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1. Rat gon biéu thiacP = X\/i; X\/Ethf ks zx \/;,Vél x>0,x#1

X —VX
2. Cho dudng thiang d: y = ax-+b (a khac 0). Tim a,b biét d di qua M (1;2) va cat
cac truc Ox, Oy lan luot tai A va B sao cho tam gidc OAB can, O la géc toa do.
Cau 2. (4,0 diém)
1. Giai phuong trinh 5x* + 6x + 4 =3(x + 1) V3x’+4 .
[4x*+1)x(y—3]V/5-2y=0
x*—5x*+3x—8+2y=0

Cau 1. (4,0 diém)

2. Giai h¢ phuong trinh

Cau 3. (4,0 diém)
1. Tim tat ca cac nghiém nguyén duong (x; y) ctia phuong trinh

EE ST

Vx Wy 10 Vx y 100
2. Cho a,b 1a cac sb nguyén duong thoa man p = a 2+b* 14 sb nguyen tbvap-5
chia hét cho 8. Gia sir x, y la cac s6 nguyén thoa man ax 2_by® by chia hét cho p.
Chtrng minh rang c4 hai sb x, y chia hét cho p.
Cau 4. (6,0 diém) Cho hinh vuéng ABCD ndi tiép duong tron (O). Piém M
thudc cung nho CD cua (O), M khac C va D. Buong thang MA cit DB va DC
theo thir tu tai H va K, duong thang MB cit DC va AC theo thu tu tai E va F.
Hai duong thang CH, DF cit nhau tai N.
1. Chirg minh rang tir giac DHEM noi tiép va HE 1a phan giac cua goc MHC
2. Goi G 1a giao diém cua KF va HE. Ching minh ring t& giac GHOF 1a hinh
chit nhat va G 1a tam dudng tron ngoai tiép tam giac KNE.

, . 3 HN _ DK

3. Chirng minh rang ——- M- DC
Cau 5. (2,0 diém)
1. Cho duong tron tim (O). Budc 1, 1ay mot dudng kinh ctia duong tron do, tai
mdi diu mat cua duong kinh ghi s6 1. Budc 2, tai diém chinh giita cia mdi cung
nhan duogc ghi s6 2. Bude 3, coi 4 diém di ghi sé o trén 1a cac diém chia duong
tron; khi do, duong tron du’oc chia thanh 4 cung bang nhau, tai diém chinh gilra
ctia moi cung nay ta ghi s6 co gia tri bang tong ctia hai sé dugc ghi ¢ hai dau
cung tuong tng. Ci tiép tuc qua trinh nhu vy, héi sau 2021 budc tong
cac sO duge ghi trén duong tron 13 bao nhiéu?
2. Cho ba s6 a,b,c khong 4m thoa man a2+b? +¢* = 1 . Ching minh bat déng thirc
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, o x=23x,  x+l 1+2x—2& .
1. Rat gon biéu thic P = \/—1 X\/§+X+\/— oI Vol x>0,x#1
2. Cho duong thang d: y = ax+b (a khac 0). Tim a,b biét d di qua M (1; ;2) va cat
cac trucvOx, Oy lan luot tai A va B sao cho tam gidc OAB cén, O 1a goc toa do.
1 Taco

x—2+x + Vx+1 + 142x—2x
( x—l)(x+ x+1) \/;(x+ x+1) \/;( x—l)(x+ x+1)

:\/}(X_Z\/;)(m)(\/)(+—1))1+2x—2\/§_ \/;(x+ x—2)
(Vx=1)(x+x+1) T Vx—1)[x+vx+1]

C Wx=1)Wx+2)  Jx+2

_( x—1](x+ x+1)_x+ x+1

P=

2 Vi duong thang (d) di qua M(1;2) nén a+b=2. Pudng thang (d) cit cac truc
Ox,0y lan luot tai A (-g;o) va B(0;b). Tam gidc OAB can khi OA=OB=>‘%=|b|‘
&lal=1( vi b£0) a=+1. Tl d6 ta tim duoc (a,b)e/—1;3/;(1;1)]
Cau 2. (4,0 diém)
1. Giai phuong trinh 5x* + 6x + 4 =3(x + 1) V3x°+4 .
[4x*+1)x(y—3]V5-2y=0

X

P 5x*+3x—8+2y=0
1) Phuong trinh trong duwong 3x’+4—3(x+1)V3x*+4+2x*+6x=0

2. Giai hé phuong trinh

bit t=3 x*+4dugc phuong trinh t*-3(x+1)t+2x*+6x=0

’ t=2x
Ta co A:9(X+1)2—4(2X2+6X):<X—3)2:> f=x4+3
L 3 x=0
VOI t=2X=>03 X +4=2x| 12, (X2
. >—3 v
Vo1 t=x+3=> \/3x2+4:x+3¢>[ X6 5= 0¢>X—3 5 19
A \ r LA ‘A 3—+v19 3++v19
Vay phuong trinh co6 tap nghiém S= [ > ;25 >

2 DPKXD yS%-TL‘r phuong trinh (4 x*+1/x(y—3]V/5—2y=0

SR2xP+2x=(V5-2y) +/5-2y/1]



Néu 2x>V5-2y=0[2x/+2x>(V5-2y)+V5-2y

Néu 2x<V5-2y=0[2x/+2x<(V5—2y)+V5-2y
Néu 2x=V5-2y=0[2x/+2x=(5-2y) +/5-2y

Do doé tir (1) ta c6 2x=v5-2 @[2 _XS 04

Thay 2y=5-4x* vao phuong trinh x’—5x°+3x—8+2 y=0dudc
\E+1 5 Y241

2(x—1)=[x+1/ & X=3— =Y ———2(3&—_1)

Cau 3. (4,0 diém)
1. Tim tat ca cac nghiém nguyén duong (x; y) cia phuong trinh
S I
Vx Wy 10| Vx y 100
2. Cho a,b 1a cac sb6 nguyén duong thoa man p = a 2+b*1a 56 nguyen tbvap-5
chia hét cho 8. Gia su x, y la cac s6 nguyén thoa man ax 2_by® by chia hét cho p.

Chtrng minh rang ca hai s x, y chia hét cho p.

1 1? A _J;_+“_1_ _1_ J;4.J;4._J;_

aco Jx Ay 10 Vx "y 100
1.1 1P 1.1, 1
<:>——— e
Vx Wy 1 x y 100
¢>&+y10<i>& 10—y

x=y-20Vy+100
Vi x,y nguyén duong nén y phai 1a s chinh phuong
Lap luan tuong tu ta cling ¢o x la s6 chinh phuong. Dit x=a*, y=b*véia, beN *i
T ¢6 a+b=10. Suy ra (a,b)e|(1;9/;(2;8);...;(9;1),
=>(x;y)€|[1;81);(4;64];...;(81;1)]
2. Vi (p-5):9=>p= 8k+5(keN)
Ta co lax’[" =y i (ax’*~by*ip

4k+2 8k+4 4k+2 8k+4
N i st iy
:(a'zlk+2+b4k+2) X8k+4_b4k+2(x8k+4+y8k+4)
Do (a4k+2+b4k+2):(02)2k+1+(b )2k+1 ( +b ) pvdb<pnén(x8k+4+y8k+4):'p(*)
Neuse trong hai s6 X,y c6 mot sé chia hét cho p thi tir (*) suy ra so thi hai ciing
chia hét cho p. Néu ca hai s6 x,y déu khong chia hét cho p thi theo dinh 1i Fecma
ta co x*"*=x"""=1 (mod p);
Y=y =1 ( mod p) =>x**"44 y**"*y =2 (mod p) mau thuan voi (¥)
Vay ca hai sd Xy déu chia hét cho p
Cau 4. (6,0 diém) Cho hinh vuong ABCD ndi tiép duong tron (O). Piém M
thudc cung nho CD cua (O), M khac C va D. Buong thang MA cit DB va DC
theo thur tu tai H va K, duong thang MB céit DC va AC theo tht tu tai E va F.
Hai duong thang CH, DF cit nhau tai N.




1. Chlrng minh réng tr giac DHEM noi tiép va HE 1a phan giac cua goc MHC
2. Goi G la giao diém cua KF va HE. Chung minh rang tir giac GHOF la hinh
chir nhat va G 1a tdam duong tron ngoai ti€p tam giac KNE.

, . 3 HN _ DK
3. Chung minh rang HM - DC

1)Vi hinh vuéng ABCD noi tiép duong tron nén O 1a giao diém cta hai dudng
chéo hinh vudong ABCD. Ta c6 HDE=HME=45° nén t&r giic DHEM ndi tiép. Suy

ra DhE=DME=90°
Lai c6 BD 1a trung tryc cua AC, ma H thudéc BD nén tam giac AHC can tai H.
Suy ra HB 1a tia phan giac cia AHC

Ta c6 @:%mzaﬁ+ﬁ:%(ﬁ+m),ma



B/H\C:%A/H\C:LE—I\C:%J\TH\C

Do d6 HE 1a tia phan giac cia MHC
2. Tam giac c6 HDE c6 DHE=90°; HDE=45°=(GEK =45°
Ta co m:%(sdA/l\D+sdl\7IZ?);m:%(sd@+sdm)md@:@26m:m

Suy ra tir giac MKFC néi tiép. Lai co6 K MC=AMC=90°={ KFC=90°hay KF L AC
Vi GHO=HOF =GFO=90°nén GHOF 14 hinh chit nhat

Ta co
HGF =90°={ HGK =90 ° va KGE =90 ° suy ra tam gidc KGE vuéng cantai G ,nén GK = (1)

Vi AMB=BMC nén MBla phén giac ciia AMC.Tam giac MHC c¢6 HE la phan giac
clia MHC va ME 13 phan giac ciia HMC nén E 13 tim dudng tron noi tiép tam giac
HMC. Do d6 EC 1a phan gic ctia HCM, suy ra NCD=MCD.Tuong ty ta ciing c6
KF 1a phan gidc cuia MFD

Ta ciing c6 DMF .Do d6 dan dén K 1a tAm dudng tron ndi tiép tam gidc DMF, suy
DC la phan gidc ctia NDM

Tt d6 suy ra NDC=MDC. Hai tam gidc NCD va MCD c6
NDC =MDC ; NCD=MCD va DC chung nén ANCD=AMCD=>NC=MC

Hai tam gidc NKC va MKC ¢6 NC=MC;NCK=MCK; KC chung nén
ANKC=AMKC

Suy ra KNC=KMC=90°=; HNK=90° ma HGK =90° nén HNGK ndi tiép
Lai c6 KHG=GHN =i NG=KG=:>Gk=GN(2)

Tt (1) va (2) suy ra GK=GN=GE, hay G la tim dudng tron ngoai tiép tam giac
NKE

3 Vi KMC=KNC=90° nén tir gihc MKNC ndi tiép, suy ra HMN =NCH
Hai tam gidc HMN va HCK c6 MHC chung MHN=KCH=,AHMN AHCK

_ HN _HK 4
" HM HC



EK(4)

Vi HE 1a phan giac cua KHC nén -~ e EC

K _ MK
Vi HE 1a phan giac cia KMC nén —~ EC - MC ——=(5)
MK _ MD

—=(6)

AHMN AHCK=(—
Lai co MC - MB

HD MD(7)

Vi MH 1a phén gidc cia DMB nén — HB -~ MB

. HK HD DK
Do AB//DK nén 1= 1e=1- 8]

Tur (3),(4),(5),(6).(7),(8) suy ra %:%

Cau 5. (2,0 diém)

1. Cho dudng tron tim (O). Budc 1, lay mot duong kinh ctia dudng tron do, tai

moi dau mut

ctia duong kinh ghi sé 1. Budc 2, tai diém chinh giira ciia mdi cung nhan dugc

ghi s6 2. Budc

3, coi 4 diém da ghi s6 & trén 13 cac diém chia duong tron; khi d6, dudng tron

duoc chia thanh

4 cung bang nhau, tai diém chinh gitta cia mdi cung ny ta ghi s6 co gi trj bang

tong cua hai

s6 duoc ghi ¢ hai dau cung twong tng. Ct tiép tuc qua trinh nhu vy, héi sau

2021 budc tong

cac sO duge ghi trén dudng tron 13 bao nhiéu?

2. Cho ba s6 a,b,c khong 4m thoa man a2+b? +¢* = 1 . Ching minh bat déng thirc
1, 1 . 1|3

Vazel Vb2+1 J241] 2

1. Goi S.. 1 tong cua tat ca cac sd ghi trén dudng tron sau n budc, ne N*.

Sau bude 1, trén dudng tron ¢6 2'sd61a 1,1 nén S;=1+1=2=2.3°

Sau budc 2, trén dudng tron c6 2°s6 14 1,2,1,2 nén S, =1 42+ 1+2 =6 =2.3"

Sau bude 3, trén dudng tron c6 2°s6 14 1,3,2,3,1,3,2,23 nén S; = 18 = 2.3

Dy doan sau n budc tong 1a S, = 2.3"" Ta s& ching minh S n =25, =2.3""(*)

VneN*

That vay, véin =1 (*) dung

Gia sur (*) dung voin —k(kne N*.), nghia la sau k budc trén dudng tron da cho

¢ cac s6 v6tong 1a S, = 2.3

Sang budc thir k+1, ta coi 2* diém di ghi s6 1a 2* diém chia, nén duong tron dugc

chia thanh 2* cung bang nhau.

(a2b+b2c+c2a)




Do diém chinh giita ctia mdi cung nay lai ghi tong cta hai s6 da ghi ¢ hai dau
mdi cung tuongtimg. Do d6 Si.1=¢ S, +2S, =35, =2.3"

Vay S, =2.3""'v6i moi n€ N* do do Sy =2.3""

2. Ta c6 (at+b+c)(a*+b?*+c?) = (a? + ab?)+(b+bc?)+(c*+c?)+(a*b+b’*c+c?a)

Ap dung BBt Cauchy ta c6 (a*+ab?|+[b*+bc2”|+[c*+cd?|>2(a?b+b2c+c2a)

Do d6 (a+b+c)( a2 +b? +c?)=3(a%b+b2c+ca)

& a2b+b20+cza5%(a+b+c)-suy ra
1 1 1 1 1 1 1
+ + <=(a+b+c + +
Va+1 Vb1 V1 3( ) Va+1 Vb*+1 VcP+1
Ta c6 1= a? +b? +¢?=ab+bc+ca> a?>+1= a*+ab+bc+ca=(a+b)(c+a)
Ap dung BDT Cauchy va BDT Cauchy-schwarz ta c6

a a | a a 1
< = . <=
Va’+1 Vla+bllc+a) Va+b c+a” 2

b+c _\/1 (b+c) 1 (b+c)
Va*+1 a2+b2+c2+a’
a+b+c_ a b+c <1 a a b2 c?

“a?+b?+c2+d’ 2
= <—(1+ + + +
Suy ra Va1l Vd*+1 Jd'+1 2( a+b c+a a?+b? (c244°
atb+c_ b cta _1 b b a’ c?
= <=|1+
Vb*+1  Vb*+1 Jb2+1 2| a+b b+c *+b® F+d

<1
3

(a?b+b?c+c?a)

a a
+

a+b c+a

b

b2 c?

1+ +
az+b2 C2+aZ

sl(1+
2

)(1)

Tuong tu

a+b+c: c_ ., atb _1 c ., a . a? + b2 )2
24 24 241 2 c+a b+c c?2+a? p2+¢’ (2)
\/C 1 \/c 1 \/C 1

1 + 1 1
Va+1 Vb2+1 Jc+1

Tu (1),(2) va(3) tacod %

2
a+b b+c c+a a?+b? b?2+c? c?+a
a+b b+c c+a a?+b? b2+c? (244’

—6 6 2

BDT da chimg minh

D&u “=" xy ra khi va chi khi a=b=c=—;



