Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

A.LY DO CHON DE TAI

Trang bi nhitng tri thitc co ban ,can thiét ,tién ti€n nhat dac biét 1a
nhitng tri thitc phuwong phap va phét trién tri tué cho hoc sinh 12 cdc muc
tieu duoc dat 1én hang dau trong cac muc tiéu day hoc mon toan.

Bat dang thitc 12 mot van dé duoc gido vién va hoc sinh tham nhap
v6i mot luong thoi gian kha nhiéu vi day 1a van dé c6 thé phat trién kha
nang tu duy todn hoc cho hoc sinh.

Thé nhung qua

viéc tim hi€u van dé nay trong qud trinh day hoc t6i thdy mac du da
c6 rat nhiéu phuong phdp gidi cho nhitng bai todn bat dang thic dién hinh
cu thé ¢ nhiéu dang. C6 nhiing bai todn bat dang thiic khé khi boi dudng
hoc sinh kha gioi viéc sir dung nhitng phuong phap da c6 gap nhiéu kho
khan, vi thé v6i hudng suy nghi khac phuc nhitng han ché vé phuong phép
gidi da c6 trude toi da tim kiém thém dugc mot phuong phdp tién loi dé
giai quyét nhitng bai todn kho va ciing dé khoi day tri tim toi cia hoc sinh
va gido vién trong qua trinh tu hoc, khoi day long say mé tim ki€ém nhiing
cai moi.

Vi nhitng 1y do d6.Duéi day toi xin dugc trao d6i v6i quy dong
nghiép mot phuong phap gidi cho nhitng bai todn bat dang thic ( Thudng
1a nhitng bai bat dang thitc kho, xdy ra trong c4c ky thi hoc si nh gidi, thi
Dai hoc). Va trong mot s6 bai toi khai thac sau thém bang nhitng hoat
dong tri tué nhu téng quat, phan tich, so sanh, dic biét hoa. ..

Noi dung dé tai gom ba phan :
Phan I: Mot bién 1a 4n phu t=h(x,y,z,...)
Phan II: Mot bién 1a x(y hoac z)
Phan III: Khai thac phuong phap trong lugng giac

B.NOI DUNG DE TAI

*/ Bai toan: Xét bai toan : véi diéu kién R (néu c6) . Chitng minh ring
p=f(x,y,z,...) > A(hodc <A)

phuong phap giai:
® Ching minh p>g(t) v61 teD
® Ching minh g(t)>A v6i vteD
Vian dé dat ra 1a danh gid biéu thic p dé dua vé biéu thiic mot bién g(t) va ching
minh g(t) > A

- Viéc chitng minh g(t)> A & day toi chi sir dung cach bién d6i ( du dodn
dau bing xay ra),ngodi ra doi v6i hoc sinh 16p 12 ¢6 thé 1am mot cdch nhanh
chéng hon bing cich sir dung dao ham lap bang bién thién dé giai.

- Con danh gia p n6i chung 1a phong phu tiy thuoc timg bai todn dé lua
chon cédch ddnh gid thich hgp (dung céch bién déi , st dun g bat dang thiic cé dién
bunhiacopki,cosi,....) .
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

*/ kién thirc bo sung
1.Bat dang thic co ban :
a.Bat dang thic cOsi:
cho x;,X,,...,x,(n>2) s6 khong am khi dé:
X + X, + .. X, > MYx%,...x, ding thic x4y ra khi v chikhi x =x, =...= X,
b. Bit dang thitc bunhiacopxKi:
(X + X A X )Y+ Yy H et V) 2 (XY, + XYy + et XY, )
déng thic x4y ra khi va chikhi 2="2 = =%
yl y2 yn
c. Bat dang thitc svac-xo(hé qua cta bat ding thitc bunhiacopxki) :

2 2 2 2
VOl Y, ¥, Y, (N> 2) 12 s6 duong: X%, % (%t tX)
Yo Vs Yo o Vit YototY,
déng thic xay rakhi va chikhi: 2="2- =%
yl y2 yn

2.Tinh chat:
a. Néu p c6 gia tri khong doi khi ta hoan vi vong quanh céc bién x,y,z..
chang han p=f(x,y,z)=f(y,z,x)=f(z,X,y) .
khi d6 khong mat tinh tong quét ta c6 thé gia st x=max(X,y,z,...) hoic
x=min(x,y,z,...)
b. Néu p c6 gia tri khong déi khi ta hodn vi mot cdch bat ki cac bién x,y,z...
chang han p=f(x,y,z)=f(x,z,y)=f(y,x,2)=f(y,z,x)=f(z,x,y)=f(z,y,X) .
khi d6 khong mat tinh téng quat ta c6 thé sap xép céac bién theo mot thit tu
X>y>z> ...
I. MOT BIEN LA AN PHU t=h(x,y,z,...).
Sau day 1a mot so vi du mé dau

e Bai toan 1:Vdi x,y 1a s6 duong chiing minh rang:

X*+y* 2 xy* + yx* (1)

Gidi:

Vi x 1a s6 duong nén:
3 2
(1) = 1+[1] z(XJ Y dat Y=t thi 0
X X X X

(1) tr¢ thanh t*-t* -t+1>0< (t-1)? (t+1)>0 (ding véi moi t>0)
- dpcm

Tong qudt ta c6 bai toan sau:

Cho x,y las6 duong. Cmr: x"+y" > xy" ' +x" 'y(n>2,ne N)
Chitng minh hoan hoan tuong tu!

e Bai toan 2: Vdi x,y khac khong chiing minh rang:
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

4 4 2 2
X—+y—— X—+y— +§+X > -2 (2
y4 X4 y2 XZ y X
Giai:
Pat t==+Y thi |f = | =+ =‘— Y'> 2 (4p dung bdt cosi)
y X y X y
khi d6 (2) tré thanh:

(t? —2)>-2-(t*-2)+t+2>0< (t+2)(t3-2t*-t+3)>0(2")

+) V6it>2: tacéd  t3-2t%-t+3=(t-2)(t*-1)+1>0

nén bat dang thitc (2') diing

+) V6it<-2: tacd  t3-2t7-t+3=(t+2)[(t-2)*+3] - 11 >0

vat+2<0 nén bat dang thic (2') ding

vay bat dang thic (2) ding dau bang xay ra khi t=-2 hay x=-y

= dpcm

e Bai toan 3:(Dé chon doi tuyén du thi HSG toan QG 2006-2007)

X,y,z 1a s0 thuc thoa man x* + y? + z* =2 Tim gid tri 16n nhat, nho nhat cia biéu
thic P=x>+y’+ 72 -3xyz

-Nhan xét : Du dodn d4u gia tri LN,NN dat dugc khi x=y=z hoic tai c4c di€ém
bién.Thir vao ta c6 phan dodn — 242 <P <2./2

Giai: Tu dang thiic X% + y2 + 22 + 2(xy + yz+ 2¢) = (X + Y + 2)?

X+ Y3+ 22 -3xyz=(x+y+2)(X*+ y* + 2 — xy— yz— zx) va diéu kién ta c6:

)

(X+y+2)°-2
2

|p|:‘(x+ y+ z)(x2+y2+zz—xy—yz—zx)‘: (X+y+2)(2-
dat t=|x+y+z| = 0<t<+6

|p|=t(2—t2;2)=—§+3t=—%(t—\/§)2(t+2\/§)+2\/§£2\/§

d4u bing xay ra khi va chi khi t=+/2
vay P, =— 242 khi x=-+/2 ,y=2=0 hoac ho4n vi
P =2J2 khix=+2 ,y=z=0 hodc hodn vi
Sau ddy ta xét mot s6 vi du ma phdi danh gid biéu thitc P méi thdy duoc dn
phu

%¥,2>0 1 1 1_15
3 Cmr: x+y+z+=+=—+=->—

X+y+z< X 'y z 2

« Bai toan 4: Cho {
Gidi: Ap dung bat ding thic cosi ta c6:

1 1 1 /1
X+Y+Z+—+—4+—2X+Y+Z+3FB—2X+Yy+2Z+
X y z Xyz

X+y+z

bat t:x+y+z:>0<tsg
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

R 1 1 1 9 9 27 9 27 15
Vay: x+y+z+—+—+=2t+-=t+—+—22 [t—+—(—=—
X y z t 4 4t 4 4,3 2

2
diu bang xay ra khi va chi khi x=y=z= %

- dpcm
Tong quadt ta ¢6 bai toan: Cho x,x,,...x,(n>2) 1as6 duong ;
X + X, +..+x <k(keR') b>0;ak*<bn.
Cmr : a(x1+x2+...+xn)+b(1+i+...+i)2M (*)
X, X, k
So luge 1oi giai:

2
a(x1+x2+...+xn)+b(£+i+...+i)2a(x1+x2+...+xn)+ bn
x1 X, X, X+ Xy + o X,
bn? bn? bn*.  bn®+ ak®
=at+— =bn*(C+ +ta——>bn2 +ka— =
" (t ) ( ) » ( k2) ”
Nhan xét1:

- Tirbai toan (*) ta Pac biét hoa
1.Véi a=1: b=4 : n=3 : kzgta ¢6 bai todn :

X, ¥,2>0
Cho 3 Cmr: x+y+z+4(1+l _)>5_1
x+y+zs§ x y 72

két hop bat dang thicc bunhiacopxki ta c6
bai todan 2':(olimpic-todn so cip -Pai Hoc Vinh)

X,Y,2>0
Cho{ 3 Cmr: \/X2+i2+\/y2+i2+\/22+i223.\/ﬁ
y z

X+y+z<—
Y 2

That vay : ap dung bat ding thitc bunhacopxki ta co

\/(x s @iy xi o e 12 > (x+—)
y? y

r

tuong tu sau d6 cong lai két hop ba1 toan trén ta suy ra diéu phai chiing minh
V6i a=1;b=9;n=3;k=1 két hop bat dang thic bunhiacopxki ta c6 bai toin
Cho { Y20 VR \/x2+i2+\/y2+i2+\/zz+i2 > /82
X+y+z<1 X y z
(dé thi dai hoc ,cao ddng ndm 2003 -2004)
2.v6ia=-1; b=1 ; n=2 ; k=+/2 ta c6 bai toan :

Cho{ Xy>0 Cmr: 1+1—(X+y)2\/§
Xy

X+y<+/2

bang cach thay déi gia thiét , dat an phu tacé  bdi todn 2"
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

,y=>0
cho Xy Cmr: X + y > .2
X+y=1 \/1—x \/1—y

That vay: bang cach dat: a=+1-x ; b=,1-y vakét hgp bat déng thic
bunhacopxki va bai todn trén ta suy ra di€u phai chiing minh

Tong qudt: (tap chi CRUX )

X,, Xg 50y X, (N> 2) 12 8O du’o’ng VA X+ X 4.t X, =m ,m>0:

cmr: \/mX1x1 \/m x,_, \/7 \/7

Chtng minh hoan toan tuong tu !
- Néu doi chiéu clia bat dang thitc & diéu kién (bai todn (¥))thi bai toan thay déi
nhu thé nao?
Tra 10i cau hoi nay ta ¢6 bai toan méi : Cho x,X,,...,x.(n>2) la so duong;

X + X, +..+ % >k(ke R) b>0;ak?>bn’.

2
Cmr : a(x1+x2+...+xﬂ)+b(1+i+...+i)>bn +ak (**)
X Xa

2
tlr bai todn (**) ta c6 thé khai thac ta dugc nhitng ba1 todn méi kha tha vi ...
*)Nhut vay khi lam mot bai todn ta cé thé dung hoat dong tri tué dé khai thdc sdu
bai todn_& trén c6 mot chu ki hoat dong khd hay dé la :bai toan cu thé — tong
quat —dac biét — (phan tich , so sanh...) - bai toan méi — téng quat.
(chd y tong qudt c6 nhiéu hudng :theo hing so ,theo s6 bién hodc s6 mil)
o Bai toan S:(THTT/ T4/352/2007) Vé6i x,y,z 1a s6 duong va xyz > 1

X _ . y . z 21(5)
Jodr yide Jerim 2
Giai:
Diata=+/x ,b=.y , c=vz

Bai toan tré thanh :  a,b,cla s6 duong vaabc >1 cmr
2 + b + c 21(4')
Ja?ibc b2iac Jcirab 2
Ap dung bat ding thiic svac-xo ta c6:
VT?(5"
>[ (a+b+c)? Tz (a+b+c)
| JaZ+bc+/b’ +ac+/c’ +ab [ Va2 +bc ++vb? +ac+c2+ab [
N (a+b+c)* N (a+b+c)* N (a+b+c)*
~3@®+b*+c*+ab+bc+ca) J(a+b+c)®-3@b+bc+ca)] J@a+b+c)*-3
{vi ab+bc+ca> 3/(abc)® >3}
dat t=(a+b+c)? thi t>9 { vi a+b+c>Rabc >3}

Cmr:
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

. t? A+15 t-3 3 39+15 t-3 3 9
taco = + + > +2 . =—
3(t-3 12 12 t-3 12 12 t-3 2
9 3
VT? (5" 2= =VTH4') > =
= (59 , = 4" 72
dau bang xay ra khi x=y=z=1
= dpcm
Tong qudt ta c6 bai todn sau:véi x,,,...,x,(n>2) duong va xx,..x, <1
X N % N X 2N
cmr: f =+..4 _72
N R A T S A O R
» Bai toan 6: Cho{ xy,220 Cmr: P= X2+ y2+ Zz_g
X+y+z=1 1+x° 1+y" 1+2z° 10

Nhan xét: Ta nghi dén 4p dung bdt svac-xo nhung & day chiéu cla bét ding
thitc lai ngugc.Mot ¥ nghi nay sinh 12 bién déi P dé 1am déi chiéu bat dang thic ?
Giai: Tacé:

X2 y2 ZZ X3 y3 23
P=x1- +y(@d- +z(1- =1- + +
( 1+ xz) v 1+ y2) ( 1+ 22) (1+ x> 1+y* 1+7°
x* 4 z* X+ y2+ 22f
=1—( 5+ y 5+ 5)<1- ( y 5 )3 -
x+x2 y+y? z+z X+Y+z2+X+y +2

bit t=x*+y* + 2 tﬁdk:tz%

Ap dung bat ding thic bunhiacopxki va cosi ta co:
X+ Y+ =(X+y+2)(XP+ y* + 2% — xy— yz— 2X) + 3xyz<

1 X+y'+722, 3, 1 t
<X+ Y+ -Z[A-(X+ Y+ 2 +3\/—3=—t——+t —
y 2[ (X" +y"+ 2]+ 3,/( 3 ) S5 N3
Vay
1
2 2 2 (G -DEM+9)
P<1_ 2t <1 2t 3°+10c+3 9+9 3 9<9

= —_— — +___
t » U 3F?*+10+3 10 10 FX?*+10t+3 10 10
i A+1+t°+—

1+3+2t 3 3

ddiu bing xay khi va chi khi x=y=z=%

= dpcm
Khi gdp bai todn cé diéu kién phiic tap khé su dung thi phdi xut li diéu kién . Ta
xét bai toan sau:
« Bai toan 7:(Tap chi to4n hoc tudi tho)
Cho { xy.2 € (0d) Cmr: x%+y?+z°> 3
xyz=(1-x)(1-y)d- 2)(1) 4
Giai:
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

(1) e 1-(xX+y+2z)+xy+yz+zx=2Xyz
& X2 4y 422 =2-2(X+y+2)+H(X+y+2) ? -4xyz

3
Ap dung BDT Cési ta c6 : [X+ :)SH Zj > Xyz nén
3
X2 4y?4z2% >2-2(x+y+z)+(x+y+z) > -4 [%}

bat t=x+y+z thi 0<t<3 .Khi do:
X2 +y?+z? SELECI P 2:3(2t—3)2(1—5—t)+ 3,3
27 27 4 4 4

dau bang xay ra khi tzg hay XZyZZ:%

=dpcm

Nhan xét 2 : Tir y tuéng phuong phdp giai & trén ta c¢6 thé sang tao cac bat
dang thiic :

chang han -Tix bit dang thitc ¢o si

1.C ho x,y 1a s6 duong.Cmr: (x* + y*)® + 8> 8x*y* + 8xy

2.(THTT-248 - 1998):Cho x,y,z la s6 duong khong 16n hon 1. Cmr:

1 .1 1-xA-y)d-2

a. ——2
X+y+2z 3 3
1 1
b. ————>>+(1-x01-y)(@1-2)
X+y+z 3

Tir d6 ta c6 bai todn téng quat : (chd y: cau b chat hon cau a)
Cho x,X%,,...,X,(n>2) la s6 duong khong 16n hon o : Cmr:

an
z—+(@-x)@-x%)..a-x,)
X+ X +..tX N
Hd: 4p dung bat dang thic cosi ta c6:

(a-x)(@—-x,)..(a=x,) g(na_ (% + >r(]2 + .t XH)Jn

n+1 n n n-1,n n-1
na — na—t [n""a" -t (na—
a™ _a J{ a tj a t[ a tg_fl t) }20(*)
n n n tn

bat dang thic trd thanh:

4p dung bat dang thiic cosi ta cé:
(n—=Dna

(n—-Dt(na—t)(na—t)...(na—t) s[ ]n =(n-)"a" = t(na-t)"* <n""a"

két hop diéu kién bai todn nén bat dang thic (*) ding

ngodi ra tir cach chiing minh ta cé bdt ddng thitc chdt hon sau:
Cho x;, %,,..., X,(n>2) 1a s6 duong khong 16n hon a .Cmr:

n—1\"" am™t n-1\""a"
> —+(a-x)(a-x,)...(a-x,)
n X + Xy ot X, n n
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

ching minh hoan toan tuong tu !

X,¥,2>0
3.Ch0{ ) yz >2 Cmr: x+y+2z+27xyz< 30
X“+y +2°<3
X,¥,2=0
4.Ch0{ y Cmr: x+y+z>6
XyZ>X+Yy+2+2

- Tlr bat dang thitic bunhiacosxki, svac -xo va dang thirc
X2+ y? + 22 420y +yZ+X)=(X+ Y+ 2)?
1. Cho x,y,zndm trong doan [1;2] .Cmr: 0< xy+ yz+2X—(X+y+2) <6

X,y¥,2>0
2. Cho ¥, 2> Cmr: x2+y2+zz+;2E
xXyz=>1 Xy+yz+zx 3
<1
3 Cho{ V2=l e XY 23 oy
X,Y,2Z> y> 72 x* X+y+z
X,y,2>0 1 1 1 1
4. Cho 1 Cmr: ~+ ~+ =2 08
X z=1
IR Cmr:

5.(THTT- 346/2006) Cho {

X, ¥,220
XY+ yz+2x > 8(x* +y? +z2%)(X?y* +y?z% +2°%x?)

6. Cho XY+ YZ+ZX> X+ Y+2
X, Y, Ze[12]
2 2 2
Cmr: X + y + z 2§
4+(y-2)% 4+(z-X)?* 4+(x-y)* 4

- Hay tir bt dang thiic schur :

+(X+y+2)°

XX=Y)X=2)+WY-D(Y-X)+ZZ-X)(Zz—Y) = 0 < 4(xy+Yyz+2Q <
X+y+2z

1: Cho xyz la s6 khong am .

Cmr: 2xyz+ x* +y* + 2% +122(xy + yz + )

so lugc 1oi gidi: Bat dang thitc cha bai todn tuong duong véi

(X+Yy+2)? +2xyz+1 > &xy+ yz+2X) hay 4(xy+yz+2X)—(X+y+2)? < 2xyz+1
két hop bat dang thiic trén va bat dang thic cosi ta can ching minh:

(9-2t)t?
27
Bdng cdch thém bét cdc biéu thiic vao ta cé nhiéu bai todn khdc nhau

Chdng han:

<1V6it=x+y+z ,t<§ { con tz% hién nhién diing}

a[4(xy+yz+zx)—(x+y+z)2]—bxyz—ct£9t) —bxyz—ct; t=x+y+z
a,b,c>0

ta c6: Chon a,b sao cho: ”" thi:
2a=b+c
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

a(x® +y? +z?)+bxyz+c(x+y+2)+3a—-b-3c > 2a(xy + yz+ 2x)

v6i a=3 b=5 c=1 ta c6 bai toan:
2.Cho x,y,z 1a s6 khong am . ching minh rang :
3(X° + y* + Z°) + BXyz+ (X+ Y+ 2) + 1> 6(xy + yz+ 2X)
Bang cédch tuong tu ta cé bai toan:
3.Cho x,y,z 1a s6 duong chiing minh ring
Xyz+2(x* +y> +z°)+8>5(x+y+2) (THTT-s6 356)
4.Cho x,y,z 1a s6 duong chiing minh ring
X? +y? + 2% + 2xyz+ 3> (L+ X)(L+ y)(1+ 2)

Xy+yz+zx>3

5.Cho { Xy.ze [0;2] Cmr: xyz+4(x+y+2)>13
Tir dang thifc ,bat déng thitc co ban,don gidn ta ¢ thé tao vo s6 bai toan!
dé két thuc phan I t6i xin dua ra thém mot so bai todn 1am theo phuong phép
nay:

- Mot s6 bai toan---------- *
I,.Ching minh rang: —141/2 < % < 141/2 v6i moi x,y thudc R

2V 2 1+xX'+y" 2\ 2
HD: t=|x+Y|

>
I,.Cho x+y+423 Cmr:
X,¥,2€(0;2)
27 1 1 1
< + +

(x2 +2)(y2+2)z? +2) 4-x? 4-y® 4-7°?
HD: t=(x+y+2)°* :

I,.Cho { x¥,220 Cmr : x(y-2)* +y(z—x)* + z(x - y)* < el

X+y+z=1 12
HD: Giasu x>y>z>0 dat t=x(y+2) taching minh duogc
X(Yy=2)*+y(z—X)*+z(x-y)* <t(1-3t)

2 2 2 _
I,. Cho {X Yz :;‘yz“‘ Cmr: x+y+2<3
XY, 2>
>
I;. Cho Wryer 22Xty 2 Ccmr:
X, ¥,ze (0]
x 2 y2 72

+ + >3
(Y+Z2-X)?2 (z+x-y)® (X+y-2)?
I;. Cho X, %,,...%X,(n>2,ne N) lasoduongva x +Xx,+..+x, <k(n>k>0).
3
Chidng minh rang: 1 ~+ 1 S+t ! > n
X=X X=X X, =%, k(n-k)
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

I, . VGi x,%,,..,x,(n>2) duong va xX,..x, <1 .Cmr:
1 n’+1
>
X +X +.tX, N

«Nhan xét 3:
- Néu chiing minh g(t) >0 béng cdch bién déi nhu trén thi trudc tién phai du doan
duoc diu bing xay ra tai dau dé danh gid hay tach nhém hop 1y .
-Khi dat 4n phu thi phéi tim diéu kién sdt ctia 4n phu dic biét 1a chitng minh
g(t)>0 bang phuong phap dao ham.
II. MOT BIEN LA x(y hoac z):

O vi du trén thi chiing ta phdi lam xudt hién dn phu.sau ddy ta xét mét lép
bai todn ma dn phu chinh la x hodc y hodc z
1.Dua vé mot bién nho diéu kién :

N e , :1
«Bai toan 8: Cho {X+y+z Cmr: xy+yz+z- xyz<£
X,¥,2>0 27
Giai:

Tur dk bai toan tathdy 0<z<1=1-z>0
ap dung bdt cési ta co:

X+ X+t X+

Xy+yz+zx-xyz=z(x+y)+xy(1 Z)<Z(X+y)+( j (1-2)

~-Z2-Z"+z+1_

= Xy+yz+zx-xyz=z(1- z)+( j (1-2)=

1 5 8 8 .. .
——(z——)2(z+—)+E£2— véimoi z, 0<z<1

dau bang xay ra khi x=y=z= % = dpcm

\e , A = 3
« Bai toan so 9: Cho {X;;/J;io Cmr: 5+ xyz>2(xy + yz+ 2X) 9)
Giai: Khong mét tinh tong quat gid st z=min(x,y,z)

Tir diéu kién dé thdy 0<z<1
(9) = 5+ xy(z—2) - 22(x+ y) > 0> 5+ (=Y y) (z—2) - 27(x+Yy) >0

2

54+ (%)2(2— 2) - 22(3- 2) zo@ﬂzo@Lf”azo

diing v6i vze[01]. Déau bang xay ra khi x=y=z=1
= dpcm
« Nhan xét4:
- Néu lay diéu kién 0< z< 3 thi bit dang thic d4nh gi4 biéu thiic trén 1a khong
ding. & day chiing ta str dung tinh chat 1 dé€ 1am han ché€ diéu kién cta bién dé
c6 thé danh gia duoc biéu thiic.
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

- Ta c6 bai todn Tong qudt cua bai 9 sau:
(X+y+z=3
X Y,z>0

bai toan 9' cho }a<Qb>0 Cmr: a(xy + yz + zx) + bxyz - (3a + b) > 0

a_ 4
<

b 3
HD: Khong mat tinh tong quat gia st z=min(x,y,z)

tir di€u kién dé thdy 0<z<1= a+bz< 0;2—3—;—42 0 ta co:

(a+bz)+

a(xy + yz+ zx) + bxyz - (3a + b) = xy(a + bz) + az(x + y) - (3a+ b) > (3_42)2

+az(3-2)-(3a+ b)=%b(z—1)2(z—3—;—4)20

Chi y: Néu %s -3 thi viéc chitng minh bai toan tdng quat khong can str dung
tinh chdt 1
Thay déi hinh thic bai toan:
- Slr dung dang thitc x* + y? + 22 + 2(xy + yz+ 2x) = (X + y + 2)? ta c6 thé dua bai
todn trén vé bai toan tuong duong nhung hinh thitc khac :
chang han bai 9 c6 thé phat biéu dudi dang tuong duong :
=3
Cho {XJF yrez (THTT-2006) Cmr: X2 +y?+ 722+ xyz>4
X, Y,2>0
hay sir dung dang thirc
x®+y®+2% -3xyz = (X+y+2)[(Xx+y+2)? -3(xy+ yz+ )]
bai todn 9 c6 thé dugc phét bi€u dudi dang :

=3
Cho {XJF yee Cmr: 2(*+y*+2°)+3xyz>9
X,Y,220
st £ : : . 5 1, 1 _1
- Pat an phu : a=mx;b=my;c=mz hoic a== ,b=; ;C==..V..V..
X z
chang han: bai todn 9 c6 thé phat biéu duéi dang twong duong
=1
o Cho {XJF yrz Cmr: 5+ 27xyz > 18(xy + yz + 2X)
X, Y,2>0
o Cho {xyz: WEYZEZ oy 5x°y?z% + 27xyz > 18(x* + y* + z%)
XY,2>0

-Str dung tinh chat bac cau va bat dang thirc da c6:
chang han bai 9: Tlr bat dang thic cosi: x® + y* + Z° > 3xyz
X+y+z=3

Cmr: x* +y® +2° +15>6(xy + yz + 2X)
X,¥,2>0

ta coO bai toan {

*#)Tir cach chiing minh bai todn téng quét trén ta c6 bai toan Tuong tu
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

X+y+z=3

X,¥,2>0 .
bai toan9" Cho | .. gp<o ching minh ring:
a 2

Z>_=
b 3

a(xy + yz+ zx) + bxyz - (3a+ b) > 0
Chii y : Dé chiing minh : sit dung tinh chdt 1 v6i z=max(x,y,z)
Dadc biét hoa ta c6 bai toan:

Véia=1: b=-2 : Cho {” ytz=3
X Y,2>0

Cmr: xy+yz+2zx>2xyz+1

Sau ddy ta xét tiép mét so bai todn sit dung tinh chdt nay dé lam han ché
pham vi cua bién:

Ne 4 2 X, ¥,2€[0;2
e Bai toan 10: Cho { y.2<[02]

Cmr:x*+y*+72°<9
X+y+z=3

Giai:
Khong mat tinh tong qudt , gia st z=max(x,y,z)
Tir di€u kién =>1<z<2 .
Ta co:
X+ ¥+ 22 <X P+y 2 +3xy(x4y) +2°=(x+y) *+2°=(3-2)*+z°=
=97°-2774+27=9(z-1)(z-2)+9 <9 v6i moi z,1 <z<2
dau bang xay ra khi (x,y,z)=(0,1,2) va hodn vi ctia n6
= dpcm
«Bai toan 11 : (Dé thi todn quoc gia _bang B_1996;USAMO_2001)

X,y,2>0

N+ Yzt 2 XYz 4 Cmr: x+y+z>xy+yz+zx(11)

Cho {

Giai:

Gia st z=min(x,y,z) , turdiukiéntacé :
A=xXy+YyZ+2X+xy2> 22+ 32" = (z-1)(z+2)° <0< 0< z<1 (11"
XY+YZ+zX+XyZ=4 < (X+Y)Z=4-XyZzZ-Xy = X+y= 4-xzmxy (11m)

z
Mait khéc : O=xy(1+z)+z(x+y)-4>xy(14+2)+2 M .z-4

PN (\/E—i)(\/ﬁu) <0 fxy < 2 (11"
z+1 z+1

(1) (x+y)1-2+z-xy>0
T (11Y,(11"),(11") taco :
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

Dtz xy= 4-4z+ x;(zzz— 2)—xy+Z

(x+Y) (=2 +z-xy=

4—4z+(2) (Z-2 _(2) +Z )
S z+1 z+1 _ Z2(1-2) >0

B z (z+D)?
dau bang xay ra khi x=y=z=1
= dpcm

. Bai todn 12 Cho{

AvEXy
Z

X+y+z=3
XY,220

Cmr: 2(x*+y*+27%)+x°y?z* >7

Giai:
Ta c6 [(x-D(y-DI[(y-D(z-DI[(z-D(x-] = [(x-D(y-D(z-D]* > 0
Do d6 trong ba s6 (x — D)(y - 1;(y — )(z - 1);(z - )(x — 1) cb it nhat mot s6 khong
am. Giast (x-)(y-D>20oxy>x+y-1
Ta co:
20X? +y? +2%)+x%y%z2? > (x+y)* +22° +(x+y-1?z® = (3-2°*+22° +(2-2) %z
=z*—472° +72° -62+9 = (z-1)? (2> -2z+D+7>7
X+y+z=3
dau bang xay ra khi va chi khi (x-D(y-1)=0 ox=y=2z=1
(z-1)?*(z*-2z+2)=0

2

=dpcm
Bang cach sur dung tinh chat trén ta ¢ 6 thé tao ra cdc bai todn méi
hing han: cho | 1 C L
a . . < _
chang han: cho X,y,ZE[%;4] mr: xy+yz+zx_4
e, Mot s6 bai toan.................. *
X+y+z=1
II,,. Cho { VY272 cmr:
X, ¥,2>0

a. y+z>16xyz

b. xy + yz + zx > 9xyz
C. IXyz+1>4(xy + yZ+ 2X)

X, Y,2>0
II,,. Cho{ Cmr: 3(x+y+2z)+xyz>10
Xy+Yyz+2X=3
L, Choxye[0Y?]. Cmr X . Y (22
2 1+y* 1+x° 3
HD: Gid sit Y2 > x> y> 0 ta di chiing minh: —*—+—Y_ < _2*
2 1+y® 1+x° 1+X
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

X+y+z=1
X, ¥,2>0

II,,. Cho { Cmr:

2 2 2
X+l y 4l z +1s£ (bai TS - THTT - 10/2004)

Cy2+l 22+1 X2+l

xX"+1 y"+1 z"+1 7
+ + <

b

Y41l 2"+1 x"+1 2
HD:Gia stir x=max(x,y,z)

x2+1 y*+1 z2 41 yZ+1 z2 41 , ., 1
+ + <1+ + =3+y° +z2° +
y>+1 z7+1 x*+1 1 x? +1 x? +1

<3+(y+2)°%+ = X? —2X+4+
x? +1 x%+1
Cau b tuong tu!
X,¥,z2€[0;2] N h nen
II,;. Cho Cmr: x"+y"+z"<2"+1
X+y+z=3

(T6ng qudt bai 8: chiing minh tuong tu!)

2. Pua dan vé mot bién:

Tur biéu thitc p ¢6 n bién ta ddnh gid dua vé (n-1) bién .... va cudi cung dua vé 1
bién. sau day ta xét mot s6 vi du ddc trung thé hién phuong phdp nay:

« Bai toan 13: Cho x,y,z ndm trong doan [1;2]

Ching minh rang : X2 +y*+2° <5xyz

Giai:

bat f(x,y,2)=x*+y*>+2° -5xyz

Khong mét tinh tong qudt gia sir: 2> x>y>z>1

f(x,y,2)- f(x,y]) = z° —-5xyz— (1-5xy) = (z-)(A+z+2* -5xy) <0

Vi: z-1>01+z+ 2" -5xy<1+z+7°-52°=1+2-472" =-4(z-1)*-3z+1<0
Mat khac : f(x, y 1) - f(x11) = y* -5xy—(1-5x) = (y-D(A+y+y® -5x) < 0
Vi y-1>01+y+y*—5x<1+y+y*-5y=y"—4y+1=(y-1)(y-2)-y-1<0
Vay f(x,y,2) < f(x11]) =x>-5x+2=(x-2[(Xx+1)*-2)<0 Vx1<x<2

d4u bang bat dang thic xay ra khi va chi khi (x,y,z)=(2,1,1) va hodn vi clia
(2,1,1) = dpcm

« Bai toan14:(Pay 12 bai to4an s6 9) Cho {

X+y+z=3
XY,2>20

Chiing minh rang: 5+ xyz > 2(Xy + yz+ )

Giai

bat p(x,y,2) = 2(x + vz + ) - Xz

Ta can ching minh f(x,y, z) <5. Do vai tro clia X,y,z trong f nhu nhau nén theo
tinh chat 2 ta gia st 0< x< y < z két hgp diéu kién ta dé dang suy ra 0< x<1
Xét
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

f(xy,2) - f(x,%,%) =2(xy+yz+ z><)—xyz—2(ny2r Z+ (y+42)2 +ny2r Z)+X(yzz)2
:%(X—Z)(y—z)z <0= f(xy.2)< (x5 775 - f(x,?’;X,?’;X) =X +43X_2
:f(x,y,z)s%—5+5:5—(x_l)z#s5 vx,0<x<1

dsiu bing x4y ra khi va chi khi {(X‘ 2)(Xy=—12) =0 ymyozaa

= dpcm

« Bai toanl5: (Bat dang thic cési): Cho x,y,z 1 s6 duong
Ching minh rang: x® +y® +z° > 3xyz

Giai:

Khong mét tinh tong quat gid st z>y> x>0
bat f(x,y,2)=x*+y*+2°-3xyz
Taco:

FO0 D= (6 Y 59) =2 —(9)° + 3y~ 2) = (2= D@ + 23y~ 29) 201 22 |y
Mait khdc: Dat g(x,y) = f(x Y, xy) = x° + y* = 2|/ (xy)*

9% Y) - 906X = ¥° — X~ 2J0)° ~¥) = [{y* v [ 20

Vay f(xy,2)2 f(xy,\xy)=09(xy)=g(x,x) =0

dau bang xay ra khi va chi khi {Z: e o x=y=2z =dpcm
x=y

« Bai s0 16:(Bat ding thic nesbit) Cho x,y,z 12 s6 duong .
Chiing minh rang : x ¥,z .3
y+2Z zZ+X X+y 2

Giai:
5 X y z ey :
bat f(xy,2) = + + . Gia st z=min(x,y,z)
y+Z Z+X X+Yy

, X V4 X
Taco: f(x’y’z)_f(x’y’\/g):y+z+zzx+x+y_y+\/ﬁ_\/@y+x_;/+gy
x(\/W -2 y(\/@ -2 Z— \/W X
T DY) (@R x+y :(@_Z)[(wz)(yw@f
+ y - ! ]2 X + y - 1 =
Z+XWXy+X) X+Y ) (Y)Y +xy)  (YHREy+X) Xty
_ 1 [ X . y _1J: 1 .(\/;4—\/9)220
x+Y({yWx+4y)  Ix(x+4y) X+ VWX +Y)  xy
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

JZ

= Y

y xy_ 1 X

T : fxy, N - L X WX

N oy Gy o o Ve
X

2 —
1 + t + t :(t—1)2u+szgvéit:\/g(t>0)
X

Ct+t? t+l t?P+1 2(t2+1) 2
dau bang xay ra khi va chi khi : x=y=z=1
=dpcm
e Nhan xét :

- Khi dua biéu thic 3 bién vé 2 bién hay 1 bién thudng xét hiéu biéu thitc ciia bat
dang thic va biéu thitc d6 véi x(hodc y hodc z) thay béi trung binh nhan hoic
trung binh cong .

- Thuong ta phai st dung tinh chat 2 méi c6 danh gia duoc

IL,,. Cho { X;/Z:10 Cmr:(x+y)(y+2)(z+X)=24(x+y+2z-1)

X+6 9
I1,,. Cho {xy+yz+ TEVEEE e X+Yy+2z+3xyz>6
X,y,2>0

X,¥,2>0

IL,;. Cho { Cmr:

X’ +y*+7°=3
a. xy + yz + zx > 9xyz
b.9xz +12> 4(xy + yz + &)

IL,,. Cho x,ye [0;%] ching minh rang:
X y 2.2
1+y? 1+x* 3

IL,;. Cho x, y,ZE[ 3] chitng minh ring: P A Z(THTT—sCi 357)
X+y Yy+z z+X 5
IL. Cho x,y,zla s6 duong ching minh rang:

Xyz + 2(x* + y* + z*) + 82 5(x + y + z) (THTT-s6 356)

X, Y,2>0
IL,.. Cho{ Cmr:3(x+ y+ z) + xyz>10
Xy+Yyz+zX=3
XY,220 )
II;. Cho {x2+y2+22:3 Cmr: X+ Y+ z > x2y? + y2z% + 2°x?
X,Y,220
IL,,. Cho{ o Cmr: 7(xy + yz+ 2x) <12+ 9xyz
X +y +z2=3

II,, Ching minh rang :
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

[1— gj (OLIMPIC 30-4)

x—y+y—z+z—x|<
z X y |~

L

HD: Khong mat tinh tong quét ta gia su: S Szsysxsl

bat: z=ax ; y=bx = % <a<b<1 sau d6 ddnh gia ti€p ta dua vé 1biénlab.
III. KHAI THAC PHUONG PHAP TRONG LUONG GIAC:
2
O'trén la nhitng bdt ddng thitc trong dai sé'. vdy trong luong gidc liéu co thé

ddnh gida duoc khong? sau dady ta xét mét so vi du trong lu ong gidc
e Bai toan17:Chiing minh rang trong moi tam gidac ABC ta déu co:

sinA+sinB++/3sinC< g\/g (17)

Giai:
(17) & sin A+sinB ++/3sinC = 2sin A; BcosA; B JBsnC< 2cos%+£gnc

bat cos%=t:>12t>0

Ta c6: Zcos%+ J3sinC= Zcos%(1+ @sin%) =2t(L+/3(1—t?))

Ap dung bdt cési :

2t(L+y3(1—t)) = 2t(1+g.2,/%(1—t2)) < 2t[1+g(:—13+1—t2)] = -3t° + 6t =
= —(t —@)Z(fﬂ +2:/6) +§\/6 < g\/é 17")

(17') diing v6i moi t>0  ; vivay: sinA+sinB++/3sinC< g\/g

cos——=1 A=B=n —o
dau bang xay ra khi va chi khi o4 T
s x C_+6 { C=2

COS— = —— = CoSa.
2 3

= dpcm

« Bai toan18: Cho tam gidc ABC chiing minh réng:
(I-cosA)(1-cosB)(1-cosC)>cosAcosBcosC (18)
+) Né€u tam gidc c6 goc vuong hoac goc tu thi bdt luon ding
+) Neéu tam giac la nhon ,ta co:

(18) & 1- cosAll— (cosB + cosC) + cosBcossC S
CosA cosBcosC

1
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

1-2cos 2+ C cosB=C
o 1 C0SA - ? 2__,1l>1  (8)
CoSA [cos(B+C) + cos(B~C)
1— cosA 1-2sin 2 2-4sn" 1252 2
=VT(18) > : 2 11|= 2 2
CosA 5(1_ cosA) CosA
2_asin2 4 25in2 2 1-4sin 2 4 4gin? 2 (1—25iné)2
Ta c6: 2 251 2 250 —2 >0(18")
COsA CosA COsA

Vi tam gidc nhon nén (18") luon ding.Do d6(18) ding

B-C
. cos =1
d&u bang xay ra khi va chi khi 2 , ©A=B=C
1—S.nE:O

=dpcm

Trong tam gidc ABC ta c6 diéu kién 1& A+B+C=180 °
nén goi y cho chiing ta sit dung tinh chdt 1 dé 1am han ché pham vi bién tir d6
c6 thé danh gia duoc biéu thic ,
Sau day 1a mot so vi du:
« Bai toan 19: Chiing minh rang trong moi tam gidac ABC ta déu ¢6
3(cosA+cosB+cosC) >2(sinAsinB+sinBsinC+sinCsinA) (19)

Giai:

Khi hodn vi (A,B,C) thi bdt (19) khong thay d6i do d6 khong mat tinh tong quat
V3

Gia st A=min(A,B,C. Vi A+B+C=180°> 3A nén 0" < A<60° = - < cosg <1

T =3(cosA+ cosB + cosC) —2(ssn AsinB+snBsinC+snCsinA) =

=3(cos A+ 2COSB;C cosB;C)—cos(B—C)+cos(B+C)—23in A2sin B;C cosB;C

B_C[6sin§—4sin Acosg] —cos(B-C)

J3

Ta c6: vi sinéz 0,—< cosé<1:> 65in£‘—4sin Acosé: 25in£‘(3—4cos2 é) <0
2 2 2 2 2 2 2

= 2Cc0s A+ cos

B-C

Mat khéc cos <l,cos(B-C)<1 nén
T>2cosA+ 65in§—4sin Acosg—lz 2(1- Zsinzg) + 6sin§—85in§(1—sin2§) ~1=

=8t° —4t? -2t —+1=(2t -D*(2t +1) >0Vt >0
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

trong d6 t=sin g .Vivay (cosA+cosB+cosC) >2(sinAsinB+sinBsinC+sinCsinA)

cos =1
dau bang xay ra khi va chi khi {cos(B-C)=1< A=B=C
. A
sn—=1
2

=dpcm
e Bai toan20: Chiing minh ring trong moi tam gidc ABC ta déu c6
1+cosAcosBcosC > +/3sinAsinBsinC (20)

Giai:

Khi hoén vi (A,B,C) thi bdt (20) khong thay d6i do d6 khong mat tinh tong
quat . ta gia st A=max(A,B,C)

Khi d6 A>60°(20). Xét
T =1+cos Acos Bcos C - +/3sin Asin Bsin C

T =1+%cos Afcos( B+ C)+cos( B - C)] —gsin Afcos( B -C)-cog B + C)]
=1—%[cos 2 A+ +/3sn Acos Al + cog( B—C)[%cos A—gsin Al

J3

Tu (20") ta co: %cosA—7sin A=cos(A+60)<0 va cos(B-C)<1nén

T 21—[%0052 A++/3sin Acos A] +%(cosA—\/§sin A) = (cosA+1)[1-cos(A-60")]>0

Vivay l+cosAcosBcosC >+/3sinAsinBsinC

P ) . | cos(B-C)=1
diu bang xay ra khi s ) < A=B=C
cos(A-60")=1
= dpcm
K revrerereneenes Mot sO bai toan................. *

Chiing minh rang trong moi tam gidc ABC ta déu co:
II1,,.Néu tam gidc ABC nhon:

tan A+ tan B + tan C + X 1B C23\/§+ !
ot Dt ot - 343
IIL5,.sin AL sn Bygn c, .5
2 2 . . B . C 2
sn — sn — sn —
2 2 2

11133 1+ cosAcosB+cosBcosC +cosCcosA< %(cosA+ cosB +cosC) +

+ cosAcosBcosC
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Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

IIl;,. cos 3A + cos 3B - cos 3C > _2_

III35.51'n2A+sinzB+Lsin2C£1+3f

V2

. A .. B . C 3
III... sn —3/sn —sn —< —3&/2
36 2\ 2 2 16

IIl,,.cot A+cot B+ 2cot C > 2
IIIL,,. Néu tam giac ABC khong phai l1a tam gidc tu thi
a.(L+sn ?)(1+sn *B)1+sn?C)> 4
b_sjn A +sn B +sn C 21+£
cos A+ cos B+ cos C 2
Nhan xét 5: Ta c6 thé chuyén bat dang thiic ¢6 diéu kién trong dai so sang
luong giac bang céch:
*) T dang thitc luong giac co ban :
+) T déing thiic:
tan A+tanB+tanC=tan AtanBtanC (1)

tanétanE+tanEtanE+tangtané:1 (2
2 2 2 2 2 2
» e X, Y,2>0
két hgp bai toan : II,,. Cho Cmr: 3(x+y+2)+xyz>10
Xy+Yyz+zXx=3

chiing minh bai nay tuong tu bai toan 11(hoac sir dung dua dan vé mot bién)

tir (1) bang céch dat : x:ﬁ; :ﬁ; z= V3
tan A tan B tanC

duong bai toan I, : cho tam gidc ABC nhon .

ta dugc bai toan tuong

Cmr: tanAtanB+tanBtanC + tanCtan A+12%tan AtanBtanC

tuong tu ta co :9(tané+ tanE+ tanE) + tanétanEtangzi%O\@
2 2 2 2 2 2
+) T dang thiic: cos* A+ cos® B+ cos® C + 2cos AcosBcosC =1va

H ) O
Bai todn 11: Cho { Y22
XY+ YyZ+ X+ Xyz=4

bit x=2cosA ; y=2cosB ; z=2cosC ta c6 bai toan:
Chiing minh rang véi tam gidc nhon ABC thi:
cosA+cosB+cosC >2(cosAcosB+cosBcosC+cosCcosA)
day 1a bai toan kha dep
*) T bat dang thirc lugng giac co ban:
Ta xét bai toan 9:
Dé thay tir cich chitng minh c6 thé thay diéu kién cuia bai todn nhu sau

Cmr:x+y+z>xy+yz+zx

Ky _ Xéc -20 -



Phuong phdp dua vé mét bién trong bai todn bdt ddng thiic

(X+y+2<3 (R +yP+7<3
X Y,z2>0 X Y,2=0
Cho a<0Ob>0 hay | a<Qb>0
a_ 4 a_ 4
. b 3 . b 3

Cmr: a(xy + yz+ zx) + bxyz — (3a + b) > 0
Ddc biét hoa ta c6 bai toan :

<3
1.a=-2;b=1. {x+y+z Cmr: 5+ xyz> 2(Xy + yz+ 2X)
X, Y,220
X +y*+2°<3
2.a=-4;b=3 . Cmr:  9+3xyz> 4(xy+ yz+ 2X)
X,Y¥,2>20

K&t hop bat dang thitc co ban trong luong gidc chang han

1.cos A+ cosB + cosC sg ta co bai toan:

Cho tam gidc nhon ABC . Chiing minh rang:
5+ 8cos AcossB cossC > 8(cos AcosB + cosB cosc + cosC cossA)

2.sin* A+sn’B+sin’C s% ta c6 bai toan:

Chiing minh rang véi moi tam gidc ABC thi:

93 +8sin Asin BsinC >16(sin Asin B+sin BsinC + sinCsin A)

tuong tu doi véi tang,cotang va bai toan khac

chu v: Giai bai todn dai s6 thong qua giai bai luong gidc ngudi ta goi 1 2 phuong
phép luong giac héa. Lam nguoc lai goi 1a phuong phap dai so héa.

C. KET LUAN

Trén day 1a mot trich dan vé su van dung phuong phap dua vé mot bién
trong van dé chiing minh bat dang thic.

Dé tai nay da duoc ban than t6i va cac déng nghiép cung don vi thi diém
trén cac em c6 hoc luc tir kha trg 1én. Két qua thu duoc rat kha quan, cac em hoc
tap mot cach say mé hiing thi. Mot s6 em da dat dugc nhiing thanh tich tot qua
nhiing dot thi hoc sinh gioi vira qua. Vi tic dung tich cuc trong viéc boi dudng
hoc sinh kh4 gi6i nén kinh mong Hoi dong khoa hoc va quy thay ( c6) gép y bo
sung dé dé tai ngay mot hoan thién hon, ¢ ting dung rong hon trong qu4 trinh

day hoc ¢ truong THPT.
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Xin chdn thanh cam on!

ngay 10 thdang 5 nam 2007
NGUOI THUC HIEN
Ky Xac

Tai liéu tham khao
1.Tap chi toan hoc va tudi tré
2.S4ng tao bat dang thic _ PHAM KIM HUNG
3.Céc phuong phap chiing minh bat dang thifc _TRAN TUAN ANH
4.C4c bai toan chon loc vé hé thiic luong trong tam gidc tit gidc
PHAN HUY KHAI NGUYEN PAO PHUONG
5.0limpic 30_4
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