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Cau Ndi dung yéu cau Diém
Caul 2 2 2 2
. < 5 3 3 5y =3x+3 1
(3,0 @) | Giai hé phuong trinh: J X HxyTsy +‘/ X HXyToy X+3y (),(X,yeR),
(x+y-11)(y2x+y-8-x+1)=5 (2)
DK x>-1;y>8-2x 025
6VT (1)= J180X7 +36xy +108y? + /108X + 36Xy +180y? 0.25
= \/(11x+7y)2 +59(x— y)2 +\/(7x +11y)2 +59(x— y)2 0.25
2\/(11x+7y)2 +\/(7x +11y)2 >(11x+7y)+(7x+11y) =18(x+y)=6VP(1) 0.25
Déu “=” xay rakhix =y 0,25
Thay x =y vao PT(2) ta dugc: (2x—11)(\/3x—8 —\/x+1) =5 0.25
@(2x—1l)(2x—9):5(\/3x—8 +\/x+1) 0.25
& 4(x* ~11x+24) +| (3x-4)-5V3x=8 |+ (x+7)-5Vx+1| =0 0,25
o (¥ -11x+24)| 4+ 2 + L =0 (%) 0,25
(3x—4)+5v/3x—8 (Xx+7)+5vVx+1 ’
Taco 4+ d + ! >0 0,25
(3x—4)+5v3x—8 (x+7)+5Vx+1
n = 0,25
Nén (*)©x2—11x+24:0<3{§_2 ’
Vay hé pt ¢6 nghiém (x;y) €{(3;3);(8;8)} 0,25
Cach khac: PK x>-1;y>8 -2, 0,25
+ Xét | x|#| y| Nhan hai vé phtr (1) cho lwong lién hiép ta dugc:
()= (x+ y)(2(x— y)—S(\/sz +xy+3y° —\/sz +Xy+5y° )) =0 0,25
< 2(x-y) =3(\/5x2 + Xy +3y? —\/3x2 +xy+5y?) (*). bat
a =/5x2 + Xy +3y%;b =/3x2 + Xy +5y? .
2 a=lyily
Ta dugc(*) twong duong hé phtr: |2-P= g(x‘ y) - 6 6
a’-b’ =3(x* - y?) b:%x+l€1y
62 : .7 .
- XX =X Y binh phuong hai din dén phtr v nghiém.
3X2 + Xy +5y? =%x+1€1y 0,25
+ Xétx=-yhayx+y=0thipt (1)<VT(1)=0< x=y=0.Thay vao (2) vd nghiém.
+ X¢ét x =y thay vao pt (1) ta dugc [x| =x suyrax >0 =>x=y>0. 0,25
Thay vao pt (2) ta dugc...( giong cach trén) 0,25
Cau 2 o 1 na’
(2,0a) | Choday so (a,) xdc dinh boi: a, =L a,=—; a —— Vn2>2

2" " T 14 (n +1a,




n

Véi moi so nguyén duong n, dat b, =

a ~ z Lo
6'1“1 . Chitng minh day so (b,) c6 gidi han
k=1 K

hitu han va tim gioi han do.

o , ka’
Xét so hang tong quat a, , =———— < ka’=a , +(k+1)a _,a
ang tong q kel 1+(k+1)ak k = A ( ) k1%
o B ka, —(k+1)a, 0,25
ak
L4y tong: Z%:Z(ka,f)— (k+1)a,, =2a,—(n+1)a,,
k=2 & k=2 k=2 0,25
3
Suyrab =242a —(n+l)a, =>-(n+l)a, (1)
al 2 ( ) +1 2 ( ) +1 0’25
Xét day (a,) tathay a, > 0;vn va diy (na,) giam 0,25
3 * \ ~ 4 . A A
Tu (1) suyra b, < E,Vn e N . Vay (b,) la day so tang va bi chan trén nén theo
dinh If Vayoxtrat thi day (b_) c6 gigi han hiru han. 0,25
Khi d6 lim(b, — by 1) =0
> 1 H \ a‘k+1 S a‘k+1 H a‘n+1
Ma lim(b, —b, ) =lim| > Sk1 -3 Zea | jjm s — g 0,25
k= a, ka1 d, a,
Theo dinh nghia gi¢i han : Ve >0 cho trudc, ton tai 6 nguyén dwong n, sao cho
wﬁmdnknomiﬁﬂ—0<e=%
1 a, .2 ¢
<a, <4, Vk2l=a <———=—,Vn>n,
0 2° 2 0,25
cn . N . . 3
< 0<na, <—,vn>n,.Do lim—=0=limna, =0= limb_=-=.
o oon on n "9 0,25

Céau 3
(5,0d)

Cho hai dwong tron (C,) va (C,) cdt nhau tai 2 diém phdn biét A va B. Goi CD [a tiép
tuyén chung ciia 2 dwong tron (C thuge (C,) , D thuge (C,) ) va diém B gan dwong thang
CD hon diém A. Puong thang CB cat AD tai E va duong thang DB cdt CA tai F. Puong
thang EF cat AB tai N. Goi K [a hinh chiéeu vuéng goc cia N [én CD.

a) Chung minh CAB = DAK. ’

b) Goi O la tam dwong tron ngogi tiep tam giac ACD va H la truc tam tam gidc KEF.
Chitng minh cac diém O, B, H thang hang

Chu y: Khong cé diem hinh vé, khdong cé hinh vé khéng cham




0,25

a) Goi M lagiao cia AB va CD, tacé R, =Py,
Suy ra duoc M 1a trung diém ciia CD v MC? = MD? = MAMB 0,25
= MC = MA; MD = MA tir d6 suy ra cac tam giac MCB, MAC dong dang va
MB MC MB MD . 0.25
cac tam giac MDB, MAD dong dang.
DOdéCB:CM;DB:DM:>BC:BD 1)
AC AM AD AM AC AD 0,25
Do tir gidc AFCBDE la tir giac toan phan nén (ABNM) = - 1 =>K(ABNM)=-1 0,25
nén theo tinh chat ctia chum diéu hoa thi KM di qua trung diém cta LB. 0,25
Lé,y diém L trén AK sao cho LB song song v6i NK, suy ra LB L CD
Két hop vai KM di qua trung diém cua LB ta ¢0 L va B doi xing véi nhau qua 0,25
CD.
=>LC=BC; LD =BDthayvao (1) 0,25
LC LD
Ta dugc —=——-. (2)
AC AD
Vi CD la tiép tuyén nén BAC = BCD;BAD =BDC 0,25
:@+®=@+,ﬁ+@:1800 095
Do d6 tir giac ACLD noi tiép. (3) ’
T (2), (3) ta dugc tir giac ACLD la tir giac diéu hoa, c6 M trung diém CD nén 0,25
AL 12 dudng ddi trung cua tam gidc ACD. Suy ra CAM = DAL =>CAB =DAK. | 0,25
b) Tir (1) va (3) suy ra KBD = KLD = KCF 0,25
FAE+FBE:CAD+CBD:CAD+’CLD:18O0 075
Suy ra cac tu giac FBKC, FBEA noi tiép. ’
Vi tir gidc FBEA noi tiép va CD tiép xuc véi (C,) nén
BEF = BAF = BCD = CD || FE 4) 0,25
Vi céc tir giac FBKC, FBEA ndi tiép va O la tim cua duong tron ngoai tiép tam
gisc ACD nén %:@:@:%@:900—6& 0,25
Suyra CO LFK Tuwdévéichuy EH L FK = CO| EH (5) 0,25
Tuong tu DOJ|FH (6) 0,25
Tur (4), (5), (6) , xét hai tam giac OCD va HFE c6 cac canh doi mot song song 0,25
nén theo dinh Iy Desargues suy ra OH, CE, DF dong quy tai B.
Dicu nay nghia 1a O, H, B thang hang. 0,25
Cau 3a. Cach khac: Goi M =ABNCD, tacld B, = Py, Suy ra M trung diém 0,5
CD
, (:/A\B = B/C:T/I — 0;25
Taco . ‘=>BCM+BDM=CAD

Suy ra ttr giac AFBE noi tiép




Tu giac AFCBDE 1a tir giac toan phan nén (ABNM) = -1 => K(ABNM) =-1. 0,25
Ma KN L KM nén theo tinh chat ctia chum diéu hoa ta c6 KN va KM Ia phén giac 0,25
trong va ngoai géc AKB. 0.25
Lay diém L doi xumg v6i diém B qua CD, suy ra KM la phan giac goc BKL 0'25
Do do6 A, K, L thang hang ’
Lai c6 CLD= CBD =EBF => t&t gisc ACLD ndi tiép 0,5
Taco: DAL= DCL = BCD = CAB Suy ra DAK= CAB (dpcm) 0,5
(:236164 Tim tdt cd cdc so nguyén dwong k dé phwong trinh (x+y)2 =k (1+4xy) c0 nghiém
(2,0d) nguyén duwong X,Yy.
Gia str ton tai s6 nguyén dwong k dé phuong trinh (x+y) =k(1+4xy) c6 nghiém
nguyén duong x,y. Khéng mat tong quat, gia sir (x,,y,) 12 nghiém sao cho x,>vy, 05
VA X,+Y, Nho nht.
Khi d6 phuong trinh x*+2(1-2k)y,x+y; —k=0 c6 hai nghiém x,,x, thoa man:
0,25
{Xo +%,=2(2k-1)y, (@@
XX, =Yg —K )
Trudng hop 1:x,=Yy :k:ﬂd nén khong thoa man
e e 1+4x2 ' 0,25
Truong hop 2: x,>Y, . Chung ta xét cac kha nang sau:
- Néu x, <0 thitir (1) va (2) ta co:
2 \
2(2k -1y, <x,= k|_3|/0 <k —yZ=4ky,+yZ<2y,+k la diéu khong xay ra. 05
X; ’
- Néu x,>0 thi (x.,y,)cling 1a mot nghiém cia phuong trinh. Theo cach goi cua
nghiém (x,,y,) SUy ra x,>x,=x,x,>yZ la mau thuan véi (2). 0,25
-Néu x, =0 =k=y? la s chinh phuong. 0,25
Thir lai voi k=a? voi a l1a s6 nguyén duong thi phuwong trinh ¢6 cac nghiém
A \ 0,25
nguyén duong (x,y) 1 (4a° —2a,a).
Vay tat ca cac gia tri ciia k thoa man 1a: k=a?,véi ala sé nguyén duong 0,25
Cau5 | Tim tdt cd cdac ham sé f : R — R théa man
3,0d 2
G0N T £ ((x—y)?) =x2 —2yf () +(F(y))" ,¥x,yeR.
f(0)=0 0,25
Cho x=y=0= f(0)=(f(0))° = ’
y (0)=((0) L(O)zl 0,25
-Néu f(0)=0:Cho y=0,xeR=>f(x*)=x"=> f (t)=t, vt >0 0,25
Cho x=yeR= f(0)=x*—2xf (x) +(f(x))" & (f(x)—x) =0= f(x)=x 0,25
Thir lai thay dung. 0,25




-Néu f(0)=1:

0,25
+)cho y=0;xeR= f(x*)=x"+1=>f (t)=t+1, Vt>0
2 2 2 2 0,25
+)Chox=0,ye R= f(y*)=-2y+(f(y)) < (f(y)) = f(y*)+2y
2 f(y)y=y+1
< (f(y)) =y?+1+2y = (y+1)7° :{
( ( )) f(y)=-y-1 0,25
Xeét f(y) =-y -1. Gia st ton tai y, € Rsao cho f(y,)=-y, 1.
Khi d6 chon x=y =y, taco
F(yo) =Y -1
1=y2 -2y, f f 2 (f(y) =V, ) 0/ 7o
Y5 —2Yo f (%) + (F (¥0))" = (f (¥6) = ¥o) :{f(yo) _y 41
Néu f(y,)=y,-1=Yy,-1=—-y,-1=y, =0= f(0)=-1=loai 0,25
Néu f(y,) =y, +1= y, +1=—y, ~1= y, =-1= f(~1) =0 Ciing thoa man 0,25
f (yo) =Y +1
Xét f(y) = y+1, thir lai thay ding. 0,25
Viy ¢6 hai ham thoa man bai todn 13 f(x) = x va f(x) = x+1. 0,25
Cau 6 | Mét con éch bdt dau nhay trén mdt phang toa dé tir diém O(0;0), moi bude nhdy
(2,00) | c6 as gléli mét don vi dén cdc diém c6 tog do 18 S6 hitu ti (hoanh d6 va tung dé Ia
CAC SO hitu ti).
a) Chitng t6 rang con éch cé thé nhay dén diém (%%)
b) Con éch c6 thé nhay dén diém (0;%) duwoc khong ? Tai sao ?
a) Chuang ta str dung cac bo ba Pitago
(m? —n%;2mn;m? + n?) = (3;4;5), (12;5;13) dé xay dung dy céc budc nhay
. . . .x (11 .
cua con éch tir diém O(0;0) dén diém | =;— |, theo so do sau:
517 10
0O(0;0) a(g;ﬂj —>[§;Oj —{E;Oj —)(E—E;éj —>(E;_—10j —)(l;ij.
55 5 5 5 13 13 5 13 513
Cha y: hoc sinh ghi dwoc so do di tir diém O(0;0) dén diém (%%) thi cho 1
diém
b) Gia sir con éch nhay tir diém hitu ti A dén diém hiru ti B, véi toa do vecto
AB =(r;s), 6 d6 r, s la cac sb hiru ti. Goi ¢ 1a miu sé chung cua I, S, suy ra
a b . % X .
r=—; S=—. BJ dai cua moi budc nhay la mdt don vi nén, tr
C C 0,25
— a’ b’ '
AB|=1= 5+ = =1=a’ +b* ="
C C




Khong mat tong quat c6 thé xem ¢ 1a s6 1& (boi vi néu ¢ 1a s6 chan thi a, b phai

s 242 2 a_2a' a' b _ 2 b . |
chan, ma a° +b"=c”,suyrar=—=—=—;s=—=—=—, néuc’ chan
cC 2¢' ¢ cC 2¢' ¢ 0,25
thi tiép tuc qua trinh trén suy ra mau s6 chung cua r, s 120 18).
AR SU , A
Gia sir 6 bude nhay thir i, con éch nhay theo vecto c6 toa do | —;— |, V6i C,
G G 0,25

. Lo [SaLah

[6.Thi 6 budc nhay thir k toa do cia con éch 1a Z—';Z—' :
i=1 Ci i=1 Ci
Tir tit ca cac C, 1¢, suy ra con éch khong thé nhay tdi vi tri c6 toa d6 voi mau sb
chan. 0,25
. ) . C 1
Vay con éch khéng thé nhay dén diém | 0;—— |.
2018
Cau7 | Cho cac so thuc khong &m x ; y; z théa man Tim gia tri x° +y> +2z°> =3. nho
(3,0d)
2
nhdt ciia biéu thirc p = xyz+(x+y+z) )
5(xy+yz+zx)+1
Ap dung bat ding thirc gitra trung binh cong va trung binh nhan ta co:
X} +1+1>3x < x° +2>3X. 0,25
Tuong tw y*+2>3y;2° +2>3z. 0,25
Cong vé theo vé cac bat ding thirc trén suy ra X +y +2z < 3.

% 3 3 3 3 0,25
Taco 3=x"+y’ +z° >33/(xyz)’ =3xyz < xyz<1 025
Tacd 3-3xyz=x>+Yy° +2°-3xyz = (X + Yy +2z)(X* +y* +2* =Xy — yZ — 2X) 0,25
<3(XP+YP + 28 — Xy —yz—2X) 0,25
=>1-Xyz<X’+y* +2° Xy —yZ—ZX & xyz+ (X +y+2)* > 1+3(xy +yz+2zx) | 0,25
Ta c6 danh gid: < 1+3(xy +yz+2zx)<xyz+(x+y+z)’* <1+3*=10
< 0<Xy+yz+2x<3 0,25

* .3 1
Do dop = Xyz+(x+y+2) > (xy +yz+2zx)+ =f(t) t=xy+yz+zx te[0;3] 0.95
5(xy+yz+zx)+1 5(xy+yz+zx)+1 ’
Ta xét ham s
f(t)=3t+1 ;te[0;3]=> f'(t)<0 0.25
St+1 ,
Suy ra ham sé nghich bién trén [0;3]. Suy ra
f)>f(3)=222 _p _5 khix=y=z=1 o
- 16 8 => min_g y . 0125

Ghi ch: Moi cdch gidi néu diing gidm khdo vdan cham theo thang diém twong iing.




