Pap 4n Toan 11

Trang 1

KY THI OLYMPIC TRUYEN THONG 30/4
Ménthi: Todn - Khéi: 11
Céu 1 : (4 diém)
Giai hé phuong trinh:

2x* +3x? —18=y>+y

2y’ +3y* —18=2"+z

22° +322-18=x>+x
Giai:

Pt f(t) =2t + 3t -18 vag(t) = + t thi hé phuong trinh dugc viét lai:

f(x)=g(y)
f(y)=g(2)
f(z) =g(x)

g(x) >f(x)

Gia st x = max(x, y, z) thi {XZy@{g(x)Zg(y)

(do ham sb g ddng bién ) =
x>z |g(x)=g(2)
x3+x22x3+3x2—18¢:> (x—2)(x2+5x+9)~<_0®{x§2
2’ 4+z2<22°+32°-18 z—-20(Z*+52+9)>0

Tudésuyra 2<z<x<2=>x=z=2.Thé vao hé phuong trinh ta dugcy =2.....................

Thur lai tathéy: x=y=z=2thoahéphuongtrinh. ............cccc..cceeiriiiiiiiiiiii e,

Két luan: Hé phuong trinh c6 nghiém duynhitx=y=z=2.

g2 <f(m

(1,54

...(0,5 @)
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Cau2: (4 diém)

Cho tir dién ABCD c6 hai mit ABC va ABD la cac tam giac nhon .Go1 E , F 14n Iwot 13 hinh chiéu vudng goc
ciia A 1én cac dudng thing BD, BC. Chimg minh rang cac diém C,D,E,F ¢ trén m¢t dudng tron khi va chi khi
cac duong thing AB va CD vudng géc nhau .

Giai :

+ Keé dudng cao CH cta tam giac nhon ABC (H thudc doan AB va khac A,B).
Taco AB L CH (1), A, C, F, H & trén dudmg tron dudng kinh AC va BHBA=BF.BC (2)......... (14d)
+ Néu C,D,E,F & trén mot dudng tron thi BE. BD=BF.BC (3) .

Tu (2) va (3) : BE.BD=BH.BA Do dél A,H,E,D & trén dudng trdn véi duong kinh 14 AD .

Suyra AB.LDH (4). Ti(1) va(4)tacé ABL(CHD) .Vivay ABLCD ... 1,59
+ Néu AB_LCD thi AB L (CHD). Suy ra AB L DH .Do d6 A,H,E,D ¢ trén dudng tron voi dudng kinh la AD.
Ta ¢6 : BE.BD=BH.BA (5).

Tu (5) va (2) : BEBD=BF.BC.SuyraC, D, E, F ¢ trén mot qudng tron . ..., 1,5 d)
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Ciu 3 (4 diém)

Xét ddy sb thyc (x,), n € N, xac dinh boi:

X, = 2009
{xn = \3/ 6x,, —6sin(x,,),Vn>1
Chimg minh ring dy (x,) c6 giéi han hiru han, va tim limx_.
Taco x—x—63§sinx < x,Vx >0, ddu = xay ra khi va chi khi x=0 (phai chimg minh bdt trai)......(1 d)
SINX KX, VX220 S Xp 20, VN EN (1) o 0,5 d)

3 3
X . . X .
x—?§smx,\/x20 = sm(xn_,)_>_xn_‘1————'§‘i,Vn_>_1 = 6x_,—6sin(x, ) <x> ,Vn>1

= x, =36x,_, —6sin(x, ) <x,_,,¥n>1 (2)
Tu(1),2) = Xp)cogidihan hftuhan. ... 1,5d)
Goi limx_ =a,tacd a=Y6a—65INa ¢ =0 ........ccooiiieiriiicee e (1d
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Céu 4. (4 didm)
Tim tdt ca cac ham s6 f(x;y) thda man h¢ diu kién:

f(x;y)+f(y;z)+f(zx)=x>+y* +2* Vx,y,z€R
f'(x2 +y——f(0;x);0)=x+f2 (y;O)—f(O;y2 —f(O;y)) Vx,y €R

Gidi.

Ta xét diéu kién dau tién f(x;y)+f(y;z)+f(zx)=x*+y’ +2* Vx,y,z€R

Cho x=y=z=0=f(0,0)=0

Cho y=2z=0=f(0;x)+f(x,0)=x> VX €ER  (Ducceruccriirmireciimnineerie e (0,5 &)
Cho z=0=f(x;y)=x"+y*—f(;0)—£(0;x) =F(x;0) + £ (0;y) Vx,y €ER  (2).cercienirrce. (0,5 d)
Xét diéu kién thir hai cta gia thiét:

f(x2+y—f(0;x);0)=x+f2(y;0)—f(0;y2—f(O;y)) Vx,y€R

Theo (1) ta thu dugc:

f(y-+—f(x;0);0)=x+f2 (y;O)—f(O;f(y;O))=x+f(f(y;0);0) VXY ER oo N 149
Pt g(x)=f(x;0) khi d6 ta viét lai didu kién: g(y+g(x))=x+g(g(y)) Vx,y €R

Khi d6 do g(0)=f(0,0)=0

Cho y =0=>g(g(x))=x VxeR

Cho x=0=>g(y) =g(E(Y)) =¥ ¥ €R oo (1)
Taco £(0;x)=x*—f(x;0)=x"—x Vx€R

Do d6 theo (2) ta co: f(x;y)=Ff(x;0)+f(0y)=%x+y =y VKYER i, 0,5 d)

Thir lai ham s6 f(x;y)=x+y’ —y théaman didu kién bai ra........cc.ccooovmriiiniiinin 0,5 &
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Cau5: (4 didm)

Gia sir ham s6 £ N* » N* théa : (f(m) + f(n)) | (m + n)*® Vm, n eN*
Chimg minh f(1), f(2), f(3), .... 14 cép s6 cOng c6 cong sai duong.

Dap 4n:

e Truéc hét ta chimg minh £13 don 4nh (1).
Thét vy , gia sit f khong la don anh

= J a, b eN*, a<b sao cho f(a) = f(b)

Khi d6 c6

(f(a) + f(n))j(a + 0)***® V n eN* va (f(a) + f(n)) = (f(b) + fn))i(b + n)**” V n eN*

= f(a) + f{n) 14 mot wéc chung cua (a + n)* va (b + n)2°°9 ma fa) + fm)>2 .

= ((a+n)®, (b +n)*) =1V n eN*

=(a+nb+n)21VneN*

=(a+n,b-2a)#1VneN* (o)

Léy p 1a mt s6 nguyén t5 16n honb valdyn=p — atacé (a+ n, b—a) = (p, b — a) =1 méu thuln véi ().

VAY FAOM AN, ..o e e ettt 1) .
e Lay t thy y thudc N*, taxét f(t +1) — f(t)

¥ n eN* ta c6 (f(n) + f(H)|(n + )% va (f(n) + f(t + 1))|(a + t+ 1)**®
mi(+tn+t+D=1=(@+)*®m+t+1)?*)=1

= (f)+ f(1), fn)+ £t + 1)) =1

SEO) L), fE+ 1) =) =1 V0 N (B )i e 148
T @)= ft+1)- fi)=+1 Vt eN* (2)

That vay, néu ton tai t sao cho f(t + 1) — f(t) # + 1 thi tdn tai sb nguyén t6 q 1a wéc cha f(t+ 1) —f(1) .

Liy k € N*sao cho ¢“ > tvaldyn=q“- tta c6
(fn) + fR)|(n + £y°°® = ¢* = q|(f(n) + (L)
ma ta d3 co qj(f(t +1) - f(t))

= q 14 mét udc chung cha (f(n) + f(t)) va (ft+ 1) - f(t)) : mauthudn voi (B )...ooooevveeeieeee ad

Vay tacéd (2).

Ta(D)va@R)=>ft+1)-f(t)=1 Vt eN* hodc f(t+ 1)~ f(t)=-1 Vt eN*

Mt khac do f(n) eN* ¥n eN* nén khong thé c6 fit + 1) — f(t) =-1 Vt eN*

Viy ta co flt+1) - f(t) =1 Vt eN* tiacladay f(1), f(2), f(3), f(4),.... 1a mdt clp sb cong cong sai 1. (1 d)



