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Thoi gian: 180 phut, khéng ké thoi gian phdt dé
PE PE XUAT

Cau 1: (4 diém).
Tim tit ca cac ham sb f: R — R sao cho

1) 50 =+ 20 ) ) 1) e <

Cau 2: (4 diém).
Tim s6 thuc k 16n nhat sao cho Bat dang thirc

(a2 +2)(6” +2)(c* +2) > k(0> + 6> + ¢} + (9 — k) (ab + be + ca)

ding v61 moi a,b,¢c > 0.

Cau 3: (4 diém).

Cho tam giac ABC ngoai tiép dudng tron (I ) Goi D, E,F 1an lugt 14 tiép diém cua (I )
vo1 BC,CA,AB. AD giao véi (I) tai M, BM giao voi (I) tai N. Chung minh ré‘mg
FM,EN,BC d6ng quy.

Cau 4: (4 diem).
4a°

Goi a,b 12 hai s6 nguyén duong. Ching minh ring o + |——| khong 1a sé chinh phuong

(6 day || 1a s0 nguyén nho nhét 16n hon hogc bang ).

Cau 5: (4 diém).

Cho 5 diém nam trén mot mit phang sao cho tit ca cac duong thing di qua hai diém trong
chung khong song song va khong vudng goc nhau. Tai mdi diém ta dung cac dudng thang vudng
gdc voi cac dudng thang xut phat tir 4 dinh con lai ma khong ndi voi dinh da chon. Chirng minh
rang sb giao diém hé cac dudng thang vudng goc nay khong vuot qua 310 .

HET




DAP AN VA THANG PIEM CHAM — TOAN - KHOI 10
Céu 1: (4 diém). (Ngwdi ra dé: Tran Vin Tri).
Tim tat ca cac ham s f: R — R sao cho
f(#) = f(y’) = (2" + 2y + *)(£(z) - £ (v)). ¥y € R (D
THANG PIEM CAU 1

+ Cho y =0 vao (1) ta dugc

f(2*) = £(0) = 2* (£ (=) - f(O)),‘v’a: cR (2) (0,5diém)
+Cho z =0 vao (1) ta dugc

F(0)= £(y’) = v (£(0) - £(v)). ¥y € R 3) (0,5diém)
Tir (2) va (3) suy ra

f(x3)—f(0) = f(a:2>—f<0) = f(xg) = f(:f),vg; eR (4) (0,5diém)
Tir (4) ta suy ra f 1a ham s chén. (0,25diém)

Thay y =1 vao (1) ta dugc

fa') = F(1)= (" + 2+ 1)( f(z) - f(l)),Va: R (5) (0,5diém).
Thay y = -1 vao (1) ta dugc

f#) = (1) = (2" -2+ 1)( flz)- f(l)),V:c cR (6) (0,5diém)
Tir (5) va (6) ta suy ra

x(f(x) —f(1)) =0.¥z €R = f(z)=f(1),Vz =0 (0,5diém)

Cho z =2 vao (1) ta dugc
£(1) = 7(0) = 4{s (1) = £(0)) = £(1) = 1 (0] (0.5 diém)
Vay f(z)=c,Yz € R . Thir lai théa man. (0,25diém)

Céu 2: (4 diém). (Ngudi ra dé: Nguyén Vin Phi)
Tim s6 thuc k 16n nhat sao cho Bat dang thirc

(a2 —1—2)(172 —I—Q)(c2 —|—2> > l{:(a2 + b’ —|—c2)+(9—k)(ab—|—bc—|—ca)
ding v&i moi a,b,¢ > 0.

THANG DIEM CAU 2



Ta viét lai bat dang thirc thanh

ol
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+(9—k:)[%+2—§+§
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(0 +2)(c* +2) > &

re A A iy 1 . N ,
Xét bo so (a,b,c) VOl a = ;b = ¢ = = vacho x —— 4ootur dang thure ta thu duoc

z
(1+0)(0+2)(0+2) > k(1+0+0)+(9—k)(0+0+0).
Suyra k< 4.
Ta s& chimg minh % = 4 théa man, tirc la:
(a? +2) (6 +2)(c* +2) > 4(a® + 5" + ¢*) +5(ab + be + ca)
Hay chimg minh
0’’’ +2(a’ +b°c* + ca’) + 8 > 5(ab + be + ca)
Pit ab = z,bc = y,ca = 2 bai toan tré thanh chimg minh
2(a* +4° + 2+ oz + 8 >5(x + y + 2) voi moi z,5,2 > 0. (1)
Ta c6
(c+y+z-3) +2(x—1] +2(y—1) +2(z—1) >0
& 3(2* +y +2")+2(ay +y2+22)—10(z +y+2)+15>0
@3+ + 2 ) +2(my+ye+ ) +15>10(z+y+2) ().

Mat khac

Do vai tro binh ding cua z,y, z . Theo nguyén 1y Dirichlet ta gia sir
(x—l)(y—l)zO suyrazy >z +y—1

Suyra 2 +y° + 2" +2myz +1> 2" +y’ + 2 +2z(z+y — 1)

(1 diém)

(1 diém)

(1 diém)

2:1:2+y2+(z—1)2+2yz+22:n22(xy+yz+zx> (3)

Tu (2) va (3) dé dang thu dugc:
4(:1;2 +y + z2) + 2zyz + 16 > 10<x + vy + z)

Vay (1) dang. Bai toan da duoc giai xong, k =4 1a gia tri cAn tim.

(1 diém)



Céu 3: (4 diém). (Ngwdi ra dé: Tran Nguyén Qudc Anh)

Cho tam gidc ABC ngoai tiép duong tron (I ) .Goi D, E, F 1an lugt 1a tiép diém cua (I )
voi BC,CA,AB. AD giao vOi (I) tai M, BM giao vOi (I) tai N. Chting minh ring
FM,EN,BC dbng quy.

THANG DIEM CAU 3

A

D@ thay tr giac MFDE diéu hoa nén tiép tuyén tai M, EF, BC dong quy tai S (1 diém)
Goi P,Q la cac giao diém ctia MF, ME véi BC.

Ta 6 M(MDFE)=—1 nén (SD,PQ) = —1(1) (1 diém)
Mit khéc tr giac MFND diéu hoa suy ra E(MNFD) =—1. (1 diém)
Goi K la giao cia EN va BC ta dugc (SD, K Q) =-1(2)

Tu (1) va (2) suyra P = K Suy ra diéu phai ching minh. (1 diém)

Céu 4: (4 diém). (Nguwoira dé: Nguyén Thanh Nhan)

Goi a,b 1a hai s6 nguyén dwong. Chting minh rang a® +

2
4%‘ khong 1a s6 chinh
phuong (& day (] 1a s6 nguyén nho nhat 16n hon hofic bang z).

THANG DIEM CAU 4

Cach 1: Phuong phap gidn tié}?



2

2
Gid stt a® + 4%] =(a+ k)2 , tire 1a (QZ) = (20 + k) k. (0.5 diém)

@

Rorang k>1 vi a® + > 1. Noi cach khac phuong trinh

2
Cc

| = (c+&)k (1)

c6 nghiém nguyén duong (c,k) v6i k 1a s6 chin. (1 diém)

Chon nghiém nguyén duong ctuia (1> v6i k nhan gia tri nho nhat, khong lién quan dén tinh
chin Ié ctia c. Tur

2 2

%> Cll=ck+k —1>ck,
va
(c_k>’(c+k)<i§ < = (c+ ).k,
b b
c6 thé thay rang ¢ > bk > ¢ — k. Dodéc =bk+r, 0 <r < k. (1 diém)
Thay vao (1) ta dugc
cl M R Y i
k k b
va
(c+k)k=(kb+r+k)k="kb+2kr +k(k—r).
Tir d6
;—Q:k(k—r)z(k—rw)(k—r). (2) (1 diém)

CAu tric phuong trinh (2) gidng nhu (1) nén ¢6 mot by nghi€ém (c',k;') voi ¢'=r va

k'=k —r < k, mau thudn véi tinh nho nhét cua k .



4q°

Vay o’ + T} khong thé 14 s6 chinh phuong. (0,5 diém)

Cdach 2: Buoc nhay Viete.

2

Gia st a® + A9 _ 2 véic lash nguyén duong 16n hon a. Tir d6

2 2 4a® 2 2 2 2

c—1<a +T§c;0§cb—a(b+4)<b. (3) (1 diém)
Détd:czb—aQ(b-l—él), r=c+a, y=c—a Khiddtaco c:zﬂ;d:w;yvé(i%) 6 thé
viét lai

2 2
Y |2 (b4 )=
2
v —(b+2)ay+y +d=00<d<b (4) (1 diém)

Vi vay, theo gia thiét phan ching, phuong trinh (4) c6 nghiém nguyén duong (:Jc, y)

Goi (a:, y) la mdt nghi¢ém nguyén duong cua (4) c6 tong z + y bé nhat. Do tinh d6i xtrng nén

ta co thé gia sit rang z > y > 1. Ta s& st dung Bude nhay Viéte dé xu 1y tiép.

Xem (4) 1a phuong trinh bic hai 4n = va goi 2 1a nghiém kia ctia nd. Theo hé thirc Viéte ta

co
:E+z:(b+2);xz:y2+d,
tur do
B Y +d
z—<b+2)y r = P

Tir hé thirc dau ta suy ra z 13 s6 nguyén va hé thic thtr hai suy ra 2z 13 sé nguyén duong. Tir d6
(z, y) la mot nghi€ém nguyén duong cuia phuong trinh (4) (1 diém)

(w—l)(z—l):xz—(erz)Jrl:(y2+d)—(b+2d)y+1
<(y2+b>—(b+2>y+1:(y—1)2—b(y—l)
<(y-1) <(z-1),



ta c6 thé thiy z < z va din dén z + y < z + y. Nhung diéu ndy mau thuan v6i tinh nho nhat
clia tong = +y dugc chon & trén. Gia thiét phan ching 1a sai.

Phép chting minh hoan tat. (1 diém)

Cau5: (4 dlem) (Nguoira dé: Tran Vin Tri)

Cho 5 diém nam trén mot mit phang sao cho tat ca cac duong thang di qua hai diém trong
chung khong song song va khong vudng goc nhau. Tai moi dlem ta dung cac duong thing vudng
goc voi cac duong thang xuat phat tir 4 dinh con lai ma khong néi véi dinh da chon. Ching minh
rang s giao dlem hé cac duong thang vudng goc nay khong vugt qua 310 .

THANG PIEM CAU 5

+ S6 duong thing di qua 2 diém trong hé 5 diém 1a C? =10 va c6 4 duong thang di qua mdi
diém.
+ Do 6 tir mdi diém ta c6 dung duoc 6 duong thang vudng goc véi cac duong thang con lai.
. \ . . (0,5 diém)
+ X¢ét hai diém bat ki, goi hai diém dé A, B va ta di tinh s0 giao diém gitta cac duong vudng goc
xuat phat tir A va tu B. Ba diém con lai la C, D, E.
Chia cac duong thang vuong goc tir A thanh hai nhom:
- Nhoém 1: Gom cac duong p,, p,, p, 1an lugt vudng véi duong thang BC, BD, BE
Khi d6 s6 giao diém cua nhom nay véi tit ca 6 dudng thing T, Ty, Ty, T, T, T, vuong goc tu B la
3.6 =18 . (1 diém)
- Nhom 2: Gom céc duong ¢,,q,,q, 1an lugt vudng voi duong thang CD,CE,DE
Khi d6 s6 giao diém cta nhém nay véi 5 duong thang vudng goc tir B1a 3.5 = 15 . Bai vi khi
d6 moi duong vudng goce tir A s€ song song voi mot duong vuong goc tu B ( Vi cung vuong
gbc vo1 mot trong cac canh CD, CE, DE) (1 diém)
+ Do d6 s6 giao diém co thé tir cdc duong vudng goc tr A vaBla :15 4+ 18 = 33
+ 86 cach chon ra hai diém trong 5 diém la C: =10
+ Ta biét mdi tam giac s& c6 ba duong cao dong quy. S6 tam giac tao thanh tir 3 diém trong 5
diemla C? =10 (1 diém)
Do d6 s6 giao diém nhiéu nhét c6 thé 1a 330 — 2.10 = 310 (0,5 diém)
HET




