tam gidc dong dang. Do d6 dé’chirng
minh dwoc DI = DJ ta di lgp cdc ti 1¢ thiec lién quan dén DI va DJ r6i chi ra cdc ti s6'd6 bang nhau. Diu tién ta

thdy hai tam gidc IBD va DBA dong dang nén ta co Bb_10 hay AD _ 2 Lai thdy hai tam gidc JBD va
AB AD AB BC
DBC dong dang nén ta cé 8D _Jb = b _ E Nhuw vdy ta cin chi ra diegc AD_ C—D Tuy nhién diéu
BC CD BC BD AB BC

nay ta cé thé'suy ra dwgc tir y thir nhat. Vay xem nhw bai toan dwoc chitng minh.

o Loi giai.




—_ — -

a) Xét hai tam gidc MAB va MBC ¢6 goc BMA chung va MBA = MCB
Do d6 ta duwoc AMAB <« AMBC.

b) T AMAB @ AMBC ta duoc g—g _MB

MC’

Xét hai tam giac MAD va MDC ¢6 AMD chung va MDA = ACD nén AMAD < AMDC

AD MD MB AB _AD

Do do ta duoc = = . Ttr d6 ta dwoc — = — hay AB.CD = BC.AD
C MC MC BC DC

—

¢) Do IJ song song v6i AM nén ta c6 ADB = MBA = AID va ABD =BDJ.
Xét hai tam giac IBD va DBA ¢c6 ABD chung va AID = ADB nén AIBD > ADBA .

D, AD_ID

N BD
Teddésuyra — = —— hay — = —.
AB AD AB BC

Xét hai tam giac JBD va DBC ¢6 DBC chung va ABD = BDJ nén AJBD ¢ ADBC.

Tfrdétalaicé@zgzc—])zﬂ.
CD BC BD

MétadaC(’)ﬁ:A—Dhaych—Dnéntac()£=£.Ttrd()suyra DI=DJ.
B DC AB BC BD BD
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Cau 1 (2.0 diém).

Cho hai s6 thuc a, b phan biét thoa man ab = a — b. Tinh gia tri ctia biéu thic A = 24 b_ ab.
a

Céu 2 (3.0 di€m).

Giai phuong trinh VHx -1 —Vx +2 = x =3 .

5

Cau 3 (3.0 diém).
A SV n o2 Loy 1o
Cho x,;x, 1a cdc nghiém cua phuong trinh x” + ax + b = 0, dong thoi x| — 5 va x, — 5 la cac
LN 2 \ 2 2 1 2 1 n 7 ~ 2
nghiém ctia phuwong trinh x” +| a” — 5 x+b” - 5" 0.Tim cacsdavab.

Céu 4 (4.0 di€m).

2
a) Cho hai s8 thuc x va y théa man x + y # 0. Chting minh rang x* + y” +(1+XYJ 22.
X+y

b) Trong mdt hinh vudng cé canh bing 1 14y nam diém tuy y. Chiing minh rang ludn ton tai hai
diém c6 khoang cach khong vuot qua 72 .
Céu 5 (5.0 diém).

Cho tam giac ABC nhon (AB < AC) nodi tiép duong tron (O) . Mot dwong tron (K) di qua A va
tiép xuc voi BC tai D, cit hai canh AB, AC Ian luot tai P, Q va cit duwong tron (O) tai diém E khac A.

Tia ED cat duong tron (O) tai F khac E.

a) Chttng minh rang (TATD — FAB.

b) Chting minh rang PQ _DPDQ .
BC DB.DC
Céu 6 (3.0 diém).

Chiéu ngay 13 thang 3, Cong ty khai thac thuy loi ho Dau Tiéng — Phudc Hoa cho biét da két thuc
dot xa nudc day man xudng song Sai Gon. Day 1a lan xa nudc tht 5 tr dau ndm, gitp nguoi dan Sai
Gon dam bao nuedce sinh hoat, phuc vu néng nghiép.

Dot xa nudc cong suat 30(m3 / S) kéo dai trong 3 ngay, man da dugc day ra cac ctra song. Theo

don vi nay, sau dot xa, muc nuwde trong ho cao khoang 20m, trit lwegng nudc gan 850 trieu m®.
Tuy gitp cac nha may nuwdc ha lvu hoat dong dwoc nhung nhiéu chuyén gia bay t6 lo lang boi trit
luong tai cac hd dau ngudn thap trong khi du bao dot han man c6 thé kéo dai dén thang 5. Hién cac ho

phai can kéo trong viéc xa nuwdc day man d€ phuc vu cho ndng nghiép va hoat déng san xuat nude.



Vé nguyén nhan xam nhap méan, dng Pham Thé Vinh - Vién Khoa hoc Thuy lgi mién Nam — cho
rf”mg, han méan dién ra manh vi El Nino kéo dai khién khu viec Nam bo rat it muwa. Ngoai ra, viéc triéu
cuong kéo dai dén thang 2; 3 khién nudc min di sdu vao cac cira song. Ong Bui Thanh Giang — Phé
tong giam doc Cong ty cdp nudc Sai Gon (Sawaco) — cho biét, nam nay trir luong nudc vé cac hé dau
nguon giam manh. Trong d9, lugng nudc tich trix cua hé thdng hd Dau Tiéng — Phudc Hoa trén thuong
nguon song Sai Gon con hién tai chi dat 70%. Luu luong cua ho Tri An trén séng Dong Nai chi dat
khoang 80% so voi trung binh hang nam. Vé giai phap lau dai, Sawaco kién nghi UBND TP.HCM cho
phép xay dung ho trix nudc thd cho ngudn nudce sdong Sai Gon véi von thuce hién tir ngan sach. Ngoai
ra, don vi cling dé xuat nang cao cong nghé x Iy nwdc nhung viéc nay doi hoi chi phi dau tu, van hanh
cao.(Ngudn vnexpress.net)

a) Hay cho biét lwong nuedc ma ho Dau Tiéng da xa trong 3 ngay qua?

b) Néu tiép tuc xa 20% luong nuwdc hién c6 dé ngan man (voi tdc do xa nhu trén) thi cong viéc
nay sé mat bao nhiéu ngay.
c) Gia st viéc xa nudc chdng man dién ra lién tuc tir hom nay (22/3) dén hét ngay 15/5, tinh

luong nudc ma ho da xa trong khoang thoi gian nay.

Phan tich va huéng dan giai

Ciu 1. Cho hai s6 thuc a, b phan biét thoa man ab = a —b. Tinh gia tri biéu thic A = 2y b_ ab.
a

* Loi giai. Tir gia thiét ab = a — b ta duoc (ab) = (a —b) . Taco

A=E+E_ab=a2+b2_(ab)2 =a2+b2—(a—b)2 =2ab:2
a ab ab ab

Cau 2. Giai phwong trinh V6x —1 —vVx +2 = 4X5_ 3 .

e Phan tich. D&y ring (5X - 1) - (X + 2) = 4x — 3. Do do ta viét phwong trinh da cho lai thanh

\/5){7__\/::(5)(—1)—()(+2)
5

Dén ddy ta c6 thé siv dung phép phin tich thanh nhan tie hodc phép dit dn phu dé dwa phwong trinh vé
dang tich. D€ don gidn hoa ta st dung dn phy a = Nbx —1;b = \x + 2, khi d6 phwong trinh trén dwoc viét lai

2 1.2
thimh a—b =22 o (a—b)(a+b-5)=0.Déh ddy ta cé 10i gidi cho bai todin.
. 5x—-120 1
e Loi giai. Diéu kién xac dinh cta phuong trinh la &S x=2—.
x+22>0 5
a=+5x-1 a’=bx-1 ,
Dt (azo;bzo):» , —a’-b?=4x-3.
b=+vx+2 b® =x+2
a’ —b’ a=b

Ki d6 phuong trinh da cho tro thanh a —b =

@(a—b)(a+b—5)=0<:>




5x—120 3
X=—.

+Vé6ia=b taduoc Vix—1=vx+2 < o
hx—-1=x+2 4

+Vé6i a+b =5 taduge vbx —1 +vx +2 = 5. Binh phuong hai v€ cia phuwong trinh ta duoc
12-3x20

(5x—1)(x+2) =12-3x < (5X_1)(X+2):(12_3X)2

x<4 x <4
oSx=2

4x’ -8lx+146 =0 |(x-2)(4x-73) =0

Két hop véi diéu kién xac dinh ta duoc tap nghiém ctia phuong trinh la S = {% : 2} .

" . I ...
Cau 3. Cho x,;x, 1a cdcnghiém ctia phuong trinh x° + ax + b = 0, dong thoi x; —— va x, —— la cac
2 2

1 1 ;s
nghiém ctia phuong trinh x* + [af - EJ x+b’ - 5 0.Tim cicsd avab.

e Phin tich. Bai todn cho biét cic nghiém ciia phwong trinh bic hai nén ta nght dén dp dung dinh lyj Vi — et dé
xte Ly bai todn. Trwdc hét ta cé cic h¢ thirc tbng v0i cdc phwong trinh la x +x, =-a;x.x, =b va
1 1) 1 1 1 1 = v S
Xf—— + xg—— =——a’ xf—— xz—— =b2——.thvéydétlmdwqccacsoavabthztacantzm
2 2 2 2 2 2
o A A .~ 7 A 7 A A? .2 A/ A2 Ve A? ? e A2 CAS 1
duwgc moi lién hé giiva cic hé thirc trén. DE don gidn trong biéh ddi ta c6 thé'si dung phép doi bién X, = x. — 5

. 1 o s s
vd X2 = xg - 5 Khi d6 ta co bién doi sau

1 1 2
2 2
X1+X2:X1__+X2__ X1+X2=(X1+X2) —2X1X2—1

A 2 1 2 1
X, X, :[xf _%J(X; —%J XX, =(X1X2) —§|:(X1 +X2) —2x1x}+Z
X, +X, =(-a) ~2b-1 X, +X,=a’-2b-1
< > 1 2 1< , 1, 1

X, X, = (b) _5[(_3) _zb}i X, X, =b - Zat+be

aQ—Qb—l:l—a2
2

1

Két hop v6i hé thirc Vi—et X + X =l—a2;XX =b2—l ta co hé
T2 e 2 polazipelopee
2 4

1
2
Tir hé¢ phwong trinh trén ta giai dwoc bai todn.

e Loi giai. Vi x;x, la cdc nghiém ctia phuong trinh x* + ax + b = 0 nén theo dinh ly Vi - et ta c6 céc

1 . 1 .
hé thite x, +x, = —a;x,.x, =b.Dat X, =x] —— va X, =x. ——. Tt d6 ta duoc
2 2




1 1
X1+X2=Xf——+><§—— X1+X2=(X1+X2)2—2X1X2—1

< 2 1 2 1
X, X, =[xf _%J(X; —%j X, .X, =(X1X2) —§|:(X1 +X2) —2x1x}+Z
X, +X, =(-a) —2b-1 X, +X,=a’-2b-1
< 2 1 > 1< , 1, 1

X,X, =(b) -5 (a) =2 |eg XX, =W Gt

Ma theo bai ra thi X ; X, 1a hai nghiém ctia phwong trinh x° + (a2 - %] X + b’ —% = 0. Nén theo dinh

1 1 . 1 o s
ly Vi-éttaco X, + X, = 3 a’; X, X, =b" - > Két hop hai két qua ta dwoc hé phwong trinh

aZ_Qb_l:%_aQ da’ —4b=3 2a” = 0 a=0
1 1 17 202 +4b=-3" =222 +4b=-3 " 3
b2—5a2+b+z=b2—5 a N a - b:_z

A ~ A A \ 2 ~ A A \ . 7 \ 3
Vay cdp s6 can tim thoa man yéu cau bai toan la (a; b) = (0; —Zj

Cau 4 (4.0 diém).

2
a) Cho hai s8 thuc x va y théa man x + y # 0. Chting minh rang x* + y” +(1+l] 22.
X+y

o Loi gidi.
+ Cach 1. Str dung phép bién déi twong duong ta co

2 2
1 1
X2+y2+( +ij 22<:>(X+y)2—2xy+( +XyJ -220
X+y X+y

2 2
= (X+y)2 +(1X++X;j —2(1+xy)20<:>(x+y)2 +[1+XYJ —2.1X++X;’(x+y)20

2
1+
@[X+y— ij >0
X+y

Bat dang thikc cudi cing ludn ding. Vay bat dang thiec da cho dwoc chiing minh.
D&u bang xdy ra khi va chi khi (x+y)2 =l+xy o x +y +xy=1.

+ Cach 2. Ap dung bat d¢éng thixc Cauchy cho hai s8 khong am ta dwoc

(x v +(1+ij2 ZQJ(XW)Q.(“XYI oft x| 221+ x)

X+y X+y

2 2
Tt d6 ta duoc X2+y2+2xy+{1+ny > 2+ 2xy hay X2+y2+[1+xy} >2.
X+y X+y

Vay bat dang thitc dwgc chitng minh.




b) Trong mét hinh vudng ¢ canh bang 1 1dy ndm diém tiy y. Chiing minh rang ludn ton tai hai diém

c6 khoang cach khong vugt qua ?2 .

e Phin tich va 10i giai. Day la bai toan hinh hoc t6 hop ap dung nguyén ly Dirichlet. Cht y bai toan
Ao N2,

cho 5 diém bat ky va yéu cau chitng minh ton tai hai diém c6 khoang cach khong vuot qua 5 nén ta

sé chia hinh vudng thanh bén phan sao cho khoang cach xa nhat ctia hai diém trong mot phan khong

vuot qua 72 Bai toan cho hinh vuéng c6 canh bang 1, nhue vay khi chia hinh vudéng thanh bén &

vuong canh % thi d6 dai dwong chéo la 72 . Biéu nay cé nghia la ta tim dwoc 10i giai cho bai toan.
Chia hinh vudng cé canh bang 1 thanh b&n hinh vudng ¢ canh bang %, khi d6 duwong chéo

mdi hinh vuéng d6 la ?2 Vi ¢6 5 diém bat ky nén theo nguyén ly Dirichlet thi ludn ton tai hai diém

cing nam trong mot hinh vuéng canh % . Do d6 khoang cach gitta hai diém d6 khoéng vuot qua —2
Vay bai toan dwoc chitng minh.

Cau 5. Cho tam giac ABC nhon (AB < AC) ndi ti€p duong tron (O) . Mot dwong tron (K) di qua A va
tiép xuc voi BC tai D, cit hai canh AB, AC Ian luot tai P, Q va cit duwong tron (O) tai diém E khac A.
Tia ED cat duong tron (O) tai F khac E.

a) Chting minh rang CAD = FAB. b) Chting minh rang PQ _ DP.DQ .
BC DB.DC

e Phin tich.
+ Quan sdt hinh ve két hop véi gia thiét cua bai todn ta

thiy QDC = CAD vi FAB = BCF, do d6 dé ching

A

minh  dwoc @) = F/AT3 thi ta cin chi r
BCF = (5[)\0, diéu nay dong nghia véi chitng minh

AN

E
hai dwong thing QD va FC song song. Mudn vdy ta ‘
cin phai chitng minh diwgc ETF\C = ETD\Q Tuy nhién ‘ ‘ 1
diéu nay lai c6 dwoc do hai tiv gidc EACF va EAQD ngi \

B D

tiép dwong tron.

+ Quan sat hinh vé va dé'y dén cic gid thiét ta nhdn

thiyy APQD @ ACBF, do d6 ta dutgc % _PD v -

CF’

PQ _PDDQ . Nhw vdy dé chitng minh PQ _DP.DQ
BC CFDQ BC DBDC

BD.DC = CF.QD. Goi M la giao di¢in khic A ctia AD i duong tron (O). Khi d6 ta dé dang chitng minh

T dé ta dwoc thi ta cin chitng minh dwoc




dwoc ADBM > AQDC nén suy ra E—g = ]é—l\glhay BD.DC = BM.QD. Nhw vdy phép chirng minh sé két

thiic khi ta chi ra dwoc CF = BM.

Ta cé CAD FAB nén ta dirgc CAF + MAF = BAM + MAF nén CAF BAM.
Tir do ta dwoc CF = BM nén CF = BM. Vay bai todn dwoc chitng minh.
e Loi giai.
a) Do t& giac EACF noi tiép duong tron nén ta duoc EEA\C + E/F\C =180". Lai ¢6 t& gidc EAQD noi tiép
dwong tron nén ta dwoc ﬂ? + E/DYQ =180". Ttr d6 ta duoc EH?\C = E/]YQ , suy ra DQ va FC song song
v6i nhau. Do d6 ta lai co B/CE‘ = (SD\C .
Mat khac ta lai co Q/D\C =® va FTEB = B/C\F.Dodétaducyc CTGD =1€A\B.

b) Goi M la giao diém khac A ctia AD véi duong tron (O) .

Tacé(ﬁ]\)zfﬁ nén ta duoc (ﬁ+l\m=BAM+l\ﬁ\F nén@zm.

Tt &6 ta duwoc &‘ =]§T\\/I nén CF = BM.

Xét hai tam giac PQD va CBF c6 QDP = BFC (cung bu véi goc BAC) va QPD = BCF = QDC nén

suy ra APQD © ACBF, do d6 ta duge =2 = PP PQ _ PD.DQ
BC BC CFDQ’

. Ttr 6 ta dwoc —

—_ -

Xét hai tam giac BDM va QDC c6 QDB = BFC va DBM = QCD = CAM.

Do dé tacd6 ADBM <> AQDC nén suy ra ]]i—g = 2—Mh ay BD.DC = BM.QD.

Ma CF = BM nén ta duoc BD.DC = CF.QD

Két hop véi — PQ _PDDQ ta duoc PQ _ DPDQ . Ta c6 diéu phai chttng minh.
BC CF.DQ BC DBDC

Céu 6 (3.0 di€m).

e Phdn tich. Bai todn 6 la bai todn thiec t6'nén ta si dung cic phép tinh thong thieong dé’thiec hién cdc yéu ciu
ctia bai todn. Chil y ring tir ngay 22 thang 3 dén 15 thang 5 c6 10 + 30 + 15 = 55 (ngay)

e Loi giai.

a) Thoi gian xa nudc 1a 3.24.60.60 = 259200(s)

Do d6 hrong nude ho Dau Tiéh xa trong 3 ngay 1a 30.259200 = 7776000 (m’

b) 20% lwong nude hién cé la 850000000.20% = 170000000 (m3 )

Lwong nuedc xa ra trong mot ngay la 30.24.60.60 = 2592000 (m3)

Thoi gian hoan thanh cong viéc nay la 170000000 : 2592000 ~ 66 (ngay)
Vay thoi gian xa la 66 ngay.

c¢) Tty ngay 22 thang 3 dén 15 thang 5 ¢ 10 + 30 + 15 = 55 (ngay)

Luong nuéc ma hd xa ra trong 55 ngay la 55.2592000 = 142560000 (m’



Désd 9
PE THI CHON HQC SINH GIOI TOAN 9 TINH PHU THQ
Nam hoc: 2015 - 2016

Cau 1 (3.0 diém).

a)Cho $=1.23+234+...+n(n+1)(n+2) véinla s& twnhién khac 0.
Chting minh rang 4S + 1 1a s8 chinh phuong.

b) Tim cdc s6 nguyén x va y thod man x* + 2y° +2xy = y + 2
Cau 2 (4.0 diém).
X" —4x* —17x+9 . X

S 1
a) Tinh gia tri biéu thue P = — > vOi — =—
x +3x"+2x+1 X +x+1 4

b) Cho a,b,c >0 thodAman a+b+c=5 va \/;+\/E+\/7=3.

o b e

a+2 b2 c+2  flaia)(bh+2)(c+2)

Chting minh rang

Cau 3 (4.0 diém).
a) Gidi phuong trinh  (3x +1)v2x* ~1 = 5x" + %X _3

2x" -y +xy+y-5x+2=0

X +y +x+y-4=0

b) Giai hé phuong trinh {
Céu 4 (7.0 di€m).
Cho duong tron tam O cé duwong kinh AB = 2R . Goi M la diém bat ky thudc duong tron (O)(M

khéc A va B). Cac tiép tuyén véi duong tron (O) tai A va M cit nhau tai E. Vé MP 1L AB (P € AB) va
MQ LAE(Qe AE).

a) Chting minh rang t&t giic AEMO la t giac noi tiép va APMQ 1a hinh chit nhat.

b) Chitng minh rang PQ, OE, MA dong quy.

¢) Goi K 1a giao ctia EB va MP. Chting minh rang K 1a trung diém ctia MP.

d) Bat AP = x, tinh MP theo R va x. Tim vi tri diém M trén (O) d€ hinh cht nhat APMQ ¢6

dién tich 16n nhat.

Céu 5 (2.0 di€m).

Cho céc s6 thuc a, b, ¢ phan biét tig d6i mot. Chiing minh rang;

(a2+b2+c2) + +

\Y
N | ©



Phén tich va huéng dan giai

Cau 1.

a) Cho §=1.23+234+...+n(n+1)(n+2) véinlasd twnhién khac 0. Chimg minh réng 48 +1 1

sO chinh phuong.

e Phdn tich. Bai todn cho tong S =1.2.3+2.3.4+... + n(n + 1)(n + 2), nhw viy dé’ chirng minh dwgc 4S + 1
la s6'chinh phwong thi ta cin tinh dwoc téng S roi phan tich 4S + 1 thanh binh phwong ciia s6'chinh phirong.

Ta thdy S la téng cua ddy so'co tinh quy ludt va chii y dén tong 4S + 1 nén ta sé di tinh tong 4S.
Tacs 48 =1234+2344+. .. +4n(n+1)(n+2),

Chit y ring 2.3.4.4 =2.3.4.(5 1) = 2.3.4.5 ~ 1.2.3.4, khi d6 c6 thé lam tri¢t tiéu tich 1.2.3.4.
Ap dung hoan toan twong tw thi ta duwoc

485=1.2.34+234.(5-1)+345.(6-2)+...+n(n+1)(n+ 2)[(n +3)—(n- 1)]
=1.234+2345-1234+. . +n(n+1)(n+2)(n+3)-(n-1)n(n+1)(n+2)
= n(n+1)(n+2)(n+3)

Dén day ta sé tinh dwoc 4S + 1 va phin tich tong thanh binh phwong ciia mot s6"tw nhién.
e Loi giai. Ta c6
48=1234+2344+..+4n(n+1)(n+2)

=12.34+234.(5-1)+345.(6-2)+...+n(n+1)(n+ 2)[(11 +3)~(n- 1)]
1234+2345-1234+ . +n(n+1)(n+2)(n+3)=(n-1)n(n+1)(n+2)

n(n+1)(n+2)(n+3)

Do dé ta cé 4S+1=n(n+1)(n+2)(n+3)+l=(n2+3n)(n2+3n+2)+1

:(n2 +3n)2 +2(m2 +3n)+1:(n2 +3m+1)2

Dé thdy n” + 3n + 1 1a mdt s6 tu nhién nén 4S + 1 1a s8 chinh phuwrong,.
o Nhin xét: Dé gidi dwoc bai todn nay ta cin thiec hign do la tinh tong 4S va phdn tich tong 4S + 1 thanh binh
phwong ciia mot so’ tw nhién. Tong S la tong ddy so'cd tinh quy ludt nén ta thuong sie dung phwong phdp khie

lién tiép va viéc nhan thém 4 vao hai vé'goi y cho ta phép tach 4 thanh cdc higu nhw trén.

b) Tim cdc s6 nguyén x va y thod man x* + 2y° +2xy = y + 2

e Phain tich. Dy la bai todn s6"hoc vé phwrong trinh nghiém nguyén. Phwrong trinh dd cho cé bidc hai doi véi mot
bién nén ta co thé'nghi dén phweong phip s dung diéu kién cé nghiém ciia phwong trinh bic hai hodc diéu kign A
la so° chinh phwong dé¢ phwong trinh co nghiém nguyén. Truwéc hét ta viét lai phwong trinh thanh

x? —2xy +2y° —y —2 = 0. Xem phuwong trinh trén la phwong trinh bic hai dn x vdi y la tham s6. Khi dé ta cé

A =4y —4(2y2 —y—2)=—4y2 +4y +8.
D& phuong trinh cé nghigm thi —4y° +4y +8 >0 < 2+y—y* >0 < (y + 1)(2 —y) >0.
Tir d6 dan dén —1 <y < 2. Do y la s6' nguyén nén ta duoc y € {—1; 0;1; 2}.

Dén day xét tieng trieong hop cia y ta tim dwoc x twong 1kng.



e Loi giai. Phwong trinh da cho dwoc viét lai thanh x* —2xy +2y* —y -2 = 0.

Xem phuong trinh trén la phwong trinh bac hai an x véi y la tham s6.

Khi d6 ta co A = 4y’ —4(2y2 —y—2) =4y’ +4y +8.

D& phuong trinh c6 nghiém thi ~4y* +4y +82 0 < 2+y -y’ 20 < (y+1)(2-y) 2 0.
Ttr d6 dan dén —1 < y < 2. Do y la s nguyén nén ta duoc y € {—1; 0; 1;2}.

+V6i y = -1, phuong trinh tré thanh x> -2x +1=0 < x =1

+Véi y = 0, phuong trinh tré thanh x* — 2 = 0, phuwong trinh khong c6 nghiém nguyén.
+ Vi y =1, phuong trinh trd thanh x* + 2x — 1 = 0, phuong trinh khong ¢ nghiém nguyén.
+Véi y = 2, phuong trinh tré thanh x* +4x +4 =0 < x = -2.

Vay ¢6 2 cip (x; y) thoa man dé bai (1; —1) : (—2; 2) .

e Nhin xét. D€'y ta thiy phuong trinh viét dwoc vé dang

x2—i—2yQ+2xy=y-i—2<::>(x—i—y)2=—y?—i—y—i—2<:>(x—i—y)2 =(1+y)(2—y)

Do(x+y) 20 néntaci (1+y)(2-y)20e 1<y <2.Suyraye{-1012].

Dén day ta xét cdc trieong hop hoan toan twong tw nhuw trén.
Cau 2.

, P —4x’ -1 , 1
a) Tinh gi4 trj biéu thitc P = > x+9 e X -
X" +3x"+2x+1 x +x+1 4

e Phdn tich. Trudc hét ta thay doi hinh thirc ciia gid thiét thanh x* = 3x — 1. Nhw vdy ta ciin bién doi cdc lily
thita ctia x vé x° dé'thay bang 3x — 1thi bai todn dwoc gidi quyét.
1

s . X
o Loigidi. Taco —————=—odx=x"+x+1 e x =3x-1
*+x+1 4

Khi d6 x* =X2.X=(3X—1)X=3X2—X=3(3X—1)—X=8X—3
x! =X3.x=(8x—3)x=8x2—3x=8(3x—1)—3x=21x—8
X’ :x4.x=(21x—8)x:21x2 —8x:21(3x—1)—8x=55x—21

Chu y rang tir giai thiét cia bai toan ta suy ra dwoc x # 0. Tt d6 suy ra

P_X5_4X3_17X+9_(55X—21)—4(8X—3)—17X+9_ 6x 3
Cx s +2x 411 (20x-8)+3(3x-1)+2x+11  32x 16

o Nhdn xét. Bai toin khong khé nhuwng cin bién doi dwoc gid thiét thanh x° = 3x — 1 va bién doi biéu thiec P

lam xudt hién cdc lity thia x> dé'thay thé'bang 3x — 1

b) Cho a,b,c >0 thoAman a+b+c=5 va \/;+\/g+\/_=3.Ch1’mgminhr5ng:

o b e

at2 b2 c+2 far2)(be2)(c+2)




e Phan tich. Gid thiét bai toin cho a+b+c =5 vi a +/b +e = 3, nhw vdy bing cich st dung hang
diing thitc ta thu dwoc \Jab +be +~ca = 2. D&y ring ta c6 phép bich doi

a+2=a+@+&+£=(ﬁ+£)(£+£)
Hoan toan twong tw thi ta co b+2=(\/g+\/g)(\/g+\/g) vd C+2=(\/g+\/;)(\/g+\/g).

Dén day ta thay vao mot vé'ciia dﬁng thirc va rit gon thi thu dirgc vé'con lai.

.....

\/;+\/g+f=3©a+b+c+2(\/£+\/a+\/a)=9<:>\/;+\/a+ ca =2
Dod6 a+2=a+ab +Vbe +vea = (Va +Vb)(Va + V)
b+2=b+@+&+\/:=(\/g+\/g)(@+\/;)
c+2=c+Vab + Vb +Vea = (Ve +va ) (Ve + Vb)
Chii ¥ xing y[(a +2) (b+2) (c +2) = (Va + Vb ) (Vb + Ve ) (Ve + Va) . Tir do ta duoc

Va b Ve
(f‘fy IR0 R AT R N AT N

(\/g+\f)+\/g( c+ a) C(\/g-i— b)
(Va + b ) (Vo + e ) (Ve + Va)
2(Vab + Vo + Jea) \
\/(a+2)(b+2)(c+2) \/(a+2)(b+2)(c+2)
vay o b e s

w2 b2 e [aia)(ba2)(er?)
o Nhin xét. Bai todn c6 hai diéin cin chii y do la cin két hop bién d6i khéo léo hai gid thiét d¢ thu duwoc ding
thire Jab +~/be +ca =2 v vin dung dé phin tich dwgc a +2 = (\/g + \/g)(\/; + \/g)

Cau 3.

VT =

a) Gidi phuong trinh (3x +1)v2x* -1 = 5x° +3?X—3

e Phan tich. Tru6c hét ta viét lai phwong trinh thanh 2 (3x + 1) V2x® =1 =10x" + 3x — 6. Phwong trinh chia

chita mot cin thikc bdc hai nén ta nghi dén vige dat an phu dé dwa phwong trinh vé phwong trinh bic hai cé A la
s0'chinh phwong. D€ cé dwoc dieu nay ta viét phwong trinh vé dang

4(2x2 —1)—2(3x+1)\/2x2 —1+2x%+3x-2=0

Dit N2x* =1 =t > 0 thi phwong trinh tré thanh 4t° — 2(3x + 1)t +2x* +3x-2=0

Biy gio ta cin kiém tra xem phiwrong trinh c6 A c6 phdi la s6"chinh phwrong khong.




Taco A=4(3x+1) —4.4(2x" +3x ~2) = 4(x* ~ 6x+9) = 4 (x —3) a s0'chinh phueong.

Dén ddy ta giai dwgc phirong trinh.

1
J2
2(3x+1)\/2x2 —1=10x>+3x -6 < 4(2x2 —1)—2(3x+1)\/2x2 14257 +3x-2=0

e Loi giai. Diéu kién xdc dinh cta phuong trinh la ‘x‘ > . Phuong trinh da cho twong duong voi

Dat V2x® —1 =t > 0, khi d6 ta dwoc 4t —2(3X+1)t+2x2+3x—2=0

Ta ¢6 A=4(3x+1)2 —44(2x* +3x-2) = 4(x° —6x+9)=4(x—3)2

t_3X+1—X+3 t_X+2
Do d6 phuong trinh ¢6 hai nghiém la 4 oo 2
t_3X+1+X—3 t_2)(—1
4 2
o Véi t = XTJFQ thi ta duoc
9 X+ 2 X2 =2 X > -2 Qi\/&
V2x" -1= == 2 & ) S x=
2 4(2X2_1)=(X+2) 7x' —4x-8=0 7
o Véi t = X1 thi ta duoc
1 1
[92 2x -1 D X 2 — —1+\/E
2x° -1 = & 2 2<:> 2 & X =
2 4(2X2_1):(2X_1) 4% +4x-5=0 2
+ _
Két hop diéu kién |x| > % ta duoc tap nghiém S = {2 - 60. -1 ; @}.
2

o Nhin xét. Diy la dang phwrong trinh v6 ty dwa dirgc vé phwong trinh tich. D don gidn trong phép phin tich
ta ddt dn phu khong hoan toan va dwea phwong trinh vé dang phwong trinh bic hai ¢c6 A chinh phuong.

2x" -y +xy+y—-5x+2=0

2

b) Giai hé phuong trinh
) *P 8 {X +y +x+y-4=0

e Phdn tich. H¢ phwong trinh di cho c6 hai phwong trinh cd bdc hai nén ta sé di kiém tra xem phwong trinh nao
c6 thé' phin tich dwoc. Do la cdc phwong trinh 6 bdc hai doi vdi moi dn nén ta sé kién tra xem phwong trinh nao
c6 biét thire A (hodc A') la s6'chinh phwong.

Xét phwong trinh thie nhat 2x> —y* +xy+y-5x+2=0 <y’ —(x+1)y—2x2 +5x—-2=0 la
phwong trinh bdc hai dn y va x la tham s6.
2 2
Khi do tacs A'=(x+1) -4 (—2x2 +5x — 2) = 9x" —18x +9 = 9(x — 1), nhue viy phiong trink thit

nhdt phan tich dwgc thanh tich. Dén ddy ta gidi dwoc hé phwong trinh.

e Loi gidi. Phuong trinh thit nhat cta hé twong duong véi




2xX" —y Xy +y-bx+2=0y —(X~|—1)y—2x2 +5x-2=0
Xem phuong trinh trén la phwong trinh bac hai dn y ¢6 x la tham sé.

Khi dé ta ¢6 A':(X+1)2—4(—2){2+5X—2):9X2—18X+9:9(X—1)2

X+1—3(X—1)
y= y=-x+2
Khi d6 phwong trinh ¢6 hai nghiém la 2 =
X+1+3(X—1) y=2x—-1
y= 5

o Véi y = —x + 2, thay vao phuong trinh thit hai ctia hé ta duge 2x° —4x+2=0x=1=y=1

o Véi y = 2x —1, thay vao phuong trinh thit hai cia hé ta duoc

x=1 x=Ly=1
' —x-4=0< 4= 4 13
X=-= X=—=y=——0
5 5 5

Vay nghiém ctuia hé phwong trinh la (1; 1) va L— % ;= %J .
e Nhdn xét. Ban chit cia phwong trinh thir nhit ciia hé trén la phwong trinh phin tich dwgc thanh tich. Khi

phwong trinh ¢6 hai nghiém y =-x+2 va y =2x-1 cé nghia la phwong trinh viét dwoc vé dang tich
(y +x— 2) (y —2x + 1) = 0. Do li phirong trinh thie nhdt c6 bic hai d6i véi mbi dn nén ta c6 thé xem mot dn I

tham s6va khi do ta ste dung diéu kién A chinh phwong dé'phan tich phwrong trinh thanh tich. Chii y rang khi cd
hai phwong trinh bic hai déu khong phin tich dwoc thi ta ¢6 thé nhin mt phwong trinh véi k # 0 va st dung
phwong phdp cong dai s6, liic nay ta cin xdc dinh s6'k dé’phirong trinh cd thé'phdn tich dwoc thanh tich.

Céu 4. Cho duong tron tam O c6 duong kinh AB = 2R . Goi M la diém bat ky thudc duong tron (O)(M
khéc A va B). Cac tiép tuyén véi duong tron (O) tai A va M cit nhau tai E. Vé MP 1L AB (P € AB) va

MQ LAE(Qe AE).
a) Chting minh rang tit giic AEMO la t& giac noi tiép va APMQ 1a hinh chit nhat.

—

Tt gidc AEMO c6 OAE = OME = 90’ M 0
nén tir giac AEMO noi tiép. Mat khac t&
gidac APMQ co E

o —

MPA = PAQ = AQM = 90" nén t gidc K
APMQ 1a hinh chir nhat.

b) Phaén tich va 1oi giai. Nhan thay I 1a
trung diém cua AM, PQ, ma OE phai di
qua trung diém caa MA, do d6 OE di

qua L.

Do APMQ 1a hinh chit nhat nén hai duong chéo PQ va MA cét nhau tai trung diém I ctia mbi duong.
Do tiép tuyén tai A va M cét nhau tai E, I1a trung diém MA nén O, I, E thang hang.

Vay PQ, OE, MA dong qui tai I

c) Phan tich va loi giai. D€ chiing minh dugc K la trung diém caa MP ta di chtitng minh MP = 2KP.
Cht y dén O la trung diém cua AB va I la trung diém ctia MA(hoac PQ). Do d6 ta c6 AB =20A va



2IM = 2IA = MA . Nhu vay ta can chiing minh dugoc PM.AO = PK.AB. Dén day ta trinh bay 10i giai

nhuw sau.

— -

Ta ¢6 O la trung diém AB vaIla trung diém MA nén OI song song véi MB do d6 MBP = EOA .

o —

Ma talai 6 MPB = EAO = 90" nén tam gidc MPB dong dang vé4i tam giac EAO.

Ttr d6 suy ra Ps_PrM =PBAE =PM.AO
AO AE

Do PK song song v6i AE nén theo dinh li Talet ta c6 % _ PR =PB.AE = PK.AB(2)

AE
Tt d6 suy ra PM.AO = PK.AB mado AB =2A0 nén PM. 2A0 =2PK.AB
Do d6 PM = 2PK hay hay K la trung diém MP.

d) Phén tich va 10i gidi. Vi M la diém bat ki trén dudng tron (O) nén P c6 thé thudc doan OA hoge
doan OB. D€ tinh MP ta st dung dinh ly Pitago cho tam giac MPO. Véi hinh cht nhat APMQ, ta chu y
dén S = AP.MP, véi két qua MP tim duwgcva AP =x ¢6 S

APMQ

(2R - X)x3 . Ta 4p dung bat

APMQ
déng thirc Cauchy tim gia tri 16n nhét cho bidu thic (2R - x)x* . Dén day ta trinh bay 15i giai nhu
sau.

Trong tam gidc vuong MPO ta c6 MP* = OM* - OP* =R* ~ (R —x)  khi P thudc doan OA va

2

MP* = OM* - OP* =R’ —(x - R) khi P thudc doan OB.
Khi d6 MP” = (2R —x)x.Suyra MP = /(2R —x)x
Dién tich hinh chit nhat APMQla S = AP.MP = (2R - x) x°

Ap dung bat déng thitc Cauchy tacé a+b+c+d > 2ab +2ved > 44fabed véi moi a,b,c,d >0

4
Hay abcd < (#j .D&ubang xay rakhivachikhia=b=c=d.

Khi dé S = /(2R - x) 3=\/27(2R—x)%§§s 27. j 33| = v R’

Dau bang x4y ra khi va chi khi 2R - x = % S x = gR .Suy ra P la trung diém OB.

Do d6 ta xac dinh dugc M dé dién tich hinh chit nhit APMQ 16n nhét.

o Nhdn xét. Chil yj ring v6i hai vi tri ciia M ta cin duwa ra hai cong thikc tinh MP, tuy nhién hai cong thikc tinh

MP cho ta cung mgt két qua. Con khi tim gid tri Ion nhadt ciia (2R - x) x* thi ta cin khir hét bién x trong biéu
3

N X X X X
thirc va dé'y dén dau bang x4y ra nén ta cé vhép téch — = =.=.=
Y &y pep 27 3 3 3

Cau 5. Cho cac s8 thuc phan biét a, b, c. Chting minh rang;




(a2+b2+c2) ! + ! + 1 >

(a—b)2 (b—c)2 (c—a)2

N | ©

e Phdn tich. Gid thiét ciia bai todn cho a, b, ¢ la cdc s6 thiee khdc nhau tieng doi mot nén ddu bang khong xdy ra
tai a =b = c. Ngoai ra ta ciing khong thé'str dung cdc bat dang thirc quen thudc do a, b, ¢ chwea dwong. Nhim
mot s6'gid tri dic biét ta thdy bat ding thirc xdy ra ddu bang tgi mot trong cdc trwong hop la a = 0;b = 1;c = -1

. Ta viét biéu thiec vé'trai thanh

a’ + b’ b? + ¢ c? +a’ a ’ b ’
oobf (o) (o) \ome) Lemn)
a—b b-c c—a -¢ c-a a

Khi dé voi a = 0;b = 1;¢ = —1 thi ta dwgc

a’+b> b+ +a’ 5 a ’ b ’
-+ -+ - vi + +
(a—b) (b—c) (c—a) 2 b-c c-a

Do d6 ta di chitng minh cdc bt dang thirc

a’+b> b’+c® F+a’ |5 ( a T [ b JZ (
>+ >+ 2 v + +
(a—b) (b—c) (c—a) 2 b-c ¢c-a

a’ + b b® +¢* ¢’ +a’
+ +

(a - b)2 (b - c)2 (c - 3)2

+ Truwdc hét ta chirng minh

2

(a+b)2+(a—b)2 +(b+c)2+(b—c)2 +(c+a)2+(c—a)2

a’+b> b+ F+a
2+ 2+ 2
(a—b) (b—c) (c—a)

a’+b> b+ C+a’ 1
Hay ta duwoc + + =3 + +

(a - b)2 (b - c)2 (c - a)2

2 2 2
Nhuw vdy ta can chirng minh diegc (aerj +(b+cj +(c+a] > 2.

DO |

(a - b)2 (b - c)2

a—b b-c c—a

D&’y ta c6 bat dang thitc quen thudcla x> +y° +2° > —2 (xy tyz+ ZX) do dé

a+b2 b+c2 c+a2 a+b b+c b+c c+a c+a a+b
+ + > -2 . + . + .
a—-Db b-c c—a a-b b-¢c b-c c-a c—-a a-b

Nhuw vdy ta can chirng minh diegc . . .
a-b b-c b-cc-a c—-a a-b

2 2 2
+ Hoan toan twong tw cho bat ding thitc a + b T p— >2.
b-c c—a a—b

a+b b+c+b+c cta c+ta a+b

-1.

c+a

o Loigidi. Tacs |22 g || 2 yjfera y]_[atb_,)bte_
a—b b-c c—a a—b b-c

|

c—a

(c-a)

;




a+b b+c+b+c C+a+c+a a+b

Hay ta dwoc -1

a-b b-¢c b-c c—-a c—a a-b
,[a+b ’ b+c ’ c+a ’ a+b b+c b+c c+a c+a a+b
Ta co + + > —2. . + . + . =2
a—b b-c c—a a—-b b-¢c b-cc—a c—a a-b

a’+b’ b? +¢? c? +a’ a+b2 b-l—c2 c+a2
Do dé suy ra 2 + + = + + +322+3=5

(a—b)2 (b—c)2 (c—a)2 a-b b-c c—a
2 2 2 2 2 2
S a“+b b* +c ¢ +a Z§ 1)
T ) (o) (eva) 2
Mat khac ta lai c6 b + b ¢ ¢ a —

. . + . =
b-c c—a c¢c—a a-b a-b b-c

2
Khid(’)[ 2 4 b + ij > 0 hay ta duoc

—C c—a a —

2 2 2
G R . S [ 9
b-c c—a a—b b-c ¢c—-a c¢c—a a-b a-b b-c

Cong theo vé& hai bat dang thikc (1) va (2) ta dwoc

(a2+b2+c2) 1 + 1 + 1 2§+2=g
2 2

(a - b)2 (b - c)2 (c - a)2

Dé’ubéngxé’yrakhi(a+b+c)( L + 1 + 1 ]:0_
a

a—-b b-c¢c c-

o Nhdn xét. Diy la mot bai todn bt ding thitc khé, lai khong thé’sie dung cdc bat ding thitc quen thudc dé dinh
gid. D& chitng minh dwoc bat ding thitc trén ta phdi thuc hién duwoc cdc cong viée nhiwe

+ Dy dodn diém roi d¢ quy bai todn vé chitng minh hai bt ding thikc.

2 2 2 2 2 2 2 2 2
a~+b b” +c c +a 5 [ a b c

; Tt ; + 22_0’1( j"'[ ]4—( ]22
T A C O

+ Dé chitng minh diweoc bdt ding thikc thit nhdt ta quy vé chitng minh bat ding thikc

2 2 2
a+b N b+c N c+a 59
a—b b-c c—a

+ Dé chitng minh dwoc bat ding thirc thit hai ta quy vé chieng minh

a ’ b ’ C ’ a b b C C a
+ + > -2 . + . + . =2
b-c c—a a—b b-c c—-a c¢c—a a-b a-b b-c

o Mot huéng khic dé'gidi quyét bai todn bt dang thirc.




Chii y dén bt dang thirc LQ + LQ > 2 > LQ v6i hai s6'A, B cing diu. Dy ta thdy trong ba s’
a—b;b —c;c—a ludn tong tai hai s6'ciing diau. Khdng mat tinh tong qudt ta gid s hai s6'do la a —b va b—c
. Khi d6 dp dung bat ding thitc trén ta dwoc

Lot ot 8 ot 9

(a-b) (b-c) (c-a) (a-bsb-c) (a-c) (a-c)
(a-c)
(2=

Nhuw vdy ta cin chieng minh dwgc a® +b* +c* >

2
Thit vdy, tacé a’ +b° +c” >a> +c¢” =a’ + (—c) > . Viay bai toan dwoc chitng minh.



Dé s6 10
DE THI CHON HOC SINH GIOI TOAN 9 TINH NAM DINH
Nam hoc: 2015 - 2016

Cau 1 (3.0 diém).

a) Tinh gi trj biéu thirc P = Y5+ 3 + 5 -3 11— 642 .
\/5+\/£

b) Cho céc s8 thuc x, y, z thda man dong thoi cac diéu kién x+y+z=2 x° +y’ +2° =18 va

. . 1 1 1
xyz = —1. Tinh gia tri ctia biéu thttc S = + + .
xy+z—1 yz+x-1 zx+y-1

Cau 2 (5.0 diém).

a) Giai phuong trinh ~ 2v2x -1 +Vx+3 —Vbx +11 =0.

yQ—y(\/X—1+1)+\/X— =0
b) Giai hé phuong trinh .
X +y-7x" -3 =0.

Cau 3 (3.0 diém).

a) Tim t4t ca cac s6 nguyén x, y théaman x* +y* + xy —x -y = 1.

b) Chttng minh véi moi s6 nguyén duong n 1én hon 1 ta c6 \/2\/3, [4...4 [(n - 1) Jn <3.

Céu 4 (7.0 di€m).

Cho tam giac nhon ABC ¢6 AB < AC, noi tiép duong tron (O) va ngoai tiép duong tron (I)

—

Diém D thudc canh AC sao cho ABD = ACB . Puong thang Al cat duong tron ngoai tiép tam gidc DIC
tai diém thtt hai 1a E va cat duong tron (O) tai diém thtt hai 1a Q. Puong thang di qua E va song song
v6i AB cét BD tai P.

a) Chiing minh rang tam giac QBI can.

b) Chiing minh rang BP.BI = BE.BQ.

c) Goi J 1a tam duong tron ndi tiép tam giac ABD va K 1a trung diém ctia JE. Chiing minh réang PK
song song voi JB.
Cau 5 (2.0 di€m).

Cho mét 16p hoc ¢6 35 hoc sinh, cac hoc sinh nay t6 chitc mot s6 cau lac bd mon hoc. Mbi hoc
sinh tham gia dang mot cau lac bd. Néu chon ra 10 hoc sinh bat ki thi ludn ¢d it nhat 3 hoc sinh tham

gia cung mot cau lac bg. Ching minh c6 moét cau lac b gom it nhat 9 hoc sinh.



Phén tich va huéng dan giai
Cau 1 (3.0 diém).

a) Tinh gi4 tri bidu thirc P = V543 445 - V3 I - 642 .
\/5—!—@

o Phén tich. Dé tinh duoc P ta di tinh M = U5 +j¥_ V3 N = 11— 642 .
5++22

+ DEtinh M ta dé'yj déh hing ding thite NA* = |A| d¢'dua cdc biéu thirc ra khdi ddu cin. Ngodi ra dé'yj déh

\/5 + \/g\/5 - \/7 = \/E nén ta cé thé'sir dung phép binh phiong hai vé.
+ D& 'tinh N ta str dung ding thirc \/P = ‘A‘ .

.Laigiéi.DatM:‘/5+\/§+\/5_*/§;N=\/11—6\/§
\/5+x/§

V5 +VB 453 0 104242
m 5 +~22

MétkhécN:\/11—6f=,/(3—\5)2 =3-2.Nhuvay P=M+N =3.

o Nhin xét. Y thit nhit ctia cdu 1 1a dang todn riit gon biéu thiec chita cin co ban. DElam tot dang todn nay cin

Tacd M = :2.DOM>0néntaC(')M:\/§

hdi nim ving hing ding thite \JA? = |A] va hing déng thite dang (a £b) = a® + 2ab + b dé'phan tich mét
p g hang dang g dang S p

biéu thirc vé binh phwong ciia mot tong, hiéu.

b) Cho céc s6 thure x, y, z thoa man cac diéu kién x +y +z =2,x° +y° +7° =18 va xyz = —1. Tinh gid

1 1 1

tri ctia biéu thie S = + + .
xy+z—1 yz+x-1 zx+y-1

e Phan tich. D&y ta thdy Xy+z—1=Xy+2—x—y—1=Xy—x—y+1=(x—1)(y—1).Nhu’véytu’ong

1 1 1 +y+z-—
twtaco S = + + = Xx+ty+z-3

(=11 (y=1(=1) (z=1)(x-1) (-1 {y-1)(=-1)

D&y ring (X—l)(y—l)(z—l)=Xyz—(xy+yz+zx)+(x+y+z)—1.

Nhuw vdy ta chi cin tinh diegc xy + yz + zx la duwegc.

x+y+z)2—(x2+y2+z2)

Diéu nay hoan toan don gidn vi ta c6 Xy + yz + zx = 5

e Loi giai. Ta co Xy+z—1zxy—x—y+1=(X—1)(y—1)
Tuwong tw ta co yz+x—1=(y—1)(z—1) va zx+y—1=(z—1)(x—1)

Tt d6 két hop voi giai thiét x +y +z = 2 ta duoc




1 1 1 -
g = N N _ X+y+z-3

(-1 (r=1(=1) (z=1)(x-1) (x-1){r-1)(z-1)

-1 1

Xyz—(xy+yz+zx)+(x+y+z)—1_Xy+yz+zx

2 2 2 2
(X+y+Z) —(X +y +Z) 4-18
Ma ta co laicod xy + yz + zx = 5 = 5 =7

1
Do dé ta duwoc S = —?.
o Nhin xét. Y thit hai ciia ciu 1 thudc dang bai toan biéi Ao dong nhdt biéu thirc dgi sb. Trong bai todn nay ta
chii y dén bién doi xy+z—-1=xy+2-x-y—1 =xy—x—y+1=(x—1)(y—1), ngoai ra s dung két
hop hai gid thiét x +y +z =2,x° +y’ +7° = 18 thi ta tinh dwgc xy + yz + zx .

Céu 2 (5.0 di€m).

a) Giai phuong trinh 2v2x -1 +Vx +3 —V5x +11 = 0.

e Phain tich. Nhan thiy phwong trinh di cho cé dang co ban \/f (X) + \/g (x) = \/h (x) nén ta nghi dén phép

ndng lén lity thiva. Hon nita cic biéu thirc trong cin déu cé dang nhi thirc bic nhit nén sau hai lin ning 1én liy

thiea ta thu dwoc mot phirong trinh bic hai.

e Loi giai. Diéu kién xac dinh ctia phuong trinh la x > %

IWox -1 +vx+3 -bx+11 =0 202x -1 +Vx +3 =/5x + 11

SIx—1+4V2x° +5x -3 =6x+1l o V2x* +H5x -3 =3 —x

x<3 x<3 x=1
S, , S, =
2x"+5x—-3=9-6x+x x"+11x-12=0 x =-12

Da6i chiéu diéu kién ta duge x = 1 la nghiém duy nhét ciia phuwong trinh.

y2—y(\/;+1)+\/:=0

b) Giai hé phuwong trinh
x> +y-V7x*-3=0

e Phin tich. H¢ phwong di cho c6 hai phwong trinh déu chita cin thitc bic hai, do do ta khai trién cic phwong
trinh ciia hé phirong trinh dé' tim moi lién hé gitea cdc dai lwong. Chii y dén phwong trinh thit nhdt ciia hé dwoc

viét lai thanh
v —y(\/X—1+1)+\/x— =0y —y—\/x—l(y—1)=0<:>(y—1)(y— X—1)=0
Nhw vdy phwong trinh thir nhat viét dwoc thanh tich, do do ta xét cic trieong hop va thé vao phwong trinh
thit hai dé'tim nghiém ciia hé.
e Loi giai. Diéu kién xac dinh cta hé phuong trinh 1a x > 1,y € R. Phuong trinh thit nhat cua hé duoc

viét lai thanh
yZ—y(\/X—l-i-l)-l-\/X— =0<:>y2—y—\/X—l(y—l)zOQ(y—l)(y— X—l)zO

+Véi y -1 =0 < y =1, thay vao phuong trinh thit hai ctia hé ta duoc




CH+1-V7x -3 =0 xX+1=ATX -3 x*+2x+1=7x*-3
1
2

x> =1 X
ox'-ix+4=0c] | o
X 4 X

I
+

+Véi y —vx -1 =0 < y = vx -1, thay vao phuong trinh thitc hai ctia hé ta dwoc
x +x—1-V7x -3 =0 & (¥ —4)+(\/x—1—1)—(\/7x2 —3—5)
x—2 7(X—2)(X+2)

C)(X—Q)(X+2)+\/X_1+1— \/7X2_3+5 =0

0

X =2
= 1 7(x+2)
x+2+ —
Vx—1+1 7x*-3+5

o Khi x =2 taduwoc y =1.

oTacd x+2+ 1 7(X+2) =(x+2)(1 7 J 1

=0

- - +
Jx—-1+1 \/7x2—3+5 \/7x2—3+5 Jx—1+1
Véilethi\/7x2—322:>;S1:>1—;ZO
NTx2 =3 +5 N7xP =3 +5
7 1
Suyra (x+2)|1- + >0
( )[ J7x2—3+5] Jx—1+1

1 7(X+2)
Vx—-1+1 ~7x*-3+5

Két hop véi diéu kién xac dinh ta duoc cac nghiém cta hé 1a (1; 1) , (2; 1) .

Hay x+2+ =0 vo nghiém.

o Nhan xét. Viéc phit hién ra phwong trinh thiv nhdt ciia hé viét dwoc thanh tich khong qua khé khin, tuy nhién
khi thwc hign phép thé vio phwong trinh thit hai ctia hé thi ta thu dwgc phwong trinh mgt dn chiva cin la

X +x—1- \/7X2 -3 =0. V6i phuong trinh nay ta thwong sie dung phwong phdp dat dn phu hodc phwong
phdp nhin lwong lien hop. O ddy ta nhidm dwoc nghiém la x = 2 nén cé thé’sie dung nhin lwong lién hop, tuy
nhién kho khin sé gdp phai phai 6 ddy la xir ly phwong trinh thu dwgc sau lwong lién hop.

7 (X + 2)
Vx-1+41 7 -3+5
Ngoai ra dé cdc biéu thirc sau khi nhin lwong lién hop cung diu ta c6 thé thay thé' phép nhom lién hop kiéu

(\/ 7x* -3 - 5) bang nhém lién hop kidu \7x* -3 (5 -7 — 3). K thudt nhan lién hop kiéu nay ta goi la

kij thugt truy nguoc dai.
Cau 3 (3.0 diém).

> 0.

Keét hop voi diéu kien x > 1 ta chitng minh dwoc x + 2 +

a) Tim cac s6 nguyén x, y théa man phuong trinh x* +y* + xy —x -y = 1.

e Phdn tich. Quan sdit phwong trinh ta nghi dén phin tich phwrong trinh thanh tong cic binh phwong. Mudn
vdy ta ciin nhin hai vé cia phwong trinh v6i mt s6’ chan ¢’ lam xudt hign dai lwong dang 2ab trong cdc binh

phwong ciia téng hdc cia higu. Ta cé




2(X2+y2+Xy—x—y)=2<:>(X2+2xy+y2)+(x2—2X+1)+(y2—2y+1)=4
2 2 2
<:>(X+y) +(x—1) +(y—1) =4=2"4+0+0
Dén day ta xét cic trwong hop dé’tim nghiém cho phwong trinh.
e Loigidi. Tacd X’ +y* +xy-x-y=1< (X+y)2 +(x—1)2 +(y—1)2 = 4. Ta c6 bang gia tri twong

tng(cting c6 thé xét ting truong hop)

x+y <1 y—-1 Nghiém (X;y)
2 0 0 (1:1)
-2 0 0 Loai
0 2 0 Loai
0 -2 0 (-11)
0 0 2 Loai
0 0 -2 (-11)

Vay céc cdp sd nguyén (x; y) can tim la (1; 1) , (—1; 1) , (1; —1).

o Nhdn xét. Dy rang phwrong trinh trén c6 bic hai d6i v6i mbi dn nan ta cé thé xem phwong trinh cé dn va y
déng vai tro tham s6. Khi d6 ta kiém tra diéu kién A la so' chinh phwong hodc A > 0.

Ta viét lai phwong trinh thanh x° +(y—1)x+y2 -y—-1=0.
Khi do ta co Az(y—l)2 —4(y2 —y—l):—3y2 +2y+5.

Dé'phuong trinh cé nghigm thi A >0 hay -3y’ +2y +5 > 0 < (y + 1) (5 - 3y) 20 -1<y< g

Dén day xét cic gia tri y nguyén va thay vio phwong trinh dé’tim x twong ing.

b) Chiing minh véi moi s6 nguyén duong nlén hon 1 ta cé \/2\/3, [4..., [(n - 1) Jn <3.

e Phin tich. D& chirg minh dwoc bat ding thitc s6 hoc trén ta sé di chitng minh mgt bat dang thirc dang
(n - 1) Jn < A (n), trong do A(n) la biéu thirc chita n va la s6’ chinh phwong thi cang tot hodc dwa s6°3 vao
trong cin bdc hai roi phin tich sao cho xudt hi¢n tich dé duwea tiép thira s6 vao trong can. Trong hai i twong trén

thi viéc tim A (n) khd 1o khé khin. Do d6 ta di theo hwéng thit hai.

Tac63=\/§=\/1+2. =y1+2v1+3. =\/1+2\/1+3\/1+4.6 =...

R0 rang ta thdy \/1 + 2\/1 +3V1+4.6 > \/2\/3\/1 . Nhu vdy y twong nay cé thé’ thwc hién dwoc. Vin dé la ta

tim dwoc cong thirc tong qudt dp dung cho cdc s6'tw nhién 3, 4, 5, ..., n. D&y ta thiy

@=¢1+(3_1)(3+1);m=¢1+(4_1)(4+1);m=J1+(5_1)(5+1)

Nhe vy ta die doin k = \k* = \/1 (K -1) = \/1 + (k1) (k+1) . Dén day ta c6 thé'gidi durgc bai todn.




« Loi gidi. V6i mdi 56 nguyén duong k ta cd k = Vi = [+ (i —1) = [1+ (k-1) (k +1).

Str dung dang thitc trén lién tiép véi k = 3,4,...,n ta dwoc

3=41+24 =+41+241+3. =\/1+2\/1+3\/1+4.6=---
:\/1+2\/1+3\/1+---\/1+(n—1)(n+1)

= \/1+2\/1+3\/1+---\/1+(n—1)m > \/2\/3\/W

Vay ta c6 diéu phai chtiing minh.

o Nhin xét. C6 thé néi ddy 1 bii todn s hoc khd, d€ tim ra cong thire k = \/1 +(k=1)(k+1) tadiphin tich
m@t vai trieong hop cu thé'réi suy ra truong hop tong quat.

Déxdc dinh A (n) cho biit ding thikc (n - 1) Jn < A (n) ta c6 thé'lam nhw sau

(n—l)\/;<(n—1)\/ﬁ<(n—1) (n+1)2 =(n—1)(n+1)=n2—1

Déin ddy ta lgi c6 n° —1 < n*. Nhuw vy ta c6 thé' dp dung dé'gidi bia todn trén theo cich khdc nhw sau

T e Y Y P P e A R Py ey
- Jm/:sm < \/2\/3m - \/2\/34/4...\/@ < <235 <3

Cau 4 (7.0 diém).

a) Chttng minh tam giac QBI can.
e Phdn tich. D¢ chirng minh tam gidc ABI cin
tai I ta di chirng minh 1BQ = BIQ.
e Loi gidi. Ta c6 Al la phan gidc cia BAC
nén Q la diém chinh gitta cta cung BC cua

dwong tron (O).

Suy ra BAQ = (SA\C = 6]3\0 do d6 ta duwoc

IBQ = IBC + QBC = IBA + BAQ = BIQ hay
tam giac QBI can tai Q.
b) Chitng minh BP.BI = BE.BQ.

e Phin tich. D& chitng minh dwgc hé thirc
BP.BI = BE.BQ ta di chitng minh hai tam gidc
PBE va QBI dong dang.

—_— —

D&y rang ta c6 BPE = ABD = ACB = BQI, nhw vdy ta cin chi ra dwoc BIQ = BEP. Ma theo vj thit nhit ta

da co ]gla :BACQﬂ.thvéy ta di chirng minh B/EE’ =M.



e Loi gidi. Tam gidc ABD dong dang tam giac ACB. Suy ra ﬁ—g = % hay AB® = AD.AC (1).

Tam gidc ADI dong dang tam giac AEC (c6 goc A chung va AID = ACE)

Suy ra AD = AL hay ALAE = AD.AC (2).

AE AC
Tt (1) va (2) suy ra ALAE = AB?, suy ra tam gidc ABI dong dang tam gidc AEB.
Suy ra AEB = ABI =¥.Tacé AEP = BAE = BAC suy ra BEP =M.
Theo y a ta co ]?Ia =BAC;J,HXdésuyra I?I(\Q - BEP.

— — - -

Do d6 ta duoc BPE = ABD = ACB = BQI. Nén hai tam giac PBE va QBI dong dang véi nhau, suy ra
% = % < BP.BI = BE.BQ. Ta c6 diéu phai chttng minh.

¢) Goi J 1a tam duong tron noi ti€p tam giac ABD, K 1a trung diém cua JE. Chiing minh PK//JB.

e Phdn tich. Nhin thdy HK la dwong trung binh cua tam gidc EB]. Do dé chitng minh dwoc PK//BJ ta di chitng
minh P, H, K thing hang. Mudn vdy ta di chitng minh B] vudéng goc véi BE.

e Loi giai. Tam giac BQI dong dang tam giac BPE va tam giac BQI can tai Q nén tam giac PBE can tai P,

suy ra PBE = w va PH L BE véi H la trung diém cua BE.

Do HK la dwong trung binh ctia tam giac EB] nén HK//B]J
Tacé JBD = % va DBE = w, suy ra JBE = 90" hay JB vuong goc BE.

Suy ra PH//JB do d6 P, H, K thang hang hay PK//JB.

Cau 5 (2.0 diém). Cho mdt 16p hoc ¢6 35 hoc sinh, cac hoc sinh nay t6 chitc mét s6 cau lac b mon hoc.
MBbi hoc sinh tham gia dting mot cau lac bo. Néu chon ra 10 hoc sinh bat ki thi ludn cé it nhat 3 hoc sinh

tham gia cung mot cau lac bd. Chiing minh c¢6 mot cau lac bd gdm it nhat 9 hoc sinh.

e Phan tich. Tir gid thiét va yéu ciu chirng minh cia bai todn ta dw dodn rang chi c6 bdn cdu lac by ma cdc hoc
. N ATy B A A o | 3D .
sinh tham gia vi theo nguyén li Dirichlet thi voi 35 hoc sinh sé c6 mot cdu lac b cd it nhit {Z} +1=9 hoc sinh

tham gia. Nhuw vdy ta chi cin chitng minh s6'cdu lac bg la 4.

e Loi giai. Gia st tat ca cac cau lac bd déu c6 khdng qua 8 hoc sinh.

Goi N 1a s6 cau lac bd c6 hon 1 hoc sinh.

+Néu N > 4 khi d6 tir 5 trong s6 cac cau lac bo nay, chon mdi cau lac bod 2 hoc sinh, khi d6 10 hoc sinh
nay khong thoa man diéu kién bai toan.

+Néu N < 4 khi d6 s6 hoc sinh tham gia cac cau lac b nay khong qua 3.8 = 24, nghia la con it nhat
35 —24 =11 hoc sinh, moi hoc sinh tham gia 1 cau lac bd ma cau lac bd nay chi c6 1 hoc sinh. Chon 10

hoc sinh trong s6 nay, khong thoa man diéu kién bai toan.




Vay N =4.56 hoc sinh tham gia 4 cau lac bd nay khong qua 4.8 = 32, nghia la con it nhat 3 hoc sinh,

mdi hoc sinh tham gia 1 cau lac bd ma cau lac bd nay chi c6 1 hoc sinh. Chon 2 trong s& hoc sinh nay va

modi cau lac bd trén chon 2 hoc sinh, khi dé 10 hoc sinh khong thoa man diéu kién.

Vay diéu gia st sai, nghia la ton tai mot cau lac bg 6 it nhat 9 hoc sinh tham gia.



Peéeso11
DE THI CHON HOC SINH GIOI TOAN 9 TINH QUANG BINH
Nim hoc 2015 - 2016

Cau 1. (2.0 diém).

Xz—\/; 2X+\/;+2(X_1)

— voi0<x#1
X+vVx +1 \/; x —1

Cho biéu thtec P =

a) Rut gon biéu thic P.
b) Tim x d€ biéu thirc P dat gia tri nho nhat.
Cau 2. (3.0 diém).

a) Cho phuong trinh 2x” + 2mx + m* — 2 = 0 (tham s8 m). Tim m d€ phuong trinh ¢4 hai nghiém

x,,x, thoa man ‘2}(1)(2 +X, +x, - 4‘ =6.

X' —2X’y+x =y —2xy° +y

b. Giai hé phuong trinh { N
Xx—2+V4d-x =y —6x+11

Céu 3 (2.5 di€m).

Cho tam giac ABC ndi tiép duong tron (O) va ngoai ti€p duong tron (I), Al cat duong tron (O)

—

tai M (khac A), J la diém d6i xting v6i I qua M. Goi N la diém chinh gitra cua cung ABM , NI va NJ Jan

luot cit dwong tron (O) tai Eva F.
a) Chtiing minh MI = MB. Tt d6 suy ra ABIJ va ACLJ la cac tam giac vudng.
b) Chting minh bén diém I, J, E, F cing ndm trén mot dwong tron.

Cau 4 (1.5 diém).

1
a+ b’

Cho a,b > 0 thoaman a + b > 2. Tim gia tri 16n nhat cua biéu thiec M =

Cau 5 (1.0 di€m).
Tim tat ca cac s6 nguyén duwong m va n thoa man diéu kién:

n2+n+1=(m2+m—3)(m2—m+5)

Phan tich va huwéng dan giai

XZ—\/; 2X+\/;+2(X_1)

- voi 0<x=1.
x+Vx +1 \/; x —1

Cau 1. (2.0 diém). Cho biéu thiec P =

a) Rat gon biéu thuc P.

 —x Ve (Vx =1)(x+Vx +1
e+l ( X+}/(;+1 )=\/;(\/§_1)=X_\/;

Lai c6 2X+‘/;=\/;(2 X+1)=2 x+1va 2<X_1)=2(f_1)(\/;+1)=2(\/;+1)

Jx Jx Jx -1 x-1

Voi0<x#1taco




Tfrdétadu’cychx—\/;—( X+1)+2(\/;+1)=X—\/;+1

Vay P=x-+x+1khi 0<x#1
b) Tim x dé€ biéu thirc P dat gia tri nho nhat.

2
Véi0<x#1tacd P=x— x+1=(\f—%j +12%

Déu dang thtic xay ra khi va chi khi Jx —% =0 x= i(théa man).

Vay P dat gia tri nho nhat khi va chi khi x = i

Cau 2. (3.0 diém).

a) Cho phuong trinh 2x* + 2mx + m* — 2 = 0 (tham s8 m). Tim gia tri cia m d€ phuwong trinh ¢4 hai

nghiém x ,x, thoa man ‘2xlx2 +x X, - 4‘ =6.

o Loi gidi. Tacs A'=m’ —2(m’ —2) =4 -m’
Phuong trinh c6 hai nghiém x, x, khivachikhi A’ 20 4-m*20< -2<m <2

X1-|-X2 =-—m

Theo dinh ly Vi-et ta co m?—2

\ .. . m° —
Ma theo bai ra ta lai co ‘2xlx2 + X, +X, —4‘ =6 < |2.

m’—-m-6=6

2

Hay ta dugc ‘mQ—m—6‘=6<:>
m —-m-6=-6

m=4
+ Véi mQ—m—6=6<:>m2—m—12=0<:>{

m = -3
m=20

+Véi mQ—m—6=—6<:>m2—m=O<:>|:
m=1

Két hop véi diéu kién c6 nghiém ctia phuong trinh ta duwoc m = 0;m =1 la cac gia tri can tim.

X' —2X’y+x =y —2xy° +y

b) Giai h¢ phuong trinh {\/E i ox =y —6x+11

e Phan tich. Quan sdt phwong trinh thir nhdt ta nhin thdy phwong trinh luén diing véi moi x =y, diéu nay
6 nghia la khi phin tich phwong trinh thanh tich thi ¢é chita nhin tir x —y . Do d6 ta bién doi phwong trinh thiy
nhat vé dang (X - y) (X2 —xy+y + 1) = 0. Khi thé'vao phwong trinh thir hai ciia hé ta thu dwoc phwong trinh

VX =2 + 4 —x =x" —6x +11. Nhdm mdt s0 gid tri dic bigt ta thdy x = 3 la mot nghiém nén ta cé thé sie
dung phép nhan lwong lién hop.



Ngoai ra dé'yj ta thay x* —6x +11 = (x - 3)2 +2 > 2 va theo bt dang thite Cauchy ta lai c6

J§f§+JZj§=J@—2)1+J@—xy1sx_2+1+4_x+1:2

2 2

Diéu d6 cé nghia la Nx —2 + V4 —x <2 <x* —6x + 11. Dén ddy ta cé thé'gidi dwoc phwong trinh theo
phwong phdp dinh gid.
x=-220

& 2<x<4.
4-x2>20 x

e Loi giai. Diéu kién xdc dinh cta hé phuwong trinh la {

Tt phuong trinh th nhat ctia hé ta cd
-2’y +x=y' -2xy'+y o x’ -2y +x -y +2xy" —y =0
<:>(X3—y3)—2xy(x—y)+(x—y):0@(X—y)[(XQ+Xy+y2)—2xy+1}:0
<:>(X—y)(X2—Xy+y2+1)=0©x—y=0<:>xzy
Do x* —xy +y”> +1> 0 véi moi x, y 1a s6 thuec.
Thay x =y vao phuong trinh thit hai ciia hé ta cd Vx -2 + V4 —x = x* —6x +11.
Nh@mh%zﬁ-4m+41=(x—3f+2zz\mi2sXs4.D&nﬁngm®mamﬁvadﬁkhix=3.

Lai theo bat dang thttc Cauchy ta c6

J§f§+JZj§=J@—2)1+J@—xy1sX_2+1+4_X+1:2

2 2

Dau bang x4y ra khi va chi khi x = 3.

Nx=2+V4-x=2
Nhu’véy\/X—2+\/4—X:X2—6X+11<:>{ * * &Sx=3

X' —6x+11=2
Do x =3 nén ta dugc y = 3. Vay hé phuong trinh ¢6 nghiém duy nhat la (x;y) = (3; 3).

Cau 3 (2.5 di€m).
a) Chting minh MI = MB. Ttt d6 suy ra ABIJ va ACLJ la cac tam gidc vudng.



e Phdn tich. Dé chitng minh MI = MB ta di chitng
minh tam gidgc MIB can tai M. Mudn vdy ta cin chi ra

duwoc 1\?1]\3 =1\//IEI.

~ o~

Dé thay ®=@+C/]§j=%+g vi theo tich

—~ o~

chat géc ngoai ta lai c6 MIB = IAB + IBA = % + g

Do do ta suy ra dwgc MIB = MBI. Lai thay trong tam
gidc BI] ta c6 MB = MI = %IJ nén tam gidc BI] vuong

tai B. Hoan toan twong tw ta ciing cé tam gidc CIJ la cdc
tam gidc vudng tai B va C.

e Loi gidi. Do AM la phan gidc goc BAC nén ta c6

— A

MBC=MAC=E.

33

Tt d6 suy ra MBI=MBC+CBI=E+E

—~ o~

Mit khac theo tinh chéat goc ngoai cta tam giac ta lai c6 MIB = IAB + IBA = % + g

Tt d6 ta dugc MIB = MBI nén tam giac MBI can tai M, do d6 suy ra MI = MB . Hoan toan twong tu
ta cting c6 MI = MC . Xét tam giac BIJ taco MB = MI = %IJ nén tam gidc BIJ vuong tai B. Twong tu ta
c6 tam giac CIJ vuong tai C. Vay cac tam gidc BIJ va CIJ la cac tam gidc vudng tai B va C.

b) Chitng minh bon diém 1, J, E, F ciing ndm trén mot duong tron.

e Phan tich. D& chitng minh I, ], E, F nam trén mot dwong tron ta di chirng minh EFJ = ELJ. D&y rang
NFE = AIE Mgt khdc Mgt khic NFE + EFJ =180 va AIE + ELJ =180°. Tir d6 ta cé diéu phdi chitng
minh.

o Loi gidi. Tacé NFE = %(sdﬂ N sdﬁ) va AlE = é(sdﬁ/[ " sdﬁ)

Ma sdl/\ITA = sdl/\ITA nén N/F\E = XI\E

—

Mit khac NFE + EFJ = 180° va AIE + ELJ = 180° nén ta duoc EFJ = ELJ.

Hon nita I va F ndm vé ciing mot phia so véi JE. Vay bon diém 1, J, E, F cuing thudc mot duong tron.

1 1
+

Céu 4 (1.5 di€ém). Cho a,b > 0 théoa man a + b > 2. Tim gid tri 16n nhat cia M = - —.
a+b” b+a

e Phin tich. D&y dén mau thirc cdc phdn thikc va gid thiét ciia bai todn ta nghi dén danh gid theo bat ding thirc

Bunhiacopxki (a + b)2 < (a + b2)(a + 1).




Nhu vdy ta cé danh gid L < 27 L —- Du dodn rang M <1 tai a =b =1 nén ta di chitng minh bat ding

a+ b’ (a+b)

1 1 +b+2
thite M = T <22y bhiasb>2,

a+b> b+a’ (a+b)

e Loi giai. Trudc hét ta chiing minh véi a > 0 thi (a + b)2 < (a + bQ)(a + 1)
AL A 2 2 2 2 2 2, 1.2
That vay (a+b) S(a+b )(a+1)<:> a“+2ab+b”<a"+a+ab”+b
Hay ta dugc 2ab < a +ab® < a (b - 1)2 > 0. Bt dang thiic cudi cing ludn ding. Do vay bat dang thikc
trén duwoc chitng minh.

1 a+1
QS 2
a+b (a+b)

Tt (a+b)2 < (a+b2)(a+1) ta dwoc

\ 1 b+1
Hoan toan tuong tw ta dwgc =~ < >
b+a (b + a)
N ~ ~ 1 1 +b+2
Cong vé€ theo vé€ ta duoc M = <2

a+ b’ +b+a2 B (a+b)2 @

a+b+2S

1(2)

Bay gio ta di chitng minh véi a > 0;b > 0 thdaman a +b > 2 thi
(a + b)

a+b+2

— <

(a+m2 1c%a+b)2(a+@2c>@+b+1ﬂa+b—ﬂzo

That vay ta co

Két hop hai bat dang thirc (1) va (2) ta dwoc M < 1.
Vay gia trilon nhatcataMlal, xadyrataia=b=1.

Céu 5 (1.0 di€ém). Tim t4t ca cc s6 nguyén duwong m va n thoa man diéu kién:

n2+n+1:(m2+m—3)(m2—m+5)

e Phén tich. Trudc hét ta c6 n* +n+1= (m2 +m — 3)(m2 —-m+ 5) =m" +m’ +8m —15. Trong ding
thitc ta thdy biéh n c6 bic hai va biéh m c6 bac bon. Do d6 ta viét dang thirc thanh phwong trinh bic hai cé dn n
oi m la tham s§ n’+n—(m'+m’+8m—16)=0. Khi 6 dé phuong trinh co nghiém nguyén thi
A =4m* +4m? + 32m — 63 phdi la mot s6 chinh phuong. DEY ta phin tich dwgc

2

A=(2m2+2)2—4(m—4)2—3 vt A=(2m’ +1) +32(m -2)

2 2
Do dé khi m >2 thi (2m” +1) <A< (2m’ +2) nén A khong thé'la s’ chinh phicong. Nhue vdy ta di
xét m =1 hodc m =2 la giai quyét bai todn.

e Loi giai. Tk diéu kién n2+n+1:(m2+m—3)(m2—m+5):m4+m2+8m—15

Xét phuong trinh bac hai n” +n — (m4 +m” + 8m — 16) =0 (1) véinlaan sd vam la tham sG.)




Dé phuong trinh (1) ¢6 nghiém nguyén duong thi A = 4m* + 4m® + 32m — 63 phai 1a mot s chinh
phuong.

2 2 *
Taco A =(2m* +2) —4(m—4)2—3<(2m2+2)  VmeN
2
Mgt khac A = (2m’ + 1) +32(m —2)
2 2
Dod6A=(2m2+1) +32(m—2)>(2m2+1) . Vm > 2
2 2
Khi dé tac (2m” +1) <A <(2m’ +2) véimoi m > 2.
Suy ra (1) chi c6 nghiém nguyén duong n khi m =1 hodc m = 2.
+Né&u m =1 thi ta duwoc n* + n + 6 = 0, phuong trinh v6 nghiém.
+Néu m =2 thi n* +n-20=0 < n =4, don la s6 nguyén duong.

Thitrlai m =2 va n =4 ta thdy théa man diéu kién bai toan.

Vay m =2 va n =4 lacac s can tim.



Peé s6 12
PE THI CHON HOC SINH GIOI TOAN 9 TINH BAC GIANG
Nam hoc 2015 - 2016
Cau 1 (6.0 diem).
1 \/7
———4a-2
o , \Ja +2 Ja—-24a? -4
1. Cho biéu thitc A = :
1 (a+2)\/a—2—(a—2)\/a+2
Ja—-2 «a+2

a) Rut gon biéu thic A. b) Tim gid tri nhd nhat caa A.

+a’ -1

2. Goi x,,x, 1a hai nghiém cta phuong trinh x* —2x — 5 = 0. Khong giai phuong trinh, hay tinh
gié tri cua bidu thie B=x’ —2x. - 5x, + 8x, +2008.

Céu 2 (4.0 di€m).

1. Giai phuong trinh 6x” + 10x — 92 + \/(x +70) (2 + 4x +16) = 0.

v x(x+1)(x+2)(x+3) = 121

2

2. Giai hé phuong trinh {
vy +1=x

Céu 3 (3.0 di€m).

1. Tim tat ca cac cap sO tw nhién (x; y) sao cho 5 + 12° =y*

2016 2016
2. Chting minh s6 (2 + \/g) + (2 - \/g) 12 58 chan.

Cau 4 (6.0 di€m).
1. Cho hinh vudéng ABCD. Goi M, N la hai diém nam trén doan AC sao cho AC = 3AN = 4AM.
Hai duong thang DM va DN céat AB lan luot tai P va Q. Chting minh rang:
a) Hai tam giac AMP va AQN dong dang, tir d6 chi ra MNQP 1a t&¢ gidc noi tiép.
b) Puong thang BC tiép xtc véi duodng tron ngoai tiép tam gidc BMN va CD tiép xic véi
duong tron ngoai tiép tam giac DMN.
2. Cho hai duong tron (O; R) va (I; r) ti€p xtic ngoai nhau tai diém P, (R > r). Hai tiép tuyén chung
ngoai AE, BD ctia hai duong tron cat nhau tai C trong d6 AE, BD khong di qua P; A, B thudc (O) va D, E thuoc
(T). Tinhs3 dogéc ACB biét DE = 2cm; AB = 6em.

3) Trong hinh chit nhat c6 chiéu dai va rong lan luot bang 4 va 3 cho 49 diém, trong d6 khong c6

ba diém nao thang hang. Chitng minh rang ton tai mot tam giac ¢6 cac dinh thudc 49 diém trén ma dién
1
tich nho hon >

Céu 5 (1.0 di€ém). Cho s6 thire x thda man 1 < x < 2. Tim gi4 tri 16n nhat va gia tri nho nhat cta biéu

3+x 6-x
J’_

X R

thiec T =

Phén tich va huéng dan giai



Cau 1 (6.0 diem).

1
-va-2 -
1) Cho biéu thuc A =Va-+2 _ sa-2dat-a
L 1 (a+2)va-2-(a=2)Ja+2
Ja—2 a2

+a’-1.

a) Rat gon biéu thuc A.

:\/aj—(a—Q)m ) \/a—2.\/a+2.\/a—2 tal_1
Ja+2-+a-2 .\/a—Q.\/a+2(\/a+2—\/a—2)
\/E—(a—z)m' Ja_2 -

: +a” —
va+2-—-+a-2 Ja+2-—-+a-2

=1-+va’—4+a’-1 =a’—-+a* -4

b) Tim gia tri nho nhat caa A.

2
A= a2—\/a2—4=(\/a2—4)2—\/a2—4+4={\/a2—4—%j +§z§

wﬁ‘
\]

Do d6 A dat gid tri nho nhat 1a % khi va chi khi Va® —4 = %@ a=

2) Goi x,x, 1a hai nghiém ctia phuong trinh x* — 2x — 5 = 0. Khong giai phuong trinh, hay tinh gi4 tri

ctia biéu thire B=x" — 2x7 — 5x, + 8x, +2008..

e Phdn tich. Yéu ciu bai todn lam ta nghi dén hé thirc Vi — et. Chil y rang biéu thitc B khong chira tich cdc

nghiém nén ta chi cin dén hé thicc x, +x,=2. Do x,x, la hai nghi¢m cua phwong trinh nén ta luon cé
X! —2x, =5 = 0;x; —2x, —5 = 0. Nhw vdy ta cin biéh doi biéu thirc B sao cho c6 chita mdt trong hai ding
thire trén. Tir x|, +x, = 2 ta duwge x, =2 —x, thay vao ding thite B ta dwoc
2
B=x} - 2x] —5x, + 8x, + 2008 =x} -2(2-x,) —5x, + 8(2-x, ) +2008
=x} = 2x7 = 5x, + 2016 = x, (x7 — 2x, = 5] +2016
Dén day ta tim diwgc gid tri ciia biéu thirc B.
e Loi giai. Chiing minh phuong trinh c6 nghiém va theo Vi-et ta c6 x, +x, =2
2
B=x] —2x] - 5x, + 8%, +2008 =x} —2(2-x,) —5x, + 8(2—x,)+2008
=x; —2x —bx, +2016
Ma x, 1a nghiém cua phuwong trinh x> —=2x -5 =0 nén xf -2x, -5=0.
Tir 46 ta duge B=x, (x - 2x, =5 ) + 2016 = 2016.

Cau 2 (4.0 diém).

1) Giai phuong trinh 6x° +10x — 92 + \/(x +70)(2%" + 4x +16) = 0.




e Phan tich. Quan st phurong trinh ta nghi dén phép dit dn phy u = V2x° + 4x + 16;v = Jx+70. Déy ta
lgi thay 6x* +10x =92 = 3(2x" +4x + 16) = 2(x + 70) = 3u” —2v*. Khi 6 ta viét lgi duoc phiong trinh d
cho thanh 3u® - 2v* +uv = 0 < (311 - 2v)(u + v) = 0. Dén day ta cé loi gidi cho phirong trinh.

e Loi giai. Diéu kién xdc dinh ctia phuong trinh la x > -70.

Pit u =v2x®> +4x +16;v =M(u >0 v > O).

Khi d6 ta c6 phwong trinh 3u” —2v* = 6x° +10x — 92

Phuong trinh da cho tro thanh 3u® —2v* + uv = 0 < (3u - 2v)(u + v) =0

Do u > 0;v 2 0 nén tit phrong trinh trén ta degc 3u —2v =0 < 3u =2v

Tir d6 ta c6 3v2x” + 4x + 16 = 2Vx + 70, giai ra dugc x = 2 hoic x=—_734.

Két hop véi diéu kién xac dinh ta duoc tap nghiém 1a S = {—% ; 2}

v+ x(x+1)(x+2)(x+3) =121

2

2) Giai hé phuong trinh {
vy +1=x

e Phén tich. Tir phuong trinh thir hai ciia hé ta dwoc y* = x — 1, thé"vao phwong trinh thir nhat cia hé ta dugc

phwong trinh x + x(x + 1) (X + 2) (x + 3) =122. Phwong trinh thu dwgc c6 bdc 4 va nhidm dwoc mot nghiém
o x =2. D&Y ta thly khi x > 2 thi x +x (x+1)(x +2)(x + 3) > 122 va dong thoi ta ciing c6 1< x <2 thi
X+X (x + 1) (x + 2)(x + 3) < 122. Ta gidi dwoc phwong trinh thu duwoc.

e Loi giai. Tt phuwong trinh thit hai cia hé ta suy ra duoc x > 1.

Thay y* = x —1 vao phuong trinh thit nhét ta dwoc ta duoc x + x (x + 1) (x +2) (x + 3) = 122
+Xét1<x <2, khidétaco x+x(x+1)(x+2)(x+3) <122.

+Xét x > 2, khi d6 ta duoc x +x(x +1)(x +2)(x +3) > 122,

+V6i x =2 khi d6 ta duwoc x +x(x +1)(x +2)(x+3) =122. Suy ra y = Ly = -1,

Vay hé phuong trinh da cho c6 hai nghiém la (X;y) = (2; 1),(2-1).

Céu 3 (3.0 di€m).

1) Tim tat ca cac cap so tu nhién (x; y) sao cho 5% + 12° =y*.

e Phén tich. Nhin thdy v6i x = 1 phwong trinh khong cé nghi¢m nguyén. Chil y rang khi x la s’ chin thi ta
chuyén vé"va viét dwoc phirong trinh vé dang phwong trinh woc so. Ta xét x > 2, khi do tir phwrong trinh da cho

ta suy ra dwoc y 1a s6'1é nén y* chia 8 duw 1. Lai thay 12" chia hét cho 8, do vdy 5* phdi chia 8 dw 1, tir ddy suy

ra x la s chan. Khi dé dat x = 2k (k € N*) va viét phwong trinh vé dang

52 = (y—le)(y+12k)




PRV C o . N . y+12° =55
Chui y rang 5 la s6' nguyén t6 nén ta viét phwong trinh thanh hé Lok —gm
y — =
Tir hé trén ta dwoc 2.12" = 5™ (5)21“2“1 - 1), dieu nay dan dén m = 0. Nén suy ra y = 12" + 1. Dén ddy thay

vao mot trong cic phieong trinh trén ta tim dwgc k va bai todn diwegc gidi.

e Loi giai. Nhan xét x = 1 khong thoa man phuong trinh. Khi d6 taco x > 2.
Ttt phurong trinh ta thdy y 1é nén y* chia 8 du 1.

Mt khac 12* {8 nén suy ra 5 chia 8 dw 1, tir d6 suy ra x phai la s& chan.

Dat x =2k (k € N*), khi d6 ta thu duoc phuong trinh 52 = (y - 12k)(y + 12k)

) . . y + 121{ — 52k—1n
Do 5 nguyén to nén ton tai m € N,m < k sao cho .
y—12% = 5™
Suy ra 2.12% = 5" (52“‘2‘“ - 1). Do 2 va 12 déu nguyén t8 ciing nhau v6i 5 ma 2.12" 5™ nén m =0 va
2
ta dugc y = 12" +1. Thay vao phuong trinh ta duge 57 +127 = (125 +1) = 2.12" = 25" -1

+V6i k =2 thi 255 —1 > 245 = 25125 > 2,128
+Véi k =1 ta thdy thoa man 2.12" = 25 — 1. Tir &6 ta tim dwoc x = 2;y = 13

Vay phuong trinh c¢é nghiém (X; y) = (2; 13) .

2016 2016
2) Chitng minh s5 (2 " J§) " (2 - @) 13 58 chin.

e Phan tich. Xét biu thiic tong qudt S = (2 3 ) n (2 VA ) v nhim thiiy S,.,S, Ia cic 56t nhién
chin. D& chipng minh S, 1i 6"ty nhién ta cin chitng minh duwgc S, 1d s6'tw nhién. D&Y ring v6i n > 2 ta cé
S, = (2 + \/g)n+1 + (2 - \/g)m1
23] (2B (2] 244 2 4B) (2 B
(24 (2B (oo B2 B (248) (2B (28] 2B
=4S -S|
Nhu vdy do S,,S, la s0'chin nén S, la s0'chin. Do dé S,,S, la s0'chidn nén S , cing la s0'chin.

Lap ludn lai qud trinh trén ta dugc S, la s0'chin.

e Loi giai. Dat S = (2 + \/5) + (2 - \/g) .Kiém tra S, S, la cac s8 tu nhién chan.

Xétn>2 taco




(2+\/§) +(2—\/§) +(2—\/§)(2+\/§) +(2+\/§)(2—\/§) ) )
[(2+¢§)“+(2_¢§)“}(Nﬁ_z_ﬁ)_(m@) (2_@){(%@)“ Hf2-a) }

= 4Sn - Sn—

1

Do §,,S, 1as8 chdnnén S, 1a s6 chan. Do dd S,,S, 1asd channén S, ciing la s§ chan.

Lap luén lai qué trinh trén ta dugc S, 1a s6 chdn.

Cau 4 (6.0 di€m).
1) Cho hinh vudéng ABCD. Goi M, N 1a hai diém ndm trén doan AC sao cho AC = 3AN = 4AM . Hai
duong thang DM va DN cat AB Ian luot tai P va Q. Chting minh rang:

a) Hai tam giac AMP va AQN dong dang, tir d6 chi ra MNQP 1a t&¢ gidc noi tiép.

b) Puong thang BC tiép xtc véi dudng tron ngoai tiép tam gidc BMN va CD tiép xic véi
duong tron ngoai ti€p tam giac DMN.
e Phin tich.

D C
+ Hai tam gidgc AMP va AQN dong dang, tiv d6 chi ra
MNQP la tir gidc ngi tiép.
+ Duong thiang BC tiép xiic voi dwong tron ngoai tiép tam
gidgc BMIN va CD tiép xiic véi dwong tron ngoai tiép tam
gidc DMN. Q
e Loi giai P N
a)bat AB=a..
Ta co AMAP > AMCD nén AM = AP _1
MC CD 3 A B
Do d6 ta duwgc AM =£=&;AP =£=i
4 4 3 3
Ta c6 ANAQ @ ANCD nén A—Nzﬂzl suy ra AN =&;AQ =£=i.
NC CD 2 3 2 2
Ttr d6 ta co AP _AM suy ra hai tam gidc AAMP @ AAQN
AN  AQ
Suy ra AMP = A/Q\N nén t& giac MNQP noi tiép.
, 3 3 2 2 2 2 2
b) Taco CM = ZAC = Za\/E;CN = gAC = ga\/i. Suy ra CM.CN =a” =CB” =CD

Do d6 BC tiép xuc v6i duong tron ngoai tiép tam gidc BNM va DC tiép xtc véi duong tron ngoai tiép
tam giac DMN.

2. Cho hai dudng tron (O;R) va (Tr) tiép xtic ngoai nhau tai diém P, (R > r). Hai tiép tuyéh chung ngoai AE,
BD ctia hai duong tron cat nhau tai C trong d6 AE, BD khong di qua P; A, B thudc (O) va D, E thudc (I) . Tinh s

dogdoc ACB biét DE = 2cm; AB = 6cm.



e Loi giai. Ké DH song song véi OC.

Goiﬁzatacé}ﬁzﬁ)zg

Trong tam gidc vudng HBD c6
— |

2 HD R+r H D

Khang dinh hai tam giac AOAB 0 ATED

R _AB _

=—=3=>R=3r
r DE

Vay sin% :% suy ra a = 60°

3) Trong hinh chit nhét c6 chiéu dai va rong lan lwot bang 4 va 3 cho 49 diém, trong d6 khong c6 ba
diém nao thang hang. Chitng minh rang ton tai mot tam gidc c6 cac dinh thudc 49 diém trén ma dién

tich nho hon %
e Loi giai. Chia hinh chi* nhat 4 x 3 thanh 24 hinh ch® nhat % x 1, mdi hinh chir nhat ¢ dién tich 1a % .
Vi ¢6 49 diém nam trong 24 hinh ch nhat nén ton tai mot hinh chir nhat % x 1 chtra it nhat 3 diém trong

49 diém da cho. Tam giac ¢ ba dinh 1a 3 diém nam trong hinh chit nhat nay c6 dién tich nhé hon %

Cau 5. Cho s0 thuye x théaman 1 < x < 2. Tim gia tri 16n nhat va gia tri nho nhat ctia biéu thirc

3+x 6-x
+ .

X 3—-x

T =

3+x 6-x 9
+ +

e Loi giai. Bién d6i biéu thie T =
X 3-x 3x-x

+V‘11SX32:>3X—X2=X(3—X)>0

) 222+4=6.

3x-x

2
MétkhéCSX—x2=2— x—§ SgsuyraT=2+
4 2 4

D&u bang khi va chi khi x = g

RN PR
2

3x - x° 2

+Talaico 3x —x" =2+(x—1)(2-x) 22 suyra T =2+
D&u bang khi va chi khi x =1 hodc x =2

A .7 <12 A, ” M 1 A~ . v .7 . 5 ~, 5 M ~?
Vay gia tri 1on nhat caa T bang ?3 ,xay rakhi x =1 hodc x = 2. Gia tri nhé nhat cua T bang 6, xay ra

khixzé.
2




Dé s6 13
PE THI CHON HOC SINH GIOI TOAN 9 TINH BAC NINH
Nam hoc 2015 - 2016
Céu 1 (3.0 diém). Rut gon biéu thirc

2(a+1) N SR T

P= - .
\/a_3—2\/2b3 a+\/2ab +2b 2b+\/2a,b

Véi a>0,b>0,a #2b.

Céu 2 (4.0 di€m).

a) Goi x,,x, la nghiém caa phuong trinh x* +2015x +1=0 va x,,x, la nghiém ctia phuong

3

trinh x* +2016x + 1 = 0. Tinh gid tri ctia biéu thitc

M= (X1 +X3)(X2 +X3)(X1 —X4)(X2 —X4).

b) Trong mit phang toa d6 vudng goéc Oxy, cho hinh chit nhat ABCD trong d6
A(6;2),B(6;17),C(42;17),D(42;2). Trén dudng thing 3x + 5y = 68 tim cac diém M(X;y) (x vy la
cac sO nguyén) thudc hinh cht nhat ABCD (cac diém nay khong thudc cac canh ctia hinh chir nhat
ABCD).

Cau 3 (4.0 diém).

=

a) Cho cac s6 thwc dwong a, b, ¢ thoa man 2a% +b? < 3¢, Chttng minh r;‘?mg g + E .
a c

1
b

LA A L 38 B 15 S TS “ o~
b) Vé6i bo so (6; 5;2) ta c6 dang thirc dang % 32 Hay tim tat ca cac bo so (a;b; c) gom cac chir

A A A A . A M A A , \ ’ 2 ~ ab b
s6 trong hé thap phan, biét rang a, b, ¢ d6i mot khac nhau va khac 0 théa man — = —.
ca ¢

Céu 4 (6.0 diém). Cho tam gidc ABC v6i BC = a,CA =b,BA = c(c <ajc< b). Goi M, N Ian lwot la cac
tiép diém ctia duwong tron tam O ndi tiép tam gidc ABC véi cac canh AC va BC. Puong thang MN cat
cac tia AO, BO lan luot tai P va Q. Goi E, F Ian luot 1a trung diém cua AB, AC.

a) Chting minh rang cac t giac AOQM; BOPN; AQPB noi tiép.

b) Chttng minh rang cc diém Q,E,F thang hang.

MP+NQ+PQ OM

¢) Chting minh rang - o0C
a+b+c

Céau 5 (30 diém).
a) Trén cing mot mat phang cho 4033 diém, biét rang 3 diém bat ki trong 4033 diém trén ludn
chon duoc hai diém c6 khoang cach nho hon 1. Chitng minh rdng trong cac diém néi trén cé it nhat

2016 diém nam trong duong tron ban kinh bang 1.

b) Cho tam gidc OAB v6i OA = 2a,0B > a . Goi (o) 1a dudng tron tam O béan kinh a Tim diém

M thudc (O) sao cho MA + 2MB dat gia tri nho nhat.



Phén tich va huéng dan giai

Cau 1. Rat gon biéu thic P =

2(a+) Ja Mfﬂ@ }

Ja? —2y2b*  a+\Rab+2b || 2b++2a

e Loi giai. Voi a > 0,b > 0,a # 2b. Ta cod

Jab —2 2b3=(\/3)3—(\/%)3:(\f—\/%)(a+ 2ab+2b)
Suy ra ra dwoc
2(a+b) ) Ja 2(a+b) (\/7—\/7)
Ja? —242p?  a++2ab+2b  (Va - \/%)( 2ab+2b)

2ab +2b 1

K
B 2SSy e
)

\/> + 2@ (\/; + \/% (a 2ab + 2b) \/_
e (k)

_a-— 2ab+2b_\/;_a—2\/ﬁ+2b_(\/7_\/%)2
T N N T

N R
N/ N NN T

o

Tt &6 ta dwoc P =

Cau 2 (4.0 diém).

a) Goi x,,x, 1a nghiém ctia phuong trinh x* +2015x +1=0 va x,,Xx, la nghiém cta phuong trinh

x* +2016x +1 = 0. Tinh gi4 tri ctia biéu thire M = (x, +x, ) (x, +x, ) (x, - x,)(x, - x,)-

e Loi giai. Theo dinh li Vi-et ta co x x, = x,x, =1;x +x, = -2015. Do d6 ta c6
M= |:X1X2 + (X1 + }(2)}(3 + X§:||:X1X2 (Xl + X2)X4 + Xi:|
Do tadd cd x; +1=-2016x,;x. +1 = -2016x,

Nén suy ra M = (1-2015x, +x ) (1+2015x, +x? ] = (~4031x, ) (=x, ) = 4031.

b) Trong mit phing toa dd Oxy, cho hinh chit nhat ABCD véi A (6;2) .B (6; 17) ,C (42 17) ,D(42; 2).

Trén duong thang 3x + 5y = 68 tim cac diém M (X; y) (X, y 1a cac sd nguyén) thudc hinh chit nhat

ABCD (cac diém nay khong thudc cac canh cua hinh cht nhat ABCD).

o Loi gidi. Ta c6 3x + 5y = 68 <> 3(x +4) =5(16 - y) =3(x + 4) chia hét cho 5
Do d6 ta dugc x +4 =5k (k € Z)=>x = 5k -4 (k € Z)

Mat khac diém M (X; y) thu¢c hinh ch* nhat ABCD (khong nam trén canh) nén ta cd



{6<x<42

:»3x=68—5y<58:>x<§:>x319(doxez)
2<y<17 3

k=3
k=4

Dodc')6<5k—4£19<:>2<k<%:>[

+Véik=3= (x; y) = (1 1; 7), thoa mén bai toan.
+Véik=4= (X;y) = (16;4), thoa man bai toan.
Vay cac diém can tim 1a M (15;7), M (16;4).

Cau 3 (4.0 dieém).

o |lw

a) Cho cac s8 thuc duong a, b, ¢ théa man 2a” + b® < 3c*. Chting minh rang 2 + % >
a

« Loi giai. Ta s& chémg minh 2 + 4 > > (1)
a b 2a+b

That vay (1) & (2b+a)(2a +b) 2 9ab & 2a% —dab +2b* 2 0 < 2(a —b) 2 0,ludn déng,
Déu bang xay ra khi va chikhi a =b.
Talai cé (2&2 + b2)(2 + 1) > (Qa + b)2 nén ta duoc 3(2&2 + b2) >2a+Db.

Déu bang xay ra khi va chikhi a =b.
9 9 3
c

\Y

>

Doc’[étacéz+l> . D&u bang xay ra khi va chi khi a = b = c.

a b 2a+b 3(2a2+b2)

1A n L 2% poar 6D 5 W o ae
b) Vi bo so (6; 5;2) ta c6 dang thic dung %3 Hay tim tat ca cac by so (a; b;c) gom cac chit s6

trong hé thap phan, biét rdng a,b,c ddi mot khac nhau va khac 0 théa man 2 _b .
ca ¢
o ab b o
e Phan tich. Nhin thiy — = — & c(lOa + b) = b(lOc + a) & 2.5.¢ (a - b) = b(a - C), dén day ta suy ra
ca ¢

dwoc 5 la wéc cua b(a - c). Do (a; b;c) la cdc chit sd'nén ta cd 1 <b <9;-8 <a—c<8, didu nay din dén

hodc b =5 hodc ¢ —a = =5 hodc ¢ —a = 5. Dén diy ta xét cic trieong hop dé iai quyét bai todn.

. .ab b _ —b)=b(a-
OLolglal.Tacog—c@C(lOaer) b(lOc+a)c>2.5.c(a b) b(a c).

Suy ra 5 la wdc cta b(a—c).Do5lés6nguyénvé 1<b<9-8<a-c<8 nénhodc b =5 hodc

c—a=-bhoacc—a=>5.

+Néu b =5 thi 2c(a—5)=a—c<:>20=
2a -9 2a -9




88

Vi2c>22=2a-9>0 nén (23—9) € {1;3;9} S ae {5;6;9}.Do a, b, cla cac chit s6 khac nhau nén ta

duoc.

Véi a=6:>c=2:>(a;b;c) (6;5;2)

(9; 51)

Véia=9=c=1= (a;b;c)

2
+Néuc-a=-b<a=c+) thi 2C(C+5—b)=b<:>b:2c +10c
2c+1
2
Hay ta dugc 2b=w©2b=26+9_ 9
2c+1 2c+1

Suy ra (2c+1)e{1;3;9} @ce{l;él} (doc=0).

Véi c=1:a:G;b:4:(a;b;c)=(6;4;1).

2
:2a +10a:>2b=2a+1— 9

2a+9 2a+9

Véi c=4:>a=9;b=8:>(a;b;c)=(9;8;4).
+Néuc—-a=Hb<c=a+h th‘12(a+5)(a—b)=—b<:>b

Do 2a+9>9 nén

£ 7Z (khong thoa man).
2a+9

Vay cacbo s6 (a; b; C) thoa man la (6; 4; 1) , (9; 8; 4) , (6; 5; 2) , (9; 5; 1) .
Cau 4 (6.0 diém).

a) Chting minh rang cac t& giac AOQM; BOPN; AQPB noi tiép.

e Phan tich. Theo tinh chdt dwong phin gidc ciia tam

gidc ta tinh dwoc

- P P—— 1

BOP = BAO + ABO = 5(B/A\c +1§3\c)

%:900—1@=%(1§A\C+XB\C)
Nhw vdy ta c6 BOP = PNC do dé tir gidc BOPN ndi
tiép. Hoan toan twong tw cho tir gidc AOQM.

—_

Tir két qud trén ta dwoc AQB = APB =90° nén tir
gidc AQPB ngi tiép dweong tron.

e Loi giai. Ta c6

13/()\P=BAO+X]§)=%(]§A\C+XBE)

. . 0 AR .
Lai cé6 PNC = 90° - NCO = w _ %(BAC + ABC)

—_

Tt d6 suy ra BOP = PNC do d6 tt giac BOPN ndi tiép.

Hoan toan twong ty ta ¢ t& gidc AOQM noi tiép.

Do t¢ gidc AOQM noi tiép nén AQO = AMO = 90°



Tt gidc BOPN néi tiép nén BPO = BNO = 90"
Tt dosuy ra AQB = APB = 90°, do d6 ta duoc ti giac AQPB noi tiép.
b) Chitng minh rang cac diém Q,E,F thing hang.

e Phén tich. D¢ chitng minh ba diéin Q, E, F thing hang ta di chitng minh QE va EF ciing song song v6i BC.
Dé thdy EF song song v6i BC, nhw vdy ta cin chitng minh QE song song vdi BC.
e Loi gidi. Tam giac AQB vuong tai Q c6 QE 1a trung tuyén nén QE = EB = EA .

T &6 ta duoc @ = E/BIQ = %]% = Q/ITC do d6 QE song song véi BC

Ma EF la duong trung binh ctia tam giac ABC nén EF song song véi BC
Suy raba di¢ém Q,E,F thang hang.

c) Chting minh rang MP + NbQ tPQ_ gl\(;[ .
a+b+c

e Phan tich. Nhin thiy hai tam gidc MOP va COB dong dang v6i nhau nén MP_OM _OP

a OC OB
Nhw vdy dé'cé MP +NQ +PQ = OM ta di chitng minh e = OM i PQ = O—M
a+b+c oC b oC c ocC

—

e Loi giai. Do t& giac BOPN ndi ti€p duong tron nén ta c6 MPO = OBC.

Mt khac ta lai ¢ t& giac MONC noi tiép nén PMO = BOC

Do d6 hai tam giac MOP va COB déng dang véi nhau, do d6 MP_OM _OP

a OC OB
Hoan toan twong tu ta c6 ANOQ > ACOA nén NQ _ON_OM
b OC 0OC

L — — -

Do tit giac AOQM noi tiép nén O/(_Q?’ — MAO = OAB. Twong tu ta cling c6 QPO = OBA.

Do d6 hai tam giac POQ va BOA dong dang nén ta duoc PQ _OP _OM
c OB OC
OM MP NQ PQ_ MP+NQ+PQ

Tt &6 ta duoc
a b C a+b+c

Céu 5 (3.0 di€m).

a) Trén cing mot mat phang cho 4033 diém, biét rdng 3 diém bat ki trong 4033 diém trén luon chon
duogc hai diém c6 khoang cach nho hon 1. Chitng minh rang trong cc diém néi trén c6 it nhat 2016

diém nam trong duong tron ban kinh bang 1.

Cach 1. Goi A la 1 trong 4033 diém da cho. Vé duong tron tam A ban kinh la 1. Ki hiéu (A, 1) .

+ Néu tat ca 4033 diém con lai déu nam trong duong tron nay thi bai todn duwoc giai quyét.

+ Gia stt B nam ngoai duong tron (A, 1) Khi @6 AB > 1, vé duong tron tam B ban kinh bang 1, ki hiéu
1a (B, 1) . Goi C la diém tht 3 trong 4031 diém con lai. Do A, B,C la ba diém bét ki va AB > 1 nén theo

gia thiét hodc AC <1 hoac BC<1.NénC nim trong (A, 1) hoac (B, 1) do d6 hai hinh tron (A, 1) va



(B,1) chira tat ca 4033 diém d cho. Ma 4033 = 2.2016 + 1 nén theo nguyén Ii Dirichlet mdt trong hai

duong tron nay chita 2016 diém.

Cach 2. N&i hai diém bat ki trong cac diém trén ta dwgc hitu han cac doan thang, khi d6 theo nguyén li
ctec han thi ton tai doan thang c6 d6 dai 16n nhét. Khong mat tinh tong quat ta gia st doan thang AB c6
dd dai 16n nhat. Lay diém M trong s& 2013 diém con lai. Khi d6 trong ba doan thang AB, AM, BM luon
ton tai mot doan théng c6 d6 dai khong vuot qua 1. Khi d6 ta c6 cac kha nang xay ra nhu sau:

+N&u AB<1 thi AM<1:BM <1.

+Néu AB >1 thi AM <1 hoac BM <1.

Nhu vay trong hai doan AM va BM c6 mot doan thfmg c6 do dai khong vuot qua 1. Nhu vay diém M
nam trong duong tron tam A hogc duong tron tim B ¢6 ban kinh bing 1. Nhue vay mot trong hai duong
tron nay chua it nhat 1008 diém trong s 2015 diém da cho.

Nhén xét. Bai toan tong qudt: Cho 2n + 1 diéim trén mdt phing v6i n > 3. Biét rang trong ba diéin bit ki trong
0" do luén ludn ton tai hai diém cdch nhau nhé hon 1. Khi dé ton tai hinh tron ban kinh 1 chita khong it hon
n + 1 diém da cho.

b) Cho tam gidc OAB vdéi OA =2a,0B > a. Goi (O) la duong tron tam O ban kinh a Tim diém M
thudc (O) sao cho MA +2MB dat gia tri nho nhat.

* Loi gidi. Dudng thang OA cit (O) tai C, D

véi C la trung diém cta OA. Goi E la trung

diém cua OC. Néu M khong trung véi C, D thi

ta duoc MOE:m va OM—l— OF

OA 2 OM
nén hai tam gidc OEM va OMA dong dang. B o) E_|C A
Suyraﬁzo—le:MA=2EM.
AM OA
Néu M trung véi C thi
MA = CA =2EC =2EM.
Néu M trung véi D thi

MA = DA =2ED = 2EM
Vay ta luén co MA =2EM.
Do d6 ta dugc MA +2MB = 2EM + 2MB > 2EB 1a hang s6.

Dau béang xay ra khi va chi khi M 1a giao diém ctia BE v&i (O) .

Vay MA +2MB dat gia tri nho nhét khi M 1a giao diém cta BE véi (O).



Dé s6 14
PE THI CHON HOC SINH GIOI TOAN 9 TINH BINH DPINH
Nam hoc 2015 - 2016
Bai 1 (5.0 diém).

a)Tinhté’ngT:\/1+i+i+\/1+i+i+...+\/1+ L + L
2° 3 3?4 2015° 2016

b) Tim céc gid tri nguyén x, y thoa man dang thiic (y + 2) X’ +1=y’
Bai 2 (3.0 diém).

Cho phuong trinh x* + ax + b +1 =0 vdi a, b 12 tham s8. Tim gia tri cta a, b d& phuong trinh
trén c6 hai nghiém phan biét x,,x, thoa man diéu kién { :

Bai 3 (3.0 diém)
Cho a, b, cla do dai ba canh ctia mot tam giac. Tim gid tri nho nhat cua biéu thuc:

4a 9b 16¢

P = + +
b+c—-a a+c—-b a+b-c

Bai 4 (9.0 diém).

1. Cho duong tron (O) c6 duong kinh BC =2R va diém A thay ddi trén duong tron (O) (A
khong trung véi B, C). Puong phan giac trong géc A ctia tam giac ABC cat duong tron tai diém K
(K # A). Ha AH vuéng géc véi BC.

a) bat AH = x. Tinh dién tich S ctia tam giac AHK theo R va x. Tim x sao cho S dat gia tri 16n
nhat.

. . , . oy AH
b) Tinh s6 do gdc B ctia tam gidc ABC biét rang—— = 3 .
HK 5
2. Mot duong thang d thay ddi cat hai canh Ox, Oy ctia mot gde nhon xOy lan luwot tai hai diém

M, N nhung ludn thod hé thic OLM + ()2_N = 1. Chting t6 rang duong thang d ludn di qua mot diém cd
dinh.

Phén tich va hwéng dan giai
Bai 1 (5.0 diém).

a)TinhthgTz\/1+i+i+\/1+i+i+...+\/1+ L + L
2 3 3?4 2015° 2016

|
5 + - va ta can viet
(a-1) 2

biéu thirc do vé dang binh phirong dé’triét tiéu cin thirc bac hai. Tir d6 ta co bién doi sau

e Phdn tich. Qua sit cdc biéu thikc trong cdn thirc ta thdy dang tong qudt la 1 +




Dén day dp dung cho a = 3;4;5;... ta cé 107 gidi cho bai todn.

e Loi giai. V6i a la sO tu nhién khac 0 thi ta ludn c6
2
1 1 1 1 1 1 1 1
1+ -—| =1+ +—+2 - =
a-1 a (a—1)2 a2 a-1 a a-1a

(a_1)2+a2 afa-1) ) (a—1)2 a’

Ap dung déng thirc trén véi a = 3;4;5;... ta duoc

T= 1+1—l + 1+l—l +...+ 1+L——1
2 3 3 4 2015 2016

_ 9014 +1_ 1 2014.2016 +1008 -1 _ 4061231

2 2016 2016 2016

b) Tim cac gi4 tri nguyén x, y thoa man dang thikc (y + 2) x> +1=y?

e Phan tich. Nhan thidy y = —2 khong phai la nghiém phwong trinh trén nén y # —2. Khi dé ta viét phwong

2
-1 2y +1 A SN A amo: ,
trinh da cho vé dang X =Y —y- =y—2+ . Dén day ta can tim y nguyén dé 3:y + 2. Chu
y+2 v+ 2 yv+2
2
. ) -1 -2<y<-1
Y rang ta cé thém diéu kign x° = Y >0 Y .
yv+2 y=1

e Loi giai. Ta co (y+2)x2 +1=y" & (y+2)x2 =y -1
Ta thdy y = —2 khong phai la nghiém phuong trinh trén nén y # -2, khi d6 ta cé:

2<y<-1
y21

2
(y+2)x2=y2—1<:>x2=y 120<:>
y+2

Do x” EZ:>(y2 —1)§(y+2)mé (y2 +2y)f(y+2) suy ra (2y+1)§(y+2)
Ma ta lai c6 (2y+4)5(y+2):> 35(y+2)3y € {—5;—3;—1;1}

Thay cac gia tri y tim dwoc vao phwong trinh dac ho ta dwgc cac nghiém la (x; y) = (0; 1) , (0; —1) .

Bai 2 (3.0 di€ém). Cho phuong trinh x* + ax + b+ 1= 0 vdi a, b 1a tham s6. Tim gia tri cta a, b §&

X, —X, =3
phuong trinh trén c6 hai nghiém phan biét x ,x, thoa man diéu kién { ; ?,) 9’
X' —X) =
17

* Loi gidi. Phuong trinh c6 hai nghiém phan biét x,,x, khi va chikhi A =a’ =4(b+1)>0 (*)




X, +X, =—a

Khi d6 theo dinh Iy Vi —et ta c6 { v (1).

XX, =b+1
o o lx-x, =3 X, —X, =3 X, —X, =3 ?
ai toan yéu cau | , 5 p=—t 3 & B .
X| — X, =9 (Xl—XQ) +3X1X2(X1—X2)=9 X1X2__2

Tt hé (2) ta co (Xl + XQ)Q = (xl —X2)2 +4xx, = 3? +4(—2) =1

K&t hop véi (1) d a’=1 a=Lb=-3
e QpVOl() uoc b+1=_2<:> a:—]_;b:_?)

Cac gia tri nay déu thoa man diéu kién (*) nén ching la cac gia tri can tim.

Bai 3 (3.0 di€m). Cho a, b, ¢ la dd dai ba canh ciia mot tam gidc. Tim gid tri nho nhat cua biéu thic:

4a 9b 16¢

P = + +
b+c—a a+c—-b a+b-c

e Loi gidi. Dat b+c—a=2x; c+a—b=2y; a+b—c=2z. Vi trong tam giac tong hai canh ludén 16n
hon canh conlainén x,y,z dwongvaa=y+z b=z+x; c=x+y

Ap dung bat déng thitc Cauchy cho cac s& duong ta c6

2P=4(Y+Z]+9(Z+XJ+16(X+YJ=
X y z

:[4X+9§j+(43+16§j+[93+16XJ212+16+24:52

X y X z y z

Tt d6 ta dwoc P > 26. D&u bang xay ra khi va chi khi Y= g
X

Vay gia tri nho nhat cua P la 26, dat dwoc khi 6x = 4y = 3z.
Bai 4 (9.0 di€m).

1. Cho duong tron (O) c6 duong kinh BC =2R va diém A thay ddi trén duong tron (O) (A
khong tring véi B, C). Puong phan giac trong goc A ctia tam gidc ABC cat duong tron tai diém K
(K # A). Ha AH vuéng géc v6i BC.

a) bat AH = x . Tinh dién tich S ctia tam gidc AHK theo R va x.
Tim x sao cho S dat gia tri 16n nhat.

e Phin tich. Dé thiy S, =S,y = L AH.OH = %X\/R2 —x”. Ma theo bdt ding thitc Cauchy ta c6

OAH 5
X +(R2 —XQ) R2
xVR? —=x* < ———— L = — Tirdé ta c6 gidc tri I6n nhat ciia Sk -
2 2




e Loi giai. Ta co6 AH song song véi OK nén ta c6 A

Sk = Soan = —AH OH = —X\/R2 -x?

Mit khéc theo bat dang thitc Cauchy ta c6 B . 0 c
1 T 1 X2+(R2—X2) R2
S —xvR —“|— ==
AHK ™9 =3 2 4

Rf

D&u bang x4y ra khi va chi khi x =

2
Vay S, dat gid tri 16n nhat la RT dat duoc khi x = RTJ&.
R . ' . oy AH 3
b) Tinh s6 do goéc B ctia tam gidc ABC biét rang ok \5

e Loi giai. Theo dinh ly Pitago ta c6 HK* = R* + OH*; AH* = R* - OH®

2
Do d6 ta duwoc AH? + HK? = 2R?. Lai ¢ AH_ 3 = AH =§:> HK? = 2 AT
KH V5 KH> 5 3
Y 2 2 2 2 5 2 2 \/g
Ma AH” + HK® = 2R hayAH +§AH =2R DAH:?R
g N V3 R\/_
Tam giac OAH vudng tai H nén c6 AH = OA o T nén la ntra tam giac déu.

Tt d6 suy ra AOH = 60"

+ Néu H trén doan OB ta c¢6 tam giac OAB can tai O va c6 ACB = 60° nén I tam giac déu
Suy ra ABC = 60"

+ Néu H trén doan OC thi twong tu ta c6 A/C\B =60 = ﬁ] = 30"

Vay ABC = 60" hosc ABC = 30",

2. Mot duong théng d thay doéi cit hai canh Ox, Oy cua mét goc nhon xOy Tan luot tai hai diém M, N

nhung ludn thoa hé thuc OLM + OLN = 1. Chting t6 rang duong thang d ludn di qua mot diém 8 dinh.
1 2 N A
Do —— +——=1 nén OM > 1. Trén tia Ox y
OM ON

14y diém D thoa man OD = 1 thi D ndm giita
hai diém O va M. Qua D ké duong thang song
song véi Oy cat d tai I Trén tia Oy 14y diém E
sao choOE = ID. Ta c6 OEID la hinh binh
hanh nén

OD N OE EI DI NI MI 1
OM ON OM ON MN MN S £ ThN—




OF L = 1. Ma theo gia thiét ta c6 L+L=1

Tt &6 ta co + =
OM ONOD OD OM ON

Do dé6 % =2 hay ta duwoc OE = 2.0D = 2. Suy ra diém E c6 dinh.

Do D, E ¢8 dinh nén I ciing c8 dinh. Vay I 1a diém ¢ dinh ma duong thang d ludn di qua.



Pé s6 15
DPE THI CHON HOC SINH GIOI TOAN 9 THANH PHO HAI PHONG
Nam hoc 2015 - 2016
Bai 1 (2.0 diém).

a) Tinh gid tri ctia bi€u thite A = x° — 6x + 1976 véi x = /20 + 142 + /20 — 1432
b) Cho x, y, z la cac s6 thuc duong thoa man diéu kién x +y +z + @ = 4. Rut gon biéu thirc:
B= \/X(4—y)(4—z) +\/y(4—x)(4—z) +\/Z(4—X)(4—y) —\/;

Bai 2 (2.0 di€m).

a) Gia st x,;x, 1a nghiém cua phuong trinh x* + px +1 =0 va x,;x, la hai nghiém cua phuong
trinh x> + qx+1=0. Chttng minh (X1 —)(3)()(2 —XB)(XI + X4)(X2 +X4) =q’-p’
+y +xy=3

x? +2xy = 7x + 5y — 9

b) Giai hé phuong trinh
Bai 3 (2.0 diém).

a) Tim 3 58 x, y, z nguyén duong thoa man didu kién 2016 (x _y 2001) = 2015 (y - z\/2001) va
x> +y° +7° 1a s§ nguyén t6.

b) Cho x, y, z1a 3 s6 duong théa man x + y + z = 3. Chitng minh rang:

X y 7
+ + <1
X+4/3x+yz y+A3y+xz z+43z2+Xy

Bai 4 (3.0 diém).
1. Cho tam giac ABC can tai A (K < 90" ) , vé duong tron tam O tiép xuc voi hai canh AB, AC Tan

lwot tai hai di€m B va C. Trén cung nho BC ctia (O) nam trong tam giac ABC 14y mot diém M (M khac
B, C). Goi I, H, K theo tht tw la hinh chiéu ctua diém M trén BC, CA, AB va P 1a giao diém cua MB va

IK, Q la giao diém ctia MC véi IH. Goi (01) va (02) [an luot la duwong tron ngoai tiép cac tam giac
MPK va MQH. Goi D la trung diém ctia doan BC, N la giao diém tht hai cua (01) va (02 ) .

a) Chitng minh rang PQ la tiép tuyén chung ctia hai duong tron (Ol) va (02) .

b) Chitng minh rang ba diém M, N, D thing hang.

2. Trén day cung AB cua duong tron (O) (AB khong di qua tam O) 14y hai diém P va Q sao cho

AP = PQ = QB. V& ban kinh OK, OH thtt tw qua diém P va diém Q. Chttng minh ring AK < KH
Bai 5 (1.0 diém). Cho 2017 duong thing phan biét déu ct hai canh d6i cia mot hinh vuong thanh hai
phén ¢ ti s6 dién tich la % . Chting minh rang trong 2017 duong thang trén c6 it nhat 505 duong thang

doéng quy.

Phén tich va huwéng dan giai



Bai 1 (2.0 diém).

a) Tinh gid trj ctia biéu thiic A = x* — 6x + 1976 véi x = {20 + 1442 + {20 - 1442

o Loi gidi. Dt u = $20 + 1442: v = §20 - 1442 .

Khidétacd x = u+v va u® +v® = 40 . Ta lai 6 uv=?\>/(20+14\/5)(20—14\/§) =9
Dodé x =u+v=x" =u3+v3+3uv(u+v)=40+6x hay x* - 6x = 40.

Vay ta duoc A = x° — 6x + 1976 = 40 + 1976 = 2016.

b) Cho x, y, z la cac s6 thuc dwong thoa man diéu kién x + y + z + \/xyz = 4 . Rat gon biéu thirc:

B:\/X(4—y)(4—z) +\/y(4—x)(4—z)+\/Z(4—X)(4—y)—\/x_yz

e Phan tich. Dé'tinh dwoc gid tri ctia B ta cin tim dwgc moi lién hé giiva xdc biéu thirc trong cin va gid thiét ciia
bai todn. Dé thiy x(4-y)(4-2)=x(16-4y -4z +zy). Ta thiy trong biéu thitc c6 chita dai lwgng
4y + 4z va trong gid thiét ¢6 chira dai lwong y + z. Do d6 ta ¢ thé'riit dai lwong y + z trong gid thiét roi thé’

vao biéu thirc trong cin thirc. Vi y twong nhw vdy ta thu dwoc biéu thirc

X(yz+4m+4x) = x(\/;+2\/;)2 = (\/X_yz+2x)2

Khi dp dung twong tw thi ta thu dwoc
B =2x 4+ 2y + 2x 4+ 3\Xyz — \/Xy2Z =2(x+y+z+ xyz)=2.4 =8
Nhuw vdy ta tich dwgc gid tri ciia biéu thirc B.

o Loi gidi. Tac6 x +y + 2+ \xyz =4 & 4(x +y +2) + 4y/xyz = 16. Khi d6 ta c6
\/X(4—y)(4—z) :\/X(16—4y—4z+yz) - \/X(yz+4\/@+4x)
=\/§.,/(\/;+2\/§)2 = Jxyz +2x
Tuong tu \/y(4—z)(4—x) =@+2y;\/z(4—x)(4—y) = Jxyz +22. Ti d6 ta duoc
Bz\/X(4—y)(4—Z) +\/y(4—x)(4—z)+\/z(4—x)(4—y)—\/@

=2(X+y+z+xlxyz)=2.4=8

Bai 2 (2.0 diém).

a) Gia st x,;x, la hai nghiém cta phuong trinh x> +px+1=0 va X,;X, la hai nghiém cua phuwong

trinh x* + qx + 1 = 0. Chttng minh (X1 —}(3)(><:2 —)(3)(><1 +X4)(X2 +X4) =q°-p’

e Loi giai. Do x;x, la nghiém cta phuong trinh x* + px + 1 = 0 nén theo dinh li Vi - et ta c6
X, X, =-p;xx, =1

Do x,;x, langhiém ctia phuong trinh x” + qx +1 =0 nén theo dinh Iy Vi - et ta c6




X, +X, = —q;X,X, =1

Mt khac ta c6 x, 1a nghiém ctia phuong trinh x° + gx +1 = 0 nén ta duoc
X +ax, +1=0=x} = —qx, — 1

Do d6 ta duge (x, —x, ) (x, —x,) = X%, =%, (x, +%,) +x} =1+ x,p+(-1-0ax,)

Suy rataco (x, —x,)(x, —x,) =x, (p—a)

Hoan toan tuong tw ta 6 (x, +x,)(x, +x,) =1-px, +(-qx, -1) ==, (p+q)

Két hop hai két qua trén ta duoc (X1 —xg)(x2 —xs)(xl + x4)(x2 + x4) =q’ -p’.

> +y’ +xy=3

b) Giai hé phwong trinh .
) -P 8 {X2+2xy=7x+5y—9

e Phin tich. Cd hai phwong trinh ciia h¢ déu cé bic hai doi v6i moi dn, do do khi sir dung cong thirc nghi¢m thi
ta phan tich dweoc phwong trinh thir hai thanh tich
2x* +y° +3xy—7x—5y+6=0<:>(y+2x—3)(y+x—2)=0
e Loi giai. Cong v€ v4i vé€ hai phuong trinh ctia hé ta duoc
2x* +y  +3xy —Tx-by+6=0 &y —(5—3x)y+2x2 -7x+6=0
<:>(y+2x—3)(y+x—2)=0

y+2x-3=0

y+x—-2=0
Nhu vay ttt hé phrong trinh ta c6 cac hé va

X2+y2+xy=3 X2+y2+xy=3

y+2x-3=0 ” aos \
+Voi { s 9 57 rut y theo x ttt phurong trinh thit nhat thay thé vao phuong trinh con lai ta
X +y +xy=

) x =1 x=Ly=1
duwoc x* -3x+2=0< 2:>
< -

X +y’ +xy =

+x-2=0
+ Voi {y Y rut y theo x tit phuong trinh thit nhat thay thé vao phuwong trinh con lai ta
dwoc x* - 2x+1=0x=1=y=1.
Vay hé phuong trinh c6 hai nghiém la (X; y) = (1; 1) , (2; —1) .

Bai 3 (2.0 di€m).

a) Tim céc s§ x, y, z nguyén duong thoa man diéu kién 2016(x —y 2001) - 2015(y - Z\/2001) va

x> +y* +7° 1a s§ nguyén t6.

e Phan tich. D¢ tim cic s6'nguyén dwong x, y, z théa man bai todn truée hét ta cin don gian héa cdic gid thiét

ctia bai todn. Biét doi gid thict thit nhat ta duwgc 2016x —2015y = 2001 (2016y —2015z). Chi 3 ring

2016x —2015y;2016y — 2015z la s6'nguyén va N2001 la s6'vo ty.




Tir do ta c6 tich 2001 (2016y - 2015z) . Nhuw vdy dé dang thirc xdy ra ta ta cin cd

2016 — 2015y = 2016y — 20157 = 0 = | - 0x ~ 201¥ )
X y = y z=0= 2016y=2015z:>XZ_y

Tie dé tacé x° +y° +72° =(X—i-z)2 - 2xz +y’ =(X+Z)2 -y’ =(X+y+z)(x—y+z).Miltheobiliral(1icé
x* +y* +7° la s0 nguyén t6’ va x+y+z la s6 nguyén Ién hon 1 nén x—y+z=1. Do dé ta dwoc
x> +y* +72° =x+y+z. Chii y rang do x, y, z nguyén dwong nén x* > x;y* > y;z° > z, tir d6 ta suy ra dwoc
x =y =z = 1. Tuy nhién by s6 nay khong thoa man yéu ciu bai toan. Nhw vdy khong co by so nguyén thoa man
yéu cdu bai todn.

o Loi giai. Ta c6 2016(x —y 2001) — 2015 (y - Z\/M)

Hay ta dugc 2016x — 2015y = v2001 (2016y —20152).

Vi V2001 1as8 vo ti va x, y, z 1a cac s8 nguyén duong nén tlr dang thiic trén ta c6
2016x = 2015y

2016x — 2015y = 2016y — 20152 = 0 -
X y y 2=v= {2016}/ — 20152

Talaicd x° +y° +2° =(X+z)2 —2xz + 7y’ =(x—i—z)2 -y’ =(x+y+z)(x—y+z)

Vix’+y’ +7° lasdnguyéntdva x+y +z lasd nguyénlénhon1nén x -y +z =1.

Do dé x* +y° +7° = x +y +z. Nhung x, y, z 1 cic s& nguyén dwong nén x° > x;y° > y;2° > z.
Suyrax’ =x;y° =y;z°=zdodd x=y=2z=1

Thk x =y =z =1 vao 2016 (X—y 2001) = 2015(y—zx/ﬁ) ta thay khong thoa man.

Vay khong tim duoc x, y, z thdéa man yéu cau bai toan.

b) Cho x, y, z la 3 s6 duong thdéa man x + y + z = 3. Chtéing minh réng:

X y z
+ + <1
X+4/3x+yz y+A3y+xz z+43z+Xy

o Phan tich. D¢y dén gid thiét ta c6 bich doi 3x +yz = (x +y +2)x +yz = (x + y)(x +2). Chil yf déh chiéu
bat dﬁng thiec ta c6 danh gid (\/; + w/xy) < (x + y)(y + z) . Nhw vdy ta dwoc

Jx
N

X X
S =
X +4/3x + yz X+\/;+\/g \/;+

Dén ddy dp dung twong tw ta chitng minh duwoc bat ding thikc.

e Loi giai. Ta co 3X+yz=(x+y+z)x+yz=(X+y)(x+z) Vix+y+z=3)
Theo bat dang thtrc Bunhiacopxki ta c6 (\/; + @ )2 < (x + y) (z + x)

Suy ra ta duoc (\/;Jr\/g) < 1/(x+y)(y+z) =4/3x +yz




T dé ta cd X+\/;+\/g£x+\/3x+yz.
X

X
< =
X+4/3Xx+yz2 X+VzX +4/Xy VX +

Chttng minh twong tw ta dwoc

Jx
N

y Ay .\
v + /3y + zx \/;—F\/;—i-\/;’z—i-\/?;z—kxy \/;+\/;+\/;

Cong cac vé ctia cac bat dang thirc cing chiéu ta duoc

Do do

* + Y + z <1

X+\/3X+yZ y+\/3y+zx Z+\/3z+xy

Vay bat dang thitc duoc chitng minh. DAu bang xay ra khivachikhi x =y =z =1.
Bai 4 (3.0 diém).

e Phan tich.

+ Chitng minh rang PQ la tiép tuyén chung ciia
hai dwong tron (01) (2 (02).

Dé chirng minh PQ la tiép tuyén ciia duwong tron

(0,) ta chitng mink MQP = %Sd@. Chil

dén cdc tir gidc BIMK va CIMH ngi tiép duwong

tron nén ta suy ra dwoc tir gidc MPIQ noi tiép, N

dieu nay dén dén MQP = MIK = MHI. Nhu 0

vdy ta co MQle\ﬁz%Sdl\//[—CS. P
B

Hoan toan tirong tw ta co diéu phia chirng minh. |

+ Chitng minh ring ba diém M, N, D thing

hang.

Goi E va D’ lin lwgt la giao diém ciia NM véi PQ va BC. Khi d6 ta cin chitng minh D’ la trung diém ciia BC. D€
Y rang ta ¢ hai tam gidc PEM va NEP dong dang nén PE’ = EM.EN va hai tam gidc QEM va NEQ dong
dang nén QE’ = EMLEN, dan dén EP =EQ. Lgi thdy PQ va BC song song véi nhau nén suy ra

—I])E'}]; = —[];:% . Déir ddy ta dwoc BD' = CD', do d6 hai diéim D’ va D trimg nhau. Suy ra N, M, D thing hang.
e Loi giai.

—_—

a) Tt giac BIMK va CIMH néi tiép KIM = KBM; HIM = HCM

— -

Do d6 ta c6 PIQ = KIM + HIM = KBM + HCM

Ma KBM = ICM va HCM = IBM nén PIQ = ICM + IBM

Ta lai c6 PMQ + ICM + IBM = 180° do d6 PMQ + PIQ = 180°

Do d6 t& giac MPIQ ndi tiép nén MQP = MIK. Ma MIK = MCI nén MQP = MCI



Ta cé 1\@ =1\Z(71,métacé BTCQ\P = hzalnénsuyra 1\ZQ\P = l\ﬁ =%sd1\//,[—(§

Va hai tia QP, QH ndm khéc phia d6i véi QM nén PQ la tiép tuyén ctia duong tron (O2 ) tai tiép diém Q
Twong tu ta c6 PQ 1a ti€p tuyén ctia duong tron (01) tai tiép diém P.

Tt &6 suy ra PQ la tiép tuyén chung cua duong tron (O1 ) va (02) .

b) Goi E va D’ lan lwot la giao diém cua NM véi PQ va BC

Do hai tam gidc PEM va NEP déng dang nén PE* = EM.EN

Do hai tam gidc QEM va NEQ dong dang nén QE* = EM.LEN

Ttr d6 suy ra PE* = EQ* = EP = EQ

Trong tam gidc MBC c6 PQ // BC (do 1\@ — MCI chitng minh trén)

EP _ BQ .Ma (hé qua ctia dinh li Thales)
D'B D'C

Ma EP = EQ nén BD' = CD' do d6 hai diém D’ va D triing nhau. Suy ra N, M, D thiang hang.

Nén suy ra

2) Trén day cung AB ctia duong tron (O) (AB khong di qua tam O) 1dy hai diém P va Q sao cho
AP = PQ = QB. V& ban kinh OK, OH thtt tw qua diém P va diém Q. Chttng minh ring AK < KH

e Loi giai. Vé duong kinh AN ctia duong tron (O) . Suy ra OP K H

la dwong trung binh cﬁa/tf131 giac AQN. Si}ia PO song song A mB

voi QN, do d6 ta dwgc AOP = ONQ va POQ = OQN, tir d6
suy ra PO va QN song song véi nhau, nén ta duoc

AOP = ONQ (dong vi) va PTO\Q = O/Q\N (so le trong). Xét tam

gidc ONQ c6 OQ < ON nén ONQ < OQN suy ra

A/O\P < P/OTQ.Haytadu’oc A/O\K < KOH nén E{< I/(?I
Bai 5 (1.0 diém). Cho 2017 duong thang phan biét déu cét hai canh d&i ctia mot hinh vuong thanh hai

phan ¢4 ti sd dién tich la % . Chitng minh rang trong 2017 dwong thang trén c6 it nhat 505 duwong thang

dong quy.

e Loi giai. Cac duong thang B M c B p c

da cho khong thé cat cac
canh ké nhau cua hinh

vuong, boi vi néu thé ching

E F E F
chia hinh vudéng thanh mot J vl %
ol
tam giac va ngt gidc (chwt )
khong phai la chia hinh
A N D A Q D

vuodng thanh hai t giac).

Vi 1& d6, moi duong thang (trong s& 2017 dwong thang) déu cat hai canh d6i ctia hinh vudng va di

nhién khong di qua mot dinh nao ctia hinh vuong ca.



Gia st mot duong thang cat hai canh d&i BC va AD tai cac diém M va N.

S ) %.AB.(BM+AN) 1 EJ 1 7
Tacd 2ABMN = — & =— < — =—, & day E va F la c4c trung diém ctia AB va CD

Sueoy 2 %.CD.(MCJrND) 2 JF

tuong tng.

Goi E, F, P, Q twong ting la cac trung diém cua AB, CD, BC, AD. Goi J,,J,,J,,J, 1a cac di€ém sao cho
. N . . R o, . EJ FJ, PJ QJ 1
J,,J, ndm trén EF va J,,J, nam trén PQ va thoa man = = = =—.
JF JLF JQ JP 2

Khi d6 tir @6 1ap luan trén ta suy ra mdi duong thang cé tinh chat thoa man yéu cau cta dé bai phai di
qua mot trong 4 diém J ,J ,J.,J néi trén. Vi c6 2017 duong thang, nén theo nguyén li dirichlet phai

1772773794

ton tai it nhat mot trong bon diém J ,J,,J,,J, sao cho né c6 it nhat 505 trong 2017 duong thang da cho

17727737

di qua. Vay c6 it nhat it nhat 505 duong thang dong quy.

Bdi todn téng qudt 1: Cho 4n + 1 (n > 2) duwong thing cing c6 tinh chit la méi dwong thang chia hinh vudng
[ . s 7 4? A JeA 3 N 1 ’ . N 7 7 A N 2 A F 7N .

thanh hai tir gidc ¢ ti s0'dién tich bang 5 Chirng minh rang cd it nhiat n + 1 dwong thang trong s6'do cung di

qua mét diéim.

Bai todn tong qudt 2: Cho 4n +r (n >2r > 1) dwong thing cing cd tinh chdt la mbi dwong thing chia hinh

g7 .z 7 1?2 A A s N 1 ’ . N s A N 2 A’
Chir nhdt thanh hai tir gidc cd ti s6'dién tich bang > Chirng minh rang cd it nhit n + 1 dwong thang trong so

dé cing di qua mét diéin.



Peé s6 16
PE THI CHON HOC SINH GIOI TOAN 9 TINH HUNG YEN
Nam hoc 2015 - 2016

Céu 1. (2.0 diém). Cho x = 1+ /2 + {/4 . Tinh gia trj biéu thire: A = vx* — 3x* — 3x + 2016
Cau 2. (5.0 diém).

a) Cho duong thang (d) c6 phuong trinh y = mx + 1 —m(m # 0). Tim m d€ khoang cach tlr géc
toa do O dén duong thang (d) 1a 16n nhat.

b) Tim cac s6 o hai chir sd ab(a # b)sao cho s& n = ab — ba la mét sd chinh phuong.

1 \/;+8

Cau 3. (2.0 diém). Giai phuong trinh x* + 3x/3x +2 - 12+ —==

5~ =

2x” +y* = 3xy —4x+ 3y +2 =0
\/X2—y+3+\/y—x+1=2

Cau 4. (3.0 diém). Giai hé phuong trinh {

Céu 5. (6.0 diém).
Cho tam gidc déu ABC ndi tiép duong tron tam O, ban kinh R. Lay diém M bat ky trén cung nho
BC (M khéng triing véi B,C). Pudng thang qua A va vudng géc véi CM tai H cat tia BM tai K
a) Chting minh rang H la trung diém ctia AK
b) Chttng minh rang diém K ludn ndm trén mot duong tron ¢8 dinh khi M thay d6i. Tinh ban
kinh duong tron d6 khi R = 3v/3
¢) Goi D la giao cua AM va BC. Tim vi tri diém M sao cho tich hai ban kinh duong tron ngoai
tiép cta tam giac MBD, MCD dat gid tri lon nhat.
Céu 6. (2.0 diém).
Cho céc s0 thuc duwong a, b, c thdaman a + b + ¢ = 3. Tim gid tri 16n nhét ctia biéu thirc:
a’ b? c’

P= + + + 3abc
3a—ab—-ca+2bc 3b-bc—ab+2ca 3c-ca-bc+2ab

Phén tich va huwéng dan giai

Céu 1 (2.0 diém). Cho x = 1+4/2 + /4 . Tinh gia tri bidu thirc: A = Vx* — 3x — 3x + 2016

e Phan tich. Nhin vao bai todn, voi gia thiét co can bdc 3 va 0 trong can cia A ciing ¢6 mii 3 nén ta nghi dén
viéc 1gp phwong 2 vé cia gid thiét. Thiy 6 vé phdi c6 3 s6' nén nghi dén viéc chuyén 1 sang dé xudt hi¢n hang

ding thitc. Ta c6:
x=1+2+¥1 o (x-1) =(%5+%)3 & x' =3¢ +3x-1=6+6({2+ 1)
Dén day ta tim cdch lién h¢ giita tong trong can va gid thiét. Ta bién doi lai nhw sau:
x* - 3%’ +3x—1=6+6(3/5+§/1)<:> x* = 3% = 3x + 2016 + 6x — 2017 =6+6(%5+3/1)
Chuyén vé'phiin thira va dé'mit cin bic 3 ta st dung lai gid thiét kiéu x —1 = o+ 3.

Khi dé x* — 3x* — 3x +2016 = 6 + 6(x — 1) — 6x + 2017 = 2017

Lay cdn hai vé'ta tinh dwgc gid tri cia A v0i vé'trdi la mt s6'khong dm




e Loi giai. Tir gia thiét ta cé x > 1 nén x* — 3x” — 3x + 2016 > 0. Bién ddi gia thiét ta duwoc
x:1+§/§+3/1©x—1:§/§+3/1
:>(x—l)3 :(§/§+¢\*/Z)3 <:>x3—3x2+3x—1:6+6(§/5+§/1)
:>x3—3x2—3x+2016+6x—2o17=6+6(€5+3/Z)

:>X3—3x2—3X+2016:6+6(X—1)—6x+2017
= x? - 3x% — 3x + 2016 = 2017

Dodétacd A =x"—3x’ —3x +2016 = 2017 .

e Nhin xét.

+ Ciing vdi y twong lam gin twong tw nhwng ta lai c6 thé cé suy nghi dan dén 10i gidi trén theo mot chiéu hwéng
khic. Nhin vio biéu thirc trong cin ta niy ra 1 tudng st dung hing ding thirc dang (x - 1)3 .C6 x —1 dédang

lién twong t6i viéc sir dung gia thiét. Sau do xudt hi¢n %/5 + E/Z thi ta lai sw dung gia thiét thém mgt [an niva va
ta tinh dwoc A

A =+x* —3x* —3x + 2016 = vx* — 3% + 3x — 1 — 6x + 2017
:\/(x—1)3 — 6x + 2017 =\/(%/§+%/Z)3 _6x 42017
z\/6+6(%5+%/1)3—6x+2017 =\/6+6(x—1)—6x+2017 — 017

+ Mt cdch khdc bish déi gid thiét 1a x=1+#§+%:x+1=2+#§+3/1=%(1+%+%)

Khi dé ta dwoe x +1 = 32.x nén ta duoc (x + 1)3 =2x" hay x* —3x* - 3x = 1.

Tie d6 ta dwoc A = Nx* — 3x* — 3x + 2016 = +2017 .
Cau 2 (5.0 diém).

a) Cho duong thang (d) c6 phuong trinh y = mx +1 - m(m # 0) . Tim m d& khoang cach tir gdc toa do
O dén duong thiang (d) 1 16n nhat.

e Phdn tich. Do duong thang d c6 h¢ so'm khic 0 nén dwong thang d cit hai truc toa d6 Ox va Oy lin lwot tgi
x, va y,. Gid sir duwong thing d cit hai truc Ox va Oy nhu hinh vé.
Ta cin biéu dién dwoc dogn MO theo m. Mudn vdy ta cin xdic dinh

duge x, va 'y, .

Cho x = 0, khi d6 dwong thing d cit Oy tai y,=1-m.

ANRO
Cho y = 0, Khi d6 dudmg thing d cit Ox tai x, = 2L,
m M
ey . m-—1 iy
Tir dé ta duwgc OA = ‘1 —m‘ va OB = ‘— . Tam gidc AOB B
m

vudng tai H c6 OM la dweong cao nén

(N U 1+(m2 m? +1
OM? OA® OB’ (m_1)2 m-1) m’-2m+1




Chii  rang dé’ cd hé thikc trén ta ciin ¢c6 m # 1.

Bai todn yéu ciu tim OM Ion nhdt, do do ta cin tim gid tri nho nhit cua

| m’ +1 m® —2m +1+2m—2+2 2 2
Ttr do ta cé = = =1+ + .
OM?> m®-2m+1 m’® —2m +1 m-—1 (m—1)2
2
2 2 1 1 1.1 P A, .
Ta co + +1=2|——+—| +—=2—, ddu bang xdy ra khi m = —1.
m—1)2 m-1 m-1 2 2 2

Tir d6 suy ra OM < J2, diu bang xdy ra khi va chi khi m = -1,
e Loi giai. Do duong thang d c6 hé s6 m khac 0 nén duong thang d ct hai truc toa d6 Ox va Oy lan
lwot tai x, va y,.
+ Xét treong hop m = 1, khi d6 duong thang d di qua goc toa d6 O nén dd dai khoang cach béng 0.
+ Xét truong hop m # 1, khi d6 gia stt dwong thang d cat hai truc O va Oy nhu hinh vé sau.

Cho x = 0, khi d6 dudong thang d cat Oy tai y,=1-m.

Cho y = 0, khi d6 duong thing d cit Ox tai x, = 21,
m

Tt 46 ta duwoc OA = ‘1 - m‘ va OB = ‘rn_—l . Tam gidc AOB vuong tai H c6 OM la duong cao nén

m

OM?  OA’ OB (m_1)2 !

2 2
1 1 1 1 (m] m? +1

m-1) m?-2m+1

Tir d6 ta o6 = m’ +1 _m2—2m+1+2m—2+2_1 2 2
u do ta co = = 5 =1+ _1+ S
OM m° —2m +1 m- —2m+1 m (m—l)

2
Ma 2 + 2 +1=2 LJrl +121,d§ub5ngx§yrakhim=—1.
)2 m-1 2 2

(m—l m-1 2

Do d6 ta duwoc OM < \/5, dau bz\?mg xay ra khi va chi khi m = -1.
Vay khoang cach tir O dén duong thang d 16n nhat la N ,khim=-1.

b) Tim céc sO ¢6 hai chit s g(a # b)sao chosd n = ab — ba la mot s& chinh phuong.

e Phan tich. Ddy la bai todn s6 hoc vé chik s6. Khi gidi dang todn nay ta thuong biéu dién cdc s cé nhiéu chir so’

trong dé bai qua cdc chir so.
O day trueée hét ta viét lgi s6' n =10a +b—10b—a = 9(a - b). Vi n la s6 chinh phwong va 9 cing la
mot s6 chinh phwong nén a — b la mot s6"chinh phwong. Dén ddy chi cin xét cdc gid tri a va b cho ding vdi diéu

kién. Ta c6 a,b # 0va a,b la cdc chit sdnéna —b < 9dodé a—b e {1,4}

Dén day xét tieng trieong hop ciia a —b ta tim diegc cdc s6” ab thoa man bai todn.




e Loigiai. Tacéd n = ab—ba =10a+b—10b—a = 9(a —b) .Vinva?9la cacs6 chinh phuong nén
(a —b) cting la s& chinh phuong. Mdt khac a,b#0 vaa-b<9néna-be {1, 4}

Véi a,b # 0 va a > b ta xét cac treong hop sau:

+Vdi a — b = 1thi ta duoc cac s6 21; 32; 43; 54; 65; 76; 87; 98.

+Vdi a — b = 4 thi ta duwoc cic s6 51; 62; 73; 84; 95
Vay céc s co hai chir s6 thoa man dé bai 1a 21; 32; 43; 54; 65; 76; 87; 98; 51; 62; 73; 84; 95.

1 \/;+8

Cau 3 (2.0 diém). Giai phuong trinh x* + 3x/3x +2 - 12+ — =

NSl

e Phdn tich. Phwong trinh c6 chita cd bdc 2 va bc 3. Tuy nhién cin bic 2 dieng ddc lgp nén dé dang loai bé vi

Jx+8 18

——— =2 Quy dong ta dwoc x* + 3x* A3x +12 —12x = 8. O ddy ta khong thé sir dung phép ning

X Jx o X

Ién lity thiva vi bdc sé qud cao. Nén co thé s dung la phwong phdp phdn tich thanh tich. Phwong trinh chi chira

m@t can thirc bic ba nén ta nght dén viéc dat dn phu dé’ dwa phwrong trinh vé phwong trinh tich. D lam dwoc ta

viét lgi phwrong trinh thanh x* + 3x° 3/3x +2 — 4 (3x + 2) =0.

Quan sdt phuong trinh ta nhdn thily néu xem 3x +2 1a mot &n thi phwong trinh trén cé dang ding cip
bdc 3. Do d6 khi chia ci hai vé'cho x° thi ta thu dwoc phwong trinh bic 3 mot dn. Chil y rang véi diéu kién
x > 0 thi phép chia ludn thwc hién duoc.

3ifax+2 4(3x+2) _ U3x+2

=0 Dat ———— =t > 0. Khi dé phwrong trinh tro thanh

X X X

Khi dé ta dwoc 1+
1+ 3t —4t’ = 0. Dén diy xem nhw ta gidi dwoc phwrong trinh.
e Loi gidi. Diéu kién xac dinh ctia phuong trinh 1a x > 0.

Phuong trinh tuong duong véi x° +3x” 3x +12 —12x = 8 < x* + 3x* 3x +2 - 4(3x +2) = 0

3ifax+2 4(3x+2)
X

Chia ca hai vé& cho x* ta dwgc phuong trinh 1+

Y3x+2

bat ———— =t > 0. Khi d6 phwong trinh tré thanh 1+ 3t —4t* =0 < t=1,do t > 0.
X

3
X

Trddsuyra Y3x+2=x < x’-3x-2=0<x=2,do x>0
Vay phuong trinh ¢6 nghiém duy nhatla x = 2.
o Nhdn xét. Vi tw twong dwa vé phuwong trinh tich, ta co thé siv dung phép dat an phu khong hoan toan nhw

sau. Phwong trinh dd cho tuong dwong véi x* +3x*3x +2 —4 (3x + 2) =0.

Dt U3x +2 =y >0 thi phwong trinh tré thanh x* + 3x°y — 4y” = 0. Dén ddy dé dang phan tich dwoc
phwong trinh trén thanh tich
X' +3x°y -4y’ =0 o x’ X’y +4x’y -4y’ =0 & x° (X—y)-i—4y(x2 —y2) =0
= (X—y)(x2 +4xy+4y2) =0 (X—y)(x+2y)2 =0

Vix>0y20ntnx=y hay I3x+2=x<x"-3x-2=0<x=2




Vay phiweong trinh c6 nghiém duy nhatla x = 2.

2x” +y* —3xy —4x+ 3y +2 =0
\/X2—y+3+\/y—x+1=2

Cau 4. (3.0 diém). Giai hé phuong trinh {

e Phdn tich. H¢ phwong trinh di cho cé mot phwong trinh 6 bic hai nén ta sé di kiém tra xem phirong trinh
nay c6 thé phin tich dwoc hay khong. Do la phwong trinh c6 bc hai doi véi mdi @n nén ta sé kiém tra xem

phwong trinh cé bi¢t thiec A chinh phwong hay khong.
Xét phwong trinh thit nhit 2x* +y> —3xy —4x+3y+2=0 < y* —(X—1)3y+2x2 —4x+2=0 Ia
phwong trinh bdc hai dn y va x la tham s6.
Khi d6ta 6 A=9(x~1) ~4(2x* ~dx+2) = (x ~ 1), nhue vy phwong trinh thit nhat phin tich digc
thanh tich. Dén ddy ta gidi diegc hé phirong trinh.
e Loi giai. Diéu kién xdc dinh cta hé phwong trinh1a x> —y +3 > 0;y —x+1>0.
Phuong trinh tht nhat cua hé tuong duong voi
2’ +y’ —Bxy —dx+3y+2=0y —(x-1)3y +2x" —4x +2=0
Xem phuong trinh trén la phwong trinh bac hai dn y ¢6 x la tham sé.

Khidétaco A=9(x~1) —4(2x? —4x+2)=(x—1)2

x—l—(x—l
gy 1 R R ) y=0
Khi d6é phwrong trinh c6 hai nghiém la =
x—l—i—(x—l) y=x-1
y= 9

o V6i y =0 suy ra x =1, thay vao phurong trinh thit hai ctia hé ta duoc mot phuong trinh ding
Nén dé la 1 nghiém ctia phuong trinh

o Véi y = x —1, thay vao phuwong trinh thit hai cia hé ta duoc

2 2 ) X
\/X —y+3+\/y—x+1=2<:> X —-x+4=2x —-x &
X

Vay nghiém cuia hé phwong trinh la (1; 0) va (0; —1).

e Nhin xét. Ban chit ciia phwong trinh thiv nhat cua hé trén la phwong trinh phin tich dwoc thanh tich. Do la
phuong trinh thie nhat c6 bac hai d6i v6i moi dn nén ta cé thé’ xem mot dn la tham s6"va khi dé ta st dung diéu
kién A chinh phwong dé¢ phin tich phwrong trinh thanh tich.

Cau 5 (6.0 di€m).




a) Chiing minh rang H la trung diém ctia AK

e Phdn tich. Bai todn cho AK vuéng géc véi MC tai H, do dé dé chitng minh AH = KH ta di chitng minh tam
gidc AMK cén. D€y ring BMA = CMA = 60" va HMC = BAC = 60", nhw vdy trong tam gidc AMK c¢6 MH
vira la dwong cao vira la dwong phin gidc nén AMK la tam gidc cin. Dén ddy ta co 1oi giai.

e Loi giai. Tam gidc ABC déu va t& gidc ABMC noi ti€p duong tron (O) nén BMA = CMA = 60°.

Ma ta c6 t gide ABMC noi ti€p nén KMC = BAC = 60". Ttr d6 ta dugc KMC = CMA = 60" nén KH
la duwong phan giac cta tam giac AMK. Nhu vay tam giac AMK c6 MH vira la duwong cao vira la duong
phan giac nén can tai M. Do d6 MH la duong trung tuyén hay H 1a trung diém cua AK.
b) Chitng minh rang diém K luén nam trén mot duwong tron ¢8 dinh khi M thay d&i. Tinh ban kinh
dudng tron d6 khi R = 34/3
e Phin tich.
o Dé chitng minh diém K luén nam trén mgt dwong tron cd dinh khi M thay déi ta cin tim dwoc dwong tron &’
dinh di qua K. Goi chan dwong vudng goc tiv dinh A trén BC la 1
+ Yéu to'co’ dinh: Tam gidc déu ABC va dwong tron (O)
+ D dodn diém c6' dinh: Khi M triung v6i B thi H triung v6i I thi AK la dwong trung triee ciia BC, BC la duwong
trung tryec cia AK nén khi do ta c6 AC = KC. Khi M tring v6i C thi ABK la tam gidc vuong va H la trung
diém ciia AK nén ta lgi c6 AC = KC. Chii yj riang C cd'dinh va CA khéng d6i nén ta dw dodn K luén di chuyén
trén dwong tron cd dinh (C; CA).

Ta c6 cic hwong dé chirng minh K thudc dieong tron (C; CA).
+ Hudng 1. Sir dung phiin hinh khi B trimg véi M. Goi diém doi xitng vdi A qua BC la E. Vi A 6’ dinh nén E c6’
dinh. Vé dwong tron tdm C bdn kinh CA. Nhw vdy ta thiy E thudc dwong tron (C; CA). Ta cin chirng minh tir
gidc ABEK ngi tiép dwong tron tdm C. Nhin lai y a ta thidy cin chitng minh tam gidgc AMK cdn, ta thir xem né

—

Qiuip dwoc diéu gi. Mudn chitng minh tir gidc ABEK ngi tiép thi ta di chitng minh AEB = AKB Ia hop ly nhat

vi c6 mQt goc cua tam gidc AMK.

- - I
Tac AMK =180° — AMB = 120" vi AKB = 200 120 _

30",
Mt khdc vi tam gidc ABC déu nén AE la phan gidc cia BAC nén BAE = 30°, vi E la diém doi xitng voi A
qua BC nén tam gidc AEB cin suy ra BAE = BEA = 30°.



—

Tir do ta duwroc AEB = AKB hay tir gidc ABEK ndi tiép. Dén ddy ta suy ra diéu phai chitng minh.

+ Huéng 2. Sir dung phin hinh khi véi C trung véi M.

Veé dwong kinh BE ctia dwong tron tdm C ban kinh BC, khi do tam gidc ABC ngi tiép dieong tron (C, BC) cd’
dinh. Ta ciin chitng minh tir gidc ABKE ngi tiép dwong tron. Nhan thay tam gidgc ABE vudng tai A va co

ABE = 60° nén AEB = 30°. Ma theo nhu hudng thit nhdt ta thiy AKB = 30°. Do dé AFB = AKB = 30"

nén tir gidc ngi tiép. Tir do ta c6 diéu phdi chitng minh.

+ Huong 3. Nhin thay CH la trung truc cua AK nén ta luon c6 CA = CK, diéu nay cé nghia la K thugc dwong
tron (c, CA) ¢ dinh.

o Dé'tinh bdn kinh (C, CA) khi R = 3\/5 ta quy bai todn vé tinh BC. D¢ tinh dwrgc BC ta cin tinh diwrgc BI theo
dinh ly Pitago ta cin tinh OI dé'dp dung. D€'y dén BOL = 2BAE = 60° nén ta c6

cos]g(izcos60°=l:>g=lmd OB:R=3\/§nén OI=1.3\/>=
2 OB 2 2

33
=

Ap dung dinh 1y Pitago ta c6

2
BI = VOB’ -OI* = (3\/5)2—[§J =‘/27—%=\/8;1=g:130=2§:9

Vay ban kinh dwong tron (C, CA) la 9(cm).

e Loi giai.

+ Chting minh rang diém K luén nam trén moét duong tron cd dinh khi M thay d8i.

Cach 1. Goi diém d6i xting v6i A qua BC 14 E. Vi A ¢ dinh nén E ¢ dinh. V& duong tron tam C ban
kinh CA. Nhu vay ta thdy E thudc duong tron (C; CA) o dinh.

— I _ 0 1900
Ta c6 AMK =180" — AMB =120 . Ma tam gidc AMK can nén AKB = 180 ~120° _

30°.
Mt khéc vi tam gidc ABC déu nén AE la phan giac cia BAC nén BAE = 30", vi E 1a diém d6i xting
v6i A qua BC nén tam gidc AEB can suy ra BAE = BEA = 30°.

Tt d6 ta duoc AEB = AKB hay t& gidc ABEK ndi tiép. Ttr d6 suy ra K thudc duong tron (C; CA) co
dinh.

Cach 2. Vé duong kinh BE ctia duong tron tam C ban kinh BC, khi d6 tam gidc ABC néi tiép duong
tron (C, BC) 0 dinh. Ta c6 tam giac ABE vudng tai A va c6 A/]_3\E =60 nén @ =30°.

Mt khac dé thdy AKB = 30". Do d6 AFB = AKB = 30’ nén t gidc ABKE ndi tiép. Ttr d6 suy ra K
thudc dudng tron (C; AB) 8 dinh.

Cach 3. Theo y a ta c6 MH la duong trung triec cua AK va C thudéc MK nén ta c6 AC = CK . Ma diém C
c6 dinh va CA khong doi nén K thudc duong tron (C; CA) cd dinh.

+ Tinh ban kinh duong tron (C,CA ) khi R = 31/3.



Déy dén BOI = 2BAE = 60’ nén cos BOI = cos 60’ = % = O _ % ma OB = R = 343 nén

OB
Ol = %3\/5 = # . Ap dung dinh ly Pitago ta c6

2
2
BI = JOB? — O = (3\/5) {#J :,/27-%:@:%:30:2.%:9

Vay ban kinh duwong tron (C, CA) 1a 9(cm).

¢) Tim vi tri diém M sao cho tich hai ban kinh dwong tron ngoai tiép ctia tam gidc MBD, MCD dat gia
tri 16n nhat.

e Phdn tich. Goi R;R, lin lwgt la bdn kinh cia A

dwong tron ngoai tiép cdc tam gidc AMB va CMD. Chu

y rang khi M thay d6i thi D thay d6i trén BC. Do vdy

cdc ban kinh R ;R, thay doi theo. Tuy nhién ta thdy co

hai goc khéng d6i do la BMD = CMD = 60°. Do dé dé¢ 0
tim dwoc vi tri ciia M thoa man cdu bai todn ta cin biéu )

dién dwgc hai ban kinh R ;R theo BD vi CD.

Do BMD = CMD = 60" nén cic goc & tim ciia hai
dwong tron ngogi tiép cdc tam gidc AMB va CMD chin

hai cung BD va CD tirong itng c6 s6'do la 120° .

Tir 46 ta tinh duge R, = %\/g;RQ _ODV3 s RR, = BD:'))CD .

Ma ta c6 BD.CD < i(BD + CD)2 = iBCZ khong d6i, diu bang xdy ra khi BD = CD.

Tieds R R, < %BC2 , ddu bang xdy ra khi M nam chinh giira cung nhé BC ciia dwong tron (O) .

* Loi giai. Goi R ;R, Ian luot la ban kinh ctia duong tron ngoai ti€p cac tam giac AMB va CMD. Goi

—

O, 1a tAm duong tron ngoai ti€p tam giac BCD. Dé thdy BMD = 60 nén ta duoc BO,D =120°.

o —

BD BD BD
Tl d6 ta dwoc O,BD = 30" . Tac6 R, =OB = == = V3

1
2" cos 300 \/5 3
CDV3 BDV3 CDV3

. Tte d6 ta tinh dwoc R, = ——;R, = .
3 3 3

Hoan toan twong ty ta duoc R, =

BD.CD

Hay R R, = .Mataco BD.CD < i(BD + CD)2 = iBC2 khong d6i, ddu bang xay ra khi va chi
khiBD = CD.Titdé R R, < % BC?, d&u bang xdy ra khi M nam chinh gitta cung nho BC ctia duong

tron (O)



Vay khi M ndm chinh gitta cung nhé BC ctia duong tron (O) thi R R, c6 gia trj 16n nhat.

o Nhan xét. Trong y b ctia bai todn hinh ta thiy cé ba cich giai. Vé mdt ban chdt ba cich nay nhw nhau dé la déu
khai thic cdc két qud ctia i a. Trong hai cdch diu thi viéc dyng diém F dé thay hon diém E. Con cich thir ba ngdn
gon hon nhiéu. Trong v ¢ ctia bai toan, dé’ dé xdc dinh dj 16n ciia R ;R, theo cdc dogn thﬁng BD va CD ta c6 thé’

dung cdc tam gidc déu BGD nhw hinh vé, khi do tir gide BGMD ngi tiép dwong tron tim O, .

Céu 5. (2.0 di€ém). Cho céc s8 thyc duong a, b, ¢ théa man a + b + ¢ = 3. Tim gi4 tri l1on nhat cta biéu
3 3 3
a b C

thiec P = + +
3a—ab—-ca+2bc 3b-bc—ab+2ca 3c-ca-bc+2ab

+ 3abc

e Phan tich. Vi vai tro ciia a, b, ¢ nhw nhau nén két hop gid thiét ta dw dodn rang biéu thirc c6 gid tri lén nhat
a=b=c=1.D¢&Yy dén gii thiét a+b+c =3 taco

a’ a’ a’

3a—ab—ca+2bc_(a+b+c)a—ab—ca+2bc a4 2be

a3 b3 C3
Khi do ta viét lgi P thanh P = — +— +— + 3abc
a“+2bc b +2ca ¢ +2ab

Nhin vao bat ding thitc y twong dau tién la st dung bat ding thitc Bunhiacopxki nhumg chiéu lgi b

nguoc vi ta dang cin tinh gid tri I6n nhat. Nén ta cin d6i chidu bat dang thirc dé’sir dung né.

3
D&y ring 2a— =a- fa&' Hoan toan twong tw thi ta duwoc
a” +2bc a” +2bc
p_ (a b4 c) B 2abc B 2abc B 2abc + 3abe
a’+2bc  b*+2ac ¢’ +2ab
=3+abc|3-2 21 + 21 +21
a“+2bc b"+2ac ¢ +2ab

Khi d6 ta c6 thé'dp dung bat ding thitc Bunhiacopxki dang phén thitc nhw sau

1 1 1 S 9 S 9 _1

+ + > >
a’+2bc b’ +2ac ¢ +2ab a2+b2+c2+2(ab+bc+ca) (a+b+c)2

Ngodi ra theo bat dang thirc Cauchy tacé 3 = a +b + ¢ > 3{abc = Yabc <1 = abc <1
Dén day ta c6 thé'tim dwoc gid tri I6n nhdt ciia P.
e Loi gidi. Dé y dén gia thiét a+ b +c =3 tacd

3 3 3

a a a
3a—ab—ca+2bc_(a+b+c)a—ab—ca+2bc a2 +2bc

a3 b3 C3
Khi d6 ta viét lai P thanh P = + + + 3abc
a’+2bc b’ +2ca ¢’ +2ab
w a’ 2abc A s \
Lai thay — ———— nén ap dung hoan toan twong tu thi ta dwoc

=a
a’ + 2be a’ + 2bce

2 2 2
abc abc B abc + 3abe

a’ + 2bc - b’ +2ac ¢’ +2ab

=3+abc|3-2 1 + 1 + 1
a’+2bc b +2ac ¢ +2ab

P=(a+b+c)—




Khi d6 ta c6 thé ap dung bat dang thitc Bunhiacopxki dang phan thitc nhu sau

1 1 1 S 9 S 9 _1

+ + > >
a’+2bc b’ +2ac ¢ +2ab a2+b2+(:2+2(ab+bc+ca) (a+b+c)2

Ngoai ra theo bat dang thitc Cauchy tacé 3 =a+b+c > 3¢abe = Yabe <1= abc <1
Tt d6 P <1+ 3 = 4. Vay gia tri 16n nhat cta P 1a 4. Ddu bang xay rakhi vachikhia=b=c=1.
beé s6 17
PE THI CHON HQC SINH GIOI TOAN 9 TINH NGHE AN
Nam hoc 2015 - 2016

Cau 1 (3.0 diém).

a) Chia 18 vat c6 khdi luong 2016%;2015%;2014%;...;1999° gam thanh ba nhém c6 khdi luwong bang
nhau. (khong dwoc chia nhoé cac vat do).

b) Tim nghiém nguyén dwong cua phuong trinh 3* +171 = y°.
Cau 2 (6.0 diém).

a) Gidi phuong trinh x” + 6x +1 = (2x + 1)Vx" + 2x + 3

4 +1=y" —4x

2

b) Giai hé phuwong trinh
) *P S {X +xy+y’ =1

Céu 3 (3.0 di€m).

. 1 1 1
Cho a,b,c > 0 thoaman a + b + ¢ = 3. Chitng minh rang at +b+ + T 53

b2+1 ¢ +1 a’+1

Cau 4 (6.0 diém).
Tir diém M nam ngoai dwong tron tdm (O; R). V& hai tiép tuyén MA, MB véi duong tron (A, B 1a
cac tiép diém), cat tuyén MPQ khong di qua O (P nam gitta M, Q). Goi H 1a giao diém ctia OM va AB.

a) Chiing minh rang HPO = HQO
b) Tim diém E thudc cung lén AB sao cho tong ﬁ + é o gia tri nho nhat.

Céu 5 (2.0 di€m).
Tim hinh vudng c6 kich thudc nhé nhat dé trong hinh vudng d6 c6 thé sip xép dugc 5 hinh tron

c6 ban kinh bang 1 sao cho khong c6 hai hinh tron bét ki nao trong chiing c6 diém trong chung.

Phén tich va huéng dan giai
Cau 1 (3.0 diém).

a) Chia 18 vat c6 khdi luong 2016°;2015%;2014%;...;1999° gam thanh ba nhém c6 khéi lugng bang nhau.

(khong duoc chia nho cac vat do).

e Loi giai. Ta x6 nhan xét

2
n2+(n+5) =92n% +10n + 25 = X + 25




(n+1)2+(n+4)2 —9m? +10n+17 = X +17

2 2
(n+2) +(n+3) =2n’ +10n +13 = X +13
Lan thit nhat chia 6 vat c6 khéi legng 1999%,2000%,2001%,2002%,2003%,2004” thanh ba phan nhw sau

19997 + 2004% = 1999 + (1999 n 5)(Z = 92.1999% +10.1999 + 25 = A + 25
20007 + 2003° = (1999 + 1)2 + (1999 n 4)2 —=92.19992 +10.1999 +9 = A + 17
20012 + 20022 = (1999 + 2)2 n (1999 n 3)2 =2.1999% +10.1999 + 13 = A + 13

Lan thit hai chia 6 vat cé khéi lwong 2005°,2006°,2007%,2008%,2009%,2010° thanh ba phan gom

2005% + 2010% = 2005% + (2005 n 5)2 =2.20052 +10.2005 + 25 = B + 25
2006° + 2009° = (2005 + 1)2 + (2005 + 4)2 =2.2005% +10.2005+ 17 = B+ 17
2007° +2008" = (2005 + 2)2 + (2005 + 3)2 = 2.2005% +10.2005 +13 = B + 13

Lan thit ba, chia 6 vat cé khéi luwong 20117,2012°,2013%,2014,2015,2016° thanh ba phan nhuw sau

2011° +2016° = 2011° + (2011 + 5)2 =2.2011* +10.2011+25 = C + 25

2012 +2015" = (2011 + 1)2 +(2011+ 4)2 =2.2011° +10.2011+17 = C +17

2013° +2014” = (2011 + 2){Z + (2011 + 3){Z =2.2011* +10.2011+13 = C + 13
Nhén thay

A+25+B+17+C+13=A+17+B+13+C+25=A+13+B+25+C+17=A+B+C+55
Do d6 ta chia theo ba nhém gom

Nhém 1: A +25+ B+ 17+ C +13 =1999° + 2004* + 2006 + 2009 + 2013 + 2014>
Nhém 2: A +17 + B+ 13 + C + 25 = 2000% + 2003* + 2007 + 2008% + 2011% + 2016>

Nhom 3: A +13+ B +25+C +17 = 2001% + 20022 + 2005 + 2010° + 2012% + 2015°
Khi d6 khdi lwong ctia mdi nhém déu bang A + B + C + 55 gam.

b) Tim nghiém nguyén duong cta phuong trinh 3* + 171 = y°.

e Loi giai. D@ thdy khi x = 1 thi phuong trinh khdng 6 nghiém nguyén duong.

Xét x > 2, khi d6 ta viét phuong trinh da cho vé dang: 9. (3X"2 + 19) =y’ (X > 2) . b€y la s6 nguyén thi
diéu kién can va da la 37 +19 = 7z° 1a s8 chinh phuong (z 1a s6 nguyén duong)

Néu x ~2 =2k +1 lasglé thi 3% 7 +19 = (3*"' +1)+18 = 4B +18 chia hét cho 2 nhung khong chia
hét cho 4 nén khong thé 1a s6 chinh phuong. Do d6 x — 2 = 2k 14 56 chin

Tacd 37 +19 =7 & (2-3)(2+3) = 19.

z-3"=1 z=10 z =10
Vi191asdnguyéntdva z — 3" <z + 3" nén . =" =
z+3" =19 3=9 k=2

Ttwr @6 ta tim dwoc (X; y) = (6; 30) .




Cau 2 (6.0 diem).

a) Gidi phuong trinh x” + 6x +1 = (2x + 1)vVx" + 2x + 3.

e Phdn tich. Phwong trinh di cho chi chita mot cin thitc bdc hai va cdc biéu thirc chiva dn c6 bdc hai nén
tieong ddu tién la thwe hién phép ning 1én liy thira. Tuy nhién phwong trinh thu dwoc sau phép ning lén liy
thira cé bdc bon va ta khdng nhim dwoc nghiém dep nao nén y twéng nay kho thwc hién dwgc. Ciing tir hinh thirc

cuia phwong trinh ta d4é’'y dén phép dat an phu khong hoan toan.

Trudc hét ta viet phwong trinh lgi thanh x* +2x + 3 — (2x + 1) VX +2x+3 +4x-2=0
Dit t =Nx* +2x + 3 ta thu dwgc phwong trinh t* —(2x - 1)t+ 4x —2 =0, khi dé ta cd
A, =(2x+1) ~4(4x ~2) = 4x +4x +1-16x + 8 = 4x ~12x +9 = (2x - 3)

Do A, c6 dang chinh phwong nén phiong trinh dn t phin tich dwgc thanh tich.
Dén ddy ta c6 10i gidi cho phirong trinh.

e Loi giai. Phuong trinh da cho xac dinh véi moi x. Phuong trinh da cho duoc viét lai thanh

" +2x+3 - (2x + 1)VX +2x + 3 +4x -2=0
Dit t = Vx® +2x + 3 ta thu dwoc phuwong trinh t* —(2x+1)t+4x—2 =0, khi dd ta co
A =(2x+1) —4(dx-2) =4x* +4x +1-16x+8 = 4x ~12x +9 = (2x~3) 20

2x+1—2(2x—3) :2 Vét=2x+1+2(2x—3)

=2x-1.

Suy ra phuong trinh c6 hai nghiém la t =

+ Vi t =2 ta cé phwong trinh Vx* +2x + 3 =2<:>X2+2X—1=O<:>X=—1i\/§
+Véi t =2x -1 tacd phuong trinh

2x—-12>20
X +2x+3=2x-1< 2<::>:)(:i’,4-\/g
x2+2x+3:(2X_1) 3
Vay phwong da cho c6 tap nghiém la S:{—l—\/g;—l+\/5;3+;/g}

o Nhdn xét. Ngoai phép dit an phu khong hoan toan dé gidi phirong trinh nhu trén ta cé thé' s dung phép nhin
lwong lién hop nhw sau

Dé thay x = _?1 khong phai la nghiém cua phwong trinh.

Xét x # —%, khi dé phwong trinh di cho twong dwong véi phwong trinh




2 2
%:V}ﬁwmg@w—h > +2x+3 -2
X +

2x +1
X2+6X+1_2(2X+1) (\/X2+2X+3+2)(\/X2+2X+3—2)

= =

2x+1 Vx> +2x +3 +2

2 _ 2 _
o X +2x 1= x"+2x -1 @(X2+2X_1) 1 1 ]

2x+1 VX +2x+3 +2 Vx4 2x+3+2 2x+1

XX +2x-1=0
=

0

V2 +2x+3+2=2x+1

Ve x4+ 2x—1=0< x=-1+42.

1
X > —
+ Vi N +2x+3+2=2x+1 & 9 oy 3+VI5

X2+2X+3=(2X—1)2

3+\/B}

Viy phwong da cho c6 tap nghiém la S = {—1 - \/5; -1+ \/5; 3
+ Ngoai ra ta biéh doi phiong trink thanh x* +2x +3 — (2x =1+ 2)Vx" +2x +3 +2(2x —1) = 0.
Pit a =vx> +2x +3;b =2x — 1(a > 0). Khi d6 phiong trinh trén dugc vict lai thanh

32—(b+2)a+2b:0©32—ab—2a+2b:0<:>(a—2)(a—b):0

4 +1=y* —4x

2

b) Giai hé phuwong trinh
) PP & {X +xy+y =1

e Phdn tich. D&y ta viét phwong trinh thit nhat lai thanh
2 2 2 2
4x" +1=y —4X®(2X+1) =y <:>y:i(2x+1)
Dén day ta xét ting trwong hop dé qidi hé phwong trinh da cho.
e Loi giai. Ta c6

{4:><2-|—1=y2—4x<:> (2X+1)2 =y’ <:>{y=i(2x+1)

X +xy+y =1 X +xy+y =1 +xy+y =1
y=2x+1 y=2x+1
+ Xét hé phuong trinh |, ) 2
axy+y =10 e x(2x 1)+ (2x 1) =1
y=2x+1 5
=2x+1 - x=0 x=—-
= y2 o {[x=Y = hoac 7
7x"+5x =0 5 y=1 3
X =—— y:__
7 7

y=-2x-1 y=-2x-1
+ Xét hé phuong trinh

X +xy+y’ =1 XQ—X(2X+1)+(2X+1)2=1



a+1 b+1 c+1
+ +

Cau 3. Cho a,b,c > 0 théaman a + b + ¢ = 3. Chitng minh rang:

>3
b>’+1 c*+1 a*+1

e Phan tich. Chii yj dén chiéu bat dang thirc cin chieng minh ta c6 biéh d6i sau

b*(a +1 b*(a +1
a_—i_l:a+1_gza+1_g: +1_M
b* +1 b* +1
. . a+1 b+1 c+1l _a+b+c ab + bc + ca
Hoan toan twong tw ta thu dugc — +— +— > +3-—
b>+1 ¢ +1 a +1 2 2
Tacﬁnchb’mgminha+2+c+3—ab+bc+ca23 hayaberQﬂS%

D&’y rang ta cé a +b + ¢ = 3 nén bt ding thire cudi cimg luon diing. Ta c6 1i gidi cho bai todn.
e Loi giai. Ap dung bat déng thiic Cauchy ta c6
b*(a+1
a’—+1 =—a+1-— M
b’ +1 b’ +1

b’ (a+1
2a+1—gza+1—b+ab
2b

+1 c+bec | c+1 a+ca
>b+1- va >c+1-

c+1 2 a? +1

Tuong tw ta co

a+1 b+1 c+1>a+b+c ab + bc + ca

Cong theo vé cac bat déng thtrc trén ta duoc — +— +— > +3-
b"+1 ¢ +1 a +1 2

M3t khac a® +b* +¢” > ab + be + ca hay 3(&b+bC+C&)S(a+b+C)2 =9

a+l b+1 c¢c+1 _a+b+c ab + bc + ca
+ > +3 -

> =3
b>+1 c*+1 a*+1 2 2

Do do:

2§+3—
2

oo

a+1 b+1 c+1
+ +
b’+1 c*+1 a’+1

o Nhan xét. Phép chirng minh trong bai todn dwoc goi la kij thudt Cauchy ngirgc diu.

Vay > 3.Dau bang xay rakhia=b=c=1.

Cau 4 (6.0 diém). Tir diém M ndm ngoai duong tron tam (O; R) . Vé hai ti€p tuyén MA, MB véi duong
tron (A, B la cac tiép diém), cat tuyén MPQ khong di qua O (P ndm gitta M, Q). Goi H la giao diém ctia

OM va AB.
a) Chttng minh rang }TP-’\O = I?Q\O




e Phan tich. D€ chitng minh HPO = I?Q\O ta cin A
chi ra dwoc tiv gidge HOQP ngi tiép. Mudn vdy ta di
chitng minh MHP = I\IQ\O Nhuw vdy ta cin phai chi P
ra dwgc AMPH © AMOQ. D¢’y rang hai tam gidc

0 H M
do co g6c m chung va F
MH.MO = MP.MQ = MA®. Dén ddy ta c6 loi gidi
cho bai todn. B

e Loi giai. Tam gidc MPA dong dang véi tam gidc MAQ nén ta duoc MA* = MP.MQ .
Tam gidc MAO vuong tai A c6 duwong cao AH nén MA* = MH.MO.

Tt hai két qua trén suy ra MP.MQ = MHMO hay — MP _ MO

MH MQ

. . \ Lo . MP MO
Hai tam gidc MPH va MOQ c6 goéc M chung va NH M_Q nén ta suy ra AMPH «> AMOQ.

—_ — —_ — 1

Do d6 ta dwoc MHP = MQO. Tt d6 t& giac PQOH la tt gidc ndi tiép nén HPO = HQO = 3 stH.

b) Tim diém E thudc cung 16n AB sao cho tong ﬁ + % 6 gia tri nho nhat.

e Phan tich. Ta cé L+L>

2
EA EB EAEB’

nho nhit va L 1 2
EA EB EA EB

, nhw vy dé L + L c6 gid tri nho nhit thi nhdn gid tri
EA EB

. Nl vdy ta quy bai todn vé tim gid tri 16n nhat cia EAEB. Chi y ring

1 P 2 . A? A 7 A P A \ A 7 A A2
Sin = EAE.BE. sin AEB wva iém E di chuyén trén cung lon AB nén AEB ludn la mgt géc nhon khong doi.

AEB

s o o gea g . o R 1 . A
Nhw vdy ta cin tim vi tri ciia E dé dién tich tam gidc AEB lon nhat. Ta lgi thay S, = EAB.EK v0i AB khong

doi va EK la dwong cao ha tiv E. Nhw vdy S, . 16n nhit khi va chi khi EK I6n nhét, diéu nay xdy ra khi E la diéin

AEB

chinh gitta cung I6n AB. Dén ddy ta cd 10i gidi cho bai todn.

1 1 2
e Loi giai. A dung bat ding thiic Cauchy ta c6 — + — >
&lal. fip dung 8 YO FA T EB T EAEB

2 B nhang1atr1nhonhatvai+i= 2

EA EB EAEB’

Nhuw vay dé 1 + L c6 gia tri nho nhat thi
EA EB
vay ta can tim vi tri cua E d€ EA.EB nhan gia tri lon nhat.

—

biém E di chuyén trén cung lon AB nén AEB ludn 1a mot goc nhon khong doi.

Taco S, = %AE.BE. sin AEB nén EA.EB nhéan gid tri 16n nhat khi dién tich tam gidc AEB 16n nhat.

AEB AEB

Talai thay S, . = %AB.EK v6i AB khong doi va EK la duong cao ha tit E. Nhu vay S, 16n nhat khi va

chi khi EK 16n nhat, diéu nay xay ra khi E 1a diém chinh gitta cung 1én AB.



Khi dé ta c6 EA = EB v —— + — ¢4 gid tri nho nhit.
EA EB

o Nhan xét. Ta cé 10i gidi khdc cho i b) nhw sau

Trén tia doi cua tia EA 18y diém F sao cho EB = EF hay A

EBF cin tai E, suy ra B/FTA =%B/E7X Dat KE??) =ao khi

d6 AFB =2 nén F di chuyén trén cung chita goc a4

2 2 v
duwng trén BC. \
oo e )

EA EB EA+EB

A B

Nhu viy i + é 1nhé nhit khi EA + EB I6n nhit hay EA + EF 16n nhdt < AF 16n nhit (**).

Goi O’ la diéin chinh gitta ciia cung 16n AB, suy ra A O’AB cin tai O" suy ra O’A = O'B(3)

AO’EB va AO’EF ¢6 EB = EF, O’E chung va F/EB' =BEQ' (ciung bir voi BAO") Tir dé suy ra diegc
AOEB = AOEF nén OB = OF (4).

Tir (3) va (4) suy ra O’ la tdm cung chira goc % dwng trén doan thing BC. (cung do va cung 1én AB ciing thudc
mot niva mét phing bo AB),

Do @6 AF I6n nhdt khi no la dwong kinh ciia (O’) khi E= O (**%).

Tir (**) va (**) suy ra E la diém chinh gitta cung lon AB thi ﬁ + E_lB c6 gid tri nho nhat.

Cau 5 (2.0 diém). Tim hinh vudng c6 kich thudc nho nhat dé trong hinh vuéng dé c6 thé sap x&p duoc
5 hinh tron c6 ban kinh béng 1 sao cho khong cé hai hinh tron bat ki nao trong ching c6 diém trong

chung.

e Loi giai. Gia stt hinh vuong ABCD A B
co tam O va canh a, chita ndm hinh

tron khong cit nhau va déu cé ban A B
kinh bang 1. Vi ca ndm hinh tron nay

déu ndm tron trong hinh vudng, nén

cac thm ctia chting nam trong hinh (o}
vuong A'B’C’D’ ¢6 tam O va canh
a—2, 6 day A’'B’//AB. Cac duong

thang no6i cac trung diém cua cac D c

canh d6i dién caa hinh vudng

A'B'C'D’ chua A’B'C’'D’ thanh 4

hinh vudng nho.

Theo nguyén li Dirichlet ton tai mot trong 4 hinh vuéng nho ma trong hinh vuoéng nay chita it nhat hai
trong s6 5 tam hinh tron ndi trén (khong mat tinh tong quat ta gia st 1a O’ va O”).

D&y rang vi khong c6 hai hinh tron nao(trong s6 nam hinh tron) cat nhaunén 0'0" > 2.



Mit khac do O’ va O” cling nam trong mdt hinh vudng nhé (canh ctia hinh vudng nhé d6 bang aT—Q )

a-2 359 as>2/2 42,

néntalaicé O'O" < aT_2\/§ . Ttr d6 ta suy ra duoc

Vay moi hinh vuéng canh a thoa man yéu cau dé bai, ta déu c6 a > 202 +2. Bay gio xét hinh vudng
ABCD ¢6 a = 2v2 + 2. Xét nam hinh tron ¢6 tam 1a O, A’, B, C’, D’ (xem hinh v€), thi moi yéu cau cta
dé bai thoa man. Tom lai, hinh vudng c6 kich thwdc bé nhdt can tim la hinh vudng vdi canh

a=2v2+2.
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Cau 1 (4.0 diém).

o ; X—2\/; \/;+1 XVX +2x —3Vx +1
Cho biéu thitc P = + +
xvVx —1 X\/;-FX-F\/; X2—\/;
a) Rat gon biéu thic P

b) Tim x d& P 1a s6 ty nhién chan.

Cau 2(4.0 diém).

a) Cho ham s8 y = x* ¢6 d6 thi (P), duwong thing (d) c6 phuong trinh y = 2x + m. Tim m d&

duong thang (d) cat (P) tai hai ¢iém A ,B sao cho tam gidc OAB vuong tai O véi O (O; O) .
b) Tim cac s8 nguyén t6 x, y, z thod man x¥ +1 = 7°

Cau 3 (4.0 diém).
a) Giai phuong trinh xvVx? —x +1+2V3x+1=x>+x +3

2 2

x° + —X—-y =X
b) Giai hé phuong trinh 5 Y 9 9 Y '
2x° —x" -y~ =2xy

Cau 4 (6,0 diém).

Cho hinh vudng ABCD ndi tiép duong tron (O). Biém M thudc cung nho CD cua (O), M khac C
va D. Duong thang MA cat DB va DC theo tht tu tai H va K, duong thang MB cat DC, AC theo tht tu

tai E va E. Hai duong théng CH, DF cét nhau tai N.
a) Chiing minh rang: HE 1a phan giac ctia goc MHC

b) Goi G la giao diém ctia KF va HE. Chting minh réng G la tim duong tron ngoai tiép tam giac

KNE.

NH NF KE
+ + =1
MH MF CD
Cau 5 (2.0 diém). Cho x, y 1a hai s6 thuc duong. Chting minh rang:

¢) Chting minh rang

1— 2 2
2Xy2+ X2y2+ y2X220'
2+x"+y 14+2x"+y  1+x"+2y

Phan tich va huwéng dan giai

x—2\/§+ Jx +1 +xx+2x—3\/§+1
X\/;—l X\/;+X+\/; X2—\/;

Céu 1 (4.0 di€m). Cho biéu thic P =

a) Rat gon biéu thirc P
+ Diéu kién xac dinh ctia biéu thitcc Pla x > 0;x = 1.

+ Rat gon biéu thic P.




Cx-20x 0 Wx+1l o xfx+2x-3Ux 41
~ xx - 2x . (‘/;”)(\f‘l) L xVx2x -3V +1
_\/;(f—l)(er x+1) \/;((—1)(x+ x+1) \/;((—1)(x+ x+1)
o xVx —2x+x-1+x X+2X—3\/;+1_ 2xVx +x — VX
\/;(\/;—1)(X+ x+1) _\/;(\f—l)(er X+1)
\/;(\/;—1)( X+3) ok +3

:&(I—l)(x+ x+1)_X+ x+1

b) Tim x d& P 1a s& tie nhién chan.

P

e Phdn tich. Dé'tim x théa man yéu ciu bai todn ta c6 cic hwong sau

2 , . < ,
+ Hwoéng 1. Dat xS k(k € N) vd \/; =a >0, khi do ta quy bai todn vé tim s6 tw nhién k chan thoa
X+ \/; +1
- 2a + 3 sy N ‘ag A N A A A N 2 A .
man k = ——————. Chii y rang vi gid thiét khong cho x la s6’ nguyén nén ta khong thé sir dung quan hé chia
a’ +a+1l

hét dé’tim k. Do d6 ta viét lai ding thiec trén thanh ka® + ka + k —2a —3 = 0. D&y la k > 0 nén ta xem ding
thikc trén la phwong trinh bic hai én a, khi d6 ta sir dung diéu kién c6 nghiém dé' tim cdc gid tri k.

x ; 2 +3 7 N .7 - 77 2 2 2 +3 PV
+ Huéng 2. Deé thiy k = ENETY 50, do d6 ta di tim gid tri I6n nhit cia k = SNETY pe y rang k

x+vVx +1 Xx+Vx +1

P s L
nhén gid tri [on nhait thi " nhdn gid tri nho nhait.

2x+3 1 x++vx+1 1

Taco k = — = ———
x+Vx+1k 20x + 3 2
OLdigiéi.VéiXZO;XilthiP=ﬂ.Déta:&20véﬂ=k(keN).
X+\/;+1 x+Vx +1
, 2a+ 3 2 2
Tacok=—"" < ka’+ka+k-2a-3=0< ka +a(k—2)+k—3=0
a“+a+1

Xem phuong trinh trén 1a phuong trinh bac2 an a (k > 0), khi d6 ta co

A:(k—2)2—4k(k—3)=k2—4k+4—4k2+12k=—3k2+8k+4

Dé phuong trinh ¢6 nghiém thi A > 0 hay

4-o7 N

<k<
3 3

Do k 14 s6 tw nhién chin nén ta chon duoc k = 0 hodc k = 2

3k’ +8k+4>0 <

<:>0$k$3(keN)

+Véi k=0 tacd 2a+3=0<:>a=—g<:> X =—g,kh6ngth(’)aman.

+Véik=2tac62a+3=2a"+2a+2<=2a>-1=0< a’ =%<:>X=%,théam§n.



A g 1 ... .. , A er e 1s A s
Vay véi x = 5 thi biéu thirc P nhan gia tri la s6 ti nhién chan.

Céu 2(4.0 diém).

a) Cho ham s8 y = x* c6 do thi (P) va duong thang (d) c6 phuong trinh y = 2x + m. Tim m d& duong
thang (d) cit (P) tai 2 diém A, B sao cho tam gidc OAB vudng tai O véi O (0; 0) .

e Phdn tich. Gid st ta vé duoc Parabol va dwong thing cidt nhau nhw hinh ve.

\ L

Goi toa do diem A va B lan luot la (Xl; Y, ) , (X25 y2) . Vi dwong thﬁng y = 2x +m cat parabol y = x* nén
y=x"
y=2x+m

(xl; Y, ) , (xQ; y2) la 2 nghi¢m phan bigt ciia hé phwrong trinh { =x*-2x-m=0.

Tacéd A =4 —m dé'phwong trinh c6 2 nghiém phin bigt thi 4 > m

PR o X, +X,
Theo hé thiec Vi-ét cho phwong trinh trén ta duoc
X

o 2 2
Theo dinh Iy Pitago ta dioc OA® = Xf + yf;OB2 = Xg + yg; AB? = (X1 + X2) + (y2 - yl)
Theo dinh ly Pitago dio dé'tam gidc OAB vudng thi

2 2
ON? +OB" = AB* ¢ x2 7+ 42 =[x, +x,)" (5, v,
<:>Xf+yf+xg+y§ =Xf+xg+yf+y§+2xlx2—2y2y1 & XX, =Y.V,

m=0

2
1 m = -1

XX, =X §<:>m2=—m<:>m(m+1)=0<:>{

Néiw m = 0 thi dwong thang d cit P tai diém O. Khi d6 khong c6 tam gidc AOB.
Do vidy m = -1 la gid tri cin tim.

* Loi giai. Goi toa 40 diém A va B Tan luot1a (x 5y, ),(x,3, ) -

Vi duong thfmg y =2x +m cit parabol y = x> nén (xl; ¥, ) , (}{2;y2 ) la 2 nghiém phan biét ctia hé
y=x"
y=2x+m

phuong trinh { =x -2x-m=0.
Tacé A =4 —m d€ phuong trinh c6 2 nghiém phan biét thi 4 > m

X, + X
Theo hé¢ thitc Vi-ét cho phurong trinh trén ta dwgc { v
Xx =

1X2



Theo dinh Iy Pitago ta duoc OA? = x + y*OB? = x2 + y2; AB? = ’ ’
eo dinh ly Pitago ta duoc =X, +¥; =X, +Y,; —(x1+x2) +(y2_y1)
Theo dinh 1y Pitago dao dé€ tam giac OAB vudng thi
2 2
OA? + OB = AB® & 2 4.2 433+ = (5, +3,) + (v, )
<:>Xf+yf+xg+y§=Xf+xg+y?+y§+2xlx2—2y2y1<:>X1X2=y1y2

m=0

=]

<:>x1x2:xx§<:>m2:—m<:>m(m+1):0®
m=-1

Néu m = 0 thi duong thang d cét P tai diém O. Khi d6 khong c6 tam gidc AOB.

Do vay m = —1 la gia tri can tim.

b) Tim céac s6 nguyén t8 x, y, z thod man x¥ +1 = 7°.

e Phan tich. Ngay khi nhin vio gid thiét ta nhin thdy ngay sw khic nhau vé tinh chin 1é cia x* va z° khi ma
hai s6'nay la hai s6'tw nhién lién tiép nhau, tiv d6 suy ra x va z khdc tinh chdn 1é va dé bai thi x, y, z la s6' nguyén
to' nén ta cé thé' nhdn ra ngay rang x hodc z bang 2. Dén ddy ta xét cdc trwong hop x =2 va z = 2 dé gidi bai
todn.

e Loi giai. Tir gia thiét ta suy ra x¥ va z° khdc tinh chdn 1é dan dén x va z ciing khac tinh chdn 1é. Ma x
va z la hai s6 nguyén t6 nén ta xét cac treong hop sau treong hop

+V6i x =2 va z # 2 thi phuong trinh twong duong véi 2¥ +1=17" < 27 = (z - 1) (z + 1)

suy ra z—1va z + 1 1a cac s6 luy thtra cta 2.

z—1=2" .
bat (u,veN ;v>u;u+v=y).
z+1=2"

2 =9 u=1 ,
Khi d6 ta c6 2V—2”=2©2“(2V*‘1—1)=2@ L, L V27 1 las8le
— v

Suyraz=3vay=3.Thiboso (2; 3; 3) vao phuong trinh ta thdy thoa man.

+V6i x # 2 va z = 2 phuong trinh tro thanh x” +1 =4 < x¥ = 3. Do x la s6 1é nén tixr phuong trinh
trén suy ra x = 3;y = 1, khong thoa man vi y = 1 khong phai la s6 nguyén td.

Vay bo s8 nguyén t& thoa man yéu cau bai toan Ia (x;y;72) = (23;3).

o Nhdn xét. Ngoai cic xét nhw trén ta c6 thé xét tinh chin 1é ciia x, y, z nhw sau

Neéiu x 1as6'1é suy ra x* 1as6'1é suy ra z° chdn hay z = 2. Tir dé suy ra x¥ = 3

Mt khdc vi x, y 1 s0 nguyén to nén ta dwgc x > 2;y > 2 suyra x* >2° = 4. Tir d6 ta c6 mau thudn.

Do d6 x i s6'chin nén suy ra x = 2. Khi d6 ta dwoc phwong trinh da cho tré thanh 2¥ +1 = 7°

Ta xét cic truong hop sau:

+ Trueong hop 1. Xét y la s6'nguyén t6'chin. Khi dé y =2, suy ra z° = 5. Khong ton tai z 1a s6 nguyén td'théa
man.

+ Truromg hop 2. Xét y 1 6 nguyén t51é. Khi dé y c6 dang y =2k +1(k e N').

k
Khids 2" +1=72" 22" 11=22=24"+1=7" :2.(3+1) +1=72"=23A+3=7"




Tir d6 suy ra z° chia hét cho 3 hay z hia hét cho 3, ma z la s6'nguyén td'nén suy ra z = 3.
Tie d6 talgicé 2¥ +1 = 3%suy ra y = 3.Thir lgi ta thidy bj s6 (X; v; z) = (2; 3; 3) théa man.
Vay bj s6'nguyén t6"thoa man yéu ciu bai todn la (x; V; z) = (2; 3; 3).

Cau 3 (4.0 diém).

a) Giai phuong trinh xvx> —x +1+2V3x +1 =x" +x + 3

o Phin tich. Thir mot vai gid tri dic biét ta dwegc x =1 la mot nghiém ciia phwong trinh. Do d6 ta c6 thé' nghi
dén phwong phdp nhan lwong lién hop. Tuy nhién vi ta chua biét chic chian phwong trinh cé may nghiém nén khi
s dung nhin lién hop thi xie 1y sau do rit kho khan. Do do ta tam thoi dieng phieong phdp nhin lwong lién hop.
Déyj lgi phwong trinh ta thdy c6 sw xudt hign cia 2N3x +1, diéu nay lam ta lién twéng dén viéc chuyén
phuwong trinh thanh binh phwong. Nhw viy néu dea 2N3x + 1 vio trong binh phuwong thi phwong trinh vin con
mot biéu thiec chita cin khdc la x\x* —x + 1. Diéu nay lam ta nghi dén duwa tiép biéu thirc dé vao trong cin.
Muobn viy ta viét phweong trinh lai thanh.
2x” +2x +6 - 2xVx’ —x +1 - 4V3x +1 = 0.

Voi tw twong do ta viét phwong trinh lai thanh

X2 = 2xVx? —x+14+x7 —x+1+3x+1-4V3x+1+4=0
2 2
Hay ta diwgc (x —Vx? —x + 1) +(\/3X +1 +2) =0, dén day ta gidi dieoc phwrong trinh.

Se e TVA L LiAe he A , NI 1 . ~ .
e Loi giai. Diéu kién xac dinh ctia phuong trinh la x > — 3 Phuong trinh da cho twong duwong véi

X2+X+3—X\/X2—X+1—2 3x+1=0
S +2x+6-2xVx> —x+1-4V3x+1 =0
S -2V - X+ 14+ X - x+14+3x+1+4V3x+1+4=0
2 2 x=vx" -x+1
<:>(X—\/X2—X+1) +(\/3x+1+2) 0o ex=1

3x-1=2
Két hop véi diéu kién xac dinh ta duoc x =1 la nghiém duy nhét ctia phwong trinh.
e Nhin xét.
+ Vi phwong trinh c6 thé' phan tich thanh cdc binh phwong khong dm. Nén ta ¢ thé’siv dung phwong phdp dianh
gid d¢ gidi phwong trinh. Chii  ring phuwong trinh c6 nghiém x =1 nén ta dy dodn cic bat ding thirc xdy ra
ddu bang khi x = 1. Ta c6 10i gidi khdc cho bai todn nhw sau

Ap dung bt ding thitc Cauchy ta cé
2
24v3x +1 SSX—FTM vd xVx® —x +1 S%

Cong theo vé'hai bt ding thikc trén ta dioc

T 2x* —x +1
xVx?l —x+1+2 3X+1S3X+5+2X X+ =x>+x+3

Déu bang chi xdy ra khi vao chi khi x = 1.




Két hop vdi phuwong trinh di cho ta suy ra cic bit ding thitc trén dong thoi xdy ra dau bing.

Viay phwong trinh ¢ nghiém la x =1.

+ Vi phwong trinh dd cho ¢ x = 1 la nghiém duy nhit do dé ta ¢ thé'siv dung phwong phdp nhin ligng lién
hop.

X +y —x—y=xy

b) Giai h¢ phuong trinh  _ , © "
2x° —x" -y =2xy

e Phan tich. Ngay khi nhin vao hé¢ phwong trinh thdy cé xudt hién sw ldp lai cua cic dai liegng 0 ca hai phwong
trinh nhw x* + y*;xy ta lao vao ngay tim cdch dé thé vao mot trong 2 phwong trinh hay phén tich thanh binh
phwong. Ta dwoc két qua khong mong mudn khi phirong trinh cang kho ma ta khong biét phai di tiép thé nao. Dé
Y kij vao hé phwrong trinh thi dai lwong 2x° dieng mot minh va khong hé lién quan véi phiin con lai cic dai livong
ctia cd 2 phwong trinh trong khi x> + y*;xy;x +y lgi rét lién quan dén nhau khi c6 thé biéh doi thanh binh
phwong. Viy ta sé tim cdch biéh doi 2x* sao cho cé mdi lién hé véi cdc dai lwong khdc trong phuwong trinh.

Tir phwong trinh thiv nhdt cua hé ta dwegc 4yl —xy=x+y. Dé'y la dai lwong x> +y> —xy lam ta
libn twong t6i hing ding thire x* +y* = (X + y) (x2 - Xy + yQ). Nhu vy ta sé lam xudt hign x* +y* tir

2x* bing cich 2x* = x* +y* + x* —y* . Déin ddy ta thay vao hé phwong trinh va gidi xem nhu thé nio

X +y —x—y=xy X +y’ —xy=x+y
3_ 2 _ 2 Vs s, s s 2
2x" —=x" -y =2xy X" +y +x" -y —(x+y) =0

X +y—-xy=x+y
< (X+y)(x2—xy+y2)+(x—y)(x2+Xy+y2)—(x+y)2 =0

X +y —xy=x+y
= 2 2
(X+y) +(X—y)(X2 +Xy+y2)—(x+y) =0
Két qua thit dep khi hé phwong trinh thu dwgc co mot phieong trinh tich. Dén ddy ta co loi gidi nhw sau.

e Loi giai. Hé phuong trinh twong dwong voi

> +y —x—y=xy X +y’ —xy=x+y

32 2 Vs, 3. .5 3 2
2x" —x" —y" =2xy X"+y +x -y —(X+y) =0
Xy —xy=x+y

- (x+y)(x2—xy+y2)+(x—y)(x2+xy+y2)—(x+y)2 =0

X2+y2—Xy:X+y X2+y2—Xy=X+y
2 f—

= (X+y)2+(x—y)(x2+Xy+y2)—(x+y) =0 (X—y)(X2+Xy+y2)=0

X=y

Tt phuong trinh trén ta duoc ta ¢ { 5 5
x“+xy+y =0

+V0i x =y thay vao phuong trinh thit nhat ta duoc

X2_2X:0<:>X(X—2)=0<:>l:;(i;):>|:




2 2
+Véi X2+Xy+y2=0<:>(x+%J +3%=0<:>x=y=0.

Vay phuong trinh ¢6 hai nghiém la (X; y) = (O; 0) , (2; 2) .
o Nhan xét. H¢ phwong trinh c6 sw ldp di ldp lai ctia nhiéu dai lwong nén ta dé bj sa vio cdc phwong phdp thé’
hay ddt dn phu dan dén khong gidi dwoc bai todn. Diém mdu chot dé gidi quyét bai todn hé phwong trinh nay la
bién doi dwoc

2x* =x* +yP +x* —y? :(x+y)(x2 —Xy+y2)+(x—y)(x2 +Xy+y2).

Céu 4 (6.0 di€m).

e —

a) Chttng minh rang HE 1a phan giac ctia goc MHC
e Phdn tich. Muon chirng minh HE la phin gidc ciia

g6c MHC ta di chirng minh MHE = %MHC . Quan A B

sdt hinh vé ta dw dodn HE vudng goc véi BD boi vi néu

ta dwoc diéu do thi ta sé co DHE = BHC tir két ludn

bai todn. Diéu nay diung vi ta chitng minh duwoc 0

BHC = BHA do tam gidc AHC cin va OH la trung

triec cia AC, ma lai c6 BHA = DHM . Nhu vdy bai

N
todn sé dwoc gidi quyét néu ta chirng minh dwoc HE
vuébng  géc  véi  BD. Dé  thdy  ngay
— D K E Cc
DME =DMB =90°, nhw vdy dé chimg minh
M

DHE =90° ta chi cin chitng minh dwoc tir gidc
DHME néi tiép.
e Loi giai. Vi hinh vuéng ABCD ndi tiép duong tron O nén O ciling la giao diém hai duong chéo cua

—

hinh vuéng ABCD. Vi DMB chin ntta dwong tron (O) nén DMB = DME = 90"

—

Tacé DHM = DEM = %(sdDM + sdAB) nén t& giac DHEM ndi ti€p.

—

Ttr d6 suy ra DHE = DME = 90°. Vi ABCD Ia hinh vudéng nén BC la duong trung truc ctia doan AC va

H thudc BD nén tam giac AHD cén suy ra HB la tia phan giac goc AHC.

Ta c6 OHE =%AHM — HEC + OHC =%(AHC+MHC) ma BHC =%E1\c

—

Neén ta suy ra dwoc MHE = %MHC hay HE la phan gidc ctia goc MHC.

—_—

o Nhdn xét. Mot cich khic dé'chirng minh tie gide DHEM ngi tiép dé la chi ra HDE = HME = 45",

b) Chttng minh rang G la tdm duwong tron ngoai tiép tam giac KNE.

e Phdn tich. Dé chirng minh tam gidc KNE ngi tiép dwong tron tdm G ta sé chitng minh GN = GK = GE hay
chitng minh hai trong ba AGKN;AGKE va ANGE cdn. D&y rang viéc chitng minh hai tam gidc GKN va

GNE twong tw nhau.



+ Chitng minh tam gidc GKE cdn: Truéc hét dé thay tam gidc DHE vudng cin nén GEK = 45°, vdy néu tam
gidc GEK can thi tam gidc nay ciing sé vudng can. Nhw vdy lic nay ta cin chitng minh KGE = 90°. Gid st ta
c6 diéu nay thi ta c6 OHGF la hinh chit nhit, vdy thi theo hwong nay ta cin phdi chitng minh KF vudng goc véi
OC. Diéu nay hoan toan twong tw cich chirng minh EH vudng goc véi BD. Nhw vdy ta da chitng minh dwoc tam
gidc GKE cin.

— -

+ Chitng minh tam gidc NGK cdn: D€ c6 diéu nay ta cin chitng minh GKN = GNK. Quan sit lai hinh vé ta
dodn rang KN vudng géc véi HC. Diéu dw dodn nay hoan toan cé co sé vi néu cé dwogc didu nay thi tir gide

HNGK néi tiép suy ra KNG = I?H\G,CT}E\T - GKN ma KHG = GHN (theo y a) thi ta sé dwoc diéu dang

—

chitng minh la GKN = GNK. Viy bdy gio chitng minh dwgc KN vudng géc véi HC la ta sé giai quyét duwoc
toan by y b.

Trwéc hét dé thity KM vudng goc véi MC. Vay ta sé chitng minh KNC = KMC = 90". Quan sdt hinh vé
ta nhin thdy AHMC ¢6 HE va ME la cdc tia phdn Qidc, tir d6 ta thidy E chinh la giao diém ba dwong phin gidc
ctia tam gidc HMC. Tir ddy ta nghi dén hai tam gidc KMC va CKN biang nhau. Néu chieng minh duwoc ditu nay
thi xem nhw bai todn dwoc gidi quyét. Mudn chieng minh dwoc hai tam gidc KMC va KNC bing nhau ta cin
chung minh dwoc NC = MC hogc NKC = MKC. Tuy nhién ca hai diéu nay dong nghia véi CD la truc doi
xitng ciia MN. Theo nhw cdc ldp ludn trén thi ta ciing co K la giao diém ba dwong phin gidc cia tam gidc DMF

nén DK la phin gidc cua goc NDM. Dén day thi ta cé dwgc CD la dieong trung triec ctia MN. Tir do ta c6 diegc
diéu phai chitng minh.

e Loi gidi. Tam gidc HDE ¢6 DHE = 90%; HDE = 45° suy ra GEK = 45"

—

Ta c6 MKC = %(sd:A—I\) + deAC);l\TF\C _ %(sd@ + sdlvTc) ma AD = AB suy ra MKC = MFC dan

dén tt giac MKFC ndi tiép. Ma KMC = AMC = 90° nén KFC = 90" hay KF vuong goc voi AC.

Vi GHO = HOF = GFO = 90" nén GHOF 1a hinh chit nhét hay HOF = 90".

Suy ra HOK = 90" va KGE =90’ dan dén tam gidc KGE can nén KG = GE.
Vi AMB = BMC nén MB la phan giac goc AMC. Tam giac MHC c¢6 HE la phan giac goc MHC va ME
la phan giac goc HMC nén E 1a tam duong tron ndi tiép. Do d6 EC 1a phan giac ctia goc HCM hay ta

duoc NCD = MCD. Chiing minh twong tit nhu cau ta 6 KF la phan gidc goc MFD.

Ta ciing c6 AMD = %sdAD; AMB = %sdAB nén DMA = AMB hay MK la phan giac goc DMF diéu
nay dan dén K 1a tam duong tron ndi tiép tam gidc KMD va DC 1a phan giac ctia goc NDM nén suy ra

1@\0 =MDC. Hai tam giac NCD va MCD co ﬁ) = MDC;N/CT) =MCDva chung CD nén
ANDC = AMDC, ttr d6 ta suy ra dwgc NC = MC.

—_

Hai tam gidc NKC va MCK ¢6 NC = MC;NCK = KCM va chung KC nén ANKC = AMKC.

Tir d6 ta duoc KNC = KMC = 90° = HNK = 90° ma HGK = 90" nén ti gidc HNGK noi tiép.

o —

Lai c6 KHG = GHN nén GK = GN = KNG = GKN, do d6 tam gidc NGK can tai G.
Suy ra NG = GK, két hop véi KG = GE ta c6 G la tam duong tron ngoai tiép tam giac NKE.



c) Chting minh rang N + all + RE _ 1
MH MF CD

A oo N . s s 1 KE A I
e Phin tich. Nhin thdy CD = DK + KE + EC va trong hé thirc trén lai cé ti so D Nhuw vy ta sé chirng

NH N NF DK+ EC
MF CD

minh dwoc hé thikc néu chi ra diwrpc

NH DK NF _EC
MH CD MF CD’

Quan sdt hinh vé va voi cic dw dodn trén ta di chirng minh

+ Trudc hét ta chirng minh % = B—E Nhén thdy ba diém D, K, C thing hang ma ba diéim N, M, H khong
thing hang nén ta khong thé chitng minh ding thiec trén mot cich truc tiéh. Viy ta sé di bing con dwong gidn
tiép. Ta di tim tam gidc dong dang véi tam gidc NHM. Lai nho vao viéc phdn dodn hinh hoc trén hinh ve ta lai
thiy rang tam gidgc KHC dong dang véi NHM. Diéu nay dwoc khing dinh vi hai tam gidc nay cé mét géc chung
e NH HK

va HMN = KCH do tir gidc KNCM ngi tiép. Nhw vdy ta ta c6 dwpc —— = ——. Chu y tiép ta lgi co
MH HC

HR _KEBE do HE lgi la phan gidc cua goc KHC. Dén ddy ta sé chitng minh KB _ % Vi vi bon diéin D, K,

HC KC EC CD

E, C thing hang nén ta sé phdi tiép tuc tim dén cong cu phdn gidc. Ta di tim xung quanh cdc canh KE, EC xem c6
nhirng dwong phin gidc nao. Ta co nhirng goc sau biang nhau

KME = %sdz/{_é — 45" EMC = %sd]é?j — 45°: DMA = %sd@ — 45°, khi d6 ta thaly dwoc ME 1 phin gidc

ctia tam gidc KMC c6 lién hé v6i KE va EC(Ta c6 thé’ chon theo tam gidc NKC nhung vi diém M nam trén duong
tron nén ta sé dé chitng minh tam gidc dong dang hon sau nay ma diém N lai khé chieng minh hon). Qua ddy ta

6 dwoc hé thirc lién hé RE_ @, by gio tro lai voi ti s0'kia DR ta ciing tim cdc phin gidc xung quanh no,
EC MC CD
nhin cic dwong thing HK, NK, FK ta khong thdy mot phin gidc trong tam gidc nao 1tng vdi hai dinh D va C vy

ta sé phdi biéh d6i DR dé'di theo hwong khdc. DE'y thi ta thdy AD = CD do d6 ta chuyén ti s6'trén thanh DR
CD AD

—— —_—

va chon dwoc tam gidc ¢6 ti s6" nay la ADK. Nhin thdy ADH = %SdAB;HDK = %SdBC, khi dé ta dwoc
HK DH DM
AH HB MB
can chirng minh..

+ Chitng minh NF_EC hoan toan tirong tie.
MF CD

. Dén ddy ta chi cin chitng minh dwoc hai tam gidc DMB va KMC dong dang la ta c6 diéu

e Loi giai. Vi KMC = KNC = 90" nén t giac MKNC noi tiép nén HMN = KCH.

Tam giac HMN va tam giac HCK ¢c6 MHC chung va HMN = KCH nén AHMN ¢ AKCK

—

Suy raE = % Ma ta cting c6 HE lai la phan giac tam giac KHC nén Hk _KE
MH HC HC KC



T d6 dan dén Ié—g = % Mat khac ta cé EMC = —sd]/3_(\3 =45 ]ﬁ/I\A = %sd.//k—é = 45" nén theo dinh

KE KM NH
EC MC HM

li Talet va tinh chat duong phan giac thi

Ta ciing thdy rang ADH = %sdAB = HDK = %sdBC nén tam gidc ADK c6 DH la duong phan giac

nén din t6i = = o = 18 g AB//DK nén theo dinh ly Talet ta lai c6 HK _DH _ DK

CD AD AH ' "7 AH HB CD

Vi DMH = %sdAD = HMB = %sdAB nén MH la duong phan giac tam giac DMB, suy ra theo tinh
DH DM DK
HB MB CD

Hai tam gidc vudéng DMB va KNC c¢c6 DBM = KCM nén ADBM «» AKCM = MK _ DM

chat duong phan giac cua tam giac

MC MB
Két hop hai két qua trén ta duoc NH _ DR . Hoan toan tuong tu nhw trén ta co Ny _EC
M MF  CD

A NH NF KE DK KE EC
Vay ta co + +—=1.

MH MF CD CD CD CD

Cau 5(2.0 diém). Cho x, y 14 hai s§ thuc dwong. Chiing minh rang:

1-xy N x* -y N y: —x

>0
2+x +y? 14257 +y°  14+x° +2y°

e Phin tich. Dy dodn duwoc ddu bing xdy ra tai x = y = 1. Quan sdt bat ding thirc ta thdy tie s6 ctia cdc phin

thirc co cic dai lwpng mang ddu dm nén vigc ddu tién ta nghi dén la sé d6i chiéu cia bat dang thire. DEy ta thiy

2(1 - Xy) (X + y)2 2(X2 - y) (y + 1)2 ,
1- 5 = —— va l- 5= 5 . Dén day ta viét bat dang thirc cin chirng
2+x" 4y 2+x"+y 1+2x" +y 1+2x" +y
(X+y)2 (y—i—l)2 (x+1)2

+ +

SR T 5 —~ < 3. D&y dén chiéu bit ding thitc va hinh thitc cau
2+x"+y" 14+2x"+y  1+x +2y

minh lgi thanh
cdc biéu thirc ta nghi dén danh gid cdc dai lwong bing bt diang thitc Bunhiacopxki dang phén thite.

() e e ) ) e
< —+ ; < + ; < +
2+x +y X411 ¥y 41 1+2X°+y X +y X401 1+x7+2y v +x® yi 41

Dén ddy ta c6 1oi giai cho bai todn
e Loi giai. Bat dang thikc can chitng minh tuwong dwong véi

2 —2xy N 2x* — 2y N 2y® —2x

>0
2+x7+y" 142X +y°  1+x +2y
2 2
o1 2 - 2xy 1o 2x° -2y 1o 2y° —2x <3
2+x* +y° 1+2x° +y° 1+x>+2y°
(X+y)2 (y+1)2 (x+1)2
= + + <3

2+x7+y? 14257 +y°  1+x° +2y°

Ap dung bat déng thttc Bunhicopxki dang phan thirc




R N R o N RN N Co N S
< + ; < + ; < +
2+x°+y? xX*+1 v 4l 14253 +y" xX*+y X +1 1+x7+2y° v 4xE vy 41
2 2 2
: s b : S I L) B G
Cong theo ve cac bat dang thirc trén ta dwoc + + <3

2

2+x +y? 14253 +y°  1+x°+2y°

Vay bai toan da duoc chiing minh. Dau bf?mg xay rakhivachikhi x =y =1.
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PE THI CHON HOC SINH GIOI TOAN 9 TINH BINH PHUOC
Nim hoc 2015 - 2016

Cau 1 (5.0 dieém).

8Vx + 4 +2—\/;+ -2
x+20x -3 1-+x +Jx+3

a) Tim diéu kién ctia x d€ biéu thirc P c6 nghia. Rut gon biéu thic P.

1. Cho biéu thirc: P =

b) Tinh gié trj ctia bidu thirc P khi x = 3 + 2v2
2.Cho x > 0;y >0 va x +y = 1. Tim gia tri nhé nhat cta biéu thac:
1

5 2+i+4xy+2016
X +y Xy

Q=

Cau 2 (5.0 diém).
1. Gidi phuong trinh /2 - x ++x -1 =1.

Xy +X+y=x —2y
x* -y =3x+2y—-10=0

2

2. Giai hé phuong trinh {

3. Tim m d€ duong thang (d) :y =-2(m —1)x +2m + 5 cat parabol (P) 1y =X’ tai hai diém
phén biét c6 hoanh d6 x ;x, sao chobiéu thie T =12 -10x,x, — x; — x; dat gid tri 16n nhat.
Cau 3 (5.0 di€m).
Cho tam giac ABC nhon va ndi tiép trong duong trong O. Goi D, E, F lan luot 1a chan cac duong
cao ké tr cdc dinh A, B, C ctia tam giac ABC. Goi H la truc tam tam giac ABC, I la diém d6i xtiing ctia O
qua canh BC.
a) Chiing minh rang H la tdm ctia dwong tron ndi tiép tam giac DEF.
b) Chitng minh t gidc AHIO la hinh binh hanh.
c) Cac tiép tuyén cua duong tron tam O tai B, C cit nhau tai Q, goi P la giao diém cua AQ va
EF. Chting minh rang P la trung diém ctia EF.
Cau 4 (2.0 di€m).
Cho tam giac ABC c¢6 ba goc nhon va M la mot diém nam trong tam giac ABC. Goi L, H, K Ian
luot 1a chan duong vudng goc cua M trén cac canh AB, BC, CA. Tim vi tri ctia diém M dé€
AL’ + BH? + CK” dat gid tri nho nhét.
Céu 5 (3.0 di€m).
1. Giai phuong trinh nghiém nguyén 3x” — 5xy — 2y” —4x + 8y + 3 =0.

2. Chting minh rdng néu a,b,c € Z va a + b + ¢ chia hét cho 6 thi a® + b’ + ¢* chia hét cho 6.



Phén tich va huéng dan giai

Cau 1.

8Vx +4 +2—\/§+ -2
X+2\/;—3 1—\/; x/;+3

1. Cho biéu thttc P =

o Loi gidi.
a) Tim diéu kién ctia x dé€biéu thiic P c6 nghia. Rut gon biéu thiic P.

biéu kién xac dinh ctia phuong trinh 1a x > 0;x # 1.

8Vx+4 2-Jx Vx-2  8J/x+4 1 5

P:x+2\/_—3+1—\/§+\/§+3_x+2\/§—3+1_\/§—1+1_\/§+3
8Vx + 4 (\/;+3) 5(\/;—1)

= - - +2

(\/——1)(\/;+3) (\/2—1)(\/;+3) (&—1)(&+3)

8Vx +4-x —3-5Vx +5 Wx +6 9
= +2= +2=—"+2

(\/;—1)(&+3) (&—1)(&%) Jx -

b) Tinh gié tri ctia bidu thirc P khi x = 3+ 2v2 .

[y

2
Tacd x=3+ 2\/5 thoa man diéu kién xac dinh nén ta duwoc x = 3 + 2\/7 = (1 + \/5) .

Khi d6 ta duwoc P = 2 +2

x -1 1++42-1

2.Cho x > 0;y >0 va x +y = 1. Tim gid tri nho nhat ctaa biéu thic

Q= 21 2+i+4xy+2016
X" +y Xy

e Phain tich. Dy dodn ddu bang xdy ratai x = y = % Quan sdt biéu thire Q thi diéu diu tién nght dén bao gio

ciing la dp dung cic bat ding thiec c6 dién nhw Cauchy hay Bunhiacopxki. Ddu tién ta thikc hién dinh gid theo
sy 23 p 2 [ Ssaas . L N

bat dang thirc Cauchy — + axy = 2V2« . Chu y rang dau bang xay ra tai x =y = 5 nén ta tim dwoc o = 32.

Xy
Liic nay ta cé

Q= 21 2+1+4xy+2016= 1 +i+32xy—28xy+2016
X" +y Xy X +y Xy
> 21 2+2\/2.32—28xy+2016= — — 28xy +16 + 2016
X 4y X +y

Ciing theo bt dang thitrc Cauchy ta cé danh gid ~+4 (X2 + y2) > 4. Nhw vdy liic nay ta co

x> +y
Q-= 21 2+4(X2+y2)—(xz+y2)—28xy+2032

X +y
24—4(){2+y2+2xy)—20Xy+2032:4—4+2032—20>cy




Nhuw vdy ta cin tim gid tri 16n nhat cia 20xy . D&y dén gid thiet x +y =1 < x> +y° +2xy =1 ta 6 dinh
2
gid 20xy <5 (x + y) = 5. Dén ddy ta trinh bay 10i giai cho bai todn.

e Loi giai. Ap dung bat déng thiic Cauchy cho hai s§ duong va 4ab < (a + b)2 , ta duoc

Q= 21 2+i+4xy+2016: 1 2+4(x2+y2)+3+32xy—28xy—4(x2+y?)+2016
X +y Xy X" +y Xy
>9 1 4( 2 2 2 2 2
22 [——4(x +y )+2 —.32xy—4(x +y +2xy)—20xy+2016
X" +y Xy

2 2
>4+16-4(x+y) —5(x+y) +2016 =20 -9 - 2016 = 2027

Nhu vay gia tri nho nhat ctia Q la 2027, xay ra khi va chikhi x =y = % .

o Nhdn xét. O trén la cich gidi thutin Cauchy. Ta con cich gidi khic trén bing cich sie dung bit ding thire
Cauchy két hop véi Bunhiacopxki nhw sau

12+i+4xy+2016: 1 +L+4xy+i+i+2016

Q= x*+y> Xy x> +y*  2xy 4xy  4xy

Ap dung bat ding thire Cauchy va bat ding thite Bunhiacopxki dang phén thikc ta duwoc:

! +L+4xy+i+i+2016
x> +y>  2xy 4xy  4xy

> %WLQ 4xy.L +%+2016 =11+2016 = 2027

(x + y) Axy (x + y)

Q=

Cau 2.

a) Giai phuong trinh /2 - x +Vx -1 =1

e Phan tich. D&y dén phwong trinh ta cé 2 —x+x —1=1. Viy khi dit a = {2 - x;b = Jx -1 thi phwong
trinh nay cé dgng a+b =1 v6i a’ +b”> =1.
a’+b’ =1

Tir ddy ta co hé phwong trinh cd thé gidi diegc
a+b=1

Ta c6 10i gidi phwong trinh bang cdch ddt dn phu va dwa phwong trinh vé hé phwong trinh nhw sau.

e Loi giai. Diéu kién xac dinh ctia phuong trinhla x > 1.

Détaz%/?—x;bzx/x—IZO.Tacé a’ +b’ =2 -x+x-1=1, két hop phuong trinh da cho ta ¢ hé

phuong trinh:
a’+b’=1 |b=1-a b=1-a b=1-a
& =3 &
a+b=1 a3+(1_a)2:1 a’+a’—2a+1=1 a(a—l)(a+2)=0

Ta c6 a(a—l)(a+2) =0 aec {0;1;—2}

Y2-x=-2

+V6ia=-2,tacd b=3,doddta duoc \/7 < x =10, thoa man diéu kién xac dinh.
x—-1=3




2-x=0

+Vé6ia=0,tacdé b=1,dodéta duoc \/7 & x = 2, thdéa man diéu kién xac dinh.
X —

Y2-x=1

+V6ia=1,tacdé b=0,dodéta duoc \/— < x =1, thdéa man diéu kién xac dinh.
x—1=0

Vay phuong trinh da cho c6 tap nghiém la S = {1; 2 10} .

Xy +X+y=x" -2y

b) Giai hé phuwong trinh
) ds 8 {x2—y2—3x+2y—10=0

e Phin tich. Nhin thiy cd hai phwong trinh trén déu cé bdc 2 v6i mdi an do do ta di kiém tra xem phwong trinh
nao cua hé¢ c6 A chinh phwong. Tuy nhién quan sdt hé phwong trinh thi ta thidy phwong trinh thir nhat cia hé cé
thé phan tich dwoc thanh tich. Do dé ta thir huéng nay triedc
Xy+Xx+4y=xX -2y &x -2y - xy-x—-y =0
<:>(X—y)(x+y)—y(x+y)—(x+y)=0<:> (X—2y—1)(x+y)=0
Dén day ta c6 thé’ gia dirgc hé phwrong trinh
e Loi giai. Hé phuwong trinh da cho tuwong duong véi

Xy +x+y=x -2y (X—2y—1)(x+y)=0
f—
X' -y’ =3x+2y-10=0 x> -y =3x+2y-10=0

Tt phuong trinh (x_2y_1)(x+y):0©tiyy+1

+Voi x =2y + 1, thay vao phuong trinh thit hai ctia hé ta duoc

X2—y2—3x+2y—10=0<:>(2y+1)2—y2—3(2y+1))2y—10=0

2 5 ) y=2%x=5
S 4y +4y+1-6y-3+2y-10=0 3y -12=0y =4= 5 5
y=-2x=-

+ Vi x = —y thay vao phuong trinh thit hai ctia hé ta duoc
X -y -3x+2y-10=0y -y +3y+2y-10=0 =5y =10=> y =2;x = -2

Vay hé phuong trinh cé cac nghiém la (x; y) = (—2; 2) , (5; 2) , (—3; —2)

¢) Tim m d& duong thang (d) 1y =—2(m —1)x +2m + 5 cét parabol (P) .y =x’ tai hai diém phan biét

c6 hoanh do x;x, sao cho biéu thire T =12 -10x,x, — x| — X, dat gia tri 16n nhat.

e Phén tich. Khi goi x;x, i hoanh d§ giao diém ciia duong thing (d) va parabol (P) trén mat phing toa dg thi
x,; %, chinh Lo nghigm ciia phiwong trinh x* = =2(m —1)x +2m +5 . Tie d6 ta dp dung dinh I Vi - et ¢ gidi
bai todn.

o Loi giai.

Vi duong thang (d) 1y =—2(m —1)x +2m + 5 cét parabol (P) :y =x tai hai di€m phan biét c6 hoanh

do x;x, nén x;x, la nghiém caua phurong trinh




X’ =—2(m—1)x+2m+5©x2+2(m—1)x—2m—5=0

Tacé A =4m’ —4m +1+8m +20 = 4m’ + 4m + 21 > 0, ding véi moi gid tri ciia m thi phwong trinh

trén luon c6 hai nghiém phan biét. Theo hé thirc Vi - et ta c6:

{xl+x2=—2m+2 {Xf+x;+2xl.x2=4m2—8m+4 {Xf+x;=4m2—4m+14
=

XX, = -2m -5 XX, = —2m -5 XX, = —2m -5

Thay vao thttc P ta duoc
T=12-10xx, - X, —x, =12+20m + 50 — 4m” + 4m — 14
= —4m?® + 24m + 48 = —4m’ +24m—36+84=—(2m—6)2 +84 < 84

Do d6 gid tri 16n nhat ctia P 1a 84, xay ra khi m = — %
Ciu 3. Cho tam gidc ABC nhon va ndi tiép trong duong trong O. Goi D, E, F lan luot la chan cac duong
cao ké ttr cac dinh A, B, C ctia tam gidc ABC. Goi H la triee tam tam giac ABC, I la diém d6i xting ctia O
qua canh BC.

a) Chiing minh rang H 1a tam ctia dwong tron ndi tiép tam giac DEF.
e Phdn tich. D¢ chirng minh H la tdm dwong tron ngi tiép

tam gidc DEF ta cin chitng minh dwoc DH, EH la cdc phin

gidc cua tam gidgc DEF. D&y dén cdc tir gidc ndi tiép dwong

tron ta c6 DCH = DEH = FAH = FEH, do d6 EH Ia

phan gidc cua tam gidc DEF. Hoan toan twong tw ta ciing

co6 DH la dwong phin gidc. Tir do ta co diéu phadi chirng

minh.

e Loi giai. Tt gidc BFEC noi tiép vi

— — . — B c
BFC = BEC = 90" din dén DCH = FEB (chén cung o\

BF). Tt gidc BHDC ndi tiép do HDC = HEC = 90". Do
d6 HCD = HED (chan cung HD). !

—_

Tt hai diéu trén suy ra FEH = HED suy ra EH tia la phan gidc goc FED. Hoan toan twong ty nhu trén
ta cling c6 DH la tia phan giac géc FDE. Ma 2 tia DH va EH cit nhau tai H va 2 tia phan gidc nay déu
thudc tam giac DEF suy ra H la tam duong tron noi tiép tam giac DEF.

b) Chitng minh tit gidc AHIO la hinh binh hanh.

e Phdn tich. Do ta di c6 10 song song voi AH (ciing vudng goc voi BC) nén dé chirng minh tir gidc AHIO la
hinh binh hanh thi ta cin thém AH = OI hodc AO song song véi HI hogc TH = OA wva ciing c6 thé'la hai

dwong chéo cit mhau tgi trung diém ciia moi dwong.

; . . PO i A s o . AH o
+ Huwéng 1. Chirng minh AH = OI. Thit vdy ta c6 bai todn quen thudc dé la chitng minh OJ = - muon
chitng minh diéu nay ta vé dwong kinh AK, khi do tiv gide BHCK la hinh binh hanh nén ] la giao diém ciia hai
dweong chéo BC, HJ. Do dé O] la dwong trung binh cia tam gidc AHK. Dén ddy ta gidi dwoc bai todin.

+ Huong 2. Chirng minh IH = OA . Nhdn thdy OA = R nén ta di chitng minh IH = R . Vi HD song song vdi
10 nén HDIO la hinh thang, dén ddy ta nghi dén viéc dung hinh thang cin trén co so nay. Thdt vdy goi M la



giao diém ciia AH trén (O) ta dwoc bai toin quen thugc la D la trung diém cia HM va tit gide OHDI cén c6 D]
la truc doi xitng nén c6 thé chitng minh ddy la hinh thang cin, do D] vudng goc vi hai ddy ma D va ] lin luwot la
trung diém ciia ddy 16m va diy bé. Dén ddy suy ra hai dwong chéo OM = HI = R..

+ Huéng 3. Chitng minh giao diém hai dwong chéo la mgt trung diém ciia mgt trong hai dwong chéo cuia tir gidc
AHIO cong thém mot yéu t6’ AH song song v6i IO theo tam gidc bang nhau thi ta cé dieu phdi chirng minh. Liic
nay ta goi giao diém 2 dwong chéo tir gidc AHIO la G. Ta chitng minh G la trung diém ciia Al (viée chitng minh
G la trung diéin ciia HO). Ta sé tiéh hanh bang cich ching han nhw chitng minh bang dwong trung binh. Diéu
nay a cé co sé khi ma ngay mot bén diém G la diém O tdm dwong tron (O). Ta cd thé'tgo cho O la trung diéim cia
m@t dwong kinh cua mot dinh la A dé'siv dung dwong trung binh chitng minh. Ké dwong kinh AK. Ta cin phdi
chirng minh GO hay HO song song vdi IK.

e Loi giai.

+ Cach 1. Goi M la giao diém cta AH véi (O). Suy ra BMA = BCA (chin cung BA). Hai tam giac
vudng AHE va ACD vi ¢6 chung DAC, suy ra BHD = AHE = BCA ma BMA = BCA dan dén

o —

BHD = BMH hay tam giac BMH can ¢ B. Ma BD la dwong cao suy ra BD hay DJ ciing la trung truc cua
HM. Hinh thang HMIO c6 DJ la trung truc ctia OI va JD cling la duong trung truc cia HM suy ra DJ la
truc d6i xting ctia hinh thang HMIO suy ra HMIO la hinh thang can nén IH = MO = OA

T giac AHIO c6 AH song song véi OI (cung vuong goc voi BC) va IH = OA nén AHIO la hinh binh
hanh.

+ Céch 2. Ké duong kinh AK ctia duong tron. Dé dang suy ra dugc CK L AC;KB L AB. Vi O d4i
xung voi I qua BC nén goi J 1a giao diém cta OI va BC ta suy raJ la trung diém caa BC.

Vi HB 1L AC;CK L AC nén HB song song véi CK, tewong tw nhu vay ta cling c6 BK song song véi CH.
Suy ra BHCK 1a hinh hinh hanh ma J 1a trung diém caa BC dan dén J 1a trung diém ctia HK.

Mit khéc J ciing la trung diém cua OI nén citing suy ra HOKI 1a hinh binh hanh nén GO song song véi
IK. Tam gidc AKI ¢6 O la trung diém ctia AK nén suy ra G la trung diém ctia AL

Tam gidc HAG va OIGcé AG = GI; HGA = OGI (d6i dinh); HAG = GIO
Suy ra AHAG =AOIG = AH = IO ma AH song song véi nén tt giac AHIO Ia hinh binh hanh

c) Céc tiép tuyén ctia dwong tron tam O tai B, C cat nhau tai Q, goi P la giao diém ctia AQ va EF. Chting
minh réng P 1a trung diém cta EF.

e Phén tich. Dé chitng minh P la trung diém ctia EF ta cin chieng minh PE = PF . Thir tim cdc tam gidc bang
nhau hay dwong trung binh nhiwng déu khong cho két qua. Y nght cudi cing la chieng minh cip ty s6'cd lién quan
dén PE va PF bang nhau. Goi K la giao diém ciia AQ v6i dwong tron (O) Dé dang chirng minh dwgc tam gidc
APF dong dang véi tam gidc ABK nén ta cé Py _AP = PF = AP.%. Tuwong tw ta duwoc PE = AP.C—K.

BK AB AB AC
BK CK

Nhw vdy chi cin chitng minh dwoc AB - AC Ma do tam gidc QBK dong dang vdi tam gidc QAB nén

K = % Ma ta lgi c6 do hai tiép tuyén tai B va C cit nhau tai Q nén BQ = CQ.

Do dé BK _ C—K Nhuw vdy bai todn diwegc chirng minh
AB AC



—

e Loi gidi. GoiKla giao diém ctia AQ véi duong tron (O) .Tathdy KBQ la gdc tai boi tia tiép tuyén

BQ va day cung BK va BAK 1a géc noi tiép chan cung BK nén KBQ = BAK

Tam gidc BKQ dong dang véi tam gidc ABQ vi c6 A chung va KBQ = BAK.
BQ Q

BK . R , CK
Suy ra ta dwoc — = — . Hoan toan twong tetaco — = .

AB AQ AC AQ
Ma do hai tiép tuyén tai B va C cit nhau tai Qnén BQ = CQ = % = X_IC(

— - — -

Ta c6 BFE = BEC = 90" = BFEC Ia tt gidc ndi tiép = AFP = ECB = ACB

Ma ABK = ACB ( cing chan cung AB) = AFP = ABK .

Tam gidc APF dong dang véi tam giac ABK vi A chung va AFP = ABK.

Do do talai cé E = E = PF = AP.%. Tuong ty ta deoc PE = AP.C—K
BK AB AB AC
Ma ta co6 BK _ C—K, suy ra ra dugc PE = PF hay P 1a trung diém cua EF.
AB AC

Cau 4 (2.0 diém). Cho tam giac ABC c6 ba géc nhon va M 1a mét diém nam trong tam gidc ABC. Goi L,
H, K lan luot 1a chan duong vudng goc ctia M trén cac canh AB, BC, CA. Tim vi tri cua diém M dé€

AL’ + BH? + CK” dat gid tri nho nhét.

e Phdn tich. Do L, H, K la hinh chiéu ciua M trén cic canh AB, BC, CA nén ta dw dodn ddu bfmg c6 thé xay ra
tai L, H, K Iin lwot la trung diém cia cdc canh AB, BC, CA va M la tdm dwong tron ngoai tiép tam gidgc ABC

hay AL = %AB; BH = %BC; CK = %CA tie ddy goi 1f cho ta bt ding thirc

AL} + BH? + CK® > i(ABZ +BC’ +CA’) & 4(AL? + BH + CK’) > AB’ + BC” + CA?
Dé'y chiit nita dé bai cho ta cdc g6c vudng va cdc binh phwong ciia AL, BH, CK nén ta sé tim cdch st dung
Pytago dé bién déi AL, BH, CK thanh AB, BC, CA.

Dé'yj ta c6 cdc bit ding thikc lién hé gitta AL v6i AB, BH v6i BC, CK v6i CA ta c6

(AL + BL)2 AR? CA’®

AL’ + BI? > 5 == BH? + CH? > = :CK® + AK® >

BC®
2
Tir ddy tin twong hwong di da ding ta trinh bay loi gidi nhw sau.
o Loi giai.
Theo dinh ly Pytago cho cdc tam gidc vuong ta co
A7 + ML’ = AM*; AK® + MK® = AM*;BH’* + MH* = BM?
BI? + ML’ = BM*CK® + MK? = CM*;CH” + MH® = CM?
Tt d6 ta thu duwoc
AT + ML — (AK® + MK ) + BH® + MH® — (BI? + ML) + CK” + MK” —(CH? + MH? ) = 0

Hay ta duoc AL’ + BH? + CK* = AK® + BL? + CH®




(a + b)2

2(AL2 +BH? + CKQ) = AL’ + BH? + CK? + AK? + BI? + CH?

Ap dung bat déng thtic dang a® +b* > ta duoc

2 2 2
(AL+BL) (BH+CH) (CK+AK) ap? L BC oA’

> + =
2 2 2 2 2 2
2 2 2
Tt d6 din dén AI? + BH? 4 CK® > AP +B§ +CA”

AB? + BC? + CA?

Vay gia tri nho nhat cta ALY + BH® + CK’1a . Dau bang xdy ra khi va chi khi

AL = BL;BH = CH;CK = AK hay M la tam dwong tron ngoai tiép tam giac ABC.
Cau 5 (3.0 di€ém).

1. Giai phwong trinh nghiém nguyén 3x* — 5xy —2y* —4x + 8y + 3 = 0.

e Phdn tich. Nhin viao phwong trinh ta thdy phwong trinh da cho ¢ bic hai d6i v6i mgt bién nén ta cé thé' nghi
dén phwong phdp sir dung diéu kién c6 nghiém ciia phwong trinh bic hai hodc diéu kign A la s6'chinh phwong dé
phwong trinh cé nghiém nguyén. Trweoc hét ta viét lai phwong trinh thanh .

3x” —)((5y+4:)—2y2 +8y+3=0
Xem phwong trinh trén la phirong trinh bdc hai dn x vdi y la tham so.
Khi dé tacs A = (5y +4) —12(-2y" +8y + 3) = 49y* ~ 56y - 20 .
Déphwong trinh c¢é nghiém nguyén thi A la s6’chinh phirong.
Dit 495" ~56y ~20 = a> = (Ty —4) ~36=a’ = (Ty ~4+a)(7y —4-a) =36
Dén day ta gidi phwong trinh trén bang cdch sir dung wic so.
e Loi gidi. Phuong trinh da cho tuong duong voi 3x* —x (5y + 4) -2y +8y+3=0
Xem phuong trinh trén la phwong trinh bac hai an x véi y la tham s6.
Khidétaco A = (5y +4) - 12(-2y" + 8y + 3) = 49y* — 56y — 20 .
D¢ phuong trinh ¢6 nghiém nguyén thi A la s6 chinh phuong .
Dt 49y® — 56y — 20 = a® = (7y—4)2 —36=2a’ = (Ty-4+a)(Ty—4-a)=36

ViT7y-4+ava Ty—-4—a cingtinhchdnlé ma 7y -4 +a+7y -4 —a =14y — 8 chia7 dw 6 nén ta

Ty—4+a=2 y=2
Ty—4—a=18 a=-8
=
Ty—4+a=18 y=2
Ty—4—-—a=2 a=38

suy ra ta duoc

x=1
+V6i y = 2 thay vao phuong trinh ban dau ta duoc 3x° —14x -11=0 = 11

X =
3




Vay nghiém ctia phwong trinh la (x; y) = (1; 2)

2. Chting minh rdng néu a,b,c € Z va a + b + ¢ chia hét cho 6 thi a® + b’ + ¢* chia hét cho 6.

e Phdn tich. Ta c6 mgt s6'hwdng dé'lam bai nay la st dung bai todn x* — x:6 oa bién doi hét sirc quen thudc
(a +b+ c)3 =a’+b’ +c’ +3 (a + b) (b + c) (c + a) 10i rie dung nguyén ly Diriclet dé chieng minbh.

o Loi gidi.

+ Céch 1. Dé dang chiing minh duoc x* — x:6, véi moi x 1a s8 nguyén.

Tacéd a’ +b’ +c’—a-b-c=a’-a+b’—b+c’ -ci6

Vi a+b+ci6 két hop véi diéu trénnéna’ + b’ + ¢’ 16

+Cach 2. Ta co (a+b+c)3 =a’+b’ +c’ +3(a+b)(b+c)(c+a)

Theo nguyén ly Dirichlet trong ba s a, b, c ludn c¢6 it nhat hai s& cing tinh chan, 1é.
Gia str hai s8 cling tinh chdn, 1é d6 1a a va b, diéu nay dan dén a + ba +b ludn 1a s8 chén

Do d6 ta duoc (a+b)(b+c)(c+a)52 nén (a+b)(b+c)(c+a)§2

Ma ta c6 (a+b+c)356 do vay ta duoc a® + b’ +c* 16



Dé s6 20
DPE THI CHON HOC SINH GIOI TOAN 9 TiNH PHU YEN
Nam hoc 2015 - 2016
Cau 1. (3.0 diém).

Cho biéu thie: P = 2

- +
a—va a++a

a) Rut gon biéu thiic P

=S iter)

b) Chttng minh rz‘?mg voi moi gia tri ctia a (thoa diéu kién thich hop) ta déuco P > 6.

Céu 2. (4.5 diém). Giai phuong trinh V4x” +5x +1 - 2Vx* —x+1 = 9x - 3

+ ! + L _
1+2x 142y 142z

Cau 3. (4.0 di€m). Cho ba s6 khong am x, y, z thoa man

Chting minh rang xyz < 6L4

Céau 4. (2.5 diém). Cho hinh binh hanh ABCD c6 A <90". Dung cac tam gidc vuong can tai A la BAM
va DAN (B va N cling thudc mot nita mit phang bo AB, D va M ciing thudc nita mit phang bo AB).
Chitng minh rang AC vuéng géc véi MN.

Céu 5. (5.0 diém). Cho tam gidc ABC ndi tiép duong tron (O), G 1a trong tam. Tiép tuyén tai B cua (O)
cit CG tai M. Tiép tuyén tai C cua (O) cit BG tai N. Goi X, Y theo tht tu 1a giao diém ctia CN, AN va
duong thang qua B song song v6i AC; Z,T theo thtt tu 1a giao diém ctia BM, AM va duong thing qua C
song song voi AB.

a) Chting minh rang AB.CZ = ACBX.
b) Chitng minh rang MAB = 1@

Phan tich va hwéng dan giai

Cau 1. Cho biéu thic P = 2

- +
a—va atva

a) Rut gon biéu thiic P

i e

b) Chiing minh rf?mg véi moi gia tri ctia a (thoa diéu kién thich hop) ta déuco P > 6.

e Phan tich va loi giai. Diéu kién xac dinh cua biéu thirc P 1a a > 0;a # 1. Day 1a mot bai toan rat gon
biéu thirc chita can quen thudc. D€ rat gon dwgc ta can quy dong biéu thirc. Tuy nhién d€ y mot s
phan thikc 6 trén van con rat gon duoc nén ta rat gon trudce giam bét khé khan trong viée quy dong. Ta

rut gon nhu sau




__ava-1 ava +1 La-l 3\/;(\/;+1)—(2+\/g)(\/;_1)
\/;( a—l) \/;(\/;4-1) \/;‘ a—1 '
_(\/7—1)(&+ a+1)_(\/;+1)(a—\/;+1)+a_1 3a+3\/7—2 a+2_a+\/;

Ja(Va-1) Va(Va+1) Ja a-1

:a+\/;+1_a—\/§+1+a—1 2a+2\/;+2_2 2(“\/;”)

o a1 T

Oy b) ta can chitng minh véi moi gid tri ctia a (thoa diéu kién thich hop) ta déu c6 P > 6. C6 cac

P

cach xtt ly sau
+ Xét hiéu P — 6 sau d6 chiing minh két qua cta hiéu la s6 duong.

+ Str dung bat dang thitc AM — GM dé danh gid P > 6.

M—G:Q,&“L\/QJJ—?\/;:Q(&_\/;H)
= 7 =

Via-va+1>0vava>0néenP>6.

TacO P-6=2+

Chu 2. (4.5 diém). Giai phuong trinh V4x” +5x +1 - 2Vx* —x+1 = 9x - 3

e Phan tich. Chil yj hé s’ ciia X chic chin ta khong thé'binh phwong hai vé. Hai dai lwong trong cin cé mot dai
lwgng khong thé phin tich thanh tich, vi thé'kho phdn tich thanh tich. Nhdm cdc gid tri ddc biét 0, 1, 2.. thdy
khong cé nghiém nguyén nén ta nghi téi viéc dat dn phy. Mudn ddt dn thi ta phai tim ra moi lién hé gitea cic dai
lwong trong phwong trinh. Ta thidy vé trdi khong con x° nita va dé’y thiy hé s6'2 cua can thirc thir 2 khi binh

phuong 1én thi ta c6 4x” khi d6 dé dang 14y hi¢n dé' mat bdc 2 nén ta dgt dwoc nhw sau:
Dt N4x® +5x +1 = a;2Vx° —x+1 =b = a® —b* = 9x — 3. Khi d6 phwrong trinh tré thanh

a-b=0

a—b=a’-b’ Qa_b:(a_b)(aer)@{a—i-b:l

Dén day ta xét tirng trueong hop ta giai dwoc phirong trinh

e Loi giai.
Dt V4x® +5x +1 = a;2Vx’ —x+1 =b = a? = b* = 9x — 3. Khi d6 phuong trinh trd thanh

a—-b=0

a—b=a?—h Qa_bz(a_b)(a+b)<:>l:a+b:1

+Vdéi a—-b =0 thi a =b, khi do ta cé6 phurong trinh

\/4x2+5x+1=2\/x2—x+1<:>4X2+5x+1=4x2—4x+4c:>x=é

+Véi a+b=1thi a=1-b, khi d6 ta c6 phrong trinh



4x* +5x+1=4x" —4x+5-2
VA +5x+1=1-2Vx" —x+1 = -
1-2vx"—x+120
9x-2=0
=
1-20x* —x+12>0
Hé phuong trinh trén vo nghiém
Vay phuong trinh c¢6 mot nghiém duy nhat1a x = %

o Nhdn xét. Miu chot cua bai todn la phat hién ra 13y binh phwong cd hé s6'ciia hai can r6i 13y hiéu sé dwegc vé’
phdi O ddy duea trén tw twong d6 ta nghi t6i viéc nhan lwong lien hop chi c6 mot nghiém duy nhit nén c6 co sé
thiwc hién. Sau khi nhin lwgng lién hop hai can thirc ta dwoc nhin ti chung cua hai vé'la 9x — 3. Trén thiec té

hai cdch lam nay vé co ban la gidng nhau chi khdc 6 cdch xwr lyj ma thoi .

VaxE +5x+1-20x? —x+1=9x -3
(\/4X2+5X+1—2\/X2—X+1)(\/4X2+5X+1+2\/X2—X+1)

= =9x -3
\/4X2+5X+1+2\/X2—X+1
9 5 I9x-3=0
< X =0x -3 1
\/4x2+5x+1+2\/x2—x+1 =1

\/4X2+5X+1+2\/X2—X+1
.. 1
+ Vi 9x -3 =0 tadwacng.

. 1
+ Voi =1 ta duwoc

Jix? +5x+1+2vx —x +1

Vx> +5x+1 420 —x+1 =1 VA +5x+1=1-2Ux> —=x + 1

{4X2+5x+1=4x2—4x+5—2 {9){—2:0
=

1-2yx*=x+12>0 1-2yx* =x+12>0

H¢ phwong trinh trén vd nghiém

+ L + L
1+2x 142y 142z

Céu 3. (4 di€m). Cho ba s6 khong am x, y, z théa man

Chting minh rang xyz < 6i4

e Loi giai. Ap dung bat dang thitc AM — GM va gia thiét ta c6:

I 1 1 2y 27 4yz
: : : 2\/(1+2y)(1+gz)

— +1- = - >
1+2x 1+ 2y 1+2z 142y 142z

, ' 1 4xz, 1 Axy
Chitng minh tuong ty ta 6 ;== == 2\/(1 vox)(1+22) 1422 ; 2\/(1 +2x)(1+2y)

Khi d6 nhéan thay cac bat dang thizc c6 mau tuong ti nhau nén nhan theo vé ta duoc




S SN 64x’y’z’
1+2x 1+2y 1+22 (1+2X)2(1+2y)2(1+2z)2
> 8

(1+2x)(1+2y)(1+22)  (1+2x)(1+2y)(1+22)

8
- XyZ

1
< 64xyz <1 & xyz £ —
y y 61

Vay bat dang thitc duoc chitng minh. Ddu bang xdy rakhiva chikhi x =y =z = i

Cau 4. (2.5 diém). Cho hinh binh hanh ABCD ¢6 A <90°. Dung cac tam gidc vudng can tai A la BAM
va DAN (B va N cung thu¢c mot nira mat phéng bo AB, D va M cling thudc ntta mat phéng bo AB).
Chitng minh rang AC vuéng géc véi MN.

e Phan tich. Bai todn yéu ciu chitrng minh AC vuéng géc v6i MN tirc la cin chitng minh géc AHM biang 90°.
Hay ta phdi ching minh dwoc HAM+HMA =90°. D¢ y thdy NAB=DAM. Ma ta c6

—_—

DAM + HAD = HAM nén ta cin chirng minh dwoc

— — - - -

HAM + HMA = NAB + HAD + HMA = 90" N

Tuy nhién dé thiy NAB + HAD = 90° - BAC nén ta
—_— I

cin c6 HMA = 90" — NAB + HAD = BAC. Nhu vdy
ta chi cin chitng minh diwoc ]gA\C — HMA I xong.
e Loi giai. Vi ABCD la hinh binh hanh nén

[vy)
(@)

ABC = 180° —- BAD = ABC + BAD = 180"

Mt khdc ta c6 NAD + BAM =180’ nén ta suy ra | Al D
duoc BAD+NAM=180". Tu dé ta duoc M

ABC = NAM. Lai ¢6 AB=AM:AN = AD = BC.
Suy ra hai tam gidc NAM va CAB bang nhau, suy ra

—

BAC = HMA . Tt &6 dan dén

—_—

HMA = 90° — NAB + HAD = NAB + HAD + HMA = 90"

— -

= DAM + HAD + HMA = 90" = HAM + HMA = 90"

—

Vi thé géc MHA = 90° nén AC vudng géc véi MN.

e Nhin xét. Mdu chét ciia bai todn la phdt hién ra cdp tam gidc bang nhau rdi sau dé xir Iy thé nao thi cd rat
nhiéu cach. Sau ddy la mot s vi du:

+ Ta thir goi giao diém ciia NM v6i AB i I thi khi d6 tam gidc IAM vudng tai A. V6i tam gidc NAM bang tam
gidc CAB ta c6 dirgc IAC = NMA . Khi dé dé dang suy ra dwoc géc AHM = 90°

— - —_

+ Hay trong tam gidc AHM c6 AMN + MAH = BAC + HAM = BAM = 90" nén AHM = 90°

Céu 5. Cho tam giac ABC néi ti€p duong tron (O) c6 G 1a trong tam. Tiép tuyén tai B cua (O) cat CG
tai M. Tiép tuyén tai C cua (O) cit BG tai N. Goi X, Y theo thi tw 1a giao diém cua CN, AN va duong

thang qua B song song véi AC. Goi Z va T theo thit ti 12 giao diém ctia BM va AM véi duong thang
qua C song song véi AB.




a) Chitng minh AB.CZ = ACBX

e Phdn tich. Dé chitng minh AB.CZ = ACBX ta
cin tim ra moi lién hé giva chiing. Dé chitng minh
chiing cin chirng minh dwoc tam gidc ABX dong
dang voi ACZ nhwng diéu nay khé thuwc hién vi
chiing khong co moi liéen hé nén ta pha di tim dai
lwgng trung gian. Dy dén yéu t6"song song ta co
ABC=7CB, lgi thiy 7BC=CAB nén
AABC »» ACBZ = AB.CZ = CB’. Bay gio cin
chitng minh ACBX = B(C? hay
AABC «» ACXB, diéu nay chirtng minh hoan toan

twrong tw nhw cdp tam gidc trén.

e Loi giai. Vi AB song song voi CZ nén ta c6

ABC = ZCB.

Lai c6 ZBC = CAB (do goc tao béi tia tiép tuyén va day cung chan cung BC)
Suy ra AABC « ACBZ = AB.CZ = CB?

Chtrg minh tong tw ta c6 AABC @ ACXB = AC.BX = BC®
Tt hai két qua trén ta suy ra dugc AB.CZ = ACBX

b) Chitng minh MAB = NAC.
e Phan tich. Liic méi nhin vao ta thwong sé nghi dén sir dung twong tw nhw cdu a tuy nhién 6 ddy khong co yéu
t6'song song véi BC nén khong thé twong tw diegc chit y vao yéu o' trong tim ta chwa khai thic dén nén ta goi

trung diém ciia AB la E va ciia AC la F. Cin chitng minh dwoc MAB = EA\C tuy nhién khong thé chitng minh

dwoc tam gidgc MAB dong dang ANC dé'y thay TAM = TAN do la hai ¢éc doi dinh nén ta chuyén sang chitng

minh YAB = TAC hay AYAB «~ ATAC. Ta quy bai todn vé chitng minh AB.CT = AC.YB. Tich nay khd
Qiong voi tich ta chitng minh ¢ y a) chi ¢6 CT va YB la khic v6i ZT va XY. Chii y dén yéu to trong tam ta hoan
toan c6 thé' chirng minh diroc CT = CZ va BX = BY nhu sau.

Vi AB song song vdi ZT nén Bb _AE_MB ma AE = BE nén CZ = CT. Chitng minh hoan toan twong
ZzC CT MC

tw ta dwoc BX = BY nén dp dung ciu a) ta c6 AB.CZ = ACBX = AB.CT = AC.YB.
Tuy nhién dé chieng minh dwoc AYAB @ ATAC thi cin thém mét yéu to nita. DEy rang do BY song song
voi AC va AB song song véi CT nén ﬁ;& = B/A\C = ACT Viy bai toan dwoc chirng minh

BE AE ME

e Loi gia. Vi AB song song v6i ZT nén — = — = —— AE = BE nén CZ = CT. Chitng minh hoan
zC CT MC

toan tuong tir ta dugc BX = BY . Tir d6 ta c6 AB.CZ = ACBX = AB.CT = AC.YB

Mit khac do BY song song v6i AC va AB song song v6i CT nén YBA = BAC = ACT

Tt d6 suy ra AYAB © ATAC = YAB = TAC, ma ta lai c6 YAM = TAN nén YAB = TAC.

—  — - e

Do d6 YAM + MAB = TAN + NAC = MAB = NAC. Vay MAB = NAC




Dé s6 9
DE THI CHON HOC SINH GIOI MON TOAN 9 TINH LAI CHAU
Nam hoc 2015 - 2016
Cau 1 (3.0 diém).

1 2Vx —2 1 2
Cho biéu thitc A = - : -
[&H XJ;_@X_J (f_l x—lj

a) Rut gon biéu thirc A.

b) Tinh gid tri bidu thic tai x = 2(%/7 50 + 7 - \/ﬁ).

Céu 2 (4.0 di€m).
a) Chting minh rang 5" — 3.5"*" +2°*% chia hét cho 59 (véi n la s6 tu nhién).
b) Tim cac s6 nguyén x, y théa man 2x” + xy —y* —5 = 0.

Cau 3 (5.0 di€m).

a) Tim m d€ phuong trinh mx” — 2 (m - 1) x+m—3 =0 c6hainghiém x ;x, théa man diéu kién

Xf + X; =1.
b) Giai phwong trmh — + \/7 =2.
=y(1=x)
c) Giai h¢ phuong trinh
=x(1-v)

Céu 4 (6.0 di€m).
Cho dudng tron (0) c6 dudng kinh AB = 2R .. Lay C la trung diém ctia OA va day MN vuéng

g6c voi OA tai C. Goi K1a diém tuy y trén cung nho BM va K 1a giao diém ctia AK v6i MN.

a) Chiing minh rang t& giac BCHK noi tiép duong tron.

b) Tinh tich AH.AK theo R.

) Xac dinh vi tri cua diém K dé tong KM + KN + KB dat gid tri 16n nhét va tinh gia tri 16n
nhat do.
Cau 5 (2.0 diém).

Cho a, b, c la cac s8 thiee dwong. Chiing minh rang:

1 1 1 1 1 1
—+—+—-23 + +
a b ¢ a+2b b+2c c+2a

Phan tich va hwéng dan giai

Céul.Chobiéutht’rcA:( 1 ZVx -2 }( 1 2]

\/;+1 X\/_—\/;+X—1 x-1 x-1

o Loi gidi
a) Rat gon biéu thic A.



biéu kién xac dinh ctia phuong trinh 1a x > 0;x # 1.

AL _x-2 || 1 2

Jx +1 (x—1)(\/;+1)‘ x—1_(\f—1)(\/;+1)

_ x=x+l . Jx-1 x-2dx+l .(\/§+1)

(c-1)(Vx+1) (Vx=1)(Vx 1) (x=1)(vx+1)
) (&—1)2 k-1
(«/§+1)(\/——1) Jx +1

b) Tinh gid tri bidu thic tai x = 2(%/7 50 + 7 - \/Ej

Ta c6 x3=8[7+@+7—@+3i‘/7+\/%.%/7—@(2/7+@+%/7—J5ﬂ=112—12x.

Hay ta duge x* +12x — 112 = 0 & (x - 4)(x* +4x+28) = 0 < x = 4 vi x* + 4x +28 > 0.

Thay vao biéu thitc A ta dugc A = ——— =

Vay khi x = 4 thi gia tri cia A la %

Cau 2.

a) Chting minh rang 5" — 3.5"*" + 2% chia hét cho 59(véi n 1a s6 tu nhién).

e Loi giai. Ta c6

5 g Enil g gined _ g3 g5 sn 48 64" = 110.5" + 8.64" = 118.5" + 8.(64“ - 5“)
Dé thay 118.5":59.
Lai c6 64" —5" = (64 - 5)(64“’1 6425 4+ 64572 + 5“*1) - 59(64“’1 6425 4+ 5“*1)
Do d6 8.(64" —5"):59. Vay ta dugce 5" —3.5"" + 2 chia hét cho 59.

b) Tim c4c s& nguyén x, y théa man 2x° +xy —y* =5 = 0.

e Loi giai. Phuong trinh da cho twong duong véi (x + y) (2x - y) =5.

Do x, y la cac s6 nguyénnén x +y va 2x —y la cadc udc cua 5. Ttr ds ta cd bang sau

Xty 1 -1 5 -5
2x -y 5 -5 1 -1
2 -2 2 -2
-1 1 3 -5

Vay céc cdp sO thoa man yéu cau bai toan la (x; y) = (2; —1) , (2; 3) , (—2; 1) , (—2. - 3)

Cau 3 (5.0 diém).

a) Tim m dé€ mx” —2(m—1)x+m—3=0 c6 hai nghiém x;x, thbaméan x} +x) =1.




* Loi gidi. Diéu kién dé phuong trinh mx” —2(m —1)x +m -3 = 0 ¢ hai nghiém x;x, 1a

m=0 m =0 m =0
AVZO@ (m—l)Z—m(m—3)20® m <4

s I . Q(m_l) m -3
Khi d6 theo h¢ thiic Vi-ettaco x, +x, = ———=;x x, = ——.
m m

2
Taco x +x, =1 (X1 +x2) —2xx, =1 hay ta duoc
2

2(m—1) m-3

m=2
-2. :1<:>m2—10m+16:()®|:

m m m=28

Két hop véi diéu kién c6 nghiém ctia phuong trinh ta duwoc m = 2 la gid tri can tim.

b) Giai phuong trinh 1 +
X

2—x?

¢ Phan tich va l1oi giai. Diéu kién xac dinh ctia phuong trinh1a —vV2 <x <2 vax #0.

Nhén thay phuong trinh chi chita mot cén thirc bac hai va lai nam dudi mau nén dé don gian hoa ta st

dung phép dit an phu. Dat y =v2-x",y > 0.Khiddtacd y* =2 -x> < x* +y° =2.

Phwong trinh da cho tré thanh 1 + 1 =2 x+y=2xy.
X Yy

x+y=2xy . o
, day la hé phuong trinh doi xiing dang 1.

2 2

bén day la c6 hé phuong trinh {
X +y

Ta 6 thé€ giai hé trén nhu sau

X +y = 2xy X +y =2xy X +y =2xy X +y = 2xy
= = =
X'y’ =2 (X+y)2 —-2xy =2 (2xy)2 —2xy =2 (2xy+1)(xy—1):()
. X+y=2 x=1
+ Truong hop 1. xy =1 yo1
“14+4/3 “1-+/3
X = Y =

x+y=-1 - x—1
+ Truong hop 2. 1 & ) = 2 2 .
' 2x’ +2x —1=10 X__l_\/g' —1+43
2 7 2

2

_1_@}

Két hop véi diéu kién y > 0 va diéu kién xac dinh ta duoc tap nghiém S = {1;

c) L&y hiéu theo vé& hai phuwong trinh ta dugc 2x —2y =y —x — xy(x - y) 2SS (X - y)(xy + 3) =0.



Vi —0tacshe ! o) =y=0
+Volr x—y=0 tacohe 2y:x(1—y2)<:> y(y2+1):()<:>x_y_ .

+Véi xy +3 = 0 ta duoc xy = =3 vay khac 0. Ttr d6 ta cd hé phuong trinh

{xyz—?) {xyz—?) X=\/§;y=—\/§

2y=x(1—yQ)<:> y2=3 < X:_\/§;y=\/§

Vay hé phuong trinh da cho c6 cac nghiém nhu trén.
Cau 4 (6.0 diém).

— -

a) Ttr gidc BCHK c6 AKB + HCB = 90" + 90" = 180" nén ndi tiép duong tron.

b) Dé thay hai tam giac AHC va ABK ndi tiép duong tron, do d6 ta duoc AL _AC .
AB AK
Ttr d6 ta dwoc AHAK = ABAC = %.2R =R*.

3
c) Tam gidc AMB vuodng tai M c6 MC vudng gdc voi AB nén ta duoc MC? = CA.CB = SR .

Suy ra MC = @ nén ta duwgc MN = 2MC = R\/g.

Tam giac MBC vudng tai C nén theo dinh li Pitago ta c6 MB* = MC? + BC? = 3R”.
Suy ra BM = R+/3 = MN.. Tir dé ta duoc MB = MC = MN nén tam giac MNB déu.

—

Tt d6 ta c6 NMB = IKB = 60’
Trén doan KN 1ay diém I sao cho NI = MK.

Hai tam giac AKB va NIB ¢6 NI = MK, BMK = BNI; MB = NB nén bang nhau.

o —

Do dé ta duoc IB = BK, ma tacé NMB = IKB = 60" nén tam giac KIB déu.

Suy ra KI = KB nén KM + KN + KB = 2KN.

Do vay KM + KN + KB 16n nhét khi KN 16n nhat, khi d6 KN 1a dudng kinh ctia duong tron (0O), diéu
nay xay ra khi va chi khi K 1a diém chinh gitta cung MB.

Khi d6 KM + KN + KB nhan gia tri I6n nhat 1a 4R.

Cau 5 (2.0 di€m).

Cho a, b, c 1a cac s8 thiee dwong. Chiing minh rang:

1 1 1 1 1 1

—+—+—-23 + +

a b c a+2b b+2c c+2a
Ap dung bat déng thitc Bunhiacopxki dang phén thitc ta c6

1,11, 9 9 1,11, 9 1.1 1 9

a b b_a+b+b:a+2b;g ¢c ¢ b+2c¢c a a c+2a

C@ngtheové'cécbé’tdéngthﬁctrénta duoc 3 l-‘rl-i-l >9 1 + 1 + L
a b c a+2b b+2c c+2a



Haytacél+l+123 ! + L + L .
a b ¢ a+2b b+2¢c c+2a

Vay bat dang thitc dwoc chitng minh. Dau bang xay ra khi va chikhi a =b =c.



Peso1
DE THI CHON HOC SINH GIOI MON TOAN 9 TINH HAI DUONG
Nim hoc 2016 - 2017

Cau 1 (2.0 diém).

a)Chobié’uthﬁch\/1—x+(1—x)\/1—x2 +\/1—x—(1—x)\/1—x2 véi ~1<x<1.

Tinh gi4 tri céia biéu thiic P khi x = ——— .
2017

b) Cho a;b;c laba s6 thuc khong am thoa man a+b+c:\/;+\/g+ c=2.

o b e

ch{mgminhréngha 1+b 1+c_\/(1+a)(1+b)(1+(3)

Cau 2 (2.0 diém).
a) Giai phuong trinh 2x* - 2x +1 = (2x + 1)(\/){2 —x+2 - 1) .

2 2
b) Giai hé phuong trinh { +(y+1) =xy+xl
2x" =x+y+1

Cau 3 (2.0 diém).
a) Tim cac cdp sd nguyén (x; y) thod man 2x” +2y” + 3x — 6y = bxy — 7.

b) Tim tat ca cac s8 tw nhién n sao cho n’ + 2n + Vn® + 2n + 18 + 9 1a s8 chinh phuong.
Cau 4 (3.0 di€m).

1. Cho tam giac nhon ABC (AB < AC) ndi ti€p duong tron (O,R). Cac dwong cao AD, BE, CF cat

nhau tai H (D thudc BC, E thudc CA, F thuoc AB). Tia EF cit tia CB tai P, AP cit duwong tron (O,R) tai M

(M khac A).
a) Chting minh rang PE.PF = PM.PA va AM vudng géc véi HM.

b) Cho canh BC ¢4 dinh va diém A di chuyén trén cung 16n BC. Xac dinh vi tri ctia A d€ dién tich

tam giac BHC dat gia tri 16n nhat.

2. Cho tam giac ABC c6 goc A nhon, ndi ti€p duong tron tam O. Mot diém I chuyén dong trén cung

BC khong chita diém A(I khong triing v6i B va C). Duong thang vudng géc véi IB tai I cat duong thang

AC tai E, duong thang vuong goc véi IC tai I cat duong thang AB tai F. Chting minh rang duong thing

EF ludn di qua moét diém ¢d dinh.
Cau 5 (1.0 di€ém). Cho a;b;c 1a ba s8 thic duwong thod man a’ + b” +¢* = 3.
a’> + 3ab + b’ b* + 3bc + ¢? ¢’ +3ca+a’

Chting minh rang + + <3
J6aZ +8ab +11b°  J6b? + 8bc+ 11> \6c* + 8ca + 11a’




Phén tich va huéng dan giai

Céu 1 (2.0 di€m).

a)Chobié’uthtrcPz\/1—x+(1—x)\/1—x2 +\/1—x—(1—x)\/1—x2 véi -1<x<1.

Tinh gia tri ctia biéu thiec P khi x = - %7

e Phén tich. Tacé P =~1-x (\/l +V1-x" + \/1 —N1-x j D& 'tinh gid tri ciia biéu thiec P ta c6 thé thay

hodc bién doi tiép biéu thikc theo cich sau

triec tiép x = —

:(1_x)(\/1+\/§+\/1—\/§)2 =(1—x)[2+2‘/1—(1—x2)} = 2(1-x)(1+ x|}

< 0 nén ta chi ldy P trong trwong hop x <0

1
Déy ta thiy x = —
Y Y 2017

e Loigidi. Véi —1<x <1 taduwoc 1-x>0;1-x>>0.Tirdd tacd

P = \/1 x+(1-x)1- X—i-\/lx (1-x)V1-x
= =)t i=) + Jo x(—\/l—x)z\/1_x(\/1+ﬁ+\/1_ﬁj

Ttr d6 suy ra

= (1- X(\/1+\/:+\/1— 1- x]
(1- x(1+ 1-x° +2\/1+\/1 REN N +1—\/i)
)|

=(1-x 2+2 1-(1- }_2(1 x)(1+\x\)

Khi x < 0 ta dwoc P =2(1—x)(1—x)=2(1—x)

MéP:\/l—x+(1—x)\/1—x2 +\/1—x—(1—x)\/1—x2 >0 véimoi —1<x<1.

< 0 nén gid tri ctia biéu thtc P khi x = L
2017

Suy ra ta duoc P=‘/§(1_X)'V1X22(_)117

P=\/§(1+ 1 j 2018 5

2017 ) 2017

b) Choa;b;c laba sd thye khong am thoa man a+b+c=\/g+\/g+ c=2.

Ja_ b e 2

I+a 1+b l+c \/(1+a)(1+b)(1+c)

Chtng minh rang

e Phdn tich. Ddy la dang todn vé bién d6i dong nhait biéu dai s6. Nhw vdy trwdc hét ta cin bién doi gid thiét dé

c6 thém gid thiet méi. Tie Ja +~/b +~Jc =2 vd a+b+c =2 tacé vJab +/be +vca =1.



| Nhin thdy biéu thirc P chira cdc tong Ja + 1L,vb +1, Je +1 nén ta chii y dén phép bién doi

a+1=a+@+&+\/:=(\/;+\/g)(\/g+\/g)

Ap dung hoan toan tiong tw va thay vao biéu thirc dé'rit gon.

0L(‘Yigiéi.Dét\/gzx;\/gzy;\/gzz,khidétacé X +y +72 =x+y+z=2.
Suy ra 2(Xy+yz+zx)=(x+y+z)2—(X2+y2+22)=22—2=2
Hay ta dugc xy +yz+2zx =1,dodd 1+a =xy +yz +zx + X =(x+y)(x+z)

Tuong tw ta co 1+b=(y+z)(y+x);1+c=(Z+X)(z+y).TI‘1’détaCé

R y :

Tra 14b Llte (x+y)(x+7) ea)(y+x) (z+x)(2+y)

_x(y+z)+y(z+x)+z(x+y) 2(xy+yz+zx)

(x+y)(y+2)(z+x)  (x+y)(y+2)(z+x)

2.1 _ 2

Jura)(en)(ire) Jrea)(Len)(i+e)

Cau 2 (2.0 diém).

a) Gidi phuong trinh 2x* —2x +1 = (2x +1) (\/)8 —x+2- 1) .

e Phdn tich. Bién doi phwong trinh di cho ta dwrgc

(X2—x+2)+x2—x—1=(2x+1)(\jx2—x+2—1)

Dit t = Vx> —x +2 — 1. Thay vao phuwrong trinh trén ta duwoc
€426+ x" —x-2xt-t=0 (t-x) +t-x=0 (t-x)(t-x+1)=0

Déna day ta gidi dwoc phwong trinh.

e Loi giai. Diéu kién xac dinh ctia phuong trinh 1a x € R . Bién d6i phuong trinh ta duoc

2X2—2X+1=(2X+1)(\/x2—x+2—1)
<:>(X2—X+2)+X2—X—1=(2X+1)(\/X2—X+2—1)

Diat t = vVx® —x+2—I:XQ—x+2:(t+1)2.Thayvéophuomgtrinhtréntaduoc

(t+1)2+x2—X—1=(2X+1)t<:>t2+2t+1+x2—x—1=(2x+1)t
<:>t2+2t+x2—x—2xt—t=0<:>(t—x)2+t—x=0
t=x

(e R H

x=>-1
+Véit=xtaco Vx’ —x+2-1=x < 9
XQ—X+2=<X+1)



> -1 x > -1 1
=2 ) = 1 &©x==
X —-x+2=x"+2x+1 x == 3

XX —x+4+2=%x"

x>0 x>0
+Véit=x—1tacc')\lx2—x+2—1=x—1©{ @{ 2c>x=2
X

Vay phuong trinh da cho c6 tap nghiém la S = {2; %}

2 2
b) Giai hé phuong trinh * +(y+1) =xyax+l
2x* =x+y+1

e Phén tich. Biéh d6i phiong trinh thit nhit ta dugc x* + (y + 1)2 - X(y +1) = 1. Khi d6 néu dgt dn phy
t =y +1 thi ta thu dwoc hé phwrong trinh

X +t?—xt=1
2x* =x +t

Quan sdt h¢ phwong trinh trén ta nhin thdy néu nhin chéo hai phwong trinh véi nhau thi ta thu dwoc
phuong trinh ding cip bic ba.

e Loi giai. Bién d6i twong duong hé phuwong trinh da cho ta duoc

XQ—i—(y+1)2 =xy+x+1<:> X2+(y+1)2—x(y+1)=1
2x* =x+y+1 2x* =x+y+1

bidt t = y + 1, khi d6 hé phuong trinh trén tro thanh

X +t?—xt=1 X +t?—xt=1
2x* = x4+t 2x3=(x+t)(x2+t2—xt

HtP—xt=1 X +tP—xt=1 x* =1 x=t=1
S = =3 =
2x" =x" —t Xx=t x =t

+Véi x = t =1, khi d6 hé phuong trinh c¢é nghiém (x; y) = (1; 0).
+Véi x =t = -1, khi d6 hé phuong trinh c6 nghiém (x; y) = (—1; —2).
Vay hé phueong trinh da cho c6 cac nghiém la (x; y) = (1; O) , (—1; —2) .

Céu 3 (2.0 di€m).

a) Tim c4c cdp sd nguyén (x; y) thoa man 2x” + 2y” + 3x — 6y = 5xy — 7 .

e Loi giai. Bién doi phuong trinh da cho ta ¢
2x° +2y° + 3x — 6y = bxy — 7 < 2x° +2y” + 3x — 6y — 5xy = 7
& 2x% —4xy +2y° —Xy+3X—6y=—7<:>2X(X—2y)+y(2y—x)+3(x—2y)=—7
& (x—2y)(2x—y+3) =7



Vi x;y € Z nén suy ra (x - 2y);(2x -y+ 3) € Z. Lai thay -7 = (—1).7 = 1.(—7) nén ta cd cac truong

hop sau:

. ol x=2y=-1 x=3
+ Truong hop 1. Véi

<~
2x—-y+3="7 y=2

2x-y+3=-1

x—-2y="7 X =-)
+ Truong hop 2. Véi = 6
y=-

. . x—2y=1 x=-7
+ Treong hop 3. Véi

2xX-y+3=-7 y=-4

f—
2x—-y+3=1

. | x=2y=-T7 x=1
+ Truong hop 4. Véi 4
y =

Thtr lai ta duoc cac cdp sd nguyén (X : y) can tim la (3; 2) , (—5; - 6) , (—7; —4) , (1; 4) .

e Nhin xét. Ta cé thé'si Iy cdc trieong hop trén bing bang sau.

x -2y =-T7 -1 7 1 =7
2x—-y+3=1 7 -1 =7 1
X 3 -5 -7 1

y 2 -6 -4 4

Tir bang két qua trén ta co cdc nghiém ciia phwong trinh.

b) Tim t4t ca cac s& tw nhién n sao cho n* +2n + vn® + 2n + 18 + 9 1a s8 chinh phwong.

e Phdn tich. D& n* +2n +n” + 2n + 18 + 9 la s6'chinh phwrong thi Nn® + 2n + 18 phdi la s6'tw nhién. Tir

détacé n® +2n+18 =k’ (k € N) . Gidi phwong trinh ta tim dwoc k va n.

e Loi gidi. Ta c6 n” +2n + vn® +2n + 18 + 9 1a s8 chinh phuong

Ma n®+2n+9 e N,Vn e N suy ra Vo’ +2n + 18 1a s6 tw nhién

Dit Vn® +2n +18 = k(k c N).Khidétaduzqc

n“+2n+18=k> on’+2n+1+17 = k* <:>(n+1)2+17=k2

“|

<:>k2—(n+1 )2 :17<:>(k+n+1)(k—n—1):17
Vik,ndéulasdtynhiénnén k+n+1>k-n-1 va k >1 nén ta duoc

k+n+1=17
k—-n-1=1

(k+n+1)(k—n—1)=17<:>{

T ddtacd n® +2n ++n® +2n +18 + 9 = 81 = 9* (thoa man).

“|

Vay véi n =7 thi n’ +2n +vn® +2n + 18 + 9 14 s8 chinh phuong,.

Cau 4 (3.0 dieém).

k+n=16
k-n=2

k=9
n="7



1. Cho tam gidc nhon ABC (AB < AC) ndi ti€p duong tron (O;R) . Cac duong cao AD, BE, CF cat
nhau tai H (D thudc BC, E thudc CA, F thudc AB). Tia EF cit tia CB tai P, AP cit duong tron (O; R) tai
M (M khac A).

a) Chitng minh rang PE.PF = PM.PA va AM vudng goc véi HM.
e Phan tich.

+ D¢ chitng minh PEPF = PM.PA ta cin chi ra dwoc PE.PF = PBPC va PB.PC = PM.PA .D¢ thiy
PE.PF = PBPC do hai tam gidic APBF va APEC dong dang va PB.PC =PM.PA do hai tam gidc
APBM va APAC dong dang.

+ D& chitng minh AM vudng géc véi MH ta di chirng minh M nam trén dwong tron ngoai tiép tir gidc AEHF.

e Loi giai. A
A
Do BE, CF la duong cao ctia tam giac

ABC nén ta ¢c6 BFC = BEC =90". Suy ra M

— — E

t& giac BFEC noi tiép nén PBF = PEC.
Tt d6 hai tam gidc APBF va APEC dong |

0
dang nén L = PEPF = PB.PC.
PE PC
Lai c6 t& gidc AMBC noi tiép nén suy ra  © B D ¢
PBM = PAC y
NP . \ - PB PM
Ttr 46 hai tam gidc APBM va APAC dong dang PA - PC = PB.PC = PM.PA

Két hop hai két qua trén suy ra PE.PF = PM.PA.

Tt PE.PF = PM.PA ta duoc % = %, suy ra hai tam giac APMF va APEA dong dang véi nhau.

—_—

Tt d6 ta dwgc PMF = PEA nén t& gidc AMFE noi tiép.

Do AEH = AFH = 90’ nén suy ra ti giac AEHF noi tiép duong tron duwong kinh AH.
Suy ra nam diém A, M, F, H, E cung thudc duong tron duong kinh AH.
Tur d6 din dén AMH = 90" (g6c noi tiép chan nira duong tron) hay AM | HM .
b) Cho canh BC ¢8 dinh va diém A di chuyén trén cung 1én BC. Xac dinh vi tri cia A d€ dién tich tam
giac BHC dat gid tri 16n nhat.
e Phan tich. Ké dieong kinh AK ciia dwong tron (O; R). Goi N la trung diém ciia canh BC. Dé dang chitng
minh dwoc tir gidc BHCK la hinh binh hanh. Tir do ta dwpc AH = 2.0N. Ké OI vuéng géc voi AD suy ra tir
gidc OIDN la hinh chit nhat. Tir d6 ta suy ra dwoc

AT’ = AO’ -OI’ = R* - DN’ = Al =+VR” - DN?

Suyra AD = AT+ 1D =R’ ~ DN* + ON . Do d6 ta c6




s —lpcmp-= lBC(AD - AH)
2

BHC _5

- %BC (\/R2 _ DN’ + ON - 2.0N) - %BC (\/R2 _DN? - ON)

Do BC, R, ON khong doi suy ra S, dat gid tri 1on nhat khi DN dat gid tri nh nhat. Ma AB < AC suy ra
diém A chuyén dong trén cung nhé A'B va A khong tring v6i A’. Suy ra diém D chuyén dong trén dogn NB va
D khong trung véi N do do khong tim dwoc gid tri nho nhdt ciia DN. Viy khong tim dwoc vi tri diém A dé’ dién
tich tam gidc BHC dat gid tri Ion nhat.

e Loi giai. Ké duong kinh AK ctia duong tron (O; R). Goi N la trung diém cua canh BC.

Dé dang chitng minh duoc it giac BHCK 1a hinh binh hanh. Ma diém N 1a trung diém ctia BC nén N
cing la trung diém ctia HK nén ON la duong trung binh cta tam giac KAH, do d6 AH = 20N .Ké Ol
vudng goc voi AD (I thudc AD) suy ra tit gidc OIDN la hinh chi® nhat.

Tt d6 ta suy ra dugc OI = DN;ON = DI. Ap dung dinh ly pytago vao tam giac AIO vudng tai I ta c6

A’ = AO* -OI’ =R’ - DN’ = Al =+R’ - DN’

Suy ra AD = AI+ID = VR* = DN? + ON . Do d¢ ta c6

s —lpcmp-= lBC(AD - AH)
2

BHC _5

- %BC (\/R2 _DN’ +ON - 2.0N) - %BC (\/R2 _DN? - ON)

Do BC, R, ON khong ddi suy ra S, . dat gia tri 16n nhat khi DN dat gia tri nho nhat.

Ma AB < AC suy ra diém A chuyén dong trén cung nho AB (A’ 1a diém chinh gifta cung 16n BC) va
A khong trung voi A’. Suy ra diém D chuyén dong trén doan NB va D khong trung véi N do d6 khong
tim duoc gia tri nhé nhat cia DN. Vay khong tim dwgc vi tri diém A dé€ dién tich tam giac BHC dat gia

tri 164n nhat.

2. Cho tam giac ABC c6 gdc A nhon, noi ti€p duong tron tam O. Mot diém I chuyén dong trén cung BC
khong chita diém A(I khong triing vé6i B va C). Duong thang vuong goc véi IB tai I cat duong thang AC
tai E, dwong thang vuong goc véi IC tai I cdt duong thang AB tai F. Chitng minh rang duong thang EF

ludn di qua mét diém 6 dinh.

e Phdn tich. Quan sit hinh vé ta sy dodn EF di qua diéin O, do d6 ta quy bai todn vé chitng minh ba diém E, F.
O thing hang. Mudn vdy ta ldy diém K doi xitng v6i I qua EF, khi d6 EF la trung truc ctia IK. Nhw vdy dé chitng
minh ba di¢m E, O, F thang hang ta cin chi ra O1 = OK. Chil y rang I thudc duong tron (O) nén dé cé
OI = OK ta cin chitng minh K thugc dwong tron (O) Do tam gidc ABC nhon bdt ki nén khi K tring voi A thi

hién nhién ta c6 diéu cin chitng minh. Do d6 ta ciin xét cic triweong hop K tring vdi A va K khong tring véi A.




e Loi giai. Goi K 1a diém d06i xting ctia I qua EF. A
+ Xét treong hop diém K trung véi diém A. Khi d6 KI la

day cung ctia duong tron (O) .

Ma EF la duong trung triec ctia KI suy ra EF di qua O.

+ Xét truong hop diém K khong trung véi A.

Ta cbd CIF + BIE = 90".2 = 180" suy ra

EIF + BIC = 180" A\ c
Do ti gidc ABIC ndi tiép suy raBAC + BIC = 180" W

Te d6 ta c6 BAC =EIF = EIF = EAF. Lai o6 !

EKF = EIF (Do IvaK déi xting qua EF)

JE——

Do d6 EKF = EAF suy rabdn diém A, K, E, F cung thuéc mot duong tron.

Khi d6 ta thu duoc hoac cé tiv gidc AKFE noi tiép hodc c6 AKEF ndi tiép
Khong mat tinh tong quat gia st AKFE ndi tiép

J— ~ —

Suy ra KAF = KEF (cting chdn KF ) nén KAB = KEF (1)

JE——

Lai ¢6 IEF = KEF (Do K va I d6i xting qua EF) va IEF = BIK (cung phu KIE) (2)

—

Tt (1) va (2) suy ra KAB = BIK, dan dén ti giac AKBI noi tiép nén K nam trén duong tron (O) .

Tt d6 suy ra KI la day cung ctia duong tron (O) . Ma EF la duong trung truc cua KI nén ba ba diém E,

O, F thing hang. Vay duong thang EF luon di qua diém O ¢§ dinh.

Cau 5 (1.0 di€ém). Cho a;b;c 1a ba s8 thic duwong thod man a’ + b” +¢* = 3.

a’ + 3ab + b’ b? + 3bc + ¢? c® +3ca+a’

<3
J6aZ +8ab+11b°  J6b? + 8bc+ 11> \6c* + 8ca + 11a’

Chting minh rang

e Phin tich. D& danh gid lam mat cin thirc bic hai va chil y dén chiéu bat ding thitc cin chirng minh ta cé danh

gid 6a® +8ab+11b" = (2a+3b) +2(a~b) > (2a+3b) . Nhr ody ta thu dugc bat ding thitc

2 2 2 2 2 2

a t3abtb A ¥3FD ps g ish s gy PO ED 3042 by e oo
\/6a2+8ab+11b2 2a +3b 2a.+3b g
MS33;2b+3b;20+3622a:a+b+c‘

Bai todn sé két thikc khi ta chi ra dwgc a+b+c < 3. D&y dén gid thiét ta cé dinh gid hét sitc quen thudc la
2 2
(a +b+ c) < B(a2 +b° + 02) = 9. Dén ddy ta chitng minh dwoc bat dang thirc.

a’ + 3ab + b’ b? + 3bc + ¢ ¢’ +3ca+a’

+ + .
J6aZ +8ab+11b°  J6b? + 8bc+ 11> v6c? + 8ca + 11a’

e Loi giai. Dat vé trdi cuaaM =

Tac6 6a® +8ab + 11b° = (2a+3b) +2(a —b) > (2a+3b), déu bing xdy rakhi a = b.

Suy ra \/6a2+8ab+11b2 >2a+3b >0 maa’+3ab+b’ >0 véia;h>0




a’ + 3ab + b? <3L2+33Lb+b2

\/6&2+8ab+11b2 ~ 2a+3b

a2+3ab+b2<3a+2b
2a+3b 5

2 2
That vay a -21-a3ib3; b p 3a -;— 2b

Do dé ta dwoc

Ta di chttng minh

a’ +3ab+ b’ - 3a +2b
J6a? + 8ab + 111 5

Dau bang xdy ra khi va chi khi a = b. Do d6

b’ +3bc+c’ _3b+2 c’ +3cata’

<:>5(a2 +3ab+b2)s(2a+3b)(3a+2b)<:>

(a—b)2 > 0.

< 3c+2a

Chting minh twong tw ta co

J6b” +8bc+ 11> 5 J6e? +8ca+1la’
3a+2b+3b+2c+3c+2a

5

=a+b+c

Cong theo vé ctia ba bat dang thirc trén ta duge M < . -

M3t khéc ta lai c6 (a+b+c)2 33(a2+b2+c2)=9 néna+b+c<3.

Vay ta duwoc M < 3, ddu dang thitc xdy rakhivachikhia=b=c=1.



Dé s6 2
PE THI CHON HOC SINH GIOI MON TOAN 9 TINH BAC NINH
Nam hoc 2016 — 2017
Cau 1 (3.0 diém).

1) Rat gon bidu thtic B = \/13 +30Y2 + /9 + 442

2) Cho cac s8 thuc a,b,c thoaman a +b+c =0;a”> +b* #c*;b* +c* za’;c” +a” #b’.

2 2 2

, e , a b C
Tinh gia tri biéu thiee P = S > -+ > -+ > =
-b°—c b —c —a c—a " —-b

Céu 2 (4.0 di€m).

1) Trong hé truc toa do Oxy hay tim trén duong thing y = 2x + 1 nhiing diém M(x;y) thoa
man didu kién y? — 5yv/x + 6x = 0.
2) Cho a, b, c la cac s6 thuee thoa man diéu kién % + E +§ = 0. Chting minh rang phuong trinh

ax’ + bx + ¢ = 0 ludn cé nghiém.

Cau 3 (4.0 di€m).
1) Cho céc s6 thuc duong a, b, c. Chiing minh rang:
28 + 28 + 28 P I A R
(a+b) + 4abc (b+c) + 4abc (a+c) + 4abc a+3 b+3 c+3

2) Tim cac s6 nguyén t0 a, b, ¢ va sd nguyén duong k thdéa man phwong trinh
a’ + b’ +16¢” = 9k” +1
Cau 4 (6.0 diém).

Cho doan thang AB =2a c¢6 trung diém la O. Trén cung nita mat phing bo AB dung ntra
duong tron tam O duong kinh AB va nita duong tron tam O' duong kinh AO. Diém M thay ddi trén
ntta duong tron (O') (M khac A va O), tia OM cit duong tron (O) tai C. Goi D la giao diém tht hai
cua CA vdi duong tron (O ') .

1) Chitng minh rang tam giac ADM can.
2) Tiép tuyén tai C ctia duong tron (O) cat tia OD tai E, chting minh rang EA 1a tiép tuyén chung
cta hai duong tron (O) va (O ') .
3) Puong thang AM cat OD tai H, duong tron ngoai tiép tam gidc COH cat duong tron (O) tai
diém thit hai 1a N. Chting minh rang ba diém A, M, N thang hang.
4) Tinh d6 dai doan OM theo a biét ME song song véi AB.
Cau 5 (3.0 diém).
1) Cho hinh vudng MNPQ va diém A nam trong tam giac MNP sao cho AM* = AP + 2AN”. Tinh

s0 do ctia goc PAN.



2) Cho céc da thitc P(x)=x"+ax’ + bx +¢; Q(x) =x? +2016x + 2017 théa man cc diéu kién
P(x) =0 c6 banghi¢m thuc phan biét va P(Q(x)) = 0 vo nghiém.
Chimg minh réng P(2017) > 1008"

Phan tich va hwéng dan giai
Cau 1 (3.0 diém).

1) Rit gon biéu thic B = \/13 +30Y2 + 9 + 442

e Loi giai. Ta c6
B=\/13+30\/2+\/9+4\f =\/13+30\/2+\/8+2\/§+1
_ \/13+30\/2 W8 +17 = \/13+ 30v2 + /8 +1 = \/13+30\/2+2\E+1

=\/13+301/(\5+1)2 — 18+ 2185+ 25 =1/(\/E+5)2 _32+5

2) Cho cac s8 thye a,b,c thoa man a+b+c=0,a*>+b’ #c’, b’ +c* #a’*, ¢®+a’ #b’. Tinh gia tri

2 2 2

o , a b C
biéu thitc P = 5 5 -+ 5 -+ 5 5
a-—b" —c b*—c" —a c—a"-b

e Phan tich. Tir gid thiét a+b+c =0 tad‘u’aca+b=—c<::>(a+b)2 =c’ & 2ab=c"-a’-b".

2 2 2 3 3 3
Dodétaduge =y P ¢ _a+b e
2bc  2ca 2ab 2abc

Ciing tir a + b + ¢ = 0 ta chitng minh dwgc a® +b* + ¢* = 3abc. Dén ddy ta tinh dwoc P.
e Loi giai. T gia thiét a + b + ¢ = 0 ta dwoc
a’ b? c’ a’> b’ ¢ a'+b’+c’

(b-k(:)Q—bQ—c2 +((:+a)2—c2—a2 Jr(a+b)2—3u2—b2 :ﬁ+203+23b_ 2abc

P:

Ta cé a3+b3+c3—3abc:(a+b+c)(a2+b2+c2—ab—bc—ca)z().

Tt d6 suy ra a’ +b* + ¢’ = 3abc do vay ta duge P = g

Céu 2. (4.0 diém).

1) Trong hé truc toa d6 Oxy hdy tim trén duong thang y = 2x + 1 nhitng diém M (x; y) thoa man diéu

kién y? — 5yvx +6x = 0.

y=2\/;

o Loi gidi. Tacé y° - 5yvx +6x = 0 <
vy =3Vx

2
+Voi y=2\/;:>2x+1=2\/;<:>x+(\/;—1) =0, khong c6 x thdéa man.




+Véiy=3\/;:>2x+1=3\/;<:> 1<

x=2 T |x=

1
2 4

I

=
[N}

Tt d6 tim dwoc cac diém thoa man 1a M (1; 3) hodc M (l % .

2) Cho a, b, ¢ la cac s thyc thoa man diéu kién %+§+i = 0. Chtng minh rf?mg phuong trinh

ax’ + bx + ¢ = 0 ludn cé nghiém.

e Loi giai. Ta xét cac trrong hop sau
. 5 5
+Véia=0=>b=-——c taduwgc —cx =c.
4 4
Néu ¢ = 0 thi phuong trinh c6 nghiém dung véi moi x € R.
Néu c¢ # 0 thi phuong trinh c6 nghiém x = %

+Voi a # 0, khi d6 phuong trinh ¢6 bac hai an x. Tt i+E+E =0 tadwoc c= —%a—éb.fod()

A =b*—4ac =b* -4a —éa—éb =b’ +Eab+§a2
6 5 5 3

2
=b’ +Eab+%a2 +§32 = (b+§aJ +§a2 >0
5 25 75 5 75
Suy ra phueong trinh ludn c6 hai nghiém phan biét.
Vay phuong trinh da cho luén c6 nghiém.
Cau 3 (4.0 diém).

1) Cho céc s8 thuc duong a, b, c. Chiing minh rang

8 8 8 . . .. 8 8 8
> + > + > +a’+b +c¢” 2 +b + .
(a+b) + 4abc (b+c) + 4abc (a+c) + 4abc a+3 +3 c+3

o Phin tich. D& déh dinh gid 4ab < (a +b) ta co

8 S 8 _ 8

(a+b) +dabe  (a+b) +c(a+b)  (c+1)(a+b)

(a+b) " 8 Lateb 8 +(a+b)2> 22
2 (a+b)2 + 4abc 2 (chl)(aer)2 4 e+l

202 8
c+1 ZC+3

Laicé a* +b* >

Nhuw vdy ta cin chi ta dwgc

. Day la ddnh gid diing theo bat ding thitc AM — GM.

2
e Loi giai. Ta c6 4ab < (a + b) nén ta suy ra duoc



8 S 8 _ 8

(3L+b)2 + 4abc B (3L+b)2 +c(a+b)2 (chl)(aer)2

2 2

b 2 2 b
Li.iiC(')a2+b22(a+ ) nén 28 +a b > 8 2+(a+ ) > 2\/5

2 (a+b) + 4abc 2 (c+1)(a+b) 4 \/C+1

2 2

Mat khac ta lai c6 2\/5 = 8 > 8 . Do dé6 28 +2 +b > 8

c+l 2.[2(c+1) ©*3 (a+b) +dabec 2 c+3

2 2 2 2

Twong tu +b e 8 8 L2 e 8

(b+c)2+4abc 2 a+3 (c+a)2+4abc 2 b+3
Cong theo vé cac bat dang thitc cting chiéu trén ta duoc

8 8 8 . . .. 8 8 3
2 * 2 + 2 +a’+b +c¢ 2 +b +
(a+b) + 4abc (b+c) + 4abc (a+c) + 4abc a+3 +3 c+3

Vay bat dang thitc dwoc chitng minh. Dau bang xay ra khi vachikhi a=b=c=1.

2) Tim céc s& nguyén t3 a, b, ¢ va sd nguyén duong k théa man phuong trinh a® + b* +16¢” = 9k* +1.

e Phin tich. Tir gid thiét ta nhin thiy a® + b* + ¢* chia 3 ¢d s6'dw la 1. Ma binh phwong ciia s6 nguyén to' chia
3 thi c6 s6'dw 1a 0 hodc 1 nén tie a® +b” + ¢ chia 3 ¢6 s6'dw 1a 1 ta suy ra dwoc hai trong ba sd'a, b, ¢ phdi bang
3. Do vai tro cua a va b nhw nhau va khdc ¢ nén ta di xét cic trwong hop a=b =3 hodc a =c =3 hodc
b=c=3.

e Loi giai. Vi 9k* +1 chia 3 c6 s6 dula 1 nén a’* +b* +16¢” chia 3 c6 s6 dw 1a 1, tir d6 ta suy ra duoc
a’ + b’ + ¢’ chia 3 ¢4 s6 du 1a 1. Ma binh phuong ctia s6 nguyén 3 chia 3 thi c6 sd dw 1a 0 hodc 1 nén tir
a’ + b’ + ¢’ chia 3 c6 s6 du 1a 1 ta suy ra dwoc hai trong ba s3 a, b, ¢ phai bang 3.

+Truong hop 1. Khi a =b = 3 tac6 18 +16¢" = 9k +1 =17 = 9k —16¢* = (3k — 4c)(3k + 4c).

(thdéa man).

, , 3k—4c=1 k=3
Do 17 1a s6 nguyén t6 va 3k + 4¢ > 3k — 4c nén tir duoc

=
3k+4c =17 c=2
Vay ta dwoc (a; b; c;k) = (3; 3;2;3).
+Truong hop 2. Khi a =c =3 hodc b=c=3.
Véia=3tacd 3 +b’+16.3" = 9k* +1 =152 = 9k* b’ = (3k = b} (3k + b) = 2°.19.
Vi 3k — b;3k + b cling tinh ch&n 1é ma tich 1 chdn nén chiing cing chén. Ta dugc cac kha ning sau:
ey [P =2 k=13
o Néu 3k+b=76<:> - (thoa man).
Ta dwoc cac bd (a; b;c;k) thoa man la (a; bic;k) = (3;37;3;13)

N& 3k-b=4 k=7 théa ma
o Néu 3k+b=38<:> b=17( 0a man).

Ta dwoc cac bo (a; b; c;k) thoa man la (a; b; c;k) = (3; 17;3; 7)



Tuong tu ta c6 cac b (asb;cik) = (37;3;3;13),(17;3;3;7).
Cau 4 (6.0 diém).
1) Tam gidc AOC can tai O va c6 OD la

dwong cao nén la phan giac trong géc AOC,

do d6 AOD=COD= AD=D nén
DA = DM. Vay tam giac AMD can tai D.

2) Dé thdy AOEA = AOEC (c.g.c) , tie d6 suy

ra ta duoc OAE = OCE = 90"

Do d6 AE L AB.Vay AE la tiép tuyén chung cua (O) va (O')

3) Gia st AM cat duong tron (O) tai N'. Ta c6 AOAN' can tai O va OM L AN' nén OM la duong
trung triec cia AN'. Ttr d6 ta duwoc CA =CN'.

e — —_ - -

Tacé CN'A = CAM ma CAM = DOM, do d6 CN'H = COH. Suy ra bén diém C,N',O,H thudc mot
duong tron. Suy ra N' thudc duong tron ngoai ti€ép ACHO. Do vay N' trung véi N.

Vay ba diém A, M, N thang hang.

4) Vi ME song song véi ABva AB L AE nén ME | AE.

MO MA AO
EA  EM MA
Dé thdy AMEO can tai M nén ME = MO. Thay vao hé thuc trén ta duoc MA? = OAMO
Pbat MO =x >0 taco MA> =0A* -MO* =a’ —x°.

Tr MA? = OAMO suyra a® —x* =ax < x* +ax—a’ =0.

Ta c6 hai tam gidc MAO,EMA dong dang nén = MA’ = AO.EM.

Tt @6 tim dwoc OM =

Céu 5 (3.0 di€m).
1) Cho hinh vudéng MNPQ va diém A ndm trong tam giac MNP sao cho AM* = AP? + 2AN. Tinh s§
do cta goc PAN .

e Loi giai. Dung tam gidc ANB vuong can tai N

M N
(A, B ndm khac phia déi véi NP).
Tacdé AB* =2AN’, BAN =45’ va B
AAMN = ABNP (cgc) = AM = BP. A

Do d6 AP? + AB® = AP? + 2AN® = AM® = BP®
nén suy ra AABP vuong tai A.

Nén PAN = PAB + BAN = 90° + 45° = 135"




25 Cho cdc da thite P(x)=x’ +ax’ +bx+c; Q(x)=x* +2016x+2017 thoa man P(x)=0 c6 ba
nghiém thyc phan biét va P (Q (x)) = 0 v nghiém. Chiing minh ring P(2017) > 1008"

* Loi giai. Goi x,;x,;x, labanghiém ctia P(x) tacd P(x)=(x—x,)(x-x,)(x - x,)

suy s, P(0(x) = (0(x) -5 ) (Q(x) - =) (alx) - =

Do P(Q(x)) = 0 v nghiém nén cac phuong trinh Q(x) - x, = 0(i =1,2,3) v6 nghiém.

Hay cac phuong trinh x* +2016x +2017 - x, = 0(i = 1,2,3) v6 nghiém

Do d6, céc biét thirc twong tmg A, = 1008 - (2017 - x, ) < 0 < 2017 - x; > 1008’

Suy ra P(2017) = (2017 - x, ) (2017 - x, ) (2017 - x, ) > 1008°.



Pé s6 3
PE THI CHON HOC SINH GIOI MON TOAN 9 TINH PONG NAI
Nim hoc 2016 — 2017

Cau 1 (3.0 di€ém). Cho a, b, c 1a cac s8 thuc dwong thdéa a® +b* + ¢’ +2abc = 1.

Tinh gia tri biéu thirc P = a\/(l - b2)(1 - (32) + b\/(l - a2)(1 - 02) + c\/(l - bQ)(l - aQ) —abc
Cau 2 (4.0 di€ém). Giai cdc phuong trinh sau:
a) (X2—9)2=12X+1 b)Vx+2 =x" -2

Céu 3 (5.0 di€m).

2
. 2 2 a+b
a) Cho a, b la hai s6 thuc va x, y 1a hai s6 thuec duwong. Chting minh rang;: 242> ( ) .

b) Cho x, y 1a hai s8 thie dwong sao cho x +y = 1. Chttng minh rang: x ~+ Y =2 %

1-x" 1-y
Céu 4 (5.0 diém). Cho tam gidc ABC c6 AB =5BC=6,CA=7.
a) Goi G va I Tan luot 1a trong tam va tam duong tron noi tiép tam gidc ABC. Chting minh réng IG
song song v4i BC.
b) Goi M, N Tan luot la trung diém ctia AB va AC. Chting minh réng bon diém A, M, I, N cling
nam trén mot duwong tron.
Cau 5 (3.0 diém). Cho tam giac vuong c6 do dai ba canh la s§ nguyén. Ching minh rang ban kinh

duong tron noi tiép cling la s6 nguyén.

Phén tich va huwéng dan giai

Ciu 1. Cho a, b, cla cac s6 thue duwong thdéa man a’ +b’ +c* +2abc=1.

Tinh gia tri biéu thiec: P = a,[(l—bz)(l—CQ) +b\/(1—a2)(1—c2) +c\/(1—b2)(1—a2) —abc

e Phan tich. Bién doi biéu thirc trong cin ta duwoc (1 - b’ ) (1 - 02) =1-b" =’ +b’c*. Quan sit gid thiét ta

lgi thiy 1-Db* — ¢* = a’ + 2abc. Do dd chil yf dén a, b, ¢ dwong ta duwoc

\/(1—b2)(1—c2) = \/a2 +2abc + b’c® = (a+bc)2 =a+bc
Dén day dap dung twong tw ta tinh dwoc biéu thirc T
e Loi giai. Theo baira: a’ + b* + ¢* + 2abc = 1
Suy ra a® + 2abc =1-b* —=¢*;b* + 2abc =1—¢* —a’;c® +2abc =1-b* —a’. T dd ta c6
P= a\/(l—bZ)(l—cz) +b\/(1—a2)(1—62) +C\/(1—b2)(1—a2) —abc
= aux/l—cQ—anngc2 +b\/1—(:2 —a’ +a’c’ +C\/1—32 —-b* +a’h’ —abc
= a\/a2 +2abc + b’c® + b\/b2 +2abc +a’c” + C\/C2 +2abc +a’b’ —abc

— ay(a+bo) +by(b+ac) +cy(c+ab) -abe

:a(a+bc)+b(b+ac)+c(c+ab)—abc=32+b2+c2+2abc=1




o Nhdn xét. Xem a’ +b* + ¢* + 2abc = 1 la phwong trinh én a ta c6

a2+b2+02+2abc=1<:>a2+(2bc)a+b2+02—1=0

Khids taco A'=bc’ —b* = +1 = (b* =1)(c* 1. Tir d6 phuong trinh cs cic nghiém

a= —bc+\/(b2 ~1)(¢ -1) _ \/(b2 ~1)(¢ ~1) =a+be>0
a= —bc—\/(b2 ~1)(e* 1) \/(b2 ~1)(e ~1) =—(a+be) <0

Do a, b, c la cic s6'dwrong nén (b2 — 1) (c2 — 1) = —(a + bc) < 0(loai).

Do dé ta cé (1—b2)(1—02) —a+bc.

Hoan toan twong tw ta cé (1—a2)(1—02) = b+ac;\/(1—b2)(1—a2) =c+ab.

Tir do ta dwoc

P=ay(1-1?)(1-¢) +b\/(1—a2)(1—c2) +c\/(1—b2)(1—a2) ~abe

=a(a+bc)+b(b+ac)+c(c+ab)—abc=a2+b2+c2+2abc=1

Cau 2.

a) Bién doi tuong dwong phuong trinh ta dugc
2 4 2
(x? —9) —12x+1 e x' 18X +81 =12x +1
2
& x' +18x* +81 = 36x° +12x +1 & (x* +9) = (6x +1)
x> +9=6x+1 x*—6x+8=0 x =2
2 = 2 g

X" +9=-06x-1 X" +6x+10=0 x =4

Vay phuong trinh da cho c6 tap nghiém la S = {2; 4} .

b) Diéu kién x4c dinh ctia phuong trinh 1a x > —2. Bién d6i twong duong phuong trinh ta duoc

1 1 1
Vx+2=x"-2x+2+20x+2. -+ —=x+x+—
2 4 4

2 2 \/x+2+l=x+l Mx+9 =
@(\/x+2+lj =[x+lj = % 21c> \/i *
2 2 \)X+2+§=—X—§ X+2:_X_1

x>0 x>0
+V(,Yi\/X+2=X<:>{2 <:>{ oSx=2

X =x+2 xX=x-2=0

X +2x+1=x+2

x+1<0 x < -1 _1_
+Véi\/X+2=—X—1@{ <:>{ & X = 1 \/3

Vay phuong trinh da cho c6 tap nghiém S = {_1 5 ;2}.

Cau 3.



, , v al b (a + b)2
a) Cho a, b la hai s0 thuc va x, y la hai s6 thitc dwong. Chitng minh rang — + — > .
X y X + y

e Loi giai. Do x > 0;y > 0 nén bién d6i trong duong bat dang thikc can chitng minh ta duoc

i b2 (a+b)2 <:>af(x+y)+b2(x+y)

2
et > (a+D)
X y Xty X y
2 2 5 ) 2
<:>32+b2+a—y+bXZ(a+b)2<:>ay—2ab+b—XZO<:> 2 Y_& >0
X y X y \/; \/;
2 p? (a+b)2

A~ < 7 As N A ’ A a
Do bat dang thitc cudi cung luén ding nén ta dwgoc — + — 2
X y X+y

b) Cho x, y 1a hai s6 thuc dwong sao cho x +y = 1. Chitng minh rang ! = > +1 Y - 2%.
-x -y

Do x+y=1lnéntadugc x=1-y;y=1-x.Khidbtacod

LI A S S S——

-y (1-x)(1+x) (1-y)(1+y) v(+x) x(1+y)

Do x > 0;y > 0 nén theo bat dang thitc Cauchy ta c6

1-x

y(l}ix) ' X(1y+ 0 2\/},(1)1 X)'X(1y+ ))

X y 1 _ 1 B 1
“ y(1+x)+x(1+y)22\/(1+X)(1+y) _2\/1+X+y+xy _2\/2+Xy

2
Xty 1 1 4
Métkhéctalaicéxyguz—:>2+xy£2:> >4
4 4 4 2+xy 9
1 2 4 , e ,
Do do ta dwoc 2. > 2.— = —. Két hop hai két qua trén ta co X + Y 2§
2+ xy 3 3 y(1+x) X(1+y) 4
4 . .. .
Hay ta duocl ~+ N Y - Zg.Bét dang thirc dwoc chitng minh.
_x —y

Céu 4 (5.0 di€m). Cho tam gidc ABC c6 AB =5;BC=6;CA=7.

a) Goi G va I Tan luot 1a trong tam va tam dudng tron noi tiép tam gidc ABC. Chting minh rang IG song
song voi BC.



e Phan tich. Goi D, E, F Ian lwot la chin cdc dwong
phan gidc cia tam gidc ABC Ian lwot ha tir A, B, C.

Goi T la trung diém cua BC khi dé ta cé é—ff; =2.

Nhw vdy dé’chirng minh dugc IG song song véi BC F

m<

ta can chitng minh dwoc % = 2. Nhan thay do AD

la dwong phan gidc ctia tam gidc ABC nén ta co

BD_CD_ BD_CD_BD+CD_6 _1
AB AC ) 7 5+ 7 12 2

Do dé ta dwoc BD =2,5 va CD =3,5.

Ma trong tam gidc ABD c6 Bl la dwong phin gidc nén Al = BA = 5 =2
ID BD 25

Nhuw vdy ta gidi dwgc bai todn.

e Loi giai. Goi D, E, F lan luot 1a chan cac duong phan gidc cua tam giac ABC lan lugt ha tir A, B, C.

Goi T 1a trung diém ctia BC. Do AD la duong phan giac ctia tam giac ABC nén
%z%:%z%):—mzi?} =%=%:>BD=2,5;CD=3,5

Al BA

5
Tam giac ABD c6 BI la dwong phan gidcnén — = —=—=2
& &P & ID B 2,5

Do G la trong tam ctia tam giac ABC nén % =2

Ttr cac két qua trén ta dwoc % = % = 2. Suy ra theo dinh ly Talet thi IG//DT hay IG//BC.

b) Goi M, N Ian luot la trung diém ctia AB va AC. Chting minh réng bén diém A, M, I, N cling nam
trén mot duong tron.

e Phan tich. Nhin thdy ABMI = ABDI va ACNI = ACDI do d6 BMI = BDI va CNI = CDI. Tir do ta
c6 AMI + ANI = BMI + CNI = BDI + CDI = 180" hay ti gidc AMIN ngi tiép dwong tron.

o Loi gidi. Ta c6 ABMI = ABDI vi BD = BM = 2,5; DBI = MBI va B la canh chung;

Suy ra BMI = BDI. Chting minh tuong tit ACNI = ACDI. Suy ra CNI = CDI

Ma BDI + CDI = 180" nén BMI + CNI = 180" suy ra AMI + ANI = 180"

Nén tit giac AMIN noi tiép.

o Nhdn xét. Ta c6 thé chitng minh tit gidc AMIN ndi tiép theo hweéng sau

Goi K la giao diém ciia MN va Al Theo cong thire d¢ dai dwong phin gidc

AD =JABAC-BDCD =+5.7-2,5.3,5 = %

Do MN la dwong trung binh ciia tam gidc ABC nén MN//BC, suy ra K ciing la trung diém ciia Al

Do MK la dwong trung binh cua tam gidc ABD nén MK = %BD = %.2, 5= g



Va NK= —CD—13,5=Z TacoDI——AI:DI——AD—l—zﬁ
2 4 3 3 6
Laic6 Al=2D1=2 Y00 _ 00 o ae KD=_AD—1_“05=_“05
6 3 2 2 4
Suyra KI = KD -1ID = 105 V105 _ V105
4 6 12
TacoAKKIziizgzﬁvdl{M.I{Nzé.zzﬁ
12 48 16 4 4 16
AK MK

Suy ra AKKI = KM.KN =
KN KI

e

Suyra AAKM o A NKI suy ra MAK = INK suy ra tir gidc AMIN ndi tiép.

Cau 5 (3.0 diém). Cho tam giac vudng c6 dd dai ba canh la s§ nguyén. Chiing minh rang ban kinh

duong tron noi tiép cling la s6 nguyén.

e Phan tich. Dé dang chitng minh duoc 1 = b+2ﬁ do d6 dé chiing minh r 1a s6 nguyén ta can

chiing minh duwoc b +c—a lasd chan. ta cé cac cach chttng minh sau

+ Céch 1. Goi duong tron (I) la duwong tron noi tiép tam giac B
ABC. Goi D, E, F Ian lugt la cac tiép diém ctia duong tron (I)
véi AC, CB, BA.

Theo tinh chat duwong tron noi ti€p ta cd6 AD = AF = btc-a

Ma t¢ gidc ADIF la hinh vuoéng nén i | N
ID=AD=AF=¥:1¢=M

Ta chi can ching minh b + ¢ —a chia hét cho 2. That vay, theo A D C

dinh ly Pytago ta co

b* +c¢* =a’ <::>(b+c)2—2bc=a2 <:>(b+c)2—a2 =2bc<:>(b+c—a)(b+c+a)=2bc
o(b+c—a)+(b+c+a)=2b+2cnén (b+c—a) va (b+c+a) c6 cting tinh chdn 1é.
Ma (b+c—a)(b+c+a)=2bc 1a 6 chdn nén (b+c—a) va (b+c+a) c6 cing tinh chn.

Suyrarz%ez

+ Cach 2. Goi d¢ dai ba canh tam giac ABC la a;b;c e Z" véi b <aj;c<a.
Dé dang chitng minh dugc 2r = b + ¢ — a . Theo dinh ly Pitago ta lai c6 b* + ¢’ = a*. Ta xét cac truong
hop sau

+ Truong hop 1. Néu b va c ciing chén, khi d6 tir b* + ¢* = a’ ta suy ra duoc a chdnnén b +c —a 1a s8

chén. Tt d6 dan dén r 1a s6 nguyén duong.



+ Truong hop 2. Néu b va c cling 1¢, khi d6 tir b* + ¢* = a® ta suy ra dugca chdnnén b+ ¢ —alasd
chan. Tt d6 dan dén r 1a s6 nguyén duong.

+ Truong hop 3. Néu b va c khac tinh chan 1¢, khi d6 tir b* + ¢® = a” ta suy ra dwoc a 1é, diéu nay dan
dén b+ c —a las6 chadn. Tir d6 ta duoc r 1a s6 nguyén.

Vay béan kinh duong tron thoa man yéu cau bai toan la mot s6 nguyén.



Péso 4
DE THI CHON HOC SINH GIOI MON TOAN 9 TINH NGHE AN
Niam hoc 2016 - 2017
Cau 1. (4.0 diém).
a) Tim hé s8 b, ¢ cta da thie P(x)=x" +bx +c biét P(x) cd gi tri nho nhat bang —1 tai
X =2.

X +xy’ —xy -y’ =0

2(X2+1)—3\/;(y+1)—y=0

b) Giai hé phuong trinh {

Cau 2. (4.0 diém).
a) Giai phuong trinh x +2 = 3v1 —x* +1+x
b) Cho cac s6 thuc duong a, b, c thoa man ab + bc + ca = 1. Tim gid tri 16n nhat caa biéu thic:

_ 2a N b N c
\/1+a2 \/1+b2 \/1+c2

P

Cau 3. (3.0 diém).

Cho tam gidc ABC c6 BAC = 135" , BC = 5cm va duwong cao AH = lem . Tim d9 dai cic canh AB
va AC.
Cau 4. (5.0 diém).

Cho tam gidc ABC nhon ndi tiép duong trong (O), D 1a mét diém trén cung BC khong chira A.

Dung hinh binh hanh ADCE. Goi H, K lan luot la tryc tam ctia tam giac ABC va ACE. Goi P va Q Tan
luot 1a hinh chiéu cta K trén BC va AB, goi I 1a giao diém cta EK véi AC.

a) Chitng minh rang ba diém P, I, Q thang hang.

b) Chting minh réng PQ di qua trung diém ctia EH.
Cau 5. (4.0 diém).

1 1 1

N Y 2 /4 ~ A ~ 4 2 ~ 1
a) Tim tat ca cdc s6 nguyeén t6 khac nhau m, n, p, q théaman —+ —+ —+—+
m n p q mnpq

=1.

b) Trén mot bang c6 ghi hai s8 1 va 5. Ta ghi cac cac 8 ti€p theo 1én bang thao quy tac sau: Néu c6
hai s§ phén biét trén bang thi ghi thém s& z = xy + x + y. Chitng minh rang céac s8 trén bang(trir s 1)

c6 dang 3k + 2 vdi k la sd tuw nhién.

Phan tich va huwéng dan giai

Cau 1. a) Tim hé s6 b, ¢ cua da thirc P (X) =x’ +bx +c biét P (X) 6 gia tri nho nhat ba‘“mg -1 tai

x=2.

e Loi giai. Do da thic P (x) = x’ + bx + ¢ c6 bac hai va co gia tri nho nhatla —1 tai x =2 nén viét
dwoc dudi dang P(x) = (){—2)2 —1.Tadbtacod P(x) =x’+bx+c= (x—2)2 -1

Hay ta dugc x° + bx + ¢ = x* — 4x + 3. Dong nhat hé s6 hai v&'ta dwoc b = —4;¢ = 3.




Nhdn xét. Diém quan trong cua cdu nay chinh la phat hién ra dwgc P (x) = (X - 2)2 —1, dén day thi chi cin

sw dung dong nhdt thirc la gidi quyét diwegc bai todn.

X +xy’ —xy -y’ =0

2(x* +1)-3Vx (y+1) -y =0

b) Giai hé phuong trinh {

e Phan tich. Quan sdt hé phwong trinh ta thidy phirong trinh thiv hai ciia hé c6 chira cin thirc, do dé ta nhin
dinh phwong trinh thir nhit c6 thé phan tich dwoc thanh tich(diéu nay la nhin dinh cam tinh vi thwong trong
m@t hé cé mgt phwong trinh phic tap thi ta sé kiém tra xem phwong trinh con lai ¢6 gi ddc bigt khong)

Nhan thiy X 4+xy —xy -y’ =0<:>X(x+y2)—y(x+y2)=0<:>(x—y)(x+y2)=0.

D&y ta lai thdy tie diéu kién xdc dinh x >0 va x+y° =0 tasuy raduwoc x =y = 0.
Dén day ta xét tieng treong hop roi thé'vao phwong trinh con lai dé iai h¢
e Loi giai. Diéu kién xdc dinh cta phuong trinh la x > 0. Phuong trinh thit nhat ctia hé twong duong
voi
, , , X
X(X+y )—y(x+y )=O<:>(X—y)(x+y )=0<:> Xty =0

+V6i x +y° =0, két hop véi diéu kién xac dinh x > 0 ta dugc x =y = 0.
Thay vao phwong trinh con lai ta thay khong thoa man.

+Vdi x =y, thay vao phuong trinh con lai ta dwoc

2(x* +1)- 3x (x+1)~x =0 & 2x* ~3xv/x —x - 3x +2=0
Déttzx/;ZO,khidétaduqcphuongtrinh2t4—3t3—t2—3t+2=0.
Nhadm duoc t = 2;t =% nén ta phan tich dugc

2t° (t—2)+ " (6-2) +(t-1)(t-2) =0

. < 1
Véit=2 tadugc x =y =4 vavcnt—2 taduwoc x =y =

Vay hé phueong trinh da cho c6 cac nghiém la (x y) = (4 4) (i ij

Cau 2. a) Gidi phuong trinh x +2 = 31— x> +V1+x

« Phén tich va 16 gidi. Quan sat phuong trinh ta chti y dén bién d6i 1-x* = (1-x)(x +1). D&y dén

diéu kién x4c dinh ta phan tich dwoc \/ 1-x% = \/ 1- x.\/ x+1.

Nhu vay ta viét lai dugc phuong trinh da cho thanh x +2 = 3V1-xx+1++41+x.

D&y rang ta ¢ bidu dién x +3 = 2(x +1) + (1 - x). Dén day dat 4n phu a ~Jx+Lb=+1-x thita

viét phuong trinh lai thanh 2a’ + b* —1=3ab +a hay b’ —3ab+2a’ —a—-1=0

Xem phuong trinh trén la phuong trinh an b va a la tham s6 thi ta c6




A:9a2—4(2a2—a—1):(a+2)2 >0

3a—(a+2) 3a+(a+2)

Do d6 phuong trinh c6 hai nghiém la b = =a—-1lvab= =2a+1.

e V6i b=a-1 tadwgc v1-x =+1+x —1 hay ta duoc

2x—-12>20
Vi+x=vVl-x+12x-1=2 1—X<:>{X <:>X=£

47 —4x +1=4 - 4x 2
e V6i b =2a+1 taduwoc v1-x =2vV1+x +1 hay ta duoc

5x+4<0 04
Nl+x =-Hx-4 < S xXx=—-—
*ETX {25)8 +2Ux =0 925

J3 24}.

Két hop véi diéu kién xac dinh ta duoc tap nghiém S = {7, _%

b) Cho cac s6 thue duong a, b, ¢ théa man ab + be + ca = 1. Tim gia tri 16n nhat ctia biéu thac:

2a b

P= + b
\/1+a2 \/1+b2 \/1+02

e Loi giai. Ttr gia thiét ab + bc + ca =1 ta d€'y dén phép bién doi
a’+1=a’ +ab+bc+ac=(a+b)(a+c)
Ap dung tuong tw bat ding thikc trd thanh
B 2a b ¢

T Jae)are) Jarn)bre) Jarobro)

Ap dung bat déng thitc Cauchy ta duoc

2a b C

Jorv)ore) Joro)bee) Jaro)bre)

[ 1 1 ] 1 1 1 1
<a + +b + +c +
a+b a+c a+b 4(b+c) 4(b+c) a+c

a+b b+c a+c 1 9
= + + =1+_+1=Z

a+b 4(b+c) a+c 4

1

. : 7
Vay bét dang thirc dugc chiing minh. Dang thic xay ra khi va chi khi (a; b; c) = [ ; ;
V15 15 15

Cau 3. Cho tam gidc ABC c6 BAC = 135", BC = 5cm va duong cao AH = lem . Tim d6 dai cdc canh

AB va AC.




e Loi giai. Goi AB = y; AC = x. Dung CM vudng gbc véi AB, khi d6 ta duoc AM = CM =

1X\/>

Tacd S,,. =%AH.BC =g.Lai o S, ——CMAB —Ey —

lX\/_5

Do do ta duoc SABC = —CM AB = Ey — = 5 = ny/% =10. Tam gidc BCM vuodng tai M nén ta lai

w2 (2

c6 BM? + MC? = BC®. Suy ra [y+7] { 5

i
7

2 2
] 52<:>y2+x?+xy\/5+x7=25.

Ttr d6 ta duwge x° +y° = 15. Ta ¢ hé phuong trinh

{x2+y2=15 (X+y)2—2xy=15 XZ\/B
=

= .
xyv2 =10 Xy:5\/§ y=\/g

Do vai tro cia AB va AC nhu nhau nén ta cd két qua AB = \/B;AC =5 va AB = \/E;AC =1o.

Bai4. Cho tam gidc ABC nhon ndi tiép duong trong (O), D 1a mét diém trén cung BC khong chira A.
Dung hinh binh hanh ADCE. Goi H, K lan luot la tryc tam cta tam giac ABC va ACE. Goi P va Q Tan
luot 1a hinh chiéu cta K trén BC va AB, goi I 1a giao diém cta EK véi AC.



M.
E J
D F J
A
| A
|
o
el
B P C
B
) \ c
M
D
N

a) Chiing minh ba diém I, P, Q thang hang.

e Phan tich. Tir gid thiét va quan sit hinh vé ta thay dwoc EK vudng goc véi AC. Nhw vdy Q, I, P tro thanh ba
hinh chiéu ctia K trén ba canh cua tam gidgc ABC. Diéu nay lam ta lién twéng dén dwong thing Simson. Dé
khiang dinh dwoc didu nay ta chi cin chitng minh dwoc K thudc dwong tron (O) hay ta chitng minh ti gidc
ADCK ngi tiép. D€y rang ADC = AEC va AKC + AEC =180° ta suy ra duwoc ti gide ADCK ni tiép.

e Loi giai.

—_—

Do K 1a trye tam cta tam giac ACE nén ta c¢6 KJEF ndi tiép. Ttr d6 suy ra AKC + AEC = 180°.
Mat khac do tit giac ADCE la hinh binh hanh nén lai c6 ADC = AEC.
Tl @6 suy ra AKC + ADC = 180" nén tit gidc ADCK ndi ti€p hay diém K nam trén duong tron.

Do K Ia triee tam tam gidc ACE nén ta c6 KI vudng goc voi AC.

Cac tir giac KIPC, KIAQ ndi tiép suy ra CIP = CKP va XIE) = KK\Q

Ttr cac t& gidc noi tiép ABCK, BPKQ ta c6 AKC = 180" — ABC = QKP suy ra CKP = AKQ

Tt d6 ta dugc CIP = AIQ = P,1,Q théng hang.

b) Chitng minh PQ di qua trung diém ctia KH

e Phan tich

+ Y twong thir nhit A& chieng minh PQ di qua trung diéin ciia KH d6 la ste dung két ciia dinh 1i Steiner. Ta biét
rang khi M, N Tin luot la diéin d6i xitng ciia K qua AB va BC thi theo bai todn Steiner thi ba diéim M, N, H thing
hang. Nhw vdy thi PQ dong vai tro dwong trung binh cua tam gidc KMN va dwong nhién khi do ta suy ra diegc
QP di qua trung diém ciia KH.

+ Y twéng thie hai la tgo ra mot hinh binh hanh c6 HK la dwong chéo va dwong chéo con lgi nam trén dwong
thang PQ. D& lam dwoc didu nay ta cin tim ra mot diéim N sao cho tir gide HPKN la hinh binh hanh. Tir cdc
nhdn dinh trén ta chon N la giao diém cua AH va PQ. Ta cin chitng minh dwgc tir gidge HPKN la hinh binh



hanh. Dé'y tiép ta thidy néu goi M la giao diém ciua AH véi dwong tron (O), khi d6 dé thay tam gidc HPM can.
Nhw vdy ta di chitng minh dwoc tiv gidc KPMN la hinh thang cin niva dwoc

e Loi giai: Cach 1. Sting dung két qua duwong thang Steiner.

Goi M, N Tan luot 1a diém ddi xting ctia K qua AB va BC. Ta can chting minh ba diém P, N, H thang
hang va duong thang qua ba diém nay goi la dwong thang Steiner (cé nhiéu cch chitng minh bai toan
duong thang Steiner). Khi d6 PQ la dwong trung binh ctia tam giac KMN. Dén day thi ta c6 thé suy ra
diéu can ching minh.

Cach 2. Goi N 1a giao diém ctia PQ va AH, goi M 1a giao diém ctia AH véi duong tron (O). Khi d6 dé
thdy tam giac PHK can. Do AH//KP nén tt giac KPMN 1a hinh thang.

Lai c6 BPKQ ndi tiép nén suy ra dugc QBK = ABK = AMK = QPK nén t& gidc KPMN noi tiép. Do dé

— -

KPMN Ia hinh thang can. Do d6 PMH = PHM = KNM nén KN//HP.
Do vay t& gidc HPKN la hinh binh hanh. Ttr d6 ta c6 diéu phai chitng minh.

M NP oo~ 1 1 1 1
Cau 5. a) Tim tat ca cac sO nguyén t6 khac nhau m, n, p, q théa man —+—+—+—+

m n P q mnpq

=1.

e Loi gidi. Dom, n, p, q la cdc s6 nguyén t6 khac nhau nén khong mat tinh tong quat ta gia sw

n>m>p>q,khidéotadwocq>22;p23n=>5m=>7.

xa~ 11 1 1 1 3.5.7+23.7+25.7+235+1 248
Dethay5+§+—+—+ = =—>1

5 7 2357 2.3.5.7 210
.11 11 1 3.5.7+11.3.7+11.5.7+11.3.5+1 887
Laithdy —+—+—+—+ = = <1
3 5 7 11 35.7.11 3.5.7.11 1155

Tt d6 suy ra trong cac s6 m, n, p, q c6 mot sd la 2. Do q nhd nhét nén ta duwoc q = 2.

Tﬁdétalaiduoci+l+l+ 1 :l.
m n p 2mnp 2

. ) 1 1 1 1 1 , ~
Déthayvéi p=5n=7m=11tacdé —+—+—+ < —. Nhuw vay trong ba s6 nguyén t0 m, n,
y P 5 7 11 25711 2 y & sy

p phai c6 mot s8 bang 3, do dé suy ra p = 3.

Tudélaicéi+l+L=1haytaduocmn—ﬁm—ﬁn=1@(m—6)(n—6)=37.
m n 6mn 6

Dén day ta duwoc n = 7;m = 43 . Thit lai ta thay boi s§ (m; n:p; q) = (2; 3,7 43) théa man bai toan.

Vay c4c bd s8 can tim 1a (2; 3,7; 43) va cac hoan vi.

b) Trén mot bang c6 ghi hai s& 1 va 5. Ta ghi cac cac s8 tiép theo 1én bang thao quy tic sau: Néu c6 hai
s6 phan biét trén bang thi ghi thém s§ z = xy + x + y. Chttng minh rang cac s& trén bang(trir s6 1) c6

dang 3k + 2 véik la s6 tu nhién.

e Loi giai. Ttr hai sO trén bang ta thay c6 mot s6 chia 3 du 2. Do d6 trong hai sd x va y khac nhau thi c6

x +1 hoac y +1 chia hét cho 3, suy ra (x + 1) (y + 1) chia hét cho 3.
Khi ta viét thém sd médila z=xy +x +y = (x+1)(y+1)—1 thi ta dwgc z chia3duw 2 .

Nhu vay day s6 viét trén bang trir s6 1 ludn chia 3 du 2 hay cac sd d6 c6 dang 3k + 2.




Pé s6 5
DE THI CHON HOC SINH GIOI TOAN 9 TINH HUNG YEN
Nam hoc: 2016 — 2017

V2-1 W2+l

Cau 1 (2.0 diém). Cho a = 5 b= 5 .Tinh a" +b".

Céu 2 (4.0 diém).

a) Cho ham s y = ax + b(a # 0) c6 do thi (d) Lap phuong trinh duong thang (d), biét (d) di
qua diém A (1; 2) va cét truc hoanh tai diém B c6 hoanh do duong, cit truc tung tai diém C c6 tung do
duwong va thoa man OB + OC nho nhét (O la gdc toa do).

b) Tim tat ca cac nghiém nguyén cta phuong trinh 3x — 16y — 24 = V9x” + 16x + 32.

Céu 3 (3.0 diém). Giai phuong trinh 4x® + 5x” + 1 = /3x + 1 — 3x.

yZ\/2X—1+\/§=5y2—\/6X—3

Cau 4 (3.0 di€ém). Giai hé phuong trinh il s
2y (5x —17X+6) = 6—15x
Cau 4 (6.0 diém).

Cho diém M thudc nira duong tron (O)duong kinh AB (M # A,M # B,MA < MB). Tia phan

giac ctia goc AMB cat AB tai C. Qua C vé duong vuong gdc voi AB cat duong thaing AM, BM thi tu
taiD, H
a) Chting minh rang CA = CH.
b) Goi E 1a hinh chiéu vudng goc cta H trén tiép tuyén tai A cua duong tron (O), F 1a hinh
chiéu vudng goc ctia D trén ti€p tuyén tai B ctia duwong tron (O) . Chting minh rang E, M, F thang hang.
c) Goi S ,S, tht tw la dién tich t&t gidc ACHE va BCDF. Ching minh rang CM* < /S, .S,
Cau 5 (2.0 diém). Cho ba sd a,b,c > 1 théa man 32abc = 18 (a +b+ c) +27.

Va?l -1 Vb -1 e -1
+ +

a b C

Tim gia tri 16n nhat cta biéu thac: P =

Phan tich va huwéng dan giai

\6_1‘b V2 +1
2 )

Caul.Cho a = = .Tinh a” +b".

e Phdn tich. Diu tién khi nhin vio bai todn ta sé nghi ngay t6i viéc thay thing a, b v ste dung hing ding thirc
nhing c6 vé phai tinh khd nhiéu lin nén ta doi cich khdc. Vi cdc logi tinh gid tri biéu thirc kiéu a" +b" ta
thwong dwa vé dang cdc phép todn ciia a + b va ab. Dé thay

\52—1+J52+1:&;ab=ﬁ—1‘\5+1: 1

9 2 4

a+b=




Déu la nhiing két qud dep nén v twdng nay hoan toan cé co s6. Dén ddy ta cé biéu dién a” + b theo cdch

sau.

a’+b" = (a4 +b4)(a3 +b32)—a3b3 (a+b)
- {[(a +b) - 2ab} - 2a2b2}[(a +Db) —3ab(a+ b)} —a’b’(a +D)

Dén day chi cin thay s6'vao la tinh dwgc a” + b’

\/52_1+\/§2+1:\/§;ab:\/§_1.\/§+1: 1

e Loi giai. Tt gia thiéttacé a+b = 5 5 1 Lai c6

a’+b" = (a4 +b4)(a3 +b32)—a3b3 (a+b)
- {[(a +b) - 2ab} - 2a2b2}[(a +1b) —3ab(a+ b)} —a’b’(a +D)

Tt d6 ta duoc

R [[Q%T%][Q\/g%\/ﬂﬁgg\ﬁ)ﬁ170@@169@

64 8 64 64 64 64

Vay a’ + b’ =M.
64

Cau 2. a) Cho ham s8 y = ax + b(a # 0) c6 €6 thi (d). Lap phuong trinh dudng thang (d), biét (d) di
qua diém A (1; 2) va cdt truc hoanh tai diém B ¢ hoanh dd duong, cit truc tung tai diém C c6 tung do

duwong va thoa man OB + OC nho nhét (O la gdc toa do).

e Phdn tich. D¢ lip dwoc phweong trinh dwong thing (d) ta cin tinh dwgc Qid tria, b cua ham s6'y = ax + b
+ Do (d) di qua diém A (1;2) nén thay gid tri x, y vao ta dwoc a +b =2

+ Do (d) cit truc hoanh tai dién B c6 hoanh dg dwong khi dé y = 0 nén OB = b.o
a

+ Do (d) cit truc tung tai diém C c6 tung do dwong khi dé x =0 nén OC =b > 0

Vzb>0w‘zj>0néna<0.
a

Vi dé ra cho OB + OC nhé nhit nén ta nghi dén viéc sitv dung gid tri nhé nhat va vi tri ddu bang xdy ra dé'tinh
L . . b
gid tri a, b. Thay OB va OC vao ta duwpc OB +0C = -—+b.
a
Dén day ta két hop viéc sit dung a+b =2 va chii y vi OB+ OC nho nhit nén cin dinh gid 16n hon hay
chuyén bai todn thanh bai todn tim gid tri nhé nhdt ciia biéu thirc voi bién a hodc b.
2-a 3a—a®—2

Dé OB + OC nhd nhat tiec la —E+b=— +2—a=—=3—2—a nhé nhit.
a a a a

Ap dung bit ding thirc Cauchy ta c6 —a +i > 21/—:1.i =2V2 nén S—E—a >3 +2\/§.
-a -a a




Suy ra OB+OCZ3+2\/§.Vzdd’ubﬁngxdymnén a=2<:>a2—2=0<:>a=—\/§(viadm)
a

Tir do ta dwgc a = 2= b=2+42 , dén day coi nhw ta gidi diegc bai todn
e Loi giai.
+Do (d) di qua diém A (1; 2) nén thay gia tri x, y vao ta duoc a + b = 2

+ Do (d) cit truc hoanh tai diém B ¢6 hoanh dd duwong khidé y =0 nén OB = _—b >0
a

+Do (d) cat truc tung tai diém C c6 tung d6 duwong khi d6 x = 0 nén OC =b > 0

Vib>0va‘1_—b>0néna<0.
a

— — 2_
Tacd OB+0C =2 4p =2 a+2—a=M=3+(—a+ij,
a a a —a

; ;a2 . 2 [ 2 A
Ap dung bat dang thitc Cauchy ta cé —a + — 2 2,/—a.— = 2v2 nén 3—z—a > 3+2\/§
-a -a a

Suy ra OB+OC23+2\/§.Theoba‘iirathidé’ubéngxéyranén a=2<:>a2—2=0<:>a=—\/§(v‘1a
a

ém).Tfrdétaduoca:—\/§:>b:2+\/§.

Vay phuong trinh duong thang (d) lay= 2x+2+42.

b) Tim tat ca cac nghiém nguyén cua phuong trinh 3x — 16y — 24 = V9x” + 16x + 32.

e Phdn tich. Quan sit ta thdy vé'phdi la mot cin vé'trdi la mot cin va vé'phdi la mot s6' nguyén nén dé’ phwong
trinh cé nghiém nguyén thi 9x* + 16x + 32 phdi la mgt s6'chinh phuwong.
Dt 9x* +16x +32 =t (t eN ) . O dang phwong trinh nghiém nguyén nay ta thwong chuyén thanh hiéu hai
binh phwong la mgt s6"nguyén roéi xét cdc trieong hop tuy nhién chwa thé chuyén phwong trinh vira dit thanh
hiéu hai binh phwong ngay diwrgc nén ta nghi dén vigc nhin thém hai vé'mot s6 chinh phuwong. DE'y thiy 16x
khong chira thiva s6'3 ciia 9x° nén ta cin nhin thém vao 2 vé'la 9 dé’c thé'viét dwgc thanh binh phirong
81x” + 144x + 288 = 9t* <> 81x” +2.9.8 + 64 + 224 = 9t
& (9% +8-3t)(9x +8+3t) = 224 = —2".14 = —2°.28 = —2%.56 = —2.112
=2'.(-14) = 2°.(-28) = 2°.(-56) = 2.(-112)
Tacé x € Z;t € Nnén 9x + 8+ 3t > 9x + 8 — 3t 9x + 8 — 3t 9x + 8 + 3t ciing tinh chin 1. O ddy vi cim
thay c6 qud nhiéu truong hop nén suy nghi ndy sinh la gioi han trueong hop lai bang quan hé chia hét chii i
9x + 8+ 3t va 9x + 8 — 3t déu chia 3 dw 2 khi dé ta cd cdc truong hop sau.

Ix+8+3t=14 IOx+8+3t=56 [Ix+8+3t=8 IXx +8+3t=2
Ox +8-3t=-16"|9x +8 -3t =-4"|9x +8 -3t =-28"|9x + 8 — 3t = —112

Dén ddy gidi cic hé phwrong trinh nay coi nhw ta giai dwoc phwong trinh ban diu
e Loi giai. D€ phuong trinh ¢ nghiém thi 9x* + 16x + 32 phai 1a mot s6 chinh phuong.

Khi d6 9x* + 16x + 32 = t* (t € N) . Phuong trinh trén twong duong véi




81x* + 144x + 288 = 9t* < 81x” +2.9.8 + 64 + 224 = 9¢t’
N (9x +8-— 3t)(9x +8+ 3t) =224 =-2'14=-2°28 = —22.56 = —2.112
= 24.(—14) =2 (—28) =27 (—56) = 2.(—112)

Tacod x € Z;t € Nnén 9x + 8 + 3t > 9x + 8 — 3t 9x + 8 — 3t;9x + 8 + 3t cung tinh chan 1é. Lai thdy
9x + 8 + 3t va 9x + 8 — 3t déu chia 3 du 2 khi d6 ta c6 cac truong hop sau.

Ix+8+3t=14 Ix+8+3t=56 [9x+8+3t=8 Ix+8+3t=2
Ox +8—-3t=-16"|9x +8 -3t =-4"]9x +8 -3t =-28"|9x + 8 — 3t = —112

Giai cac treong hop trén ta duoc x € {—7; -2;-1; 2}

+Véi x = -1 = 27 -16y = 5 = y = -2 (thda mén).
. 9 .
+Voix=-2=-30-16y =6 = y=—Z(loe_u).
. 7 .
+Voi X=2:>—18—16y=10:>y=z (loai)

+Véi x = -7 = -45 - 16y =19 = y = —4 (thdéa mén)

Vay nghiém nguyén ctia phuong trinh la (X; y) = (—1; —2) , (—7; —4) .

Cau 3. Giai phuong trinh 4x” + 5x* +1 = v3x +1 - 3x

. s, NI -1 Ny sy yy pa S
e Phan tich. Diéu kién xdc dinh cua phwong trinh la x > 3 Phwong trinh c6 vé’trdi la bdc 3 con vé'phai la

bic 1 va mét can thirc vi thé'khong thé nao dé’ cin & mot vé dé binh phwong dwoc. Ciing khong thé phin tich
thanh tich vdi cdc hé s6" nhw thé. Ta thir nhdm cdc gid tri ddic bigt dwpc mot nghiém la 0 va ddy la co s dé nhin

lwong lién hop.
Voi x =0 thi N3x + 1 =1 nén ta nhan lwgng lién hop nhw sau

Ax® +5x2 +3x+1—+3x + =0<:>x(4x2+5x+3)—3—X=0
V3x+1+1
5 x=0
<:>X(4X2+5x+3——J=0<:> , 3
fx 1141 A 45X+ 83— =0

V3x+1+1

5 # 0 la xong, tuy nhién khong thé chitng minh

V3x+1+1

diegc phwong trinh trén khdc khong nén ta giai ludn phwong trinh trén vi biy gio quay lai phwong trinh ban diu

Dén day chi cin chirng minh dwgc 4x> + 5% + 3 —

thi hidu nhw khong con hwong ma di nita. Nhdn thidy 4x° +5x +1= (4X + 1) (X + 1) va ta o gang thir biéu

dién nhirng cdi con lgi qua 4x +1 hodc x +1 dé'lam nhén tie chung. Khi dé ta phdt hién dwoc cich dwa 4x + 1

lam nhin tie chung nhw sau




4X2+5X+3—;=0<:>(4X2+5X+3)\/3X+1+4X2+5x=0

V3x+1+1

@[(x+1)(4x+1)+2]\/3x+1+4x2+5x=o
@(x+1)(4x+1)\/3x+1+2\/3x+1+4x +5x =0
<:>(x )(4x+1) 3x4+14+4x +x+4x+1+203x+1-1=0
<:>(x+1)(4x+1) 3x+1+x(4x+1)+4x+1 ﬂ:o
I3x+1+1
@(4x+1){(x+1) 3x+1+x+1+; =0
3x+1+1
Khi d6 chi ciin chirng minh (x + 1) V3x+1+x+1 +# > 0 la xong.
293x+1+1
e Loi giai. Phuong trinh twong duong voi
Ax® +5x% +3x +1—+/3x + =0@x(4x2+5x+3)—3—X=0
V3x+1+1
5 x=0
x(4x2+5x+3—ﬁ]=0© i 4 5t 3 3 0
3x+1+1 X +5x+3-—F——=
* P3x+1+1
Khi d6 x = 0 la mot nghiém ctia phwong trinh.
Véi4x2+5x+3—;:0,khidédétacé
M+1
4X2+5x+3—;=0<:>(4x2+5X+3)\/3X+1+4X2+5X=0

V3x+1+1

@[(x+1)(4x+1)+2]\/3x+1+4x2+5x=o

@(x+1)(4x+1)J3x+1+2\/3x+1+4x +5x=0

@(x )(4x+1) 3x+1+4x> +x+4x+1+2V3x+1-1=0

12x+ 3
4 4 4 _eXTS
<:>(x+1)( x+1) 3x+1+x( X+1)+ x+1+ 11 0
3 —
@(4x+1){(x+1) 3x+1+x+1+m =0
ViXZ_—lnénx+1lu6nl(’mh0nkh6ngnén(x+1)\/3x+1+x+1+;>0

3 2W3x+1+1

N A -1 A N
Suy ra tit phuong trinh trén ta dwoc x = T la mot nghiém nita ctia phuong trinh.

Vay nghiém ctia phuong trinh la x = _Il vax=0.

y2\/2x—1+\/§:5y2—\/6x—3

Cau 4. Giai hé phuwong trinh
pRtiong 2y4(5x2—17x+6):6—15x




e Phan tich. Diéu kién xdc dinh ciia h¢ phwong trinh la x > % . Phuwrong trinh thir hai cua hé la phwong trinh da

thikc nén ta dé’yj phin tich phwong trinh thiv hai trwée. Phwong trinh thiv hai twong dwong véi

2

' (x-2)(x-3) = 3(2-5x) & (5x-2) 2" (x - 3)+ 3] =0 & 2y4(5x—3)+3=0

Véi 2y* (x 3) +3=0 tadwoc y' = i =y = 1/6 5 , khi d6 thé"vao phirong trinh thir nhit ta duwoc
—2x
4,6 AN2x—-1++3 =5 —N6x — 3 hay ta dwoc
—2x
Vox =3+ 3(6 - 2x) =53 - (63 - 3) (6 - 2x)

Voi hé phwong trinh trén ta nhdn thiy cé cic hwong xir Iy nhi sau

+ Huong 1. Dt dn phy a = 6x - 3;b = ,[3(6 - 2x).

a’+b’ =15
Khi do ta thu dwoc hé phwong trinh
PRI T Y o b =543 - 22
V3
Day la phwong trinh d6i xitng nén ta cé thé gidi dwoc hé trén.

+ Huwéng 2. Nhin thiy phweong trinh c6 mot nghigm x =1 nén ta si dung dai lirong lién hop

VJox =3 +,[3(6 - 2x) = 53 - (63 - 3) (6 - 2x)
6x —3 — 3 +3(6-2x) —2v/3 = 23 —-12x* + 42x - 18
6x — 6 6 — 6x B 12x” — 42x + 30

o , =
Jox—-3++3  [3(6-2x)+243 23 +12x 4218

< (6x-6) X9 -0

Jox — 3+f [3(6 - 2x +2\/_ V3 4V 12 1 42x - 18

A ? 7 5y 2
Ta cin xw ly phwong trinh X9 =0.

J6x — 3+f [3(6 - 2x +2\/_ 93+ V12 1 42x - 18

Phirong trinh trén dwoc viét lai thanh




1 1 2x -5

_ _ -0
V2x—1+1 V6-2x+2 2+4+-4x>+14x—6
o o2 2 Px-1-1 5 - 9x i,
(\/2}( 1+ 1)(\/2){ 1+ 1) 9+ \—dx® + 14x — 6
6-92x —1+2-2x—1 5—9x
+ =0
(\/2x—1+1)(\/2x—1+1) 9+ \—dx’ + 14x — 6
5—-2x Hh—-2x

+
V6-2x +1 2++2x-1 5—-2x _
+ =0

(\/2}(—1 +1)(\/2x—1+1) 2 4+ V—4x® + 14x - 6

<~

1 1
+
©(5_2X) V6-2x +1 2++2x-1 . 1 ~0

(m+1)(m+1) 9 4 V—4x® + 14x — 6

Dén ddy ta gidi hé phwong trinh.

VA LA o 1A NI 1 . T .
e Loi giai. Diéu kién xdc dinh cta hé phuong trinh la x > 5 Phuong trinh thit hai twong duong voi

2y (5 —2) (x ~8) = 3(2-5x) & (x ~2) 2y (x ~8) #3] =0 = | 7

2y4

5 (G U]

-3)+3=0

3 3
Véi 2yv* (x —=3)+3=0 taduwgc y' = —— = y* =
Y (X ) e 6 —2x Y 6 —2x

-1+ 3—5‘/ _J6x -3 hay
\/6X—3+,/3(6—2x):5\/5—\/(6)(—3)(6—2}()

V6i phuong trinh trén ta nhan thay c6 cac hudng xt ly nhu sau

, khi d6 thé vao phuong trinh thit nhét ta

dwoc

+Hudng 1. Bat an phu a = V6x -3 > 0;b =, I3(6 - 2X) > 0. Khi d6 ta duwoc hé phuong trinh

a’+b? =15

a+b=5\/7—

a’+b’ =15 3(a+b)2:45+6ab

aTZD{\/g(a+b)+ab15c> \/§(a+b)=15—ab

Tir hé trén ta duoc 45 + 6ab = (15— ab) < (ab)’ —36ab +180 = 0.

Chuyla ab > 0 nén ttt phueong trinh trén ta dwoc ab = 6 va ab = 30.

Véi ab =30 tadwoc a+b = —5\/5 , loai

Véi ab = 6 ta duogc a+b=3\/§ suy ra a=2\/§;b=\/§ hodc a =\/§;b=2\/§.

o3
Tfra=2\/§;b=\/§tadu>oc :>X_§
1[ 6 2X \/7



J6x -3 =13
Tt‘ra=2\/§;b=\/§tadu’qc * =>x=1
J3(6-2x) =23

Day 1a hé phuong trinh ddi xting nén ta c6 thé giai duoc hé trén.

+ Hudng 2. Nhan thdy phuong trinh ¢é mot nghiém x = 1 nén ta sit dung dai lwong lién hop

Jox =3 +[3(6 - 2x) =5\/§—\/(6X—3)(6—2x)
& Vox -3 -3+ [3(6 -2x) ~2v/3 = 23 —v-12x* + 42x - 18
6x — 6 6 — 6x 12x* — 42x + 30

o , =
Jox—-3++3  [3(6-2x)+243 23412 4218

2x —H

1 1
Jox—3 +43 [3(6 - 2x) + 243 N3 + V12 + 42x — 18

<:>(6x—6) =0

2x —H

1 1
Jox—3+43  [3(6-2x)+243  2v3+ 12 14218

Phuong trinh trén duoc viét lai thanh.

1 1 2x -5

V2x—1+1 V6-2x+2 244/-4x>+14x—6
N6—2x +2-/2x -1 -1 5 —2x

<:>(\/ﬁ+1)(\/ﬁ+l)+2+\/—4x2+14X—6
V6 -2x —1+2-+2x -1 N 5 - 2x
(\/2x—1+1)(\/2x—1+1) 2 +—4x® + 14x — 6
5 —2x 5 —2x
A T e S - S
(\/2X—1+1)(\/2x—1+1) 2+ —4x® + 14x — 6
1 1

+
9(5_2)() V6—2x +1  2++2x -1 1 5

+ =0 x=

(\/2}(—1 +1)(\/2x—1 +1) 9 1+ \—dx® + 14x — 6 2

Xét phwong trinh =0.

=0

=0

=0

-

Tl cac két qua trén ta tim duwoc nghiém cua hé phuong trinh 1a

)= [ (35 (34

Céau 5. Cho diém M thudc nita duong tron (O) duong kinh AB (M = A,M # B,MA < MB). Tia phan

giac cia AMB cat AB tai C. Qua C vé duong vudng goc véi AB cit duong thang AM, BM thtt tw 6 D,
H.



a) Chiing minh CA = CH

e Phan tich. Bai todn cho MC la phin gidc cuia

g6c AMB nén ta cé ty 56'£ = M—A Biy gio ta M
BC MB E H

can chirng minh dwoc HO _ 1\1\;11—2 Day chinh la

BC
ty s6'dong dang cua hai tam gidc HCB va AMB.

Dén day thi bai todn dirgc chirng minh.

A c O B

— o —

e Loi giai. Ta c6 AMB la géc noi ti€p chan nita dwong tron nén AMB = 90’ = AMB = BCH dong thoi

c6 goc MBA chung nén AAMB «» ABCH = He _ MA
BC MB
AC MA

Cing ¢4 MC la phan giac cua gébc AMBnén — = ——
g P g g BC  MB

Két hop hai két qua trén ta ¢ He _ ﬁsuy ra CA =CH.

BC BC
b) Goi E la hinh chiéu vudng gdc cua H trén tiép tuyén tai A ctua (O) , Fla hinh chiéu vuéng gbc cua D
trén tiép tuyén tai B cua (O) . Ching minh E, M, F thang hang

e Phén tich. Dé chirng minh 3 diém E, M, F thang hang ta c6 cdc hwéng sau:

+ Chirng minh EMA = DMF .

+ Chitng minh EMC + FMC = 180°.
Theo yj a ta c6 HC = AC va duwa cdc gia thiét moi ciia y b ta c6 thé thdy dwoc tiv gide EHAC va CDFB la cic
hinh vudng. Khi dé ta vé thém cic dwong chéo dé khai thic gid thiet. D€y AMB = AMH = 90° nén

MI = %AH = %EC = EMC = 90°. Chitng minh hoan toan twong tw ta dwoc FMC =90 nén suy ra
EMC + FMC =180, do d6 suy ra ba diém M, E, F thing hang.

e Loi giai. Tt giac EHCA c6 ba goc vudng nén 1a hinh chi nhat lai ¢6 hai canh ké nhau HC = ACnén
ti gidc EHCA la hinh vudng.

—

1AH=%EC:EMC=9O°

Khi &6 vi AMB = AMH = 90°nén MI = 3

Chting minh hoan toan tuong tu ta dugc FMC = 90° nén EMC + FMC = 180" suy ra ba diém M, E, F
thang hang

¢) Goi S,,S, thit tw la dién tich tit gidc ACHE va BCDF. Chting minh CM® < /S,.S,

e Phdn tich. Truwoc tién ta phai tinh dwoc dién tich cia cic tir gidgc ACHE va BCDF. C6 hai cich la tinh theo
canh ciia hinh vudng va tinh theo dg dai dweong chéo. Do cic canh ciia hai hinh vuéng thay doi nén viéc tim lién
hé giita hai canh cia hai hinh vudng v6i CM khd la khé khin. Vi thé ta chuyén sang tinh theo dwong chéo. Dé
thay hai dwong chéo cua hinh vudng la hai canh ctia tam gidc vudéng ECF ¢6 CM dong vai tro la dwong cao.



2 2
Toc 5, =38, = S = 5,8, - o

2 2
1 1
H¢ thirc lwgng lién hé giiva canh géc vudng va dwong cao trong tam gidc vudng la = + Ba
¢ ong ¢8 ani g 8 8 g amg 8 oME BCE CF? Y
e s s a2 Ao ., _ CE’.CF” oo ,
Qi0 thiy ¢ trén la CM® nén ta quy dong roi nghich dao dwoc. CM™ = CE s R Quy vé chirng minh
+

CE’.CF? -
CE’+CF’ CE+CF
xay ravi AM < BM

, diéu nay hoan toan co thé danh gid dwoc theo bat ding thitc Cauchy. Ddu bang khong

e Loi giai.
2 2
Taco S, = Cf ;S, = C2F =,/S,.S, = CEéCF
ViE, M, F thang hang nén CM la duong cao ctia tam giac vuong CEF.
2 2

Khi d6 ap dung hé thic lvgng trong tam giac vudng ta co ! + ! = CM* = CECE

CM* EC* CF? CE® + CF?

2 2
Ap dung bat déng thitc cosy ta co: SogS < CECE _ S-S,
CE® + CF? 2

Suy ra CM”® < \/ﬁ ,vi AM < BM nén d&u bang khong xay ra khi d6 ta c6 diéu phai chiing minh.
e Nhdn xét. Nhin thiy trén hinh vé c6 mét giao diém ciia dwong tron véi canh EF va BD goi giao diém dé la N.
Do chinh la chidn dwong vuéng goc ha tir E xudng BD. Khi dé ta c6 thé nghi thém mdt vai cich phdt biéu nira
nhw

+ Chirng minh tir gidc AMNB noi tiép dwong tron.

+ Chirng minh ba dwong HA, BD, EF dong quy.

+ Chitng minh M, N, E, F thing hang.
Dé'y nita ta thidy N chinh la trung diém cua EF hay N la diém chinh giita cia cung tron khi dé ON la duwong

trung binh ciia hinh thang vuéng EAFB. Suy ra ON = %(AE + FB) = %AB.

Céiu 5. Cho 3 s0 a,b,c > 1thoa man 32abc = 18 (a +b+ c) + 27 . Tim gia tri 16n nhat cta biéu thuc:

Jaz—1 bP—1 Jf—-1
= + +

a b C

P

A s . \ 2 \ A .2 g Y N ~ . 3
e Phdn tich. Vi vai trd cua a, b, ¢ la nhw nhau két hop gid thiét ddu bang xdy ratai a =b =c = 5

Biér ddi gid thiét ta co 323bc:18(a+b+c)+27@3 I LA
16{ab bc ca 32 abc
a2 .2 7 .2 A% v 1 ]. ].
Dé don gian héa gia thiét tadgt—:x;g:y;—:z.
a ¢

Khi dé gia thiét tro thanh %(Xy+yz+zx)+§—zxyz =luovaP= \/1—X2 +\/1—y2 +\/1—Z2

Ap dung bat ding thire Bunhiacopxki dang co bdn ta co:




P :\/1—X2 +\/1—y2 +\/1—z2 S\/3|:3—(X2 +y° +z2)]
Dén ddy ta cin dinh gid x* +y° +7° theo hwéng gidm din. Ta c6 hai danh gid hét sirc quen thudc dé la

(X+y+Z)2

XAy 4 2xyryzrzxoa X +y 470 > , tuy nhién khi xi¢ Iy véi Xy + yz + zx ta cin dai

lwgng nhé hon va ciing theo gid thiét ta khong thé danh gid né gidm hon dwoc nita nén ta danh gid theo

(X+y+z)2

3 . Chii yj dén chiéu bt ding thiec va ta biéu dién gid thiét ciing nhw bat ding thire

X2+y2+Z2 2
theo x +y + z.

(X+y+z)2

3
., +y+ N C o 2r er 1AL gid gL
Chui y danh gid xyz < (%) vad Xy +yz+7zx < . Khi dé gia thiét tro thanh

3

2
3(X+y+z) +(X+y+z)
16 32

9 27
l=—|(xy+yz+zx)+—xyz <
16<y et ux) 327

(X—i—y—kz)2
3

tacész/l—xZ +\/1—y2 +\/1—z2 S\/3[3—(x2+y2+z2ﬂ£\/9—4=\/5

Dén day ta tim dwoc gid tri I6n nhat ciia P

4 C . V) ,
1. Tiwdétadwoc x+y+2z>2.Suyrax’ +y’ +7° > > 3 Khi dé dp dung vao bat dang thirc

e Loi giai: Bién ddi gia thiét ta c6

32abc=18(a+b+c)+27<:>3 i+L+i +£.L=
16l ab bc ca 32 abc

1 1 1 , 9 27
bit — =x;— =y;= =z(x,y,z > 0). Khi d6 gia thiét tro thanh —(xy + yz + zx |+ —xyz =1
. b yc ( y ) g 16( yty ) 39 y

Va P dugevietlaila P =v1-x? +1-y* +V1-7°

3 2
, , X+y+z
Ap dung bat dang thitc dang xyz < (%] va Xy +yz+2zx < %

2 3
Ta duwoc 1 =%(Xy+yz+z}<)+§_;xyz < 3(X +12+Z) . (X+;/2+z)

. R sy (X+y+z)2 4
Vix,y,z>0nén x+y+z22suyrax +y +z ZTZE

Ap dung bat déng thirc Bunhiacopxki dang co ban va (1) ta ¢6

P=v1-x*+1-y +1-2 S\/3[3—(X2+y2+z2)} <Jo-4=15

(1)

Vay gid tri lén nhat cua P 1a J5 . Dau bang xdy rakhivachikhia=b=c= g .



Pé s6 6
PE THI CHON HOC SINH GIOI TOAN 9 TINH PHU THO
Nim hoc 2016 — 2017

Thi sinh 1am bai (ca phin trac nghiém khach quan va phin ty luan) ra to giay thi.
A.PHAN TRAC NGHIEM KHACH QUAN (8 diém)

Cau 1. Bi€u thie —2 2% ¢4 nghia khi nao?
V6 —x* —x
5 N 5}
A -3<x<2. B.§<x<2. C. x < -3 hoac x > 2. D.—3<XS§.

xx —dx +dfx —45 Vx 42

Cau 2. Cho biéu thirc Q = x > 0;x # 25).
x—2Jx - 15 Jx +3 ( )
Tim gid tri nho nhét cua Q.
A. 2 B. Z C.2. D. 3.
3 3

Cau 3. Trén mit phang toa d6 Oxy cho duong thing (d):y = (2m - 3) x +4m — 3. Goi h la khoang cach
tr di€ém O dén duong thang (d) . Tim gia tri 16n nhat ctia h.

A3, B. V13. c. 5. D.5.
Cau 4. Trén mat phzfmg toa d6 Oxy cho ba diém A(—2; 3) : B(—4; —4);0 (5; —1) . Tinh dién tich tam gidc
ABC.

A. 30,5. B. 28,5. C. 42. D. 38.

Cau 5. Trén mat phiang toa d6 Oxy cho ba duong thang (dl) : %x —%y = %;(dQ) ool 1

(d3) : (2m + 3) x —3my = 0. Tim m d€ ba duong thang da cho dong quy.

A B. L. .l D. =2,
2 2 2 3

Cau 6. Cho Parabol (P):y = x* va dwong thang (d) c6 phuong trinh y = 2 (m - 2)X +5m —16. Tim gia

tri ctia m d€ (d) ludn cat (P) tai 2 di€m phan biét nam vé hai phia ctia truc tung.

A.m<E. B.3<m<E.
5 5
Cm<—4 hoécm>?. D.m>%.

Cau 7. Goi (Xo;yo) 1a nghiém cta phuong trinh x* +9y® —4x +7 = 2y (3x - 7) sao cho y  dat gia tri

16n nhat . Tinh tong x +, .

A 4. B. —. C. —. D. -5.



Céu 8. Tim m dé phuong trinh x* —(m +4)x +m +3 =0 ¢6 hai nghiém x;x,1a d6 dai hai canh géc
vudng ctia mot tam giac vudng c6 d6 dai canh huyén bang V26 .

A. m=-8 hodc m =2 B.m=2

C.m=-8 D. m =8 hodc m=-2
Cau 9. Cho hinh thang ABCD (AB//CD) c6 AB = 2,5 cm; AD = 3,5 cin; BD = 5 cm va DBC = DAB.
Tinh tong BC+CD.

A. 17 (cm) . B. 19 (cm). C. 20 (cm). D. 22 (cm).
Cau 10. Cho tam gidc ABC vuodng tai A duong phan gidc AD, (D € BC). Déng thitc nao sau day

dung ?
11 s gl 1 2
"AB AC AD "AB AC AD
Ao r p. L, 1 _2
"AB AC AD "AB AC AD

J——

Cau 11. Cho tam gidc nhon ABC c6 BAC = 30", ké hai duong cao BD, CE (D e AC,E € AB). Goi

!

S S' Tan luot 13 dién tich AABC, AADE . Tinh ti s %

A B L e L b V3
4 4 2 2

Céu 12. Cho tam gidc ABC vudng tai A. Ké AH L BC, HD L AB, HELAC (H € BC,D € AB,E € AC).
Déng thtec nao sau day dung ?
A.AD.AB = AEAC. B.BD.BA = CE.CA. C.
AD.DB + AEEC = AH? D. BD.BA = AH®
Céu 13. Cho tam gidc nhon ABC c6 ABC > ACB, ké duong cao AH, trung tuyén AM (M,H € BC).

Déng thtec nao sau day dung ?

cotC- cotB — cotB-cotC

A.tan HAM = — B.tanHAM = ———.
— tanC-tanB —— cosC-cosB
C.tan HAM = — D.tanHAM = ———

Cau 14. Cho duong tron tam O, duong kinh AB =2R . Goi M, N Ilan luot 1a trung diém cua OA, OB.
Qua M ké day cung CD, qua N ké day cung EF sao cho CD//EF (C, F cung thudc ntta duong tron dwong

—

kinh AB) va CMO = 30°. Tinh dién tich t gidc CDEF theo R.

R215 Bsz/E Csz/E
= — —

Céau 15. Cho duong tron tam O, duong kinh AB=2R. Diém M thudc tia d&i cta tia AB, qua M ké tiép

A. D

3R215
e

tuyén MC véi duong tron (O) ( C la tiép diém), ké CH vudng gbéc voi AB (H € AB) biét
MA = a; MC = 3a (a > 0). Tinh CH theo a.



A2 B2 c p. 14
) ) ) )

Cau 16. Mot ngon hai dang 6 vi tri A cach bo bién (la duong thang) mot khoang AH = 3 (km). Mot

nguodi gac hai dang mudn tir vi tri A trd vé vi tri B trén bo bién (HB = 24 (km)), bang cach chéo thuyén

véi van toc 3 (km/h) téi vi tri M trén bo (M nam gitta H va B) sau d6 tit M chay bd doc theo bo bién

dén B véi van toc gap bon lan van toc cheo thuyén. Biét tong thoi gian di chuyén tir A vé dén B hét 3

gio 20 phut. Tinh khoang cach MB ?

A
3ka
H Y B
HB=24km
A. 12 (km). B. 16 (km). C. 18 (km) . D. 20 (km).

B. PHAN TU LUAN (12 di&m).
Cau 1 (3.0 di€m).
a) Cho cac s§ duong a,b, ¢ thoa man ab + be + ca = 1. Chitng minh rang

a-b b-c c—a
+ +
1+¢® 14a> 1+b°

b) Chiing minh rang néu a.b = 3 thi hai phuong trinh sau (a3 + a) x+a’y+a'+1=0 va
(b3 + b) x+ b’y +b' +1=0 (a,b la cdc tham s8) khdng cé nghiém nguyén chung.
Cau 2 (3.5 di€m).

a) Giai phuong trinh V2x +3 —vx+1 =1.

b) Gii hé oh h X' +x’y =3x" +5xy +y° +4x +y
iai hé phuong trin
) P 8 3\/;—\/y+1=X+1.

Cau 3 (4.0 diém). Cho dudng tron (O;R) va diém A o8 dinh trén (O;R). Goi M, N 1 c4c giao diém
cua hai duong tron (O; R) va (A; R), H la diém thay ddi trén cung nho MN ctia duong tron (A; R) .
Puong thang qua H va vudng goc véi AH cat duong tron (O; R) tai B, C. Ké HI L AB, HK 1 AC véi
Ie ABva KeAC.

a) Chttng minh rang IK luén vuéng géc véi mot duong thang c8 dinh va ABAC = 2R’.

b) Tim gia tri 16n nhat ctia dién tich AAIK khi H thay d6i.

Céu 4 (1.5 di€ém). Cho céc s6 duwong a, b,c thdéaman a + b + ¢ = 1. Tim gia tri nho nhat cta biéu thirc:
P = 2(a2b+ b’c + C23)+ (a2 +b* + 02) + 4abc
Phan tich va huwéng dan giai

1. Phian trac nghiém khach quan

Cau 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15 | 16




bap
i D | C B B A | D| A | B A B A A | C A | D
an C

biém |05 |05 |05 (05 |05 |05 (05|05 |05 (05|05 (05|05 (05|05 |05

2. Phan ty luan.

Cau 1. (3,0 diém)

a) Cho cac s8 duong a,b,c thoa man ab + bc + ca = 1. Chiing minh rang

a—-b b-c c—a
2+ 2+ 2
1+c 1+a 1+Db

e Loi gidi. Tacd 1+a’ = ab+bc + ca +a’ = (a + b)(a + ¢). Hoan toan twong tu ta cd

1+ b =ab+bc+ca+b2=(b+a)(b+c)

1+c*=ab+bc+ca+c =(c+a)(c+b)

Suyraa_b: a—b _atc-b-c 1 1 .
1+¢ (c+a)(c+b) (c+a)(c+b)c+b ct+a
b-c b-c _b+ta-a-c 1 1
1+a2_(a+b)(a+c)_(a+b)(a+c)_a+C a+b
c—a c—a c+b-a-b 1 1

140" (b+c)(b+a) (b+c)(b+a) b+a bec

- - - 1 1 1 1 1 1
Véya b+b c,c-a _ 3 N ~ . o

P 1+ 1+a’ 1+4b° c+b c+a a+c a+b b+a b4c

b) Chtng minh ring néu ab=3 thi hai phuong trinh (a3 + a)x +a’y+a'+1=0(1) va

(b3 + b) x + b’y +b' +1=0(2) (V&i a,b 1a cac tham s8) khong c6 nghiém nguyén chung.

e Loi giai. Gia sit hai phuong trinh (1) va (2) c6 nghiém nguyén chung (XO; Y, ) , tacod
(a3 + a)xo +a’y, +a' +1=0(3); (b3 +b)x0 +b’y, +b' +1=0(4)
Vi a,b # 0 nén ta cé
(B)ea'+xa’ +ya’+xa+1=0

2
1 1 1 1
@[a2+—2 +[a+—jxo+y0:0<:>(a+—] +X0[a+—j+y0—2=0;
a a a a

(4) b +x b’ +y b +xb+1=0

2
<:>[b2+§ +(b+%}x0+yo :0<:>(b+%] +x0[b+%j+yo—2=0.

Suyra t =a+ 1 b, =b+ % la hai nghiém ctia phuwong trinh bac hai (an t)
a

t2+X0t+y0—2=()




%o

a? + b = 2 x2 — 6

1 1
a+g+b+gz—x0 a+b+a+b=—
Theo dinh li Vi — et ta c6 = ab
au+l b+l =y, 2 i+E+ab+i=y —-2.
a b b a ab 0
au+b=—§x0 a2+b2+2ab=3x§
Vi a.b =3 nén b 4 16: 616
a 2 2 2 2 _
—+— = [ a’+b° =ab - a“+b —3y - 16.
b a yO 3 (YO 3) 0

Suy ra %xﬁ -6 =3y, —16 = 9x = 48y, —160 (4). Diéu nay vo li vi v& trai ctia (4) chia hét cho 3

nhung v€ phai ctia (4) khong chia hét cho 3.

Vay néu a.b = 3 thi hai phuwong trinh da cho khong cé nghiém nguyén chung.

Cau 2. a) Giai phuong trinh v2x +3 —vVx+1 =1

e Loi giai. Diéu kién xdc dinh ctia phuong trinh la x > —1. Phuong trinh da cho tuong dwong véi

V2x+3 =Vx+1+41 e 2x+3=x+2+20x+1 < Wx+1=x+1

x2>-1 x >-1 x=3
= X =" =
4(X+1)=X +2x+1 x —2x—-3=0 x =-1

Vay phuong trinh da cho c6 hai nghiém la x = -1;x = 3.

b) Gii hé oh h X' +x’y =3x" +5xy +y° +4x +y
iai hé phuong trin
) P 8 VX —\y+1l=x+1

e Loi giai. Diéu kién x4c dinh ctua hé phuwong trinh 1a x > 0;y > —1.
Bién d6i phuong trinh tht nhat ctia hé da cho ta duoc
v —(x2 —5x—1)y—(x3 - 3%’ —4x) =0

<:>(y+x+1)(y—x2+4x)=()©

Tir phuong trinh thit haita duge 3vx =y +1+x+121=x>0=y+x+1>0.

Do vay tir phuwong trinh thtt nhét ta ¢6 y = x* —4x . Thay y = x° — 4x vao phuong trinh thit hai ctia hé

ta duoc phuong trinh 3Vx —Vx? —dx+l=x+1.

Vi x = 0 khong la nghiém ctia phwrong trinh trén nén ta xét x # 0.

Khi dé 3\/;—\/X2—4X+1=X+1<:>\/;+%+4/X+1—4=3
X X

bat t = Jx + L(t > 2) = X+ 1 t* — 2. Phuong trinh trén tré thanh

Jx X
t+Vt’ -6 =3 < t2—6=3—tc>{

t<3
t'—6=(3-t)

y =x" —4x
y+x+1=0

)
2<:>t=




Suyrax+l=2—5—2 —£X+1=0<Z>XE l;4 .
4 4 4

X

Tt d6 suy ra hé phuong trinh da cho c6 hai nghiém (X; y) = (4; 0) [

Cau 3. Cho dudng tron (O;R) va diém A cd dinh trén (O;R). Goi M, N 1 cac giao diém cua hai

duong tron (O;R) va (A;R), diém H la diém thay d6i trén cung nho MN cta duong tron (A;R).

Pudng thing qua H va vudng goc véi AH cat (O;R) tai B, C. Ké HI L AB, HK 1L AC véi I € AB va

Ke AC

a) Ching minh rang IK luén vudng goéc véi mot

duong thang 8 dinh va AB.AC = 2R”.

—

Ta c6 AIH = 90°;AKH =90". Vi AIH + AKH = 180°
nén t& giac AIHK ndi tiép.
Ké tiép tuyén At cua duong tron (O;R) tai A.

ACB+HAC =90° ——

AHK + HAC = 90’

—

Ta lai 6 AHK = AIK (do ti gide ATHK noi tiép) (2)

va E-A\t = /?C\B (cing bang %Sd AB) (3).

Tt (1), (2), (3) suy ra BAt = AIK nén At song song véi IK.

Mt khac OA L At = IK L OA . Vay IK ludn vudng géc véi duong thang c§ dinh OA.

Goi] la giao diém cua AO va IK va A’ la diém d6i xiing véi A qua O.

Taco AACH » AAA'B (AHC = ABA'=90";ACH = AA'B|.

AC _AH
" AB

b) Tim gia tri 16n nhat ctia dién tich AAIK khi H thay d6i.

Tacé AAKH «» AAHC = AR _ AR = AK.AC = AH”.

AH AC
Goi S, S'lan lwot la dién tich cac tam giac ABC va AIK.

Do d6 ta duoc

Tacé AAIK «» AACB = AL _AKR_IK = AL , suy ra:

AC AB BC AH’

= AB.AC = AHAA'=2R.AH = 2R".

1
g QMK E_[AKJQ _{AK.AC .
S 1,pe AH'BC |AB
2
2
Suy ra S'—l.SzlAH.BCzﬁ.BCSE.QRzR—.
1 8 8 1

AB.AC



2

Vay gia tri 16n nhat ctia tam giac AIK bz\?mg RT' datkhi H = O.

Ciu 4. Cho cac s6 duong a,b,c théaman a + b + ¢ = 1. Tim gia tri nho nhat ctia biéu thic:

P =2(a2b+b20+02a)+(a2 + b’ +02)+4abc.

o Loi giéi. Ta co
ab +bc +ca = (a+b+c)(ab+bc+ca) = (a2b+b20+cza)+(ab2 +bc’ +Ca2)+3abc
Suy ra
a’ +b’ +¢ :(a+b+C)2 —2(ab+bc+ca):1—2(ab+bc+ca)
=1-2 [(zﬁb +b’c+ cQa) + (ab2 +bc’” + Ca2) + Sabc}
Do d6
P= 2(a2b +bc+ C2a) +1-2 [(aQb +b’c+ cZa) + (ab2 +bc® + Ca2) + Sabc} + 4abc
=1- Q(ab2 +bc® +ca’ + abc)
Khong mat tinh tong quat c6 thé giasit a <b < c.
Suyra a(a—b))(b—c)= 0= (a’ —ab)(b—c) >0
Do d6 suy ra a’b —a’c —ab’ + abc > 0 = ab” + ca® < a’b + abc
Dodo ab® + be* +ca® +abe = (ab? + ca® ) + be* +abe < (a’h +abe) + be* +abe = b(a +c)’

Vi cacsé duong x, y, z taludn cé

X+y+x_3@:;(v;+g;+v;)[(¢_%)24#;%)1(%%)120

3
+ + A M 2 . \ 2 .
Suyra x +y +z 2 3/xyz 3xyzﬁ(%1 .Dau bang xay rakhi vachikhi x =y =z.

Ap dung bat dang thikc trén ta co

b+ 3
b(a+c)2:4b at+clfa+c <4 9 4 a+b+c :i
2 2 3 3 27
SuyraP=1—2(8Lb2+b(:2Jrcaz+aloc)21—2b(an+c)221—2.i=B
2T 27

Vay Mian% va P dat gid trinhonhatkhia=b=c=—.




Pé s6 7
DE THI CHON HOC SINH GIOI TOAN 9 THANH PHO HO CHI MINH
Nim hoc: 2016 — 2017

Bai 1 (3.0 diém). Cho ba s8 a, b, c thoa cac diéu kién saua —b =7;b—c = 3.

a’+b*+c?—ab—bc—ca

Tinh gia tri ctia biéu thiec P = —
a® —c° —2ab +2bc

Bai 2 (3.0 diém). Giai phuong trinh (2x ~1)vx +3 = x* + 3.

Bai 3 (3.0 diém). Giai hé phuong trinh {E{ (v I)l() ++y1()x +11) =6
X — y =
Bai 4 (4.0 diém).

2
L2y
1+x 1+y

1. Cho céc s6 thuc duong x, y thoa man diéu kién =1 . Tim gia tri lén nhét cua biéu

thizc P = xy”
2. Tim cac s6 nguyén x, y thoa man phuong trinh (x + y) (x + 2y) =x+5
Bai 5 (5.0 diém).
1. Cho tam giac nhon ABC c6 H 1a truc tam. Goi M, N Ian luot la trung diém cua BC va AH.
Puong phan gidc trong goéc A cit MN tai K. Ching minh rang AK vudng goc véi HK.
2. Cho tam gidc ABC noi tiép duong tron (O) Goi AH, AD lan luot la duong cao. dwong phan
giac trong ctia tam gidc ABC (H,D thudc BC). Tia AD cat (O) tai E, tia EH cat (O) tai F va tia FD cat
(O) tai K. Chitng minh ring AK 1a dudng kinh ctia (O).
Bai 6 (2.0 diém). Trong tuan, mdi ngay Nam chi choi mot mon thé thao. Nam chay ba ngay mot tuan
nhung khong bao gio chay trong hai ngay lién ti€p. Vao th Hai, anh ta choi bong ban va hai ngay sau

d6 anh ta choi bong da. Nam con di boi va choi cau 16ng, nhung khong bao gio Nam choi cau 16ng sau
ngay anh ta chay hoac boi. Hoi ngay nao trong tuan Nam di boi?

Phan tich va hwéng dan giai

Bai 1. Cho ba sd a,b, ¢ thoa cac diéu kién saua —b = 7,b — ¢ = 3. Tinh gia tri cuia biéu thirc

_a2+b2+02—ab—bc—ca
a? —c? —2ab + 2bc

P

e Phan tich va 10i giai. Nhin vao t s6 ctia P ta ¢6 bién d6i quen thudc

—ab—bc—ca:(a_b)2+(b;c)2+(0_a)2

a® +b’ + ¢’
Tt day phai bién d6i gia thiét d€ xuat hién thém c—a.

Ta c6 c—a=—(b—c)—(a—b)=—3—7=—10.DétTlétfxcﬁacﬁaPtadszCT= 79.




Dat M 1a mau cta P, khi d6 M ciing c6 thé phan tich thanh tich duwoc thanh
M =(a—c)(a+c—2b)=(a—c)(a—b+c—b):40

Vay ta dwoc P = B .
40

Bai 2. Giai phuong trinh (2x —1)vx +3 = x* +3.

Ao 27T X 158 28 TV LA o h ' NI 1 . VA <
e Phan tich va loi giai. Diéu kién xac dinh ctia phuong trinh Ia x > 5 Phuong trinh c6 cdn nén ta sé

khtr can bang cach binh phuwrong 2 vé& nhung phuong trinh ltc nay bac 4, tuy nhién néu khong nhadm
duoc hai nghiém cta phuong trinh bac bon thi ta khong thé stt dung phuong phap nay.

Phuong trinh tiong duong voi x* +3 —2xVx +3 +Vx +3 =0
Nhén thay c6 hé s62 ¢ 2xVx + 3, c6x” va 3 nén ta nghi dén phan tich thanh binh phuong.

Phwong trinh lai teong dwong véi

X2—2X\/X+3+X+3—X+’\/X+3=0<:>(X—\/X+3)2—(X—'\/X+3)2 =0
<:>(X—\/X+3)(X—\/X+3—1)=O<:> X=Nx+3

x—1=+x+3

PP . 1 o N A
bén day két hop voi x > 3 ta xét cac truong hop nhu trén

1+\/E

2

x>1
+Vdix—1=\/x+3c>{ , @x:‘{”ﬁ.

(X—l) =x+3 2

+Véix=Vx+3 ox’-x-3=0=>x=

1
X 2> —
2

Vay phuwong trinh da cho c6 tap nghiém la S = 5

3+\/ﬁ‘1+\/ﬁ]
2 '

x(y-1)+y(x+1)=6

(x-1)(v+1)=1

Bai 3. Giai hé phuwong trinh {

e Phan tich va loi giai. Ca hai phuwong trinh déu c6 hang tir xy nén ta sé tim cach triét tiéu, lac nay bai
toan o thé giai duoc. Hé phuong trinh da cho twong duong véi
2xy—-x+y=6 2xy—-x+y=6
=

:>3y—3x=2:>y=§+x

Xy —-y+x=2 2xy -2y +2x =4

Thé y = % + X vao phuong trinh thit nhat ta duoc x* + %x —% =0=>x¢ {—2;%}

Vay hé phuong trinh c6 hai nghiém la (x; y) = [—2; _?4] , (% ; 2}




P

Bai 4. 1. Cho hai s6 thuc dwong X, y thoa man diéu kién
1+x 1+y

=1 . Tim gia tri lon nhét cua biéu

thiee: P = xy”

e Phan tich va loi giai. Ca gia thiét va két luan déu khong co lién hé gi dén nhau. Tham chi, gia thiét
X 2y

N + oo 1 ta cing khong biét nén ap dung bdt nao phut hop. Do dé dé cd danh gia hop li ta di
+x l+y

bién doi gia thiét truede

2y e X + 3xy + 2y

Ta cé +

=leo2xy+y=1
1+x 1+y x+y+xy+1

Dén day quan sat d€ y ki thi xy” = y.xy trong d6 y va xy la hai hang tt trong dang thic trén. Ta sé
tim cach bién ddi vé trai dang thite trén thanh tich bang st dung bat dang thicc AM — GM.

Tacd 1=2xy+y > 22xy.y = 2\/5.\/)()/2 & 12 8xy* & xy’ < %

. 1 . 1
Vay giac tri lon nhat ctia P la g,xayratm 2xy=y<:>x=y=5.

e Nhdn xét. Ta cé thé trinh bai bai todn theo cdch khdc sau:

Tir gid thiét dd cho, dp dung bt ding thitc Cauchy ta diroc

1 ¥y x y Xy 1 4xy
2. 1+y_1 1+y 1+x+1+y22 (1+X)(1+y):>(1+y)22(1+X)(1+y)
3. Mt khic talgics ——=1-—— = o 1 _ 4y22
l+x I+x  1+y (1+x) (1+y)
Do do ta duwgc L -2 By’ ;& xy’ =
(X+1)(y+1) (X+1)(y+1) 8

2. Tim cac sd nguyén x, y thoa man phuong trinh (X + y) (X + 2y) =x+5

e Phan tich va 10i giai. Phuong trinh tuong duwong véi x* + 3xy + 2y’ — x — 5 = 0. nhan thay day la
phuong trinh cé bac 1a hai nén ta sé sit dung delta dé€ giai phuong trinh nghiém nguyén nay.
Phuong trinh trong dwong voi x° +3xy +2y° —x-5=0 < x* + (3y - 1) x+2y° -5=0
Xem phuong trinh la phuong trinh bac 2 an x ta duoc
a=(3y-1) —4(2y* -5) = y* 6y +21 =(y-3) +12

Dé phuong trinh trén ¢6 nghiém 1a nghiém nguyén thi A la sd chinh phuong.

2 ’ A
bat A :(y—S) +12=a & (a—y+3)(a+y—3) =12 vdi ala s nguyén.

Via-y+3 vaa+y-—3 clung tinh chn 1é nén ta c6 bang sau

a—-y+3 2 6 -9 -6

a+y—3 6 2 -6 -2

a 4 4 -4 -4




y 5 (TM) 1(TM) 1(TM) 5 (TM)

Thay y = 5 vao phuong trinh da cho ta duwoc x* +14x +45 =0 < x € {—9; —5}
Thay y =1 vao phuong trinh da cho ta duwoc x> +2x -3 =0 < x € {—3; 1}

Vay phuong trinh c6 nghiém la (x; y) = (5; —5) , (5; _9) , (1; 1) , (1; _3)

Bai 5.1. Cho tam giac nhon ABC c6 H la triec tam. Goi M, N Ian luot 1a trung diém cua BC va AH.
Duong phan giac trong géc A cat MN tai K. Chttng minh rang AK vuong géc véi HK.

¢ Phan tich va 1oi giai.

+ Cach 1. b€ chiing minh AK vudng gbc voi
HK ta sé dung mot tam gidc can bén ngoai
chtta duwong cao AK va tim cach chitng minh
d6 1a tam gidc can bang cach chiing minh AK
la trung truc, trung tuyén, phan giac.

That vay, goi O la tam duong tron ngoai 0
tiép tam gidc ABC. Gia stt AH cat duong tron
tai F va AK cit duong tron (O) tai E. Ké

duong kinh AG va . HK cit AG tai Q. D& thay t | ¢
OE la trung tryc ctia BC suy ra OE song song £ &

voi AH. Khi do ta ¢é E

1/\ —

EOG FAG = —deG = EFOG FOE .

Do dé ta duoc FE = EG nén suy ra AK la phan giac }TA\Q . Mit khac B] va CD la duong cao tam giac
ABC va MN cat OH tai P. Dé thdy BG vudng gdc véi AB va CH vudng goc véi AB dan dén HC song
song voi BG, tuong tu BH song song véi CG nén suy ra HBGC la hinh binh hanh hay M la trung diém
cua HC. Ngoai ra con ¢d N 1a trung diém ctia AH nén MN la duong trung binh tam gidc AHG va PK
song song véi OQ. Mit khac vi N 1a trung diém cua AH nén ON la duong trung binh cua tam giac
AHC hay ON song song véi HM, ma ta da c6 OM song song véi NH suy ra ONHM la hinh binh hanh.
Do P la giao diém hai duwong chéo nén P la trung diém ctia OH. Két hop vdi PK song song v6i OQ suy
ra K la trung diém cta HQ. DBén day 1a c6 dugoc AK vudng goc véi HK. Tt d6 ta duoc

+ Cach 2. D€ chtiing minh AK vuéng goc voi HK hay tam giac AKH vudng ¢ K ta can chiing minh

o —

4. AN =NH = NK hay HNK = 2HAK . Ma ta c6 DNH = 2DAN nén ta s& phai chitng minh duoc

—

DNK = 2DAK. Ta c6 2DAK = BAC do d6 ta di ching minh DNK = BAC..

— 1 — —_— 1 — -

5. Déthay DNK = KNE = %DNE va t giac AOHE noi tiép nén BAC = %SdDE = %DNE = DNK.

Bai toan duoc chitng minh.
6. ®Nhdn xét. Mot so'két qua thii vi tie bai todn hinh 5.1.
+ Gid sw BC la ddy co'dinh ctia dwong tron (O), diém A di dong trén duong tron (O) va duong thaing HK

ciing luén di qua diém cd dinh




+ Goi I la hinh chiéu ciia B trén AC. Goi H' la diém doi xitng v6i H qua K. Goi G la trung diém cia AH'. Khi do
dwong tron ngogi tiép tam gidc IHK, dwong tron ngoqi tiép tam gidc NGK va AH’ dong quy tai 1 diém.

+ Tia AK cit BC tgi Q, khi dé tir gidc CQKI ndi tiép.

7.+ Goi O la tdm dwong tron ngoai tiép tam gidc ABC. Khi do cic diém A, H', O thing hang.

2. Cho tam giac ABC ndi tiép duong tron (O) Goi AH, AD lan luot la duong cao va duong phéan giac
trong ctia tam giac ABC (H, D thudc BC). Tia AD cat duong tron (O) tai E, tia EH cat duong tron (O)

tai F va tia FD cat duong tron (O) tai K. Chitng minh rang AK la duong kinh ctia duong tron (O) .

e Phan tich va loi gidi. D€ chiing minh AK la duong A
kinh duong tron (O) ta can chiing minh tam gidc AFK

—

vudng 6 F hay AFD = 90°. Nhan thay AHD = 90° nén
ta cling can tiép tuc phai chiing minh t& giac AFHD noi
tiép. That vay

HDE =%sdf3€ +%sd1/&_é =%sd1/3—(\3 +%sd]&?] - %sd@ F

= - C
Ma ta c6 AFE = %sdAE, do dOAK la dudong kinh ca HN\_ P >/
K

duwong tron (O) . E

Bai 6 (2.0 di€m). Trong tuan, mdi ngay Nam chi choi mot mon thé thao. Nam chay ba ngay mot tuan
nhung khong bao gio chay trong hai ngay lién ti€p. Vao th Hai, anh ta choi bong ban va hai ngay sau
d6 anh ta choi béng da. Nam con di boi va choi cau 16ng, nhung khéng bao gio Nam choi cau 16ng sau
ngay anh ta chay hodc boi. Hoi ngay nao trong tuan Nam di boi?

e Loi giai. Theo gia thiét thi Nam choi bong ban vao thi Hai va choi béng da vao thit Tu.
Thu 2 Tha 3 Tha 4 Tha 5 Thu 6 Tha 7 CN

Bong ban Bong da

Do Nam chay 3 ngay mdi tuan, trong d6 khong c6 2 ngay nao lién tiép nén Nam chi c6 thé chay vao thi
3, tht 5, thtt 7 hodc thtt 3, thit 6, chtt nhat hodc thit 3, thit 5, chu nhat
+ Truong hop 1. Nam chay vao Thtt 3, Thit 5, Thir 7

Thu 2 Thut 3 Tha 4 Tha 5 Tht 6 Tha 7 CN
Bong ban Chay Bong da Chay Chay

Luc nay, Nam chi c6 thé choi cau 16ng vao thit 7 hodc chut nhat, ma Nam khong choi cau 16ng sau ngay
Nam chay nén Nam khong thé choi cau 16ng. Trueong hop nay loai
+ Truong hop 2. Nam chay vao thit 3, tht 6, cht nhat

Thtr 2 Thtt 3 Thit 4 Tht 5 Tht 6 Tht 7 CN
Bong ban Chay Bong da Chay Chay

Luc nay, Nam chi c6 thé choi cau 16ng vao th 5 hodc thit7, ma Nam khong choi cau 16ng sau ngay
Nam chay nén Nam choi cau 16ng vao thit 5. Khi ¢6 Nam boi vao thit 7

Truong hop 3. Nam chay vao thit 3, thit 5, cht nhat

Thu 2 Thut 3 Tha 4 Tha 5 Tht 6 Tha 7 CN




Bong ban Chay Bong da Chay Chay

Luc nay, Nam chi c6 thé choi cau 16ng va boi trong thit 6 va thit 7, ma Nam khong choi hai mén nay
trong hai ngay lién tiép nén khong thé thé dugc. Loai

Qua cac treong hop trén thi ta ¢ thoi gian biéu chinh thitc cia Nam la:

Thit 2 Thtt 3 Thu 4 Tht 5 Thit 6 Tha 7 CN
Bong ban Chay Bong da | Cau long Chay Boi Chay
Vay Nam boi vao T7

o Nhdn xét. Ta c6 thé'trinh bai cich gidi thich khéic nhw sau.

Nam chay ba ngay mgt tuiin nhwng khong bao gio chay trong hai ngay lién tiép, dieu nay dan déhn Nam khong
thé chay cd 3 trong bon ngay tiv thir 5 dén chii nhat. Do ngay thir 2 Nam choi bong ban va ngay thir 4 M choi
bong da nén trong 3 ngay chay thi cé mt ngay la thir 3. Do Nam khong choi ciu 16ng sau ngay Nam boi hodc
chay nén Nam c6 thé choi ciu ludng vao ngay thir 5 hodc chii nhdt. Tir d6 cd thé chon dwoc ngay choi ciu 1ong la
thiv 5 vi ngay chit nhit la khong thé. Do vdy con ba ngay con lai thi Nam phdi chay vao hai ngay thir 6 va chii
nhdt vi Nam khong thé chay vao hai ngay lién tiép. Do dé thir bay la ngay Nam boi.



Péso 8
DE THI CHON HOC SINH GIOI MON TOAN 9 THANH PHO HA NOI
Nam hoc 2016 - 2017

Bai 1 (5.0 diém).
a) Chttng minh rang n” + 5n® — 6n chia hét cho 30 v6i moi s6 nguyén duong n.
b) Tim t4t ca cac s6 nguyén duong (x; y) sao cho x* + 8y va y” + 8x déu la sd chinh phuwong.

Bai 2 (5.0 di€m).

a) Giai phuwong trinh \/ZX _3 + \/E -2x =1+ 23

b) Giai hé phuong trinh

Bai 3 (3.0 di€m).
Véi moi s6 thue khong am x, y, z théa man x* +y* +7° = 2.
a) Chiing minh rang x +y + 7 <2+ xy .

\ YR PO ) Ny o e ; X Z
b) Tim gia tri 16n nhat va nho nhat cta biéu thitcc P = Y 4

2+yz 2+2zx 2+Xy.
Bai 4 (6.0 diém).

Cho tam giac ABC (BC > CA > AB) ndi tiép duong tron (O) va co truc tam H. Buong tron ngoai
tiép tam giac BHC cat tia phan giac ctia goc ABC tai diém thi hai 1a M. Goi P la tryee tam ctia tam gidc
BMC.

a) Chting minh bon diém A, B, C, P cung hudc mot duong tron.

b) Puong thang qua H song song v6i AO cét canh BC tai E. Goi F 1a diém trén canh BC sao cho
CF = BE. Chting minh ba diém A, F, O thang hang.

c) Goi N la tam dwong tron ngoai tiép tam gidc ABM. Chitng minh rang PN = PO
Bai 5 (1.0 diém).

Trén ban c6 100 thé dwgc danh so tir 1 dén 100.Hai nguoi A va B lan lugt chon 18y mot tam thé
trén ban sao cho néu nguoi A 1dy tdm thé danh sd n thi ddm bao nguoi B chon duoc tdm thé danh s6

2n + 2. Hoi nguoi A ¢6 thé 18y duoc nhiéu nhét bao nhiéu tdm thé trén ban thdéa man yéu cau bai toan.

Phan tich va huwéng dan giai
Bai 1 (5.0 di€m).

a) Chiing minh rang n’ + 5n® — 6n chia hét cho 30 véi moi s8 nguyén duong n.

e Phin tich. Dit A =n’ +5n° — 6n va déy la 30 = 2.3.5 (2, 3, 5 nguyén 0 ciing nhau theo tirng doi mgt) do
do ta phan tich A sao cho A chia hét cho 2, 3, 5.

e Loi gidi. D4t A =n’ +5n’ — 6n khi dd ta co




A=1°+5n"-6n= n(n—l)(m+1)(n2 +6) = n(n—l)(n+1)(n2 —4+10)

= n(m—l)(n+1)(n2 —4)+10n(n—1)(n+1)

= (n—2)(n—1)n(n +1)(n +2)+10(n—1)n(n+1)
Do (n - 2) (n - 1) n (n + 1) (n + 2) la tich cia nam sd tw nhién lién ti€p nén tich nay chia hét cho ca 2, 3,
5.Ma 2, 3, 5 nguyén t6 cung nhau theo ting do6i 1 nén (n - 2) (n - 1) n (n + 1) (n + 2) chia hét cho 30.
M3t khéc ta lai ¢6 (n — 1) n (n + 1) chia hét cho 2, 3 nén chia hét cho 6. Do d6 10 (n - 1) n (n + 1) chia

hét cho 30. Vay A chia hét cho 30 hay n” + 5n’ — 6n chia hét cho 30.

b) Tim tat ca cac s6 nguyén duong (X; y) sao cho x” + 8y va y* + 8x déu la s& chinh phuong,.

e Phdn tich. Dé thdy vai tro cia hai bién x va y trong bai todn nhw nhau nén ta c6 thé gid siv x >y, khi dé ta
c6 thiy digc moi litn hé x* + 8y < x> +8x < x* + 8x +16 = (x + 4)2. Py la x* < x* +8y. Nhw vdy ta
duge x> < x* + 8y < (x + 4)2 . Do x* + 8y la s0 chinh phwwong nén ta cd thé’suy ra dwoc
9 2 2 2
X +8y=(x+1) ,(X+2) ,(X+3)
Dén day ta xét cic trwong hop dé'tim (x; y) théa man.
e Loi giai. Khong mat tinh tong quat ta c6 thé gia sit x > y . Khi d6 ta c6
X <xX +8y<x +8x<x +8X—i—16=(x+4)2
Ma x* + 8y la s8 chinh phwong nén ta cé thé suy ra dwoc x* + 8y nhan mot trong cac gia tri
(X + 1)2 ;(X + 2)2 ;(X + 3)2
+ Truong hop 1. Khi x* + 8y = (X + 1)2 ta duge x* + 8y = x* +2x + 1 < 8y = 2x + 1, tredong hop nay
khong xdy ra do 8y 14 s8 chan va 2x +1 la s 1é.
+ Trudng hop 2. Khi x* + 8y = (x +2) taduge x* +8y =x* +4x +4 & x =2y - .
Do y* + 8x la s8 chinh phwong nén suy ra y* + 16y — 8 1a s8 chinh phuong.
Khi y =1 ta dwoc x =1 vacap sd (X;y) = (1; 1) thda man yéu cau bai toan.
, . , , 9 2 2
Xéty>2,khidotacd y* +16y -8 = (y +3) +(10y —17) > (v +3)
N . ~ , 2 2 2
Dong thoi ta cling c6 y~ + 16y — 8 =(y+6) -72< (y+8) .
Dodésuyra (y+3) <y’ +16y -8 <(y+8) .Ma y* +16y - 8 las6 chinh phuong,

Suy ra v +16y —8 € {(y+4)2 ;(y+5)2 ;(y+6)2 ;(y+7)2}.

Giai truc tiép cac truong hop ta duoc cac cap sd (x; y) = (5; 3) , (2 1; 11) thoa méan yéu cau bai toan.




+ Trudng hop 3. Khi x* + 8y = (x +3)  tadugc x* + 8y = x* + 6x +9 & 8y = 6x +9, trudng hop nay
khong xay ra do 8y 1a s6 chdn va 6x +9 lasdle.
Vay cée cip s (x; y) thoa man yéu cau bai toan la (x; y) = (1; 1) : (3; 5) , (5; 3) , (1 1;21) , (21; 11)

e Nhin xét. D€tim y théa man y* + 16y — 8 Ia s6'chinh phuwong ta cd thé xir Iy theo cich khdc

bt y2+16y—8=k2(keN).Khidétacé

Y Hl6y 8= & (y+8) =K +72 6 (y+8-k)(y+8+k) =72
Déyring y+8+k>y+8-k >0 vay+8+k;y+8—k cing tinh chin Ié.
Laico 72 = 2.36 = 4.18 = 6.12. Dén ddy ta xét cdc trwong hop xdy ra dé'tim y theo ban sau

y+8-k 2 4 6
y+8+k 36 18 12
k 17 7 3
y 11 3 1
Dén day ta c6 két qua twong tw nhw trén.
Bai 2 (5.0 diém).
a) Giai phuong trinh \/QX _3 + \/E -2x =1+ 3
X X 2x

e Phin tich. Phuong trinh dd cho cd chiva hai cin thitc va ¢6 dn & mau. Quan sdt kij phweong trinh ta nhdn thiy

(2){ - é) + (E - QXJ _3 c6 méi lién hé véi vé'phdi ciia phwong trinh, do dé ta st dung cic dinh gid dé lam
X X X

mdt cin thitc hodc duwa hai biéu thitc trong cin vao ciing mot cin thitc. Theo bat ding thitc AM — GM ta c6

X X X X

\/QX _3 + \/E -2x < %[1 +2x — éJ + %(1 + 6_ 2Xj =1+ 21 Dén ddy ta giai quyét dwoc phieong trinh.
X

e Loi gidi. Diéu kién x4c dinh ctia phuong trinh 1a x # 0;2x — 3 > 0;E —2x 20 hay ?6 <x< \/g .
X X

Ap dung bat déng thitc AM — GM ta c6

JQX_LJE_QX; VU AU | PO P 1
X X 2 X 2 X 2x

Két hop véi phuong trinh da cho suy ra ddu bang ctia cac bat dang thitc trén xay ra

3
2x ——=1 3
Do d6 ta cé X &< x = —, thdoa man diéu kién xac dinh.
——2x =1

X

Vay phuong trinh da cho ¢6 nghiém duy nhatla x = %




fg—X:\/X+y—\/x—y

y

1/E)—y=\1x+y+\/x—y
X

b) Giai hé phuwong trinh

e Phan tich. Quan sdt hé phwong trinh ta nhan thdy fé—x1 /5_y = 2 va khi nhin hai vé phdi ciia hai phwong
y X

trinh thi ta lai c6 (\/x+y —\/x—y)(\/x+y +\/X—y) = 2y. Dén diy ta dwoc y =1, khi d6 ta dwa vé gidi

phwong trinh \/E =vx+1++x-1.
X

e Loi giai. Diéu kién xdc dinh cta hé phuwong trinh 1a x > y > 0. Nhén theo v€ hai phuong trinh cua hé

J%.E:(JW_Jx_y)u“y+¢X_y)@2:2y©y:1

Thay vao phuong trinh thit hai cta hé da cho ta duoc \/E =vx+1++x-1.
X

+ Xét ng.Khidétadu’oc \/Z=1E+1+4/%—1,d§mgth1’rcdﬁng.Dodé ng la mot nghiém cua

phuong trinh.

+Xétx>%.Khidétacc’) \/§<\/Z=4E+1+ %—1 <+x+1++x -1, do dé phuong trinh khong
X

da cho ta duoc

co nghiém.

+ Xét x<%.Khid(’)tacc’) \/E>\/Z=1E+1+ %—1 >4x +1++x -1, do d6 phuong trinh khong
X

c6 nghiém

Do d6 x = % la nghiém duy nhat ctia phuong trinh.

Vay hé phuong trinh c6 nghiém duy nhat la (x; y) = [% ; IJ .

Bai 3. Vi moi s8 thuc khong am x, y, z thdaman x* +y° +2° =2.

a) Chiing minh rang x +y +z < 2 + xy .

e Loi giai. Ap dung bat déng thitcc AM — GM ta dwoc

2
(X+Y) +1+Z2+1_X2+y2+X2+2XY+2

x+y+z=(x+y)1l+z1< =24+x
y ( Y) 5 9 5 y
+yv=1
o ) ) Ty x=z=1y=0
Dau bang xay ratai z =1 .
y=z=1x=0

X +y +7 =2




X y ,_ %

b) Tim gia tri 16n nhat va nho nhat cta biéu thic P = .
2+yz 2+zx 2+Xxy

o Loi giai.
+ Tim gia tri 16n nhat cta P.
Ap dung két qua cau a ta c6 cac bat dang thiic

X+y+z2<2+xy;X+y+2<2+yz;x+y+z<2+27x

x VAL S S S S

Khi d6 ta duoc P = <
24yz 24zx 2+4xy X+y+z xX+y+7zZ X+y+z

Do d6 gia tri 16n nhat caa P la 1, dau béng xay ratai x =y = 1;z = 0 va cac hoan vi.
+ Tim gia tri nho nhat caa P.

_ 2x S 2x _ 2x
2+yz 4+2yz 4+ +7° 6-x>

Ap dung bat déng thicc AM — GM ta c6

2x x?
>

6-x" 22

Ta s& chting minh khi 0 < x < /2 thi

t\/E t?

2 5
> —= < t(1-t) (2+t)> 0 1a mot bat déng thirc dting.

—tQ_\/E

. That vay, ddt t = xv2 thitaco 0 <t <1.

Ta can chitng minh

2

2 1y 0 . <
Vay ta co XZZ = ,déubangxayratalx=0hoacx=\/5.
6—-x 2\/5
X x’
Nhu vay ta cé >
2+yz 2\/5
‘ ? z 7’ .
Ap dung tuong tu ta dugc Yy > Y . > . Cong theo v€& cac bat dang thuc ta duoc
2+ 7x 2\/5 2+xy 2\/5
b y Z X +y +7 2 \/5
P = + + > = =—
2+yz 2+zx 2+Xxy 2\/5 2\/5 2

Dau bang xay ra khi x = \/g;y =7z =0 va cac hoan vi.

e 1a 1 . V2 . < L
Vay gia tri nhé nhat caa P la T,dat c’[u’(jctalx:\/g;yzz=0 va cac hoan vi.

o Nhdn xét. Ciu a ciia bai todn chinh la goi y dé'tim gid tri 16n nhdt ciia biéu thive P. Ngoai ra ta cé thé'tim gid
tri I6n nhit cua P djc 1dp v6i goi y ¢ cdu a nhw sau

2x 2y 27, 1 1 1
2P = + + =X+y+2z-—Xxyz + +
2+yz 2+27x 24Xy 2+yz 2+zx 2+Xxy

Ap dung bat ding thire Cauchy — Schwarz ta dwoc

1 1 1 9 9 9
24yz 2+zx 2+4xy 6+xy+yz+zx 6+x +y +72° 8

Khi dé ta co 2P£X+y+z—xyz:x(1—yz)+y+z,

Ap dung bat ding thire Cauchy — Schwarz ta duwoc ta lgi c6



[x(t-ya)+(y+ )] = | (v oa) || (132 +1]
= (2+2yz)(2—2yz +y222) =4+2y" (yz—1)<4

2 2
+z

Bit diang thitc cudi ciing ludn diing vi yz < Y <2. Do dé ta dwgc 4P* <4 =P <1.

Vi thir hai ciia cdu b ta ¢6 thé trinh bay cich khdc nhw sau

Ap dung bat ding thire Cauchy — Schwarz ta dwoc

X y N 7 S (X+y+Z)2 B (X-|—y+Z)2

P:2+yz+2+zx 2+Xy_x(2+yz)+y(2+zx)+z(2+xy)_2(X+y+z)+3xyz

Ditt=x+y+z, khidétacé t* >x> +y" +2° =2 va t’ S3(X2+y2+22)=6.
Tir do suy ra \/5 <t< \/E.Ap dung bit ding thitc AM — GM ta duoc

9xyz£(x+y+z)(xy+yz+zx)=

2
5 A t’ 6t
Két hop voi bat dang thiec trén ta dieoc P > =— .
6(t2-2) ¢ +10
2t+ ————~
2
2
Ta c6 26t10zgamz\ﬁ(t?+10)@(t—\/§)(t—5\/§)so.
t+

Y 22 PR A . 2
Bat dang thirc cudi cung luon diing do \/5 <t< \/E Vay ta dwoc P > g

Bai 4 (6.0 diém).
Cho tam gidc ABC (BC > CA > AB) ndi tiép duong tron (O) va ¢6 truc tam H. Duong tron

—

ngoai ti€p tam giac BHC cét tia phan gic ctia goc ABC tai diém tht hai 1a M. Goi P 1a truc tAm ctia
tam giac BMC.

a) Chting minh bon diém A, B, C, P cung hudc mot duong tron.

e Phan tich. Dé chirng minh bon diém A, B, C,
P cung thugc mot dwong tron ta cin cé

BPC =BAC.

Do P Ia truc tdm tam gidc BMC nén M la truc

tam tam gidc PBC. Tir do ta cé

BPC = 180° - BMC.

Lai thiy BAC = 180° — BHC. Déi day ta 6
diéu cin chitng minh vi BHC = BMC.

e Loi giai. Do P la triec tam tam giac BMC

nén M la truc tam tam giac PBC.




Ttr d6 ta 6 BPC = 180" - BMC. Do H Ia tric tdm tam gidc ABC nén BAC = 180" — BHC.

Ma ta lai c6 BHC = BMC do tt giac BHMC néi tiép.

Do d6 ta dwoc BPC = 180" — BMC = 180" — BHC = BAC. Suy ra bén diém A, B, C, P cing thudc mot
dwong tron.

b) DPuong thang qua H song song véi AO cat canh BC tai E. Goi F 1a diém trén canh BC sao cho
CF = BE. Chting minh ba diém A, F, O thang hang.

e Phdn tich. D¢ chitng minh ba diém A, F, O thing hang ta cin chitng minh F thudc dwong kinh di qua A ciia
dwong tron (O) Gid ste AK la dwong kinh, khi d6 ta di chieng minh ba diém A, F, K thang hang. Gid thiét cho

HE song song voi AK nén ta di chirng minh FK song song véi EH.

—

Dé thay hai tam gidc HBE va CKF bang nhau nén KFC = HEB, dén ddy ta c6 diéu phdi chirng minh.

e Loi gidi. Dyng duong kinh AK cua duong tron (O) Khi d6 dé dang ching minh duoc t& gidc
BHCK la hinh binh hanh.

Xét hai tam gidc BHE va CKF ¢6 BE = CF; HBE = KCF;BH = CK nén ABHE = ACKF .

—

Ttr d6 ta dwoc KFC = HEB, ttr d6 ta duwoc HE song song vdi KF. Lai c6 AK song song v6i HE nén ba
diém A, F, K thdng hang. Suy ra ba diém A, F, O thang hang.

c) Goi N 1a tam dudng tron ngoai tiép tam gidc ABM. Chiing minh rang PN = PO.

e Phan tich va loi giai. Goi I la tim duong tron ngoai ti€p tam giac BHC. Ta c6 ABHC = ACKB nén
ban kinh duong tron ngoai tiép tam giac BHC bang ban kinh duong tron ngoai tiép tam giac BKB. Tir
d6 ta suy ra dugc OB = OC = IB = IC. Cht y rang ON la duong trung truc cia AB va Ol la duong

trung triec cia BC, IN 1a duong trung triec cia BM nén ta suy ra dwgc ONI = ABM va OIN = MBC.
- , — — 1 — R — — 1 — ., R . "
Tt d6 dan dén ABM = MBC = EABC nén OIN = ONI = EABC hay tam gidc OIN can tai O, dong

thoi ta ¢6 NOI = 180° — 2NTO = 180" — ABC.

Lai ¢6 @:2}7(373:2(900 —MB\C)=180° _9MBC = 180" — ABC.

— —_

Tt d6 ta dugec NOI = POB nén suy ra NOP =10B.
Hai tam gidc OBI va OPN c6 OI = ON;NOP =10B;O0B = ON nén AOBI = APOB.
Ma tam giac OBO can tai B nén tam gidc OPN can tai P. Ttt d6 suy ra PN = PO

Bai 1 (1.0 diém). Trén ban c6 100 thé duoc ddnh s tir 1 dén 100. Hai nguoi A va B Ian lwot chon 1ay
mot tam thé trén ban sao cho néu nguoi A 1dy tdm thé danh sd n thi dam bao nguoi B chon duoc tam
thé danh s6 2n + 2. Hoi nguoi A ¢6 thé 1dy dugc nhiéu nhat bao nhiéu tam thé trén ban théa méan yéu

cau bai toan.

e Phan tich. Vi B bic thé cé dinh s6'2n +2 nén 2n +2 <100. Suy ra n <49. Do do A chi dwgc boc cic tam
thé co dinh so'tir 1 dén 49. Ta xét tap {1; 2;3;4; ...;49} . Gid st ta cho A boc cdc tam thé cé danh cdc sd'lé tir 1 dén
49. Nhw vdy A cd thé'boc dwoc 25 s6. Khi dé B boc duweoc cdc 12 tam thé danh so' chin la 4;8;12;...48 ¢6 trong tip

hop trén va 13 tam thé danh so'ldy tiv cdc s6 con lgi. Cho A boc cic tdm thé cd danh 6 chin, khi dé A boc duwoc 8




s0 twong 1rng voi B boc dwoc 8 s6'trong do cé bo'so” thudc tdp hop trén. Nhw vdy tdp hop trén vira hét so. Do do
tdi da A chi boc dirgc 33 s6. D€ chitng minh diéu nay ta chia tdp hop {1; 2;3:4; ...;49} thanh cdc nhw sau
+ Nhém 1 gom {1; 4} , {3; 8} , {5; 12} : {7; 16} s {23; 48} , trong do c6 12 s&' A boc dwoc vi 12 s6'B bic dugc c6
trong tdp hop trén.
+ Nhém 2 gom {2; 6} : {10;22} : {14; 30} : {18; 38}, trong do c6 4 s6' A boc diroc va 4 s6'B boc duege cd trong tip
hop trén.
+ Nhom 3 gom {25} , {27} ) {29} ; {31} yere {49} , trong do c6 13 s6"A boc dwoc co trong tdp hop trén va tirong
1tng 13 s6'B boc dwoc tir cdc so con lai.
+ Nhom 4 gom {26} , {32} , {42} ; {46} , trong do cd 4 s6"A boc diegc co trong tdp hop trén va twong 1tng 4 s6'B
boc dwoc tir cde s con lai.
Nhuw vy néu A boc diegc tir 34 s0'tro 1én thi sé co hai s trimg nhau. Tir d6 ta co 1oi gidi nhw sau

e Loi giai. Vi B boc thé ¢6 danh sd 2n + 2 nén 2n +2 <100. Suy ra n <49 . Do d6 A chi duwoc bdc cac
tam thé c6 danh so tir 1 dén 49. Ta chia tap hop {1; 2;3;4; ...;49} thanh 33 tap hop con nhu sau

+Nhém 1 gom {1, } { } {5;12};{7;16},...,{23;48} (12 nhém).
+Nhém 2 gom {2, } {10 22} {14;30};{18;38} (4 nhém).
+Nhém 3 gom {25},{27},{29};{31} ..., {49} (13 nhom).
+Nhém 4 gom {26}, {32},{42};{46} (4 nhém).

Trong mdi nhém A duoc chon t8i da mot s6. Néu A chon dugc nhiéu hon 34 s8 trong cac s& tir 1 dén 49
thi theo nguyén ly Dirichlet s& ton tai hai s bang nhau. Do d6 A chi chon duoc t8i da 33 s6.
Mt khac A chi chon dwgc 33 sd sau thoa man yéu cau bai toan 1a

{1; 3:5;...;23;2;10;14;18;25; 27, 29;...;49; 26; 32; 42; 46}

Vay A c6 thé 1dy t6i da 33 tdm thé.
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Bai1 (3.5 diém).

5vx + 4 _3—2\/;+\/;+2

X —5Vx +4 x —4 x -1

Cho biéu thirc A =

, VOl x 2 0;x #1;x #16.

a) Rat gon biéu thic A.

b) Tim cac gid tri ctax dé€ A < 1.

Bai 2 (5.0 diém).
a) Giai phwong trinh x* +2x + 2xyx+3 =9 —+/x+ 3.

X+y+xy=-H
b) Giai hé phuong trinh s
3" =y +2xy -4y +3

Bai 3 (2.5 diém).
Tim s6 tw nhién n sao cho n chi théa man hai trong ba tinh chét sau
a) n + 8 la s6 chinh phuong.
b) n — 3 la s6 chinh phuong.
¢) n chia hét cho 9

Bai 4 (7.0 diém).

Cho ntra duong tron tam O duong kinh BC. Goi A 1a mét diém c6 dinh trén ntra duong tron(A
khéc B va C) va D la mot diém di dong trén cung AC. Hai doan thang BD va AC cit nhau tai M, goi K
la hinh chiéu ctia M trén BC.

a) Chiing minh rang M la tam duong tron noi tiép tam gidc ADK.
b) Khi D di chuyén trén cung AC(D khéc C), chitng minh rang DK luon di qua mdt diém c8 dinh.

¢) Puong thing qua A va vudng goc véi BC cit BD tai E. Chting minh rang

c6 gia tri

khong d6i khi D di chuyén trén cung AC(D khéc A).

Bai 5 (2.0 di€m).

Tim gid tri 16n nhat ctia biéu thite A = x + V1 —14x — 15 véi -1 < x < %

Phén tich va huwéng dan giai

sUx 44 3-20x  Jx+2

+ ,vOi x 2 0;x # 1;x # 16.

X—5\/;+4_\/7—4 x -1

Bai 1. Cho biéu thiic A =

a) Rat gon biéu thic A.



Véi x> 0;x #1;x #16 tacod

_ lxea 3ok Vx42
) i

K x+4—(3—2 x)(\/;—1)+(\/;+2)(\/_—4)
(\/7—1)(\/7—4)
:(\/;—1)(3\/;“):3 o
(\/Q—l)(f—zl) <-4

b) Tim cac gid tri ciax d€ A < 1.

A

3\/;+1

Voix>0x#1;x#16 taco A = .Do dé ta co
x -4
A<1©M<1©M_1<0©M<0
x —4 x —4 x —4

2\/;+5

x —4

Do 2vx +5 >0 nén <O<:>\/;—4<O<:>\/;<4<:>X<16.

Két hop véi diéu kién xacdinhtacé 0 < x <16 va x =1 thi A <1.
Bai 2 (5.0 diém).

a) Giai phuong trinh x* +2x +2xvx +3 =9 —/x + 3.

biéu kién x4c dinh ctia phuwong trinh la x > —3. Bién ddi twong duwong phuong trinh ta duoc
K +2x+2xVx+3=9-vx+3 & X +2xx+3 +x+3+x+4x+3-12=0
<:>(x+x/§)2+x+M—12=0©(X+M+4)(X+M—3):0
x+x+3+4=0 |[Vx+3=-x-4

= =
x+4Vx+3-3=0 x+3=3-x

+V6i Vx +3 = —x — 4. D@ thdy khi x > -3 thi —x —4 < -1 va v/x + 3 > 0 nén phuong trinh da cho vd

nghiém.

3—-x20 x<3
+Vdi'\/x+33x<:>{ @{ x=1.

X+3:(3_X)2 o Tx+6=0"

Két hop véi diéu kién xac dinh ta duoc tap nghiém ctia phuwong trinh la S = {1} .

X+y+Xy=-9

b) Giai hé ph trinh
) Giai he phuong trin {3x2=y2+2xy—4y+3

Bién d6i ruong duwong phuong trinh thit hai cia hé da cho ta duoc




3x” = y° +2xy — 4y + 3 & 4x° =(X+y)—4y+3
<:>4X2—4X+1=(X+y)2—4(x+y)+4
2x—-1=x+y—-2 x=y-1
<:>(2X—1)2=(X+y—2)2c> Y = Y
2x —1l=—=x—-y+2 y=3-3x
+V6i x = y — 1 thé vao phuong trinh thit nhat cia hé da cho ta dwoc y* + y + 4 = 0, phwong trinh vo
nghiém.

+Voéi y = 3 - 3x thé vao phuwong trinh thit nhat ctia hé da cho ta duoc

_1+4o7 X:1+ﬁﬁy:5—ﬁﬁ

X
X -x-8=0< 6 = 6 2
197 1-97  5+4o7
6 6 2
Vay hé phueong trinh da cho c6 cac nghiém la (x;y) = (1+(;/E ; 5_2\/E}£1_6 o7 ;5+2\/§].

Bai 3. Gia st ta tim dwoc n thoa man tinh chét thi 3. Ta sé chiing minh n khong thé thoa man tinh chat
1 va tinh chat 2.

That vay, khi n chia hét cho 9 thi suy ra n chia hét cho 3. Do d6 n + 8 chia 3 ¢ s6 duw la 2. Ma mét s
chinh phuwong chia 3 c6 s6 dw 1a 0 hodc 1. Tir 6 dan dén n + 8 khong phai 1a s§ chinh phuong. Didu
nay chiing té n khong thoa man tinh chat thit nhat.

Mat khéac khi n chia hét cho 9 thi n — 3 chia hét cho 3. Ma do 3 khong chia hét cho 9 nén n — 3 khong
chia hét cho 9. Ma mot s chinh phuong chia hét cho 3 thi chia hét cho 9. Do d6 n — 3 khong thé'la s6
chinh phuong. Diéu nay chiing té n khong thoa man tinh chét thit hai.

Nhu vy n chi c6 thé thoa man tinh chét thit nhat va tinh chat thi hai, ta di tim cac s6 ty nhién n nhuw

vay.

Do n + 8 va n — 3 la cac s6 chinh phwong nén ta c6 {
Khi détacd p* —q° =11<:>(p—q)(p+q)=11.

A o p+q=11 p=0
Dop,ge Nnén p+qeN;p—-qeN;p+q>p—q.Tudotaduoc &

p-q=1 q=5
T d6 ta dwoc n = 28 . Dé thdy n = 28 théa man yéu cau bai toan.

Bai 4 (7.0 di€m). Cho ntra duong tron tdm O duong kinh BC. Goi A la mo6t diém ¢8 dinh trén nia
duong tron (A khac B va C) va D la mot diém di dong trén cung AC. Hai doan thang BD va AC cat
nhau tai M, goi K 1a hinh chiéu cua M trén BC.

a) Chiing minh rang M la tdm duong tron noi tiép tam gidc ADK.



Ta giac MKCD noi tiép duong tron nén ta
duoc MDK = MCK . Lai ¢6 ADB = ACB (hai

gbc ndi tiép cling chidn cung AB ctia duong

—

tron tam O). Do d6 ta dugc MDK = MDA
hay MD la mot duong phan giac ctia tam giac
ADK. B ) c

Chttng minh hoan toan tuong tw ta cling dwoc

AM la mot tia phan gidc cua tam giac ADK.

Vay M la tam duong tron noi tiép tam giac
ADK.
b) Khi D di chuyén trén cung AC(D khac C),
chting minh rang DK ludn di qua mot diém cd
dinh.

Puong thing qua A vuong géc véi BC cat DK tai 1. Suy ra Al song song v6i MK, tir d6 ta dugc

TAC = KMC. Ma ttr giac ADCI noi ti€p nén ta co KMC = KDC.

Do d6 ta duoc [AC = IDC nén t& giac ADCI ndi tiép duong tron (O) , suy ra diém I thudc duwong tron
(O) c6 dinh. Ma diém I thudc di qua diém A c¢6 dinh va vudng goc voi duong théng BC c6 dinh. Do d6
diém I c§ dinh. Vay duong thang DK luon di qua mot diém cd dinh.

BD.EM

c) Puong thang qua A va vudng géc véi BC cat BD tai E. Chitng minh rang co gia tri khong

d6i khi D di chuyén trén cung AC(D khac A).

Ta cé6 EAM = KDC va AME = DKC = DMC nén hai tam giac AEM va DCK dong dang véi nhau.
Ttr d6 ta co A_M:%
ME KC

Xét hai tam gidc KDB va KCA ¢6 KCA = KDB va KAC = KBD nén déng dang v6i nhau.

BD AM DB BD.EM
== Suyra — =—— = CA = .
CA ME CA AM

Tt &6 ta lai co % =
KC

Do AC khong doi nén suy ra M o gia tri khong d6i khi D di chuyén trén cung AC(D khéc A).

Bai 5. Tim gid tri 16n nhat ctia biéu thitc A = x + 41 —14x - 15> véi -1 < x < %

Taco A = x + V1 — 14x — 15x° :x+\/(x+1)(1—15x)

Do d6 ta duoc 3A = 3x + \/Q(X + 1)(1 - 15x) .

Do —13xg% nén ta cé 9(x+1)20;1—15xzo.

9(x+1)+1—15x
2

=5-3x.

Ap dung bat déng thitcc AM - GM ta duoc \/9 (x + 1) (1 - 15X) <




Tt d6 ta duoc 3A£3x+5—3x:5:>ASg.Dﬁubﬁngxﬁyrakhivéchikhi
1
9(x+1)=1—15x<:>24x=—8<:>x=—§

Vay gia tri 1on nhat ctia biéu thic A 1a g, dat duwoc tai x = —%(th(’)a man diéu kién xac dinh).



Peé s6 10
PE THI CHON HOC SINH GIOI MON TOAN 9 TINH QUANG BINH
Nim hoc 2016 - 2017

Bai 1 (2.0 diém).

Bx+V9x -3 Wx-1 Wx-2

+
x+v¥x -2 Wx+2 1-+x
2
b) Tinh gia tri bidu thic [\/4+Jﬁ+\/6—\/£—\/§] +[\/4—JE—\/6+\/£+\/§J

Bai 2 (2.0 diém).

a) Giai phuong trinh (\/x 12 Jx- 2)(1 Tt 4) — 4.

a) Rut gon biéu thiec P =

voi x 2 0;x = 1.

2

x(x+y-1)=2y(y+1)

b) Giai hé phuong trinh
) s PRTong {\/x —14+4fy =2

Bai 3 (1.5 diém).

Cho x, y, z 1a cac thuc duong bat ky. Tim gid tri nho nhét cua biéu thic

p_ \/5x2 + 6xy + by’ N \/5y2 + 6yz + 5z’ N \/522 + 62X + 5x’
X+y+2z v +7z+2x zZ+ X+ 2y
Bai 4 (3.5 diém).
Cho ntra duong tron tdm O béan kinh R ¢6 duong kinh BC ¢§ dinh. Lay diém A trén ntta duong tron

sao cho AB > AC. Goi H 1a hinh chiéu vudéng goc ctia A trén BC va E, F lan luot la hinh chiéu caa H
trén AB, AC. Puong thang EF cat nita duwong tron tai P, Q(E nam gitta P va F).

a) Chitng minh rang AO vuong géc véi EF va AP? = AE.AB. Tir d6 suy ra tam giac AHP can
tai A.

b) Goi D 1a giao diém cta BC véi PQ, K 1a giao diém ctia AD véi duong tron. Chting minh rang
t giac AEFFK ndi tiép.

c) bat BH = x. Tinh dién tich ctua tam giac ABH theo R va x. Tim vi tri cia A d€ dién tich tam
giac ABH c6 gia tri 16n nhat.
Bai 5 (1.0 diém).

2.2

Xy
x> +y°

Tim x, y nguyén duwong dé P = la mot s6 nguyén to.

Phan tich va huwéng dan giai
Bai 1.

3x+49x -3 Jx-1 Jx-2

- +
x+vx -2 Jx+2 1-+x

a) Rut gon biéu thic P = voi x> 0;x # 1.

eLoi gidi. Véi x > 0;x #1 tacd




Bx+y9x -3 Vx-1 Vx-2
(\/§+2)(1— x) Jx+2 1-+x
3k x—3—(\/_—1)(1—\/;)+(\/_—2)(\/;+2)
) (\/;+2)(1—\/;)

C3x+3Vx—3+x-2/x+l+x-4  sx+Vx-6  5Vx+6

(\/§+2)(1—J§) _(\/;+2)(1—&)_ Jx +2

P =

2 2
b) Tinh gi4 tri biéu thic {\/4+\/B+\/6—\/£— gj +[\/4—JE—\/6+\/£+\/§] .

.....

- sz o 7 )+ L2 - hoeadB + 4 |

1
2

[N B [T ] 3 o -

(V5B 4T B T LB B T G o B) 2

1
2

Bai 2. a) Giai phuong trinh (\/x+2 - —2)(1+\/x2 —4) =4.

e Loi giai. Diéu kién xac dinh ctia phuong trinh la x > 2. Dt a = \/X+2;b = \/x—2 (a >0;b > O).
Khi d6 dé thdy a® — b” = 4. Phuong trinh da cho dugc viét lai thanh
(a—b)(1+ab)=a2—b2@(a—b)(ab+1—a—b)=0<:>(a—b)(a—l)(b—l)z()
a—-b=0 a=b VX +2 =Nx -2 _
ola-1=0<|a=1=|Vx+2=1 @[X_
X

=3

Két hop véi diéu kién xdc dinh ctia phurong trinh ta ¢6 tip nghiém 1a S = {3}
o Nhin xét. D&y ring \x +2 +\x — 2 > 0. Nén phueong trinh da cho twong dizong v6i
(Jx+2 +\/x—2)(\/x+2 —\/x—2)(1+\/ﬂ)=4(M+M)
<:>4(1+\/E)=4(M+@)<:>1+\/x2 4 =Jx+2+/x-2
eliv—4-Jx+2-Vx-2=0 (Jx+2 —1)(\/}(—2 —1):0

Dén ddy ta cé két qua twong ty nhw trén.

X(X+y—1)=2y(y+1)

b) Giai hé phuwong trinh
) phons {\/x “1afy =2




e Loi giai. Diéu kién xdc dinh ctia hé phuong trinh 1a x > 1;y > 0. Hé phuwong trinh da cho tuwong

dwong véi

Ji1ay =2 i 1ay =2

(X+2y)(x—y—1)ZOS{X—Y—1=O_2@{X_lzy

@{mw;ﬂ BTy =27 W1y =2

x-1l=y {X=2

X+ xy—x =2y* +2y {x2—4y2+xy+2y2—x—2y=0
=

f=—
24y =2 y=1

Thay vao hé phwong trinh ta duoc (x; y) = (2; 1) la nghiém ctia hé phuong trinh.

Bai 3. Cho x, y, z la cac thue dwong bat ky. Tim gia tri nho nhét ctia biéu thiee

P \/5)(2 + 6xy + by’ +\/5y2 + 6yz + 57" +\/5Z2+6ZX+5X2
X+y+2z v+ 7z +2x zZ+ X+ 2y

2

e Loi giai. Ta c6 5x° + 6xy + 5y° = 4(X+y)2 4—(){—}7)2 > 4(X+y)

Jox +6xy +5y°  2(x+Y)
X+y+2z X4y +2z

. 2(x+y) . 2(y+z) . 2(z+x)

Do d6 ta duoc . Ap dung twong ty ta duoc

X+y+2z2 y+z+2x z+x+2y
batx+y=a;y+z=b;z+x=c.Khidotacod

2a 2b 2c a b C
P2 + + =2 + +
b+c c¢c+a a+b b+c c¢c+a a+c

w

Dé dang chttng minh duoc 2 . b TR N (bat dang thiec Neibitz) nén suy ra P > 3.
b+c c+a a+c 2

Vay gia tri nho nhat cua P la 3, dat duoctai x =y = z.

Bai 4. Cho ntta duong tron tam O ban kinh R ¢6 duong kinh BC ¢& dinh. Ldy diém A trén ntra duong
tron sao cho AB > AC . Goi H 14 hinh chiéu vudng goc ctia A trén BC va E, F lan lwot 1a hinh chiéu cta
H trén AB, AC. Duong thang EF cat ntra dudng tron tai P, Q(E nam giita P va F).

a) Chitng minh rang AO vudng géc véi EF va AP? = AE.AB . Tl d6 suy ra tam gidc AHP can tai A.

+ Goi I la giao diém ctia AO va EF. Khi d6 t& giac
AEHF 13 hinh chit nhat. Do dé ta c6 AEI = HAB va
EAI = ABH nén AEI + EAI = HAB + ABH = 90".

D

Ttr d6 suy ra AIE = 90° hay AO vuong goc véi EF. E

+ Xét hai tam giac ABP va APE c¢6 PAB va KO
ABP = APE nén AABP ©» AAPE.

Ttr d6 suy ra AP _AB n AP’ = ABAE.
AE AP




Do tam gidc AHB vudng tai H c6 HE la dudng cao nén AH® = AE.AB.

Do d6 ta dwoc AP’ = AH® = AP = AH hay tam gidc AHP can tai A.

b) Goi D 1a giao diém ctia BC véi PQ, K 1a giao diém ctia AD véi duong tron. Chiing minh rang t giac
AEFFK noi tiép.

Goi J 1a giao diém ctia AH va EF, khi d6 trong tam giac AOD c¢6 hai dwong cao DI va AH cét nhau tai ]
nén J 1a triee tam. Tl d6 dan dén OJ vuong gdc véi AD hay O] vudng goc véi AK. Suy ra OJ 1a duong
trung truc cia day AK. Lai ¢6 ] 1a giao diém ctia hai duwong chéo ctia hinh chit nhat AEHF. T d6 ta suy
ra dugc JA = JE = JF = JK nén J la tdm duong tron ngoai tiép t& gidc AEFK hay tit giac AEFK ndi
tiép duong tron.

c) bat BH = x. Tinh dién tich ctia tam gidac ABH theo R va x. Tim vi tri cia A d€ dién tich tam giac
ABH c6 gia tri 16n nhat.

Chon BH = X(R <x< 2R). Khi d6 ta c6 AH = VBH.CH = /x(2R —x) .

Do dé taduoc S, = %AH.BH = %)g [x (2R - x) . Ap dung bt d¢éng thixc AM — GM ta ¢6

X 4oR-
S, pu =%XJX(2R—X) =%.\/§X.J§.(2R—X) < %\/gngX =%.\/§>{R—§]

2 2
Mt khéc ta lai c6 %.\/Ex.(ﬁ_ij:ﬁ,E(R_E]Sﬁ(E+R_EJ _ 3R _

3) 2 3¢ 3) 8 (3 3 8

2
Dovaytaco S, . < VSR

o S g D&u bang xay ra khi x = %, khi d6 A la giao diém ctia duong trung tru
cua OC vdi nira duong tron (O)
Vay tam giac ABH c6 dién tich 16n nhat khi A la giao diém ctia duong trung truc ciia OC nita duong

tron (O)

2.2
X

Bai 5. Tim X, y nguyén duong dé P = la mot s6 nguyén to.

Xty

¢ Loi giai. Gia si (x; y) la cdp sd nguyén duong thdéa man yéu cau bai toan.
Khi do ta cé P(x2 + y2) =x’y*.Suy ra Px’ + py’ = xy’ = x’ (y2 - P) = Py’.
Ttr d6 ta suy ra Py” ix’, ma Pla s6 nguyén td nén y* ix” hay y:ix.

Lap luan tuong tu ta ciing duoc x iy . Tt d6 suy ra x = y, thay vao dang thitc trén ta duoc

4

P= = x’ =2P = Pi2

X’ +x°
DoPlasénguyéntonén P =2,duyra x =y =2.

Vay (x; y) = (2; 2) la cdp s6 nguyén duwong thoéa man yéu cau bai toan.




Dé s6 11
DE THI CHON HOC SINH GIOI MON TOAN 9 TiNH BINH THUAN
Nam hoc 2016 - 2017
Bai 1 (4.0 diém).

Cho biéu thitc A:(&”— X‘HNQ](&—LJ véi x > O;x # 1

x-1 Jx+1 Jx

a) Rut gon biéu thic A.
b) Tim cac gia tri ctia x d€ JA > A
Bai 2 (4.0 diém).

a) Cho biéu thiec P = ;2 véi x > 0. Tim gid tri 16n nhat cta biéu thirc P.
(x +2017)

10n*> +9n + 4

b) Chiing minh rang v6i moi s6 ty nhién n thi phan s6 ——————
20n* +20n + 9

toi gian.

Bai 3 (4.0 di€m).

a) Tim s0 thuc a d&€ phuong trinh sau cé nghiém nguyén x° — ax +a + 2016 = 0

Ixy =95 (X + y)
b) Giai hé phuong trinh {6yz = 7(y + 2
8zx =9 (Z + X)

Bai 4 (6.0 diém).
Cho tam giac ABC can tai A (A < 90”) , mdt duong tron (O) tiép xuc voi AB, AC lan luot tai B va

C. Trén cung BC nam trong tam gidc ABC 14y mot diém M tuy y (M # B; C) Goi cac diém I, H, K Jan
lwot 1a hinh chiéu cia M trén BC, CA, AB va P la giao diém cua MB véi IK. Goi Q 1a giao diém cua MC
voi [H

a) Chuing minh cac t& giac CIMH va MPIQ ndi tiép

b) Chitng minh rang PQ 1a tiép tuyén chung ctia hai duong tron ngoai tiép AMPK va AMQH.

¢) Goi N 1a giao diém thit hai cia duong tron ngoai tiép tam giac MPK va tam giac MQH. Chuing
minh réng MN luén di qua mot diém 8 dinh.
Bai 5 (2.0 diém).

Cho tam gidc ABC c6 cac duong phan giac trong BM va CN cat nhau tai I. Chitng minh rang néu

IM = IN thi tam giac ABC can tai A hodc géc A bang 60°.

Phan tich va hwéng dan giai

Bai 1. Cho biéu thiic A = Vx bl X”%&}[&—LJ voi x > 0;x # 1.

x-1 +Jx+1 Jx

a) Rut gon biéu thirc A.

Véi x >0;x =1 tacd




(\/;+1)2—(f—1)2+4\/§(&+1)(\/§+1) .
(x/;+1)(\/§+1) '

X +2 x+1—(x—2 x+1)+4\/§(x—1) eo1 AWkl (x-1) o
- x—1 \/; - x—1 \/;

b) Tim céc gid tri ciax d& VA > A. Véi x > 0;x # 1 tacd A = 4x . Khi do

A= 1

X

=4x

\/K>A<:>\/;>2x<:>x>2x2<:>2X2—X<0<:>2X—1<0<:>0<x<%

Véyvc’yi0<x<%th‘1\/X>A.

Bai 2. a) Cho biéu thic P = ;2 voi x > 0. Tim gid tri 16n nhat caa biéu thuc P.
(x +2017)

e Phan tich. Tacd P = * - == X = 21
(X+2017) x“ +2.2017x + 2017 ‘ot 2017

+2.2017

X

. P s vy . e 1t 20177
Véi x > 0 ta chuyeén tie tim gia tri Ién nhat ctia P sang tim gia tri nho nhat cua x + .
X

eLoigiai. Véi x >0 tacd P = x - =— * — = 21
(x+2017) x* +2.2017x + 2017 ot 2017

+2.2017

X

2 2
Ap dung bat déng thiic AM — GM cho hai s6 duong ta cé x + 2017 > 2, [x. 2017 _ 2.2017.
X

X

2
L . D4u bang xdy ra khi x = 2017 < x =2017.

2.2017 +2.1717 - 4.2017 X

Dodo P <

, dat duwoc tai x = 2017.

Vay gid tri léon nhat cia P 1a L
4.2017

2
b) Chiing minh rang v6i moi s8 tw nhién n thi phan s§ w to1 gian.
20n" +20n+9

10n®> +9n + 4
20n% +20n + 9

cua (10112 +9n + 4) va (20n2 +20n + 9) roi chtng minh d = 1.

e Phan tich. D€ chitng minh phéan s6 la phan s tdi gian ta goi d la wdc chung 16n nhat

e Loi giai. Goi d la w6c chung 16n nhat cta (10n2 +9n + 4) va (2()n2 +20n + 9).

=2n+1:d.

, 10n® +9n +41d 2(10n” + 9n +4})id
Khi do ta cé

2 : = 2 .
20n” +20n +9:d 20n” +20n +9:d
Do 2n +1 la sd 1é nén suy ra d phai la s6 lé.

Tt (2n+1)§d:>(2n+1)25d:>5(4n2 +4n+1)id.




Do d6 ta duoc (20n2 +2On+9)—(20n2 +20n+5)fd:4fd.Ma‘1dlésf)'lénénsuyradu’()c d=1.

10n*> +9n + 4

Vay phan s6 —M———
yP 20n* +20n + 9

toi gian.

Bai 3. a) Tim s8 thuc a d€ phuong trinh sau ¢ nghiém nguyén x* —ax +a + 2016 = 0.

¢ Loi gidi. Xem phuong trin trén la phuwong trinh bac hai an x.

Khi d6 dé€ phuong trinh trén c6 nghiém thi ta can c6 A = a’ — 4 (a + 2016) >0.

Gia st x;x, la cAc nghiém nguyén. Theo dinh ly Vi-ét ta c6 x, +x, = a. Suy ra ala s6 nguyén.

IacéxZ—ax+a+20uL=0<:(a—2f-(2x—af=:4mn7<3(a—x—1ﬂx—1)=mn7.

Do x va a la cac s6 nguyén nén suy ra x —1 1a wéc ctia 2017.

Tt d6 ta c6 x—f[e{—2017¢4;L2017}:3)(e{—20161k22018}.Tacébéngsau

X —-2016 0 2 2018
2

=-§—123%19 9016 9016 2020 2020
.

Thtr lai ta thdy a = —2016 va a = 2020 thoa man yéu cau bai toan.

dxy =5 (X + y)
b) Giai hé phuong trinh <6yz =7 (y + z)
8zx =9 (Z + X)

+ Xét truong hop x =0, tasuy radwoc y =z =0.Do do (X; V; z) = (O; O;O) la mot nghiém cta hé

phuong trinh.

+ Xét treong hop x # 0, khi d6 ta suy ra dwoc y # 0;z # 0. Ta co

Ixy = 5(X+y)
6yz = 7(y+z) =
8zx = 9(Z+X)

+ o+

+
><|?—‘N|l—‘t<j|>—n

N [ [ = =

©|0 N[ |

+

+

+

+

M RN = K=

Vay hé phuong trinh cé cac nghiém la (X; V; z) = (0; 0; 0) ,[

1_4
y 5 1
1_6 X
z 7 PN l
1_8 y
x 9 l
1.1_ 400 |
y z 315
315325 315
1317121 149

315

X = ——
131
_32
Y 121
315

7 = —
149

Bai 4. Cho tam giac ABC can tai A (A < 900) , mot duong tron (O) tiép xuc v6i AB, AC lan luot tai B va

C. Trén cung BC nam trong tam gidc ABC 1dy mot diém M tuy v (M # B; C) Goi cac diém I, H, K Tan
lwot 14 hinh chiéu cia M trén BC, CA, AB va P la giao diém ctia MB véi IK. Goi Q 1a giao diém cua MC

voi [H.

e Phan tich




—

+ D€ chiing minh cdc tir gidc CIMH ta chi ra CIM + CHM = 180° va d€ chiing minh MPIQ noi tiép ta
chira PIQ + PMQ = 180".
+ D& chting minh rang PQ 1a tiép tuyén chung ctia hai duong tron ngoai tiép AMPK va AMQH. Ta di

chtng PQ 12 tiép tuyén ctia mdi tam giac trén. Do vai trd hai tam giac nhuw nhau nén phép chiing minh

twong tu. D& chiing minh PQ la tiép tuyén ctia tam giac MPK ta can phai chi ra dwgc MPQ = MKI .

+ D€ chtiing minh ré“mg MN ludn di qua mot diém cd dinh thi trede hét ta de doan diém c¢6 dinh la
trung diém F ctia BC va chting minh MN di qua F. D€ y rang PQ 1a tiép tuyén chung ctia hai duong
tron nén khi MN cét P tai E thi E 1a trung diém ctia PQ. Nhu vay ta chi chan chitng minh PQ song song
v6i BC thi bai toan dwoc giai quyét.

e Loi giai.

a) Chting minh cac tt giac CIMH va MPIQ néi A
tiép.

Xét tir giac CIMH ¢6 CIM + CHM = 180 nén tu
giac CIMH noi tiép duong tron. Chiing minh hoan
toan twong tw ta duoc tt gidc IMKB noi tiép

dwong tron. Do d6 suy ra

N
—_ — — — — H
PIQ = PIM + QIM = MCH + KBM
= %(sdai\\/[ + sdl\//[—]g) = %SdBMC. A E
Trong duong tron (O) c6 goc BMC 1a goc ndi tiép B £ c

nén PMQ = MBC = %(360“ - sdBMC).

Do do ta dwoc

PIQ + PMQ = L sdBMC + —(3600 - sdBMC) — 180"

1
—s
2 2
Suy ra ti giac PIQM noi tiép duong tron.
b) Chttng minh rang PQ 12 tiép tuyén chung ctia hai dwong tron ngoai tiép AMPK va AMQH.

Ta c6 MBC = MCH (cling chén cung CM).
Lai do cac t& giac CHMI, PIQM, BIMK noi tiép duong tron.

Do d6 ta c6 MIQ = MCH; MPQ = MIQ; MKT = MBI.

—_—

Tt d6 suy ra MP(Q = MKI = MBI nén PQ song song véi BC.

Trong duong trong ngoai tiép tam giac MPK ¢c6 MPQ = MKI nén PQ 1a tiép tuyén.

Chiing minh hoan toan twong tu ta c6 QP 1a tiép tuyén cua duong tron ngoai tiép tam giac MQH.

Vay PQ la tiép tuyén chung cua hai duwong tron ngoai tiép AMPK va AMQH.

c) Goi N la giao diém thwt hai ciia dudng tron ngoai tiép tam giac MPK va tam giac MQH. Chiing minh
rang MN luon di qua mot diém cd dinh.



Goi E, F Ian luot la giao diém cua MN véi PQ va BC. Khi dé xét hai ta giac EPM va ENP ¢c6 PEM

—

chung va MPE = MNP (géc tao boi tia tiép tuyén véi day cung va goc noi tiép cting chan cung PM ctia
duong tron ngoai tiép ti goac MNKP).

Tt d6 suy ra AEPM @ AENP nén ta duoc % = % = EP? = EM.EN.

Chtrg minh hoan toan twong tw ta c6 EQ* = EM.EN .

Tt d6 ta duwoc EP? = EQ®* = EP = EQ hay E la trung diém caa PQ.

Ma do PQ song song véi BC nén F la trung diém cua BC. Do BC ¢& dinh nén F ¢6 dinh.

Vay MN luén di qua mot diém cd dinh.

Bai 5. Cho tam gidc ABC c6 cac duong phan giac trong BM va CN cat nhau tai I. Chiing minh rang néu
IM = IN thi tam giac ABC can tai A hodc géc A bang 60°.

e Loi giai. Ta xét hai treong hop sau

A

Truong hop 1 Truong hop 2

+ Truong hop 1. Vi AM = AN, khi d6 d& thiy AAIM = AAIN nén ta duoc AMI = ANI.

Xét hai tam gidc ABM va ACN c6 AMI = ANI, AM = AN va MAN chung,

Do d6 ta dugc AABM = AACN nén AB = AC hay tam giac ABC can tai A.

+Truong hop 2. V6i AM # AN, khi d6 khong mat tinh tong quat ta gia sc AM > AN .

Trén AM Idy diém K sao cho AN = AK . D& thdy AANI = AAKI nén ANI = AKI va IN = IK.
Do d6 IM = IN = IK nén tam giac IMK can tai I. Suy ra KM = KMI.
Laicéﬁ/lzﬁ\%nénﬁ/lzﬂ/\}]gzﬁ.

Talai 6 BAC = 180" — ABM - BMA = 180" — ACN — ANC.

—_—

Do dé ta c6 2.BAC = 360 — (ABM + ACN + AMB + ANC) hay ta duoc

2 BAC = 360° —(@+@+1800) _ 360 —(1800 —1§IE+180°) _ BIC = 90 +%1§x\c

Suy ra 4BAC =180" + BAC = 3BAC =180’ = BAC =60".

Vay tam gidc ABC can tai A hodc c6 BAC = 60".



Peé s6 12
DE THI CHON HOC SINH GIOI MON TOAN 9 TiNH DAK LAK
Niam hoc 2016 - 2017
Bai 1 (4.0 diém).

(a-1)Va-1+1 (a-1)Va-1-1
_l’_

\/a+2\/a—1 \/a—2\/a—1

x® —3x y+3\/;=1

16 3\/;:5

X

voia>2.

a) Rat gon biéu thire A = 1
a

b) Giai hé phuong trinh

Bai 2 (4.0 diém).

a) Tim céc gié tri m d€ phuong trinh x* + (2m + 1) x+3m~—1=0 co hai nghiém x ;x, théa man
diéu kién x} +x. =5.

b) Cho s thuc b théa man diéu kién da thire P(x) = x” + bx +2017 c6 gi4 tri nho nhét la mot s
thuc duong. Chiing minh rang ca hai phuong trinh 4x” — 1210x + b = 0 va 4x> —12J10x - b = 0 déu
c6 hai nghiém phan biét.

Bai 3 (4.0 diém).

a) Tim s6 nguyén x va y thda man phuong trinh 1+ 2* = y*.

b) V6i mdi s tu nhién n ta dat M (n) = 2" 42" ' Chting minh ring s6 20"} _ 8 ludn chia hét
cho 31.

Bai 4 (4.0 diém).

Cho dwong tron tam O va day cung AB khong phai la duong kinh. Goi I 1a trung diém ctia doan
AB. Trén cung nho AB ctia duong tron (O) 14y cac diém C, E sao cho cac goc CIA va EIB la cac goc
nhon. Puong thang CI cat duong tron (O) tai diém D khac C va duong thang EI cat duong tron (O)
tai diém F khéac E. Cac tiép tuyén ctia duong tron (O) tai C va D cat nhau tai M, cac ti€p tuyén ctia
duong tron (O) tai E va F cat nhau tai N. Puong thang OM cat CD tai O va ON cét EF ai Q.

a) Chiing minh rang t giac PQNM ndi tiép duong tron.
b) Chitng minh rang MN song song vé6i AB.
Bai 5 (2.0 diém).

1+\/g

2

Cho tam gidc ABC can tai C c6 géc & dinh la 36 . Chirmg minh ra‘“mg % =

Bai 6 (2.0 diem).

Cho hai s6 thuc a, b thay d6i sao cho 1 < a <2;1 <b < 2. Tim gia tri I6n nhét cua biéu thic

A=la+b+2:2 [ brazs 22
a’> b b’ a

Phén tich va hwéng dan giai



Bai 1 (4.0 dieém).

(a—l)\/;+1+(a—1) a—1-1
\/a+2\/; a—2\/;

voia>2.

a) Rat gon biéu thic A = 1
a

Vi a > 2 thi cac can thitc ctia biéu thirc A déu xac dinh. Khi d6 ta ¢

(e S e

+

A=
\/a—1+2 a—1+1 \/&—1—2 a—1+1

® | =

_1;(\/;+1)(a—1— a—1+1) (a 1- 1)(a 1++a— 1+1)
T a Ja—1+1 Ja-1-1
1 (E+1)(a—1— a—1+1)+(\/;—1)(a—1+\/;+1)
. _ J(E + 1)2 (\/aj - 1)2

S N N B

x? = 3xq/y + 3\/; =1
b) Giai hé phuong trinh
16 _3 \/’ 5

e Phén tich. Nhan thay x* - 3x\/; + 3\/; =le (X - 1) (x =3y + 1) = 0 neén ta giai dwoc hé phuong
trinh.
e Phan tich. Diéu kién xdc dinh ctia hé phuong trinh 1a x # 0;y 2 0. Hé phuong trinh da cho tuong

dwong véi

X -3y +1

(x—l)(x—?x y+1)=0 lle
16 <
-3y =5 6 3/ =5
X

Ta xét cac hé phuwong trinh sau

x=1 x=1

1
+V6i |1 & o4 121
1 3/ =5 {36:11 v
X

X_3\/7 1 X:3\/__1 X=3\/;—1 {X=2
= = =
3\/_ 5 3( Ay =5 3y +4yy —7=0

+ Véi

Két hop véi diéu kién xac dinh ta c6 cac nghiém cua hé phuong trinh la (x; y) (1 %J (2; 1) .

Bai 2 (4.0 diém).



a) Tim céc gié tri m d€ phuong trinh x* + (2m + 1) x +3m —1=0 céhai nghiém x ;x, thoa man diéu

kién Xf +X§ =5.

* Loi gidi. Xét phuong trinh x” + (2m +1)x + 3m -1 =0.

Khi d6tacd A=(2m +1) —4(3m~1)=4(m 1) +1>0.Do d6 phuong trinh trén ¢6 hai nghiém
véi moi m.
X, +Xx, = —(2rn +1)

XX, = 3m -1

Theo hé thitc Vi—et ta cd {

2
Ta cé Xf +x§ =5<:>(X1 +x2) —2x,x, = 5 nén ta duoc

(2m+1)2—2(3m—1)=5<:>2m2—m—leQmE{—%;l}

1 M Ts gt
Vay véi m e {—5; 1} thi phwong trinh da cho c6 hai nghiém thoa man yéu cau bai toan.

b) Cho s6 thue b thdéa man diéu kién da thiic P (X) =x’ + bx + 2017 c6 gia tri nhd nhat 1a mot s8 thuc

duong. Chitng minh rang ca hai phuong trinh 4x”° — 1210x + b = 0 va 4x> —1210x — b = 0 déu co
hai nghiém phan biét.

2

e Phan tich. Tt gia thiét ta dwoc 2017 _bI >0 < b’ <4.2017 < —242017 < b < 24/2017 . Ma ta c6
A, =360 - 4b va A, = 360 + 4b nén dé thdy A, > 0;A, > 0 nén ta c6 diéu phai chiing minh.

2 2 2
* Loi giai. Ta 6 P(x) =’ +bx+2017=£x+gj +2017—%22017—%.

2

Nhu vay gia tri nho nhat caa P (X) la 2017 - % . Theo bai ra ta dwoc

2

2017 —bz >0 < b® <4.2017 < —24/2017 < b < 24/2017

Phuong trinh 4x” — 12V10x +b =0 c6 A = 360 — 4b

Phuong trinh 4x” — 12J10x —b = 0 c6 A, = 360 + 4b

Ma —242017 <b < 22017 =

360 — 842017 < 360 — 4b < 360 + 82017 A'l >0
=9 .0
360 — 8v2017 < 360 + 4b < 360 + 8v2017 A, >0

Vay ca hai phuong trinh déu cé hai nghiém phan biét.
Bai 3 (4.0 diém).

a) Tim s6 nguyén x va y thda man phuong trinh 1+ 2* = y*.

Tacd1+2° =y’ &2 =y" -1 < 2* =(y—l)(y+1).KhidétBntaicécsé’tunhiénmvénthéamén

hé diéu kién




y+1=2"
y—1=2" =22"-2"=2=>m=2;n=1

m+n=x

Tt d6 ta tim dwoc x = 3;y = 3 thda man yéu cau bai toan.

b) V6i mdi s8 te nhién n ta dadt M (n) =9 j gt Chting minh rang s& 9"} _ 8 1u6n chia hét cho

31.

e Phan tich. D&y rang 32 — 1 = 31, do d6 d€ chting minh duwoc 20"} _ 8 Juén chia hét cho 31 ta can
viét duoc M) _g -8 (32k — 1). Diéu nay c6 nghia 1a ta phai chttng minh M (n) =2 p ot o6

dang 5k+3(k € N).

e Loi giai. Ta xét cac truong hop sau

+Né&u n 1a s6 chin, khi d6 n® chia hét cho 4. D4t n® = 4t (t e N), khi dé tacé 2% =2 =16'.
Do 16 chia 5 du 1nén 2 = 2" =16' = 5k, +1(k1 e N).Laicé 4n' +1-n® = 4p+1(p e N) nén ta co
2 =9 = 2.16" = 2(5k, + 1) = 2.5k, +2(k, € N).
Ttr d6 suy ra M(n) — o o'l _ 5y 3(k € N), do d6 ta duoc
') g =97 g =89 —8=8(32 -1)
Do 325 —1 chia hét cho 31 nén 2" — 8 chia hét cho 31.
+ Né&u n la s81¢, khi d6 n’® chia 4 c6 s8 du 1a 1. Dt n’ = 4t+1(t eN).
Khi d6 ta cé 2 =2 =2.16" = 5k + 2(1&1 c N). Laicd 4n' +1-n® = 4p(p c N) nén ta duoc
2"t =9 =167 =5k, +1(k, e N).
Tt d6 suy ra M(n) = gl 5k 4 3(k € N), do d6 ta duoc
2 g =9 g =59 — g =8(32" ~1)
Do 32* 1 chia hét cho 31 nén 2" — 8 chia hét cho 31.

vay 2 — 8 1uén chia hét cho 31.

Bai 4 (4.0 diém). Cho duodng tron tim O va day cung AB khong phai la duong kinh. Goi I 1a trung

diém ctua doan AB. Trén cung nho AB ctia duong tron (O) 14y cac diém C, E sao cho cac géc CIA va
EIB la cac goc nhon. Puong thang CI cat duong tron (O) tai di€ém D khéc C va duong thang EI cat
duong tron (O) tai diém F khac E. Cac tiép tuyén ctia duong tron (O) tai C va D cat nhau tai M, cac
tiép tuyén ctia duong tron (O) tai E va F cat nhau tai N. Duong thiang OM cat CD tai O va ON cat EF ai
Q.

e Phan tich.



+ Dé chirng minh tir gide PQNM ni tiép dwong tron ta cin chi ra dwoc OPQ = ONM,, mudn vdy ta cin chitng
.. OP ON R TSIV P A o P T

minh 00 " oM’ Chii y rang bai todn c6 hai cdp tiép tuyén cat nhau nén nén ta sé si dung cic hé thirc lién

quan dén tiép tuyén dé chitng minh hé thirc trén.

+ Ta di ¢c6 AB va IO vudng goc véi nhau nén dé chirng minh AB va MN song song ta cin chitng minh dirgc MN

vuong goc vdi Ol

a) Chiing minh ring t& gidc PQNM ndi
tiép duong tron.

Ta c6 CO =0D va MC =MD nén OM
la dwong trun truc ctia CD hay ta duoc
OM vuodng goc véi CD. Xét tam giac P
OMD vudng tai D c6 DP la duong cao
nén OD? = OP.OM.

Chttng minh twong te ta co £
OF? = OQ.ON.

Ma OD = OF nén OP.OM = OQ.ON

Haytacégzo—N

0Q OM

Xét hai tam giac OPQ va ONM c6 MON chung va or _ 8—1\1\/1[ nén AOPQ > AONM..

0Q
Tl d6 suy ra O/P\Q — ONM nén tit giac PQNM ndi ti€p duong tron.
b) Chting minh rang MN song song véi AB.
Goi T 14 giao diém ctia Ol va MN. Tt gidc OPIQ c6 OPI = OQI = 90’ nén tt gidc OPIQ ndi tiép duoc,
suy ra (50\1 = (5P\I
Lai ¢6 m =® nén suy ra Cﬁ+m :C?f’\IﬁLO/f-’TQ =90".
Do d6 tam gidc ONT vuong tai T hay OI L MN.
Mit khac OI L AB, do d6 AB va MN song song v6i nhau.

1+\/3

2

Bai 5. Cho tam gidc ABC can tai C c6 goc ¢ dinh 1a 36”. Chimg minh réng % B

—  — 180" -ACB _ 180" - 36"

Do tam gidc ABC can tai Cnén taco CAB = CBA = =72,

—_—

Ké dudong phan gidc BD cua tam gidc ABC ta dwoc CBD = ABD = 36".
Dé thdy tam gidc BCD can tai D va tam gidc ABD can tai Bnén AB = BC va AB = BC = CD
Dit AB=BC=x va AB=BC=CD=a(x>0a>0).
Do BD la phan giac ctia tam giac ABC nén ta c6
CD_AD CD+DA _ a X

Y - =2 = o xP—ax—a’ =0
BC AB BC+AB X X+a




(1+\/g)a AC 1+\/g‘
2

Do x > 0 nén giai phwong trinh trén ta dwoc x = .Do do AB - 2

Bai 6. Cho hai s6 thuc a, b thay ddi sao cho 1 <a <2;1 <b < 2. Tim gia tri I6n nhat cua biéu thicc

Azlatb?+ 22| peazs 22
a’> b b*> a

2
p ; Xty
e Loi gidi. Ap dung bét dang thiec quen thudc xy < % ta duoc
2
A= a+b2+i+z b+a2+i+z <1 a+b2+i+z+b+aZ+i+2
a> b b* a 4 a> b b* a
a+—=x 32+i2=x2—4
Dat a = a

2
Khi d6 biéu thiec A duoc viét lai thanh A :i(x“’ +y° +x+y—8) .
Do1<a<21<b<2néntacd

2
a +2S3a 2+2:3:>0<ng

(a_l)(a_Q)S0:>aQ333—2:>a+2:
a Qa a

(b_l)(b_2)503b2g3b_2:>b+2:b +2£3b_2+2
b b b

=3=>0<y<3

2 2 N
DodéA:i(x2+y2+x+y—8) si(32+32+3+3—8) — 64. Ddu bing x4y ra khi
a+b2+i+z=b+a2+i+z
a’ b’ a a=b=1
~1)(a-2)=0
(a-1)(a—2) o I

(b-1)(b-2)=0

Vay gia tri 1on nhat ctia A 1a 64, dat duoctai a=b =1 hodca=b=2.




Pé s6 13
PE THI CHON HOC SINH GIOI MON TOAN 9 TINH THANH HOA
Nam hoc 2016 - 2017
Cau 1 (4.0 diém).

1) Cho biéu thiec P = (1 vOi x > 0;x # 1. Rat gon biéu thuc P.

L4 }_x+2\/;
\/;_1 x-1)

2) Cho biéu thic F (x) =+x" +12x +12 - 3x. Goi x, la mot nghiém ctia phuong

x—-1

trinh x’ —x—1=0 . Tinh gid trj cia F(x,)
Céu 2 (4.0 diém).

1) Cho phuong trinh mx* + x + m — 1 = 0. X4c dinh m d€ phuong trinh ¢6 2 nghiém phéan

biét x ,x, thoa man 11 >1
Xl X2
24x (1 + L j =3
2) Giai hé phurong trinh * _1'- Y
2y [1 - J -1
X+y

Cau 3 (4.0 di€m).

1) Tim nghiém nguyén cta phuong trinh x* (y - 5) -xy=x-y+1

2) Tim céc s8 ty nhién x, y, z dong thoi théa man hai diéu kién sau x° +y® =22’ va x+y+z la
sO nguyeén to.
Cau 4 (6.0 diém).

Cho ABx c6 dinh, trén tia Bx 1dy diém C sao cho AB < AC, AB < BC. Buong tron tam O noi
tiép tam giac ABC tiép xtic véi cac canh AB,BC, AC Tan luot I,J, K . Tia BO cét cac duong thang JK,
ACTlanluwot taiMvaD.

a) Chting minh réng AOB = 90° + %ACB va nam diém A,1,0,M,K cing ndm trén mot duong

tron.

b) Chiing minh rang DK.BM = DM.BJva duong thang JKludn di qua 1 diém c8 dinh khi
diém C di dong trén tia Bx thoa man gia thiét.

c) Goi P 1a giao diém ctia duong thang KI va duong thang BC, duong thang AJ cat duong tron (O)
tai diém tht hai 1a N. Chttng minh rang PN 1a tiép tuyén ctia duong tron (O) .
Cau 5 (2.0 di€m).

Cho a, b, cla cac s6 thuc duong tuy y. Tim gia tri nho nhét cua biéu thic

P (a+b+c)2 +a3+b3+c3_131(32+b2+c2)
30(32 +b*+ CQ) 4abc 60(ab+ be + ca)

Phan tich va huéng dan giai



Cau 1 (4.0 diém).

7

voi x > 0;x # 1. Rat gon biéu thiee P.

1)Chobiéhth133cP=[1+ + 1t ];X+21X
-

x-1 x-1

e Loi giai. Voi x > 0;x # 1 tacd

2
X_1+4(\/;+1)+1'X+2\/;=X+4\/;+4 x-1 (\/;+2) Jx +2

x—1 x—1 x-1 'X+2\/;_\/;(\/;+2) \/;

P =

2) Cho biéu thic F (X) =Vx" +12x +12 — 3x. Goi x, la nghiém ctia phwrong trinh x* —x -1 =0.

Tinh gid tri cua F (XO ) .

e Loi giai. Do x, la nghiém cta phuong trinh x* —x —1 =0 nén xg -x,-1=0< X(Q) =x,+1.

4 2
Do d6 ta duoc Xg =(x0+1) , Xg =(x0+1) va x§+1=x0+2.
D&y rang khi d6 3x, +4 = 3x] +1> 0 nénta cé

F(x,) = x5 +12(x, +1) - 3x, =\/(x0 +1) +12(x, +1) - 3x,

= Jx! 4+ 4x 4 63 +dx, + 14 12, +12 - 3%,

- \/(XO 1) +4x, (x2 1) +6x2 +12x, +13 - 3x,

= X5+ 2x, + 1+ 4x, (x, +2)+ 6x2 +12x, +13 = 3x,

= (11 +22x, +14 - 3x, = \/2(x§ —x, = 1)+ 9x2 + 24, +16 - 3x,

= \J(3x, +4) —3x, =3x, +4-3x, =3

Cau 2. 1) Cho phuong trinh mx’ + x + m — 1 = 0. X4c dinh m dé phuong trinh c6 2 nghiém phéan
1

XX

biét x ,x, thoa man >1.

e Loi gidi. Phuong trinh mx” + x + m —1 = 0 ¢6 hai nghiém phén biét x ,x, nén ta c6

1—\/5 1+\/§

<m<

2 %

A=1—4m(m—1)20<:>

Al X7 , 1 m-—1 }
Theo hé thirc Vi-ettacd x +x, =——;x,.x, =——.Taco
m m
1 1 X, —X -X ’ X7+ x2 —2X X
—— il t—trle|X1—1 >l - 22 1251
X, X, X, X, XX, x| X
2 2 2 4
X7+ X, +2x x, —4x X (X1+X2) —4XX,
e — 2122 L2511 ; >1
XI'X2 X1X2

Thay hé thtic Vi — et vao bat dang thtic trén ta duoc




1 ’ 1
S R )
m m 1-4m” +4m

Em—lJ (m-1)

>1.

XX

Két hop voéi diéu kién cd nghiém suy ra khi 0 < m < g thi ta c6

>1<:>—>1<:>—5m2+6m>0<:>0<m<g

2) Giai hé phuong trinh
24y (1 -

e Loi giai. Diéu kién xdc dinh ctua hé phuong trinhla x > 0;y > 0;x +y # 0.

1 3

]. + = T
+
Khi d6 hé phuong trinh twong dwong voi * 1 y.o2 1X
1- =
X+y oy
3 1
2=—+—
Cong va trir theo v€ hai phuong trinh ctia hé trén ta duoc hé 5 2\/; 32\/; 1

xty 2k 2y

Nhan theo vé€ hai phuwong trinh cta hé trén ta duoc

3 N 1 3 3 1 _ 4 @i_i: 4
2\/; 2\/; 2\/; 2\/; X+y 4x 4y x+y
C>9y2—8xy—x2 =O<:>(x—y)(9y+x):0:>x:y

(Do x20;y 20;x+y #0 nén x+9y > 0)
1
2&(”—}:3
2x
1
2&[1—-}:1
2x

Thay x =y vao hé phuwong trinh ban dau ta duoc

Ta c6 2&(1+i)=3@2\/§+i=3@2x—3\/§+1=0@xe{1;1}.
2x Jx 4

Thay vao phwong trinh thit hai ctua hé ta thdy x =1 théa man.

Két hop véi diéu kién xac dinh ta duoc (X; y) = (1; 1) la nghiém duy nhat ctia hé.

Cau 3. 1) Tim nghiém nguyén cta phwong trinh x” (y - 5) -xy=x-y+1.

e Loi giai. Ta co X2(y—5)—xyzx—y+1<:>x2(y—5)—x(y+1)+y—1=0.

+Néu y =5 ta thu dugc phuong trinh —6x + 4 = 0, phwong trinh khong ¢6 nghiém nguyén.

+Néu y # 5, khi d6 xem phuong trinh trén 1a phuwong trinh bac hai an x.



Taco A=(y+1) —4(y-5)(y-1)=-3y* +26y - 19.

13+4\/?

Phuong trinh trén ¢6 nghiém khi va chi khi A = -3y® +26y —19> 0 < 3

@Sys

Do yeZ néntaye {1; 2;3;4;5;6; 7} . Thay Tan luot cac gia tri cia y vao phuong trinh va giai phuong

trinh ta dugc cac cdp s6 nguyén thoa man (X; y) = (O; 1) ) (1; 7) , (3; 7) .

2) Tim céc s8 ty nhién x, y, z dong thoi théa man hai diéu kién sau x* +y* =27 va x +y +z lasd

nguyén to.

e Loi giai. Ta xét cac trrong hop sau
+Xét x =0 khiddétacd y* =27°,suyra y =z = 0 nén ta duoc x +y +z = 0 khdng phai 1a s8 nguyén

A

to.
+Xét y = 0 khiddtacd x* =27, suyra x =z = 0 nén ta duoc x +y +z = 0 khdng phai 1a s8 nguyén

to.

+Xét x > 1;y > 1. Khi d6 ddt p = x +y + z la s6 nguyén t0.

Tacd x* +y° =27° <i)(x+y)(x2 —Xy—i—y2):2z3 =(p—z)(x2 —Xy+y2)=2z3.
Do p 1a s& nguyén t6 nén dé thay (p—z,223) =1.Do dé ta dugc x> —xy +y° = kz (k € N*).

Diéu nay dan dén (p—z)k=2 hay (X+y)k=2:>X=y=k=1.
Ttr d6 ta duogc z = 1. Dé thdy p=1+1+1 = 3 1a sd nguyén td.

Vay b6 s6 tw nhién thoa man yéu cau bai toan la (X; i z) = (1; 1; 1) .

Cau 4 (6.0 di€m). Cho ABx c6 dinh, trén tia Bx 18y diém C sao cho AB < AC. Buong tron tam O noi
tiép tam giac ABC tiép xtic véi cac canh AB,BC, AC Tan luot [, ], K. Tia BO cét cac duong thang JK,
ACTanluot tai MvaD.

—

a) Chiing minh rang AOB = 90" +

175 . . . N N o A \ \
5 ACBvandam diém A, I O, M, K cung nam trén mot duong tron.

~ ~

0_
Mzgoo +%

—

+Tac6 AOB:180°—(6A\]3+(7]37&)=1800_M

=180" -




-~ ~
—_— C

+ Mit khac AOM = 180° — AOB = 90’ —%. Tam giéc CKJ can tai C nén CKM = 90° — 5

— -

Tt gidc AOMD c6 AOM + AKM = CKM + AKM = 180" nén tt gidc AOMD noi ti€p.
b) Chting minh rang DK.BM = DM.BJ va duong thang JK luon di qua 1 diém 8 dinh khi diém C di
dong trén tia Bx thda man gia thiét.

+ Vi tit gidc AOMK noi tiép nén dé dang chitng minh dwoc DK.DA = DM.DO nén % = %
Vi AO la tia phan giac caia BAD nén ta lai c6 Ob_OB
AD AB
BJ OB

Tam gidc BAO ddng dang véi tam gidc BM] nén —— = —
g g dang g J BM . AD

Két hop ba két cua trén ta duoc DR = BJ nén DK.BM = DM.BJ.
DM BM

+Tacd AMO = 90° (g6c ndi ti€p chan nira duwong tron) nén AM L BD tai M

Ma BD c6 dinh va A ¢6 dinh nén M ¢6 dinh. Vay KJ ludén di qua diém M 8 dinh.

c) Goi P 1a giao diém ctia duong thang KI va duong thang BC, duwong thang AJ cit duong tron (O) tai
diém thtt hai 1a N. Chitng minh rang PN 1a tiép tuyén ctia duong tron (O) .

—

Goi Q la giao diém cua duong tron (O') ngoai tiép t gidc AIOK, khi d6 ta cé AQO = 90°

Xét AOQA va AOHP ¢6 A/O\P chung va AQO = PHO = 90°nén AOQA «» AOHP.
0Q _ ON
ON OP’
Tt d6 din dén AOQN © AONP nén suy ra PNO = NQO = 90° = ON L PN tai N thudc dudng

Tir 46 dAn dén OH.OA = OQOP ma OH.OA = OI’ nén OQ.OP = ON? =

tron (O). Do d6 PN 1a tiép tuyén ctia duong tron (O).

Cau 5 (2.0 di€m). Cho a, b, ¢ la cac s6 thuc duong tuy y. Tim gid tri nho nhat ctia biéu thic
(atbsc)  aripiie 131(a%+bP+c?)
p= N _
30 (32 +b* + (32) 4abc 60(ab +be + ca)

e Loi giai. Dé dang chiing minh duoc
a® + b + ¢ - 3abe =(a+b+c)(a2 +b? -2 —ab—bc—ca).

Do d6 bién d6i va ap dung bat dang thitc Cauchy — Schwarz ta c6




(a+b+c)(a2+b2+c2—ab—bc—ca)

a3+b3+c3_§+
4abc 4 4abc
=§+l(i+i+ij(a2+b2+c2—ab—bc—ca)
4 4\ab bc ca
2§+1.L(a2+b2+cz—ab—bc—ca)
4 4 ab+bc+ca
3 9(a2+b2+c2) 9_9(a2+b2+02) 3
_Z+4(ab+bc+ca)_2_4(ab+bc+ca)_§
(au+b+c)2 a2+b2+c2+2(ab+bc+ca) 1 ab + be + ca
La1cc') = = — 4 .
30(a2+b2+c2) 30(a2+b2+02) 30 15(a2+b2+c2)

Do d6 thu gon va 4p dung bat dang thitc AM — GM ta suy ra dugc

| ababetca 97D ) g 131(a’ 4D+ <)

" 30 15(a2+b2+c2) 4(ab+bc+ca) 2 60(ab+bc+ca)

1 ab + bc + ca a’ +b* +¢? 3
30 15(&2 + b? +c2) 15(ab+bc+ca) 2
1 ab + bc + ca a’+b* + ¢ 3.1 .2 3 4

>

+2. : =—+ =
30 \15(a’+Db+c?) 15(ab+betca) 2 30 15 2 3
D&u bang xay rakhivachi a=b=c.

Vay gia tri nho nhat cua P la —g, datdwoctaia=b =c.



Pé s6 14
DE THI CHON HOC SINH GIOI MON TOAN 9 TiNH BINH DINH
Niam hoc 2016 - 2017

Bai 1.

om + 16m+6+\/5—2+ 3
m+2ym -3 Ym-1 +m+3

a) Rat gon biéu thic P

1) Cho biéu thic P = -2

b) Tim gid trj tw nhién cua m dé P 1a sd ty nhién.
2) Cho biéu thirc P = (a + b) (b + c) (c + a) —abc vdi a, b, ¢ 1a cac s8 nguyén. Chiing minh rang

néu a + b + ¢ chia hét cho 4 thi P chia hét cho 4.

N ~ ~ , ]. 1 4
Bai 2. a) Chitng minh rang véi moi so thuc x, y duong, ta luén ¢cé — + — >
X y X + y

b) Cho phuong trinh 2x* + 3mx —+2 = 0 (m la tham s6). C6 hai nghiém x, va x,. Tim

X Xy

2
A , 2 1+Xf 1+X§
gia tri nho nhat cta biéu thite M = (Xl - x2) +

Bai 3. Cho x, y, z 1a ba s8 thuc duong. Chting minh rang:

1 1 1 (1 1 1
+ + < —+—+—
X*+yz y+zx 7z 4+xy 2\xy yz zx

Bai 4.
1) Cho tam gidc déu ABC néi tiép duong tron tam O ban kinh R. M 1a mot diém di ddng trén cung
nho BC ctia duong tron do.
a) Chitng minh rang MB + MC = MA
b) Goi H, I, KTan luot la chan duwong vudng goc ha tir M xudéng AB, BC, CA. Goi S, S’ lan luot 1a
dién tich ctia tam gidc ABC, MBC. Chting minh rang khi M di dong ta ludn c6 dang thitc
213 (5+29)
3R
2) Cho tam giac ABC c6 ba gbc nhon. AD, BE, CF la cac duong cao. Lay M trén doan FD, 1ay N

trén tia DE sao MAN = BAC. Chtrng minh MA 1a tia phan gidc cia goc NMF

MH + MI+ MK =

Phén tich va huéng dan giai

9m +V16m + 6 m -2 3

+ +
m+2ym-3 Ym-1 m+3

Bai 1. 1) Cho biéu thtc P = -2

a) Rut gon biéu thic P.

Diéu kién xac dinh ctia biéu thitcPla m > O;m # 1. Khi dé ta cé



2m+4\/E+6+(\/§—2)(\/E+3)+3(\/E—1)—2(m+2\/5—3)
m+2\/5—3
_2m+43m +6+m ++m —6+3vVm —3-2m — 4/m +6
m+2\/;—3
_m+4 m+3_(\/;+1)(\/;+3)_\/;+1
_m+2\/;—3 _(\/;—1)(\/E+3)_\/;—1

b) Tim gia tri tw nhién ciia m dé P 1a s6 tw nhién.

\/;”:u 2
Jm -1 Jm -1

Dé P nhan gia tri la s0 tu nhién thi \/E —1 phai la wdc cuia 2. Do d6 \/; -le {1; 2} nén m € {4; 9} .

P=

Vim>20m=1tacd P =

Thix lai ta thdy véi m € {4; 9} thi P nhan gia tri la mot s6 tw nhién.

2) Cho biéu thirc P = (a + b) (b + c) (c + a) —abc véi a, b, c1a cac s6 nguyén. Chiing minh rang néu

a + b + ¢ chia hét cho 4 thi P chia hét cho 4.

e Loi gidi. Gia sit a + b + ¢ chia hét cho 4, khi d6 ton tai s6 nguyén k sao cho a + b + ¢ = 4k.
Ttr d6 ta duwgc a + b =4k —¢;b + ¢ = 4k —a;c +a = 4k — b. Thay vao P la dwoc
P = (4k —c)(4k —a)(4k - b) - abc
= 64k> —16k* (a+b+c)+4k(ab+bc+ca)—abc—abc
= 4[161{3 — 4K (a+b+c)+k(ab+bc+ca)}—2abc
Gia st ca ba s0 a, b, ¢ khong chia hét cho hai. Khi dd a, b, cchia2 c6s6 dwlal.Suyra a + b + ¢ chia2

6 56 dur 1a 1. Diéu nay mau thuan véi a + b + ¢ chia hét cho 4. Nhw vay trong ba s8 a, b, c c6 it nhat
mot s6 chia hét cho 2. Do d6 2abc chia hét cho 4. Tt d6 suy ra P chia hét cho 4.

e Nhin xét. Ta c6 bién doi P = (a+b)(b+c)(c+a)7abc = (a+b+c)(ab+bc+ca)—2abc.

Do a+ b+ c chia hét cho 4 nén trong ba s6'a, b, c c6 it nhit mét s6 chin. Do vdy P chia hét cho 4.

N A ~ , ]. 1 4
Bai 2. a) Chitng minh rang véi moi so thuce x, y duong, ta luén ¢cé — + — >
X y X + y

e Loi giai. Bt dang thitc can chiing minh twong duong véi

X+y>

Xy X+y

<:>(X—i—y)2 24zxy<:>(x—y)2 >0

ne 3% oA s A 1 A 1 1 R A, .
Bat dang thitc cudi cung luén dang nén ta duwgc — + — = .Daubang xay rakhi x =y.

X y X+y

b) Cho phuong trinh 2x* + 3mx — V2 =0 (m la tham s6). C6 hai nghiém x, va x,. Tim gid trj nho nhat

X Xy

2
e , 2 1+ xf 1+ x;
cua biéu thitc M = (x1 - X2) + .

e Loi gidi. Dé thdy ac = —2v2 < 0 nén phuong trinh da cho ludn ¢ hai nghiém phan biét x, va x,.




I . 3 2 ,
Theo hé thire Vi-ettaco x, +x, = ——m;xlx2 =——"_Taco
2 2

2 2 2 2 2 2
2 l—i-X1 1+X2 2 X, + XX, =X —X X,
M=(X1—X2) + - =(X1—X2) +

XXy

2
:(Xl—XQ) + — =(X1—X2)2[1+1_X1X2]

X1X2 X1X2

2
1—
= [(xl +X, )2 - 4X1X2:|(1 + &J

X1X2
Thay hé thitc Vi — et vao biéu thie M ta duoc
2
V2

M = (_3_m)2—4{—§] 1+1_+\/§ :[9+¥Tm2+8+8\5
2

N2
5

2
Do mQZOnéan[QJr—] m?+8+8/2>8+8V2.

Vay gid tri nho nhat cia M 1a 8 + 8+/2 , ddu bing x4y ra khi va chi khi m = 0.

Bai 3. Cho x, y, z 1a ba s6 thuc duong. Chiing minh réng:

1 1 1 1(1 1 1
+ + < | —+—+—=
X*+yz y +zx z4+xy 2\xy yz zx

« Loi giai. Ap dung bat dédng thitc AM = GM ta c6 x° + y# > 2x3/yz . Do 46— < —

x2+yz 234\ yz

Ap dung hoan toan tuong ty ta duwoc

1 1 1 1[1 1
<

1
+ + + +

Ctyz yitozx Ztxy 2
S S| :\/g—k\/yiz—kx/;.
xyyz yox afxy xyz
Métalaicé\/g+\/;+x/;3x+y+z.

\/§+\/;+\/;<x+y+z 1 1 1

Do d6 ta duoc = 44—
XYz Xyz Xy Yz 7ZX

Ta cé

R 1 1 1 {1 1 1
Nhu vay ta duoc - +— +— < S| — 4+ =+ = .
X +yz y 4+zx 7z +xy 2\Xxy yz zX

Vay bat dang thitc duoc chitng minh. Ddu bang xay ra khi va chi khi x =y = z.

Bai 4. 1) Cho tam giac déu ABC noi tiép duong tron tam O ban kinh R. M 1a mét diém di déng trén
cung nhé BC ctia dwong tron do.

a) Chtrng minh MB + MC = MA




Trén AM 14y diém D sao cho AD = MC. Dé dang
chttng minh duoc AADB = ACMB . Do d6 ta
dwoc BD = BM nén tam gidc BDM can tai B. Ma

ta lai co BMD = BCA = 60 (cting chan cung AB).
Tt d6 suy ra tam giac BDM déu. Do d6

MB = MD.

Nhu vay MB + MC = DM + AD = MA..

b) Taco MH.AB + ML.LBC + MK.CA

= Sapm T 25500 + 25,40 = 2 (SABC + 2SBMC)

Tt &6 ta duwoc M

MH.AB + MIBC + MK.CA = 2 (s + 28')

Matacéd AB = BC =CA =a nénsuyra
' 2 (S + 28')
a (M + MI+ MK) = 2(8+25 ) = MH+ MI + MK = ———
2(s+28) 2V3(s+25)
R+/3 3R
2) Cho tam giac ABC c¢6 ba géc nhon. AD, BE, CF la cac duong cao. Ly M trén doan FD, 1ay N trén tia
DE sao MAN = BAC. Ching minh MA 1a tia phan gidc cia goc NMF

a

Lai c6 a = R\/3 nén suy ra MH + MI + MK =

Qua M ké duong thang song song véi BC cat A
DE tai K X

J——

+Tacé BDF = BAC = EDC. Do d6

— N

FDA = KDA va MK vudng géc véi AD nén
suy ra tam gidc AMK can tai A

—

+Lai 6 EDB + EAB =180 . Do MK song K
song voi BC va két hop voi gia thiét ctia bai

toan ta c6 EDB = EKM; BAE = MAN nén

EKM + MAN =180, do d6 tiz giac
MANK ndi tiép.

Tut céc dieu trén ta c6 xNA = AMK = AKM = ANM . Suy ra AN la phan giac ngoai DNM ctia tam

—

giac DNM. Két hop DA la phan giac MDN suy ra A la tam dwong tron bang tiép trong géc MDN cua

tam giac MDN. Vay MA 1a tia phan giac cia goc NMF
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Cau 1 (5.0 diém).

a) Cho bidu thite P = | — <=4 Zx=ovx 1 [x&+2+f+ij Vi X > 0rx % .
o2 +3Vx -2 4x-1 2 Jx 4

Rat gon biéu thirc P va tim x d€ P < g

b) Cho 3 s6 thuc duong a,b,c thoa man ab + bc + ca = 3abc. Tim gia tri nho nhat ctia biéu thikc

3 3 3

a b C
A= 2+ 2+ 5
c+a a+b b+c

Cau 2 (4.0 diém).
a) Giai phuong trinh x* +V1+x +V1-x-2=0.

Xy2+2x—4y=—1

b) Giai h¢é phuong trinh 3

X2y +2xy2—4x+3y=2

Céu 3 (4.0 di€m).

a) Tim céc cdp s6 nguyén duong (a; b) théa man dang thikc

a3—b3+3(a2—b2)+3(a—b):(a+1)(b+1)+25

b) Cho hai s8 nguyén a va b thoa man 24a* + 1 = b?. Chting minh ring chi 6 mét s& a hodic b chia

hét cho 5.
Cau 4 (2.5 diém).

Cho tam giac ABC can tai A va ndi tiép duong tron (O) duong kinh AK. Lay diém I thudc cung

nho AB cta dueong tron (O) (I khac A, B). Goi M 1a giao diém cta IK va BC. DPuong trung truc cua doan

thang IM cat AB va AC Ian luot tai D va E. Chting minh rang t gidc ADME la hinh binh hanh.
Cau 5 (4.5 diém).

Cho tam giac nhon ABC (AB < AC) ndi tiép duong tron (O) cé trec tam 1aH. Goi D, E, F lan

lwot 1a chan duong cao ké tir A, B, C cua tam giac ABC.

a) Goi K 1a giao diém ctia duong thang EF va BC. Goi L 1a giao diém ctia duong thang AK véi

duong tron (O) (L khac A). Chiing minh réng HL vudng goc véi AK.

b) Lay diém M thudc cung nho BC cuia duong tron (O) (M khac B, C). Goi NvaP lan luot 1a

diém d6i xting ctia M qua hai duong thing AB va AC. Chting minh ba diém N, H, P thang hang.



Huéng dan giai
Cau 1 (5.0 di€m).

a) Cho bidu thite P = | — -4 Zx=ovx 1 (x&+2+5+ij Vi x> 0;x % ©.
ox+3Vx -2  4x-1 2 Jx 1

NP o < o 3
¢ Loi giai. Rat gon biéu thitc P va tim x dé PSE.
. 1 .
V01X>0;X¢ZtaCO

(2\/;4_1)(\/__2) 2x —5Vx -1 9252 + xv/x + 4x +2

P= -

_(2& - 1)(2\/; + 1) (2& - 1)(2\/; " 1) ' 2/x

( X+1)(f—2) Y (2\/;—1-1)()( x+2)

_(2 X—1)(2 x+1) (2 x—1)(2 x+1)_ 2/x
:2X—3\/;—2—(2X—5\/7—1)'(2 x+1)(x x+2)
(2[—1)(2 x+1) 2x
ox 1 (2 X+1)(x x+2)_x o

(2x—1)( x+1)' 2x ok

2
Khid(’)Psg@X X+2Sg<:>x x—3\/;+2so®(f—1) (\/;+2)go@x=1.

2x

b) Cho 3 s6 thuc duong a, b, ¢ théa man ab + be + ca = 3abce. Tim gia tri nhd nhat cta biéu thic

3 3 3

a b C
A= 2+ 2+ 3
c+a a+b b+c

e Loi giai. Gia thiét ctia bai toan dwoc viét lai thanh l+%+l: 3.Ap dung bat déng thttc AM - GM
a c
ta duoc
3=l+i+12—9 =>a+b+c>3
a b ¢ a+b+c
3 2 B
Ap dung bat d¢éng thitc AM — GM ta c6 a B Tacmac_, 8 5, X =a—£.
c+a’ c+a’ c+a’ 2a\/g 2

Ap dung hoan toan tuong tu ta duwoc

a’ b3 3 \/;+\/E+\/E
A= + + >a+b+c——————
c+a’? a+b®> b+c? 2

Ciing theo bat dang thitc AM — GM ta c6 \/;+\/g+\/g Sl(a+1)+l(b+l)+l(c+1).
2 2 2

>6_3
4

5

(a+b+c)+3_3(a+b+c)—3

Teddésuyra A>a+b+c— =
4 4




Déu bang xdy rakhi vachikhia=b=c=1.
Vay gia tri nho nhat cua A la ;, datdwoctaia=b=c=1.

Céu 2 (4.0 di€m).

a) Giai phuong trinh x? + V1+x +V1-x-2=0.

e Loi giai. Diéu kién xac dinh ctia phuong trinhla -1 < x <1.

Pata=v1+xb=v1-x(a20b20).Khidétacsa® =x+Lb’ =1-x=a’ +b’ =2.

Lai c6 ab = V1 -x* = x? =1 - a’b? nén phuong trinh da cho tré thanh a +b —a’b? —1=0.

Két hop hai phuwong trinh ta c6 hé phuwong trinh

a+b-2a’b?-1=0 a+b=a’b’+1 a+b=a’b?+1

2 2 < 2 = 5 o 2

a’ +b* =2 (a+b) —2ab=2 (ab +1) —2ab =2
a+b=a’b?+1 a+b=a’b?+1

= =
a‘b? +2a’bh? —2ab-1=0 (ab - 1) (a3b3 +a’b? + 3ab + 1) =0

Do a > 0;b >0 nén a’b? + a?b? + 3ab + 1 > 0. Do d6 hé phuong trinh trén twong duong véi

{a+b=a2b2+1 {a+b:2 {a=1 J+x=1
= =

= =x=0
ab=1 ab=1 b=1 Jiex =1

Thi lai ta thdy thoa man. Vay phuong trinh ¢6 nghiém duy nhatla x = 0.

Xy2+2x—4y=—1

3

+2xy2—4x+3y=2

b) Giai hé phuong trinh { )
Xy

e Loi giai. Ta xét cac truong hop sau
+ Xét truong hop y = 0, khi d6 hé phuwong trinh ¢ mot nghiém la (x; y) = [—%; Oj .

+ Xét treong hop y # 0, khi d6 phrong trinh da cho twong duong véi

2x +1
Xy+2_x_4:_l Xy + . -4=0
y y -
v dx 2 ) 2(2x +1)
Xy +2xy ——+3=— Xy 4+2xy -———+3=0
y y y
. 2x +1 A \ N s
Dat a =xy;b = . Khi d6 hé phuong trinh trén trd thanh
y
a+b-4=0 b=4-a b=4-a a=1b=3
2 .2 .2 <
a’+2-2b+3=0  |a’+2a-2(4-a)+3=0  |a’+4a-5=0 |a=-5b=9
xy =1 le x=Ly=1
Véi a =1;b = 3 ta c6 hé phuong trinh { 2x + 1 3<:> y = 3 9.

y x(2x+1):3 Xz_E;yz_g




I Xy =—-5

5
Véi a = —=5;b =9 ta c6 hé phurong trinh {2){ +1 9 = 1 y (hé v6 nghiém).
y

Vay hé phuwong trinh c6 cac nghiém la (x; y) = (—% ; 0] ) (1; 1) ) (—g;—%} .

Cau 3 (4.0 dieém).

a) Tim cac cdp s6 nguyén duong (a; b) thoa man dang thic

a3—b3+3(a2—b2)+3(a—b)=(a+1)(b+1)+25

e Loi giai. Phuong trinh tvong duong voi:
(a—b)(a2 +ab+b2)+(3a+3b)(a—b)+3(a—b) =(a+1)(b+1)+25
<:>(3L—b)[(a2 +2a+1)+(b2 +2b+1)+(ab+a+b+1)}:(a+1)(b+1)+25

@(a—b)[(aJrl)z +(b+1)2 +(a+1)(b+1)} =(a+1)(b+1)+25
Ditx=a+Ly=b+ l(x >0y > 0), khi d6 phuong trinh trén duoc viét lai thanh

(X—y)(x2+y2+Xy)=xy+25<:>X3—y3—Xy=25

< 27x% —27x% —27xy = 675 & (3x)3 + (—3y)3 +(~1) - 3.3x.(-3y).(-1) = 674
o (3x—3y—1)(9x2 +9y? +1+9xy—3y+3x) _ 674

D& thdy 9x” +9y? +1+9xy — 3y +3x > 3x -3y —1> 0 va 674 = 1.674 = 2.337 ..

Do d6 ta xét cac treong hop sau

9x” +9y” + 1+ 9xy — 3y + 3x = 674
+ Truong hop 1. Vé6i * Y RN AR , hé khong c6 nghiém nguyén.
3x-3y-1=1

9x% +9y% + 1+ 9xy — 3y + 3x = 337 32 +3y2 +3xy —y+x =112
+Tru€mghop2.Vc’yi{X y AR A @{X oSy my X

3x—3y—1=2 3x -3y —1=2
Giai hé trén ta duoc (x; y)=(4 3) .
T d6 ta tim dwoc cip s8 thoa man (a; b)= (3; 2)
o Nhdn xét. Ta cd thé'gidi bai todn trén theo cic khic sau
(a+1)3 —(lo+1)3 =(a+1)(b+1)+25

N [(a+1)—(b+1)]3 +3(a+1)(b+1)[(a+1)—(b+1)] =(a+1)(b+1)+25
Dit: x = (a+1)—(b+1);y = (a+1)(b+1). Kni dé dé thiy x > O;y > 0.
Phicong trinh trén duogc viét lai thanh

25 — x°

X3+3xy=y+25<:>y(3x—1)=25—X3<:>y= 1
< —




Do x> 0;y >0 nén 3x-1>0,suy ra 25 — x> > 0 tir dé din dén x nhdn xdc gid tri xe{l;2;3}

Dén day gidi tiép ta thu dwoc két qua nhue trén.

b) Cho hai s8 nguyén a va b thoa man 24a* + 1 = b*. Chting minh rdng chi c6 mot s6 a hodc b chia hét
cho 5.

o Loi gidi. Ta c6 24a” +1=Db% < 25a% +1=a’ + b°.

Ta biét rang mot s8 chinh phuong khi chia cho 5 cé cac s8 dw 1a 0, 1, 4.

Gia st diéu can chiing minh la sai. Khi d6 ta xét cac truong hop sau

+ Trudong hop 1. Ca hai s8 a va b cing chia hét cho 5. Khi d6 a* + b? chia hét cho 5.

Ma 25a” +1 khéng chia hét cho 5. Diéu nay vé li, do d6 khéng xdy ra truong hop ca hai s§ a va b cling
chia hét cho 5.

+ Trudong hop 2. Ca hai s6 a va b ciing khéng chia hét cho 5. Khi d6 a® va b? chia cho 5 nhan mét trong
hai s6 dw 12 1 va 4. Do d6 ta duoc a® + b® chia 5 nhan mot trong cac s6 du 0; 2; 3.

Ma 25a% + 1 chia cho 5 ¢6 s8 du 12 1. Diéu nay vo li, do d6 khdng xdy ra truong hop ca hai s6a vab
cung khong chia hét cho 5.

Vay trong hai sd a va b chi c6 mét s6 chia hét cho 5.

Cau 4 (2.5 diém). Cho tam gidc ABC can tai A va ndi tiép duong tron (O) duong kinh AK. Lay
diém I thudc cung nho AB ctua duong tron (O) (I khac A, B). Goi M la giao diém cua IK va BC. Duong

trung truec cua doan thzfmg IM cit AB va AC Tan lwot tai D va E. Chttng minh réng t@ giac ADME la
hinh binh hanh.

e — —

o Loi giai. Xét hai tam giac KBM va KIB c6 BKM chung va BIK = MBK ( hai goc néi tiép chan hai

cung bang nhau). Do d6 AKBM o AKIB nén ta suy ra duoc KB _ KL nén KB? = KM.KI.
KM KB
T&r d6 suy ra KBla tiép tuyén duong tron A

ngoai tiép tam gidc BIM. Lai c6 KB vudng goc
véi BA nén dudng thang BA chita duong kinh
cua duong tron ngoai ti€p tam giac BIM. Suy

ra tam duwong tron ngoai ti€p tam giac BIM la

giao diém cua ABva duong trung truc :
ctalM. Diéu nay dan d&n D la tam \
duong tron ngoai tiép tam giac BIM. Do d6 (

DB = DM hay tam giac DMB can tai D nén ta A
duoc DM song song véi AE. DoKB = KC B ‘ﬂ.
nén KC? = KMKI, do d6 CK la tiép tuyén K

cua duong tron ngoai tiép tam giac CIM.

Ttr d6 dan dén E 1a tam duong tron ngoai tiép tam giac CIM nén suy ra AD song song v6i ME. Tt hai
két qua trén suy ra t giac ADME la hinh binh hanh




Cau 5 (4.5 di€ém). Cho tam gidc nhon ABC (AB < AC) ndi ti€p duong tron (O) co truec tam la H.

Goi D, E, F lan luot la chan duwong cao ké tir A, B, C ctia tam giac ABC.

a) Chting minh HL vudng goc voi AK.

Tt giac BFEC noi tiép duong tron A
nén KFB=AFE =ACB va t& giac
ALBC ndi tiép duong tron nén

ACB=KLB. Do d6 ta duoc (

P
ACB - KLE N
KLB = KFB nén KLFB ndi tiép. . ‘
KBF )
Wc

Tt d6 suy ra ALF = KBF = FHD nén

—

- K D

ALF = KBF = FHD, dan dén t&
giac ALFH noi tiép.

Do d6 ALH = AFH = 90 hay HL vuong goc voi AK.
b) LAy diém M thudc cung nho BC clia dudng tron (O) (M khac B, C). Goi N va P Tan luot la diém dsi

xtng ctia M qua hai duong thang AB va AC. Chting minh ba diém N, H, P thang hang.

Ta c6 DHC = ABC = AMC do céc t& giac FHDB va ABMC ndi tiép
Lai c6 AMC = APC do tinh chat d6i xtng.

Do d6 suy ra DHC = APC nén te giac AHCP noi tiép
Tir d6 ta duge CHP = CAP = CAM = CBM
Hoan toan twong tw ta duoc 1@ = 1\70\]3

———

Ma ta lai c6 BHC = BMC (cung bu goc BAC)

— e - o

Do d6 suy ra CHP + BHC + NHB = MBC + MCB + BMC = 180°
Tt d6 suy ra ba diém N, H, P thang hang.
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Cau 1 (5.0 dieém).

X\/; ) \/;—1
X\/§+1'X(\f—1)+&'

a) Tim diéu kién xac dinh va rat gon biéu thirc A.

34242 ?\)/3 N
3-2v2 \3+242
c) Gia str s6 thuc x thod méan x > 5. Tim gid tri nho nhat caa A

Cau 2 (5.0 dieém).

Cho biéu thtic A =

b) Tinh gid tri biéu thiec A khi biét x = i/

a) Giai phuwong trinh x +11=7vx +1.

b .d _ bd
(a+\/g)2 (c+ﬁ)2 ac-+/bd

b) Cho céc s8 thuc duong a, b, ¢, d. Chitng minh rang

Cau 3 (2.0 diém).

Xy+X+y=X2—2y2

Giai hé phuong trinh 2y - y\/: _ox_2y
Cau 4 (6.0 di€m).

1. Cho tir gide ABCD ni ti€p dudng tron (O), dudng kinh AD. Hai dudng chéo AC va BD ct
nhau tai E; Goi F la hinh chiéu cta E trén AD va G 1a trung diém ED. Puong tron ngoai tiép tam giac
DGF cét (O) tai diém thtr hai la H (H # D). Goi I Ia giao diém ctia BC va FG,

a) Chiing minh rang tt giac BCGF noi tiép duong tron
b) Chitng minh rang ba diém D, I, H thang hang

2. Bén trong hinh tron c6 ban kinh béng 1 chon 7 diém bat ki. Chitng minh rang ton tai 2 diém
trong 7 diém da cho c6 khoang cach gitra chiing nhé hon 1
Cau 5 (2.0 diém).

1. Cho céc s8 thiee x va y. Chiing minh rang [x] + [y] < [x + y] < [x] + [y] + 1 (Ki hiéu [x] la s&
nguyén 16n nhat khong vuot qua x)

2. Ta goi mot bd s& nguyén t& dep khi tich ctia cdc s nguyén 6 nay bang 10 Ian tong cta ching.

Hay tim tat ca cac b s6 nguyén t& dep ndi trén (cac s6 trong bo khong nhat thiét phai phan biét).

Phén tich va huéng dan giai
X\/; ) x —1
xvx +1 x (\/_ - 1) + \/;

Cau 1. Cho biéu thirc A =




a) Tim diéu kién xac dinh va rat gon biéu thirc A.

Diéu kién x4c dinh ctia biéu thitc Ala x > 0;x # 1. Khi d6 ta 6

N s \/;(X—\/;+1): 2

(\/;+1)(X—\/;+1). x -1 x-1

3+2\2 _3\,/3—2\/5
322 \3+a22

e J (?’J(i)ﬁ) ({) (f Qj;;) N
:(\/§+1)m—(\/§_1)3\/§—1

3
al =W3+2f—i/3—2\5) o ad =442 —3a < al +3a = 442

3
b? =(%/3+2ﬁ+#3—2&) &b =6+3be b’ —3b=6

Do d6 ta dwoc x° = 2442 + 3§/(12 9+ 17)(12\/5 - 17) (%/12& 117 + Y1242 — 17)

Ta cé

b) Tinh gia tri biéu thirc A khi biét x = ii/

Hay ta dugc x° = 244/2 - 3x & x% + 3x = 242

o (24\/5 —3x)2 ) (24& —3x)2

(X—l)3 Xt -3 +3x -1 2442 - 3x* -1

c) Gia st s6 thuc x thod man x > 5. Tim gia tri nho nhat ctia A

2 15(x -1 -
Tacd A=——=x+1+ 1 =2+ ( )+X 1+ L .
x-1 x -1 16 16 x—-1
Do x > 5 nén x —1 > 0, do d6 ap dung bt dang thitc AM — GM ta dwoc
15(x -1 _ 15(5 -1 _
=2+ ( )+X 1+ L =2+ ( )+2. = 1. ! :2+E+£=§
16 16 x-1 16 16 x-1 4 2 4

Dau bang x4y ra khi x = 5.
A ies o1 1N .25 .
Vay gia tri nho nhat cua A la T’ xay ratai x =5

Cau 2 (5.0 dieém).

a) Giai phuong trinh x +11 =7vx +1.

Diéu kién xac dinh ctua phuong trinh 1a x > —1. Bién déi tuong duwogn phuong trinh la duoc

x+11>0 {XZ—II {x=3

FrHETr e (x+11) =a9(x+1) " |2 -27x+72=0 " |x=24

Két hop véi diéu kién xac dinh ta duoc tap nghiém ctia phuwong trinh la S = {3; 24} .



b, d \/@‘
o] e

Trudc hét ta phat biéu va chiing minh bat dang thite: Véi x va y 1a cac s6 thue duong ta ludn c6

b) Cho céc s6 thuc duong a, b, ¢, d. Chitng minh rang

1 N 1 S 1
(l-i—x)2 (14—y)2 1+xy

That vay bat dang thitc can chiing minh tuong duong véi

(1+Xy)[(1+y)2 +(1+X)2} > (1+x) (1+y)
= (1+Xy)|:2+2(x+y)+x2 +y2]2[(xy+1)+(x+y)]2
= (1+Xy)|:2+2(x+y)+x2 +y2:|2(xy+1)2 +(X+y)2 +2(xy+1)(x+y)
= (1+xy)(2+x2 +y2)2(xy+1)2 +(x+y)2

& 2(1+Xy)—i—:><y(x2 +y2) 2 (Xy)2 +4xy+1 < Xy(x2 +y?)—(xy)2 -2xy+120

= Xy(x2 - 2xy + y2) -i[(xy)2 —-2xy + 1} >0 Xy(x —y)2 +(xy —1)2 >0
B4t dang thitc cudi cling ludn ding do x > 0;y > 0.
1

Vay la ludn ¢ L -+ -2 ! .Daubang xay rakhi x =y = 1.
(1+X) (1+y) 1+ xy

Ap dung bat déng thiic trén ta duoc
1 1 1 1
+ >

7 Ja Jbd
1 1 Jbd b d Jod
= + > 2+ >

T O T A A RN RO

b d

Vay bat dang thitc dwoc chitng minh. Dau bang xay ra khi va chi khi a = Jb ;C= Jd.
Céu 3 (2.0 di€m).

Xy+x+y=x2—2y2

XA/2y —yVx —1 =2x -2y

Diéu kién xac dinh ctia hé phuong trinh 1a x > 1;y > 0. Phuong trinh tht nhat ctia hé tuong duwong véi

Giai hé phuong trinh {

Xy-i—x+y=X2—2y2 <:>(X+y)(x—2y—1)=0<:>x=2y+1

Thay vao phuong trinh thit hai ctia hé ta duoc

(2y+1)\/g—y 2y=2(2y+1)—2y@(2y+1)\/g_y\/g:2y+2
C>(y—i—l)(\/g_Q):O@[%1_220:()@[}7:—1:{}7:—1;}(:—1

y =2 y=2x=5



Két hop voi diéu kién xdc dinh ta duoc (x;y) = (5;2) la nghiém duy nht ctia hé.
Cau 4 (6.0 diém).
1. Cho i gidc ABCD ndi tiép dudmg tron (0O), dwong kinh AD. Hai duong chéo AC va BD cat nhau tai

E; Goi F la hinh chiéu ctia E trén AD va G la trung diém ED. Duong tron ngoai tiép tam giac DGF cét
(O) tai diém thtr hai 1a H (H = D). Goi I 1a giao diém ctia BC va FG,

H

a) Chiing minh rang t giac BCGF noi tiép duong tron.

Do tam gidc EFD vudng tai F va c6 G 1a trung diém ctia ED nén ta dwgc BGF = 2EDF .

Lai c6 ADB = ACB va t& giac CDFE noi tiép nén ECF = EDF nén ta dugc BCF = 2BDF.

—_

Do d6 ta duoc BGF = BCF = 2EDF nén suy ra tt giac BCGF ndi tiép.

b) Chttng minh rang ba diém D, I, H thang hang.

Goi H' la giao diém ctia ID véi duong tron ngoai tiép tam giac DFG.

Khi d6 dé dang chiing minh dugc tam giac IGD va IFH’ dong dang véi nhau.

Tt d6 suy ra ID.IH' = IG.IF.

Lai do t& giac BCGF noi ti€p nén hoan toan tuong tu ta duoc IG.IF = ICIB.

Tt &6 ta dwoc ID.IH' = IB.IC, tir day ta suy ra duoc hai tam giac ICD va IH'B dong dang, do d6 t&
giac BCDH’ noi tiép duong tron hay H' 1a giao diém ctia duong tron (O) véi duong tron ngoai tiép
tam giac FGD. Suy ra hai diém H va H’ triing nhau. Diéu nay dan dén ba diém I, D, H thang hang.

2. Bén trong hinh tron c6 ban kinh bang 1 chon 7 diém bat ki. Chiing minh rang ton tai 2 diém trong 7
diém da cho c6 khoang cach gitta chiing nhé hon 1

e Chia hinh tron thanh 6 hinh quat bang nhau, khi d6 theo

nguyén li Dirichlets thi ton tai it nhat hai diém cting nam

tron moét hinh quat. Khong mét tinh tong quat ta gia st hai
diém d6 1a A, B nam trong hinh quat COD. Dé thay néu
mot trong hai diém A, B trung véi O thi bai toan dwgc
chttng minh.

Xét hai diém A, B khong trung véi O. Khi d6 trén OC 14y
A’ sao cho OA =O0A"'. Trén OD lay diém B’ sao cho
OB=0OB'.Tedétaco A'B'> AB.




Tam gidc OA'B' c6 goc 0=60"nén A'+B'= 120", nhu vay trong hai géc A' va B' ¢ mdt gdc 16n
hon 60°. Khong mat tinh téng quat ta gia st A' > 60°.

Tt dé taduwoc A'> O nénsuyra A'B'<OB'<OD =1.Nhuvay AB<1.

¢ Nhan xét. Néu thay 7 diém bang 6 diém két luan ctia bai toan van dung.

That vay ta xét hai truong hop sau:

+ Néu trong 6 diém da cho ton tai mot diém la tam cua duong tron, khi d6 bai toan duoc chiing minh.
+ Néu trong sau diém khong cé diém nao trung véi tam cua duong tron. Khi dé ¢6 hai kha nang xay ra
la

- Trong s&u diém c6 hai diém cting nam trén mot ban kinh ctia dwong tron, khi d6 bai toan duwoc
chttng minh.

- Trong sau diém da cho khong c6 hai diém nao cting nam trén mot ban kinh. Khi d6 ta vé sau
ban kinh di qua sau diém da cho. Ctt hai ban kinh gan nhau tao ra mét goc 6 tam. Nhu vay ta cd sau
goc o tam. Theo nguyén li cuc han thi trong sdu goc do ton tai mot goc co s6 do bé nhat. Ma tdng s6 do
ctia sdu goc do 1a 360" nén goc bé nhat khong vuot qua 60°. Khong mat tnhs tong quat ta gia st
COD <60".

Dén day lap luan twong tw nhu trén ta ¢ diéu phai chtirng minh.

Cau 5 (2.0 diém).

1. Cho céc s8 thuc x va y. Chting minh rang [X:' + [y} < [x + y} < [x] + [y} + 1 (Ki hiéu [x} la sO
nguyén 16n nhat khong vuot qua x)

Goi {x} la phan 1é cua s6 thuc xva [x} la phan nguyén cua s6 thuc x,la s& nguyén 16n nhat khong vuot
qua x. V6i x vay la cac s6 thyc ta cd x = [x] + {x} vay = [y] + {y}

Do do ta duge |[x] + [y]] = [ [x]+ {x} + [y]+ {y}] = [x] + [v]+ [ £} + {3}

Do 0 < {x} <1;0 <{y} <1nénsuyra 0 < {x} +{y} <2 dodé 0 <[{x} +{y}]| <1

Tt d6 suy ra [X+y} < [X]—i—[y}%—l.

Miit khc ta lai 6 [ [x] + [v]] = [ [x] + {x} + [y]+ {y} ] = [x] + [y] + [ {x} + {3} ] = (<] + [¥]

Vay ta duoc [x] + [y} < [x + y] < [x] + [y} +1.

2. Ta goi mot bo s6 nguyén t8 dep khi tich cia cac s6 nguyén t8 nay bang 10 Tan tong ctia chung. Hay
tim tat ca cac bd sd nguyén td dep noi trén (cac s6 trong bo khong nhét thiét phai phan biét).

Chuyla 10 = 2.5 vdi2vab5lacicsd nguyén t6. Do d6 ta nhan thay trong cac s6 nguyén td thdéa man
yéu cau bai toan ¢6 2 va 5.

Goi p,;Py;..-;p, cacsd con lai trong bo cac s6 nguyén t& thoéa man yéu cau bai toan.

Khong mét tinh tong quat ta gia st p, <p, <...<p_.

Theo baira tac6 2.5.p,.p, ...p, = 10(2 +5+p, +py +oot pn)



Hay ta dwoc p,.p,...p, =7 +p; + Py +...+ D, (1)
Nhaén thay véi hai s6 nguyén t6 a va b ta ludn co (a - 1) (b - 1) >1=ab>a+b.
Tt d6 ta dwoc p,.p,.--p, P, 2 (p1 + Pyt t prhl)pIl .
Suyra 7+p, +p, +...+Dp, 2 (p1 +py ot pnil)pIl
bats=p, +p, +...+p, ;, khidotadwoc 7T+p +s>sp < (s—l)(pn —1)3 8.
Ta xét cac truong hop sau
e Truong hop 1: V6i s = 2, khi d6 n =2 va p, = 2. Thay vao (1) ta duoc p, = 9, khong thdéa man yéu
cau bai toan.
e Truong hop 1: V6i s > 2, khido p  <5.
+Véip =5suyras<3d,dodon=2vap, e {2;3}.Th1’rlaitathé’y p, =3 va p, =5 thoa man.
+Voi p, =3 suyra s <5, dodo cobd sd nguyén t& (pl;pQ;...;pn) la (2),(3),(2;2),(2;3),(5) thoa
man yéu cau bai toan.
+Voi p =2 khido6taduwoc 2n+7 = 2", truong hop nay loai.

Vay b sd nguyén t6 thoa man yéu cau bai toan la (2; 3;5; 5) .



Pé s6 17
PE THI CHON HOC SINH GIOI MON TOAN 9 TP HAI PHONG
Nam hoc 2016 - 2017
Bai 1 (2.0 diém).

310 + 643 (\/g - 1)
V6+25 -5

a+1l ava-1 aQ—a\/;+ a-—1

fo ava a-ata

i ST e 6 A A
Véi nhitng gia tri nao cta a thi biéu thic N = Vi nhan gia tri nguyen?

2017
a) Cho x = . Tinh gid tri ctia P = (12’ + 4x - 55) .

b) Cho biéu thirc M = voia>0a#1.

Bai 2 (2.0 diém).
a) Cho phuong trinh: x* —2mx + m” —m —6 = 0 (m la tham s&). Véi gié tri nao ctia m thi phwong

trinh c6 hai nghiém x, va x, sao cho |x,| + ‘XQ‘ =87

X

x'y? = 2%y - x*y’ +2xy +3x -3 =0

2 2017

b) Cho hé phuong trinh {
y +x7 =y+3m

Tim cac gia tri cia m d€ hé phuong trinh ¢6 hai nghiém phéan biét (x1 ;yl) va (x2 ;y2) thoa
man diéu kién (x,+y, )(x, +v,)+3=0.
Bai 3 (2.0 diém).

a) Tim t4t ca cac s6 nguyén dwong a, b sao cho a + b* chia hét cho a’b —1.

b) Cho ba s8 thuc a, b, ¢ dwong. Chting minh réng:

3 3 3
a b C
+ + >1.

a3+(b+c)3 b3+(c+a)3 c:3+(a+b)3

Bai 4 (3.0 diém).
Cho ba diém A, B, C ¢8 dinh ndm trén mot duong théng d (diém B nam gitta diém A va diém C).
Vé duong tron tam O thay d6i nhung ludn di qua diém B va diém C (diém O khong thudc duong thang
d). Ké AM va AN la céc tiép tuyén véi duong tron tdm O (véi M va N la cac tiép diém). Duong thang
BC cit MN tai diém K. Duong théng AO cit MN tai diém H va cit duong tron tai cac diém P va diém Q
(P nam gifta A va Q).
a) Ching minh diém K ¢ dinh khi duong tron tam O thay doi.
b) Goi D la trung diém ctia HQ, tir H ké dwong thang vudng géc véi MD cit duwong thang MP tai
E. Chiing minh P la trung diém cua ME.
Bai 5 (1.0 diém).
Cho tap hop A gom 21 phan t 1a cac s6 nguyén khac nhau thoa man tong ctia 11 phan tk bat ky
16n hon tdng cta 10 phan t con lai. Biét cac sd 101 va 102 thudc tap hop A. Tim tat ca cac phan tk cua
tap hop A.



Huéng dan giai
Bai 1 (2.0 di€m).

310+6\/§(\/§—1)
V6+245 -5

2017
a) Cho x = . Tinh gid tri cua P = (12x2+ 4x — 55) .

e Loi giai. Ta c6
Y10+ 633 (V3 - 1) 1/( 3+1)( )\/6+2\/_ J5 = (5+1) —5=1

3(\/§+1)3(\/§ 1) (3+1)(\E 1)_3_1
(5+1)2 NG Bri-s 1

Do do6 ta dwoc x = =2

2 200 ooy
Thay gid tri ciia x vao P ta duge P = (12.2° + 4. 2-55) =17 =1

a+l ava-1 a’—ava+va-1 . oy cls
+ + voi a > 0;a # 1. Voi nhitng gid tri nao caa
va a-+a Va —av

b) Cho biéu thitc M =

a thi biéu thtee N = % nhén gia tri nguyén?

e Loi giai. V6i diéu kién a > 0;a # 1 thita co

aer (Ya-1)(aevas1) (Va-1)(Va1)(a-va+1)

M= + -

va o Va(Va-) Va (Vo —1)(va +1]
a+l a++va+l a—\/;+1_(\/g+1)2

I N SN A Ja
Khi do N = 2 = 6a

M (\/§+1)2

>0.

Tathé'yvc’yi0<a¢1:>a—\/;+1>0<:>(\/;+1)2>3\/;<:> G <2
(Va+1)

Do vay ta duwgc 0 < N < 2.Dé&N ¢6 gia tri nguyén thi N = 1. Hay ta duoc

6v/a

a+2va +1

2 \/—=\/§+2 a=7+4\/§
Q(\/;_Q) 3©{IJ§+2©L74\/§

Két hop véi diéu kién xac dinh ta duwoc a =7 £ 4\/5 thdéa man yéu cau bai toan.
Bai 2 (2.0 diém).

—lea-4dva+1=0



a) Cho phuong trinh: x* —2mx + m’ —m — 6 = 0 (m la tham s8). Vi gi4 tri nao ctia m thi phwong trinh

c6 hai nghiém X, va X, Sa0 cho ‘xl‘ + ‘XZ‘ =87

e Loi giai. Phuong trinh x* —2mx + m* —m — 6 = 0 c6 hai nghiém thi
A':mQ—(m2—m—6):m+620<:>m2—6.
X, +X, =2m

Theo hé thitc Vi-ét tacd { ' )
XX, =m" —m-06

2
Ta cé XIXQ‘ =64 @(Xl + x2) - 2xx, + 2

+‘x2‘=8<:>x12+x22+2

X, X1X2‘ =64
+ Truong hop 1. Néux, va x, cing d&u thi ta c6 x,x, > 0, khi d6 ta duwoc

m > —6 —-6<m< -2

2 =

m —m—6:(m+2)(m—3)20 m >3
Khi d6 (x, +x,) — 2x,%, + 2[x,3,[=64 & (x, +x,) =64 & 4m’ = 64 < m = +4 (thoa man ).
Truong hop 2. Néu x, va x, trai ddu thi ta c6 x x, < 0, khi d6 ta duoc

m’ —m—6=(m+2)(m-3)<0e-2<m<3

2 2

Khi do (1) (x, +x,) = 2xx, + 2|xx,[=64 & (x, +x,) —4xx, =64 < 4m” —4(m’ ~m —6) = 64

Hay ta duoc m + 6 =16 < m = 10 (khdng thda man diéu kién trén.

Vay m =+ 4 la cac gia tri thoa man yéu cau bai toan.

x'y? —2x°y - x*y? +2xy +3x -3 =0

2 2017

b) Cho hé phuong trinh
) *P & {y +x"" =y +3m

Tim cac gia tri cia m dé€ hé phuong trinh ¢6 hai nghiém phan biét (X . ;yl) va (X ) ;y2) thoa man
diéu kién

(X1+y2)(X2 +y1)+3 =0

e Loi giai. Bién doi phuong trinh th nhat ctia hé da cho ta duoc

x'y? - x’y? —2){2y+2xy+3x—3=O<:>(X—1)(X2y2 —2xy+3)=0<:> x=1
Thay x =1 vao phuong trinh thi hai ctia hé ta dwoc y* —y - 3m +1=10
Dé€ phuong trinh trén c6 hai nghiém phéan biét thi A = 1+4(3m —1) >0 12m-3>0<m >i
Theo dé bai (X1+y2)(X2 +y1)+3 =0 4+y, +y,+yy,=0(do x, =x, =1).

y,+y, =1

Véi m > 1, 4p dung hé thiec Vi — et cho phuong trinh y* —y —3m +1=0 ta cd
4 y,y, =1-3m

Thay vao 4 +y, +y, +y,y, =0 tacd 5+1-3m =0 < m = 2 (théa man)

Vay m = 2 thoa méan yéu cau bai toan.




Bai 3 (2.0 diém).

a) Tim tat ca c4c s6 nguyén duong a, b sao cho a + b* chia hét cho a’b —1.

e Loi giai. Gia st a + b chia hét cho a’b -1, khi d6 ton tai s6 nguyén duwong k sao cho

a+b’ =k(a’b-1)

Hay ta duwoc a+k=b(ka2 —b).Dét m = ka’ —b v4i m la mot s6 nguyén.

Khi d6 ta duwgc mb = a + k. Ttr dé suy ra mb —m — b = a + k — ka’ hay ta dwoc
mb-m-b+l=a+k-ka’+1< (m-1)(b-1)=(a+1)(k+1-ka)

Do a, b, k la cac s6 nguyén duong nén ta suy ra dugc m > 1.

Do d6 ta suy ra dwoc (b—l)(m—l)z0,dféunéyd5ndé’n (a+1)(k+1—ka)20.

Ma ta c6 a l1a s6 nguyén duong nén ta suy ra dugc k +1—ka > 0 hay k(a—l)sl.

Ma k cling la s6 nguyén duong nén tir k(a —1) <1 ta duoc k(a —1) =0 hodc k(a —1) =1.

+ Néu k(a—l)zO tasuyraduoc a—1=0= a =1, khi d6 ta duoc (b—l)(m—1)=2

Do 2 14 sd nguyén td nén tir (b—l)(m—l) =2tadwgcb-1=1hodacb-1=2.Tirddésuyra b =2

hodc b = 3.

Do d6 trong truong nay ta duoc hai cdp s6 nguyén duong thoa man bai toanla a =1;b =2 va

a=1b=3

+Néu k(a—1) =1, khi d6 ta duoc k = L;a = 2, khi d6 ta duoc (b—1)(m ~1) = 0. Tir déy suy ra
b=1hoacm=1.

Véi m =1, két hgp véi hé thiec mb = a + k ta suy ra duwoc b = 3
Do d6 trong truong nay ta duoc hai cdp s6 nguyén duong thoa man bai toanla a =2;b =1 va

a=2b=3

Vay céc cdp sd nguyén duong (a; b) thoa méan yéu cau bai toan la (1; 2) , (1; 3) , (2; 1) , (2; 3) .

b) Cho ba s thuc a, b, ¢ dwong. Chting minh réng;

a’ b? c?

T+ iR >1.
a3+(b+c) b3+(c+a) cg+(a+b)

3

e Loi giai. V6i x 1a s8 duong, 4p dung bat dang thixc AM — GM ta ¢6

/_X3+ :\/(X+1)(X2_X+1)SX+1+X2—X+1=X2+2
2

2

Do d6 ta duoc ! > 2 . Ap dung bat déng thtkc ta dugc
x*+1 x*+2




a8 1 2 2a’

a’ +(b+c) \/1+(b+cj3 (b+c}2+2 (b+c) +2a°

|
\

a a

2a” a’

2(b2 +(32)+2a2 S al+bltc?

Suy ra ta duoc

Tuwong tw ta co

Cong v€& voi vé ctia ba bat dang thic cung chiéu trén ta dugc

: 3 3
a’ b C

3+ 3+ 3
a3+(b+c) b3+(a+c) c3+(a+b)

Vay bat dang thitc duoc chitng minh. Dau bang x4y ra khi va chi khi a =b =c.
Bai 4 (3.0 diém).

Cho ba diém A, B, C ¢8 dinh ndm trén mot duong thiang d (diém B nam gitta diém A va diém C).
Vé duong tron tam O thay d6i nhung ludn di qua diém B va diém C (diém O khong thudc duong thang
d). Ké AM va AN la céc tiép tuyén véi duong tron tdm O (véi M va N la cac tiép diém). Duong thang
BC cat MN tai diém K. Puong thang AO cat MN tai diém H va cat duong tron tai cac diém P va diém Q
(P nam gifta A va Q).

a) Chiing minh diém K ¢ dinh khi duong tron tam O thay doi.
Goi I 1a trung diém cua BC suy ra 10 L BC.

Tam gidc ABN dong dang v6i tam gidc ANC (Vi ANB = PTCT\T , C/AT\I chung) nén suy ra
ﬁ=A—N:AB.AC=AN2.

AN AC

Tam gidc ANO vudng tai N c6 duong cao NH nén AH.AO = AN?

Ttr d6 suy ra ABAC = AH.AO

Tam gidc AHK dong dang véi tam gidc AIO nén % = i—g = ALAK = AH.AO



AB-AC

Al
Ta c6 A, B, C ¢6 dinh nén I ¢& dinh, suy ra AK khong d6i. Ma A ¢ dinh, K 1a giao diém cua BC va MN
nén K thudc tia AB, suy ra K la diém cd dinh.

Tt d6 ta suy ra dugc ALAK = ABAC = AK =

b) Goi D la trung diém ctia HQ, tir H ké duong thang vudng géc véi MD cét duong thang MP tai E.
Chting minh P la trung diém cta ME.

Ta c6 tam giac MHE dong dang véi tam gidc QDM nén ME _MH
MQ  DQ
Tam gidc PMH d6ng dang véi tam giac MQH nén suy ra MP_ MH_ MH
MQ QH 2DQ
Tt d6 ta duoc MP_ lE = ME = 2MP hay P la trung diém ME.
MQ 2 MQ

Bai 5. Cho tap hop A gom 21 phan tr la cac s6 nguyén khac nhau thoa man tdng cta 11 phan ti bat ky
16n hon tong cua 10 phan ttr con lai. Biét cac s6 101 va 102 thudc tap hop A. Tim tat ca cac phan tr ctia

tap hop A.

21°

e Loi gidi. Gia suA={al;aQ;ag;...;am} VOl a;ja,;a.;a, € Z vaa <a,<a,<..<a

Theo gia thiettaco a +a, +a, +...+a, >a, +a, +...+a,

Hay a, >a,-a, +a, —a, +..+a, —a (1)

Mat khac véi x;y e Zvanéu y > x thi y >x+1 nén a, —a, >10, a, —a, >10,...,a, —a  >10 (2)

3 21 11

Nén ttr (1) suy ra a, >10+10 +... +10 =100, ma a, nho nhit va 101 € A nén a, =101

Ta co 101>am—aQ+8L13—23L34—...+8L21—a11 >100 =>a,—a,+a,—a, +..+a, —a, =100.

Két hop véi (2) ta dwoc a,, —a, =a, —a, =..=a, —a, =10 (3)
=10=a,-a, =(a, —a,)+(a, —a,)+..+(a, —a,)>10
—>a,—a, 6 =a —a, =..=a,—a, =1 (4

Ta cé a, =101 ma 102¢ A = a, =102

Két hop véi (3) va (4) suy A = {101;102;103;...;121}.




MUC LUC

bé so bé thi Trang
TONG HOP DE THI HOC SINH GIOI CAP TiNH - THANH PHO
NAM HOC 2015 - 2016
1 D# thi chon hoc sinh gioi mén Todn 9 tinh Vinh Phiic nam hoc 2015 — 2016

2 Dé thi chon hoc sinh gioi mén Todn 9 tinh Thanh Hoa nam hoc 2015 — 2016

3 Dé thi chon hoc sinh gioi mén Todn 9 tinh Dak Lak ndm hoc 2015 — 2016

4 D# thi chon hoc sinh gi6i mén Todn 9 tinh Vinh Long nam hoc 2015 — 2016

5 Dé thi chon hoc sinh gioi mén Todn 9 thanh phd”Ha N§i nam hoc 2015 — 2016

6 D thi chon hoc sinh gidi mon Todn 9 thanh phdDa Nang nim hoc 2015 — 2016

7 D# thi chon hoc sinh gioi mon Todn 9 tinh An Giang ndam hoc 2015 — 2016

8 Dé thi chon hoc sinh gioi mén Todn 9 thanh phd” H6 Chi Minh nam hoc 2015 — 2016

9 D# thi chon hoc sinh gioi mon Todn 9 tinh Phii Tho nam hoc 2015 — 2016

10 Dé thi chon hoc sinh gioi mén Todn 9 tinh Nam Dinh ndm hoc 2015 — 2016

11 Dé thi chon hoc sinh gioi mén Todn 9 tinh Quang Binh nam hoc 2015 — 2016

12 D@ thi chon hoc sinh gidi moén Todn 9 tinh Bic Giang nam hoc 2015 — 2016

13 Dé thi chon hoc sinh giéi mon Todn 9 tinh Bic Ninh nim hoc 2015 — 2016

14 D# thi chon hoc sinh gioi mén Todn 9 tinh Binh Dinh nam hoc 2015 — 2016

15 | Dé thi chon hoc sinh gioi mon Todn 9 thanh phd Hai Phong ndam hoc 2015 — 2016

16 D@ thi chon hoc sinh gioi mén Todn 9 tinh Hung Yén nam hoc 2015 — 2016

17 D# thi chon hoc sinh gioi mon Todn 9 tinh Nghé An nam hoc 2015 — 2016

18 Dé thi chon hoc sinh gioi mén Todn 9 tinh Ha Nam nam hoc 2015 — 2016

19 D# thi chon hoc sinh giéi mén Todn 9 tinh Binh Phwéc nam hoc 2015 — 2016

20 D# thi chon hoc sinh gioi mon Todn 9 tinh Quang Ngai nam hoc 2015 — 2016

21 Dé thi chon hoc sinh gioi mén Todn 9 tinh Phii Yén ndm hoc 2015 —2016

22 D# thi chon hoc sinh gioi mon Todn 9 tinh Lai Chdu nam hoc 2015 — 2016
TONG HQP PE THI HOC SINH GIOI CAP TINH - THANH PHO

NAM HOC 2016 - 2017
1 Dé thi chon hoc sinh gioi mén Todn 9 tinh Hai Dwong ndam hoc 2016 — 2017
2 D@ thi chon hoc sinh gidi mon Todn 9 tinh Bic Ninh niam hoc 2016 — 2017




Dé thi chon hoc sinh gioi mén Todn 9 tinh Dong Nai nam hoc 2016 — 2017

D# thi chon hoc sinh gioi mén Todn 9 tinh Nghé An nam hoc 2016 — 2017

5 Dé thi chon hoc sinh gioi mén Todn 9 tinh Hung Yén nam hoc 2016 — 2017
6 D# thi chon hoc sinh gioi mén Todn 9 tinh Phii Tho nam hoc 2016 — 2017
7 D# thi chon hoc sinh gioi mén Todn 9 thanh pho’ H6 Chi Minh 2016 —2017
8 Dé thi chon hoc sinh gioi mén Todn 9 thanh phd”Ha N¢i 2016 — 2017

9 D# thi chon hoc sinh gioi mon Todn 9 tinh Quang Ninh 2016 — 2017

10 | Dé thi chon hoc sinh gioi moén Todn 9 tinh Qudng Binh 2016 — 2017

11 Dé thi chon hoc sinh gioi mén Todn 9 tinh Binh Thudn 2016 — 2017

12 De thi chon hoc sinh gioi mén Todn 9 tinh Dik Lak 2016 — 2017

13 Dé thi chon hoc sinh gioi mén Todn 9 tinh Thanh Hoéa 2016 — 2017

14 D# thi chon hoc sinh gioi mon Todn 9 tinh Binh Dinh 2016 — 2017

15 D# thi chon hoc sinh gioi mén Todn 9 tinh Quang Nam 2016 — 2017

16 Dé thi chon hoc sinh gioi mén Todn 9 tinh Quang Tri 2016 — 2017

17 | D@ thi chon hoc sinh gioi mon Todn 9 thanh phd Hai Phong 2016 — 2017
18

19

20




