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Loi giai dé so6 5

L& Viét Hdi — 11 Toan — Phé Théong Nang Khiéu

Bai toan 1. Cho a,b,c,d 1a cic sO thuwc dwong théa man a+b+c+d =3 va
a’* +b*+c* +d* =4. Chitng minh ring

a’ +b* +c? S8(ab+bc+ca)

Loi gidi. Ap dung bat ddng thirc Cauchy Schwarz cho cac s6 dwong, ta co

(a+b+cf

2 2

(a+b+c+df£ I

-+1(a2+b2+c2+d2)

2
Suyra 2 (0FE¥C)

— +1, sau khi quy dong va rat gon ta dwoc
4 a +b +c

a’ +b* +c? £8(ab+bc+ca)

Phén chirng minh hoan tat.

Bai toan 2. Giadi phwong trinh

(2-x)(2+4")=6

L&i gidi. Ta c6 dinh ly quen thudc sau

Pinh ly Rolle: “Cho mot ham f lién tuc trén doan [a,b] va kha vi trén doan dé.
Néu f(a) :f(b) thi dc €[a,b] sao cho f'(c) =0".

T dinh 1y trén ta dé dang suy ra duoc diéu sau

“Cho mot ham f(x) xdc dinh trén doan [a,b] va khd vi trén doan do. Néu f'(x)
cé téi da k nghiém thudc doan [a,b] thi f(x) c6 nhiéu nhdt k + 1 nghiém thudc
doan [a,b].”

Twr phwong trinh ban dau, néu x 1a nghiém thi 2—x >0 hay x <2.

Khi do, ta ciing c6 (2—x)2<(2—x)(2+4x)=6, suyra —1<x.
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it f(x)=(2-x)(2+4")=2.4"—2x—x4" +4 (-1<x<2).Tacé

f'(x)=2In4.4" —2-(4" +xIn4.4")

f'(x)=2In"44" —In4.4" —In4.(4" +xIn4.4" ) =In4.4"[ In4.(2—-x)-2]
Tacé f"(x)=0 khiva chikhi In4.(2—x)=2 hay x:Z—%.

n
Laico —1<0< 2—% <2.Suyra f”(x) c6 ding 1 nghiém trén doan (—1,2).
n

Ap dung 2 Ian didu & trén, suy ra f(x) c6 nhiéu nhat 3 nghiém.
Dé dang kiém tra dwoc 0,%,1 déu thdéa phwong trinh ban dau. Viy phwong

1
trinh c6 dung 3 nghiém la 0,5,1.

Bai toan 3. Hai dwong tron (0) va (0’) cit nhau tai hai diém A va B. Trén tia d6i
Ax cla tia AB ta liy diém M. Ttr M ké t&i dwong tron (0’) hai tiép tuyén MC va
MD (C, D 1a tiép diém va D nam trong (0)). Pwdng thang AC cat (0) lan thir hai
tai P va AD cat (0) Ian thi¢ hai tai Q. Chitng minh rang dwong thang PQ di qua
mot di€ém co dinh khi M thay doi trén tia Ax.

L& gidi.
Trudec tién ta xét dwong tron (0’), ta chitng minh CD di qua diém c6 dinh.
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(27.78, 23.48)

(33.23, 18.69)

Thét vay, goi F 1a giao diém ctia CD va tiép tuyén tai A cia dwong tron (0'), ta
chitng minh F ¢6 dinh bang viéc chirng minh F ciing thudc tiép tuyén tai B cla
(0).

Goi K 1a giao diém ctia MO’ va CD, vi MC va MD 2 tiép tuyén ctda (0) tai C, D nén
MK vudng goc véi CD, hay ZFKO'=90°. Lai c6 LFAO'=90° (do FA la tiép
tuyén cua (0")), suyra 4 diém A, K, 0’, F thudc cung 1 dwong tron. (1)

Ta c6, theo phwong tich ctia M d46i véi (0’) suy ra MA.MB = MC>.
AMCO' vudng tai C c6 CK 1a dwong cao nén MC* = MK.MO'.

Tt 2 diéu trén suy ra MK.MO'= MA.MB, M lai 14 giao diém cua AB va KO’, suy
ra K, 0’, A, B thudc cung 1 dwong tron. (2)

Tw (1) va (2) suy ra F, A, 0’, B thudc cung 1 dwong tron, ma £FAO'=90°, nén
Z/FB0O'=90°, suy ra FB la ti€p tuyén cta (0’) tai B, suy ra F c6 dinh,
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Tré lai bai toan. AF cat (0) tai H, goi G l1a giao diém cuia PQ va tiép tuyén tai H
cta dwong tron (0). Ta chirng minh G ¢6 dinh.

(26.48, 23.15)

(33.58, 17.56)
Ta chitrng minh AHPG dong dang véi AACF .

That vay, ta c6 LZHPG = /ZHAQ, ma ZHAQ = ZACF (do FA la tiép tuyén cta (0’)
tai A) nén LZHPG = Z/ACF .

Do PAQH ndi tiép (0) nén £LDAC = ZQHP, ma ZGHQ=/ZHAQ (do GH Ia tiép
tuyén cda (0) tai H), suy ra LFAC = ZHAQ+ £DAC = ZQHP + Z/GHQ = ZGHP.

. . AC AF
Twr 2 diéu trén, suy ra AHPG dong dang véi AACF ,suy ra H_ICJ = e (3)

, ’ 1
Do HA la ti€p truyén ctia (0’) tai A nén suy ra ZPAH = ELAO'C.

1 L
Lai c6 ZPAH = ELPOH (g6c noi tiép chan cung PH cua dwdong tron (0) ).
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Suy ra ZPOH = ZAO'C, ma APOH va AAO'C lan lwot cin tai O va O’ nén 2 tam
. AC 0'C

idc nay dong dang véi nhauy, suyra —=——. (4

g y dong dang yra o= p (4)

P.AF . '
Tw (3) va (4) suy ra HG = OO'C , lai cd AF khong doi (do A, F co dinh), OP, O'C

khong doi (Ian lwot 1a ban kinh cda (0) va (0’) ), suy ra HG khéng d6i, ma H co
dinh va HG c6 phwong va chiéu khéng dé6i, nén G c6 dinh.

Ta cé diéu phai chitng minh.

Bai toan 4. Tim tit ca cac s6 nguyén dwong n > 1 c¢é tinh chit: Néu a, b 1a cac
wdc sb cuanva (a,b) =1 thia + b -1 cling la wéc cua n.

Loi gidi. Néu n chi ¢6 1 wéc nguyén t6, hay n=p* (peP, keN). Khi d6 cac
wéccuanlal,p,.., pk. R& rang 2 wéc a, b ciia n sao cho (a,b) =1 chicothélal
va p' (1£i£k), khi d6 a+b—1=p'|n. Néi cach khac, tit ca cac s6 nguyén
dwong n c6 dang n=p” (peP, ke N') déu théa yéu ciu bai toan.

Néu n c6 tir 2 wéc nguyén to tré 1én, goi p, ..., p, 1a tat ca cac wdc nguyén t6 cla
nva p, <..<p,, n=p*.p (X,- eN*).

bat P=py*..p".

Khi dé tacé, P|n, p, |nva(p,,P)=1suyra P+p,—1]|n.

Vi p, 1a wéc nguyén t6 nho nhat nén p, 1P+p1 -1 (ZSiSk), ma P+p, —1|n
nén P+p, —1=p; (Zﬁxﬁxl),ta cling suy ra x, =2 nén p; |n.

Lai c6 (pf,P)zl, suy ra P+p’—1|n, hay P+(p1—1)(p1+1)|n. Ta c6 2

trueong hop:
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1) Néu p, +1/p, thi (p,+1,p,)=1 (2<i<k) (Vi p, +1<p,<..<p,), suy
ra ta phai c6 P+p;—1=p; (xSnyl). Suy ra p:—p, =p; —p} hay
pl(pl—l)zpf(ply_x—l),suyra x=1,y=2 (saivi x>2)

2) Néu p, +1:p, thi p, +1=p, (vi p, +1<p,), ma p, la s6 nguyén t6 1é nén
p,=2,p,=3.

Ta chirng minh tiép khi d6 n khéng thé cé nhiéu hon 3 wéc nguyén to. Gia st
diéu nguoec lai, khi d6 dat T 1a tich cta tit ca cdc wéc nguyén t6 khac 2 va 3 cia
n,suy ra Tlasoé lé.

Theo chirng minh trén ta cling cé 4:22|n, nhw vay 2,34 | n, lai co

(T,2)=(T,3)=(T,4)=1 nén theo gia thiét, ta c6 T+1,T+2,T+3 chia hétn.

Khi do, theo dinh nghia cia sé T, tasuy racacsd T+1,T+2,T +3 chi c6 thé chia
hét cho 2 va 3.

Ta c6, T+2 1a s8 1é nén T+2=3" (1<m), T+3 khong chia hét cho 3 nén
T+3=2" (1<a). Do (T+1,T+2)=1 nén T+1=2" (1<b). Suy ra
2 -2 =(T+3)—(T+1)=2 hay 2(2""~1)=2, suy ra b=1,a=2 (sai vi
1< b). Vay ta c6 diéu mau thuan lam cho diéu gia st sai.

Nhw vady n=2".3", néu x, >3 thi 2°=8|n suy ra 8+3-1=10|n (sai). Vay
x, =1 hodc x, =2.

Néu x, >2 thi 3*=9|n suyra 9+2-1=10|n (sai). Vay x, =1.

Tl 2 diéu trén suy ra n chi c6 thé 1a 6 hodc 12. R6 rang 12 thoéa yéu ciu dé bai
con 6 thi khong.

Tém lai, tit ca cac s6 n théa yéu caula n=p* (pe P, ke N ) hodcn = 12.
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Bai toan 5. Hai ngwoi cung choi mot tro choi nhw sau: nguoi thir nhit chon mot
s6 nguyén dwong tir 2 dén 9; ngwoi thi hai nhin s6 nay véi mét s6 nguyén
dwong tuy y tir 2 dén 9; sau d6 ngwoi thir nhat lai nhan két qua thu dwoc véi
mot sO tuy y tir 2 dén 9... Ngwdi ndo thu dwoc mot sé 1o6n hon 2010 trwéde thi
thing cudc. Hoi ai 1a ngwdi c6 chién thuat thang ?

L(‘r,i gidi. D& tién ta goi 2 ngwoi lan lwot 1a A, B. Ta chirng minh A ¢6 chién thuit
thang.

Thét vay, ldc dau A chon s6 9.

Ta c6 cac tap hop sau: {2,9}, {2,8}, {2,7}, {3,6}, {4,5}.

Sau dé B sé chon mot s6 bat ky tir 2 dén 9, A chi can tié€p tuc chon so twong &ng

sao cho nd nam & chung tap hop va khac véi s6 clia B da chon. Vi du, B chon 2
thi A c6 thé chon 9, 8 hodc 7; B chon 3 thi A chon 6,...

DPén lwot B chon, du chon s8 nao thi tich khi d6 van bé hon 2010, that vay, gia st
s6 B chonlaa, tacé

OX7X2XA<IX8X2XA<IXO6X3IXA<IXIX2XxA<9Ox4x5xa<9x4x5x9=1620

Sau do, A chi can chon 9, vi du trwedc dé B chon a bat ky thi
2010<2268=9x7x2x2x9<9x7x2xax9<9x8x2xax9
<Ox6x3xAX9<Ix9Ix2xax9<9x4x5xax9

Vay ta c6 diéu phai chirng minh.
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