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Hé thirc vé canh va dwong cao

KIEN THUC CO BAN
Khi giai cac bai toan lién quan dén canh va duong cao trong tam giac vudng, ngoai

viéc nam viing céc kién thic vé dinh Iy Thales, vé cac truong hop dong dang cua tam
giac, can phai ndm viing cac kién thuc sau:

Tam giac ABC vudng tai A, duong cao AH, ki hi¢u: AB=c, BC=a, CA=b, AH =h,
HB=c', HC =b’. Ta c0:
1) a® =b?+c2.

2) b’ =ab’;c’=ac’.

3) h>=b'c’. b
4) ah=bc. ¢

1 1 1

[

[ 2 H
6) —=—. B~ " C
) a a’ c' b’

A
v

Cha y: Dién tich tam giac vuong: s =%.b.c‘.

Chwng minh:
+) Xét tam gi4c vubng AHB VA CHA, ta cO: BAH = HCA (clng phu véi HAC) suy ra

AAHB «» ACHA(g.g) nén ta co: AR M AH?=BHCH.
HB  HA

+) Xét tam gidc vudng BHA va BAC, ta c6: ABC chung suy ta ABAH o ABAC(g.g) nén

ta co: ﬂ=%@ BA? =BH.BC.
BA BC

+) Tuong tur ta €0: AAHC «» ABAC (g.g) Nén %=%@CA2 =CHCB.

+) Ta co:
1 BC® 1 AB?+AC? 1 1 1

AH.BC = AB.AC =(2S,..)= N =
(2S5 AH? AB2.AC? AH?

= & =
AB®.AC? AH’®

= + :
AB?  AC?
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Ti s6 lwgng giac cia goc nhen
KIEN THU'C CO BAN

A
canhgocvuong canhgocvuong
B H
B® " C
canhhuyen
Cho tam giac ABC vudng tai A. Khi d6 ta co cac goc B,C 1a goc nhon, dit C=a,B= 2

thi a+p=90°.
Xét goc o tathay: AB la canh d6i cia goc «, AC goi la canh ké ciia goc « .
1. Céc ti s6 luong gi4c cua goc nhon « (hinh) duge dinh nghia nhu sau:
sina:E;COSa:A—C;tana:ﬁ;cota:A—C.
BC AC AB
Néu « 1a g6c nhon thi:
O<sina <1,0<cosa <1tana > 0;cota >0.
2. Véihaigoc a,8 ma a+£=90°,
Ta c0: sina =cosp;cosa =sin B;
tana =cot f;cota =tan 5.
Néu hai géc nhon a va B ¢6 sina =sin 8 hoic cosa =cosp thi o= 4.

3. sinfa+cos’a=Ltana.cota =1.

ol

4. Vi mot s6 goe dac biét ta co: sin30° = cos60° =%;sin 45° = cos45°’ = —

N

c0s30° =sin60° = - :cot60° =tan30° = i; tan 45° = cot 45° =1: cot 30° = tan 60° = /3 .

NE

Viéc chitng minh céac hé thire kha don gian:
+) Ta cO: sina =%;cosﬂ :% suy ra sina = cosp . Tuong tu cho cac trueong hop con lai.
+) Ta co:

AB’+AC?

. AB AC ., ABY ., (ACY ., ,
sina =——;c0sa =——=sin“a=| — | ;cos’a =| — | =sin“a+cos’a =————=1.
BC BC BC BC BC
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M@t sé vi du tiéu biéu

Vi du 1: Cho tam giac ABC vudng tai A, duong cao AH . Tinh d¢ dai cac canh con lai
cua tam giac ABC trong cac truong hop sau:

a. AB=a AH =%. b. BC:2a;HC:%BC.
C. AB=a;CH:%a; d. CA:a\/§;AH:§.
e.ﬁ=§;BC=5a.
AC 4
Giai
A
B H o C
. R 1 1 1
a. Ap dung cong thuc: = +
P dung g AH? AB? AC?
.01 1 1 1 1
Ta co: = 4 = -~ — AC=a3.
3, a AC? AC* 3a’

4

b. Ta c6 tam giac OAB cén tai O, BC =2BO

Ma BC =4BH = BH = BO = AOAB ciing can tai B. Hay OAB 1a tam giac déu. Suy ra
AB=a, AC?=BC? - AB? =4a’—a?=3a? nén AC =a+/3.

c. Ap dung cong thirc: BA? = BH.BC = BA’ = BH (BH +HC) hay a*=BH? +§a.BH

< 2BH?+3aBH -2a> =0 < (2BH —a)(BH +2a)=0= BH =§.

Vay BC =2a= AC =a+/3.

; A 1 1 1
d. Ap dung cbng thuc: = +

P €Ung €ong AH? AB? AC’
1 _1 .1 1
3. AB® 33" AB’
4

Ta co: -1 . AB-a=BC?=AB?+AC’=4a’. Hay BC=2a.
a
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e. Dat AB=3k,AC =4k VGi k >0= AB?+ AC? =(3k)” +(4k)" = 25k* = BC? = 25a° SuUy ra

k=a—= AB=3a,AC =4a.

Vi du 2: Cho tam giac vuéng ABC c6 A=90°,BC =2a, goi O la trung diém cta BC.
Dung AH L BC.

a. Khi ACB =30°. Tinh d6 dai cac canh con lai cia tam giéc.

b. Khi ACB=30°. Goi M la trung diém cua AC . Tinh do dai BM .

c. Khi ACB=30°. Cac doan thang AO,BM cit nhau & diém G . Tinh d6 dai GC .

d. Gia sir diém A thay ddi sao cho BAC =90°, BC =2a. Tam gi4c ABC phai théa man
diéu kién gi dé dién tich tam giac AHO 16n nhat?

e. Gia sir CG cat AB tai diém N . T giac AMON Ia hinh gi? Tam giac ABC phai thoa
man diéu kién gi dé dién tich tt giac AMON 16n nhat?

Giai
A

B y 5 C
a. Khi ACB =30° thi tam giac ABC la tam
giac ntra déu nén AB :%BC =a,
AC?=BC?-AB?=4a’-a?=3a’= AC =a+/3.

a3 3 7a®

b. Theo cau a) ta co: AC =a/3 = AM === BM 2 = BA? + AM 2 :a2+za2 ==

4
— BM =¥.

c. Do G latrong tdm cua tam giac ABC nén CG =§CN (v6i N 1a trung diém ctua AB).

. , . ; 2 2
Ap dung dinh ly Pitago ta c0: CN? = AN? + AC? :a?+3a2 _13a N a\éﬁ .Suyra

cG=2cN =13
3 3
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1 1 1 BC?

o} — 2 2\ _ 2 _
d. Ta cé: SAHO_EAH.HOSE(AH +HO )_EAO =

=a”. Dién tich tam giac AHO 1on

nhat khi va chi khi AH =HO. Tuc 1a AHO vudng can tai H. Suy ra ACB =22°30’,
ABC =77°30'.
d. T& gidc AMON 14 hinh chit nhat nén s,,,., = AM.AN . Theo bat dang thirc Cosi ta co:

2

AM? + AN? > 2AM.AN < MN? >2AM.AN . Ma MN? =0A? =a* nén AM.AN s%.vay

2

S puron s%. DAu bang xay ra khi va chi khi AM = AN < AB = AC, hay tam giac ABC

vubng can tai A.

Vi du 3: Cho tam gidc ABC vudng tai A, ké duong cao AH. Tir H dung HM, HN lan
luot vudng goc véi AC, AB.
a. Chirng minh: CM.CABN.BA= AH".
b. Ching minh: CM.BN.BC = AH°. A
AH?
BC
d. Chirng minh: ABZ _ BN
AC® CM
e. Chirng minh: AN.NB+ AM.MC = AH?.
f. Chiang minh: ¥Bc? =¥/BN? +3/CM? . B¢ y *C

c. Ching minh: AM.AN =

H
Giai

a. Ap dung hé thire lugng trong tam giac vudng AHB, AHC, ABC ta co:

BN.BA=BH? CM.CA=CH? HB.HC = AH?, suy ra CM.CABN.BA=(CH.BH)’ = AH".

b. Chl y ring: AB.AC = AH.BC = (25,4 )

Tur céu a) suy ra CM.BN.AH.BC = AH* <> CM.BN.BC = AH®.

c. TacO: AM.AC = AH? AN.AB = AH? = AM.AN.AB.AC = AH*, mat khac

AB.AC = AH.BC =(2S,5. ) NN AM.AN.BC = AH".

2
d. Taco: CM.CA=CH? BN.BA=BH’ = BN _ BHZ'CA (*) ta lai co:
CM CH’.AB
BA* CA* BH AB°

CHCB=CA*=CH?*=

BH.BC =BA’ = BH’=——, e thay vao (*) ta suy ra —-

CM  AC*
e. Taco: AN.NB=HN? AM.MC = HM? = AN.NB+ AM.MC = HN? + HM?. T gidc ANHM la
hinh chit nhat nén HN?+HM? = MN? = AH? hay AN.NB+ AM.MC = AH?.
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4 4
f. Ta co: CM.CA:CHZ,BN.BA:BHZ:BNZ:%,CMZ CH . Lai cO BA? =BH.BC nén
BA?Z ., BA* BH* BA® h , BA® N .
suy ra BH = BC =BH"= BC = EA " BC ay BN®=—— tuong tu ta cung co:

6 6 2 2
cm2 = A = YBN?® +3JCM? = \/BA \/CA _BACA Theo dinh ly pitago ta co:

~ BC* BC* BC* 3BC?
2
A’ + CA? = BC? suy ra /BN? +3/CM? :%:\EWCZ :
BC

Vidu4

Cho tam gi4c nhon ABC , ¢6 cac dudng cao AD, BE, CF catnhautai H , goi O 1a
trung diém cua BC,1 1a trung diém caa AH K la giao diém cuaEF , ol biét BC=2a .

a) Chung minh : cac tam giac 1IEO, IFO la tam giac vudng.
b) Chuang minh : ol la trung truc ctia EF.
c) Chung minh: AH?=4IK.IO.
d) Ching minh : £° —cosa.
BC

e) Chang minh : EF FD E—cosAcosB cosC
BC AC AB

wn

AEF :COSZ A
ABC

f) Chung minh:

w

g) Chiing minh : zDEF =1-(cos” A+cos’ B+cos’ C)
ABC

h) Chung minh : tanB.tanC _AD
HD

i) Giasir ABC=60°, ACB=45° . Tinh S,,. theo a
j) GoiM ladiémtrén AH sao cho BMC =90°. Chung minh: S, =+/S.ac-Senc

GIAl
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D 0

a. Do BE, CF la cac dudng cao ciia tam gidc ABC nén cac tam giac AEH , AFH lan
lugt vudbng taiE, F. Do | 1a trung diém canh huyén AH nén tam gi4c AIE can tai

| suyra IEA=IAE (1), tam gic OEC can taiO nén OEC =OCE (2) . Liy(1)+(2) theo
vé ta cO IEA+OEC = IAE +OCE =90° hay OEI =90°. Tuong tu ta ciing ¢c6 OFI =90°

AH P , BC . N

b. Do IE=IF === nam trén trung truc ciaEF , O = OF === nén o nam trén
trung truc caa EF suy ra Ol la trung truc cuaEF .

c. Do o1 latrung tryc ciaEF nén 10 L EF tai K. Ap dung hé thic lugng trong tam

2
giac vudng IEO ta cO: IK.IO = IE? =(%j < 4IK.10 = AH?

- A p AE e A ~
d. Trong tam giac vudng AEB ta cdcos Azﬁ , trong tam giac vuong AFC ta cung

AF AE AF EF AE

c6 cos A= = =
AC AB AC

e. Tuong ty nhu cau d) ta cling co:

E=cos B, E:cosC suy ra EFFD E=cosA.cosB.cosC.

AC AB BC AC AB

2
f. Theo cau d) taco : AAEF - AABC _ Suer. :(Ej =cos’ A,
S,c \AB
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g. Tacod: SDEF — SABC — Saer ~Serp ~ Sore =1— SAEF _ SBFD _ SDFE ) Tll‘O’l’lg tu nhu cau f)

ABC SABC SABC ABC ABC
~ J SB S SDEF 2 2 2
ta cling cO —22 =cos’ B, 2= =cos’C sUy ra—2t= =1—(cos® A+cos’ B+cos’C).
ABC ABC ABC
2 . .
h.Tacd: tanB=—— AD tanC=E suy ra tanB. tanC =20 , ta can chang minh
BD' AC BD.CD
AD* _ AD
< AD.HD =BD.CD . That vay xét tam giac BDH va tam gidc ADC ta co
BDCD HD
e DH BD
. BHD =180°—DHE = ACD Suy ra ABDH - AADC nén e - AD hay

ADHD=BD.CD dpcm.

i. Dé tinh dién tich tam gi4c ABC ta can tinh dudng cao AD theo a .

Do tam gidc ACDvudng tai D nén AD = DC(*). Do ABC =60° nén :

tan 60°=%c> AD =BD.+/3(**). Nhan  (*) véi /3 rdi cong véi (**) ta co:

(V3+1)AD=+/3(DC +BD)=+3BC =2\3a = AD=(2\/_3—\/ial)=\/§(\/§—l)a

Vay S,.. == f(\f )a2a (3—\@)612

j- Tacan chang minh S%,,. =S 00 Spuc (***)

Ap dung cdng thirc tinh dién tich cac tam giac ta o :

1 1 1
Sevc :EMD.BC, S asc :EAD'BC' Serc :EHD'BC

Thay vao (***) thi diéu can chimg minh tuong dwong v6i MD? = AD.HD

Ap dung hé thie luong trong tam giac vudng BMC ta co : MD? = DB.DC . Nhu vay
ta quy vé chitng minh : DB.DC = AD.HD . Xét tam gi4&cBDH Vva tam gi4c ADC ta co:

DH
BHD =180°— BHE = ACD suy raABDH - AADC . NenD—Czﬁ hay AD.HD = BD.CD

dpcm.
Vidub
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Cho tam gi&c ABC c0 BC =a,AC =h, AB=c. Chiung minh rang :

a. a’ =b?*+c?-2bc.cosA

b. s=/p(p-a)(p-b)(p-c) (cong thic Heron ) voi p=a+2+c.

C. a2 +b2+c?>44/38
S :lab.sin C :lbc.sin A:Eac.sin B
2 2 2

a b ¢
"sinA sinB  sinC

=2R (Vvéi R1a ban kinh dudng tron ngoai tiép tam gidc ABC ).

Giai

o

a. Dung duong cao BE cua tam gidc ABC taco:
Céch 1 : Gia strE thuoc canh AC

Tacd: AC=AE+EC .Ap dung dinh Iy Pitago cho cé4c tam giac vudng AEB,BEC ta
cO AB’ = AE® + EB?, BC? = BE* + EC?

Trir hai dang thic trén ta c6

c’—a?

¢’ —a’ = EA’~EC? = (EA+EC)(EA-EC) =b.(EA-EC)= EA-EC =

b?+c?—a?

Ta cling cO EA+EC=b= AE = o
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AE b*+c?-a’

Xét tam giac vubng AEBtacO: cosA= B TS a’ =b®+¢® - 2bc.cos A

Cach 2 : Xét tam giac vudng CEB ta ¢4 BC? = BE?+ EC? = BE? +(AC - AE)’
=BE*+AE’+ AC*-2AC.AE. Ta cO: AE = AB.cos A SUYy ra

BC?=BE?+ AE®+ AC® -2AC.AB.cos A hay BC? =BA’ + AC? —2AC.AB.cos A
< a®=b*+c¢”—2bccosA.

b. Tagia st goc A la.géc I6n nhat ciia tam gidc ABC = B,C 1 cac goc nhon. Suy ra
chan duong cao hatr A 1én BC la diém D thudc canhBC . Tacd BC =BD+DC .
Ap.dung dinh Iy pytago cho cac tam giac vuéng ADB, ADC , ta co:

AB? = AD’ + DB2, AC® = AD? + DC? . Trir hai dang thuc trén ta c6

c2 _p2

¢’ —b?=DB?-DC? =(DB +DC)(DB~-DC)=a.(DB-DC)= DB-DC = ta cling c6

2 6% _p?

: DB+DC=a=BD=2 . Ap dung dinh ly Pytago cho tam giac vudng ADB

taco:

AD? = c? a’+c?—-p? 2: C_a2+c2—b2 C+a2+c2—b2
2a 2a 2a '

{(am)z—bz}{bz—(a—c)z}: (a+b+c)(a+c—b)(b+a-c)(b+c-a) it 2p=atbic
2a 2a 4a’ :

thi Ap? = 18P(P=a)(p=0)(p=C) _ \,_,\P(P-2)(P-b)(p~)
4a® a

Tt @6 tinh duoc S :%BC.AD:\/p(p—a)(p—b)(p—c)

c. Tucaub)tacod: s=./p(p-a)(p-b)(p—c) .Ap dung bétdang thic Cosi taco :

p-a+p-b+p-c) p’ p*  p’
—a)(p-b)(p-c)< P s_‘/ PP
(p-a)(p-b)(p C)<( 3 J 27 Suyra s < P 33

3(a® +b*+c? , x .
Hay s S(T\@) . Mat khéc ta dé chimg minh duoc : (a+b+c)” <3(a®+b* +c?)
3(a® +b*+c? . . _
Suyra S< ( oh )@ a’+b?+c?> 4435 . Dau dang thic xay ra khi va chi khi tam
giac ABC déu .
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d. Taco: S, =%AD.BC , trong tam giac vuéng ABD ta cGsinB =%:> AD = AB.sin B

thay vao ta co S pac :%AD.BC :%AB.BC.sin B =%ac.sinB . Tuong ty cho cac cong

thic con lai.
e. Dung duong kinhBK cua duong tron (O) ngoai tiép tam giac ABC thi

BAK = BCK =90°Va OA=OB=0C =R. .

Trong tam gidc vubng BKC ta c0 : sin BKC _BC_a
BK 2R
Ap dung tinh chat goc ngoai ctia tam giac ta co :

BOC = 2BKC, E?AT::B/A\O+6AE=%/§)T< +%@(

Hay ng@zgg&;:@

Tir d6 suy ra : sin ABC =sin BKC = — hay — > = 2R
2R sin A
Tuong tu : _Lz_L:ZR. .
sinB sinC

Chu y : Viéc dung duong kinh AK  gilp ta tao ra tam gidc vudng dé siur dung ty sd
lwgng giac goc nhon, BAC = BKC 1a mot két qua quen thudc trong chuong 2- hinh 9 (
hai goc néi tiép chan cuing mot cung )

a b c
sinA sinB sinC

Néu chi ching minh rang : . Ta lam don gian hon nhu sau :

Vé AD 1 BC,DeBC,ADAB cOD =90° nén sinB:%; ADAC ¢6 D =90° nén

sinézﬂ..
AC
DO(T(')S.m—B=A—C=E:>_L=_L . Chtrng minh tuong tu ta co 2 :—_b
sinC AB ¢ sinB sinC sinA sinB
Vay a b C

sinA:sin B :sinC
Vi du 6:
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Cho tam giac ABC Vvéi cac dinh A,B,C va cac canh doi dién vai cac dinh tuong tng la :

a,b,c. Goi D la chan duong phan gi4c trong goc A . Chang minh rang:

a. Chung minh: 8b_ a
AB b+c

b. Ching minh : sinf< @
2 b+c

o

. Chang minh : siné.sinE.sinEsl.
2 2 2 8

2bc.cos(2]
. Chang minh: AD=——~=2
b+c

o

Giai

Ap dung tinh chat dudng phan giac trong ta c6 : %z% suyra DC =%DB nén :

b+c b+c
pB+DC="DB+DB= """ pg a=P*%) g hay po 2 o DB_ 2
C c C b+c AB b+c

b. Dung BH L AD thi sin2_BH _BD__a
2 AB  AB b+c

c. Ap dung két qua cac cau a, b ta co: sing.sing.sin%£[ a j( b J( ¢ j

b+c/lc+a/la+b
Theo bat dang thac AM —GM ta cd: b+c>2vbe, c+a>2+/ca, a+b>24/ab.

Nhan cac bat dang thiic (¢ cac vé duong) cling chiéu ta c0: (b+c)(c+a)(a+b)=>8abc.

Suyra( 2 j( b j( ¢ jsl hay sin2sin2 sin& <1,
b+c/\c+a/la+b/) 8 2 2 2 8

DAu bang xay ra khi va chi khi a=b=c hay tam gidc ABC déu.
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c. bé chirng minh bai toan ta can két qua sau:

® sin2¢ =2sin ¢.coS .

e S =1absinC.
2

*) That vay xét tam giac vudng ABC, A=90°, goi O 1a trung diém ciia BC, dung dudng

Cao AH. A
bat ACB=a = AOB =2a.
Ta co: sina =sinC :ﬁzﬂ, cosar=cosC =2 B
AC b B a
. . —— AH h 2h
sm2a:smAOH:A—:§:— H 20
2 B H 0
Tir d6 ta suy ra: sin2a =2sina.cosa.
*)s :%absinc (Xem vi du 5).
Tré lai bai toan: A
Taco: S,u, =~ AD.AB.sin A = AD.c.sin (ﬁj.
2 2 2 1\ 2
1 .o~ 1 . (A
Saco :EAD.AC.sm A, :EAD.b.sm(Ej.
SUY ra S,ee =S, + Sasn :%AD.sin(g)[c+b]. B D C
A
bcsin A ZbCCOSE

Mat khac s, :%bcsin A= ADsin(?j[(Hb] =bcsinA< AD = =

(b+c)sin('§j c+b

Ngoai ra ta ciing c6 thé chirng minh theo cach khéc:
Dung BH L AD, BH Cat AC tai K thi tam gi4dc ABK cantai A nén H 1a trung diém cua
BK.

Ta co: cosé:ﬁa AH :c.cosé.
2 AB 2

Theo tinh chit phan giac ta ciing co:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
AB DB o AB+AC DB+DC

AC DC AC  DC

DC = AC.BC hay DC — ab :DC: b _
AB+ AC b+c a b+c

Nhu vay ta can ching minh: AH.=—~ 2DC _ ap.
a

Dung BE// AD (E nam trén duong thang AC).

Suy ra 2AH = BE nén ta chi can chi ra BE.DC = AD.BC, hay B-E:% nhung diéu nay

luoén dung theo dinh ly Thales.

Chu y rang: Ta chimg minh duogc két qua sau: cos2a = 2cos? @ —1=1-2sin’ a.

That vay xét tam giac vudng ABC, A=90°, goi O la trung diém cua BC, dung duong
Cao AH.

bat ACB = o = AOB = 2¢. Ta CO: COSa:COSC=g—g:R,Sina:SinC=g—g:£.

a a
a a2 e )
2 2 2 —+—- 2 o2
cos 2a = cos AOH = A0~ +OB —AB” _ 4" 4 _a 22C zl_z(ﬁj
2A0.0B ,aa a a
22

2 2
—1-22 2b =2(Ej —1. Tr d6 suy ra cos2a =2cos’ @ —1=1-2sin’a.
a a

Ap dung cdng thirc: a2 =b? +c? —2bccos A= a% =b? +¢? —2bc(20032§—1j.

24¢2- b+c)’ —a? LA , . A s
= 2c032§:b+2CTa+1c> cos’ 2 %. Thay vao cong thirc duong phan giac ta
co:

A (b+c)2—a2
AD_ZbCCOSZ_ZbC " ape | bey(b+c-a)(b+c+a)

~ c+b b+c - b+c '

bic \/(b+c—a)(b+c+a)=

Ap dung bit dang thirc Cosi ta cd: +/be c<——=AD< p(p-a), Voi

2p=a+b+c.
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Ap dung cong thic: a? =b? +c? —2bccos A Ta ciing chirng minh dugc hé thirc rat quan
trong trong hinh hoc phiang (Pinh 1y Stewart) d6 1a: “Cho diém D nam trén canh BC cua
tam gidc ABC khi d6 ta c6: AB*.CD+AC*.BD =BC(AB’+BD.DC)”
+ That vay: Také AH L BC.
Khong mat tinh tong quét, ta gia st D nam trong doan HC. A
Khi d6 ta co:
AB? = AD’ + BD? — 2.AD.BD.cos ADB

= AD’ +BD?-2DB.DH (1).

Tuong tu ta c6: AC? = AD?+DC?+2DH.DC (2). B u! C
Nhan dang thire (1) véi DC, dang thic (2) véi BD
réi cong lai theo vé ta c6: AB2.CD+ AC?.BD = BC(AB’+BD.DC).

Vidu 7: Cho tam gi4c cdn ABC, A=20°, AB= AC, AC =b, BC =a. Chang minh rang:

a’ +b® =3ab’.

Giali
V& tia Bx sao cho CBx =20°, Bx Cit canh AC tai D.

V& AE 1 Bx, E e Bx. Xét ABDC va AABC cO:

CBD = BAC =20° BCD chung nén ABDC ©> AABC.

Do d@6 BD _BC _DC Vi BD=BC =a;
AB  AC BC
2 2
pc=2Pec-2. ap=ac_DCc=b_2.
AB b b

Ta co: AABE vudng tai E va ABE = ABC —CBD = 60°
nén AABE la ntra tam giac déu .

Suy ra BE:%:%: DE:BE—BD:g—a.

AABE vu0ng tai E, nén tho dinh ly Pitago ta co:

AE? + BE® = AB* = AE® = AB® - BE? :%bz.
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AADE vudng tai E, nén tho dinh ly Pitago ta co:

2 232 4
AE2+DE2=AD2:>%b2+(%—a] =[b—%J :%b2+%b2—ab+a2:b2—2a2+2—2

4
:>%+ab=3a2 = a® +b® =3ab®.

Chu y: Néu khong dung dinh 1y Pitago ta ciing c6 thé ap dung cong thuc:
AD? = AB? + BD? — 2AB.BD.cos ABD = AB? + BC? —2AB.BC% =c?+a?—ac. Tu do dua vao hé

thirc: BC? = AC.DC = AC (AC - AD) = (AC.AD)’ =(AC? ~BC?)’ ta ciing c6 duoc két qua

can tim.

Vidu 8: Tinh sin22°30', cos22°30', tan 22°30'.

Giai
Dung tam giac vudng can ABC, khong mat tinh tong quat ta dat
AB = AC =1, A=90°= BC =+/2.

Goi BD la phan giac goc B, theo tinh chat duong phan giac ta co:
AD AB _AD  AB 1

= = = = AD
DC BC AC BC+AB J2+1

=2 -1. Ap dung dinh ly Pitago

— BD? = AB? + AD? = BD? =1+(\/§—1)2 —4-2J2=BD= 2(2—\/5)

A
2
. , AD 21 (\/5—1) 2-2 D
=sin22°30" = = = = ,
BD 2(2_\/5) 2\/5(\/5—1) 2
B C
c0s22°30' = 20 = L = 242 , tan 22030’:&20305\/5—1.
BD /2(2_\/5) 2 €0s22°30
Vi du 9: Chting minh rang trong tam gidc ABC, A=2B < a?=b(b+c).
Giai
K¢ duong phan gidc AD, ta cd: CAD = DAB, ADC =DAB+B=2B = A c
a
— AABC ©» ADAC e 28 _PA o _aAD-aBD. b D
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BD AB BD AB ac
= & = < AD=——.
CD AC BC AB+AC b+c

obe=a—C o a2 =b(b+c).
b+c

Vi du 10: Chtang minh rang sinlBO:E.
Giai
Dung tam gi4c cdn ABC (AB=AC), A=36° =B=C=2A Ap dung vi du 2 ta co:

B? = BC? + AB.BC, chia hai vé cho ABZ,

2 A

ta duoc (E +£—1 0. Goi 1 1a trung diém BC.
AB AB
= Al 1 BC = BAI =CAI =18°,
2
:>sin18°=ﬂ=£:>4( BC) +2.2% 10,
AB 2AB 2AB 2AB
= 4sin”18°+2sin18°-1=0. Giai phuong trinh B C
f 1 |

ta tim duQc sin18° = (do sin18°>0).

Bai toan twong tw: Cho tam giac MNP cén tai M va c6 géc NMP =36°. Tinh ty s6
%. (Trich d& tuyén sinh vao 16p 10 chuyén Toan TP Ha Noi 2011 — 2012).

Ta chieng minh bé dé sau: Cho tam gidc ABC c6 ABC = 2ACB. A
Chirng minh: AC? = AB” + AB.BC.

That vay: Dung phéan giac trong BD cua tam gidc ABC

Ta co: BDC la tam giac can tir d6 suy ra ADB =2DBC = ABC

Suy ra AABC «» AADB (g.g) = AB_AD . AB?=ADAC (]é

AC  AB

Theo tinh chit duong phan giac ta ciing c6
AD_AB ,_AD __AB . pp-BAC thayvao (1) tacé: AC? = AB? + AB.BC.
DC BC AD+DC AB+BC AB +BC

AB AC BC
AD AB DB
Suy ra AB? = AC.AD, AB.BC = AC.DB = AC.DC (do DB =DC).

C6 thé bién ddi theo cach: AABC «» AADB =

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
T d6 ta co: AB? + AB.BC = AC(AD+ DC) = AC?.

Tré lai bai toan: Tam giac MNP can tai M va NPM = 36°suyra N=P=2M . Ap dung
b dé ta c6 AB*= BC* + AB.BC. Chia hai vé cho AB? suy ra:

_BC?2 BC BCY BC BC -1+5
>+ = + -1=0=—=
AB2 AB | AB) AB AB 2

Vi du 11

*/€j4r*/§,sin150=*/€_*/E

Chuang minh cos15° = .

Giai
Dung tam giac vudng ABC: A=90°, B =30°. Gia sit AC=1=BC=2, AB=4/3.

DungphéngiécBD::ﬂzﬁzﬁz AD___ 3 :>AD:£:2\/§—3
DC BC 2  AD+DC 2+43 2++/3

BD?= AB*+ AD? =BD?=3+ 12 + 9 - 12/3=12(2-/3)

BD :%ﬂé(ﬁ—ﬁ

AB_ V3 \B+1 B+2 A
BD V6(v3-1) 2v2 4

sin150=AD _ 2v3-3 _3(2-V3)(¥3+1) V62
BD 6(v3-1) J6(3-1) 4

—c0s15° =

Vi du 12
1+\/§

Chung minh cos36° = .

Giai
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B D H C

Dung tam giac can ABC (AB = AC) c6 A=108"
L4y diém D trén BC sao cho CD = CA. Ta c6:

ACAD can = ﬁ)?:=72°:>A/[i3=108°:>AAchADAB:%:% — AB%?=BC.DA =

BC(BC - AB)= AB?= BC’- BC.AB. Chia hai vé cho AB* dugc

(B—CJZ _BC y 0BC 15 o530 = BC - 145
AB AB AB 2 2AB 4

Vi du 13

Chang minh céc hé thuc

1. tan®36° + tan”72°= 10. 2. tan" 36° + tan® 72° = 90
Giai

tan236° = sin?36°  1-cos”36° 1

c0s236°  c0s236°  c0s?36°

S dung cos36%= 15 1 _ 8 __8(3-45)
4 c0s?36° 3++/5 4

J5-1
4

=2(3-+/5) =tan’*36°=5-2.5

Tuong tu, cos’a =———-1, thay sin18° = tinh dugc cot?18° =5+ 2/5 = tan? 72° — tan?

SIN"x
36° + tan?72° =5 - 25 +5+ 2.5 =10

tan* 36° + tan® 72° = (tan? 36° + tan® 72°)? - 2tan® 36°. tan® 72° = 90.

Vi du 14

Cho tam giac ABC c0 A=60° va duong phan gidc AD. Chiing minh rang:
1 1 3

AB AC AD
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Giai
Dung tam giac ABC, A=60°, AD la phan giac trong A = BAD =CAD = 30°

Ké DHL AC, DKL AB= AAKD = AAHD = DH = DK =%AD

Saec=Sasp + Sapc = %AB.AC.sin 60° = % AB.AD.sin 30° +% AC.AD.sin30° hay

V3 pgac-tapapsiacape Lt o3 Ciing c6 thé giai nhanh bang céch ap
2 2 2 AB AC AD

dung cbng thitrc tinh duong phén giac trong AD

Vidu 15

Chuang minh rang trong tam gidc ABC, A=60° khi va chi khi a®= b®+ ¢®-bc; A=120°
khi va chi khi a®=b*+ ¢® + bc.

Giai

Ha BH vudng géc véi AC. A=60° <> ABH =30° < AH =%AB=%C, BH :%\@:%.

Trong ABHC , ta c0:
3c’ 2 C ’ 2, 2
a2: BC2: BH2+HC2 :>T+(b —Ej =bh“+c“=hc '

Truong hop A=120° chirng minh tuong tu.

Vidu 16

Tinh d6 dai cac dudng trung tuyén cua tam giac, biéu thi qua ba canh cua tam giac ay.
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Giai

=)
B H ) C

Goi AD la trung tuyén thuoc canh BC=DB = DC

Ké AHL BC = AD?*= AH? + HD®* = AD*= AB? — BH* + HD? (1)

Twong ty, AD*= AC® - CH? + HD? (2)

Cong (1) va (2) theo tung vé ta duoc: 2AD? = AB? + AC? — BH? - CH? + 2 HD?
2AD?= AB? + AC?— (BH + CH )? + 2BH.HC + 2HD?

2AD’= AB? + AC? - BC? + 2(BD - HD)(DC + HD)+2 HD?

2AD’ = AB® + AC? — BC? + 2(BD* - HD?)+2 HD?

2AD?= AB? + AC? — BC? +%BC2= AB? + AC? - %BCZ = m? =%(b2 +c2)—%a2

Hoan toan tuong tu ta tinh dugce do dai cac duong trung tuyén con lai( danh cho ban
doc)
Tur c&c hé thire nay ta suy ra: trong hinh binh hanh, d6 dai cac canh la a,b va hai duong

chéolam,n. Tacd m*+n*= 2(a2+b2)—%b2 ' m? :%(a2+ b?)

Vi du 17

Cho tam giac ABC. Chting minh rang cac duong trung tuyén ké tir B va C vudng goc
véi nhau khi va chi khi b?+¢?= 5a°.

Giai

Goi BM, CN 1a hai dudng trung tuyén = BG :%BM = BG? :gBM 2
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— BG? :g(eaz +C2j_%b2j:§( 2 +cz)—%b2 Tuong tu

CG? :é( 2+b2)—%c2. Khi 6 BM1LCN< BG?+CG2=BC? < %(a2 +cz)—%b2+

g( 2erz)—lc2 —a? < b?+c?=5a°
9 9

Vidu 18

Cho tam giac ABC (BC=a,CA=b, AB=c). Trung tuyén AD, dudng cao BH va phan giac
CE ddng quy. Chimg minh dang thic: (a+b)(a® +b? —¢?) = 2ab?

Giai

A

Xeét tam giac vuéng BHC

CH?=BC?-BH?= BCZ—(ABZ—AHZ): BC?2-AB’+ AH? =BC? - AB?+(CA-CH)?
— BC? +CA?* - AB®> =2CACH

CA’ + AB? - BC? _CH _ BC? + CA’ — AB’
2CA AH CA?+ AB?-BC?

Tuong ty, AH = @
CE 14 phan giac cua tam giac ABC,AD,BH,CE d6ng quy = CO 1a dudng phan giac cua

AADC = ob_CDb_ BC (2) .Tr D ké duong thang DK L AC = BH //DK = HK _He
OA CA 2CA 2

_,OD_HK _CH
OA HA 2HA

Tu (1),(2),(3)

BC?+CA*-~AB*> BC
s =
CA*>+AB*-BC? CA

3) .

— BC2CA+CA®— AB°CA=CA’BC + AB°BC -BC?
Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
= (BC®+CA®)+ BC’CA+CA’BC — AB°CA— AB?BC = 2BC.CA?
= (BC +CA)(BC? + CA* — AB®) = 2BC.CA’ = (a+b)(a® +b* —c?) = 2ab’

Vi du 19 ‘

Cho tam giac ABC thoa mdn A= 2B =4C . Chiing minh rang:

QJ|H
D'll—‘
Il
o |

Giai

B H C

Goi H la trung diém cua BC, qua H dung duong thang vuéng géc vai BC cit AB kéo
dai tai D = ADBC la tam gidc cAn= B =BCD .
Theo gia thiét, A=2B=4C

180° ~ ~ -~

bat o= 870 =C=a,B=2a,A=4q,

ﬁ::§+6:3a:>,@:a:8/D\C:3a.

Do dé ACAD cin—CA= CD = BD= "B _AB )
AC BD

Vi CA la phan gi4c géc BCD :i—gzﬂ(Z) cong (1) véi (2) ting vé duogc

AB AB AB AD AB+AD 1:>1+1_1
AC BC BD CD BD AC BC AB

1 1 1
=>4+ -==
a b c

Vi du 20

Cho tam giac vudng ABC(Kz 900) , dudng cao AH. Do dai cac canh cua tam giac 1a

cac s6 nguyén thoa man AlB Lt g xac dinh céc canh cua tam giac.

AC AH
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Giai

Pit AB=a, AC=b, AH =h. ta co: §+%+%:1:>bh+ah+ab=abh.

Tam giac ABC vubng= ab =ch va c=+a*+b?
=bh+ah+ch=abh=a+b+c=ab=a+b++a’+b’> =ab
=ab-a-b=+a’+b’> = a’b*-2ab(a+b)+2ab=0

2a-b 2
a—-2 a-2

—ab(ab-2a-2b+2)=0=ab-2a-2b+2=0=b=

Vi a va b 1a cac s6 nguyén nén 2 chia hét cho a—2=a-2=2 hoic a-2=1.

Truong hop: a—2:2:>a:4:>b=3:>c=5:>i2:i2+i2:£:>hzg. Thay vao thoa
h® a° b° 144 5

man = AB =4, AC =3,BC =5.

Truong hop: a-2=1=a=3=b=4=c=5. Vay ca hai trrong hop tam gi&c cd cac canh
3,4,5.

Vi du: 21

Cho tam giéc, thoa man 2B +3C =180°. Chitng minh rang BC? = BC.AC + AB2.

Gidi

D

Ta viét lai biéu thic can chang minh thanh: BC? - BC.AC = AB? < BC (BC — AC) = AB’.
Trén BC ldy diém Dsao choCD = AC. Khi d6 biéu thirc can chitng minh tro thanh:
BC.DB = AB? ta nghi dén viéc chang minh: ACBA” ABD), that vy, ta co:

180°—-C 2B+3C-C

ADB =180°— ADC =180°— :1800—#:18O°—(§+6):7\ (dpcm)
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Chuong II: PUONG TRON - DAY CUNG - TIEP TUYEN CUA PUONG TRON
TOM TAT LY THUYET

1. Tap hop cac diém M céch diém o cho truée mot
AT M ™
/ N

khoang khong ddi R 1a dudng tron tam oban kinhR . Ki

At L { B

hiéu (O;R) L °

2. BPuong kinh va day cung. L

+ DPoan thang n6i 2 di€ém nam trén duong tron va di qua tdm ctia duodng tron goi la

duong kinh ctia duong tron do.
+ Poan thang ndi 2 diém bat ky nam trén 1 dudng tron goi 1a 1 day cia dudng tron do.
Céc tinh chit cin nhé

a. Néu diém M nam trén (O) duong kinh AB thi AMB =90°, d40 lai : Néu AMB =90°(
v6iA, B cb dinh) thi diém M nim trén dudng tron dudng kinh AB

b. Trong cac ddy cung ctia mot dudng tron, dudng kinh 1a diy cung 16n nhit.

c. Trong mot duong tron, dudng kinh vudng goc véi mot day thi di qua trung diém cua
day do.

d. Trong mot dudng tron, dudng kinh di qua trung diém ctia mot day khong di qua tam
thi vudng gbc vai day do.

e. Trong mot duong tron: Hai day bang nhau thi cach déu tim; hai day cach déu tim thi

bang nhau.
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f. Trong 2 day cua mot duong tron: Day nao 16n hon thi gan tdm hon; day nao gan tam

hon thi day d6 16n hon.
3. Tiép tuyén ctia dudng tron.

Puong thing di qua mot diém cua dudng tron va vudng goc voi ban kinh di qua diém

d6 thi dudng thang d6 1a mét tiép tuyén cua duong tron.
Nhu vay: N

+ Néu mot duong thing va mot dudng tron chi c6 mot diém
chung thi duong thing d6 13 mot tiép tuyén cia dudng tron. __
+ Néu khoang cach tir tam dudng tron dén duong thang bang @ N ___/,./ .
ban kinh cua duong tron thi duong thang do6 1a ti€p tuyén cua v

duong tron.

Qua mot diém ¢ ngoai dudng tron ta ludn ké duge 2 tiép tuyén dén dudng tron do.

Mot s6 tinh chat can nho doi voi 2 tiép tuyén cat

nhau: "““\
Tl:l’ M niam ngoai (0) d}rng (Eéc tiép tuyén MA, MB " \‘\.]
dén (O) (A, Bla céc tiép diem).
, : , , /
AB cat MOtaiH, doan thang MO cat (O)tai diem | pd

. Khi d6 ta co:

+ Tam giac MAB cén tai M .

+ MO 14 tia phan giac cia AMB.

+ MO vudng goc voi AB tai trung diém H ctia AB .
+ 1 1a tam dudng tron noi tiép tam giac MAB .

4. Quan hé duong thang va dudng tron

Dé xét quan hé mot duong thang (d)véi dudng A

tron (O) ta phai dua vao khoang cach tir tam Ocua
M_ { O
1

duong tron dén duong thang. N

+ Néu khoang céach tir tim O dén dudng thang (d)
16n hon ban kinh thi duong thang khong cit dudng tron.
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+ Néu khoang céch tir tdim O dén dudng thang (d)bang ban kinh thi duong thang tiép

xuc véi duong tron (luc ndy dudng thang (d)goi la tiép tuyén cua dudng tron).

+ Néu khoang cach tir tim 0 dén dudng thang (d)nho hon ban kinh thi duong thang cit
duong tron tai 2 diém phan biét.

+ Tir diém M ndm ngoai (O) ta dung tiép tuyén MA, MB dén (O) va dung cat tuyén MCD .
Khi d6 ta c6: MA? = MB? = MO? - R?

5. Quan h¢ gitra 2 duong tron

Pé xét quan hé (vi tri twong ddi ) cua 2 dudng tron (O,;R,) VA (0,;R,) ta phai dya vao
khoang cach 0,0, va c&c ban kinh R,R, .

+ Hai duong tron cat nhau khi va chi khi: |R -R,|<0,0, <R +R,.
+ Hai dudng tron tiép xtic nhau: |R, - R,| = 0,0,hodc 0,0, =R +R,.

+ Hai duong tron khong giao nhau: 0,0, >R, +R, hodc 0,0, <|R, - R,|.

Vidul

Cho ntra duong tron (O; R) . Trén cung mgt nira mat phéng bo 1a AB, dung cac tiép tuyén
Ax,By ctia nira duong tron. Ly mot diém M trén nira dudng tron (O) . Tiép tuyén tai M
ciia (O) citAx, By lan lugt taiD, Ctia AM ,BM kéo dai catBy, Ax 1an lugt tai F , E.

a, Chting minh: Cac diétmD,M ,0, A ciing nam trén mot dudng tron, cac diémc,M ,0,
B cting nam trén mot duong tron.

b, Chirng minh ACOD vudng.

c, Dla trung diém AE.

d, ACBO” ABAE.

e, Chung minh: AD.BC =R?, AD+BC=CD.

f, Dung MH vudng goc voi AB . Chimg minh: AC, BDdi qua trung diém 1 ciaMH .

g, Chimg minh EO | AC.

h, Tim vi tri diém M dé dién tich tam gidc MHO10n nhét.

i, Tim vi tri diém M dé dién tich tam giac MAB 16n nhat.

j, Tim vi tri diém M dé chu vi tam gidc MAB16n nht.
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k, Tim vi tri diém M dé dién tich tr giac ABCD nho nhat.

1, Tim vi tri diém M dé chu vi tt giac ABCDnho nhéat.

Giai
F
E
M _ C
D — — B K
X, AN
/ \\
/ \

/ \\.
AT H O B
\ /

\\ /

\ //

/
\. /
N r /

a, VIDA, DM la cac tiép tuyén cua (O)nén DMO = DAO = 90°, suy ra 4 diém D,M ,0, A
nam trén duong tron duong kinh DO . Hoan toan tuong tu ta cd céac diém c,M,0,B
nam trén dudng tron dudng kinh co

b) Theo tinh chét hai tiép tuyén cat nhau ta c6: oc,oD lan luot 1a phan giac cua cac goc
MOA,MOB nén COD = I\W(')T:H\Wé\[):%(m +(§)ﬂ)=9o° hay tam gi4c COD vudng tai
0.

¢) Do diém M nam trén duong tron dudng kinh AB nén AMB =90° = EMA =90°. Ciing
theo tinh chat hai tiép tuyén cit nhau ta c6: DA=DM nén DAM = DMA
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& 90° — DAM =90° —- DMA <> DEM = DME = DM = DE. Viy DE =DA=DM hay D la trung
diém cua AE . Ciing c6 thé chitng minh theo cach chi ra oD 1a duong trung binh cua
tam giadc EAB .

d) Xét tam gi4c CBO va tam gi4c BAE ta cO: CBO = BAE =90°. Theo tinh chat hai tiép
tuyén cit nhau ta c6: BM 1L CO nén COB=BEA clng phu Voi EBA= ACBO > ABAE
(9.9).

e) Theo tinh chat hai tiép tuyén cit nhau ta c6: AD = DM, BC =CM = AD.BC = DM.CM .

Mat khac tam gidc COD vuong tai O c6 OM la duong cao nén theo hé thirc lugng trong
tam giac vuodng ta c6: CM.DM =OM? =R?. Vay AD.BC=R? va AD+BC =CM +DM =CD.

f) Gia st BD it MH tai 1. Theo dinh Iy Thales ta c6; 1M 1B _1H _ M _IH
DE DB AD DE AD

DE=DA= IH =IM hay | 1a trung diém cua HM . Ching minh tuong tu ta cling c6 AC
di qua trung diém | cua MH tac |a MH,BD, AC dong quy tai 1.

Chu y: Ta ciing c6 thé chang minh bang céch dung Bb dé hinh thang: “ Cho hinh thang
ABCD ¢ hai canh bén 13 AB,CD, cit nhau tai M, hai dudng chéo cit nhau tai N . Goi
E,F la trung diém cta 2 canh diy BC,AD . Khi d6 4 diém M,E,N,F clng nam trén
mot duong thang”.

BE CE

That vay, gia st MN cit BC,AD tai E,F theo dinh ly Thales ta co: (1) (cung
ME
bing VE
BE _CE
OF " AF (2) (cung bang —) Nhan hai dang thac (1), (2) ta co:
BE® CE? ; fone
SF AF - AF DE suy ra BE =CE thay vao (1) ta c0: AF = DF (dpcm).
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M

1
~ AB
g) Theo ching minh & céu d) ta c6: ABAE <> ACBO = AE _BO = AE _ 2 hay
AB BC ~2A0 BC
E:E:AOAEU)ACBA:OEJ_AC.
AO BC

Chi y: Néu cit (0) tai K tr viéc chang minh: OE LAC ta suy ra
AEAO = AEKO = EAO = EKO =90° ta ciing suy ra EK la tiép tuyén cua (0).
1 1<MH2+H02) OM? R?

h) Tam gidc MOH vudng tai H nén ta co: SMHO:EMH'HOSE > 7 7

DAu bang xay ra khi va chi khi MH =HO nén tam gidc MHO vuéng can tai H. Tuc la
M nam trén nira dudng tron sao cho OM tao Vi AB mot goc 45°.

i) Ta co: SMAB=%MH.AB=%MH.2R=R.MH. Trong tam giac vuéng MHO ta co:

MH <MO=R nén s,,, <R?. Dau bang xay ra khi va chi khi H=0,MH L AB. Hay M Ia
diém chinh gitra cua cung AB.

j) Chu vi tam gidc MAB ki hiéu 1a 2p thi 2p=MA+MB+AB=MA+MB+2R . Dé Y ring
(MA+MB) <2.(MA®+MB”)=2AB*=8R* suy ra MA+MB<2/2R. Suy ra
2p<2R+2V2R=2R(2+1). Dau bang xay ra khi va chi khi MA=M8 , hay M la diém
chinh gitta cung AB.

K) Ta co: S, =%(AD +BC).AB :%.ZR.CD ~RCD. D0 CD>AB=2R nén s,,., >2R*. Dau

bang xay ra khi va chi khi CD=AB hay CD/ AB khi 46 M la diém chinh giita cung
AB.
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) Chu vi t& gi&c ABCD bang q: q=AD+CD+BC+AB=2CD+AB=2CD+2R Ma

CD > AB=2R nén chu vi tir gidc ABCD: q=2CD+2R>6R. Dau bang xay ra khi va chi
khi CD = AB hay cD // AB khi 6 M 1a diém chinh giita cung AB.

Vidu 2

Xét dudng thang (d) cd dinh ¢ ngoai (O; R) (khoang cach tir O dén (d) khdng nhé hon
RV2). Tr mot diém M nam trén duong thang (d) ta dung cac tiép tuyén MA, MB dén
(0; R) (A, B la cac tiép diém) va dung cat tuyén MCD (tia MC nam giita 2 tia MO, MA
VAMC < MD ). Goi E 1a trung diém cta CD, H 14 giao diém ciia AB va MO.

a) Chtng minh: 5 diém M, A, E, O, B clng nam trén mot duong tron.

b) Chitng minh: MC.MD = MA? = MO? - R?.

c) Chiing minh: Céc tiép tuyén tai C, D clia duong tron (O; R) cat nhau tai mot diém
nam trén dudng thang AB .

d) Chimg minh: Puong thing AB ludn di qua mot diém cé dinh.

e) Ching minh: Mot duong thang di qua O vudng goc voi MO cét cac tia MA, MB lan
luot taiP, Q . Tim GTNN cuia S, .

f) Tim vi tri diém M dé AB nhé nhat.

Giai
a) Vi MA,MB la c4c tiép tuyén cua (O) nén MAO = MBO =90°.

E 14 trung diém cua CD nén MEO=90°. Tir d6 suy ra 5 diém M,AE,0,B clng nam
trén duong tron duong kinh MO .
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b) Ta c6: MC.MD =(ME - EC)(ME +ED)
Ma ED = EC nén ta suy ra MC.MD =(ME - EC)(ME + EC) = ME* - EC* = MO’ —-EO* - EC?
= MO? —(EC® + EO*) = MO’ —~OC* = MO* - R* = MO* - OA’ = MA® dpcm.

c) Gia st cac tiép tuyén tai C,D cua (O) cit nhau & F. Theo a) ta da chang minh 5
diém M,AE,0,B cung nam trén duong tron duong kinh MO, suy ra 4 diém A E,0,B
cling nam trén dudng tron duong kinh MO . Hoan toan twong tu ta c6: C,H,0,D clng
nam trén dudng tron duong kinh OF suy ra FHO =90° hay FH L HO, mit khéc ta ciling
cO AH LHO=F,AH thang hang. N6i cach khac: Céc tiép tuyén C,D tai cat nhau tai
diém F nim trén duong thang AB .
d) Dung OK 1 (d) thi K 1a diém c6 dinh va OK c6 d¢ dai khong doi. Gia sir AB cat OK
tai diém | thi AOHI <> AOKM (g.g) suy ra %:%:OH.OM =0Il.0K . Mat khéac theo
hé thic lugng trong tam giac vudng MAO ta c6 OH.OM =0A? = R? suy ra Ol.OK = R? hay
2 ). . > L . < 2 £
o] :g—K suy ra Ol khong doi, | nam trén duong thang OK ¢co dinh, suy ra diém | co
dinh. Vay duong thang AB luén di qua diém 1 .
€) Ta CO: Sypo = 25,00 =OAMP =R(MA+AP). Theo bét ding thac AM — GM ta co:
MA+AP >2JMAAP. Theo hé thic Iluong trong tam giac vudng MOP thi
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MA.AP =OA? =R?. Tur 46 suy ra S, =2R*. Dau bang xay ra khi va chi khi MA= AP hay

tam giac MOP vudng can. Suy ra MAOB 1 hinh vudng, tac 12 MO=RV?2.
f) Taco: AB=2AH =2JR*~0OH?2 nén AB nho nhat khi va chi khi OH 16n nhat.

R 2 N A A « R A N \
bé y rang: Ol =§—K ma OK >R+2 nén Ol < R‘f nén diém 1 lubn nam trong duong

tron (O;R). Trong tam gi4c vudng OHI ta c6: OH <OI nén OH I6n nhét bang O1 khi va
chikhi H=1 hay M =K.

2 7 V4 . 2 - 2 2
Ciing co thé lap luan theo cach khac: AB=2AH =2 MSSA = ZR'—VWl\)/loR:ZR‘/l_%

nén AB nho nhat khi va chi khi MO nho nhat. Hay M 14 hinh chiéu vudng gdc cia O
len (d).

Vidu3

Cho nira dudng tron tim (O) duong kinh BC va diém A trén nira dudng tron (O) (A
khacB, C¢ ). Ha AH vuéng géc véi BC (H thudgcBC ). I, K lan luot dbi xang véi H
quaAB, AC. Puong thang IK vatia CA cit tiép tuyén ké tir B cia (O) lan luot taim, N
. Goi E la giao diémcua IH va AB, F 1a giao diém KH Vi AC .

a. Chang minh: 1, A, K thang hang. 1K 1a tiép tuyén cua (0).

1 1+ 1
H2 AB? AN?

b. Chitng minh: 5

c. Chang minh: M 1a trung diém cia BN va MC, AH, EF dong quy.

d. Xac dinh vi tri diém A trén nira dudng tron dé dién tich tir giac BIKC 16n nhat.

e. Chirng minh: BE.CF.BC = AH®.

f. Tiép tuyén tai C clia dudng tron (0) cit IK taiP . Chiing minh: NO L PB .

g. Ching minh: AO LEF .

h. Goi Q, R lan luot 13 giao diém cia OM, OP VdiAB, AC . Xac dinh tdm va tinh ban
kinh dudng tron ngoai tiép tir gidc MPRQ biét ACB =30°.

Giai
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a) Vi 1,K 1a cac diém d6i xang v6i H qua AB,AC nén IAH =2HAB, PAH =2HAC . Suy
ra IAH +PAH =2HAB+2HAC =180° nén I,A K thing hang. Ngoai ra ta ciing co:
AH = Al = AK nén tam giac IHK vuéng tai H.

Tur tinh chat d6i xang ta c6: AIB=AHB=90°, AKC =AHC =90° nén BI / KC suy ra ti
giac BCKI la hinh thang. Nén OA la duwong trung binh caa hinh thang BCKI suy ra
OA L KI, n6i cach khac K1 14 tiép tuyén cua (O) tai A.

N
P
K
D H —
1 M —
/ J VA \
E \
B
|I H O I| C
\ /
N /,
b) Dung AD L BN thi 12 = 12+ 12 . Chl y ring ADBH 1a hinh chit nhat nén
AD®> AN? AB
AD =BH . Ttr do suy ra 1 L (dpcm).

= +
BH® AN’ AB?

c) Do MAMB la tiép tuyén cua (O) nén MA=MB nén MAB=MBA, mit khac ta co:

MNA=90° -~ ABN, MAN =90°-MAB suy ra MNA=MAN hay tam gidc MAN can tai M.
Suy ra MN =MA=MB hay M 1a trung diém cua NB.

d) Ta chitng minh: MC di qua trung diém cua AH. That vay gia st MC cit AH tai J,

theo dinh ly Thales ta co: JA _JC _JH
MN CM MB

suy ra JA=JH hay J1a trung diém cia AH. Chly rang: tir gidc AEHF 1a hinh chit nhat
nén AH,EF cat nhau tai trung diém J cua mdi duong, néi cach khac AH,EF,MC dong
quy tai J.

ma M 13 trung diém cua NB nén MN = MB
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e) Theo tinh chat doi xing ta c6: IH LAB tai E , IK L AC tai F. Ap dung hé thic
luong trong cac tam gidc vubng AHB,AHC ta c6: BE.BA=BH?,CF.CA=CH’ suy ra
BE.CF.AB.AC =BH?CH?. Trong tam giac vudbng ABC ta ciling c6: BH.CH =AH?,
AB.AC = AH.BC =(2S,,. ) Nén suy ra BE.CF.AH.BC = AH* < BE.CF.BC = AH®.

1
NB OC  NB ,CB
= Ry

- = hay
BC CP "2BO CP

f) Ta dé chimg minh duoc: ANBC «» AOCP (g.g) suy ra

NB _ CB

— — ANBO ©> ABCP suy ra NO L BP .
BO CP

g) Do AEHF 1a hinh ch@t nhiat nén AFE=FEH=AHE=ABC tir d6 suy ra
AFE + OAC = ABC + OCA =90° hay OA L EF .

h) Goi X la trung diém cua QR , z la trung diém caa MP . Puong trung truc cua QR
cit duong trung truc cua MPtai Y thi Ychinh 1a tim duong tron di qua cac diém
M,P,R,Q.

Tuong tu cau g) ta thdy 0z L QR nén XY / 0z . Lai c6 OX /YZ nén tt giac XyzO la hinh
binh hanh suy ra 0z = XY , gia thiét ACB =30°.

— MPO =CPO = ACB =30°,0A=R = AP = R/3,

o
l
R
X ¥
0.
z
v p T P
¥
R/3 2.3

OA?Z = MA.AP nén R? = MARV3 = MA:T: MP:%R\/§:>OZ — XY ==

QX =%QR =%OA=;. Ap dung dinh Ii Pitago cho tam giac vudng QXY ta co:
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2 2 2 2 2
QYZ=ox?+xy2 =R, 2/3R| _R® 4R®_10R :>QY=@.
4 3 4 3 12 6

Vay duodng tron di qua cac diém M, P, R, Q c6 ban kinh 1a Qv :@.

Vidu 4:

Cho tam giac nhon ABC noi tiép (O) c6 cac duong cao AD, BE, CF cit nhau tai H.
Goi M Ia trung diém caa BC, I la trung diém cua AH. Dung duong kinh AK cia (0).
Goi P 1a giao diém thir hai cia AH véi (0) (P khéc A).

a. Chirng minh: 4 diém A, E, H, F nam trén mot duong tron.

b. Chirmg minh: IM la duong trung truc cua EF.

c. Chitng minh: H, K, M thang hang tir d6 suy ra OA L EF.

d. Chang minh: ME, MF 14 céc tiép tuyén ciia dudng tron ngoai tiép tam giac AEF .

e. Chimg minh: P d6i xang véi H qua BC. Tir d6 suy ra dudng tron ngoai tiép tam giac
HBC va duong tron ngoai tiép tam gidc ABC c¢6 cling ban kinh.

f. Goi N 1a giao diém thir 2 ctia dudng tron ngoai tiép tam gidc ABC véi dudng tron

7 2
ngoai tiép tam giac AEF ( N khac A). Chaing minh: MH.MN = B:_: :

Giai:
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a. Do BE, CF 1a cac dudng cao cua tam gidc ABC nén: AEH =AFH =90° suy ra 4 diém
A, E, H, F nim trén dudng tron tdm I duong kinh AH ta goi 12 (1).

b. Do BEC = BFC =90° suy ra 4 diém B, F, E, C clng niam trén duong tron tim M duong
kinh BC ta goi 1a (M). Vi (1)va (M) cat nhau theo day cung EF nén theo tinh chat hai
duong tron cit nhau ta c6: IM 1a dudng trung truc cua EF.

c. Do AK 1a duong kinh cua (O) nén AKC=90°= AC LKC mit khac

BH L AC = BH //KC. Tuong tu CH//BK nén t& gidc BHCK la hinh binh hanh suy ra
hai duong chéo BC, HK ciat nhau tai trung diém ctia mdi duong. N6i cach khac ta co H,
M, K thang hang. Tir d6 suy ra OM dudng trung binh cua tam giac AHK nén

OM //AH;OM :%AH = OM //Al;OM = Al nén ti gidc AOMI la hinh binh hanh. Suy ra:

Al //MI, ma Ml L EF= OA 1 EF.

d. Ta thdy rang duong tron ngoai tiép AAEF ciing chinh 1a duong tron (1) ngoai tiép tir
giac AEHF. Tam giac AIE can tai | nén : IEA = IAE(1), tam gi4c MEC can tai M nén
MEC = MCE (2). Lay (1)+(2) theo vé ta c6 : IEA+MEC = I[EA+MCE =90° hay MEI =90°.

N6i cach khac ME Ia tiép tuyén cua (1), hoan toan tuong tu ta cling c6 MF la tiép tuyén
cua (1).

e. Do AK la duong kinh ctia (0) nén APK =90° = PK //DM ma M 14 trung diém ciia HK

nén MD 1a duong trung binh cta tam giac HPK suy ra D 14 trung diém cta HP. Hay P,
H d6i xtmg nhau qua BC. Ba diém B, P, C nam trén (0) nén theo tinh chét d6i xtng ta

c¢6 ba dié B, H, C ciing nam trén (O) d6i xting véi (0) qua BC. Nén hai duong tron
nay c6 cung ban kinh.

f. Vi N nam trén (1) dudng kinh AH nén ANH =90°, N ciing nim trén (0) dwong kinh
AK nén ANK =90° suy ra K, H, N thang hang. Ma K, M, H ciing thang hang nén suy ra
M, H, N thang hang. Hay M, H, N 1a mot cét tuyén caa (1). Theo tinh chat quen thudc
cat tuyén va tiép tuyén ta c6: MH.MN = ME2 ( xem cau b — Vi du 2). Mit khac ta cling c6:

2
ME = MF :%: MH.MN = Bi: .
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Vidu 5:
Cho hai dudng tron (0;;R,),(0,;R,)(R, = R,) ¢t nhau tai A, B.
a. Néu cach dung tiép tuyén chung ngoai cua hai dudng tron khi biét 0,0, .

b. Goi M, N Ia hai tiép diém cta mot tiép tuyén chung ngodi cua hai duong tron
(O;;R),(0,;R,). Tinh MN theo 0,0, RR,.

c. Gia st AB cat MN tai D. Ching minh: DM = DN .

Giai:

a. Duyng (O;;R,) va ban kinh oM .

Dung tiép tuyén (d) qua M cta .(0,).. Lay diém I trén (d) néi 10,, trén tia dbi cua tia
0,1 liy diém 0, sao cho 0,0,bing do dai da cho. Dung O,N 1 (d) tai N. V& dudng tron
(0,:0,N) ta dugc (d) tiép XUc véi (O;;R,),(0,;R,) lan lugt tai M, N.

b. Gia st R <R, k¢ OCLO,N tai C ta cO MNCO, la hinh chr nhat nén:
MN =0,C =,/0,0,7~0,C? =,/0,0, (R, -R,’.

c. Theo tinh chat cét tuyén, tiép tuyén ta c6: DM2 = DADB = DN? suy ra D 1a trung diém
cua MN.
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Vi du 6:

Cho hai dudng tron (0;;R,),(0,;R,) ti€p XU ngoai tai A. Dyung tiép tuyén chung ngoai
cua (O;R,),(0,;R,) tai A la (d). Puong tron (0) dudng kinh 0,0, cét (d) tai I. Duong
tron (1;1A) it (O;R,),(0,;R,) lan luot tai M, N khac A.

a. Chang minh: MN [a mt tiép tuyén chung ngoai cua (O,;R,),(0,;R,).

b. Ké duong kinh NP cua (0,). Chiang minh: M, A, P thang hang.

Giai: d
a. Ttr gia thiét ta co:
N

IA=IM =IN dan tsi IMO, =IAO, = INO, =90° (Hs tu
cm) M
Suy ra IM, IN lan luot 1a tiép tuyén cua

. . 5 0
(0:R),(0,:R,) NéN J 0,
MIO, = O,1A va NIO, =0, IA. Suy ra:
MIA+ NIA=20,1A+20,IA=20,10, =180° hay M, I, N thang hang. P

Tc MN 13 tiép tuyén chung cia (O;;R,),(0,:R, ).

b. Do MN la duong kinh cua (1;1A) nén MAN =90°, ta ciing c6
NAP =90° = MAN + NAP =90° +90° =180° hay M, A, P thang hang.

Vidu7:

Cho doan thang AB ké tia Bx L AB. Trén tia Bx lay O sao cho BO=%. Tia AO cat
(0;0B) tai D va E ( D nam giita A, O). Puong tron (A; AD) cit AB & C.

a. Ching minh: DE’ = AD.AE.

b. Chirng minh: AC? =CB.AB.
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c. Tia BD cét (A;AD) tai P. Mot duong thang qua D cat (A; AD) tai M va cét (0) tai N. ‘
Chtrng minh: ADPM - ADBN .

Giai:
a.Taco:

AD.AE=(AO-0D)(AO +OE)
—(AO-0D)(AO +0D)

= AO? -OD? = AO? - OB’

= AB? =(20B)’ = DE?

b. Ta cé:

CAAB =(AB-AC)AB

= AB? — AC.AB = AD.AE — AD.AB
— AD(AE - AB) = AD? = AC’

c. Xét c4c tam giac : ADPM,ADBN ta cé: PDM =BDN ( Déi dinh), cac cip tam giac can
DM DO DB
DN DA DP

ODN, ADM va ODB, ADP ddng dang vai nhau (g.g) suy ra . Tur d6 suy
ra: ADPM - ADBN (c.g.c) dpcm.
. GOCOTAM
Goc ¢ tam: La gbc co6 dinh trung véi tAm cua dudng tron.
1. S6 do cung:

+ S6 do cung nho bang sb do goc & tim chin cung do.

+S6 do cung 16n bang hiéu giira 360° va s do cung nhd (co6 chung 2 mut véi
cung l6n).

2. So sénh 2 cung: n

+ Hai cung dugc goi 1a bang nhau néu ching co
s6 do bang nhau.

+ Trong 2 cung, cung nao c6 sd do bang nhau .
goi la cung lon. O

A B
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Trén hinh 1: G6c AOB 6i goi 1a goc ¢ tAm chin boi cung nhé AB (hay AmB) .

Ta c6 sd AmB = AOB ,sd AnB =360° — AOB.
3. Piém thudc cung tron:
Néu C 1a mot diém nam trén cung AB thi sd AB=sd AC +sdCB.
II.  LIEN HE GIUA CUNG VA DAY CUNG
1.Véi hai cung nho trong mot duong tron hay hai dudng tron bang nhau:
+ Hai cung bang nhau cing hai day bang nhau.
+Hai day bang nhau cing hai cung bang nhau.

2. V61 hai cung nhé trong mot dudng tron hay trong
hai duong tron bang nhau:

D
+Cung 16n hon cang day 16n hon. E
+Day 16n hon cang cung 16n hon.
A _ C
Trén hinh 2: E o
AB=CD < AB=CD. AB>EF < AB>EF A\—/B

I1l.  GOC NOI TIEP

1 Goc ndi tiép 1a goc cd dinh nam trén dudng tron va 2 canh chtra 2 ddy cung cua
duodng tron.

2. Trong mot dudng tron, sé do goc ndi tiép bang nira sé do cung bi chin.
+ Trong mdt duong tron: Cac goc nodi tiép bang nhau chin cic cung bang nhau.
+ Céac goc ndi tiép cung chin mot cung hodc chin cung bang nhau thi bang nhau.

+ Go6c noi tiep (nhd hon hodc bang 90°) c6 s6 do bang nira s6 do gde & tam chan
cung mot cung.
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+ Goc ndi ti€p chan nua dudng tron la goc
vuoéng.

Trén hinh 3:
+ Cac goc AMB,ANB la cic goc noi tiép cung
chin AB

suy ra /m:m;:%sd@:%/@

+AB =CD < AMB = BPC

IV. GOC TAO BOI TIA TIEP TUYEN VA DAY CUNG
1.Puong thang xy 1a tiép tuyén cia (O) tai diém A.
Tiép diém A 1a gdc chung cua 2 tia d6i nhau

Ax,Ay, AB la mot day cung cua (O). Khi do goc M
xAB, yAB 14 cac goc tao béi tia tiép tuyén va day Xy 1
cung AB.

2. S6 do goc tao bai tia tiép tuyén va diy cung O
bang ntra s6 do cung bi chan.

3. Trong mot dudng tron: Goc tao bdi tia tiép

tuyén va day cung va goc ndi tiép chin cing mot
cung thi bang nhau.
Trén hinh 4: Ta co

@%sm:m,@:gsdm:m

V. GOC CO PINH BEN TRONG PUONG TRON, GOC CO PINH BEN
NGOAI PUONG TRON
1.Cho hai ddy cung AB,CD clia (O) cit
nhau tai mot diém M nam trong dudng
tron. Khi d6 BMC goi 1a goc c¢6 dinh nam
trong duong tron(0). D

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 B



Website: tailieumontoan.com
Ta c6 dinh 1i: S6 do goc c6 dinh nam trong duong tron bang nura tong s6 do hai cung bi

chén. Titc la BMC =~ (sdBC +sd AD).

2 Hai tia CD,BA cit nhau tai N (AB,CD 1a hai day cung cia (0)). Khi do BNC goi la
goc co dinh ndm ngoai dudng tron.

Pinh ly: S6 do gboc c¢6 dinh nam ngoai duong tron bang nura hi¢u s6 do hai cung bi
chan.

Ticla: BNC - (sdBC-sdAD)
VI. CUNG CHUA GOC
1.Cho hai diém cb dinh A B. Qui tich nhitng diém M nhin doan thang AB cho trudc

mot goc AMB =« khong ddi (0<a <180°) 12 hai cung tron dbi xting nhau qua AB. Pic
biét qui tich cac diém M qui tich cic diém M nhin doan AB dudi mét goc vudng la

duong tron duong kinh AB.
M
’

£

+Dyng Ay L Ax cét (d) tai O.

Ta ¢c6 O chinh la tdm cua dudng tron chira .

cung a dung trén doan AB. Vv
i

Do N la trung diém ctia AB nén ON LAB. Cac diém N,1,M cling nhin Bomadt goc bang
90° nén suy ra 5 diém B,N,0,I,M nam trén mot duong tron duong kinh BO. Ta ciing c6

2. Céch dung cung chira goc « .

+Dung duong trung tryc (d) ciia doan AB.

+Dung tia Ax tao véi AB mot géc « .

oy

AIB = ADB =90°nén 4 diém A, 1,D,Bclng nam trén dudng tron tam N duong kinh AB.
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Ta cé: IBD :%NB( lien hé goc noi tiép
va goc ¢ tam).
Mt khéc I1BD =1BM =INM (cuing chin
M )= INM :%@ . n6i cach khac NM
la phén giac cia goc N cua tam giac can
INDSuUy ra MN 1 Dltai trung diém cua
DI. Hay MN la trung truc cua DI.
b) Dung BE LAC, ta ching minh E,I,M
thang hang. Ta thdy 4 diém A,E,I,B nam
trén duong tron tdm Nduong kinh AB.

Suyra EIA=EBA (1) (hai goc noi tiép cung chin EA )
Ta cO: AIM = AIB +BIM =90° + BNM =90° + BAC (doBIM =BNM, cing chan BM , MN//

AC) (2
Tur (1) va (2) = AIM +EIA =90° + BAC + EBA =180° hay E, I,Mthang hang ( dpcm)

¢) Goi Pla trung diém cua AC . Chitng minh tuwong tu a) ta ¢ PM ciing 1a trung truc
ciia DK . Tir d6 suy ra tdm duong tron ngoai tiép tam giac DIK chinh 1a trung diém M
clia AC.

d) Dung duong kinh Asthi S,H,M thang hang ( tinh chat quen thuoc, xem thém vi du 1
Suy ra AH =20M. Do BC ¢ dinh nén oM khong d6i , suy ra AH khong doi .

Pit BOC =2« . Trén tia doi cia HBta liy diém F sao cho HF=HC . Khi d
HB + HC = BF

Pé Y ring : AFC=BHC == (1800 —A) _1 (1800 —&)khéng doi ,

2 2 2
Theo bai toan cung chira goc ta suy ra diém Fthudc cung chaa goc % (1800 —(}) dung
trén doan BC nam trén nira mat phang bo BC chira diém A. Tir d6 suy ra BF 16n nhat

khi va chi khi BFla duong kinh cta duong tron chira cung chira géc % (1800 —&) dung

trén doan BC. Tuc l1a BCF=90°, hay B,0,Fthing hang. Tuc la tam gidc ABC can tai B.
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J . 2
Khi d6 gia tri I6n nhat cia HA+HB+HCIa : 20M+2R:2,/R2—B§ +2R .

VII. TU GIAC NOQI TIEP
1. Tiéu chuén 1
T giac ABCD ndi tiép khi va chi khi tong hai goc doi bang 180°
Hé qui : ABCD ndi tiép < xAD=BCD.

( Ta gidc ABCD ndi tiép khi va chi khi goc ngoai tai mot dinh bang goc trong dbi dién
V6i dinh d6 )

Vi du 1: Cho AABC c6 ba géc nhon ndi tiép duong tron (0), cac duong cao AD,BE,CF
. cat nhau tai diém H.Goi M 1a trung diém cua BC.

a) Chuing minh : AEHF Ia t& gi4c ndi tiép .

b) Puong tron ngoai tiép AAEFcat duong thang AM tai K. Chang minh cac ta giac
EKMC, FKMB noi tiép .

¢) Chitng minh : BHKC noi tiép .

Giai :
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a) Do BE,CF lacac dudng cao cia AABC nén AEH = AFH =90° = AEH + AFH =180°,
nén ti gidc AEHF Ia tir giac noi tiép .

b) Do 4 diém A,E,H,Fnam trén duong tron (1)duong kinh AH nén dudng tron ngoai
tiép AAEFciing chinh la dwong tron tam (1).

Ta cO AKE = AFE ( hai goc noi tiép ciing chan AE) (1)

Mit khac ta ciing c6 BFEC noi tiép nén AFE =ECB (2).

Tir (1) va (2) = AKE = ECM nén tir gidc EKMC noi tiép.

Tuong tu ta ciing chimg minh duoc t gidc FKMB néi tiép hoic ¢ thé ching minh
theo cach khac nhu sau :

Ta cd FKM =360° — EKM — EKF =180° — EKM +180° — EKF = ACB + BAC =180° — ABC

— FKM + ABC =180° = t{r gidc FKMB noi tiép.

c) Tacd HKC=360" - HKE - EKC =180° — HKE +180° — EKC = DAC +180° —EKC (3)

Mit khac EKC =EMC ( hai géc noi tiép cling chén EC )

Tt gidc BFEC noi tiép [M;%} nén EMC = 2EBC (4)

Ngoai ra ciing c6 EBC = DAC ( cling phu véi géc BCA) (5)

Tt (3)(4) va (5) = HKC =180° — EBC < HKC + HBC =180°

nén ti giac BHKC noi tiép .

Céch khac :

IEM =180° — [EA — MEC =180° — IEA— ECM =90° - EKC

— ME la tiép tuyén cia (1). Tir d6 ta c6 MCK = MEK = EHK nén it gidc BHKC noi tiép
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Chay : Théng qua vi du nay , ta cling c6 thém mot tinh chat : duong tron ngoai tiep
tam gi4c HEF,HBC cit nhau tai mot diém nam trén AM.

Vidu 2

Cho AABCNOi tiép dudng tron (0)co cac duong cao AD,BE,CF cat nhau tai diém H
,mot diémm di chuyén trén cung nhé BC (M =BC).Goi P,Q lan luot 14 cac diém doi
Xtng voi Mqua AB,AC.

a) Chting minh : AHBP la tt gi4c noi tiép .
b) Chitng minh: P,H,N thang hang.

¢) Tim vi tri diém M trén cung nhé BC dé PN 16N nhat.

a) Taco: APB=AMB ( tinh chat dbi xing )
AMB = ACB =180° — DHE =180° — AHB

hay AMB+AHB =180° = tir gidc AHBP la tir giac noi tiép .

b) Chimg minh twong ty ciu a ta thay tr gidc AHCN Ia ti gi4c noi tiép .
Theo cau a c6 AHBP la tir gi4c noi tiép nén
AHP = ABP = ABM =180° - ACM =180° — ACN =180° — AHN
hay AHP +AHN =180°tic [a P,H,N thang hang.
¢) Do ba diém M,N,Pnam trén duong tron tdm A ,ban kinh AM.
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suy ra NP = 2AM.sinPMN = 2AM.sin (1800 - ETA\C) - 2AM sinBAC. .

Do dé NP 16n nhat khi va chi khi AM I6n nhat , Iac d6 AM 1a duong kinh caa
duong tron (O)
Vay do dai doan NP 16n nhat khi va chi khi M 1a diém ddi xang cia Aqua O.

Vidu3

Cho hinh binh hanh ABcD (,& > 9o°)cé hai dudng chéo cit nhau tai 1.Goi M Ia trung

diém cua BC, dudng thang AM cat dudng tron ngoai tiép AABCtai N. Goi H 1 hinh
chiéu vudng gdc cua Ctrén AB.

a) Chting minh : t&r giac ADNH noi tiép .

b) Dung cac dudng thang qua A lan luot vudng goc véi BC,CD,BD tai X,Y,Z. Ching
minh 4 diém X,Y,1,Znam trén mot dudng tron.

Hudéng dan giai

a) Dé chung minh t& gidc ADNH NI tiép ta cin chitng minh BHN = ADN
Ta c6 BHN = BHM - NHM

Ma MB=MC,CH L BH
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Nén MB=MH = MC = BHM =ABC. Vay BHN = ABC = NHM.

— — _— e~ -

Ta cling c6 : ADN=ADC-CDN=ABC-NDC

Nhu vay ta can ching minh NHM = NDC.

MB _AB
Péyring : AAMB” ACMN
eyring: (9.0) = VN~ CN
Thay AB=CD,MH=MB suy ra = MH CD (1)

Taco:

—

HMN = HMB + BMN = HMB+%(/B_N +A?:)
=2I-TC\B+(I§A\N +/TI\E:):2(900—ATBT:)+(§AT\| +N\|\c)

— — e~

Do ABC=ANCSsuUy ra HMN =180° — ABC + BAN = BAD + BAN = BCD + BCN = DCN
(2).

Tir (1) va (2) = AHMN ” ADCN = NHM = NDC => BHN = ADN = t{r §i4C ADNH noi
tiép .

Tir c4c tir gidc XAZC,ABXY noi tiép, ta co :

o~ — e~ — e e e

IZX = AZC - AZI - XZC = BAZ - ZAC - CAX = BAX = BYX nén tir gidc XIYznoi tlep

2. Tiéu chuén 2:

T giac ABCD noi tiép khi va chi khi co hai dinh lién tiép cuing nhin mét canh
nhitng géc bang nhau.

DAC=DBC < ABCD la tir gi4c noi tiép .
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M@t s6 vi du tiéu biéu

Vidul

Cho AABCc6 ba goc nhon noi tiép duong tron (0). Céc dudng cao AD,BE ,CF cit
nhau tai diémH .Goi M 1a trung diém cua BC.

a) Chuing minh : BFEC la t& giac ndi tiép.
b) Chiing minh : MEFD la tir giac noi tiép.

¢) Goi 1 1a trung diém ctia AH,dudng thang AH kéo dai cat duong tron tai giao diém
thir hai 1a N(N = A).Chang minh rang : BNEI 12 ti gidc noi tiép.

Giai :
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A
/
E
F o
B D M C
N

a) Do tir gidc BE,CF 1a cac dudng cao cuaAABC nén BEC=BFC =90° = BFEC la tir
giac noi tiép.

b) Ta dé dang chimg minh dugc: cac t gidc BFHD.CEHD ndi tiép nén tir d6 suy ra:
FBH = FDH (1), ECH = EDH (2), mat khéc theo a) ta ciing ¢6: FBE = FCE (3). Tur
(1), (2), (3) suy ra FDE = 2EBF (4). Lai c6 t&r gidc BFEC ndi tiép duong tron tam i
duong kinh Bc nén EMF = 2EBF (5) (Tinh chat géc & tam bang 2 1an s6 do goc noi
tiép chén cting mot cung). Tix (4), (5) suy ra EDF = EMF nén t& gidc EMDF ndi tiép.

Cha y: C6 thé chang minh 4 diém £, M, D, F nam trén duong tron Ole cua tam giac.

¢) Tacd EIN =2EAN (6) (Tmh chat goc ngoal tam giac can 4/ ). Mat khac ta cung co:

EBC = CAN = CBN SUY ra EBN = 2EBC = 2EAN (7). Tix (6) va (7) suy ra EIN = EBN
hay tir giac BNEI ndi tiép (Co hai dinh lién tiép 7,5 cing nhin canh EN céc goc

bang nhau).

Vidu 2

Cho duong tron (0) va mot diém M nam ngoai (0), qua M ké cac tiép tuyén ma, MB
dén (0) (4, B 1a cac tiép diém), dung cat tuyén mcD ((Mc < MD) sao cho tia MD nam
giira hai tia M0, MA. Goi E 1a trung diém cua ¢oD.

a. Chang minh: 5 diém M, A E,0,B cung nam trén mot duong tron.

b. Puong thang qua £ song song Véi BD cat 4B tai N. Chiing minh: AENC 12t gidc
noi tiép.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038




Website: tailieumontoan.com

c. Puong thang 4E cit (0) tai giao diém thi 2 14 #. Chang minh BF//cD.

d) Giai

a. Do £ 1a trung diém ¢D nén OE L ¢D .

Suy ra MAO = MEO = 90° nén t& gidc MAEO ndi tiép (1).

Lai ¢ MAO + MBO = 180° Nén MAOB ndi tiép (2).

Tir (1) va (2) tasuy ra 5 diém M, A, B,0,B cung nam trén
duong tron duong kinh mo.

b. Do EN//BD Nén CEN = CDB lai ¢6: CDB = CAB cling
chin cung cB nén suy ra CEN = CAN hay AENC |2 ta giac noi tiép.

c.Tacod AFB— %A/OY? — Aom (3) (Tinh chét goc ndi tiép va goc & tam + Tinh chat 2

tiép tuyén cit nhau). Mt khéc do AEom noi tiép nén Aom + AEM (4). Tur (3) va (4)

suy ra AEM = AFB, ma hai goc nay dong vi nén £c//BF.

Vidu 3

Cho tam giac ABC ngoai tiép dudng tron (7). Goi &, F lan luot 1a cac tiép diém cua (1)
Véi Ac,AB. Duong thang B1, o1 cat EF lan luot tai M, N .

a. Chirng minh: £,M,¢,1 cung nam trén mot dudng tron.

b. Ching minh: 4 diém B,c¢, N, M clng nam trén mot duong tron.

e) Giai:

a. Ta c6: J\?IE‘:B/\C+I/073:§+%:90°—§ (1)

(Tinh chat goc ngoai caa tam giac BIC).

~

—_—

Ta cling c6: MEC = AEF = % =90° —g (2).

Tur (1) va (2) tasuy ra MEC = MIC hay MEIC 14 tt giac n
b. MEIC 1t gi4c noi tiép nén 1EC = 1mC = 90° (3).
Ching minh tuwong tu ciu a) ta cO BFNI |a tir gidc noi tiep

(@7

B
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nén INB = IFB = 90° (4). Tu (3) va (4) tasuy ra BNC = BMC = 90° nén BNMC lata
giac noi tiep.

Vidu4
Cho hinh binh hanh 4BcD ¢6 4 > 90°. Pudng phan giac trong géc A cét canh Be
tai P, cat ¢p tai Q. Goi 0 1a tm duong tron ngoai tiép tam gidc cp¢@ . Chirng minh

Do 4scp 14 hinh binh hanh va BAQ = DAQ suy ra
APB = DQA=CPQ hay cPQ Cantai ¢ suyra ABP
cantai p hay AB=BrP=cD (4).

Ta cling co

BPO = 180° — OPC = 180° — OCP = 180° ~0CQ = 0CD (5), A D
chay rang: or = oc (6).

T (4), (5),(6) suy ra ABPO = ADCO = OBC = ODC hay 4 diém B,p,0,c cling nam
trén mot duong tron.

4 diém B,D,0,C clng nam trén mot duong tron. 0
f) Giai A{k‘
O
A”A\
I v

Vidub

Cho tir gidc ABcD noi tiép (0), hai dudng chéo Ac,BD catnhautai P. @, R 1 hai
diém bay ky trén cung ¢p khdng chtra A, B. RA, RC lan lugt cit duong tron ngoai
tiép tam giac PQR tai L,k khac r. Pk, PL lan luot cit BC,AD tai M,N.

a. Chang minh: P, N, D clng nam trén mot duong tron.

b. Chitng minh: BC,AD cét nhau trén duong tron ngoai tiép tam giac QMmN .

0) Giai
a. CAc tt gi4c PQLR, ABQR, ABQD ndi tiép nén ta co bién doi goc sau:

—

NPQ = 180° — QRL = ABQ = 180° — QDN < NPQ + QDN = 180° nén NPQD | tt giac noi
tiép.

b. Goi s 1a giao diém cta BC, AD. Ta chitng minh ti gidc SMQN noi tiép.

That vay tir cac tir gidc NPQD, BOQR VA RQKP ndi tiép ta co bién doi goc:

MBQ = QRK = QPK nén MBPQ |4 t& giac noi tiép. T d6 suy ra BMQ = QPD = QND
suy ra SMQN la tir giac noi tiép.

Suy ra dpcm.
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3. Tiéu chuan 3

Cho 2 duong thang cat nhau tai i
+Néu 4, B €(d,);C,D € (d,) sa0 cho MAMB = MC.MD
thi 4BcD 1a tt giac ndi tiép (Hinh 1).

That vay: MA.MB = MC.MD < AMAD ~ AMCB
— MAD = MCB Suy ra ABCD ni tiép.
+ Néu mAMC = MB.MD thi ABOD 14 tir gi4c noi tiép (Hink
That vay: MAMC = MB.MD = AMAD ~ AMBC
— DAC = DBC suy ra ABCD ndi tiép.

PN\

Vidul

Cho dudng tron (0) va mot diém M niam ngoai (0), qua M Kkeé tiép tuyén ma dén
(0) VA cét tuyén McD sao cho Mc < Mp. Dung AH 1 Mo. Chiig minh: T giac
CHOD ndi tiép.

Giai

Do M4 1 tiép tuyén cia (0) va AH L MO .
Theo hé thuc lugng trong tam gidc vudng MAo0 ta cé: mMa* = MH.MO (1)

—

Mat khac ta cling c6: MAC = MDA Suy ra AMAC ~ AMDA nén

MA _ MO ya? = mo.MD (2).

MD  MA

Tu (1) va (2) suy ra Mmc.MD = MH.MO hay cHOD la ti gi&c noi tiép (tiéu chuan 3).

Vidu?2

Cho tam gi4c 4B ¢6 3 gdc nhon ndi tiép (0), cac duong cao AD, BE,CF Cat nhau
tai 4, duong tron ngoai tiép tam giac AEF cat (0) tai diém tha 2 1a ¥ khac 4, AN
cit BC tai M.

a. Chitng minh: i, £, F thang hang.
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b. Poan ME cat (0) tai x. Chiing minh: 4x la tiép tuyén cua duong tron ngoai tiép

tam gidc XHD. A

Giai ’ 7 \

a. Puong tron ngoai tieép tam giac AEF c6 tam la trung diém 1 efia A/ [ta K\higu T3
(I). ' E
Gia st MF Cat (1) tai £ thi ANFE, noi tiép 2

nén suy ra MN.MA = MF.ME, . 1

M3t Khdc ANBC Nnoi tiép nén MN.MA = MB.MG 5 3

Tir d6 suy ra MF.ME, = MB.MC hay BFEC noi tiép.

suy ra £ = £, (hai duong tron cat nhau t6i da tai 2 diém)

hay M, E,F thang hang.

b. ME cat (0) tai giao diém tha 2 12 v thi 04 L xv (Tinh chat quen thuoc, danh cho
hs) suy ra tam gidc Axy cantai 4 nén AvX = AXy matkhac AvX = ABX nén

AXF = ABX = AAXF ~ AABX SUy ra AX* = AF.AB. Mat khac BpHF la ta gidc noi
tiep nén AF.AB = AH.AD tr do suy ra AX* = AH.AD hay Ax latiép tuyen cua duong
trong ngoai tiép tam giac xHD.

Vidu3

Cho tam gi&c nhon AB¢ duong cao A . Puong tron (0) duong kinh Ax cat AB,AC
lan luot tai D, 2. Puong thang Ep cat Bo tai diém . Puong thang Mo cat 4B, AC
tai N va P.

a. Chirng minh: MH? = MB.MC .

b. Chitng minh: opP = on .

c. Buong thang pE cat gn, HP lan luot tai R Q. Chang minh: Br,cQ,AH d6ng quy.

Giai
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Vi 4 diém A D,H,Ecung nam trén duong tron (O) duong kinh AH nén MH la tiep

tuyén cia (O). Suy ra MH2=MD.ME (1). Bé ching minh MH?=MB.MC ta s& ching
minh BDEC la tir giac noi tiép.

That vay: Ta c6 ECH = EHAcung phu v&i EHC ma EHA=EDA= ECH = EDA hay BDEC
|a t&r gi4c noi tiép, suy ra MD.ME = MB.MC  (2). Ttr (1) va (2)tasuy ra MH? = MB.MC

b. Dung HK L MO, mit khdc MH? = MD.ME suy ra MK.MO = MD.ME hay DKOE tiép suy

ra OKE = ODE = OED = MKD nén suy ra DKH = EKH . Lai c0 tir gidc HKPE noi tiép nén
HPE ~ HIKE , Suy ra HPE =2 DKE —— DOE — DAC Uy ra HP //AB nén

APOH = ANOA = OP =ON

— — o — L —
7 A

hay CQ L HP=CQ L AB.Chung minh tuong tu ta cling c6 DR 1L AC hay BR,CQ,AH
ddng quy.

Vidu4

Cho duong tron (O) va diém A nam ngoai dudng tron d6. Ké cac tiép tuyén AB, AC VO
duong tron (0) (B,C la céc tiép diém). Goi 1 1a giao diém cua 0Ava BC. Ké day cung
DE cua duong tron (O)qua | .

a. Chirng minh rang bén diém A, D,0,E cling ndm trén 1 dudng tron.

b. Chirng minh rang BAD = CAE.
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a) Ta thay bon diém B,D,C,E cung nam trén duong tron (O)nén ID.IE = IB.IC = IB®

@) . Str dung hé thic lugng trong tam giac vudng ABO Vi BI la duong cao ta co
: IB2=1A10 (2)

Tur (1) va (2) ta thu duoc ID.IE =1A.10. Chung to 4 diém A,D,0,E clng nam trén 1
duong tron.

b) Tir cAu a ta thady ODE =OAE (cung chan cung OE), OED = OAD ( cling chan cung
OD). Do tam gi4c ODE can tai Onén OAE =OAD (3). Chi'y Ao la tia phan giac
cia goc BAC , tir (3) suy ra BAE =CAD (4). Tir (3),(4) suy ra BAD =CAD.

4. Pwong tron O - Le cia tam giac

Cho tam giac nhon ABCnéi tiép (O)co cac duong cao AD,BE,CF cat nhau tai H. Goi
X,M,Y,1,Z,T lan lugt 1a trung diém cia AB,BC,AC,HA HB,HC. Khi d6 9 diém
D,E,F,X,M,Y,1,Z,T nam trén 1 dudong tron c6 tdm 1 trung diém cua oH ( goi la
duong tron O — Le cta tam gidc ABC).

Chwng minh :
Ta cd 1z 1a duong trung binh cua tam giac ABH = 1Z //:%AB, YM la duong trung binh

tam gidc ABC nén YM //:%AB. Tur do suy ra 1Z//=YM = 1ZMY & hinh binh hanh. Lai

c6 zM la duong trung binh cta tam giac BHCnén zZM//CH ma AB_LCHSuy ra
ZM 11Z. Vay ta gidc 1zMy 12 hinh chit nhat nén hai duwong chéo IM,ZzY cit nhau tai
trung diém Jcua mdi duong, Twong ty ta cling ching minh dugc céc tir giac
XITM, XYTZ & c4c hinh chit nhat nén suy ra cic duong chéo IM,zY,TXddng quy tai
trung diém J cia mdi duong.

Cha y rang IDM,ZEY,TFX lan luot vudng tai D,E,F nén tdm dudng tron ngoai tiép
chinh 1a trung diém J ctia canh huyén tuong tmg. Suy ra 9 diém cing nam trén duong

tron tam J. Ta cling c6: OM //=%AH /l =1H nén ti giac IHMO la hinh binh hanh , suy ra

hai dudng chéo IM,HOcét nhau tai trung diém mdi dudng. Néi cach khac diém J ciing
chinh 1a trung diém ctia HO. Néu A'la diém ddi xang voi Aqua Jthi AHA'OIlA hinh
binh hanh ta d& dang suy ra A'déi xiing véi oqua M.
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N

Vi du 1. Cho tam giac ABC ndi tiép (O) ADIla duong kinh cia (0). M 1a trung diém
cia BC, H la tryc thm cua tam giac. Goi X,Y,Z lan luot 1a hinh chiéu vuéng goc cua
diém DIén HB,HC,BC.Chimg minh 4 diém X,Y,Z,M cung thudc 1 dudng tron.

Giai
Phan tich : M 1a trung diém BC = M ciing 1a trung diém cua HD (bai toan quen thudc).
X,Y,Zlan luot 13 hinh chiéu vubng goc caa diém DIén HB,HC,BCkét hop tinh chat
diém M lam ta lién tuong dén duong tron Ole cua 1 tam gi4c. T nhitng co s& d6 ta co
|61 giai nhu sau:
+ Gia sir HBCat DY tai |, HC cit DX tai K, J1a trung diém cua IK . Ta d& chirng minh
dugc BHCD 1 hinh binh hanh suy ra hai duong chéo HD, BC cat nhau tai trung diém M
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cua moi duong. Vi DX L HY,DY L HCsuy ra K la trong tdm tam giac IHD nén

KDI = KHI = HCD (
(chGy HI//CD) va CHD = KID ( cung phu véi g6¢c HDI ).
Tu do suy ra AKID - ACHD

+ Mat khac CM, DJ 14 hai trung tuyén twong tng cua tam gidc ACHD VA AKID, nhu vay

ta cO ADIJ ~ ACHM = JDI = HCM tir d6 suy ra DJ LBCtai zhay zthudc duong tron
duong kinh MJ . Ta thay rang duong tron duong kinh MJ 1a dudng tron Ole cta tam
giac IHD. Tu do taco :

X,Y,Z,M déu cliing nam trén duong tron duong kinh mJ.

Vidu 2

Cho hai diém ABcd dinh va diém cdi dong trén mit phang sao cho
ACB = a(0 < a <180°). Pudng tron tdm 1 noi tiép tam gidc ABCtiép xUc vai cac canh
AB,BC,CAlan luot tai D,E,F . Cac duong thang Al,BI cit EF lan luot tai M,N . Ching
minh:

a) Poan thang MN c6 do dai khong doi.

b) Pudng tron ngoai tiép tam giac DMN ludn di qua diém cé dinh. (VMO —2009)

Giai
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a) Xét tr giac IEMBta co : MIB = UAE+|T37A=§+E=900—% (tinh chat géc ngoai), ta

— —_ O—A -y 4
180 ~C _gq0 —% Tir d6 suy ra IEMB 1A tir gidc ngi tiép , do

cling cO MEB =CEF =

d6 IMC =IEC =90°.Tuong tu ta ciing chimg minh dugc 4 diém 1I,N,AF clng
nam trén 1 dudng tron suy ra INA = IFA=90°. Tir 6 suy ra BMA =BNA=90° hay
4 diém B,C,M,Nniam trén duong tron tdm J duong kinh AB. Ta c6 :
MJN = 2MBN = 2NEI = 2ICF = ACB=«. Ta cd : MN =2NJ.Sin@= AB.Sin% khong
doi.

b) Gia sir AN cat BN tai Hthi 112 truc thm tam gi4c AAHB . Puong tron ngoai tiép
tam giac DMN chinh la duong tron Ole cua tam gidc HAB. Suy ra duong tron
ngoai tiép tam giac DMN ludn di qua trung diém J cua AB. Nhu vay duong tron
ngoai tiép tam giac DMN ludn di qua diém cb dinh J.

Vidu3

Cho tam gi4c ABC noi tiép (0) va diém P di chuyén trén (0) . Puong thang di qua P
song song Vai BC cit CAtai E. Goi K 13 tam duong tron ngoai tiép tam giac PCE va
L 1 tam dudng tron O le cua tam giac PBC . Chirng minh: Puong thang qua Lsong
song vai PK ludn di qua 1 diém cb dinh khi P di chuyén trén dudng tron (O).

Giai
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Goi H,N lan luot 14 tryc tam, tAm duong tron Ole ctia tam giac ABC, M la trung diém
BC. G la diém ddi xtng voi Pqua L. Theo két qua quen thudc vé tim dudng tron Ole
thi G d6i xiing véi O qua BC. Goi Qla giao diém cua AH véi . Do nén suy ra nén
thang hang.

Puong thang qua song song Véi cat tai thi 1a trung diém QG, do d6i xang véi qua nén
1a hinh thang cén va la duong trung binh cta hinh thang.

Suy ra d6i xting voi qua . Suy ra duong thang qua song song voi ludn di qua 1 diém ¢
dinh 1a diém ddi xang véi tim Ole ctia tam gi4c qua .

5. Puong tron Apolionius

Bai toan : Cho doan thang , 1a sé cho trude (), 1a diém chuyén dong trong mit phang
sao cho .Tim quy tich diém M.

Giai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038




Website: tailieumontoan.com

Phan thugdn: Gia sir (). Dung lan luot 1 cac phan gi4c trong va phan giac ngoai cua thi .
Theo tinh chat phan giac ta co :

, twong ty .Suy ra cac diém cé dinh, , suy ra thudc dudng tron dudng kinh .

Phan ddo : Liy diém trén duong tron dudng kinh . Ta ching minh 1a phan giac cua goc
. Qua ké cac duong thang vudng goc voi cat va tai

Mat khac ta cting ¢o : , Suy ra can

Suy ra la phan giac caa géc la phan giac cua goc

Vidul

Cho tam giéc noi tiép va diém thay d6i trén cung khdng chta . Goi 1a tam duong tron
noi tiép cac tam giac . Chimg minh : Puong tron ngoai tiép tam giac ludn di qua 1 diém
cd dinh.

Giai
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Goi N la giao diém cua duwong tron ngoai tiép

tam giac M1J véi (O), Ml cit (O) tai E, MJ cit
(O) tai D.

Taco EA =EB, DA =DC.

Mt khac ta ciing c6 tinh chat quen thudc: EA
=EB =ElvaDA=DC =D..

Tam giac NIE va NJD c6 NEI=NDJ (cing
chan cung MN) va
EIN =180° — NIM =180° — NJM = NJD nén suy ra

ANIE & ANJD = NE _ EL_AE (1h6ng ddi).
ND DJ AD

Suy ra N thudc duong tron Apollonius dung trén doan ED Véi ty s6 %. Hay N la giao

diém caa duong tron Apollonius véi duong tron (O).

Vidu 2

Cho tam giac ABC (AB > AC) va diém M nam trong tam gi4c sao cho m—('i:ﬁ—z. Goi N

1a diém d6i xting voi M qua BC. Chitng minh: MAB = NAC.

Giai
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Goi AE, AF lan luot 1a cac dudng phan
giac trong, phan giac ngoai goc A cua
tam giac ABC.

Theo gia thiét va tinh chat cua duodng
phan giac, ta co:

NB_MB_AB EB _FB
NC MC AC EC FC

Suy ra 5 diém M, N, A, E, F cing niam
trén duong tron Apollonius xac dinh boi

BCvatysé 2B,
AC
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Vi M, N dbi xtmg nhau qua BC nén M, N d6i xtmg nhau qua duong kinh EF cua dudng

tron ndi trén. Do d6 MAE = NAE (1). Mat khac AE 1a phan giac cua géc BAC nén

BAE = NAE (2).

Tir (1) va (2) suy ra MAB = NAC.

I. CHUM BAI TOAN LIEN QUAN PEN PUONG CAO VA PUONG TRON

NGOAI TIEP TAM GIAC

Cho tam giac ABC ndi tiép (O) c6 cac duong cao AD, BE, CF cit nhau tai H, cac
duong thang AH, BH, CH kéo dai cat (O) tai giao diém tha hai 12 P, Q, R (P khac B, Q
khac C, R khac A). Goi M, | lan luot 1a trung diém cua BC, AH, duong thang EF cit

AH tai K.
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1. Céc tir giac BFHD, CEHD, BFEC noi tiép.

Chwng minh: Do AD, BE, CF la cac duong cao cua tam giac ABC nén

HDB = BFD = 90°
— HDB+BFD =180°, suy ra t& giac BFHD nai tiép (téng hai goc d6i nhau bang 180° ).
Tuong tu ta ciing c6 tr giac CEHD ni tiép.

Ta c6: BFC =BEC nén BFEC la ti giac noi tiép (Hai dinh lién tiép F, E cung nhin canh
BC mét goc bang nhau).

2. Cac duong thang AD, BE, CF chira cac duong phan giac cua géc EDF; DEF; EFD, tir

d6 suy ra truc tim H 1a tim dudng tron ndi tiép tam giac DEF.

Chiéng minh: Vi BFHD nai tiép nén: FBH =FDH (ctng chin FH) (1), CEHD noi tiép
nén HDE =HCE (cung chan EH) (2), tt gidc BFEC néi tiép nén FBE = FCE (cuing chan
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Tir (1), (2), (3) ta suy ra FDH =EDH hay AD la phan giac cua goc EDF.

Chung minh tuwong tu, ta ciing c6: BE, CF chira cac dudng phan giac cua goc DEF; EFD

Tir d6 suy ra tryc tim H 1a tam duong tron noi tiép tam giac DEF.

3. Dung duong kinh cta (O). Khi d6 t&r gidc BHCN la hinh binh hanh. Suy ra H, M, N
thang hang. H, G, O thing hang va HO = 3GO.

Chirng minh: Vi AN Ia duong kinh ctaa (O) nén NC L AC, do BH L. AC= BH//NC.
Ching minh tuong tu, ta cting c6: CH // NB nén tir giac BHCN la hinh binh hanh.
Suy ra, hai duong chéo NH, BC cét nhau tai trung diém caa mbi dudng.

Ma M la trung diém BC nén N, H, M thiang hang.
Ta c6: MO la duong trung binh cua tam giac AHN nén MO // = %AH.

Goi G 1a giao diém caa AM va HO, do MO // AH (cuing vudng géc véi BC).

AG MO 1

Theo dinh ly Thales ta c6: — =—=== G la trong tdm cua tam gidc ABC va H, G,
GM AH 2
O thang hang.
0 E_E):%:%: HO =3G0. (Pudng thang qua H, G, O goi 1a duong thang Ole cua

tam giac ABC).

4. Cac duong thang AH, BH, CH kéo dai cit (O) tai giao diém tht 2 1a P, Q, R khi d6:
P, Q, R 1a cac diém d6i xang véi H qua BC, CA, AB.

Chitng minh: Vi AN 1a duong kinh ciia (O) nén APN =90° = PN //DM.

Lai c6 M 1a trung diém HN (chting minh ¢ 3).
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Suy ra DM la duong trung binh cua tam gidc HPN = D Ia trung diém cua HP. Noi cach

khac P 1a diém ddi xang véi H qua BC.

Chtng minh tuong tu ta ciing c6: Q, R 1a cac diém ddi xang véi H lan luot qua CA,
AB.

5. OA L EF, tam giac ARQ can.

Chitng minh: Dung tiép tuyén Ax caa dudng tron ngoai tiép tam giac ABC, ta c6 Ax
1L OA (4).

Ta ciing co: xAC = ABC (tinh chat goc tao boi tiép tuyén va day cung).

Mt khac: tt giac BFEC ndi tiép nén AEF = ABC, tir 6 suy ra xAC = AEF hay EF // Ax
(5).

Tur (4) va (5) suy ra EF LOA.

Chu y rang EF 1a duong trung binh cua tam giac HQR nén QR // EF = QR L OA suy ra

OA L QR tai trung diém cua QR nén tam giac AQR can tai A.

6. Puong thang EF kéo dai cit duong tron (O) lan luot tai E; F (E nam giira E, va F).
Khi d6: AE;; AR lan luot 1 tiép tuyén cua dudng tron ngoai tiép cac tam giac

CEE,; BFF.

Chwng minh:

Theo chung minh ¢ 5 ta c6: EF // QR = E,F, // QR, suy ra tam giac AFE, can tai A nén
ARE, =AEF,.

o — L — L — —
7

Suy ra AF, la tiép tuyén cua duong tron ngoai tiép tam giac BFF,.
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Chung minh tuong tu ta cling co: AE, la tiep tuyeén cua duong tron ngoai tiep tam giac

CEE,.

Cha y rang: Tir chirng minh trén ta cling ¢6 cac hé thirc dep: AF? = AF.AB = AH.AD;

AE’ = AEAC = AH.AD.

7. Goi X, Y, Z, T lan luot 1a trung diém cua AB, AC, HB, HC. Khi d6 9 diém D, E, F,
X, Y, M, |, Z, T nam trén ciing mot dudng tron ¢ tdm 1a trung diém caua OH. (goi &

duong tron Ole cua tam giac ABC).

Chirng minh: Ta ¢6 1Z la duong trung binh caa tam gidc ABH = 1Z // = %AB, YM la

duong trung binh tam giac ABC nén YM // = %AB.

Tu dé suyralZ//=YM = IZMY la hinh binh hanh.,

Lai c6: ZM la duong trung binh cua tam giac BHC nén ZM // CH ma AB 1. CH
=ZMLIZ.
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Vay tu giac IZMY la hinh chit nhat nén hai duong chéo IM, ZY cat nhau tai trung diém

J cia mdi duong.

Tuong tu ta cling ching minh dugc cac ta giac XITM, XYTZ la cc hinh chir nhat nén

suy ra cac dudng chéo IM, ZY, TX dong quy tai trung diém J cia mdi duong.

Cha y rang: IDM, ZEY, TFEX lan luot vudng tai D, E, F nén tdm vong tron ngoai tiép
chinh 1a trung diém J ctia cac canh huyén twong tng. Suy ra 9 diém D, E, F, X, Y, M, |,
Z, T cling nam trén duong tron tam J.

Ta ciing ¢6: OM // = %AH /I = IH nén t& giac IHMO 14 hinh binh hanh, suy ra hai

duong chéo IM, HO cit nhau tai trung diém cta mdi dudng. No6i cach khac diém J ciing

chinh 1a trung diém ciia HO.

Chu y ring: Néu chang minh mdi bo 4 diém trong sé 9 diém néu trén nam trén clng

mot duong tron thi ta ¢d thé 1am don gian hon nhu sau:
Vi du: Chting minh t giac DMEF noi tiép.

Ta c¢6: M la tam duong tron ngoai tiép ti gidc BFEC nén EMF=2EBF (tinh chat g6c &

tam va gdc ndi tiép chan cing mot cung).

Mt khéc theo 2) ta da chi ra DEF = 2HDF = 2EBF suy ra EMF=EDF hay tt gidc DMEF
noi tiép (cac dinh lién tiép D, M cuing nhin canh EF mot goc bang nhau).

8. K la truc tdm cua tam giéc IBC.

Chitng minh: Bé chang minh K 14 tryc tdm cua tam giac IBC ta ching minh: CK L 1B.

Ta s& chitng minh: 1BC + KCB = 90°

, o~ o~ — —

Ta c6: IBC = IBE + EBC = IBE+90° —~ ACB (5)
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bé y rang: 4 diém A, E, F, H nam trén duong tron tdm I 1a trung diém caa AH nén

EIH = 2EAH = 2PBC = PBE (do H ddi xung véi P qua D).
Suy ra tir giac EIBP noi tiép nén IBE = IPE (6).

Ta cling c6: AEF=ABC=APC nén ta giac EKPC noi tiép suy ra

o~~~ -

Tir (6) va (7) suy ra IBE = ACB-KCB thay vao (5) ta c6: IBC =90° — KCB.
Tir d6 suy ra: IBC+KCB =90°.

Vay KC L 1B, két hop IK L BC suy ra K Ia truc tm tam giéc I1BC.

Ngoai ra ta ciing c6 thé 1am theo cach sau:

Gia sir duong tron ngoai tiép tir giac BFEC cat IC tai K, theo tinh chat quen thuoc vé

tiép tuyén cat tuyén ta co:

IK.IC=IE? (17), mat khac ta ciing c6 5 diém I, F, D, M, E nam trén cing mot dudng
tron nén IEF = IDF = IDE suy ra AIEK o AIDE = IE2 = IK.ID (2°)

T (1), (2)suy ra IK,.IC = IK.ID = DKK,C ndi tiép. Nén géc KK,C =90°

Lai c6 BK,C =90°(Do K, nam trén dudng tron duong kinh BC) , tir d6 suy ra B, K, K,
thang hang hay BK L IC két hop voi BK L BC = dpcm.

9.ME,MF la cac tiép tuyén cua duong tron ngoai tiép tam giac AEF.

Chwng minh
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Puong tron ngoai tiép tam gidc AEF c6 tam 1a trung diém 1 cta AH . Taco:
IAE = [EA(8) , tam gidc MEC cn taiM nén MEC = MCE (9); IAE + MCE = 90° (10).

T (8), (9), (10) suy ra IEA+MEC =90°hay IEM =90° tirc 12 ME 14 tiép tuyén cua duong
tron ngoai tiép tam gidc AEF .Chirng minh tuwong tu ta cling c6 MF 12 tiép tuyén ngoai
tiép tam giac AEF .

10. Puong tron ngoai tiép tam gidc AEF cit (O)tai T (T khac A)thi M,H,T thang hang

Chwng minh:
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Q
A E,
E
|
h
R F
H
A O
F1
B M K1y C
P K
D,

Ta thay dudng tron ngoai tiép tam giac AEF ciing la duong tron ngoai tiép tir giac
AHEF chinh la (1) duong kinh AH .

Vi dudng tron (0)cat (1)tai giao diém thir 2 1 Tnén HTA=90° va NTA=90° = N,H,T
thang hang .

Mt khac theo 3) ta dd ching minh: N,H.M thang hang. Tir d6 suy ra M, H,T thang
hang.

11.Pbuong thang RD cat duong tron(0) tai D, thi AD, di qua trung diém caa DE .

Chirng minh: Xét tam giac FHD va tam giac AED taco:
1
~RH

DFH = DAE, FDH = ADE < 2 AE RH AE

== o " == — ARHD - AEA Nén DRH = A AE
HD 2EA  HD EA

,mat khac DRH = AAC suy ra AAC = AAE hay AA = AD, tic 1 A A, D,thang hang .

12.Puong thang KE, cat BC tai K, thi AK, L HE,.

Chitng minh: Gia st duong tron ngoai tiép tam gidc AEF cat AK, tai giao diém thu 2
la H, suyraAH,H =90° nén HH,K,D la tir giac noi tiép . Theo 6) ciing chimg minh dugc :
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AH,.AK, = AH.AD = AE.AC = AE? . Tam giac AEK, vudng tai E, cO AE? = AH,.AK nén

theo hé thac luong trong tam giac vuéng ta suy ra E;H, L AK, (dpcm).

13.Puong thang AT cat BC tai B, thi E,F,B, thang hang.

Chwng minh

B1 B D M C

Céch 1: Ta c6 ta giac ATBC noi tiép nén BT.B A=BB.BC , gia sit BF cat (1) tai E' thi
tr gidc ATFA' noi tiép, suy ra E'=E . Suy ra E, F, B, thang hang.

Céch 2:Ta c: TFB = 360° — TFE — EFB =180° —TFE +180° — EFB = TAC + ACB =180° — AAB
nénTFB + AB,B =180° nén tir giac BFTB, Noi tiép.

, — o~ — — o~ o~

Taco: TFB,+TFE =TBB, + TFE =TAE + TFE =180°suy ra E, F, B, thang hang.

14 Puong tron ngoai tiép tam giac HEF, HBC cat nhau tai mot diém nam trén dudng
thang AM .

Chutng minh: Gia st dudng tron ngoai tiép tam giac HEF cat duong thang AM tai M,
.Dé thay Puong tron ngoai tiép tam giac HEF ciing chinh 1a duong trong ngoai tiép tir
giac AEHFnéntaco:

EM,M =360° — EM,H — HM,M =180° +180° — HME — EMC =180° + HAC — EMC
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=180° + HAC — 2HBC =180° — HBC suy ra HM,CB néi tiép. Tic la: Pudng tron ngoai tiép
tam gi4c HEF, HBC cat nhau tai mot diém nam trén duong thang AM .

Céch 2: Gia sir Puong tron ngoai tiép tam gidc HEF, HBC cat nhau tai M,.Lam tuong tu
nhu trén ta chirng minh duoc cac ti giac EM,MC, FM,MB ndi tiép. Tir d6 ta co:

AM,E + EM,M = AEF +180° — ACB =180°suy ra A, M,,M thang hang.

15. Ba diém B,,H,M, thang hang

Chwng minh

Theo 10) tacd :MH L AB ,ta ciing c6 AH 1 BM suy ra H la truc tdm cta tam giac
ABM suy raBH L AM Theo 14) tacd HM, L AM tir ddy suy ra B, H, M, thang hang.

Chu y: Céc tinh chat 13,14,15 c6 thé dé dang suy ra nho dinh 1y Brocard sau day:

Pinh Iy Brocard: Cho tir gidc ABCD ndi tiép dudng tron(0) . Goi M 1a giao diém cua
AB va CD ; N la giao diém ctia AD va BC ;I la giao diém ciia AC va BD . Chung
minh rang 1 1a tryc tm cua tam giacOMN .

Chwng minh

Goi E la giao diém thu hai caa duong tron ngoai tiép tam giac ABI va CDI .

Trudc tién ta chitng minh: E,1,M thang hang:
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That vay, gia st MI cat duong tron ngoai tiép tam giac ABI tai E'thi
MI.ME'= MB.MA=MC.MD suy ra 4 diém D,E",1,C nam trén mot dudng tron suy ra
E'=E suyra E,I,M thang hang.

— — — — ~

Ta c6: AED = 360° — DEI — AEIl =180° — DEI +180° — AEl = ABD + ACD = AOD nén ti giac
AEOD ndi tiép.

o~ o~ e — — o A

Ta ciing co: BEC = BEI + IEC = BAC + BDC = BOC nén ti giac BEOC noi tiép.Tir do ta
cling suy ra N,E,O thing hang.

L ——— L — o ——— o — L — 0—/\
Ta c6: OEM = OEC + CEM = OBC + BDC = 180 ~BOC

+BDC =90° suy ra ME L ON .Chiing
minh tuong tyu ta cling c6: NI L OM suy ra | la tuc tdm tam gidc OMN .

Tro lai bai toan : Ta thiy tr gidc BFEC ndi tiép duong tron thm M duong kinh BC |, ¢6
giao diém hai duong chéo 1a H nénsuy ra H 1 tryc thm tam giac AMB, .

Ciing c6 thé chung minh: BH L AM ma khong ding dén dinh 1y Brocard nhu sau:Goi

I, 1 trung diém HM thi 1, 13 tim duong tron ngoai tiép tam giac HDM ,cac diém E,F
nam trén duong tron tm 1 duong kinh AH . Ta c6:Ta gidc DEFM ndi tiép trong dudng
tron Owle ctia tam gidc ABC nénB,F.BE =B,B.BM tir do suy ra B,H la tryc dang
phuong cua 2 duong tron ( %),(Il, H;V'j suy ra BH LII,ma Il,1a duong trung binh

cua tam giac HAM suy raBH 1 AM .
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16.Goi T, la mot diém nam trén (O) ,T,,T,,T, lan luot la hinh chiéu vudng goc cua diém T,

Ién cac canh AB,BC,CA. khi d6 cac diém T,,T,,T,nam trén mot duong thang goi la
duong thang Simson cua diém T,ddi véi duong tron (O) . Tir d6 suy ra cac diém doi
Xang vai T, qua AB, BC,CA.nam trén mot duong thang goi 1a duong thang Steiner cua
diém T, dbi véi tam giac ABC .Hay chirng minh: Puong thang Steiner caa diém T, thi
di qua tryc tdm H cua tam giac ABC .

Chwng minh:
A Q
E T
RE_F
H
o)
Iy >
Ts B FTs M C
T,
K
T

+Tu gi4c T,T,BT, ¢O BT,T,+BT,T, =90° +90° =180° nén la t& giac noi tiép= T,BT, =T,T.T,
(cing chan cung T,T, ), ma tkr giac ABT.C ndi tiép nén T,BT, = ACT, , do d6 T,T,T, = ACT, .

Mat khac tu giac T,T,T,C noi tiép nén TT,T, +T,CT, =180° = T,T.T, +T,T,T, =180° .
Vay T,,T,,T,thang hang.

+Ta cd: T,,T,,T,thang hang . D& thay T,T,1a duong trung binh ctia tam gi4c T,T.T, nén
T,T,//T,T, .Tuong tuT,T,/T.T, .Theo tién dé O-clit va do T,,T,, T, thang hang nén suy ra
T,,T,,T, thang hang.

+Puong thiang Steiner di qua tryc tdm cua tam giac ABC .

Theo 4) ta chtirmg minh duoc R ddi xtng véi H qua AB ,Q dbi xiing voi H qua AC
nén HRT.T,la hinh thang can va céc tt gi4c T,T,BT,, T,T,T,C noi tiép nén ta co:
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m's\'l'l = ﬁ :'I'S/Eﬁl ﬂfl’?‘l’l do d6 HT,//T,T, . Tuong tu ta cling c6: HT,//T,T,ma T2,T3,T4th§1ng
hang nén T.,H,T, thang hang Noi cach khac: Puong thang Steiner cia diém T, di qua
truc tdm cua tam giac ABC.

El
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B D M C
Ml
P N

17. Gia st BC ¢6 dinh, diém A chuyén dong trén cung Ién BC. Chang minh: Truc tdm
H cua tam gidc ABC thudc mot duong tron cé dinh.

Chirng minh: Do B, C ¢6 dinh nén d6 dai BC khong ddi. Goi M’ 1a diém d6i xang Véi
vdi O qua BC theo 3) ta suy ra OM'//AH va OM'= AH nén ta giac AHM’O Ia hinh
binh hanh va M’ 1a diém c6 dinhva M'H =0OA=0B=0C=M'B=M'C=R (Do BC I
trung truc cia MM”). Nhu vay M’ chinh 1a tdm dudng tron ngoai tiép tam giac HBC.
Hay diém H thuoc duong tron cb dinh (M;R)

18. Gia st BC cd dinh, diém A chuyén dong trén cung Ién BC. Tim vi tri diém A dé
HA + HB + HC 16n nhét.

Chwng minh:
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Theo 17) ta c¢6 H thuoc duong tron ¢6 dinh (M';R)ma BC la day cung cé dinh cua
(M';R)nén BHC khong ddi suy ra EHC =180° - BHC = ¢ khong ddi. Theo 3) ta ciing
c6: AH =20M suy ra HA c6 do dai khong doi

Nhu vay dé tim GTLN caa HA+ HB + HC ta quy vé tim GTLN cua HB + HC

Trén tia d6i cua tia HB ta ldy mot diém E’ sao cho HE' = HC = AHE'C can tai H

— HE'C =180° - 2CHE'=180° — 2¢ khong ddi. Suy ra E’ chuyén dong trén cung chtra
goc 180° — 2¢ dung trén doan BC.

Ta c6: HB+HC =BE'nén HB+HC 16n nhat khi va chi khi BE' 1a duong kinh cua
duong tron chira cung chira géc 180° —2¢ dung trén doan BC tirc & BC L E'C. Tur do
suy ra cach dung diém A nhu sau:

Dung cung chta goc 180° — 2¢trén doan BC, dung tia Cx L BC cat cung chira goc tai
E’. Dung dudng thang qua B vubng goc véi BE” cat (O) tai A 1a vi tri can tim.

19. Gia s BC c¢é dinh, diém A chuyén dong trén cung 16n BC. Tim vi tri diém A dé
EF + FD + DE 16n nhét.

Chwng minh

Chung minh OA L EF suyra S, =%OA.EF , twong tu ta co:

1 1 Y A
Sepor = OB.DF;Soor = OC.DE 1ir do suy ra 28, = R.(EF + FD + DE). Do R khong

d6i nén EF + FD + DE 16n nhat khi va chi khi S,.. 16n nhat < khoang cach tir diém A

dén BC 16n nhit. Tacd AH < AM < AO+OM =R+OM nén AH Ién nhat khi va chi khi
A, O, M thang hang. Hay A 1a diém chinh giira cung lé6n BC.

Ngoai ra ta ciing c6 thé giai thich theo cach khéc:

Ta thiy cac diém B, E, F, C nam trén duong tron tim M dudng kinh BC.

Do BC khong déi nén BAC khong ddi. Ta c6 ME, MF 1a cac tiép tuyén cua duong tron
ngoai tiép tir gidc AEHF nén MFE = BAC khong ddi. Ta c6 % =% = cosBAC khong

d6i. Suy ra do dai EF khong ddi.
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Goi K’ 1a diém ddi xtng véi E qua BC thi EDC =K 'DC
Ta lai c6 EDC = EHC = FHC = FDB.. Suy ra EDB = KDM nén F, D, K’ thing hang

Ta c6 chu vi ADEF 16n nhat khi va chi khi DE + DF 16n nhat. Tt cac chieng minh trén
ta c6: DE + DF = FK'<2R'=BC. Suy ra DE + DF lén nhét khi va chi khi D=M hay A
1a diém chinh gitra cung 16n BC.

Ciing c6 thé tiép can bai toan theo hudng khac: Goi P’, Q’ lan luot 12 hinh chiéu vuéng
goc cua B, C trén EF. Ta c6 céc tinh chat quen thuoc FH, DH lan luot 12 phan giac
trong cac goc EFD,FDE suy ra FB,FD lan lugt 1a cac dudng phan gic ngodi cua
ﬁ),F/DTE. Ha BX'L DE;BY'L DF thi suy ra FP'=FY' DX'=DY'EP=EX" (ﬁnh
chat mot diém nam trén phéan giac cach déu hai canh). Ta c6: Chu vi tam giac DEF la
2p=DF+EF +DE=Y'F +DX '+ EF + DE = FP'+ EF + EX'=2EP"'. Hoan toan tuong tu
ta ciing c6: 2p=2FQ". Suy ra 4p=2(EP+ FQ")=2(PQ'+2EF)=>2p=P'Q"+2EF suy
ra DE+DF =P'Q'. Mat khac P'Q'<BC nén chu vi tam gidc DEF Ién nhat bang
EF + BC khi va chi khi P'Q"/BC hay A 1a diém chinh gitta cung 16n BC.
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20. Gia st BC c6 dinh, diém A chuyén dong trén cung 16n BC. Tim vi tri diém A dé
DH.DA I6n nhat.

Chirng minh: Ta dé dang chimg minh duoc:

ABHD «» AACD 3%:'6‘_3@ DH.DA=BD.CD

Theo bat dang thirc C6 — si ta ciing c6 BD +CD >2+/BD.CD < BC > 2/BD.CD suy ra

BC? BC?

BD.CD < . Vay DH.DA< , dau “=" xay ra khi va chi khi BD=CD < D la

trung diém ctia BC, suy ra A 1a diém chinh giira cung I6n BC.

21. Ching minh: HAHB.HC >8.HD.HE.HF va 3R > HA+HB+HC

Dé giai quyét cau hoi nay ta can kién thic bé tro 12 bai toan ndi tiéng sau:

Bat dang thic Erdoss — Mordell

Cho tam giac ABC va M la mot diém bt ky nam trong tam gic d6. Goi R,,R,,R, theo
thir tu 1a khoang cach tir M dén cac dinh A, B, C. Con d_,b,,d_lan lugt 1a khoang cach
tir M dén céc canh BC, CA, AB. Khi d6 ta c6 bat dang thuc:

a) R,+R,+R, >2(d, +d, +d,) b) R,.R,.R, >8d,.d, .d,

Pang thac xay ra khi va chi khi tam giac ABC déu va M 1a tm caa tam giac

Huoéng dan giai
Pat BC =a,CA=h, AB =c.

a) Lay diém M, dbi xang véi diém M qua duong
phan gi4c trong cia BAC. Dyng BH L AM, va
CK L AM,

Gia st AM, cat BC tai D. Khi d6
BD > BH,CD >CK . Pang thuac xay ra khi va chi
khi ADLBC hay AM, L1LBC. Tu do6 ta co:

a>BH+CK < aR, >2S,,, +2S,,,. (chi y ring
AM, =AM =R, ) hay aR, >cd, +bd . T do
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R, z%db +gdc (1). Tuong tu ta c6 R, z%dc+%da(2); R, Z%db+%da (3). Cong vé véi

vé cua cac bat dang thirc (1), (2), (3) ta thu duogc

Ra+Rb+RCZEdb+Edc+Edc+£da+idb+Eda2da(9+3j+db(i+£j+dc(i+9j22(da+db+dc)
a a b b c c c b c a b a

(st dung bat dang thirc CO — si x+y=>2xy Vdi x,y>0 cho c4c biéu thic trong
ngoic). Pang thuc xay ra khi va chi khi a=b =c¢ dong thoi M, 1a tryc tm cia tam giac

ABC. Noi cach khac, M, (va do dé ca M) Ia tam cua tam gic déu ABC.

b. Tir cach chitng minh bat dang thic Erdos — Mordell ¢ cAu a) ta c6:

R >S4 +2d (1) R>2d +5d (2); R >2d, +2d, (3). Nhan theo vé cia ba bét
a a b b c c
dang thire trén ta co:
R,R,.R. z(ﬁdb +9d°)'(id° +£daj.(§db +9daj > 2.\/Eolb.9dc.2.\/30|C.Eo|a.2.\/ﬁo|b.9da ~8.d,.d,.d,
a a b b c c a a b " b c ¢

Tré lai bai toan:

+ Ap dung bat dang thicc Erdoss — Mordell dang
tich cho truc tm H cua tam gidc ABC ta cd ngay:
HA+ HB + HC >8.HD.HE.HF

+ Ap dung bat dang thicc Erdoss — Mordell dang
téng cho tam O cua duong tron ngoai tiép tam giac
ABC ta c6: OA+0OB+0C >2(OM ++0Y)

Theo (3) ta c6: HA=20M, tuong tu
HB =20Y,HC =20X . Suy ra 3R> HA+HB+HC
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II. CHUM BAI TOAN LIEN QUAN PEN TAM PUONG TRON NOQI TIEP

1. Cho tam giac nhon ABC ngoai tiép duong tron (1) va néi tiép (O), goi D, E, F lan
luot 14 tiép diém cua (1) véi BC, CA, AB. Puong thang Al kéo dai cit duong tron (O)
tai giao diém th hai 12 K (K khac A). Ta c6 cac tinh chat, bai toan sau:

P

K

a) KB =KC =KI (I1a tam dudng tron ngoai tiép tam giac 1BC)

Chwng minh:

Vi Al la duong phan giac trong cia goc A nén K 1a diém chinh giita cia cung BC suy ra
KB = KC . Béy gio ta ching minh, tam gidc KBI cén tai I:

— e~ e~~~ o~

Ta cd BIK = IBA+ ABI = IBC + IAC = IBC + CBK = IBK nén tam giac KBI can tai K. T
do suy ra KB =Kl =KC

b) Buong thang BI, Cl cat EF lan luot tai M, N. Khi d6 4 diém I, E, M, C clng nam
trén mot dudng tron, 4 diém I, N, F, B cling nam trén mot duong tron.

Chwng minh:

Xét tir gidc IEMC ta co: MIC = IBC + ICB =g+% =90° —g (tinh chét géc ngoai)
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Ta ciing c6 : MEC = AEF = 180 -A g —g. Tir d6 suy ra IEMC |4 tir gi&c noi tiép, do do

IMC = IEC =90". Tuong tu ta cling chiing minh duoc 4 diém I, N, B, F cung nam trén
mot duong tron suy ra INB = IFB = 90",

Tir d6 suy ra BMC =BNC =90". Hay 4 diém B, C, N, M nam trén dudng tron tam Q
duong kinh BC.

Chu y ring: Tam giac QBM can tai Q nén QMB =QBM, lai c6 BA=QBM ( Tinh chat
phan giac). Nén QMB = IBA suy ra QM // AB hay dudng thang QM chira dudng trung
binh song song vai canh AB cua tam giac ABC.

¢) Ki hiéu R, r lan luot 1a ban kinh duong tron ngoai tiép , ndi tiép tam giac ABC. Khi
do6 ta c6 R*—2R.r =017 ( cong thuc Ole).

Chwng minh:

Dung duong kinh PK cua (O) va duong kinh 1’0’ qua O.1 caa (O) ( I’ thuéc cung nhd

AB). Tacé : II’.10” = IAIK < (R-0I)(R+0l)=IAIK < R?-0I1? = IAIK (*). Chiy rang

AIFA~AKCP ngn JA_KP _ o IFKP_r2R thay vao (*) ta cé r2_012 = 2R (
IF KC KC  KC KC

theo 1) ta da chirng minh KI = KC = KB nén suy ra R*-2R.r =0I?* ( dpcm).

Cha y: Do 01?>0= R?-2Rr>0= R?>2Rr = R>2r. D4u bang xay ra khi va chi khi
O=1 hay tam giadc ABC 1a tam giac déu.

d) Xét dudng tron tam K’ 1a tam dudng tron bang tiép tng véi goc A ( dudng tron tiép
xtc BC va tiép xdc phan kéo dai céc canh AB, AC ). Khi d6 ta c6 KK’ = KI = KB =
KC.

Chwng minh:

K’ 1a tam duong tron bang tiép goc A nén K’ nam trén dudng phan giac trong goc A,
mat khac (K’) tiép xtc BC va phan kéo dai cia canh AB nén K’ nam trén phan giac
ngoai goéc B, suy ra K'B L 1B hay tam giac IBK’ vudng tai B. Mat khac theo (1) ta
chtng minh duoc KI = KB =KC nén suy ra K 1a trung diém cua IK’ hay KK’ = KI = KB
= KC.

2) Cac duong thang BI, Cl kéo dai cat (O) tai giao diém thir 2 12 X, Y ( X khac A, Y khéc
B). Buong thang KY cat AB, BC, Bl lan luot tai B,,B,,B,.
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Puong thang KX cat AC, BC, Cl lan luot tai C,,C,,C,.

Khi d@6 ta co:

+) BB,B,, CC,C, la c&c tam giac can.

+) B, 1,C, thang hang.

5 __BC

KA AB+AC’

+) B,C,//BC

+) | la tryc tdm tam giac KXY

+) Goi J 1a trung diém IK thi bén diém A B,,C,,J clng nam trén mot duong tron.

Chwng minh
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+) Taco K/Cl\(::% sd (AX +KC) | c/cz\xz% sd (CX +BK)ma AX =XC va KC=BK. Suy
ra KC,C=CC,X hay tam gidc CCC,can tai C. Chimg minh tuong tu cho truong hop
tam giac BB,B,.
+) Ta co : IAC, = IXC, :% sd BC suy ra tir gidc IAXC, noi tiép. Suy ra XIC, = XAC = XBA
suy ra IC,//BC , ching minh tuong tu ta cling c¢6 IB,//BC =B, 1,C, thang hang va
BC,//BC .
+) Theo (1) taco : KI=KB =KC.n
Ap dung dinh ly Ptolemy cho t giac noi tiép : ABKC ta c6 AB.KC + AC.BK =AK.BC

Kl BC

suy ra KI(AB+AC)=KABC & —=—"—.
KA AB+AC

+) Theo tinh chat dudng tron ndi tiép tam giac ta co :

A~ A~

BIC + B,KC, = B/|E+ﬁ>\E:180°—g—%+§3'K\CS = 90°+%B7AT:+%§<\C=90°+90° =180",

Suy ra tir gidc KB,IC, noi tiép. Suy ra IB,C, = IKC, = ABX = XBC = B,C,//BC .

+) TacO: KC,C :%(KAC+5(7):%(@+ BC +@\) =90° nén KX L CY, chirng minh tuong tu
ta cling co6 : KY L BX suy ral la truc tm tam giac KXY.

+) Theo trén ta ching minh : IC,K = IB,K, nén 4 diém 1,B,,K,C, nam trén dudng tron
tam 1 dwong kinh 1K, chimg minh twong ty phan B,C,//BC ta suy ra AB,//AB ,

AC,/IAC . Tir d6 ta c6 : B,AC,+B,JC, = BAC +2B,KC, = BAC + BKC =180 suy ra 4 diém
B,,A,C,,J cling nam trén mot duong tron.

3. Puong thang qua E song song véi BC ciat AD, DF lan luot tai E,E, thi E, la trung
diém EE, .

Chwng minh
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[

Dung duong thiang qua A song song BC cit DF tai A’. Ta dé ching minh dugc céc tam
giac AEF, AFA’ can tai A nén AE = AF =AA’ .

Ap dung dinh Ii Thales ta co:

EEE, DE _BE_BD_EE _EE
AA' DA BA BA EA AA'

Suy ra EE, = EE, hay E, 1a trung diém EE, .

4) DI la phan giac cta goc MDN

Chwng minh
Theo 1 ta di chimg minh duwoc BENI, CMFI, BMNC la cac t&r gi4c noi tiép nén

BNI =CMI =90° suy ra cac tu giac CMID, BNID néi tiép nén IDN = IBN = ICM = IDM
hay ID la phan giac cia géc MDN.

5) Buong tron tam K, tiép xdc trong véi (O) Tai K,va tiép xuc véi cac canh AB, AC lan
luot tai K,,K,. Khi d6 tam dudng tron noi tiép tam gidc ABC 1a trung diém cua K,K,

( Buong tron (K,) goi la duong tron Mixtilinear tng véi géc A cua tam giac ABC).

Chwng minh
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Ta c6 0,K,, K, thang hang, dung tiép tuyén chung K,xcua (O) va (K,) . Gia sir K,K,Cit
(O) tai K,. Cac tam giac K,K,K,,OK,K, can tai K;O nén KK, //OK, ma KK, L AC suy
ra OK, L AC suy ra K.la diém chinh gitra caa cung AC suy ra B, I, K, thang hang.

Gia st BK.cat K,K,tai |. Ta chizng minh : CI 1a phan giac caa goc ACB.

Ta co : K.BK, =K,K,K, =K.K,x ( Tinh chat goc tao béi tiép tuyén va day cung) . Suy ra
tr gidc IK,BK, noi tiép . Ta ciing c6 IK,C=BK,C-BK,l =180" - BAC - AK K,

~180° —(180“ - 2AT<K,)- AK,K, = AK K, Nén ti gi4c 1K,CK, noi tiép . Tir do ta tinh duoc :

—

180" - BAC ABC _goo_A/B\C_B/AT: _ ACB
2 2 2 2
giac ciia goc ACB. Hay tam duong tron noi tiép tam giac ABC 14 trung diém cua KK,

~180" - BAC - . Piéu d6 chung to Cl la pha

6) Tam giac ABC ndi tiép (O) diém M trén canh BC. Pudong tron (J) tiép xdc véi MA,
MC lan luot tai E va F déng thoi tiép xdc véi (O) tai P . Khi d6 tan I duong tron noi
tiép tam giac ABC nam trén duong thang EF ( B6 dé Sawayama — Thebault)

Chwng minh
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Puong thang PF cit (O) tai D. Puong tron (J) tiép xtc véi (O) tai P suy ra P, J, O
thang hang . Tam giac PJF, POD Ia tam giac can nén ODP =JFP . Suy ra OD // JF .
JF L BC = 0D LBC= DC=DB hay AD la phan gi4c cua géc BAC. Goi I 1 giao diém
cua AD va EF thi IAP = FPx, FEP = FPx = IEP = IAP nén tir giac IEAP noi tiép . Suy ra

—_ — — — — —

AEP = AIP,EFP = AEP = AIP = EFP suy ra DIP = DFI = ADIF ~ ADIP suy ra DI’ = DP.DF

. Vi DC =DB = ACDF ~ APDC = DC? = DF.DP = DI =DC . Theo chitng minh 1) ta suy
ra tam | 1a tam dudng tron noi tiép tam giac ABC.

Ap dung bé dé ta c6 bai toan sau
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Puong tron tm K’ tiép xdc trong véi (O) tai K, . Xét hai diém P’, Q’ nam trén dudng
tron (K’) qua P’ keé tiép tuyén vai (K’) cat (O) tai B’,D’ qua Q’ ké tiép tuyén voi (K)
cat (O) tai A’,C’. Khi d6 tam duong tron noi tiép cac tam giac .

Khi d6 tam duong tron ni tiép cac tam gidc A'C'D' va B'C'D'nam trén P’Q’ .

7) Cho tam giac ABC ndi tiép (O) , Ngoai tiép duong tron (1) . D 1a diém bat ky trén
canh BC , goi (0,) la dudng tron tiép xtc véi AB, BC va (O) , (0,) la dudng tron tiép
xuc véi AD, BC va (O) . Khi d6 1,0,,0, thang hang.

Chwng minh
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Goi E, F lan luot Ia cac tiép diem cua (0,) véi BC, AD. P, Q latiép diem cua (0,) Vi
AD, BC.

Theo 6) ta cO EFnPQ=1 1a tam duong tron noi tieepd tam giac ABC . Goi H la giao
diém cua DO, vsi EF , K 1a giao diém cia DO, voi PQ thi
DO, 1L EF; DO, 1. DO, = DO, //EF , twong tu ta c6 DO,//PQ suy ra IHDK la hinh chix
nhat.

IH KD OH

-—— -1~ 0,1,0, thang hang .
oD oD oD =~ V' Jhang

Theo dinh ly Thales

Cha y: Khi D 1a chan dudng vudng gdc trong gac A thi (0,);(0,) tiép xUc nhau tai I.

8) Tam giac ABC noi tiép duong tron (O) va ngoai tiép duong tron (1) . Buong tron (K)
tiép xtc (O) tai P va tiép xuc véi AB, AC tai D, E . Khi d6 PI di qua diém chinh gitra
cung BAC.

Chwng minh
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Goi F 1a giao diém caa Cl véi (O) , Q 1a giao diém PI véi (O) theo 5) ta ¢6 | 1a trung
diém cua DE . Ta cling co : FPB = DPB :%KC\B; DIB = BIA—90°
=180° —%(KEE + @)—90" :%A/C\B nén DPB = DIB suy ra tir giac DBPI noi tiép suy ra

BPQ = ADE . Tuong tu ttr giac IPCE ndi tiép nén IPC = AED = BPQ =CPQ . Suy ra Q la
diém chinh gitra cung BAC.

9) Tam giac ABC ngoai tiép duong tron (1) . Al cit BC tai D . Goi E, F 1a diém d6i
xung.

cia D qua CI,BI. Goi M,N lan luot 1a trung diém cua DE,DF . Budng tron ngoai tiép
tam gidc AEM,AFN cat nhau tai P khac A. Khi d6 AP chia dbi BC.

Chang minh
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Theo tinh chit d6i xiing caa phan gi4c. Ta cé: E,F lan lugt thudc AC,AB.

..BF BD CD CE s P .
Ta co: _BD_CD_CE_ eriimc. Gol J la trung diém cua EF ta co:
BA BA CA CA

— e~~~

— —

thang hang hay AP chia doi EF, suy ra AP chia d6i BC.

10.

Cho duong tron tdm | noi tiép tam gidc ABC tiép xc voi BC,CA, AB lan luot tai D,E,F
. Buong thang qua A song song véi BC cat EF tai K, goi M 1a trung diém BC.

Chwng minh.

K

Ml L DK
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Goi P la giao diém cua ID va EF. Vi AE,AF la cac tiép tuyén cua (1) tai E,F nén
IALEF.VIi IPLBC suyra IP LAK. Tudosuyra P latryc tm ctia tam giac
AIK = AP L IK tai H suy rata giac ANHK noi tiép.

Ké duong thang qua P song song véi BC cat AB,AC tai X,Y . Tir CAc tir gi4c

P 1a trung diém cta XY . Theo dinh Ii thales ta d& suy ra diém A,P,M thing hang.

Lai co IH.IK:IN.IA:IFZ:IDZ:%z% suy ra AIHD —~ AIDK(c.g.c). T giac IDMH noi

tiép suy ra IDH = IMH , AIHD ~AIDK = IDH = IKD = IMH = IKD ma IMH phu Vé&i MIH
nén IKD phu véi MIH = IM L DK .

11. Dyng duong kinh DK cua dudng tron (I), dudng thang AK cat BC tai H . Ching
minh :BD = HC

Chwng minh

B D H —C

Dung dudng thang qua K song song vaéi BC cat AB,AC lan luot tai S,T suyra ST I
tiép tuyén cua (1), theo tinh chat 2 tiép tuyén cit nhau ta ¢ :

SK =SE,BD =BE ,lai ¢0 §I\E+I§I\E:%(KI\E+5E):90° nén ASIB vuéng tail , suy ra:

SK.BD =SE.EB = IE* =r*. Tuong tu ta cling c6: KT.CD =IF*=r? suy ra

SK.BD=KT.CD < (S:—E = % ap dung day ti s6 bang nhau ta suy ra :
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, mat khac theo dinh 1y Thales ta cling ¢6 : SK_SA_ S—Ttl‘r
BH AB BC

SK KT SK+TK ST
CD BD CD+BD BC

doé suy ra $=£<:> DC =BH
DC BH

111. CHUM BAI TOAN CAT TUYEN, TIEP TUYEN VOI PUONG TRON

Cho duong tron (O;R) va mot diém M nam ngoai dudng tron (0), qua M ké céc tiép
tuyén MA,MB dén duong tron (0) (A, B la céc tiép diém) va dung cét tuyén MCD sao
choMC <MD . Goi E 1a trung diém cuacb, doan thang MO cit (0) va AB lan luot tai
I,H . Khi d6 céc tinh chat hinh hoc sau ¢ lién quan dén nhau:

1.5 diém M,A,0,E,B nam trén mot duong tron.
2. ME la tia phan giac cua goc AEB .
3. MA’ = MC.MD.

4, AC_BC

AD BD

5. 1 1a tAm duong tron noi tiép tam gidc MAB .

6. T gidc CHOD ndi tiép.

7. ABchira dudng phan gi4c cia goc CHD.

8. CAD = BHD.

9. OE kéo dai cit ABtai Kthi KC,KD latiép tuyén ctia (0).

10. AE cat (0) tai giao diém thr 2 12 F (F khéc véi A). Khi d6BF //CD.
11. Tia CH cat dudng tron (0) tai giao diém thi 2 14 P (khac C) thi DP // AB.
12. Puong thang qua E song song véi BD cit ABtai N . Khi d6 CN LOB.

13.V& duong kinh AQ, cac duong thang QC,QD cat duong thang MO lan luot tai X,Y thi
O 1a trung diém cua Xy .

14. Puong thang qua trung diém E ctia CD song song voi AD cat AB tai F, DF cat
AM tai N,, thi N, 1a trung diém AM .
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15.Qua M dung cét tuyén thir 2 cua (0) 1aMC,D,. Ching minh: CD,,C,D cat nhau tai 1
diém nam trén AB..

16.  Gia s MC cit AB tai K. Goi L 1a trung diém MK ta c6 cac hé thirc sau twong
duong nhau:

Ke _mc
KD MD
Maclaurin) (***).

(*); LM? =LK? = LC.LD (H¢ thirc Niu ton) (**); ME.MK = MC.MD (h¢ thtic

17. K¢ duong kinh cC’caa (0), duong thang di qua trung diém cua BD song song Vi
BC'cat C'D tai J' thi J’ nam trén mot duong tron c6 ban kinh khong doi.

18. Gia st M ¢d dinh, chizng minh: khi cat tuyén MCD thay d6i, trong tm G cuia tam
giac BCDthuoc mot duong tron ¢ dinh.

19. Gia st M ¢b dinh, chirng minh: Tia BO cit Otai giao diém thuc 2 13 L (L khac B).
Duong thing ML cét (O) tai diém thtr 2 13 T (khac L). Ching minh ring: duong tron
ngoai tiép tam giac ATM ludn tiép xuc véi duong thang cd dinh.

20. Gia str M thudc duong thang c¢d dinh (d). MO cat AB tai H. Chang minh: H thuoc
duong tron ¢ dinh.

21. Giasa M c6 dinh nam ngoai (O) cat tuyén MCD thay d6i quanh diém M . Pudng
thdng BE cat duong tron (0) tai giao diém thic 2 1a B, (khac B). Tim vi tri cat tuyén
MCD dé dién tich tam giac MB,D Ién nhét.

22. Gia st M thay doi ¢ ngoai (0). Puong thang qua O vudng géc véi MO cit cAc tia
MA, MBtai S,W. Khi nao thi dién tich tam gidc MSW nhé nhat.

23. Gia sirMO = 2R, cat tuyén MCD thay d6i quanh Tim vi tri cua cat tuyén dé
EA+EB +EM lén nhét.

24. Gia sirtMO= 2R, cat tuyén MCD thay d6i quanh M . tim vj tri cta cat tuyén dé

L1 henhét.
EB

CHUNG MINH CAC BAI TOAN.
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A
I D
VA
O
M
‘ I H O
F
P
B

1. Vi MA MB la cAc tiép tuyén ciia (0) nén MAO = MBO =90°, E la trung diém cia CD

nén OE L CD => MEO = 90" (Tinh chit duong kinh di qua trung diém mot day cung). Tur
d6 suy ra 5 diém M, A, O, E, B ndm trén dudng tron duong kinh MO .

2. Vi tr gidc MAEB noi tiép va MA=MB = MA=MA= AEM =BEM (G6c ni tiép chin 2

cung bang nhau thi ¢6 s6 do bang nhau). T 6 suy ra ME 1a phan gi4c caa goc AEB.

3. Vi MA latiép tuyén cua (0O) nén MAC = ADC (Tinh chét gdc tao bai tiép tuyén va day
cung). Xét hai tam gidc MAC va MDA ta cd: MAC = ADC, AMD chung nén
AMAC -~ AMDA

MA MD

g)suyra —=——<< MA*=MC-MD.
(9.9)suyra mo="-r
N : CA MC , :
4. Tu chitng minh  AMAC - AMDA (g.g) suy ra D" MA (1), chitng minh tuong tu ta
cting
c6: AMCB - AMBD = =2 = MC 9y tr (1) va (2) cha y ring MA=mB = MCE _MC
BD MB MA MB
CA_cB
AD BD’
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5. Do I nam trén MO nén MI la phan giac trong caa goc AMB (3). Lai c6 MO 14 trung
tryc ciia AB VA | namtrén MO nén 1A=1IB suy ra IAB = IBA. Mt khac ta cling co
MAI = IAB (tinh chat goc tao boi tiép tuyén va day cung) tir d6 suy ra MAI = IAB hay
chinh 1a phan giac caa goc MAB (4). Tir (3) va (4) suy ra 1 la tam dudng tron noi
tiép tam gidc MAB.

6. Theo chirng minh & 3) ta c6 MA’> = MC.MD (5), ap dung hé thirc lwong trong tam giac
vudng MAO, AH 1 MO ta cO MA? = MH.MO (6). T (5) va (6) suy ra MH.MO = MC.MD

hay MH _MD st tam gidc McH, MoD taco: M0 _MP 3 GMD chung nén
MC MO MC MO

AMCH - AMOD (g.g) suy ra MHC = MDC => t& gidc CHOD ndi tiép (gbc ngoai dinh H
bang goc trong ddi dién dinh H).

7. Tir 6) ta cd6 MHC = MDO (7) ma MDO =0OCD (8) (do tam gi4c COD can tai O). Mt

khéc ta c6 OCD =OHD (9) (g6c ndi tiép cling chdnoD). T (7), (8), (9) suy ra

MHC = OHD. Céc géc

CHA, DHA phu Vi cac géc MHC,OHD twong ing nén suy ra CHA=DHA hay AH 1a
phan giac ctiia g6cCHD .

Chu y: Tir viéc chitng minh: AH 1& phan gi4c cia CHD néu goi ta ¢6 z 1a giao diém cua
AH VA CD ta co: %:% do d6 MH L zH nén MH la phan giac ngoai cua géc CHD tur
do ta cling co

HC _MC gy ra MC _2C  MC 2D, (4ay 1a he thuc rét hay gap trong cAc
HD MD MD ZD _ MD ZC

8. Ta c6 BHD =180° — DHA =180° —%C/HB =180° —%EOB (10) (Do AH la phan giac cua
g6c CHD va tir gidc CHOD ndi tiép da ching minh ¢ trén). Ma %(i)TD =CBD(11) (tinh
chét gdc ndi tiép bang %sé do goc & tdm chin cuing mot cung) va CBD =180° — CAD (12).
Tur (10), (11) ,(12) suy ra BHD = CAD.

Chua y ring: AACD va AHBD ¢ BHD =CADVva ACD = HBD cling chin cung AD nén
AACD -~ AHBD(g.g)suy ra ADC = HDB. Tir d6 ciing suy ra ADH =CDB ...
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9. Gia str tiép tuyén tai C,D cat nhau & K thi KCO = KDO =90°nén tir gidc KCOD noi
tiép. Mt khéc theo 6) ta co tir gidc CHOD noi tiép. Tir d6 suy ra 5 diém K,C,H,0,D
cling nam trén duong tron duong kinh KO suy ra KHO =90° , mit khac ta ciing c6
AHO =90° = K, A, H thang hang, hay K nam trén dudng thang AB.
10. Theo chitng minh ¢ 1) thi 4 diém A E,0,M nam trén duong tron duong kinh MO
nén ta c6 AEM = AOM =%A/O\B = AFB ( tinh chat g6c noi tiép va goc ¢ tam). Ma hai gdc

AEM, AFB dong vi nén suy ra EM //BF .

11. Theo chitng minh & 6) ta cd tir giac CHOD ndi tiép két hop véi 7) AH chira dudng
phan giac cua g6¢c CHD nén @z%@ =%C/O\D — CPD ma hai géc CHA,CPD d6ng vi
nén HA//DP.

12. Pé ching minh: CN 1 OBta chitng minh CN //MB.

That vay theo cach dyng diém N ta co : CEN =CDB (dong vi). Mit khac CDB = CAB
cling chan cung BC suy ra CEN =CAB = CAN = t&r gidc CEAN noi tiép ( c6 2 dinh lién
tiép A E cung nhin canh CN mét goc bang nhau). Tir d6 suy ra ECN = EAN = EAB (13)
mat khac tar giac EAMB noi tiép ( chiang minh & 1) nén EAB = EMB (14). Tir (13),(14) suy
ra ECN = EMBsuy ra CN//MB ma MB L OB = CN LOB.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
13. Do AQ la duong kinh cta (0) nén ADQ =90° = ADYH Ia tt giac noi tiép. Suy ra
AYD = AHD . Mt khac theo 6,7) ta c6 CHOD noi tiép va AH 1a phan gi4c cua géc CHD
suy ra H—l\t):%cﬁﬂl\::%c/cf):(:/cg\[): AYD =CQDSsuUy ra AY //CQ. Xét hai tam giac
AOY,QOX ta cO: OA=0Q, AOY = QOX,YAO = XQO Nnén AAOY = AQOX (g.c.g)suy ra

OX =0Y.
ChU y: Ta ciing c6 thé chimg minh theo cach khac nhu sau: Tt giac AEOM ndi tiép nén

Qv CAh

— e~ e~

AEC = AEM = AOM = QOY,YQO = DQA = DCA = ECA nén AOYQ — AEAC = ay

Qv _ CA _QF_CA_ AQVA— ACAD(cgc) nén YAQ = ADC = ECA= AQC
lon Lo QA ©D
2 2

= AY //QX nén tir giac AXQY la hinh binh hanh suy ra OX =0y .
Tinh chat nay 1a 1 trudng hep dic biét caa bai toan:
Cho tam giac nhon ABC ngi tiép (O)va diém P nam trong tam giac, dudng thang AP

cat BC, (0) lan lugt tai Q,D. Pudng tron ngoai tiép tam gidc PQD Cit S,S0 cét

AC, AB lan luot tai E,F. Khi do ta co: Ezﬁ.
PF QF
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Ta c0 thé ching minh bai toan nay nhu sau:

Ta c6: DQC = DPS = APF va PAF =QCD nén AQCD —~ APAF

Tuong tu ta cling c6: AQBD ~ APAE

an PE _PE AP QD QC _QC

Nén — . : dpcm. Khi P =Qta cé bai toan ¢ trén.
PF AP PF QB QD QB

14. Buong thang qua trung diém E ciia CD song song véi AD cat AB tai F,DF cat
AM tai N, thi N, 1a trung diém AM.
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Ta c0 bién ddi goc: FEC = ADC = ABC Suy ra EFCB noi tiép. Gia st CF cat AD tai K,
thi EF 1a duong trung binh ciia tam gidc CDK, hay F 1a trung diém cua CK,. Theo b
dé hinh thang ta suy ra N, 1a trung diém cua AM .

15. Ta co6 CHOD la tir giac noi tiép, va AH 1a phan gi4c cua goc CHD . Tuong tu ciing

L —

c6: C,HOD, ciing 1a tir giac ndi tiép va HB 1a phan giac cta goc C,HD, .

m_AM-

Cy

Ta 061 GI, - sd(GC, + BB, )GHC, = CHM + MHG, = GBC + 0,
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:%(1800 ~COD +180° _C?)\Dl)zé(%oo _sdﬁ—sdcﬁ):%sd(éa+fﬁl)

hay CIC, :Cﬁ-lf tie 14t gidc CI,HC, noi tiép, tuong tu ta cﬁng c6 DD,HI, noi tiép. Tu

—_ — — — L —
s

CHD .
Suyra A l,H thing hang.
16. Ching minh céc hé thuc:

KC MC

- E0)

KD MD
+ LM?=LK?=LC.LD

+ ME.MK = MC.MD

Giai:

B
+ Trudc tién ta chitng minh cac hé thac trén twong duong véi nhau:

That vay ta co: LM?=LC.LD < LM?=(MC-ML)(MD-ML) <

LM? = MC.MD — ML (MC + MD) + ML? < MC.MD = ML (MC + MD)
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< MC.MD :%(Mc +MD) :%.ZME = MK.ME nhu vay (**) va (***) tuong duong

nhau.
+ Ta cling co:
KC_MC

KD MD
2MC.MD = MK .2ME < MC.MD = MK.ME Vvay (*) va (***) twong duong nhau.

< MD.KC = MC.KD & MD(MK—MC): MC(MD—MK)@ 2MC.MD = MK(MC+MD)

Bay gio ta chitng minh (***). Goi H la giao diém cua AB,MO thi CHOD va KHOE 13

C4C tir gi4c noi tiép nén MC.MD = MH.MO = MK.ME (dpcm)

17. Goi E' 1a trung diém cta BD, Do E'J' song song voi BC' nén EY' 1a dudng trung

binh ctia DBC' dan toi J' 1a trung diém ctia C'D suy ra 0J'D =90° nén 4 diém OE'J'D
nam trén duong tron duong kinh OD =R.

— MK .ME (dpcm)

ner lFinh AN =R

18. Qua G ké cac duong thang song song véi EO,MD cat OB,MB lan luotla UV .

Ta ¢6 céc diém B.0,M cbdinhva 26 _BY _BV W 2 suy ra U,V ¢b dinh va
BE BO BM MO 3

UGV =90°. Suy ra G thuc dudng tron duong kinh PQ =§Mo .
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19. Do MTB = MHB =90° nén ti gidc MTHB ndi tiép nén TBH =TMH mit khéc
TBH =TBA=TAM suy ra TMH =TAM hay HM la tiép tuyén cua duong tron ngoai tiép
tam giac ATM . Vay dudng tron ngoai tiép tam giac ATM ludn tiép x(c véi duong
thang cé dinh MO.

Mot bai toan tuong tu cua tinh chat nay.

Cho duong tron tim O, duong kinh BC. Mot diém A di chuyén trén (O) sao cho
AB > AC .Tiép tuyén tai A cua (O) cat dudng thang BC tai D. Goi E 1a diém di xang
Vi A qua BC, AE Cit BC tai M. Ké duong cao AH cta AABE . Goi | 14 trung diém
cua AH,BI cit (O)tai K. Goi N 14 giao diém ctia AK va BD. Ching minh: N 1a trung
diém MD.

Huoéng dan:
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Tacé M latrung diém cua AE nén IM 1a duong trung binh cua tam gidc AHE suy ra
IF //HE , két hop voi BAKC 14 tir gidc noi tiép. Ta ¢ bién ddi goc:

AMI = AEB = ACB = AKI suy ra tu glac AIFK ndi tiép. Ch y rang: IM L AH (do
AH L BE) nén tir gidc AIMK ndi tiép dudng tron duong kinh AM . Goi S 1a giao diém

cia DK Vi (o).Tacé KMD = KAE (cung phu v6i KMA ) ma KAE = KED = KMD = KED

X — L — — e~

KDN = KSA = KAD. Suy ra AKND -~ ADNA= NK.NA=ND?.Trong tam giac vuéng NMA ta
CO : MN? = NK.NA tir d6 suy ra MN =ND.

20. Dung OA 1(d), do (d), O cb dinh nén OA khong doi, gid sir OA cit AB tai A,.

OA _OM

Taco AMAO ~ AAHO =
A & OH OA,

< OA.OA, =OH.OM.

Trong tam giac vubng MOA ta cling c6: OH.OM = 0A* =R* suy ra
2

OA.OA, =R* = OA, :(;{_Ai khong doi, suy ra A, cb dinh.

Mt khac A,HO =90° suy ra H thudc duong tron duong kinh OA,
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21. Theo tinh chéat & 10) ta c6 AB,//CD NéN S,;5; = Syo -

Dung DD, L AM thi S, =%DD1.MA£%DA.MAS%.2R.MAS R.MA

DAau bang xay ra khi va chi khi D, = A, DA=2R. Hay D di xiing A qua 0. Tir d6 xac
dinh duoc vi tri cat tuyén MCD nhu sau: Dung duong kinh AD, ndi MD ta dugc cét
tuyén McD can tim.

22. TaCO: Syus = Savos = OAMS = OA(MA + AS). Ap dung bat dang thiic csi dang
x+y>2/xy tacd MA+AS >2J/MAAS . Mit khac theo hé thirc lugng trong tam giac
vuong MOS ta cO MAAS =0A=R?suy ra MA+AS >2R. Do d6 S, >2R?. Dau bang xay
ra khi MA = AS < AMOS vudng can tai O hay MO =2R .

Pé giai cac cau hoi 19, 20 ta can biét bai toan ndi tiéng sau:
DInh Iy Ptolemy cho ta giac noi tiép: Cho ti gidc ABCD noi tiép trong dudng tron (0).
Khi do6 ta c6: AB.CD+ AD.BC = AC.BD

Chang minh
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Trén dudng chéo BD ldy diém D sao cho DAE = BAC ta c6 DAE = BAC va DAE = ACB (

cling chan cung AB) nén AADE « AACB (g-g) = AD _DE _ ApBC-AC DE(1). Do

DAE = BAC nén DAC = EAB, lai c6 ABE = ACD ( cling chin cung AD)

— AABE ® AACD = 28 _ BE _ Agcp = ACBE(2)
AC CD

Tu (1) va (2) tacd AB.CD+AD.BC = AC(BE + DE)= AC.BD

23. Khi MO =2R < MO = 20A = AMO =30° = AMB =60°, AMAB nén MA=MB = AB

Mt khéc t& gidc MEOB ndi tiép ( chang minh & dinh Iy (1) ). Ap dung dinh Iy
Potolemy cho tr gidc MEOB ta cO EAMB +EB.MA=EM.AB. Ma MA=MB = AB Ssuy ra
EA+EB=EM . Do d6 EA+EB+EM =2EM . Vi vay tong EA+EB+EM I6n nhat khi va
chi khi EM 16n nhét, hoic EM < MO =2R < M =0 . Néi cach khac cat tuyén MCD di
qua O

24. Vi moi s6 thyc duong x,y ta co (x+ y)(%+a >2,[xy .2 %% =4.Néntasuyra

. Do EM <MO=2R

11 1 4 4
—t—> >
X Yy X+y EB EC EB+EC EM
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néntasuyra ——+—— >_% _oR. DAu bing xay ra khi va chi khi E =0 . N6i cach khac
MA MB 2R

cat tuyén MCD di qua O
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CHUONG V: THANG HANG, PIEM PONG QUY, PUONG CO PINH
THANG HANG, PONG QUY
Nhirng diém dic biét

1. B6 dé hinh thang
Cho hinh thang ABCD c6 hai day AB,CD khi d6 trung diém cuia hai day va giao diém
cua hai canh bén nam trén mot duong thang.
Chwng minh

M

Q C

Gia sir cac duong thang AD,BC cat nhau tai M AC,BD cat nhau tai P, duong thang
MP cit AB,CD tai N,Q.Tachang minh N,Q lan luot 1a trung diém cua AB,CD

That vay: do AB//CD, theo dinh Iy thales ta co 2 = NB g AN _NB )
QD oc'”' oCc QD
Léy (1) nhan véi (2) taco 2N~ _NB"__ AN = NB thay vao (1) ta c6 QD —QC > Hay
QCQD  QCQD

N,Q lan luot 1a trung diém cua AB,CD.

Vidul

Cho ta gi4c nhon ABC duong cao AH phan giac trong géc BAC cét BC ta O. Qua O
dung cac duong thang OM vudng goc véi AB va ON vubng goc véi AC .

a) Chtrng minh 5 diém A,M,H,0,N clng nam trén mot dudng tron.
b) Chang minh AH 1 phan giac géc MHN .

¢) buong thang di qua O vubng goc véi BC cit MN ta K. Chuing minh
KN.AC = KM .AB.

d) Goi I 1a trung diém BC. Chang minh A K, thang hang.
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Giai

Do AO L MN néntacéd ONK = NAO ( ciing phu vGi NOA), ta cling c6

ONK =90° — NOC = OCA
, x .4 KN ON KM OM
Tir d6 suy ra AOKN o ACOA (g-g) dan dén —=— 7 y — =—.
y (9-9) OA _ Ca - tuong tu ta cling ¢6 "5~ ="
KM AC

Do OM =ON suy ra N AB hay KM.AB =KN.AC

Dung dudng thang qua K song song BC cit AB, AC lan luot tai E, F ta d& dang ching
minh duoc: KEMO,KNFO ndi tiép, két hop ONK =OMK ta c6 bién déi goc

OEK =OMK =ONK =OFK suy ra tam giac OEF can tai O, dan t6i KE = KF theo b dé
hinh thang suy ra A K, 1 thang hang.

2. Pwong thing ole
Trong mot tam giac: Truc tm H, trong tdm G, tim duong tron ngoai tiép nam trén
mot duong thang goi 1a duong thang ole cta tam giac dong thoi HO =3GO
Chwng minh
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Dung duong kinh AN cua (O). Vi AN la duong kinh caa (O) nén NC L AC, do
BH L AC=BH//NC

Chung minh twong ty ta c6: CH //NB nén tir giac BNCH la hinh binh hanh, suy ra hai
duong chéo NH, BC cit nhau tai trung diém M caa mdi dudng nén N, H, M thang hang .
Ta c6 MO 1a duong trung binh caa tam gidc AHN nén MO//AH, MO =%AH .Goi G la

giao diém cua AM va HO, do MO//AH ( ciing vudng géc véi BC) . Theo dinh ly thales

ta co: %:X—ﬁ:% suy ra G la trong tdm tam gi4c ABC va G, H, O thing hang . Do
GO MO 1

on = ap =, = HO=360. (duong thang di qua G, H, O goi 1a duong thang Ole cua
tam giac ABC.
3. Pwong thing Simson, dwdng ting Steiner

Duong thang Simson: Cho tam giac ABC noi tiép duong tron (0), M 12 mot diém bt
Ky trén duong tron. Ké MH, MI, MK lan luot vudng goc véi AB,BC, CA. Ching minh
ba diém H, I, K thang hang

Chang minh

T gidc MIBH c6 BHM +BIM =90° +90° =180° nén tir gi4c ni tiép = MIH = MBH (cting
chin cung HM ) , ma tr gidc ABMC nén MBH = KCM , do d6 MIH = KCM . Mat khéc tt
giac KCMI (vi MIC = MKC =90°)

Nén MIK + KCM =180° = MIH + MIK =180° = HIK =180° . Ay H,1,K thing hang.
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buong thang H,1,K duogc goi 1a duong thang Simson qua diem M .

Chu ¥: Ta c6 bai toan dao vé bai toan Simson nhu sau: cho tam giac ABC va mot diém
M nam ngoai tam giac. Chang minh rang néu hinh chiéu cua diém M trén ba canh caa
tam gidc ABC 1a ba diém thing hang thi M nam trén dudng tron ngoai tiép tam giéc
ABC.

Vidul

Cho tam giac nhon ABC noi tiép (O), tiép tuyén tai A cua (O) cat CB tai K, ké tiép
tuyén KD véi (0). Goi E,G,F lan lugt 12 hinh chiéu vudng gdc cua D trén AB,BC,CA.
a) Chang minh: KA®> = KB.KC.

AB DB

b) Chiang minh: —=—
AC DC

¢) Chting minh: BC = 2Rsin BAC.

d) Chimg minh: G 1a trung diém cua EF .

Giai:
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K
O
F
B\ W G
K m C
E D
a) Hoc sinh tu chirng minh.
b) Tu chirng minh céu a ta suy ra:
AKBA ©> AKAC suy ra KA_AB
KC AC
Tuong tu KB _BD ma ka-ks suy ra AB_BD
KC BC AC BC

c) Ké duong kinh BK cua (O) taco: BCK =90, lai c6 BAC = BKC , suy ra

sin BAC =sin BKC :$@ BC = BK.sin BAC , hay BC =2Rsin A

d) Ap dung cau c ta c6: Tt giac BGDE noi tiép duong tron duong kinh BD nén
GE = BD.sinGDE = BD.sin ABC , tuong tu ta ciing c6: GF =CD.sin FCG =CD.sin ACB

GE _ BD'S'MLBE = AB'S'nA;B\C , dung duong cao AH cua tam giac ABC
GF CD.sinACB AC.sin ACB

GE BD.sinABC _ABsinABC _ AH
GF CD.sinACB AC.sinACB AH

iAC BGDE,CFGD, ABCD ndi tiép ta c bién ddi géc: EGD = EBD = ACD =180° —- DGF
g p g

Tu do6 suy ra

thi ta co:

=1 suy ra GE =GF. Mat khac tir cac ta

— EGD+DGF =180° hay E,G,F thang hang. N6i cach khac G 1a trung diém cua EF .

(Puong thang qua E,G,F chinh la duong thang Simson caa D véi tam giac ABC
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Puwong thiang Steiner

Cho tam gi4c ABC noi tiép duong tron (0), M 14 diém bat ky thuge duong tron. Goi
N,P,Q theo thtr tu 1a cac diém ddi xing véi M qua AB,BC,CA. Chang minh ring
N,P,Q thing hang.

Chwng minh:

Goi H,1,K theo thtr ty 12 hinh chiéu cia M 1én AB,BC,CA; thé thi H,1,K thang hang
(duwong thang Simson). D& thay IH 1a duong trung binh cua tam gidc MNP nén IH//NP .
Tuong tu IK//PQ. Theo tién d& O-clit va do H,1,K thang hang nén suy ra N,P,Q
thang hang. Puong thang di qua N,P,Q duoc goi la duong thang Steiner cua diém M.

A

Chay:

a) Ta co thé chimg minh ba diém N,P,Q thang hang bang céach dung phép vi tu: Cac
diém N,P,Q lan luot 14 anh cua H,1,K trong phép vi tu tdm M ti s6 2, ma H,1,K
thang hang nén N,P,Q ciing thing hang. Nhu vay duong thing Steiner 1a anh cua
duong thang Simson trong phép vi tu thm M ti s 2.

Ngoai ra lién quan dén duong thang Simson, Steiner ta ciing c6 két qua sau:

“Puong thang Steiner di qua truc tdm tam giadc ABC”.

That vay, goi D la tryc tm ciia tam gidc ABC;BD,CD cit (O) lan luot & E,F. D& dang
chtng minh dugc E dbi xtng voi D qua AC,F d6i xang véi D qua AB. Ta c6 FDMN
la hinh thang can va céac t& giac IBHM,MBFC nodi tiép nén ta co:
DFM =DNM =MBC =IHM do d6 ND//IK ma H,l,K thang hang nén N,P,Q thang
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hang. No6i cach khac: Buong thang Steiner ctia diém M di qua truc tdm cua tam giac
ABC .

Cach khac:

M
Goi AS,BJ,CR la cac duong cao cua tam giac ABC, D la tryc tdm. Ta c6 ANB = AMB
(tinh chat dbi xang). Lai c6 AMB = ADJ (cung bu véi SDJ ).

Suy ra ANB=ADJ nén ADBN la t& gi4c noi tiép, do d6 NAB=NDB. Ma
NAB = MAB = NDB = MAB.

Chung minh tuong tu CDQ =CAM . Ta c6 NDB +CDQ = MAB + CAM = BAC

— — e~~~

Steiner di qua truc tdm cta tam giac ABC.

Vidul

Cho tam giac nhon ABC ndi tiép (O) c6 tryc tim la diém H. Mot diém D nam trén
cung nhé BC , goi E la diém ddi xting v6i D qua BC, dudng tron ngoai tiép tam giac
ODE cat AD tai G . Goi J la giao diém thirc 2 cua duong tron ngoai tiep tam giac
AGO VOl AH .

Chirng minh:
a)J,0,E thang hang

b) Chitng minh: G 1a tim dudng tron ngoai tiép tam giac JHE.
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¢) Chung minh: Truc tm tam gi4c AGO nam trén duong thang HE .

Giai

F

a) Ta c6: GOE = GDE = GAJ =180° —GOJ

Suy ra GOE +GOJ =180° hay J,0,E thang hang.

b) Tir cc tr gidc AJOG,ODEG nodi tiép ta co bién do6i goc:

GJO =GAO =GDO = GEO

Suy ra tam giac GJE can tai G.

Goi F la giao diém thuc 2 ciia AH véi (0) thi F ddi xing v6i H qua BC nén ta giac
HEDF 4 hinh thang can. Gia sir duong tron ngoai tiép tam gidc JHE cit duong tron
ngoai tiep tam giac AGO tai giao diém thed 2 la K. Suy ra
JGE = AOD = 2.ABD = 2.AFD = 2(180° - JHE ) = 2.JKE

Suy ra G la tam duong tron ngoai tiép tam giac JHE.

AGOK = AGOE hay OG la trung truc cia KE hay E 1a diém ddi xang véi K qua OG.
Do GK=GJ va tir gia&c AJGK noi tiép nén AG la phan gidc cia HAK ma
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GKA=GJH =GHJ suy ra H,K d6i xtng nhau qua AG. Suy ra HE la duodng thing
Steiner cua K trong tam gidc AGO. Theo tinh chat vira chang minh thi HK di qua truc
tdm cua tam giac AGO.

4. Puong thang Pascal

Cho 6 diém A,B,C,D,E,F dung thuoc mot dudng tron (cé thé hoan ddi thu tu). Goi
P,Q,R lan luot 13 giao diém cua cac cip duong thang (AB,DE),(BC,EF),(CD,FA) . Khi
d6 3 diém P,Q,R clng nam trén mot duong thang goi 1a dudng thang Pascal.

Chwng minh:

Gia sir DE cat BC tai M , Cit AF tai N , BC Cat AF tai S.
Ap dung dinh 1i Menelaus cho ASMN va cét tuyén : ABP ta co:

PM AN BS _

. PM _ AS BM
PN AS BM

PN AN Bs()'

1 hay

Ap dung dinh Ii Menelaus cho ASMN

RN CS DM
RS CM DN

RN_CM_DN()
RS CS DM‘

va cét tuyén : CDR ta co: =1 suyra
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Ap dung dinh li Menelaus cho ASMN

QM_FS.EN::Lsuyra QS:FS.EN().
QS FN EM QM FEN EM

va cat tuyén : QEF ta co:

Mt khéc cé4c t gidc ABCF,BCDE, AFED ndi tiép nén:
SB.SC = SASF ; MC.MB = MD.ME ; NF.NA = ND.NE (4)

PM RN QS
PN RS QM

Tu (1),(2).(3),(4) tasuy ra =1. Theo dinh li a0 Menelaus ta suy ra P,Q,R

thang hang.

Puong thing PRQ ¢ trén duoc goi la dudng thiang Pascal tng véi bo diém
A,B,C,D,E,F. Bing cach hoan vi cac diém A B,C,D,E,F ta thu dugc rat nhiéu duong
thang Pascal khac nhau, cu thé ta c6 t6i 60 duong thang Pascal.

Chang han hinh vé& bén minh hoa truong hop cac diém ACEBFD.

Ngoai ra khi cho cac diém tring nhau (khi d6 luc gi4c suy bién thanh tam giéc, tt giac,
ngil giac), vi du E=F thi canh EF tro thanh tiép tuyén cia duong tai E, ta con thu
thém duoc rit nhiéu cac duong thiang Pascal khac nira. Hinh v& dudi day minh hoa
truong hop cac diém ABCDEE , ABCCDD.
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5. Pwong thiang Gauss

Cho ti giac ABCD c6 AB,CD cat nhau tai M AD,BC cat nhau tai N. Khi d6 trung diém
cac doan thang AC,BD,MN niam trén mot duong thang goi 1a duong thang Gauss cua ti
giac ABCD.

Chwng minh
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Goi I,E,F lan luot 1a trung diém cua BD,AC,MN Va K,G,H lan luot 13 trung diém cua
cac doan thang CN,CD,DN . D& thay cac diém F,H,K thang hang. E,G,K thiang hang.
1,G,H thang hang.

IG BC FH MD EK AN

Ta cO: FK//MC, IH//BC,EK//DN nén —=—= L= =2 _ "% phan 3 dang thic ta
IH BN'FK MC'EG AD

CO_E.FH.EK_BC.MD.AN
"IH FK EG BN MC AD’

Ap dung dinh Ii Menelaus cho tam gi4c CDN va duong

théng di qua B,AM ta co: E-@-ﬂzl, suy ra E-ﬂ-&:l. Theo dinh i
BN MC AD IH FK EG

Menelaus dao tasuy ra I,E,F thang hang.

6. Pwong thang Niuton

Cho ti gidc ABCD ngoai tiép (1), goi M,N lan lugt la trung diém cua BD, AC . Khi d6 3
diém I,M,N thang hiang. Puong thang di qua I,M,N goi 13 duong thang Niuton cua tir
giac ABCD.

Chwng minh
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(Ta chi xét truong hop AB khdng song song vai CD)
Goi cac tiép diém ctia (1)véi AB,BC,CD, DA lan luot
A XY, ZTthi IX=IY=1Z=IT=r.

Gia sir: AD,BC cat nhau tai P, Trén PDlay E sao cho

PE = AD, trén PC ldy F sao cho PF =BC thé thi:

1 1 1

SMAD + SMBC =ESDAB +ESDBC = ESABCD .

1 1 1

Snap + Snac =ESCAD +ESNBC :ESABCD .

Tur d6 suy ra: S, +Sysc = S + Snee - Lheo cach xac dinh
E,F ta co: Smap = Swier Swec = Swmprr Snap = Onpe !

Sec = Swer SUY Fal Sype + Sypr = Sype + Syer hay Sepr + Snepr (1)

Lai co: Siap = Siper Sipr = Sipe = Siap T Sisc = Sipe + Sipr = Siepr nhung
1 1 1 1 1 S Ti \
Siap T Siec =ESAXYT +ESDZYT +ESIZCY +§SXIYB =§SABCD UY ra Syepe = Sieer (2) U (l) va (2)

Tasuy ra S,coc =Syeer = Sieor NAY Syer = Sper = Sier < MN//EF,MI//EF

suy ra 1,M,N thang hang.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
7. Truc dang phwong ctia hai dwong tron

Khi do dai lugng: B, = MAMB goi la phuong tich cua diém M véi dudng tron (0)

+Néu M nam ngoai (0) thi P,,. =MAMB=MO?-R’. :

(©)

+Néu M nam trong (O) thi P, . =MAMB =R?-MO’.

©)

+Néu M namtrén (0) thi P, =0.

(0)
M

Ta ciing ¢6 két qua: Khi M nam ngoai (0)va MC la N

tiep tuyen cua tai C thi B, = MAMB =MC?

)

(Pay la nhitng két qua quen thudc da duoc chang minh trong phan cét tuyén, tiép
tuyén).

b, Cac diém c6 cung phuong tich véi hai duong tron phan biét (O;;R,);(0,; Rz)ném trén
mot duong thang goi 12 truc dang phuong cua hai dudng tron do.

Trong pham vi THCS ta can cha y dén cac truong hop la:

+ Néu (0;;R,);(0,;R,) cat nhau theo day AB, lay diém M trén duong thang AB (M nam
ngoai 2 dudng tron) cat tuyén qua M cit duong tron (O,) tai C,D, cat tuyén qua M cat
dwong tron (0,) tai E,F thi MC.MD = ME.MF =MAMB (Hinh 1)

+ Néu (O;;R,);(0,;R, ) tiép xdc nhau tai N thi truc dang phuong la dudng thang qua N
vuodng goc vai 0,0,. (Hinh 2,3)
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PHUONG PHAP GIAI BAl TOAN BANG CHUNG MINH
THANG HANG , PONG QUY

1. Mt s6 tiéu chuan dé ching minh ba diém thang hang.

Pé chimg minh ba diém A, B,C thang hang theo thir ty, thuc chat caa cac phuong phap
co ban 1a chimg minh hai dudng thang AB va AC triing nhau.

Trong phan nay chiing ta dua ra mot s tiéu chuan dé chimg minh ba diém A, B,C thang
hang.

Tiéu chuan 1: Ba diém phan biét A B,C theo tha ty ndam trén mot duong thang khi va
chi khi ABC =180°.

X

Xét mot dudng thang xx qua B
Pé chitng minh A B,C thang hang ta quy vé chang 4 c

minh: E

®
]

+ ABx+xBC =180° hoiic ABx=xBC

Vi du 1: ‘

' Cho nira dudng tron duong kinh AB. Ly diém C thuoc AB sao cho CA<CB va diém
"M thudc nira duong tron d6. Puong thang di qua M vudng goc véi MC ct tiép tuyen |
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tai A tai M,. Buong thang qua C vubng goc vai M,C cat tiép tuyeén qua M tai M,.

Chung minh rang M, M,,M, thang hang.

Giai
Taco: CAM =CM,M (tir gidc ACMM, ndi tiép).
CAM =MBM, (g6c giira hai tiép tuyén va day cung). ™
CM,M =MCM, (ciing phy véi géc MCM, )

_ MCM, = MBM,

q
[
¢

— tir gidc BCMM, noi tiép . B

= CMM,, =90°.

Do d6 ta ¢6: M,;MM, = M,MC + M,MC =180° (dpcm).

Vidu 2

Cho tam giac ABC ndi tiép trong duong tron (0). CAc tiép tuyén qua A,C cit nhau tai
M . V& hinh binh hanh ACMBN . Budng tron ngoai tiép tam gidc AMN cat duong tron
(0) & D. Chting minh N,C,D thang hang.

Giai
Tacd: AMN = ADN (t&r gidc ADMN noi
AMN =CAM (hai géc so le trong).
ACM = ABC (gdc giita tiép tuyén
Va day cung) = ADN = ABC (1)
Mt khéc ti gidc ABCD ndi tiép nén

ABC + ADC =180°  (2).
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T (1) va (2) taco: ADN +ADC =180°

Suy ra (dpcm).

Vidu3

Cho tir gidc ABCD ngi tiép trong dudng tron (O) cAc tia AB,CD catnhau & E. AD ct
BC tai F.Goi M la giao diém thtr hai khac C cua hai dudng tron ngoai tiép cac tam
gidc BCE,CDF . Chitng minh E,M,F thing hang.

Giai

E

Pé ching minh E,M,F thing hang ta ching minh: CAE +CMF =180°.

Vi vay ta can quy vé hai goc nay vé hai goc d6i trong mot tir giac noi tiép.

That vay ta c6;: EMC =180° - EBC do EBCM ndi tiép. FMC =180° ~CDF do FMCD

noi tiép. Tur d6 ta co: EMC =360° —CDF — EBC .

Pé y rang: ABCD la tu giac noi tiép nén: CDF + ABC, EBC = CDA ma ABC +CDA =180°

Nén CME +CMF =180°. Do d6 ba diém E,M,F thing hang.

Vidu4
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Cho ba diém thang hang theo tht: tw A,M,B V& cing mot phia cia duong thang AB V&
hai hinh vudng AMCD va BMEF . Hai duong tron (0,) va (0,) ngoai tiép hai hinh
vudng d6 cat nhau tai M va N . Chitng minh rang:

a) B,C,N thang hang.

b) A E,N thang hang.

Giai
a) Ta co:

ANC =90° (géc noi tiép chin nira dudng tron)

MNE = MEF =45° (g6c ndi tiép).
MNB = MEB = 45° (g6c ndi tiép).

— ANB =90°.

\Vay ANC + ANB=CNB=180° (dpcm)

b) Tur két qua cau trén, ta co:
AMBC = AMEA(c.g.c)

— MBC = MEA
Mat khac tir gidc BMEN néi tiép duong tron nén MBN +MEN =180° = MEN + MEA =180°

Suy ra (dpcm).

Vi du 5 : Cho tam giac nhon ABC ndi tiép dudng tron (0) co tryc tim H. Goi P 1
diém nam trén dudng tron ngoai tiép tam giac HBC (P=B,C,H) va nam trong tam giac
ABC . PB cét duong tron (0) tai M khac B. PC cét (O) tai N khac C, BM cit AC tai
E, CN cit AB Fai F . Dudng tron ngoai tiép tam gidc AME Vé} duong tron ngoai tiép
tam gidc ANF cat nhau tai Q khac A. Chung minh M, N, Q thang hang.

(Trich dé tuyén sinh vao 16p 10 chuyén — Truong THPT chuyén PHOG Ha Ni — ndm
2013)

Giai
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bé chimg minh: M, N, Q thang hang ta ching

minh: MQA+ NQA =180°

Ta cO BPC=BHC=180°-BAC nén t& gidc
AEPF noi tiép, suy ra BFC = BEA.

suy ra BFC + BEC =180°

Tir cc tr gidc AQFN, AQEM ndi tiép

ta cO MON = MQA + NQA

— MEA + NFA = BFC + BEC =180°.

Vay 3 diém M, N, Q thang hang.

Vi du 6: Cho tam gidc ABC va diém O nam trong tam giac d6 (O khdng nam trén céc
canh tam giac). Piém M nam trén tia OA (M khéac O, A) sao cho duong tron ngoai
tiép tam gi4c ABM cit tia OB tai giao diém tha hai 1a N, duong tron ngoai tiép tam
gidc ACM cit tia OC tai giao diém thr hai 1a P. Goi 1, J lan luot 1a tim duong tron
ngoai tiép cac tam gidc ABC, MNP . Chung minh: O, 1, J thang hang.

(Trich dé thi vao 16p 10 — Trwong chuyén tinh Ba Ria Viing Tau- Nam 2012).

Giai
Phan tich dinh hwéng giai
Gia sir dwong tron (J) cat OA, OB, OC lan lugt tai D, E, F.Dé chiing minh O, 1, J
thang hang ta chirng minh :
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AOJ + DOJ =180°. Piéu nay ciing twong duong véi AOI = DOJ . Ta can tim lién hé cua
cac goc ndy voi cac goc cla tir gidc ndi tiép. That vay ta co

JDO = JDE -ODE, IAO = IAB-0OAB

Lai 6 : ﬁhw, g@:M,mgakmc EJD = 2DFE, AIB = 2ACB.

Bay gio ta quan tim dén hai AABC, ADEF . Néu hai tam giac nay dong dang véi nhau
thi bai toan sé dugc gidi quyét.
Tir dinh hudng trén ta c6 thé giai bai toan nhu sau :

+Pé y rang do céc tir gidc AMNB, AMPC 1a t&r giac ndi tiép nén ta dé chimg minh duoc
OM.OA=0N.OB =0P.OC suy ra AOBC <> AOPN

ma OPN=OEF, AOBC » AOEF — 2¢_0B_0OC

Hoan toan tuong ty ta co

EF OE OF’
AOAB ¢» AODE
N AB:OA:OB’ AOAC > AODF — AC:OA:OC'
DE OD OE DF OD OF
T do suy ra BC _AB_AC 4o d6 AABC <> ADEF suy ra DFE=ACB dan dén :
EF DE DF

AIB=EJD = JDE =EIB mit khic ODE = OAB nén JDO = IAO.

+ Tam gidc IAB can tai |, AJDE cén tai J ma AIB=EJD nén hai tam giac nay
ddng dang v6i nhau, dan dén 1A_A8 suy ra 1A _OA 4 46 ta ¢6 : AAOI <> ADOJ
JD DE JD OD

suy ra AOI = DOJ .

Tiéu chuidn 2. A, B, C thang hang < dudng thang AB va AC clng song song hoic
cung vudng gboc vai mot duong thang.

Ngoai ra ta ciing c6 thé chimg minh theo huéng : DAB=DAC thi A, B, C thang
hang.
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Vi du 1 : Cho ntra duong tron tam (O) duong kinh AB. Goi C 1a trung diém cung AB,
‘ K 14 trung diém doan BC, AK cit (O) tai M. Ké CH vuodng goc véi AM ; OH cit BC ‘
‘ tai N, MN cat (O) tai D. Chimg minh B, H, D thing hang. ‘

Giai
Ta c6: AMB =90° (goc chin nira duong tron) = HC//BM (cling vudng goc véi AM ).

Ma K 1a trung diém cua BC nén K 1a trung diém cia HM = BM = HC = BHCM Ia hinh
binh hanh = BH //MC (1) C
Mit khic, AMC =45° (goc chan cung AC) = AHCM b
vudng can tai H = HC = HM

Lai c6 OC=0M (ban kinh duong tron (O)) :

= OH 1a phan giac ctia COM = NC = NM A © B

— ANCM cin tai N = NCM = NMC ma CMD =CBD (gbc ndi tiép cung chin cung
CD), do d6 BCM =CBD = BD//MC  (2)

T (1) va (2) ta c6 dpcm.

Vi du 2 : Cho dudng tron tAm O dudng kinh AB. Trén dudng tron liy diém D khéac A
sao cho DAB >60°. Trén dudng kinh AB 1iy diém C khac A, B va dung CH L AD tai
H. Phéan giéc trong goc D/ATB cit duong tron tai E va cit CH tai F. buong thang DF
cat du’g‘mg tron tai giao di€ém thir 2 1a N . Chirg minh : Tr gidc AFCN noi tiépva N, C
, E thang hang.

(Trich dé tuyén sinh vao 16p 10 — Truong chuyén Phan Béi Chau Nghé An nam 2013)

Giai
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Ta c6 : ACH=ABD (d0ng vi). ABD=AND (cing chin cung AD) suy ra
ACH = ANF
Hay ttr giac AFCN noi tiép.

, e~ — N — — o~

Vay CND =DNE hay 3 diém N, C, E thing hang.

Vi du 3 : Cho duong tron (O) duong kinh BC =2R. Tu diém A nidm ngoai dudng tron
ké hai tiép tuyén AM, AN dén dudng tron (O) (M, N 1a hai tiép diém). Goi H 14 truc
tam tam gidc ABC, F i giao diém ctia BC va AH . Chimg minh M, H, N thang hang.
(Trich dé tuyén sinh vao 16p 10 —Truong chuyén Bdc Ninh nam 2014)

Giai
A
N
M H
3
B E 0 C
Pé chimg minh M, H, N thiang hang ta chimg minh: ANH = ANM .

Tacd: ANM = AFM = AFN (Do 5 diém A, M, N, O, F cfmgnémtrénmétdu:(‘mg

tron va AM = AN ).

Nhu véy ta can chimg minh : AFN = ANH .

Xét tam gidc AANH , AAFN

Ta cO : NAH chung, AH.AF = Al.AO =AN? (Tinh chat quen thudc cia tiép tuyén,
cat tuyén)

suy ra %:% hay AANH <> AAFN suy ra AFN = ANH .

Vi du 4 : Cho tam gidc ABC ndi tiép trong dudng tron (0).Goi A, B, C la trung diém
c4c cung BC, CA, AB clia (0) va I la tim dudng tron ndi tiép cua tam giac ABC. AC
cit AB & M : AB, cit AC & N . Chung minh M, 1, N théng hang.
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Giai

+ Vi A, B, C la trung diém cac cung BC, CA, AB nén AA, BB,, CC, la céc tia

phan giac trong cua tam giac ABC do dé chiing dong qui tai 1 .

Ta c6: @g%@, m:%sd(fal@):%sd@

— ABI =AIB = AABI cantai A. A
+ Tuong tu ta cd : AACI can tai A.

Xét tlr giac ABMI CO : c

AB=Al vd MAB=MAI (gbc ndi tiép)

— AM 1Bl = MB=MI = MBI =MIB.

Mt khac, BB,, 1a phan gi4c géc ABC BWC

nén IBM = IBC = MIB = IBC (S0 le trong) A

= MI//BC . Tuong tu NI //BC

=M, I, N thang hang.

Vi du 5 : Hai duong tron (0,), (O,) tiép xtc ngoai tai A. V& hai duong kinh AA, AA,,
va tiép tuyén chung ngoai twong ting B,B,. Goi (d) la duong thang qua B,, va vuong
goéc voi AB,. Goi (d') 1a duong thang qua A,, vudng goc véi AA,, d va d’' giao nhau

tai M . Chimg minh B, A, M thang hang.

Phan tich dinh huwéng giai
Vi AB, L AB,, (g6c ndi tiép chan

nira duong tron), dé ching minh
B,, A, M thang hang ta sé chung

minh MB, 1 AB,, nghia la ching By .
minh t& gidc ABB,M ndi tiép Y
duoc.

Do 0,B,//0,B, nén AOB, = AO,B,

Ay

(2 goc dong vi)
— B,AO, = B,A,0, = BA//B,A, .
()
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Tuong tw, AB,// AB,, AB, cat AB, tai N thi ABNB, la hinh chir nhat

= NB,B, =BB,A.
Mit khéac, BB,A=B,AA (goc giita tiép tuyén va diy cung)

— NBB, = B,AA = tir gidc ABB,A, ndi tiép dugc. Ta c6 AB,AM ndi tiép dugc
trong dudng tron duong kinh AM . Vay tr giac AB,B,M noi tiép dugc. Tir d6 ta co
dpcm.

Vi du 6.

Cho tam giac nhon ABC ¢ truc tAm 13 diém H. Goi M,N 1a chan cac duong cao ha tur
B,C clia tam gidc ABC. Goi Dla diém trén canh BC. Goi (w,) 1a duong tron di qua cic
diém B,N,D. Goi (w,) 1a duong tron di qua cic diém C,D,M . Dyng DP,DQ lan luot Ia
cac duong kinh caa (w,),(w,). Chang minh: P,Q,H thang hang. (IMO-2013)

Phan tich dinh hwéng giai
Goi Sla giao diém tha 2 cua hai A
duong tron (w,),(w,).
Ta dé chimg minh dugc ANSM la tir
giac ndi tiep (Pay 1a bai toan rat quen
thuoc) tur d6 suy ra 5 diém A, N,S,H,M
cling nam trén mot dudng tron.
+ Truéc hét ta ching minh:

A,S,D thang hang: Ta c6: ASN = AHN
cung

chin cung AN, NSD =180°— NBD = NHK do Céc tir gidc NSDB, NHKB noi tiép.

Suy ra: ASN +NSD = AHN + NHK =180° do d6 A, S,D thang hang.

+ Vi 5 diém AN,S,H,M cling nam trén mot dudng tron nén: ASH =90°.

Vi DP la duong kinh cta (w,) suy ra PSD =90°, DQ la dudng kinh caa (w,) nén
DSQ = 90°Piéu d6 chirng t6 cac tia PS, HS, QS tring nhau. Hay P,Q,H thing hang.

Tiéu chuan 3: Xét duong thang (A) di qua B va hai duong thang (4,),(a,) song song
turong g qua A,C tao thanh hai tam gidc BMA va BNC nhu mdt trong hai hinh vé dudi
day:
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A C B
N

A C B A

Khi d6 néu MA_NC i A B¢ thing hang.
MB NB

Ta chitng minh tiéu chuan nay nhu sau:
Vi A, // A, nén ta co: AMB =CNB do d6 AAMB” ACNB
suy ra MBA=NBC hay A, B,C thang hang.

Ta con goi day 1a phuong phap: “Cha#ng minh 2 tia trung nhau”

Vidu 1.
Cho hinh thang ABCD(AB // CD). Hai duong chéo cit nhau tai M, kéo dai hai canh bén

cat nhau tai N . Chimg minh dudng MN di qua trung diém 2canh day. (B6 dé hinh
thang)

Giai
‘ N
Goi E,F lan luot 1a trung diem cua
AB,CD . Ta ching minh M, E, F thang
hang.
That vay, do AB // CD nén:
MC _CD _2FC _ MC _FC D ¢
MA AB 2EA  MA EA <
— M, E, F thang hang. / \ Y
A E B

Ta con phai chang minh N, E, F thing

hang.

CD_ND_ ND _DF
AB NA NA AE

Xét ANAB €6 CD // AB nén — N, E,F thang hang. Tir d6 ta c6

dpcm.
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Ngoai ra ta ciing c6 thé chitng minh theo cach khac:

DF CF

Ap dung dinh ly Thales véi AB // CD ta co: (cung bang —) Ta ciing co:

DF _CF
EB AE
DF DF CF CF
AE EB BE AE

~" (cung bang —) Nhan hai ding thtc trén ta co:

< DF?=CF?

< DF =CF suy ra F la trung diém cta CD.

Tir d6 ta cling suy ra E 1a trung diém cua AB.

Vi du 2.

Cho dudng tron (1) noi tiép tam gidc ABC, (1) tiép xdc véi BC,AB,AC lan luot tai
D,E,F. V& AM la duong trung tuyén cua tam gidc ABC. Goi K 1a giao diém cua EF va
DI . Chitng minh A, K,M thang hang.

Giai
Qua K V& dudng thang song song véi BC
cat AB,AC lanluot o X,Y .
DI L BC, XY // BC = DI L XY
Tacod XEl = XKI =90°
— Ta gidc EXKI noi tiép
= [EK =IXK .

Twong tu t& gidc IKFY noi tiép=
IFK = IYK .

Ma IE = IF (=r)=> AIEF cn tai | = IEK = IFK nén IXK = IYK = AIXY cAn tai I.

Ma IK 1a duong cao (ID L XY) do d6 IK la duong trung tuyén = XK = KY :X—ZY.
Do do 2K _2XK _ XY ,AABC €O XY // BC = AX_XY
BM 2BM BC’ 'AB BC'

Xét AAXK VA AABM CO AXK = ABM (ddng vi va XY // BC)
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AX XK (XY
AB BM BC
nhau.

j. Do d6 AAXK” AABM (g.g) = XAK = BAM = Hai tia AK, AM triing

Vay A K,M thing hang.

Vi du 3.

Cho dudng tron (O) dudng kinh AB. Trén tiép tuyén tai A ciia duong tron (O) lay
diém C. V& cét tuyén CDE (tia CD nam giira hai tia CA,CO;D,E thudc dudng tron (0),
D nam giita C va E). Goi M 1a giao diém cua CO va BD. Goi F la giao diém cua
AM va duong tron (O) (F khac A). Chitng minh ring ba diém E,O,F thang hang.

Giai

Vé AH 1 OC tai H.Xét ACAD va ACEA
c6 ACD chung, CAD =CEA (hé qua géc
tao bai tia tiep tuyen va day cung).

Do d6 ACAD” ACEA (g.9)

:%:C—D:CAZ =CD.CE
CE CA

+ AACO vudng tai A, AH la duong cao

— CA?=CH.CO.
Do d6 CD.CE =CH .co(: CAZ)

CD DH

Xét ACDH va ACOE c6 DCH chung, = =——
CO CE

(Vi CD.CE=CH.CO).

Do d6 ACDH” ACOE (c.g.C) = CHD =CEO.
Mt khac ADB =90° (gdc noi tiép chan nira dudng tron).
Ta cO ADM + AHM =90°+90°=180° = tr gidC ADMH ndi tiép = DAM =CHD.

Ma CEF = DAM (hai g6c ndi tiép ciing chan cung DF ). Do d¢6 CEF =CEO = hai tia
EF,EO triing nhau. Vay E,O,F thang hang.

Vi du 4.
Tur diém A ndm ngoai duong tron (0) V& hai tiép tuyén AB,AC (B,C Ia hai tiép diem)
va mot cat tuyén ADE dén (O) sao cho ADE nam giita hai tia AO,AB. Pudng thang ‘
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qua Dsong song véi BE cat BC, AB lan lugt tai P,Q. Goi K la diém doi xitng cua B qua

E . Chitng minh ring ba diém A, P,K thing hang.

Giai

+ Goi H,! lan luot 4 giao
diém ciaBC véi AO,DE. Taco
AB, AC la céc tiép tuyén cua
duong tron (O) = AB=AC, AO
|a tia phan giac cta BAC,

AABC can tai O = AO la
duong cao cua tam giac ABC.

+ Xét AABD VA& AAEBCO: BAD
chung, ABD = AEB (hé qua goc
tao boi tia tiep tuyen va day
cung).

. , AB AD ) A . e
Do d6 AABD” AAEB(Q.0) = E- AR AB’ = AD.AE, AABO vuOng tai B,BH la duong
cao
= AB’ = AH.AO . Do d6 AD.AE = AH.AO(= AB?)

AH AD

+ Xét AAHD va AAEO c6 HAD chung, TR (Vi AD.AE = AH.AO).

Do d6 AAHD” AAEO (C.g.C) = AHD = AEO = t{r gidc OEDH noi tiép = OHE = ODE .
AODE ¢6 OD =OE (=R)= AODE c4n tai O = ODE =OED. Do d6: OHE = AHD .

Ta cO OHE +EHI = AHD + IHD (=90°) nén EHI = IHD = HI 2 tia phan gi4c DHE.

+ Goi Hx la tia di cua tia HE, xHA = AT—E)(:CY—TE): HA 1a dudng phan giac ngoai cua

AED nén ‘2 _ AP \aBEc6 DO/ BE =22 — AP A1BE ¢6 BE  PD = DQ = DP.
DE AE BE AE

AABE C6 DQ / BE =22 -0 pg g AQ_2QD_PQ
AB  BE AB  2BE BK

+ Xét AAPQ VA AAKBCO AQP = ABK (dong viva PQ / BE), AA—(BL% do do

AAPQ” AAKB (€.g.C) = QAP = BAK = hai tia AP, AK triing nhau hay A P,K thing hang.
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Vi du 5.
Cho tam gi4c nhon ABC(AB < AC) ndi tiép dudng tron (0) cac duong cao AD,BE,CF

cit nhau tai H. V& CI vudng goc voi OA tai 1. Goi M 1a trung diém véi BC. Chung
minh rang ba diém M, 1,F thang hang.

Giai
+ OB=0C(=R)= AOBC can tai O, A
OM 1a dudng trung tuyén = OM 1a dudng cao, \
duong phan giac nén BAC = I\To\c(zéB/o\Cj. %

L — — o — L —
7

ACF =OCM . Tt gidc OMIC c0: BN D M C
OMC =0IC =90° nén ndi tiép = AIF = ACF do |

vy AIF = OIM

—hai tia IM, IF tring nhau. Vay M, I,F thang

hang.

Vi du 6.

Cho tam giac ABC nhon ndi tiép duong tron (0). Pudng phan gidc AD cua tam giac
cat cung BC & E. Puong tron (1) tiép xtc trong véi (O) tai S va tiép xtc véi BC tai T
cit AD& M,N (N namgiitra A va M), CM cét duong tron (0) & K. V& ddy song song
véi AB. Chttng minh rang L, N, 1 thiang hang.

Giai
Vi OE / IT (ciing vudng goc voi BC) va IST =OSE =OES do CAc tam giac IST,OSE can
suy ra S,T,E thiang hang.
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+ Xét AECT VA AECS c6 CET chung,
ECT =ESC.
Do d6 AECT -~ AESC(g.9).
Suy ra EC _ET L Ec?-ETEs. 1)
ES EC

+ Xét AEMT VA& AESN ¢6 MET chung,
EMT = ESN .
Do d6 AEMT - AESN(g.9).
Suy ra EM _El L EM.EN-ETES. (2)
ES EN
Tur (1) va (2) suy ra EC*=EM.EN
= EC _EM = AECM - AENC(c.g.c)
EN EC

— ECM = ENC = ECD + DCM = NCA+ NAC .

Ma ECD = NAC = DCM = NCA

Do KL//AB=>BK = AL = DCM =LCA .

Ta co: NCA= L/C\A(z m) — Hai tia CN,CL tring nhau.
Vay C,N,L thang hang.

Tiéu chuin 4: Sir dung céc tinh chét cua duong tron dé chitng minh A, B,C thang hang.
Vidu: B latdm cua duong tron duong kinh AC hodc cac duong tron tam A vatam C
tiép xdc nhau tai B, hai dudng tron cit nhau thi duong thang ndi tam cua hai dudng
tron vudng goc véi day chung cua hai duong tron do ...

Vidul

Cho duong tron (O) va day cung AB. LAy I thudc doan AB sao cho 1A>1B. Goi D 2
trung diém cua cung nho AB. DI cét (O) tai giao diém tha hai C. Tiép tuyén véi (0)
tai C cat AB tai K, EC cat (O) tai giao diém tha hai F. Chang minh D,0,F thang
hang.

Giai
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Ta c6: CAD = KCD ( goc giita tia tiép
tuyén va day cung)
(ﬁR:% (sd AD +sd BC) = L sdCBD =

N

CAD
— CIK = ICK = KI =KC..

Do K 1a trung diém cta IE nén ACIE ¢

CK:EIE.
2

— ACIE vudng tai C= DCF =90°
= 0 la trung diém cua duong kinh DF .

Vidu 2

Cho duong tron (O;R), dudng kinh AB va C nam gita O va A. V& duong tron (1)
duong kinh BC. V& AD 14 tiép tuyén, ACF la cét tuyén caa dudng tron (1), (AE < AF)
sao cho tia AO nam gitra hai tia AD, AE . Puong thang vudng goc voi AB V& tir C cét
duong tron (0) & N,P (D,P clng thugc mét nira mit phang bd AB). DI cit NB & S.
Goi J la trung diém cua SD; L,T lan luot 1a tim dudng tron ngoai tiép cac tam giac
SBC, SEF . Chitng minh rang ba diém J,L,T thang hang.

Giai

Xét AADC VA AABD c6 DAC chung,
ADC = ABD.
Do d6 AADC -~ AABD(g.g9)
= AD_AC _ Ap*-ABAC.

AB  AD
ANB =90° ( g6c noi tiép chan nira dudng
tron).
AANB vuOng tai N, NC la duong cao
= AN? = AB.AC.. A

Do d6: AD? = AN?*(= AB.AC)= AD = AN.. » ,
Goi R 1a giao diém cua DN va AS. ;
Xét ADAS (A/D\s - 900) va ,

ANAS(K\NS =9o°)

cO AS chung, AD = AN .
Do d6: ADAS = ANAS ( canh huyén — canh
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g6c vudng) = DAS = NAS

AAND cantai A (AD=AN), AR la dudng phan giac (D/A\s - N/A\S) cling 1 dudng cao.

AADS vubng tai D, DR la duong cao = AD? = AR.AS nén AR.AS = AB.AC(= AD?).

AC AR

Xét AACR VA AASB €O CAR chung, — ="—
AS AB

(Vi AR.AS = AB.AC).

Do d6 AACR - AASB(c.g.c) = ACR = ASB

— T gi4c CBSR Nndi tiép = L thudc duong trung truc caa RS . (1)

Chtng minh tuwong ty ¢d t gidc RSFE noi tiép =T thudc dudng trung truc cua RS .
(2)

M3t khdc ARDS vudng tai R, RJ 1a duong trung tuyén = RJ =SJ = DJ

= J thudc duong trung truc cua RS . (3)

Tir (1), (2) va (3) ¢6 J,L,T thing hang.

Vidu3

Cho diém A nam ngoai dudng tron (O;R). V& céc tiép tuyén AB va AC cua duong tron
(0), (B,C<(0)). Ve cat tuyén ADE cua duong tron (O), (D,E<(0)), (AD< AE) sao cho
tia AD nam giira hai tia AO,AB. Goi Fla diém ddi xang cia D qua AO, H la giao
diém cua EF va BC. Chiing minh rang ba diém A O,H thang hang.

Giai

Vi tiép tuyén AB va AC cua dudng tron B .
(O) = AB=AC va AO latia phan giac cua
BAC . D

Do F la diém ddi xing cua D qua AO —>0
= OF =0OD =R,DF L OA. =
Ta cO: DF//BC = Tu giac DBCF la hinh

thang.
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Hinh thang DBCF néi tiép duong tron (O)
= Tu giac DBCF la hinh thang can
= DB=CF, BF=CD.

Xét AABD Va AAEB CO ABD = AEB, BAD chung

Do d6 AABD - AAEB = BD _AB
BE AE’
Tuong tu AACD - AAEC = Cb_AC
CE AE’

Xét AHBF va AHEC €O BHF = EHC, BFH = HCE.

HB _ BF
HE CE’

Do d6 AHBF -~ AHEC =

CF _HC

Tuong ty AHFC -~ AHBE =
BE HE'

HB BF CD AC AB BD CF HC

Ta co: = = = = = = = — HB =HC.

HE CE CE AE AE BE BE HE

Website: tailieumontoan.com

Ta cO: HB=HC, AB=AC, OB=0C = H, A 0 cung thudc duong trung truc cua doan

thang BC.

Vay AO,H thang hang.

Vidu4

Tir A nam ngoai duong tron (O), V& tiép tuyén AB, v& BH vudng goc Véi OA tai H, V&
cat tuyén ADE . Pudng thang qua B vudng goc véi OE cat duong tron (0) & I . Puong
thang qua D song song véi BE cit BH & G, duong thang qua D song song voi EI cat
Al & K. V& hinh thoi KMGN (DKG < MKG) . Chang minh rang M,N,D thang hang.

Giai
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Xét AABD Va AAEB €6 ABD = AEB, BAD
chung.

Do d6 AABD - AAEB(g.q) = o = AD

AE  AB

— AB? = AD.AE .

AABO vubng tai B,BH la duong cao

— AB? = AH.AO.

Xét AADH va AAOE c6 DAH chung,

AD AH

A0 AE

(Vi AB? = AD.AE = AH.AO).

Do d6 AADH - AAOE (€.g.C) = AHD = AOE
— T& gi4c DHOE ndi tiép.

Do d6 ODE =0OHE ma ODE =OED (Vi OD =OE ) nén AHD =OHE .

Goi s 1a giao diém cua BH va AE; HS,HA 1a cac dudng phan giac trong va ngoai cia
tam gidc HDE

AD SD
=>—=—
AE SE
ASBE cO DG//BE :>2=E .
BE
AD _ DK

AAEI c6 DK//IE = =— .
AE IE

OE 1 Bl = BE = IE = BE = IE. Do d6 DK =DG.

Ma MK =MG,NK =NG ( t&r giac KMGN la hinh thoi).

= D,M,N cung thudc duong trung truc cua doan KG.

= D,M,N thang hang.

Vidub

Cho duong tron (0) duong kinh AB. Trén tiép tuyén tai A cua duong tron (0) ldy diém
C. V& cét tuyén CDE (tia CD nam giira hai tia CA,CO; D,E € (0), D nam giita C,E).
Goi M 1a giao diém ciia CO va BD. Goi F 1a giao diém cia AM va duong tron (0),
F = A. Chang minh rang ba diém E,O,F thang hang.
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Giai

V& CN la tiép tuyén cua (0),(N khac A). c
Ta c6: CA=CN, CO la tia phan gic cia CAN .

— MAC = MNC ( tinh chét tryc déi xirng) ma \
ANB =90° ( g6c noi tiép chan nira dudng tron)
Ta c6: CO L AN,BN L AN = CO//BN ,
= CMD = NBD ma CND =NBD ( hé qua géc tao
bai tia tiep tuyen va day cung)

Do d6: CMD =CND

— T gidc CMND ndi tiép=> BDE = MNC.

Ta cd: BDE = MAC(= MNC), BDE = BAE

— MAC = BAE

, — — — L — L —

= EF 1a duong kinh ctaa duong tron (O).
Vay ba diém A E,F thing hang

Tiéu chuan 5: Str dung cac diém phu:

+ Pé ching minh 3 diém A B,C thang hang, néu ta xac dinh dugc diém D khac A B,C
ma 2 trong 3 bo ba diém A B,D hoic A C,D hoic B,C,D thang hang thi suy ra A B,C,D
thang hang, dan dén A B,C thang hang.

+ Mot cach khac ta ciing thuong xuyén dung d6 1a: Gia st diém ¢ thudc hinh (H) . Gia
st AB cat hinh (H) tai ¢’. Chiing minh ¢’ ¢6 céc tinh chat nhu C. Tir d6 suy ra C =C’
dan dan dén A B,C thing hang.

Vidul

Cho diém A nam ngoai dudng tron (O;R). V& céc tiép tuyén AB va AC cua duong tron
(0), (B,C<(0)). V& cét tuyén ADE cua dudng tron (O), (D,E e (0)), (AD < AE) sao cho
tia AD nam giita hai tia AO,AB. Goi Fla diém dbi xang cia D qua A0, H la giao
diém cua EF va BC. Chang minh rang ba diém A,O,H thang hang.

Giai
+ Goi H’ 1a giao diém cua AO va BC, D,F ddi xang qua OA
— OF =0OD =R = F thudc dudng tron (O) vacd AHD = AHF
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AB va AC la céc tiép tuyen cua duong tron (O) nén AO L BC

+ Xét AABD VA AAEB CO: ABD = AEB B .
( hé qua goc tao bai tia tiép tuyén va
day cung)
BAD chung P
Do d6 AABD - AAEB(g.9) A o
=— AB _ AD — AB? = AD.AE. :
AE  AB F
AABO vuong tai B,BH' la duong cao
= AB? = AH'.AO .
Do d6: AD.AE = AH'.AO(= AB?). ¢
+ Xét AADH' VA AAOE CO: DAH'
chung
AD _ AH’

—— (VI AD.AE = AH'.AQ)
A0 AE

Do d6 AADH'% AAOE(c.g.c)= ADH'= AOE= tr gi&c DH'OE ndi tiép— AH D=0ED |,

C)TLI'\E—CTD\E Ma OD=0E=R= AODE ¢an tai O = OED=0ODE do d6 AH'D=OH'E Vi vay

/\/\/\/\/\

—E,H',F thang hang . Vay H'=H. Do d6 A, H, O thang hang.

Vidu 2

Cho diém A ndm ngoai duong tron (O;R). V& ti€p tuyen AB, AC cua dudng tron (0),
(B,C(0)), V& cat tuyén AEF cua duong tron (O)(E, Fe(0)) V& AE<AF tia AE ndm
giira hai tia A0, AB. V& duong thiang qua E vudng goc véi OB cét BC, BE lan luot tai
M, N. Goi I 1a trung diém ctia AB . Chuang minh rang ba diém F, M, I thang hang.

Giai

+ V& OKLEF tai K=K la trung diém cua EF, ABO=AKO=90"= 4, B,K,0,C clng
thuoc mot duong tron.

. N
= BAK = MCK . Ma AB 1 OB, EN 1 OB ¢ F
—— J— I=Il"
= AB// EN = BAK = MEK E
A 0
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+ Ta cd MCK =2\TE7<(= B?R):tir gidc EMKC ndi tiép = ECM = EKM ma ECM = EFB nén

EKM = EFB= MK // BN, AEEFN CO KM // NF, EK = KF = EM = MN..

Goi I' 1a giao diém ciia FM va ap, EM _ MN [— EM

= = = Al'=1B.
Al' I'B FI'

Vay 1=1" do dé F, M, I thang hang.

Vidu 3

Cho dudng tron (0) ¢d AB va CD la cac duong kinh . Tiép tuyén cua duong tron (0) tai
B Cit AC & E. DE cit dudng tron (0) & F (F khac D). Goi M 1a giao diem cua AF va
BE, N la giao diém ctia AM va BC . Chang minh rang ba diém E, N, O thang hang.

Giai

Taco CFD=90°, AFB=90° ( g6c ndi tiép chin
ntra duong tron )

C
— — - A
— CEF = 90°, BMF = ABF ma K=l E
— — Ie N
ECF = ABF (tir gidc ABFC noi tiep)
M

Nén BMEF = ECF (: ABF)

D B

— ti gidC CEMF ni tiép = CME = CFE = 90"

Taco: CME=ABE=90° =CM // AB

+ Goi I 1a giao diém cua ON va cM , K 1a giao diém cua OE va CM , Do CM // AB.
Ap dung hé qua caa dinh Ii Ta lét .

Taco CI:NI:IM:CI:CMVQ CK:EK:KM
OB NO OA OA EO OB

=CK=KM .Dovay I = K

Viy ba diém E, N, O thang hang.

Chay ring : Bai todn nay thic chdt 14 bé dé hinh thang.

<

i du4
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Cho tam giac nhon ABC ( AB, AC) ndi tiép dudng tron (O) cac dudng cao BD, CE. Goi
M la giao diém cua cac tiép tuyén vé tir B, C cua duong tron, N 1a trung diém cua doan
thang DE . Chang minh rang A, M, N thang hang.

Giai
+ Qua M ké duong thang song song véi DE cat

AB, AC lan luot tai K, S. Goi Cx 1a tia ddi cua tia cMm

+Taco BEC=BDC=90° = T{ gidc BDEC ndi tiép

—_—

— ADE = ABC, AED = ACB.Ma ADE = MSC,

AED = BKM (ddng vi DE//KS). Tacd ACx = ABC

(hé qua goc tao boai tia tiép tuyén va day cung)

— ACx=MCS (dbi dinh ) do d6 MCS = MSC = AMCS
cantai M = MC =MsS . Tuong ty MB=MK ma
MB=MC do d6 MK =MS.Goi M' la giao diém cua

AS VA KS, AAKM' €0 EN//KM' = N _ AN
KM'  AM'

AAM'S ¢O ND//M'S = — -
AM'

ND _ AN s EN _ND(_ AN
SM' AM' KM' SM'

J.I\/IéEN:ND.

Do d6 KM'=SM'. TacO M=M'. Vay ba diém A, M,N thang hang.

Vidub
Cho tam gidc ABC(AB< AC) ndi tiép duong tron (O),I 1a tim dudng tron ndi tiép tam
gidc ABC.Duong tron A0, Al cat duong tron (O) lan luot tai D, E, DI cét duong tron

(0) & M. V& IK vudng goc véi BC tai K. Ching minh rang M, K, E thang hang.

Giai
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Gia sit ED Cit BC & N , ME Cit BC & T, EIB = BAI + ABI = CBE + IBC = EBI

— AEBI cantal E = EB = EI

AEBT # AEMB (BET chung, EBT= EMB )= 25 - EL. EL _ET
EM EB'EM EI

AEIT # AEMI = EIT = EMI

ENT — sSdEB—sdCD _ sdEC;stD _ sdzED _ EMI = EIT = EITN noi tiép

— ITN=IEN=90° = IT L BC, do d6 T = K. Vay M,K,E thing hang.

Tiéu chuan 6: Sir dung tinh chat caa cac phép bién hinh nhu di xtng truc, déi xing
tdm , quay, vi tu ....bién mot duong thang thanh mot duong thang. Tir d6 néu tim duoc
mot trong cac phép bién hinh d6 bién ba diém thang hang A,, B, C, thanh ba diém

A, B, Cthi ta co ba diém A, B, C thang hang.

Vidul

Tt gidc ABCD ¢6 B=D=90°. K& AH 1 BD. LAy K thugc BD sao cho BH=DK. Dung
hinh binh hanh ABED. Chang minh rang E,K,C cing nam trén mot duong thang va
duong thang nay vubng goc véi BD.
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Giai

Goi M la tryc thm aABD . D& thay ti giac BMDC 1a hinh binh hanh ( vi cac cap canh doi
tuong Gng song song véi nhau). Goi N 1a giao diém cta BD, MC suy ra N la trung
diém cua BD, MC. Tathiy phép ddi xingtdm N bién A thanh E, M thanh C va
H thanh k ( theo gia thiét . Mt khac A, M, H clng nam trén mot duong thang va
duong thang nay vudng goc véi  BD |, tir d6 ta c6 dpem

Vidu 2

Cho tam gidc ABC ndi tiép duong tron (0) , M la diém bat ki thugc duong tron. Goi
N, P, Q theo thir ty 13 cac diém ddi xting véi M qua AB, BC, CA. Chang minh ring
N, P, Qthang hang.

Giai
Goi H,I,K theo tht tu 1a hinh chiéu cia M

lén AB,BC,CA thé thi H,I, K thang hang (
duong thang Simson ) . %

B
Lién hé tai liéu word toan SPT va zalo: 039.373.2038 : E ; 7°¢
H
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Ta thay rang : Phép vi tu tdm M ty s6 bang 2 bién cac diem H, I, K thanh N, P,Q. Ma

H,I,K thang hang nén suy ra N, P,Q thang hang . Puong thing di qua N, P,Q dugc
goi la duong thang Steiner cua diém M.

Vidu3

Cho tam giac ABC cét H, G, O lan luot 4 tryc tdm, trong tam, tdm dudng tron ngoai
tiép tam gidc , AH cét duong tron (0) tai 4,. Lay A,la diém doi xang cua G qua BC.
V& hinh binh hanh AHA,0. Chang minh A,, 4,, A, thang hang.

Giai

A AA»

Ta c6 céc két qua quen thudc

( Xem thém phan céac dinh i hinh hoc néi tiéng ) , A, ddi xang véi H qua BC va
AH/[=20M

(M 1a trung diém BC)

Theo gia thiét AHA,0 12 hinh binh hanh nén 4, d6i xing véi O qua duong thang BC.
Vay phép ddi xang truc BC bién H thanh A,; G thanh 4, ; O thanh 4.
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Mat khéc do tinh chat caa duwong thang O — le thi H,G,0 thang hang. Tur d6 ta c6
A, A,, A, thang hang.

Bai 1.

Tur diém M thuge duong thang (d) & ngoai dudng tron (O;R) sao cho khoang céch tir
diém O dén (d) bang khong doi ta ké 2 tiép tuyén MA, MB dén (O) (Véi A, B lacac
tiép diém).

a. AB ludn di qua diém 1 cb dinh.

b. Goi K 14 giao diém ctia OM , AB. Chung minh khi M di chuyén trén (d) thi K
thudc duong cb dinh.

Giai

a. Dung OH 1L (d) thi OH =h. Goi I 14 giao diém ctia OH va AB thi ta co:

AOKI| @2 AOHM :ﬂ:%:OI :OK'OM .
OM OH OH

Lai c6 OK.OM =0A? = R?
R? 2 A L .
Suy ra Ol == Nhu vay diém 1 ludn co dinh.

b. Theo c4u a) thi oI cb dinh, mat khac KO =90° suy ra diém K thudc duong tron
dwong kinh Of |
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Bai 2.
Cho tam giac BC va diém M chuyén dong trong doan BC. LAy hai diém N, P trén

AC, AB d& ANMP 1a hinh binh hanh. Khi d6 dudng tron ngoai tiép tam giac AMN luén
di qua diém cé dinh.

Giai

Dung (O,) qua B tiép xUc véi AC tai A
Dung (0,) qua B tiép x(c véi AB tai A.
Gia sir (0,) cat nhau tai giao diém thir hai 1a K thi K 1a diém cé dinh.
f o o _KA_AB
c @
Vi ANMP 1a hinh binh hanh nén theo dinh ly Thales ta co:
BP_BM _AN _BP_AN __ BC _ AN _ PB_AN _ BP _ (3)Tu’(l)
PA- MC NC ~PA NC ~PA+PB AN+NC ~AB NC AN AC

(2), (3) suy ra AKBP © AKAB = BPK = ANK => ANPK ndi tiép suy ra dudng tron ngoai
tiép tam giac AMN ludn di qua diém cé dinh.

Bai 3.
Tir diém M & ngoai dudng tron (O;R) ta ké 2 tiép tuyén MA, MB dén (0) (Vi A, B la
céc tiép diém) va cat tuyén MCD dén (O) sao cho MC <MD vatia MC nam giita hai tia
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MO, MA. Gidsir M ¢6 dinh, khi cat tuyén MCD thay ddi thi trong tam G cuia tam giac
' BCD lu6n nam trén dudng tron co dinh. |

Giai

Goi | 1a trung diém cua CD, ta c6 %:%

Qua G ké cac dudng thang song song véi 10, MD cit 0B, MB lan luot tai Q, R.

Ta c6 cac diém B, 0, M ¢b dinh, suy ra P, Q ¢b dinh va PGQ =90°. Suy ra G thudc

duong tron duong kinh PQ = % MO .

Bai 4.

Cho 3 diém A, B, C thang hang theo th tu d6. Pudng tron (0) thay doi luon di qua
B, C. V& duong kinh MN vudng goc véi BC tai H. Tia AN cat (O) tai giao diém thu
2 14 D. Khi d6 MD ludn di qua mét diém c6 dinh nam trén BC.

Giai
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Ta cO: AADK o AAHN = AK.AH = AD.AN
Mt khac ta ciing dé chimg minh dugc: AB.AC = AD.AN . Tir d6 suy ra AB.AC = AK.AH

AB.AC

Hay AK = khong doi. Suy ra diém K cb dinh. Hay MD di qua diém ¢6 dinh K.

Bai 5.

Cho tam giac ABC ndi tiép (O). Trén canh BC lay diém M. Dung (0,) qua M tiép xdc
V6i AB tai A. Dung (O,) qua M tiép xdc véi AC tai A. Hai duong tron nay cit nhau
tai giao diém thtr 2 1a N . Khi dé:

a. Diém N nam trén (0).

b. Puong thaing MN 1luén di qua mot diém cb dinh khi M di chuyén trén canh BC.

Giai
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BAC + BNC = BAC + ABC + ACB =180°

Suy ra t& gidc ABNC noi tiép. Néi cach khac diém N thude duong tron (0) ¢6 dinh.
b. Ta c6: DAC =DNC (cling chan cung DC).

Mt khac ta cling c6: DNC = ACB suy ra DAC = ACB. Suy ra AD//BC, do d6 diém D 1a
diém cb dinh.

Vay duong thang MN ludn di qua diém cb dinh 1a D.

Bai 6.
Cho tam giac ABC ¢4 3 gdc nhon ngi tiép (O;R). Dung duong cao AD cua tam giac va
duong kinh AK cua (0). Ha BE, CF lan luot vudng goc véi AK . Cho BC c6 dinh,

diém A di chuyén trén cung Ién BC . Chimg minh: Tam duong tron ngoai tiép tam giac
DEF 1a mot diém c dinh.

Giai
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Vi ABD = AEB =90° suy ra 4 diém A,B,D,E nam trén dudng tron duong kinh AB c6
tam 13 trung diém N cua AB. ADC = AFC =90° nén 4 diém A B,F,C nam trén dudng
tron duong kinh AC ¢6 tam 1a trung diém P cua AC.

Goi M la trung diém cua BC, | 1a trung diém ctia BO thi ON L AB, OM L BC suyra 5
diém N,0,E,M,B nam trén dudng tron duong kinh BO.

— — — —
7

giac DNE cantai N suy ra MN ciling la trung truc cia DE, tuong tu ta cling c6 MP la
trung truc cua DF . Suy ra M 1a tAm duong tron ngoai tiép tam giac DEF . Vay la tam
duong tron ngoai tiép tam gidc DEF 1a diém M ¢ dinh.

Bai 7.

Cho dudng tron (0) c6 dwong kinh AB ¢6 dinh, M 1a diém thuoc (0) (M khéac A B).
CA4c tiép tuyén ciia (O) tai A va M cat nhau & C. Puong tron (1) di qua M va tiép x(c
v6i duong thing AC tai C. CD 1a duong kinh cta (1).

a. Chitng minh: o,M,D thang hang.

b. Chirng minh: Tam giac COD cén

c. Puong thang di qua D va vudng goc véi BC ludn di qua mot diém cb dinh M khi di
dong trén duong tron (O).

Giai
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¢ - °B
A K O

a. Tacd MC latiép tuyén ctia duong tron (0)=MC LO (1)
Xét duong tron (1): Tacd CMD =90° (2). Tur (1) va (2) = MO//MD = MO va MD triing
nhau = 0,M, D thang hang.

b. CA 1atiép tuyén cua dudng tron (O)=> CA L AB (3). Pudng tron (1) tiép xtc véi AC
tai C=CALCD (4).

Tir (3) va (4) =CD//AB= DCO=COA (*)
(hai géc so le trong)

CACM Ia hai tiép tuyén cit nhau ctia (0)= COA=COD (**)

Tir (*) va (**) = DOC = DCO = ACOD ¢an tai D.

** Thye nghiém hinh vé cho thay duong thiang di qua D va vuéng goc véi BC ludn di
qua trung diém K cua AO. Ta ching minh diéu nay nhu sau:

c. Goi chan dudng vudng goc ha tir D t6i BC 12 H,N giao diém caa CO va (1). Taco
CHD =90°= H «(1) (bai toan quy tich) DH ~ AB = K = CND =90° v ACOD Ccn tai
D, NC = NO . Ta ¢é tir gidc NHOK néi tiép.

+Vi H,-0,-DCO (cling bil véi BAN )= NHO + NKO =180° (5). Ta ¢6 NDH = NCH
(cting chdn cung NH ctia dudng tron (1)) (g.g):%:%. Tuong tu ta co:

OB_OA.OA_CN _ON __ HN _ON
OC OC'OC CD CD HD CD

. Ma ONH =CDH = ANHO © ADHC (C.g.C)
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— NHO =90° ma NHO + NKO =180° (5)=> NKO =90°= NK L AB = NK //AC

— K 1a trung diém cua OA ¢b dinh = Ppcm.

Bai 8.

Cho dudng tron (O;R) va mot duong thang d cét (0) tai C,D. Mot diém M di dong
trén tia d6i cua tia DC. Qua M ké hai tiép tuyén MA,MB véi duong tron (0) (A B 1a
tiép diém). Chirng minh duodng thang AB ludn di qua mot diém cb dinh.

Giai

B

Goi H Iatrung diém cua CD va giao diém cua AB v6i OM,0H lan lugtla E, F. Tam
giac OBM vubng tai B, duong cao BE. Suy ra OE.OM =0B? =R? (1)
Do FHM = FEM =90° nén t&r gidc MEHF ndi tiép.

Tu hai tam giac vudng OMH , OEF ddong dang, suy ra (())_::O_M

— oF = 2EOM 5y Ty
OF OH

2

(1) va (2) suy ra OF = C?H . Do dudng tron (0), duong thang d cho truéc nén OH

khong doi. Suy ra OF khong d6i, diém F c¢b dinh. Do d6 duong thang AB di qua diém
F ¢d dinh.

Bai 9
Cho dudng tron tam o. Tir diém A ¢6 dinh ngoai dudng tron (o) keé tiép tuyén AB, AC

t6i (0) (B,C latiép diém). Lay diém m trén cung nhé BC. Goi D, E, F thirty Ia
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hinh chiéu tr M dén BC,AcC,AB. Goi MB cat DF tai P, MC cat DE tai Q. Chung

minh duong thang néi giao diém cta hai dudng tron ngoai tiép tam gidc MPF va MQE
ludn di qua mot diém cé dinh.

Giai

Gia str duong tron ngoai tiép tam gidc MPF va MQE cat nhau tai M, N.
Puong thang MN cit PQ, BC theo thi ty tai kK va 1.

Ta c0 céc tir gidc MDCE, MDBF ndi tiép nén MCE = MDE = MBC,

MBF = MDF = MCB .

— e~~~ e~~~

Suy ra PMQ+ PDQ = PMQ+ PDM + QDM = PMQ + MCB + MBC =180°.
Do d6 t& gidc MPDQ 12 tir gi4c noi tiép. Suy ra MOP = MCB = MEQ .
Suy ra KQ latiép tuyén cua duong tron ngoai tiép AMOE .

Tuong tu kP 14 tiép tuyén cua duong tron ngoai tiép AMFP .

Tacd KM.KN =KQ*, KM.KN = KP*.

Suy ra KP =KQ. Xet tam giac MBC, PQ | BC, KP=KQ.

Theo dinh Iy Thales suy ra 7 1a trung diém BC.
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Vay MN di qua diém co dinh 7 1a trung diém BC.

Bai 10 Cho dudng tron (o) vaday cung AB. Lay diém £ trén day cung AB (E khac
A va B).Qua E védaycung cp caa (0). Trén haitia DA, DB lay P, Q
doi xung qua £. Chang minh rang duong tron (1) di qua ¢ tiép xic voi PQ
tai E luon di qua mot diém co dinh khi E di dong trén day cung AB.

Giai

C

P I
A B

Goi M 1a giao diém cua AB va dudng tron (1) EP la tiép tuyén cua (1) nén
CMA = PEC = QED .
Mt khac BAC = BDC. Suy ra ACMA <> AQED (g.g).

AM DE
>—=—
CM QE
_ BM _DE_DE ).
CM PE QE

(1). Tuong tw DEP = BMC, ADC = ABC Nén ABMC <> ADEP (g.¢)

Tir (1) va (2) suy ra %:%:AM=BM.

Do d6 dudng tron (1) ludn di qua trung diém M cua AB 1a diem cd dinh
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Bai 11 Cho duong tron (o) dwong kinh BC. Goi 4 1a diém chinh gitra cung BC, diém
M thudc doan BC. Ké ME, MF lan luot vudng goc véi AB, AC, MN vudng goc
VOI EF tai N.

a).Khi a di chuyén trén Bc, hdy chiing minh M~ luén di qua mot diém cb dinh.

b).Lay diém D thudc doan 04, tia BD cat duong tron tai giao diém thir 2 12 P. Ching
minh khi D di chuyén trén 04 thi tdm 7 cua dudng tron ngoai tiép APD ludn thudc
duong thang cb dinh.

Giai

A

a). Dung duong kinh Ak cua (0). Ta chung minh MN di qua K. Gid st FM cét
BK tai J, EM Cit KC tai H.Do ABKC lahinh vudng nén BEMJ 14 hinh vudng.

Suy ra AEMF = AKHM , Gia st KM cat EF tai N' thi JMK = N'MF lai c6
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—_— —_—

MFE = HMK Suy ra N'MF + MFE = JMK + HMK =90° hay KM L EF tai N', suy ra
N=N'ticla N, M, K thang hang, suy ra MN ludn di qua diém & c6 dinh.

e~

L = = s 1 — — . )
b).Tacd APB=ACB=45°, ma APB:EAID suy ra AID =90°, hon nita ta ¢

DAI = ADI =45°. Suy ra I nam trén Bc ¢ dinh.

Bai 12
Cho dudng tron (o;R) va dudng thang d nam ngoai dudng tron. 7 1a mot diem di dong
trén d . Puong tron duong kinh 7o cit dwong tron (o;R) tai hai diém M, N. Chung

minh duong thang MN ludn di qua mot diém cb dinh.

Giai

Pudng tron dwong kinh 70, cat dudng tron (0;R) tai M, N.= IMO = INO = 90°
= IM, IN 1atiép tuyén ciia duong tron (o;R). Goi E 1a giao diém cua 10 va
MN thi IE ciing la duong cao cua tam gidc can MIN = IE 1 MN . Xét AOMI ta

cO OMI =90°, ME L. OI nén OM* =0E.Ol . Ké OA L d tai A, goi K 1a giao diém

cua OA Va MN thi AOEK > AOAI (g.g) _OE_OK . oa0K =0E0I (2). T (1)
OA Ol
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\ Y R \ " 2. ,
Va (2) suy ra OK.0OA=0M* = R*. Tlr d6 suy ra OK =5 Ma oA khong doi, do d6

K la diém cb dinh.

Bai 13
Cho ba diém cd dinh A, B, ¢ thang hang theo thu ty d6. Mot duong tron (o) thay doi

lubn qua B va c. Tirdiém A ké céc tiép tuyén AM, AN dén dudng tron. Puong thang
MN Cat A0 va AC lan luottai # va K .

a) Chang minh M, N di dong trén mot duong tron cd dinh.

b) Goi 7 1a trung diém BC. NI cat dudng tron (o) tai diém pP. Ching minh MP | BC.

¢) Chtrng minh duong tron ngoai tiép tam giac oHk ludn di qua hai diém cé dinh.

Giai

a) Vi AN la tiép tuyén cua dudng tron (0) nén ANB=BCN Ma CAN chung nén
AN AB ) \ ; Ag 43 &
AANB <> AACN (g.g) Suy ra o AN = AN’ = AB.AC ma AM = AN (tinh chat tiép

tuyén). Suy ra M, N nam trén duong tron tim A bén kinh VAB.AC ¢6 dinh.
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b). ANO =90°, AIO =90° nén tir gidc AOIN noi tiép dudng tron duong kinh 40,

| — —— ] —

suy ra AON = AIN . Mt khac AON = MON , MPN =_ MON nén AIN = MPN suy
ra MP |/ BC.

c).Theo céu a). ta c6 AN* = AB.AC (1). Mat khac AANO vuong tai N ¢O NH L AO
NN AN® = AH.AO (2). AMAHK <> AAIO (Vi OAI chung, AHK = AIO =90°)

AH AK X
TR I AH.AO = ALAK (3). Ttr (1),(2),(3) suy ra AB.AC = AL.AK

AB.AC

= AK = ma AB, AC, AI c¢bdinh = Ak khong d6i = k ¢ dinh. T giac

OIKH noi tiép nén duong tron ngoai tiép AOHK ludn di qua I va K cb dinh.

Bai 14.

Cho tam gidc ABC vudng tai ¢ va BC<cA. Goi I 1a diémtrén AB va IB<IA. Ké
duong thang d di qua 7 va vudng goc véi AB. Goi giao diém cia d Véi AC, BC lan
luot 1a E va F. Goi M 1a diém ddi xtng véi B qua I

a) Chang minh rang AIME ddng dang VSi AIFA VA IE.IF = IA.IB.

b) Puong tron ngoai tiép tam giac CEF cat AE tai N. Chang minh E, N, B thang
hang.

c) Cho 4B cé dinh ¢ thay d6i Bca =90°. Ching minh ring duong tron ngoai tiép
AAEF 1udn di qua hai diém cé dinh.

Léi giai
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| M

a).Ta co IE la dudng trung truc cia BM = AEBM Can tai M = EBM = EMB . Ma

— =~ — IM IE
EBM = EFA (cUng phu FAB) = AIME <> AIFA (g.g) = TR IE.IF = IA.IM

= IE.IF =1A.IB

b).Ta cd ECF =90° = ENF =90°. Xét ABAE O EI, AC 1a cac dudng cao cat nhau
tai F Nén BF L EA M3 FN L EA = B,F,N thiang hang.

c).TacO EMB = EFA suy ra tt giac AMFE ndi tiép. Tir d6 suy ra duong tron ngoai
tiép AAEF ludn di qua hai diém A, M cb dinh. Vay tam duong tron ngoai tiép
AAEF 1ubn nam trén duong trung truc caa AM cd dinh

Bai 15
Cho dudng tron (o;R) va diém A c6 dinh véi 0A =2R. Mot duong kinh BC quay

quanh O sao cho ba diém A, B, ¢ khong thang hang. Puong tron ngoai tiép ABC cat
duong thang oA tai diem tha hai la 7. Puong thang AB, AC cét dudng tron (o;R) lan

luot tai D va E. N6i DE cat duong thang 0A tai K.
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a) Chting minh rang 01.0A = 0B.OC VA AK.AI = AE.AC .
b) Tinh d6 dai doan thang or va AK theo R.

¢) Chting minh rang dudng tron ngoai tiép ADE ludn di qua mot diém cb dinh khac A
khi BC quay quanh 0.

Léi giai

ol oC e Az ,
a). AOIC > AOBA (g.g) = 08" on = OBOC=0I0A. Xét cac goc noi tiep ta co

e~ — o~

ICB=IAB, BCE = EDA = ICB+ BCE = IAB+ EDA = ICE = EKA
= AKE <> AACI (g.g) = AK.AI = AE.AC (1)

1 . .- .2 \ \
b).0B.OC =01.0A = RR=0I2R = OI :ER' Gol M, N la giao diém cta duong

thang A0 Vvéi dudng tron (0) (M nam giira A VA N) = AME = ACN
= AAME <> AACN (g.g) = AM.AN = AE.AC (2). Tur (1) va (2) suy ra

AK.Al = AM .AN :>AK.57R=R.3R :>AK=6—R.
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€).Goi H la giao diém tha hai ctia duong tron ngoai tiép AADE véi A0 . Ta co

3R
AKHE <> AKDA (g.¢) = KH.KA=KM KN = KH.%R = [%R— RM3R —%Rj — KH = o

— H ¢6 dinh (diéu phai chirng minh)

Bai 16
Cho dudng tron (O,R), mot ddy cung CD c6 trung diém H. Trén tia d6i cia tia DC lay

mot diém s va qua s ké cac tiép tuyén SA,SB véi dudng tron. Puong thang AB cat cac
duong théng SO,0H lan luot tai E,F. Goi | 1a giao diém cua AB va CD.

a) Chang minh tt gidc SEHF noi tiép.
b) Chirng minh OH.OF =R?.
¢) Ching minh sI.SH = SC.SD.

d) Khi s di dong trén tia d6i cia tia DC. Ching minh duong thang AB ludn di qua mot
diem c6 dinh.

Giai

hp—

|/

B

a) T&r gidc SEHF noi tiép vi H va E cling nam nhin Fs dudi mot goc vudng.
b) Ta cd AOHS - AOEF (g.g) SUy ra OH.OF = OE.OS.
Str dung hé thirc luvgng trong tam giac vudng AoS ta co:

OE.OS=0A? nén OH.OF =0A* =R%.
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¢) Chirng minh céac cap tam giac dong dang:

ASAD - ASCA(g.g) = SA® = SC.SD, ASAE - ASOA(9.9)
= SA’ = SE.SO, ASEI -~ ASHO(g.9)

= SI.SH = SE.SO. Tur d6 suy ra SI.SH =SC.SD.

2 ,
R” khong dbi.

c¢) Tir dé bai 0,C,D cb dinh nén H cb dinh. Tir cu b) suy ra OF =50

Vay duong thang AB luén di qua diém cd dinh 13 F.

Bai 17

Cho nira duong tron tam o duong kinh AB=2R. Goi C la trung diém cua doan thang
AO. Puong thang cx vudng goc véi duong thang AB,Cx cit nira duong tron trén tai 1.
Goi K 1a diém bat ky nam trén doan thang cI (K khac C va 1), tia AK cét nira duong
tron tAm O tai diém M, tiép tuyén tai M cua (O) cit Cx tai N. Goi D1a giao diém cua
BM va Cx.

a) Chung minh rang 4 diém A,C,M,D cling nam trén mot dudng tron.
b) Chixng minh tam giac MNK can.
¢) Tinh dién tich AABD khi K 1a trung diém cua doan thang ClI.

d) Chiing minh rang khi K di dong trén doan thang cI thi duong tron ngoai tiép tam
gidc AKD di qua mot diém cé dinh khéc A.

Giai

D

a) ACD =90°;AMD =90° = A,C,M,D cuing thudc duong tron dudng kinh AD.

b) MN 12 tiép tuyén cua (0) = NMK = ABM (gdc giira tiép tuyens va day cung).
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Ta lai cO NKM = MBA (cling phu MAB) suy ra NKM = NMK = AMNK Can tai N.

c) Taco AcOl vubng tai C= IC*+CO*=0I°

=RT\/§:>CK =RT\/§.

_3R?

= IC? = IC

Ta cd ACAK - ACDB. Vi ACD = BCD =90°; KAC =CDB (cting phu v6i DBA)

:%:%:CD_CK :CA,CB:CD,RT\@:E.§:>CD:R\/§. Do do dién tich AABD Ia:

S :%AB.CD =%.2R.R\/§ - R2./3.

d) Gia sir duong tron ngoai tiép tam gidc AKD cét BA tai E. Suy ra AKDE ndi tiép nén

— L —
, —_ ~

diém cb dinh. Hay duong tron ngoai tiép tam gidc AKD ludn di qua diém cb dinh E.

Bai 18
Cho dudng tron (0) va diém A khac O nam trong dudng tron. Mot dudng thang thay

d6i di qua A nhung khong di qua O cat dudng tron tai hai diém M,N. Chung to rang
duong tron ngoai tiép tam gidc OMN ludn di qua mot diém cb dinh khéc o.

Giai

Goi giao diém clia dwong thang OA véi dudng tron (0) 1a 1,K = I,K ¢6 dinh.
Goi giao dié cua duong thang OA Véi dudng tron ngoai tiép AOMN 14 P.

Tur AAMI - AAKN (g.g) suy ra AM.AN = AK.Al (1)
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Tu AAON - AAMP(g.g) suy ra AO.AP = AM.AN (2)

Al.AK

TUr (1) va (2) ta cd: AO.AP=ALAK hay AP= ma Al, AK,AO c6 dinh= AP

khong ddi= P 1a diém cé dinh.

Bai 19

Cho diém M bat ki nam trén nira duong tron (O) duong kinh AB = 2R, qua diém H
cd dinh trén doan OB, vé& duong thang d vubng goc véi AB. Goi giao diém cua MA va
(d) 12 D, giao diém cua tiép tuyén tai M cua (O) véi (d) 12 1 va (d) cit MB tai C.
Goi E la giao diém ctia AC va duong tron (O). Goi K 1a giao diém ctia Ol va ME.

a) Chitng minh rang 1E Ia tiép tuyén cua duong tron (O).

b) Cho M di dong trén duong tron (M khong trin véi A;B). Ching minh rang tich
Ol.OK khong d6i va ME ludn di qua mot diém co dinh.

Giai
a) Xet AABD c6 BM 1 AD;DH L AB

= C latruc tdim= AC L DB ma AE L BE

(A/E\B :9o°) — B, E,D thing hang.

T& giac AMCH c6 AMC = AHC =90°
— AMCH ndi tiép dudng tron duong kinh AC
— MAH = MCI (cling bl véi ABM )

Ma MI 4 tiép tuyén = IMC = MAH = IMC = MCI = AMCI cin tai | =IM =IC (1)

Ta c6 MDI+DCM=90° ma DCM =IMC = DMI =MDI = AIMD can tai
I=IM=ID (2). T (1) va (2)=ID=IC=IM.ACDE wubng tai E c6

IC=ID=IC=ID=IE. Tu d6 ta c6 IM =IE;OM =0OE,Ol la canh chung suy ra
AOEI = AOMI (c.c.c) = OEIl = OMI = IE Ia tip tuyén ciia dudng tron (O).
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b) IM, IE la tiép tuyén cia (O)= 10 L ME tai K, AOMI ¢6 OMI =90°;MK 1 Ol nén
OM? =0K.Ol = OK.Ol = R? khong ddi. Goi S 1a giao diém cua ME va AB. Xét AOKS
va AOHI ¢6 OHI = OKS =90°10S chung=> AOKS ¢>» AOHI (g.g) = OK.Ol =OH.0S

2

:>OH.OS:R2:>OS:§H. Ma OH ¢ dinh=0S khong ddi=S cb dinh hay ME

ludn di qua diém S cé dinh.

Bai 20
Cho dudng tron (O;R) va ddy BC ¢o dinh, A la diém chuyén dong trén cung lén BC
cua (O)(A#B,C), goi M Ia trung diém cua AC,H Ia hinh chiéu vudng goc cua M

trén AB. Chimg minh khi diém A thay d6i trén cung 16n BC thi diém H nam trén mot
duong tron cb dinh.

Giai A
Tacé OM L AC nén M nam trén dudng H
tron duong kinh OC. Goi | 1a trung diém o
cua OC thi I ¢6 dinh. Giastr (1) cit CB :
B N C

tai N thi ONC =90° nénsuy ra N 1a trung

diém caa BC. Suy ra MN 1a duong trung binh

cua tam gidc ABC, két hop véi gia thiét MH L AB

suy ra NH L HM, goi K la giao diém cia (1) v6i HM thi NMK =90° nén NK Ia
duong kinh caa (1), ma N,1 cé dinh suy ra K ¢6 dinh, NK 1a duong kinh cua (O) nén

KCN =90° hay KCB=90°, t&r gidc BCKH noi tiép nén H ndm trén dudng tron dudng
kinh KB ¢ dinh.
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Bai 21

Cho ba diém B,M,C ¢6 dinh theo tha tu nam trén mot duong thang. Dung (O;R) qua
B,C(BC <2R), qua M keé cét tuyen vudng goc voi OB cit (O) tai A,P. Chung minh:
A,P thudc mot dudng tron ¢ dinh.

Giai

\ D
Y

P

C

Goi H 1a giao diém cua AP véi OB thi H 1a trung diém cua AP, ké duong kinh
BD cua (O) thi DA=DP. Trong tam giac vudng BAD ta c6: BA? = BH.BD, lai 0 tu
giac MHDC noi tiép nén BH.BD = BM.BC (hé thirc quen thudc, hs tu chang minh).

Tir d6 suy ra BM.BC = BA? < BA=+/BM.BC ma diém B,M,C cb dinh nén BM.BC
khong doi va BA=BP suy ra A P niam trén dudng tron tdm B ban kinh bang ~/BM.BC.

Bai 22

Cho duong tron (O) va day BC = 2a khong doi a < R, A 1a diém chuyén dong trén cung
I6n BC ctia (O)(A#B,C), cac tiép tuyén ctia (O) tai B,C cat nhau & M, goi D,E lan
luot 1 hinh chiéu vudng goc cia M trén AB, AC. Chiing minh rang: Khi diém A thay
ddi trén cung lén BC cua (O) thi truc tm cua tam gidc ADE lu6n nam trén mot dudng
tron cd dinh.

Giai
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Goi H 1a trung diém cua BC thi OM L BC tai H.
Theo gia thiét MD, ME lan luot vudng goc véi
AB, AC nén MHCE Ia tt gi4c noi tiép dan toi
HEM = HCM, lai c6 BAC = BCM

suy ra BAC = HEM nén

BAC + HEA = BAC +90° — HEM = 90°
suy ra EH L AB, tuong tu DH L AC

suy ra H la truc tam cua tam giac ADC.

2
Ta c6 OH =,|OA? - BZ _JR?—a® khong dbi, O cb dinh suy ra diém H nim trén
duong tron (O;x/R2 —a’ )

Bai 23

Cho dudng tron (O;R) va mot diém A co dinh ndm trén duong tron. Trén tiép tuyén
tuyén véi duong tron (O) tai A lay mot diém K c6 dinh, mot duong thang (d) thay
doi di qua K va khong di qua O cat (O) tai B,C (B ndm giita K va C). Goi M la
trung diém cua BC. V& duong kinh AN cuta (O). Puong thing qua A vudng goc Véi
CB cit MN tai H. Khi duong thang (d) thay doi quanh K va thoa man dieu kién dé
bai thi diém H di dong trén duong nao.

Giai
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Do AN la duong kinh cia (O) nén O Ia
trung diém cua AN. Lai c6 AH,OM clng
vudng géc voi BC nén AH //MO suy ra MO
la duong trung binh cta tam giac AHN suy ra
AH =20M. Tu gidc BH.MC c6 hai duong
chéo BC,HM cét nhau tai

CUC TRI HINH HOQC

1. Bat dang thirc lién hé giira d6 dai cac canh mét tam giac.
|AB—AC|<BC < AB+BC

Cha y rang:

a. Véi 3 diém A, B, C bat ki ta luén co: AB+BC > AC . Dau bang xay ra khi va chi khi
A, B, C thang hang va diém B ndm giira hai diém A, C.

b. Véi 3 diém A, B, C bat ki ta ludn cd: |AB- AC|<BC. Dau bang xay ra khi va chi khi
A, B, C thang hang va diém B nam giira hai diém A, C.

c. Cho hai diém A, B nam vé mot phia duong thang (d). Piém M chuyén dong trén
duong thang (d). Goi A’ 1a diém d6i xang vai A qua (d). Ta c6 két qua sau: (Hinh 1)

+ MA+MB=MA'+MB > A'B. Dau bing xay ra khi va chi khi M 1a giao diém caa A’B va
duong thang (d). (M tring véi My)

+ |MA-MB|< AB. Dau bang xay ra khi va chi khi M la giao diém ciua AB va duong
thang (d) (M tring véi My,).

d. Cho hai diém A, B nam vé hai phia duong thang (d). Piém M chuyén dong trén
duong thang (d). Goi A’ 1a diém d6i xang vai A qua (d). Ta c6 két qua sau: (Hinh 2)

+ MA+MB > AB. DAu bang xay ra khi va chi khi M 1a giao diém cua AB va dudng thang
(d) (M trung véi My).

+ |MA-MB|=|MA'-MB|< A'B. Dau bang xay ra khi va chi khi M la giao diem cua A’B
va duong thang (d) (M tring véi My).
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M @
M, H

B
WM

A
Al Hinh 1

(d)

Al
M, HWM
A

Hinh 2

e. Trong qué trinh giai ton ta can luu y tinh chat: Puong vudng goc ludn nhé hon hoac
bang duong xién

Vidul

Cho tam giac ABC va diém M nam trong tam giac. Chang minh rang:
a. MB+MC < AB+AC%(AB+ BC +CA) < MA+MB+MC < AB+BC +CA

b. BM +MN +NC < AB+AC trong d6 diém N nam trong tam giac sao cho MN cit hai
canh AB, AC.

Hudéng dan giai
a. Puong thang BM cat AC o P.
Ap dung BDT (1) ta co:
MB+MC<MB+MP+PC=BP+PC<AB+AP+PC=AB+AC.

b. Theo trén ta co:
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BC<MA+MB<AB+AC;CA<MC+MA< AB+BC: AB<MA+MB < AC +BC

Cong theo tirng vé cac BPT trén ta co diéu phai chang minh.
c. Ap dung cau 1) ta co:

BM + MN + NC < BE+ EM + MN + NF + FC
=BE+FE+FC <BE+EA++FC = AB+ AC.

Vidu 2
Cho tam giac ABC va 3 trung tuyén AM, BN, CP. Chitng minh rang:

AB+ AC -BC AB+ AC
< <—

a. AM

p. 3AB+BC+CA) _ \\1 BN 1+ CP < AB+ BC 1 CA

c. Gia st AB> AC . Goi AD, AM theo thi ty 1a dudng phan gi4c, dudng trung tuyén cua

tam giac ABC. Chang minh rang: 22 AZC —BC _AD<Am <ABFAC

Hudéng dan giai
a. + Xét cac tam giac MAB, MAC ta c6: AM > AB-BM, AM > AC-MC.

Suyra 2AM >AB+AC -(MC+MC) < 2AM > AB+AC-BC

+ Goi D la diém ddi xtng véi A qua M thi ABDC la

hinh binh hanh nén AB = CD va AD = 2AM.

Trong tam giac ACD ta co: M
AD <AC+CD < 2AM < AB+AC

AB+AC-BC AB+ AC
< <—.

Nhu vay: AM

b. Ap dung bat ding thirc & cau a)

Cho ba duwong trung tuyén AM, BN, CP ta co:
AB+AC-BC _, ., AB+AC.

AM

BC+AB-AC AC+BC . BC+AC-AB AC +BC
<BN <——; 5 <CP<— ==
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3(AB+BC +CA
(AB+BC+CA) _ \M 1 BN +CP < AB+BC +CA

Cong ba bat ding thic cling chiéu ta co:

c. Trong tam giac ABD, ADC c6 AB< AD+BD; AC < AD+DC

Cong theo tung Vvé hai BDT cing chiéu trén ta  duoc

AB+AC-BC
<

AB+AC <2AD+BC = AD

Két qua nay van ding v6i D 1a diém bat ki nam bén trong doan BC.

Dung AH L BC. Véi AB = AC thi AM = AD. Vé6i AB>AC thi BH>CH = BM <BH =
M thudc doan BH. Hon nita ADB > ADC = ADB tu. Do d6 D thudc doan BH. Ly diém
P trén AB sao cho AP = AC = A ADP = A ADC (c.g.C) = DP = DC; APD = ACD

+Néu ACB < 90° (hinh) thi APD = ACB < 90°
— BPD >90° > ACB > PBD = BD > PD =CD = BM > BD = MH > DH = AM > AD

+ Néu ACD > 90° (hinh) thi BPD = ACH > ADC > ABC
=BD>PD=CD=BM <BD= MH >DH = AM > AD

Vidu 3:

Cho tam gia&c nhon ABC c¢6 truc tdim 1a diém H. Chtng minh rang:

HA+ HB + HC <§(AB+BC+CA)
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Huéng din giai:
Puong thang di qua H song song v4i AB va cit AC tai D. D

Dung duong thang qua H song sang AC cat AB tai E.
Ta giac AEHD la hinh binh hanh nén AD = HE, AE = HD

m

Xét tam gidc AHD ta cO0: HA<HD+AD < HA< AE + AD (1).
Vi HE//AC ma AC L BH =HE 1L BH.

Trong tam giac vuéng HBE ta cd: HB < BE (2).

Tuong tu ta c6: HC < DC (3). Cong cac bat dang thirc cung chiéu (1), (2), (3) ta suy ra
HA+HB+HC < (AE+EB)+(AD+DC) = AB+ AC.

Tuong tu ta cling co:

HA+HB+HC < AC +BC,HA+ HB+HC < AB+BC = HA+ HB+HC <E(AB+ BC +CA).

Vidu 4:

Cho tam giac déu ABC noi tiép dudng tron (0), H 1a trung diém cua BC, M 1a diém
bat ky thudc doan théng BH(M = B). Léy diém N thudc doan théng CA sao cho
CN =BM. Goi | 1a trung diém ctia MN .

a. Chimg minh 4 diém O,M,H,1 cung thudc mot dudng tron.

b. Goi P 1a giao diém cua Ol va AB. Chimg minh tam giac MNP 1a tam giac déu.

c. Xac dinh vi tri cia M dé tam giac 1AB c6 chu vi nho nhéat.

(Trich dé thi vao I6p

10 chuyén Toan TP Ha Noi 2014)

i ‘\&-- :
Giai YL R
/ /1 ~. Il \
=7 \ e 7 l“ / G 1"\|1., .'AK
a. Xét tam gidc BOM va tam gi4c CON ta co: .' / | P><
| - P
7 / ‘ | O I ‘II //, )
BM =CN (gid thiét), OB=0C =R, OBM =OCN =30’ \  / \ /W
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(do tam gi4c ABC déu). Suy ra ABOM = ACON (c.g.c)

Suy ra OM =ON hay tam giac OMN can tai O,

Do | 1a trung diém ctia MN suy ra Ol L MN =>OIM =OHM =90°
Nén tir gisc OMHI ndi tiép

(C6 hai dinh lién tiép 1,H cing nhin OM géc bang 90°)

b. Do diém P nam trén dudng trung truc canh MN nén PM =PN  (1).

Ta c6 180° =OMB+OMC =OMB+ONC suy ra tir giac OMNC ndi tiép (t6ng hai géc doi
bang 180°) nén MON =180° — NCM =120°, POM = PON =120° Suy ra

POM +PBM =180° = T{r gidc PBMO ndi tiép nén OPM =OBM =30°. Chimg minh
tuong tu ta cling c6: OPN =OAN =30° = MPN =60° (2)

Tir (1) va (2) Suy ra tam gidc PMN 1a tam giac déu.

c. Tur chirng minh & cdu a, b suy ra OMN =0OHI =OCN =30°. Suy ra HI //AB, goi K la
trung diém cua AC thi H, I, K thing hang.

Tam giac IAB c6 AB khong doi nén chu vi tam giac nho nhat khi JA + IB nho nhat.
Puong thang HI c¢b dinh. Goi D 1a diém ddi xtmg cua B qua HI thi diém D cb
dinh, suy ra 46 dai AD khong doi. Ta c6: IB=ID =IA+IB=IA+ID>AD . Dau “ =
” xay ra khi va chi khi A,D,I thang hang. Tic diém I chinh 13 giao diém cua
AD va HK . Mit khac ta d& chtig minh duoc AHDK 1 hinh binh hanh. Nén dau “ =
” xay ra khi I 13 trung diém HK , khi d6 diém M =H .

2. Trong mot duong tron, duong kinh 1a day cung 16n nhat.
3. Cho duong tron (O;R) va day cung BC cb dinh. Piém A di chuyén trén cung BC
khi d6 dién tich tam giac ABC 16n nhat khi va chi khi A 1a diém chinh giita cung BC .

Chirng minh:
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Trwong hop 1: Piém A thudc cung 16n BC .
. X 1 ..
Ta dung duong cao AD cua tam giac ABCthi S,,. = EAD.BC . Do BC khong do6i nén

S 16n nhit.

ABC

Khi va chi khi AD 16n nhit. Goi M 13 trung diém cta BC

BC*

thi AD < AM <AO+OM =R+ ,|R* — 1
1 , BC’ £ a2 S TSI ;

Suy ra SABCSEBC R+ ,|R - 1 . Dau dang thuc xay ra khi va chi khi D=M va

O,M, A thang hang. Hay A = A la diém chinh gitra cung 16n BC.

Trwong hop 2: Piém A thudc cung nho BC.
Goi I la giao diém cia AO véi day cung BC.

Taco: AD+OM <Al +I0=R=>AD<R-OM.Vay S

ABC —

2
<lBC R— RZ—BC .
2 4

Déu dang thirc xay ra khi va chi khi D=/=M.Hay A= A la diém chinh gitra cung
nho BC.
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4. Cho dudng tron (O;R) va day cung BC c6 dinh. Piém A di chuyén trén cung BC
khi d6 chu vi tam gidc ABC 16n nhét khi va chi khi A 14 diém chinh giira cung BC .

Trwong hop 1: Piém A thudc cung 16n BC .

Ta c6 chu vi tam gidc ABC bang: AB + AC + BC.

Do BC khong doi nén chu vi tam giac 16n nhat

khi va chi khi AB+ AC 16n nhat. Dé tao ra AB+ AC ta lam nhu sau: Trén tia ddi ctia
tia AB lay diém N sao cho AN=AC khi d6 ta c6: Tam gidac NAC can tai
A va ANC :%BAC khong d6i. Suy ra diém N thudc cung chira goc %BAC dung

trén doan BC (phan nita mdt phang bo BC ¢6 chita diém A). Ta co:
AB+ AC =AB+ AN = BN. Nén AB + AC 16n nhét khi va chi khi BN 16n nhé‘[, tic la

BN 1a duong kinh cuia duong tron chtra cung chira goc %BAC dung trén doan BC

(phan  mia  mdat  phang bo  BC ¢ chita  diém  A)  hay
BCN=90"< N=N, Do AN, =AC, tam gidc BCN, vuong tai C suy ra
AN =AC=ABhay A =A ladiém chinh giita cung 16n BC.

Truong hop A thudc cung nhé BC ta cling lam tuong tu.
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Vidu5

Cho nira duong tron tAm O dudng kinh AB=2R, diém M nam trén nira duong tron
sao cho AM =R,N 1a diém nam trén cung MB (N khic M, B). Goi I 1a giao diém
cua AN,MB,H 14 hinh chiéu vudng goc cua [ trén AB.

a. Chung minh: Tt giac HINB ndi tiép.

b. Ching minh: /H 1a phan giac cua goc MHN .

c. Khi N di chuyén trén cung MB . Chting minh rang: Pudng tron ngoai tiép tam giac
MHN ludn di qua hai diém c6 dinh.

d. Tim vi tri cia diém N trén cung MB dé chu vi t& gidc AMNB 16n nhit.

Hudéng dian

Diém N nim trén (O) nén ANB =90’

Xét tir giac IHBN c6 IHB + INB =180"

Nén tir giac HINB ndi tiép (tong hai géc doi bang 180°).
Suy ra: JHN =IBN (1) (cung chan cung IN)

Chtrng minh tuong tu cau a, ta cling co:

AMIH i tiép suy ra IHM =IAM (cing chdin cung IM) (2)
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Mit khéc tir gidc AMNB ndi tiép nén: MAN =MBN  (3) .

Twu (1), (2) va (3) suyra IHM =IHN . Hay [H 1a tia phan giac cua MHN .

c. Vi AM =R = AM =OM =0OA nén tam gi4ac AMO déu, suy ra diém M 1a diém cd
dinh.

T ching minh & cau B ta suy ra MHN =2MAN, mit khiac ta cling co:
MON =2MAN (tinh chdt géc & tam). Suy ra; MHN = MON hay t&r gi\c MOHN noi
tiép (hai dinh lién tiép O,H cting nhin canh MN nhitng géc bang nhau). Tt d6 sy ra
duong tron ngoai tiép tam MHN luon di qua hai diém c¢d dinh O,M .

Vi MAB =60" = MNB =120°,MB =\AB* — AM* =\J4R* —R* =[3R

Do MB khong ddi, MNB =120°, trén tia d6i cia NB lay diém K sao cho NK = NM
thi tam giac MNK can tai N

MNK =180" — MNB =60° nén tam giadc MNK déu suy ra MKB=60". Suy ra diém
K nim trén cung chua goc 60° dung trén doan MB (phan nita mdt phing bo MB

khéng chira A). Tia AM cat cung chira goc tai K, thi MK B=90". Ta tinh dugc:

MB R3
=———= =2R.
sin60 ﬁ
2
Chu vi t gidac AMNB =AM + MN + NB + BA=3R + NM + NB.
Suy ra chu vi tir gidc AMNB 16n nhat khi va chi khi NM + NB 16n nhat.

Theo cach dung trén ta c6: NM+MB=KB<KB=2R= Chu vi to¢ giac

K,B

3R+ NM + NB<5R, ddu dang thiic xay ra khi va chi khi K =K,. Khi d6 diém N

chinh 1a giao diém cta K.,B v6i (O) hay N=N, la diém chinh gita cung nhé MB.

Vidu 6
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Cho duong tron (O;R) va day cung BC(BC #2R) c¢b dinh. Piém A di dong trén cung
16n BC sao cho tam gi4c ABC nhon. Cac duong cao AD,BE,CF cit nhau tai diém
H.Goi N 1a trung diém cua EF .

a. Chimg minh: R.AN = AM.OM vé6i M 1a trung diém cta BC.

b. Chimg minh: R(EF + FD +DE)=2S,,.. Tim vj tri diém A d€ EF + FD + DE Ién

nhét.

Huéng din
R' 12 ban kinh duong tron ngoai tiép tam giac AEF
thi R'ciing 1a ban kinh duong tron ngoai tiép tr giac

AEHF /

Suy ra R'=ATH=0M (hoc sinh tw chitng minh tinh chdt [ a

quen thugc nay)

Ta cd AAEF «» AABC nén % :% hay R AN=AM.R' \

cht y ring R'=OM = R.AN = AM.OM.
Goi P,Q lan luot 13 trung diém cia AC,AB.Taco:

28,0 = 2(SOBC +S,04 + SOAB) =OM.BC +OP.AC+OQ.AB. Tucauataco:
RAN =AM.OM < OM = R.ﬂ = R.E, tuong tur ta cling co:
AM BC
DF DE

OP=R.=— ,00=R.=~
AC AB

Thay vao ta c6 : 2S,,. = R(EF + FD+ DE). Do R khong d6i nén EF + FD +DE 16n
nhat khi va chi khi S,,. 16n nhat. Hay A 1a diém chinh gitra cung 16n BC

Lap luan theo cach khac:
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Chirng minh: OA L EFsUy ra S,... =%OA.EF , tromg tu ta c0: S, =%OB.DF :

Scpoe = %OC.DE tir 6 suy ra 2S,,. = R(EF + FD + DE). Do R khong d6i nén

EF + FD + DEl6m nhat khi va chi khi S,,. 16n nhit < khoang cich tir diém A dén
BC 16n nhat. Hay A lz‘lvdiém chinh giira cung lo6n BC. A
Ngoai ra ta ciing c6 thé giai theo cach khac:

Ta thay cac diém B, F, E, Cnam trén dwong

tron tam M duong kinh BC.

Do BC khong déi nén BAC khong doi. F
Ta c6 ME, MF la cac tiép tuyén caa duwong

tron ngoai tiép tir giac AEHF nén MFE = BAC

khéng dbi. Suy ra EMF = 90° —¥ khéng dbi. "N\° M
suy ra do dai EF khong doi.

Goi K 1a diém ddi xirng véi E qua BC thi EDC =KDC . Ta lak¢o
EDC = EHC = FHB = FDB. Suy ra EDB =KDM nén F, D, K thang ha
Ta c6 chu vi ADEF16n nhat khi va chi khi DE + DF16m nhat. Tir cac chirng minh
trén ta co:

DE + DF = FK<2R’ = BC. SUy ra DE + DF lén nhét khi va chi khi D=1 hay A 12
diém chinh giira cung l6nBC.

Cung c6 the tiep can bai toan theo hwéng khac: A

P, Qlan lwot 13 hinh chiéu vudng géc ciia '

B, CtrénEF. Ta c6 cac tinh chit quen thudc ‘}
A
AN g1LaAT E7

FH, DHIan lwot 12 phén gidc trong cac géc

EFD, FDE suy ra FB, FDlan lwot 1 cac dwong

phén giic ngoai ciia EFD, FDE . Ha BX, BY lan v

lwgt vudng géc véi DE, DFthi suy ra Fe "”1 ” m

FP=FY, DX=DY, EP = EX (tinh chit mét diém ninGa s

canh).

Ta cd: Chu vi tam giac DEFla

2p = DF + EF +DE = YF + DX + EF + DE = FP + EF + EX >
Hoan toan twong tw ta cung c6:2p = 2FQ. Suy ra

4p— 2(EP + FQ) = 2(PQ+2EF) = 2p = PQ + 2EFsuUyraDE + DF = PQ. Mit khac
PQ <BCnén chu vi tam giac DEFlén nhat bang EF + BCkhi Va chi khi

PQ // BChay A la diém chinh giira cung 16n BC.

oe

B\

Vidu7
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Cho nira duwong tron tam O duwong kinh AB = 2R.EFla day cung di djng trén nira
dwong tron sao cho E thudc cung AF va EF = % Goi H 1a giao diém cua

AF, BE, Cla giao diém ciia AE, BF, |12 giao diém ciia CH, AB.

a. Chirng minh 4 diém A, C, F, | cing nam trén mdt dwong tron.

b. Chirng minh: AEAC + BF.BCcé gia tri khong doi khi EF di chuyén trén nira
dwong tron (O). Puong thang AF cit tiép tuyén tai B & N, cac tiép tuyén tai A, F
ciia (O) ciat nhau & M. Chirng minh: ON 1 MB.

¢. Xéac dinh vi tri EF trén nira dwong tron dé ti giac ABEF c6 dién tich 16m nhit.

Giai
a, Vi cac diém E, F nim trén nira dwong tron duwong kinh ,\‘,]“B nén
AEB = AFB = 90°(G6cC ndi tiép chin nira dwdng tron).
Do C la giao diém ciia AE, BF suy ra
BE_L AC, AF L BC suy ra BE, AF cit nhau tai
diém H 13 truc tAm tam giac CAB suy ra CI L AB.
T gidc ACFI cO AFC = AIC =90° suy ra tir giac
ACFI 1a tir giac ndi tiép (Hai dinh lién tiép F, I cung
nhin AC goc 90°).
b, Xét tam giac vuéng ACI va tam giac vuéng ABE ta co

AIC = AEB =90°, CABchung. Suy ra AACI - AABE do d():%

Twong ty ta ciing c6: BC.BF = BI.AB. Cong hai dang thiiq
AEAC + BFBC = AB(AI + BI) = AB%= 4R?.
¢, Xét tam giac MAO va tam giac ABN, Ta c6: OAM = NBA
phu véi NAM )

Tir dé suy ra AMAO” AABN (0.0) suy ra MA_AB _ MA _20B hay MA_ OB
MO BN " 1,; BN AB BN
2

= AMAB” AOBN (C.g.C), suy ra NOB+MBA=BMA+MBA=90" hayON L MB.
¢, D& thdy: Tam gidc OMN I3 tam giac déu ¢6 canh MN = R. Goi K 12 trung diém
cua EF

= 0K =

R* 3R’

thioK L EF. Tir d6 ta tinh dwgc: OK* = OE* = KE* = R* — n @.Tam

giac

2 X
OMN c0 dién tichb la: S, =%OK.EF = V3R . .Dung EX, FYlan lwgt vuong goc vai

4
AB tai E, F thi

tir giac EFYX1a hinh thang vuéng, dung KP | ABsuy ra P la trung diém XY nén
KP l1a duwong

Lién hé tai liéu word todn SPT va zalo: 039.373.2038



Website: tailieumontoan.com

trung binh hinh thang EFYX. Ki hiéu S, S, 1an lwot 1a dién tich ciia cac tam giac
AOE, BOFthi

S, = %OA.EX = % REX;S, = %OB.FY = % RFY.Taco: S, =S,+S,+S, ma S, khong doi
nén

S,es 10m nhat khi va chi khi S, +S,16n nhat. Ta cé:

S,+3S, :%R(EX+ FY) :%R.ZKP =R.KP.

Trong tam gi4c vudng OKPta cé: KP < KO =§ R.Suyras,+S, < ? R2. Déau bing
Xay ra

khi va chi khi P=0 < PK | EF < EF//AB. Vay GTLN cia S, la % R? Kkhi va chi
KhiEF//AB.

Vidu8

Cho dudong tron (O; R) c6 duwong kinh AB, Cla trung diém ciia OA va day

MN L OAtai C. Goi K 1a diém tuy ¥ trén cung nhé BM, Hla giao diém

ciaAK, MN.

a. Chirng minh: BCHK Ia tir gidc ndi tiép. ,

b. Tinh AHAK theo R. Xac dinh vi tri K dé¢ KM+KN+KBI1én nhat. Tinh GTLN dé.

Giai

o
A

N
a, Do K nim trén (O;%} — AKB=90°. Lai ¢6 HCB = 90°(gia thiét) suy ra

AKB +HCB =180°nén tir gidc BCHK néi tiép (Tong hai géc ddi bang 180°).
b, Ta cd AACH - AAKB (g.g) nén %:% = AH.AK =AC.AB =§.2R =R’
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¢, Pay 1a mot ciu héi kha hay. Néu biét dinh ly Ptolemy hoic dinh ly Shooten thi
bai toan dugrc giai quyét.

Céch tiep can thir nhat:

Nhan thay tam giac BMN cén tai B va tam giac AMO deu (do AMO can tai O va
tai M) suy ra tam giac BMN déu nén NKB :%sd‘ NB = 60°. Trén day KN liy diém P

sao cho KP =KBthi tam giac KPBdéu. Xét tam giac MKB va NPB ta

c0: KB = BP, MB = NB, MKB = NPB =120°suy ra

AMKB = ANPB(C.g.C)=KM = PN = KM + KB = KN. Viy KM + KN + KB = 2KN.
Dé thay KN <2RNénKM+KN+KB<4R, dau bang xay ra khi va chi khi

K, O, Nthang hang. Tir dé suy ra diém K la giao dieém cua NO véi (O) (K khac N

).
Céch 2. Dung dinh 1y Ptolemy.

5. DUng cac dinh 1y hinh hoc, két hop véi bat dang thirc co dién AM—GM, Cauchy-
Schwarz.
Dé gidi quyet tot cac bai toan dang nay nguoi gidi can nadm chac cac két qua.

a. Pinh 1y Ptolemy cho tir gidc noi tiép: Cho tir giac ABCD ndi tiép trong duong
tron (O). Khi dé ta c0: ABCD+AD.BC = AC.BD.

Ching minh

Trén dwong chéo BD liy diém E sao cho DAE = BAC.Ta ¢4 DAE=BAC Va

ADE = ACB (cung chin AB) nén AADE - AACB (g.g) :%:%: ADBC = ACDE
(1). Do DAE = CAB

NeNDAC = EAB, lai ¢6 ABE = ACD (ciing chin AD)

= AABE - AACD(g.9) :% =% = AB.CD = AC.BE(2).ACCD

Tir (1) va (2) suy ra ABCD+AD.BC = AC (BE+DE) = ACBD.
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Vidu9

Cho tam giac ABC déu ndi tiép dwong tron (O) ban kinh R, diém M chuyén dong
trén cung nhé BC.

a. Chung minh: MA = MB + MC.

b. Tim GTLN, GTNN cia P=MA + MB+MC.

( Trich dé tuyén sinh vao 16p 10 Truong chuyén Pai hoc Vinh 2006)

c. Tim gia tri nhé nhét ciia biéu thic: Q :%WLMLC (Trich dé tuyén sinh vao 16p

10 Truong : chuyén Lé Quy Pén - Pa Ning nim 2009)

Giai:

A

B \ / C
M
a, Ap dung dinh ly Ptolemy cho tir gidc ABMCta cO: MABC = ABMC+AC.MB.
DoAB=BC =CA. Suy ra MA=MB+MC.

b, TacOP = MA+MB + MC = 2MA. P nhé nhit khi va chi khi M = BhodicM =C.
¢, V6i moi s6 thye duwong x,y ta cé: (x+ y)(i+1j >2,\[xy.2 1 _4 Nénta suy ra
Xy \j Xy

11,4 Ap dung vao bai toan ta c6: — + 1, 4 _ 4

X Yy X+y MB MC MB+MC MA

MA < 2RNén ta suy ra—+——>-% _2r. D4u biing xdy ra khi va chi khi AM la
MA MB 2R

dwong kinh ciia (O). Hay M la diém chinh giira cung nhé BC.

Viduy 10
Cho dwong tron tim O va diém A nim ngoai dwong tron. Ké hai tiép tuyen
AB, ACv6i (0O) véi B, C 1a cac tiép dlem Trén cung nhé BC lay mdt diém M roi

ké cac duwong vuong goc Ml, MH MK xuong BC, CA, AB. Goi P, Q lan lwgt 1a giao
diém cia céac cip duong thing BM va IK, CMva IH.

Chitng minh: MI? = MH.MK.

a, Tim vi tri diem M dé MI.MH.MK dat GTLN.
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b, Tim vi tri diém M dé —= +— 1 nhé nhit.
MH MK

Giai

a, Ttr giai thiét ta c6: BKM = BIM =90°, suy ra t& gidc BKMI noi tiép.
Tuong tu cho tir gidAc CIMH, AKMH .
Vi tir gidc BKMI ndi tiép nén: MKI = MBI (cung chin cung M ).
Mit khac ta c6: MBI =MCH (tinh chét goc tao boi tiép tuyén va day cung).
Nhung MCH =MIH (cung chan cung MH ciia tir giac ndi tiép MHCI ). Suy ra
MKI =MIH
Hoan toan tuong tu ta cling c6: MIK =MHI nén AMIK # AMIH (g.9)
Suy ra ML_MH M2 = MH MK
MK Ml ) )
Tur do6 ta co MI *=MI.MH.MK . Suy ra MI.MH.MK 16n nhat khi va chi khi MI 16n nhat.
Hay M la diém chinh gitra cung nho BC.

1 £, 4% , . A 1 1
b, Ap dung bat dang thiee AM — GM ta co: L + L > 2 _2 nen —+——
MH MK ™~ JMH.MK MI MH MK

nho nhét khi va chi khi MI 16n nhat. Hay M 1a diém chinh giita cung nho BC.
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Vi du 11. Cho dudng tron O;R va mot diém M nam ngoai O . Qua M ké cac tiép
tuyén MAMB dén O ,(A B 1a cac tiép diém)

a. Puong thang qua O song song vi AB cit tia MA MB lan luot tai C,D. Tim gia tri
16n nhét cua dién tich tam giac MCD. 7

b. Gid st OM =2R va diém M co dinh. Trén duong thang d qua M vudng goc voi
MO ta lay mot diém N rdi ké hai tiép tuyén PE,PF dén O ,(E,F la céc tiép diém).
Chimg minh dwong thang EF luén di qua mot diém c6 dinh va tim vi tri diem P trén
duong thang d dé d6 dai EF nho nhat.

8, Syep = 2S,0c = OAMC =OA MA+AC

Theo bat dang thirc C6 si ta c6: MA+MC > 2/MAMC

Mat khacs ap dung hé thirc lugng trong tam giac vudng MOC ta c6: AM.AC = OA’ =R’
Suy ra S,,., > 2R?

Dau bang xay ra khi va chi khi AM = AC < AMOC vudng cén tai O hay MO =Ry?2.
b, Goi I 1a giao diém ciia EF VA MO,H la giao diém cua EF va NO.

T giac MIHN 1a tr giac ndi tiép nén OH.ON =OI.OM .

Mat khac trong tam giac vuéng NEO ta cO OH.ON =OE? =R’

Suy ra Ol.2R=R? =0l :%
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Piém | nam trén OM, Ol :% khong doi. suy ra | 1a diém cd dinh.

Vay EF ludn di qua | ¢b dinh ndm trong (0).

Ta thy EF = 2HE = 2R? —OH? nén EF nho nhat khi OH 16n nhét.

Ma OH <ol :% nén EF nho nhat bang EF :2,/R2 —RTz — R/3 khi va chi khi

H=l<N=M.
Ciing c6 thé 1y luan theo cach khac: ta ¢

[AONzZ _ p2 , 2
EE — 2HF — 20E.EN _ 2R+/ON R _oRr.J1— R :
ON ON ON

2

ON?
Suy ra EF > Ry3. D4u bang xay ra khi M=N.

EF nho nhét khi 16n nhat < ON nhé nhit. Ma ON >0OM = 2R.

Vidu 12.

Cho duodng tron tdm O duong kinh AB=2R. Cac dudng thang a,b lan luot 13 tiép
tuyén ctia (O)tai AB. Goi | la trung diém ctia OA. Ly hai diém P,Q nam trén a,b
sao cho P,Q & cung mot phia so véi AB Vva PIQ=90°. Goi H la hinh chiéu vuéng
goc ctia | 1én PQ. Chimg minh H nam trén (O) va tim vi tri ciia P,Q trén a,b sao cho
dién tich tam giac 1PQ 16n nhét.

Giai

A — S B
Hoc sinh tu ching minh AHB =90° dé suy ra H nam trén O .
Chu ¥ ring: OH = R,0H khong vudng goc voi PQ nén PQ cit (0).

R 3AP+BQ

Ta co: Sipg = Sasge — Sar — Seig = 2

Miit khéc: ta cling dé chimg minh duoc:

AIAP # AQBI :>£:@:> AP.QB =1A.IB :§R2
AP Bl 4
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Ap dung bt dang thirc C6 si ta c6: 3AP + BQ > 2,/3AP.BQ = 3R

2
Suy ra S, z%

DAu bing xéy ra khi va chi khi AP— g; AQ— % .

Vi du 13. ,

Qho tam giécr ABC vuong tai A cO AB<AC ngoai tiép duong tron tdm 0. Goi D,EF
lan luot 1a ti€p di€ém cua (O)vdi cac canh AB,AC,BC,M la diém di chuyén trén doan
CE. Goi N la giao diém cta BM véi cung nhd EF cua (O), P va Q lan luot 14 hinh
chiéu ciia H trén céc duong théng DE,DF . Xac dinh vi tri ctia diém M dé PQ Ion
nhat.

Giai

Ta co tir gidc PNQD,EDFN ndi tiép

= QPN = QDN = FEN

Tuong tu ta cling cO: NQP = NDP = NFE = ANEF # ANPQ
PQR_NQ

EF NF

Trong tam gidc vubng NQF ta cO0: NQ <NF do do ggl.

Suy ra

Nhu vdy PQ 16n nhat bang EF khi va chi khi Q=F khidé p=E
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Do P va Q lan luot 14 hinh chiéu ciia N trén cac duong thang DE,DF nén khi Q=F va
P=E thi DN 1a duong kinh cua (O). Tir d6 suy ra cach xac dinh M nhu sau: dung
duong kinh DN clia (0), M 14 giao diém clia BN VA AC.

Vi du 14.

Cho tam gidc ABC can dinh A, goi O 1a trung diém cia BC. Pudng tron (O )tiép XUc
vOl AB & E tlep xuc v6i AC ¢ F.Diém H chay trén cung nho EF tlep tuyen cua
duong tron tai H cat AB, AC 1an luot tai M,N . Xac dinh vi tri caa dlem H dé dién tich
tam gidc AMN dat gi tri 10n nhat.

Giai

A

D& thdy OM,ON lan luot 1a phan giac cia EOM, FOH

180° — BAC

Twr d6 ta c6: MON = = ABC = AMBO # AOCN (g — Q)

_MB_BO _ amcn—osoc =B BC’ =const (1)
OoC CN 4

Ta lai ¢ Su, =Sse —Sanc NN S, dat gid tri 16n nhat khi va chi khi s, dat gia tri
16n nhat.
Goi R la ban kinh cua duong tron (O), ta co:

1 1
Seac =Ssou + Suon +Syoc =5 R BM +MN +NC = R[BE+CF +2 EM +FN

Ma MN =EM +FN Va BE=CF nén
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Semnc =R BE4+EM +FN =R BE+BM +CN—2BE =R BM +CN —BE (2)

Ap dung bat dang thirc AM-GM, tir (1) va (2) suy ra:

Sewc >R 2JBMCN —BE =R BC —BE DAu “=" xdy ra khi va chi khi BM =CN < MN // BC
khi va chi khi H 1 giao diém cta dudng trung truc ciia BC véi (0).

Vay dién tich tam gidc AMN dat gia tri 1on nhatkhi H 1a giao diém cua duong trung
tryc cua BC voi (O).

Vi du 15.
Cho duong tron (O) va diém A nam ngoai (0), ké céc tuyén AB,AC dén (0)(B,C la
tiép diém). ,
a. Chimg minh: ABOC la tir gidc ndi tiép. ‘
b. Goi E la giao diém ctia BC va OA. Chitng minh rang: BE L OA va OE.OA=R?
c. Trén cung nhé BC cua (O)léy diém K tOy y(K khéac B,C). Tiép tuyén tai K cia
(0) cat AB,AC lan luot tai P,Q. Chirng minh rang chu vi tam gi4c APQ khong d6i khi
K di chuyén trén cung nhé BC.
d. Puong thang qua O vudng goc véi OA cit cac dudong thang AB,AC lan luot tai
M,N . Chimg minh ring PM +QN > MN

(Trich dé TS Iop 10 TP Ha Néi — Nam 2009)

Giai

N
P
]

a. Vi AB,AC la céc tiép tuyén (O) nén ABO = ACO =90°

Lién hé tai liéu word todn SPT va zalo: 039.373.2038



Website: tailieumontoan.com

T gidc ABOC €O ABO+ACO=180° nén ABOC la tir giac ndi tiép(tong hai goc ddi
bang 180°)

b. Theo tinh chat 2 tiép tuyén cat nhau: ta c6 BC L AO tai E. Ap dung hé thirc lugng
trong tam giac vuéng ABO ta c0: OE.OA=0B? =R®

c. Vidiém A co6 dinh ndm ngoai (O) nén AB,AC co dinh.

Suy ra AB+ AC khong d6i. Theo tinh chit 2 tiép tuyén cat nhau ta c6 PK = PB;QK =QC
Suy ra chu vi tam gidc APQ 14 AP+AQ+PQ=AP+AQ+PB+QC = AB+AC khong dbi.
d. Gia sir BK cét PO tai I, CK cét OQ tai J thi KIO=KJO=90°.

Suy ra tt giac KIOJ ndi tiép nén KOJ =KIJ =QKC = KBC = 1J//BC hay 1J L AO

Tir d6 ta c6: BPO=BKO=1J0=90"-JAO=QON .

Xét AMOP va ANQO ta c6: PMO=0ONQ va MPO =QON

2
Suy ra AMOP # ANQO (g-g), khi do: mzﬂj PM.QN =OM.ON = MN
OM ON
, PM +QN)’ 2 2
Tacung c6 PM.QN it ZQ ) _ (PM ;QN) > MN” . pM +ON = MN

Dau bang xay ra khi va chi khi PM =QN < PQ//MN hay K 1a diém chinh giita cung
nhé BC.

Vi du 16.

Cho .duf(‘)’ng tron (O;R) va duong thang (d) khong cat (0), diém M nim trén duong
thang (d), qua M dung céc tiép tuyén MA MB dén (O;R) (AB la tiép diém). Goi H la
hinh chiéu vudng goc ciia O Ién (d). Cac duong thang OH,0OM cat AB lan luot tai
I,K . Tim vi tri coa diém M 1én (d) dé dién tich tam giac OIK 10n nht.

Giai
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Ta c6: OA’ =01.OM =OK.OH
suy ra ok =22 _ R" hong ddi(oH khong dbi)
OH OH
1 1

Dién tich tam giac OIK la: S, :EIK.IOSZ(IKZHOZ):%OKZ

4

Tuc 1a: Sy, < %. Dau bang xay ra khi va chi khi IK =10. Suy ra tam gi4c KIO

vubng can.
Suy ra KOI =45°=OMH =45°, tirc la diém M cich H mot doan OH .

Vidu 17
Cho E‘Iu’(‘mg tron (O;R), hai dudng kinh AB, CD vudng géc véi nhau. Lay diém M bat
ki thugc doan OA (M=O;A). Tia DM cat duong tron (O) tai N.
a. Chirng minh: Tt giac OMNC ndi tiép.
b. Ch&ng n}inh: DM.DNzDO,.DCzRZ. , ,
c. Tiép tuyen tai C cua (O) cat tia DM tai E, dudng tron ngoai tiép ACDE cat BC tai
F. Chirng minh: DF // AN.
x OM OP

d. Nbi B v6i N cit OC tai P. Tim vi tri diém M dé ——+—— nho nhat.
AM CP

Huéng din giai:
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a. Tr gidc OMNC €0: MNC = COM = 90° E c
nén MNC +COM = 180°

— T gidc OMNC ndi tiép (tong hai goc

dbi bang 180°) N
b. Xét ADOM vudng va ADNC vudng »
c6: DOM =DNC=90°, NDC chung

= ADNC# ADOM(g.g) A iy oh
DN _ DC
="
DO DM

= DM.DN =DO.DC =R.2R =2R?
. Xét AECD vuéng tai C ¢c0: MO // EC,

O la trung diém CD

= M la trung diém ED

— dudng tron ngoai tiép AECD chinh 1a duong tron (M,MC)
Tt gidc DFEC noi tiép = DEF =DCF (cung chin DF)

T gidc DNCB nodi tiép = DNB=DCB (cung chin BD)

= DNB = DEF(= DCB) = BN // EF

Ma NB L AN, EF L DF

— AN//DF (tlr vudng goc dén song song)

d. Ta cé: OM OP ~ OA- AM OoC-CP  OA OC
AM CP AM cp AM CcP

Ta co: BPD =Esd(NC+BD) =1sd(NC+BC) —~MDB, PDB =MBD = 45°

Suy ra AMDB+~ ABPD = MB _DB = MB.DP =BD’ =2R*. Ta c0:
BD DP

AM = AB—MB,CP =CD-PC

= AM.CP = (2R —~MB)(2R - DP) =4R* + MB.PD - 2R (MB + PD) = 6R* —2R (MB + PD).
Theo bat dang thtc AM-GM ta c6: MB+DP >2JMB.DP =22R

Suy ra AMCP <6R® ~4v2R® =2R* (3-212) =2(v2 - 1) R’

Theo bat dang thitc AM-GM ta co:

OA OC_, [0A.OC _ 2 P
AM CP - \} M.CP «/AMCP \/ Rz (Ji—l)

Dau dang thirc xay ra khi va chi khi
OA_OC_2+v2 _ .\ 20A 2R (23R
AM CP 2 2442 2+l
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Suy ra diém M nam trén doan OA sao cho AM =(2—\/§)R.

Vay GTNN cua %4‘% la 2++2

cr
Vidu 18
Cho tam giic ABC noi tiép (O;R) va ngoai tiép (I;r). Chimg minh ring: Rys

r
Giai:

Ta can tim moi lién h¢ gitra hai ban kinh R,r. Q
Gia str Al kéo dai cat (O) tai P. OI cat (O) tai A
M,N. Ha IK L AB, dung duong kinh PQ cua
(0). ‘ N
Taco I nam trong (O)
va IPJA = IMIN = (R -OI)(R +OI) =R* ~OF.
Mat khac ta cling c6 AAKI—~ AQCP nén B WC
5 = E < TAPC=2rR.
1A PQ P
Nhung ta dé chimg minh duoc: PC =PI suy ra IAIP=2Rr hay 2Rr=R>-OP

SR —2Rr=0P 20 X2 . Dau bang xay ra khi va chi khi O=1 hay AABC déu.
r

Vidu 19:

Cho hai duong tron (O) va (O')cit nhau tai A,B. Mot cét tuyén qua A ct
(0),(0")lan lugt tai M,N (M nam ngoai (O'), N nim ngoai (0)). Céc tiép tuyén ctia
(0),(0")tai M,Ncét nhau & P. Tim vi tri cta cat tuyén MAN dé ban kinh duong tron
ngoai tiép tam giac MNP16n nhat.

Giai
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Do MP,NP lan luot 1a cac tiép tuyén cua
(O) va (O")nén ta co:

PMN +PNM = MBA + NBA

Hay 180° — MPN = MBN => MBN + MPN = 180°
Suy ra PMBN la tr gidc ndi ti€p.

Tur do ta co:

MPN + NPB = MNB + NMB :%AOB+%AO’B

khong d6i

Suy ra MPN khéng d6i. Goi R 12 ban kinh
duong tron ngoai tiép tam giac MNP, ta co:
MN =2R.sinMPN . Suy ra R 16n nhat khi MN 16n nhat. Goi H,K 1an luot 14 trung
diém ciia AM,AN ta suy ra MN =2HK . Dung OE L O'K thi OE=HK.

Ta c6 MN =2HK = 20E <200'. D4u bang xay ra khi va chi khi E=O' hay MN L AB.

Vi du 20

Cho tam giic ABC ¢6 3 gbc nhon, noi tiép duong tron (O). Cac dudng cao

AM,BN,CP cuia tam gidc ABCcung di qua diém H. Goi Q 13 diém bat ky trén cung

nho BC (Q khac B, Q khéc C). Goi E,F theo thir tir 12 diém d6i xtmg ctia Q qua Cac

duong thang AB va AC.

a. Chirng minh MHMA = MP.MN

b. Ching minh ba diém E,H,F thang hang

c. Goi J 1a giao diém ctia QE va AB, I 1a giao diém ctua QF va AC. Tim vj tri ctia

diém Q trén cung nhé BC dé (ﬁ+£j nho nhat.

Q

(Trich dé tuyén sinh vao 16p 10 chuyén Todn truong THPT chuyén Ha Noi Amsterdam

2016)

Giai

a, Xet tam gidc MHB va tam gidc MNA, ta co:
APMC, MHCN n0i ti€p nén A
AMP = ACP = NMH, MPH = HAN S
N&N AMHP —~ AMNA = o5 _ MP

MN MA N
hay MHMA = MN.MP. P
b, Dung QK 1 BC ta c6 céc tir H
giac JBKQ, QKIC, ABQC ndi tiép
nén ta c6 thé bién d6i goc sau:
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JKQ=JBQ=ACQ=180"-QKI hay JKQ-+QKI =180’

nén J,K,I thing hang.

Gia st tia CH, BH cit (O) tai giao diém thtr 2 1a R,S thi RAB=RCB=HAB, tuong tu
RBA =HBA nén suy ra H ddi xtimg véi R qua AB, twong tu H di xtmg véi S qua
AC.

Ta 6 tir gidc ERHQ 13 hinh thang can va ttr gidc CRBQ,KBJQ noi tiép nén
HEQ=HRQ=CBQ=KJQ nénsuy ra HE // KJ, chirmg minh tuwong tu ta c6: HF // KI
ma 1,],K thing hang nén suy ra E,H,F thang hang.

¢, Trén BC ldy diém T sao cho QCT =QBA suy ra AQBA - AQCT, QJ,QK la céc

AB TC AC TB
duong cao tuong rng nén suy ra — =—— (1), twong tu ABQT -~ AAQC =
Q QK Q QK
AB AC TC TB BC AB AC

(2). Tir (1) va (2) tasuy ra Q] ol QK oK~ OK suy ra §+E nho nhat khi va

chi khi % nho nhét, hay QK 16n nhit suy ra Q 1a diém chinh giita cung nhé BC.

6. Bat ding thirc Erdos-Mordell o ‘

Cho tam giac ABC va M 1a mot diém bat ki nam trong tam giac d6. Goi R_,R,,R,
theo thir tw 1a khoang cach tir M dén cac dinh A, B,C. Con d_.d,.d. lan luot 1a khoang
cach tir M dén cac canh BC, CA, AB. Khi d6 ta c6 bt dang thuc:

a, R, +R, +R >2(d, +d, +d,)

b, R, R,R_>8d. d,d..

Pang thirc xay ra khi va chi khi tam giac ABC déu va M 1a tAm cua tam giAc.
Huwéng dan giai: , 7 ’ 7

a) bat BC=a, CA=b, AB=c. Lay diém M, doi xtmg vdi diém M qua duong phan
giac trong ciia BAC. Dung BH L AM, va CK L AM,. Gia sir AM, cat BC tai D.

Khi d6 BD>BH, DC>CK. Pang thtic xay ra khi va chi khi AD 1 BC hay AM, L BC.
T do tacod a>BH+CK < aR, >2S,,, +2S,q, (chuy rang AM, =AM =R ) hay

aR, >cd, +bd..

T do R, zgdb+§dc ).

Tuong tu ta cO R, 2%dc +%da 2), R,>24d, +Eda (3).
C C
Cong theo vé cac bat dang thirc (1), (2) va (3) ta thu dugc
R, +R, +R_>d, (E+£j+db[a j+d (a bj>2(d +d, +d.)
c b c a b a
(Str dung bat dang thitc AM-GM dang x+y > 2@ cho cac biéu thirc trong ngoic).
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Ping thirc xay ra khi va chi khi a=b=c, déng thoi M, 1a tryc tdm cuia tam gidc ABC.
No6i cach khac, M, (va do d6 ca M) 1a tim ctia tam giac déu ABC.
b) Tir cach chirng minh bt dang thirc Erdos — Mordell ¢ cau a) ta co
R,>Sd, +2d. (1): R,22d +5d, (2); R 224, +2d, (3).
a a b b C C

Nhan theo vé ba bat ding thuc trén ta duoc
R R, R Z(Edb +9dcj(3dc +£daj[3db +Edaj.
a a b b C C
Ap dung bit ding thirc x+y>2,/xy ta co
> 2\/&1b by -2\/3dc 4, -2\/3db Py _sddd.
b " b

a a C C
Suy ra di€u phai ching minh.

Vi du 21
Goi I 1a tam, r 14 ban kinh dudng tron noi tiép tam giac ABC. Chirng minh rang diéu
kién can va du dé tam giac ABC déu la TA+IB+IC=6r.

B H C

K¢ IH,1J,1K Theo thir tu vudng goc véi cac canh BC,CA,AB . TacO IH=1J=IK =r
.Ap dung bt dang thirc Erdos — Mordell cho diém | trong tam gi4c ABC, ta thiy
IA+I1B+I1C>2(IH +1J + 1K) =6r .Dang thirc xay ra khi va chi khi tam gidc ABC déu .

Noi cach khac , diéu kién can va du dé tam gidc ABC déu 1a IA+1B+IC =6r .

Vi du 22
Gia sir M 1a mot diém bat ky nam trong tam giac ABC. Goi r 1a ban kinh duong tron
ndi ti€p tam giac . Chung minh rang IA+IB+I1C >6r . Pang thirc xay ra khi nao?

Giai

Lién hé tai liéu word todn SPT va zalo: 039.373.2038
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M

X

1 o
B H Al c

Goi X, ¥, Z lan luot 1a khoang cach tir M dén cac canh BC, CA, AB. Ké AH vudng goc
véi BC, MA vudng goc BC. Khi d6 ta c6 AM +MA > AH. Tir d6 AM ZZZ—AC;BC—X |

Tuong tu, BM zzsic—y;CM zzsﬂ—z.
CA AB

Cong ba vé bat dang thirc vé theo vé ta dugc
1 1

MA+MB+MC >2S,. (¥+a+%j—(x+y+z) =

r(BC+CA+ AB)(—+—+L)—(x+y+z) 1)

Ap dung bit dang thirc AM — GM ta dugc : (MA+MB+ MC)(—+—+—]29 (2)

.Ap dung bt dang thirc Erdos — Mordell cho diém M déi véi tam giac ABC ta co :
MA+MB+MC >2(x+y+z) (3). Tu(1),(2),(3)suyra
MA+ MB + MC)

MA+MB +MC >9r —[ hay MA+MB+MC >6r. Pang thuc xay ra khi va

chi khi tam giac ABC déu ( dpcm).

Vidu 23
Gia st H 1a truc tdm cua tam giac nhon ABC. Goi1 D, E, F lan luot 1a trung diém cua
BC,CA AB; R la ban kinh duong tron ngoai ti€p tam giac ABC. Chung minh

HD + HE + HF Z%R.

Giai
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Goi O 1a tam duong tron ngoai tiép tam giac ABC, K 1a diém dbi xtmg véi H qua BC
suy ra K nam trén (O) va HD=DK

Ap dung bat dang thirc cho 3 diém bat ky ta co:

HD+OD=DK+0D2>0K =R

Suy ra HD+HE + HF =3R—(OD+OE+OF) (1)

Ap dung bat dang thitc Erdos — Mordell cho diém O nam trong tam gidc ABC ta co:

OD +OE +OF ng% (2)

Twr (1) va (2) suy ra HD+HE + HF zgR (dpcm).

Pang thure xay ra khi va chi khi tam giac ABC déu.

Vi du 24

Cho tam gidc nhon ABC noi tiép dudng tron (O;R) cac dudng cao AA,BB,,CC, cit
nhau tai H.

a, Gia stt BC c0 dinh, diém A chuyén dong trén cung 16n BC. Tim vi tri diém A dé
HA+HB+HC 16n nhat.

b, Ké 00, vuéng goc vo1 BC, 00, vudng goc voi AC, OO0, vudng goc vol AB. Ching

minh rang : HA +HB, + HC, <00, + 00, + 00, s% .

Giai:
a, Ta co tinh chat H thudc dudng tron cb dinh (M5R) (M* 1a diém ddi xtng véi O
qua BC) ma BC la day cung ¢ dinh ctia (M ;R)nén

BHC  khong ddi suy ra EHC =180"-BHC =¢
khong doi. Ta ciing co: AH =20M suy ra HA c6 do
dai khong doi.

Nhu vay dé tim GTLN cua HA+HB+HC ¢ quy vé

tim GTLN ctia HB+HC
Trén tia doi cua tia HB ta lay mét diém E’ sao cho
HE'=HC = AHE'C can tai H
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diém A nam chinh gitra cung BC 14 vi tri cAn tim.
b) Ta c6 tinh chat quen thudc: HA=200,; HB =200,; HC = 200..

Ap dung bat dang thirc Erdos — Mordell cho diém H trong tam giac ABC, ta co:

HA + HB, + HC, < JAT HZB HC _ 60,400, +00,. Ap dung bét ding thirc Erdos —

Mordell cho diém O trong tam giac ABC ta c6: 00, +00, +00, < 2AT9OB+0OC _3R

2 2
(dpem) q
Cau b) thuc chat 1a dang tong quat cua cau a).
Vi du 25 , o ‘
Cho duong tron (O) duong kinh AB co dinh. Lay diém I ndm gifra A va O sao cho
2

Al = §AO. Ké day cung MN vudng goc véi AB tai I, goi C 1a diém tuy ¥ thudc cung

16n MN sao cho C khong trung véi M, N va B. Néi AC cit doan thang MN tai E.

a) Chimg minh rang tir giac IECB noi tiép.

b) Ching minh ring AM? = AE. AC.

C) Xac dinh vi tri diém C sao cho khoang cach tir N dén duong tron ngoai tiép ACME
nho nhat.

Gidi
a) Taco EIB= 90 ECB=90 = giac IECB noi tiép duong tron duong kinh BE.
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b) ta cd6 ABLMN=-AM=AN nén AMN =ACM. Lai c6 CAM chung nén AAME -

AM _ AE = AM? = AE.AC

= =
AACM(g.g) AC AM

Trén nira mit phang bd ME c6 chta diém A, ta vé tiép ‘.-"‘*‘v{r.f‘ N
tuyén Mx cua duong tron ngoai tiép AMCE , ‘ |"' N 0; _-_;__i(_
= EMx =ECM ma EMA=EMC (chirng minh céu b) /B “i’
— EMx = ECA=> MA va tia Mx tring nhau => MA la ,5 S Tg

tiép tuyén ctia dudng tron ngoai tiép AMCE. Goi O; 1a
tdm dudng tron ngoai tiép tam giac MCE => O;M «.
MA. M3t khac ta c6 BM £ MA => M, O, B thing hang Y
Suy ra NOy nho nhét khi NO; £ BM . Khi d6 ta xac

dinh duoc diém C nhu sau: Ké NO; £ BM tai O;. V& duong tron tdm O; ban kinh O;M
cat duodng tron (O) tai diém th hai 1a C.

Vi du 26
Cho duong tron (O, R) va hai duong kinh MN, PQ vudng goc voi nhau. Lay diém A
trén cung nho PN, PA cat MN tai B. AQ cat MN tai E.

a) Chung minh: OABQ Ia ttr giac noi tiép.

b) N6i AM cat PQ va PS lan luot tai C.I. Chitng minh: Tich MC.MA khéng d6i khi A
di chuyén trén cung nho PN .

¢) Chirng minh; IN=+2EN |
d) Tim vi tri diém A dé dién tich tam giac ACE 16n nhat.

Giai

Vi diém A nam trén duong tron duong Kinh

P

PAQ=90° suy ra QAB=90" TR
Taco QOB=90° (gia thiét PQ L MN ). ~ I\
Tur d6 suy ra QAB=QOB=90° => OABQ la ti S DV TAN

., e K v 4 A K ~ .‘[%';A—;""“h“ —3—> B
giac noi tiép (hai dinh lién tiép trén 1 canh OA .' 0 E/IN _
cung nhin canh BQ mét goc 90°) \
Vi diém A nam trén duong tron duong kinh = g |/
MN nén MAN =90’ S

Xét cac tam giac MAN va MOC co:
MAN = MOC =90° suy ra AMAN -~ AMOC (g.9)
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suy ra %_9 (ty s6 ddng dang) hay MA.MC= MO.MN ma MO = R, MN=2R

nén MA.MC = 2R* (khong dbi).

c. Vi PQ, MN 1a 2 duong kinh cta (O) va PQ - MN nén PMQN 14 hinh vudng.
Xét tur giac IANE.

Taco: IAE=MAQ = % MOQ =45° (quan hé gbc ndi tiép voi goc & tim chén cing 1
cung)

INE =PNO =45"suy ra IAE=INE 4, 46 |ANE Ia tir gi4c néi tiép (Hai dinh lién tiép trén
cing mot canh AN cuing nhin canh IE goc bang nhau). Suy ra

IAN + IEN =180" =- IEN =180" — IAN =180" —90° =90° , Tam gi4c IEN vudng tai E va
COINE = 45° => |EN Ia tam giac vudng can, dan dénIN=~2EN

d. Taco SACE = SAMQ — SMCDQ

Xét tam giac MQE va tam giac MCQ ta c6: MQC = QME = 45°,

MCQ :%Sd(PA—F MQ) :%Sd(PA—F MP) :%deA = MQE

suy ra A MQE -~ AMQC (g.9)

MQ _ME . ocME=MQ? =

suy ra QC - MQ suy ra Swcoo _%QC.ME =R? -

Nhu Vﬁy ta co: Sace = SAMQ — R2 nén Sace 16n Ilhét khi va chi khi SAMQ 16n nhét.
Ké AH £ MQ, goi K 1a trung diém MQ thi ta c6 OK £ MQ va

2

OK2:OM2—KM2:R2—R—\/§ R OK_‘/_R

2 2 2
Taco S, :%AH-MQ :%RﬁAH , trong tam gidc AHK ta c6: AH < AK, mit khac ta
cling €O: AK < AO+OK =R + R;ﬁ — 2+2*/§ R, Suy ra

2+\/_ _1+42
Sane <= RJ_ > R?

VayS,ce =Samo —R*< # R*—R?*= ﬁz 1'R>. Dau dang thire xay ra khi va chi khi

H=K va A,0,C thang hang. Suy ra diém A 1 diém chinh gitta cung nho PN.
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Vay dé dién tich tam giac ACE 16n nhat thi diém A phai 1a diém chinh giita cung nho
PN

Vi du 27

Cho duong tron (0) duong kinh AB va mot diém ¢ nam trén (0), lay diém M thudc
cung nho Bc ( M khéc B,C. Cac dudng thang AC,BM cat nhau tai D. Phan gi4c trong

goc BMA cit AB tai P. Tim gia tri nho nhét caa biéu thuc MANTPMB.

Gidi
Kéo dai MPcit (0) tai Q.
Tacéd: MPB=AQB ddi dinh.
BMQ =QAP cling chin cung BQ cua (O).
Suy ra AMBP ~ AAQP MB_MP _ me-MPAQ
AQ AP AP
MP.BQ

Tuong tuta co : MA= TR

Suy ra MA+MB = MPBQ MPAQ.,, [BQAQ .
BP AP BP.AP

., BP + AP)? 2
Lai c6 BP.AQS( 7 )=A§ =R?BQ=AQ=R\2.

Suy ra MA+MB >2{2MP hay MAI\;PMB >2.2.

Dau ding thuc xay ra khi va chi khi
MA=MB,BP =PA hay M la diém chinh gitra cung
BC.

Céach khac :

Ap dung dinh Iy Ptolemy cho tir gidc noi tiép
MBQA ta cO MB.QA+MAQB=MQ.BA do Q la diem
chinh gitta cung Bc nén tam giac ABQ vuodng can
tai Q SUY ra QB=QA=R+2,AB=2R din dén
MA + MB =/2MQ.

MP MP
MA+MB  2MQ

MQ_1 PR 1,99, suyra MAEMB .5 1% diu
MP ~ MP — ME MP

dang thie xay ra khi ME=0Q hay M 1a diém

Tasuy ra , dung ME L BC thi
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chinh gitra cung BC.

CHUONG VII: NHUNG PINH LY HINH HOC NOI TIENG
LPINH LY THALETS
1.Dinh ly Thalets thuan:

Néu c6 mot dudng thang song song véi mét canh cta tam giac va cat hai canh con lai
thi n6 dinh ra trén hai canh d6 nhitng doan thang tuwong ung ty I¢.

2.Dinh ly Thalets dao:

Néu mot duong thang cit hai canh cia tam giac va dinh ra trén hai canh d6 nhiing
doan thang tuong ung ty Ié thi duong thang d6 song song véi canh con lai cia tam
giac.

( Chi y néu dudng thang song song véi mot canh va cit hai canh con lai & phan kéo
dai thi dinh Iy van dung )

3.H¢ qua

Néu mot duong thang cit hai canh ciia tam giac va song song vai canh thi ba thi né
tao thanh mdt tam giac mai ¢6 ba canh twong tng ty 1€ vaoi ba canh tam giac da cho.
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AM AN

‘MB_ NC N M
AM _ AN _ MN y .
AB AC BC

AE _BF AE _BF

Cha y: Binh 1y Thalets cling dang cho hinh thang: AB // EF //CD thi ——
AD BC'ED FC

VoI
E e AD,F BC.

4. Mot sb két qua, dinh |y quan trong:
a, Cho tam giac ABC c0 0 1la trung diém
clia BC.

Mot duong thiang bat ki cit canh
AB,AO,AC tal M,N,P

khidotaco: AB AC ZAO
AM AP AN

Chwng minh:
Dung cac duong thang qua B,C song song voi MP cat Ao lan luot tai H, K.

AP _AH AC _AK

Ap dung dinh ly Thalets ta c6 —— AN AP AN cong hai dang thuc ta co:

AB AC_AH+AK pag iy AH_AO-AH AK _AO+OK \istppac

AM AP AN AN AN AN

ABOH = ACOK (.C.g) SUly ra OH ok nén 2B, AC_ AH+AK _AO-OK+AO+OK _2A0
AM AP AN AN "~ AN

(dpcm).
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b) binh ly Van —Aubel

DPiém M nam trong tam giac ABcC, A
cac duong thang AM,BM,CM cit
canh ddi dién tai D,E,F thi E
AM AF AE

MD FB EC’ M

Gial
Dung dudng thang qua Asong song véi Bc cit BE,CF lan luot tai H,K . Ap dung dinh
ly Thalets ta 0 :

AP _AK AE_AH 5ng hai ding thac ta c6 A-  AE _KH MK _ MA
FB BC'EC BC FB EC BC MC MD

(dpcm).

II. PINH LY MENELAUS
1.Dinh ly thuan

Cho tam gidc ABCva 3 diém M,N,P nam trén duong thang chia 3 canh AB,BC,AC .
Khi d6 M,N,P thing hang khi va chi khi MA NB PC_,

MB NC ' PA
Chwng minh

Dung duong thang qua Asong A
song voi BC cat duong thang
chira M,N,P tai Q. Ap dung
dinh ly Thales ta co: M

MA QA PC NC P

MB BN'PA QA

Suy ra 5 N
MA NB PC_QA NB NC _, ¢

MB NC PA BN NC QA

(dpcm).

2. Dinh ly menelaus dao
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Néu 3 diém M,N,P nam trén duong thang chaa 3 canh AB,BC,AC va m II:IICBZ %—1 thi

M,N,P thang hang.

Chwng minh:

Gia str duong thang NP cat AB tai M'. Theo dinh ly Thales thuan ta c6

M'A NB PC _

M'B'NC PA

Két hop véi MANBPC 1ta suy ra MA_MA suy ra M=M" hay M,N,P thang hang.
MB NC PA M'B  MB

3.Pinh ly Ceva:
a,Pinh ly Ceva thuan:

Ba duong thang di qua 3 dinh cua tam gidc asc dong quy hoic cling song song voi
nhau va cit cac canh AB,BC,AC (hay duong kéo dai) lan luot tai M,N,P thi ta ludn co
AM NB PC

MB 'NC PA

b,Pinh ly Ceva dao:

Néu M,N,P lan lugt ndm trén cac canh AB,BC, AC (hay duong kéo dai) va thoa man
AM NB PC

5 NG pa =1 thi cde dudng thang AN,BP,CM ddng quy hoic song song véi nhau.

A p
Q R
P M
| A

Chirng minh : Pinh ly Ceva

Gia str duong thang qua Asong song véi BC cat CM,BP lan luot tai Q,R. Theo dinh ly
Thales ta co :

MA QA PC _CB MA NB PC QA NB CB

— .Suyra —
MB NC PA BC NC AR

mat khac ta ciing co:
MB BC'PA AR

Lién hé tai liéu word toan SDT va zalo: 039.373.2038
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QA_IA_AR nén %Eﬁzﬁﬁzl (dpcm)
NC IN BN MB'NC PA BN AR
Trwong hgp: AN //BP// CN.

Taco MA_CN PC_BC o MA NB PC_CN NB BC , 4.
MB BC PA BN MB NC PA BC NC BN

Chirng minh : Pinh ly Ceva dao:

Gia sir BP CAt AN tai I, CI CAt AB tai M'. Theo dinh Iy Ceva thuan: M2 NB PC_,
M'B NC PA
két hop voi gia thidt : MANB PC ) tasuyra MA_MA gy ra m=m".
MB NC PA M'B  MB

Truong hop: AN //BP ta dé dang c6 duoc két qua AN // BP // CN.
4.Bo dé hinh thang

Cho hinh thang ABCD c6 hai day 1a AB,cD khi d6 trung diém cac canh day, giao diém
hai duong chéo va giao diém cua hai canh bén nam trén mét duong thang.

Chwng minh:
Gia st cac dudng thang AD,BC cit nhau tai M.

AC,BD cit nhau tai P, duong thang MP ct M
AB,CD lan luot 1a trung diém cua AB,CD.
That vay: Do AB // CD theo dinh li Thales ta

., AN NB AN BN ,

co: = 1), = 2). Lay (1
oD QC()QC QD() ay (1)
nhan vai (2) ta co:
2 2 A B

AN® _ NB® . AN = NB thay vao (1) ta
QCQD QC.QD
c6 QD =QC. i

Hay N,Q lan luot 1a trung diém cua AB,CD.

5. Tinh chat phan giac:
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Cho tam gidc ABC c6 duong phan A
giac trong goc A la AD va phéan
giac ngoai goc A la AE . Khi d6 ta
.. AB DB EB
co: = =—.
AC DC EC

MOT SO BAI TOAN VAN DUNG

Vidul

Cho tam gidc ABC c¢6 M 1a trung diém BC, diém N nam trén canh AB sao cho
AN :%AB,diém Q nam trén canh AC sao cho AQ =§AC, duong thang QN cét
duong thang AM va BC lan luot tai diém P,R

a) Tinh N2 PA
RC'PM
s 2 xi Lo : AB AC
b) Mt duong thang thay doi cat cac canh AB, AC tai E,F sao cho e + e =4,
Chting minh duong thang nay ludn di qua diém c¢é dinh

¢) Puong thang qua N song song voi BC ciat AC tai T. Chiing minh: CN, BT cat
nhau tai trung diém cua doan thang AM.

Giai

a) B tinh ty s0 ta dyng dwong
thang qua C song song véi AB cat
duong thang NQ tai H. Ap dung
dinh ly Thales ta co:

RC HC HC _

RB NB 2NA

~1HC 1QC _
“2NA 20A

11
22
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Céch khac: Ap dung dinh Iy Menelaus cho tam giac ABC va cat tuyén NQR ta co:

NA RB QC _
NB RC QA

1o tQC1 , RB_T
2 0A"2 RC 4
b. Gia sir duong thang EF cit doan thang AM & | . AP dung két qua ¢ cau 4a) ta co:

AB  AC_2AM M _ 4 AM =2Al, hay I 1 trung diém cia

+ = . Trdo suyra
AE AF Al o q
AM. Viy duong thang EF ludn di qua mot diém cb dinh 1a trung diém | caa AM.
c. Theo dinh ly Thales ta c6: AN AT 1 Giase CN, BT cit nhau tai diém ' va
AB AC 2

Al cat BC tai M. Theo dinh ly Van — Aubel ta c6: Al = AN + AT :£+1:1
7 ) I'M'" NB TB 2 2
= | ' 1a trung diém ctia AM'. Ap dung dinh 1y Cave cho 3 duong thang dong quy

AM ',CN, BT ta co: AN .M B.TC :1:>E.M.2:1:>M:1<:>M' la trung
7 NB M'C TA 2 M'C M'C

diém cia BC. Nhu vaytaco: M'=M,1'=1. Hay BT,CN, AM dong quy tai |.

Vidu?2

Cho tam gi4c nhon ABC c6 A=45° cac duong cao BD va CE cat nhau & H.
Puong vudng goc véi AB tai B, cat AC ¢ |. Puong vudng goc véi AC tai C, cat
AB & K. Goi F lagiao cia Bl va CK,G la giao diém cua FH va El. Chang minh
rang G la trong tdm cua tam giac AIK.

Giai
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Tam giac vuong ACK c6 A=45° nén latam giac vudng can, CE la duong cao nén
AE = EK, IE 1a duong trung tuyén cia AAIK. Ta sé chung minh IG=2GE (bang
cach chirng minh FI =2EH).

Taco FI =CF+/2 (vi ACIF vudng can), CF = BH (vi BFCH Ia hinh binh hanh),
BH = EH~/2 (Vi ABEH vuodng can), nén FI = 2EH.

Do EH // Fl nén theo dinh Ii Thales, ta c6

G :ﬂ: 2, suy ra 1IG =2GE. Vay G latrong tam tam giac AlK.
GE EH
Vidu3

Cho tam giac ABC(AB < AC), duong phan giac AD, duong trung tuyén AM. Trén
canh AC lay diém E sao cho AE = AB. Goi O,G theo thu tu 1a giao diém cua BE
véi AD, AM.

a, Chttng minh rang DG // AB.
b, Goi | la giao diém cia MO va DG. Chang minh rang DI = IG.

Giai
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K

a, Tam giac ABE can tai A, AO la duong phan giac nén BO=0OE. ABEC co OM la
duong trung binh nén OM // EC. Tam giac ABC c6 BM =MC va OM // EC nén
MO di qua trung diém N cua AB.

Qua M ké duong thiang song song véi AB, cit BO va AO theo thir tu tai H va K.
Tacé HK // AB va AN // NB nén MK = MH (theo b6 dé hinh thang).

Do HK // AB, Theo dinh ly Thales ta c6 MD = MK = MH (vi MK =MH) :M—G Tu
DB AB AB GA
MD MG

d6 ta c6 —— =—— = DG // AB (dinh i Thales dao).
DB GA

b, Tacd DG // AB va AN = NB nén DI = IG (Theo bd dé hinh thang).

Vidu4

Cho tam giac ABCvuong tai A, duong cao AH. Goi | la trung diem cua AH.
Puong vuong goc voi BC cat duong thang Bl tai D . Chang minh rang DA = DC.

Giai
Goi M la trung diém cua AC, N la giao cia Ml va AB. Tam giadc AHC c6 Ml la
duong trung binh nén MI // HC, tac la MN // BC.
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Theo dinh li Thales: b
Do AH //cD nén 2 - HB gy

ID HC A
Do MN // BC nén /
IN Al _IM N/

= = , 1
HB AH HC @) M
C
Tacla N~ HB (5 : ¥
IM  HC

Tir (1) va (2) suy ra % = % do d6 BN // DM (dinh Ii Thales d40)

Talai c6 BN L. AC nén DM L AC. Vay DM la duong trung trirc cua AC, suy ra
DA =DC.

Vidub
Cho hinh binh hanh ABCD giao 2 duong chéo 1a O, mot duong thang di qua dinh D

cat canh AB tai M, cat BC & N va cat duong chéo AC tai |, duong thang NO cit
CD tai F. Dung BE // AC, dudng thang AE cat BC tai P.

a, Chitng minh: AM.CN khong d6i.
b, Ching minh: 1D* = IM.IN .

EM _DM

EN DN

d, Chting minh: OP // DN

1_1+1
DI DM DN’

Giai

Lién hé tai liéu word todn SPT va zalo: 039.373.2038
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D F C
A M
E
N
a,DoAM//CDnéntacé:M:E:E:AMCN:AD.GD.
CD IC CN

b Do AM //cD nén: "M _IA_ID b N

ID IC IN

¢, Do BE // AC nén

MI _MA MI+MA MA+MB _EI AB CD CN IN

hay

= = & = = = = ,
ME MB ME MB ME MB MB MB EN

El _IN __ME_El _CB_DM
ME EN ~NE NI NC DN

dpcm.

Ta giac ACBE la hinh thang, theo bo dé hinh thang OP di qua trung diém cua EB

nén OP // DN.

e, Ta can chiing minh: DL Dl Tace:
DM DN

DI DI CI Al AC
+ = + = =1.
DM DN AC AC AC

DI Al

DM CA'DN AC

suy ra

Vidu6

Cho tam gidc ABC ¢ trong tAm la diém G. Goi P la diem nam trén canh BC. Céc
duong thang qua P song song véi CG, BG cat AB, AC tai E,F .

a, Chtrng minh: El :%EF.
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b, Chiang minh: IE=1J .
¢, Chung minh: PG di qua trung diém cua EF .

Giai

A

a, Goi BM,CN 1a cac duong trung tuyén cua tam giac ABC,BG cit EP tai R,CG cit

FP tai S.Vi PF //RI nén - =ER 1y vi pE /rne nen ER NG oy i)
EF EP EP NC
(2) tasuy ra ﬂ:N—G:E:> El :EEF.
EF NC 3 3
b, Chirng minh tuong tu ta co: JF = kS _MG =l:> JF :EEF tur do suy ra:
EF EP MB 3 3

El =10 =JF.

¢, Tur chitng minh trén ta co: % :g = EF //' RS. Vi RGSP la hinh binh hanh nén

GP di qua

Trung diém ctia RS nén GP ciing di qua trung diém cuaa 1J.
Chu y: Str dung bo d¢ hinh thang ta cling suy ra GP di qua trung di€ém cta 1J

Vidu 7

Cho .tam giac nhon ABC va mdt diém D bat ky thudec canh BC , 1§y mét diém E thudc
doan thang AD, F thudc doan DE . Mot dudng thang qua F song song voi canh BC
cit AB, EB, EC, AC theo thir tw tai M,P,Q,N, dudng thang MD, EB cit nhau taiR. ND
VA EC cit nhau tai S, DP va AB cit nhau tai cit AC taiH
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MP _NQ
BD DC
b, Ching minh: RS//BC
¢, Chirng minh: GH //RS.

a, Chirng minh: —

Goi K 1a chan duong cao ha tir A 1én canh BC , | 1a mdt diém nam trén AK , CAC
duong thang BI, CI cit AC, AB lan luot tai X, Y . dudng thiang BI, CI cat AC, AB lan
luot tai X,Y . Pudng thing qua | va song song v4i BC cit KX, KY lan lugt tai Z, T .
Chtrng minh: AKZT cén

Do MF//BD theo dinh 1y Thales ta co

ME _AF NF/icp= N _ AR

BD FD cD FD

Suyram=ﬁ(1) do PF//BD= - _FE
BD CD BD FD

Do FQ//cDp= 3 _FE _ PP _GQF
CD FD BD CD

Tu (1), (2)taco

MF _PF_NF _QF _MP_NQ

"BD BD CD CD BD CD

(2)

b, ta co R S
B C
D
MP//BD = w=% NQ//CD = NQ_NS_ MR _NS_ os//MN
BD RD' CD SD RD SD

Do MN//BC =RS//BC

MP GP QN

c, domp//BD=MP _SP to/icp= NQ
BD GD’

_M9 theo cauathi MP _NQ g
HD BD CD
GP _HQ_ DP _DQ
GD HD DG
d, gia sir duong thang qua | song song voi BC cat AB, AC tai L,U

Iz XZ ~ 1L XZ (VA IL Iz KC

Do 1z//KC nén —=-—, IL//BC nén = = = oS —=—()
KC XK BC XK KC BC IL BC

= GH //PQ hay GH//BC//RS

Hay 1z ::—S.IL , tuong tutaco:

T=2K @ tir(1), @) tacs: L=XC 1L hmgRE K8 pgnl2 K& L, pqy
BC IT BK IU 10) IL IT BK IU
1Z=IT . Tam gidc KZT c6 duong cao IK dong thoi cling 1a duong trung tuyén nén

tam giac KZT cantai K
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Chu y: Véi diémK tly y trén BC taludn co:1Z =1T .
A

Vidu8

Cho tam giac ABC vuong tai A . Ke dudng phan giac AD, DeBC ha

DH L AB, DK 1L AC, BK cit D tai M, CH ciat DK tai N

HM  BH

MD HA

b, chirng minh: MN //BC

¢, Goi | 1a giao diém cua KB va CH . Chimg minh: AABK ” AKAN Va Al 1BC

a, chimg minh :

Giai
a, Vi MH // AC vaBH // DK theo dinh 1y Thales ta co6 BH _BM _MH ( Bpcm)
HA MK MD

b, dé chtimg minh MN //BC ta chimng mmhm = % Ta dé chimg minh duoc tir gidc

AHDK la hinh vuéng nén HD=AK =HA=DK . Do HM//AK, DN//BH theo dinh ly

Thales ta co:

MH =MH =BM =BD=NH <:>MH =HN:>MN//BC

HD AK BK BC HC HD HC

C, Xet tam giac vubng AKN, ABK ta c0 KN _KN _NC_cD_DK _AR KN _AK
~ AH CH " CB AB AB KA AB

hay AABK ” AKAN (C.g.C) suy ra ABK = KAN nén AKB+KAN = AKB+ ABK =90° hay

AN L BK . Chirng minh twong tu ta c6: AM L CH = BK, CH chira cac dudng cao xuat

phat tir M,N cia tam gidc AMN nén CH cat BK tai | thi | 1a truc tAm cla tam giac

AMN suy ra Al L MN = Al L BC .
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C

Vidu9

Cho tam gidc ABC vudng tai A D la diém trén tia d6i cua tia BC , ké tiép tuyén DE
v6i duong tron tim C ban kinh CA( A, E ¢ khac phia nhau so v6i BC) . Puong thang
qua A vudng goc voi BC cit dudng thang CE tai F , dudng thang BF cit DE tai N
. Go1 J la giao di€m thur 2 cua duong tron (C;CA) vdi EC .

a, Puong tron duong kinh DC cat AC tai | . Chiing minh : AIFE ndi tiép.

b, Tam giac CIF cantai C .

¢, Chirng minh: M 1a trung diém cia NE.

Giai

Lién hé tai liéu word todn SPT va zalo: 039.373.2038
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a, duong tron duong kinh DC cit AC tai | nénDIC =90° = DECI ndi tiép. Suy ra
EIC = EDC =90° - ECD = CFA < AIE=AFE hay t giac AIFE ndi tiép

b, do CA=CE ma CEA =CIF, CAE =CFIl = AIF=AFI suy ra tam giac CIF céan tai C va
AE /I IF .

Ap dung dinh Iy Menelaus trong tam gidc BFC véi cat tuyén DME ta c6
.MB EF DC FE Al

i ——.—.—=1(*). Mat khac do AE//FI néntacOd:—=— do AB//DI nén
MF EC DB EC AC

pe_Ic thay vao (*) ta co MB ALIC |  MB_AC_O _ gyicem hay M la
DB IA MF AC IA MF IC CF

trung diém ctia NE

Vidu 10

Cho tamgiac ABC ngoai tiép duong tron (1 )cét duong tron ngoai tiép tamgiac ABC

tai diém D,E 13 diém trén cung BDC , diém F trén canh BC thoa min
1 5 . -2 S 2 < S ‘ :

BAF=CAE <EBAC. Goi G la trung diém FI . Puong thang El cat duong tron ngoai

tiép tam gidc ABC tai P , duong thang Al cat BC tai J , FA cit dudng tron ngoai tiép

ABC taiK cat DP tai Q .

a, Chimg minh: APQI 13 t&r gidc noi tiép .

b, Chirng minh: ADCJ ”~ ADAC.

¢, Ching minh: DG, El cat nhau tai 1 di€m trén duong trong ngoai ti€ép tam giac ABC

Giai
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a, Do AD la phén giac trong goc A nén BAD=CAD Vi BAK = CDE = KAD = EAD mat
khac EAD = EPD < EAD = EPD suy ra tir gidc PQIA ndi tiép .
b, Xét tam giac DCJ, DAC ta c0 DCJ = DAC, ADC chung nén

ADCJ ” ADAC (g,0)

c, Gid su PD cat FI tai G' . Ta chiing minh G=G'

that vay ap dung dinh ly Menelaus cho tam giac AIF va cat tuyén QG'D ta co
%.E.ﬂzl(*) tor chirng minh cdu a ta c6: AQI = API = AKE = KE //QI . Mat khéac
QF G'l DA

cling do BAK =CDE = BK =CE, KAD =EAD = DK =DE, t/ g BKEC la hinh thang can

VAEK //BC. Nhu vay QI //BC//KE

Theo dinh 1y Thales ta co % = % mat khac | 13 tdm duong tron noi tiép tam giac

ABC nén theo tinh chét phan giac trong ta cling c6 % = % do ADCJ & ADAC nén

CA_DA
Cl DC ,
=DC = DB ( Tinh chat quen thudc).
Suy ra CA_DA nhu vay : QA _1A_CA_DA_DA yra%ﬂ_lthayvao (*)taco
CJ Dl QF 3 CJ] DC DI QF D
:((33—.7=1:>G' 1a trung diém cua IF hay G=G'
Vidu 11

Cho tam giac ABC vuong tai A , dudng tron tdm B ban kinh BA va duong tron tim
C ban kinh CA catnhautai D khac A, BC cat (B) tai E, F (F namtrong (C) va
cat (C) taiM, N (M nam trong (B)). Buong thang DM cat AE tai P, DF cat AN
tai Q . Kéo dai DM cat (B) tai |, DF cit (C) tai H.

a, Chirng minh: 1B L EF. ,

b, Chung minh: Tur gidac APDQ noi tiep va PQ//EN .

IP HF _AB

¢, Chuing minh: ——
IM HQ AC

Giai
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a, ta co:

AEN +ANE=%(ABF +ACM):45°

Lai co:AEF =ADF, ANM = ADM
Suy ra IDH =MDA + FDA =45
IBF =IBA + ABF :2(ADF +ADM)=9O0

Do d6 IB L FE

b, tir a suy ra tam giac /BF vudng cantai B suyra IAE=45" suyral,A, N thang
hang

Tuong tu ta ciing ¢c6 E,A,H thang hang suy ra EAN =135° =t giac APDQ ndi
tiép suy ra APQ = ADQ = AEF nén PQ//FE.

Ap dung dinh Iy Menelaus véi tam giac PEM va cat tuyén JAN ta cO

HF AQ E s .
AQ EN 1 Nhan hai déng thire véi cha y : A2 = AE
HO AN FE AQ AN
IP HF FE
Suyra: . =
IM HQ MN

Lién hé tai liéu word todn SPT va zalo: 039.373.2038
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6. Puong thiang Ole
Trong mdt tam giac: truc tim H , trong tim G, tim dudng tron ngoai tiép tam giac O,
nam trén mot dudng thiang goi 1a duong thang Ole cia tam giac. Pong thoi ta cd

HO =3GO.

Chirng minh:

Duyng duodng kinh AN cua (O).

Vi AN la duong kinh cta (O) nén
NC L AC.Do AH 1 BC=BH //NC.
Chung minh tuong tu ta cling co

CH //NB nén tr giac BHCN la hinh binh
Hanh, suy ra hai duong chéo BC,HN cit
nhau tai trung diém M ciia mdi duong
nén N, M, H thing hang.

Ta cO MO la duong trung binh cta tam

giac AHN nén MO//AH va MO=%AH.

Goi G la giao diém cta AM va HO, do

MO//AH (cung vudng goc véi BC). Theo dinh 1y Thalets ta co: % ZI\A/I—S :%: G la
trong tAm tam giac ABC Va G, H, O thang hang. Do é—l\cﬂ; = IX‘I—S = % = HO =3GO.

(Puong thang di qua G, H, O duoc goi 1a dudng thang Ole ciia tam giac ABC).

7. Pwong thing Simson — Puong thing Steiner

a) Pwong thang Simson

Cho tam giac ABC noi tiep duong tron (O) M la diém bat ki trén duodng tron. Ké
MH, MI, MK 1an lugt vuong géc voi AB, BC, AC. Chirng minh rﬁng ba diém H, I, K

thang hang.

Chirng minh:

Ta giac MIBH c6

BHM + BIM =90° +90° =180° nén la tir
giac ndi tiép = MIH = MBH (cling chan

cung HM ), ma tr giac

Lién hé tai liéu word toan SPT va zalo: 0:
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ABMC ndi tiép nén = MBH = KCM , do d6 MIH = KCM . Mit khac tir gi\c KCMB noi
tiép vi (MIC = MKC =90°) nén KCM + MIK =180°
— MIH +MIK =180° = HIK =180°. Vay H, I, K thang hang.
Chu y: Ta co bai toan dao vé bai toan Simson nhu sau: Cho tam giac ABC va mot
diém M nam ngoai tam giac. Chimg minh rang néu hinh chiéu cia M Ién ba canh cua
tam giac ABC la ba diém thang hang thi M nam trén dudng tron ngoai ti€p ABC.
b) Pwong thang Steiner o
Cho tam giac ABC ndi tiep duong tron (O) M la diém bat ki trén duong tron. Goi

N, P,Qlﬁn lwot 1a cac diém dbi xtmg vo1 M qua AB, BC,CA. Ching minh réng

N, P,Q thang hang.
Chirng minh: ’ , 7
Goi H,I,K theo thtr tu 1a hinh chiéu ciia M Ién AB, BC, CA; th¢ thi H,1,K thang hang
(duong thang Simson). D& thiy IH 1a dudng trung binh cia tam gidc MNP nén
IH//NP. Tuong tu IK //PQ. Theo tién dé O-clit va do H,I,K thang hang suy ra

N, P,Q thing hang. Puong thang di qua N, P, Q duoc goi la duong thang Steiner ctia
diém M .
Chuy:
a) Ta co thé ching minh ba diém

N, P,Q thang hang bang cach dung
phép vi ty. Cac diém N,P,Q lan luot
1a anh cta phép vi tu timM ti s& 2, ma
H,1,K thing hang nénN, P, Q cling
thang hang. Nhu vay dudng thang

Steiner 14 anh ctia duong thang

Simson trong phép vi tu tam M ti s6 2 .
Ngoai ra lién quan dén duong thang
Simson, Steiner ciing c6 cac két qua

dep sau:
1. %ubng thang Steiner di qua tryc tim cua tam giac ABC (Olympic Nhat Ban1997).
That vay, Goi D la tryc tim cua tam giac ABC; BD;CD cat (O) lan luot tai E; F. Dé
dang chimg minh dugc E doi ximg véi Dqua AC, F doi ximg véi Dqua AB. Ta cd
FDMN la hinh thang cén va cac tir giac 1BHM; MBFC ndi ti€p nén ta CO:

DFM = DNM = MBC = IHM do d6 ND//IH.
Tuong tu ta cling c6: DQ//IK ma

H,1,K thang hang nén N, P, Q thang hang.
Noi cach khac: Pudng thang Steiner di
qua tryc tdm cua tam gidc ABC

Cach khac:

Lién hé tai liéu word toan SPT va zalo: 039.373.20:
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Goi AS,BJ,CR la cac dudng cao cua tam giac ABC,Dla truc tam.

Ta c6: ANB=AMB (tinh chat dbi xing).

Lai c6: AMB= ADJ (cung bu véi SDJ).

Suy ra ANB = ADJ nén ADBN la tir giac noi tiép, do d6 NAB=NDB. Ma
NAB = MAB = NDB = MAB.

Ching minh twong ty CDQ =CAM . Ta ¢ NDB+CDQ = MAB +CAM = BAC
— NDQ = NDB + BDC +CDQ = BAC + BDC =180°.

Vay N,D,Q thing hang hay dudng thang
Steiner di qua truc tim ctia tam . giac
ABC.
AB AC ~

2. NTREYaRYT (Olymplc Toén My
1979)
Ta lay diém T trén canh BC sao0 cho
MTC = MBA suy ra
AMBA - AMTC (g.g)
Do MH, Ml 1a cac duong cao tuong ung
nén
Taco: 22 - TC Ty cach dung H diém

MH MI
T ta cling suy ra

AC _TB
AMCA -~ AMTB(9.9) = MM
AB AC BC

Cong hai dang thirc ta co:

+ =—,
MH MK Ml
Ta xét mot vi du:

Vidul
Cho tam gidc ABC c6 3 goc nhon, ndi tiép (0). Cac duong cao AN,BM,CP clia tam
giac cling di qua diém H . Goi Qla diém bat ki trén cung nhé BC (Q#B,C). Goi E,F
1a diém d6i xtmg véi Q qua AB, AC.
a, Ching minh: MH.MA=MP.MN .
b, Ching minh E,H,F thang hang.
¢, Goi J 1 giao diém cua QE va AB, 114 giao diém ctia QF va AC. Tim vi tri diém Q
E+£ nho nhét.
Q) QI
(Pé thi vao 16p 10 chuyén Todn TP Ha Ngi ndam 2015-2016
)

Lién hé tai liéu word todn SPT va zalo: 039.373.2038
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Giai:
Cau a) Danh cho ban doc.
Goi S 1a chan duong vudng goc ha tir Q
lén BC. Taco 1,J,S thing hang (Puong
thang Simson ctia diém Q).
Ta ciing co: E,H,F thang hang (Tinh cht
duong thing Steiner di qua truc tim tam
giac).
Ta cling co: AB AC _BC 1gn 2B AC

Q Q Q  Q Qql
nhé nhat khi va chi khi (Bg_g nhé nhat. Te

la Qs 16n nhat, diéu nay xay ra khi va chi khi Q 1a diém chinh giita cung nho BC.

Bai tap tuong tu: Cho tam gidc nhon ABC ndi tiép (0), cac duong cao AE,CF cat
nhau tai diém H. Goi P 1a diém thudc cung nho BC (P khéac B,C), M,N lan luot 1a
hinh chiéu vudng goc ciia P 1én cac duong thang AB, AC.

BH 2EF

a, Chung minh: OB L EF, —=——.
BO AC

b, Puong thang MN di qua trung diém cua doan HP.
(Dé thi vao lop 10 Truong THPT chuyén Phan Boi Chau-Nghé An 2015).

Vidu2
Cho ttr gidc ABCD ni tiép (O), goi E 1a diém trén cung nhé AB. Goi H,K,P,Qlan
luot 1a hinh chiéu vudng goc cuia Btrén AC,CD, AE,DE. Goi M,N lan luot 1a trung
diém cia AD,HK .
a, Chirng minh: AD,PQ, HK ddng quy.
b, Chirng minh: MN L NB. ‘

(Dé tuyén sinh vao 16p 10 chuyén Toan- DPHSP TP Ho Chi Minh nam 2015).

Giai:
Dyng BT L AD thi T,H,K thang hang (Buong
thang Simson cua diém B). ?
Tuong tu cac diém T,Q,P thang hang.
Suy ra AD, PQ, HK dong quy tai T .
Ta co:
ADB = HKB do TDKB noi tiép.
HBK = HCK = ABD suy ra
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ABAD -~ ABHK
Suy ra ABAM - ABHN = BMA = BNH = TMNB

noi tiép = MNB =90°.

Vidu3

Cho tam giac ABC noi tiép (O;R) ¢0 truc tam la diém H, DIa diém trén cung nho BC,

ldy E sao cho CE//AD,CE = AD, goi K 1 truc tdm tam gidc ACE. Goi P,Q la hinh

chiéu vudng goc cua K trén BC, AB. Chirng minh: PQ di qua trung diém cua HK.
(Trich dé thi HSG Quéc gia 2004).

Giai:
Do K la trye tm tam giac EAC va ADCE la hinh
binh hanh nén
ACK =180° — AEC =180° — ADC suy ra tur giac
ADCK no1 tiép. Noi cach khac K ndm trén (O).
Puong thang EK cat AC tai | thi P,1,Q thang
hang (Pudng thang Simson). ,
Do KP//AH nén ta nghi dén tinh chat hai duong
chéo cua hinh binh hanh cat nhau tai trung diém
moi dudng.
Gia sit HA cit (0), PQ lan luot taiM,N do
KQBP, ABMK ndi1 tiép nén ta co:
KPQ =KBQ=KMN suy ra KPMN la hinh thang
can. Mit khac ta ciing c6 tinh chat quen thudc
laH,M dbi xtng véi nhau qua BC nén
MHP = PMH = KNH = KN //HP suy ra HPKN la hinh binh hanh. Suy ra: PQdi qua
trung diém ctia HK .

8. Duong thing Pascal 7 o

Cho 6 diém A,B,C,D,E,F cung thudc mot duong tron (c6 theé hoan doéi thi tu). Goi
P,Q,R lan luot 1a giao diém ctia mot duong thang (AB, DE),(BC, EF),(CD, FA). Khi d6
3 diém P,Q,R cung nam trén mot duong thang goi la dudng thang Pascal.

Chirng minh
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Gia st DE cat BC tai M cit AF tai N, BCcat AF taiS

Ap dung dinh 1y Menelaus cho ASMN va cat tuyén ABP ta co:
PM .AN. BS _1 hay PM _ AS.BM (1)

PN AS BM PN AN BS )

Ap dung dinh 1y Menelaus cho ASMN va cat tuyén CDR ta co:
DM .RN . CS _1 hay RN :CM . DN (2)

DN RS CM RS CS DM

Ap dung dinh 1y Menelaus cho ASMN Vva cét tuyén QEF ta co:

QM FS EN _1 hay QS :FS.EN(S)

QS FN EM OM FN EM
Mit khac cac tir giac ndi tiép nén:
SB.SC = SASF; MC.MB = MD.ME; NF.NA = ND.NE (4).

. PM RN QS
Tu (1), (2), (3), (4) tasuy ra PN RS OM =1
Theo dinh 1y ddo Menelaus ta suy ra P,Q, R thang hang.

Pudng thang PRQ ¢ trén duoc goi 1a dudng thang Pascal tuong tng voi bo
diém A B,C,D,E,F
Bang cach v& hoan vi cac diém A, B,C,D,E, F ta thu dugc rit nhiéu dudng thing Pascal
khéc nhau, cu thé ¢6 t6i 60 duong thang Pascal. Ching han v& hinh bén minh hoa
truong hop diém ACEBFD
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Ngoai ra khi cac diém trung nhau ( khi d6 luc gidc suy bién thanh tam gic, tGr gic,
ngil giac), vi du E=F thi canh EF trd thanh tiép tuyén cua duong thang tai E |, ta con
thu thém nhiéu duong thang Pascal khac nhau nita. Hinh v& minh hoa trudng hop cac
diém ABCDEE, ABCCDD .
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9. Puong thing Gauss
Cho tlr giac ABCD COAB , CD catnhautaiM , AD, BC cat nhau taiN . Khi d6 trung

‘ diém cac doan thang AC, BD, MN nam trén mot dudng thang goi 1a dudng thang
‘ Gauss cua tir giac ABCD.

Chirng minh

B C K
Goi I, E, F lan luot 1a trung diém cta BD,AC,MN
va K, G, H lan luot 1a trung diém cua céc doan théngCN, CD, DN .

D@ thiy cac diém F, H, K thang hang.
E, G, K théng hang
I, G, H théng hang
TacO FK //MC, IH // BC, EK // DN nén

IG BC FH MD _EK AN
IH BN'FK MC'EG AD
Nhén 3 dang thirc voi nhau ta dugc
IG FH EK BC MD AN
IH FK EG BN MC AD 7
Ap dung dinh 1y Menelaus cho tam giac CDN va duong thang di qua B, A, M ta cé
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BC MD AN _, , Suy ra 16 FH EK _1. Theo dinh luat Menelaus déo ta suy ra
BN MC AD IH FK EG

|, E, Fthang hang.
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10. Puong thang Niuton , ‘ 7

Cho tr gidc ABCD ngoai tiép (1). Goi M, N 1an luot 1a trung diém cuaBD, AC . Khi
d6 3 diém 1, M, N thing hang. Puong thang di qua 1, M, N goi 13 duong thang Niu
ton cua tuor gidc ABCD.

Dv

Chirng minh: (ta chi xét truong hgp AB khong song song vgi CD)

Goi céc tiép diém clia (1) voi AB, BC, CD, DA lanlugtla X, Y, z, T thi

IX =Y =1Z =IT =r.

Gia st AD, BC cat nhau tai P , trén PD lay E sao ChOPE = AD , trén PC lay F sao
cho PF = BC thé thi:

1 1 1

SMAD + SMBC ZESDAB +§SDBC = _SABCD
1 1 1

SNAD + SNBC :ESCAD +ESABC :ESABCD

Tt d6 suy ra:

Swap + Suec = Snap + Snec

Theo cach xac dinh E, F

Ta co: Swap = Swee 1 Swec = Swer 1 Swap = Swee 1 Snec = Syee
Suy ra: Swpe + Supr = Syee T Syer hay Swepr = Snepr (1)

Lai c0: Sinp = SiperSiec = Sipr = Siap +Sigc = Sipe +Sipr = Siepr
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Nhung S|AD + Sch =§SAXYT +§SDZYT +Esxma +§SABCD

Suy ra SMEPF = SIEPF (2)
Tu (1) va (2) tasuy ra S,eor = Syerr = Sieor NAY Syer = Sper = Sier <> MN//FE, MI // EF
Suyra M, N, | thing hang.

11. Dinh ly Brocad

Cho tir gidc ABCD noi tiep duong tron(O) . Goi M 1a giao diém ctia AB vaCD ; N la
giao diém ctia AD VABC ; | la giao diém ctia AC VABD . Chting minh rang 1 1a truc
tam ctia tam giac OMN .

Chirng minh:

Goi E la giao diém thr 2 ctia duong tron noi tiép tam gidc ABI VACDI .

Trudce tién ta chiing minh :

E, I, M thing hang :

That vay gia st MI cat dudng tron ngoai tiép tam giac AIB tai E’

thi MI.ME’ = MC.MD suy ra 4 diém D, E’, I, C nim trén mot duong tron suy ra E=FE’
suy ra M, I, E thang hang.

Ta cO: AED =360°— DEI — AEI

=180°— DEI +180° - AEI

= ABD+ ACD = AOD

Nén tir giac AEOD noi tiép.

Ta cling c6: BEC = OEC + CEM =OBC +BDC :w+ BDC =90°
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Suy ra ME LON .

Chtrng minh tuong tu ta cling ¢6 NI L.Om suy ra I 1a trye tAm ctia tam giacOMN .
Dinh Ly Brocard 1a mdt cong cu hinh hoc kha manh dé chtiing minh quan h¢ vuong
gdc va dugce str dung rat nhiéu trong cac ky thi tuyén sinh vao 16p 10 chuyén ciing nhu
ky thi hoc sinh gio6i tinh thanh, quéc gia.

C6 rat nhiéu cach dé chirg minh, nhung cach giai trén thuan tay va phu hop véi bac
THCS. Sau day ta s& xét mot s6 ung dung cia dinh Iy nay:
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Vidul
Cho tam gidc ABC khong can ¢ 3 gdc nhon, ndi tiép(O) , cac duong cao
AA, BB, CC, cat nhau tai diémH , cavs dudng thang AC,, AC cit nhau taiD , goi X
1a giao diém cua BD v6i(0) .
a. Chung minh: DX.DB = DC,.DA
B. Goi M la trung diém ciia AC . Chimg minh: DH 1 BM .
(Trich de tuyén sinh vao 10 chuyén DHSP — nam hoc 2013 — 2014)

Giai
B
X
H
D= A\ 5 M C

a. Cac tir gidc BXAC, ACAC, ndi tiép nén ta cd: DX.DB = DC,.DA
b. Xét tir gidc ACAC, ndi tiép dudng tron tim M duong kinh AC , hai duong chéo

AA, CC, cit nhau tai H. theo dinh 1y Brocard ta c6 H 13 truc tim tam giac BMD Suy ra
DH L BM
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Vidu 2
Cho tir gidc ABCD ni tiép duong tron (0). Cac tia AB, DC cit nhau tai E, cac tia
AD, BC cit nhau tai F. duong tron ngoai tiép tam gidc BCE cit duong tron ngoai tiép
tam gidc CDF tai M. Chiing minh rang;
a. Badiém E, M, F thang hang va bén diém A, D, M, E nam trén mot dudng tron.
b. OM L EF
c. ching minh rang dudng thang Om di qua diém I cua hai duong chéo AC, BD cua tir
giac ABCD .
(dé thi hoc sinh gidi todn TP HCM — 2013)

Phian tich huéng din giai:

a. Bé chiing minh E.M, F théng hang ta chimg minh EMC +CMF =180°

Ta tim cach quy vé€ hai goc doi nhau trong tr gidc ndi ti€p.

Ta cO EMC +CMF = ABC +CDA=180°

Tacd DMF = DCF = DAB suy ra 4 diém A, D, M, E cung nam trén mot dudng tron.
b. Tur d6 ta dé chirng minh dugc cac tir giac ABMF, BDFE noi tiép. Xét tr giac
OAMC ta c6: CMA=180°-CMF — AME =180°— ADC — ADC =180°-2ADC =180° - AOC
suy ra ttr giac OACm ndi tiép. Ta co

OMF =OMA+ AMB = OMA + ABF = OMC + CME = OME

suy ra OME =OMF =90°

theo dinh 1y brocard ta c6 : Ol LEF suy ra O, I, M thang hang.

Vidu3
Cho tam giac nhon ABC(AB < AC) c6 cac duong cao BD,CE cit nhau tai H. Goi | 1a
trung diém ctia BC, dudng tron ngoai tiép tam giac BEI cat dudng tron ngoai tiép tam

giac CDI tai K khac I. Puong thang DE cat BC tai K khac 1. Puong thang DE cat
BC tai M. Ching minh rang M,H,K thang hang.
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(Dé thi vao 16p 10 chuyén Nguyén Trai- Hai Dwong ndm 2008)

Giai

A

g N y\\\_.]('

. >,

Ap dung dinh 1y Brocard cho tir gidc BEDC ta cO H 14 truc tAm cila tam gidc AMI nén
MH L Al (2).

Mit khac ta ciing d& chimg minh duoc A K, I thang hang (Xem vi du 1)

Va EKD =360 — EKI — DKT = ABC + ACB =180" — BAC Suy ra AEKD ndi tiép, suy ra
ZAKH =90°, két hop véi (1) tasuy ra M,H,K thang hang.

12. PDinh ly Ptolemy

Pinh Iy Ptolemy cho tit gidc néi tiép: Cho tir gidc ABCD ndi tiép trong dwong tron
(O). Khi dé ta c6 AB.CD+ AD.BC = AC.BD.

Chirng minh:
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Trén dudng chéo BD lay diém E sao cho DAE =BAC. Ta cO DAE =BAC Vi

ADE = ACB (cling chin AB) nén AADE ~AACB (g-g) nén ﬁg ';E

= AD.BC = AC.DE(1). DO DAE =CAB Nnén DAC = EAB, lai c6 ABE = ACD (clng chén
AD) nén AABE ~AACD (g-Q)

AB BE

= AB.CD = AC.BE(2)
)

Tl (1),(2) suy ra ABCD+AD.BC = AC(BE + DE)= AC.BD.

13. Pinh Iy Ptolemy cho tir giac bat ky

Cho tir gidc ABCD, chitng minh rang ABCD+ AD.BC > AC.BD

Chirng minh:

Bén trong tir giac ABCD lay diém M sao cho MAD =CAB va MDA=ACB
Ta c6: AADM ~AACB (g-9)

AD _ DM

== = AD.BC = AC.DM (1)
AC BC

Do MAD =CAB nén DAC = MAB.

Xeét tam gidc ADC va MAB, cO DAC = MAB (chung minh trén)
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AD _ AM (do AAMD ~ AACB) nén AADC ~ AAMB (C-g-C)
AC AB
_, DC_AC_ ABCD-AC MB(2)

MB AB

Tl (1),(2) suy ra ABCD+AD.BC = AC(BM +DM )> AC.BD.

Déu dang thtrc xay ra khi va chi khi M nam trén duong chéo BD, luc d6 tt giac
ABCD ndi tiép.

Bay gio ta sé xét mét so vi du tiéu biéu vin dung dinh 1y Ptolemy

Vidul

Cho duong tron tdm O dudng Kinh AB va mot diém | nam trén doan thang AO, |
khéc diém A 0. Duong thing qua | vudng géc véi AB cét (O) tai C,D. Goi E 12
diém nam trén (0) sao cho D 14 diém chinh gitta ctia cung AE. Goi K 1a giao diém
cua AE,CD.

a. Chirng minh OK di qua trung diém cua CE.

b. Puong thang di qua | song song v&i CE cit AE,BE lan luot tai P,Q. Chimg minh
DPEQ la hinh chir nhat.

c. Tim vi trf diém 1 trén doan AO sao cho KC = KA+ KO.

(Trich d@é tuyén sinh vdo I6p 10 chuyén Toan-Tin Tp Ha Néi nam 2015)

Giai
a. Tir gia thiét ta suy ra AC = AD=DC.
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Suy ra tir gidc CADE 14 hinh thang can c6 hai day 1a AD,CE. K la giao diém cua hai
duong chéo nén K nim trén trung truc cua CE. Suy ra KO L CE. NGi cach khac KO di
qua trung diém cua CE.

b. Do AB la duong kinh cta (O) nén AEB = AEQ =90°
T giac IPDA cO IPA=EPQ = AEC = ADI

Nén IPDA 1a tir gidc noi tiép suy ra APD=90° tir 46 d& dang suy ra O,P,D thang hang,
IPDA la hinh thang cén va PD||CE. Ttr gidc DPEQ cO DEQ = PDE = PDA=DPQ nén
DPEQ 1a tir giac noi tiép. AP dung dinh Iy Ptolemy ta c6 KAOC + AC.KO=CK.AO hay

KA+2—8.KO —CK nhu vy dé KC=KA+KO thi didu kién 1 ﬁ_g _1< AOC la tam gic

déu, suy ra | 1a trung diém cta AO.

Vidu 2

Cho tam gic ABC déu ngi tiép duong tron (O) ban kinh R, diém M chuyén dong trén
cung nho BC.

a. Chirng minh MA=MB + MC.

b. Tim GTLN, GTNN cua P=MA+MB+MC.

(Trich dé tuyén sinh vao 16p 10 truong chuyén Pai hoc Vinh 2006)

c. Tim gia tri nho nhét ctia biéu thic Q = L +i.
MB MC
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(Trich dé tuyén sinh vao 16p 10 truong chuyén Lé Quy Pén — Pa Nang nam 2009)

Trang 205

Giai

a. Ap dung dinh 1y Ptolemy cho tir gi\c ABMC ta c0 MABC = AB.MC + AC.MB

Do AB=CB=CA suy ra MA=MB+MC.
b. Tacé P=MA+MB+MC=2MA P nhé nhat khi va chi khi M =B hodc M =C.

P 16n nhét khi va chi khi MA 1 dudng kinh cta (O).

c. V&i moi s thue duong x,y taco (x+ y)(£+1j >2.xy.2 /i =4 néntasuy ra
Xy Xy

1 1_ 4
Sy

X Yy X+y

. Ap dung ta co

1,142 py bang xay ra khi va chi khi AM 1a duong kinh ctia (0). Hay
MA MB 2R R
M la diém chinh gitra cung nhé BC.

14. Piém Miquel — Pinh 1y Miquel

a. Piém Miquel ciia tir gidc toan phan

Cho tir gidc ABCD c6 canh AB,CD cat nhau tai M, canh AD,BC cét nhau tai N. C4c
duong tron ngoai tiép cac tam gidc ABN,BCM, MAD, NCD cung di qua mot diém E (goi
1a diém M iquel cua tir giac ABCD.

Chirng minh:
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Gia str dudng tron ngoai tiép tam gidc MAD,NCD cat nhau tai giao diém tht 2 12

E (khdc D=E ). Ta chimg minh E thudc dudng tron ngoai tiép tam gidc MBC, NAB.
Tuc 14 chimg minh cac tir gidc MBCE, NBAE ndi tiép. That vay, tir gisc DCNE noi tiép
nén MDE =CNE. T« gidc ADEM ndi tiép nén MAE = MDE Suy ra MAE =CNE = ABNE
noi tiép. Mat khac ta c6 ECN = EDN, EDN = AME = AME = ECN suy ra BMEC ndi tiép.
Cac duong tron ngoai tiép tam giac ABN,BCM, MAD, NCD cung di qua mot diém E.

b. Pinh 1y Miquel ddi v6i tam giac

Trén cc canh AB,BC,CA lan lugt liy cac diém F,D,E. Khi d6 ba duong tron ngoai
tiép tam gidc AFE,BDF,CED cat nhau tai mot diém M (goi 1a diém Miquel trong tam
giac ABC)

Chirng minh
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Gia str dudng tron ngoia tiép tam giac AEF va BDF cat nhau tai M. Ta ¢
EMD =360° — EMF — DMF

—180° — FAE +180° — EMF = A+ B =180° —C.
Vay EMDC la tr giac ndi tiép.

Suy ra ba duong tron ngoai tiép C4c tam giac AFE,BDF,CED cat nhau tai mot diém M.

Vidul

Cho tam gidc ABC c0 B,C la goc nhon va BAC =60°. Cac duong phan giac trong
AA,BB, cua tam gidc ABC cat nhau tai .

a. Chirng minh rang AB,IC, 1a ttr gi4c noi tiép

b. Goi K 1a giao diém thtr 2 cua BC voi dudn tron ngoia tiép tam giac BC,I. Chimg
minh rang tr giac CKIB, noi tiép.

c. Chirng minh AK L BC,.

(Pé tuyén sinh vdo 16p 10 THPT Chuyén PHSP Ha Néi)
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Ta thay

C,IB, =C,IA+B/IA= A+%C+A+%B :120°+%(I§+é):180°.

Nén ABIC, 1 tir giac ndi tiép. Ta ciing thdy diém 1 1&
diém Miquel ciia tam gidc ABC nén suy ra tir gidc CKIB,
1a ttr giac noi tiép.

Taco: ABK =AB,| +IB,K =BC,I +ICB
=180° —B nén i gidc ABKB, 14 tir giac ndi tiép.
Hoan toan tuong tu ta cling c6: BC,B,C, ACKC, la cac
tr giac noi tiép.
Ta co:
AC,B, +C,AK = AlB, +%c =%(A+ B+C)=90".
Suyra AK LCB,.
Ngoai ra ta ciing ¢6 thé chtirng minh theo cach:
Chi ra tam giac AB,K cén tai B, cO B,C, 1a duong phan giac nén ciing la duong cao.

CHUONG VIII. CAC BAI TOAN CHON LOC
Bai 1. (Trich dé TS I6p 10 TP Ha Ngi - Nim 2006).
Cho dudng tron (0; R) c6 dudng kinh AB, C 14 trung diém ctia OA va ddy MN L OA
tai C. Goi K 1a diém tuy y trén cung nho BM, H 1a giao diém cia AK,MN .
a) Ching minh: BCHK 13 ttr giac ndi tiép.
b) Tinh AH.AK theo R.
¢) Xac dinh vi tri K d& KM +KN +KB 16n nhat. Tinh GTLN do.
Giai:

N n AB 0

a) Do K nam trén [O;Tj = AKB =90°.

Lai c6 HCB=90° (gia thiét) suy ra M
AKB +HCB =180° nén tir giac BCHK ndi tiép.
(Tong hai goc dbi bang 180°).

b) Tacd AACH ~ AAKB(g.g) nén v
AR _AB L AHAK =AC.AB=Ror-Rr2. ( /
AC AK 2

c) Pay 13 mot cau hoi kha hay. Néu ban nao biét dinh ly
Ptolemy hodc dinh 1y Shooten thi bai toan duoc giai quyét.
Cach tiép cin thi nhit:
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Nhén thay tam giac BMN cin tai B va tam giac AMO déu (do AMO can tai O va tai
M ) suy ra tam giac BMN déu nén NKB:% sdNB=60°. Trén day KN ldy diém P sao

cho KP=KB thi tam giac KPB déu. Xét tam giac MKB va NPB ta co:

KB = BP, MB = NB, MKB = NPB =120° Suy ra

AMKB = ANPB (C.g.c) = KM =PN = KM +KB=KN. Vay KM +KN + KB =2KN .
D@ thay KN <2R nén KM +KN +KB<4R, d4u bang xay ra khi va chi khi K, O, N
thang hang.

Tl d6 suy ra diém K 1a giao diém ciia NO véi (O) (K khac N).

Cach 2: Ap dung dinh 1y Ptolemy cho tir gidc noi tiép KMNB ta co:

KM.BN + KB.MN = KN.MB.

Chu y rang: BM =BN =MN suy ra KM +KB=KN. Phan con lai ta lam nhu trén.

1.1 Pinh ly Ptolemy cho tir giac ngi tiép: Cho tr giac ABCD ndi ti€p trong duong
tron (0). Khi d6 ta c6: AB.CD+AD.BC =AC.BD.

Chirng minh:
Trén dudng chéo BD ldy diém E sao cho DAE = BAC.
Ta cO DAE =BAC va ADE = ACB (cung chan AB) nén B
AADE ~ AACB (g.9) = -2 = P& _ ApBC = AC.DE(1).
AC BC
Do DAE =CAB nén DAC = EAB, lai c6 ABE = ACD
(cuing chin AD)

AB BE A
= AABE ~ AACD(g.g) = —— = —— = ABCD = AC.BE(2).
AC  CD

Tur (1) va (2) suy ra ABCD + AD.BC = AC(BE + DE)=AC.BD.

1.2 Dinh ly Shooten
Cho tam giac déu ABC ndi ticp duong tron (O). Chirng minh rang v6i moi diém M

C

bat ky nam trén duong tron (O) thi mét trong ba doan MA, MB, MC c6 m¢t doan c6 do
dai bang téng do dai hai doan kia.

Chirng minh

Xét diém M nam trén cung nho BC. R

Ap dung dinh 1y Ptolemy cho tir giac noi tiép ABMC,

ta c6 MABC = MB.AC + MC.AB.

Vi AB=AC =BC nén MA=MB+MC.

Tuong tu diém M nam trén cung nhd AC VA AB thi ta lan

luwot c6 MB =MC +MA va MC = MA+ MB.

Suy ra dpcm.
Cach khac dé ching minh: B w
MA=MB+MC (truong hop di€m M nam trén cac cung

M
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AB, AC tuong tu).
Trén MA lay diém 1 sao cho MI =MB ta can chimg minh MC = Al . That vay, ta ¢6
BMI = ACB=60° ma MI =MB nén tam gi4c BIM déu, do d6 Bl =BM va IBM =60°.
Talai co6 ABC =60° nén ABC =IBM , suy ra CBM = ABI . D& dang chting minh dugc
ABCM = 4BAI (c.g.c) Nén MC =Al.
Bai 2. (Trich dé TS lop 10 TP Ha Ngi - Nam 2007).
Cho duong tron (O; R) tiép xtc vai (d) tai A. Trén (d) lay diém H khong trung véi
A VA AH <R.Qua H ké duong thang vudng goc véi (d), duong thang ndy cat (O) tai
B, E (E nam giita B va H).
a) Chimg minh: ABE =EAH Va AABH ~ AEAH. ,
b) Lay C trén (d) sao cho H la trung diém cua AC, CE cat AB
tai K. Ching minh: AHEK 1a tir gidc noi tiép.
¢) Tim vi tri ciia H dé AB=R\/3.

Giai:
a) Do AH la tiép tuyén ctia (O) tai A Nnén ABE = EAH :%sd AE .

Xét tam giac AABH, AEAH ta c0:
AHB chung va ABE = EAH = AABH ~ AEAH (g.9).

b) Vi E nam trén trung truc ciia AC nén EAH =ECH . Lai c6: EAH = EBA. Suy ra

AABH ~ AACK (g.g) Suy ra CKA=BHA=90°. Ttr gidc AHKE €O AHE + EKA=180" suy ra

AHKE ndi tiép (Tong hai goc dbi bang 180°).

¢) Khi AB=R+/3 thi sd AEB =120°.

Do tam giac ABC cantai B nén AB=BC =R43.

Lai cO AEB =BEC =120 = HEA=60" = HAE = 30"
RV3

— HBA=30" = AH = — - Vay diém H nam trén

(d) sao cho AH =RTﬁ de AB=R\3.

Bai 3. (Trich dé TS I6p 10 TP Ha Npi - Nim 2008). ‘
Cho dudng tron (O; R) c6 duong kinh AB va diém E bat ki nam trén dudng tron (E

khac A, B). Puong phan giac goc AEB cit doan AB tai F va ct (O) tai diém thu hai
la K.
a) Ching minh: AKAF ~ AKEA.
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b) Goi | 14 giao diém ctia OE VOl trung tryc cua EF.
Chung minh (1) ban kinh IE tiép xuc véi (O) tai E va
tiép xuc v6i AB tai F.
¢) Chtrng minh: MN //AB, trong 6 M, N 1an luot 1a giao
diém thtr hai cia AE, BE v6i (1).
d) Tim GTNN cua chu vi tam giac KPQ theo R khi E
chuyén dong trén (O), voi P la giao diém ciia NF va
AK, Q la giao diém cua MF va BK .

Giai:
a) Vi EK la phan giac cia goc AEB nén
AK =KB = AEK =KAB.
Xét tam giac AKAF, AKEA ta co:
AEK = KAB va AKE chung.
Suy ra AKAF ~ AKEA(g9.9).
b) Vi 1 €OE, Ee(0) nén (1;IE) tiép xtic v6i (O;OE) tai E.
Vi | nam trén trung truc ciia EF nén IE=IF hay F e(;1E).
Ta co: IEF = IFE, OEK =OKE Suy ra IFE =OKE = IF //OK, ma OK L AB (do K la diém
chinh gitra cung AB) tir d6 suy ra 7F L AB (1) hay (1) ban kinh I1E tiép xic AB tai F.
c) Do MEN =90" = MN la duong kinh cua (1), hay M, I, N thang hang. Lai ¢c6
FIN =2FEN =90° nén FI LMN (2). Ttr (1) va (2) suy ra MN//AB.
d) Ta chung minh & cau b ta suy ra MFN =90° = PFN =90°. Ta c6 EAB=EKB (cung
chin cung EB), EAB=EMN (ddng vi), EMN = EFN (cung chin cung EN ) suy ra
EFN = EKB = FN//BK . Mit khac AK 1 KB= AK L NF tai P suy ra PFQK la hinh chir
nhat va tam giac APF vudng can tai P nén KQ=PF = AP.
Ta ki hiéu chu vi ctia tam giac KPQ la ¢ thi ¢=KP+KQ+PQ=KP +PA+KF = KA+ KF,
Taco KA=RV2,KF > KO =R nén c>R(1++2). Déu bang xay ra khi va chi khi F=0.
Hay E 1a diém chinh giita ctia cung AB.

Bai 4. (Trich dé TS 16p 10 TP Ha Noi — Niim 2009)

Cho duong tron (O;R) va diém A ndm ngoai (O), ké cac tiép tuyén AB, AC dén (O)
(B,C 1a cac tiép diém).

Chirng minh: ABOC Ia tir giac ndi tiép.

Goi E 1a giao diém cia BC va OA. Chitng minh: BE L OA va OE.OA=R’.
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Trén cung nhé BC cia (O) ldy diém K bat ky (K khac B,C). Tiép tuyén tai K caa
(O) cit AB,AC lan lwot tai P,Q. Chitng minh: Chu vi tam giac APQ khéong doi
khi K di dong trén cung nhé BC
Puwong thang qua O vudng goc véi OA cit cac dwong thing AB,AC lan luot tai
M,N. Chang minh: PM +QN > MN .

Giai:

Vi AB, AC la céc tiép tuyén cia (O) nén ABO = ACO =90°. T giac ABOC c6

ABO + ACO =180° nén ABOC la tir giac ndi tiép(tong 2 goc ddi biang 180°).

Theo tinh chat 2 tiép tuyén cit nhau ta cd: BC L AO tai E. Ap dung hé thirc lwong
trong tam giac vuéng ABO ta c6: OE.OA=R’.

Vi diém A c6 dinh nam ngoai (O) nén AB,AC c6 dinh suy ra AB+AC khong doi.
Theo tinh chat 2 tiép tuyén cit nhau ta c6 PK = PB, QK= QC suy ra chu vi tam
gidac APQ la: AP+AQ +PQ = AP+ AQ + PB+ QC = AB+ AC khong dbi.

Gia sir BK cit PO tai |, CK ciat OQ tai J thi KIO=KJO=90° nén ti giac KIOJ ndi
tiép Nén KOJ =K1J =QKC = KBC = 1J //BC hay 13 //AO. Tir d6 ta cé:

BPO = BKO = 1JO =90° — JAO = QON

Xét AMOP va ANQO c0:
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PMO =ONQ
= AMOP” ANQO(g.9)
MPO =QON
PM ON MN?

-~ -~ PM.QN=OMON =
OM ON

2
Taco: PM.QN s(PM'—QN)

2 2
:>|v|4|\| S(PM.QN)

PM =QN < PQ//MN hay K 1a diém chinh giita cung nhé BC.

< PM +QN >MN Déu ding thirc xay ra khi va chi khi

Nhan xét: Pay la bai toan kha hay trong dé tuyén sinh vao 10 cia TP Ha N#i.
Mot sb bai toan 6n tap thém
Bail:
Cho dudng tron tam O va diém A nam ngoai duong tron. ké cac
tiép tuyén AB,AC v6i (O) (B,C 1a cac tiép diém). Trén cung nho BC cua (O) lay diém
M rdi ké cac duong thang vudng goc MI,MH,MK xuéng BC,CA,AB. Goi P,Q lan luot
1a giao diém cua cac cip duong thang BM va IK, CM va IH.
Chitng minh: Céc ti giac BIMK,CIMH la ti giac ndi tiép.
Chikng minh: MI? = MH.MK.
Chitng minh: IPMQ néi tiép rdi suy ra PQ LMl .
Tim vi tri diém M dé MI.LMH.MK dat GTLN.

Giai:
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Tir gia thiét ta c6: BKM =BIM =90° suy ra tir giac BKMI ndi tiép. Twong tu cho
tam giac CIMH, AKMH.

Vi tir giac BKMI ndi tiép nén: MKI =MBI (ctng chan cung MI). Mit khéc ta co:
MBI =MCH (tinh chat goc tao béi tiép tuyén va diy cung). Nhung MCH = MIH
(cting chan cung MH caa tir giac ngi tiép MHCI). Suy ra MKI = MIH

Hoan toan twong tw ta c6: MIK = MHI

NEéNAMIK” AMHI (g.g):ﬂsz MI? = MK.MH
MK Ml

Ta c6: PMQ + PIQ = BMC + PIM +QIM = BMC + MBA+ MCA = BMC + MCB + MBC =180° Do
dé tir giac PIQM néi tiép( tong hai goc ddi nhau bang 180°). Vi PIQM ndi

tiép = MPQ = MIQ = MKI = MBI = PQ//BC hay Ml L PQ .

Tur chieng minh & cau b) ta c6 MI? = MH.MK = MI® = MH.MK.MI . Suy ra

MI.MK.MH Ién nhat khi va chi khi MI I6n nhat. Hay M la diém chinh giira cung
nhé BC khong chwra A.

Bai 2: Cho duong tron tdm (O) .Tir diém A nam ngoai duong tron ké tiép tuyén
AB,AC véi (0) (B,C 1a céc tiép diém). Trén cung nho BC cua (O) lay diém M. Goi
D,E.F tht tu 14 hinh chiéu tr M dén BC,AC,AB. Goi MB cit DF tai P, MC cat DE tai
Q. Chung minh duong thang nbi giao diém cta hai dudng tron ngoai tiép tam giac

MPF va MQE luén di qua mot diém c6 dinh.
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Giai

Gia str dudng tron ngoai tiép tam giac MPF va MQE cat nhau tai M, N. Puong thang
MN cit PQ, BC theo thir tu tai K va 1.
Ta c6 cac tir giac MDCE, MDBF noi tiép nén MCE = MDE = MBC; MBF = MDF = MCB
Suy raPMQ + PDQ = PMQ + PDM + QDM = PMQ + MCB + MBC =180°
Do d6 tir giac MPDQ 1a tir giac noi tiép. SuyraMQP = MCB = MEQ, suyraKQ 14 tiép
tuyén ctia dudng tron ngoai tiép tam giac MQE. Tuong tu KP 1a tiép tuyén cta dudng
tron ngoai tiép tam giac MFP. Ta c6 KM.KN = KQ? KM.KN = KP?. SuyraKP = KQ .
Xét tam giac MBC, PQ // BC, KP = KQ. Theo dinh ly Thales suy ra | la trung
diém BC. Vay MN di qua diém c6 dinh I 13 trung diém BC.
Bai 3: Cho tam giac ABC can dinh A. Goi O 1 trung diém BC. Pudng tron
(0) tiép xtic voi AB ¢ E tiép xuc v6i AC & F. Piém H chay trén cung nho EF tiép
tuyén cua duong tron tai H cat AB, AC lan luot tai M,N. Xéac dinh vi tri ctua diém H dé
dién tich tam giac AMN dat gi tri 16n nhat.
Giai:
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D& thdy OM,ON lan luot 1a phan giac EOM, FOH
Tur d6 ta co:

0 2
MON :M: ABC = AMBO” AOCN(g.g):>$:g—S:> BM.CN =0B.OC = BC

=const (1)

Ta lai cO: S, = Spac — Seunc NEN Sy dat gid tri 10n nhat khi va chi khi S, dat gia tri
nho nht.

Goi R 1a ban kinh ciua duong tron (O), ta co6:

Sewmc = Ssom + Swon + Snoc :%R(BM +MN + NC) :%R[BE +CF +2(EM +FN)| Vi

(MN =EM +FN)

=R(BE+EM + FN) vi (BE =

CF)=R(BE +BM +CN —2BE)=R(BM +CN - BE)(2)
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Ap dung bt dang thirc Co-si, tir (1)(2) suy ra
Sewnc = R(VBM.CN —BE ) = R(%— BE).

Dau “=" xay ra khi va chi khi BM = CN < MN //BC khi va chi khi H 13 giao diém
cua duong trung truc cia BC véi duong tron (O). Vay dién tich tam gics AMN dat gia
tri 16n nhat khi H 13 giao ctia dudng trung truc ctia BC v6i duong tron (O).

Bai 5: ( Trich d& TS 16p 10 TP Ha Noi — Nam 2010)

Cho duong tron (O) c6 duong kinh AB = 2R va diém C thudc dudng tron dé (C
khac A, B). Lay diém D thudc day BC (D khac B, C). Tia AD cat cung nho BC tai
diém E, tia AC cit tia BE tai diém F.

Chtrng minh FCDE 14 tir giac néi tiép.

Chtng minh DA.DE = DB.DC

Chting minhCFD = OCB . Goi | la thm dudng tron ngoai tiép tir gidc FCDE, chung
minh IC 12 tiép tuyén cua duong tron (O).

Cho biét DF = R, ching minhtan AFB = 2.

Bai giai:
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Do C,E nam trén dwong tron dwong kinh AB nén

ACB =AEB=90°= FCD=FED=90°

T gidc FCDE c6: FCD + FED =180"ngn FCDE Ia tir g4c ni tiép
(tng hai goc déi bing 180"),
Tt giac ACED ndi tiép (O) nén ACB = AEB (cung chin cung AB). Ta
c6: CDA = EDB (di dinh) nén AACD ~ ABED(g.0)

:% :% hay DA.DE = DB.DC
DC DE

T giac ACED n@i tiép nén CFD =CED (cung chin cungCD). T

giac ACEB ndi tiép nén CEA=CBA (cung chan cung AC). Ma
CBA=0CB = CFD = OCB(dpcm). Do d6 AE,BC 1a hai duong cao cua tam gic

AFB nén D 1a tryc tAm ciia tam giac AFB. Dé y rang 4 diém F,C,D,E nam trén duong
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tron dudng kinh DF nén I 14 trung diém ctia DF suy ra
IE=IF :%DF = IEF = IFE(1)

Ta ciing c6: OEB = OBE(2). Tr (1)(2) tasuy ra |IEF +OEB = IEF +OBE =90°

= IEO =90°hay IE 1a tiép tuyén cua (O).
, CB BA ., A .
Ta co: AACB ~ ADCF = CE = D =2. Trong tam giac vuong CFB ta co :

tanCFB = CB _ 2(DPCM )
CF

Bai 6. (Trich @é TS 16p 10 TP Ha Noi -Nim 2011)

Cho dudng tam O , dudng kinh AB = 2R . Goi d; va d, 1an luot 14 hai tiép tuyén
ctia duong tron (O) tai hai diém A va B . Goi I 13 trung diém ctia OA va E 13 diém
thudc duong tron (O) (E khong tring véi Ava B ). Puong thang d di qua E va vudng
gdc v6i EI cat hai duong thang d; d, 1an luot M,N .

Chitng minh AMEI 14 ti giac ndi tiép .

Chitng minh ENI =g vaMIN =90°

Chwng minh AM. BN = Al.BI.

Goi F 1a diém chinh giira cia cung AB khong chita E ciia dwong tron
(O).Hay tinh dién tich ciia tam giac MN theo R khi ba diém E, |,F thing hang .

Giai:
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M

H I 0

F

Do MAI =MEI =90° suy ra MAI + MEI = 180° hay MAIE la géc noi tiép (Téng hai goc
d6i bang 180°)

Do MAIE la t& giac noi tiép nén EMI =EBI (cuing chan cung El). Chiing minh tuong
tu cAu a ta cd NEIB I t& gi4c noi tiép nén ENI =EBN (clng chan cung NB). Tir d6
suy ra AMIN ~ AAEB = MIN =90°

Xét tam giac vuéng MAI va IBN ta co:

MIA =180° — MIN — NIB =90° — NIB = INB = AMAI ~ AIBN (g.9)

3%=£© AM.BN =IA.IB

Al BN
Dung EH L AB , Khi F 1a diém chinh giita cung AB thi E la phan giac cia goc
EA 1A 1

AEB = — =2 = EA? 4 EB? = EA? + 9EA? = AB? = 4R?
EB IB 3
2 J10

=EA*=-R*=EA=—"R
3 5
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2 2
g 30p Ta ciing co: AMIN «» AAEB = MIN _ (Elyo (1P o OI7+OF7 5
5 SAEB EH OF OF2 4
5 51 51410 310 . 3 5
= SyN =>Sarg =~ ~EAEB=2 - N RpNTp_2p
MIN =4 PAEB =42 425 5 4
Bai 7. (Trich dé thi TS lép 10 TP Ha Ngi — Nam 2012)

Cho duong tron (O;R) duong kinh AB . Ban kinh CO vuéng goc
véi AB , M la ddiemr bat ky trén cung nhé AC(M=A,C) , BM cat AC tai H . Goi K
la hinh chiéu cia H trén AB

a, Chtrtng minh ttr giac CBKH 14 t&r giac nai tiép.

b, Chirng minh ACM = ACK

c, Trén doan thang BM lay diém E sao cho BE=AM . Chung
minh tam gidc ECM la tam gidc vudng can tai C.

d, Goi d Ia tiép tuyén cua duong tron (0) tai diém A . Cho P 1
diém bat ky trén d sao cho hai diém P,C nam trong cung mot nira mat phang bo AB

va AT\)/'I'\:B = R. Chitng minh rang duong thang PB di qua trung diém cua doan thang
HK.
Loi giai
. N A \ \ AB ~
a, VI C nam trén dudng tron (0;7) nen N C
ACB=90° , ta cd HKB =90° M =
= ACB + HKB =180° nén tir gidc CBKH la tr
giac noi tiep. P |
b, Tt gidc AMCB noi tiép nén
ACM = AMB (1) A B
K O

Tt gidc CBKH 14 t& gi4c noi tiép nén
HCK = HBK (2)
Tu (1) va (2) = ACM = ACK
c, Do C 1la diém chinh
gitta cung AB nén AACB vubng can tai
C=AC=AB,
ta cling ¢ : MAC =EBC ( Clng chin cung MC ),
AM = BE(gt) = AAMC = ABEC(c.g.c) =-CM =CE .
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Lai cO: MCE = MCA+ ACE = ECB+ ACE =90° Nén tam gidc ECM
la tam giac vuodng cén tai C.

D, Gia st MB Kkéo dai cit tiép tuyén tai A & N . Ta dé ching
minh dugC ANAB «» AAMB

MB_AB_2R_ o NAMB & hop didu kien 2PMB _ g T4
MA NA NA
c4: APMB _ NAMB
MA 2MA
Hay NA=2AP Nén P la trung diém cua AN. Gia sir BP cat HK
tai I . Do HK // NA theo dinh ly Thales ta c6: %:%:%,NP:PI = HI = IK Hay

| 1a trung diém caa HK.

Bai 8. ( Trich dé TS lép 10 TP Ha Ngi — Niam 2013)

Cho duong tron (0) va diém A nam ngoai duong tron (0) . Ké
hai tiép tuyén AM,AN Vé6i duong tron (0). Mot dudng thang d di qua A cit duong
tron (O) tai hai diém B,C (AB < AC,d khong di qua tam O ).

a, Chttng minh t&r giic AMON noi tiép.

b, Chitng minh AN? = AB.AC. Tinh d6 dai doan thang BC khi
AB = 4cm, AN = 6cm.

¢, Goi 1 la trung diém cua BC . Puong thang NI cat dudng tron
(0) tai diém thtr hai T. Chitng minh MT // AC.

d, Hai tiép tuyén duong tron (0) tai B,C cét nhau tai K . Chang
minh K thuéc mot duong thang c6 dinh khi d thay di va théa mén diéu kién dau bai.

Loi giai «

a, Do AM, AN & c4c tiép
tuyén cta duong tron (0) nén
AMO = ANO =90°

= AMO + ANO =180° hay tu M ]
giac AMON noi tiép.
b, Xét tam giac 5 I
ANB,ACN ta cO ANB=ACN , NAC A
chung. H 0
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Nén AANB <> AACN(g.g) é%:% = AN? = AB.AC.

¢, Do 1 la trung diém ctia BC nén Ol L BC = AlO=90° két hop
cdu a ta suy ra 5 diém A M,1,0,N clng nam trén duong tron dudng kinh AO suy ra
AIN = AMN (Cung chin cung AN ) . Mit khac ta ciing c6: AMN =MTN (gdc tao bai
tiép tuyén va day cung). Tir d6 suy ra:  AIN = MTN (Hai goc nay dong vi) = MT // Al

d, Gia st MN ciat AO tai H . Trong tam gidc ANO vuéng ta cO
AN? = AH.AO két hop cau b suy ra
AH.AO = AB.AC = AAHB ©» AAOC(g.g) = AHB = ACO = BHOC ndi tiép.

Gia str tiép tuyén tai B,C cit nhau tai K , chimg mi h nhu ciu a ta
c6 KBOC noi tiép, két hop véi BHOC ndi tiép suy ra 5 diém K,B,H,0,C clng nam
trén mot dudng tron duong kinh KD = KHO =90°. Mit khac MHO=90°= K,M,H
thang hang. Hay K nam trén duong thang ¢ dinh MN .

Bai 9. ( Trich dé TS lép 10 TP Ha Ngi — Niam 2014).
Cho duong tron O; R ¢6 duong kinh AB ¢b dinh. V& duong kinh MN cua
duong tron O; R M khac A M khac E Tiép tuyén cua duong tron O; R tai B cat
cac duong thang AM, AN lan luot tai cac diémQ, P.
a) Chirng minh tir giac AMBN la hinh chit nhat.
b) Chang minh bén diém M, N, P, Q cling thuéc mét duong tron.
c) Goi E la trung diém cuaBQ . Puang thang vuéng
goc V('rquE tai O cat PQ tai diem F. Chang minh F la
trung diém cua BP va ME // NF.

d) Khi duong kinh MN quay quanh tdm O va thoa
man diéu kién dé€ bai, xac dinh vi tri cia duong kinh MN
dé tar gidc MNPQ c6 dién tich nho nhat.

Loi giai
a) Tu gidc AMBN co6 4 goc vuodng nén la hinh chi M
nhat,
PN , N4 z ” N N H
vi la 4 goc noi tiep chan nura duong tron.
b) Ta c6 ANM=ABM (ciing chin cung AM) A 0
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va ABM =AQB (gdc cd canh thiang gdc)
vay ANM =AQB nén MNPQ ndi tiép.
¢) OE la duong trung binh cua tam giac ABQ.

OF // AP nén OF la duong trung binh cia tam giac ABP .Suy ra F 1a trung diém
cua BP.

Ma AP vudng gbc vai AQ nén OE vudng goc OF.

Xét tam giac vubng NPB c6 F 1a trung diém cua canh

huyén BP.

Xét va chirmg minh dugc ANOF = AOFB c—c—c

nén ONF=90°.

Tuong tu ta cO OME =90°nén ME // NF Vi cung vudng goc vai MN.
d) 2S,np0 = 2Saeq — 2Saun = 2RPQ—AM.AN = 2R.(PB+BQ) - AM.AN

Tam gi4c ABP ddng dang tam gi4c QBA suy ra % =g = AB’=BP.QB

Nén ap dung bit dang thuc Cosi ta ¢c6 PB+BQ > 2/PB.BQ =2/(2R)? =4R

AM® +AN®>  MN?
2
Do d0, 2S,,p = 2R.4R —2R?* =6R*. SUY ra Sy, = 3R’

Tacd AMAN < = 2R?

DAu bang xay ra khi AM = AN va PQ = BP hay MN L AB.

Bai 10. ( Trich dé TS lép 10 TP Ha Ngi — Néim 2015).

Cho nura duong tron tam O c6 duong kinh AB . Lay diém C trén
doan thang AO (C khac A, C khac O). Puong thang di qua C va vudng goc véi AB
cit nira dudng tron tai K. Goi M 1a diém bat ki trén cung KB (M khac K, M khéc B).
Puong thang CK cat cac duong thang AM, BM lan lugt tai H va D. Puong thing
BH cat nira duong tron tai diém tha hai N.

a) Chung minh ta gidc ACMD 4 ti gi4c noi tiép.

b) Chirng minh CACB =CH.CD.

¢) Chung minh ba diém A, N, D thing hang va tiép tuyén tai N
cta nira dudng tron di qua trung diém cua DH.
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d) Khi M di dong trén cungKB , chimg minh duong thang MN
ludn di qua mot diém cé dinh.

Loi giai
a) Tu giac ACMD cO ACD=AMD =90° Nén ti gidc ACMD ndi tiép

b) Xét 2 tam giac vubng :
AACH va ADCB ddng dang

D

(Do c6 CDB=MAB)
Nén ta co

A :C—D:> CACB=CH.CD

CH CB
c) Do H latryc tdm ctia AABD '
Vi c0 2 duong cao DC va AM giao nhau
tai H , nén AD_L BN

Hon nitra ANB=90° vi chan nira duong
tron duong kinh AB.

Nén A, N, D thang hang.

Goi tiép tuyén tai N cat CD tai | ta P - : =
chang minh |ND = NDI -

Tacd |ND = NBA clng chin cung AN .

Ta cO NDI = NBA (G6c ¢6 canh trong (g vuong goc)

= IND = NDI . Vay trong tam gi4c vudng ADNH | ¢6 | 1a trung diém caa HD.

d) Goi P la giao diém ciia MN v&i AB. Ta ching minh P 1a diém c6 dinh. That vay

do AMNB noi tiep nén
PNA = PBM = APMA «> APBM (g.9) :% :% = PM.PN =PAPB(3) Theo cau c) ta c6

IN 12 tiép tuyén cua (0) hoan toan twong tu ta cling c6 IM 14 tiép tuyén cua (O) nén
suy ra INO=I1CO=IMO=90° hay 5 diém I,N,C,0,M clng nam trén mot duong tron
duong kinh 10 suy ra tir gidc MNCO ndi tiép nén ta ciing suy ra PM.PN = PC.PO(4) Tir
(3) va (4) suy ra PAPB=PCPO. Tu P ta ké tiép tuyén PK' véi (0) thi
PAPB=PK' =PCPO.Tu d6 suy ra APCK'«> APK'O(c.g.c) = K'CP=90°=K'=K.
Hay P la giao diém cua tiép tuyén tai K véi AB Vay P 1a diém o dinh.Vay MN di
qua diém ¢o6 dinh P
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Cha y:
Y tuong tao cau d) trong bai nay va cau d) trong dé TS nim

2013 14 gidng nhau nén viéc phat hién P 1a giao diém cua tiép tuyén tai K véi AB 1a
hoan toan tu nhién.

Ngoai ra ta ciing co6 thé phat biéu cau d) theo mot cach khac:

“Qua diém P & ngoai duong tron (0) keé tiép tuyén PK cét tuyén
PAB diquatam O , cat tuyén KMN bat ky. Goi H 1a giao diém cta AM,BN,C 1 hinh
chiéu cua H trén AB . Khi d6 C,H,K thiang hang ”

Chwng minh:

Tr cac tir giac
ANHC, CHMB, MNAB ndi tiép ta cd bién
do6i goc sau:
ANC = AHC = ABM = PNA
= PNC = 2.PBM = POM

(TC gbc ngoai

tam giac can)
nén NCOM ndi tiép.
Ta cling co:

PK2 = PM.PN = PC.PO :%:E—E:APCK v» APKO = PCK =90° .

Vi KC,HC cling vudng goc véi AB nén K,H,C thang hang.

Bai 11. ( Trich dé TS lép 10 TP Ha Ngi — Nim 2016).

Cho dudng tron (0) va diém A niam bén ngoai dudng tron (O).
Ké tiép tuyén AB véi (0)( B la tiép diém) va duong kinh BC . Trén doan CO lay |
(1=C,1=0 ). Puong thang Al cat (O) tai hai diém D,E(D nam gitta A va E). Goi H
1a trung diém cua DE.

a). Chimg minh: 4 diém A B,0,H cung thudc mot duong tron.

b). Ching minh: AB_BD

AE BE

c). Buong thang (d) qua E song song véi AO,d cat BC tai K .

Chang minh : KH //DC.

d, Tia CD cit AOtai P, tia EOcit BPtai F . Chtrng minh BECF Ia hinh chit nhat.
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Giai

a, Vi H la trung diém cua DEnNén
OH L DE( lién h¢ gitra duong kinh va
day cung). Suy ra AHO = ABO =90°nén
4 diém A B,O,H cung nam trén duong
tron duong kinh .

b, Vi ABla tiép tuyén cua
(0) = ABD = BEA( goc tao bai tiép tuyén
va day cung). Suy ra ~ABD -2AEB(QQ)
AB BD

¢, Pé ching minh HK//DCta chimg minh EHK =EDC. Ta lai ¢6 EDC =EBC nén ta
quy vé chimg minh EHK = EBC < chting minh BHKE ndi tiép.

Thay vay : do EK//DC = BKE = AOK (so le trong). Ta cling c6 AOK =180°— AOB mMa
AOB = AHB (ciing chin cung AB cua dudng tron ngoai tiép tir giac ABOH ). Suy ra
AOK =180° —~ AHB = BHE hay BKE =BHE suy ra tir giac BHKE ndi tiép( c¢6 hai dinh lién
tiép H, K cung nhin canh BE mdt goc bang nhau) dpcm.

d, bé chirng minh: BECF Ia hinh chit nhat ta s€ chiing minh : Piém F nim trén (O) tlc
la chirmg minh : EBP =90°hay EBC +CBP =90°. That vay:

Xét tam gidc EHBva tam giac COPta cO0: EHB=COP,BED=BCDSuUy ra

AEHB -aCOP(g0.9).=> EB_EH_ED =sEDB ~aCBP(c.g.c) = DEB =CBP ma EDB phu véi
CP CO CB

CDE ma CDE =EBC suy ra EBP = EBC +CBP = EBD +CDE = 90°

hay BECF Ia hinh chir nhat.

Cach tiép cin khac:

Ta thay 3 bai toan trong cac nam 2013, 2015, 2016 déu 1a cac tinh chat cat tuyén, tiép
tuyén cua duong tron ma truc ti€p la lién quan dén bai toan sau:
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Bai toan: Cho duong tron (0) va mot
diém M nam ngoai dudng tron (0), qua
M ké céc tiép tuyén MA MBdén dudng
tron(0) (A Bla cac tiép diém) va dung
cat tuyén MCDsao choMC < MD.Goi
E la trung diém cua CD, HI1a trung diém
AB.

1. T(r gidc CHOD noi tiép.

2. AB chtra duong phan giac cuaCHD

3. V& duong kinh AQ, cac dudng thang
QC,QDcit duong thang MO 1an luot tai
X,Y thi Ola trung diém cua XY .

Giai.

1. Vi MAIla tiép tuyén ciia (O)nén MAC = ADC (tinh chét goc tao bai tiép tuyén va day
cung). Xét hai tam gidc MAC va MDA ta c0 MAC = ADC, AMD chung nén

aMAC -AMDA(g.g) SUy ra I\'\:_é:$® MA* = MC.MD (1). Ap dung hé thirc lugng trong

tam giac vubng MAO,AH L MOta cOMA*=MH.MO(2)Suy ra MH.MO=MC.MDhay

MH _MD =~ »¢t tam giac MCH,MODta cé%:wva MOD chung nén

MC MO MO
AMCH ~2MOD(c.g.c) SUy raMHC =MDO =t giacCHODndi tiép ( gbc ngoai dinh
H bang goc trong ddi dién dinh H) (3).

2, Tu (3) ta c6 MHC =MDO (4) ma MDO =MCO (5)( do ~CODcén tai 0). Mat khac ta
c6 COD =OHD (6)(gdc nd tiép cung chan OD). Tur (4), (5), (6) suy ra MHC =OHD . C4c
gOoCc CHA, DHAphy véi goc MHC,OHD tuong tng nén suy ra CHA=DHAhay AH la phan
gidc cua CHD.

3, Do AQla duong kinh ciia (O)nén ADQ=90°= ADYH la tir gidc ndi tiép. Suy ra
AYD = AHD. Mit khac theo 1), 2) ta c6 CHOD ndi tiép va AHIa phan giac cia CHD suy
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ra AHD=%CHD=%COD=CQD:>AYD=CQDsuy ra AY//CQ. Xét hai tam

giac AOY,Q0Xxta CcOOA=0Q, AOY =QOX,YAO = XQONnén AAOY =~Q0X(g.c.g)SUy ra
OX=0Y .

Chu y: Ta ciing c¢6 thé chimg minh theo cic cach nhu sau: T gidc AEOM ndi tiép nén
AEC = AEM = AOM =QOY,YQO = DQA = DCA = ECANén AOYQ ~2EAC :g—g =%hay
1QY _ 1c:A QY _CA
ZQA =CD QA CD
2 2

YAQ=ADC =ECA=AQC = AY //QX nén tr giac AXQY la hinh binh hanh suy ra

OX=0Y .

= QYA ~2CAD(c.g.c) Nén

Bai toan: Cho duong tron (O) va diém Anam ngoai (0), quaAké tiép tuyén AB, dung
duong kinh BC. Trén doan COlay diém 1, duong thang Alcat (O)tai D,E (Dnim
giita Ava E). Goi Hla trung diém DE. Tia CDcat AOtai P, tia EOcit BPtai F.
Chting minh BECF la hinh chit nhat. (Trich cau d) dé tuyén sinh 16p 10 TP ha ndi
2016).

Giai

Kéo dai CEcit AOtai Q theo 3 ta cé:
OP=0Qnén cpPBQla hinh binh hanh . D

Suy ra CEBF ciling 1a hinh binh hanh. A s S
Hon nita CEB=90° nén CEBF la hinh
chir nhat.

Bai toan twong tu:

Cho tam giac ABC, dudng cao AH, dudng tron (O)dudng kinh AH cit AB,AC tai
D,E.

a, Chirng minh BDEC.

b, Puong thang EDcat BCtai S. Ching minh SH? = SB.SC.
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c, SOcit AB,AClan lugt tai M,N.HM, HNcat DElan luot tai P,Q. Chting minh :
BP,CQ, AH dong quy. (Trich dé tuyén sinh 16p 10 chuyén Toan — PHSP Ha Noi
2016).

Giai
Do AED=AHD =ABC suy ra BDECIa tir giac ndi tiép suy ra SB.SC =SD.SEmit khac
SH 1la tiép tuyén cua (O)tai Hnén SH? =SD.SE suy ra SH? =SB.SC.
Theo tinh chét 3 ta co:

OM =ON nén AMHN la hinh binh hanh . Suy ra AM //HN, AN //HM

MHB = ACB = ADE nén BDPH noi tiép suy ra BP L MH tuwong ty CQ L NH suy ra
CQ L AB, BP L ACnén cac duong thang BP, CQ, AH dong quy tai truc tAm K nam trén

duong cao AH.
Bai 12. ( Trich dé tuyén sinh vao 10 chuyén toan nim 2011 — TP Ha Ndi)

Cho dudng tron (O,R) va day cung BCcd dinh (BC<2R). Diém A di dong trén dudng
tron (O,R) sao cho tam giac ABC la tam giac nhon. Goi AD la duong cao va H la truc
tAm cua tam gidc ABC a, Pudng thang chira phin giac ngoai cta gbc BHC cit AB, AC
lan luot tai M, N . Ching minh tam gidc AMN la tam gic can.
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b, Goi E,Flan luot 14 hinh chiéu ctia D trén cac duong thang BH,CH . Chimg minh
AO 1 EF.

¢, Puong tron ngoai tiép tam giac AMN cat duong phan gidc trong ctia goc BAC tai K.
Chtrng minh duong thang HK luon di qua mét diém co6 dinh.

Giai.

a, Tir gia thiét suy ra HM 1 phan giac
cua BHQ, HN la phan giac cia PHC.
Taco

AMN = HMB + MHB, ANM = NHC + NCH
ma QHB =PHC, suy ra suy ratam giac
la tam giac can.b, Dung cac dudng cao
BP,CQcua AABC. K¢ tiép tuyén Ax cua
(0) thi xAC=ABC, ma BQPC

noi tiép nén ABC = APQ Suy ra xAC = APQ = Ax//PQ < PQ L OA. Ta chiing minh
EF//PQ . That vy HEDF, BQPC noi tiép nén ta c¢6 bién d6i HFE = HDE = HBD = HQP
hay HFE =HQP « EF//QPdpcm.

¢, Puong tron ngoai tiép tam giac AMN cat phan giac trong goc A tai K thi AK chinh
1a duong kinh cta dudng tron ngoai tiép tam giac AMN ( ta ki hiéu 1a (AMN)). Gia st
KN cat HBtai T, KN cit SCtai S. D& thdy HTKSIa hinh binh hanh nén TS cit HK tai
trung diém ctia mdi duong . Ta chimg minh TS//BC dé tir d6 suy ra HK di qua trung
diém | cua BC.

Do TM//QH, SN//PH, HM la phan giac cia QHB, HN 1a phan giac cia PHC nén ta co

H:MQ:HQ:HOP: NP :S_Him:S_H
TB MB HB HC NC SC TB SC
hinh thang thi HK di qua trung diém | cta BC.

bién ddi sau: — TS//BC. Theo bd dé

Bai 13
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a, Cho tam gidc MNP can tai M va c6 NMP =36°. Tinh ti s6 % Cho duong tron

(O,R) ngoai tiép tam gidc ABC. Hai dudng cao AE,BF cit nhau tai truc tim H. Goi
M 1a trung diém ctia doan thang AB.

b, Ching minh rang MF 13 tiép tuyén ctia duong tron ngoai tiép tam giac CEF.

¢, Goi N 1a trung diém ciia EF;CM cat dudng tron ngoai tiép tam giac (CEF)tai K.
Hay so sanh s do cac goc BCN va BAK .

Giai.
A
a, Ta chiing minh bo dé sau: “ Cho D
AABC €O ABC=2ACB. Chirng minh
AC’>=AB’ +ABBC” : )

That vay : Dung phan giac trong BDcua tam giac ABC ta c6 BDCla tam giac can tir

d6 suy ra ADB=2DBC = ABCsuy ra AABC AADB(g.g) = % = % & AB? = AD.AC

(1). Theo tinh chat dudng phén giac ta ciing co:
AD AB AD AB AB.AC

& & AD=———— thay vao
DC BC AD+DC AB+BC AB+BC

(1) tacd AC*=AB’ +ABBC.

C6 thé bién dbi theo céach:

AABC onADB— 2B _AC_BC ¢\v1a
AD AB DB
AB* = AC.AD, AB.BC = AC.DBD = AC.DC
(do BD=DC) tir do ta co6 »

AB? + ABBC = AC.AD -+ AC.DC = AC.(AD + DC) = AC?
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Tré lai bai toan : Tam gidc MNP can tai M va c6 NMP =36° suy ra N =P =2M. 4p dung bd
de trén ta c6: AB* = BC* + AB.BC. Chia hai vé cho AB? suy ra

BC? , BC [Bc]2 BC
=+ —= +

- —1=0
AB’  AB (AB] ' AB

_BC_ —1++5
AB 2

b, T gidc CEHF noi tiép duong tron tam | duong kinh CH.

Suyra IE=IC :%CH _ IEC — ICE(1). Ta ciing c6 MEB—=MBE(2). Tir (1) va (2) ta suy ra

IEF + OEB = IFE 4+ OBE = 90° = IEM = 90°hay ME la tiép tuyén cua (1), twong tu MF ciing 1a
tiép tuyén cta (1).

¢) bé y raing MK.MC = ME? = MN.MI nén ICKN 1a t& gidc ndi tiép.
Tir d6 ta co thé bién d6i goc nhu sau: MNK = ICK = NIC hay NE 1a phan giac clia CNK

Tir d6 ta c6 CNE :%CNK :%cm = CFK => ACNE ~ ACFK(g.g) = NCB =FCK = KFM (3)

Ta cling ¢6: CKF = CEF=CBA=CAB, KFAM noi1 tiép.
Tu do6 suy ra KFM =KAB (4)
Tt (3), (4)= BCN = BAK

Bai 14 (Trich dé thi tuyén sinh vao I6p 10 chuyén Todn nam 2013 — TP Ha Ngi)

Cho AABC khong can. Pudng tron (O) tiép xtic v6i BC, AC, AB lan luot tai M, N, P.
Puong thang NP cat BO, CO lan luot tai E, F.

a) Chting minh rang OEN va OCA bang nhau hoic bu nhau

b) Chtrng minh riang bon diém B, C, E, F cung thudc mot dudng tron

¢) Goi K 1a tam duong tron ngoai tiép AOEF . Ching minh O, M, K thang hang

Giai
a) Truong hop 1: E nam trong doan PN
Ta cd EOC =0OBC +0CB =§+%=9o° —%: ANP

Nén OENC 14 tir gidc noi tiép = OEN =OCA

b) Trudng hop 2: E ndm ngoai doan PN
Ching minh tuong tu cau a)
ta c6 BPFO la tr gidc noi ti€p
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Tur d6 suyu ra OEC = ONC =90°;OFC = OPB =90°
Nén BFC=BEC=90"
Hay 4 diém B, F, E, C nam trén duong tron duong kinh BC 7
¢) Goi D Ia giao diém ctua BF va CE suy ra O 1a truc tam cia ADBC nén D, O, M thang
han
Ta gﬁng ¢6 D,E,O,F nam trén duong tron duong kinh DO nén K 14 trung diém ctia DO —
D,K,O.M thrfmg hang

Bai 15 (Trich dé thi vao l6p 10 chuyén Todn Tin — TP Ha Nji 2014)

Cho AABC déu, noi tiép dudng tron (O; R), H 1a trung diém cua BC. M 1a diém bat ky
thudc doan BH (M khac B). Léy diém N thudc doan CA sao cho CN =BM. Goi I 1a trung
diém cua MN.

a) Chimg minh bon diém O,M,H,I cung thudéc mot duong tron.

b) Xac dinh vi tri caa diém M dé doan thang MN c6 d6 dai nho nhat.

¢) Khi diém M thay doi va théa man diéu kién dé bai, chimg minh dién tich AIAB khong
doi.

Giai

a) Xét ABOM va ACON c6: BM = CN (gt), OB = OC =R, OBM =0OCN =30° (do AABC
déu)

= ABOM = ACON (c.g.c) = OM = ON hay AOMN can tai O.

Do I 14 trung diém ctia MN suy ra OI L. MN

— OIM =OHM =90° nén tir giic OMHI ndi tiép (c6 hai dinh lién tiép H,1 cling nhin OM
duéi goc 90°)

b) Ta c6 180° =OMB+OMC =OMB+ONC = Tir gisc OMNC noi tiép (tong hai goc dbi bang
180°%) nén MON =180° — NCM =120°,OMN =OBM = 30°

20M _20H R\3 23R
- A 5 40 IM = > = = MN >
Trong tam giac vuong OMI va OMH co: BB 3 3

Dau “=" xay ra < M triing H.
¢) Tu chirng minh & cau a), b)
= OMN =OHI =OCN =30° = HI //AB
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1 1 J3

Ké IP, CE, KQ lan luot vudng goc véi AB thi: s, = IP.AB =%KQ.AB =ZCE.AB e

Goi K 1a trung diém cua AC thi H,L,K thang hang
AB?

khong doi. Suy ra (dpcm)

Bai 16. (Trich dé thi tuyén sinh vao I6p 10 chuyén Todn nim 2014 — TP Ha Ni)

Cho AABC déu, noi tiép dudng tron (O), H 13 trung diém cta BC. M 14 diém bat ky thudc
doan BH (M khac B). L:?iy diém N thudc doan CA sao cho CN = BM. Goi I 1a trung diém
cua MN

a) Ching minh bon diém O,M,H,I cting thuéc mot dudng tron

b) Goi P la giao diém cua OI va AB. Ching minh AMNP 1 tam giac déu

¢) Xac dinh vi tri diém M dé AIAB c¢6 chu vi nho nhat.

Giai
A

M /C

a) Nhu bai 15

b) Do diém P nam trén trung truc canh MN nén PM = PN (1)

Ta cd 180° = OMB + OMC = OMB +ONC

=Tt giac OMNC ndi tiép (tong hai goc ddi bang 180°)

nén MON =180° -~ NCM =120°, POM = PON =120° = POM + PBM =180°

Suy ra tir giac PBMO ndi tiép nén OPM =OBM = 30°

Chirng minh tuwong tu ta c6 OPN = OAN =30° = MPN =60°(2)

Tir (1) va (2) suy ra APMN 1a tam giac déu (dpem)

¢) Tu chirmg minh & cau a, b = OMN =OHI =OCN =30° = HI //AB

Goi K 14 trung diém ciia AC thi H,1,K thang hang

Tam giac IAB c6 AB khong ddi nén chu vi tam giac nho nhét khi IA + IB nhé nhat
Puong thang HI ¢b dinh. Goi D 1a diém dbi xing v6i B qua HI thi diém D cb dinh,
suy ra do dai AD khong doi.

Taco IB=1ID suyraIA +IB=IA + ID > AD. D4u “=" xay ra <> A,D,I thang hang
Tuc diém I chinh 14 giao diém ctia AD va HK.
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Mat khac ta dé dang chung minh dugc AHDK la hinh binh hanh. Nén dau “=” xay ra khi I
1a trung diém cua HK, khi d6 diém M trung H.

Bai 17. (Trich dé thi vao I6p 10 chuyén Todn Tin — TP Ha Néi 2015)

Cho duong tron (O) duong kinh AB. Goi I 1a diém bat ky trén doan thang AO (I khac A,
0O). Buong thang di qua I va vudng goc voi AB cat duong tron (O) tai cac diém C va D.
Goi E 1a diém trén duong tron (O) sao cho D 1a diém chinh giita ctia cung AE. Goi K 1a
giao diém cua AE va CD.

a) Ching minh: OK di qua trung diém ctia CE .

b) Pudng thang qua I song song voi CE cit AE, BE lan luot tai P, Q. Chirng minh: DPEQ
la hinh chir nhat.

¢) Tim vi tri diém I trén doan thang AO sao cho KC = KA + KO.

’ Giai c
a) Tu gia thiét suy ra AC = AD = DC
— CADE la hinh thang can c6 hai day la AD, CE
Do K 1a gia diém cua hai duong chéo
nén K nam trén trung truc cia CE =KO L CE
Noi cach khac KO di qua trung diém cua CE | ;
A
0
b) Do AB la duong kinh ctia (O) nén AEB = AEQ = K1~
T giac IPDA c6 IPA=EPQ = AEC = ADI g
nén IPDA 14 tir gidc ndi tiép = APD =90°
Tt d6 suy ra O,P,D thang hang, IPDA 1a hinh tha

vaPD /[ CE. 0

Tt giac DPEQ ¢6 DEQ = PDE = PDA = DPQ

nén DPEQ 1a ttr giac noi tiép

Két hop DPE = AEQ=90° suy ra DPEQ 14 hinh chit nhat (dpcm)

c) Xét tir giac COKA c6: COA=sd AC =%(sd AC +sdDE) =CKA . Ttr do suy ra COKA la tor

giac noi tiép. Ap dung dinh li Ptolemy ta c6: KA.OC+AC.KO = CK.AO hay

KA+ A—CKO CK
AO

Nhu vay dé KC = KA + KO thi diéu kién la 2_8 =1 AC = AO hay ACO la tam giac déu
Suy ra I phai 14 trung diém cuia AO.

Bai 18 (Trich dé thi vao l6p 10 chuyén Todn TP Ha Néi 2015)

Cho AABC ¢6 3 goc nhon noi tiép duong tron (O). Cac dudng cao AM, BN, CP cit nhau
tai H. Goi Q 1a diém bat ky trén cung nho BC (Q khac B, C). Goi E, F theo thir ty 13 1a
diém ddi xtng ctia Q qua cac dudng thing AB va AC.

a) Ching minh MH.MA = MP.MN.

Lién hé tai liu word toan SDT va zalo: 039.373.2038




Website: tailieumontoan.com

b) Chtng minh 3 diém E, H, F thang hang. 7 7
¢) Goi J la giao diém cua QE va AB, I 1a giao diém cua QF va AC. Tim vi tri cua diem Q

trén cung nho BC dé ~—+—— nho nhét.

QJ QI

Giai
a) Xét tam giac MHP va tam gidc MNA ta c0:
APMC, MHCN ndi tiép nén AMP = ACP = NMH, MPH = HAN nén

AMHP <> AMNA = MH _ MP by MH.MA = MN.MP
MN MA

b) Dung QK L BC ta c6 cac tir giac: JBKQ, QKIC, ABQC ndi tiép nén ta co:

JKQ =JBQ=ACQ=180"—QKI hay QKI =180° nén J, K, I thang hang

Gia st tia CH, BH cat (O) tai giao diém thir hai 1a R, S thi RAB =RCB = HAB

tuong tu RBA=HBA nén suy ra H doi xting vdi R qua AB. Tuong tu H d6i xtmg véi S qua
AC

Ta c6 tir giac ERHQ 13 hinh thang can va CRBQ, KBJQ noi tiép nén

HEQ = HRQ =CBQ = KJQ Nén suy ra HE//KJ. Chirng minh tuong tu ta c6: HF//KI

Ma I,K,J thang hang nén suy ra E,F,H thang hang

c¢) Trén BC 1§y diém T sao cho QCT =QBA = AQBA > AQCT

Do QJ, QK 1a cac duong cao twrong ing nén suy ra %=g—f<(l)
AC TB

T tw ABQT » AAQC = —=—-(2

uong tu ABQT > AAQ :QI QK()

Ta(1)va Q) =28, AC_TC T8 _BC _ AB, AC 1honhit < BS nhor nhét hay QK
Q Q QK QK QK QI QI QK

16n nhét suy ra Q 1a diém chinh giita cung nhé BC

Bai 19: (Trich dé thi vao Idp 10 chuyén Todn Tin — TP Ha Ngi 2016)

Cho AABC nhon c¢6 AB < AC va ndi tiép (O). Cac dudng cao BB  va CC’ cit nhau tai H.
Goi M 14 trung dém cuia BC, tia MH cit (O) tai diém P.

a) Chung minh: ABPC <> ACPB

b, Cac duong phan giac ciia BPC', CPB' lan luot cat AB, AC tai E,F. Goi O’ 1 tam dudng
tron ngoai tiép tam giac AEF, K 1a giao diém ctia HM va AO'.

+ Chtng minh : PEKF noi tiép.

+ Chimg minh céc tiép tuyén tai E,F cua dudng tron (0" cit nhau tai mot diém nam trén

(0).

Loi giai
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a) Goi 4’ 1a diém ddi xung cta A qua O,
khi do BHCA' la hinh binh hanh
=P,H,A'M théng hang. Suy ra
APH =90°. Vay A P,C'H,B cung thudc
duong tron duong kinh AH .

| Ta co AB'P=AC'P=PB'C va

| PBC'=PBA=PCA=PCB'".

| Véay ABPC# ACPB' (g.q) (1)

/" b) + Chtng minh : PEKF noi tiép.
Vi PE la tia phan giac cua

BPC' = > = 15
EC'" PC'
, FC PC _. PB PC
Tuong tu ta co = ma =
FB' PB'  PC' PB'
(theo (1)).
mit khac, ABHC# ACHB' (3).
\ \ , 2 \ \ ., PE BC' HE < R
Tu (2) va (3) tacd E,H,F thiang hang va theo (1) ta c6 SE = CB - AF — PH latia phan

giac cua EPF .

Viy PH di qua diém chinh gitra cta cung EF khong chira A.

Lai c6 AAEF can tai A suy ra phan giac AO' di qua diém chinh giira cua cung EF khong
chtra A. Nhu vay giao diém K cua AO'va PH thudc duong tron ngoai tiép AAEF . Viy tir
giac PEKF ndi tiép.

+ Goi D 1a diém chinh giita cia cung BC khong chira A cia duong tron ngoai tiép AABC .
Q la diém d6i xtmg cua D qua BC nén BHQC la tir giac ndi tiép.

Suy ra HBQ = HCQ. Goi £’ 1a giao diém ctia HQ va AB, khi 6 BHE'=QCB. Ta lai co:
QHC =QBC, QHC =E'HC', QBC =QCB = BHE'=C'HE'

= HE" 1a phan giac cua BHC'

—E'=E,vay QeEF.

O J—
TacO DQ la phan giac cuia BDC nén QDB = MTA = AEF suy ra tir giac BDQE ndi

180° - A A

tiép. Ta c6 BED=BQD = > :9O°—E:>AEO'+BED:90° — O'E L DE hay DE la

tiép tuyén cua (0.
Chtng minh tuong ty, DF 14 tiép tuyén cua (0"). Ttrc 1a cac tiép tuyén cta (O")tai Eva F
cit nhau tai D nam trén dudng tron ngoai tiép AABC .
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Nhén xét : Day 1a bai toan kho nhit trong cac ky thi tuyén sinh vao 16p 10 chuyén Toén tir
trude dén nay. Bai toan nay 1a bai twong tu cua dé thi VMO 2016, mét bai toan khac ciing
tirng xuét hién trén bao THTT.

Bai toan

Cho AABC c6 ba duong cao la AX,BY,CZ cit nhau tai diém H,M la trung diém cua BC,
P 1a mot diém thudc duong thing HM . Dudng tron (K) dudng kinh AP cit CA, AB lan
luot tai E,F khac A . Duong tron ngoai tiép tam gidc AYZ cit (K) tai diém G khac A .

a, Chtirng minh: P,H,G thang hang.

b, Ching minh tiép tuyén tai E,F cta (K) cét nhau trén duong trung truc clia BC .

Phan tich dinh hudéng giai

D@ thiy dudng tron ngoai tiép tam gidc AZY c6 duong kinh 13 AH nén HG L GA , mat
khac PG 1L GA nén P,H,G théng hang.
Xét AGYE va AGZF ta co:

YEG = ZFG (cung chin cung GA)

GYE =GZF (cung bu vdi AYG = AZG). G | Y
Do d6 AGYE o> AGZF (g.9)
Xét AGYZ va AGEF ta co:

GYZ = GAZ = GAF =GEF z E

ZGY = ZAY = FAE = FGE E
Suy ra AGYZ @ AGEF (g.9)

Do MYB =MBY =YAH , MZH =MCZ =ZAH suy

A

ra M 1a giao diém cua cic tiép tuyén tai Y,Z cia B® X M
duong tron ngoai tiép tam giac AYZ.

Tuong ty ta cing co T la giao diém cua hai tiép
tuyen tai E, F ciia duong tron ngoai t1ep tam giac
AEF .

Ta cd GFT =GFE + EFT =180° — GAY + FAE
—180° —(GAY - FAE) ~180° —GAZ

va GZM = GZH + HZM
=180° —GAH + HAZ =180° —~GAZ nén

T
GFT =GZM mat khac cling tr AMYZ < ATFE va
AGYZ o AGEF tasuy ra ZTI\F/I - ;'? - g; hay AGFT o AGZM suy ra AGZF « AGMT suy

ra GMT =GZF =180° - GZA=180° —~GHA = AHP hay TM // AH L BC.

Bai 20
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T diem M cb dinh & ngoai dudng tron (O) ké céc tiép tuyén MA,MB va cat tuyen MCD
v6i duong tron MC <MD, tia MC nam giita tia MA,MO . Goi | 1a trung diém ctia CD.

a, Gia stt CD cat AB tai N. Chtrng minh: BMD = IAB va II\,IAAI\IE =1.

b, Puong thang qua C song song véi MB cat AB,BD lan luot tai H,K . Chimg minh: H a
trung diém ctia CK .

¢, Gid sit M cb dinh, (O) khong doi va cat tuyén MCD thay d6i. Chimg minh: Trong tAm
G ctia tam gidc BCD nam trén mot dudng tron ¢ dinh.

Giai

a, Vi MA,MB 1a tiép tuyén cua
(O) nén MAO = MBO =90° nén
cac diém M, A 0,B nam trén
duong tron duong kinh MO.
Do 1 1a trung diém ctia CD

nén Ol L CD suy ra diém |
nam trén duong tron duong
kinh MO. Nhu vay nam diém
B M,AO,l B nam trén duong
tron duong kinh MO do dé

BMD = IAB (géc ndi tiép chan cung IB).
Theo tinh chat hai tiép tuyén cit nhau ta c6: MA=MB < MA=MB. Suy ra
AIM = BIM (tinh chét cac gbc noi tiép mot dudng tron chan cung bang nhau). Tir d6 suy ra
MI la phan gidc ctia AlB.
Xeét AIAB ta cé: IN la phan giac trong ciia AIB suy ra 1A_NA = EE =1

IB NB IB NA
b, Vi CH //MB nén BMI = HCI (d6ng vi). Mat khac BMI = HAI (cung chan cung Bl cia
tr giac noi tiép MAIB). Tir d6 suy ra HAI = HCI suy ra t&r giac ACHI ndi tiép (hai dinh ké
nhau cing nhin canh HI gbc bang nhau). Tir d6 suy ra CAH =CIH (cung chan cung CH ).
Ma CAH =CDB = CIH =CDB hay HI /BD ma | 1a trung diém ctia CD suy ra H la trung
diém cua CK . q , ‘
c, Qua G ké cac duong thang song song vé1 10,MD cat OB,MB lan lugt tai Q,R.
Ta ¢6 cac diém B,O,M c¢b dinh va BQ = BG = BP = PQ =z, suy ra P,Q cb dinh va

BO BI BM MO 3

PGQ =90°. Suy ra G thudc duong tron duong kinh PQ = % MO.

Bai 21
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Cho dudng tron tim (0) dudng kinh AB c6 dinh va duong kinh CD thay d6i khong tring
v6i AB. Tiép tuyén tai A ctia dudng tron (0) cit cac dudng thang BC va BD lan luot tai
E vaF .Goi P va Q lan luot 14 trung diém cia cac doan thing AE va AF .

1, Ching minh ABCD la hinh chir nhat ’

2, Chuing minh CP,DQ 1a c4c 1a cac tiep tuyen cta (O) va AABE > ABFB

3, Chimg minh t&r giac ECDF 1a tir gidc noi tiép. 7

4, Goi H la tryc tdm ctia tam giac BPQ. Ching minh H 1a trung diém cua OA .

5, Tim vi tra diém C trén (0) dé dién tich tam gidc BPQ 10n nhét.

Giai

1, Vi AB,CD la c4c duong kinh cua (O) nén ACBD la hinh binh
hanh. Mat khac ACB=90°. Suy ra ACBD la hinh chit nhét. (cling
c6 thé 1ap luan: T gidc ACBD c0 4 g6c vudng nén ACBD la hinh
chir nhat)
2, Do tam gi4c ECA vudng tai C va P 1a trung diém cta EA
— PA=PE =PC. (tinh chat trung tuyén ng véi canh huyén trong
tam giac vuong)
Tur d6 suy ra APAO =APCO (c.c.C) nén PCO=PAO =90° hayPC la
tiép tuyén cua (0).
Twong tu ta c6 QD la tiép tuyén ctia (0).
Xét AVABE va AVAFB ta cO: AEB = ABF
(cung phu vdi géc EBA) suy ra AABE o ABFB(g.0)

F 3, Xét tir gidAc ECDF ta cO BCD=BED (cung chan cung AD cua
tr giac noi tiép ACBD)
Ma BAD = DFE (cung phu v&i DAF). Tir d6 suy ra BCD =DFE nén tir gidc ECDF ndi tiép
(g6c ngoai dinh C bang goc trong dbi dién cua dinh C).
4, Vi PC,PA la c4c tiép tuyén clia (O) nén PO L AC, do AC//BD = PO L BD, mit khac

BO L PF suy ra O la tryc tam cua tam gidc PBF = PO L PB. D0 H la truc tdm cua tam
gidc PBQ = QH L PB tir d6 suy ra QH //FO = H 13 trung diém ctia AO
Ta ciing c6 thé chirng minh bang cach khac. Hoi H 14 trung diém ctia OA, ta ching minh

H la tryc tm cua tam giac PBQ

AB_AQ _ AB _ AQ _ AB_AQ
AE AO 2AP 2AH AP AH

Dé chirng minh duoc: AABE o AAFB 0 AAQOSUY ra

= AABP 0 AAQH = QH L PB, hay H la truc tm cua tam giac PBQ.

5, Ta CO Sug :%BA.PQ ~RPQ. SUy ra Sy, nho nhét khi va chi khi PQ nhé nhat. Dyng

QK L. CP = QKCD la hinh chir nhat nén QK =CD =2R. Trong tam giac vudng PQK thi
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PQ>QK =2R = Sy = % BA.PQ = R.PQ > 2R?. Viy dién tich tam gidc PBQ nho nhat bang

2R? khi va chi khi P=K < CD//PQ<CD L AB.
~ F A TeiAe 1o A T , ‘ 1 1 1 1
Ciing co the luat ludn bang cach khac: S, = 5 BAPQ = 5 R.2PQ = 5 REF = > R(AE+AF).

Chu ¥ rang: AE.AF =BA® =4R?. Theo bat dang thirc Cosi ta c6: AE+AF>2/AE.AF =4R.
Suy ra Sy, >2R%. Dau dang thic xay ra khi va chi khi
AE = AF = 2R < AP = AQ =R < APCO la hinh vuéng. Suy ra CD 1 AB.

Bai 22

Cho dudng tron tAm O duong kinh BC, diém A nam trén (0), (A=B,C). Cac tiép tuyén
tai B, A cua (O)cét nhau tai diém M, MC cat (O) tai giao diém tht haila D. Goi H 1a
trung diém AB,N 1a trung diém ctia AM . I,K lan luot 12 tAm vong tron ngoai tiép, trong
tam cac tam giac MAB, MNB.

a, Chtirng minh: BHDM la tir giac noi tiép.

b, Chtrng minh: OHDE 14 tir gidc noi tiép.

¢, Ching minh: IK L BN.

Giai

a, Vi diém D nam trén duong tron duong kinh
BC nén BDC =90° = BDM =90°, BHM =90°
(Tinh chat hai tiép tuyén cat nhau). Suy ra
BDM =BHM =90°. Vay t{r gidc BHDM ndi tiép

(c6 2 dinh lién tiép H,D cung nhin BM mdt goc vudng).

b, Xét tam giac OBM va tam giac BCE.
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Ta c6: OBM = BCE =90°, OMB = CBE (cung phu véi ABM ). Tir 46 suy ra AOBM o> ABCE

1
—CB
B _CE 27" CE . CB :g—CE):ACBM o AOCE (c.g.C), suy ra

(QQ)suyra oo =5 < Bm ~2c0 " Bm
OCD +COE =0CD+CMB =90° hay OE L CM tai trung diém ctua CD do d6

AOCE @ AODE (c.c.c)=> OCE = ODE =90° vay ED 1a tiép tuyén cua (O).

Vi OCE = ODE = OHE =90° nén 5 diém O,C,E,D,H nam trén dudng tron duong kinh OE.
Hay OHDE la tir gidc ndi tiép. ‘

¢, Vi | 1a tm duong tron ngoai ti€p tam giac can ABM nén | nam trén duong cao

AH cua tam giac MAB va IN L AM. Goi Q,F lan luot la trung diém MN,MB, G 1a trong

tdm tam giac MAB thi % = % =% theo dinh ly Thales dao ta suy ra

GK /I AM = IN 1 GK. Mat khac tam giac MAB can tai M nén Gl L NF < GI L NK. Tur
do suyra | 1a tryc tAm tam giac GKN do do IK L BN.

' Bai 23. Cho ntra duong tron tim O duong kinh AB =2R. EF 1a day cung di dong trén nira
duong tron sao cho E thudc cung AF va EF :%. Goi H 1a giao diém ctia AF,BE,C la

giao diém ctua AE,BF, | 1a giao diém clia CH, AB.

a, Chtirng minh 4 diém A,C,F,| cung nam trén mot duong tron.

b, Chimg minh: AE.AC +BF.BC c6 gia tri khong d6i khi EF di chuyén trén ntra dudng
tron (O).

¢, Puong thang AF cit tiép tuyén tai B & N, cac tiép tuyén tai A F cua (O) cit nhau &
M. Ching minh: ON | MB. 7 ,

d, Xéac dinh vi tri EF trén ntra duong tron dé tir giac ABEF ¢6 di¢n tich 16n nhat.

Giai:
a, Vi cac diém E,F nam trén nira dudng tron duong kinh AB nén AEB = AFB =90° (G6c
ndi tiép chin nira duong tron).
Do C la giao diém ciia AE,BF suy ra BE L AC,AF 1 BC i
suy ra BE, AF cit nhau tai diém H 13 tryc tAm tam giac CAB
suy ra Cl L AB.
T gidc ACFI cO AFC = AIC =90° suy ra tir gidc ACFI 1a tir
giac noi tiép (Hai dinh lién tiép F,1 cing nhin AC gbc 90°).
b, Xét tam giac vudng ACI vatam giac vudng ABE ta cé
AIC = AEB =90°, CAB chung.

Suy ra AACI «» AABE do do: % :%: AC.AE = Al.AB
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Tuong tu ta cling c6: BC.BF =BI.AB. Cong hai dang thtc ta co:
AE.AC + BF.BC = AB(Al +BIl) = AB* = 4R’
c, Xét tam gidc MAO va tam gidc ABN. Ta c6: OAM = NBA=90°, OMA = BAN (cung phu
MA AB MA  20B

AO BN ;AB BN

véi NAM). Tu d6 suy ra AMAO <2 AABN (g.g) suy ra hay

'X'Q OB . AMAB  AOBN (c.g.c), suy ra NOB + MBA=BMA+MBA=90° hay
ON L MB | |
d, Dé thay: Tam giac OMN 1a tam gidc déu c6 canh MN =R. Goi K la trung diém cua EF

2 2
thi OK L EF. Tu d6 ta tinh duge: OK? =OE? —KE? =R* — R 35 ,= OK =@. Tam

1 J3R?
.

giac OMN c6 dién tich la: S =EOK.EF =

Duyng EX,FY lan lugt vudng goc voi AB

tai E,F thi tir gisc EFYX 1a hinh thang vudng, dung KP L AB suy ra P 1a trung diém XY
nén KP la duong trung binh hinh thang EFYX .

Ki hiéu S,,S, lan luot 1a dién tich cta cac tam giac AOE, BOF thi

S, = %OAEX :%R.EX; S, = %OB.FY :%R.FY. Taco: Sues =S, +S,+S, ma S, khong doi
Nén S,.., 16n nhat khi va chikhi S, +S, 16n nhét.

Taco: S, +S, =%R(Ex +FY) :%R.ZKP = R.KP. Trong tam giac vudng OKP ta c0:

V3 V3

KP < KO =7R. Suyra S, +S, STRZ.
Déu bang xay ra khi va chi khi P=0 < PK L EF < EF // AB. Vay GTLN ciia S, la

3J_ “** R? khi va chi khi EF // AB.

Bai 24. Cho duong tron tim O va diém A nam ngoai duong tron. Ké hai tiép tuyén
AB, AC véi (O) véi B,C 1a cac tiép diém. Trén cung nho
BC lay mot diém M 10i ké cac dudng vudng géc
MI,MH, MK xuong BC,CA, AB. Goi P,Q lan luot 1a giao
diém ciia cac cap duong thang BM va IK,CM va IH.

a, Chtrng minh: Cac tt gidc BIMK,CIMH 1a ttr giac noi tiép.
b, Chimg minh: MI* = MH.MK.

¢, Chtrng minh: IPMQ ndi tiép ro1 suy ra PQ L MI.

d, Tim vi tri diém M d&& MI.MH.MK dat GTLN.

Giai:
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a, TUr gia thiét ta c6: BKM = BIM =90° suy ra tir gidic BKMI noi tiép. Tuwong tu cho tir giac
CIMH, AKMH.
b, Vi tir gidc BKMI ndi tiép nén: MKI = MBI (cing chian cung MI). Mit khéc ta cé:
MBI = MCH (tinh chat goc tao bai tiép tuyén va day cung). Nhung MCH = MIH (cling
chin cung MH cua tir gidc ndi tiép MHCI). Suy ra MKI = MIH
Hoan toan twong tu ta ¢6: MIK = MHI nén AMIK <« AMHI (g.9)

Suy ra ME_MH  MIZ = MH VK.
MK Ml

c, Taco:

PMQ + PIQ = BMC + PIM +QIM = BMC + MBA+ MCA = BMC + MCB + MBC =180°.

Do d6 ttr giac PIQM ndi tiép (Tong hai goc ddi nhau bang 180°).

Vi PIQM noi tiép suy ra MPQ = MIQ = MKI = MBI suy ra PQ // BC hay MI L PQ.

d, Tir chirng minh ¢ céu b) ta c6 Ml ? = MH.MK :>7MI3 = MI.MH.MK. Suy ra MI.MH.MK
16m nhat khi va chi khi Ml 16n nhat. Hay M 1a diém chinh gitra cung nho BC khong chira
A

A

l Bai 25. Cho tam giac ABC c6 3 goc nhon noi tiép
(O;R). Dung duong cao AD cuia tam giac va duong kinh
AK cuia (O). Ha BE,CF lan lugt vudng goc voi AK.

a, Chtrng minh: ABDE, ACFD la céc t&r giac ndi tiép.

b, Chirng minh: AABC «» ADEF va DF L AB.

¢, Cho BC c¢6 dinh, diém A di chuyén trén cung 16n BC .
Chtrng minh: Tam dudng tron ngoai tiép tam giac DEF
1a mot diém c6 dinh.

Giai:
a, Vi ABD = AEB =90° suy ra 4 diém A B,D,E nam trén «
duong tron duong kinh AB ¢6 tdm 1a trung diém N cua AB.
ADC = AFC =90° nén 4 diém A D,F,C nam trén duong tron dudng kinh AC c6 tam la
trung diém P cua AC.
b, Do tir giac ADFC noi tiép nén: DFA = DCA cung chan cung AD.
Tacé DEF =90° - BED =90° — BAD = ABD. Tur d6 suy ra AABC > ADEF (g.9).
Ta cO: DFA=DCA=BKA=BK // DF ma BK L AB = DF L AB.
¢, Goi M 1a trung diém caa BC, | 1a trung diém ctia BO thi ON L AB,OM L BC suyra5
diém N,O,E,M,B nim trén dudng tron dudng kinh BO. Ta c6:

MNE = MBE = DBE = DAE :%DNE suy ra MN la tia phan giac ciia goc DNE. Tam giac

DNE cén tai N suy ra MN ciing la trung truc cua DE, tuong tu ta cling c6 MP la trung
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truc cua DF. Suy ra M 1a tim duong tron ngoai tiép tam giac DEF. Vay tim duong tron
ngoai ti€p tam giac DEF la diém M c¢6 dinh.

Bai 26. Cho tam giac ABC vudng tai A D 1a diém
trén tia d6i cua tia BC, ké tiép tuyén DE véi duong
tron tdm C ban kinh CA(A,E ¢ khac phia nhau so
v6i BC). Pudng thing qua A vudng goc véi BC cat
duong thang CE tai F, duong thang BF cit DE tai
M, qua B ké duong thang song song véi CM cat
DE tai N. Goi J 1a giao diém thtr 2 ctia dudng tron
(C;CA) véi EC.

a, Puong tron duong kinh DC cit AC tai I. Chung
minh: AIFE ndi tiep.

b, Tam giac CIF cantai C.

C, Chirng minh: M 1a trung diém ctia NE.

Giai:
a, Puong tron duong kinh DC cat AC tai | nén DIC =90° = DECI noi tiép. Suy ra
EIC =EDC =90° - ECD =CFA < AIE = AFE
Hay tir giac AIFE ndi tiép.
b, Do CA=CE ma CEA=CIF, CAE =CFIl = AIF = AFI suy ratam giac CIF cantai C va
AE /I IF.
¢, Ap dung dinh 1y Menelaus trong tam giac BFC voi cat tuyén DME ta co:
MB EF DC _,

MF EC DB
Mat khac do AE //IF nén ta co: E:ﬂ, do AB// DI nén pe_lc thay vao (*) ta co:
EC AC DB 1A

MB Al IC_, _ MB_AC_CIJ

—— =l =
MF AC’IA MF IC CF 7 ,
Vay tam duong tron ngoai ti€p tam giac DEF 1a diém M c6 dinh.

— BJ //CM hay M la trung diém ctia NE.

Bai 27. Cho tam gidc ABC ngoai tiép duong tron (1), dudng thang Al cit dudng tron
ngoai tiép tam gidc ABC tai diém D, E la diém trén cung BDC, diém F trén canh BC

thoa man BAF =CAE < % BAC. Goi G la trung diém cua IF. Puong thang El cit dudng

tron ngoai tiép tam giac ABC tai P, duong thang Al cat BC tai J, AF cat duong tron
ngoai tiép tam giac ABC tai K cat DP tai Q.

a, Ching minh: APQI 1a tir gidc noi tiép.

b, Chung minh: ADCJ «» ADAC.
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¢, Chimg minh: DG, El cit nhau tai mot diém nam trén dudng tron ngoai tiép tam giac
ABC.

Giai:
a, Do AD la phén giac trong géc A nén BAD =CAD, Vi BAK = CDE = KAD = EAD, mat
khac EAD = EPD
< EAD = EPD suy ra tir giac APQI ndi tiép.
b, Xét tam giac DCJ, DAC ta cd: DCJ = DAC,
ADC chung nén ADCJ ~ ADAC (9.9)
¢) Gia sir PD cét FI tai G'. Ta chimg minh G'=G.
That vay, ap dung dinh 1y Menelaus cho tam giac AIF vé cat tuyén QG'D ta c6
QA GF DI _, (*). Tir chirng minh cau a) ta c6: AQI = APl = AKE suy raKE//QI . Mat
QF G'I DA
khac cling do BAK =CDE suy ra BK =CE, KAD = EAD = DK = DE, BKEC la hinh thang céan
VAaEK //BC. Nhu vay QI //BC//KE.

Theo dinh 1y Thales ta co: g—é = % mit khac | 1a tim dudng tron ndi tiép tam giac ABC

nén theo tinh chat dudng phan giac trong ta ciing co: % = % do ADCJ ~ ADAC nén

CA_DA 3 pi—pC-DB (tinh chat quen thudc). Suy ra CA_DA hu vay
CJ DC CJ Dl
QA_IA_CA_DA DA gy D,

QF 13 CJ DC Dl QF DA

Thay vao (*) ta c6: ‘;F ~1=G' 1a trung didm IF hay G'=G.

!I_

Bai 28. Cho tam giac ABC vudng tai A, dudng tron tam B ban kinh BA va dudng tron
tam C ban kinh CA cat nhau tai D khéc A, BC cat
(B) tai E,F (F ndm trong (C)) va cat (C)tai M,N
(M nam trong (B). buong thang DM cat AE tai P,
DF cat AN tai Q. Kéo dai DM cit (B) tai |, DF cit
(C) tai H.

a, Ching minh: 1B L EF.

b, Chirng minh: t&r giac APDQ ndi tiép va PQ||EN.

¢, Chiing minh: P HF _AB
IM HQ AC
Giai

a) Taco
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AEN + ANE :%(ABF +ACM) —45°

Lai c6 AEF = ADF, ANM = ADM
Suy ra IDH = MDA+ FDA =45°,
IBF = IBA+ ABF :Z(ADF +ADM): 90°

il
)

Do do IB LEF.

=v)

R
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b) Tira) suy ra tam giac IBF vudng cn tai B SUy ralAF =45° suy ra I, A N thang hang.
Tuong ty ta cling ¢6 E, A H thang hang suy ra EAN =135° =t gidc APDQ noi tiép suy ra
APQ = ADQ = AEF nén PQ//EF.
IP NM AE

¢) Ap dung dinh 1y Menelaus véi tam giac PEM va cat tuyén IAN ta co: M NE 2P 1,

. . e A -, HF AQ EN v al ,
tuong tu vo1 tam gidc QFN va cat tuyén HAE ta cling co HO AN EF =1. Nhan hai dang thirc
voichu y AP _AE ¢ suy ra IP HF _EF

AQ AN IM HQ MN

Cho tam gidc nhon ABC

Bai 29.

b. Tir a) suy ra tam gidc IBF vudng cintai B suy ra IAE=45° suyra |, A, N thang hang.
Tuong tu ta cling ¢6: E,A,H thang hang suy ra EAN =135° = it gidc APDQ ndi tiép suy ra
APQ = ADQ = AEF nén PQ // EF.

IP NM AE
c. Ap dung dinh 1y Menelaus voi tam gidc PEM va cat tuyén IAN ta c0: —.——.—— =1,

IM NE AP

tuong tu véi tam gidc QFN va cat tuyén HAE ta ciing co: HFE AQ EN _
HQ AN EF

Nhan hai dang thirc véi chu y: AP _AE suy ra IP HF _EF

AQ AN IM HQ MN '

Bai 29

Cho tam giac nhon ABC ndi tiép (0) cOAB<AC. Goi | la trung diém cua cung BC khong
chira A Trén AC liy diém K khac C sao cho IK=IC. Duong thang BK cit (O) tai
D (D#B). Trén tia DI lay diém M sao cho CM // AD. Dudng thang KM cét BC tai diém N .
Puong tron ngoai tiép tam gidc BKN Cat (O) tai P (P#B).

a. Chtrng minh: K dbi xung voi B qua Al.

b. Chtng minh: AC 14 tiép tuyén cua duong tron ngoai tiép tam giac BKN .

c. Goi E la giao diém ctia DI va AC . Chung minh: T gidc EPIK ndi tlep
d. Goi F 1a giao diém ciia PK va (0). Chung minh: KF di qua trung diém ctia AD.

Loi giai
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a. Ta cO: AKI =180°—IKC =180°— ACI = ABI .

Tir d6 suy ra BIA=KIA = AABI = AAKI (C.g.C)

Do d6 AB=AK hay K doi xing vai B qua Al .

b. Ta c6: DKI =180° - BKI =180° — DBI = DCI .

Két hop véi BDI =CDI = KID =CID = AIKD = AICD .
Suy ra DK =DC nén DI la duong trung tryc ciia KC.
Do d6 MK =MC.

Ta cO: CKN =KCM = DFP =KBP nén KC la tiép tuyén cua duong tron ngoai tiép tam giac

BKN .

c. TacO EKP =KBP =DIP =EIP suy ra t gidc EPIK ndi tiép.

d. Tl cdu ¢) ta cO: KPI = KEI =90° ma PK cit (O) tai F suy ra IF 1a duong kinh cta (O).
Suy ra AF L Al , mat khac BD L Al suy ra DB // AF < AF // KD. Mat khac FD,EK cung vudng

gdc vGi AC Nén FD // KE suy ra ttr giac AFDK 1a hinh binh hanh. Vay FK di qua trung diém
cua AD.

Bai 30

Cho tam giac ABC noi tiép (O) ¢6 truc tam la H. Cac duong cao BD, CE cit (O) tai giao
diém thir hai 12 F,G . Dung FM //GN //BC (M eAC,N e AB). C4c duong thing HM, HN
theo thtr tu cat FG tai K,L. Goi P 14 giao diém ctia dudng tron ngoai tiép tam gidc AED voi
(0), P khac A.

a. Chung minh: Tt gidc HLPF nodi tiqé'p.

b. Chuing minh: Céc diém P,L,E thang hang.

c. Chimg minh: DK, EL cit nhau tai mot diém nam trén (0).

Loi giai
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a. Duong tron ngoai tié’p’ tam gidc AED co6 duong kinh AH , ta cling c¢6 cac tinh chat quen
thudc la G,F lan lugt do1 ximg vé1 H qua AB,AC.

Theo tinh chat goc ngoai, ta c6: FLH =LGH + LHG = FBC+NGH . Do GN // BC nén

NGH =GCB = HCB sUy ra FLH = HBC + HCB =180°~ BHC = BAC =90°— ABF = APH — APF = HPF
suy ra tir giac HLPF n0i ti€p.

b. Tacd: LPH =LFH =GCB = BAH = EAH = EPH suy ra hai tia LP,EP trung nhau. Hay E,L,P
thang hang.

Cc. Ta cO: GKH = KFH + KHF =GCB + MFH = HCB + HBC = BAC,

GPH = GPA—’HPA = GPA:90° =180°-GBA-90° = 90°—GBOA= 90°—HBA =BAC . Suy ra tor giac
PKHG ndi tiép. Ttir do dé chiing minh dugc: P,K,D thang hang. Suy ra DK, EL cat nhau tai
diém P nam trén (0).

Bai 31

Cho tam gi4c ABC ndi tiép (O) c6 cac duong cao BK,CL cit nhau tai H. Cac duong
AH,BH,CH cit (O) tai giao diém thi hai 12 D,E,F . Ly diém M sao cho tam gidc MFH va
tam gidc HBC dong dang (M, A nam cung phia so v&i KL) ML cat (O) tai N(M, A, N nam
cung phia so v6i KL) Ké DP // KL (P €(0)).

a. Ching minh: HM L AF . ,

b. Chimg minh: Tt gidc ANLK noi ti€p. 7

c. Gid st NH cat BC tai Q. Ching minh: Q la trung di€ém

ciia BC va QK,QL 1a tiép tuyén cua (AKL).

d. Goi R 14 trung diém ciia KL. Chimg minh: N,R,P thang hang.

Loi giai
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a. Ta co cac tinh chat quen thuoc: F dbi xing véi H qua AB, EF /LK VA AHBC <> AHLK.
Vi AHBC «» AMFH = MFH =HBC =HLK =LFE Suyra M EF.

Ta c0: AF|:| +FHM = AHL + I—!CB=AHL+ HAB =90° hay HM L AF . )

b. Do 4 diém A, L, K, H nam trén duong tron duong kinh AH . Gia st MH cat AB tai | thi
suy ra FI //BC. Goi N’ 1a giao diém cua (O) va duong tron duong Kinh AH thi

HME = MFH + MHF = HBC + HCB =180° - BHC = BAC =90° - ABK = HN'/A- ANE =HNE . Suy ra tr
gidc HLNE ndi tiep.

Taco: MN'H =MEH = FCB=BAH =EAH =LN'H suy ra hai tia LN’, MN’ tring nhau. Hay
L,M,N’ thang hang, suy ra N=N’. Suy ra N nam trén duong tron duong kinh AH , tirc 1a thr
gidc ANLK noi giép. ,

C. Q la trung diém cua BC. Pay la tinh chat quen thudc (Ké duong kinh AA"). Ngoai ra ta
cling c6 OA L KL = OA_L DP suy ra AD=AP, QK, QL la céc tiép tuyén cua duong tron duong
Kinh AH .

d. TacO: ANR=ANK +KNR = ALK +LNH = ACB+BAD = ACD=ANP suy ra N,R,P théing hang.

Bai 32

Cho tam gidc ABC c6 duong phan giac trong 12 BE. Pudng tron qua A, Btiép xuc voi AC cat
BC tai D khac B . Goi K la tAm dudng tron ndi tiép tam giac ADC, EK cat duong tron ngoai
tiép tam gidc ABE tai L. Gia sir AK cdt BC tai F.

a. Chtrng minh: Tt gidc AEFB noi tiép.

b. Gia str CL cat dudng tron ngoai tiép tam gidc ABE tai M khac L. Chung minh:

ACEM <« ACLA; ACBM > ACLF Vva LC la phan giac cuia goc BLE.
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c¢. Chimg minh: Tam dudng tron ngoai tiép tam gidc LBC 1a diém chinh giita cung BC chira
diém A.

. 1 < . Y 4
a. Taco: FAC = > DAC, mat khac do CA la ti€p tuyén
ctia dudng tron ngoai tiép tam giac ABD nén
CA? =CB.CD = ACAD > ACBA (C.g.C).
Suy ra DAC = ABC =2ABE Nén FAE = ABE. Suy ra ti gidc AEFB noi tiép.
b. Do BE la phan giac cia ABC nén E la diém chinh gitta cung AF cua duong tron ngoai tiép

tor gidc AEFB. Suy ra LE la phan giac cua goc ALF :E:ﬁ =%.
LF KF CF
Ta cO0: ACEM «» ACLA (g.9), ACBM «» ACLF (g.g) suy ra ME_LA_LF —@: ME = MB hay

MC CA CF MC
LC la phan giac cua goc BLE.
c. Goi N 1a diém chinh giira cung BC chtra A cua (ABC) thi NB=NC, BNC =BAC =2BLC suy
ra N 1a tim duong tron ngoai tiép tam giac BLC .

Bai 33

Cho tam gidc ABC noi tiép (O) céc tiép tuyén tai B, C cua (O)cét nhau tai T.Goi M, N lan
luot 14 cac diém thudc tia BT,CT sao cho BM =BC =CN. Puong thang MN cat CA,AB lan
luot tai E,F. BE giao CT tai P. CF giao BT tai Q. Dung duong phan giac trong AD cua tam
gidc ABC.

a. Chirng minh: FBM = ACB.

b. Chuing minh: QD // BF .

c¢. Chirng minh: DP=DQ va AP =AQ.

Loi giai
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a.Tam giac BTC, TMN can tai T, suy ra MN // BC.

Xét tam gidc ABC va tam gi4c MFB ta cO: ABC =BFM (dong vi).
BAC = MBC = BMF => AABC > AMFB (g.9)

Suy ra FBM = ACB.

b. Do FM //BC tace: {¢ _BC _BM _AC_DC_DC

- = === = QD // BF, tuong tu ta c6 PD // CE .
QF FM FM AB DB DB

Theo dinh li Ta 1ét va tinh chat tia phan giac ta co:
DQ_DB BE CE_CD AB BC _,  pp_po
DB BF CE DP BC AC BD
Ta lai c6 ADQ = ADB+BDQ = % BAC + ACB + ABC, tuong tu ta cling cO ADP = % BAC + ACB + ABC

Suy ra AADQ=AADP = AP = AQ

Bai 34

Cho duong tron tam O noi tiép tam giac ABC tiép xtc véi BC, CA, AB lan luot tai D, E, F.
Puong thiang qua A song song voi BC cét EF tai K. Goi I 1a giao diém ctua OD va EF. Goi N
1a giao diém ctia OA va EF.

Gia sir Al cit OK tai H, chieng minh bén diém : A, N, H, K cting nam trén mét dwong
tron.

Chitng minh AOHD < AODK va tAm dwdng tron ngoai tiép tam giac DHK nam trén mét
dwong thing cé dinh

Goi M 1a giao diém ciia Al va BC. Chirng minh OM 1 DK
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A K

B D M
Giai
Vi AE, AF la cac tiép tiép tuyén cia (O) tai E, F nénao LEF , Vj Ol LOB suy ra Ol LAK.
Tir d6 suy ra I 1a truc tAm ciia AAOK = A L OK tai H, suy ra tir giac ANHK noi tiép
Vi tir giac ANHK ni tiép nén OH.OK = ON.OK = OF?*= OD?= oH _ob suy

OD OK
ra AOHD  AODK (c.g.c) Tir dé suy ra opH —okpnén OD la tiép tuyén ciia dwong tron ngoai
tiép tam giac HDK. Ma op 1 Bc suy ra tam dwong tron ngoai tiép tam giac HDK nam
trén dwong thang cé dinh BC
T giac ODMH néi tiép suy ra obH =oMH, AOHD > AODK = ODH =OKD = OMH =OKD ma
OMH cung phu véi MOH = OM 1 DK

Bai 35

Cho tam gidc ABC ndi tiép (O) cac dudng cao BD va CE cit nhau ¢ H. Goi M, N 1an luot 13
trung diém ctua BC va DE. Goi K 14 giao diém tht hai cia AM véi dudng tron (O”) ngoai tiép
tam giac AEF. Goi I 14 giao diém tha hai ctia AN véi (O)

Chéng minh NAE = MAC

Chwng minh AMCK <> AMAC

Chitng minh: T giac BHKC ndi tiép va K déi xieng véi | qua BC.

d) Cac tiép tuyén tai B, C cua (O) cit nhau ¢ T. Chimg minh A, I, T thang hang.

Giai
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Do tir gidc BEDC noi ti€ép nén ADE = ABC
Ta cO AADE > AADC(g.9), AN, AM la cac trung
tuyén twong ing nén AADE > AABC = NAE = MAC
buong tron (O’) c6 duong kinh AH nén

AKH =90°, goi F 13 giao diém ctia AH véi BC, Do
céc t giac HFMK, HFCD noi tiép nén suy ra
AH.AF= AK.AM= AD.AC, suy ra tir giac
MKDC noi tiép nén MKC = MDC = MCD
do d6 AMCK «» AMAC(9.9)
Taco

HKC =360° — HKD — DKC =180° + HAC — DMC

=180° + DBC —2DBC =180° - DBC
suy ra BHKC ndi tiép . Tir chimg minh cau b, a ta
CO: KBC=MAC =NAB=ICB. Tuong tu ta ciing
cO KBC = IBC, suy ra K, I d6i xtmg nhau qua BC.
Giai sit AT cat (O) tai giao diém thir hai 13 I’ (khac A). Ta chimg minh BAI'=MAC . That vay
ta co: TI.TA= TB2 = TM.TO, suy ra AOMI’ 1a ttr gi4c noi tiép, suy ra

| 'MT =OAI'=0I'A=0MAnén MB la tia phan giac cia AMI'. Ta c0

MAC =180° —AMB:lBOO—%AMI '
=180° —%AOI '=180° - ACI'= ABI'

suy ra AABI' <> AAMC . Do d6 MAC = BAI 'diéu d6 chimg t6 I, A, N thang hang . Suyra I =1

Bai 36

Cho tam giac ABC c¢6 duong tron noi tiép (I) tiép xuc véi cac canh BC, CA, AB lan luot tai
D, E, F. Puong thang qua A song song voi BC cat DE, DF lan luot tai M va N.

Chitng minh M, N, E, F cling nam trén mét dwong tron

Chitng minh MF, NE cat nhau tai mgt diém K nam trén (1)

Goi AK cit (tai diém L khac K. Chirng minh L nam trén dwong tron ngoai tiép tam
giac DMN.

Giai

Ta c6 MNF = FDB = DEF suy ra tir giac MNFE ndi tiép. Do @6 ANF = FDB = NFAneen tam
giac NFA can tai A, suy ra AN = AF. Twong tw AM = AE ma AE = AF, suy ra AM = AN
= AE = AF. Néi cach khac 4 diém M, N, F, E niam trén dwong tron tam A
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Suy ra NEM = NFM =90°suy ra ti gidc FKED nédi tiép
Giai sir dwdng tron (1) cat dwdng tron tdm J ngoai tiép tam giac DMN tai diém L, ta
chungs minh X, A, L thang hang. That vay ké dwong kinh DX ciia dwong tron (J). Ta dé
chitng minh dwouc tir gidc KMXL 1a hinh binh hanh suy ra X, A, K thang hang (1)
Ta ciing ¢6 KLD = XLD=90°= X, K, L thang hang (2). Tir (1), (2) suy ra A K, L thang
hang (dpcm).

Bai 37

Cho tam gidc ABC nhon, khong can c6 hai duong cao 1a BE va CF. Goi M, N lan luot 14 trung
diém ctia BE va CF.

Chang minh: MAB = NAC

Goi AM cit dwong tron ngoai tiép tam giac ANC tai P khac A. Goi AN cat dwong tron
ngoai tiép tam giac AMB tai Q khac A. Ching minh riang 4 diém M, N, P, Q nam trén
mot duwong tron.

Goi BQ cit AM tai K, CP cit AN tai L. Chitng minh KL//MN

Giai
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Tacld aage oaacE - AB_AC  AB _ AC _ AB _ ACguy ra AABM o> AACN = MAB = NAC
BE CF 2BM 2CN BM CN

b) TacOd APC = ANC = AMB = AQB, BAQ = CAP SUYy ra AAPC > AAQB = ACP = ABQ.

Lai c6 ABQ = AMQ = ACP = ANPsuy ra tir gidc MNQP néi tiép.

¢)Tw chiwng minh trén ta cé :

ALP = LAC + LCA = KAB + KBA = AKB SUY Fa AAPL o AAQK ::\—g =%(1). Mat khac do PQMN ngi

tiép nén ta co AP.AM:AQ.AN:AA_ZZ%(Z). T (1) va (2) ta co :%:%Q KL //MN

Bai 38

Cho tam gidc ABC ndi tiép (O) cac duong cao BE, CF cat nhau tai H, duong thang AD cat
(O) tai giao diém thir 2 1A P(P = A). Pudng tron ngoai tiép tam giac AEF cit (O) tai giao
diém thtr hai 1a N (N=A). Goi I, M 1an luot 1a trung diém ctia EF va BC. Puong thang qua P
song song v&i EF cit (O) tai diém K(K = D)

Chwng minh OA LEF.

Chitng minh : M, H, N thiang hang va NIE = NFH

Chitng minh : K, I, N thang hang
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Dung tiép tuyén Ax cia (O) . Ta co xAC = ABC (Tinh chit géc tao béi tia tiép tuyén va
day cung).

Mit khéac ta lai c6 ABC = AFE (Do tam giac BCEF néi tiép). Tir d6 suy ra

XAC = AFE = EF//AX < EF 1L OA.

Pé chieng minh bai toan ta chitng minh bé d@é : Cho tam giac NEF ndi tiép dwong tron
(J), cac tiép tuyén tai E va F cia (J) cat nhau & M, MN cit (O) tai giao diém thic 2 12 H.
Goi I 12 trung diém ciia EF. Khi d6 ta c6 NIF = NEH .

That vay : Theo tinh chat cia tiép tuyén va cat tuyén ta c6 : ME2 = MH.MN, miit khéc,
ap dung hé thire lwong trong tam giac vuéng EJM ta c6 ME2= MI.MJ suy ra
MI.MJ=MH.MN = AMHJ e AMIL = MHI = MJIN suy ra MIJIN la ti giac ndi tiép.

Tir dé ta c6 : HIM =HNJ = NIJ nén IE la phan giac caa NIH ,

NIE =180° —%NIH 180" —%NJH ~180° — NEH

Tir chitng minh ¢ cau b suy ra ANIE > ANFH = ENI = HNF . Ta

cO : ANI = ANE + ENI =AFE + HNF = ACB + BAD = ACB + BCP = ACP = AKP = ANP suyraN, I, K
thing hang. Suy ra diéu phai chieng minh.

Bai 39

Cho tam giac ABC n@i tiép (O) cac dwong cao AD, BE, CF cit nhau tai H. Pwong thang
EF cat (O) tai T, S (S thudc cung nhé AC). Dung dwong kinh Al cia (O) , Sl cit BC tai
K.
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Chitng minh rang : tam giac AST can.
Chitng minh AS? = AE.AC.
Chéng minh AK 1SH.

a) Ta chung minh duoc tinh chat quen thuoc: OA L EF .

Dung tiép tuyén Ax cia (0). Ta cO: xAC=ABC (Tinh chat goc tao boi tiép tuyén va day

cung). Mat khac ta co6: ABC=AFE (Do BECF noi tiép). Tu d6 XAC=AFE
— EF // Ax< EF LOA.

Suy ra OA la duong trung truc cia ST. Vay AAST can tai A,
b) Ta co: AST = ATS = ABS = ACS

Suy ra AS Ia tiép tuyén cua duong tron ngoai tiép AESC.
Tur d6 suy ra AASE —~ AACS (g.g) = AS® = AE.AC.

c) Goi X la giao diém ctia duong tron (J) duong kinh AH (dudng tron ngoai tiép AAEF) voi
duong thang AK. Suy ra AH.AD = AX.AK = AE.AC = AS? < AS® = AX.AK. Theo h¢ thirc lugng
trong tam giac vudng ASK ta suy ra SX L AK. Do d6 H, S, X thang hang. Vay SH L AK.

Bai 40
Tir mot diém A nam ngoai dudng tron (0)ta ké céc tiép tuyén AB, AC dén duong tron (A, B

la tiép diém). Goi H 1a giao diém ciia AO va BC. Trén doan thang BH lay mot diem M bt ki,
duong thang qua M va vuéng goc vai MO cat AC, AB lan luot tai P, Q.
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a) Chang minh rang oPQ 1a tam gi4c can.
b) Liy diém R thuoc CH sao cho PR // OA. Chang minh rang CR = HM.

¢) Ké duong kinh CD cua (0). Goi K 1a diém déi xung véi H qua B, duong thang qua B song
song voi AD cat AK tai diém N. Ching minh rang ti giac ACDK noi tiép.

d) Buong thang qua B va vudng goc voi OC cat AH tai E. Chitng minh rang NB 14 tia phan
giéc trong cia KNE.

Giai

a) Ta giac MBQO c6 OMQ =0BQ =90°.

Suy ra MBQO la tr giac noi tiép, do d6 MQO = MBO (cling chan cung MO).
Tuong tu ta ciing c6 ta giac MPCO ndi tiép nén MPO =MCO.

Ma MCO = MBO = MPO = MQO hay tam giac OPQ can tai O.

b) Ta cd: APCR < ACOH = PC_LO _ pc-_FPCOH
RC OH oC

MH _PC — MH _OH.PC

AMOH  APOC = —=— . T do ta co: RC =MH.
HO OC

AB _AO _ AB_AO
BH CO BK OD

¢) D& ching minh dugc: AAHB <> AACO = = AABK © AAOD (c.gc)  Suy
ra AKB=ADO nén tir giac ACDK ni tiép.

d) Ta d& ching minh duoc: ABEC 13 hinh thoi, theo tinh chat d6i xing ta c6: KAB = KEB
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Ta ciing c6 KMB=KAD =BAE =BEA suy ra tir gidc BMAE noi tiép nén KAB =MEB = KEB
hay EB la phan giac caa KEM suy ra MB la phéan giac cia KME.

Bai 41
Cho tam giac ABC noi tiép (O), duong phén gidc trong AD cat dudng tron (O) tai E, dung

duong kinh EF, 1ay diém P trén doan thang AD (P khac A, D). Buong thing FP cit duong
tron (O) tai Q khac F. Duyng duong thang qua P vudng goc vai AD cat AC, AB tai M, N.

a) Chirng minh c4c t giac PQBN, PQCM noi tiép.

b) Gia QN, CP cat nhau trén (0). Chitng minh QM va PB ciing cit nhau trén (O).

Phan tich dinh hwong giai

E
A

Q E
a) Tir gia thiét ta suy ra AF L AE, AF // MN ddy la dinh huéng dé ching minh céac tir giac noi
tiep.
+ Xeét tir giac PQBN :
Ta c6 céc bién d6i goc sau: NPQ = FPM = PFA= ACQ
ma tr gidc ACQB ndi tiép nén ACQ+ ABQ =180° = NPQ + NBQ =180°
+ Xét tr gidc PQCM ta cO: FQC =CAF = AMP, suy ra PQCM ndi tiép.

b) Néu QN, CP cat nhau tai diém R nam trén (O), Ta suy ra tir gidc BRCQ ndi tiép, gia sir
BP, QM cét nhau tai diém S . Ta can chang minh:

BQCS noi tiép. That vdy ta c6: SQC=MPC =RPN =RPB—NPB=PBC+PCB-NPB nhung
PCB =RQB = NPB tir d6 ta suy ra SQC = PBC =SBC hay BQCS ndi tiép.
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Bai 42

Cho tam giac nhon ABC ndi tiép duong tron (O) c6 3 dudng cao AD, BE, CF ddng quy tai
diém H . Duong thang CH cat (O) tai diém G khac C. GD cat (O) tai diém K khac G.

a) Ching minh: AK di qua trung diém M cua DE.

b) Goi N la trung diém cua DF, AN cat (O) tai diém L khdc A Chiéng minh 4 diém
M, L, N, K cung thuoc mot duong tron.

Phan tich dinh hwong giai

a) Viéc chitng minh truc tiép AK di qua trung diém cia DE 1a tuong d6i kho. Dé y dén chi
tict CH cat duong tron (O) tai diem G ta s€ thay G, H doi xiing nhau qua AB, hay F la trung
diém GH .

Nhu vay ta can tim méi quan hé giita diém F va diém M thong qua cac tam giac déng dang.
Xeét tam gidc DFH va tam giadc DAE:
Tathdy DFH =DBH =DAE, ta ciing c6 AED =180°— ABD = FHD suy ra

ADFHCDADAE:HF:HD<:>2HF:2HD<:>HG:2HD ha HG:HD.
EA ED EA ED EA ED EA EM
d6 suy ra AHGD <» AEAM = EAM = HGD =CAK < AM = AK.

Tu

b) Gia str BH cit duong tron (0) tai diém P khac B. Twong tu cau ata c6: P dbi xang véi H
qua AC. Suy ra AG=AH =AP do d6 GP LOALEF suy ra EF // MN // GP, gia Sir AL cat GP
tai diém Q. Ta c6: MNA= AQP = AGQ+QAG = AKG +GKL = AKL suy ra tir gidc MNKL ndi tiép.

Bai 43
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Cho tam gi4c ABC nhon cd AB< AC, BAC =45°. Cac duong cao AD, BE, CF cat nhau tai H.
Puong thang EF cat BC tai P. Goi I 1a trung diém cua BC, duong thang IF cit PH tai diém
Q.

a) Ching minh DFEI 14 t&r gi4c noi tiép va 1QH = AIE.

b) Goi K Ia tryc tdm cta tam gidc AEF va (J) la duong tron ngoai tiép cua tam gidc KPD.
Duong thang CK cit dudng tron (J) tai diém G. Duong thang IG cét duong tron (J) tai M.
Puong thang JC cat dudng tron duong kinh BC tai N. Chitng minh AIMC <> AICG.

Phan tich dinh hwong giai

)

a) Tur cac tir gidc HFBD, HDCE noi tiép ta suy ra FHD = HDE = FDE = ABE + ACF. Mat khac ta

cling c6: FBE + FCE :%FIE +%FIE = FIE suy ra FDE = FIE. Do d6 tir giac FDIE nai tiép.

+ Ta cO: FDE = ABE + ACF =180° -2A=90° = ABE = ACF =45’

Goi R 1a giao diém thr 2 cia hai duong tron (HDI),(AFHE) ta thay ngay R nam trén truc dang
phuong ciia hai duong tron, nén P, H, R thang hang va PR LUV (véi U 1a trung diém cta AH,
V 1a trung diém cta HI) suy ra PR L Al. Ta cd IQH =90°— AIF = AIE.

b) Ta cO FKE =180° — A=135°. FCE =45° = FKE + FCE =180°.
Hay ta giac CEKE ndi tiép. Tuc 1a diém K thudc dudng tron duong kinh BC.

+ Ta co: FPD=EFD-FDP=EFD-EDC=EFD-EFI =IFD Suy ra AIDF @ AIFP

Khi d6 ta co %:%@ IF?=ID.IP ma IF =1C = IC*=ID.IP. Mat khac ta ciing c6: Tu giac

GMDP noi tiép nén: ID.IP = IM.IG <> IM.IG = IC? = AIMC < AICG.
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Bai 44
Cho ta giac ABCD ngi tiép dudng tron (0). Céc tia AB, DC cat nhau tai E, céc tia AD, BC cat

nhau tai F. Puong tron ngoai tiép tam giac BCE cit duong tron ngoai tiép tam giac CDF tai
M. Ching minh rang:

a) Ba diém E, M, F thiang hang va bén diém A, D, M, E nam trén mot duong tron.
b) OM L EF.

¢) Chting minh duong thang OM di qua giao diém cua hai duong chéo AC, BD cua tir giac
ABCD.

Phan tich dinh hwéng giai

a) Bai toan thyc chat 1a su két hop giira hai dinh Iy hinh hoc: Pinh 1y Miquel va Binh ly
Brocard.

Pé chang minh E, M, F thang hang ta chang minh: EMC +CMF =180°,

a) Ta tim cach quy vé hai goc d6i nhau trong tir
giac noi tiep .

Tacé EMC+CMF = ABC +CDA =180

Taco DMF =DCF =DAB gyy ra 4 diém A,
D,M,E Cl]l;]g nam trén mot duong tron.

Ttr d6 ta dé dang chirng minh dugc cac tir gidc
ABMF, BDFE ni tiep.

b) Xét tr giac OACM ta co:

CMA=180° - CME — AMF =180° — ABC — ACB
=180° - 2ABC =180° - AOC

Suy ra tir giac OACM nai tiép.
Ta c6 OMF =OMA -+ AMB = OMA+ ABF = OMC +CME =OME Suy ra OME = OMF =90°.

Theo dinh ly Brocard ta c6: Ol LEF hay O, I, M thang hang.
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Bai 45

Tur diém M nam ngoai duong tron (0) ta ké cac tiép tuyén MA, MB dén duong tron (0). Goi
E 14 trung diém MB, C la giao diém ctia AE va (0), H la giao diém cua AB va MO. D 12 giao
diém cia MC va (0).

a) Ching minh HCEB Ia tir giac ni tiép.

b) Chirng minh tam giac ABD.

¢) Goi J 1a giao diém thir hai ciia BO va (0), K 1a giao diém cia AD va MJ. Tinh ty sé %.

Phan tich dinh hwéng giai

B
a) Chl y rang: Tam giac EHB can tai E nén EHB =EBH = ADB . Mat khac tu giac ACBD noi
c) Goi N la giao diém cua BJ, AD. Ta dé ching minh duoc:

JN AN JN AN JN AN

AAIN ~AMOB = — ="~ =~ = o= Péyrang:

OB MB 20B 2MB JB 2MB
MR _IN_ MR _AN Nk =2AN hay K 1a trung diém cua AN . Tir d6 tinh dugc o =2
NB JB NB 2MB 2 KD 3
Bai 46

Cho tam giac nhon ABC ndi tiép (0) duong cao AD, BE,CF cit nhau tai diém H . Dung
duong kinh AG ctia (0). AG cat EF,BC tai X,Y.

a) Chtrtng minh: H, G, X, D cling nam trén mot duong tron.

b) Goi Z 1a giao diém cia AD va tiép tuyén tai G cua (O). Chang minh HX //YZ .
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Giai

AN

z

a) Ta cd: tinh chat quen thuéc OA L EF

ChU ¥ rang c4c tir giac noi tiép nén: AF.AB = AH.AD = AX.AG nén 4 diém H,G, X, D cling nam
trén mot duong tron.

b) Chl ¥ ti gidc va HZGD noi tiép nén: ZYG = ZDG = HXG = HX // YZ .

Bai 47

Cho tam giac nhon ABC noi tiép (0). Tiép tuyen tai A cta (0) cat tiep tuyen tai B,C cua
(0) lan luot tai S,T. BT cit AC tai E, CS cat AB tai F.Goi M,N,P,Q lan luot 14 trung
diém cua BE, CF, AB, AC. Duong thang BQ, CP cit (0) tai giao diém tha hai 1a K, L.

a) Chirng minh: AABK - AEBC
b) Chitng minh t&r gidc PQKL nai tiép

c) Chttng minh: BCM =CBN

Phan tich dinh hwéng giai
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a) Ta d& ching minh duoc tinh chat sau: Xem thém phan tinh chat cat tuyén, tiép tuyén

Tam giic ABC noi tiép (0), cAc tiép tuyén tai B va C cit nhau tai T, AT cit (O) tai D,OT
cat BC tai H.Khi d6 AHC = ABD va BAT = HAC

Tro lai bai toan:
+ Ap dung két qua bai toan ta co: AABK - AEBC.

b) Tur két qua AABK - AEBC chl Y rang: KP,CM lan luot Ia trung tuyén cua cac tam giac
AABK, AEBC nén suy ra BCM =BKP (1), tuong tu CBN =CLQ (2)

c) Taco: PKL=QBC =PQB (do KLBC néi tiép va PQ// BC). Tir d6 suy ra tir gidc PQKL noi
tiép nén ta co: BKP =CLQ (3).

Tu (1),(2),(3) ta c6: BCM =CBN
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Bai 48

Cho tam gidc ABC can tai A, I 1a tam dudng tron noi tiép tam giac, M 1a diém trong tam giac
ABC sao cho BMC = BIC . Puong thang qua M song song Vi BC cit AB, AC lan luot ai P, Q.
Cac dudng thang qua M song song véi AB, AC cat BC tai D, E.

a) Chtrtng minh ttr giac MQCD néi tiép.

b) Goi N 1a giao diém ctia PD, QE. Chtrtng minh khi M thay d6i thi N ludn chay trén mot
duong tron ¢b dinh.

Phan tich dinh hwong giai

A
O
P N M N\ g
B D E C
NEN]_ENZ

a) Ta co: BPMD la hinh binh hanh suy ra PMD = ABC . Tam gidc ABC can tai A nén
ABC = BCA suy ra PMD =QCD nén tt giac MQCD néi tiép.

b) Goi N, 1a giao diém ctia PD v&i dudng tron ngoai tiép tar gidc MQCD = PN,M = DCM V&

PN,M = DCM

| 1atam dudng tron noi tiép tam gidc ABC can tai A nén: BIC =180—B. Suy ra:
BMC =180°—PBD = PMB+QMC =PBD .

Ma PMB =MBD (so le trong) nén QMC = PBM . Mt khac MBE = MCQ. Tuong tu cO PMEB noi
tiép nén goi N, 1a giao diém ciia QE vai dudng tron ngoai tiép PMEB suy ra MN,Q = MBE suy
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ra MN,Q=MCQVva MN,Q = MN,Q, ta cd: PN,M = PBM = PN,M = DCM = PN,M =PN,M nén

N=N,=N,.

Khi d6 ta c6: BNM =180°—BPM = ABC, MNC =180°—MQC = ACB. Suy ra BNC =180°— BAC hay
N thudc duong tron ngoai tiép tam giac ABC.

Bai 49

Cho tam gi4c ABC khéng can. Pudng tron thm 1 noi tiép tam giac ABC tiép xdc véi cac canh
BC,CA, AB tai D, E,F. Duong thang di qua E vudng goéc véi BI cit (1) tai diem thi hai 1a
K(K=E) , duong thing qua F vudng goc véi CI cat (1) tai giao diém tht hai 1a L(L=F).
Goi J 1a trung diém cta KL. Goi T 1a trung diém cta BC, G 1a giao diém cta Al véi BC,U la
diém dbi xang véi T qua G. X,Y 1a giao diém cia EF véi BI,Cl

a) Chtrng minh: Bén diém C,1,E, X va B,C, X,Y clng nam trén mot dudng tron.

b) Goi M, N lan luot 14 giao diém cua IE, IF véi (1). MN cat IB,IC tai P,Q. Chuang minh
rang duong trung truc caa PQ ludn di qua diém U .

Phan tich dinh hwéng giai

a) Trudc tién ta dé chimg minh dugc D, 1, J thang hang. Ta co: XEC = AEF = 90°—§
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XIC :%B+%C :90°—§ (Tinh chat goc ngoai).

Tir d6 suy ra IEXC noi tiép nén 1XC =90°.

Hoan toan tuong ty ta co: IFYB 14 tir gidc noi tiép nén BYI =90°. Tir d6 suy ra tir gidc XYBC
noi tiép

b) Suy ra diém T nam trén duong trung truc caa XY . C4c cip diém M, E, N va F ddi xang
nhau qua | nén EF // MN suy ra EF / PQ. Tuong tu X, P d6i xttng nhau qua |1 va Y,Q ddi
xang nhau qua | . Nén hai dudng trung truc cia XY va PQ dbi xirng nhau qua 1A suy ra
duong trung truc cua PQ di qua diém U .

Cha  ring: Piém T 1a ¢b dinh va %zﬁ—i: k khong déi. Suy ra diém U 14 cb dinh.

Bai 50

Cho tam gidc ABC khong cén c6 duong cao 1a AH ndi tiép dudng tron (0). Mot diém P
nam trong tam giac sao cho AP 1a dudng phan giac trong cia goc BAC . Goi L la hinh chiét
vudng goc ctia P 1én AH. Duong tron duong kinh AP cit (0) tai giao diém thu hai 1a
G (G=A)

a) Chang minh AP, GL cat nhau tai mot diém nam trén (0).

b) Gia sir GL chia do6i doan thang HP. Chang minh P 1a tdm dudng tron noi tiép tam giac
ABC .

Phan tich dinh hwong giai
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A
G
a
LN AP &
B H E\\F ¢
D

a) Goi F, D lan lugt la giao diém cua AP véi BC va (0). Ta s& chiing minh G, L, D thang
hang.

That vay ta c6: AGL =LPD =BFD =% sd(CD+ AB) =% sd(BD+ AB) - AGD. Suy ra G, L, D thang
hang.

Ciing c6 thé bién doi goc theo cach khac nhu sau:

AGL = LPD = BFD = FCD + FDC = FBD + AGC = DGC + AGC = AGD

Tir d6 suy ra: G, L, D thang hang.

b) Bé chimg minh: 13 tim dudng tron ndi tiép tam gidc ABC ta s& chang minh:

BP la phén giac trong ctia ABC

Goi E 1a giao diém cta GL va BC.

Tur gia thiét GL chia d6i HP suy ra PLHE 1 hinh chit nhat nén PE // LH .

Theo dinh If Thales ta c6: 20 -PE_LH _PF_DA_DP DA __DP
DA AL AL AP AP DF DA-AP DP-PF

DA_DP . bP?—DADF

DP DF
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Lai cO DBF = DAC = DAB nén ADBF -~ ADAB. Suy ra: BD? = DF.DA=DP?. Tir d0 suy ra:

PBC = PBD -CBD = BPD - CAD = BPD — DAB = PBA

Vay BP la phan giac ciia goc ABC . Suy ra diéu phai ching minh.

Bai 51

Cho tam gidc ABC nhon, ¢6 dinh noi tiép trong (0). P 1a mot diém chuyén dong trén canh
BC. Goi (K) va (L) lan lugt la dudng tron ngoai tiép cac tam giac PAB, PAC. Lay diém S
thude duong tron (K) sao cho PS// AB. Lay diem T thudc dudng tron (L) sao cho PT//AC.

a) Chtrng minh dudng tron ngoai tiép tam giac AST diqua O.

b) Goi E la giao diém ctia (K) va AC, F la giao diem cua (L) va AB. BE cat CF tai diém G.
Chting minh duong thang PG di qua O khi va chi khi AP di qua trung diém cia OH , v&i H
la truc tdm cua tam giac ABC.

Phan tich dinh hwéng giai

a) Goi AT, AS cat BC tai Q, R. D& thay c4c tr gidc ABPS, ACPT la hinh thang can, do d6 cac
tam gidc ABR, ACQ cantai R,Q. Mat khac ta c6 OK,OL la cac duong trung truc ctia AB, AC
do d6 OK diqua R,OL diqua Q.

Suy ra trong tam giac AQR thi O 1a tim duong tron ndi tiép hay AO 1a duong phan giac cua
goc SAT (1). Lai co tir giac ACPT la hinh thang can nén oQ ciing 1a duong trung tryc cia
PT .
Do d6 OT =OP, tuong ty ta c6 OS =OP do d6 OT =0s (2)
Tu (1) va (2) suy ra O thudc duong tron ngoai tlep tam gidc AST.
b, Ta dé chung minh dugc tir glac AEGF noi tiép, tir 46 suy ra CEGP néi tiép kéo theo BFGP
cling ndi tiép. Tir d6 suy ra nqu M dbi ximg vOi A qua BC thi BPM = APB = AEB =GPC do d6
PG diqua M. Nén duong thang PG va AP doi ximg nhau qua BC. Nén PG di qua tim O
cua duong tron ngoai ti€p tam giac ABC khi va chi khi AP di qua diém do61 xing cia O qua
BC.
Bai 52. Cho tam giac ABC c6 ba dudng cao 1a AX,BY,CZ cét nhau tai diém H,M la trung
diém cua BC, P 1a mot diém thudc dudng thang HM . Puong tron (K) duong kinh AP cit
CA, AB lan luot tai E,F khac A. Puong tron ngoai tiép tam gidc AYZ cat (K) tai diém G khac
A.
a, Ching minh: P,H,G thang hang.
b, Chimg minh tiép tuyén tai E,F cua (K) cat nhau trén dudng trung truc cta BC.

Phéan tich dinh hudng giai
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T
a, D& thay duong tron ngoai tiép tam gidc AXY c6 duong kinh1a AH nén HG L GA, mat khéc
PG L GA nén P,H,G thang hang.

b, Xét tam giac GYE va tam gidc GZF ta cO: YEG =ZFG (cung chin GA). GYE =GzF (ciing bu
véi AYG = AZG). Do d6 AGYE —~ AGZF . Xét tam giac GYZ va tam gidc GEF ta co

GYZ =GAZ =GAF =GEF,ZGY =ZAY = FAE = FGE suy ra AGYZ -~ AGEF .

Do MYB =MBY =YAH,MZH =MCZ = ZAH suy ra M 1a giao diém ciia cac tiép tuyén tai Y,Z cua
duong tron ngoai tiép tam giac AYZ.

Tuong tu ta ciing ¢6 T 13 giao diém cua hai tiép tuyén tai E,F ctia duong tron ngoai tiép tam
giac AEF.

Ta cO GFT =GFE + EFT =180° —GAY + FAE =180° —(GAY - FAE) =180° - GAZ

va GZM =GZH +HZM =180° —~GAH + HAZ =180° —~GAZ nén GFT =GZM mat khac cling tur

P _EF_GF hay AGFT —~AGZM suy ra
/M Y GZ
AGZF ~ AGMT suy ra GMT =GZF =180° —-GZA=180°-GHA= AHP hay TM //AH L BC.
. Cho tam gidc ABC noi tiép duong tron (0) va ngoai tiép dudng tron (1), cac duong
thang Al,BI,ClI cat dudng tron ngoai tiép tam gidc tai giao diém thi hai 1a D,E,F. DE cit
AC,BC lan luogt tai M,N. DF cit AB,BC tai P,Q.
a, Chirng minh: tam giac CMN la tam giac can.
b, Chirng minh PM //BC tir d6 suy ra P,1,M thang hang.
DI BC
DA AB+AC
d, Gia st EF,FD, DE lan luot cit Al,BI,CI tai X,Y,z. Goi J 1a tim duong tron ngoai tiép tam
giac DYZ. Chting minh 4 diém X,Y,Z,J cung ndm trén mot duong tron.

Giai:
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a, Taco DMC =%sd(AE +DC),CNE =%sd (CE+DB)

Ma AE =CE, BD = DC = DMC =CNE hay tam gi4c CMN cAn tai C .

b, Taco IAM = EM suy ra tir gidc AIME ndi tiép

suy ra EIM = EAM =EBC = IM //BC, chiig minh twong ty ta cling c6: IP//BC =M, I,P thang
hang va MP//BC.

¢, Trude hét ta can chimg minh: DI =DB=DC.

Ap dung dinh 1y Ptole my cho tr giac ndi tiép ABCD ta cO AB.CD+AC.BD = AD.BC suy ra

DI (AB+AC)=DABC < S'A = ABBCAC .
+

d, Theo tinh chat vong tron ndi tiép tam giac ta co:

Y1Z +YDZ = BIC + FDE =90° +% BAC + FDA + ADE =90° +% BAC + FCA+ EBC =180°

Suy ra tir gidc XYDZ ndi tiép. Suy ra IYZ = IDZ = EBC =YZ //BC . Tuong ty ta cling c6

XY //AB,XZ /IAC. Suy ra YXZ =BAC . Do J 1& tdm duong tron ngoai tiép tam giac DYZ nén

YJZ =2YDZ = ABC + ACB =180° — BAC =180° —YXZ suy ra tir giac XYJZ noi tiép.

. Cho tam giac ABC vuong tai A, dung duong tron tdm O dudng kinh AB. Mot duong

kinh qua C cat nira duong tron (O) (nam trong nira mat phang chira diém C c6 bo la AB) tai

D,E (D nam giita C va E ) sa0 cho ECA<90°. Qua D dung dudng thang vudng goc voi CE

cit AC tai F.Ha CK LEF,EH L AC. Pudng tron ngoai tiép tam gidc EDK cét AD tai diém |

khac D, hai duong thang AC,KI cat nhau tai M.

a, Chimg minh A K,E,M cung nam trén mot duong tron.

b, Chirng minh CA* =CF.CH

¢, Chirng minh FM.FA=FC.FH ’ , q ,

d, Chtrng minh duong tron ngoai tiép tam giac EDM ludn ti€p xuc voi duong thang co dinh.
Giai
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F
a, Tt giac EDIK ndi tiép nén IDE = IKF (cung bu véi goc IKE ) hay ADE = IKF (1)
Xét dudng tron (O)ta cO: ADE = EAF (gbc ndi tiép chin cung 1én AE va goc tao boi day cung
AE va tiép tuyén AF ) (2). Tur (1) va (2) suy ra
IKF = EAF =180° — IKF =180° — EAF = EKM = EAM Suy ra AEKM la t&r giac noi tiép.
b, Do CA 14 tiép tuyén ciia duong tron (O) Nén CA? =CD.CE (*). Mat khac ti gidc FHDE ndi
tiép nén CD.CE =CH.CF suy ra CA>=CF.CH (1)
¢, Do tir gidc AKEM ndi tiép nén FK.FE = FAFM . Mit khic tr gidc CHKE noi tiép nén
FK.FE =FH.FC suy ra FAFM =FH.FC (2)
d, Ta chirng minh duong tron ngoai tiép tam giac MDE ludn tiép xuc véi duong thang AC c¢b
dinh.
Tur (1) va (2) suy ra CA? + FAFM =CF.CH +CF.FH =CF? = FM.FA=CF?2 —CA?
Lai c6 CF?-CA? =(CF —CA)(CF +CA) = FA(CF +CA)
Hay FM =CF +CA < CA=CM . Két hop v&i (*) suy ra CM? =CD.CE tiic 13 dudng tron ngoai
tiép tam gidc EDM tiép xuc v6i duong thang AC tai M.
. Cho tam gidc ABC noi tiép duong tron (0) va ngoai tiép dudng tron (1), cac duong
thang Al,BI,Cl cat dudng tron (O) lan luot tai D,E,F. DE cét CF tai M, DF cat BE tai N,
AD cét EF tai P. Goi J 1a tam dudng tron ngoai tiép tam giac DMN .
a, Chimg minh INDM 13 t{r giac ndi tiép.
b, Chirng minh MN//BC va | la tryc tdm tam giac DEF .
¢, Chtrng minh P,M,J,N cung nam trén mot duong tron.

Giai
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a, Taco NIM =180°—%(ABC+ACB)=1800—(NDI +MDI)=180°~NDM suy ra INDM Ia tir gidc

ndi tiép.
b, Suy ra INM = IDM = ABE = IBC = MN //BC . Ta ¢6:
FNE =%sd (EF + BD)=%sd (AF + AE + BDJ:QOO = DF L BE . Chung minh tuong ty ta c6

DAL EF suyra | latruc tdm tam giac DEF .
¢, Vi J la tdm duong tron ngoai tiép tir giac IMDN nén
MJIN =2MDN = 2MDA + 2NDA = ABC + ACB =180° — BAC . Mit khac chirng minh tuong tu ta cling
c6 NP//AB,MP//AC = BAC = MPN tir 46 suy ra MJN =180° — MPN nén tir gidc PMIN ndi tiép.
. Cho hai duong tron (O) va (O') cat nhau tai A B. Mot duong thang d thay ddi di qua
A cit (0), (0') lan luot tai C,D (A nam gifta C,D). Tiép tuyén tai C cua (O) va tiép tuyén tai
D clia (O') cat nhau & M. Goi P,Q lan luogt 1a hinh chiéu vudng goc ciia B xudng hai tiép
tuyén trén. )
a, Ching minh: Tt giac MCBD noi ti€p.
b, Ha BH LCD, chung minh P,H,Q thang hang.
¢, Chtrng minh: PQ tiép xuc véi duong tron cd dinh.

Giai
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a, Ta c6 CBD =CBA+ ABD = MCA+ MDA =180° —CMD

suy ra MCBD la tir gidc noi tiép. 7 ,

b, Bay thuc chat 1a duong Simson cua diém B vdi duong tron ngoai ti€p tam giac MCD.

¢, Taco PHB=PCB=CAB suy ra PQ luén tiép xtc voi dudng kinh AB.

. Cho hai dudng tron (O) Va (O') cit nhau tai A B va mdt tiép tuyén chung PQ
(Pe(0),Qe(0Q)). Tiép tuyén tai P va Q cuia duong tron ngoai tiép tam giac APQ cit nhau &
E.Goi D la diém d6i ximg véi B qua PQ. Gia sit AB cat PQ tai diém M .

a, Chirmg minh: APDQ 1a tr gidc noi tiép.

b, Chirng minh APBM — AAPM .

C, Chiing minh A D,E thang hang.

a, Theo tinh chat d6i xtmg ta co:
PDQ = PBQ = PBA+QBA = APQ+ AQP =180° — PAQ suy ra APDQ la ttr giac ndi tiép.
Vi AB cit PQ tai M nén MP? = MAMB = MQ?

Suy ra M 1a trung diém cua PQ. Tam gidc APBM — AAPM (g.g) Suy ra % :%, tuong tu ta

cling co B—Qzﬁjgzﬁ.Theo gia thiét ta c6 : PB=PQ,QB=QDSsuy ra DP_AP
AQ MQ PQ AQ DQ AQ
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Theo tinh chat quen thudc 2 ti€p tuyén tai P, Q ciia dudng tron ngoai tiép tam giac APQ cat
nhau ¢ E ta suy ra E, D, A thang hang.

Bai 58. Cho tam giac ABC ndi tiép (O) véi B, C ¢ dinh, 4c tiép tuyén cua (O) tai A, B cit
nhau & X, cac tiép tuyén cua (O) tai A, C cat nhau & Y. CX, BY cét AB, AC lan luot tai F, E.
Goi M, N 1a trung diém ctia BE, CF. Cac duong trung tuyén BL, CK kéo dai cat (O) lan luot
tai P, Q.

a. Chung minh: Cac tam giac BFC, QAC dong dang

b. Chung minh: Tt giac PQKL ndi tiép.

c. Goi | 1a giao diém BN, CM. Chimg minh: TAm dudng tron ngoai tiép tam giac 1BC nam trén
duong thang cb dinh.

Giai:

C
)
K
B F A
R Q
X

Trudc hét ta chimg minh,b(x) dé sau: , , , ,

Cho tam giac ABC ndi tiép (O) cac tiép tuyen tai A, B cat nhau & X. XC cat AB tai F thi

ACK =FCB.

That vay gia sir CX cit (O) tai R thi XR.XC = XB? = XK.XO suy ra COKR 1a tr giac ndi tiép.
Suy ra RKX=0CR =0RC=0KC nén KB la phan giac ctia goc CKR.

Ta co:

CKA =180° — CKB =180° —%CKR =180° —%COB =180°-~CAR =CBR Suy ra ACBR —~ ACKA(g.9)

suy ra ACK=FCB. ‘

a, Trd lai bai todn: tr bo dé suy ra tam gidc BFC,QAC dong dang.
b, Ta cd PQK =PBC = BLK suy ra PQKL néi tiép.

¢, Ta can chimg minh: MBC = NCB. ’

Ta cd ABFC—~ AQAC ma BM,QL la cac trung tuyén tuong trng nén
ABMC ~ AQLC= MBC = LQK.
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Tuong tu ta cling c6 BCN = LBK. ma LQK = LPK suy raMBC = NCB suy ra tam giac IBC can tai
L. Suy ra trung truc cua BC di qua O, I hay tdm duong tron ngoai tiép tam giac IBC nam trén
duong thang c6 dinh 1a trung truc cua BC.

Bai 59. Cho tam giac nhon ABC dudng cao AH. Puong tron tim O duong kinh AH cit AB,
AC lan luot tai D, E. DPuong théng DE cét BC tai S, SO cit AB, AC lan luot tai M, N.

a, Chimg minh: SD.SE = SH”,

b, Ha AK L SO (K nam trén SO). Chimg minh OKDE 14 tir giaccs noi tiép.

¢, Chirng minh: KH 14 phan giac cua géc DKE.

d, Chiémg minh O 1 trung diém ctia MN.

Giai

(%]

B H c

a, Tir gia thiét suy ra SH 1a tiép tuyén cta (O). Xét tam gidc SDH va tam giac SHE ta c6:
SHD =SEH = %SdDH, HSE chung suy ra ASDH —~ ASHE(g.9)

Suyra 21 _5E . she _spsg()

DH SH
b, Tam giac SHO vudng tai H ¢ HK L SO suy ra SH? = SK.SO (2). Tir (1) va (2) suy ra
SK.SO = SD.SE = ASDK - ASOE(c.g.c)=>SKD =SEO suy ra OKDE la tir giic noi tiép.

¢, Tir cau b, ta c6 bién doi goc: SKD = OED = ODE = OKE = DKH = HKE hay HK la phan giac
cua goc DKE.

d, T giac HKNE ¢6 HKN +NEH =180° = HKNE 14 t&r giac ndi tiép. Suy ra

HNE = HKE :%DKE =%DOE = DAE = HN //AD. Xét tam gidc OMA va tam giac ONH c6 OA =

OH, AOM =HON,OAM =OHN ( so le trong) suy ra AOMA=AONH (g.c.g) suy ra OM = ON.

Bai 60. Cho tam giac ABC nhon ndi tiép duong tron (O), H 1a trye tam cua tam giac. Goi P la
diém doi xung cua A qua OH( gia su P nam trén nira mat phang bd BC khong chtra diém A),

ly cac diém E, F 1an luot nam trén AB, AC sao cho BE = CP, CF = PB. Goi M la trung diém
ctia BC, K, D 1an luot 1a giao diém ctia PM, AP véi OH.

a, Ching minh: BDCP la hinh binh hanh.

b, Chirng minh: EDF =90°.

¢, Goi G la giao diém cua duong tron (O) va duong tron ngoai tiép tam gidc AEF. Chung
minh: GP chia d6i BC.
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d, Ching minh EKF =90°.

Giai

a, GoiR la diém ddi xtng voi O qua BCta dé chimg minh dugc R 1a tam duong tron ngoai
tiép tam giac BHC. Do A do6i xung voi P qua OH nén OP = OA hay P nam trén duong tron

(0).
Ta c6 OR = AH = HP, OC = OP = HR nén AOPR = AHRP(cc.c)tir d6 suy ra OHRP 14 hinh

thang can nén ADOM =APMO(g.c.g)suy ra MD = MP. Suy ra BDCP la hinh binh hanh.

b, Ttr chirng minh cau a, ta c6 BD = CP = BE, BP = CD = CF nén céc tam giac BED, CFD la
EDF =360°-BDC - EDB - FDC

180° — EBD B 180° — FCD

=360° - BPC — >
tam giac can. Ta co o o

_ 360° - (180° - BAC) - 180° -EBD 180° - FCD

2
_BAC + ABC -DBC N ACB-DCB _ A+E+E_é=900.
7 2 2 2 2 2

Goi Q 1a giao diém cua dudng tron ngoai tiep tam giac AEF vdoi AP.
¢, Ta co GBE =GCF,GEB =GFC nén AGEB- AGFC(g.g):% :2 :E—g suy ra GP chia doi

BC hay G, D, M, P thang hang. Tuong tu ta c6 G, N, Q thang hang.
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2 B 2 A 2
Ta c6 MG.MP = MBMC = MC? = M (Mcj :(S'” MGCJ . Tuong ty —[S'”QGF] ma

MG MG sinGCB NG | sinGFE

MGC = PAC = QGF,GCB = GAE =GFE suy ra II\\/I/I_CP; :E—g — MN//AP. Goi L 1a diém dbi xtng véi

D qua N thi LeAP Khi d6 EDFL 1a hinh chit nhat, ELKD ndi tiép nén 5 diém E, I, F, K, D
cing nam trén mot dudng tron, hay EKF =90°

Bai 61: Cho tam giac nhon ABC ndi tiép (O) c6 truc tim 1a diém H. Mot diém D nam trén
cung nhoé BC, goi E 13 diém ddi xtng véi D qua BC, Puong tron ngoai tiép tam giac ODE cat
AD tai G. Goi J 12 giao diém thir 2 ctia dudng tron ngoai tiép tam giac AGO véi AH.

a, Chtng minh: J, O, E thang hang.

b, Chitng minh G 13 tan duong tron ngoai tiép tam giac JHE.

¢, Ching minh: Tryc tim tam gidc AGO nam trén dudng thang HE.

Giai

a, Ta c6 GOE = GDE =GAJ =180° ~GOJ suy ra GOE +GOJ =180° hay J, O, E thiang hang.

b, Tir cac tr giac AJOG, ODEG noi tiép ta bién doi goc: GJO =GAO =GDO =GEO Suy ra tam
giac GJE can tai G.

Goi F 1a giao diém thtr 2 cuia AH véi (O) thi F ddi xtmg voi H qua BC nén tt gidc HEDF Ia
hinh thang can. Gia str dudng tron ngoai tiép tam giac JHE cét dudng tron ngoai tiép tam giac
AGO tai giao thir 2 1a K. suy ra JGE = AOD =2A0D = 2ABD = 2AFD = 2(180° ~ JHE ) = 2JKE suy

ra G 1a tam duong tron ngoai tiép tam giac JHE.

Cc, Ta c0:GOE =GDE =GAJ =GKJ = GJK’= GOK lai c0 GKO=GJO=GEO suy ra AGOK =AGOE
hay OG la trung truc cia KE hay E d61 xting vd1 K qua OG. Do GK = GJ va tir giac AJGK
Lién hé tai liéu word toan SPT va zalo: 039.373.2038




Website: tailieumontoan.com
ndi tiép nén AG 1a phan giac cua goc AHK ma GKA=GJH =GHJ suy ra H, K ddi xtmg nhau
qua AG. Suy ra HE 1a duong thang steiner cua K trong tam gidac AGO. Theo mdt tinh chat
quen thudc thi HK di qua truc tam cta tam giac AGO.

Bai 62. Chi tam giac ABC nhon ndi tiép (O) c6 truc tim H, goi M 1a mot diém thudc cung nho
BC cuia (I) ngoai tiép tam giac BHC, tiép tuyén tai M ctia (I) cit cac canh AB, AC lan luot tai
F, E. Goi N 1a giao diém thr 2 cia duong tron ngoai tiép tam giac BFM véi (O) (N khac B), J
1a tAm duong tron ngoai tiép tam giac AEF.

a, Chung minh: 4 diém C,N,M,E cung nam trén mot duong tron.

b, Chirng minh: NJ la phan giac cia goc ENF.

¢, Chtng minh: Puong tron ngoai tiép tam giac EJF tiép xuc véi (O).

Giai

a, Vi ABNC va MNBF 1a ttr gidc noi tiép nén ta c6 bién doi goc sau:

MNC = BNC — BNM =180° — BAC — AFE = AEF suy ra CNME 1a t&r giac ndi tiép.

b, Ta cd: ENF = BNC — BNF —CNF =180° — BAC — BMF —CME = BMC — BAC

BHC — BAC =180° — 2BAC =180° — EJF Suy ra ENFJ 1a tir giac ndi tiép. Lai c6 JE = JF nén NJ 1a
phan giac ctua goc ENF.

¢, Dung tiép tuyén Nx cua (O). Ta 6 FNx=BNx+FNB=BCN +FMB = BCN +MCB = MCN = FMN
suy ra Nx ciing 1a tiép tuyen ctia duong tron ngoai tiép tam giac EJF.

‘ Bal 63| Cho tam giac nhon ABC c¢6 tdm duong tron noi tiép la diém 1, goi (K) la duong tron ‘
‘ ngoai tiép tam gi4c BIC, trén cung nhoé BC lay diém D, duong tron (L) qua A tiép xic ngoai ‘
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vo1 (K) tai D cit AC,AB lan luot tai E,F. Goi J 1a tAm duong tron ndi tiép tam gidc AEF .
Gia str dudng tron ngoai tiép tam gidc BDF cat canh BC tai S.
a. Chtrng minh: SDEC néi tiép.
b. Chttng minh: EJFS noi tiép.
c. Chirg minh: BC 1a tiép tuyén ctia dudng tron ngoai tiép tam gidc EJF.

Giai:
a. Taco:
SDE =360" — EDF — SDF
=180" - EDF +180° — SDF = BAC + ABC
~180° — ACB ,
Suy ra tir gidc SDEC ndi tiep.
b. Taco
ESF =ESD + DSF = ECD + FBD

~180°" — DAC — ADC +180° — DAB — ADB
—360° —(DAB+ ADB)—(DAC + ADC)

=BDC -BAC =BIC -BAC =%ABC +%ACB
180" - BAC

—
Lai co:

1 1

EJF =180’ ——(AEF + AEF) ~180° ——(180" - EAF) _180 +BAC
2 2

Suy ra ESF +EJF =180° hay EJFS 1a tir gidc noi tiép.
c. Ké tiép tuyén chung Dx cua (K),(L) ta co: xDB = DCB
va xDF = DEF.

Ta cO FSB=FDB = DCB + DEF = DES + DEF =SEF suy ra
BC la ti€p tuyén cua duong tron ngoai ti€p tam giac EJF.

Bai 64.| Cho tam gidc ABC noi tiép (O) va ngoai tiép (1), cac duong thang Al,BI,Cl cit (O)
lan luot tai K, J, L.

a. Chtirng minh: K 13 tim duong tron ngoai tiép tam giac 1BC.

b. Pudng tron (K) ngoai tiép IBC cit CA AB lan luot tai E,F khac C,B. Ching minh: EL,FJ
cit nhau trén (K).

c. Goi giao diém ctia EL,FJ 14 X, EF cat JL tai Z,ZL cat (K) tai Y. Chimg minh: X,Y ddi
xtng nhau qua Al.
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Giai:
a. Ta Cé:BIK=%BAC+%ABC=KAC+IBC=KBC+IBC=IBK suy ra tam giac BIK can tai K hay

KB =Kl =KC (’dpcm). ’ 7

b. Gid str JL cat BC tai S, Sl cat (K) tai X. ta s€ ching minh: L, X,E thang hang va F, X,J
thang hang. That vy ta cd: SI.SX =SB.SC =SL.SJ suy ra tir gidc LIXJ noi tiép.

Ta cOd IXE =360" — IXE — IXL =180° — IXE +180° — JXI = ACL+CLJ = BJL+ JBC

=180 —LIJ =180° —LXJ nén LXJ +JXE =180" hay L, X,E thang hang. Tuong ty ta cling c6
F,X,J thang hang hay EL,FJ cit nhau tai mot diém nam trén (K).

c. Taco I 14 tryc tAm tam gidc LKJ (tinh chat quen thudc), BE 1a trung truc ctia AK. Lai co
FC||SZ VA ZFC =SCF nén SFCZ 1a hinh thang can, din dén AK 1a trung truc ctia SZ , nén
AlZ = AIS mit khac ZIX =SIY d6i dinh, suy ra KIX =KIY suy ra IX =1y hay X,y dbi xing
nhau qua AK.

Bai 65.] Cho tam giac nhon ABC dudng cao AH , phan gi4c trong goc BAC cat BC tai O, qua
O dung cac dudng thing OM vudng goc v6i AB,ON vudng goc voi AC.
a. Chtrng minh: 5 diém A M,0,H,N cing nam trén mot dudng tron.

b. Chirng minh: AH la phan giac cia MHN.
c. Puong thang qua O vudng goc voi BC cat MN tai K. Chung minh: KN.AC = KM.AB.
d. Goi I latrung diém cua BC. Chirng minh: A K,| thang hang.

Giai:
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Do AO L MN nén ta co: ONK = NAO ( cung phu vdi NOA), ta ciing c6: NOK =90° —NOC = OCA.
Tu do6 suy ra AOKN” ACOA(g.9)

Dan dén ﬂ=%, tuong tu ta cling co: KM _OM Bg om =oN suy ra KM _AC hay
OA CA OA BA KN AB
KM.AB = KN.AC.

Dung duong thang qua K song song véi BC cit AB,AC lan luot tai E,F, ta d& chimg minh
dugce: KEMO, KNFO ndi tiép, két hop véi OMK =ONK ta c6 bién doi goc:

OEK =OMK =ONK =OFK suy ra tam gidc OEF can tai O, din t&i KE = KF, theo bd dé hinh
thang tacd A K,I thang hang.

Bai 66.] Cho tam gidc ABC noi tiép (O;R) cic dudng cao BE,CF cat nhau tai diém H. Tiép

tuyén ciia (O) tai B,C cétnhau ¢ S, duong théng SA cét (O) tai giao diém tht hai 1a P. Goi
K 1a hinh chiéu ctia O 1én AS, M 1a giao diém cua SO va BC,I la trung diém cua AH,J la
giao diém cua MI v&i EF,OK cat BC tai T, cat AH tai Q,EF cat BC tai N.

a. Ching minh: MAC = PAB.

b. Chimg minh: GQ|| Ml.

c. Chiing minh: IKN =90".

Giai
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Ta co: SB® =SP.SA=SM.SO suy ra AOMP 1a tir giac ndi tiép.
Din dén AMO = APO = AOP = PMS. Hay MB 13 phan gic ctia AMP.

Suy ra AMB =%AMP =%AOP = ACP =180" - ABP

— ABP = AMC
— AAMC ~ AABP(g.9) .

Suy ra MAC =PAB (dpcm). , ?

b. Gia sur tiép tuyén tai AP ctia (O) catnhau & T', tir ching minh & cau a ta suy ra 5 diém
AT'P,M,0 cing nim trén dudng tron duong kinh OT' hay T'MO=90° tirc 1a T',B,C thang
hang. Suy ra T'=T. Céc tir gidc TAKD, DQKG ndi tiép nén KQG = KDG = KAT = KOA suy ra
GQ||OA Mma MI LEF tai J vd OA_LEF (tinh chit quen thudc), suy ra QG || MI.

c. Do tam gidc AEF dong dang véi tam giac ABC cO AJ,AM la céc trung tuyén tuong ing nén
JAF =MAC =BAP = A J,P thang hang hay J thudc AS.

Ta cO DIJ =DQG =DKG nén 1JKD ndi tiép, ta cling c6 IJDN ndi tiép nén 5 diém 1,J,K,D,N
cing nam trén duong tron duong kinh NI dan dén IKN = 90"

Bai 67| Cho tam giac nhon ABC ndi tiép (O;R) co cac dudng cao BE,BF cat nhau tai H. C4C
duong théng BE,CF cit (O) tai giao diém thtr 2 1a P,Q. Puong théng PQ cat AC tai L, goi
K la diém trén canh AB sao cho QK ||BC. Goi S 1a giao diém cua dudng tron ngoai tiép tam
giac AEF va (O).

a. Chimg minh: T gidc ASKL noi tiép.

b. Goi 1 1a giao diém ctia dudng tron ngoai tiép tam gidc AKL voi AH,SI cat CF tai T.
Chung minh: KT la }iép tuyén ctia dudng tron ngoai tiép tam gidc AKL

C. Chimg minh: T ndm trén trung truc cua canh BC.

Giai:
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, . x .CE CF BF .
a. Ta cO0 HFE = HBC = HQP Suy EF song song voi PQ dan té1 —=—=—(1), lai cb
Q y g g Q cL_ CO BK() :
BF SB \ SB BK
ASBF ~ASCE (g.g)suyra —=— (2). Tu (1), (2) tasuyra —=——= ASBK” ASCL (c.g.Cc
(9.9) suy CE SC() (1), (2) yra o= (c.9.c)

nén SKB=SLC suy ra SKA=SLA hay ASKL 1a tir gidc noi tiép.

b. Ta thdy Q,H dbi xng nhau qua AB Nén KHQ = KQH = BCF = BAH = KST suy ra i giac

SKHT ndi tiép.

Ta cO SKx=180"—SKT =SHF = SAK nén KT la tiép tuyén cua dudng tron ngoai tiép tam giac

AKL.

c. Ta co bién d6i g0c FSH =FAH =KSI, KIS =KAS =FHS, IKT =IAT =MFH Ssuy ra

ASFM” ASKT (g.g), lai c6 ASKL” ASFE (g.g). Goi M 1a trung diém cta BC thi suy ra

ALKT ” AEFM (c.g.C) nén TK =TL hay TL 14 tiép tuyén cua duong tron ngoai tiép tam giac
HM MF? TI  TK? ma MF _TK HM  TI

AKL. Thém nita ta cling ¢6: — =——,—=—— ma —=— suyra — =— dan téi
MS MS® TS TS MS TS HS TS

™ || IH.

Bai 68, Cho tam giac ABC ndi tiép (0), duong tron (K) qua B,C cat AC,AB lan luot tai E,F.
BE,CF cét nhau tai G,AB cit BC tai D. Goi H la hinh chiéu cua B trén AD. Puong tron
ngoai tiép tam gidc DHC cat (K) tai L, goi M la trung diém cua BC, tiép tuyén tai B,C cua
(K) cat nhau tai T, dudng tron ngoai tiép tam gidc AEF cat BE,CF lan luot tai P,Q.

a. Chtirng minh: AQ|| BT.

b. Chtrng minh: A T,G thing hang.

c. Ching minh: ML L LC.

Giai:
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a, Ta cO: QAE =BCE =FBx nén AQ/BT.
b, Ta c0: APF=FEC=FCT nén AP/CT, BQP=CFE=CBE nén PQ/BC do do

GQ PQ A
AAPQ <> ATCB(g.g) suy ra Gg = Bg = Tg = AAQG «» ATBG(c.g.c)
suy ra AGQ=BGT = A, G, T thing hang.
¢, Taco: THB=TMB=90" nén HBTM noi tiép, c6 TBL = BCL = DHL = BHLT noi tiép hay THML
ndi tiép, dan dén MLC =HLC —HLM = HDC —HTM = DMT =90". ’ ,
Bai 69. Cho tam giac nhon ABC ndi tiep (O), tiep tuyen tai A cua (O) cat CB tai K, ké tiep
tuyén KD voi (0).Goi G, E, F lan luot 14 hinh chiéu vuong goc cua D trén AB, BC, CA.
a, Chung minh : KA* =KB.KC.

b, Chirng minh : ﬁ:%.
AC DC
¢, Chirng minh: BC =2RsinBAC .
d, Chimg minh: G 1a trung diém cia EF .
Giai
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a, Hoc sinh tu chirng minh.

b, Tir chimg minh cau a, ta suy ra: AKBA«> AKAC = KA :ﬁ, tuong tu KB _BD ma ka=ks
KC AC KC BC
Suy ra ﬁ = %
AC DC
c, Ké duong kinh BKcua (O) ta cO: BCK=90, lai c6 BAC=BKC, suy ra

sin BAC =sin BKC :§ < BC =BK.sinBAC, hay BC =2RsinBAC .

d, Ap dung cau a, ta c6: TG giac BGDE ndi tiép duong tron dudng kinh BD nén

GE =BD.sinGDE =BD.sin ABC, tuong tu ta cling c0: GF =CD.sin FCG =CD.sin ACB.

GE _BD.sin ABC _ AB.sin ABC

GF CD.sinACB  AC.sin ACB

GE BD.sinABC _AB.sinABC _ AH

GF CDsinACB ACsinACB  AH

Mit khac, tir cac tir gidc BGDE, CFGD, ABCD noi tiép ta co bién d6i goc:

EGD = EBD = ACD =180" - DGF = EGD+ DGF =180" hay E, G, F thang hang. Noi cach khac G

1a trung diém ctia EF .

Bai 70. Cho tam giac nhon ABC ndi tiép (0), cac duong cao BE, CF cit nhau tai H. V& day

BD cit CH tai K nam gitta H va C. Goi G 1a giao diém CD, BE.

a, Chung minh : BFEC 14 t giac noi tiép.

b, Chirng minh : CE_EG.
BF KF

c, EF cit (O) tai M. Chung minh: AM 1a tiép tuyén ctia duong tron ngoai tiép tam giac

BMF .

d, Ching minh: EF di qua trung diém GK .

Tur do6 suy ra , dung duong cao AH cuia tam giac ABC thi ta co:

=1, suy ra GE =GF .
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Huoéng dén gidi

a, Hoc sinh tu chirng minh.
b, Xét ABFK va ACEG ta cO: BFK =CEG =90", ABD =ACD (géc ndi tiép chin cling mét cung)
~ CE EG

suy ra ABFK «» ACEG(g.g) nen —=——.

y (g g) BF KF i )
¢, Ta chiing minh dugc tinh chat quen thudc 1a OA L EF , gid st duong thang EF cat cic cung
nhdé AB, AC lan luot tai M, Q Suy ra AAMQ cin tai A, Suy ra APM = AMP, lai ¢6
APM = ABM = AMF = ABM hay AM 1a tiép tuyén ctia dudng tron ngoai tiép tam gidc BMF .
d, Dung duong thang qua K song song véi BE cat EF tai N . Ta chirmg minh: EKNG la hinh
binh hanh.

Do HE /KN VA AHBF <> AHCE nén ta c6 <N _HE _CE

KF  HF BF
hay KN=GE nén EKNG la hinh binh hanh. Suy ra EF di qua trung

lai c6 ABFK «» ACEG(cmt) suy ra

CE_GE _ KN _GE
BF KF KF KF
diém | cta GK hay EF chia d6i GK.

Bai 71. Tk M nadm ngoai duong tron (O) ta dung céc tiép tuyén MB,MC dén (O) (B,C la cac
tiép diém) va cat tuyén MDA sao cho tia MAnam gitta hai tia MB,MO va MD<MA. Goi H Ia
giao diém cia MO va BC, AM cit BC tai K .

a, Chirng minh: Bon diém M, B,0,C cung nam trén mot duong tron va MB* = MAMD..

b, Chirng minh: AMDH <> AMOA ttr d6 suy ra DHB = DCA.

¢, Ching minh: cH_¢b
HA CA

d, Puong tron dudng kinh BC cat AB,AC tai F,E; EF cit AH tai | . Ching minh: IK / MO.
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Giai

C

a, Vi MB,MC la tiép tuyén cua (O) nén MBO=MCO=90" suy ra bon diém M,B,0,C cling nam

trén duong tron duong kinh MO.
Tacd MBD = MDA:%SdBD suy ra AMBD «» AMAB(g.g):%:%Q MB? = MAMD(l).

b, Tac6 MO L BC tai H. Trong tam giac vuéng MBO ta co : MH.MO = MB?(2).

T (1) va (2) suy ra MH.MO = MD.MA= AMDH <> AMOA(c.g.c) dan téi DHM = OAM = DHOA la

tor giac noi tiép, ma OAM = OAD = ODA = OHA = DHB = AHB :%DHA:%DOA: DCA.

¢, Tir cau b, két hop v6i ABDC ndi tiép ta c6 : CHA=180" — BHA=180" - DCA= DBA

— ADBA > ACHA(g.g) = S = BP (3) | m3t khac ciing tir AMBD <> AMAB ta c6 22 = MB (4
HA BA BA MA
~ CD MC s \ CH CD
t tur t 5 —=——-(5) ma MC=MB(6). Tu (3),(4),(5),(6) tasuy ra —=—.
wong tu ta cing ¢ 20 = MC (g (6). Tir (3).(4).(6).(6) tasuy ra S — D

d, T ADBAxACHA ta suy ra HAC=BAD, lai c6 BFEC ndi tiép nén
AEI = ABC = AAEI ©» AABK

:%:%(7). Ta clng c6 AEH =180"-HEC =180"-HCE =180"—-ADB=MDB=MBA nén
AAEH «» ABM :Ezﬂ(s). Tur (7),(8) tasuy ra Al _Ad hay IK/HM hay IK /MO.
AB AM AK  AM

Bai 72. Cho AABC ndi tiép (O;R) c6 truc tm la diém H, D la diém trén cung nhé BC, dung
hinh binh hanh ADCE goi K 1a truc tim AACE. Goi P,Q 1a hinh chiéu vudng goc cua K trén
BC, AB. Gia sir HA cit (O), PQ lan luot tai M,N.

a, Chung minh : T&r giac KPMN néi tiép.

b, Chimg minh: PQ di qua trung diém ctia HK.
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¢, Chirng minh: PQ < AC.

a, Ta cO AKC =180" — AEC =180° — ADC . Suy ra AKC +ADC =180° nén AKCD la tr gidc ndi tiép
hay Ke(0). Do MN /' KP, tir gidc KQBP ndi tiép nén QPK =QBK = AMK nén t&r gidc KPMN
ndi tiep. ,

b, Do tr giac KPMN 1a hinh thang ndi ti€p trong mdt duong tron nén KPMN la hinh thang can
nén KNM =PMN, mit khéc ta ciing d& chimg minh duoc H,M dbi xing nhau qua BC nén
PMN = PHM = KNM =PHM hay KNHPWIa hinh binh hanh. 7 7 ,

¢, Ha KR L AC thi ba diém N,P,R thang hang (duong thdng Sim son cua diém K do61 voi
AABC).

Tir do suy ra APKQMACKA:P—Q:K—QSI.
AC KA
Bai 73. Cho tam gidc nhon ABC khong can (AB < AC), ndi tiép (0), ldy diém P trén canh AB
sao cho BOP = ABC, diém Q trén canh AC sao cho COQ = ACB.
a, Ching minh : O, A, P,Q nam trén mot duong tron.
b, Gia str dudng tron ngoai tiép AAPQ cit dudng tron (O) tai E (khac A).
¢, Ching minh : AE/BC. , , ,
d, Gia sir BC cat PQ tai M . Chirng minh: ME la ti€p tuyén cua duong tron ngoai ti€p AAPQ.
Giai
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Ta c6: POQ=2360"—POB-BOC-COQ=360"—B—2A—C =180' - BAC = PAQ+POQ=180" hay
APOQ 1a tir giac noi tiép. Ta c6 AEOQ ndi tiép nén
EOQ=EAQ=EBC = % EOC suy ra EOQ =QOC = ACB hay AE||BC suy ra tir gidc ABCE la hinh

thang can.
Do APE = AOE =2ABE Suy ra PBE =PEB=B-EBC=B-C, lai co:
BMP = BCA—CQM = BCA- AQP =BCA-AOP=C —(AOB - BOP)

=C —(2c - B) =B-C nén PEB =BMP hay BPEM la t&r gidc ndi tiép

Ma PB=PEnén PM la phan giic cia EMB diéu d6 ching to ME nam trén duong thang ddi

xuing vo1 BC qua PQ.

Mait khéc ta cling c6: EQM =180° — EQP =180° — ABC = PEB

Suy ra AEQM ~ APEM = —= - °M
OM EM

ME 12 tiép tuyén ctia duong tron ngoai tiép tam giac APQ.

Ta ciing c6 thé 1am theo cach khac:

< EM?=PM.QM hay

Goi | 1a tam dudng tron ngoai tiép tam giac APQ
thi suy ra diém | nam trén duong trung tryc cua
canh BC va AE. Gia sur Olcat BC,AE lan luot
tai H,N. Dé ching minh ME 13 tiép tuyén cua
duong tron ngoai tiép tam gidc APQ ta B chung
minh: 1IE L ME. Ttce 1a chimg minh: T gidc IHEM
noi tiep.

That vay, ta c6: NIE =%AIE = AQE ta chi can chi ra

tor giac EQCM noi tiép, that vay ta c6: EQC =EAB=ECM = EQCM ndi tiép, suy ra

NIE =%AIE = AQE =EMH = EIHM noi tiép dan dén 1EM = IHM =90° (dpcm).
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Bai 74

Cho tam gidc ABC noi tiép duong tron (0), tiép tuyén tai B,C cat nhau & M, dudng thing
AM cat duong tron (O) tai giao diém thr 2 13 N . Puong thang qua C vudng goc véi NC cit
(O), BN lan luot tai P,Q duong théng AP cit BC tai E. Goi D la giao diém cua MO va
PQ,H l4 giao diém cia PQ va MQ.

a, Chung minh: Tt giac AMBD i tiép.
b, Chung minh: NH L MQ.
¢, Chtimg minh: Q, M, E thang hang.

Giai

a, Goi | la giao diém cia OM véi BC.

Do D nam trén trung truc ciia BC Nén BDM =CDM =90° - BCP.

Ta cling c6: BAM =BPN =90°~BNP =90° ~BCP suy ra BDM =BAM hay AMBD la tir gidc ni
tiep.

b, Ta c6: NCQ=90°. Dé chimg minh NH L MQ(1) ta chimg minh: NHQ=90° tirc 1& quy vé
chtmg minh tir gidc NHQC ndi tiép.

Mat khéc ta c6: NQC =90° —~QNC =90° -~ BPC =90° - BOM = BMD suy ra tir giac BMQD noi tiép.
Do BDM = MDQ = MB = MQ = MC Suy ra MQC = MCQ =90° -~ NCM =90° — NPC = CNP Hay tir giac
NHQC néi tiép (dpcm).

¢, Gia st PN cat ME tai H,, ta ching minh: H =H,. Tuc la ching minh: PH, L ME.

Do MB,MNAIlan luot 13 tiép tuyén tai B, cat tuyén qua M cia (O) va MO LBCtai | nén ta co:
MN.MA = MB? = MI.MOsuy ra tir gidc AOIN ndi tiép, mat khac ta ciing c6: MIAE ndi tiép nén:
MNH, =ONA=OIA= AEM suy ra AEH,N noi tiép hay NH,E =90° < NH, L ME(2).

Tu (1),(2) suy ra H =H,hay M,Q,E thing hang.
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Bai 75

Cho duong tron (O) va diém M ngoai dudng tron, ké tiép tuyén MA MB (AB la tiép diém).
Qua M ké cét tuyén MCD (MC <MD), goi E 1 diém dbi xtmg v6i C qua O. Dudng thing
EA cdt BC tai S,SDcat (O) tai K,MOcit EA tai N.

a, Chung minh tam gidc OAC Vva tam giac MAS dong dang.

b, Chirng minh tam giac BKC can.

¢, Chting minh AD L DN.

a, Ta c6 CE la duong kinh cia (O) nén CAE =CAS =90°. SAM =CAO =90°-MAC . Tam giac
AOC can tai O nén dé chimg minh: tam gidc OAC va tam gidc MAS dong dang ta can chi ra
tam giac AMS céan tai M. Ta cO NSB=90° - SCA=90° — AEB =90° — MOB = NMB suy ra SMBN la
t0r giac noi tiép. Mit khac ANM =BNM = MS = MB = MA hay tam giac AMS can tai M (dpcm).

b, Tir tam gidc MSB can tai M = MSB = MBS = MBC = BDC = BDM =>t{r gidc MSDB noi tiép
= DBM =SDM . Mit khac CBK =CDK = MDS = MBS = MBC = CB = CK = ABCK can.

¢, Theo chtrng minh trén t&r gidc SMBN ndi tiép, tir 46 suy ra nim diém M,S,D,N,Bnam trén
mot duong tron = SND = SBD = CED

Ta cO: DAE = DCE (cuing chin cung DE ), DNA=DNS = DBC = DEC

= DAE + DNA = DCE + DEC =90° = AD | DN

Bai 76
Cho tam gidc nhon ABC c6 3 dudng cao AD,BE,CF cat nhau tai H. Pudng thing AC cit DF
tai M . Goi N 1a trung diém ctia AC . Puong tron (O) ngoai tiép tam gidc ABC cit BM tai K.

a, Chtrng minh: Tt giac FDEN ndi tiép.
b, Chung minh: N,H, K thang hang.
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¢, Chtrng minh: MH 1L BN .

Giai

a, Ta co tinh chit quen thudc: BE 1a phan gidc cia DEF, céc tir gidc AFHE,CEHD, AFDC ndi
tiép. Suy ra DEF =2DAF = DNF vdy EFDN 1 tir giac ndi tiép.

b, Dung duong kinh BP cua (O). Ta co6 cac tinh chét quen thudc:

BHCP la hinh binh hanh suy ra H,N,Pthing hang. Mit khic BKH =BKP=90°suy ra
K,H,Pthang hang. Tir d6 suy ra N, H, K thang hang.

Chu ¥: 4 diém E,N,D,F thudc duong tron Ole clia tam giac ABC.

Goi J 1a trung diém caa HN thi J 13 tim dudng tron ngoai tiép tam giac HEN . Goi | 1 trung
diém BH thi | la tdm duong tron ngoai tiép tir gidc BFHD.

Ta cO MF.MD=ME.MN nén diém M nam trén truc dang phuong ctia duong tron (1) va (J)
suy ra MH L 13, ma 1J 1a duong trung binh ctia tam gidc BHN suy ra MH L BN .

Chu y: Bai toan nay la mgt truong hop dac biét cua dinh 1y Brocard.

Bai 77

Cho tam gidc ABC néi tiép (0) va mot diém P Dbét ki ndm trong tam gidc (P=0). Duong
thing AP cit (0) tai D, dung cac duong kinh DE,AF ctia (0). Goi G, lan luot 1a cac giao
diém cta EP,FPvéi duong tron (0).K la giao diém cta Al va DG. Goi H 1a hinh chiéu
vuong goc ciia K trén oP, duong thang OP cat EF tai M .

a, Chirng minh: HO 1a phan giac cua IHD.

b, Chung minh KD L DM .

Giai
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K ,/< M

D F
a, Vi DE,AF la dudng kinh cia (O) VA HK LOKNén KIP=KGP=KHP=90" suy ra 5 diém
K,H,I,P,G cing nim trén dudng tron dudng kinh PK .
Suy ra IHP =IGP = IGE = IDE hay IHO=1DO.
Tuc 14 t giac 1,H,0,D ndi tiép ma OD =0l = IHO = DHO = HO 14 phan giac cia goc IHD.

b, Pé chimg minh: KD L DM ta phai chimg minh tir gidc HKDM noi tiép.

Theo cau a) ta c6: IHO = DHO, IHO = IHP = IKP = IGE = IDE =90° — IED =90° — KAD

nén DHO =90°—KAD, ta cling c6 KHD =90° — DHO = KHD = 90° —(90O - KAD) = KAD suy ra tir
giac KHDA ndi tiép. Ta ciing c6 OA=OF, AP||MF nén tir giac APFM Ia hinh binh hanh

suy ra DAM =PFM =IGE =IHP=MHD nén 5 diém A H,D,K,M cing nam trén dudng tron
duong kinh KM suy ra KD L DM .

Bai 78

Cho tam giac nhon ABC ndi tiép dudng tron (O) céac duong cao BE,CF cat nhau tai H. Cac
duong thang BE,CF 1an luot cét (O) tai giao diém thr 2 1a P,Q (P#B,Q=C). Tiép tuyén cua
(O)tai B,C cét EF lan lugt tai M,N.

a, Chung minh: Tt giac AEHF ndi tiép va AH = AP = AQ.

b, Chimmg minh tam giac MEC can tai M .

¢, Gia sit MP cat duong tron (O) tai K. Chimg minh: ME* = MK.MP.

d, Chimg minh: N,Q,K thang hang.

Giai
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a, Vi BE,CFla cac duong cao cua tam giac ABC nén H Ia tryc tdm cua tam giac suy ra
HEA = HFA=90° = AEHF ndi tiép.

Ta cO: BAH =BCH (cung phu vdi ABC)

Ma BCH =BCQ=BAQ SuUy ra QAB =HAB, tam gi4c QAH c6 AF la duong cao dong thoi ciing
1a trung tuyén nén tam gidc QAH can tai A. Chimg minh twong ty ta c6 PAH can tai A tir d6
suy ra AP =AH = AQ.

b, Ta cd MEC = AEF ma tir giac BFEC ndi tiép (hs tu chimg minh) suy ra AEF = ABC
Lai c6 ABC=ACM (do CM Ia tiép tuyén ctia (O) tai C). Tir d6 suy ra MEC = MCE hay MEC
la tam giac can tai M .

c, Xét tam gid&c MCK va MPC ta c6: KMC chung, MCP = MKC = AMCK ~ AMPC

suy ra % =::/I/|—z@ MC? = MP.MK , theo b ta c6 MC = ME suy ra ME* = MK.MP.

d, T chirmg minh & cu ¢) suy ra AMPE ~AMEK ta cé: EPK =180° - EPM =180° - MEK = FEK,
mMa EPK =BPK =BAK =FAK = FEK =FAK hay AEFK 1a tir giac noi tiép. Tac 1a K 14 giao
diém cua (AEF)v61 (O). Tuong tu néu gia st NQ cat (O) tai R thi R ciing la giao diém cua
(AEF)V6i (0) diéu d6 chimg t6 K =R hay N,Q,K thing hang.

Bai 79

Cho tam giac nhon ABC ndi tiép (O). Cac duong cao AD,BE,CF cat nhau tai H. Tiép tuyén
tai B,Ccua (O) cit nhau tai G.GDNEF=S. Goi M la trung diém canh BC. Gia st
EFABC=T, AT n(0)=K

a) Chung minh 5 diém A K,F,E,H cling nam trén mot duong tron

b) Chimg minh M, S,H thang hang.

Giai
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a) Hoc sinh tu lam.
b) Tu giac EFDM ndi tiép va AD 1a phén giac cia EDF nén MDE = FDB=TEM suy ra
AEMD -~ ATME = ME? = MD.MT

Thay ME? = MB* = MO.MG suy ra MO.MG = MD.MT = AEMD -~ ATME
AOMT ~ ADMT = SD L TO tai I .

Goi J 1a giao diém ctia AO va EF thi OA L EF tai J.

Taco: TSTI =TI.TO=TD.TM =TETF = AKSJ 1a tr giac ndi tiép nén SKA=90° = SK L TA

Ta cling co: 5 diém A K,E,F,H nim trén cung mot duong tron nén HK L TA nén K,S,H
(1). Lai c6: TKTA=TD.TM = AKDM noi tiép, suy ra ADM = AKM =90° < MK L KA suy ra

M,H,K (2).Tu (1) va (2) suyra M,S,K thiang hang.

Bai 80
Cho tam giac ABC nhon ni tiép (O) va ngoai tiép duong tron (1), duong thang Al kéo dai
cit (O) tai K. Goi D,E,F la c4c tiép diém ctia (1) v6i BC,CA AB. Duong thang qua A song

song v6i EF cat cac dudng thang DE,DF lan luot tai P,Q.
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a) Chting minh: AE? = AP.AQ VA K 1a tim dudng tron ngoai tiép tam giac IBC.

b) Gia sit AIO <90°. Tim GTNN cita biu thitc: 201

Giai
a) Do E,F la céc tiép diém cta (1) véi AC,AB nén EFD = CED, FED = BFD,EF //PQ suy ra
EFD = AQF, FED = APE. Mit khac PEA=CED, AQF =BFD suy ra AFQA— APEA

L QA_AR AP.AQ = AE.FA = AE2. e

EA AP T

Ta c6 bién doi goc sau: W WX // "\

BIK = % A+% B=KAC+IBC=KBC+IBC=1BK  / \ /-1

Suy ra tam giac BKI cantai K nén KB=KI =KC | :

Hay K 1a tam duong tron ngoai tiép tam giac I1BC.

b) Ap dung dinh Iy Ptolemy cho tir gidc: ABKC &
ta co: AK.BC = AB.CK + AC.BK = BK (AB + AC) B W
Tam giac AOD can AOI <90° < IA> IK =

BK (AB +AC)

IA+IK > 2IK < AK > 2IK suy ra > 21K

BK(AB+ AC . ., 5
( BC+ )228K @'ABB;CACZZ Khi tam giac ABC d¢u thi

AB+AC _

Hay AB + AC _

2. Vay

GTNN cua 2.

Bai 81

Turdiem A & ngoai (O;R) dung cic ti€p tuyén AB, AC clia (O), goi H 1a trung diém BC.
Dung dudng kinh BD ctia (O), dung CK L BD. Tia AO cit (O) lan lugt tai M, N .

a) Chting minh: ABOC noi tiép va AB? = AM.AN.

b) Chtrng minh: MH.AN = AM.HN.

C) AD cat CK tai | . Chirng minh | 14 trung diém cua CK.
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d) Dung BE L CN, goi F la trung diém BE,NF cit (O) tai P. AP cit (O) tai T . Chimg
minh:
BT //MN va BP di qua trung diém K cta AH .

Giai
B~ < B ‘\
— -
//AI\\\, \.“-\. e \\
774\
/ / \ \ N\ Nl \
/ "/’/ _’-_.-Jt \ \ N \
S opl A\ N\
P o -__'*_\‘]» \ 2 l
o/ NN No——
S\ e
d N e " " \ \ / \ ~— /]
/ N \ X K /]
/ T~ \ /’ ‘\\ > ! ‘,'
/ \ . \ N\~ f
/ \ S~ A e N\ /
rd \ P /
O\ /R N\ /
// \\ // - \ /
/ & £ DS N\ /
- //" B - N

a) Vi AB, AC 14 céc tiép tuyén cua (O) nén ABO=ACO=90° suyra 4 diém A B,O,C nim
trén duong tron duong kinh AO.

Tacé: ABM = BNA:%sdBM suy ra AAMB —~ AABN = AB® = AM.AN.

b) Vi ABM = MCB =MBC nén MB la phan giac ctiia gbc ABC . Mat khac MB L NB nén NB la
BA MA NA

= = hay
BH MH NH

phan giac ngoai ctia goc ABC . Ap dung tinh chat phan giac ta co:

MANH = NAMH .
c) Kéo dai AB cit CD tai S thi AO 1a dudng trung binh cta tam giac BSD suy ra A la trung

didm cta BS. Do CQ//BS nén theo dinh Iy Thales ta c6: 2 =12 = 1€ ma Ag—sA
AB DA SA

= 1Q=IC.
d) Vi F 14 trung diém coa BE nén HF L BE,BF //CE. Tacd BFH = BCE = BPF nén BPHF la
tir giac ndi tiép suy ra BPH =90°. Ta c4: AHP = PBC = PCA nén APHC la tir giac ndi tiép,

suy ra PAH =PCB =PTB = BT //MN.
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BP cit AH tai K thi KH? = KP.KB. Lai c6 PAH = PCB = PBA = AAKP -~ ABKA

AK BK
: _
KP KA
Bai 82
Cho tam giadc ABC c6 3 géc nhon AB < AC, cac duong cao AD,BE,CF cat nhau tai H .

& KA? = KP.BK, tir d6 suy ra KH = KA dpcm.

a) Chirng minh t&r giac DHEC noi ti€p va x4c dinh tam (O) cia dudng tron ndi tiép tir gidc
do.
b) Trén cung nhé EC ctia (O) lay diém I sao cho IC > IE, DI cét CE tai N.Ching minh:

NI.ND = NE.NC.
c) Goi M 1a giao diém ctia EF v6i IC . Ching minh: MN L CH.
d) Pudng thang HM cét (O) tai K, KN cét (O) tai giao diém tht 2 1a G, MN cat BC tai T.

Chtémg minh: H,T,G thang hang.

Giai

a) Hoc sinh ty chirng minh.

b) Hoc sinh ty ching minh.

¢) Bé chimg minh: MN L CH ta quy vé ching minh: MN //AB, tirc 1a ching minh:
AFE = EMN .
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Ta co: T giac BFEC, DEIC noi tiép nén AFE = ACB = DIE. Ta can ching minh:

DIE = EMN . Ttc la quy vé chimg minh: MENI 13 t& giac noi tiép.
Ta lai c6: MEC = AEF = ABC = DEC = DIC suy ra t& giac MENI ndi tiép ( dpcm).
d) Bé chtimg minh: H,T,G thing hang ta s& chimg minh: HGN =TGN, ta c6 bién dbi goc lién
quan nhu sau: HGN = HCK = KMN nhu vay dé chirng minh: HGN =TGN ta can chi ra
KMN =TGN < ATGN —~ AKMN. That vay.
+ Xét tam giac ENM,TNC ta cdé: EMN = EIN = NCT,ENM =TNC suy ra

EN NM
AENM —~ ATNC(g. —=——(1
(g g) Suyra NT NC ()

+ Xét tam gidc ENK,GNC ta c6: KEN =CGN,ENK =GNC = AENK ~ AGNC(g.g) suy ra

EN _NK
GN NC
Bai 83

(2). Tir (1) va (2) tasuy ra ATGN —~ AKMN (c.g.c) dpcm.

Cho tam gidc ABC ndi tiép dudng tron (O). Dudng tron K tiép xuc véi CA,CB lan luot tai
E,F va tiép xtic trong v6i (O) tai S. SE,SF lan lugt cit (O) tai M,N khac S. Duong tron
ngoai tiép tam giac AEM, AFN cat nhau tai P khac A.

a. Chtirng minh t& giac AMPN la hinh binh hanh.

b. Goi EN,FM lan lugt cit (K) tai G,H khac E,F . Goi GH cit MN tai T . Ching minh

tam giac AST can.

Giai
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a. Cac tir giac ANFP, AMEP, AMSN noi tiép nén ta c6 bién ddi goc:
ANP = AFP = AEP = AMP(1)

Tac6: APM = AEM =CES = EFS =EAN Suy ra NA//PM (2)
Tur (1) va (2) tasuy ra ANPM la hinh binh hanh.

b. Cac tam giac SKE,SOM

cantai K va O suy ra KES = KSE =0OMS suy ra KE //OM. Chirng minh tuong tu ta co:
SF_SK SE

= = = EF //MN. Tur d6 ta co:
SN SO SM

KF //ON. Theo dinh ly Thales ta co6:

MNE = NEF =GHF = MNGH 1a ti giac noi tiép. Suy ra TM TN =TGTH, giasit TS cat
(O) tai S, cat (K) tai S, thi TMTN =TGTH =TS.TS, =TSTS, suy ra

TS, =TS,=8S,=S,=S (do 2 dudng tron (O) va (K) tiép xtic nhau tai S). Suy ra

TM =TN =TS? hay TS chinh Ia tiép tuyén chung ciia (O) va (K).

Ta s& chtirng minh: TA ciing 12 tiép tuyén cta (O) Cac duong thang AP va MN cit nhau tai

| 1a trung diém ctia mo1 duong.

2
Ta co: TS 1a tiép tuyén ctia (O) nén ATNS —~ ATSM hay ™ _ Srew =(SM j (*)
TN STNS SN

Mit héc ta cling c6: AMI = AMN = ASN, do PEMA noi tiép ta co:
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NAS = MAI = MAP = PES = FES = NST = NAS suy ra AAIM -~ AANS = AM.SN = AN.SM

2 2 2
suy ra (z—'\NA] = (%j thay vao (*) tasuy ra % = (%j hay TA 1a tiép tuyén cua (O),

vay TA=TS.

Bai 84

Cho tam giac ABC noi tiep (O). P 1a mét diém nam trong tam gidc ABC. Trung tryc cia
CA, AB cit PA tai E,F. Duong thing qua E song song v6i AC cit tiép tuyén tai C cua
(O) tai M . Pudng thing qua F song song véi AB cit ti€p tuyén tai B cua (O) tai N.

a. Chimg minh MN 1a tiép tuyén cta (O)

b. Gia st MN cat dudng tron ngoai tiép cac tam giac ACM, ABN lan luot tai S,Q khac MN .
Chung minh AABC —~ AASQ va SB cit CQ tai mot diem nam trén (O).

Giai

L
a. Gia st AP cit (O) tai D, ta chimng
minh DM, DN 1a céc tiép tuyén cua (O).

That vay, FN //AB,EN //AC nén OFN =90° , OEM =90°. Két hop cac diéu kién
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OF 1a trung truc ctia AB, tam gidc OAD can va tr giac OFBN ndi ti€p ta c6 bién doi goc

sau:
ODF =0OAF =OBF =ONF suy ra tr giac

FNDO ngi tiép, suy ra OND =90°=> DN 14 tiép tuyén cta (O). Ching minh tuong ty ta co:
DM ciing la tiép tuyén cua (O).

b) Gia st SB,CQ cat nhau tai R , ta chang minh: ABCR ndi tiép. Tuc la ching minh:
RCA=RBA, mudn c6 diéu ndy ta can chang minh: AABS” AACQ. That vay, ta co:

ASQ = ASM =180°- ACM = ACx=ABC, AQS=AQN =180°-ABN =ABy=ACB suy ra
AABS” AACQ(g.g). Ttr d6 suy ra dpcm.

Bai 85. Cho duong tron (O;R) T mot diém M ndm ngoai duong tron, ke 2 tiép tuyén
MA,MB dén (O) (AB la cac tiép diém). Qua A, ké duong thang song song voi MO cit
dwong tron tai E, duong thang ME cat dudng tron tai F, duong thang AF cit MO tai N, H
la giao di€ém cua MO va AB.

1. Ching minh: T& giac MAOB néi tiép dudng tron.
2. Chitng minh: MN? = NF.NA.

3. Chang: HFN =90° va MN =HI .

2
4. Chiing minh: H82 _ER L
HF® MF
Huong dan giai
A —F
M

1. Hoc sinh ty lam.

2. Do MO 1 AB, AE//MO
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Suy ra BFE =90°, ttr giac MFHB ¢ MFB = MHB =90° nén MFHB la tt gi4c noi tiép.

Suy ra FMH =FBH (cung chin cung FH). Lai c6: FBA=FAM :%sd FA tir d6 suy ra
FMA = NMF (1)
Tam giac MNF va tam gidc ANM ta c6: MNF chung (2). Tt (1), (2) ta suy raAMNF” AANM

(9.g) suy ra %:% hay MN? = NF.NA (*)

Ciing c6 thé chitng minh ngan hon: NMF = AEF (so le trong), AEF = MAF =%sd AF suy ra
AMNF” AANM (g.9).

3. Tu <chang minh & cau b) ta c¢c6: NFM=NMA=HMB=HFB suy
raHFB+BFM =HFB+NFM =90° hay HF 1L AN. Ap dung hé thic luong trong tam giac
vudng AHN ta co: NF.NA=NH?(**). Tir (*),(**) ta suy raMN® = NH* < MN = NH
HB2 EF HB®> ME

s=——+1s S=—.
HF?  MF HF?  MF

4. Ta viét lai dang thirc can ching minh thanh

ME MA?

Ta dé& chiing minh dugc dang thac quen thugc: ME.MF = MA’ = ME = MEZ

. Ta can chiing

minh: %:% hay chtng minh: ABFM” AAFH nhung diéu nay luén dung do

BFM = AFH =90° va MBF = HAF :%Sd FB .

2 2
Cach khéc: H82 F e HBZ—E_l Ta c6 HF?=FAFN va — - A (dinh ly
HF?  MF HF? MF MF  FN
2 2 2 2 2 2
Thales) nén vé tréai bang: HB™ FA_HB -AF° _HA -AF" _ HF2 =1
FAFN FN FA.FN FA.FN HF
Bai 86

Tur mot diém A nam ngoai duong (O;R) ké céc tiép tuyén AB, AC dén (O) (B,C la céc tiép
diém). Piém D thuoc cung nho BC,CD cat OA tai E, duong thang qua E song song véi BC
cat AB tai M .

a. Chitng minh: EMBD |4 tt gi4c noi tiép.
b. MD la tiép tuyén cua (O).
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Hwong dan giai

C

a. Do ME //BC nén ta cO: AME = ABC =%BOC : lai co:

BDE = DBC + DCB zlstD +18d BD =£sd BC ZEBOC
2 2 2 2
suy ra AME = BDE hay EMBD la tir giac noi tiép.

b. Ta c6 MBOE Ia ttr giac noi tiép duong tron dudng kinh MO (hs tu chang minh) tir d6 suy
ra 5 diém M,B,0,D,E cing nam trén mot duong tron. Suy ra MDO =90° hay MD la tiép
tuyén cia (0).

Bai 87

Cho tam giac nhon ABC: AB < AC, duong tron (O) duong kinh BC cit AB, AC lan luot tai
E,F.Goi K la giao diém ciia EF,BC,M 14 giao diém ctia FD va duong tron (0). H 12 giao
diém cua BE,CF,AH cat BC tai D.

a. Chung minh: AE.AC = AF.AB
b. T gidc KFOM 14 ti gi4c noi tiép va KF.DM = KM .DF .

c. Goi S la giao diém ciia AK va duong tron (1) ngoai tiép tam gidc AEF . Chting minh:
AS.AK = AF.AB.

d. Chitng minh: S,H,0 thang hang.

Hudéng dan giai

a. TG gidc BFEC ndi tiép (O) suy raAEF =ABC = AAEF” AABC(g.g). Suy ra
AE _AF

—=——< AE.AC = AF.AB
AB AC
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M

b. Ta c6: KFM = KFB + BFM = KCE + BFM = BFM + BFM = 2BFM = BOM
Hay KFM =KOM suy ra KFOM Ia tt gidc noi tiép
M3t khdc OF =OM suy ra FKO = MKO hay KO la phan giac caa FKM . Theo tinh chat phan

c. Vi H Ia truc thm ctia AABC nén AEH = AFH =90° suy ra 4 diém A E,H,F nam trén
duong tron duong kinh AH . Suy ra S thudc duong tron tdm 1 duong kinh AH, t&r giac
ASFE noi tiép nén ASF = FEC,BFEC noi tiép nén FEC =FBK suy ra KSFB noi tiép,
= AASF” AABK = AS.AK = AF.AB.

d. Gia str dwong tron (1) cat AO tai N, taco: ANE = AFE = ACO , suy ra ENOC ni tiép,

tuong tu FNOC noi tiép. Ta co
HNC =360° - HNE — ENC =180° - HNE +180°—- ENC = HAC +180°- EOC =

EBC +180°—-EOC =180°+ EBC —2EBC =180°- EBC
suy ra BHNC noi tiép. Gia st KH cit (1) tai N’ suy ra EFHN' noi tiép. Suy ra

KH.KN' = KE.KF = KB.KC = BHN'C ndi tiép, suy ra N'=N. Suy ra KNO=90° hay H Ia
truc tdm ctia thm gidc AKO suy ra OH L AK, ma SH L AK suy ra S,H,O thang hang.

‘ Bai 88 ‘
‘ Cho tam giac nhon ABC(AB < AC) ngi tiép (O), cac tiép tuyén tai B,C cua (O) cit nhau tai ‘
‘ diém M duong thing AM cat(O) tai giao diém thi 2 1a D (khac A). Trén duong thang qua‘
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O vubng goéc véi AD ta lay diem 1(O,1 nam khac phia so véi AD) dung duong tron (1;1D)

cit cac duong thang BD,DC lan lugt tai E,F(E=D,F =C).

2
a) Chung minh: m:(%j :
MD BD

b) Goi K 1a giao diém cua BC véi EF. Chung minh: 4 diém AC,K,F clng nam trén mot
duong tron.

c) Chting minh: AACD” AAKE suy ra K 1a trung diém cua EF .

d) Dung EX,FY lan luot vudng goc véi Al . Chitng minh: KX = KY .

Hudéng dan giai:

2
a. Ta dé chung minh dugc: AMDB” AMBA(g.g) suy ra Syoe _ (%J mat khac Swpe _ MD
AMBA A wea  MA
L DB) MD
trdosuyra | — | =—.
BA MA

b. Xét tir gidc ACKF ta c6: ACK = ACB = ADB = ADE = AFE = AFK suy ra ACFK Ila tir giac
noi tiép.
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c. Ta cOACD = ACF = AKE,ADC = AEK = AACD” AAKE suy ra %:Z—z( ) hoan toan
" KF BD < , ~ X x ,
tuong tu ta cling cd6: AABD” AAKF suy ra m:ﬁ( *). Mat khac ta cling dé dang ching
minh  AMDB” AMBA = BD _MB va AMDC” AMCA= €D _ MC ma MC=MB suy
BA MA CA MA

CD BD KE KF
ra— =—— két hop véi (*), (**) suy ra — =—— hay K la trung diém cta EF .

CA = BA pvéi (), (%) suyra - ==+ - hay g

d. Dung duong cao AH cua tam gidc AEF, goi NIa trung diém cua AE, ta c6 5 diém
E,N,1,Y,K nam trén duong tron duong kinh El, 4 diém AE,H,I nam trén duwong tron
duong kinh AE. Tur d6 ta c6 bién ddi géc YNK =YEK =YEH =YAH :%YNH suy ra NK 1a
phan giac ctia goc HNY ma tam giac HNY cén tai N nén NK la trung truc cia HI. Chang
minh tuong ty ta ciing K thudc trung truc cia HX suy ra K 1a tam dudng tron ngoai tiép tam
giac HXY nén KX =KY.

Bai 89
Cho tam gidc ABC ngi tiép (O) va trung tuyén AM , diém P nam trén cung BC khdng chtra
A cua (O), hai diém E,F thudc CA, AB sao cho PE//AB,PF//AC. Pudng thing AM cit

duong tron ngoai tiép tam gidc AEF tai N khac A. Goi G la giao diém cia AP va EF,D la
diém ddi xang voi A qua M .

a. Chang minh: APBC” AEAP.
b. Chitng minh: ANFE” ACAD va NGE = AMB.

c. Chuing minh: AP? =2AM.AN .

Giai:
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a. Xét tam gidc PBC va tam gidc EAP ta cd: PBC = PAE (cung chian cung PC). T giac
AEPF la hinh binh hanh nén EPA=PAF lai cO PAF = PCB tir 6 suy ra EPA=PCB suy ra
APBC” AEAP(g.9).

b. Ta c6: NFE = NAE =DAC, NEF =NAF = ADC, suy ra ANFE” ACAD(g.g) va NG,CM Ila
c4c trung tuyén twong Gtng nén NGE = CMD = AMB.

c. Tur b. ta suy ra AGN = AGE + NGE = PMB + BMA=PMA. Suy ra NGMP 1 tt giac noi tiép.
Nén 2AN.AM = 2AG.AP = AP?

Bai 90

Cho tam giac ABC ni tiép (O), P 1a mot diem bat ky trong tam giac va Q e cung nhé BC
cua (0). AP cit (O) tai giao diem tht 2 1a D,M 1a trung diém cia AQ,QP cit (O) tai giao
diém tht 2 12 K. Dung duong tron (w) qua 2 diém cua duong tron ngoai tiép tam giac KPD
véi MP.

a. Chitng minh: AMDR |4 tt gi4c noi tiép.

b. Chitng minh: AKFP” AKRD suy ra F 1a trung diém caa PR.

c. Chting minh: 4 diém A, D,E,F nam trén mot duong tron.

al

G
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a. Tir cac ta gidc KPDR, AKDQ noi tiép ta suy ra DRP = DKP = DAQ hay AMDR la t& giac
noi tiép.

Bai 90

Cho tam giac ABC noi tiép (0), P 1a mot diém bat ki trong tam gidc vaQ e cung nhod BC cua
(O), APcit (0) tai giao diém thtr hai 1a D, M 14 trung diém clia AQ, QP cat (O) tai diém thir
hai 1a K. Dung dudng tron (w) qua 2 diém P, K tiép xuc v6i AP . Cac dudng thang AK,MPlan
luot cat (w)tai E va F. Goi R 1a giao diém ctia dudng tron ngoai tiép tam giac KPDVGi MP .

a) Chting minh: AMDR 14 t&r giac ndi tiép. 7

b) Chirng minh: AKFP e AKRDSUY ra F la trung diém cua PR.

¢) Chuing minh 4 di€ém A, D,E,Fnam trén mot dudng tron

Giai

a)TUr cac tir gidc KPDR, AKDQNOI tiép
ta suy ra DRP = DKP = DAQ hay
AMDR la tr gi4c noi tiép.
b)Ta co PA la tiép tuyén cua duong
tron (w) va KPDR noi tiep
= KFP = KPA=KRD.
Lai c6 KPR=KDR

= KPF = KDR
= AKFP o AKRD(g.g):>E=E
RD KD
Lai c6 AKPD « AAPQ (g.9)
KP AP
=>——=——
KD AD
APRD ®@ APAM = PR_AP _2PA
RD AM AQ

_ PR_2PA_2KP _2FP
RD AQ KD RD
= F 14 trung diém ctia RP
C)ta ¢ KRF = KDP;KFR =180° — KPA=KPD ,
= AKFR » AKPD(g.9)
Két hop véiPKF = DPF
= AKPF @« APDF (C.g.C)
— ADF = PDF = KPF=180° — AEF
— ADEFIa tir giac noi tiép
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Bai 91

Cho tam giac ABC nhon ndi tiép (0), truc tim H, M la trung diém cua BC, dudng cao AF,
duong tron duong kinh AH (0) tai @ khac A. Pudng tron dudng kinh HQ cét (0) tai K khac
Q. Dung duong kinh AE ctia(0), DIa giao diém cua AH vdi ().

a) Ching minh: Q,H, M, E thang hang.

b) Tiép tuyén tai H, K ctia dudng tron ngoai tiép AQHK cit nhau tai X . Chimg minh X € BC.
¢) Chtrng minh cac dudng tron ngoai tiép tam gidc KQH, KFM tiép xtic nhau.

Giai
a) Ta co két qua quen thudc:
+ H,M, E thang hang
+ H ddi xtng v6i DquaBC
+Q, H, E thang hang. Do QH, EQcung vudng goc véi AQ. Tir d6 suy ra Q,H, M, E thang hang
b)Gia sir cc tiép tuyén tai H,K cta dudng tron (L) ngoai tiép AQHK cit nhau tai X . Ta chung
minh X € BC. That vay
Do KXH =180° —2.XHK =180° — 2.KQH = 2.(90° — KQH) = 2.(90° — KAE) = 2.EAK = 2.KDH
va XK = XH
= X 1a tam dudng tron ngoai tiép tam giac
= X thudc duong trung truc cia DH hay X e BC

BAX\ F MVC
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Bai 92

Cho duong tron tAm o dudng kinh AB=2R, trén doan OAldy diém 1 ,(1= A 1=0) V& tia

Ix L ABcit (O)taic . Lay diém E trén cung nho BC, (E = B,E=C).Noi AEcat Cl tai F, goi D la
giao diém cua BC véi tiép tuyén tai A ciia (O:R).

a) Chting minh: BEFI 1a tir giac ndi tiép.

b) Chirng minh: AE.AF=CB.CD.

¢)Tia BE cat IC tai K. Gia st I, F 1an luot 14 trung diém ciia OA, IC. Ching minh

AAIF © AKIB. Tur d6 tinh IK theo R .

d)Khi I 1a trung diém cua OA va E chay trén cung nho BC . Tim vi tri ctia E dé EB+EClon
nhat.

Giai
a)Vi diém E nam trén (0) dudng kinh AB nén AEB=90°.Lai c6 IF L ABtai Inén FIB=90°
T giac IFEBCO AEB+FIB=180° = IFEB 12 tir giac ndi tiép
b)Xét AAIF va AAEB cO AIF=AEB=90°, chung EAB
— AAIF © AAEB(0.0)

Din dén 2 —AE L AlLAB = AFAE. Vi diémC nim X
AF  AB

trén(0) duong kinh ABnén ACB=90°,
AD 13 tiép tuyén cta (0) nén DAB =90°
Ap dung hé thire luong trong céc tam giac vudng s
ACB,BADta CO AI.AB=AC?=CD.CBSUY ra
AE.AF =CD.CB
b)Tam giac AIF va KIB c0
AIF =KIB =90° IAF = IKB =90° — KBA

Al FI Al.IB N
—=—Kl=——
KI 1B FI A : o B
Vi diém I 12 trung diém ctua OA va CI L OAnén tam giac
OAC cantai C
Lai c6 OC =0A=RNén tam giac OAC la tam giac déu,

suy ra COA=60";CBA = %COA =30° M

nén AAIF ® AKIB(g9.9) =

~ A 2
Tu d6 dé tinh duoccl :ﬁRleziuzﬁR nén ki = AB_ 1€ =21C =/3R.
2 2 4 Fl 1.6
2

¢) Goi M 1a giao diém cta tia CI véi (0),(M = C) thi tam gi4c CBI can tai B

Két hop véi chimg minh & cAu ¢ CBA=30" = CBM =60°ta suy ra tam gi4c CBM déu. Lay diém
N trén doan EM sao cho EN =ECdo CEM =CBM =60°nén suy ra tam gidc CEN déu. Xét cac
ACMN,ACEDta c6 CNM =180° — CEB =120°,CEB =180° —-CMB =120°va
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CE =CN ,CMN = CBE = MCN = BCE = ACNM = ACEB(c.g.c) sUy ra MN = EB Tir d6 ta co
EC+EB=EN+MN =EM <2R , diu dang thic xay ra khi va chi khi EM 1a duong kinh cia
(O)hay E la diém d6i xtmg v6iM qua O.
Nhan xét: Néu biét dinh 1y Ptolemy thi ta c6 két qua EC.MB + EB.MC = BC.EM ma tam giéac
BMC déu nén MB = MC = BC suy ra EC+EB=EM
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Bai 93 Cho diém A nim ngoai (O;R). Tur A vé cac tiép tuyén AB: AC dén (O;R),(B, Clacac

tiép diém) va cat tuyén AMN dén (O;R), MN khong di qua O va AM < AN

a) Chung minh: ABOC la tir giac ndi tiép

b) Chirmg minh: AM.AN=AB?

¢)Tiép tuyén tai N cua (O;R)cat duong thang BC tai F. chirng minh FM 1a tiép tuyén cua

(G:R)

d)Goi P 1a giao diém ctia BC v6i day MN, E 14 giao diém cua duong tron ngoai tiép tam giac

MON va dudng tron ngoai tiép tir gidc ABOC ( E khac O) . Chimg minh P, E,Othang hang
Giai

1)Goi H la giao diém ctia BC, AOthi

BH L AOtheo cau b tacd AM.AN = AB?

Ap dung hé thire luong trong tam giac vudng
ABOta cd AH.AO = AB?

Tu do suy ra

AH.AO = AM.AN (= AB?) = AAHM % AANO(C.g
.C)

=> AHM = ANO = MHON 12 tir gi4c noi tiép.
Gia su tiép tuyén tai M , N cua (O) cat nhau
tai F, suy ra 4 diém F;M;O;N cung nam trén
duong tron duong kinh OF

Ta chiing minh F;B;H thang hang. That vay
do 4 diém M;H;O;Nnim trén 1 dudng tron
va 4 diém F;M;O;N cing nam trén 1 dudng
tron duong kinh OF ‘

suy ra 5 diém F;M;H;O;N cung nam trén 1
duong tron duong kinh OF

hay FHO=90° <> FH L AOlai c6 BH L AO ( tinh chat 2 tiép tuyén cat nhau)
= F;H; Bthéng hang

2.Ttr chimg minh trén ta suy ra duong tron ngoai tiép tam giac OMN ciing 1a duong tron dudng
kinh OF,Ela giao diém cua duong tron duong kinh OF v6i duong tron dudng kinh OA

Tacd AEO=90"va OEF=90°suy ra AEO-+OEF=180"hay A;E;F thing hang

Goi K 1a trung diém MN thi OF L MN taiK

Lai c6 FP L OAtal H

= P 1a tryc tam tam giac FOA

= OP L AF

Ma EP L AF

= E;P;O thang hang
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Bai 94 Cho tam giac nhon ABCndi tiép dudng tron (0) cb cac dudng cao AD;BE;CF cat nhau
tai H, AH cat (O)tai diém thi haila P (P=A). Goi M, I 1an luot 1a trung diém ctia BC, AH .
Dung duong kinh AK cua (0), dudng thang qua P song song v6i EF cit (0) tai giao diém
therhai Q,(Q#P).Goi S 1a giao diém cua IM va EF

a) Ching minh: BFEC 13 tir giac ndi tiép

b) Chirng minh: IE L EM, tir d6 suy ra ME? = MS.MI

¢) Chirng minh tam giac APQ can.

d) Pudng tron ngoai tiép tam giac AEFcit (O)tai diém tht hai 1a N. Chting minh N,S,Q thang
hang

Giai
a.Vi BE;CF la cac duong cao cuia tam giac A
ABC
= BEC =BFC=90° | .
— BFEC la tir giac ndi ti€p ( ¢6 2 dinh lién ti€p
trén canh EF cung nhin canh BC goc bang
nhau) 0O Q
\ .2 A AH
b.Do I 1a trung diém AHnNén IA=I1E=IH =
= AAIE can tai | B D
= IEA=IAE (1) M c
Tuong tu ta cling c6 MEC = MCE (2)
Liy (1) + (2) ta ¢6 P K

IEA+MEC = IAE + MCE = DAC+DCA =90°

Suy ra IEM =180° — (IEA+MEC) =90°

= IE LEM

Do IE =FI;ME = MF = IM la duong trung tryc cua FE

=IM L FE

Ap dung hé thie luong trong tam giac vuéng 1EM ta c6 ME2 = MI.MS

c.Do BFEC 1a tir giac ndi tiép= AEF = ABC (tinh chét t&r gidc noi tiép)

Lai c6 ABC = %AOC = %(1800 —20AC) =90° —~OAC ( do tam gi4c OAC cin taiO)

= ABC +OAC =90° = AEF+OAC =90° = OA L EF
ma PQ//EF=PQ L OA

Do PQ la I day cua (O)

= PQ L OAtai trung diém cua PQ

= AAPQ can tai A
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d.Do AEH =AFH =90° = E; F nam trén duong tron tam | duong kinh AH ki hiéu 1a (1)
= HNA =90° (3)
Lai c6 KC LAC;BH L AC=BH//KC
Tuong tu CI—! / /KB = BHCK la hinh binh hanh
= H;M;K thang hang (5)
Ta cling c6 KNA=90° (4)
Tir (3) va (4) = K;H; N thing hang (6)
Tir (5) va (6) = K;H;M; N thang hang
Taco AMHF © AMFN (g.g) = MF* =MH.MN = ME*( do ME = MF)
Keét hop véi chimg minh cau b = MH.MN = MI.ME = AMHS % AMIN (C.g.C)
= HSM = INM = NISH 14 tr gidc ni tiép
Keét hop véi IM//AK va tam gidc APQcan tai A ta cd
= HNS=HIS=PAK =QAK =QNK = Q;S; N thrfmg hang

Bai 95

Cho tam giac ABC nhon, cac dudng cao AD, BE, CF cat nhau tai H. Goi P, Q lan luot 1a
hinh chiéu vuéng goc cia D 1én BH,CH .

a) Chtrng minh 4 diém H, P, D, Q nam trén mot duong tron.

b) Chieng minh PQ //EF.

¢) Buong tron tm 1 duong kinh AD cat AB, AC lan luot tai R, S. Chang minh R, P, Q, S
thang hang.
d) Puong tron (J) ngoai tiép tam gidc DQS cat IC tai T, DT cit AC tai K. Chang minh

KA_CA
KS CS

Gial.
a) Vi HPD =HQD=90° nén 4 diém H, P, D, Q cling nam trén
mot duong tron, duong kinh HD.
b) Do tir gidc HPDQ ndi tiép nén HPQ =HDQ (1) (cung chan
cung HQ).
Ta cling c6 HDQ = HCD (2) (cung phu QDC).
T gi4c BFEC cO BFC =BEC =90° nén BFEC ndi tiép duong
tron duong kinh BC suy ra FCB=FEB (3).
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Tu (1), (2) va (3) suy ra HPQ = HEF — PQ//EF.

¢) Puong tron tam | duong kinh AD cit AB, AC lan luot tai R, S thi ARD = ASD=90° suy ra
BRD = BSC =90° nén ti gidc DQSC, BRPD ndi tiép.

Ta cO SQC =SDC = DAC (4); PQD =PHD = AHE (5)

Ma AHE + DAC =90°.

(4), (5) ta suy ra PQD+DQC +SQC =180° hay P, Q, S thang hang, chimg minh twong tu ta c6

P, Q, R thang hang, suy ra R, P, Q, S.

d) Do 4 diém D, Q, S, C cling nam trén mot dudng tron duong kinh DC nén dudng tron tam J

ngoai tiép tam gidc DQC ciing chinh 13 duong tron dudng kinh DC suy ra DTC =90°.

Ta c6 ACSDddng dang voi ACDA nén CD? =CS.CA (6).

Trong tam giac vudng IDC ta cling ¢6 CD* =CT.CI (7)

T (6) va (7) ta suy ra CS.CA=CT.Cl = ACTS ddng dang ACAI = CTS =CAI nén AITS la tG

giac noi tiép, két hop véi AAIS can tai | ta cd bién d6i goc CTS =CAI = ISA=ITASuy ra la

ATK =STK hay TK la phén giac cua goéc ATS, TC vudng goc voi TK nén TC chinh la phén

KA CA

giac ngoai cua ATS . Theo tinh chat phan giac ta ¢ ngay KSoos

Bai 96

Cho duong tron tdm O ban kinh R va mét diém N nam ngoai (0). Tir N ké 2 tiép tuyeén

NA, NB dén (0) (A, B la 2 tiép diém). Goi E 1a giao diém ctia AB, ON .

a) Chtrng minh NAOB 14 tir giac nai tiép.

b) Tinh AB biét ON =5 cm, R=3 cm.

c) Ké tia Nx trong goc ANO cat (O)tai C, D (Cnam giira N va D). Chang minh NEC = OED.

d) Qua N keé cat tuyén thtr 2 véi duong tron 1a NPQ (P nam gitra N va Q). Goi I 1a giao
diém cQ, DP. Chitng minh A B, I thang hang.

Giai

a) Vi NA,NB la cac tiép tuyén cta (0) nén

ANO + NBO =90°SUy ra NAO+ NBO =180°. Hay
tr gidc NAOB noi tiép (tong hai goc ddi bang
180°).

b) Khi ON =5 cm, R=3 cm, theo tinh chat 2 tiép

tuyén cat nhau ta c6 AB = 2AE.

Lién hé tai liéu word toan SDT va zalo: 039.373.2038




Website: tailieumontoan.com
Va AE L NO tai E, ap dung hé thirc lugng trong tam giadc vudng AON ta cd OA? =OE.ON

2
Suy ra OE=OA =g:>NE:NO—OE=5—g=E,Iai co
ON 5 5 5

AE? = EN.EO = AN? =%@ AN :%:s AB =2AN :%.

C) Xéttam gidc NCA, NAD tacd AND chung va NAC = NDA=%sd AC.

Suy ra ANCA ddng dang ANAD(g.g) dan dén % _NA (ty s6 dong dang) suy ra NA2 = NC.ND

ND
(1)
Ap dung hé thire lugng trong tam giac vuéng NAO ta cd NA? = NE.NO (2)

Tur (1) va (2) tasuy ra NC.ND = NE.NO @E—E =E—g két hop v&i ANCE, ANOD c6 gdc chung
OND chung, ta suy ra ANCE d6ng dang ANOD (c.g.c) suy ra NEC = NDO dan dén CEOD noi
tiep ( goc ngoai mo dinh bang goc doi).

Ciing tir CEOD ndi tiép va tam gidc OCD can tai O ta c6 bién d6i goc NDO =OCD = OED
(dpcm).

d) Tuong ty ciu c) ta c6 PEOQ noi tiép.
Taco

CEP =CEN + NEP =0ODC +0QP

:%(180°—COD)+%(180°— POQ)

1

:1800_5((:0[) +poQ)- 360°—(COD +POQ)

2

:%(COP+ DOQ)=CIP

Suy ra CEIP noi tiép, tuong tu DEIQ noi tiép.
Suy ra IEP=CIP=1DQ=IEQ hay EI la phén giac cia PEQ (3)

Tu chiing minh céu ¢, suy ra CEA= DEA hay EA la phén giac CED, tuong tu suy ra EB la
phan giac cua goc PEQ (4)

T (3) va (4) suy ra El =EBhay I, A, B thiang hang.

Bai 97
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Cho dudng tron tdm 1 ndi tiép tam gidc ABC tiép x(c véi BC, CA, AB lan luot tai D, E, F.
Puong thang qua A song song véi BC cat EF tai K, goi M la trung diém BC. Chang minh
MI L DK .

Giai

Goi P 1a giao diém cua IDva EF .
Vi AE, AF 4 cac tiép tuyén cua (1) tai
nén IALEF.

Vi IPLBC suyra IPLAK. Tuwdésuyra P
truc tdm cua tam giac AIK = AP L IK tai
H suy ra tir gidc ANHK ndi tiep.

Ké duong thang qua P va song song véi BC cat AB, AC tai X, Y tir CAc tir gidc IPXF, IPEY
noi tiép ta suy ra PXI = PFI = PEI =PYl dan dén tam giac IXY cantai | nén P 1a trung diém
XY . Theo dinh Iy thales ta dé suy ra A, P, M thang hang.

Lai cO IH.IK =IN.IA= IF* = ID? :%z% suy ra AIHD dong dang AIDK (c.g.c).
Ta gidc IDMH noi tiép suy ra IDH = IMH , AIHD ddng dang AIDK = IDH = IKD = IMH = IKD

ma IMH phu véi MIH nén IKD phu véi MIH = IM L DK.

Bai 98

Cho tam giac ABC nhon noi tiép (0). Mot dudng tron (K) di qua B, C cat AC, ABlan luot tai
E, F. BE cat CFtai H, AH cit (0) tai P khac A, PE cat (O) tai R khac P. Dudng tron
ngoai tiép tam giadc FHB cit AH tai D.

a) Chung minh KD L AH .

b) Gia str AH cit BC tai L va Q d6i xiing voi P qua D. Chiang minh AEQF la tir giac noi
tiép.

¢) Ching minh BR chia doi EF . A d

Giai

a) Taco
AH.AD = AF.AB = AE.AC suy ra EHDC noi 7 tiep.
BDC =360°—-BDH —CDH g [o

— BFC + BEC = 2BFC = BKC ”
nén BDKC la tir gidc noi tiep. Ta co » K

Tur do, ta co
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KDH =CDH -CDK =180°-HEC — KBC
BKC _180°— BKC
2 2
b) Goi N la diem doi xiing voi F qua KD, do KF =KN nén diém N namtrén (K). Ta co

=180°— =90°

BCP =BAP =BFN =BCN nén CP=CN hay C, N, P thang hang.
Do FQPN 14 hinh thang cin ta c6 FQA=FENC =FBC nén BFQL ndi tiép.
Tuong tu ta cling ¢ CEQL noi tiép. Tir d6 ta co bién doi goc
FQE =360°— FQL — EQL

= ABC + ACB =180°— BAC

suy ra AEQF ndi tiép.
c) Tir AEQF noi tiép ta c6 BFE =180°— AFE =180°— AQE = DQE .
Ta ciing c6 FBE = FCE = HDE nén AEFB d6ng dang AEQD (g.g) suy ra %:%. Goi | la
. . FB DQ FB ;QF FB QP , )
trung diém FE ta co FEOE S o= o @ﬁ:E = AIFB dong dang AEQF (C.g.C) nén

FBI = EPQ = ABR hay BR=BI tic la BR chia doi EF.

Bai 99

Cho tam giac ABC ngi tiép (0), P la mot diém bét ky trong tam giac va Q thudc cung nho
BC cua (O), AP cat (O) tai giao diémth 1a D, M 14 trung diém cia AQ, QP cit (O) tai
giao diém thir hai 12 K. Dung dudng tron (w)qua 2 diém P, K tiép x(c véi AP . Cac dudng
thang AK, MP lan luot cit (w) tai E,F. Goi R 14 giao diém cta dwong tron ngoai tiép tam

gidc KPD Vvéi MP .

a) Chtrtng minh AMDR & tt gi4c noi tiép.

b) Chitng minh AKFP d6ng dang AKRD suy ra F 14 trung diém PR.

¢) Chting minh 4 diém A D, E, F nam trén mot dudng tron.

Giai

a) Tu cac tir gidc KPDR, AKDQ ndi tiép suy
DRP = DKP = DAQ hay AMDR Ila tir giac
noi tiép.

b) Taco PA latiép tuyen cia duong tron
(w) va KPDR ndi tiép nén
KFP = KPA = KRD lai c6

ra

Lién hé tai liéu word toan SDT va zalo: 039.373.2038




Website: tailieumontoan.com

KPR = KDR < KPF = KDR Nnén AKFP dong dang AKRD (g.g) suy ra %=%.
P, A KP AP
Lai cO AKPD dong dang AAP g)suyra —=—.
: g dang AAPQ (9.9) suy ra - - A0
APRD ddng dang APAM nén PR_PA _2PAtrdotaco TR —2PA_2KP _2FP suyra F la
RD AM AQ RD AQ KD RD

trung diém RP.

) Tacd KRF = KDP, KFR =180°— KFP =180°— KPA=KPD suy ra AKFR dong dang AKPD (g.g)
két hop véi PKF = DPF suy ra AKPF dong dang APDF (c.g.C) suy ra
ADF = PDF = KPF =180°— AEF hay ADEF Ia tir gidc noi tiép.

Bai 100

Cho duong tron tim O duong kinh BC . M6t diém Athudce duong tron (0) sao cho AB > AC .
Tiép tuyén tai A cua (O) cat BC tai D. Goi E la diém ddi xang véi A qua BC, AE cat BC
tai M, ké duong cao AH cta tam gidc ABE, AH cat BC tai F .

a) Chirng minh AFEC la hinh thoi.

b) Chirng minh CD.DB =DM .DO.

¢, Goi | 1a trung diém AH , kéo dai BI cat (0)tai diém tht 2 13 K. Chang minh: AIMK 12 té
giac noi tiép.

d, Puong thang AK cat BD tai N . Chitng minh: N 14 trung diém ctia MD .

Giai
Bo6 sung hinh sau
a, Do diém E dbi xung véi Aqua duong kinh BCnén E e (0) dan téi BEC =90°hay BE L CE,

lai c6 AH L BEsuy ra AH //BE (1), ta cling c6 AE LBM tai trung diém M caa BCnén F la truc
tam tam gidc ABEdan dén EF L AB, mat khiac AC L AB.

Suy ra EF //AC(2), tir (1), (2) két hop v6i AE L FCta suy ra ACEF la hinh thoi.

b, Do DAl tiép tuyén caa (O)nén CAD = ABD = % sd AC suy ra ADAB# ADCA(g.g) suy ra

g—é = % hay DA’ =DB.DC (3). Trong tam giac vuéng OED (OAD =90°)ta c6 AM L OD nén suy

ra DM.DO =DA’(4). Ttr (3), (4) tacd : DB.DC = DM.DO.
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¢, Dol latrung diém AH nén MI la duong trung binh cua tam gidc AHE suy ra

MI L AH (MI//HE L AH). Tac6 IMA=AEB( dong vi), AEB = AKB (g6c ndi tiép cting chin cung
AB) din dén IMA= IKA = AIMK Ia tt gi4c noi tiép (co 2 dinh lién tiép cung nhin canh 1Agoc
bang nhau).

d, Tir ching minh & cau ¢ ta cd: AKM =180°— AIM =90°. Ap dung hé thtrc luong trong tam giac
vubng AMN ta c6: MN? = NK.NA (5). Kéo dai DK cit (O)tai S. Ta d& ching minh dugc DE 1a
tiép tuyén cua (0). Ta c6 KMD = KAM = KAE = KEDSsuy ra KMDE Ia t& gi4c noi tiép. Dan téi
EKD = EMD =90°suy ra SE la duong kinh cua (O) nénsA L AE dan tiSA//ND. Tam giac

KNDVa tam giac DNACO AND chung va EKD = EMD =90°Suy ra ADNA# AKND (g.g) suy ra

DN NA

— — =—— < ND?*=NANK (6). Tt ND? = MN? - .
N-No (6). Tu (5), (6) suy ra hay ND=NM

Bai 101
Cho dudng tron (O;R)va mot diém M nam ngoai (0), qua M ké cac tiép tuyén MA, MB dén (0),
dung céat tuyén MCDsao cho MC <MD va tiaMcC nam gitta hai tia MB,MO. Goi | 13 trung diém
ctia CD.

a, Chitng minh: Tt gi4c AIOB i tiép.
b, Tia BI cat (O)tai giao diém thw hai la J (J khac B). Chitng minh: AJ//MD.
¢, Chang minh: AD?* = AJ.MD.

Puong thang qua |1 song song voi BDcat ABtai K. Tia CK cat OBtai G . Khi cat tuyén
MCD thay doi va théa man diéu kién dé bai thi tam duong tron ngoai tiép tam giac CIG thuoc
duong tron nao?

Giai
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a, Vi I 1a trung diém cua day cbnén o1 L cD(Quan hé vubng goc giira duong kinh va day
cung) suy ra OIM =90°. MA, MB |4 tiép tuyén ciia(O) nén OAM =OBM =90° = OAM +OBM =180°
hay t& gidc MAOBNAI tiép (tong 2 goc d6i nhau bang 180°). Tuong tu MAOI ndi tiép, suy ra 5
diém M,A 0,1,B nam trén mot dudng tron. Suy ra ti giac AIOBNdi tiép.

b, Vi 5 diém M, A 0,1,B nam trén mot duong tron nén MIB = MOB (2 g6c ndi tiép cling chan
cung MB). Mit khac, ta ciing co AJB =%AOB (lién heé giira goc noi tiép va goc & tam), ma

AOB = 2MOB (Tinh chat 2 tiép tuyén cat nhau), tir 46 suy ra AJB=MIB= AJ//MD. Do
AJ//MDNén JAD = ADM (s0 le trong) (1). Tt gidc AJDC ndi tiép nén AID = ACM (2), ta co

AMCA# AMAD (3). Tur (2) va (3) ta suy ra AJD =MAD (4). Tur (1), (4) ta c6: ADAM# AAID (9.9)

suy ra '2—5) =D— (canh tuong tng) hay AD? = JAMD.

¢, Vi IK//BD nén KIC =CDB (d6ng vi), ma CDB = CAK (clng chin cung BC) suy
raKIC = KAC = ACKI noi tiép ( hai dinh lién tiép A, I cing nhin canh cK géc bang nhau). Tir d6
suy ra CKA=CIA(5) (goc noi tiép cling chan cung CA). Mit khac, do 4 diém A,1,M,B nam
trén cung mot dudng tron nén AIM = ABM (g6c ndi tiép clng chan cung BM ) (6). Tt (5), (6)
suy ra CKA=MBA=CK//MBMma MB L OB=CK 1L OBtai G. Tt gidc CGIOCO
CGO =CIO =90°NnénCaGIO la tir gi4c noi tiép duong tron duong kinhco (hai dinh lién tiép
G, I cung nhin Canh CO g6c bang 90°). Suy ra ban kinh dudng tron ngoai tiép tam giac

CO

CGlbang —=— hay tam dudng tron ngoai tiép tam gidc CG1 thude duong tron thm o béan
kinh X
2
Bai 102
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Tu diém M nam ngoai dudng tron (0) ké céc tiép tuyén MA, MBdén (0) (A, Bla cac tiép diém)
va cat tuyén McDsao cho MC <MD Va tia MC nam gitra hai tia MA,MO. Goi H 1a giao diém
cia AB va MO, E la trung diém cia CD, duong thang CH cat (O)tai giao diém th hai 1a
F (khac c). Puong thang DF cit cac tia MA, MB lan luot tai P,Q.

a, Ching minh: EM la tia phan giac cta AEB.
b, Chirng minh: MH.MO = MC.MD
¢, Chttng minh: DF //AB.

d, Goi X 1a giao diém ctia EF v&i AD, Y 1a giao diém cta EQ véi BD. Chirng minh: HD chia
doi Xy.

Giai

a, Chirg minh 5 diém M, A E,O0,B nam trén mot dudng tron, chi'y MA=MB nén AEM = BEM
suy ra dpcm.

b, Ta dé ching minh: MA? = MC.MD, 4p dung hé thirc lugng trong tam giac vudng
MAO, AH | MO tacé MA?=MH.MO.

Tir d6 suy ra MA’ =MC.MD.
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c, Tur b ta co: MH _MD ¢t tam gidc MCH, MOD ta co: MH _MD 4 omp chung
MC MO MC MO

nén AMCHDOAMOD (g.g) suy ra MHC = MDO = Tt giac CHOD noi tiép ta c6 bién d6i goc
MHC = MDO = OCD =ODH , MHC =OHD, C4ac gO0c CHA, DHA phu v&i cdc g0¢c MHC,OHD tuong
ung nén suy ra CHA=DHA hay AH la phan giac ctia géc CHD.

PN 1 1 \ ., b . A
Cha y rang: CHA:ECHD :ECOD =CFD ma hai goc CHA,CFD dong vi nén AB//DF.
d, Tacod: AEM =MEB = MAB = MPQ suy ra APED la ttr gi4c ndi tiép. Tuong tu ta cling
cO BQED la tr gi4c ndi tiép. Ta cd XEY = XED +YED = DAP + DBQ = ABD + BAD =180°— ADB nén
EXDY la tir gi4c noi tiép.

Tur d6 suy ra DXY = DEY = DBQ = DAB hay XY //AB. Theo dinh ly Thales ta co ngay DH di qua
trung diém 1 caa XY.

Bai 103
Cho tam gidc ABCvudng taiAcé AB<AC, trén canh AcCliy diémD (Dkhac A,C). Dung

DE L BC. Tiép tuyén tai C cua dudng tron tdm K ngoai tiép tam gi4c DEC cit tia DEtai M .
Puong thang qua ¢ vudng goc véi MK cit duong tron (K) tai F (F nam trong tam giac ABC).

a, Chitng minh: T giac ADEB noi tiép va CD.CA=CECB .
b, Chirng minh: MF? = ME.MD..
¢, Tia CF cat canh ABtai I . Ching minh: ABIC# AFEC .

d, Chiing minh: 1 13 trung diém cua AB.

Giai

Lién hé tai liéu word toan SDT va zalo: 039.373.2038




Website: tailieumontoan.com

a, Vi tam giac ABC vulng tai Anén BAD =90°,ED | BC = DEB =90°, Suy ra
BAD + BED =180°suy ra ttr giac ADEB noi tiép (tong hai goc dbi bang 180°)

Tam gi&c vubng ABC va tam giac vudng DEC cO BAC = DEC =90°va ACB chung nén

AC B
ABAC# ADEC (g.g) suy ra AC _BC hay AC.DC=CE.BC.

EC DC
b, Gia sir CF L KM tai H thi H 1a trung diém cua FC (quan hé vudng goc cua duong kinh di
qua trung diém 1 day) suy ra KH la phan gi4c cia goc FKC. Xét c4c tam gidc KFB V3 KCM ,
ta cd: KC =KF (la ban kinh cia (K) ), KM chung, FKM = CKM = AKFB = AKCM (C.g.C) suy ra

KFM = KCM =90°hay MF 12 tiép tuyén cta (K). Tir d6 ta c6: MFE = EDF =%sd EF, dan dén

ME MF
AMEF = AMFD(0.0) suy ra — =—— hay MF? = ME.MD.
(9.9) suy VE = vp 1Y

¢, Do diém F nam trén duong tron duong kinh CD nén CFD =90° = DFI =90°suy ra tir giac
ADFI noi tiép. Ta cO IEF =360°— IFD— DFE =180°— IFD+180°— DFE, chl y rang cac ti giac
ADFI, DFEC noi tiép nén ta co: 180°— IFD = BAC,180°— DFE = ACB, tir d6 suy ra

IFE = BAC + ACB =180°— ABC hay IFE + IBE =180° suy ra IFEBIa tt giac noi tiép.
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Dan dén BIC = FEC = ABIC” AFEC(g.9) (1) (Vi ¢ ICB chung va BIC = FEC).

d, Xét tam gidc FEC va tam gidc DKM ta co:

EFC = EDC = MDK , FEC =180°- FDC =180° —% FKC =180° - MKC = DKM = AFEC# ADKM (g.9)

(2). Tur (1) va (2) suy ra ABIC” ADKM :%z%(*) , ta cling c6 BAC = DCM =90° va

ABC =CDM (cung phu vai ACB) suy ra ABAC” ADCM (g.g) suy ra %=%(**). Tu (*) va

%) suy ra 2 = BA hay BA_PC _5quyra 1 1a trung diém cua AB.
DK DC Bl DK
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