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Toan hoc la mot mon hoc dac biét quan trong trong chuong trinh hoc & bac
phd thong. Trong nhitng nam gan day, cac thay gido, co gido va hoc sinh céc
truong Trung hoc phd thong chuyén va ning khiéu cé diéu kien hoi nhap véi
cac chuong trinh, cac chuyén dé toan quoc té va khu vie thong qua cac hoat
dong hgp tac, tham du cic ky thi olympic va cac phuong tién vién thong quoc
té. Nhiéu dang toan méi da hinh thanh, nhiéu chuyén dé toan phd thong da
dugc cap nhat véi trinh do tién tién clia cac nude phat trién. Dic biét, nhiéu
chuyén dé toan hoc gin véi ting dung va cdc mo hinh thyc tién lam cho cac
noi dung gidang day va hoc tap mon Toan hoc trong trudng pho thong ngay

cang phong phu va da dang.

Toan hoc khong nhitng nham gitip trang bi cho hoc sinh nhitng kién thiic
cu thé dé ap dung trong cudc séng thudng ngay ma diéu quan trong hon la
cung cap, rén luyén cho hoc sinh cic ki nang, phuong phap tu duy chit ché,
logic. D6 1a nhitng diéu ma cac em sé can thiét trong ca cuoc doi hoat dong

thuc tién sau nay.

Nam nay, Trai he Hung Vuong da budc sang nam tht 6, dude t6 chic tai
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truong THPT Chuyén Thai Nguyen. Cac cuén Ky yéu trai he Hung Vuong
lan thit 2-5 ra doi da dap tng duge sy mong dgi, ki vong clia céc thay, cac co
va cac em hoc sinh trong khéi céc trudng trung hoc pho thong chuyen khu vue
mién nai va trung du phia bac. Ngoai cac dé thi Olympic Toan Hung Vuong,
Olympic Toan Ha Noi mé rong va Olympic qubc té Singapore md rong, cudn
Ky yéu con gidi thiéu cac bai clia cac gido su, cac nha khoa hoc da qua nhiéu
nam tam huyét véi chién lude dao tao tai nang tré ciia dat nude viét vé mot
sO6 phuong phap gidi toan, cac k¥ nang van dung logic Toan hoc trong cuoc

song.

Mot dieéu dang ghi nhan: nam nay, khoi cic truong tham gia Trai he Hung
Vuong da c6 bude tién dai trén con duong hoi nhap. Nhiéu kién thic cap nhat,
céc bai hoc kinh nghiém va céc trao doi semina vé hoc thuat thuoc nhiéu linh
vite Iy thii cia toan hoc, cac chuyén dé tit chon dic siac theo chuong trinh danh
cho cac 16p chuyén Toan da dugc cac thay co gido truc tiép gidng day & cac
truong THPT Chuyén cac tinh thanh Bac Giang, Dién Bién, Son La, Phi Tho,
Vinh Phuc, Lang Son, Hoa Binh, Ha Giang, Tuyén Quang, Lao Cai, Quang
Ninh, Yen Bai, Cao Bang, Bac Ninh, Bic can va Thai Nguyén viét thanh cac

chuyeén de.

Ngoai ra, cuén Ky yéu lan nay con bo sung cac dé thi dé thi Olympic Toan
Hung Vuong nam 2009, Olympic Toan Ha Noi mé rong va Olympic quoc té
Singapore mé rong clia nam 2010 va cac dé toan du tuyén do chinh cac truong
dé nghi. Cudn sach con trinh bay hai phu luc duge viét bing tiéng Anh dé cac
em c6 diéu kien lam quen véi céc thuat ngit co ban, dé tiép can va tim hiéu
sau theém céc kién thiic cap nhat qua mang internet va cac sach chuyéen dé cia

cac nude.

Ching t6i hy vong rang cudén Ky yéu nay sé cung cap thém cho céc em hoc
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sinh mot s6 kién thitc bé sung, gitip cdc em hiéu sau hon Sach gido khoa va
chuan bi t6t cho cac ki thi hoc sinh giéi, Olympic, cac ki thi tét nghiep THPT,

thi tuyen sinh vao dai hoc.

Thay mit Hoi dong C6 van Khoa hoc, xin chan thanh cdm on cic thanh
vién seminar ctia Trai he Hung Vuong, cac dong nghiép, cac thay gido, co gidao

da doc va c6 nhitng déng gép cho ban thao Ky yéu duge hoan chinh.

Moi ¥ kién déng gép xin dugce giii vé Ban T6 Chiic Trai he Hung Vuong
lan thtt V, Truong THPT Chuyén Hung Vuong Viét tri, Pha Tho.

Ha Noi-Thai Nguyén, ngay 1-3 thang 8 nam 2010

Thay mat Hoi dong C6 van Khoa hoc

GS Nguyén Van Mau



Chuong 1

Dé thi Olympic Toan Hung
vuong

1.1 Olympic Toan Hung vuong lan thi 1, nam 2005

Cau 1. Cac s6 nguyeén duong aq, as, as, as, as 1lap thanh mot cap sé cong tang.
Hoi lap dugce bao nhiéu cap sb6 cong thod man diéu kién a; > 50 va as < 1007
Cau 2. Cac s6 nguyeén duong aq, as, as, as, as 1ap thanh mot cap s6 nhan ting.
Hoi lap dugce bao nhiéu cap s6 nhan thod man diéu kién as < 1007?

Cau 3. Céc s6 duong aq, as, as, as, as thod man cac diéu kien

(i) 2ay,2as,2as,2ay,2as 1a cac s6 nguyén duong,

(ZZ) a1+a2+a3—|—a4+a5:99.

Tim gia tri 16n nhat cta tich P = aazasa4as.

Cau 4. Gia s tam thic bac hai f(x) luon luon duong véi moi z. Chitng minh
rang f(z) viét duge dudi dang tong binh phuong ctia hai nhi thitc bac nhat.
Cau 5. Gia sit ham trung phuong g(r) = z* + bx? + ¢ luon luon duong vé6i
moi z. Chiing minh ring g(z) viét duge dudi dang tong binh phuong ctia hai

tam thiic bac hai.
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Cau 6. Cho hinh vuong ABCD. Tim quy tich cic diém M thuoc hinh vuong
(phan ben trong va bién ctia hinh vuong) sao cho dién tich cac tam giac M AB
va M AC biang nhau.

Cau 7. Cho hinh vuong ABCD. Gia st E 1a trung diém canh CD va F la
mot diém & bén trong hinh vuong. Xac dinh vi tri diém (@ thudc canh AB sao

cho @ = gQ\F

1.2 Olympic Toan Hiuing vuong lan thi 2, nam 2006

Cau 1. S6 do céic goc trong clia mot ngil gidc 16i co ty 18 2:3:3:5:5. S6 do
clia goc nhé nhat bang

[(A)] 20°, [(B)] 40°, [(C)] 60°, [(D)] 80° [(E)] 90°
Cau 2. Cho a # 0. Giéi hé phuong trinh

IQOOS + y2005 + 22005 — a2005

513'2006 + y2006 + 22006 _ a2006

1,2007 + y2007 + 2’2007 — a2007.

Cau 3. Xac dinh bo s6 duong a, b, ¢ sao cho

az®y? + by 2 + c2a® > 152227, Vo > 0,y > 0,2 > 0.

Cau 4. Cho tam giac ABC va diém M thuoc BC. Xét hinh binh hanh APM N,
trong d6 P thuoc AB va N thudoc AC va hinh binh hanh ABDC v6i dutng chéo
AD va BC. O la giao diém ctia BN va CP. Chiing minh ring PMO = NMO
khi va chi khi BDM = CDM.

Cau 5. Cho s6 duong M. Xét cac tam thic bac hai g(z) = 2> + ax + b 6

nghiém thuc x1, 7o va cac hé s6 thod man diéu kien

max{|al, |b], 1} = M.
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Tim gié tri 16n nhat cla bicu thic
(1 + |22 ) (1 + [a]).

1.3 Olympic Toan Hung vuong lan thd 3, nam 2007

Cau 1. Mot da giac 16i ¢6 nhiéu nhat la bao nhiéu géc nhon?

(A) 2; (B) 3; (C) 4 (D) 5; (E) 6.

Cau 2. Mot da giac 16i c¢6 nhiéu nhat 14 bao nhiéu géc khong tu?

(A) 2; (B) 3; (C) 4 (D) 5 (E) 6.
Cau 3. X4c dinh hai chit s6 tan cling ctia s6 sau
M = 2° +20*% + 200°7 + 2006*°°*?
(A) 04; (B) 34; (C) 24; (D) 14; (E) Khac cac dap s6 da néu.

Cau 4. C6 n vién bi trong hop duge gan nhan lan lugt 14 1,2,. .., n. Ngudi ta
lay ra mot vien bi thi tong cic nhan ciia s6 bi con lai 1a 5048. Hoéi vien bi d6
duge gan nhan 1a s6 nao?

(A) 1, (B) 2; (C) 3; (D) 4; (E) 5.

Cau 5. Cho s6 tu nhién abe chia hét cho 37. Chiing minh ring cac s6 bca va

cab ciing chia hét cho 37.

Cau 6. Cho 0 < a < 2. Giai hé phuong trinh sau

( 1
r+—=ay
x
1
y+-—=az
Y
1
z+—-—=ax
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Cau 7. Cho hinh binh hanh ABCD c¢6 AB < BC'. Duong phan gidc BP cla
gbc LABC cit AD 6 P. Biét rang APBC 1a tam giac can, PB = PC = 6cm
va PD = 5cm. Tinh do dai cidc canh ctia hinh binh hanh.

Cau 8. Chiing minh rang tam thiic bac hai g(z) = 32% — 2ax + b ¢6 nghiem

khi va chi khi ton tai bo s6 a, 3,7 sao cho

a=a+ [+
b= af + By +ya.

Cau 9. Cho ba s6 duong ay, as, as. Cac s6 nguyén oy, as, as va 3y, B2, 33 cho
trude thoa man cac dieéu kién

a1 + Aoig + aztig = 0
a1 + azf + azBs = 0.

Tim gia tri nhé nhat ctia biéu thiic
M = a1y + a2y + azx®y™, >0,y > 0.

Cau 10. Tinh

1.4 Olympic Toan Hung vuwong lan tha 4, nam 2008
Cau 1. Hai chit s6 tan cing ciia s6 M = 22008 I3
(A) 16, (B) 36, (C) 56, (D) 76, (E) khong phéi la cac dap s6 trén

Cau 2. Cho m,n la cac sé nguyén duong sao cho s6 A = m? + 5mn + 9n? c6
chit s6 tan ctiing bang 0. Khi d6 hai chit s6 tan cling ciia A 1a
(A) 00, (B) 20, (C) 40, (D) 60, (E) khong phai la cdc dap sb6 trén

Cau 3. Hoi ¢6 bao nhiéu s6 nguyen tit 1 dén 2008 dong thoi khong chia hét
cho 2, 3 va 57
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Cau 4. Giai hé phuong trinh sau

r+ay+y=>5
y+yz+z=11
z+zx+ax="7

Cau 5. C6 thé tim duge hay khong nam sé nguyén sao cho céc tong ciia ting

cdp trong nam s6 dé lap thanh muoi s6 nguyén lién tiép?

Cau 6. Chitng minh rang ton tai sd tit nhién A c6 4 chit s6 tan ciing la 2008
va chia hét cho 2009.

Cau 7. Xét hinh thoi ABC'D canh biang a. Goi r1, 7, lan luct 1a ban kinh cac
duong tron ngoai tiép cic tam giac ABD, ABC. Chiing minh ring gia tri clia

)+ ()

biéu thic

luon luon khong doi.

Cau 8. Giai phuong trinh sau

4% + 2 = 3v/4x3 + x

Cau 9. Cho ba s6 thic x,y, z théa man dieu kién
2, .2, 2 _
Y+ 2ty +yz+ 2z = 25.
Tim gia tri nhé nhat ctia biéu thic

T = 2 + 3y* + 92°.
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1.5 Olympic Toan Huing vuong lan thi 5, nam 2009

Cau 1. Chitng minh ring tit 2009 s6 tu nhién tuy ¥ déu cé thé chon duge

mot hosic mot s6 s6 ma tong ciia né chia hét cho 2009.

Cau 2. Tim bo ba s6 nguyén t6 lien tiép (lién ké) sao cho téng binh phuong

clia chiing ciing 1a mot s6 nguyen to.

Cau 3. Trong 100 hoc sinh hé chuyén c6 29 em gidi toan, 30 em gioi van, 42

em gioéi nhac. Trong s6 d6 c6 8 em vira gioi toan, vira gioi van, 10 em vita gioi

nhac via gidi toan, 5 em vita gidi nhac vira gioi van, c6 ba em gioi ca ba mon.
Hoéi ¢6 bao nhiéu em chi giéi toan, chi gioi van, chi gioi nhac va bao nhiéu

em khong gioi mon nao?

Cau 4. Cho f,g xac dinh va théa man hé thiic

f(x+6) 4+ 29(2x + 15) = %(x+2)

f(x_l2—2>+g(x+5):x+4.

Hay xac dinh f(x) va g(x).

Cau 5. Tim tat ca cac cap s6 (r,y) théa man dang thic

222+ 1)(2 + 1) = (zy + 1)(x + 1) (y + 1).

Cau 6. Cho hinh vuong ABCD c6 do dai canh bang 2cm, M la mot diém
di dong trén mit phang chita hinh vuong sao cho M A% + M B? = MC?. Tinh
khoadng céch 16n nhat tit diem M téi diém D.

Cau 7. Cho tam giac ABC khong can noi tiép trong duong tron tam O ban
kinh R. Tim quy tich nhing diém M trong tam gidac ABC sao cho

MA N MB N MC
MA  MB  MC'

3,
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trong d6 A’, B’, C' 1an lugt 1a giao ctia M A, M B, MC véi duong tron da cho.

Cau 8. Tong ctia mot s6 cac s6 nguyéen duong 1a 2009. Tim gia tri 16n nhét

clia tich cac s6 nguyen duong da cho.

Cau 9. Tim tat ca cac da thitc f(z) v6i he s6 1a cac s6 nguyen khong am nho

hon 8 va thoa man dieéu kien f(8) = 2009.
1.6 Dap an Olympic Toan Hiing vuong lan thié 5-2009

Cau 1. Goi 2009 s6 da cho 1 a1; as; as; . .. ; ase. Xét 2009 tong sau:
S| =
Sy = a1 + a
S3 = ay + as + as

S2009 = a1 + ag + az + cdots + aspg

Néu ton tai mot trong cac tong trén chia hét cho 2009 luon thi ta c6 luon
diéu phai chitng minh.
Néu trong céc tong trén khong ton tai tong nao chia hét cho 2009. Ta xét dong
du ctia cac tong trén khi chia cho 2009. Lic nay tap so du khi chia 2009 ciia
tong nay 1a: S = {1;2;3;...; 2008} .
Theo nguyén i Drichlet ta c6 it nhat 2 trong sb cac tong trén co ciing s6 du
khi chia cho 2009. Gia st 2 tong d6 1a S; va S;. = |S; — 5;]:2009. Ta c6 diéu

phai chitng minh.

Cau 2. Goi 3 s6 nguyén t6 lién tiép 1a p,q,r v6i 2 < p < g < s.
Bo ba s6 nguyen t6 lién tiép dau tien 1a 2,3,5 ¢6 22 + 32 + 52 = 38 khong

13 s6 nguyeén t6 nén khong thoa man.
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Bo ba s6 nguyén to lien tiép tiép theo 1a 3,5,7 ¢6 32 + 5% 4+ 72 = 83 1a s6
nguyén té nén 1a bo ba thoéa man dé bai.

Xét p > 3, thi hién nhién ¢, > 3. Nhan xét ring cac s6 nguyén té nay
déu c6 dang +1( mod 6) vi khong chia hét cho 2 va 3. Vi thé nén téng binh
phuong ctia chiing luon chia hét cho 3, khong phai 13 s6 nguyén to.

Vay bo ba s6 nguyen t6 lien tiép tiép (3,5,7) 1a bo ba sé nguyén t6 duy
nhat théa man dé bai.

Cau 3. Dung so do Ven ta thu dugc:
- S6 em chi giéi Toan 1a 14.

- S6 em chi giéi Van 1a 20.

- S6 em chi giéi Nhac 1a 30.

- S6 em khong giéi mon nao 1a 19.

Cau 4. Ta ¢6

f(z+6)+29(2x 4+ 15) = %@—1—2) (1)
T+ 2
I

Trong (2) thay x béi 2z + 10 ta ¢6 f(z + 6) + g(2z + 15) = 2z + 14. T d6 ta

Y+g(x+5)=x+4. (2)

c6 hé
{f(a: +6) +29(22 + 15) = %(x +2)
flz+6)+ g2z +5) =2z + 14.
Giai hé nay ta tim dugce
Tx + 54

flx+6)= 2 (x+2) (3
—3x — 26
922+ 15) = ———. (4)
12
Trong (3) thay = béi z — 6 ta tim duge f(x) = 7x—2|— , trong (4) thay = béi

—15 —3r =7
’ ta tim duge g(x) = xT




1.6. Dap 4n Olympic To4an Hung vuong lan thit 5-2009 17
Cau 5. Theo bat dang thiic Cauchy (Bunhiacopski), ta c6
20+ 1) 2 (e + 1% 20" +1) 2 (y+1)°, (@®+ 1)y +1) = (xy + 1)
Dau dang thitc x4y ra khi va chi khi 2 = y = 1. Suy ra
2"+ D" + DI = [(@ + 1)(y + D(zy + D],
hay
22+ 1)y +1) > (e + Dy + Dy + 1) > (x+ 1) (y+ 1 (zy + 1).
Vay dé c6 dang thiic, ta phai c6 (z,y) = (1,1).
Cau 6. Khong giam tinh tong quét ta gia thiét hinh vuong ABCD c6 cac
dinh A, B, C, D theo thtt tu nguge chiéu kim dong ho. Lap hé truc toa do Oxy
c6 dinh O(0;0), A(2;0),C(0;2), B(2;2), goi M (x;y).
Theo gia thiét ta c6
MA?> + MB>=MC?* (-2 +y" +(x -2+ (y—2)*=2"+ (y — 2)°
s’ -8 +8+1y =0
s(r -4 +y* =8.
Phuong trinh (1) 1a phuong trinh ctia dudng tron c¢6 tam 1(4;0) thuoc truc Ox

ban kinh R = 2v/2. Suy ra khoang cach 16n nhét tit M t6i D lad = MI+R =
4422

Cau 7. Taco MAMA=MBMB = MC.MC = R?* - MO?. Suy ra

MA MB MC M A? M B? MC*?

= MA T MB T yc T MAMA T MBMB T McMC

 MA?+ MB?+ MC?
B R? — MO?

7

MA? + MB? + MC? =3MG? + GA? + GB? + GC”?
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=3MG*+0A?>+ OB?*+ 0OC? —3G0O? = 3MG? + 3R?* — 3GO?.

Do vay pu = 3 va MG? + MO? = OG?, tiic quy tich M la duong tron duong
kinh OM.

Cau 8. Ta c6 mot s6 nhan xét sau:

- Nhan xét 1: v6i @1, 29, -+ , 7 1& cic s6 nguyén duong thi
T1+ro+ e+l = v xe+ (2 +1) va zpag - w1l < 2xg - (TR+1).

Do dé tich ctia cac sd nguyeén c6 tong bing 2009 1a 16n nhat khi cac s6 nguyéen

d6 16n hon hodc bang 2.

- Nhan xét 2: v6i sd n > 4, ta c6 2(n — 2) > n, do do6 trong cac s6 phai tim
khong thé c6 s6 16n hon 4, vi néu c¢6 s6 n nhu thé thi ta tach thanh hai s6 2 va
n — 2 thi tong ciia ching van 1a 2009, trong khi tich ciia chting 16n hon, mau

thuan véi diéu kién 16n nhat cta tich.

- Nhan xét 3: Do 2% < 32, nén trong cac s6 can tim khong thé c¢6 nhiéu hon

hai s6 2, vi khi d6 ta thay ba s6 2 béi hai s6 3 dé duge mot tich 16n hon.

- Nhan xét 4: Trong céc s6 can tim khong thé vita ¢6 s6 2 vita ¢ s6 4, vi
khi d6 ta c6 thé thay s6 2 va s6 4 béi hai s6 3 dé thu duge mot tich 16n hon.
Tt cac nhan xét trén ta suy ra cac s6 can tim sé gom cac chit s6 3 va mot hodc
hai s6 2 hosic mot s6 4. Nhung ta c6 2009 = 669.3 + 2, do d6 cac s6 can tim

c6 mot s6 2 va 669 s6 3, khi d6 tich ctia chiing dat gia tri 16n nhat 1a 2.3,

Cau9. Taco MAMA = MB.MB' = MC.MC' = R*PMO?.
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Suy ra

MA MB MC M A? M B* MC?

MA + M B’ + MC'" MA.MA + MB'.MB + MC".MC

MA? + MB? + MC?
R?> — MO?
ma Do vay quy tich ctia M la duong tron duong kinh OM.

Cau 10. Xét da thic f(z) = apz™ + a1zt + -+ + a,, trong d6 ag, ay, . . ., an
1 c4c s6 nguyén khong am va nhé hon 8. Do f(8) = 2009 nén a¢8" + a;8" ! +
-+« +a, = 2009. Thyc hién phép chia 2009 cho 8 dudc du ay = 1. Lai lay
thuong ctia phép chia nay cho 8 ta duge a; = 3, lién tiép thuyc hién phép chia
nhu thé ta duge da thiic can tim 1a: f(z) = 323 + 722 + 3z + 1.




Chuong 2

Pai cuong ve lich st mén giai
tich toan hoc

2.1 Toém lugc lich sit moén giai tich
2.1.1 Hy Lap va La ma c6 dai

Pythagoras (580-500 trudc cong nguyén)
Dinh 1i Pythagoras vé tam giac vuong; sb6 vo ty v/2.

Euclid (300 truéc Cong nguyeén)
Cé6 quyen Iiic nhat trong cac nha toan hoc cting thoi véi ong. Dinh 1y Euclid

ve sO hoan hao va vo han cac so nguyén to.

Arcgimedes (287-212 truée Cong nguyén)
Xac dinh dugc tiép tuyén, dién tich va thé tich chi yéu bang phép tinh vi
phan; tim thé tich va dién tich mit ctia mot hinh cau; trong tam déi véi trong

lic; duong xoan 6¢ Arcgimedes; tinh dugc sor.

Pappus (Thé ky thi tu sau Cong nguyeén)

Trong tam ctlia trong lc d6i véi cac vat thé vi mat cong tron xoay.
2.1.2 Trung co

Descartes (1596-1650)

20
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Dugc coi 1a éng to ctia hinh hoc gii tich; dua ra mot vai khai niem tuyet

<

VOL.

Mersenne (1588-1648)

Chiing minh lai cac ¥ tudng; duong cycloid; s6 nguyén t6 Mersenne.
Fermat (1601-1665)

Thuyc sy tim ra hinh hoc giai tich; tinh toan va sit dung dao ham va tich
phan; sang lap ra giai tich s6 hién dai; xac suat.
Pascal (1623-1662)

Phép quy nap toan hoc; hé s6 nhi thiic; cycloid; Dinh 1y Pascal trong hinh
hoc; xac suat; duge anh hudng tir Leibnitz.
Huygens (1629-1695)

Day s6, cycloid; sy van dong vong tron; Day hoc toan ctia Leibnitz (ai 1a

gido vién; ai la hoc sinh).
2.1.3 Can dai

Newton (1642-1727)
Ong séng tao ra phép tinh vi phan; tim ra Dinh 1y co ban; sit dung chudi
sO; gan nhu 14 ngudi sang tao ra thién van hoc va vat 1y nhu 1a mot nganh

khoa hoc Toan.

Leibnitz
Cac sang tao clia ong la cac dang tot nhat clia phép tinh vi phan; tim ra

dinh 1y co ban; sdng tao ra mot vai khai niém quy; day anh em nha Bernoulli.

Anh em nha Bernoulli (James 1654-1705, John 1667-1748)
Hoc duge phép tinh vi phan tit Leibnitz va phét trién ap dung né mot cach

tong quat; chudi sb; John la thay gido ctia Euler
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Euler (1707-1783)

Lam viéc trén phép tinh vi phan va phat trién né rat tong quat; hé thong
ho4 hinh hoc giai tich va lugng gidc; dua ra cac ky hiéu e, w, 7, f(z), sin z, cos x;
chudi va cac tinh chat; phép tinh vi phan déi vé6i sy bién thien.

Lagrange (1736-1813)

Phép tinh vi phan déi vé6i st bién thién; co hoc giai tich.

Laplace (1749-1827)

Co hoc vii try, 1y thuyét xac suat va sy tién bo clia con nguoi.

Fourier (1768-1830)

Chudi Fourier; phuong trinh truyén nhiét.
2.1.4 Hién dai

Gauss (1777-1855)

Khéi xuéng toan hoc chinh xac véi chitng minh hoi tu ctia chudi; 1y thuyét
s0; sO phtic trong gidi tich; dai sd va 1y thuyét s6; hinh hoc vi phan; hinh hoc
phi Euclid; v.v. . .

Cauchy (1789-1857)

X1t Iy mot cach ki ludng vé gidi han, lién tuc, dao ham, tich phan, chudi,
giai tich phiic.
Abel (1802-1829)

Chudi nhi thitc, phuong trinh bac nam; phép tinh tich phan; ham elliptic.
Dirichlet (1805-1859)

Mot ngudi c6 rat nhiéu déng gép trong viec xay dung nhitng gia tri bén
vitng cho gidi tich va ly thuyét sb.

Liouville (1809-1882)

Tich phan ctia nhitng ham co ban, s6 siéu viet.
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Riemann (1826-1866)
Tich phan Rimann; dinh 1y hoan vi Riemann; hinh hoc Riemann; ham zeta

Riemann; giai tich phiic.

2.2 Dai cuong ve lich sit mén giai tich toan hoc thoi Hy
Lap va La ma c6 dai

2.2.1 Pythagoras (580-500 truéc Cong nguyén)

Ba phan nam thién tai va hai phan nam la nhing diéu vd van
J.R. Lowell

Nén van minh phuong Tay nhu mot dong song 16n chdy theo thoi gian,
duge nuoi dudng va lam giau bdi nhiéu céng hién phong phi tit cac nén vin
héa khéac. Hay dé cho tri tudng tuong ciia ching ta nguge dong thai gian quay
lai vai ngan nam trude, ¢ dau nguodn clia nén van minh Hy Lap c6 dai. Noi
day, t6i dau nguon ctia dong song, diing trong may mu btic tuong Pythagoras
hién léen huyén 4o. Cho dén bay gio hau hét moi ngudi déu nghi Pythagoras
la mot nha toan hoc nhung v6i nhitng ngudsi cing thoi, ong duge coi nhu méot
ngudi thay ctia sy thong thai, mot nha tin ngudng, mot vi thanh. Mot thay
phu thuy, mot lang bam, hay mdt nha chinh tri tién phong tuy theo tiing quan
diém. Trong céc t6 chiic sting bai ong, cac mon do ctia ong da phat trién cac
¥ tudng clia ong trong sudt thoi ky vin minh Hy Lap.

Toan hoc bat dau véi ong bang quan niém dau tién clia 6ng rang né la mot
he théng c6 t6 chitc va c6 thé lien két v6i nhau béi su ching minh chat ché.
Ong 1a ngusi dau tien sit dung tit “mathemtike” c¢6 nghia la toan hoc. Trudc
ong chi c6 tit “mathemata” nghia 13 kién thiic hodc viéc hoc néi chung.

Trong cam nhan ctia 6ng, moi thit trong khoa hoc déu c¢é thé du doan dugc,
c6 thé hiéu duge va c6 thé dua ra cac bing chiing chit ché. Ong 1a ngusi dau

tien 4p dung tir kosmos - hai hoa theo mot trat tu - cho hau hét cac linh ve.
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Cam nhan dau tién ctia 6ng vé triét hoc phuong Tay 1a nhing y kién cia
ong vé tir nhien ma hai thé ky sau chinh 1a co6i nguon cho hoc thuyét Plato
va tat cd cac tu tudng cia ong dude nhic lai rat nhieu mot cach c6 hé thong
trong hoc thuyét. Tham tri ong dugc coi nhu 1a ong t6 ciia nén triét hoc. Ong
da timg dung tir “philosophia” - tinh yéu déi véi khoa hoc thay cho “Sophia”

(sut thong théi) gidng nhu st khoe khoang nhitng hiéu biét ctia con ngudi.
Bét ctt ai bit dau sy nghiép cia minh ciing muén c¢6 nhing thanh cong dé
cong bo véi moi ngudi. Liéu ching ta cé nén tin rang 3 pham chat sau day
cling ton tai trong mot con nguoi? Hay xem ching dién ra nhu thé nao.
Dau tien c6 thé néi gi vé cudce doi ong? Ong la ngusi ciing thai véi Confucius,
Budda va Zoroaster. Ciing nhu nhiing nhan vat noi tiéng nay, tit thoi so khai
ctia loai nguoi, Pythagoras duge ching ta biét dén chi qua truyen thuyét va

nhitng ghi chép con lai hang tram nam sau khi ong chét.

Theo truyén thuyét, ong sinh ra ¢ ddo Samos, ngoai khai bd bién phia Tay
Tiéu 4. Thoi thanh nién, ong 1a mot nguoi rat ham hoc va da di chu du sudt 30
nam & Ai Cap, Babylon, Phoenicia, Syria va c6 1é cua Persia va an Do. Trong
su6t cuoc hanh trinh ctia minh, 6ng da thu duge nhitng kinh nghiém ban dau
vé thién van hoc va toan hoc nguyén thuy. Khi tré vé Samos ong khong hai
long v6i nhitng gi ching kién & day - mot bao chiia c¢6 tai nhitng thiéu sy dong
cam - va & tudi 50 ong cu tra ¢ Hy Lap - thuoc dia ctia Crotana ¢ phia nam
nudéc y.

O day cuoc doi chinh tri ctia ong bt dau. Ong lam thay gido va lap ra
truong Pythagorean noi tiéng trong do két hgp hang tram mon hoc v6i nhing
doi héi danh dy nhu mot truong dai hoc dau tién trén thé gidi. Ban dau truong
hoc nay dudng nhu 1a mot gido hoi v6i muc tiéu cai tién dao ditc xa hoi va
la noi tap trung céc hoat dong tri thic. Tuy nhién xa hoi khong phai lac

nao ciing hoan nghénh nhitng cai tién dao dic, va nhiing ngusi khac coi hoi
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Pythagorean nhu la mot dang chinh tri xic pham dén cac nguyén té dao diic
va ton gido. Tham tri nhimg hoat dong chinh tri ngay cang tang cua ho da
khuay dong sy gian dit clia cong ching, dén mot chiing muyc nao dé ho da bi
dan 4p manh mé, truong hoc bi dét pha. Pythagoras chay tron dén gan thuoc
dia ctia Metapontum, ong chét ¢ day khi tudi da cao. Nhitng ngudi trong hoi
Pythagorean con séng sét dit song dai rac khap Dia Trung Hai van gitt long

trung thanh va tiép tuc truong phai triét hoc ay hon mot thé ky sau.

Day la su trung thanh véi cai gi vay? Quan diém md dau la thuyét Pythago-
ras vé linh hon va thuc thé vat chat - long tin duge dic két tit nhitng kinh
nghiém ctia ong khi da & Ai Cap va chau 4. Ong tin vio thuyét luan hoi hay
st dau thai ctia méi linh hon sau céi chét tit thé xac nay sang thé xac khac
clia con nguoi ciing nhu loai vat. Mai linh hon tiép tuc qua trinh dau thai mot
cach khong han dinh, lén hoac xudng thanh dong vat cao hon hosic thap hon
tuy theo nhitng pham chat xing dang duge khen thudéng hay nhitng 16i lam
khuyét diém ctia minh. Chi ¢6 mot cach duy nhat dé thoat khéi guong quay
ciia s6 phan nay dudc su siéu thoat 1a thong qua sut sam héi ca thé xac va tam
hon. Nhitng ¥ kién nay, dit 1a k¥ quéi doi véi suy nghi hién thoi van lan rong

trong nguoi doi xua déng vai tro nghi thitc trong nhiéu gidao gidi.

Cac mon do Pythagorean duge gdn b6 v6i nhau béi 161 thé trung thanh véi
nguoi khac trong hoi va tuan theo mot thi linh, sy sam héi duge thé hién theo
nhiéu céach khac nhau. Ho chia sé v6i nhau moi thi vé vat chat. Ho an mac
gian di, hanh xt khiém ton, khong cudoi hoac thi tham. Ho bi cam #n hat do
va thit. Lénh cam an do c6 16 1a diéu ky quac nhat trong diéu cam ky nguyeén
thuy va chi nghia an chay 14 mot bién phap phong ngita tir nhién chéng lai
nhitng diéu ghé tém trong #in uéng ciia to tien. Ciing nhu vay, uéng nude thay
ruou da duge khuyén khich - d6 ciing 1a 16i khuyén ctia nhitng nha thong thai

hoai nghi 6 mién nam nudc ¥ hién nay.
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Truyen thuyét miéu ta rang Pythagoras hon hin tat ca cac hoc tro ciia ong
vé st thanh cong va hoan hao trong cuoc séng theo nhitng tieu chuan nay. Uy
tin vé tri thitc uyén tham va dao dic ctia ong 16n dén ndi nhém tit ma ong st
dung “autuspha” - “ tu chiu trach nhiém véi chinh hanh dong ctia minh” da
tré thanh khau hieu cho quyét dinh cudi cling trong bat k¥ van dé nao ctia ho.
D6 ciing 1a théi quen dé dua ra tat ca cac y tuéng va kham phé cho ngusi thi
linh, chinh diéu dé lam cho ching ta khé c¢é thé phan biét nhing thanh qua

clia 6ng v6i nhitng thanh cong ctia ong c6 st déng gop clia cac mon do.

Nhu chiing ta da néi ¢ trén, hoi Pythagoras thé hién sy sam héi ctia thé
xéc qua su khic kho, su tiét ché va su dieu do. Day 1a su phd bién va dén bay
gis vAn pho bién & nhiéu viing ctia mién Dong. Diéu dic biet & Pythagoras
nam trong khoa hoc ma éng nghién cttu nham dat t6i sy sam hdi vé tinh than
thong qua viéc nghién citu tich circ vé mon toan hoc va khoa hoc khac. Day la
sy chéng ddi kich liet viec bi dong trong suy nghi bi chi phéi béi hau hét nhiing
su tho cting than bi. Khoa hoc ctia Pythagoras tao nguon cho anh hudéng to 16n
clia 6ng téi nén van minh phuong Tay va ghi dau mot phan trong dac trung

rieng biét clia nén vin minh nay nhu la n6é da phét trién sudt 2500 nam qua.

Khoa hoc ma Pythagoras yéu cau bén mon hoc: hinh hoc, sé hoc, nhac va
thién van hoc. Trong thai ky trung dai, nhém cac mon hoc nay duge biét dén
nhu 1a “quadrivium” va sau d6é duge md rong thém thanh “trivium” gom ngit
phap, tu tit hoc va logic. D6 1a bdy mon nghé thuat rong rai duge coi la phan

chii yéu ciia gigo duc bat k¥ mot con ngudi c6 van hoa nao.

Toén hoc Hy Lap gan nhu 1a mot trong nhitng thanh tyu tri thic 16n nhat
clia lich st nhan loai. Pythagoras da bat dau tat ca, khong phai chi 1a trong
suy doan thuc té ctia vien thu ky nguoi Babylon hay vien kiém soat ngudi Ai
Cap, ma la chinh 6ng, theo nhut mot mon do than can, ong 14 ngudi cb tai

nang ¥ nghi lén cao hon mic binh thuong. Trude ong chi c6 mot vai quy tac
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tach biet vé hinh hoc c6 duge nhd vao kinh nghiém thuc tién va duong nhu la
ngudi sang tao ra cac mod hinh vé dinh nghia, tieu dé, dinh 1y v chitng minh,
theo d6 cac cau tric phiic tap cia hinh hoc dude sinh ra tit mot so it cac gia
thiét duge dit ra mot cach ro rang tit nhiing suy dién chit ché. Truyeén thuyét
cho riing ong da nghi ra cac ¥ tuéng chiing minh toan hoc. Ong da phéat minh
ra nhiéu dinh 1y: tong cac géc trong mot tam giac bat ky bang hai géc vuong
va dinh Iy Pythagoras néi tiéng vé binh phuong canh huyén ctia mot tam giéc
vuong. Theo truyen thuyét ké lai rang ong rat vui khi phat minh ra dinh ly
tuyet voi nay dén ndi ong da hién dang mot con bo duyc dé cam ta, ma day la
mot hanh dong vi pham 16n dén dic tin ctia hoi Pythagorean. Ngudi cting hoi
ong ciing da biét nhing tinh chét ciia nhiing duong thang song song va nhing
tam gidc dong dang va da sap xép tat ca nhing diéu nay trong mot hé thong
logic dude gan két chat ché gan nhu tuong duong véi hai cudén sach dau tien
“Co 86”7 ciia Euclid (300 nam truée Cong nguyen). Dieu dé ching t6 rang, bat
dau tit nhitng diéu dau tien ma ho da phat minh ra mon hinh hoc nhiéu bang

chuong trinh hoc ciia nita dau chuong trinh hoc phd thong hién nay.

Hoi Pythagorean ciing md 16i cho mon S6 hoc - khong nhiing cho kha nang
tinh todn hitu ich ma con vé Iy thuyét s6 tritu tugng. C6 1é ho 1a nhitng ngusi
dau tién chia cic s6 thanh cac 16p chén va 1é, nguyén té va khong nguyén to.
.. Biéu dién bing hinh anh céc s6 la niém say mé clia ho, viéc nay duge nay
sinh bang sit sap xép cac dau cham theo mot mo hinh hinh hoc théng dung.
Ching ta hiy xem tam giac s6: 1,3,6,10... 1a s6 lugng cdc dau cham & day
hinh tam giac sau:

[l
] ]

] [ ]

] [ ] [

g

UJ ] ] ] U

U U U

Hién nhién day la nhiing s6 ¢6 dang 1+ 2 + 3 + --- + n. Ciing c6 thé biéu

dién céc s6 chinh phuong 1,4,9,16, ... nhu sau:
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O 0O 0O

O O
O 0O 0O O 0O o0
Tém lai, mdi s6 chinh phuong dude tao ra tit nhitng s6 trude dé bang cach
thém vao duong bién hinh L goi 1a “glomon” nghi la thudc vuong cia ngudsi
tho moc. Hoi Pythagorean da dua ra nhiéu thiye té thi vi vé ky hiéu s6 chi
dung hinh dnh. Vi dy, tit nhitng thuéc vuong ctia ngudi the moc dit lién tiép,

lap tic suy ra mot cach ré rang rang tong ciia n so 1é dau tien bang n?:
1+3+54---+(2n+1)=n
Hoan toan tuong tu, cong thiic:
1
1+24+3+--+n= 5n(n+1).
Suy tit tam gidc s6 c6 thé chiing minh cho cong thitc hién nhién:
244464+ (2n) =n(n+1).

Vé trai ciia dang thiic 13 tong ctia n s6 chin dau tién v dang thiic duge hinh
dung ngay khi tong nay biéu dién ¢ dang dinh chit nhat v6i n dau cham. Trén

mot canh va n+1 dau cham trén canh kia nhu sau:
O 0O o ad
O 0O o ad
O O 0O O

C6 ¥ kién cho ring hoi Pythagorean coi toan hoc la chia khoa dé giai thich
ve cac cau triic tu nhién, va c6 1é v6i ban than Pythagoras cling vay. Phat hién
nay nay sinh ra tit mot thi nghiém thong thuong véi am nhac. Pythagoras kéo
cang day cho cay dan lia gifta hai cai méc trén con thuyén. Khi day dan dudc
géy lén né phat ra am thanh rat chuan. Ong nhan ra riing khi day dan bi chan
bdi mot vat di dong duge gai vao gitta day va thuyén thi néu phan day dung
dé gay giam chi con mot nita so véi do dai ban dau ctia né thi né phat ra am

thanh c6 truong do bang 1/8 (quang 8) am thanh ban dau; va néu giam 2/3
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do dai day thi am thanh phét ra bang 1/5 am thanh ban dau; va néu giam 3/4
do dai day thi am thanh phat ra béng 1/4 am thanh ban dau. Quéang 8,5,4 1a
¥ nieém mé dau va st du duong ma sau nay ching ta da quen thudc. Truong
phai Pythagorean gay an tuong sau sic trong viéc nhan manh méi lién hé ro
rét gitta cAc phan s6 1/2,2/3,3/4 va truong do clia nét nhac ma ngudi sang
tac dua trén nhitng suy xét hoan toan mang tinh tham mi. Hon nita, nhu la
hé qua tiép theo, ho cho ring méi ngudi di chuyén trong khong gian phat ra
mot am thanh ¢ cuong do ty 16 véi téc do di chuyén. Do vay cac hanh tinh
chuyén dong v6i nhitng tdc do khac nhau trong cac quy dao riéng ciia ching
xung quanh Trai dat phat ra ban hoa am ctia bau troi, con goi la am nhac clia
bau khi quyén. Dong gép thém cho thién van hoc, Pythagoras ciing xac nhan
rang Trai dat hinh cau - ¢6 18 vi Iy do don gidn béi hinh cau 1a mot khoi chat

ran dep dé nhat.

Quy luat vé truong do am nhac duge miéu ta & day la sy dinh lugng dau
tien duge kham pha vé thé gisi tu nhien. Ciing v6i né “triét 1y hién nhien”
duge mé rong trén cac hanh tinh, diéu d6 khién Pythagoias tin chic rang cac
s6, gom cac sd6 nguyén va phan sd déu dai dién cho tat ca moi thi. “Moi thi
déu la s6” tré thanh khau hiéu ctia ho, khong chi c6 ¥ nghia co ban ma con la

ban chat bat bién ctia bat ky mot s vat nao.

Nhung hoc thuyét nay tré nén déi lap v6i hinh hoc. Béi vi moi thit déu 1a
sO - nghia 1a céc s6 hitu ty, va khong c6 s6 nao khac - bang chitng 1a chieu
dai ctia bat ki mot doan ciat ndo ciing phai l1a chiéu dai ciia bat ky mot doan
cat nao khac véi mot sd hitu ty. Khong may rang diéu nay 1a sai, vi ngay sau
d6 ho da phat hién ra ring ti dinh 1y Pythagoras suy ra hinh vuong c6 canh
biang mot c¢6 do dai dudng chéo 1a /2, va theo nhing gi da biét Pythagoras
da chitng minh rang khong c6 s6 hitu ty nao binh phuong lén bang 2. Sai lam

nay dan dén sy d6i dau gitta hai nhém hoc tro trong hoi: mot bén khong tin va
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bén kia la khong chap nhan sai lam nay. Mot bén nghi rang duong chéo hinh
vuong canh bang 1 thi khong c¢6 do dai, con bén kia cho 1a khong ding vi moi
thit déu 1a s6. Sy sup do ctia cac hoc thuyét truyen théng vi mot s6 “khong
hitu ty 7 da 1a mot ct séc doi véi ho va ho da gitt kin diéu nay. Tuy nhién viéc
phat hién ra s6 vo ty 1a mot thanh tuu xuat sdc nhat ctia toan hoc Hy Lap ¢o

dai.

D1 v6i sai lam trén, Pythagoras va cac mon do clia ong van giit didc tin véi
s6. Néu thie sy phtt nhan cac s6 thi toan bo cong lao clia ho sé mat. Ho cam
tat cd cac mon do nghién cttu vé van dé nay va giit cadc van dé nay trong biic

man huyén bi.

Giong nhu bat ky mot gidao 1y nao, trong diic tin clia trudng phai Pythagoras
that kho dé nhitng dic¢u khong quen tré nén dang tin. Khai niem c6t 16i trong
hé théng ctia ho 14 bo tit linh thieng, gdm cac s6 1, 2, 3, 4 ma tong 10 s6 linh
thiéng - linh thiéng béi 1 1a diém, 2 13 duong thang, 3 1a mat, 4 13 khéi va do
d6 142+ 3 +4 =10 la tat ca, 1a sd ctia van vat. Dieu dé khang dinh ring
tat cd cac phan s6 ma ho duge hoc 1/2,2/3,3/4 déu 1a ty s6 lien tiép clia cac
s6 1,2,3,4 va duge lien két chat ché véi s hod am trong am nhac, ké c he
théng thap phan clia ching ta ciing 1a s6 hitu ty. Ho ciing chi ra rang so 1é
(trtr 1) 1a gidng dyc va s6 chén 1a gidng cai. Hon nita ho tin rang mot s6 déu
c6 dau hiéu riéng ctia ching, vi nhu s6 1 1a s6 tao ra tat ca cic s6, 1a didc Chia
troi, 2 thi da dang va la s6 giong cai dau tien, 3 = 1 + 2 1a s6 giéng duc dau
tien, 1 su két hop théng nhat va da dang, 4 = 2+ 2 = 2 * 2 14 s6 clia sy cong
bang, 5 = 3 + 2 1a s6 cia tiéc cudi, 1a st két hop clia mot nam va mot nit,
6 = 1+ 2+ 3 la s6 hoan hao, bdi né la téng clia cac ude sb6 clia no, va nhitng
u6c nay 1a thong nhat, da dang va 1a bo ba ctia thanh va c6 ¥ nghia lan truyén

trong Thién chiia gido thoi ki co dai.

D6i véi chiing ta, tam quan trong clia mé hon don nhing sy thd phung ki
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cuc la n6 da vugt lén ca tu tudng ctia Plato (428 - 438 trude Cong nguyén)
va lam nay sinh st thay déi manh mé nhu mot dong chay ctia dic tin qua céc
truong phai Thién chia gido co dai, trung dai va thoi ky phuc hung va né van
¢6 anh hudng 16n cho t6i ngay nay.

Plato 1a nguoi c6 tri tué phi thuong trong nén van minh nhan loai. Hang
chuc tac pham lén ctia ong da dude luu gitt v6i su yéu mén va kham phuc
clia toan nhan loai v6i nhitng gia tri sau sac va day chat tho va vi nhan vat
chinh trong tac pham ctia 6ng Socrates. Hinh tugng Socrates trong suy nghi
ctia Plato rat quan tam dén sy cong bang trong xa hoi, véi dao diic tot dep,
su khon ngoan va st tran tré cho mot cuoc séng ngay cang tot dep hon. Ngoai
tinh yeu va sy ca tung doi véi Socrates, Plato con rat say mé toan hoc. Trong
nhitng nam trung nién ong da danh thoi gian dang ké ¢ mién nam nuée y dé
lien he vé6i gido phai Pythagorean - nhitng ngudi ma triét 1y ctia ho 1a toan hoc

nhung uy lyc lai 1a ton gido va sy than bi.

2.2.2 Euclid (300 trudc Cong nguyén)

Bo sdch “ Co s6¢” ciia Euclid la mot trong nhitng bo sdch vi dai nhat ting dugc viét

Bertrand Rusell

D6 1a mot trong nhing dieu doi lap véi bat ¢t tieu chuan gido duc nao da
ting dugce biét dén doéi véi viee gidng day va dao tao trong sudt 23 thé ky qua.

Cudn “ Element” (Co s6) md dau bang phan hinh hoc ma khong yéu cau
ngudi doc phai ¢ hiéu biét va kinh nghiém truée khi doc n6. N6 khong dua
ra mot sy giai thich kem theo va khong dua ra mot nhan xét cu thé nao. N6
khong c6 ndi dung lien quan tryc tiép téi khoa hoc va tham trf né khong goi
¥ t6i mot sy ting dung ndo. Cudn sach nay cling khong diic sic cac van dé néu

ra theo béi canh lich st va toan hoc va ciing khong néu tén cia bat ky mot
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ng1tdi nao. Su ra doi clia cudén sich duge Bible so sanh “ nhu Chuaa troi da
tao ra ca Thién duong va Trai dat” - Cudn “Element” bat dau véi dinh nghia
“ Mot diem la tht khong c6 bo phan”. Cudn sach gom 13 cuén va 465 ménh
dé khong duge thao luan theo mot cach ndo cad. Hau hét moi nguoi déu ngac
nhién béi cudn “Co s¢” duong nhu chi c6 mot tac gid. Vay Euclid 13 ai ma tén
ong dong nghia v6i hinh hoc dén tan thé ky 20 vay? Chi c6 3 dieu thuc té sau
day ching ta sé biét vé ong.

Nhung thue té nay 1a: ong tré hon Plato (428 trude Cong nguyen), ong gia
hon Archimedes (287 trude Cong nguyén) va ong day hoc & Alexandria. Khi
vua Alexander chét nam 323 truéc Cong nguyén, dé ché chau Phi do Ptolemy
thita ké. Ptolemy da dua Euclid tit Athen vé Alexandria dé tham gia mé trung
tam gido duc Hellenistic do so - duge biét dén nhu mot Vién bao tang, véi thu
vién noi tiéng - noi cac tai lieu ciia ong dude tim thay ¢ day.

Tuc truyén rang: mot lan Ptolemy héi Euclid lidu ¢6 con dudng nao ngan
hon dé dén v6i hinh hoc hon 1a cubn “Element” khong, ong tra 15i ngay ring
trong hinh hoc khong c6 con dudng danh riéng cho vua chia.

C6 nguoi bat dau doc cudn hinh hoc ctia Euclid, khi doc ménh dé dau tién
da hoi ong: “t6i c6 thé hoc duge gi tit nhitng thit nay?”. Euclid goi ngudi no lé
cua ong va dap: “ hay duwa cho 6ng nay mot xu, ong ta sé noéi cai 1gi ma ong
ta nhan dugc tit cudn sach nay”.

Ngoai viéc tinh toan c6 hé théong ctia mon hinh hoc co s8, cuon “Element”
ciing bao gom tat ca nhitng gi dugc biét dén thoi bay gio vé 1y thuyét co sé.
Vai tro ctia Euclid nhu 1d mot tac gia chinh to chitc va sip xép lai cac phét
minh rai rac ciia cac bac tién béi. Cé thé ong chi gép them mot s6 ¥ kién va
chting minh ctia minh trong mot sé6 dinh 1y quan trong nhung diéu dé ciing
lam tang thém uy tin cho ong.

Cubn I ctia bo “Element” bat dau véi 23 dinh nghia (diém, dudng thang,
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duong tron, . . . ) 5 menh dé va 5 tien dé hosic “ khai niem chung”. Trong triét
hoc Hy Lap, tien dé dugc hiéu nhu mot su cong nhan chung cho tat ca céc
linh vyc nghién citu, trong khi ménh dé dugc coi la sy gid dinh (gia thuyét)
chi ¢6 y nghia trong pham vi mot mom khoa hoc va con phéi ban bac (VD:
qua 2 diém c6 thé xac dinh duge mot duong théng). Su khac nhau nay duge
bd qua trong toan hoc hién dai, va hién nay tit ménh dé va tien dé c6 thé dugc
stt dung thay thé cho nhau. N6i chung quyén I dén quyén VI viét vé hinh hoc
phéng, quyén VII dén quyén IX viét vé Iy thuyét so, quyén X viét vé sb vo ty
va quyén XI dén quyén XVI viét vé hinh hoc khong gian. Dinh nghia thit 47
trong quyén I (thuong ky hieu 1a 1.47) 14 dinh 1y Pythagoras. Sau day la mot
vai ¥ chinh gay dugc sy quan tam dac biét: VII.1 va VII.2 dua ra thudc toan
Euclid dé tim uwéc chung 16n nhat cia 2 s6 nguyen duong, VIII.30 1a bo dé
Euclid khang dinh ring mot s6 1a tich clia 2 s6 nguyén duong sé chia hét cho
mot trong 2 thita s6; IX.20 1a dinh 1y ctia Euclid vé su vo han clia s6 nguyén
t6; 1X.36 1a dinh 1y ctia Euclid vé s6 hoan chinh v XIL.10 dua ra cong thic
tinh thé tich hinh nén.

Chiing ta hay nhd lai cdc kién thitc vé hinh hoc: mot da giac déu n canh
la da giac c6 tat cd n canh bing nhau va n géc bang nhau. Hinh B1 cho thay
mot da giac déu 3 canh, 4 canh, 5 canh va 6 canh, di nhién thuong duge goi
1a tam giac déu, hinh vuong, ngii gidc déu va luc giac déu. Cudn IV trong bo
“Element” dua ra cach dung da giac déu 3, 4, 5, 6 va 15 canh chi vé6i thuée
va compa. Cach dung nay cho biét Pythagoras da song trudc Euclid rat nhiéu
nam va Plato cling cac hoc tro da goi thuée va compa la dung cu cia Euclid.
Theo céch chia doi géc, c6 thé dé dang dung da gidc déu 2n tir da giac déu n
canh. Truéc d6 ngudi Hy Lap da c6 thé dung da gidc déu n canh ma n la cac

gia tri sau day:
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4,8,16,24,......
5,10,20,40, . . ....
15, 30,60, 120, ... . ..

Di nhién buéc tiép theo Euclid tim cach dung cac da giac déu 7,9,11,13, ...
canh. Sau nhiéu c¢6 ging khong thanh cong, van dé nay danh dé lai cho dén
2100 nam sau - 30/3/1976 mdi duge gidi quyét. Vao mot ngdy ddng nhé nhat
dugc ghi lai trong lich stt, mot ngusi Dic tré tudi - Carl Friedrich Gauss da
chiing minh ring da gidc déu 17 canh c6 thé dung duge. Khi d6 Gass mdi
18 tudi, kham pha dy lam ong vui suéng dén ndi lam ong quyét dinh di theo
con duong toan hoc thay cho mon triét hoc ma ong da lya chon. Ong tiép tuc
nhitng phat minh ctia minh va nhanh chéng gidi quyét hoan toan van dé dung
hinh 4y. Ong da ching minh bing phuong phép c¢6 phan khé hiéu ciia dai s6
va 1y thuyét s6 rang mot da gidc déu n canh 1d dung duge khi va chi khi n
la tich ctia mot luy thita ctia 2 (trong d6 2° = 1) va mot s6 nguyéen t6 nhat
dinh ¢6 dang pr = 22" + 1. Dac biet khi k¥ = 0,1,2,3 thi mdi sb tuong tng
pr = 3,5,17,257 1a s6 nguyeén t6, vi vay da gidc déu véi so6 canh nhu trén. S6
nguyén té 7 1a dung duge. S6 nguyén t6 7 thuoc dang nay nén da gidc déu 7
canh la dung dugc.

Cudbn XIII trong bo “Element” danh tron cho viéc dyng da dién déu nhu
moi nguoi nham tudng. Mot khoi da dien 14 khoi bé mit gom mot sd cac mat
da giac, né dugde goi 1a déu néu cac mat clia né l1a cac da giac déu bang nhau
va néu cic goc khoéi ¢ dinh bang nhau. R6 rang c¢6 vo han cac da gidc déu,
nhung lai chi ¢6 5 da dién déu. Chung dugc dat tén theo s6 méit clia ching: tit
dien déu (4 mat tam giac), hinh 1ap phuong (6 mat vuong), khdi 8 mat déu
(8 mat tam giac), khoi 12 mat (12 mat ngt gidc) va khoi 20 mat (20 mat tam
giac).

Dé dang chiing minh duge rang chi ¢6 5 hinh da dién déu da néi & trén.
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Gia stt m 1a s6 canh clia mdi mit da giac déu va n 1a s6 da gidc cuing chita 1

. N - - 3600
dinh. S6 do (bang do) ctia mdi géc trong moéi mat 1a 180° — ——. Mat khac
m
tong cac géc ¢ moi dinh ciia da dien nhé hon 360°, do dé:
360° 2
n<1800 _ —) <360° hay n<1 _ —) <2
m m

dé dang suy ra bat dang thic (m — 2)(n — 2) < 4, trong d6 m va n déu lén
hon 2.

Néu m = 3, n c6 thé 1a 3, 4 hodc 5; néu m = 4, n chi ¢6 thé 14 3 va néu
m =5, n chi c6 thé 1a 3, d6 la tat ca 5 truong hgp c6 thé.

Déi v6i toan hoc, cac dinh 1y trong bo sach ciia Euclid vita quan trong vira
rat tha vi. Trong hon 2000 nam cong trinh kién tric cta tri tué¢ “Element”
duge so sanh véi cong trinh “Parthenon” nhu 1a mot bicu tugng ciia thoi Hy
Lap hoang kim. Dén nay, ca hai da bi hu héng chit it nhung c6 18 ching dugde

gilt gin va ton tao nhiéu hon nhiing gi ching bi mat.

2.2.3 Archimedes (287 - 212 truéc Cong nguyén)

Tri tudng tuong ciia Archimedes con lon hon Homer nhiéu.
Voltaire
Archimedes sé luon duge nhd dén con Aeschylus thi sé rai vao quén lang bdi vi ngon

ngit c¢6 thé khong ton tai nhung cdc 1j tudng todn hoc thi sé con séng mdi vdi thoi gian.
G.H.Hardy
Archimedes 1a mot nha toan hoc, nha vat 1y hoc va la nha phat minh 16n
nhat ctia thé gidi ¢ dai, mot trf tue sieu pham ctia nén van minh phuong Tay.
Khong ai c6 thé so sanh v6i tai nang va sy sang tao clia ong trit Newton clia

thé ky 17.

Archimedes sinh ra tai thanh pho Syracuse ctia Hy Lap nam trén dao Sicyly.

Ong c¢6 quan hé than thudc véi gia dinh ctia Hoang gia va ¢ 1& con ¢6 quan
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hé ho hang véi vua Hieron II. Thoi tré ong hoc tai trung tam gido duc 16n
Alexandria. Su6t thoi gian nay ong choi than v6i Eratosthenes ma sau nay
1a Giam déc thu vien Alexandria, ngusi da truyen dat lai cac phat minh cia
ong. Khi trd lai thanh phé qué huong, ong dinh cu luén 6 d6 va danh toan bo
quang doi con lai dé nghién citu toan hoc. Ong bi linh Roman giét & tudi 75

khi Syracuse bi quan La Ma tan cong trong dai chién thé gidi thit hai.

Archimedes 1a nguoi limg danh khap thé gi6i Hy Lap trong sudt cuoc doi
va trd thanh hinh tugng di vao truyén thuyét, khong chi béi nhitng phat minh
toan hoc cua 6ng ma con bdi nhitng thanh tyu chéi loi va dang ghi nhé cia
ong, bdi nhitng phat kién muu tri va ca béi cach hy sinh clia 6ng, diéu dé duge
ghi chép lai béi nhiing téac gia ngusi Roman, Hy Lap, Byzantine va nguoi a
Rap qua nhiéu thé ky. Ong da xac dinh thi hang ctia minh trén thé gisi va

thé gi6i khong bao gis quén ong.

C6 1& cau chuyén truyen thuyét noi tiéng nhat 1a khi vua Hireon yéu cau
ong cac dinh xem chiéc viuong mién mdéi lam bang vang nguyén chat hay nguoi
tho kim hoan da thay b6t bang bac dé lita ong. Archimedes rat béi réi cho dén
ngay hom sau 6ng budc vao mot phong tim cong cong va chit ¥ dén sy tran ra
clia nude. Bat ngd ong nhan ra rang vang nang bang nudc va vang ciing chiém
chd trong nudce it hon. Ong vui suéng v6i phat hien nay dén ndi quén la minh
dang tran truong. Ong chay ra dudng khong mot tac vai trén ngudi, miéng la
16n: “Eureka! Eureka!” nghia 1 “ Téi tim ra roi! Toi tim ra roi!”. Ngay lap tiic
ong xac dinh duge riang chiéc viiong mién ciia vua chiém chd nhiéu hon trong
nude so v6i s6 vang cting khoi luong vi thé ngusi tho kim hoan gian lan da bi
két an. Cau chuyen nay thuong dude gan lién véi kham pha ctia ong vé nguyén
Iy thuy tinh: mot vait noi chiém chd bang khéi lugng ciia chat 1ong. T su khdéi
dau nay, ong da chiing minh nhiéu dinh 1y vé su can bang vi tri clia vat ndi

c6 hinh dang khac nhau. Hon nita, mot trong nhitng phat minh ndi tiéng nhét



2.2. Pai cuong vé lich sit mon giai tich toan hoc thoi Hy Lap va La ma co dai 37

clia ong 1a bom nude hinh xoan 6c¢ goi 1a dinh 6¢ Archimedes. Dung cu nay
hién nay van dugc ngudi dan doc song Nile st dung dé nang nudc lén tudi cho
dong ruong.

Trong Co hoc, 6ng phat minh ra nguyén ly don bay, xay dung khai niém
trong tam va tim ra trong tam ctia mat va khoéi. Theo mot nha ghi chép, viéee
nghién citu vé don bay da khién o6ng thét ra cau néi noi tiéng: “ Hay cho toi
mot diém tia, toi sé nang bong ca Trai dat”.

Sy chitng minh &y khong dugce xéc thyc!. Tuy nhién, nhitng sai lam d6 duge
xem xét tuong do6i it va dé dang stia chita. Tat ca ¥ nghi clia con ngudi tiép
tuc tin rang hé Euclid trong hinh hoc 1 ding, theo nghia né miéu ta tryc tiép
hinh hoc ctia thé gi6i thuc ma chiing ta séng, va can thiét, theo ¥ nghia la né
c6 thé duge dan ra béi cac lap luan khong thé bi bac bé tit cac tien dé nhing
diéu tu ching dugc xem la hién nhién va luon luon ding.

Tinh hudéng may man clia cic van dé trong hinh hoc da dua dén viéc hy
vong rang theo cach tuong tu cac chan Iy xa voi nhat clia khoa hoc va xa hoi
dé c6 thé duge kham phé va duge chitng minh don gian bang cach chi ra rang
chung la hién nhién va sau dé lap luan tit céc co s6 doé. Khong con xuat hién
cac ¥ tudng kho quén hay hap dan trong lich st van minh ctia thé gigi phuong
Tay. Uy thé ctia hinh hoc da rat vi dai, dic biét trong cac thé ky 17 va 18,
ma cac kién thic trong cac linh vic hau hét déu can dén hinh hoc Euclid nhu
mot xac nhan vé tinh hgp phap. Rat nhicu linh vie 1on xon

cua tri thitc, cdc hinh mau bi lang tranh, duge it coi trong béi mot 1y do
nao do, mot hoac hai giai doan, cac ky cuong qui toc khong duge chu y.

Do dé6 dao diic hoc clia Spinoza,  d6 cac mon hoc la than thanh, 14 nhing

no6i dam meé clia con ngudi trong nhan loai, gom c6 cac khai niém, cac tien de

INh6 lai dinh nghia ctia mot diém trich dan day. Ngoai ra: “ Mot dudng nim ngang c6 do dai” :
“ Mot doan thing la mot dudng ma ndi cac diém ciia né” “ Mot don vi duge tudng tiugng véi mot
cai gi d6 dudc goi 13 mot”; Mot s6 14 tich hop ciia mot don vi. “Nhugc diém trong sy chitng minh
thudng bao gdm viéc st dung cac gid dinh thém ma khong dudc cong nhan ré rang.
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va cic ménh dé ciia hinh hoc Euclid da chiém mot vi tri wu tién trong tam tri
clia ching ta, va cac ménh dé ma ong ta c¢d ging ting ho bang cac chitng minh
theo phong cach Euclid?. Triét hoc Kant day rang cac ménh deé ctia hinh hoc
Euclid da chiém mot vi tri wu tién trong tam tri ching ta va do d6 l1a phuong
thiic can thiét dé quan sat khong gian; va ong da xay dung toan bo hé théng
triét hoc trén nguyeén tic do. Principia ctia Newton, véi cac noi dung theo 161
kinh nghiém ciia ching da tap trung vao céc quy luat chuyén dong va thién
van hoc trong hé thong mat trdi, bi chi phdi hoan toan bdi sy sap xép theo hée
thong ciia Euclid vé cac dinh nghia, tien dé, bd dé, ménh dé, he qua va ching
minh, v6i mot chat tu do véi QEDOS Hoc thuyét thé ky 17 vé ti nhién duge
cong bd bdi Locke da 1a mot su ¢d gdng dé dan dén cac quy luat ctia chinh tri
va chinh quyén tit céc tien dé ctia mot kiéu Euclid®. Tham tri ban tuyén ngon
doc lap ciia nuéc My, c6 néi “Chiing ta c6 duge nhitng diéu that sy dé 1a hién
nhien”, da tiép tuc tim thay su 16 rang va dang tin béi cac kiéu ciia Euclid.
That khong may mén, sy that hién nhién bay gio cang ngay cang khan
hiém hon ching tat ta st dung. Tit 1y thuyét ctia thuyét tuong doéi va vil tru
hoc, thay ring Hinh hoc Euclid khong thich hop v6i khuon khd toan hoc déi
v6i vl tru rong 16n, va theo nghia khong con “ding” nita do 1y thuyét ctia hinh
hoc phi Euclid, cho thay riang céc tién dé ctia hinh hoc Euclid khong con hién
nhien luon ding nita; Nguodc lai, ching c6 thé duge thay bing nhimg diéu khéc
trai ngudc véi ching va duge chiing to 16 rang dé chap nhan tit cac lap luan
logic. Cac tién dé trong nha nudc va cic hoat dong ciia con ngudi bay gio duge
thita nhan dé hi vong va dién dat sé thich hon la su thuc khong thé thay doi

dugc.

2¢Topi s& xem x6ét céc hoat dong clia con ngudi va thyc syt mong mudn néu t6i hoc duge dusng
théng, mat phang va cac vat thé” - Ethics, phan II, Mé dau.

3Dé hiéu vé sitc manh that su clia chinh tri, va phan tich né tit ban chit, ching ta cin phai xem
xét céc tinh hudng ciia con ngudi mot cach tir nhién, va nghia 1a trang thai ngdu nhién hoan hao dé
sap xép cac hanh dong ctia ho, va sap dat tai sdn clia cai va con ngudi ding nhu ho nghi - Second
Treatise of Government, Part 2.
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Bat chap rat nhiéu cic 4o tudng do6, phuong phap tien dé dau tien cla
Euclid van con dudgc st dung rong rai trong nhiéu phan 1y thuyét ctia toan hoc
cao cap nhu mot diéu hién nhién cho phéc hoa r6 rang hé théng toan hoc dé
tim ra chan ly. Khong phai 1a qua dang khi néi rang 1y thuyét toan hoc tritu
tuong c6 thé kho ton tai néu khong c6 phuong phap do.

N6i chung, déi véi hon 2000 nam kiéu kién tric trf tué ctia Co sd canh
tranh véi Parthenon nhu mot dau hiéu ciia thién tai Hy Lap. C4 hai phan nao
da giam gia tri trong cac thé k¥ gan day, song c6 thé quyén sach dé con mang
lai gia tri xay dung hon la thiét hai.

Trong Co hoc, 6ng phat minh ra nguyén ly don bay, xay duyng khai niém
trong tam va tim ra trong tam ctia mat va khoéi. Theo mot nha ghi chép, viec
nghien citu vé don bay da khién ong thét ra cau néi noi tiéng: “ Hay cho toi
mot diém tua, toi sé nang bong ca Trai dat’?.

Mot ngay Archimedes qua quyét v6i vua Hieron, ngudi ban va ngudsi ba
con clia ong, rang véi mot luc cho trude ong co thé nhac bong bat ky vat co
trong lugng nao va hon nita 6ng ta con ching té rang néu ¢ mot Trai dat khac,
ong c6 thé di khdp quanh n6 va nhac bong Trai dat. Khi Hieron kinh ngac
dén tot do, dong ¥ vdi ong khi 6ng dua ra sy chiing minh déi véi mot vai vat
nang c6 thé di chuyén khi tac dong bsi mot luc rat nhoé. Archimedes bat mot
trong s6 thuyén ctia vua duge kéo lén mot bs bién dé béi rat nhiéu ngusi dan
ong va nhan cong tuyet voi; va bicu dién diéu dé véi nhiéu ngusi khach va rat
nhiéu hang hoa, ong tu dat mot khoang cach, va khong can qua cd gang, chi
di chuyén méy moéc bing canh tay don ctia 6ng, né gom cac day cap va rong
roc khac nhau, ong da kéo chiée tau mot cach nhe nhang va an toan nhu 1a né
dugce di chuyén trén nuéc vay.

Do d6 Hieron rat kinh ngac v6i diéu than ky ma ong da lam, “Tit nay ve

4Xem chuyén luan On the Equilibtium of Planes, Works, tr. 198 - 220
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sau moi dieu ong noéi déu phai duge tin tudng”.

Danh tiéng limg 1ay ctia Archimedes dugc ngudi doi xua ghi lai trong nhitng
cau chuyén vé may moc chién tranh ma ong da sang ché dé bao vé Syracuse
chéng lai quan doi ca hai quan La Ma. Plutarch da danh tron nhing trang
chéi loi ctia minh dé miéu ta su tdn cong ciia quan La Ma va hiéu qua cua
cac may moc bao vé ciia Archimedes. D6 1a cac may ban da c6 thé diéu chinh
dugc tam béan ciia cac tang da khong 16 béi do cong ctia gay, c6 thé di chuyén
duge do chinh x4c nho ra trén khiap cac tuong thanh va ban cac vat ning vao
quan thit mot cach chinh x4c nhat, va cac can truc va ham moéc phi thuong
dé giit tau. Nang ching lén va dim ching xudng day bién. Tham tri ciing da
c6 nhitng tam guong dét chay doi quan trén tau tit mot khoang cach xa®. Nhu
Plutarch viét:

Quan La M4, trong tinh trang kiét sitc vo ciing khi khong thé nhin thay
quan thii, ho bat dau nghi rang dang chéng lai chta troi. Marcellus thot ra
vo tinh, v cudi véi san pham thiét ké ciia ong néi rang: “Ching toi phai tir
b6 tran chién véi hinh hoc Briareus [mot tram vii khi khong 16 hoang tudng],
ngudi ngodi trén bo bién va lam nhiém vu chi nhu mot tro choi, tha va ném téi
thuyen ciia ching, va tan cong tai thoi diém can thiét véi vo s6 miii tén, tham
chi viugt hon han hang tram canh tay khong 16 trong than thoai”. Cudi ciing
quan La Ma cam thay kinh hai, néu ho chi thay cac day cap hay cay gay trén
khap thanh tri, ho da gao thét rang Archimedes da san bang doi quan ctia ho
bang ¢d may c6 dong co nao d6, ma quay lung lai va bé chay.

Do dé Marcellus da tit b y dinh clia 6ng ta tan cong thanh phd va ong

5Péi v6i khuon khd ctia mot thi nghiem ¢d béi luc lugng hai quan Hy Lap nhin thiy ring viéc
stt dung nang lugng mat trdi trong chién tranh cé thé thuc su kha thi, xem Newsweek, 26 thang
11.1973, tr.64.

Danh tiéng ling 13y ctia Archimedes dugc ngudi doi xua ghi lai trong nhitng cau chuyén vé may
méc chién tranh ma 6ng da sang ché dé béo vé Syracuse chéng lai quan doi va hai quan La Ma,
Plutarch da danh tron nhitng trang chéi loi cia minh dé miéu ta sy tdn cong cla quan La Ma va
hiéu qua ciia cdc méy méc bao vé cia Archimedes.
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hy vong vao sy vay ham. Sy vay ham kéo dai sau 3 nam va két thic nam 212

trude Cong nguyen véi su sup do ctia thanh pho.

Tat cd dén khi Archimedes chét, st cong hién ca cudc doi clia 6ng, miét
mai trong cac y dinh toan hoc. Trong mot sy hon don va tan sat dudi sy sup
d6 ctia thanh phd, ong van tap trung vao cac biéu do ma ong da vé ra trén

cat, va da bi giét chét bdi mot tén linh cudp pha khong biét ong la ai.

Trong mot doan clia cau chuyén ong néi véi ké xam lugde, khi ho dén qua
gan “ Khong duge quiy ray nhimg duong tron clia t6i”, sau su noi gian ten
linh da rat kiém va dam vao ngudi ong. Marcellus da rat buon béi diéu do,
bdi vi 6ng da dua ra mot lenh rat nghiém khic cho quan linh dé phong nha
va ngudi than ctia Archimedes, va 6ng duge hoa tang xting dang nha triét hoc
thong thai N.N Whotehead da tim thiy y nghia 16n trong sy hién dién nay

hon cd cai chét ciia mot ngudi don doc.

Cai chét ctia Archimedes du6i ban tay ctia mot linh La Ma 1a dau hiéu ctia
mot thay doi 16n lao ctia nhan loai. Ngusi La Ma 1a mot chiing toc 16n nhung
ho dang c¢6 nguy co tuyet chiing. Ho khong c¢6 du stc tudng tuong dé dan téi
mot cai nhin nhan méi. Quan diém mdéi, nhung cai nhin c6 thé dan t6i sut chinh
phuc duge thien nhien. Khong ngusi La Ma nao giét chét duge Ong, vi Ong

dang say sua ddm chim véi nhiing biéu do Toan hoc.

Archimedes da néi véi cac ban ciia Ong ring hay dat len bia mo ctia Ong
mot hinh bidu dién mot hinh tru ngoai tiép mot hinh cau, va dé nhé t6i thanh
tuu Toan hoc 16n nhat ctia Ong hay khic lén bia mo phan sb (g) chtta trong
vat thé ba chiéu. Viéc nay dugc thic hién theo lénh ctia Marcellus. Nha hiing
bieén ngudi La Ma Cicero, khi 6ng ta con lam quan coi ngan kho tai Sieily vao
nam 75 trudec Cong nguyen, da tim thay ky vat nay trong mot bui cay mam

x0i, ong da lau sach v dat nguyen lai vi trf cii vé6i long kinh trong ddi v6i nha
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Toan hoc vi dai nhat.

Cicero cling da xem va mod ta mot phat minh ciia Archimedes, phat minh
da tao ra mot dau an sau sic trong thé gidi co dai diéu da duge nhiéu téc gia
quan tam. Hinh vé nay thuyc sy 13 mot mo hinh vl try thu nhé, mot hinh cau
md bang dong va kinh tu quay bdi dong nude trong dé6 mdi mot vong quay
mat troi, mat trang va 5 hanh tinh chuyén dong trén cting mot quy dao tuong
d6i déi véi vii tru clia cac ngoi sao cb dinh nhu ching da chuyén dong tren bau
troi mot ngay, va trong do ciing c6 thé quan sat dude chu ky nguyét thue. Qua
cau dong tuong trung cho Trai dat quay déu va mo phéng chuyén dong hang
ngay clia 5 ngdi sao c¢6 dinh da biét, nhung khong phai vi thé ma Archimedes
da c6 thé mo ta dugce co ché su doc lap va nhitng chuyén dong khac clia mat
troi, mat trang va cac hanh tinh khéac cting v6i sy xoay vong ctia 5 ngoi sao
¢ dinh, thoi ma Ong dang séng d6 1a mot thoi ki véi nhitng kha nang khong
tudng. Cicero viét:

Khi Gallus dat trai dat trong trang thai chuyén dong sé thay mat trsi moc
tréen duong chan troi ctia Trai dat sau mat troi xuat hién trén bau troi hang
ngay; va khi do6 ching ta cam nhan dugc mat troi lan ra sao va mat trang lan
toa khap béng ctia Trai dat nhu thé ndo véi Mit trai ¢ nita kia ctia Trai dat”.

Co ché chay bang stic nuée da duge nhitng nguoi La Ma nam gitt nhu mot
phan ctia chién lgi pham ctia Syracuse, va né da dudc tran trong trong hang
tram nam sau nhu 13 mot diéu ky diéu ctia nhan loai.

Archimedes da tré thanh mot nha phat minh tai ba va tinh té, nhung
Plutarch cho réing: nhitng phat minh ctia Ong chi “nhu mot tro choi hinh hoc”.
Trong mot doan vin ndi tiéng 6ng c6 ngu ¥ néi véi ching ta vé quan diém ctia

Archimedes dbi c6i cuoc séng néi chung va déi véi nhitng phat minh ciia Ong

6Xem CiceroOs Tusculan Disputation Loeb Classical Library, p.491. Nguoi La Ma khong quan
tam t6i toan hoc va do dé hanh dong sita sang bia mo Acsimet ctia Cicero ¢6 1& 14 mot déng goép
dang ghi nhan cta ngusi La M4 trong lich sit Toan hoc.

"Xem CiceroO s De Re Pubblica, Leob Classical Library, p.43.
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noi riéng:

Archimedes sé hitu mot tri tué tuyet voi do d6 ¢6 mot tam hon cao thugng
va c6 nhung hiéu biét sau sdc vé khoa hoc, mac dit nhiing phat minh ctia Ong
da dua Ong tré thanh con ngudi phi thuong nhung ong ciing khong quan tam
tdi viec ghi lai nhitng bai viét, nhitng cong viéc lien quan t6i nhitng van de do,
ma coi cong viec d6 nhu mot hanh dong khong t6t dep va dé chi 1a sy truc
loi va ¢6 tinh chat lgi ich c4 nhan. Ong da cong hién toan bo tam tri stc luc
va cb gang khong mét méi dé nghien citu tim ra nhitng nét dep tinh té nhung
khong c6 lien quan t6i nhitng diéu can thiét cho cudc soéng.

Mic dii ¢6 tai hiing bién nhung sit that ma Plutarch néu ra & day rat dang
nghi ngd, vi duge biét rang Archimedes da viét mot luan an ma bay gio da
that lac (Ve sy hinh thanh Trai dat - On Sphere - making) trong d6 c6 18 c6
lien quan tdi nhitng chi tiét ki thuat duge doi héi doéi véi viee xay dung mo
hinh thién van hoc ctaa Ong. Plutarch da hoan toan bi nhiém bénh va coi nhu
Archimedes khong

ton tai thong qua nhitng 1y thuyét suong coi thuong déi véi cong cu va
nhitng do luong khoa hoc dé 1a mot trong nhitng di san thita ké ngu xuan cia
triét hoc Plato dé lai.

Tuy nhién, mot diéu ré rang 1a trong toan hoc thuan tuy Archimedes da
c6 thé hai long vé nhitng mo udc sau sic ctia minh. Plutarch tré nén thuyét
phuc hon khi 6ng ta néi véi chiing ta ring mot so it nguoi da ting séng trong
lo au véi Toan hoc nhu chinh ban than ong.

Vi thé ching ta khong chap nhan nhitng thi khong thé tin duge, nhing
tht 134 tam thuong theo cdch néi clia ong ta, va ching tré nén bat diet béi
gia dinh ctia 6ng ta Siren, tic 13 hinh hoc clia 6ng ta tho & véi viec an udng
va khong tu cham séc con ngudi ciia 6ng; rang ong thuong quan tam téi huc

trong bon tdm va khi d6 ong ta c6 thé vach ra nhitng hinh vé bing nhimng
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miéng than cti, va v6i ngon tay ciia minh ong da vé nhitng duong thang trén
nguoi clia ong cing vdéi huong vi clia tinh dau, tré nén mot trang thai khoa
hoc tuyét diéu khoa hoc ctia Ong.

Nhimng thanh tuu ctia Ong trong Toan hoc lieu ¢6 hoan toan diung? Hau
hét nhitng bit tich tuyét voi ctia Ong van dang hitng hitc séng, mot cach cong
bing thi d6 la nhiing cong trinh ciia thien tai. Hau hét nhing van dé ctia Ong
da duwa ra trong luan an la hoan toan nguyén ban va chita dung hoan toan
nhitng kham pha méi ctia Ong. Mac dit ong nghién citu trén pham vi rong
bao gom hinh hoc va mat phang lap thé, sb6 hoc, thién van, thiy tinh hoc va
co hoc nhung Ong da khong bién soan thanh sach nhitng kham pha trude dé
nhu Euclid. Muc dich ctia 6ng 1a luon trang bi cho minh nhiing kién thiic méi.
Bing cong viec ctia minh, Ong dé lai nhing an tugng khé queén, Heath néi:

Ban luan an, khong phai ngoai 1é, 1a mot cong trinh Toan; sy kham phé
ting budc mot trong ké hoach tan cong, s sip xép bac thay nhitng ménh dé,
su Ita chon nghiém khac va hop 1y cho muc dich chinh, mot két thic tron ven
da gay mot an tugng sau sic doi véi sy hoan hdo clia n6, bén canh d6 né ciing
lam cho ngudi doc cam thay vita gan giii nhung cling rat déi ménh mong. Nhu
Plutarch da néi (véi mot sy cuong diéu) “ Ngay lic dau khong thé tim trong
hinh hoc nhiing cau héi hoac nhitng chiing minh khé hon trong nhitng ménh
dé 16 rang va don gian hon”. Chinh tai thoi diém dé mot con dudng huyén dieu
da md ra va dua ong dat t6i két qua ctia minh. Ro rang, ching khong thé dugc
kham phé bdi nhitng bude di ma lai dan ching t6i mot ngd cut nguy hiém?.

Do vay, mot trong nhitng quan diém viét ctia ong ta da dua ra mot cau
tric moc mac dé hiéu nhung hoan hao. Mit khac, trong hau hét cac luan an
Toan hoc ( mac du khong lien quan t6i vat 1y) déu c6 nhitng 10i tua trong dé

ghi nhan nhitng ngudi ban, giai thich muc dich ctia minh va tap hop tong quat

8T.L. Heath, Lich sit Toan hoc Hy Lap, Oxford University Press, 1921, Vol. II, p.20.
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nhitng pham vi ma cudn sach c6 lién quan. So sanh véi Euclid, nhitng bai viét
cua ong mang hoi thé thoi dai.

Pham vi 4nh hudng vA tam quan trong clia cdc cong trinh Toan hoc clia
Archimedes ¢6 18 dugce biét dén nhiéu nhat tit bai tuong thuat (hoic) ban van
t4t trong luan an ctia Ong: ba luan an lien quan téi hinh hoc phang, hai luan

4n vé hinh hoc lap thé va mot luan 4n vé phuong phap nghien ctiu ciia Ong.

1. Phép cau phuong mot parabol: luan an nay gom 24 meénh de, 2 dinh ly va
chiing minh vé viéc chia nhé parabol: mién bi cat tit mot parabol bdi bat ky
dudng thang ndm ngang biang 4/3 mién tam giac v6i day va chiéu cao bing
nhau. Dinh 1y duge dua trong muc 6.2 cia cudén siach nay véi chitng minh chi
tiét 6 muc A.2. Hai dinh nghia cubi ctia Archimedes vé tong vo han dang chudi

1+1+<1)2+
17\

da ching t6 rang ong 1 ngudsi nhan thic rat sau sic vé khai niém gisi han.
Van deé nay cho dén tan thé ky 19 méi duge cac nha toan hoc khac nhan thic

r0 rang.

2. Duong zodn oc: chli dé ciia 28 ménh dé trong luan 4n nay 1a dudng cong
ma bay gid duge biét nhu 1a dinh 6¢ Archimedes. Ong dinh nghia nhu sau:
néu mot duong thang véi mot vi tri ¢6 dinh dudge quay tron theo mot van tdc
déu trong mot mit phang dén khi né trd lai vi trf ban dau va néu ciing thai
diém &y, mot diém chuyén dong theo van téc déu doc theo dudng thing, bt
dau tit mot vi tri c6 dinh thi diém Ay sé vé len mot duong xoan 6¢ trong mit
phéng.

Thanh tyu chinh clia 6ng 1a xac dinh tiép tuyén tai diém bat ky va tim
dién tich mién déng bdi phép quay dau tien (ménh dé 24) sau do 1 dien tich
hinh tron ban kinh bang khoang cach tit 1 diém di chuyén doc theo mot dudng

thang chuyén dong. Dudng xodn 6¢ va nhitng dinh nghia nay duge trinh bay
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¢ muc 16.3 (bai tap 6), 16.4 (bai tap 7), 16.5 (bai tap 3). Nhu nhing nha toan
hoc sau nay da dung dudng xodn 6¢ nhu mot duong cong b trg cho viéc chia
ba mot goc (bai tap 16.3, bai tap 23) va dien tich hinh tron (Chuong 16, van
de 8).

3. Phép do duong tron: Phan nay gom ba ménh dé dugc ong chiing minh
rat chat ché ma trude ong khong ai lam duge va nhu ta da biét trong muc 6.2;
Dién tich hinh tron bang dién tich mot tam giac c6 day bang chu vi dudng tron

va chiéu cao bang ban kinh cta n6, A = 5CT v6i ¢ = 27r va de xac dinh so 7
1
77
bang su tinh toan ki ludng chu vi ctia da giac déu 96 canh noi tiép va ngoai

- ) s 10
ta dya vao cong thitc A = mr2. Ong da thiét lap bat dang thiic 3ﬁ <mt<3

tiép duong tron.

4. Hinh cau va hinh tru:

Day 1 luan an c¢6 anh huéng sau siac nhat vi né gom nhitng chiing minh
chit ché trong cac phat minh 16n clia 6ng vé thé tich va dién tich hinh cau (
ménh dé 33 va 34). Dé biét 6ng da phat minh nhitng van dé nay nhu thé nao
ta hay xem muc 6.

5. Hinh ném va hinh tua cau: Phan nay viét vé khdi tron xoay tao nén khi
quay parabol, hyperbol vi ellips quanh ban truc ctia ching. Ong da tinh thé

tich mot phan ciia cac khéi nay va tit d6 chiing minh cac cong thic:

2
12+22+__'+n2:”(n+1)(2”+1)
6

cho téng ctia n s6 tu nhién va binh phuong clia ching (xem ménh dé 162 va
105 - 109). Ong ciing da chitng minh cong thitc: Dién tich clia mot ellips véi
cac ban truc a va b bang mwab.

6. Phuong phdp: Diéu tha vi nhat trong tat cd cac ban luan an la trong

mot biae thu giti Eratosthenes, Archimedes da trinh bay phuong phap nghién
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cltu cta ong trong cac phat minh hinh hoc va minh hoa cac y tuéng véi 15
ménh dé. Viéc nay tinh cd dude phat hién trong mot ban viét trén gidy da ctru

& Constraninople nam 1906 sau gan mot ngan nam that lac.

Cudn “Phuong phap” tha vi nhat béi nhing 1y do sau day. Cac nha hinh
hoc 16n ctia Hy Lap chi néi vé viéc dac trung hoic su gian kho trong cong viéc
nghién ctu ctia minh cht khong chi dan cac budce trong cach dé phat minh ra
céac dinh 13 16n ctia ho. Ho dé lai cho chiing ta cac dinh 1§ da dugc hoan thanh
trong cac tdc pham lén nhung khong mot 16i méach bao vé phuong phap ma
ho ding dé chitng minh. Vi vay ching ta khong thé chic ring ngusi Hy Lap
c¢6 cac phuong phap kém hon so v6i phuong phéap cia giai tich hién dai hay
khong. Mot trong nhitng minh hoa cho phuong phép ctia Archimedes la dng
da chi ra cach ong phat minh ra dinh 1y ndi tiéng vé thé tich hinh cau. Chi
tiét toan bo ¥ kién ctia ong dugce trinh bay trong muc A.5, cAch nghi clia ong
dan dan dén sy kham pha ra cong thitc tinh dién tich mat cau véi quan niém

mit cau la mat néon duge quan quanh dinh clia né.

Tit dinh 1y nay chi ra rang hinh cau bang 4 lan hinh nén trong dé duong
tron 16n ctia hinh cau 1 ddy ctia hinh nén va chiéu cao bang ban kinh hinh
cau dién tich mat cau bang 4 lan duong tron 16n clia né; dién tich hinh tron
bang dién tich tam gidc c6 diy bang chu vi duong tron va chiéu cao bang ban
kinh duong tron. Ciing nhu vay, hinh cau bang hinh nén c¢6 day bang dién tich

mit cau va chiéu cao bang ban kinh.

Trong luan an con ¢6 hai phat minh thuong duge sit dung trong tinh toan
hién nay: xac dinh trong tam ctia khéi ban cau (ménh dé 6) va theé tich phan
chung ctia hai hinh tru bang nhau va ¢6 céc truc vuong goéc véi nhau (menh
de 15).

Ngoai ra con ¢6 6 ménh dé vé hinh hoc va 2 ménh dé vat 1y trong d6 mot

ménh da duge dé cap . Didu nay c6 lien quan dén sd hoc va thién vin hoc va
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duge goi 1a “ Dong ho cat” trong do ong xay dung mot hé théng dé thiét ké
cac so rat 16n nhu NV trong d6 N = 108. Ong da 4p dung phat minh dé tim
ra giéi han dudi clia cac sb6 hat cat dé day vao mot hinh cau ma ban kinh bang
khodng cach tit mat troi t6i noi ma Archimedes goi 1a “hinh cau chita day cac
vi sa0” v6i khoang cach 1a 109 va diéu nay c6 lien quan dén thién van hoc.
Trong tat cd nhitng thanh cong clia con ngudi vé toan hoc va vat 1y trén
moi luc dia va trong moi nén vin minh tit thiia so khai cho dén thé ky 17 &
phuong Tay, thanh tuu ctia Archimedes duge coi 1a 16n nhat. Ong chinh 13 mot

neén van minh vi dai nhat.

2.2.4 Papus (thé ky thit 4 sau Céng nguyén)

Papus la giang vién cia truosng Alexandria, la mot nha toan hoc thong
thai, day tai nang va c6 nhiéu y tudng hay. Tuy vay, ong khong may min sinh
ra khi nén toan hoc Hy Lap bi x4o tron trong 900 nam ké tit khi Thalet va
Pythagoras chét.

Tac pham chinh ctia 6ng - cuén “Tuyen tap toan hoc” la su két hop gitta
mot bach khoa thu, bai binh luan va la sach huéng dan cho moén hinh hoc Hy
Lap da c6 cho dén thoi ciia ong, dong thoi ciing mé rong va lam phong phi
hon cho cac két qua cia nhitng nguoi di truée bang cac dinh 1y va chitng minh
mdi. Khong may cho ong, cuén “Tuyén tap toan hoc” khi xuat ban khong dap
ing dugc nén toan hoc Ly Lap dang can mot hoi thd clia cudce song mdi. Sau
Papus toan hoc Hy Lap gan nhu bién mat va phai dgi dén 1300 nam sau mdi
dugce hoi sinh vao thé ky 17.

Papus noi tiéng nhét v6i dinh 1y vé hinh hoc lien hé gitta trong tam khoi va
mat tron xoay. Trudc tien dinh 1y khang dinh thé tich tao ra béi syt quay cta

mot mién bao bdi mot bien phang, kin nidm hoan toan trén mot dudng thing
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13 truc quay bang tich ctia dién tich mién va lhodng cach gitta trong tam va
dudng bién ctia né. Papus rat tu hao vé tinh pho bién clia dinh 1y nay, ong
n6i: “Chiing bao gom mot s6 bat 1y cac dinh 1y vé tat ca cac loai: bién, mit,
khéi duge chiing té béi mot sy chiing minh duy nhat.

Ong da dua ra nhan xét dau tién va ching minh vé tinh chat tieu diém,
dudng chuan, tam sai ctia ba duong conic (muc 15.5) 6ng 1a ngudi rat ky ludng
trong viec chon nguon tai lieu va khong c6 ngudn tai licu nao duge néi dén &
day, d6 1a 1y do dé suy ra riang day la nhitng kham pha ctia chinh ong.

Ong da néu ra sy mé rong cta dinh ly Pythagoras sau day (xem hinh
B3): cho AABC la tam giac bat ky; ACDE va BCFG la hinh binh hanh
duge dung phia ngoai trén cac canh AC va BC; néu DE va FG cat nhau
tai H; AJ va BI bang va song song véi HC thi dién tich hinh binh hanh
ABIJ bang tong dién tich cac hinh binh hanh ACDE va BOFG (chiing minh
ACDE = ACHR = AIUJ va BCFG = BCHS = BIUT). Dé thay réang
dinh 1y Pythagoras la truong hgp dédc biét ctia bai toan nay, khi goc C' la goc
vuong va cac hinh binh hanh da dyng 134 hinh vuong. Cudi cling ching to6i
muén nhan manh dén mot két qua quan trong ciia hinh hoc duge goi la dinh
Iy Papus. Néu cac dinh ctia mot hinh luc giac lan lugt ndm trén mot cap duong
thing cit nhau (hinh B.4) thi 3 giao diém ctia cac canh doi dien cta luc giac
thang hang (canh d6i dién dugc xac dinh tit s6 clia biéu do luc gidc duge chi
ra trong hinh). Ky higu day dii ctia dinh ly ¢6 dién nay cudi cing méi duge
tiét 1o vao nam 1899 bdi nha toan hoc Dic David Hirbert trong chuong trinh

lam sang to nhitng c¢o s6 hinh hoc ctia ong.



Chuong 3

Cac chuyén dé chuyén toan

3.1 Mot s6 ki thuat danh gia va udc lugng khi giai
phuong trinh dai s6

Cao Xuan Nam, THPT Chuyén Ha Giang

Tém tit noi dung 1. C6 thé ndi trong chuong trinh todn phé thong, phuong
trinh la van dé co ban va trong tam, hé thong cac phuong phdp gidi phuong
trinh kha phong phi va da dang. Danh gia la mot trong nhing phuong phap
dé. Bai viét nhé nay nham cung cap mot so ki nang danh gid khi gidi phuwong

trinh.
3.1.1 Ki ning sit dung bat dang thiic

Vi du 3.1. Giar phuong trinh

Vat + 702 + 1+ Vot — 22 + 1 = 4x. (3.1)

Giai. Do vé trai ctia phuong trinh duong nén diéu kién can dé phuong trinh

c6 nghiém 1a z > 0. Chia hai vé clia phuong trinh cho z, ta dugc

1 1
\/x2+ﬁ+7—|—\/x2+ﬁ—1:4. (3.2)

Ta c6 \/x2+x—12 i \/:c2—|— 1 — 1> 4, déng thiic xay ra khi x=1 (vi 2 > 0)

50
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Do d6 phuong trinh (3.2) ¢6 nghiém khi z = 1. Thit lai ta thay = 1 13 nghi¢m

cua phuong trinh da cho.

Vi du 3.2. Gidi phuong trinh

VT 4+ V31 -2+ V6 — 4w — 22 = 2° — 32 + 5. (3.3)
Giai. Diéu kien 2 <z <v10—2. Ta c6
B3) e vVr+V3r—24+x+V6—dr—a2=2>—20+5  (34)
Theo bat dang thitc Cauchy-Bunhiacopxki, ta c6
VT +V3r—2<2v2x -1,

T+ V6 —4dr — 22 <23 — 2.
Tu d6 Vo + V3x—2+ 2 4+ V6 —do —22 < 2(2x—1+ /3 —2z). Ma

V2r —1++/3—2x <2, do vay

VT +V3z—2+ 74+ V6 —4dx — a2 < 4,

dau bang xay ra khi va chi khi z = 1.

Mat khac 22 — 22+ 5 = (z — 1)* + 4 > 4, dau "=" xay ra khi va chi khi
x = 1. Phuong trinh (3.3) ¢6 nghiém khi VT'(3.4) = VP(3.3) = 4 khi va chi
khi z = 1.

Thit lai ta thay = 1 thod mén. Vay phuong trinh da cho c6 nghiem x = 1.

Vi du 3.3. Gidai phuong trinh

V=12 + 92 — 13+ V-2 + Tz — 1 = 2® — 4o + 6. (3.5)

Giai. Ap dung bat déng thitc gitta trung binh cong va trung binh nhan, ta c¢6

2
V19— 13 < —x —{—9352—13~|—17
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324+ Tr—14+1
V—r2+Tr—-1<
x4+ (x < 5 ,

suyrav/—a2 +9x — 134+v—22 + 7o — 1 < =222 +8x—6. Ma, —22%+8x—6 =
2 —2(x —2)2 <2.Dodé VT (3.5) < 2, dang thitc x4y ra khi 7 = 2

Mit khac VP (3.5) = 22 — 42+ 6 = (x — 2)? + 2 > 2, dang thiic xay ra khi

T =2
Tht lai ta thay x = 2 1a nghiém ctia phuong trinh da cho.

Vi du 3.4. Giai phuong trinh

—<<§2__13)>2 + (2% = 3)* + @ _1 72 =32> - 22 -5

Giai. Diéu kien: = # +v/3 vi x # 1.

Ta viét phuong trinh dudi dang

(z = 1) 2 4 1 2 2

T Ea—— -3 —— =(zx—1 2 —3).

(7 — 3 + (z )+ @172 (x — 1)+ 2(x )
Dat w = (z — 1)%v = 22 — 3, phuong trinh da cho trd thanh

2
1
u—2+v4+—:u+2v. (3.6)
v u
Ap dung bat ding thic Cauchy-Bunhicopxki, ta c6
u? 4 Lo 2 2
<F+U —l—a)(v +u+1)>(u+v°+1)
(3.7)

u’ g, 1 2
= St +-—2>ut+v"+1>u+2v
v u

Tu (3.6) va (3.7), suy ra
P =1
Gl

[SESHI

< u=v=1. Khido:
{@—1?:1

22 —-3=1

& 7 = 2. Vay phuong trinh da cho c6 nghiém duy nhat z = 2.
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3.1.2 Ki ning danh gia dua vao "gia thiét tam"
Vi du 3.5. Gidi phuong trinh:

Va2 +z+2—-vV22 +2+ 1= (2 —1)V322 + 22 + 3. (3.8)

Giai. Dat VT (3.8) = vVa2+x+2 — V222 +z2+1; VP (3.8) = (2% —
1)v/322 + 2z + 3.

Giasta’?+zx+2>224+z+1<22<1.

Khi dé: VT (??7) > 0; VP (3.8) < 0, do d6 phuong trinh (3.8) c¢6 nghiém
khi VT (3.8) = VP (3.8) =0, khi va chi khiz =1 va x = —1.

Néua?+24+2 < 2224241 o 22 < 1. Khi d6 VT (3.8) < 0, VP (3.8) > 0,
do d6 phuong trinh (3.8) vo nghiém.

Thit lai ta thdy phuong trinh (3.8) ¢6 nghiem z =1 va x = —1.

Vi du 3.6. Guiai phuong trinh:
Ve IR CET:
1+vV-22+2+2 1+vV—22—-x+4
Giai. Dieu kién: 0 <2 < 2. Taco :
x?—x)+2 ?2+x—2)+2
We | 2—(:2;—:1;) B 1—;/5/21_(1:2—%);_—2)
Xét ham s6 f(t) = 1;/7%.
Dé dang chitng minh duge ham s6 f(f) 1a ham s6 tang.
Ta c6 phuong trinh (3.10) tré thanh: f(z?—x)— f(2*+2—2) = (z—1)(z+1).
Giastz?—zx>a’+r -2 2<1.
Khi d6 VT (3.10) > 0, VP (3.10) < 0 (viz + 1 > 0, Yz € [0;2]) do d6

=2 -1 (3.9)

= (x — 1)(z+1). (3.10)

phuong trinh (3.10) ¢6 nghiém = = 1.

Néua? —zx <2?’4+2—-2< 2>1,taco: VT (3.10) < 0, VP (3.10) > 0,
phuong trinh (3.10) vo nghiém.

Thit lai ta thiy = 1 thod méan.

Vay phuong trinh da cho c¢6 nghiém duy nhat x = 1.
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3.1.3 Ki ning nham nghiém két hgp danh gia
Vi du 3.7. Gidi phuong trinh:

4x—x2:3\/4—3\/m. (3.11)

Giai. Dieu kién:;—‘; <z< 13—0.

Ta thay z = 3 14 mot nghiém ctia phuong trinh (3.11):

*Néu 22 <2 <3thi3v/4—3V10 -3z < 3; (z—1)(v—3) < 0= 4z —a? >
3, do d6 VT (3.11) > VP (3.11).

*Néud <o <20 thi3v/4—3V10 -3z > 3; (z—1)(v—3) > 0= 4o —a? <
3, do d6 VT (3.11) < VP (3.11).

Vay x = 3 la nghiém duy nhét clia phuong trinh da cho.

Vi du 3.8. Gidi phuong trinh

\/ _\/x_\/x_\/ﬁ:a (3.12)

(T'4/332 Tap chi toan hoc va tuoi tré)

Giai. Diéu kien: z > 5. Dat m:t(thZOthi phuong trinh
(3.12) & thanh:
r—+r—t=5xz>t>0).
*Neut<s,thh=r—t>2-5>0=>Vr—t>Vr—-b=a—Vr—t<
x—m:>\/x— x—t<\/x—m:>t<5,véli.
*Néut>5,thh=0<zv—t<z-5S=>Vor—t<vVor-5=zx—+Vo—t>
x—m:>\/x—\/m>\/x—m:>t>5,véli.
Vay t =5, do do:

Vi Vi—b=ber-25=vi-ba i
(x—25)=x—-5

& T 225 < =30
22 =51z 4+630 =0 =0

Vay z = 30 la nghiém duy nhat ctia phuong trinh da cho.
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3.1.4 Bai tap ren luyén

Giai cac phuong trinh sau:

l.Vel+or—1+vVe—a2+1=2>—z+2

2.Vl -2+ V1+ao+y1—2=3

3. Y/252(222 +9) =4z + 2

4. Jr+3—V1+2r =22

5oy P2 44z =3v2 - 1

TAI LIEU THAM KHAO

1. Nguyén Van Mau (1993), Phuong phap gidi phuong trinh va bat phuong
trinh, NXB Giao duc.

2. Nguyén Van Mau (2002), Da thic dai s6 va phan thic hiu tij, NXB

Giao duc.

3.2 Ap dung dinh li Burnside-Frobenius vio bai toan to
mau trong to hop

Nguyén Doan Phi, Nguyén Thi Ngoc Anh

Truong THPT Chuyén Thai Nguyén

Tém tat noi dung 2. Bai viét ciia ching toi zin trinh bay ba noi dung chinh:

*Dua ra mot s6 kién thite bo trg vé nhém nhdm ching minh duge dinh i
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Burnside- Frobenius .
*Néu vi du minh hoa cho ing dung cia dinh li Burnside- Frobenius vao mot
56 bai todn to mau cua to hgp. Trong s6 dé co vi du la bai todn to mau zudt

hién trong ky thi Hoc sinh ¢idi todn toan quoc ndam hoc 2009 — 2010.

*Mot s6 bai tap tham khéo.

3.2.1 Mot sb kién thiic bd trg vé nhém va dinh 1i Burnside- Frobe-
nius

Nhoém va nhém con

Nhém 1a mot tap G cung véi mot phép toan ki hiéu bdi dau * thod méan
cac dieu kién:
(i) ax (bxc) = (axb)*c, Va,b,c€QG.
(ii) Je€ G sao cho exx = xxe =z, Vo € G.

L_plyx=ec.

(iii) V6i mdi z € G, ton tai 7! € G sao cho x * x~
Néu G c6 hitu han phan tit thi sé phan tit ctia G dude goi 1a cdp cia G, ki
hiéu | G |.

Tap con H ctia mot nhéom G duge goi 1a nhém con cia G néu e € H va

a e Haxbe H véi moia,b e H.

Dinh 1i Lagrange

Cho H la mot nhém con ctia mot nhéom G. V6i méi a € G, goi {h*xa |
h € H} = Ha la mot lép ghép trai cia H trong G. Khi H chi ¢6 httu han 16p
ghép trai thi s6 cac 16p ghép tréai cia H goi 1a chi s6 ciia H trong G, ki hicu
la(G:H).
Dinh 1li Lagrange: Trong mot nhom hitu han, cap va chi s6 ciia mot nhom

con 1 udc clia cap clia toan nhom.
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Nhém dbi xing

Gia st X 1a tap hop c6 n phan tit. Khi d6 nhém déi xing ciia X 1a tap hop
bao gom cac hoan vi ctia X duge ki hiéu béi S(X) hosic S,,. Méi phan tit f clia
S, c6 thé dong nhat véi mot song anh tit tap {1,2,...,n} dén chinh n6. Phép
toan trong nhom S, 1a phép nhan cac 4nh xa thong thuong. Ta ciing c6 thé
coi f 1a mot hoan vi ctia tap {1,2,..,n}. Gid st 7 1a phan tit ndo d6 thuoc tap
(1,2, 0}, Ta ki higu F(0) = £(0), £20) = S @), S40) = S, -
Vi tap X 1a hitu han nén ton tai mot sé6 nguyén duong r sao cho f7(i) = i. Khi
dé day (i, £1(i), f2(4), ..., f71(4)) goi la mot vong xich c6 do dai r . Dé viét f
thanh tich cac vong xich doc lap ta lam theo cac budce sau:

Budc 1: Choni € {1,2,..,n} (thuonglai = 1). Tim vong xich (i, f1(7), f2(3), ..., [ (7).
Bude 2: Chon mot phan tit ciia {1,2,..,n} chua xudt hién trong céc vong xich

da hoan thanh. St dung phan tt nay nhu phan tt ¢ § buée 1 va thu duge mot

vong xich méi.

Budc 3: Lap lai bude 2 t6i khi tap {1,2,..,n} duge vét kigt.

Mubn bicu dién f ta dat cac vong xich ciia f lien tiép canh nhau. Vong xich

c6 do dai bing 1 c¢6 thé khong viét ra. Khi d6 ta néi f duge phan tich thanh

tich cac vong xich doc lap

Vi du: Cac phan ti ctia nhom déi xing S duge biéu dién nhu sau

Sy =41,(1,2,3),(1,3,2),(1,2),(1,3),(2,3)}.

trong d6 I 1a 4nh xa dong nhat.
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Dinh li Burnside- Frobenius

Cho X 13 mot tap hgp c6 n phan tit va G 1a mot nhém con ctia nhém doi

xing S(X) . Véi xz € X, dat

G, ={g€ G glx) =2}

Gr ={g(x) : g € G}.

F(g)={z€ X :9(2) = z}.
Khi dé G, 1a nhém con ctia G. Nhém G, duge goi 1a nhom con ding huwdng
ctia G ing vdi phan tit x. Tap Gz goi 1a quij dao cia x trong X.
Bo dé 1.4.1:
(i) Gz # 0 v6i moi v € X.
(i) X = U Gz.

zeX

(ili) Gr = Gy hoac Gx NGy = 0 v6i moi z,y € X.
Ching minh: (i), (ii). Vi x = I(z) € Gz nén Gz # (. Suy ra X = |J Gux.
(iii). Gid st GeNGy # 0. Khi d6 ton tai g1, g2 € G sao cho gy (x) = ggx(ey))(. Suy ra
x=I(x) = g; 'g1(x) = g 'g2(y). Cho g(x) € Gx. Ta c6 g(x) = g(gy '92(y)) €
Gy. Do d6 Gz C Gy. Tuong tu Gy C Gz, va vi thé Gz = Gy.
B6 dé tréen chi ra ring tap céc quy dao trong X lam thanh mot phép phan
hoach trén X.
Bo dé 1.4.2:

| G || G |=] G |

Hon nita, néu Gy, ..., Gz, 1a cdc quy dao doi mot roi nhau trong X thi

|X]:(0Gxi):i|Gxi|
=1 =1

Chitng minh: Goi L la tap cac 16p ghép tréai cia G, trong G. Xay dung mot
anh xa f* : L — Gz bién mdi phan tit ¢G, € L thanh g(z) € Gz. Ta chiing
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minh dugce f* 1a mot song anh. Suy ra | Go |=| L |. Theo dinh li Lagrange bo
dé duge chiing minh.
Dinh li Burnside- Frobenius . Cho X la mot tap hgp hitu han. G 1a mot
nhém con ctia tap doi xiing S(X). G tac dong lén tap X bdi g € G,z € X thi
g(z) € X. Khi d6 s6 quy dao cia tac dong la
Z F(g
geG
Chiing minh: Goi T 1a tap cac cap sap thi tu (g, z) sao cho g € G,z € X va
g(x) = x. V6i mdi x € X, s6 cac phan tit g € G sao cho (g,2) € T chinh 1a
cap ctia nhom con dang huéng G, ctia x. Vi thé ta c6
(T|=) |G|
zeX
V6i mdi g € G, s6 phan tt x € X sao cho (g,x) € T chinh la F(g). Vi thé
[T =) Flg)
geq
Tt hai déng thic tren ta co

Z' |1|ZF<9>.

reX geG

Goi t 1a s6 quy dao. Goi Gxy,...,Gx 1a cac quy dao. Vi cac quy dao 1a doi

mot roi nhau va X 1a hgp cua cac quy dao nén ta co

ZlGaz' Z|G:c| +Z\

xeX rzeGxq xe€Gxy
V6i mdi i = 1,...,t, theo Bo dé 1.4.2 tong Z G | bao gom | Gx; | s6
ze€Gx; ‘ |
. 2 s g 1
hang, moi so hang deu bang :
| G |

Vi thé

y e

zeGr;
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G,
véimoii=1,...,t. Suyraz ]G]’ =t.
zeX

3.2.2 Ap dung vao bai toan t6 mau trong té hop

Xét mot da giac déu n canh, tam O va cac dinh 1,2, ..., n sip thit tu nguge
chiéu kim dong ho. Ki hieu S, 1a nhém céc phép thé ctia tap dinh {1,2,...,n}.
Ta goi nhom nhi dién Do, 13 nhém con ctia S, sinh bdi hai phan ti R va T,
trong d6 R 13 phép quay tam O ngugc chiéu kim dong ho véi goc quay %00,
va T la phép ddi xing qua dudng thang ndi tam O véi mot dinh (chang han
dinh 1). Néu I 14 4nh xa dong nhat thi Dy, gdm diing 2n phép ding cy clia da
giac, trong d6 c6 n phép quay I, R, R?, ..., R" ! vi n phép dbi xtng T, RT,
..., R""T. Néu n 18 thi mbi phép dbi xiing dudc xac dinh bdi duong thing nbi
tam O véi mot dinh (di qua trung diém ctia canh ddi dién véi dinh do). Néu
n chén thi n/2 phép dbi xiing duge xac dinh béi n/2 dudng thing, mdi dusng
ndi hai dinh déi dién nhau (dudng thang nay di qua tam O); va n/2 phép do6i
xtting duge xac dinh bdi n/2 dudng thang, mdi dusng néi hai trung diém ciia
hai canh déi dién nhau.

Vi du 2.1: Xét mot hinh vuong tam O véi cac dinh 1a 1, 2, 3, 4 sap thi tu
ngude chiéu kim dong ho. I 1a phép dong nhat, R 1a phép quay tam O véi goc
quay 90° va T 1a phép dbi xiing qua duong thang néi hai dinh 1 va 3 thi nhém
Dg gom 8 phan tit sau: I; R = (1,2,3,4); R? = (1,3)(2,4); R® = (1,4, 3,2);
T = (2,4); RT = (1,2)(3,4);

RT = (1,3); R3T = (1,4)(2,3)

Gia st rang, véi k mau cho sdn, ching ta t6 mau cic dinh ctia hinh vudng
trong vi du trén (khong yéu cau phai dung tat ca cdc mau). Thé thi ¢6 bao

nhiéu cach t6 mau? Gia st ching ta c¢6 hai mau, mau trang (T) vA mau xanh
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(X). Khi d6 qua phép R? trong cach to mau
1234
q_(TXTX>

1234
@_(TXTX)

Hai cach t6 mau C; va Cy nén dudce xem la nhu nhau.

bién thanh cach t6 mau

Nhom Dg la nhém con ctia S(X), trong d6 X 1a tap cac dinh cta hinh vuong.
Dy téc dong len X va vi thé no tac dong lén tap cac cach t6 mau clia cac
dinh. V6i méi g € Dg néu C 1a mot cach t6 mau cac dinh ciia hinh vuong va
C' = g C la tac dong ciia g len C thi ta c6 thé coi cac cach t6 mau C va C’
l1a nhu nhau. Do d6 cac cach t6 mau trong cung quy dao {ge C' : ¢ € Dg}
ctia C' nén dude xem la tuong duong. Trong trudng hgp nay, s6 cach to mau
phan biét (khong tuong duong) chinh 14 s6 cac qui dao.

Dinh li Burnside- Frobenius gitp ta tinh duge s6 qui dao clia mot tac dong
néu ta biét s6 cach t6 mau ¢ dinh qua tac dong ctia mot hoan vi cho truée.
Vi thé ta can ménh dé sau day.

Ménh dé 2.2 : Goi G la nhém con ctia S(X) v6i X 1a tap cac dinh clia mot
da gidc déu n canh. Cho g € G. Gia st g 1a tich cia ¢ vong xich doc lap, tinh
ca cac xich c6 do dai 1. Néu ta c6 k mau thi s6 cach to mau cac dinh cta da
giac c6 dinh qua tac dong cua g 1a k.

Chaing minh: Cho C' 1a mot cach t6 mau cac dinh ctia da giac. Gia st C' ¢6 dinh
qua tac dong ctua g (tic la C = g e C), khi d6 v6i méi vong xich (aq,...,a,)
cia g, vi g(a1) = ag, g(az) = as, ...,g(a,) = a; nén cac dinh a4, ..., a, phai
c6 cung mau. Ngugce lai, gia st v6i moi vong xich (ay, ..., a,) clia g, cac dinh
ai,...,a, c6 cing mau. Khi d6 ro rang C' la ¢6 dinh qua tac dong cta g. Vi
thé s6 cach t6 mau c6 dinh qua tac dong clia ¢ 1a sd cach chon mau cho cac

- 2 2 2 2 - 2 ~ K . ~ ~ N ~ 2 .
xich cua g, ké ca cac xich c¢6 do dai 1, moi xich chon mét mau. Vi vay cé ding
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k¢ cach to mau c6 dinh qua tac dong clia g.
Nhém Dg gom co:
1 hoan vi 4 vong xich, do6 la I
2 hoan vi 3 vong xich, d6 1a T va R*T
3 hoan vi 2 vong xich, d6 1a R%, RT va R*T
2 hoan vi 1 vong xich, dé6 1a R va R3.
Theo Dinh 1i Burnside- Frobenius va ménh dé 2.2 ta c6 s6 cach t6 mau phan

biét cac dinh hinh vudéng néi trén la:
L4 3 2
g(k + 2k° + 3k° + 2k).

Day ciing chinh la s6 céch t6 mau phan biét.

Vi du 2.3: Cho s6 nguyén duong n. Cho bang 6 vuong kich thude 3 x 3.
Nguoi ta ding n mau dé to tit ca cac 6 vuong con ctia bang sao cho trong
moi cach t6, moi 6 vuong con duge to bdi mot mau. Hai cach to duge coi 1a
nhu nhau néu cach t6 mau nay co6 thé nhan duge tit cach t6 mau kia nhd mot
phép quay quanh tam ctia bang 6 vuong. Héi c6 tat ci bao nhiéu cach t6 mau
doi mot khong nhu nhau? (Luu y: Trong moi cach t6 khong nhat thiét phai
dung di n mau).

Gidi: Danh sb cac 6 vuodng & bién theo thit ty tit 1 dén 8 theo chiéu nguge
chiéu kim dong ho. Theo gia thiét o chinh gitta bing c6 n cach t6 mau. Ta
xét nhém G cac phép quay quanh tam ciia bang trén bién bang thanh bang
c6 vi trf triing v6i n6. G bao gom 4 phan ti I, R = (1,3,5,7)(2,4,6,8), R? =
(1,5)(2,6)(3,7)(4,8), R® = (1,7.5,3)(2,8,6,4).

Theo Dinh 1i Burnside- Frobenius va ménh dé 2.2 ta c6 sd cach t6 mau cac o

4 bién théa man yéu cau bai toan la:

1
Z(n8 +nt+2n?).
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Theo quy tac nhan, s6 cach t6 mau théa man yéu cau bai toan la:

1
Z—l(ng +n° +2n?).

Vi du 2.4: Cho truéc mot hinh 1ap phuong. Ta danh s6 bén dinh ¢ mat trén
bdi cac s6 1,2, 3,4. Danh s6 bon dinh ¢ mit dusi nhu sau: Dinh 5 6 dué6i dinh
1, dinh 6 & duéi dinh 2, dinh 7 & duéi dinh 3, dinh 8 & duéi dinh 4. Xét nhém
G gom 24 phép quay bién hinh lap phuong thanh chinh né nhu sau:

* Phép dong nhat I = (1)(2)(3)(4)(5)(6)(7)(8)

+ Ba phép quay quanh dudng thing ndi tam clia hai mat déi dien, géc quay
180°, vi du (1,3)(2,4)(5,7)(6,8)

+ Ba phép quay quanh dudng thang ndi tam ctia hai mat déi dien, goc quay
90°, vi du (1,2,3,4)(5,6,7,8)

+ Ba phép quay quanh dudng thing ndi tam clia hai mat déi dien, géc quay
270°, vi du (1,4,3,2)(5,8,7,6)

* Sau phép quay quanh dudng thang noi trung diém hai canh déi dien, goc
quay 180°, vi du (1,2)(3,5)(4,6)(7,8)

+ Bén phép quay quanh dudng chéo ciia hinh lap phuong, géc quay 120°,
vidu (1)(2,4,5)(3,8,6)(7)

* Bon phép quay quanh dudng chéo ciia hinh lap phuong, géc quay 240°,
vidu (1)(2,5,4)(3,6,8)(7)
V6i k mau cho trude, hoi c6 bao nhiéu cach t6 mau phan biét cac dinh cua
hinh vuong biét hai cach t6 mau dugc coi 1a nhu nhau néu cach nay cé the
nhan dugc tlr cach t6 mau kia nhd mot phép quay thuoce G.
Gidi: Nhom G ¢6 mot hoan vi tam vong xich 13 I. Mudi bay hoan vi bon vong

xich. Sau hoan vi hai vong xich. Do d6 két qué can tim la:

1

24(k8 + 17k + 6k%).
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3.2.3 Bai tap tham khao

Bai 1: Nguoi ta can to mau cac dinh hinh ctia mot hinh vuong véi 2 mau
trang va xanh. C6 bao nhiéu cach to mau phan biét thdéa man yéu cau bai toan
biét hai cach dugc coi 1a nhu nhau néu cach t6 mau nay la tac dong len cach

to mau kia qua phép hoan vi trong nhém Dsg

Bai 2: Gia st mot cai cay gay dude dat trén truc hoanh titz = -1 dén o = 1
v6i 3 hat duge dinh trén gay. Cac hat nay duge dinh tai diém (—1,0) va (1,0))
va tai trung diém (0,0) ctia gay. Ngudi ta muén to6 3 hat d6 bing n mau, va
hai cach t6 mau dugc coi 1a nhu nhau néu cach to mau nay la tic dong len
cach t6 mau kia qua phép hoan vi trong nhém {I,§}, trong d6 I 1a phép thé
dong nhat va J 1a phép quay quanh truc tung mot goéc 180°. Chitng minh rang

khi d6 s6 cach t6 mau phan biét 13
Lo 3
2(n +n°).

(Cha ¥ rdng néu gia thiét them rang trong n mau dé c¢6 mau den. Khi dé s6

- 1
cach to mau phan biét sao cho hat § gitta gay luon c6 mau den 1a Q(n +n?)).

Bai 3: V6i 2 mau dé va xanh ta can to6 mau cac dinh ctia mot luc giac déu. Gia
thiét rang 2 cach to mau la tuong duong néu cich t6 mau nay 1a tac dong len
cach t6 mau kia qua mot hoan vi trong nhom Di5 . C6 bao nhiéu cach t6 mau

phan biét sao cho 3 dinh ctia luc gidc ¢c6 mau do va 3 dinh con lai ¢c6 mau xanh.

Bai 4: Goi G 13 nhém gom 12 phép quay mot khéi ti dien déu bao gom: hoan
vi dong nhat I va 08 phép quay ngudc chiéu kim dong hd quanh truc néi 1 dinh
v6i trong tam clia mat doi dien véi goc quay 120° va 240°, d6 la: (1)(2,3,4),
(1,3,4)(2), (1,2:4)(3), (1,2,3)(4), (1)(2:4,3), (1,4,3)(2), (1,4,2)(3), (1,3,2)(4) va
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03 phép quay quanh 03 truc ndi cac trung diém ctia 2 canh chéo nhau véi géc
quay 180°.

Gia thiét rang 2 cach t6 mau la tuong duong néu cach nay 1a tac dong lén cach
kia qua mot hoan vi nao d6 trong nhém G. Chitng minh rang, v6i k mau cho
trude dé to mau cac dinh ctia khéi ti dién néi tren, ¢

1
E(n4 + 11n?)

cach t6 mau phan biét.

Bai 5: Gia st ta c6 4 mau, trong dé c6 mau xanh dé to mau cac dinh cia
khdi tt dien déu. Goi G 1a nhém phép thé gom 12 phan tit xac dinh nhu trong
bai 4 . Gia thiét rang 2 cach t6 mau dude xem la nhu nhau néu cach t6 nay la
tac dong ctia cach kia qua mot phép thé trong G. C6 bao nhiéu cach t6 mau

phan biét sao cho ¢6 ding 2 dinh duge t6 mau xanh.

Bai 6: Cho p la s6 nguyéen t6. Xét mot da gide déu p canh véi tam O. Goi T
13 phép dong nhat va R 14 phép quay tam O ngugc chiéu kim dong ho véi goc
quay 360°/p. Ki hieu

G={ILR R*... R}

14 nhém cac phép quay ciia da gidc. Gid thiét rang hai cdch t6 mau la tuong
duong néu cach to nay 1a tac dong lén cach kia qua mot phép quay trong G.
Chting minh ring v6i n mau cho trude, dé t6 mau cac dinh ctia da giac, s6

1
céch t6 mau phan biét 1a —(n” + (p — 1)n).
b

Bai 7: Gia thiét ring 2 cich t6 mau cac dinh ctia mot hinh luc giac deéu la

tuong duong néu cach té6 mau nay la tac dong ctia mot hoan vi trong nhom
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D5 1én cach t6 mau kia. Chiing minh ring véi k mau cho trude, c6
1
E(k6 + 3" + 4K° + 2k* + 2k).
cach t6 mau phan biét.
Dinh 1f Burnside- Frobenius con c¢6 ting dung trong mot s6 bai toan ¢ mitc do
khé hon, vi du nhu bai toan t6 mau cidc mit ciia khdi lap phuong, khéi 12
mit déu, khéi 20 mat déu... Tuy nhién, trong pham vi mot bai toan nhé ching
toi khong neu duge ra ¢ day. Rat mong cac ban dong nghiép doc, cho gép ¥
va phét trién tiép ¥ tudng ma ching t6i da néu ra. Ching toi xin chan thanh

cam on.

TAI LIEU THAM KHAO

1. Nguyén Tuyét Nga (2009), Mot s6 iing dung ctia Iy thuyét nhém vao cac
bai toin so cap, Luan vin cao hoc, Dai hoc Khoa Hoc - Dai hoc Thai Nguyén,
Thai Nguyén nam 2009.

2. V.K. Balakrishnan, Ph.D (1995), Theory and problems of combinatorics,
McGraw-Hill, INC, Singapore.

3.3 Chuyén dé chon loc vé bat dang thiic
T6 Toan, THPT Chuyén Cao Bing
3.3.1 M4 dau

I- Ly do chon dé tai.

- Bat déng thic va chiing minh bat ding thic 1a mot phan quan trong ciia

chuong trinh toan phd thong. Trong céc dé thi tuyén sinh vao céc truong dai
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hoc va cao dang, cac k¥ thi chon hoc sinh gidi cac cap, bai toan bat déng thic
1 bai toan khong thé thiéu. Bat déngt thitc ciing 13 mot trong nhitng van dé
kho ciia chuong trinh toan phd thong, khong chi déi véi hoc sinh trung binh
ma ngay ca doi véi hoc sinh gidi. Vi vay viec day hoc bat déng thitc va giai
quyét cac bai toan 1a mot noi dung ctia chuong trinh va mdi gido vién, nhat la
d6i véi nhitng gido vién on luyén hoc sinh giéi can quan tam. D6 14 1y do ching
t6i chon dé tai nghien cifu ciia minh 1a: OUng dung ciia bat dang thitc AM-GM

va bat dang thitc Cauchy-Bunhiacovski vao chiitng minh bat ding thric.
II- Co sd ly luan.

- Trong chiing minh bat déing thiic, viéc sit dung cac bat dang thic da dugc
chiing minh dé ching minh cac bat dang thic khac 1a mot trong céc phuong
phép hay duge ding. Céac bat déng thic thuong duge dung la bat ding thic
AM-GM va bat déng thiic Cauchy-Bunhiacovski.

- Viéc huéng dan hoc sinh sit dung 2 bat dang thitc nay mot cach hop 1y

va hiéu qua 1 rat can thiét va can dude quan tam dung mic
3.3.2 NOoi dung

I. Bat dang thic AM-GM
Bét déng thitic AM-GM chi a4p dung cho cac s6 duong hoic bing 0. Khong
ap dung dudc cho s6 am.

Véi ay, as, ..., a, la cac so6 thuc khong am ta luon co

a1+ as+ -+ a, > nYa.as. .. ay,

dau ding thitc xay ra khi v& chi khi a1 = as = - - = a,.
Khi stt dung bat déng thitc AM-GM c6 thé phai cong them nhiéu s6 1 hosic
tach mot s6 hang thanh nhidu s6 hang dé c6 dudc gia tri n (s6 cac s6 hang)

dem lai s6 mit mong muén.
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Khi ching minh bat déng thic c6 ba s6 hang nén can nhic st dung mot
lan bat déng thic AM-GM cho ba s6 hang hodc ba lan, mdi lan cho hai s6
hang.

Dé chitng minh mot bat dang thiic dang phan thitc, thuong phai ap dung
hai lan bat ding thitc AM-GM: Mot lan cho toan thé cac phan thitc, mot lan
cho riéeng mot phan thiic (hodic cho riéng biéu thitc d mau ctia mot phan thiic).

Nhiing goi y trén day duge ap dung trong viéc giai cac bai toan sau:

Bai 1. Cho céac s6 duong ay, as, . .., a, sao cho ajasas . ..a, = 1. Ching minh
rang

(I+ay).(1+ag).(14+asz)...(1+a,) >2"

Bai giai. Theo bat ding thitic AM-GM:
Vil+a; >2y/a;,1+as > 2/az,1+ a, > 2,/a, nén nhan cac bat dang

thitc cting chiéu, cic vé déu duong nay lai sé duge

(1+a).(14a)...(1+a,) >2"/ar.a3...a, = 2"

C6 dau déng thitc xady rakhi vichikhil=a1 =ay =--- = --- = a,,.

Bai 2. Cho z,y,z > 0, Chitng minh rang

1 1 1 rTt+y+z
2 + 2 + 2 S ’
v +zy Yy t+zx z2+ay 2xyz

Truong hop nao xay ra dau dang thic?
Bai giai. Theo bat déng thic AM-GM thi

1 1
2 > 20\ /yz < <
TAYzE 2 sz 2+ zy T 2u/yz
1 1 1 1 1 1

= <
x? + zy + Y2+ zx + 224+ xy T 2x/yz + 2uys/zx + 22./TYy
VYRV A+ [Ty < W+2)2+(z+2)/2+(x+y)/2 x+y+z

2xyz 2ryz 2xyz

Dau ding thic xay ra khi va chi khi 2 =y = 2.
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Bai 3. Cho ba s6 duong a, b, ¢ thod man di¢u kién a? + b*> + ¢> = 1. Chiing

minh ring

b 3v3
¢ 4 > V3
b24+c2 c24+a?2  a?+b? 2
Bai giai. Ta co
a? b? c? 3v/3

Wela—atwm—m T aa-o 2 2

Nhan xét rang (2) sé duge chiing minh néu

2
* 23\/§.x2kh10<x<1
z(1 — 2?) 2

s a(l—2%) < —\/_kh10<x<1 (3)

That vay theo bat dang thitc AM-GM thi

(10 = L)1 - a0 —at) < L[ HIZ DR AZ )

Tit day c6 (3) nén suy ra dpem. C6 dau dang thitc & a =b=c =

Cach khac. Khéo siat ham bac ba f(z) - (1 — 2?) v6i z € (0,1) cling thu
dugce (3).

Bai 4. Cho a,b > 0. Chiing minh bat ding thiic

1 1 a
—+ — 4+ b >+ =+ 1
+b3+ —i—b—l— (1)

/1 3 a’ 3a
Bai giai. v1 +1+1 >3/ 511 =~ ~, tuong b—+1+1 > > B4+1+1>
a

3b, cong ba bat dang thitc nay sé du’oc

1 5 1 a 1 a i/ﬁ
4 >3(=42 > (242 2.3¢=.2. 1).
+b3+b+6 3(a+b+b>_<a+b+b)+ 3y =5 b= (1)

C6 dau ding thic khi va chi khia =b=c=1.
3 b3 3 b
Téng quét. Neuabc>0th1¥+ +C—3_b+ —i— . C6 dau déng thric
Sa=b=c
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Bai 5. Cho z,y > 0. Chiing minh rang
9 , 1 1
x—u/+;+§22w@+¢§- (1)
Bai giai. Theo bat ding thitic AM-GM thi
2 1 2 1
= >V, - > 2
T Yy
Cong lai duge (1). C6 dau déng thic <z =y = 1.
Bai 6. Cho z,y,2z >0 va z +y+ 2z < 3. Chitng minh ring
T Y z 3 1 1 1

< =< .
1+x2+1+y2+1+22_2_ 1+$+1+y+1—|—z

Bai giai. Theo bat ding thitc AM-GM thi

9 T 1
1>2x = <=
S PR
N x Y n z <3
1+22  1+4+y2 14222
P ) 1
daudéngthﬁ’cxéyra@x:y:z:5.
1 n 1 . 1 >3 1
4z 1+y 14z~ "0+ 0+y)(A+2)
>3 1 >3
T (I4)+(Q+y) (142 T2
3
C6 dau dang thic & x =y =2 = 1.
Bai 7. Cho a,b,c > 0. Chiing minh réng
ab be ca a+b+c
< ) 1
a+b+b+c+c+a_ 2 (1)
Bai giai. Vi (a +b)? > 4ab nén ab <a~|—b Suy ra
gt - atb— 4 "W
ab be ca <a—|—b b+c c¢ct+a a+b+tc

a+b+b+c+c+a_ 4 4 4 2
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C6 dau dang thic < a=b=c > 0.
Bai 8. Cho a,b,c > 0. Chiing minh réng
(1+a*).(1+6*).(1+c*) > (14 ab®).(1+ bc?).(1 + ca?). (1)
Bai giai. Ta co
(1) & (a®+b° + ) + (a°V° +0°¢ + Pa?)
> (ab® + bc? 4 ca®) + (a’b’c + b°cPa + Pa’h) . (2)
Theo bat dang thitc AM-GM thi
a® 4+ 2% = a® + b* + b° > 3.V/a3.b3.b% = 3ab?

= (a® +2b%) + (b® + 2¢°) + (¢® + 2a*) > 3ab® + 3bc® + 3ca®

=@+ A > ab? 4+ b+ ca. (3)
Tuong tu, ta co
A0 + 2033 = a0 + B3 + PP > 3V a3D3.b3c3.Bad = 3ab’?
= (a®0® +20°c%) + (B3 + 2c%a®) + (Pa® + 2a°b*) > 3ab*c® + 3bcPa® + 3ca®b?
= a’b® + b*c® + *a® > a®bPc + b*cPa + Pab. (4)
Cong (3) v6i (4) duge (2) = (1). C6 dau dang thitc < a =b = c.

Bai 9. Cho z > 0,y > 0. Chiing minh ring

1 1 4
> ,
r+vy

Tz oy ’
dau déng thitc x4y ra khi z = y.
Bai giai. Theo bat dang thiic AM-GM, ta c6

1 2 4
= >

:B‘I— \/$ .
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Mait khac, lai co

v

gl
Qd.

(2)

SR
+
S| =

Tw (1) va (2) suy ra dpem.
C6 dau dang thiic khi va chi khi

11
r=y

Bai 10. Cho céc s6 duong ,y, z thod man diéu kién zyz = 1. Chiing minh

rang:

1 3 3 1 3 3 1 3 3
Vitad+y +¢ +y3+2 +\/ 5+ .
Ty yz Zx

(1)

Khi nao dau déng thic xay ra?
Bai giai. Theo bat déng thiic AM-GM thi

14+ 2% 44 > 33/23y3 = 3ay = V1 + 23 + 43 > V3 /2y

1 343 3 3
:>\/ +a°+y Z\/_\/Iy:\/_. (2)
xy Ty VY
Tuong tu, ta co
1+ g3+ 23 3
+yt+=z > V3 (3)
yz VY?

va

Cong timg vé clia cac bat dang thic (2),(3),(4) ta duge

1423 + 93 14+9y3+23 V1+23423 1 1 1
v Y +\/ Y + S 2\/§< + )
VEY o Yz 2T

Ty Yz 2T

(vi theo dé bai: zyz = 1).
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C6 dau dang thiic khi va chi khi

) 1 1 1
Bai 11. Cho z,y, z la cac s6 duong thoa man — + — + — = 4. Chitng minh
xr oy oz
rang
1 1 1
+ + <
2x4+y+z2z r4+2y+z c+y+2z

Bai giai. Vi
(a—b)?>0%a®+b*—2ab> 0« a®+ b* + 2ab > 4ab
_+_
atb 4 1 1 4 1 b

-4 = > <
ab T a+b a+b_&+b@a—|—b_ 4
C6 dau déng thiic khi va chi khi a = b. Suy ra:

(a+Db)* > dab <

1 1
1 _ 1 <x+y+x+z (1)
2e+y+z (r4y)+(x+2) — 4 '
Tuong tu, ta co
1 1
1 1 oty gz o)
r+2y+z (r+y)+(y+z) 4
1 1
1 _ 1 <x+z+y+z (3)
r+y+2z (v+2)+y+z) 4

Cong titng vé ctia bat ding thic (1), (2) ,(3), ta duge:

1 1 1
+ +
1 n 1 n 1 crry ytz ztw
20 4+y+2 x4+2y+z x4+y+2z 2 -
11 1 1 1 1 1 1 1
-—+- —-+- 4= -+ -+ -
x y+?/ Z+z T r Yy =z 4_1
< _ 4 4 4  _ 2 —2_
- 2 2 2
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C6 dau déng thic khi va chi khi :

r+y=y+z=z=2x

Ty Sr=y==z 5
11 1 =y=z=7
—4+-+==1 4
T Yy =z

Bai 12.

Chitng minh rang véi moi « € R ta c6

12\"  (15\"  [20\"
— — =] >3" 4474 5m

Khi ndo dau déng thitc xay ra?

Bai giai. Theo bat déng thic AM-GM ta c6

12\° 15\° 12\* /15\"
— — > _ | — — 20 — 9 3%
(5) +(4 _2\/<5) (4) 2V/3% — 2.3 (1)
151" 20\ ° 15\" /20\"
= Y so/(2) () =2vEE =250 2
() +(3) =4/(5) (5) -omae
201\ “ 12\ 20\* /12\”
— — ] >2 — | [ = =2v4r =247
() +(3) =4)(5) (3) == X
Cong titng vé clia cac bat ding thic (1), (2), (3), ta duge:
12\° 15\ 200\ *
2. — — — > 2(3" +4" *
((5) +(2) +(5) ) z20mewes
12\° 15\ 201\ *
= (2) + () +(F) zweees
C6 dau ding thic khi va chi khi :
5)  \4
B\ 20\
1) ~\3 e
12
5

(5) -

v

N————
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Bai 13. Chiing minh rang véi moi x,y > 0, ta c6

(1+2) <1+%) <1+%)2 > 256.

Déng thtic xay ra khi nao?

Bai giai. Theo bat déng thiic AM-GM, ta c6

3
e xr X 4 e
1 :(1 r,z —>>4 1.2 1
(1+2) +3+3+3 > 3 (1)
y y ooy oy Jooy i v
1 —):(1 RO —)>4 1 .y 2
( +a: +3x+3x+3x - (355)3 2713 2)

> (4;1/1.—33 3) =164 2—732 (3)
(Vo) y

Nhan titng vé cia cac bat dang thite (1) ,(2) , (3) ta dugc

2 3 3 2
Y 9 Jdao ooy 27

1 (1 —). 1+ ) >4416¢ = 20 _ o5
(I o) (1+7 <+\/g>— 27 2708

C6 dau ding thic khi va chi khi

Bai 14. Cho z,y, z 1a ba s6 thod man diéu kién x + y + z = 0. Chiing minh
rang
Bai giai. Theo bat dang thitic AM-GM, ta c6

T

V34 =1+ 1+1+4% > \/AVI.1.1.4° =2.48. (1)
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y

V34+4T =1+ 1T+1+4v >1/4V1.1.1.4% =248, (2)
z

V3+4 =1 +1+1+4>1/4V1.1.1.4° =248, (3)

Cong titng vé clia cac bat dang thite (1),(2),(3), ta duge

T Y z
\/3+4w+\/3+4y+\/3+4222<48 +48 +48>

s/ T+y+ 2z 3/ 0

>2.13V4 8 =23V48 =23=6

(Vi  + y + z = 0). Dau dang thitc xay ra:

— =
— ==
1
— =
1
s

< ]

I

Sr=y=2=0.

L&
|l

[

B

o N

IS
I
IS

3

Bai 15. Cho a,b, ¢ 1a cac s6 duong thod man a+b+c = —. Chiing minh ring

W~ |

Va—+3b+ Vb+3c+ Ve+3a < 3.
Bai giai. Theo bat déng thiic AM-GM ta c6

laran i< atsbrirl (1)

3

b+3c+1+1
o/(b+3c) 1.1 < # 2)

3a+1+1
/(c+3a) 11< a; i (3)

Cong titng vé clia cic bat dang thic (1), (2), (3) ta dugc:

, Ala+b 6 4+
Ja T b+ Vb 3es Vorsa < Mot ;CH _ 43 _ 3
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C6 dau dang thiic khi va chi khi:

a+ 3b
b+ 3c
c+ 3a

a+b+c=

1=1
1=1
1=1

] w
A~ =

I1. Bat dang thitc Cauchy-Bunhiacovski.

Bét ding thitc Cauchy-Bunhiacovski c6 tinh tong quat rat cao. Thudng chi
dung & mic do sau day:Véi aq, as, . . ., n, T1, 2o, . . ., T, 12 cac sd thuce, ta luon

z

CcO

(a1.01 + ag.w2 + -+ antn)” < (@® +a2* + -+ a,) (2 + 2"+ +17)

Pe 2 . ~ 2 . a a a 2,0 2, N e
Co6 dau dang thiic khi va chi khi =2 — . v6i quy u6c rang véi
T T2 Tn
r1=0thiag =0,29=0thiay=0,...
Dé c6 duge s6 mit mong muén & bat ding thiic phai chiing minh, can Iya
chon cach viét mot sé6 hang duéi dang tich a,r, (phan nao la a,, phan nao la

1. Phép bién d6i thuan Cauchy-Bunhiacovski

Kha nhiéu bat ding thic trong cac ky thi qudc té, vo dich qudc gia cta
nhiéu nude trén thé gidi. Tuy nhién néu xuat phat tit (a + b + ¢)? ching ta thu
dugc cac bat ding thiic co ban. Nhung céc bai toan vé dang nay trong nhiing

nam gan day thuong khé hon vi xuat phat tit cac biéu thite doi xing khac

1+1+12_ 1+1+1,? a+b+c?
a b ¢) '\ab bc ca) '\b ¢ a)

Trong muc nay chiing ta ching minh mot sé bat dang thitc trong céac ky

nhu:

thi qubc gia cdc nudc , quoc té va xay dung phuong phap chitng minh va xay

dung cac bat dang thitc dang nay.
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Bai 1. Véia,b,c >0,a+ b+ c= 1. Chiing minh rang

l4a 140 1+4c
<2
l1—-a 1—b+1—c_ (

a b ¢
g“f—g—f—a) (1) (1)

Bai giai . Ching ta trinh bay mot cach giai hoan toan khac véi dap an da

c6 nhu sau:

hay
1 1 1 1 1 1 3
- — - — +el| 7 - 25
c b+c a c+a b a+bd 2
hay
ab be ca 3
P= > — 2
C(b+c)+a(c+a)+b(a+b)_2 @)
Ta cb

- (\/ c(ba—bm)\/er \ %\/ﬁ—“\/ b(acib)m>2'

Ap dung bat ding thic Cauchy-Bunhiacovski, suy ra:

<\/%+\/%+\/%>2§P.2(a+b+c).

Mit khéc ta ¢ (ap dung: (a + b+ ¢)® > 3 (ab + be + ca))

= <@+\/%+\/%>223(a+b+c).




3.3. Chuyeén dé chon loc vé bat ding thiic 79

Thu duge P > 2, ta ching minh duge (2) = (1) la dpem.

Bai 2. Véi a,b,c > 0. Chiing minh rang:

a b c 27

P= + + >
be(c+a)  cala+b)  cb(b+c) ™ 2a+b+c)’

Bai giai. Ta co

(245007
(\/bcc+am+\/ WJF (b+ )\/—>

< P2(a+b+c) (1)

Mat khac ta co

(ﬁ Va \f) s(Grie )z ©

Tw (1), (2) suy ra: P > ——  (dpcm
(1), 2 S ()
Bai 3. V6ia,b,c > 0,abc = 1, hay tim gia tri nhé nhét ciia biéu thic :
1 1 1
P =
a2(b—|—c)+b2(c+a)+02(a—|—b)
Bai giai. Ta co
L1 ?
a b c
2
= vVb+c+ \/c—l—a+ a+b) <2P(a+b+c
(a\/b—l—c by/c cva —|—b <22 )

(1)

Mat khac ta co

11 1\? 1 1 1 3(a+b+c)
— —_ — > J— — — =V = b 2
<a+b+c) _3(ab+ + ) - 3(a+b+c) (2
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Tt cac bai gidi mau trén ching ta xay dung phuong phap giai cho cac bat
déing thic dang nay nhu sau:
Buéc 1. Gach nhitng thita s6 dang tong trong bat dang thic dé tim bicu
thiic xuat phat.
Buéc 2. Tit biéu thitc xuat phat mo ta Cauchy-Bunhiacovski biéu thitc chinh
c6 mit trong bat ding thiec.
Buéc 3. St dung mot s6 bat dang thic trung gian quen thuoc ching minh
bat dang thiic.

Sau day ching ta xét mot s6 vi du minh hoa:

Bai 1. Véi a,b,c > 0,abc = 1. Chiing minh rang:

1 1 1 1
P = —(ab+b
a3(b—|—c)+b3(c—|—a)+c3(a+b) 2( +betca).

Bai giai. Ta c6

1 1 1
— a(b+c)+ ———=\/b(c+a) + ———/c
(a (a Va(b+c) Valbte) by/b(c+a) ( ) c c(a+b)\/_
2(ab + be + ca) (1)
Mat khac:
SR 2 (ab+ be + ca)” (2)
—+-+-| =(a ¢+ ca
a b ¢
Tu (1),(2) suy ra:
1
PZE(ab+bc+ca).

Bai 2.

Bai giai. Ta co

2 2\2 02 2
4+ = —\/eta+ \/a—i— 4+ ——vVb+c|] <P2a+
( b ¢ a) (b\/c—i—a cva+ a\/b—l—c ) < P2
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Mat khac ta co

a2 b 2\ 9
(b c a) Z (atbte) (2)

1
T (1) va (2) suyra:Pzﬁ(a—I—b—kc).

Bai 3. Vdi a,b,c > 0. Chiing minh rang:
6 b6 6

b3(a+c)+c3(a—|—b) +a3(b+c)

Bai giai. Ta co

a3 3 2

= (== Vhetcat ———=Veat b+ —me=/ab+ >
(b\/ bc + ca e cvea + cb catch avab + ac oA

< P.2(ab+ bc + ca) (1)

Mat khac ta co

a3

B3\

1
Tu (1) va (2) suy ra: P > 3 (ab+ be+ ca) . (dpem)
2. Phép bién déi nghich Cauchy-Bunhiacovski

Nhiéu bat ding thic xoay vong hay dugc xay dung tit cac phép bién ddi

nghich Cauchy-Bunhiacovski ma chiing ta sé trinh bay trong muc nay.

Bai 1. Véip,q,r va z,y, z 1a cac s6 thyc khong am.Chiing minh rang:

P o q o T 9 L, 2 2
P = <+ + 22 > (xy+yz+zx)—=(z°+y=+27).
q+r r+py p+q = (wy+y ) 2( 4 )

Bai giai. Dé nhanh choéng xay dung cach giai cho cac bat dang thic dang

nay ching ta trinh bay cac buéc cu thé nhu sau
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Budc 1. Thém vao cac s6 hang dé rit (p + ¢ + ) lam thita s6 chung, ta c6

,
P = (LxQ—l—ﬁ) + (Ly2+y2) —l—( z2+22> — (2 —y? = 2%
q+r ) r+p ) p+q

P:(p—kq—l—r)( * + v + z — (22— = 2?)
g+tr r+p p+gq

Bué6c 2. Biéu dién dusi dang Cauchy-Bunhiacovski:

P=5 (VT + (Vi) + (Vi o))

() () (=)

—— (@ +y*+27).

Suy ra:

1 1
PZ§($+y+z)2—(x2+y2+z2) :(xy+yz+zx)—§(x2+y2+22).

Dau ding thic xay ra khi va chi khi :

y+z—x rx+z—-y xH+y—=z

Bai 2. V6i a,b,c > 0, tim gia tri nhé nhat ciia biéu thic:

3a 4b He
= + + .
b+c c+a a+bd

P

Bai giai. Ta c6

p—( 2 () (2 s) 1
b+c c+a b
4
P=(a+b+c) 3 + + ° —12
b+c c+a a+Dd
p-1
2

NN ERY 5\
( b—l—c) i c—l—a) +( a+b)
1
2
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Vay:

1 2 b+c¢c c¢c+a a+b
Pmin:—(\/§+2+\/5> — 12Khi : - - .
2 V3 2 V5

3. Bat dang thic thit tv xay dung tit bat dang thiic Cauchy-Bunhiacovski.

Nho bat dang thiic Cauchy-Bunhiacovski chiing ta chuyén mot s6 bat ding
thitc thit tu don gidn thanh nhitng bat déng thic thi tu bac 2.

Bai 1. Véi Ching minh rang:

a’b  b’c cPa
?+—+b—2>a+b—|—c

Bai giai. Ta co

(a+b+c)?= (%\/5.2\/5+ S\/'.%ﬁ+ g\/agﬁ)

a’b  b*’c  cca b a’c  ba
S\etete) et T a)
Ta chiing minh:

a’b  bc  c*a ab2 bt ca?
Sttt 2t t5
c a q?

Sl vty dat >a3b + bt + Pat
(:)a3b3(a— b) +b3cA(b—c) + Pa*(c—a) >0
(b3 c —|—c3)(a—b)—|—b3c3(b ¢)+cEa*(c—a) >0
ad(v? c)(a—b)—i—c[ ( —b)+b3(b—c)+a®*(c—a) >0
(b3— )(a—b)—l—c[ c—b) +b83(b—¢)] >0

a0 —A)(a—b)+ A0 —c)(b® —a) > 0.
)-

(Hién nhién ding
Suy ra:

2p, b2 2 2
<a+b+c>2§(f;_2+_;+ﬂ)

a b2

a’b  bc Pa
(:)a+b+c<—+——|—b—2.
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(dpem)

Bai 2. Vé6i a > b > ¢ > 0. Chitng minh ring:

Bai giai. Ta c6

Ta chitng minh bat dang thiic:
V¥ a® _a® b
—+@+— B At
boc +c a +a5b3 > a’c® + ba —i—c5b3
& a®b3(a® — b)) + b° 3(b2 )+ ca’d(? —a?) >0
a?(b® — 3+ 3)(a® = V) + bc (b2 )+ 3a(? —a*) >0
s at(b®—A)(a® =)+ 30— A)a® - ) >0

(Hién nhien ding).

Suy ra:
1 1 1 \° _ [(a® ¥ 2\
(m*%*@) f(?*@*ﬁ)
R a? b . 2
Vab  Vbe  Vea T & ad b
(dpem)

Hoan toan tuong tu ta ching minh duge bat ding thic
Vé6i a > b > ¢ > 0. Chitng minh ring

ah  be  Pa
F—f———f-?Z(a—Fb-{—c)

TAI LIEU THAM KHAO
1. Nguyén Van Mau (2005), Bat dang thic, dinh lj va dp dung, NXB Gido

duc.
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2. Nguyén Van Mau (2002), Da thic dai s6 va phan thic hiu tij, NXB

Giao duc.

3.4 Mot s6 nhan xét vé giang day chuyén dé iing dung
nguyén ly Dirichlet

Lé Thi Thanh Binh, Truéng THCS Binh Minh, Hai Duong

Tém tat néi dung 3. Trong qud trinh giing day, bén canh viéc cung cip hé
thong kién thic va cdc kj ning co ban cho hoc sinh, nguoi thay can tim toi
khai thac hé thong kién thitc nang cao nham boi dudng phdt trién tu duy suy
lugn Todn hoc cho hoc sinh nang khiéu vdi mong muodn cic em sé trd thanh
nhing chi nhan tuong lai co khd nang tu duy nhay bén, linh hoat, sding tao,
c6 do tin cdy cao mnham dap 1ing dudc yéu cau ngay cang cao cia nén kinh té
trong thoi dai cong nghiép hién dai.

Trong bai nay, ching toi trinh bay mot so6 nhan xét nhu la nhing kinh
nghiém thuc tién trong viéc "Hudng dan hoc sinh sit dung nguyén li Dirichlet
gidi mot so bai tap hinh hoc" bac THCS.

3.4.1 Phan mé dau

Nhan xét rang, viéc giai cac bai toan thuong dua vao cac dinh nghia va
tinh chat d6 duogc trinh bay chi tiét trong phan 1y thuyét. Noi dung cac bai
toan la xoay quanh viéc van dung va khai thac cac khia canh khac nhau cta
cac khai niem va dic trung co ban ctia van dé dang xét. Cac budc gidi cla
mdi bai toan tuy van thong qua 4 budc co ban (doc hicu, xay dung luge do
gii, thyce hien giai theo luge do d6 chon va xem lai) nhung thudng ngén gon

hon. Cac suy luan trong qua trinh gidi méi bai toan theo luge do trén thuong
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rat tir nhién va di tit dé dén khé. Nhitng bai toan c6 luge do gidi ro rang, dé
nhan biét 1 nhimg bai toan dang co ban, chuan muc. Bén canh nhitng bai
toan co ban va chuan muc con ¢6 mot sé6 bai toan dang phitc tap hon ma sau
khi doc xong noi dung, hoc sinh chua nhan ra duge luge do giai vi chua xac
dinh duge né thudc dang toan co ban (quen thudc) nao trong chuong trinh.
Tham chi c¢6 nhitng bai toan khi xem 15i gidi hoc sinh ¢ thé van khong hiéu
tai sao lai c6 nhitng suy luan nhu vay ma trong sach gido khoa chuwa dé cap
dén. Trong mot s6 trusng hop, 16i gidi d6 sit dung mot vai khang dinh tuy rat
hién nhién nhung hoc sinh lai chua hé duge biét dén. Nhitng bai toan c6 cach
giai nhu vay thuong dugc coi la dang toan khong mau muyc. D6 14 nhitng dang
toan kho thuong xuat hién trong céc ky thi chon hoc sinh giéi cac cap va ky
thi tuyén sinh vao cac 16p chuyen Toan trén toan qudc. Trong bai nay, ching
toi ghi lai nhitng dieu do6 gip va cach gidi quyét chuyén dé "ing dung nguyén
Iy Dirichlet" dé gidi mot s6 bai tap hinh hoc bac THCS (tit 16p 7 dén 16p 9).

3.4.2 Phan noi dung

Nguyén ly Dirichlet

Nguyén ly Dirichlet 1a mot trong nhiing nguyén 1y don gian, duge dung kha
phd bién trong s6 hoc, dai s6 va hinh hoc va dugc phat bicu bang nhiéu cach
khéc nhau. Sau day la cach phat biéu theo ngon ngit "thd" va "long":

Néu nh6t m con thod vao n cai long , v6i m > n (' m,n 1a cdc s6 ty nhién)
thi ton tai mot cai long chia it nhat 2 con tho.

Nguyén 1y c¢6 thé md rong nhu sau :

Néu nhét m con thd vao n cai long, véi m > n-k(m,n, k 1a cac s6 tu nhien)

thi ton tai mot cai long chita it nhat k& + 1 con tho.
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Phuong phap chung

Dé gidi mot bai toan bing céch st dung nguyen 1y Dirichlet ta can thuc

hién cac buée sau:

1. Tim hiéu dé bai, xac dinh hai déi tuong ctia bai toan. S6 luong méi doi
tuong trong gid thiét ciia bai toan dang nay 1a cic s6 nguyén duong.

2. Xay dung thuat giai:

a. Tién hanh phan chia cac doi tuong trong gid thiét ctia bai toan thanh
hai tap hop cac doi tugng {A}, {B}. Day la buéc quan trong nhat ciia tién
trinh gidi toan. Viec phan chia nhu vay thuong duya trén tinh chat ciia ting
loai yéu t6.

b. Xac dinh va so sanh s6 phan tit cia méi tap hgp {A}, { B}, tap hop nao
¢6 s6 phan tit 16n hon duge chon lam "thd", tap hop kia chon lam "long". Néu
trong bai toan dang xét ta d6 chi ra dudc hai tap hop cac déi tugng tuong tng

v6i "thé" va "long", thi bai toan duge gidi xong.
Vi du

Vi du 1. Cho tit gide ABCD. Dung ba mau xanh, dé, vang dé t6 mau cac

dinh ctia t giac. Chitng t6 rang c6 hai dinh duge t6 ctiing mau.

Phan tich.

- X4c dinh cac doi tugng clia bai toan: dinh, mau to.

- X4c dinh s6 lugng ctia ting loai doi tuong: 4 dinh, ba mau.

- C4c ddi tuong trong gia thiét clia bai toan duge phan chia thanh hai tap
hop: Tap {A} gom 4 nat va tap {B} gom ba mau xanh, do, vang.

- So sanh s6 phan tit cia hai tap hop dé gan méi tap hop véi "thd" hoic
"Iong". Ta coi tap {A} la tho, tap {B} 1a long (vi 4 > 3).

- Stt dung nguyén ly Dirichlet dé dua ra két luan. Theo nguyén 1y Dirichlet

ton tai mot 1ong chita khong it hon hai thé. Diéu d6 ¢6 nghia la ¢é hai diém
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dugce t6 ciing mau.
Giai.

S6 dinh dugc t6 mau la 4.

S6 mau ding dé to 1a 3.

Vi 4 > 3 nén theo nguyén ly Dirichlet c6 it nhat hai ntt ciing mau.

Cau héi khai thac: Tit bai tap don gidn, két qua dé nhin thay ta tiép tuc
dat ra nhiéu tinh huéng khac nhau dé dua dén ra bai toan tong quat nhim
hiéu 16 hon vé moi quan hé gitta hai déi tuong.

- Néu chi diing hai mau dé to thi s6 diém dugce t6 mau it nhat 1a bao nhiéu
dé chic chan c6 hai diém dugc t6 cling mau?

- Tong quat: néu s6 diem duge t6 mau la a, s6 mau ding dé to 1a b (a, b 1a
cac s6 tu nhién) thi @ va b quan hé nhu thé nao véi nhau dé luon c6 it nhat
hai diém dugc to cting mau? (a 16n hon b it nhat 1 don vi)

- Néu chi diing hai mau dé to thi s6 diém dugce t6 mau it nhat 1a bao nhiéu
dé chic chin c6 ba diém dudc t6 cing mau? Tim mbi quan hé giita a, b trong

truong hop nay? (a >b-2+1)

Vi du 2. Trén mot to giay ké 6 vuong c6 7 duong ké ngang va 9 duong ké
doc. Giao diém clia mot duong ké ngang véi mot dusng ké doc duge goi 1a nit.
Nguoi ta to cac nut trén to giay dé bang hai mau xanh va d6. Chitng minh

rang c6 it nhat hai nit cling mau.

- X4c dinh cac doi tuong clia bai todn: nit, mau to.

- X4c dinh s6 luong ctia timg loai ddi tugng:

S6 luong cac nut trén to giay 1a 7-9 = 63.

S6 mau dung dé to la 2.

- Cac ddi tugng trong gia thiét cia bai toan duge phan chia thanh hai tap

hop:
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Tap {A} gom 63 nat va tap {B} gom hai mau xanh va do.

- So sanh s6 phan tit ctia hai tap hop dé gan méi tap hop véi "thd" hoic
"1ong". Ta coi tap {A} la tho, tap {B} 1a long (vi 63 > 2).

- St dung nguyen 1y Dirichlet dé dua ra két luan.

Theo nguyén ly Dirichlet ton tai mot 1ong chita khong it hon hai thé. Diéu
do6 c6 nghia la c6 khong it hon hai nat cung mau.
Giai.

S6 lugng cac nit trén to giay 1a 7-9 = 63 (nat).

S6 mau dung dé t6 1a 2 (mau).

Vi 63 > 2 nén theo nguyén ly Dirichlet c6 it nhat hai ntt cling mau.

Cau hoi khai thac:

1) Két qua bai toan thay doi nhu thé nao néu ta to cac nit trén td gidy
bang:

a. 31 mau khéac nhau ?

b. Dung trong khoang tir 2 dén 31 mau?

Tra 1oi: Két qua bai toan khong thay ddi do s6 "thé "luon 16n hon sb
"chuong".

2) Néu diing 31 mau khac nhau dé to ta c6 thé khang dinh: c6 it nhat ba

nut duge to cing mau hay khong? Vi sao?

Tra 15i: Theo nguyeén ly Dirichlet mé rong ta khang dinh chic chan co it
nhat ba nat duge t6 cing mau vi 63 > 2 - 31.

3) Hay dat mot dé bai tuong tu Vi du 27

Trén day 13 dang bai tap don gidn nhat, gitp hinh thanh ro cac budc suy
luan. Ta tiép tuc dat ra cac tinh huéng khé hon nhu biét truée s6 phan tit cia
tap hop "tho" phai xac dinh tap hop "long" va s6 "long" phit hop. Vi du sau
day trinh bay mot cach tao ra tap hop "long".
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Vi du 3. Trong tam giac déu c6 canh bang 4 (don vi do dai, dugc hieu dén
cudi bai viét) lay 17 diém. Chitng minh ring trong 17 diém dé c6 it nhat hai

diém ma khoang cach giita chiing khong vust qua 1.

Phan tich. Tit diéu kién "khoang céch gitta hai diém khong vuot qua 1" va
canh clia tam giac déu bang 4 goi cho ta tim dén mot d6i tugng hinh hoc khéc
tap hop 17 diém da cho.

Dé c¢6 duge "it nhat hai diém ma khoang cach gitta ching khong vugt qué
1" thi ta coi tap hop 17 diém la tap hop "thd" suy ra tap hgp cac dbi tugng
mdi 1a tap hop "long". Suy ra s6 phan ti ctia tap hop cac déi tuong mdéi nay
phai nhé hon 17. Bing cac suy luan trén hay tim cach tao ra céc "long" dé

nho6t "tho"?

Giai. Chia tam gidc déu c6 canh bang 4 thanh 16 tam giac déu c6 canh bang
1 (nhu hinh vé&). Vi 17 > 16, theo nguyeén 1y Dirichle, ton tai it nhat mot tam
gidc déu canh bang 1 c¢6 chita it nhat 2 diém trong s6 17 diém da cho. Khoang
cach gitta hai diém d6 luén khong vugt qua 1.

Ta chiing minh ring khoang cach gitta hai diém béat ky ndm trong tam giéc
déu khong 16n hon canh tam giac.

Ta ky hiéu hai diém K, L nam trong tam gidac ABC déu, khi dé ta c6
LZKAL < 60°. Mot trong hai goc con lai cia AAK L khong nho hon 60°,
ching han ZALK > 60° = AK > KL. Goi E la giao diém ctia AK v6i canh
BC,tac6 AE > AK.Trong AABE, ZAEB > 60°(n6 la goc ngoai cia AAEC
), nén AB > AE. Két hop céac két qua trén ta suy ra diéu can chiing minh.

Dé rén cho hoc sinh ¢6 kha nang linh hoat va tu duy sang tao, ta tiép tuc
gidi thieu cac bai tap tuong ty, hoc sinh phai tao tap hop cac "long" biang cac

cach khac nhau nhu trong cac vi du sau day.

Vi du 4. Trong mit phiang cho 2009 diém sao cho cit 3 diém bat ky c6 it nhét

2 diém cach nhau mot khoang khong vuot qua 1. Ching minh ring ton tai
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mot hinh tron ban kinh bing 1 chita it nhat 1005 diém.

Giai. Lay mot diém A bat ky trong 2009 diém da cho, vi du dudng tron C;
tam A ban kinhbang 1.

+ Néu tat ci cac diém nam trong hinh tron C; thi bai toan hién nhien
ding.

+ Néu tat ca cac diém B ma khoang céach giita A va B 16n hon 1 thi ta vé
duong tron Cy tam B ban kinh bing 1.

Khi dé6, xét mot diem C tly ¥ trong s6 2007 diém con lai. Xét 3 diém
A,B,C, vi AB > 1 nén theo gia thiét thi c6 AC < 1 hoac BC < 1. Néi cach
khéc, diem C phai thuoc C; hodc Cs. Suy ra 2007 diém khac B va A phai ndm
trong C; hosic Cy. Theo nguyén 1i Dirichlet, c6 mot hinh tron chia it nhat
1004 diém. Tinh thém tam ctia hinh tron nay thi hinh tron nay chinh la hinh
tron ban kinh bing 1 chita it nhat 1005 diém trong 2009 diém d6 cho.

Vi du 5. Trong hinh tron c6 dién tich bing 1 ta lay 17 diém bat k¥, khong c6
ba diém nao thang hang. Ching minh ring cé it nhat 3 diém lap thanh mot
tam giac c¢6 dién tich nho hon %
Phan tich.

- Trude hét can nhic lai nguyén ly Dirichlet mé rong.

- Dira vao dé bai hay xac dinh xem ddi tugng nao trong bai toan dude coi
la tap hop "tho"?

- Tu céac diéu kien " hinh tron c6 dién tich bang 1 " va "tam giac c6 dién
tich nho hon % " g¢i cho ta nghi dén déi tuong hinh hoc nao?

- Vay d6i tuong nao duge coi 1a "long" trong bai toan nay?

- M&i "long" chita bao nhiéu con thé?

- Xéc dinh 86 "long"? (17 —1) : (3 —1) = 8 hodc 1 : % =38.

- Hay chia hinh tron c¢6 dién tich bang 1 thanh cac hinh c¢6 dién tich bang

.1
nhau va bang g?
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Giai.

Chia hinh tron thanh 8 phan bing nhau. Mdi phan c6 dien tich 1 %

Do 17 : 8 = 2( mod 1) nén theo nguyén 1y Dirichlet ¢6 1 phan chita it nhat
3 diém. Ba diém nay la dinh ctia mot tam giac c6 dién tich nhé hon dién tich
moi hinh quat.

Vay c6 it nhat 3 diém trong 17 diém da cho lap thanh mot tam giac c6 dién

1
tich nhoé hon 3

Cau héi tong quat hoa: Két qua ctia bai todn thay ddi nhu thé nao néu ta

lay trong hinh tron n diém (n € N,n > 3)?

Phan tich. Trong truong hgp lay n diém trong hinh tron (n € N,n > 3), ta
xét hai truong hop sau day:

Truong hop 1: Néu n = 2k + 1(k € N,k > 1) ta chia hinh tron thanh &
phan bang nhau, méi phan 1a 1 hinh quat c6 dién tich bang %

Truong hop 2: Néu n = 2k(k € N,k > 2) ta chia hinh tron thanh & — 1

phan bang nhau, méi phan 14 1 hinh quat c6 dién tich bang

Lap luan tuong tu ta cling suy ra két qua nhu trén.
Trong mot s6 bai tap hinh hoc ngoai st dung nguyén li Dirichlet ta con
phai két hgp vé6i cac phuong phap khac nhu phuong phap giai bai toan cie tri,

xap xi,... A

Vi du 6. Trong hinh vuong c6 canh bing 1 cho 33 diém bat ky. Chiing minh
ring trong cac diém da cho c6 thé tim duge 3 diém lap thanh tam gidc c6 dieén
tich khong 16n hon 3—12
Giai.

Chia hinh vuong canh 1 thanh 16 hinh vuéng con nhu hinh vé. Vi 33 > 2-16
nén theo nguyén ly Dirichlet ¢c6 mot hinh vudng con (canh éll ) chtta it nhat

3 trong 33 diém da cho. Ta chitng minh 3 diém nay lap nén mot tam giac co
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1
dién tich khong 16n hon 37

Gia st 3 diém A, B,C ndm trong hinh vuong DEFG canh }l Ta xét 2
truong hop sau day:

Truong hgp 1: C6 mot canh clia tam gidc ndm trén canh ctia hinh vuong.

Gia stt canh AB clia tam giac ndm trén canh DG ctia hinh vuong. Ké duong
cao CH. Ta ¢6 Sapc = %C’H-AB < %C’H~DG < ED-DG = 3%

Truong hop 2: Khong c¢6 canh nao clia tam gidc nam trén canh ctia hinh
vuong.

Qua dinh B, ta ké duong théng song song véi canh hinh vuong va cét canh
AC tai M. Goi AH,CK lan lugt 1a duong cao cac tam giac ABM,CBM.

Xét Sapc = Samp + Scsm

:%AH-BM—F%CK-BM

_ %BM (AH + CK)

1
SBM-EDSDG-EDzﬁ.
1
Vay trong moi truong hgp ta luon c¢6: Sape < 33

Tuong tu nhu Vi du 6 hoc sinh dé dang gidi duge bai tap hay va khé sau
day:

Trong hinh vuong canh 4em ngusi ta dat 33 diém trong d6 khong c6 ba
diém nao thang hang. Ching minh ring tit 33 diém néi trén ludn co thé tim
duge 3 diém sao cho dién tich tam gidc ¢6 dinh la 3 diém d6 khong vugt qua
1

—dm?.
2

(Dé thi chon hoc sinh giéi 16p 9 tinh Hai Duong nam hoc 2008-2009)

Vi du 7. Trong mot hinh vuong canh bang 7, lay 51 diém. Chiing minh ring

c6 3 diém trong 51 diém da cho ndm trong mot hinh tron c¢6 ban kinh bing 1.

Phan tich.

- Tru6ce hét can nhéc lai nguyén 1y Dirichlet mé rong.
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- Dya vao cau hoi clia bai toan, xac dinh xem déi tugng nao trong bai toan
duoc coi 1a tap hop "thé"? tap hop "long"? Mai "long" chita bao nhiéu con
tho?

_ Xac dinh s6 "bng"? (51 — 1) : (3 — 1) = 25.

- Tim céch chia hinh vuong canh bang 7 thanh 25 "long" ?

Giai. Chia hinh vuong canh béang 7 thanh 25 hinh vuong bang nhau, canh ctia
moi hinh vuong nhé bang =

Vi 51 diém da cho thudc 25 hinh vuong nhé, ma 51 > 2-25 nén theo nguyén
Iy Dirichlet, c6 mot hinh vuong c6 chita it nhat 3 diém (3 = 2+ 1) trong s6 51

. .7 .
diem da cho. Hinh vuéng canh bang £ ¢6 ban kinh duong tron ngoai tiep la:

3G =
5 = m < 1.

Vay bai toan dugc chiing minh. Hinh tron nay chinh la hinh tron ban kinh

bang 1, chita hinh vuong ta da chi ra & tren.

Deé giai Vi du 7 ta can st dung phép xap xi nham la tron so vo ty 100
thanh 1, k¥ thuat 1ay xap xi rat quan trong va can thiét khi tim 10i gidi cta
nhiéu bai tap. Doi khi ta con lay xap xi dira vao hinh dang clia cac hinh trong

timg truong hop cu thé. Sau day 1a mot vi du dién hinh.

Vi du 8. Cho 13 diém phan biét nim trong hay trén canh mot tam giac déu
c6 canh bang 6cm. Ching minh rang luon ton tai hai diém trong s6 13 diém
da cho ma khoang cach gitta ching khong vuot qua v/3em.

(Dé thi vao 16p 10 chuyén Toan truong DHSP Ha Noi nam hoc 2008-2009)

Phan tich.
- T cau héi ciia bai toan, em hay xac dinh xem dé6i tuong nao dudc coi 1a

chéll ?
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- C6 13 tho, muén nhdt it nhat hai tho vao cing mot 1ong thi s6 1ong nhicu
nhét 1 bao nhieu? (13 — 1) : (2 — 1) = 12.
- Tim céch chia tam giac déu thanh 12 phan ma khodng cach 16n nhat gitta

hai diém trong mdi phan khong vuct qua v/3cm.

Giai. Gia st tam gidc da cho 1a ABC. Goi M, N, P la trung diém ciia cac
canh BC,CA,AB va G la trong tam cta tam gidac ABC. Lay Ag, By, Co,
X.Y,Z T,S, R lan lugt 1a trung diém ctia cac doan thing GA, GB, GC, BM,
CM,CN, AN, AP, BP. Tam giac ABC dugc chia thanh 12 phan nhu hinh vé.

Theo nguyén 1i Dirichlet, trong s6 13 diém da cho ton tai hai diém cling
thuoc mot phan. Do canh ciia tam giac ABC bang 6cm nén GAy = AAg =
GBy = BBy = CCy = GCy = v/3cm. Do d6, hai diém néi trén thod man yéu
cau dé bai.
Vi du 9. Trong hinh vuong c6 canh bing 4 lay 33 diém phan biét. Ching
minh ring c6 ba diém nim trong phan chung ctia ba hinh tron c6 ciing ban
kinh 1a v/2.

(Dé thi vao 16p 10 chuyen Toan DHSP TP. Ho Chi Minh nam hoc 2008-
2009)

Giai. Chia hinh vuéng da cho thanh 16 hinh vuéng don vi (cac canh song
song véi cac canh ctia hinh vuong da cho va ¢6 do dai bang 1). Do 33 > 16 - 2
nén theo nguyén 1y Dirichlet, ton tai it nhat 3 diém nim trong hoic trén canh
ctia mot hinh vuong don vi. Gia st d6 1a ba diém A, B, C' & trong hodic ndm
trén canh ctia hinh vuong don vi M N PQ.

Ta c6 MP = /2 v v6i moi diém E thudc hinh vuong M N P() thi V2 =
MP > AE. Tit d6 hinh tron (A, +/2) phit toan bo hinh vuong M N PQ. Tuong
ty, cac hinh tron (B, v/2), (C,v/2) ciing phii toan bo hinh vuong MN PQ.

Vay ba hinh tron (A, v/2), (B, v/2), (C,+/2) déu chita hinh vuong M N PQ

nén ba diém A, B, C' nim trong phan chung ciia ba hinh tron néi tréen.
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Vi du 10. Cho hinh binh hanh ABCD, ké 17 duong thang sao cho méi dudng
) . o 1

thang chia ABC'D thanh hai hinh thang ¢6 ti s dién tich bang 3 Chiing minh

ring trong 17 duong thang d6 c6 5 dudng thing dong quy.

Phan tich. Chon tap hop 17 duong thang la tap hop "thé", muén ching
minh trong 17 duong thing d6 c6 5 duong thing dong quy thi phai tao ra
duoce tap hop "long" 1a cac diém dic biét trong hinh binh hanh sao cho sb
diém 1a (17 —1) : (5—1) = 4. Can cit vao cic diéu kién con lai clia bai todn

dé xac dinh vi tri cic diém dac biet d6?

Giai. Goi M, Q, N, P lan luct la cac trung diém cta AB, BC,CD, DA.

Vi ABCD la hinh binh hanh nen MN//AD//BC; PQ//AB//CD.

Goi d 1a mot trong 17 dudong théng da cho. Néu d cit AB tai E; CD tai
F ; PQ tai L thi LP, LQ lan lugt 1a duong trung binh ctia cac hinh thang
AEFD,EBCF. Ta 6 :

S(AEFD)/S(EBCF)=1/3 hoac S(EBCF)/S(EBFC) = 1/3 suy ra

LP/LQ = 1/3 hoc Ia LQ/LP = 1/3.

Trén PQ lay hai diém L;, L, théa man diéu kien L1 P/L,Q = LyQ/LyP =
1/3 khi d6 L trung v6i L; hodic L trung v6i Ly. Nghia la néu d cit AB va CD
thi d phai qua L; hoac L.

Tuong tu, tréen M N lay hai diém K, K, théa man diéu kien K\M/K\N =
KyN/Ky;M = 1/3 khi d6 néu d cat AD va BC' thi d phai qua K; hoac K.

Tém lai, mdi dudng thang trong s6 17 dudng thang da cho phai di qua mot
trong 4 diem Lq; Ly; K1; Ko.

Vi 17 > 4-4 nén theo nguyen Iy Dirichlet, trong 17 duong thang d6 sé co it
nhat 5 duong thang (5 = 4 + 1) ciing di qua mot trong bon diem Ly; Ly; K1; Ko
(5 duong thang dong quy, dpem).
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3.4.3 Bai tap van dung

Bai tap 1. Trong hinh vuong canh bing 1 cho 5 diém bat ky. Chiing minh
rang trong cac diém da cho cé thé tim duge 2 diém sao cho khoang céch giita

>
chiing khong 16n hon g

Bai tap 2. Cho hinh vuong ABC'D ¢6 AB = 14cm. Trong hinh vudng c6
danh dau 76 diém phan biét. Chitng minh ring ton tai mot duong tron cé ban
kinh 2cm chita trong né it nhéat 4 diém trong s6 cac diem tren.

(Dé thi vao 16p 10 chuyen Toan DH Vinh nam hoc 2005-2006)

Bai tap 3. Cho mot hinh vuong c6 canh bang 10. Bén trong hinh vuong ta
danh dau 201 diém. Chitng minh rang luoén tim dudge mot tam gidc ma cac
dinh 1a diém dougc danh dau cé dién tich khong 16n hon % (néu 3 diém danh
dau thing hang, thi ta coi tam giac v6i dinh 1a cac diem d6 cé dien tich bang
0).

Bai tap 4. Bén trong mot hinh chit nhat kich thuée 3 x 4 ta danh dau 6
diém. Ching minh rang luon tim ducge hai diém danh dau cdch nhau mot

khoéng khong 16n hon v/5.

Bai tap 5. Cho AABC deéu c6 canh AB = 1. Bén trong tam giac ta danh
dau 5 diém phan biét. Ching minh ring ton tai hai trong 5 diém danh dau

cach nhau mot khoang bé hon 0, 5.

Bai tap 6. Trong mit phéng cho tap hgp M gom 25 diém c6 tinh chat 1a
v6i 3 diém bat ky thuoc M ton tai hai diem cach nhau mot khoang bé hon 1.
Chiing minh rang luon tim duge mot duong tron c6 ban kinh 1 chita trong no
khong it hon 13 diém thuoc M.

Bai tap 7.

Cho 2009 diém trén mat phing sao cho trong bat ky 3 diém nao cling c¢6
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2 diem ma khodng cach giita chiing nhé hon 1. Chitng minh réng c6 it nhét

1005 diém ndm trong mot duong tron ban kinh 1.

Bai tap 8. Bén trong dudng tron (O, R) ta danh dau 7 diém, khong c6 diém
nao tring véi tam ciia duong tron. Chitng minh ring luén tim duge hai diém

danh dau cach nhau mot khoang nhé hon.

Bai tap 9. Cho mot tap hop gom 6 diém ndm trong trong mit phang cé tinh
chat 1a 3 diém bat ky thuoc tap hop do la dinh ctia mot tam giac v6i cac canh
c6 do dai khac nhau. Ching minh rang canh nhé nhat clia mot tam giac 1a

canh 16n nhat ctia mot tam giac khac.

Bai tap 10. Cho mot tap hop gom 9 duong thing ma mdi duong cit hinh
. .2 . .
vuong thanh hai t giac c6 ty so dién tich bang 3" Chting minh rang c6 it nhat

3 trong 9 duong thing do dong quy.

Bai tap 11. Beén trong mot da giac 16i 2n—canh ta lay diéem P. Qua médi
dinh ctia da gidc va P ta ké mot dudng thang. Chiing minh ring ton tai mot

canh da giac khong c¢6 diém chung véi cac dudng thing vira ké.

Bai tap 12. Cho da giac déu (H) c¢6 14 dinh. Chiing minh rang trong 6 dinh
bat ki ctia (H) luon ¢6 4 dinh 14 cdc dinh ctia mot hinh thang.

(Dé thi vao 16p 10 chuyen Toan, Tin DHKHTN-DHQG Ha Noi nam hoc
2005-2006)

Bai tap 13. Trong hinh chi nhat kich thude 1 x 2 ta lay 6n% + 1 diém ( n 1a
. . R 1
sO nguyén duong). Ching minh rang ton tai 1 hinh tron véi ban kinh — chia
n
khong it hon 4 trong s6 cac diém da cho.

3.4.4 Hudéng dan cach giai

. 1
Bai tap 1. Chia hinh vuong canh bang 1 thanh 4 hinh vuéng con canh 3

nhu hinh vé. C6 5 diém ndm trong 4 hinh vuéng nén phai c6 mot hinh vuong
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chita it nhat 2 trong 5 diém da cho. Hai diém nay nim trong dudng tron cé
duong kinh la duong chéo ctia hinh vudng con chita né nén khoang cach gitta

2
chung khong vugt qué duong kinh duong tron c6 do dai \/7—

Bai tap 2. Chia hinh vuong ABCD thanh 25 hinh vuéng nhé c6 canh bing
14 .

& o Vi 76 : 25 = 3( mod 1) nén theo nguyén 1i Dirichlet ton tai mot
hinh vuong nhé IJK H chia it nhat 4 diém trong s6 76 diém da cho. Goi O

14 14
la tam hinh vuong IJKH. Ta c6 IJ = Ecm nén /K = Eﬁcm. Suy ra

7
Ol = g\/écm.
Do dudng tron ngoai tiép hinh vuong IJHK c6 tam O ban kinh OI chia
. ) 7
tat ca cac diem trong hinh vuong IJK H va 5\/5 < 2 nén duong tron tam O

ban kinh 2¢m thod man diéu kién dé bai cho.

Bai tap 3. Thd la tap hgp 201 diém, 16ng duge xac dinh nhu sau: Ta chia
hinh vudéng ban dau thanh 100 hinh vudéng nhé bing cac duong thang song
song vdi hai canh lién tiép ctia hinh vuong d6.Mai hinh vuoéng nhé c6 canh
bing 1. Vi cac diém duge danh dau ndm trong hinh vuéng ban dau, nén cac
diém d6 phai thuoc vio mot trong cac hinh vuong nhé. Ta coi 100 hinh vuong
nhé 1a 16ng. C6 201 thé duge nhét vao 100 1ong, suy ra c6 mot 1ong duge nhot
khong it hon 3 thd. Gia st A, B,C la 3 diém thuoc hinh vuong M NPQ c6

N 1
canh M'N = 1. Ta chting minh dugc rang Sapc < 5

Bai tap 4. Ta chia hinh ch® nhat theo hinh vé duéi day va coi tap hgp 5
mien da gidc 1a "long". Moéi mién da giac hoac 1a mot hinh thang vuong hoac

la mot ngil gidc. Khodng céch xa nhat gitta hai diém trén bien da giac bing

V5.

Bai tap 5. Trudc hét ta chiing minh ring khoéng cach giita hai diém bat ky
nam trong tam gidc déu khong 16n hon canh tam giac. Ta ky hiéu hai diem K, L

nam trong AABC déu, khi do6 ta c6 ZKAL < 60°. Mot trong hai géc con lai
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ctia AAK L khong nho hon 60°, chang han ZALK > 60° = AK > KL. Goi E
la giao diém ctia AK v6i canh BC, ta c6 AE > AK. Trong ANABE, /AEB >
60° (n6 1a goc ngoai cia AAEC), nén AB > AFE. Két hop cac két qua trén ta

suy ra diéu can chitng minh.

Nhan xét d6 cting v6i s6 0,5 da goi cho ta tim mot tap hop cac ddi tuong
hinh hoc khac tap hgp 5 diém danh dau. Ta ky hieu M, N, P lan lugt 1 trung
diém céc canh ctia AABC. Cac doan thang M N, M P, NP chia tam giac ban
dau thanh 4 tam gidc deu {AAMN, ABM P, ACNP, AMN P} c6 canh bang
0,5. Ta coi tap {A} gom 5 diém la tho, tap {B} gdm 4 tam gidc déu da liet
ké & trén la long. Theo nguyén tic Dirichlet ton tai mot long chita it nhat hai
tho. Diéu do6 c6 nghia la ton tai it nhéat hai diém duge danh dau ndm bén trong
ho#ic trén canh clia mot trong 4 tam giac déu da liet ke. Ta ky hieu K, L 1a
hai diem danh dau va xét cac truoong hop sau:

a) K, L nam trong AAM N .Theo nhan xét da néu ¢ tren KL < MN = 0, 5.

b) K, L nam trén doan thing M N, vi cic diem d6 khong thé triing véi cac
diém M, N do d6 KL < MN.

Bai tap 6. Gia stt A la diém thuoc M, ta dyng dudng tron (A,1). Néu moi
diém con lai ctia M niam trong duong tron do, thi ta c6 ngay diéu can ching
minh. Gia st B 13 diém thuoc M nam ngoai dudng tron dé. Ta xét mot diém
C bat ky thuoc M khac A, B. Theo gia thiét ta c6 hodc AC < 1 hosic BC < 1.
Ta coi tap hgp 23 diém thuoc M 1a thé, tap hop hai duong tron (A, 1), (B, 1)
12 1ong. Nhu vay 23 tho duge nhét vao hai 1ong, theo nguyén ly Dirichle ton
tai mot long chita 12 thé. Nghia la ton tai mot duong tron (A, 1) hodc (B, 1)
chita trong né 13 diém thuoc M.

Bai tap 7. Lay mot diém bat k¥ trong 2009 diém da cho lam tam vé duong
tron ban kinh 1, con lai 2008 diém trén méit phing.

Theo gia thiét trong 3 diém bat ky c6 2 diém ma khoang cach giita ching
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nhé hon 1 nén ct 1 diém ndm ngoai dudng tron thi c6 mot diém nim trong
duong tron. Chang han, diém A ¢ (O) suy ra OA > 1, do d6 B € (O).
Ta c6 tat ca 1004 cap diém nén co6 it nhat 1004 diem thudc duong tron tam

O vi tinh cd tam nita 1a 1005 diém.

Bai tap 8. Chia duong tron thanh 6 hinh quat c¢6 géc & tam bang nhau. Coi
tap 7 diém la tho, tap hgp 6 hinh quat 13 1dng.

Bai tap 9. Ta ky hieu {A1, Ay, ..., Ag} 1a tap hgp diém da cho. Ta xét mot
tam giac bat ky c6 dinh tai cac diém dé. Vi do dai cac canh ciia ciing mot tam
giac khac nhau, nén ta sé son canh c6 do dai nhé nhat bang mau doé. Hai canh
con lai ta son xanh. V6i cach lam nhu vay tap hop cac doan thang A, A,, ndi
hai diém bat ky {A,,, A,,} thudc tap hgp diém da cho hodic c6 mau dé hosc c6
mau xanh. Ta can chitng minh ring ton tai mot tam giac c¢6 ca 3 canh mau
do6. That vay ta xét cac doan thang c6 chung dau mut 1a A;. Tap hop cac doan
thang d6 dudc coi la thé. Tap hop cac mau ding dé son cac doan la 1ong. C6
5 tho duge nhét vao hai 1ong, khi d6 ton tai mot 1ong chita it nhat 3 tho. Dicu
d6 c6 nghia 1a c6 it nhat 3 doan chung dau mut A; dugde son cing mau. Gia st
c6 it nhat 3 doan thing A, As, A1 As, A1 A, duge son dé, khi d6 AA; A3 A, phai
c6 mot canh mau do, ching han A,A;. Vay ton tai mot tam gidc c6 3 canh
d6. Néu c6 it nhat 3 doan mau xanh cing dau mut 14 A, Ay, A Az, A A, thi
AAyA3 A, phéi c6 3 canh mau dé. Néu AAyAs A, c6 canh dé va gia sit Ay A

13 canh dai nhat ctia né, thi né chinh 1a canh nhé nhat ctia mot tam gidc khac.

Bai tap 10. Ky hieu ABC'D la hinh vuong da cho, d,,,n =1,2,3,...,91a cac
dudng thing cit hinh vuong. MN va PQ la cac duong trung binh ctia hinh
vuong. Tt dieu kién bai toan ta suy ra mdi dudng thang d,, cit M N hoiic PQ

tai mot trong cac diém I,.J, K, L khac nhau(xem hinh dudi day)

Coi tap hop cac dudng thang d,, 1a thd | tap hop diém {7, J, K, L} 1a 1ong.
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Bai tap 11. Néu P thudc vao mot duong chéo ctia da giac, chang han 1a AB,
thi PA, PB la cac duong thing tring nhau khong cit dugce canh da giac. Ta
xét P khong nam trén bat ky dusng chéo nao. Ta danh s6 cac dinh clia da giac
A1Ay ... Ay, va xét duong chéo A; A, 1 cat da gidc thanh hai phan. Ta coi
P la diém trong ctia da giac A Ay ... A, ;. Cac duong thing PA, |, PA, o,
..., PAs,, PA; khong thé cit cac canh A, 1A, 9, ApioApis, AnisAnia, ...
AopAq. S6 cac dudng thing con lai 1a PA,, PAs, ..., PA, co thé cit cac canh
d6. Ta coi long la tap hop cac duong thang PA,, PAs, ..., PA,_1 va cé ca thay
n—11ong. Thé 1a tap hop cic canh A, 1A, 10, AproAnis, AnisAnia, ... Asy Ay,
C6 ca thay n+1 thé. Dieu d6 c6 nghia 1a ton tai hai canh ciing bi cat bdi mot

duong thang. Diéu nay khong thé xay ra, vi da giac 1a 16i.

Bai tap 12. Cac dinh ctia da gidc déu (H) chia duong tron ngoai tiép né
thanh 14 cung bang nhau, mdi cung c6 s6 do la o = g Cac day ndi hai dinh
clia (H) chan céc cung nho ¢6 s6 do la «,2a,3a, ..., Ta. Do vay do dai cac
day chi nhan 7 gia tri khac nhau.

Lay 6 dinh ctia (H) thi s6 day noi hai trong 6 dinh la: ? = 15. Vi 15 day
nay c6 do dai nhan khong qua 7 gia tri khac nhau nén theo nguyén li Dirichlet
phai c6 3 day cuing do dai. Trong 3 day do6 luon c6 hai day khong chung dau
mut. That vay, néu 2 day bat ky trong 3 day dé chung dau mut thi 3 day do
tao thanh mot tam gidc déu, suy ra s6 dinh ctia (H) chia hét cho 3. Diéu nay
vo Iy vi (H) ¢6 14 dinh (14 khong chia hét cho 3).

Dé thay, 2 day bang nhau ctia mot duong tron khong chung dau mut thi 4
dau mut ctia ching 13 4 dinh ctia mot hinh thang can. T d6 suy ra trong 6

dinh bat ky ctia (H) Iuon c6 4 dinh 1a cac dinh ctia mot hinh thang.

Bai tap 13. Chia cac canh ciia hinh chit nhat thanh n doan va 2n doan béang

-~ . ]. P .2 . N 2
nhau, moi doan c6 do dai la —. Noi cac diem chia bang cac duong thang song
n

song v6i cac canh ctia hinh chit nhat ta dude 2 x 2n = 2n? hinh vuéng nhé véi
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1
canh l1a —.
n

Vi (6n% + 1) : 2n? = 3( mod 1) nén theo nguyén 1 Dirichlet, ton tai mot

hinh vuong nho chita it nhat 4 diém. Vi hinh vuong c6 canh — noi tiep ducng
n
tron ban kinh o va duong tron nay dudc chita trong dudng tron dong tam
n

]- X . N Z z ]‘ 2, z.
ban kinh — nén ta suy ra ton tai mot hinh tron ban kinh — chita khong it hon
n n

4 trong s6 cac diém da cho.

3.4.5 Két luan

Bing cac phuong phap phan tich, dy doan, hinh thanh thuat gidi, phan
loai bai tap sau nhiéu nam lién tuc gidng day chuyén dé chtng toi da thu duge

mot s6 két qua sau day:

Céc em hoc sinh rat hao hiing, tu tin khi st dung nguyén 1y Dirichlet dé
giai cac bai tap hinh hoc khong mau muc, niém vui dé duge thay thé bdéi thai
do ai ngai moi khi gap bai toan tuong tu trude kia khi cdc em chua duge lam
quen véi chuyén de nay. Nhu vay chuyen dé da gép phan tich ciic hoa hoat
dong ciia hoc sinh dong thoi nang cao chat hugng day va hoc ciia thay va tro.

Chuyén dé gop phan tang thém kha ning sdng tao cho hoc sinh, qua dé
phét trién tu duy Toan hoc, gitp céc em yéu Toan hoc hon va ngay cang say

meé vii bd mon.

TAI LIEU THAM KHAO
1. Nguyén Van Mau, Tran Nam Diing, Dang Huy Ruan, Vi1 Dinh Hoa,
Dang Hung Thing, 2008, Chuyén dé chon loc To hop va todn roi rac, NXB

Gido Duec.
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3.5 S dung tinh don diéu ctia ham sé dé tim gigi han

Truéng THPT Chuyén Hoang Van Thu, Hoa Binh

3.5.1 Cac tinh chét

1. Ky hiéu: A 1a mot trong cac tap: [a; 0], (a;b), (a; 0], [a;b), (—o0; a), (—o0; al,
(b; +00), [b; +00), R.
2. Dinh 1y 1: Cho f: A — A la ham lién tuc khi doé:

1. Phuong trinh f(z) = 2 ¢6 nghiém < phuong trinh f,(z) = x ¢6 nghiém.

2. Goi «; B 1an lugt 1a cdc mut trai, mat phai cia A biét lim[f(z) — 2] va
ro

ilgr_l[f(a:) — ] cung duong ho#c cling am.

Khi d6 phuong trinh f(x) = z ¢6 nghiém duy nhat < phuong trinh
fn(x) = 2 ¢6 nghiém duy nhat.

Trong d6 f.(x) = f(f(...f(x)...)).

n lan

Chiing minh.

1. (a) Néu phuong trinh f(z) = x c6 nghiém la zy thi zo ciing 14 nghiém
ctia phuong trinh f,(z) = .

(b) Néu phuong trinh f(x) = z vo nghiém thi f(x) — 2 > 0 hodic f(x) —

r < 0v6imoiz e A, dodod f,(x) >z hodc f,(x) < z véimoiz € A,

dan dén phuong trinh f,(z) = z cling vo nghieém.

2. (a) Gid st phuong trinh f(x) = x ¢6 nghiem duy nhat 1a zg thi o
rang day cing la nghiém ctia phuong trinh f,(x) = z. Dat F(x) =
f(z) — x, do F(z) la ham lién tuc nén trén cac khoang (xo;3) va

(a; z9) F(x) gitt nguyen mot dau.
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+ Néu lim([f(z) — 2] va liﬁng[f(x) — z] ciing duong thi F(x) > 0 trong
(x0; B) va (a;x9) = f(x) > x, Yo € A\{zo}.

Xét x; € A\{x'o} = f(i[}l) > T = f(f(fEl)) > f(l'l) > T = fn(l’) > .
= 7 khong la nghiém ctia phuong trinh f,(z) = x.
= fn(z) = x c6 nghiem duy nhat: z = x.

+ Néu lirgrl[f(x) —x] va lim[f(x) — z] cing am ching minh tuong tu.

TQ zB~

(b) Ta thiy moi nghiém clia phuong trinh f(z) = z déu 1a nghiém ctia
phuong trinh f,(z) = x do d6 néu phuong trinh f,,(z) = z ¢6 nghiem

duy nhat thi phuong trinh f(z) = z ¢6 nghiém duy nhat.
]

3. Dinh ly 2: Cho f : A — A la ham dong bién, day (z,) thdéa man:
Tpi1 = f(z,), Yo € N*. Khi do:

1. Néu z1 < zo thi (z,,) la day téng.
2. Néu xy > w5 thi (z,) 14 day giam.

Chitng minh. 1. Ta ching minh z, < z,4; bang phuong phip quy nap.
That vay:
- V6in =1, ta cé r; < Ty, ménh dé dung.
- Gi4 stt ménh dé dung véi n = k, k € N*, tiic 1a uj, < upyq, ta ching
minh ménh dé dang véin =k+1, ¢6 f(ug) < f(ugs1) (do f1a ham dong

bién) = upi1 < Upyo (dpem).

2. Ching minh tuong tu.

C6 thé mé rong dinh 1y nhu sau:
Cho k € N*va f : A — Alaham dong bién. Day (z,,) thod man: z,,1 = f(z,),
Vn >k, x, € A. Khi do:
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1. Néu zp < xp4q thi @, < 2,41, Vn > k.
2. Néu zy, > 2 thi x, > 2,41, Vn > k.

4. Dinh ly 3: Cho f : A — A la ham dong bién, diy (z,) théa man:
Tpt1 = f(z,), Vo € N*. Khi dé:

1. Céc day (z2,) va (w9,y1) don diéu trong d6 mot day tang va mot day
giam.
2. Néu (x,,) bi chan thi Ja = limzy, va 38 = lim z9, 1.

3. Néu f 1a ham lien tuc thi «, §1a nghiém ctia phuong trinh: f(f(z)) = z.

(1)

Vi vay néu phuong trinh (1) ¢6 nghiém duy nhat thi « = 8. Va: limx,, =
a=[.

Chiing minh.
1. Vi f(z) 1a ham gidm nén ham f(f(x)) dong bién, 4p dung dinh 1y 2 ta
c6 dieéu phai chitng minh.
2. Suy ra tric tiép tit phan a.

3. Taco f(f(22n)) = f(Zons1) = Tony2, VA

lim f(f(z2n)) = lim2n12 = @ }

lim zy, =
f(z) 1a ham lién tuc

Ching minh tuong tu ta cing co: f(f(5)) = 5.
Vay «, 8 la nghiém cia phuong trinh f(f(z))



3.5. Sit dung tinh don diéu ctia ham s6 dé tim gidi han 107
3.5.2 Cac vi du

Vi du 3.9. Cho day s6 (u,) nhu sau:

Uy = 2,7
uiﬂ — BUpt1(tUpy1 — 1) = u, + 1, Vn € N

Chiing minh rang day so (u,) cé gidi han hitu han.

Giai.
e Ta cé:
U?LH —3tups1(Upyr — 1) =u, +1, VneN*
g (un-i-l - 1)3 = Unp, Vn € N*
S Uny1 = Jun + 1, Vn € N*

e Do u; = 2,7 > 0 nén bang quy nap ta ching minh duge u, > 1, Vn €
N, n>2.
e Xét ham f(z) = Jx+1,¢o f'(z) =

1
> 0 v6i moi x # 0 va f(x) 1a ham
W @)
lien tuc, do d6 f(z) la ham dong bién trén trén R.
e Lai c6 upi1 = f(un), ¥Yn € N*, vA u; = 2,7 > us = /2,7 + 1 nén ta suy ra
duge (uy,) 1a day gidm ma lai bi chian duéi tai 1 nén day (u,) c¢6 giéi han hiu

han.

Vi du 3.10. Cho déy s6 (u,) théa man:

U1:2,9
U = V3 + ———, Vn € N".

Vus —1

Chiing minh rang day so (u,) cé gidi han hitu han.

Giai.

—1
o Xét ham f(z) = V3 +

, Ve >1,c6: f'(x) = ———= <0, Vo >

x
vaz—1 2¢/(x2—=1)3
1 = f(x) 1a ham nghich bién trén (1;400).
3
e Ta ching minh V3 <u, <V3+ \/;, Vn € N*. That vay:

- Bai toan diang véi n = 1.
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- Gia st bai toan ding véi n = k, k € N* ta chiing minh bai toan ding véi
n==k+1.
Ta c6 ug > v/3 va upyy = f(ug), ma f(z) 1 ham gidm trén (1;4-00) nén suy

ra

flu) < f(V3) = upn < V3 + \/g

Laic()uk>\/§>ojuk+1 V34— >\/_

Vuj =
Vay\/§<un<\/§+\/;, Vn € N*,
e Tt d6 ap dung dinh ly 3, ta suy ra dugc: da = lim x9,,11, b = lim 9, trong

do6 a, b la nghiém cia phuong trinh f(f(x)) = =.

e Xét ham F(z) = f(f(z)) —x, véi V3 < 2 < V3 + \/g, c6 F'(x) =
f'(x).f'(f(xz)) — 1. Do \/§+\/§ > f(x) > V3 va 0 > f/(x) véi moi V3 <
x<f+\fnenF'( )<0V61moi\/§<x<\/§+\/§,laicéF(\/§)>

0, F(V3+ \[ ) <0.
= phuong trinh F(z) = 0 c6 nghiem duy nhat 12 a.
= lim ug, 1 = limuy, = limu,, = a.

Vay day (u,) ¢6 gi6i han hitu han khi n — 4oc0.

Vi du 3.11. Cho s6 thyc a va day so (uy) zdc dinh nhu sau:

{u1 =a
Upt1 = Up +sinu,, Vn € N*, n > 2.
Tim lim u,, .
Giai.
e Xét ham f(z) = x +sinz, Vo € R, ta ¢6 f'(z) = 1+ cosz > 0, Vo € R,
khi d6 véi @1, 1y (11 < x3) ta co: trong [z1; 1] c6 hitu han diém ma tai d6
f'(z) =0, vi vay f(z) dong bién trén [z1;xo] = f(z1) < f(x2).
Vay f(x) dong bién trén R.
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e Néua = km, k € Z, dé dang chitng minh duge bang qui nap u, = a, Vn € N*.
o Néu k2r < a < k2mr +m (1) = sina > 0.
C6 upy1 = f(u,) va f(x) 1a ham dong bién trén R, ma u; = a < uy = a+sina
nén theo dinh 1y 2 ta ¢6 (u,) la day tang lai ¢6 (u,) bi chin trong khoéng
(k2m; 7 + k2m).
= Jlimu,, dat b = limu,, ta c¢6 b la nghiém ctia phuong trinh: b = b+sinb <
sinb = 0.
Két hop véi (1) = b= 7 + k2.
o Néuk2r +m <a< (k+1)2r (2) = sina <O0.
C6 upy1 = f(u,) va f(x) 1a ham dong bién tréen R, ma u; = a > uy = a+sina
nén theo dinh ly 2 ta c¢6 (u,) la day gidam lai ¢6 (u,) bi chin trong khoéng
(m + 2km; (k + 1)27).
= Jlimu,,, dit ¢ = limu,,, ta c¢6 ¢ la nghiém cua phuong trinh: ¢ = c+sinc <
sinc = 0.
Két hop v6i (2) ta c6 c = 7 + k27.

Vay limu,, = 7 + k2.

Vi du 3.12. Cho day s6 (z,) nhu sau:

T =+a, a>2
Tnr1 =V a—a+z,, Vn e N

Chiing minh rang day so (x,) cé gidi han hitu han.
Giai.
e Bing quy nap ta ching minh duge 0 < x, < \/a, Vn € N*.
e Xét ham f(z) = v/a—Va+x, Vr € [0;/a] c6 xp11 = f(z,) va
-1
flx) =
4y a—+a+zv/a+z

= f(z) 13 ham nghich bién.

<0, Vx € [0;/d]

e Ap dung dinh Iy 2 ta c¢6 day (z,) dugc tach thanh hai day con (3,) va
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(Z2n41), trong d6 c6 mot day tang va mot day giam. Mat khac ta lai c6 day
(z,,) bi chan suy ra ton tai limzy, = o va limwzy,; = 3, trong dé «, § la

nghiém ctia phuong trinh:

fﬁ@»=x¢>¢w—¢a+¢5f?%f§:x

Xét ham F(z \/a—\/a—i— Va+z —x, véi z € [0;/a] c6

Fla) = ! 1

\/a—\/a—ir m\/cﬁ—\/a—\/m\/a—\/ﬁ—x\/a—i——x

V6i z € [0;y/a] ta co

\/a—\/cH——x.\/a—l——xz\/a—\/a—l—\/E.\/a>\/a— a+\/5+i.\/5

—\Ja-va-tva=yf(va- -2

2 4
> \/(\/5——) ——\/_> V0,12 > 0,3,
Thay vai tro cua x bdi v/a — v/a + x ching minh tuong tu ta cé

\/a—\/a+\/a—\/CL—|~—x\/a+\/a—\/m>O,3.

= F'(x) < —0,9 < 0 = F(z) la ham nghich bién, lai ¢6 F/(0) > 0, F(y/a) < 0.

= Phuong trinh F(z) — x = 0 ¢6 nghiem duy nhat = a = 3.
= lim z9, = lim x9,,1 = lim x,,.

Vay ¢6 limx,, =T v6i T thod man f(f(T)) =1T.
6. Bai tap:

Bai toan 3.1. Cho day so (x,) zdc dinh nhu sau:

)
x—l
173

1
Tpgl = 51’% —1, Vn € N*.
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Chiing minh rang day so (x,) cé gidi han hitu han va tim gidi han do.

Huéng dan.
- Bang phuong phap quy nap, ta ching minh duge —1 < z,, < 0, Vn > 2.

. 1
- Xét ham s6 f(x) = 51‘2 — 1 trén doan [—1;0]. Ta ¢6 11 = f(z,), Vn €
N*. Ham s6 f(z) gidm trén [—1;0], do d6 cac day con (za,), (z2,41) don dieu

(bat dau tir ).

- Vay ton tai cac giéi han lim zy, = a, lim 29,1 = b, va a,b € [—1;0], a,b 1a
nghiém ciia phuong trinh f(x) = z. Ta thay, trong doan [—1; 0], phuong trinh
f(z) = x c6 nghiem duy nhat z = 1 — /3.

= limz, =1 — V3.

Bai toan 3.2. Cho day so (u,) zdc dinh nhu sau:

Ulzl

Upt1 = 1 , Vn € N*,

n

Tim lim(uy,).

Huéng dan.

- Bang phuong phap quy nap, ta chting minh duge 0 < u,, < 1, Vn > 2.

. 1
- Xét ham s6 f(z) = 1 trén doan [0;1]. Ta ¢6 up1 = f(uy), ¥n € N*
x

1
(e 1 1)

Ham s6 f(x) gidm tren [0;1], do d6 cac day con (ug,), (ugny1) don dieu.

fl(x) =~ <0 Vz e [0;1].
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- Vay ton tai cdc giéi han limug, = a, limug, 11 = b, va a,b € [0;1], a,b 1a
nghiém ctia phuong trinh f(f(x)) = z. Ta thay trong doan [0; 1], phuong trinh
—1+5

f(f(z)) =  c6 nghiem duy nhat z = 5

—1++5

—

Bai toan 3.3. Cho day so (u,) zdc dinh nhu sau:
{ul =a, a € R

1
Upt1 = 3 cosu,, Vn € N*.

= limu,, =

Chiing minh rang day (u,) hoi tu.

Huéng dan.
- Dé thay u, € (0;1), Vn > 3.

. 1
- Xét ham s6 f(z) = 5 CosT trén khoang (0; 1), ta c6 u,q1 = f(u,), Vn > 3.

1
Taco f'(z) = —3 sinz < 0 trén khoang (0; 1), do d6 céc day con (ugy,), (u2n+1)
don dieu, bat dau tir ug. Ma (u,) bi chin, do d6 ton tai cac gi6i han lim us, = a,
limug, 1 = b, v6i a,b € [0;1], v& a, b 1a nghiém cta phuong trinh f(x) = .

Ta thay trong doan [0; 1], phuong trinh f(z) = = ¢6 nghiém duy nhét.

- Vay day (u,) hoi tu.

TAI LIEU THAM KHAO
1. Nguyén Van Mau (2002)). Cac bai toan chon loc vé lugng giac, NXB

Giao duc.

3.6 Phuong phap lugng giac va ap dung

T6 Toan, Truong THPT Chuyén Lao Cai
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Lugng giac 1a phan kién thiic quan trong trong chuong trinh toan THPT,
ngoai nhitng bai toan lien quan triyc tiép dén lugng gidc, nhu bién déi luong
giac, hé thic lugng giac trong tam giac, t@ giac, phuong trinh lugng giac, tich
phan clia cdc ham s6 lugng giac,..., thi mot lugng khong nhé cac bai toan lai
dugc chuyén vé lam viec véi déi tugng 1a lugng gidc thong qua céc phép dat
luong giac. Trong bai viét nay ta sé 4p phuong phap luong giac vao giai quyét
mot s6 dang toan co ban 1a cac bai toan vé phuong trinh, hé phuong trinh, cac

bai toan ching minh bat déng thitc va mot s6 bai toan lien quan dén day s6.
3.6.1 Cac két qua co ban
Mot sé6 ding thic ludng giac

1
2

sin? z + cos? r=1VreR

)
1

) 1+ tan?z = 2, ,Vm;«é——l—knr

cos® z
3) 1+ cot’r = ——, Vo £ kn

sin®

) zcot—,Vx%knr

) Vi

4) cot x +

sinz
10457# + km, k € Z, ta co:

)
tan o + tan § + tany = tana. tan 5. tany <= a+ f+ v = nn(n € Z)

6) Voi a;ﬁ;’y%gjtkw,kez, ta co:

tana.tan § + tan f.tany + tany.tana =1 <= a+ [+ v = g +nr(n € Z)
Mot s6 phép dat luong giac

T =sint

z 2 2 N o
7) Néu x? + y —1th1,dat{ y = cost
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P =asint
8)N%a¥+y%:ﬁtm¢mt{ v asim
Yy =acost
T = Cos

9) Néu 22 + y? + 22 = 1 thi, dat y = sin . cos 0
z = sin . sin
T =acosp
10) Néu 2% + y* + 2% = a? thi, dat Yy = asin ¢. cos
z = asin p.sinf
11) Trong moi trusng hgp ta déu c6 thé lugng gidc héa theo ham tan z hoic

cotx

3.6.2 Ap dung trong gidi phuong trinh, hé phuong trinh

Vi du 3.13. Giai phuong trinh: © = \/2 +V2—V2+z

Giai. Diéu kien: 0 < z < 2.

Diat x = 2. cost, diéu kien: —g <t< g(*) Khi d6 phuong trinh tré thanh:
QCost—\/2+\/2— 1+cost

(:>2608t—\/2+\/ 1—cos
<:>2(308t—ﬂ2+281n1
t

t
<= 2cost = ﬁ(sing + cos §)

t
= sin(g —t) = sin(% - g)(**)
Giai phuong trinh (**) va két hop véi dicu kien (*), ta nhan dugce 2 gia tri clia
t thé sty = 2hogy — — 2T
da man la: t; = —
T T
27 2
Vay phuong trinh da cho ¢6 2 nghiém: z = 2 cos 9 va r = 2cos -
z=yd-y)
Vi du 3.14. Cho (z;y;2) la nghiém cia hé phuong trinh: y=2z2(4-2)
z=ux(4—x)

Tim tat cd cdc gid tri ma tong S = x +y + 2z ¢6 thé nhan duge.
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Giai.

Gia st (z; y; 2) 1a nghiém ctia he phuong trinh da cho. Cong vé véi vé tuong
ing cac phuong trinh cta hé, ta nhan dugce:
39 =22+ 92 +22>0= 5 >0.ViS >0 nén trong 3 sd z,y, z phai c6 it
nhat mot s6 khong am, khong mat tinh tong quat, ta gia sit > 0, tit phuong
trinh (1) ctia he ta suy ra 0 < x < 4. Bang phép hoan vi vong quanh ta co:
0 <z,9,2 < 4. Diat x = 4sin*a, v6i 0 < o < 7. Khi d6 tit PT(3) suy ra:
z = 4.sin? 2a, thay vao PT(2), suy ra: y = 4.sin® 4o, thay trd lai phuong trinh
dau, ta nhan dugc z = 4. sin® 8a.
Nhu vay c;{;la nghiékm ctia phuong trinh: sin® 8o = sin® a <= cos 16a = cos 2a

s T

=" kez
=a=—ja 9(E)

Truong hgp 1: o = k77r vi0<a<mnénk e {0;1;2;3;4;5;6;7}, tuy nhién

v6i k € {4;5;6;7} hay k € {0;1;2;3} déu cho cing mot gia tri clia z,y, 2.

V6ik=0=—=a=0=S5=0

*) Véi k € {1;2;3} thi S ¢6 cing mot gia tri bang: S = 4 sin® g + 4 sin® 277T +
L9 3T

4sin - = 7 .

Truong hgp 2: a = 5 vi0<a<mnénke{0;1;2;3;4}.

NVik=0=a=0=S5=0.
\ 2
) Vi k € {1;2;4} thi S c6 ciing mot gia tri bing: S = 4sin? g +4sin2 Ty

4 9
4 sin? 77r = 6.

) Véik:3th13:4sin2g+4

2 4
sin? 2% 4 4sin? 2% = 9.

3 3
Két luan: S € {0;6;7;9}.
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Vi du 3.15. Tim cdc s6 thuc x,y, z théa man
20404256 (xt+yt 2t H10(2? 2+ 22) —2(2Py+yP e+ 23 0) H6 (vytyztza) = 0

Giai. Bién doi vé trai thanh: P = (2% -3z —y)?+ (y® — 3y — 2)%+ (2% - 32 —2)?

y=2°—3x
Do d6 P=0<+<= = 2% — 3z2(%)
=1y -3y

) Néuz > 2thiy =a(2? —3) > 2= 2 =y(y> — 3) > 2. Tu d6 cong theo
vé ba phuong trinh ctia he (*) ta co:
0=+ +2°—do—dy—4dz=x(x®* —4)+y(y* —4)+2(2*—4) > 0 (Vo ly).

*) Lap luan hoan toan tuong tw véi © < —2, ta ciing ¢6 mau thuan. Vay |z| < 2
y =2(4cos®t — 3cost) = 2.cos 3t
Dat x = 2cost,0 <t <, suy ra: x = 2(4cos® 3t — 3cos 3t) = 2.cos 9t

z = 2(4cos® 9t — 3 cos ) = 2. cos 27t
km Im
—(k=0,1,2,..,13);t = —(l=0,1,2,..., 14
13<k 07 ) Hy ey 3)at 14(l 07 ) Hy ey )

Ngudc lai, dé dang kiém tra dudc rang, néu cost = cos 27t thi bo

Dan dén, cost = cos 27t <=t =

(x;y; 2) = (2 cost; 2 cos 3t; 2 cos 9t), théa méan heé (*). Thanh thit cac bo (x; y; 2)

. k
théa méan de bai la: (2 cost; 2 cos 3t;2cos9t), véit = 1—7;(]{? =0,1,2,...,13) hoac
I

t=—(1=0,1,2..14).
14( )y ) )

3.6.3 Ap dung trong chiing minh bat ding thic

Vi du 3.16. Xét cac so thue duong a,b, c, théa man diéu kién abc+a+c = b.

Chatng minh rang:

2 2 3 10

_ + < =
a?+1 b»+1 2+17 3
2 2 3
- +
a?+1 b+1 2+1
Ta c6 abc+a+c=b<= a+c=>b(1—ac)

Giai. bat P =

Néuac=1thia+c=0 (voly), doa,b> 0. Vay ac # 1 Viét lai diéu kien da
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a4 c a = tan A
cho duéi dang: b = dleu nay goi ¥ cho ta dén phép dat: b=tan B
1= c=tanC

tan A + tan C'

R T
D b 0, nén ton tai A, B,C € (0; =), thé antan B =
oa,b,c>0,nén ton tai A, B,C € ( ,2), da man tan T —

Tt day ta nhan duge moéi lien he gitta A, B,C la: A+ B + C = 7. Khi d6 ta
bién doi

P =2.cos* A—2cos*(A+C) +3.cos’> C = cos2A — cos(2A + 2C) + 3cos* C
= 2sin(24 + C).sin C + 3cos? C < 2sin C' + 3cos? C' = 2sin C + 3 — 3.sin> C

10 1 10
23—3(sin6’—§) < —

3
.
Dau "=" x4y ra <= St =g
sin2A+C) =1

2
Khi do, (a; b; ¢) = (é_ \/5;\/7—)
. . b vab
Vi du 3.17. Tim gid tri nhé nhit cia bicu thic Q — —— + e
a+bc b+ca cHab
Véi a,b,c > 0 va théa man dieu kien a +b+c=1
Giai.
ab
1 1 ?
Viét Q dudi dang: Q— + a —|—
_C L+ —
TIIglathlet a+b—|—c—1<:>\/ ,/ +4/— “bc \/bC,/ = 1(x
bc .y
a 2
B
Dt % = tan o (A,B,C € (0;7))
ab ; C
— = tan —
\ C 2

T (*), tac6: A+ B+ C =m. Vay A, B,C 1a 3 gbc cia mot tam giac.

C
U S tan AL o B sinC
= Cc0s® — +cos® —
2 A B C
1+ tan® 5 1—|—tan25 1—|—tan2§ 2 2 2

Khi d6, Q =
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1
=1+ §(COSA + cos B +sinC).

T
A C-z
Mat khéac, ta co: cosA+cosB+sinC+sing§2.cos + 2 cos 23
A+B+C -2 -
< 4. cos 1 3 :4.0086 = 2./3.
( A—-B
cos =1
2
C+=
3
Suy ra: Q<1—|— (2\/_—£)—1—|—£ Dau "=" x4y ra <= sin 5 3
A+B O~
\ 2 2
A=B="=
= o 6 a=b=2V3-3
_ 2 c=T7-—4v3
3
3f a=0b=2V3-3
M =14+ ——
Vay MaxQ + datdu’dc<:>{ c—T_ 43

Vi du 3.18. Cdc s6 duong x,y, 2 théa man diéu kién
1 —16zyz

1 (%). T¥m gid tri nhé nhat ciia biéu thic

4yt 42t =

Tt y+z+4dryz
1+ day + dyz + 4z

Giai. Tu gid thiét suyra 0 <2r < 1,0 <2y < 1,0<22 < 1. Dt 22 =a =
cos A;2y =b=cosB;2z=c,A,B € (0; g) Khi d6, diéu kién (*) trd thanh:
cos? A+ cos? B+ ¢+ 2ccos Acos B =1

<= (c+cosAcos B)?> — (1 — cos? A)(1 — cos* B) =0

<= (c+cos Acos B)? —sin? Asin? B = 0

<= [c+ cos(A + B)][c + cos(A — B) = 0]

<= ¢ = —cos(A+ B), vi (cos(A — B) > 0)

<= c=cosC, trong d6 A, B, la ba géc cuia mot tam gidc nhon. Mt khac

A B B C C A A B
tan — tan — +tan — tan — 4+tan — tan — = 1, suy ra tan“ — tan“ — tan® — <
2 2 2 2 2 2 2 2 2

27
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Esian
2 2
— (1+a)14+0)(1+c)>27(1—a)(1—=0)(1—c)

<= 28(a + b+ c+ abc) > 26(1 + ab + be + ca)

A B C A
= cos? 3 cos? 3 cos? 3 > 27.sin? 3 sin®

< 28(x +y + z + dxyz) > 13(1 + 4oy + dyz + 4zx)

13 13 1
SuyraSZQ—S.VayminS:Q—g.Dat du’ockhix:y:z:z

3.6.4 Day sb va giéi han
Tru6e hét ta xét vi du quen thuoc sau day.

Vi du 3.19. Chitng minh rang:

n-1_ 1
\/2+\/2+\/2+"'+\/§+\/2—\/2+\/2+"'+\/§:2\/§.COSW7T

n déu can n déu cin

Giai.

on—l 1
\/2—|—\/2+---+\/§+\/2—\/2+---+\/§=2\/§.COSW7T

n-dau can n-dau can
<~
\/2+\/2+~--+\/§—|—\/2—\/2—|—~--+\/§—2008 T | 9sin
) /— 2n+1 2n+1
n-dg; can n—dg; can

Ta c6 cac két qua:

i)\/2+\/2+---+\/§:2cos%,VneN*

n-dau cin

z'z')\/2—\/2+---+\/§:251n#,Vn6N*

n-dau cin

Hai két qua trén dude chitng minh bang phuong phap qui nap
Ching minh (7).
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*) Véi n = 1 thi (i) trd thanh: v/2 = 2. cos% (luon ding).
*) Gia su (i) dang véi n = k(k > 1,k € N*), ta ¢

/ T
\\/2—# 2+'“+\/§J:2008ﬁ

k ddu can
*) Xt
\/2+\/2+---+\/§= 2+\/2+\/2+---+¢§ \/2+20082k+1
k+1 diu can k dgg cin
B T T
—2|c0s2k+2| V610<W<—:>|C082k+2 = COS 553

Vay \/2—1—\/24—---—}-\/5 = 2COS#, ta co(i) dang véi n = k + 1. Theo

k+1 dau can
nguyén 1y qui nap thi (i) ding. Ching minh tuong tu ta cé (i7). Tu day ta

nhan duge dpcem.

Ir =

N —

Vidu 3.20. Cho day s6 x,, théa man dicu kién 1 1
Tyl = 5(&:” + /22 + —)

Chatng minh rang déay so c¢6 gidi han, tim gidi han dé?

T
cot —
1 1 1
Giai. Ta co: z; = 5= 24 = §cot%, suy ra o = §<x1 + x%%—Z) =
1 s
? cot ?
2z 2 ]— ~ 2
Du doén, s6 hang tong quat z,, = on Cot ooy ,Vn € N*(x). Ta dé dang kiem tra
2 N 1
lai khang dinh (*) bang phuong phap qui nap toan hoc. Vay x, = o cot 2211.
1 2 COSoF 2
Do dé6 lim z,, = lim — cot T — lim il .Lﬂ = —
on on+l T on+1 sin ™ T
2n+1
1 — \/5
Vidu 3.21. Cho day s6 x,,, dugc zdc dinh bdi: 21,
Tpil = ,n =23,
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Tim lim [] ;.

=1

1 1 2 1
Giai. TaC():xl:\/i:T:—ﬂ_;(EQ: o —.
7 CO8 o3 r1+1 cog 5
2
N 1 n
Bang qui nap ta ching minh duge: o = ———=—. T d6, [] x; = 2".sin —
cos St i=1 2n+

n m
Suy ra: lim [[ z; = 7
i=1

Chia ¥y 3.1. Qua cdc vi du trén ta thay, viéc dua ra cong thic sé hang tong
qudt ciia day s6, hoan toan phu thudc vao viéc bién doi va dinh dau (coi) so
hang ban dau x, la gid tri hiong gidc cia mot géc dic biét, sau dé dua vao cdc
phép bién doi luong gidc, ta du dodn dugce qui ludt zdc dinh clia s6 hang tong
qudt, cuoi cung la chiing minh cong thiic du dodn bang phuong phdp qui nap,
cdc bai todn vé gidi han cia day cing ti dé dudc gidi quyét. & mot so bai todn

viéc chi ra cac lién hé la khong hé don gidn, ta xét tiép cac vi du sau.

T = —

. L P 3
Vidu 3.22. Cho day so (x,,) duge zdc dinh: v, +2— /3
Tl = n =23, ..
1+ (V3 —2)z,
Chatng minh rang: T1op4o = 1
T T w \/3 —1
Giai. Ta cé: tan — = tan(— — =) = =2—3.
iai. Ta co: tan o an(3 4) A1 V3
Ty —|—tan£ .
Viét lai x,41, dusi dang: x,.1 = —7T12 Lai ¢6 1 = tan —, suy ra:
1 — tan Exn 6
T T T T T T T
To an(6+12) VA T3 an(6+12—|—12) an(6+ 12)

Dy doén: x, = tan[% + (n — 1)1)] Két qua nay dugce chiing minh bang

12
qui nap toan hoc. Vay, ta c6 s6 hang tong quat: z,, = tan[% + (n — 1)%)]
Khi d6: z12,40 = tan(z+(12n+l)l) = tan(z—i-mr—l—i) = tan - =1 (dpcm)

6 12 6 12 4
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Vi du 3.23. Cho hai diy so duong (x,); (yn),n = 1,2, ..., dugc zdc dinh:
(

1
xlzylzﬁ
1= =1,2.3, ...
Tt 4yqzz+1_1n
yn+1:—"
\ —41',%_’_1—}—]_

Tim gidi han cia day (x,) va (yn)?

Giai. Trudc hét ta ching minh bang qui nap rang: 22 + y2 = 1(1),Vn € N*.
That vay:

V6in =1 thi 22 +y? = 1, he thic (1) ding. Gia st (1) ding véi n = k, tic 1a
73 +yi = 1. Ta di chiing minh (1), con dang véi n =k + 1.

Ta ¢6: 1 = 2} + yi = [2r41(4Yiy1 — DI + [y (daiyy — P

= 2311 (165 — 8y + 1) + Yy (1623 — 82y +1) =1 =0

= (@41 + Y — 1)+ (1627 1Y — 1627 158 + 1675,1584,) =0

= (2311 + Y — 11627 ,y5,, +1) =0

< 27, +yp,, = 1. Vay (1) dang v6i n = k+1. Vay 22 +y2 = 1(1),Vn € N*.

Dit x, = sin ay,; y,, = cos ay, tit hé thitc truy hoi v, = 2‘% , ta co:
CoS
COS Qpt1 = —
—4sina; ;) +1
—> cos apy1(1 —4sinal, ) = cosay
<= cosany1(dcosal,; —3) =cosay,
<= c0S 3,11 = COS Oy = 3y i1 = Qp, do oy, > 0,Vn € N*
o 1n ) (e%] - . 1 . 1
Tu day, suy ra: o, = = mat khéc x; = E = sinoy = ﬁ
T T Va . T T
— —Zﬁan—m ay In—SIHW,yn—COS 4.3n—1

. . . m . /e
Suy ra: lim z,, = limsin YR sin(lim 1 3n71) =0

)=1

= cos(lim

li li ™
1m vy,, = 1111 COS =
Y 4301

T
4.3n—1
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Bai tap

Bai toan 3.4. Gidi phuong trinh:

a) 42 +2y/1— 22 = 3x—1=0
b) x + o T
V2522 -9 4
Bai toan 3.5. Gidi cac hé phuong trinh:
20+ 2y =y
a) 2y +y’z =2
22+ 22r =1
3 — 3z = y(322 — 1)
b) ¢ ¥ =3y ==203y"—1)
22 —3z=1(322-1)
=95

1 1 1
3 —)=4 - —
g st D=y =56+
zy+yz+zer=1
?+y?=9
Bai toan 3.6. Tim nghiém x,y, z,t ciua hé: 22 4+t2 =16 sao cho biéu
rt+yz > 12

thitc A = x + 2z dat gid tri nhé nhat.
Bai toan 3.7. Cho z,y,z > 0 va théa man dieu kién x +y + z = 1. Ching

. N Yy Yz 2T 3
minh rang: + + < -
z+xy T+ yz y+zx 2

Bai toan 3.8. Cho x,y,z € R, t\f}oia man dieu kién x? + y? + 22 = 1. Ching
14++v3

minh rang: 2xy + yz + zx <
Bai toan 3.9. Cho x,y, z € R, théa man dieu kién x?y? + 2yx®> +1 = 0. Tim
gid tri nhé nhat va gid tri lon nhat cia biéu thie:
2 1 1
2,y) = — +—+yly+—+2
flay) =5+ —+yly+—+2)

V2

) a1 = —-
Bai toan 3.10. Cho day so (a,,) dugc zdac dinh bdi: 2\@
yeh-

U1 = — V1 —a2,¥n e N*

N AL 2 - ?
Tim so hang tong qudt cua a,
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a1

Bai toan 3.11. Cho diy: { o QT — e N*
n+l1 — - Un,

N A 2 - 2
Tim so hang tong qudt cua a,

a; = \/§
Bai toan 3.12. Cho day so (a,) dugc zdc dinh bdi: 2a,,
Apt1 =
an + 1

Tuvm Um [, a;
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3.7 Ung dung phép kh¥ va dinh li Viét vao hinh hoc
phing

Nguyén Quang Hop, Truong THPT Chuyén Nguyén Tat Thanh
3.7.1 Phép khit
Cho da thic f(x) c6 bac m. Gid st f(z) ¢6 cac nghiem xy, o, ..., z,.
P
Ta xét ham httu ti y = %, 4 d6 P(x),Q(x) la nhiing da thiic.
x

Chung ta sé tim:
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P(z;)
Q(x:)

2) Quan he gitta cac y; qua cac he s cia f(z).

1) Da thitc bac m nhan y; =

;0 =1,2,...,m lam nghiém.

Viéc tim phuong trinh da thic véi cdc hé s6 tinh qua cic he s ctia f(x)

nhan y1,ys, ..., ¥m lam nghiém tuwong duong véi viéc khit x tir hé sau.

flx) =0

Suy ra phuong trinh da thic g(y) = 0 can tim.

3.7.2 Dinh li Viét

Gia st da thitc bac m @ f(x) = ap2™ + apm_12™  +- - -+ a1z +ag, (a, #0)

c¢6 m nghiém xq, xs, ..., T,. Khi do ta ¢
( A1
$1+x2_’_...+ajm:_
am
Am—2
L1To + 13+ - + Ty 1Ty, =
am
Qo
T1Tg -+ Ty = (—1)"—
\ (077

3.7.3 U’ng dung

Ta thuong st dung nhiing két qua sau day:

(a) Néu da thic f(z) = 23 — az® + bz — ¢ c6 ba nghiem khong am w1, T, 73

thi
a b
I /2>
3—\/;—‘/E

Vi x1, x9, x3 1 cédc nghiém cta (1) nén theo dinh 1i Viét ta co

Chiing minh.

x1x2+x1$3+---+:1:2$3:b

T1+To+2T3=a
T1T92T3 = C
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Ma z; > 0(i = 1,2, 3) nén

3 3

a b
Vay = >4/ = > Je.
ay3—\[3—*/5

(b) Cho tam gidc ABC' ¢6 cac canh a, b, ¢ cac ban kinh duong tron ngoai

1
1+ Ty + T3 (xlxg + Tox3 +:L'3x1>§ )
> > \/T1X213

tiép, noi tiép lan lugt la R, 7 va cac ban kinh cdc dudng tron bang tiép la
Tay, Ty Te-

Dit 2, = a+ b+ c. Khi d6

bl) a,b, c la ba nghiém ctia phuong trinh:

23 2pa® + (p* + r® + 4Rr)zdRrp = 0 (1)

b2) 74, rp, e & ba nghiém ctia phuong trinh:

LL’3(4R + 7‘)1:2 + p2ap’r =0 (2)
Ching minh.
A r
2tan — a 2 —
bl)Tacé:sina:—Q@_: p :
» A 2R r
1+ tan® — 1+ ——
2 (p—a)

a® — 2pa® + (p2 + 72 +4Rr)a — 4pRr = 0.

Diéu nay chiing t6 a 13 nghiém ciia phuong trinh 23— (4R+r)x*+p?x—pr =

0 (1). Tuong tu b, ¢ ciing la nghiém cta (1).
a+b+c=2p
Céch 2: Ta chiing minh { ab+ bc+ ca = p? +r? + 4Rr Tu day suy ra
abc = 4pRr

a, b, c la nghiém cia (1) - theo dinh 1i Viét déo.
b2) Ta sé ching minh

re+1y+r.=4R+7r
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2
Ty T TpTe + Tela =P

TalyTe = P°T

Khi d6 r,, 1, 7 12 ba nghiém ctia phuong trinh (2).

S A B C
That vay: r, + rp + 7. = p(tan 5 + tan el + tan 5) =

N |3

[(t A—I—t B)+(t B—l—t C)+(t C+t A)]
an = + tan o an - + tan - an -+ tan o

A—f—B) . B+C> . C+A
2 + 2
B

COS 5 COS — COS — COS

2
B C

2 2 2
COS™ — COS™— COS™—
pCos g TS

sin(

N |3

COS — COS — COS —
2 2 2

B 3+cosA-+cosB +cosC
—P A B C

4 cos 3 COS — COS —

2 2
B . C

A
4 + 4sin — sin — sin —
—p 2 2 2
sinA+sinB +sinC
A B C
= R(4+4sin§singsin 5)

=4R +r.

Vi

A b+c— A A
r= (p—a)tana = %tana :R[sinB+sinC—sinA]tan§
B B — A A A
= R[2sin +Ccos ¢ — 2sin — cos —] tan —

2 2 2
B-C B+C

— COS

2 2 |

A A
= 2R cos 5 tan E[COS
C
= 4Rsin B) sin 5 sin 5

., A B B _C _C A
+) Taly + Tpre + Tl =P (tangtang +tan - tan o + tan - tan 5) =p

+)TuS =pr=(p—a)yra = (p—b)ro = (p—c)re = /p(p — a)(p — b)(p — ¢)
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Ta ¢6 S* = (p—a)(p—b)(p — )rarpre = prp(p — a)(p — b)(p — ¢)

Do dé roryre = pr

Vidu 1. Trong tam giac ABC.

Tq + 7 Ty + 7T Te+ 7T Teq+7T Th+7T Te+T
bat U = = + 20 + - V=2 L L _
Te —T Tp—T To—T Teg—T Tp—T T¢—T

p2+r2

Chting minh rang VU =2va U +V = T
r

Loi gidi.

Stt dung két qua: r4, 7, 7. 12 ba nghiém ctia phuong trinh

2* — (4R +1)2® + p*z — p*r =0 (2)
Ta tim phuong trinh bac 3 nhan y, = Fat r,yb = M,yc = et ? la

; Tg—T T, —1T Te—T

nghiém. Xét y = v hayx:ry+ :
T — y—1
23— AR+ 1)z +p’x —p*r=0
Khit z tr he PO, +1 ta dugc phuong trinh
y—1

2Rry® — (p* +1r* —2Rr)y* +2(p* —r* — Rr)y — (p* +r* +2Rr) =0

R6 rang phuong trinh nay nhan y,, v, y. 1& nghiém. Khi d6 theo dinh li

2] .2 5773
» . p°+1r°—2Rr p°+1r°+2Rr
Viét t v=——rivn——" V==
Heb a co 2Rr ’ , ., 2hr
DodéVU:2vaU+V:p;_T
r

Vi du 2.
Chiing minh rang trong tam giac ABC' ta c6

(12 + rpre +12) (12 4 1erg +12)(r2 4+ rary +17)

TaTvTe TaTbTe

3 ( V2 (rg + 1 + 1) — raryre(ra + 1+ 7).

r r

-

Loi gidi.

Ta tim phuong trinh bac 3 nhan y, = rf +ryre+ 712, yp = 12+ 700 + 72,y =

T2 + 1,1y + 1 1Am nghiem.
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2
Ta c6 Yo = (1y + 1e)*rpre = (AR +17,)? — P Kt oz tix hé

Ta

23— (AR +r)x* + p*r —p*r=0
yr =z(4R +1r —x)* — p*r
y+p?

Ta c6 x =4R — )
acoOx +7r AR +r

Dat T'= 4R + r, ta dugc phuong trinh
Yy’ — (217 = 3p*)y* + (3p" = 3p*T? + Ty — p'T* + p° + p*T°r = 0

nhan Ya, Ys, Y 12 nghiem.

Vay Yaypye = p'T? — p® — p*T°r.
TaTbTe
Thay T = 4R+ 1 = ry + 13 + 10, p? = —2

ta duge

(7«5 + rpre + rf)(rf 4+ Terg + rﬁ)(rﬁ + Tl + rlf)

TaTbTc TaTbTc

)3 + ( )Q(Ta +rp+ Tc)2 - Tarbrc(ra + 7 + Tc)3~

T T

-

Vi du 3.
Chitng minh rang trong tam giac ABC ta c6

> {/R3 + R2r + 4Rp?* + 8rp>

11R+27">\/19R2+4RT+4p2
3 = 3

Léi gidi.

Goi dg, dy, d. 13 khodng cach tit tam duong tron ngoai tiép dén tam cac
duong tron bang tiép cac goc A, B,C. Khi d6 d> = R* + 2Rr,,d} = R* +
2Rry, d*> = R* + 2Rr.. Do d6 tit hé phuong trinh

23— (AR+r)x* + p*r —p*r=0
y= R>+2Rx

khit x ta dugc phuong trinh

v — (11R* +2Rr)y* + (19R* + 4Rr +4p*)y — (R® + Ror + 4R*p* + 8R%*rp*) = 0
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nhan d?, dy, d* 1a cac nghiem.

ap dung két qua (a) ta nhan dugc

11R+ 2 19R? + 4Rr + 4p?
%Z\/ —|—3r+p > /R34 R2r + 4Rp? + Srp?
Vidu 4. Cho tit giac ABC'D nai tiép duong tron tam O ban kinh R. Ki hiéu
T1, 79,73, 74 1an lugt 1a ban kinh cac duong tron (ABC), (BCD), (CDA), (DAB).
Chitng minh rang:

(1= 5me) (= 3) 03 () = e

Léi gidi.
Dat AC =2, BD =y,a+b+c+d=2p.
Tt phuong trinh nhan ba canh ctia tam giac ABC' 1a nghiém (theo bl) ta

c6 abr = (a+ b+ z)2Rry. Do d6 x = aab;b.
2Rr,
T g = —C +d _ b+tec _d+a
u’dng U.’QZ'— Cd Y = bC Y = da
2Rr, 2Rr, 2Rr,
T he thic cho ti gidc noi tiép (ac + bd)? = z?y? ta dudc (ac + bd)? =
a+b c+d b+c d+a b
ab o " be " da ] o

-1 —1 -1 —
2Rr; 2Rrs 2Rr 2Rr,

(-3 (5 (- 50) () = L

3.7.4 Bai tap ap dung

Bai tap 1.
Chiing minh rang trong tam giac ABC ta c6

(a® +2Rr)(b* + 2Rr)(c* + 2Rr) = 2Rr(ab + bc + ca — 2Rr)?.
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Bai tap 2.
Cho ti gidc ABCD noi tiép duong tron tam O ban kinh R. Ki hiéu
1,72, 73,74 lan lugt 14 ban kinh cac duong tron (ABC'), (BCD), (CDA), (DAB).

Chiing minh rang:
rirs bc + ad
rory  ab—+ cd
b) N + T3 =79+ Ty.

TAI LIEU THAM KHAO

1. Dam Van Nhi. Két thitc, phép khit va ting dung, NXB Gido duc.

3.8 Day sb va mot s6 tinh chéat
Vii Thi Van, Truong THPT Chuyén Bac Giang

3.8.1 Mot sdé phuong phap thudng diing

Phuong phap sai phan

Trong mot s6 bai toan ta thudng phai xi li cac tong lien quan dén cac sb
hang ctia mot day s6 cho trude. Dé thyce hién yéu cau ciia dau bad, ta thuong
phai danh gia hodc rat gon mot tong. Phuong phap sai phan té ra rat hieu
qué khi gidi quyét cac van dé nay. Sau day la mot s6 kiéu 4p dung

Dé tinh S(n) = a; +ag+- - - +a,, ta tim f(n) sao cho a, = f(n+1)— f(n).
Khi d6 S, = f(n+ 1) — f(1). Cach lam nay goi 1a phuong phap sai phan htu
han (tach s6 hang tong quat).

C6 thé dy doan ham f(n) bang sit dung tich phan. Ta biét tich phan ctia
da thitc bac k 1a da thiic bac k+ 1, bdi vay, néu Af (k) :== f(k+1)— f(k) = n*
thi f(k) phai c6 bac k + 1.
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Céc ham 16i rac khong c¢6 nguyén ham, ta c6 thé danh gia tong bang cac

bat déng thtic tich phan.
Vi du 3.24. Cho day so (z,) zdc dinh bdi

1

5; Tpi1 = T2 4 2, Y0 > 1.
Ly by
i+l xp+1 Tao10 + 1

I =

Tinh [52010] biét 52010 =

Huéng dan.

Tu cong thiic truy hoi ta co

11 1 111
Tn+1 B Tn Tn + 1 Tp + 1 B Tn, Tn+1
. - DU - 3
Do d6 Ssp10 = 2 — < 2. Mat khac dé thay (x,) tang, o =

T2011 4

T3 = % > 1 suy ra x, > 1,¥n > 3 hay Ssp19 > 1. Vay [Sa010] = 1.
Nhan zét. Ta c6 thé tong quéat bai nay dudi dang:

1) Chiing minh rang [S,] = 1,Vn > 3, hoic

2) Chitng minh rang lim S, = 1.

Vi du 3.25. Cho day so (z,) zdc dinh nhv sau
2

X 4- NS 4
=12, = 2 +2,,Yn > 1, vdi a la so duong cho trudc.
a

x x x . N
Ditu, = —— 4+ —2 ... 4 2 Chiing minh rang limu,, = a.
Ti+1 T2+41 Tn+1
Huéng dan.

T cong thiic truy hoi, ta c6

suy ra

) ()
U, =a | — — =al|l- .
T Tpt1 Tn41
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D@ thiy (x,) tang. Néu x,, bi chan trén thi ton tai limz, = A, véi A hitu han.

1

Khi d6, mot mat do (z,,) tang vazy = 1, 9 = —+1 > 1 nén A > 1. Mat khac,
a

2 R A2

chuyén qua gi6i han trong cong thic truy hoi ta c6 A = — 4+ A = A =0.

Mau thuan. Nhu vay, day s6 (z,) 1a day ting nhung kh@ngabi chan trén nén
lim x,, = oo hay lim L = (. Tt d6 suy ra diéu phai chiing minh.

Nhan xét. Ta co th% thay a bang bat ki mot s6 cu thé nao, ta duge két qua
tuong tng, chang han a = 2010. Hodc ta c6 thé dua ra yéu cau ching minh

Uy < a,vn.
Phép thé lugng giac

Nhiéu day s6 vé6i cong thite phiic tap c6 thé tré thanh cac day s6 don gian
nhS phép thé luong giac. Tit d6 ching ta cé thé khéo sat duge cac tinh chét
dac biet ctia day s6 do, dac biet trong viéc xét tinh tuan hoan. Yéu cau cia ki
thuat nay, trudc hét vé mat kién thitc ching ta can nam dugc cic cong thiic
lugng giac, tinh chat clia cac ham sbé luong giac. Ngoai ra, ki thuat nay doi
khi con doi héi mot chit nhay cdm toan hoc. Dau hiéu dé ta c6 thé nghi dén
phuong phap nay la: trong bai toan c6 cong thic ggi nhé dén cong thitc luong
giac, gid thiét hosc két luan gidng véi tinh chat ham luong gidc nhu tinh bi

chan hay tinh tuan hoan.

Vi du 3.26. Cho day so (z,) thod man

|z1| < 152241 = /3 — 322 — x,,Vn > 1.
a) Tim diéu kién cho x, dé tat cd cdc so hang ciia ddy s6 déu duong?

b) Day so trén cé tuan hoan khong?

Hudéng dan. Tir gia thiét |z;| < 1 va cong thiic truy hoi cho duéi dang

. 1 .
ham s6 z,,41 = f(z,) v6i f(z) = 3 (\/3 — 322 — xn), goi cho ta nghi dén phép
thé lugng giac véi cach dat xy = cos @, ¢ € (0; 7).



134 Trai hé Hing Vuong lan thit 6 - 2010

Khid(53:2:1 V3sin ¢ — cos ) = cos ¢—2—7T :
2 3

Bing quy nap, ta tim dugc x,,, = cos ((;5 — %TW)

Nhu vay, day s6 tré nén don gian hon rat nhiéu, méi s6 hang ctia day s6 1a
mot ham s6 lugng gidc phu thuoce n.

a) x, > 0,Vn & cos ((;5 — %TW) > 0,Vn. Tu d6 tim dugc ¢ suy ra x;.

b) Day da cho tuan hoan.
Vi du 3.27. Hai day so (a,), (b,) dugc zdc dinh bdi
a; = a,by = 0B, ap+1 = aa, — Bby; by = Bay, + ab,,Vn > 1.
C6 bao nhiéu cap (o, 3) thod man asyro = by; bagio = as-

Huéng dan.

T gid thiét, thu duge két qua: a2, + b2, = (a* + §%)" 1

T dicu kien asgig = b1; bagio = a1 suy ra o + 32 = 1.

Dat o = cosp, 8 = sinp, (p € [0; 27]).

Theo quy nap, ta duge a,, = cos(np); b, = sin(nep). Sau d6 tim ¢ sao cho

cos(2010¢) = sin ¢
sin(2010¢) = cos ¢

(4k + 1)m

S0 Pong ttng c6 2011 bo (a; 5).

Dap s6 p =

Sap xép lai thi tu

Thi thuat nay thuong duge ap dung trong cac boan lien quan dén bat déng
thiic trong day s6. Khi cic s6 ¢6 thi tir thi ching ¢6 nhiing tinh chat dic biét

ma mot day bat ki khong co.

Vi du 3.28. Ton tai hay khong mot day so thuc x, thod man diéu kién
a) |z,| < 0.666,Vn € N*;

b) |om — ] > ———— g ——
" T nn+1) m(m+1)

,Ym # n.
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Huéng dan. Gia sit ton tai diy s6 nhu vay. V6i mdi sé6 nguyén duong N,

ta sap lai cac s6 @y, ..., vy theo thi tu tang dan z;, <z, < -+ < xy,. Khi do6

|xiN xll’ = |Tin = Ligyy) +-+ |xi2 - xi1|
S 1 4 1 1 n 1
in(iv 1) dv-p (- +1) il +1) i +1)
al 1 1
=2 — - — - — = A(N).
;Zk(lk—i‘l) ZN(ZN‘l'l) 21(21—|—1) ( )
Vil,42,...,iN la mot hoan vi ctia 1,2, ..., N nén
N
1 1 1
A(N) =2 . -
() —~ k(k + 1) in(iv+1)  i(i +1)

- ( N+1>_z’N(¢N1+1)_¢1(¢11+1)

1 1 4 2
N+1 1.2 23 3 N+1

| \/

4
Mat khac |z, — @i, | < |z | + |24, ] <2.0,666 < 3

> 2.0,666. Mau thuan. Vay khong ton

4
hon N du 16 ho - —
Chon u nsaoco3 Nl

tai day s6 thod man yeéu cau.
Phuong phap quy nap

D6i v6i bai toan chitng minh tinh chat ciia diy s6 ma tinh chat d6 1a ménh
dé P(n), ta can phai chitng P(n) ding véi Vn > ng, trong d6 ng 1a s6 ty nhien

cho truge, thi phuong phap chitng minh bang quy nap lai rat hiéu qua.
Vi du 3.29. Cho day so (ay,) zdc dinh:

ay = l;a0 = —1;a,01 = —a, — 2a,_1,Vn > 2.
Chatng minh rang vdi ¥Yn > 2 ta luon cé

2" 702 | = (2a, + an_1)*. (3.13)

n
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Huéng dan. St dung phuong phap quy nap.
V6in=2taco2>—7=(—2+1)? suy ra (3.13) ding véi n = 2.
Gia sit (3.13) dung véi Vk > n, & day n > 2. Khi do6:

(2an41 + an)* = (—2a, — 401 + a,)* = (—an — 4a,_1)?
= ai + 8a,a,—1 + 16ai_1
= 2(4a? + 4a,a,_1 + a>_y) + 14a’_, — Ta?
=2(2a, + ay_1)* + 140> | — Ta?
=2(2"" —7a2_)) + 14a’_, — Ta’

= 2" —Ta?.

Suy ra (3.13) dung v6i k = n + 1. Diéu phai ching minh (Ppem).
Chi y. Két luan ciia bai toan trén cé thé phat biéu: Chitng minh ring

Vn > 2 ta luon c6 2" — Ta?_, la mot s6 chinh phuong.

Vi du 3.30. Cho x1,s,...,x, la nhitng so thic duong. Chitng minh ring néu

T1To - Tp=1thhxy+x9o+...+x, >nvotVn=1,2,...

Huéng dan. 4p dung phuong phap quy nap.

Véi n = 2, ta can ching minh x,25 = 1 suy ra x; + z > 2.

That vay, ta co

(x1—1)2202>x%+122x1:>x1+xi122$x1+x222.

Ding thic xay ra khi ; = 1 hay z; = 25 = 1.

Gia stt ménh dé dang véi n > 2. Ta sé ching minh dang cho n + 1, nghia
la chting minh tu

T1Ty  TpTpyg = 1 (3.14)

suy ra

T1+ T+ ...+ 2, + a1 >n+ 1 (3.15)
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Tu (3.14) cho ta hai truong hop:

e Tat ca cac sd déu bang nhau 2y = 29 = - - = 2,11 = 1. Khi d6
1 +a+ ... +x,+ 201 =0+ 1.

e Khong phai cac s6 déu bang nhau. Trong cac s6 c¢6 s6 16n hon 1, thi ciing
¢6 s6 nho hon 1. Ching han z; < 1, ZTpe1 > 1. Khi d6 ta c6 y12o - -z, = 1 véi
Y1 = T1Tpy1. Do gid thiét quy nap dang véi n, nén ta cb y; + o + ... +x, > n.

Khi do

L1+ ...+ Tpp1 =+ T2+ F Ty F Ty — Y1 T 21
>n+Tpp—pitri=n+1) 4z -y -1
=M+1)+Tpp — 21 Tpy1 11— 1

=n+1)+ (21— (1 —2a1) >n+1
dozy <1,z,y1 > 1. Dpcm
St@ dung dinh 1y vé giéi han tuong duong

Dinh ly 3.1. Cho day so (cx) vdi 0 < ¢ <1, k=1,2,3,... Xét cic diy so

n n

Tn = H(l +Ci) ;s Yn = H(l - ).

i=1 i=1

Khi dé ba ding thic sau la tuong duong

liT Ty = 400 (3.16)
li = 1
Jam g, 0 (3.17)

nllToo (Z cz-) = 400 (3.18)

=1

Chting minh.
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e Chung minh (3.16) = (3.18).
Gia st Zci < M v6i 0 < M < +oo. Khi d6

=1

n 1 n n M\"
14¢)< [14+= o< (1+=) <M,
H( + i) (Jr”;C) (+n> e

vo Iy vi lim x,, = +o0, hay (3.18) dugc chiing minh.

n—+oo
e Chutng minh (3.18) = (3.16).
Diéu nay 1a hién nhién vi H(l +¢) > Z G
i=1 i=1

e Ching minh (3.17) = (3.18).
Nhan xét rang tng véi bo n s6 bat ki ay, as, ..., a, véi 0 < a; < 1 bang quy nap

ta dé dang ching minh dugce
i=1 i=1

Do lim (1 —¢;) = 0 nén tng v6i mo6i m luon ton tai n > m sao cho
n—-+00
i=1

n

N —

Tu do ta co
i=1 i=1

n—-+4o00 £

Suy ra lim Z c; = +00.
=1

e Chiing minh (3.16) = (3.17). Ta c6

1> H(l —cf) = H(l +¢;) H(l — ).

i=1 =1 =1

Nhung vi lim H(l + ¢;) = 400 nén theo nguyén 1y kep ta c¢6
=1

n—+o00 -

n

liT (1—¢)=0 (dpcm.)
i=1
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Vi du 3.31. Cho diy so thuc duong tang (u,) théa man lim u, = +oo.

n—-+o00
Chaing minh rang ton tai k € N sao cho
BB B k2010, (3.19)
Uz U3 Uk+1

Huéng dan.

k
(3.19)<:>k—<ﬂ+%+---+&> >2010<:>Z(1— i ) > 2010.
i=1

U2 U3 Uk+1 Uj+1
T . U; « U
Do (u,) la day tang nén 0 < 1— <1.Dateg=1— ysuyra 0 < ¢; < 1.
Ui41 Uit1

Mat khac, ta co

H(l_ci):H Uy U

il iop Witl  Unyl

n

tién dan t6i 0 khi n — +o0. Vay Lim > ¢ =+00. Do d6 ton tai k € N dé
=1

k k
Z(l— Ui ):Zcpzom.

uv
i=1 i+l i=1

Nhan xét: Ta c6 thé thay s6 2010 bing mot s6 thiyc duong bat ki ma khong

thay ddi 10i giai. Thuc chat bai toan nay ching minh

i 35 (1= ) e

i=1 Ui+l

Vi du 3.32. Cho day so thuc duong (u,) théa man lim u, = +oo. Ching

n—-4oo

minh rang véi a > 0 cho trude, ton tai k € N sao cho

3 i > a. (3.20)
— up +us + -+ U

=1

u.
. Viw; >0nén0<¢ <1va

Huéng dan. Dat ¢; =
U+ ug + -+ uy

l—c = L v6ii > 2.
U1+U2+"'+ui
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Suy ra

n

[[a-e) = .
Uy + U+ -+ U

i=1

tién dan t6i 0 khi n — +o00, vi u; > 0 va lim u, = +oo.
n—-+0o00
n n

Do dé Ui = hay ton tai k € N dé ;> a. Dpc
niTw;c +00 hay ton tai izlc a. Dpcm

Nhan zét. Ta c6 thé cho a mot gia tri duong cu thé nao do, chang han cho
a = 2010, 15i gidi khong thay ddi, bdi vi ban chét ciia né la

n

uA
lim ! = +o00.
n—>+oozlu1—|—U2+..._|_ui

1=

3.8.2 Chitng minh tinh chat ctia day sé

Tinh chat ctia day s6 rat da dang, c6 thé la tinh chat vé sé hoc, vé giai
tich, lien quan dén déng thitc, bat ding thic, tinh tuan hoan... V6i nhitng bai
chting minh tinh chat ctia day s6, ta thuong ap dung mot sd phuong phéap da
trinh bay trong phan trudc. Ngoai ra, ta ciing hay st dung cac phuong phap

khac nhu phan chitng, tuyén tinh héa phuong trinh sai phan,...

Tinh chat s6 hoc

Giéi thiéu vé tinh chat s hoc

S6 hoc lien quan dén s6 nguyén. Trong day s6, co thé cé tat ca cac sd hang
deéu 1a s6 nguyen (day s6 nguyen), hodc mot s6 s6 hang nguyén. Tinh chat s6
hoc ctia day s6 thuong lien quan dén s6 hang 1a s6 nguyén trong day s6 do,
tinh chat d6 dugc thé hién & tinh chéat chia hét, nguyén té ciing nhau, chinh

phuong, dong du,...

Vi du 3.33. Xét day s6 (z,) wdc dinh nhu sau

1 =129 =1,2p.0 = 42,1 — x, — 4. (3.21)
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Chiing minh rang véi moi n, x, la s6 chinh phuong.
Huéng dan. Xét day s6 u; = uy = 1, Upyo = 4Upy1 — Uy,. Ta o

2 _ 2 _ 2
Un+2Un — Upy1 = (4upg1 — Up)uy — Upt1 = Un+41 (4 — Upt1) — Uy,

2 2
= Upp1Up—1 — Uy, = -+ = Uy — U5 =2, Vn.

Tiép theo, ta ching minh z,, = u? bang phuong phap quy nap.
That vay, ta c6 2y = 1 —u?, 29 = 1 — ul.

Gid st z, = uj v6i moi k < n. Ta ching minh z, 1 = uZ ;.
That vay, ta co

Tpy1 = 14z, — 2y — 4= 1402 — w2 | — 2(up_1Upy1 — u2)

= 16u2 — 8up_1uy +u_ = (du —up_1)* = u2 ;.

Nhu vay ta c6 x, = u2 v6i moi n. Dpcm
Day s6 nguyén

Nhu da néi trén, day sd nguyén cé lién quan rat nhiéu dén tinh chat s6 hoc
ctia day s6. Trong nhiéu truong hgp diy so chi 1 bé ngoai, ban chat bai toan
lai 14 bai toan s6 hoc. Chinh vi vay, ngoai nhiing kién thiic vé day s6, ching
ta can biét them nhitng két qua ctia s6 hoc veé tinh chat chia hét, u6c s6 chung
16n nhat, boi s6 chung nhé nhat, dong du, sé nguyen t6, hop s6,... Ching han,
nguyeén 1y Diriclet, 1a nguyeén 1y rat don gidn nhung lai vo cting hitu hiéu trong
cac bai chitng minh, dic biét 14 chiing minh sy ton tai hay khong ton tai cia

mot doéi tuogng thod man mot diéu kien nao do.

Vi du 3.34. Cho day s6 nguyén gom n+1 so: a1, ag, ..., apy1, cdc s6 hang cia
né nam trong dogn [1;2n]. Chiing minh rdng ton tai hai s6 hang cia day s6

trén sao cho so nay chia hét cho so kia.

Huéng dan
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Do céc s6 a; déu la cac s6 nguyen duong nén ching déu cé theé viét duge dudi
dang a; = 2%r;, v6i r; 1a 56 16. Céc s6 r; chi ¢6 thé nhan n gia tri 1,3, ..., 2n—1.
Vi day (a,) c6 n + 1 s6 nén theo nguyeén ly Diriclet ton tai 2 s6 k, j, k # j sao
cho r;, = r; hay day so da cho ton tai hai s0 ag,a; sao cho mot trong hai so

chia hét cho sb con lai.

Vi du 3.35. Cho day sb6 nguyén gom n $o: ai,as, ..., an, cdc $6 hang ciia né
nam trong doan [1;2n], thod man [a;, a;] > 2n vdi moii # j. Chiing minh rang

. s s 2n
mot so hang cua day so deu lon hon 3

Huéng dan

Khong lam méat tinh tong quat, gia sit a; 1& sé nhd nhat ctia day sé da cho.
Ta chi can ching minh a; > 2?71 That vay, gia sit a1 < 2?71 Ta c6 n+ 1 s6
2a1,3a4, as, ..., a, déu khong 16n hon 2n va khong c6 sd nao 1a boi clia s6 nao
do [a;, a;] > 2n v6i moi i # j. Dieu d6 mau thuan véi két qua bai toan tren.

Nhan xét. Khi n mot sé cu the, ta ¢ bai toan tuong tng. Chang han, cho
n = 2010, ta c6 thé phat biéu bai toan sau.

" Cho 2010 s6 nguyén duong khong lén hon 4020, thod mén boi s6 chung
nhé nhat ciua hai s6 bat ki luon lén hon 4020. Ching minh rang moi s6 trong
2010 s6 dé déu lon hon 1340".

Mot day s6 truy hoi tuyén tinh véi hé s6 nguyén va céc s6 hang dau déu
nguyén thi day s6 do 1a day sd nguyén. Nhung c6 day sd6 ma cong thic truy
hoi phi tuyén tinh (c6 phan thitc, ¢6 can thiic) ma cac s6 hang clia né van

nguyen.

Vi du 3.36. Chiing minh rang, moi so6 hang cia day so (a,) zdc dinh bdi

ap = 1;any1 = 2a, + +/3a2 — 2 déu nguyén.

Huéng dan.
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Chuyén vé binh phuong cong thitc truy hoi ciia day s6 ta duge
a ., — 4a,a,4q + 4a’ = a2 — 2
& aiﬂ — 44,041 + a2 +2=0.
Thay n bang n + 1 ta duge

ai —da,a,—1 + ai_l +2=0.

Suy ra a,_1,a,11 1a nghiém ctia phuong trinh 2% — 4a,r + a?> + 2 = 0. Theo
vieet ta c6 a,y1 + a1 = 4a, hay a,+1 = 4a, —a,_1, ma ag = 1,a7 = 3 la
cac s6 nguyen. Vay, theo quy nap tat cd cac s6 hang trong day déu la cac s6

nguyen.

Vi du 3.37. Cho ddy s6 (a,) zdc dinh nhu sau

a1 = ay = 97, app1 = ApQp_1 + \/(a?1 —1)(a2_, —1). (3.22)
Chitng minh rang vdi moi n, s6 2 + /2 + 2a,, la so chinh phuong.

Huéng dan. Truée hét ta chi ra a,, € Z. Tiép theo, ta chiing minh 2(1+a,,)
14 s6 chinh phuong. Va cudi cuing 1a dua ra diéu phai chiing minh.

V6i ¢ € N khong chinh phuong bat ki, ta luon c6 x = k2l, véi | 1a udc clia
x va [ khong chinh phuong. Ta goi [ 14 phan khong chinh phuong ciia .

Ta c6 az = 2.97% — 1. Tit cong thiic truy hoi suy ra

2 2 2
= Oy — 20p410,0n 1 + Qpay, | =a
=a2 ,+ai+ad [ =2 +1 (3.23)

Ay +ay +a, | = 20,410,0,1 + 1. .

T (3.23) thay n lan lugt bang m + 2 va m + 1 ta dugc

= azn—i—S + af,wrz + a?n—i—l = 2&m+2am+3am+1 + 1. (324)
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= Ay T oy T A, = 20 20m g + 1 (3.25)
Trit vé véi vé cia (3.24) va (3.25) ta duge

2 2
Uppyg — Ay = Ut 20m 11 (Amy3 — Q)

= U3 + G = 20 410m 12 (3.26)

(tir gid thiét dé suy ra day so (a,) ting nén a3 — a,, > 0).
Vi ay,as,a3 € N* = a, € N*.

Tt (3.24) ta €6 apmis(Amis — 2mi1amin) + a2 o+ a2, —1=0
= A3 + 1= a5 0+ @iy (3.27)
T (3.26) va (3.27) suy ra
(amss + 1) (m + 1) = (Amio + Q1) (3.28)

Nhu vay tich ctia (a3 + 1) va (a,, + 1) luon 1a mot s6 chinh phuong. Vi vay
phan khong chinh phuong cta (a3 + 1) va (a,, + 1) 1a bang nhau. Cha ¥
1a phan khong chinh phuong clia a; + 1,as + 1,a3 + 1 14 2, do d6 bang quy
nap ta thu duge phan khong chinh phuong cia a, + 1 1a 2 v6i Vn € N*. Vay
an, +1=2k2. Tu (3.28) ta dugc

Kmiskm = k72n+1 + k%ﬂ-Q -1 (3:29)
Mat khac, trit vé véi vé ctia (3.26) va (3.27) ta thu duge
(amss — D)(am — 1) = (@ms2 — am+1)2-

Lap luan nhu trén ta dugc a,, — 1 = 6[2 (doay —1,as—1,a3—1 ¢6 phan khong

chinh phuong 1a 6). Khi d6, ta c¢6

602, +2 =2k2 & (kp + 1)(kyn — 1) = 312, (3.30)
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Béng quy nap két hop véi (3.26) ta dé dang ching minh duge véi Vn, a,, déu
c6 dang 4k + 1.

Suy ra k, 1a s6 1&, néen (k,, +1) va (k,, — 1) déu c¢6 ude 1a 2. T (3.30) suy
ra mot trong 2 s6 (k,, + 1) va (k,, — 1) c6 dang 2b* s6 con lai 1a 6¢%. Lai tu
(3.29) bang quy nap ta thay k,, luon c6 dang 6¢ + 1 nén k,, + 1 phai c6 dang
2b2.

Vi vay 2 + /2 + 26, = 2+ 2.2k, = 2 + 2k,, = 2.2b* = 4b>. Dpcm

RG rang, véi vi du nay, dau tién ta phai ching minh day s6 (a,) 1a day s6
nguyén, sau d6 chimg minh 2 + 2a, 14 s6 chinh phuong roi méi chitng minh
yéu cau bai toan. & day, ta phai stt dung nhiéu tinh chat s6 hoc nhu tinh chat
chia hét, chia c6 du, tinh chat vé s6 chinh phuong,...

Nhu vay, ta c6 thé xay dung day s6 nguyen tit 10i gidi clia phuong trinh
nghiém nguyén. Chang han, tit phuong trinh Pell 22 — Dy? = k, gid st né c6
nghiem khong tam thuong (xo;vo), a,b la nghiém co sd ctia phuong trinh
lien két v6i n6 x? — Dy?> = 1. Khi d6 hai day s6 (z,), (y,) xac dinh béi
Tpi1 = axy, + 0Dy, Ypi1 = bx, + ay, thi (z,,), (y,) 1& nghiém ctia phuong
trinh 22 — Dy? = k. Tt d6 ta c6 thé tim dugc

Tpi1 = axp + b/ D(22 — k);  Ypi1 = ay, + 0/ Dy2 + k

va nhu vay da xuat hién hai ddy s6 nguyén dudc cho béi cong thitc khong
nguyen.

Mat khac, ta ciing c6 theé tao ra day s6 nguyéen xac dinh béi cong thic truy
hoi ma ¢6 phan s6 tit phuong trinh bac hai: 22 — 4a,r + a? + 2 = 0 nhu sau.

2
9
I T2 Khi d6 ta co

Theo dinh 1{ Vieet thi a,;1a,_1 = a? + 2, nén a,,; =
n—1
a +2
ap—1
minh rang a, nguyén vdi moi n". Dé giai bai toan nay ta c6 thé dung phuong

bai toan: "Cho day s6 (a,) zdc dinh bdi ag = 1,a1 = 3, apy1 = . Chitng

phéap tuyén tinh hoa phuong trinh sai phan.
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2
. . . , . ay, +c¢
Vi du 3.38. (Bulgari 1978) Cho day so (a,) théa man a,,+1 = .
n—1
2, .2
Chiing minh rang, néu ag, a; va Gtaite la cdc so6 nguyén thi a, nguyén

apay
V0L MOL M.

Huéng dan. T cong thitc truy hoi ta c6 a,,1a, 1 — a? = c.

- ai +a? +c
Tudosuyraa,.1 = ————a, — Gp_1.
QpQ

Bai tap
Bai toan 3.13. Cho day s6 (u,) zdc dinh nhu sau
U = Q3 Uy = B, Ups1 = AUy — Up_1-
Chiing minh 1ang Up41Un_1 — u2 = aaf — a? — 3%,VYn > 2.
Bai toan 3.14. Cho day s6 (x,) xdc dinh nhu sau
11 = uy = %, 2y = (@ + 2)x, — 201 — 2(aaf — o* — 37).
Chiaing minh rang x,, la so chinh phuong véi moi n.

Bai toan 3.15. Cho day s6 (a,) zdc dinh nhu sau

2 2
6a;_1ap—3 — 8an_1a;_,
ar =100 = 2,03 =24, a, = .
Qp—20p—3

Chiing minh rang, moi n, a, nguyén va a, chia hét cho n.

Huéng dan.

Tt cong thidc truy hoi ta c6

Ant1

bat b, = , ta ¢ by = 2;by = 12;b, = 6b,,_1 — 8b,_o. Giai phuong trinh

n

sai phan tuyén tinh nay, ta dugc b, = 4" — 2"
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Khi d6 ta ¢6 a,11 = (4" — 2")a, = 2"(2" — 1)a,. RO rang a;:1,a2:2, as:3.
Gia st a,:n,n > 3, ta sé ching minh a,,1:(n + 1). That vay, ta ¢6

Néu (n + 1) 1a s6 nguyén t6 thi (2" — 1)}(n + 1) (Dinh ly Fermat) nén
Ant1:(n+1).

Néu (n + 1) 1a hop s6 thi (n + 1) phan tich thanh tich cac s6 nguyén to p
nho hon n.

Mat khac a,11 = 2"(2" — D)ay, an:n = api1:k,Vk < n = a,.1:p, vOi p

nguyén t6 nhé hon bang n. Hay a,41:(n + 1). Dpcm

Bai toan 3.16. Cho k € N*. Cho day so (a,) Tdc dinh nhu sau
ay =k + 10,11 = a® — ka, +k,Vn € N*,

Chiing minh rang Ym # n, (am, a,) = 1.

Hudéng dan. Ta chi can ching minh véi m > n, (am,a,) = 1. That vay,

v6li m > n ta co:

2
m — k =a5, 1 — ktm_1 = am_1(a@m-1 — k)

= Up1Qm—2---Ap(Cp — k) = Q_1Q—_9...01.

RG rang (am, a1) = 1. Gid st (apm,a;) = 1,1 <k <n—1 < m—2. Ta sé chiing
minh (a,,, a,) = 1. Gi& st (@, a,) = d.
Ta ¢6 am:d,a,:d = kid = a, — kid = ap_1ay_2...a1:d, theo giad thiét

(am,ap) = IWVkE <n—1= (am,ap_10,2...a00) =1 = d = 1.
Tinh chat giai tich

Tinh chat gidi tich ctia day s6 dugce thé hieén & tinh bi chan, tinh hoi tu
hay phan ki, tinh tang gidm, quy luat ctia day s6 nhu cap sé cong, cap so
nhan,...Ngoai ra tinh chét gidi tich ctia day con the hién & cac biéu thitc chita

cac s6 hang clia day so.
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Vi du 3.39. Cho day so (u,) thod man diéu kién
Uy =us = 1, Up11 = Uy — Up_1, VN > 2.
Dat S, = Z?Zl arccotu;. Ching minh S, hoi tu. Tim gioi han ciua S,.

Huéng dan.
Goi (f,) la day Phibonacci thod méan

fi=fo=1 fox1 = fo+ foo1,Vn < 2.

Ta sé chitng minh bang quy nap

Up = f2n—3' (331)

Tacous=2=1+1= fi + fo = f3, (3.31) ding v6i n = 3. Gia st (3.31)
ding v6i Vk < n. Ta phai chiing minh, (3.31) dting v6i n + 1. That vay, ta ¢
Upt1 = BUp — Up—1 = 3f2n—3 — fon—5 = 2fon—3 + fon-a = fon—3 + fon—2 = fon-1.
Ma day Phibonacci (f,,) ¢6 tinh chat f2 = f,11fo1 + (—=1)""! (dé dang
chitng minh béng quy nap).
T d6 f2, 5 = for_ofor_a + (—=1)* "1 VEk > 3 hay fo,_3 =
Suy ra

for—2for—a +1
Jok—2 — fok—a

for—2for—a + 1)
for—2 — for—a

= arccot fop_4 — arccot fop_o,Vk > 3.

arccotuy, = arccot for,_3 = arccot (

s 3
=S, = Z?Zl arccotu; = Iﬂ — arccot fa, _o. Vay lim .S, = Zﬂ

Vi du 3.40. Cho day so (u,) thod main dieu kién

5
Ug = 2;u; = g Un+1 = Up(u? | —2) —up,¥n > 1.

2n_<_1>n

CMR vdi¥n > 1,[u,| =273
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Huéng dan.

y 28 — (=1)* e T
Ta dat a, = — k > 0. Ta chiing minh a, 1 = 2a, + (—1)".
Vi ap = 0;a; = 1 nén a;, déu nguyen.

Ta ching minh bang quy nap cong thic sau
Uy = 29" 4279 n > 0. (3.32)

V6i k = 0,1 dé thay. Gia st (3.32) dung v6i k = n—1 va k = n. Ta phai chiing
minh (3.32) dang véi k = n + 1. That vay, ta c¢6

5
Up+1 = un(ui—l - 2) - 5
N RS

— (2an _|_ 2_an)(22an—1 + 2_2an—1) .

n—1 n—1 5
_ (2an + 2—an>(2(ln—(—1) + 2(—1) —an) Y

n—

N | Ot

— 22an+(_1)n + 2(_1) ! + 2—(—1)7171 + 2—2an—(—1)n _

— 2(1n+1 + 2_an+l‘
Nhu vay, ta ¢c6 Vn > 1, [u,] = [2% +27%] =2%do 0 < 27 < 1,n > 0.

Vi du 3.41. Ching minh ring néu (a,) la day sé duong ting chdat va khong

as — a as — a Ay, — (i oo
bi chan thi day 2 L3 R khong by chan.
a2 as Qp,

Huéng dan. Trudce hét ta ching minh Bo dé. Ton tai day sd nguyen duong

1=k <ky<---<k,<--- théoa man

n

Ak; — Qk;_q
> P— (3.33)

i=1 v

khong bi chan.
~ ~ . ~ 2 ~ 2 ~ Ap; — Qp;_y 2

That vay, ching ta c6 the xay dung day (k,) théa man ———— > 3
Q.

7

nhu sau.
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Gia st da xay dung duge 1 = ky < kg < --- < k,,_1. Vi a; khong bi chin
nén luon ton tai mot s6 k, théa man ay, > 3ay, , suy ra
akn —
Ak, B 3
. 2 - . 2
Tt d6 moi s6 hang trong chubi (3.33) ludn 16n hon hoac bang 3 Tu do ta
duge chudi (3.33) khong bi chin.

Bay gig, ta co

Ak;+1 — Ak, I Af;+2 — O +1 TR Akiyr — Ak 11
Qi+1 Qi +2 Qi yq

s Ghitt 7 Ok o Ok T Okt B T Ok
A4y Akipq Qg

i1

Nhu vay chubi da cho 16n hon chudi (3.33). Dpcm
Tinh tuan hoan cta day sb

Dinh nghia 3.1. Day s6 (u,) dugc goi la day sé tuan hoan (cong tinh) néu
ton tai s € N* sa0 cho Upys = Uy, Vn € N.
S6 s nhu vay duoe goi la chu ki cia day. Chu ki nguyén duong nhé nhat

ctua mot diy so tuan hoan dudc goi la chu ki co sd day so do.

Trong thuc hanh, dé chitng minh mot day so6 1a tuan hoan khong nhéat thiét
phéi xac dinh chu ki co s6 ctia n6. Mot day s6 tuan hoan vdéi chu ki 1 1a day

hing.
Dinh 1y 3.2. ( Vé tinh tuan hoan cia day so du ) Cho m,k € N*,m > 2 va
day so nguyén (a,) thod man

*
Anik = ClOpyk—1 + Colpik—2 + ** + Cply + Cpy1, VN € N™.

Trong dé ai,as, ..., ax, C1, Ca, .., Cy, Ch1 L0 nhitng s6 nguyén. Goi r, la s6 du
trong phép chia a, cho m. Khi dé, néu (cp,m) = 1 thi day (r,) trén tuan

hoan.
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Vi du 3.42. Cho day s6 (u,) zdc dinh nhu sau

24+ u,

LTy
1—2u, "

v
—

Uy = 2, Upt+1 =

Chaing minh rang
a) u, # 0 vdi moi n nguyén duong.

b) Déy khong tuan hoan.

Huéng dan.

Nhan xét: tit cong thitc truy hoi ciia day, ta lien tuéng dén cong thiic cong
ctia ham s6 luong gidc tang, va yéu cau bai toan cé lién quan dén tinh tuan
hoan. Vi thé, c6 thé nghi dén viec diing dén phép thé luong giac.

Goi a la goc sao cho tana = 2.

. 2tan o
Ta c6 uy = tan o, uy = — = = tan 2a.
1 —tana?
Theo quy nap, ta chtitng minh duge u,, = tanna.
2u
a) Tt cong thitc tinh wu,, ta suy ra us, = . —.

Tt dé suy ra néu ton tai n dé u, = 0 thi sé ton tai n 1& dé u, = 0.

Gia st uggy1 = 0, khi d6 ugr, = —2 va ta co
2u
—2 = Ug, = 1—kQ = uz +ur — 1 =0 = uy vo ti, trong khi d6 theo cong

thiic truy hoi cho trong gia thiét thi u; luon hitu ti.
Nhu vay, u, # 0,Vn > 1.
b) Gi4 stt day tuan hoan.
Khi d6 ton tai hai s6 nguyén duong n va k, (n > k) sao cho u,, = uy
hay tanna = tanka = (n — k)a = mm = u,— = 0.

Mau thuén véi két qua phan a).

Vi du 3.43. Cho day s6 (z,) wdc dinh nhu sau x1 = 19,15 = 5, 23 = 1890,
Tnasg = 302,19 + 4,1 + 20112, + 1664, Vn > 1.

Chitng minh rang day so (x,) c¢é vo so6 s6 hang chia hét cho 2010.
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Huéng dan.
Goi r, 1a 86 du trong phép chia x,, cho 2010. Ta c¢6 (2010,2011) = 1 nén
day s6 (r,,) tuan hoan, gid st véi chu ki s.

Ta c6 Vk € N*

2011zgs = Tpsag — 30Tps10 — dwpsr1 — 1664
= 23 — 3029 — 421 — 1664 (mod 2010)
= 1890 — 30.5 — 4.19 — 1664 (mod 2010)
=0 (mod 2010).

Ma (2011,2010) = 1 nén x;4:2010.

Dat n = ks, do ¢6 vo s6 k € N* nén ciing ¢6 vo s6 n = ks € N* dé z,,:2010.

Vi du 3.44. Cho day so (a,,) zdc dinh nhu sau

Qop = CLTL,\V/TL > ]-7
Agn+1 = 1,Vn 2 1,
Ggniz = 0,Yn > 0.

Chaing minh rang day s6 dé khong tuan hoan.

Huéng dan.

Gia st day (a,) tuan hoan, nghia la ton tai s € N* sao cho

(pys = Ay, Vn € N

Néu s =0 (mod 4) thi s+ 1 =1 (mod 4) suy ra asy; = 1, ma
Gsy1 = ap nén a; = 1.
Mzt khac, do s =0 (mod 4) nén s = 2%t véi k,t € N* k > 1,¢ 18. Khi do,
s+ 2kt =2k 121+ 1). T do, 1 = a3 = age—1 = ayyon1 = agy1 = 0 (do t 18).
Mau thuan.

Néu s =1 (mod 4) thi s+2 =3 (mod 4) suy ra a,s = 0, ma
Us12 = a3 =aynén a; = 0. Cing ¢c6 s+4 =1 (mod 4) = asrqy = 1 ma

ay = a4 = 544 = a1 = 1. Mau thuan.
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Néu s =2 (mod 4) thi s +3 =1 (mod 4)suyra0 = a3 = as3 = 1.
Mau thuan.

Néu s =3 (mod 4) thi s+4 =3 (mod 4) suy ra as.y = 0, ma
(syq = Ay = Ay = a1 nén a; = 0.

Laic6s+2=1 (mod 4)= a; =as = ass = 1. Mau thuan.

Nhu vay, gid st sai hay day da cho khong 14 day tuan hoan.
Vi du 3.45. Cho day so thuc (a,) théa man
lan| = aps1 + an—1, Yn=1,2,3, ...
Chitng minh rang day so tuan hoan vdi chu ki 9.

Huéng dan.

Tit cong thiic truy hdi ta suy ra tong ctia hai s6 ké nhau c6 it nhat mot s6
khong am. Ta c6 |a,| = ani1 + an_1 Vn =1,2,3, ..., suy ra trong s6 a1, an_1
it nhat mot s6 khong am. Vi thé ton tai hai s6 ding ké nhau khong am, gia

st 1a a,, va ap,yq. Ta ¢

Um-1 = Gm — Gm+1;  Gm+2 = Am41 — G-
Suy ra a;,—1 Va ay,,e d6i nhau hay mot trong 2 s6 d6 phai khong am. Do do6 ta
c6 3 s6 diing ké nhau déu khong am. Dic biét s6 & gitta 2 s6 d6 sé bang tong
clia 2 86 con lai. Ta ki hieu chung 1& a,a + b,b (a,b > 0). Theo cong thiic truy
hoi, néu biét hai s6 hang lién tiép thi ta luon xac dinh dugde sé hang ding lién
truée va ding lién sau 2 s6 d6. Vi vay, ta co:

Néu a < b thi mot phan ctia day sé 1a
vy 0,20 —a,—b,a,a +b,b,—a,a —b,b,2b — a, ...
Néu a < b thi mot phan ctia day sé 13

w,2a —b,a,b —a,—b,a,a+b,b,—a,a —b,2a — b, a, ...
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Diéu d6 chiing t6 day da cho tuan hoan véi chu ki 9.

Cht §. Ta c6 thé giai bai toan nay bang cach khac nhu sau.

Tu cong thitc truy hoi ta suy cong thitc truy hoi Wi any1 = |an| — an_1
va cong thiic truy hoi tién a,,_1 = |a,| — a,41. V6i s6 tu nhien n bat ki, ta sé
ching minh a,,9 = a,. That vay, ta dat a,.4 = z, a,,.5 = y. T hai cong thic
truy hoi It va tién trén ta biéu dién dudc a, 9 va a, theo z,y nhu sau.

anto = ||llyl = 2| =yl = [yl + 2| = Iyl = =] + v; (3.34)

an = ||[|z] =yl — 2| = [z + y[ = |Jz] = y[ + 2. (3.35)
Dat biéu thitc bén phai ctia (3.34) 1a g(x,y), khi d6 biéu thitc bén phai ctia
(3.35) 1a g(y, z). Ta chiing minh g(z,y) = g(y, z) bang cach xét 3 truong hop
00<y;2<0<y;x<y<0.

Ta c6 bai todn ap dung: Day s (x,) thda man diéu kien
x10 = 35211 = _2;1‘71-1—1 = |xn| - fL’n_l,\V/TL > 12.

Hay tinh S := 235, + ¥3909 + * * * + T3010-
Huéng dan. Xét day sb v, = rp410. RO rang day (y,) tuan hoan véi chu ki
9. Dap s6 S = 87.

Day sb6 va dang thic

Nhiing bai todn vé ddy s6 ma can chiing minh mot s6 s6 hang nao dé cla

né thoa man dang thic, ta hay sit dung dén phuong phap quy nap.

Vi du 3.46. Cho hai diy s6 (x,), (y,) zdc dinh nhu sau

{ZEO = 0,1’1 = ]_,

Tpo1 = 4T, — 2, 1,Vn > 1
Yo = 17y1 = 27
Yn+1 = 4yn - ynfhvn > 1

Chiing minh rang moi n,y? = 3% + 1.
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Huéng dan.

Ta dung phuong phap quy nap. Dé kiém tra ding thic ding véi n = 0, 1.
Gia st dang thic ding véi n tit 1 dén k, (k € N*). Ta sé chiing minh dang
thitc ding véi n = k + 1. That vay, ta co

Yrer = (Ayr — ye-1)" = 445 — 8yr¥e—1 + Yoy
= 3(162; — Swprp_1 + 75 y) + 1+ 2423781 — Y1 + 16

= ?x):zJrl + 1+ 24z — Yryr_1 + 16.
Ma

24Tk L1 — Yot + 16 = 6(Tps1 + Tp_1)Tp1 — 2(Yks1 + Yr—1)Y_1 + 16
=0T 1Tr_1 + 633%4 — 2Yp1Yp—1 — Qyi,l + 16

=6(xf —1)+627 , —2y7 |, — 2y +3)+16=0
(do Tpy1wp1 — 72 = —1; Ypr1Yr—1 — Y2 = 3, theo bai toan 2.1.1). Dpem

Vi du 3.47. Cho a, A > 0 la nhiing so bat ki va day (a,) zdc dinh
ap = a,
1 A
an+1:§ a, +— | ,¥Yn > 0.

7

Chaing minh rang ¥n > 1, ta luon cé

—1

an = VA (al - \/Z> (3.36)

an‘{’\/z_ CL1+\/Z

Huéng dan. Ding quy nap.
Hién nhién dang thic (3.36) can chiing minh ding v6i n = 1. Gia st (3.36)
ding v6i n = k, (k € N*). Ta sé ching minh (3.36) ding véi n = k + 1. That
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1 A
a1 — VA 5(“”@7) - VA a — 2a;,VA+ A

ak+1+\/zl(ak+£)+\/zai+2ak\/z+/l
Qg

2

. ak—\/z 2_ G1—\/Z g
N\ap+vAaA)  \a+VA

(theo gia thiét quy nap). Dpem

Vi du 3.48. Cho day Phibonacci (u,) vdi zdc dinh

Uy = 1,u2 =1
Upt2 = Upt1 + Uy, VN > 1.

Chiing minh cdc dang thic sau

~

.u1+uQ~|—---+un:un+2—1,(‘v’n22);

2. Upim = Up-1Upm + UplUpi1, (Y0 > 2,¥Ym > 1);

3. U% — Up—1Upy1=(—1)n+1, (Vn > 2)7

1++v5

4. " =upa +up_q, (Yn > 2,a = )

2

5. 2Up — Upy1 = Up_o, (VN > 3);

0. (2ununi1 +2)% + (Untngs)® = u3, 5, (Y > 1);

7. UpUpi1 = Up_1Upio + (—1)", (Yn > 1).

Huéng dan. Diing quy nap. Chéng han, chiing minh dang thiic

Untm = Up_1Upm + UnUpmye1 (2) bang quy nap theo m. V6i m =1 ta c6

va vl m = 2, ta co

Up—1U1 F UpUs = Up—1 + Up = Uni1,

U1 U + UpUz = Up_1 + 2Up = (Up—1 + Up) + Up = Uny1 + Un = Upya.
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Dang thiic (2) déu ding. Gia st véi s6 m nao d6 cac dang thiic sau ding
Unptm = Un—1Up + UpUmi1(3),
Untpm+1 = Un—1Umt1 + Unlmi2(4),
ta sé chiing minh ding thtc sau ding
Untm42 = Un—1Umt2 + UpUmy3.
That vay, cong vé véi vé cia (3) va (4), ta nhan duge
Unt+m + Untm+1 = Un—l(um + um+1) + un(um+2 + Um-i—l)
= Un+m+2 = Un—1Um+2 T UpUm+3.
Vi du 3.49. Cho day so (a,,) dugc zdc dinh nhu sau
ay =k —1,Vk =1,2,3,4;a0,_1 = Qo2 + 22, a9y, = Qon_5 + 2", Vn > 3.
Chatng minh ring véi Vn € N*, ta co cdc ding thic sau
12

1. 1+ Aop—1 = [72n—1] )

1
2.1 + Qo = |:772n—1‘| .

Huéng dan. Trude hét ta ching minh cac dang thic sau bing quy nap

12 1
2] <[]

7 7
17 12
2. | =27 = | =272 4 2nt
)= [7l

Sau d6 ta chiing minh cac dang thiic clia bai toan ciing bing quy nap.
V6i n = 1,n = 2, kiém tra truc tiép, ta thiy 2 déng thic trén ding. Gia
stt hai ding thtc trén ding vé6i hai s6 tur nhien lién tiép n — 1,n. Ta sé chiing

minh hai déng thic trén ding cho gié tri tiép theo n + 1.
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Tit dinh nghia ctia day 1+ ag,41 = 1+ ag, +2""%. Chi ¥ t6i dang thic (2)
cho gia tri n, ta c6 1+ agpi1 = {1—77.2"_1} +2nl = [22”1 . Suy ra dang thic
(1) ctia bai toan ding véi gia tri n + 1.

Tit dinh nghia clia day 1 + agnio = 1 + agn_g + 27T Chu ¥ t6i déng thic
(1) cho gia tri n — 1, ta ¢6 1 + agyi2 = {2.2”2] + 2t = {1—772"} Suy ra
dang thiic (2) clia bai toan ding véi gia tri n + 1. Dpcm

Day s6 va bat ding thic

V6i bai toan lien quan dén béat dang thitc thi phuong phip quy nap va

phuong phap sai phan té ra rat hitu hiéu.

Vi du 3.50. Cho day so (a,,) zdc dinh nhu sau

N | —

a) =
2

pi] = ——— ¥n > 1.
et l—a,+a2  —

Chitng minh rang, a, + as + -+ - +a, < 1,Yn > 1.

Huéng dan. Dung phuong phéap sai phan.

1 R
Ta c6 ay = =, a3 = - Tt cong thitc truy hoi, ta cé
1 1 1
=1—-—+—
I a, a2

1
bat u, = —. Ta c6 u1 = 2;us = 3;u3 =7 va
a,
2 1 1 1
Uy Up— 1 Uy — 1

T do suy ra

1 1 1
S=a1+a+-+a,=—+—+--F —

Ul (5) Up,
1 Lo, Lo, 1
_Ul—l UQ—l UQ—l U3—1 un—l un+1_1
1 1
_Ul—]_ Un+1_1

1

=]—-—-<1

Up4+1 — 1
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(do u, tang, uy = 2 suy ra u, > 1, ¥n > 1). Dpecm
Nhdn zét. Ta c6 thé ching minh lim Y7 | a; = 1 bang cach chiing minh u,,

1
tang khong bi chan trén, tt d6 —— — 0.
Up+1 — 1

Vi du 3.51. Cho day s6 (e,) wdc dinh nhu sau

€1 = 2
n 1

. . N 1
Chiing minh rang, e, < 3 — ﬁ,‘v’n > 3.

Huéng dan. Dung quy nap.
1

V61m01n=3tacée3<2,67<2,75:3—F

Gia st ddng thitc can ching minh thod mén véi n nao do. Ta st dung
bat dang thic (n + 1)! > 2" v6i n > 1 va gid thiét quy nap ta nhan dugc

1 1 1 1
— - 1+ =3—-—'D
(n 1)! < (3 )+ <3 + 3 pcm

(n+ 1)! 2n—1 " gn T 9n
Vi du 3.52. Cho day s6 thuc duong (a,) thod man bat ding thic

€nt+1 = €n + - on—1

ai <ap,— apt1, Vn € N.
. . N 1
Chitng minh rang, a,, < —,Vn € N.
n

Huéng dan. Ding quy nap.

Dé dang kiém tra bat dang thic ding vé6i n = 1,n = 2.

1 .
Gia st a, < —,n > 2. Xét ham s6 f(r) = x — 2%, tang trén [0;5), ma
n

1
a, < — nén ta co
n

an+1§f(an)<f(1 - : : :

= —_-— — = J— <
) 2 n+1 n’tn+1) n+1

— . PDpcm
n n o n
Vi du 3.53. Cho day s6 nguyén khong am (a,) thod man bat dang thitc

pim < Qp + Gy YN, m € N

Chaing minh rang, a, < ma; + (ﬁ — 1) A, Y > M.
m
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Huéng dan. Dung quy nap.

Trude hét bang quy nap theo k ta sé chiing minh

ap < kam + p—mk (*)7Vk >

3=

That vay, theo gid thiét a, = ant(n_m) < Am+an_m, suy ra (x) dang véi k = 1.

Gia stt (%) dang véi k. Ta co
Aanp, < kam + Qpmk = kam + Qm4n—mk—m

< kam + O + Qp—mk—m

- (k + l)am + Ap—(k+1)m-

Tiép theo, tir gid thiét ta c6 am = a14m-1) < a1+ am_1 < -+ < may.

Néun =mk+r,(r=1,..,m—1) thi tit a,, < may,a, < ray, ta suy ra

n—r

ap < kam+an—mk :kam+ar = m A, + Ay
n—-—m-+m-—r n—m T
= Um + ap = Ay + 0y — — Ay + G
m m m

n—m
<

n
A, +may —ray +ra; = may + (— — 1) Ay
m

Vi du 3.54. Cho day so (z,) zdc dinh nhv sau

1
Ti+To+ Ty

T =12, = Yn > 2.

Chiaing minh rang, ton tai n € N* sao cho x1 + x5 + -+ + x, > 2010.

Hudéng dan. Nhan thay (z,) 1a day duong. Ta c6

1 1 Ty

I1+$2+"‘+In_1+$n __’_xn
Tn

< x,.

Suy ra (x,) 1a day gidm bi chin dudi bdi 0. Suy ra z,, hoi tu vé a véi a thoa

man a = Ta dugc a = 0.

1+ a?
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Nhu vay, ton tai ng sao cho

1 1 1
= < .
2010 1+ a0+ - +xp1+x, 2010

Yn > ng: rue <

Vay, ton tai n € N* sao cho x1 + 29 + -+ + Zp_1 + 2, > 2010. Dpcm

Nhan xét: Thyc chat bai toan trén la chiing minh (x,,) hoi tu ve 0.

Vi du 3.55. Cho X = (z1,%9,...,x,),n > 4 la day gom n so6 khong am va

tong cia ching bing 1.
. . S 1
1. Chiing minh rang x1xs + Tox3 + « - + Tpry < 1
2. Chitng minh rang ton tai mot hoan vi Y = (y1,%2, ..., Yn) ctia X sao cho

1
Yiye +y2ys + -+ ynyn < e

Huéng dan. Dung quy nap.
a) 4p dung phuong phap quy nap véi n ta chiing minh

(x1+xg + -+ + mn)2 > A(z1w9 + T2x3 + - + TpT); (3.37)

§ day x; > 0,n > 4. That vay, véi n = 4, bat dang thic (3.37) tuong duong
v6i (21 — 29+ 23— 24)? > 0. Dang thiic x4y ra khi v& chi khi o1 + 23 = x5+ 24.

Gia st (3.37) dang véi n = k v6i k > 4. Ta can chiing minh
(w1 4+ 204+ + Ik+1)2 > d(x1x9 + Tox3 + - - -+ TpTht1 + Thp121). (3.38)

Vi tong 2 vé ciia (3.38) 1a vong tron theo chi 6, ta co thé gia thiét

Tpp1 < x4,1=1,2,.... k. Khi d6 tir gid thiét quy nap suy ra

($1+$2+- . -+($Ck+xk+1)>2 > 4(5171562—1-132553—1-' . ~+&3k71(Ik+$k+1)+($k+$k+1)$1)-
(3.39)
Béi vi

T1%g + Toz + -+ 4 Tp—1 (T + Tpp1) + (Tr + Tig1) 21
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= (2122 + X223 + - -+ + TpTp1 + To121) + Tho1Tpp1 + Tu(T1 — Tpyr)

VA 21 — T41 > 0 nén tir (3.39) suy ra (3.38).

Tt d6 v6i z1 + a9 + -+ - + 2, = 1, ta nhan dugc ngay két qua.

b) Véi hoan vi bat Ki Y = (y1, 99, ..., yn) clia X ta dit

Sy =YYz + y2ys + -+ + YnY1-

Goi S 1a tong tat cd cac Sy (tinh theo tat ci n! hoan vi ctia X). V6i sut ¢
dinh i va j, i # j s6 lugng ctia nhitng hoan vi ctia X, trong dé z; ding trude

z; (xép theo vong lap), 1a n(n — 2)!. Tu day,

S =n(n—2)! Z QZiSCj:n(n—Q)!(l_in)

i,j=1,i#j

< n(n—2)1(1 - %(me) =n(n—2)I(1 - l) = (n—1)..
k=1

n

. . S 1
Suy ra sO nho nhat trong Sy khong vuct qua - = Dpcm
n!l  n

Vi du 3.56. Cho day so6 (z,) zdc dinh nhu sau:

1 2n—3
1= =, Tp =
2 2n

Tp_1, VN > 2.
Chitng minh rang x1 + xo + -+ x, <1, Yn > 1.

Huéng dan. Dung sai phan. Xét day s6 y, = (2n — 1)z,,. Ta c6

2n — 3 2n—1)(2n — 3 n—

Yn = (2n — ]_) " Tpo1 = ( n )( n )°$n—1-L

2n 2(n—1)—1

2n — 1 .
= Yp = n2 Yn—1, Yn > 2. Cong thiic trén ciing ding cho n = 1 néu ta
n
dat Yo = 1.
2 n
Ta lai co yn_l—yn:—nyn—yn: 4 = Zp,Vn > 1. Vi vay
2n —1 2n —1

Ti Tyt = (Yo =) F (G —y2) + o (Ynor — )

=Y —Yp=1—9y, < 1.

Dpcm.
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3.8.3 Bai tap
Bai tap c6 huéng dan giai

Phan nay trinh bay mot s6 bai toan lien quan dén cac tinh chat cia diy
s6 ¢6 kém theo huéng dan gidi chi tiét, dac biet 10i gidi sit dung cac phuong

phap da néu.
Bai toan 3.17. Cho day so nguyén duong (a,) théa mdn
a=1la, <14+a;+---+a,-1,Yn > 2. (3.40)

Chitng minh ring vdi moi s6 tu nhién cé thé biéu dién nhu tong cia mot vai

50 duge chon trong déy so trén.

Huéng dan.

Ta sé chiing minh moi s6 tu nhien N thoéa méan bat dang thic
O<N<l+a+ay+--+a,

c6 thé biéu dién nhu mot tdng ciia mot vai s6 trong day ai, as, ..., an.
That vay, ta dung phuong phap quy nap.
Véin=1meénh dé dingvia; =1, khid60< N <1l+1nén N =1=aqa,.
Gia st ménh dé ding v6i n = k > 1, nghia 1a moi s6 ty nhién N thoa
man bat dang thitc 0 < N < 1+ a; +ag + - - + ay ¢ thé biéu dién nhu mot
tong ctia mot vai s6 trong day aq, as, ..., a,. Ta sé ching minh né ciing ding
véin=k+1.

Ta chi xét truong hop sau la da
l4+a+ay+--+ar <N <1l4+a +ay+ -+ ap+ ars-

Do (3.40) ta dugc
OS1+a1+a2+---+ak—ak+1§N—ak+1§1+a1+a2+-~~+ak.
Néu N — apyq = 0 thi meénh dé dung v6in =k + 1.
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Néu N — ago, > 0 thi theo gia thiét quy nap N —aj.; ¢6 thé biéu dién nhu
tong ctia mot vai sb trong aq, ag, ..., ax. Khi d6 N biéu dién nhu téng trén va

cong thém ap,,. Ppem
Bai toan 3.18. Cho ddy so nguyén té (p,) théa man
2=p1<pe < <pp<--- (3.41)

Chiing minh ring gitta hai s6 py + py + -+ + pp V& P + P2+ - + Pp + Prs1

luon cé6 mot so chinh phuong.

Huéng dan.

Trude hét, ta ching minh réng v6i n > 7,p, > 2n + 1(x) bang phuong
phép quy nap. V6i n = 7,p; = 17 > 2.7+ 1, (%) dung. Gid st (x) ding v6i
n =k,pr > 2k + 1, ta ching minh () dang v6i n = k + 1. That vay, do p, la

s6 1é v6i Vn > 1 nén ppyq — pr > 2, nghia la
D1 > Pk +2>2k+14+2=2(k+1)+ 1.

Tiép theo, ta chiing minh véi Vn, y, > n? (xx), véi y, = p1 +p2+- - -+ p, cling
bang quy nap.

D@ kiém tra (x*) ding véin =1,...,7.

Gid st () dung véin =k > 7 ta c6 yp > k%

Voin=k+1, yey1 = yx + prr1 > K>+ 2k +1 = (k+1)%

Goi m? 1a s6 chinh phuong 16n nhat khong 16n hon y,. Theo trén, ta c6
m =mn+ k,k > 0. Nhu vay, véi Vn > 1, ton tai s k > 0 sao cho (n + k)? <
Un < (n+k+1)>%

Ta ching minh p,1 > 2(n + k) + 1.

Gia st ngudc lai, ta ¢6 ppy1 < 2(n+ k) + 1.
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Nhung v6i n > 2, ppi1 > pp + 2, suy ra

pn<2n+k)+1-2=2(n+k)—1,

Pn1<2(n+k)+1—-4=2(n+k)—3,

3=ps<2(n+k)+1—-2(n—1)=2(n+k)— (2n—3),
2=p <2(n+k)+1-2n=2(n+k)—(2n—1).
Cong tig vé cac bat ding thiic trén, ta cé
Yo =p1+ P2+ P <2n(n+k) = (1+3+--- 4+ (2n - 1))
=2n(n+k)—n*=n*+2nk+k*—k*=(n+k)?— k.

Diéu nay mau thuan véi y, > (n + k)% Nhu vay p,.1 > 2(n + k) + 1. Khi
A6 Yni1 =Yn +Pur > N+ E)?+2(n+k)+1=(n+k+1)* > y,.

Nghia la y, < (n+k+1)* < yny1.

Vay (n+ k + 1)? nam gitta ¥, va Y41

Bai toan 3.19. Cho day so (a,) zdc dinh nhu sau
a; =1,a9 =2,ap10 =2ap41 —a, +2,Yn > 1.
Chaing minh rang, vdi moi m € N*, a,,a,,11 ciing la so hang cia day.

Huéng dan.
Tim ra cong thiic s6 hang tong quét ciia day s6 1a a, = (n — 1) + 1.

Khi d6 apmams1 = [(m =12+ 1[m?* 4+ 1] = (m* +m+ 1)+ 1 = ap2imyo-
Bai toan 3.20. Cho day so (a,) zdc dinh nhu sau

1
a;=1,ap41 =a, +—,Vn > 1.
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. 2
Ching minh rang a, > 14+ —(y/n —1).

V3

Huéng dan. a, < a,.1,Vn >1=a, > 1,Vn > 1.
Mit khac,

2
2 1 2 1
an = an-1 + = an—l + 2
Qp—1 Ay

=a2<al+3n—1)=3n—-2=a,<3n-2.

+2<a® | +3,Yn>2

T do ta duo ! > 1 ! S
a C—— > ————.Duy ra
V3vn—1
1 1
n = Qp_ -I- —CL1+—+ -+

. 1 1

2
Vay a, > 1+ —(v/n—1). Dpcm
Ay \/§<\/_ ). Dp

Chu y. Chitng minh (*) bang phuong phap sai phan.
Bai toan 3.21. Cho day s6 (a,) zdc dinh nhu sau
a; = 0,|ans1| = |a, + 1|,Vn > 1.
Chitng minh rang S = ay + as + -+ + a, > —g.

Huéng dan.
Ta gia thiét ta c6 a2, = (a, + 1)* = a2 + 2a, + 1,Vn > 1

=as+a3+--+ar,=al+a;+--+a+25+n
:>25+n:ai+1—af:ai+lZOiSZ—g.
Dpcm
Bai toan 3.22. Xét day so (a,) c6
ay =1,a0 =2,a3 =3,a4 =4,a5 = 5,a6 = 119, a,, 41 = aqa5...a, — 1,Vn > 5.

Chitng minh rang a3 + a3 + - - - + a2, = aj.as...az.
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Huéng dan.
5 _ 2 2 2 2 2 2 V4
bat b, = ay.a9...a,, —a{ —a5—---—a; =apy1 +1—af—a5;—---—a;. Vii
Vn > 5 ta co
2 2 2
bpi1 = A1.02...0p0p4 — Q] — Q5 — + - — 74
2 2 2
= (ant1+ Dani1 —ay — a5 — -+ — a5
2 2 2
=Gp41 —a] — a5 — - —a, =b, —1

:>bn+1:b5—(n—4):>b70:b5—65:0.

Bai toan 3.23. Cho day s6 (x,) théa man diéu kién

n2

Tn
T = 1,[I§'n+1 = — + —2,v7’L 2 1.
T, N
Chitng minh rang Vn > 4 ta luon cé [x,] = n.

Huéng dan.
49 9.12 49

9
2 =t 2 L0 Rorane A4 2 < ay <4+ 1.
1207 T 49 Tgqg T norang A << 4t

L. ez 2
Nhu vay, bat dang thic kép n + — < z,, < n + 1(x) ding véi n = 4.
n

x2:3;$3:

2
Gia st (%) dang v6i n =k, k > 4, nghialak+E<xk<k+1.

Ta sé ching minh (%) ding v6i n = k + 1, nghia la chiing minh

2
k—|—1+—<xk+1<k’+2.

k41
That vay, theo gia thiét quy nap
2 k? 1
<k+1l=—> =k—-1 a
T <R . k—+1 SR
2 m, K242 1 2
T >k+ - == > =+ =

ETRT R R
Tir d¢ L A T S U A S IR
Osuyra -t s N T rrl

= >k+1+ 2
X —_— .
k+1 k+1



168 Trai hé Hing Vuong lan thit 6 - 2010

Mat khac, cling tir gia thiét quy nap ta co6

€T —Q—k—2+%< L +k+1
Mt e k2 k221 k2
k% + 2k +2 — k2
—k k
TRy

:$k+1<k+2

Nhufvayn—l—% < xp, <n+1,Yn >4, suy ra ¥n > 4 ta luon c¢6 [z,] = n.
Bai toan 3.24. Cho day so (a,) théa man dicu kién

ap=1,a1 =6,a,49 = 6a,+1 — a,,Vn > 0.
Chaing minh rdang

1. afLH — 6apany1 + a2 =1,Yn €N,

k(k+1)

2. Vne N dk e N*:q, = 5

Huéng dan.

1) T cong thiic truy hoi ta ¢6 @, + a, = 6a,41,Yn € N
= a2, — a2 = 6a,41(ani2 — a,),¥n € N

2 2 2 2
= Uy 9 — Oap 102+ ap ) = ay  — 60,0511 +

=..-=a’ —6apa; +al = 1.
2) Dé thay a, € N*,Vn € N. Ta ¢6
8aZ +1=8a2 +a’,, — 6a,an41 + @’
= a2y — 6a,a,41 + 9a?
= (Apy1 — 3a,)>

Suy ra 8a? +1 14 6 chinh phuong 18, nghia la ton tai k € N* sao cho 8a2 +1 =

1
(2k +1)? hay a,, = @ Dpem



3.8. Day sb6 va mot s6 tinh chét 169
Bai toan 3.25. Cho day so tu nhién (a,) théa man diéu kién

an =a2_,+a>_y+a’ 5, Vn > 3.
Chaitng minh rang néu a;, = 2010 thi k < 3.

Huéng dan. Phan chiing.

Gia st k > 3, ta ¢6 a, € N,Vn va

2010 =ay =a;_; +ai_o+a; 5= ai_; <2010 = ap_1 < 44 (x).
Mat khac ap_1 = af_o +aj_5 +ai_, (do k > 3)

= g1 > ah o+ ai 5= ap_1 +ai_; > 2010 = ap_q > 45 (xx).

(%) va (%) mau thuan véi nhau hay gid si sai. Vay ta c6 dpem.
Bai toan 3.26. Cho cdc day s6 (ay), (bn), (cn), (d,) théa man dieu kién
Api1 = Ap + by, b1 = by + oy Cpa1 = ¢ + dy, dpyy = dp, + a,,Vn > 0.
Gid st ton tai hai s6 nguyén duong k,r sao cho
Apyr = Ak, bpyr = Uiy Cpyr = iy iy = dy,
Chitng minh rang a; = by = ¢, = d; = 0.

Huéng dan.

Dat s, = a, + b, + ¢, + d,,. Tt gid thiét suy ra
Sk+r = Sk;y Sn+1 = 25n, Vn > 0.

Bang quy nap ta tim dudc s,, = 2"sq, Vn > 0.
Vi vay ta c6 28175y = 2"sg = 50 = 0 = 5, = 0 Vn > 0.

Laico Vn>1

ap +cp = (anfl + bnfl) + (Cnfl + dnfl) = Sp—1 = 0. (1)
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Dt w, = a2 + b2 + 2 + d2. Ta ¢6 Wiy, = wy, V&

Wpt+1 = (an + bn)2 + (bn + Cn>2 + (Cn + dn)2 + (dn + an)2
=2(a2 + b2+ +d?) + (anby + bpcy + cody, + dypay,)

= 2w, + 2(a, + ¢,) (b, + dy,).

Do (1) nén wy41 = 2wy, véin > 1.
Theo quy nap ta dudc w, = 2" 'w;, Vn > 1.

Tu doé 2k+’"_1w1 = 2k_1w1 =sw =0=a = b1 =C = d1 = 0. DpCIﬂ

Bai toan 3.27. Cho hai day s6 (), (yn) théa man dicu kién

To=Yo =1, Tp41 =
Chatng minh rang Y, = Ton_1, Yn > 0.
Huéng dan.
Xét hai day s6 (ay), (b,) xac dinh

V2 g V2

1-V2
1+v2

Ay, by = b2, Bang quy nap ta c6

Vn > 0.

Ay =

Ta c6 ag = by = := A\. Tt cong thic trén ta chiing minh dugce a,,1 =

an =\ b, =\, VYn > 0.

Thay n bdi 2" — 1 ta duge agn_ = A" "D+ = \2" = p» Khi dé
$2n—1—\/§_yn—\/§
Ton_1 +/2 B yn+\/§
2¢/2 22
=1 1

Crma V2 g+ V2
= Ton_1 = Y,. Dpcm
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Bai tap tu giai
Bai toan 3.28. Cho 1,29, ....,x, la cdc s6 thuc bat ki. Chiing minh rang:

T 1 T2 i 4 T2
I4+a27 142t + a3 L4 af+ -+ a2

n

< V/n.

. ’ 1 1 1
Bai toan 3.29. Tum phan nguyén cia tong S =14+ —+ —+ -+ —.

pran ngty g 2 V3 /100
Bai toan 3.30. Cho day so (a,) zdc dinh nhu sau

ap=1,a1 = a,ap19 = 20,11 — ap + 2,Yn > 1.

Chiing minh rang, véi néu a € N* thiVn € N ton tai m € N sao cho apa,.1 =

-
Bai toan 3.31. Cho day so (a,) zdc dinh nhu sau

a; =a,a > 1,2011a,.1 = ai + 2010a,,,Vn > 1.

a __ 2011
ai+1—1 a,—l.

Chaing minh rang, vdi Vn € N* ta ¢6 Y .,
HDG. Stt dung phuong phap sai phan.
Bai toan 3.32. Cho day so (a,) zdc dinh nhu sau

a; =3, 0p11 = ai —3a, +4,VYn > 1.

1

< 1.

Chiing minh rang, vdi Vn € N* ta ¢6 Y.,

HDG. Stt dung phuong phap sai phan.

Bai toan 3.33. Cho day s6 (a,) théa man

2
a
0<a < 1,an+1:n—z+an,VnZ 1.

Chiing minh rang, day so (ay) bi chin.
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HDG. Stt dung phuong phap sai phan.

Bai toan 3.34. Cho diy so thuc (a,) théa man

2 _1
(pi1 = a%a ,Vn > 0.

n

Chiing minh rang, day so (a,) chita vo han s6 hang am, v6 han s6 hang duong.
HDG. Stt dung phuong phap phép thé luong gidc, dat ag = cot 7t.

Bai toan 3.35. Cho day so (a,) théa man a; = 1.2.3,a, = n(n + 1)(n + 2).
Ki hiéu S, = a; + ag + - - - a,,. Chitng minh rang 4S,, + 1 la s6 chinh phuong.

HDG. Stt dung phuong phap sai phan, véi
1
Uny1 = Z((n +1D(n+2)(n+3)(n+4) —n(n+1)(n+2)(n+3)).

Bai toan 3.36. Cho day s6 (a,) théa man
ay =ay =az = a4 = a5 = 1,0p46an41 = Ani20n45 + Ani3ania Y0 2> 0.
Chaitng minh rang a, € N, n € N*,

HDG. Stt dung phuong phap quy nap.
D& c6 n + 5 s6 hang dau tién 1a s6 ty nhién, ta can chting minh a,,¢ € N

bang cach chitng minh @, 420,15 = —ay 30,14 Mod apiq).

Bai toan 3.37. Cho day so (a,) théa man
ar <Oan+1:an—i‘v’n2 1.
Chatng minh rang ton tai k,1 < k < 2010 théa man a; < 0.
HDG. Chitng minh ton tai k,1 < k < 1626 thda man a;, < 0.
Bai toan 3.38. Cho day s6 (a,) théa man

a; = 2,a9 = 3, apy1 = 20,1 hodc apiq = 30, — 20,1, Vn > 2.

Chiing minh rang khong cé s6 hang nao cia day nam trong doan tic 1600 dén

2010.
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HDG. Stt dung phuong phap quy nap ching minh a, = 2" + a,, = 2Y" v6i

Tn,Yn € N va hoac x, =2, 1;Yn = Yn_1 + 1 hodc x, = 2,1+ 1;Yp = Yn_1.
Bai toan 3.39. Cho day so (a,) théa man
ap=0,a1 = 1,a,10 = 3a,41 — 22,, Vn > 1.
Dat y, = 22 + 2""2. Chiing minh rdang y, la so6 chinh phuong Ié.
HDG. Tim s6 hang tong quat cta (z,).

. 1
Bai toan 3.40. Xét cic so duong x4, xs, ..., T, théa man Y x; =Y —. Ching
Z;
1

nh rd —F < 1.
min rangzn_1+xi <
1 N
HDG. bit y, = it a Khi d6 ta can ching minh >y, < 1. Stt dung
n — Z;

phuong phap phan ching.

Bai toan 3.41. Xét day s6 (a,) théa man a,,o = any1 — a,. Gid st tong ciia
2009 s6 hang dau tién la 2011, tong cia 2011 s6 hang dau tién la 2009. Héi

tong ciia 2020 s6 hang dav tién la bao nhiéu?
HDG. Chiing minh diy s6 trén tuan hoan véi chu ki 6.

3.8.4 Két luan

Chuyén dé da trinh bay mot sé6 phuong phap giai bai toan vé day s6 c6
lien quan dén tinh chat, cling v6i cac vi du minh hoa, ap dung chiing dé chiing
minh tinh chat ctia ddy s6. Trong phan 4p dung nay, ngudi viét c6 gidi thieu
mot s6 tinh chat thuong gap vé day s6, chit yéu minh hoa qua céc vi du cling
huéng dan giai két hop v6i nhan xét vé 15i vi ban chat cia bai toan dé ngudi
doc hiéu va ndm bét ducc van dé dé dang. Cudi cing, ngusi viét dua ra céc
bai tap lien quan, mot s6 bai c6 huéng dan giai chi tiét dé mot lan nita ngudi

doc thay 16 hon vé céc bai toan dang nay, mot so6 bai c6 dua ra dinh huéng
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phuong phap giai nhung khong huéng dan chi tiét dé nguoi doc tu giai, rén
luyén, thu hoach két qua ctia minh khi doc chuyén dé. Qua chuyén dé nay,
ngudi viet thay rang can phai nghién citu sau hon nita vé cac tinh chat da néu
clia diy s6, con rat nhiéu cac phuong phap gidi khac chua duge dua ra, rat
nhiéu tinh chat khac vé day s6 van chua duge kham pha. Nguoi viét rat mong

quy doc gid quan tam va bo sung them.

TAI LIEU THAM KHAO

1. Nguyén Van Mau, Chuyén dé chon loc diy so va dp dung, NXB Gido
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boi dudng hoc sinh gidi trung hoc pho thong, NXB Gido Duc Viet Nam, 2009.

3. Nguyén Hitu Dién, Phuong phdp quy nap toan hoc, NXB Giao Duc, 2001.

4. Nguyén Van Nho, Tuyén tip cdc bai todn tu nhimg cudc thi tai Trung
Quoc, NXB Giao Duc, 2003.

5. Andrei Negut, Problems for the Mathematican Olympiad.

6. Tap chi toan hoc va tudi tré, Tuyén tap 5 nam, NXB Giao Duc, 2003.

7. Tai liéu tu Internet.

3.9 Mot s6 phuong phap giai hé phuong trinh trong cac
bai thi hoc sinh gioi

Huynh Tian Chau Truong THPT Chuyén Luong Van Chanh, Pha Yén
3.9.1 Ding cac phép bién doi dai sb

Bai toan 1. (CHoN Dol TUYéN TP Ha Nol O 2005)
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1 1
-+ 50 = (2 + 3y?) (32% + y?)
Giai hé phuong trinh: j117
=9 4 .4
: 3y (y* — %)
Loi giai.
DK: z#£0,y #£0

2
= =2t + 5yt + 102292 5 3,2 4

_ . 2 =22+ 102"y + dzx
Heé phuong trinh < ¢ § { 1 =5ty + 1032y3 + 35

= 5ot + y* + 1022y?
Y

ol 3= 25 + 5xty + 1023y? + 102%y° + bayt + 35
1 = 2° — bty + 102%y% — 10223 + Say* — ¢/

i 1+ V3
3=(r+y) r+y=/3 T
<:>{1:(x—y)5 ﬁ{x—yzl < -1+ 3
y=——
2

Bai toan 2. Giai hé phuong trinh:

(e
(i) -

Loi giai.
Néu x = 0 ho#ic y = 0 hosic x = y = 0 thi hé vo nghiém.
Do d6 diéu kién ctia hé: z > 0 va y > 0.
Dat /x = u,\/y = v (u,v > 0), h¢ da cho trd thanh:

1 2u+w 2 1 1

S ) =2 4 =_q
Vi 4+u2+02 \/EJF\/E 2()
VoliTwre) = Vi V@t

Nhan (1) va (2) vé theo vé ta dude: 2v (u? + 2v%) — u (u® + 2v%) = 0 hay
(20 — u) (u® + 2v%) = 0, suy ra u = 2uv.

Thay u = 2v vao (1) ta duge /v = 2(1+\/§) hay v = 4(3+2\/§) va
u=8(342v2), suy raz =64 (17+12v2); y = 16 (17 + 12/2).
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Bai toan 3.
Giai hé phuong trinh sau:
1
2t 4+ 27 —x = —— +3v/3(1)
y't 2% —y =5 = 3V3(2)
z+y—x=log(y—x)(3)
Loi giai.
Dieu kién : yz > 0

Cong phuong trinh (1) va (2) vé theo vé ta duge

1 1 1\? 1\?
x4+2x3—x+1+y4+2y3—y+1 =0& (x2 +x— 5) - (y2 +y— 5) = 0(4)
-1-V3 -1+43
=
BB
1
Xét phuong trinh t2+t—§:O(*).Gié stt o 1a mot nghiém ctia pt (¥)
1 3a—1 3
:>a2:—a+§,a3:—a2+%: a2 ,a4:—2a+1
s 4 3 5 3y—1 X
Thc 1a x :—2x+1,y =3 , thay vao (1) ta duge yz = /3 = o =
—-1—+3 —1 3
. V3o ;f thod man (1), (2) va (4)

V6i yr = /3 (thoé diéu kién) , thay vao (3) ta dugc

1 1
z+\/§:10g3\/§:§:>z:§—\/§

Vay hé phuong trinh da cho ¢6 nghiém la

“1-v3  —1+v3  1-2V3
x:T7y:T’Z:T

Bai toan 4. (CHoN Dol TUYéEN PTNK- DHQG TPHCM O 2004) Giai he

phuong trinh :
u+v=2(1)
uzr + vy = 3(2)
ur? + vy* = 5(3)
ur® + vy? = 9(4)
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Loi giai.

Cach 1. Tu (1) = v=2—wu,thé vao (2) :uz + (2—u)y =3 < u(x —y) =
3—2yThév=2—uvao (3):ur?+(2—u)y*=5

= u(2? —y?) =5 — 2y

= (3-2y) (v +y) =5 —2y* (dou (z — y) = 3 - 2y)

< 3(x+y)—2zy =5 (5)

Thé v=2—uvao (4) :ux®*+ (2—u)y* =9

=u(r®—y?)+2y°=9

= 3—-2y) (2 +ay+y*)+2y>=9

= 3(z 4 y)* — 3zy — 2zy(z +y) =9 (6)

N . 3(x —2zy =25
Tir (5) va (6): { 3&: i 532 - 3:?;/ —2y(z+y) =9

bat r+y=a,2y =10

Ta ¢6 :

3a—2b=5 a=3 r+y=3 =2 r=1
{3a2—2ab—3b:9 C’{b:z <:>{xy:2 @{y=1 V{yzz

Thé cac gia tri clia  va y vao hai phuong trinh dau:

*Voir=2,y=1

U+ v =2 u=1
{2U+v—3 ‘:){ v=1 = (z,y,u,v) = (2,1,1,1)

{u+2v—3 ‘:’{ v—1 = (@yuv)=(1,211)

Vay hé phuong trinh ¢6 2 nghiém z,y,u,v 12 2,1,1,1 va (1,2,1,1)
Cach 2.

*Xétx=0=vy=3,0y> =50y’ =9

- Néu y = 0 hodc v = 0, hé phuong trinh vo nghiém.

5
. y=3
-Neuy #0,0#0= 8 : Hé phuong trinh v6 nghiém
Y=z
5
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ur?® + vy = 3z(2)

uz® + vry? = 5z(3)

ux® +vy® = 9(4)
z3 (a)

* Vay x # 0, hé phuong trinh <

{ uz + vr = 2z(1')
2

Lay (1) — (2) vé theo vé: v(zy) =
(2) = (3) : vy(zy) = 325 (b)

(3) — (4) : vy2(zy) = 529 (c)

- Néu v = 0 hosic y = 0, hé phuong trinh vo nghiém
- Néu x = y, hé phuong trinh vo nghiém

Suyrav #0,y# 0,z #0

. . ., 1 2z -3
Lay (a) chia (b) vé theo Vé:;zgi_g) (5)
. . ., 1 3x-5
Lay (b) chia (c) vé theo Vé:§:5z—9 (6)
20 —3 3z -9
Tu (5) va (6 : =
(5) va (6) suy ra 32 _F — 52— 0

& (22 —3)(5x —9) = (3z — 5)*
S 1022 —3324+27T=922—-300+ 25 <22 —3x+2=0<

S
Il
N —

* Thé x = 1 vad (5) ta duge y = 2

Théx=1vao (a):v=1=u=1

*Thé z =2tadugc:y =1, v=1u=1

Vay hé phuong trinh ¢6 2 nghiem (z,y,u,v) 1a 2,1,1,1 va (1,2,1,1) Bai

toan 5. (VMO O 2010) Giai hé phuong trinh :

ot —y* =240
{ 23— 2y3 = 3(2? — 4y?) — 4(z — 8y)

Loi giai.

Cach 1. Nhan phuong trinh thit hai véi —8 16i cong véi phuong trinh thit
nhat, ta duge a* — 823 + 2422 — 322 + 16 = y* — 163> + 963> — 256y + 256

& (z-2)=(y—4)*

r—2=y—4Vr—-—2=4—y

r=y—2Vr=6—y
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Thay vao phuong trinh dau, ta dugc :

(1) —8y + 2412 — 32y + 16 = 240 < y® — 3y + 4y + 28 = 0

S (y+2)(y*—5y+14)=0.Suyray = -2 vaxr = —4.

(2) —24y3 + 216y* — 864y + 1296 = 240 < y* — 9y? + 36y — 44 =0
Sy—2)y*—Ty+22)=0.Suyray=2vax =4.

Vay hé da cho c6 2 nghiém la (z,y) = (—4,—2) va (z,y) = (4,2).
Cach 2. Dat y = 2t thay vao phuong trinh va viét lai hé dué6i dang

' +16 = 16(t* +16) (1)
3 — 32? +4x = 16(¢3 — 3t* + 4t)  (2)

Nhan chéo 2 phuong trinh nay, ta duge

(z* 4+ 16)(t* — 3t* + 4t) = (t* + 16) (2 — 32* + 4z) (3)

Dé thay néu (z,t) 1a nghiém ctia he thi 2t # 0 nén ta chia hai vé cla
phuong trinh trén cho 2?t? thi dugc :

16 4 16 4
24 )t =34+ =+ =)@ -3+-
(@ + )t =3+3) =+ F)a—3+2)

Tu day néu dat w = z +4/x va v =t + 4/t thi ta c6 phuong trinh

(u? = 8)(v = 3) = (v* — 8)(u—3)

& vt —v?u — 3(u? —v*) +8(u—v) =0

(u—v)(uv —3(u+v)+8) =0 (4)

Tit (1) ta suy ra ring = va t cing dau. Do dé ap dung bat dang thiic
AM-GM ta dé dang suy ra u,v hoac cung > 4 hoac cuing < —4.

Suy ra (u — 3) vd (v — 3) luon 16n hon hay bang 1 hodc luon nhéd hon hay
bang —7. Suy ra uv —3(u+3) +8 = (u—3)(v—3) —1>0.

Dau bang chi c6 thé xdy ra khi v = v = 4.

T 1y luén trén va ti (2) ta suy ra u = v, tit d6 suy ra x =t hoac = = 4/t.

Truong hgp o = t. Thay vao phuong trinh (1) ta duge t*+ 16 = 16(t* 4 16),

vo nghiém.
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Trudng hop = = 4/t. Thay vao phuong trinh (1), ta dugc :

256/t + 16 = 16(t* + 16)

S+ 15t'—16 =0« (t* —1)(¢* +16) = 0 Suy ra t = £1. Tu d6 ta dugc
cac nghiem (z,y) = (4,2) va (—4, —2).
Nhan xét. Loi giai 1 kha ngan gon nhung d6 1a 1 ¥ tudng khong dé nghi ra.
Néu nhu dat x = 2u, y = 2v va dua vé hé phuong trinh

ut — vt =15
{ 2(u? — 203) = 3(u? — 4v?) — 2(u — 8v)

thi c6 18 sé dé& nhin thay cac hé s6 nhi thic hon.

Du sao thi day la mot y tuéng khong méi. N6 da duge sit dung 6 VMO
2004, bang B. Tham chi xét vé mot mit nao d6 thi bai VMO 2004 con kho
hon bai nam nay. Cu thé bai VMO 2004 nhu sau:

Giai hé phuong trinh sau :

x® + 3xy? = —49
x? — 8xy +y? = 8y — 17z.

Cach giai dap an ctia bai nay nhu saw: Dat 2 +y = w,z —y = v thi
r=(u+v)/2,y = (u—v)/2 va hé c6 thé dua vé dang :

ud +v3 = —98
—3u? 4 5v% = —9u — 25v

Sau d6 nhan phuong trinh thi hai v6i 3 roi cong véi phuong trinh thi nhat
thi duge (u —3)* + (v+5)* = 0.

RO rang cach gidi nay tuong ting véi cach gidi thit nhat cia VMO 2010.
Tuy nhién, bai VMO 2004 con c6 1 cach gidi don gian hon la nhan phuong
trinh tht hai (ctia he ban dau) véi 3 roi cong véi phuong trinh thit nhat va
dua vé dang : (z+ 1)((x — 1)2 + 3(y — 4)2) = 0.

Bai toan 6.
22 (y+2)* = (322 +x + 1) y*2%(1)

Giai hé phuong trinh: { V(z42)? =4y +y+1)2%2%(2) (D)
2r+y)? = (527 + 2 + 1) 2%y*(3)
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Loi gidi.
Truong hop 1: zyz =0
*Néuz =0, (I)&y=0hay 2=0
Khi d6 hé nhan nghiem (0;0; z) va (0;y;0),Vy,z € R
* Tuong tu cho trudng hop y =0 hay 2 =0
Truong hop 2: zyz # 0

Chia hai vé cac phuong trinh ctia (I) cho z%y*2% ta c6 hé phuong trinh:

(/1 1)\? 1 1
—+-) =344
z Yy r T
1 1\? 1 1
St o) =4+ o4
r oz Y
1 1\? 1 1
—t+ =) =5+-+-
L \y =z z z

1
bata=—-b =
x

(b+¢)* =3 +a+a4)
(c+a)® =4+0b+b%(5)
(a+b)* =5+ c+2(6)
Cong cac vé clia phuong trinh, rat gon ta dugc :

at+b+c=14

(a+b+c) —(a+dto)—12=0& | 11— 3

a Khi a + b+ ¢ =4 thay va (4), (5), (6) ta tinh dugc:

13 9
a=— r=—
I 3
b==- =4 y=-
i b
c=— z=—
9 11
a Khi a + b+ ¢ = —3 thay va (4), (5), (6) ta tinh dugc:
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Két luan: He phuong trinh c6 cidc nghiem 13 :
9 3 9 5) )
(5:0:0),(0::0) 050:2) (Vo € B), (5151 ) (~3i-1-)
Bai tap ap dung
Bai tap 1. Giai hé phuong trinh:

2% + 2 =6y +6

{ > +y=3r+4
323+ =92+38

Bai tap 2. Giai hé phuong trinh:

22 =2x—y
y? =2y — 2
=2zt
=2 —x

Bai tap 3. Cho s6 nguyén n > 3. Giai hé phuong trinh :

2.1‘1 —51’2 +3I3 =0
2&32 —5563 +3$4 =0

2x, — 511 + 319 =0

Bai tap 4. (VMO O 1996) Giai hé phuong trinh :

V3rx |1+ =2
Tty
1
Viy |1 — =44/2
r+y

Bai tap 5. Giai hé phuong trinh:
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Bai tap 6. Giai hé phuong trinh :

{

Bai tap 7.

P4+ yd 2t (y+2) = wyz + 14
v+ 24y (24 2) =ayz — 21
PB4+ 22 (r+y) =xyz+ 7

Cho a 1a mot s6 thite cho truge. Giai hé phuong trinh:

(

Bai tap 8. Tim bo boén s6 (z,y, u,v) thoa man he phuong trinh:

2
9 a—1
o (45

2
9 a—1
x2+aX2+< 5 ) =3

2y +ut ot =4

U+ YU = —xV — Yu
ryu + yuv + wvr + vry = —2
ryuv = —1

Bai tap 9. (IRAN O 2006) Giéai hé phuong trinh :

TH+yYy+ e =

y+z+ay=

DO O | O | =

Z+x+yz=

Bai tap 10. (VMO O 2004 BANG A) Giai hé phuong trinh:

2?4 aly —2)° =2
v} +y(z — )’ =30
B4 z(r—y)* =16

183
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Bai tap 11. (BULGARIAN O 2003)
Giai hé phuong trinh:

2?2+ 9?4+ 22 = 3az

r+y+z=3zy
23+ 4 2% = 3yz

3.9.2 Sit dung tinh don diéu ctia ham sé

Bai toan 1. (OLYMPIC 30 O 4 O 2009 L6P 11)
Giai hé phuong trinh :

203 + 322 — 18 =y> +y
2% + 3y — 18 = 23 + 2
23 +322 - 18=2%+u
Loi giai.
Dat f(t) =22 +3t*—18 vag(t) = t*+t. Taco ¢’ (t) = 3t*+1 >0, Vit € R.
Suy ra ham s6 ¢(t) dong bién tren R.

. o {f(fv)Zg(y)
Khi d6 hé phuong trinh duge viét lai: < f (v) = g (2)
f(z)=g(z)
Gié st = max(z,y, z) thi
x>y 9(x) > g(y) g(x) > f(z)
{w ‘:){gm)zg(z) ;‘{f<z>zg<z>
+

<:>{31;3—1—31:'22353—1-3952—18 {(x—2(12
223 4+ 322 —18 > 23 + 2
Tedosuyra:2<z<zr<2=zx=2z=
Thé vao hé phuong trinh ta duge y = 2
Thit lai ta thidy = y = 2z = 2 théa man hé phuong trinh.

Két luan: He phuong trinh c6 nghiém duy nhat 2 =y = 2 = 2.

Bai toan 2. (VMO O 2006 BANG A)
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185
Giai hé phuong trinh :

Va2 — 2z + 6.logg (6 — y)
Vy? — 2y + 6.log, (6

x
Y

— )=
V22 —2z46.ogy (6 —z) =2
Loi giai.
Diéu kién : z,y,z < 6.
x
logs (6 — 1Y) = ————=
g3 ( y) \/m
Hé phuong trinh & log; (6 — 2) S —
' VY2 —2y+6
log, (6 — z) = —
’ V22 —2246
Ta thay ham s6 f (t) = logy (6 — t) 1a ham s6 nghich bién trén (—oo, 6).
. t 6—1
Xét ham s0 g(t) = ———= 6 ¢'(t) = > 0Vt €
(—00;6)

Suy ra g(t) dong bién trén khodng (—oo, 6).
Tw do ta c6 duge x =y = 2 = 3.
Heé phuong trinh c6 nghiém duy nhat x =y = 2z = 3.
Bai toan 3.
1— 22

12

3
Giéi hé phuong trinh: ¢ 2 +xy + 5= 2Y (1)

(z2y 4 22)° — 22%y — 4z + 1 =0(2)
Loi gidi.
Diéu kién = # 0

1-2
(2)(:)(902y+2m—1)2:0@y— ’

22
L9 1 — a2 L9 5 1 -2z
Thay y = — xv&o(l):? PR R R
2 x 2
1 — a2 1—2x . . L9 . )
— 2z -
o9 22 9 a2 = = _
r 2 212 222
1 — a2 . ) 1—-2x o
=92 2?2 4 — Y _9 g2 4+ il

222 212 (3)
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t L ax P
Dat f(t) =2"+ 2 14 ham s6 dong bién trén R.

1 — 22 1 -2z 1— 22 1—-2x
(3)<:>f( p >:f< o )@ = ST =2

3
Vay hé ¢6 nghiem x = 2;y = -

Bai toan 4. (VMO O 2008) Hay xac dinh s6 nghiém ctia hé phuong trinh (an

x,y) sau:
22 4+ y3 =29
logsx.logyy =1
Loi giai.
DK: z,y >0

Dat logsz = a, logyy =b = v =23% y=2°

1
9° + 8 = 29 R
ab =1 .Thayb—a.9+8a—29
1

Xét ham: f(z) = 99 + 8a — 29

Ta ¢6 hé méi {

1
1 —
f'(z) =1n9.9% — = In8.8a
1
" 2 1 — 1 2 .
f"(x) =1In"9.9* + — In8.8a.— + —.In88a >0
a a®  a

1
Mat khéac, ta co: f/(1) > 0, f’ <§) < 0= f"c6 nghiém

Do d6 né c6 nghiem duy nhat ag; ag € (%, 1) nén f(x) tang trén (ag, +00),
gidm trén (—oo, ag).

Va do f don diéu trén ting khoang ay nén nghiém dé 1a nghiém duy nhéat
trén cac khoang ay.

Vay hé da cho ¢6 hai nghiém.

Bai toan 5.
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Giai hé phuong trinh :

x—2y —2(@*=3y*)+3(x—2y)—1=0
P —223 =2y —32)+3(y—22)—1=0
23 =223 —2(2* - 32*)+3(z—22) —1=0

L3i gidi.
3 — 222 + 32 — 1 = 2y — 6y% + 6y
Heé phuong trinh <:>{ Y =22 + 3y —1=22%—622+62
23 =222 4+32—1=22%— 622 + 62
Dat f(t) =13 —2t> + 3t — 1,9 (t) = 2¢3 — 6¢* + 6t

Taco f/(t) =32 —4t+3>0,Vt € R, ¢ (t) = 61> — 12t + 6 = 6(t — 1)
0,vt € R

Do d6 f(t), g(t) dong bién trén R.

{ J(x)=g(y)(1)
Hé phuong trinh < ¢ f(y) =g (2) (2)
f(z)=g(x)(3)

Gia sit (z;y; 2) thoa man he phuong trinh da cho. Khong mat tong quat,

/\/-\

gia st: v >y

Tu (1) va (2)suyra: g(y) = g(2) =y =2
Tu (2)va (3)suyra:g(z) >g(z)=z>x
Dodéx =y = z.
R « I:y:z x:y:z
Heph‘mgt“nh@{ 3 442 —3r—1=0 @{ 28— 42% + 30 +1=0(4)

Datt=z-1x=1t+1
4):(t+1)° =4t + 1) +30¢t+ 1) +1=0t> -2 -2 +1=0(5)

Dat h(t) =13 — 12 — 2t + 1, ta c6 h(t) lien tuc tren R.

Vih(=2)=-7<0,h(0)=1>0,h(1)=—1<0,h(2)=1> 0, néen PT:
h(t) = 0 c6 3 nghiem phan biét ndm trong khoang (—2,2)

Dat t = 2cosp, p € (0;7). Khi d6 sinp # 0

(5) : 8cos® p—4 cos? p—4cosp+1 =0 < 4cosp (2cos? p — 1)—4 (1 — sin®p)+
1=0

& 4cos . cos 2p + 4sin*p — 3 =0
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& 4cos . cos 2. sin p = 3sin p — 4sin®p
& sindyp = sin 3¢
Véi ¢ € (0;7) ta thu duge ¢ € {

7T‘37T'57T
77T

3m 5
Vay hé phuong trinh ¢6 nghiém: x =y =2 =2cosp+1,p € {g, 77T; l}

T 31 5w

7,7,7} Do d6 t = 2cosp,p €

Bai tap ap dung

Bai tap 1. (OLYMPIC 30 - 4 - 2008)
Giai hé phuong trinh : { gz B g i g:i/: B gz
DS:z=y=02r=y=1

Bai tap 2.

Giai hé phuong trinh : { ;1 \/7'222:2213 z ?;11 :'—I— j1[

DS:z=y=1

Bai tap 3. (VMO O 1994 BaNG B)

. o P +3r+In(2z+1) =y
Giai hé phuong trinh: { V24 3y +1n (2 +1) = o
bS:z=y=0

Bai tap 4. (VMO O 1994 BANG A)
Giai hé phuong trinh:
P +3z—-3-In@*—x+1)=y
¥ 4+3y—3—In(y?—y+1)=2z2
P+32-3-In(z2—z2+1)==x

bS:ze=y=2=1

Bai tap 5. (VMO O 1998)

o (1442 sl g2l f g =0
Glalhesau'{y3+4x+1+1n(y2+2x)20 DS:

Bai tap 6.
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Giai hé phuong trinh:

+3r+V3r+1-5—-—y=0
VP +3y+V3y+1-5—2=0
P 4+324+V32+1-5—-2=0

bS:z=y=2=1

Bai tap 7.
22— 32 +5r+1=4y

Giai hé phuong trinh: { Y3 —3y2 +5y+ 1 =4z
22 =322 452+ 1=4dx

DSiz=y=z=12=y=2=14++2
Bai tap 8.
3022 — 922y — 25y = 0

Giai hé phuong trinh: { 30y% — 99?2z — 252 =0
3022 — 9222 — 252 =0

DS:z=y=2=00=y=2=2

Bai tap 9.
T =54y — 3)
Giai hé phuong trinh : { =5 (42 — 3)
5% =5 (4z — 3)
DS:e=y=z=Lzr=y=2=2

3.9.3 Phuong phap danh gia

Bai toan 1. (VMO Q 2006 B&NG B)

Giai hé phuong trinh :
2 +312+2r —5=y
Y43y +2y—5==z
B 43224+22-5=1
Loi giai.
(x—1) (x> +4x+6)=y—1
(y—1) (> +4y+6)=2—1
(z—1)(*+42+6)=2—1
Tacoa? +4x+6>0,9y> +4y+6>0,22+42+6>0,Vz,y,z € R

TH 1: Néu z = 1, thi suy ra y = 1,z = 1. Hé phuong trinh c¢6 nghi¢m (1,

Cach 1. Hé phuong trinh < {

1, 1)
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TH2: Néuz #1,suyray#1,2 #1

Nhan cac PT trong hé vé theo vé ta dugc :

(=1 (@y—1)(z—1) (2 +4246) (y* +4y+6) (* +42+6) = (x — 1) (y —

@(m2—|—4x+6) (y2+4y+6) (z2+4z—|—6) =1

Diéu nay khong thé xay ra.

Vay hé phuong trinh ¢6 nghiém duy nhat (z,y,2) = (1,1,1)
(z4+1)°—6=y+z(1)
Céch 2. Hé phuong trinh < (y+1)° —6 = z + y (2)
(z+1°—6=x+2(3)
Khong méat tdng quét gia sit z > y

Tu(l)va (2)suyray+zx>z4+y=x>=z2
Ta(l)va (3)suyray+ax>c+z=y>=z2
Tu(2)va (3)suyraz+y>ar+z=y>c
Vaytacor =y ==z
Héphu0ngtrinh<:>{ §3Z+y3x:212x—5:a: <:>{ rT=Y=z
r=y=z=1
Bai toan 2. (USA Math Olympiad Progam O 1995)
Giai hé phuong trinh:
V3 + 222y — xty? + 2t (1 — 222) = 4
{ 14+4/14 (x —y)* =2 (23 — 2 + 22

Lai gidi.

\/4— (1 — 22y)® = 225 — 2 + (1)
1+(x—y)2— 1— a5+ 2% — 223y%(2)
Cong (1 \/4 (1 — 2%y) \/1+ (x—y)* =af — 2%y + 92 + 1

4:)\/4 (1 — a2y) \/1 (-9 + (2* —y) " +1(3)

Ta ¢6 \/4—(1—$2y)2§2va 1+ (z—y)P’+ @3-y’ +1>2

Hé phuong trinh <

1)(z—
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1—2% =0
Do d6 PT (3) théa méan khi vachikhi: { z—y=0 <©z=y=1
2 —y=0

Thé z = y = 1 vao hé phuong trinh ta thay heé théa man. Vay hé phuong
trinh c6 nghiém duy nhat z =y = 1.
Bai toan 3.

Tim tat ca céc cap s6 thuc (z;y) théoa man cac diéu kien sau:

{ Yo+ 43 + 227 = \Jay — 2242 (1)

1
4xy3—|—y3+§ > 222 4+ 1/1+ (22 —y)* (2)
Loi giai.

Diéu kien o2y — 2?92 >0 0<ay <1

N° 1 _1 1
Tacéxy—x2y2:—<xy—§> t1517 Vay — x?y? < 5(3)

1

Tu (1) va (3) suy ra : 32 Yo+ y° + 227 (4)
Cong (2) va (4) vé theo vé ta dugce:

4y + 1> +42? +\/14+ (22 —y @1—\/ (2 —vy y—2x

Do1—1/1+ (22 —y)* <0, (4> —22)* >0
) . ) 2.73'— :O
Nén ta c6: 1 — 1+(2$—y)2:(yg_2m) :O*:){y?’—ny—O

1
_ 2 r=—1/2
V
A
Thit lai ta thay chi c6 cap {
Két luan : { v -
y =
Bai toan 4.

Tim tat ci cac s6 thuc z,y, 2 thod heé:

y+2=(3-x)(1)

(22 —y)(y +2) =9+ 4y (2)
z? 4 2% = 4z (3)

z>0(4)
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Loi giai.
Ta déanh gid an z. Ta c¢6: (2) © 4> +2y(3—2)+9—42=0
PT (2) ¢6 nghiém y khi va chi khi:

2 0
A=0B-27"-(9-42)>20&2"-2:>20¢ 9

ISERNY
IVIA

(5)

B)e > —4dr+22=0

PT (3) ¢6 nghiém z khi va chi khi: A/, =4 —22>0& —2< 2 < 2(6)
Két hop (4), (5), (6) ta ¢6 z = 0 hodc z = 2.

TH1: z2=0thi(2) y=-3,3)cr=0vVer=4

Thé vao (1) ta ¢6 z = 4;y = —3 thod man.

TH2 »=2th (2) ©y=—1, (3) &z =2

Thé vao (1) ta ¢6 z = 2;y = —1 thod mén.

r=4 r=2
Tomlai< y=—-3 vag y=-—1
z=0 z=2
1—|—\/1—x2:x<1—|—2\/1—y2> (1)
Bai toan 5. Giai hé phuong trinh: 1 1 2

Vi iy O
(D
Loi giai.
Diéu kien: |z| < 1, |y| < 1 va zy > 0.
Tu (1) suyra0<z<1.Dodoé0<y<1.

1 1 2 1 1
Ta co + <2 4+ —— | (3) Ta chitng minh ducc
(\/1+x \/1+y) = (1 . 1+y>(> & '
1

+
(4) That vay : (4) & 2+2+y+2/zy+/ry(r+y) <

+ <
1+ 1+y~ 1+ /2y
24 2(x +y) + 22y

s (1 - zy)(z+y) —2/zy(l — Jzy) >0

& (1—/2y)(Vz—/y)? > 0 (Bat déng thic dang véi moi z, y thuoc [0, 1])

1 2
T (3) va (4) suy ra + <
(3) va (4) suy Vidz Vit+y = /14 /2y

Dang thitc x4y ra khi va chi khi z =y

Thay y = x vao (2) ta duge /1 + 1 — 22 :x(1+2\/1_7$2) (5)
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Diat z =sint,t € [O; g} , phuong trinh (5) tré thanh
V14 cost =sint(1 + 2cost)

t t t t
& 2COS§ = 2sin §.cos 7 [1 + 2 (1 — 2sin2§)]

™

t t 2 t t=2
<:>38in§—4sin3—:£<:>sin3—:sin—<:> 6
2

P

2 2 2

T

t=—
Véi t € [O;g] ta dudc g = [
t=_
2
1
1

1
Vay hé phuong trinh ¢6 nghié (5’ il

Bai toan 6. (BA LAN O 1997)
Giai hé phuong trinh sau trong tap so thuyc :
3@ +y*+ 2% =1(1)
22y? +y?2? + 222 = ayz(r +y + 2)3(2)
Loi giai.
*Néur=0,(2) =2?22=0=y=0vVz=0
1
+Voiy=0,(1):32 =12=+—

V3

1
+V6iz=0 (1:3P=1y=+—
(1): 3y y=+

Hé phuong trinh c6 cac nghiém

us) (o5 (o)

*Néuwx,y,2#0,(2) =>x+y+2#0
222 + 4222 + 2272

(2) ©ayz(r+y+z)= tyto)

>0

Véi Va, b, c € R ta co:
(a—b2+(b—-c)P+(c—a)*>>0

S+ +E>ab+be+ca
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Diang thitc x4y ra khi va chi khi a = b = ¢. Nhu vay:
o TPy + 2% | aytr 4 atyz + oy
zyz(x +y+2) —  ayz(r+y+=2)
1

do d6 cac BDT trén phai xay ra dau bang nén z =y = 2z = :|:§

1 =3(2’+y*+2%) > (v +y + 2) =1

Két luan: He phuong trinh c6 cidc nghiem

111 11 1 1 1 1
e e e e :l:_ . :l:_ . :l:_
<37 37 3) 7( 37 37 3) 7( \/37070) ) (07 \/§7O> Y (0707 \/g)

Bai tap ap dung

Bai tap 1. (CA NA DA O 2003) Tim tat ca cac nghiem thyc duong clia he

phuong trinh:
P+l =r+y+z
2?2+ y? + 22 =ayz
DS: Hé phuong trinh vo6 nghiém

Bai tap 2. (OLYMPIC ANH O 1998)

Yy +yz +zx =12

Tim tat ci cic nghiém clia hé phuong trinh { Tz =24yt

trong tap hop cac s6 thuyc duong.
DS:x=y=2=2.

Bai tap 3. (OLYMPIC ANH O 1996)

Tim tat ci cic nghiém thiyc duong ctia hé phuong trinh:

w+aor+y+z=12
WYz = wx +wy +wz +axy + 2 +yz + 27

DSsw=x=y=2=3

Bai tap 4. (UKRAINA O 1997)

Tim tat ci cic nghiém trong tap hop sé thyc ctia hé phuong trinh:
I —|— T2 + —f- L1997 = 1997

{ i+ xh 4+ 4 alggr = 2+ 2l 4+ 2,

DS: T = Ty = ... = L1997 = 1
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Bai tap 5. (VMO O 2009)
Giai hé phuong trinh :
N SR
V1i+222  \/1+22  V1+2zy
2
Vel =20)+y(1-2) =5

9+ /73 9— /73
—_— x f— __—
8 vV 18

bS:z=y=

Bai tap 6.
Cho a 13 mot s6 thyc duong cho truée. Tim tat ci cac nghiém thic ciia hée

phuong trinh:

( 1
To=—- |21+ —
2 2 ! T
1 +a
r3==|=x —
3 2 2 T2
Qe
1 . a
Ty == | Tn_
2 ! Tp—1
1 +a
==z, +—
\ ! 2 T,
DS:xi=m=.. =2, = a0y =22 = ... =1, = —\/a

TAI LIEU THAM KHAO

1. Nguyén Van Mau, Phuong phdp gidi phuong trinh va bat phuong trinh,
NXB Giao Duc, 1993.

2. Nguyén Van Mau, Nguyén Nguyén Van Tién, Mot s6 chuyén dé gidi tich
boi dudng hoc sinh giéi trung hoc phé thong, NXB Gido Duc Viet Nam, 2009.

3. Tap chi toan hoc va tudi tré, Tuyén tap 5 nam, NXB Gido Duc, 2003.

4. Tai liéu tu Internet.



196 Trai hé Hing Vuong lan thit 6 - 2010

3.10 Gia tri 16n nhat, nhé nhit ctia ham sé va tng dung
cua noé

Nguyén Tién Tuin

Trudng THPT Chuyén Chu Van An, Lang Son

3.10.1 Phan ly thuyét

Dinh nghia: Cho ham s6 y = f(z) xac dinh tréen D. Khi d6

+) M duge goi la gia tri 16n nhéat clia ham s6 tren D. KH: M = max f(z)
thod man f(z) < M, Vx € D

Ton tai zg € D sao cho M = f(xo).

+) m duge goi 1a gia tri nhd nhat ctia ham 6 trén D. KH: M = rxréilrjl f(z)
thod man f(x) > M, Vx € D

Ton tai g € D sao cho M = f(xo).

Tinh chét:
a) Tinh chit 1: Gid st f(z) xdc dinh tréen D va A, B 1a hai tap con clia
C . .2 2 X . . . ) . ~
D(A C B). Gia st ton tai max f(z), max f(z), min f(z), min f(x). Khi do, ta
) < N > _
c6 max f(z) < max f(x) va min f(z) > min f(z)
CM: Gia st maj(f(x) = f(xg) véizg€e A. Doxpe A=290€ B (AC B).
e

1 1 ¢ < < .
Theo dinh nghia ta ¢6 f(zg) < max f(z) hay max flz) < max f(z)
b) Tinh chat 2: Ham s6 f(z) xac dinh trén D va ton tai max f(zx) va miB f(x)
Te e
Khi do, ta co: max f(z)=— min (—f(x)) va min f(z) = —rileag(—f(x))
c) Tinh chat 3: Gid st f(x) va g(z) 13 hai ham s6 xac dinh trén D vi
f(z) > g(x) v6i moi x thude D.

oo S
Khi dé max f(z) > rileagcg(x)
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d) Tinh chat 4: Gid sit f(z) xac dinh trén D va D = D;UD,. Gia thiét ton tai
a mi 511 = 1, n. Khidé =
gré%)ff(:c) va min f(z)véii =1,n.Khido max f(z) = max {i%%)ff(”’)’ :rcré%)gf(w)}

va min f(z) = min {min f(x), min f(x)} .

z€D z€D) 2€Ds
e) Tinh chat 5: Cho cac ham s6 fi(z), fo(z), ..., fu(x) cing xac dinh trén
D.
Dat f(z) = fi(z)+ fo(z)+- - -+ fn(x). Gid thiét ton tai max f(z), aréig f(z), max fi(z), géig fi(z)

x€eD
v6i ¢ = 1,n. Khi do, ta co

max f(x) < max fi(2) + max fo(z) + - - + max fu(2)

Dau O = O xéy khi va chi khi ton tai 2o thuoc D sao cho max fi(z) = fi(zo)
ze
véi 1 = 1,n.

min f(z) > min fi(x) + min fol@) + -+ min fu(2)

Dau O = O xay khi va chi khi ton tai o thuoe D sao cho mig fi(z) = fi(zo)
TE
véii = 1,n.
f) Tinh chat 6: Cho cac ham s6 fi(z), fo(), ..., fu(z) ciing x4c dinh trén D
Dit f(z) = fi(x).fo) ... fu(x). Gid thict ton tai max f(«), min f(z), max f;(x), min fi(z)

xzeD
v6i ¢ = 1,n. Khi do6, ta c¢o

max f(z) < (max fi(2))(max f>(z)) ... (max f,(z))

min f(w) < min fi () min fo(z). .. min f,(z)

3.10.2 Phan bai tap
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Bai toan 3.42. Chuyén dé 1: Phuong phap bat dang thic

I/ LY THUYET:

Bét ding thic AM-GM: Cho a4, as, as, . .., a, 1a cac s6 khong am. Khi dé

a1+ ag + -+ ay

> Waj.as. .. Qy

n
Déu O = O xay ra khi va chi khi a; = ay = -+ = a,. Bat ding thic
Cauchy-Bunhiacovski: Cho ay, as, as, ..., a, va by, by, bs, ..., b, 1a 2n s6 bat ki.

Khi do,

(a] + a3+ +a2) (b + 03+ +2) > (arby + azby + - -+ + anb,)?

Déu()z()xéyrakhivachikhiﬂ:%:---:&—n.
by bo b,

II/ BAI TAP:
Bat dang thic AM-GM

Bai 1: Cho ham sb

y=vV1i—a2+vl—z+vV1+uz.
Tim gia tri nho nhat ctia ham s6.

Ham s6 c6 TXD: D = [—1;1].
V6i moi € D, ap dung bat dang thitc AM-GM ta c6

1-— 1
{l/l—x2:{‘71—x.{l/l+x§\/ vVt

2
< vV1i—z+1
- 2

Vi—z=+v1—2x.1

{*/1+:c=<*/1+:c.1§—”H;le

(1)

Cong vé v6i vé 3 dang thiic tren ta c6 f(z) < 1++v1+z+ 1 — 2 (4) v6i

moixz € D.
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Dau O = O xdy ra khi va chi khi ddu O = O & (1), (2) va (3) cling xéy ra.
Ma dau O = O 6 (1), (2) va (3) xay ra khi va chi khi 2 = 0.
ap dung bat déng thitc AM-GM, v6i moi & € D, ta co:

l—z+1
¢1—x:vﬁ—m1§——%i— (5)
1 1
¢1+x:vﬁ+$1g—i%i— (6)
Suy ra
2—1 2
flx) <l4+vVr—1+Vr+1<1+ Ty ;ng (7)

Dau O = O xéy ra khi va chi khi ddu O = O trong (5) va (6) xéy ra. Dau
O = O trong (5) va (6) xéy ra khi va chi khi z = 0.

Tu (4) va (7) suy ra f(z) <3 v6i moi z € D ma f(0) =3 va 0 € D nén
max f(z) = 3.

zeD

Bai 2: Tim gia tri nhé nhat ctia ham s6

f(x)zg—l—vl—:c—ZmQ.

z 1 Z 2
Ham s0 ¢6 TXD: D = {—1; 5} V6i moi x € D, ap dung bat dang thic
AM-GM, ta co:

141 —2—222 2—x— 22
V1—z—222=/1(1 —z — 222) < * 2;E T xg v

2 — g — 222

KMdﬁf@%=g+VTr?jZ?§g+~——3———:1—x2§1wﬁmm
r€eD
Dau O = O xay ra khi va chi khi
1=1—x—22°
1—902:11 So=0
—1<z< =

-2
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Suy ra max f(z)=1.

T

Yy . .
—+ trén mién
Vi—-z V1I-y

Bai 3: Tim gia tri nho nhat ctia ham s6 f(z,y) =
D={(z,y): x>0,y >0,z +y=1}.
Hudng dan. (66)

Liy (z,y) € D. Khi d6 f(z,y) = —— Y -

y
+ + L.
Vi—z J1-y y

ap dung bat dang thitc AM-GM

LRV
yy+\/_>2 = f(,9) + VT + Y > 2(VT + /)
VAR
Hay
flx,y) > Ve +/y (4)
Mat khac
1l—y 1—=x 1
flzy) = —— =—=+—-(Va+y 5
1 1
Tt (4) va (5) suy ra 2f(z,y) > — + — hay
Zz )
1 1 1
o= (1 1) ;
@0z (57 (6)
P . P . .o 1 1 2
Tiep tuc ap dung bat dang thitc AM-GM cho hai s6 — + — > >
, VIoY T Ty
— = 22viz4y=1(7).
Tty
2
Tit (7) s af(x)>1 I >12\/§—\/§
uy r Y =2\ Vz Ji) =2 =
. s 1 1 1 1
Dau O=0 xay ra khi va chi khi — = — < — = - hayx =y = - Ma
VoY owy

(1 1) Dvéth'l):\/i. Vay min f(z,y) = V2.

57 5 2’ 5 (z,y)eD
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Bai 4: Tim céc gid tri nho nhat cia ham s6 f(z,y), g(z,y), h(x,y) trén mién

D = {(z,y): >y >0}, trong d6

f(l’,y):$+m

) 1y

1
Ry —
y(z —y)
Huéng dan.

Lay (z,y) € D tuy y. Khi d6, theo bat dang thiic AM-GM ta co:

1 1 5 IS S
f(way):$+m:y+(l’—y)+m23\/9(95 Y) 3

A A 1
DauO:Oxéyrakhivachikhiy:xy:—<:>{
y(r—y)

Cé (2,1) € D va f(2,1) = 3. Vay (m)ian(:c,y) = 3.
x,y)€E
Lay (z,y) € D tuy y. Khi d6, theo bat dang thiic AM-GM ta c6:

4 (g y+1 y+1 4 B
TS A T R P ey

1y+1 4
24</(x—y).y+ ¥y —1=4-1=3

g(w,y) =r+

2 2 (a-yy+1)?
Dau O = O x4y ra khi va chi khi

zoy=Yt1_ : @{:C
2 (z-y(y+1)? y

C6 (2,1) € Dvag(2,1) =3. Vay min g(z,y) = 3.
(z,y)eD

Lay (z,y) € D tuy y. Khi d6, theo bat ding thitc AM-GM ta co:

2
1

2
rT—Y T—Y 1 4 x—y 1 4
h(z,y) = y+ + + 24\/y.< ) , - =
22 yle—y)’ 2 ) ylx—y?* VA V2

1
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Dau O = O xay ra khi va chi khi

3
x—y 1 r=V3
Y= = & 1
2 yle-y) {y:§V§

V3 V3
Co \7§,£ e Dvah \3/§,\/—— = 2v/2. Vay min h(az,y):2\/§.
2 2 (z,y)eD

Bai 5: Tim gia tri nhé nhat clia ham s6

11 1 x z

f(a:,y,z)-(xyz—i—l)(——l———i——)+—+g+——x—y—z

r oy oz y z
tren mieén D = {(z,y,2) : x>0,y > 0,2z > 0}
Huéng dan.

z zr 1 1 1 .

Tacéf(x,y,z):yz+g+x2+—+xy+—+—+—+——x—y—zLay
z x y z

Y
(z,y, 2) tuy ¥ thuoc D. Khi d6, ap dung bat ding thitic AM-GM, ta co:

yz+g22y, :cz—l—EZQz, xy+£22:r;
z x Y
Khi do

1 1 1 1 1 1
flay,2) > =+ -+ -+ao+y+z=|—+z|+|(-Fy)+|-+z)>6
r oy oz x Yy z
Déué:Oxéyrakhivachikhix:y:,z:1.
Vi (1, 1, 1) thuoc D va f(1,1,1) = 6 nén migf(x,y, 2) =6
BAS
s N z . 2 A 2 N A 1 1 1
Bai 6: Tim gié tri nhé nhat ctaham so f(z,y,2) = (2+—- | (2+ - ) [ 2+ —
T y 2
va gia tri nhd nhat cia ham s6 g(z,y, 2) = x + 16zyz, h(z,y,2) = = + /7Yy +
Yryz trén mien D = {(z,y,2) 12 >0,y > 0,2 >0,z +y+ 2 =1}.
Huéng dan. (57)
Lay (z,y,2) € D tuy ¥. ap dung bat dang thiic AM-GM ta co:

1
P JRME PR P E
T T T T T
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1
P IR IS R S S O
y y vy y

1
PR P P i
Z z Z z z

Nhan vé véi vé clia ba bat dang thiic ta co, f(z,y, 2) > 125 v6i moi (z,y, 2)
thuoc D.
Déuéz()xéyrakhivéchikhig:z:—:zzzz
r T oy oy oz
1
z2==

111 111
Ma (=== )eDva f|=:2:>) =125 Va ' — 125.
a<3,3,3) € Vaf(3,3,3) 5. Vay (xg}zl)réDf(w,y,Z) 5

Lay (z,y,2) € D v6i z +y+ 2z =1 khi d6
g(x,y,2) =1—(y+2) +16yz(1 —y — 2) = 1 + 16yz — (y + 2)(1 + 16yz)

4p dung bat déng thitic AM-GM ta c6 y+2z > 2,/yz va 1+ 16yz > 8,/yz =
(y + 2)(1 + 16yz) > 16yz

Khi d6 g(z,y,2) <1+ 16yz — 16yz =1

Dau O=0 x4y ra khi va chi khi

y=z :c—l
16yz =1 D)
r+y+z=1 < 1
z>0,y>0,2>0 y_Z_Z

111 111 111
Ma (==, -)eDwg(=>-)=1 va —g(=>2) =1
& <2’ 4’4) cLvayg (2’4’4) Wty Y (2’4’4)

Bat dang thic Cauchy-Bunhiacovski

x Y z

+ +
r+1 y+1 =2z+1
tren mien D = {(z,y,2) :x >0,y >0,z >0, +y+2z=1}.

Bai 7: Tim gid tri 16n nhat ctia ham s6 f(z,y,2) =

Hudéng dan. Lay (z,y, 2) thuoc D. Khi do, ta c6

Sy =(1-—)(1- (1o )=a (L Lt
r,y,2)=(1- - — = 3—
s r+1 y+1 z+1 r+1 y+1 z+1

(1)
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Zz 2 z 1 1
(1) ap dung bat dang thiic Cauchy-Bunhiacovski cho hai cip so \/ , o —
r+1" Vy+1 V z-
va (Ve +1L,Vy+1,vVz+1)

pe

CO

(3341‘1+y41-1+2’j—1)((x+1)+(y+1)+(2+1))>(1+1+1)2{())
2

Maxz+y+ 2z=1tu(2) suy ra
1 1 1 9
> — 3
(x+1+y+1+z+1)_4 (3)

. 9 4 111
Két h 1) ve <3-—=2c¢5 (=== D va
ét hop (1) va (3) suy ra f(x,y,2) < 3 1 5 ©0 (3,3,3> € D va

111 4
f<§’§’§) =3

4

Va ~ 2

ay max f(z,y,2) = 3
Bai 8: Tim gi4 tri 16n nhat ctia ham s6 f(x,y,2) = y(z — x) trén mién

D= {(g.2) 2+ 22 = 1, 42 1 2y(x +y) = 6}
Huéng dan. Taco f(z,y,2) = y(zx) = 222 +y) + (—2)(22 + v)

ap dung bat dang thitc Cauchy-Bunhiacovski cho hai cap sb (2, (—x)) va
2z +y,2z +y) taco

(22 + (—2)*) (2z +9)* + 22 +9)°) > [z +y) + (—2) (22 +y))* = [y(z — 2)]?

Max?+22=1va 2r+y)*+ (22 +y)* = 2y° +dy(v+ 2) + 4(2* +y*) = 16
iy +2y(x+2) =6
Khi d6 [y(z — 2)]* < 1.16 = 16 < y(z — z) < 4 hay f(z,y,2) < 4.
Dau O = O xay ra khi va chi khi
32:2+z2:1 r=—
! EQy_(xzii)f et y=\/11_0
10

—r 224y z =
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3 1 3 1
6 ( ——=,v/10,— | € D, f | ——=, /10, — | = 4. Va — 4.

Bai 9 Tim gi tri nhé nhat ctia ham s6 f(x,y) = + + +z+y
tren mien D = {(z,y): 0 <z < 1,0 <y < 1}.
Hudng dan. Véi moi (z,y) thude D ta co

x? 2 1 1 1 1

y
1 l4y+———2= —2 (1
LA S " T teey 2 W

flz,y) =

P . 1 1 1
ap dung bat dang thitic Cauchy-Bunhiacovski cho hai cap so \/ , ,
1—x l—y Vx+y
va (V1 —z, /1=y, /T +y).

Ta c6

<1ix+1iy+1:2)<<1—$)+(1—y)+(:c+y))2(1+1+1)2:9

1 . 1 n 1 >9 2)
-z 1—y 24y~ 2
N N 9 5 £ 2 ~ 2 . N ? .
Tu (1) va (2) = f(z,y) > 5 —-2= 3" Dau O = O x&y ra khi va chi khi
11
—x 1
l—y x4y
11 11 ) 5
s (=) en, (= 2) =2 vay mi _ 2
Co (3,3)6 ,f(3,3) 5 Vay min f(z,y) = 7

Bai 8: Tim gia tri 16n nhat va gia tri nhé nhat cia ham s6 f(x,y, 2) = r+y+2

N 4
trén mien D = {(x,y,z) cx(z—1D)4+yly—1)+z2(z—-1) < g}
Hudng dan. Lay (z,y,2) thuoc D. Khi do

4
:L‘(Q:—l)—l—y(y—l)—i—z(z—l)g§<:>3(x2+y2+z2)§3(x+y+z)+4

ap dung bat dang thit Cauchy-Bunhiacovski cho hai cap s6 (1,1,1) va (z,v, 2)
ta co:

322 + 2 + 28 > (x +y+ 2)?
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Bai 10: Tim gia tri nhd nhat va gia tri 16n nhat ctia ham s6 f(z,y,2) =

x* +y® + 2° va gia tri 16n nhat clia ham s6 g(z,y,2) = Vx + VY + /= tren

mién D = {(z,9,2) :2 >0,y > 0,2 >0,z +y+ 2 =1}

Huéng dan.
Xét ham b f(z,y,2) = 2 +y3+23tren D = {(z,y,2) : 2 >0,y > 0,2 > 0,2+ y + 2
Lay (z,y, z) thuoc D. 4p dung bat ding thitc Cauchy-Bunhiacovski cho hai

cap so (zvZ,y\/Y, 2v/Z) va (VZ, /Y, VZ)
Ta co

fla,y,2) > (2 4+ 4> + 2%)° (1)

dorx+y+z2z=1.
ap dung bat dang thitc Cauchy-Bunhiacovski cho cap s6 (1,1,1) va (z,y, 2)
Ta ¢6

3P+ + A > (wtyt+ ) ety 2>

Q| —
S
[\
S~—

Nl i

T (1) va (2) suy ra f(z,y,2) >
Déu O = O x3 khi va chi khi Lo (211 ¢
au O = Oxadyrakhivachikhiaz =y =2 = - C6 (=, =, =
y Yy 3 333
111 1 1
D, f (g; 3’ g) = 9’ Vay gggf(%y,z) =3
Lay (x,y, z) thudc D. ap dung bat dang thitc Cauchy-Bunhiacovski cho hai

cap s6 (Vz, ¥y, /z) va (1,1, 1) Ta c6

Ne}

3(VT+ I+ VE) > (Vo + YT+ V3) (3)

Lai 4p dung bat dang thitc Cauchy-Bunhiacovski cho hai cip s6 (v/, /¥, v/Z)
va (1,1, 1)

Ta co

3ax4y+2)>(Vr+Vi+vVe) e Vit i+vz<V3 (4)
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Tit (3) va (4) suy ra g*(z,y, 2) < 3v3 = V27 hay g(z,y,2) < V27.

Dau O = O xay ra dau O = O 6 (3) va (4) cing xéy ra hay < 2z = y =

>

z =

/111 111\ 3 . o L
Co (§,§a§>€D,g(§,§,§>%\/2_7-\/&}’1;135(][(%?/,2) 27

Chuyén dé 2: Phuong phap mién gia tri ham sb

Wl =

Phuong phap: Xét bai toan tim gia tri 16n nhat, gia tri nho nhat clia ham s
f(z) tréen mot mién D cho trude.

B 1: Goi yo 1a mot gia tri tuy ¥ ctia ham s6 f(z) trén D.

B 2: Gidi diéu kién dé he phuong trinh (an z): { f(xx>€:Dy0

B 3: Bién ddi dua hé phuong trinh vé dang: o < yo < 3.

B 4: Vi g 1a gia tri bat ki trén D. Dua ra két luan.

Bal TaP:
) ) ) 2% + Tz + 23
Bai 1: Tim gia tri 16n nhat va gia tri nho nhat ciia ham so = —
ai im gié tri 16n nhat va gié tri nhé nhat ctia ham 6 f(x) 21 97 710
trén toan truc so.
222 + Tx + 23 B

TXD: R. Goi yo 1a mot gia tri ctia ham s6. Khi d6, phuong trinh
0l o 12 mot gid trj clia ham 0. Khi d6, phuong trinh ——————-
Yo (1) c6 nghiém.

Vi 22 4+ 22 + 10 > 0 nén

(1) & 22%+72+23 = yo(2* + 22+ 10) & (yo—2)2°+ (2yo—T7)x+10yp—23 = 0
)
¢6 nghiém
TH 1: yo = 2 phuong trinh (2) tré thanh -3z —3=0< 2= —-1= (1) o
nghiém.

TH 2: yo # 0, khi d6 phuong trinh (2) ¢6 nghiém khi va chi khi A > 0
A= 2y —T7)* —4(yo — 2)(10y — 23) > 0

3 5
=>9y(2>—16yo+15§0<:>§Syo§§7yo7é2
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Vi yo 1a mot gid tri tuy ¥ clia ham s6 y = f(x), nén
) 3
max f(zr) ==, min f(z)= 2

zER 2 TER

Bai 2: Tim gia tri 16n nhat va gia tri nho nhat ctia ham s6

22+ 42243
B 2?2 +1

Y

b/S: =1 <yo < 5.

Bai 3: (98 O 191) Tim gia tri I16n nhat va gid tri nhé nhat ctia ham s6

202+ 10z + 3
Y 3 o +1
1 —+/153 1+ 153
D/ S: TS?JOS—FT

Bai 4: Tim gia tri l16n nhat va gia tri nhé nhat clia ham s6 f(x,y) = 22 + y?
trén mot mién D = {(x,y) c(@2 =yt 1) a2 — 2 =0,
Huéng dan. Goi ty 1a mot gia tri tuy ¥ clia ham s6 f(z,y) trén D.

Khi do, hé phuong trinh

x2 + y2 =t (1>
(332 _ y2 + 1)2 + 4$2y2 — 2 _ y2 =0 (2)

c¢6 nghiém

T (2) & (2% +y?)? — 3(2? + y?) + 1 + 42? = 0 thé (1) vao dudc phuong

trinh 2 — 3tg + 1+ 422 =0 (3)
3—+5

Dé hé c6 nghiem thi (3) c¢6 nghiem < 2 — 3ty +1 < 0 < i <ty <
3+5
2 2 2
—t 3tg — 1 . t t 1
Khi d6, (3) c¢6 nghiem z? = O—I—% thé vao (2) y* = % thod

méan c6 nghiém.
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f 3 5}
Ma ¢y la mot gia tri tuy y cua f(z,y) trénDnén(m?XDf(x,y): +2\/_
x,y)€E
N 35
a min f(z,y) = .
v (fv,y)GDﬂ y) 2
Bai 5: Tim gif tri 16n nhit va gis tri nhd nhét ciia ham s6 (z, y) = 21
: Tim gia tri 16n nhat va gia tri nhé nhat cia ham so f(z,y) = ———
gié tri gié tri W= mr T

trén mien D = {(z,y) : x +y = 1}.
Hudng dan. Goi ty 1a mot gia tri tuy ¥ ctia ham s6 f(z,y) trén D.
Khi d6, hé phuong trinh

T+ 2y+1
TTHTC 4 (1
{x2+y2+7 o (1)

r+y=1 (2)

¢6 nghiém
T (2) c6r =1 —ythévio (1) & y+2 = [(1—y}) +y2+7] to v
24+ +7>0.
& 2t0y® — (2tg + 1)y +8tg —2 =10 (3)

Dé he c6 nghiém thi (3) c6 nghiem
TH 1: to = 0 khi d6, (3) tr6 thanh —y —2 =0 < y = —2, 2 = 3. Phuong
trinh c6 nghiém.

TH 2: ty # 0 duge phuong trinh bac hai, phuong trinh ¢6 nghiém

5 —2v10 5+ 2v10
& A = (2t + 1)*=8t(8tg—2) > 0 & 60t5—20t,—1 < 0 & 0 <ty < —+20 Lt #0
. 5 — 210 5+ 2410
. 5+ 2410
Vit la mot gia tri bat ki ctia f(z,y) trén D nén max f(z,y) = o=Vl
(z,y)eD 30
a min_f(z,y) - VI
va min f(z = —
@wen’ 7Y 30
<. N 3 . 2, £ N ., . rd FS 2. N ES x2_<x_4y)2
Bai 6: Tim gia tri 16n nhat va gia tri nhé nhat cia ham s6 f(z,y) =
ZEQ +4y2

tren D = {(z,y) : 22 +y*> > 0} .
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Hudng dan. Xét Dy = {(z,y) : 2 # 0,y =0} va Dy = {(x,y) : y # 0}. Khi
dé D - Dl U DQ.
Néu (z,y) € Dy thi f(x,y) = 0. Vay max flz,y) = nelgl f(z,y) =0.

) 2y)* — (z/2y — 2)°
Néu (x,y) € Dy. Khi do, ta c6 f(z,y) = (x/2y)” — (x/2y = 2)

(¢/2y)" +1
) 22— (t—2)° 4—4

Dit £ — - duge ham s6 F(t) — =2 _
2y 2 +1 ?2+1

Khi do6

= F(t min T = min F'(¢
(x{?)ag]ng(x,y) max F'(t), i DQf( 1Y) = min F(¢)

Goi a 1a mot gia tri bat ki ctia ham s6 F(t).
4t — 4
241
TH 1: V6i = 0 phuong trinh (1) ¢6 nghiém ¢ = 1.
TH 2: V6i o # 0 phuong trinh (1) ¢6 nghiém

Khi d6, phuong trinh =asat?—4t+a+4=0 (1) c6 nghiem

SAN=4-—ala+4) >0 2-2/2<a<-2+2V2,a#0

Két hop (1) ¢6 nghiem khi —2—2v/2 < o < —24+2v/2 Suy ra ( m)a>l<) flz,y) =
T,y)€D2

F(t)=—2+2y2va mi = min F(t) = -2 — 22
max F(t) +2v2va min f(z,y)=min F () V2

Vay

max f(z,y) = max {me%xf(x, ), max f(a:,y)} = max {0, -2+ 2\/5} = —242V2

zeD

min f(x,y) = min {Helgl flz,y), ngiDn f(w,y)} = min {0, -2 — 2\/5} = —2-2V2

zeD

Bai 7: Tim gia tri 16n nhat va gia tri nho nhat ctia ham s

_3+4x2+3x4

f(z) (1 —|—x2)2

Hudng dan. Goi yy 1a mot gid tri tuy ¥ cta f(z).
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3+ 4x? + 3a2*
Khi do, phuong trinh +x—+2$ = 79 ¢6 nghiém
(14 2?)
& (Yo —3)2" +2(yo — 2)2* + Yo — 3 =0 (1)

Dé (1) c¢6 nghiem xét hai TH
TH 1: yo = 3 khi d6 (1) tré thanh 2 = 0. Vay (1) ¢6 nghi¢m.
TH 2: (1) ¢6 nghiém khi va chi khi hé

t>0
{ (o —3)t" +2(yo —2) +y0—3=0 (2)

Dé (1) ¢6 nghiegm (2) ¢6 nghigm ¢t > 0ma (2) c6 P =1 > 0= (2) ¢6 2
nghiém cting dau.

Khi do, (2) ¢6 nghiem
A/
=14

p 5
Két hgp hai truong hop (1) ¢6 nghiém khi 3 <ty < 3.

DO Ot

8@ <ty <3

Vv

2
Bai 8: Cho ham s6 f(z) = %ff—q Tim p, ¢ dé max f(z) =9, rxneilr%l flz) =
-1

Hudéng dan. Goi yo 1a mot gia tri tuy ¥ clia ham s6 f(z).

2
Khi do, phuong trinh w
x4+ 1

Ta c6 (1) & (yo — 1)2? — pr + (yo — q) = 0 (2).

= yo (1) c6 nghiem.

Dé (1) c6 nghiém thi (2) c¢6 nghiém, xét 2 trusng hop
TH 1: yp = 1 thi (2) ¢6 nghiém khi p # 0 hodc p =0 va ¢ = 1.
TH 2: o # 1 thi (2) ¢6 nghiem khi A = p? — 4(yo — 1)(yo — ¢q) > 0

S dys —4g+Dyo— (PP —49) <0y <yo <o

Tacoy <1<y Viviiyg=1co A= —p?><0Vq
Két hop hai truong hop ta c6 dé (1) c6 nghiem 1a y; < yo < yo.
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T€R
Theo viét ta co

Khi d6, tacé min f(z) = y, max f(z) =ys
ze

nty2=qg+1=28 _
(207 o

Yy = - p=+8

. 12

Bai 9: Cho ham so y = % tim a nguyén khéac 0 sao cho dai lugng
x
max f(x) cing la sd nguyen.
Te
Hudéng dan. Goi yo 1a mot gia tri tuy ¥ ctia ham s f(z).
12
Khi d6, phuong trinh % = 1o (1) c6 nghiem

Tu (1) ta 6 (yo — 12)2% + 12ax + 36y =0 (2)

Dé (1) c6 nghiem thi (2) c6 nghiem. Dé (2) c6 nghiém xét hai truong hop
TH 1: yo = 12 ¢6 (2) tr6é thanh z = 0. Vay (2) ¢6 nghiém

TH 2: yo # 12 thi (2) ¢6 nghiém

& A =36a" — 36yo(yo — 12) > 0= Y2 — 12y —a®> <0

S 6—vV36+a® <y <6+V36+a?

Nhan thiy yo = 0 thi A’ = —a®> < 0 Va do vay 6 — v36+a2 < 0 <
6+ /36 + a?

Két hop hai truong hop dé (1) ¢6 nghiem thi 6 — v/36 +a2 < yy < 6 +
V36 + a?

Vay I;lggf(x) =6+ /36 + a2.

Tim a nguyen khac 0 dé v/36 + a2 = k (3) nguyén duong.

Néu a > 0 thod man (3) thi —a cling thod man 3, xét a > 0 khi do,
(3)= 36 =k —a*=(k—a)(k+a)

Vik+a>0suyrak—a>0vak+avak—alasdnguyén. Suy ra

k—a=2
{ kta=18 T0=8

Chuyén dé 3: Phuong phap st dung dao ham ctia ham sb.
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Phaiong phap: Cho ham s6 y = f(x) xac dinh trén [a; ]

B 1: Giai phuong trinh f(z) = 0 dé tim cac nghiém x,, z, 73, ..., z, trong
[a; b].

B 2: Tinh cac s6 f(a), f(b), f(x1), f(x2), ..., f(x,).

B 3: Két luan gia tri 16n nhat 1a s6 16n nhat, gia tri nhé nhat 13 s6 nho

nhat trong cac gia tri trén.
Bal TaP:
Bai 1: Tim gia tri nhoé nhat va gia tri nhé nhat ctia ham s
y = sin®z + cos®z
Huéng dan. Do sin® (:c - g) + cos? (:c - g) = cos?z + sin®’z = ham s6
y = sin®’z + cos?’z tuan hoan véi chu ki T = g Do vay, ta chi can tim gia tri

£ . . 2 £ 2 N S ~ b T
16n nhat va gia tri nho nhat ctia ham so trén 1 chu ki [0; 5] :

Ta c6 y' = 20sin'%z. cos 2 — 20cosz.sinz. Xét y =0

_ x=0
sinx =0 T
& cosr=0 & x—z
cosT = sinw —
4
Bang bién thién:
Két luan:
. ™ . . ™
max y = lkhiz =0,z = 5 miny = Ekhzx =1

Chuyén dé 4: Phuong phap chiéu bién thién ctia ham sé
Phuong phdp: Dita vao tinh dong bién va nghich bién ctia ham s6 bac nhat va
bac hai. Lap bang bién thién ciia ham f(z) can tim gia tri 16n nhat, gia tri

nhoé nhat trén D cho trude.



214 Trai hé Hing Vuong lan thit 6 - 2010

Tinh chat 1

+) Ham s6 y = ax + b dong bién khi a > 0 va nghich bién khi a < 0.

+) Ham s6 y = az? + br + ¢

) X ) b ) b ..
Néu a > 0 : Dong bien khi z > g’ nghich bien khi x < ~5g" Neua <0:
a a
R ) b ) b
Dong bien khi x < ——, nghich bién khi x > ——.
2a 2a

Tinh chat 2:

+) Néu f(z) la ham dong bién trén D thi — f(z) 1a ham nghich bién tren
D.

+) Néu f(z) la ham dong bién tréen D va f(z) > 0 thi ham nghich

1

| e
bien trén D.

Tinh chét 3:

+) Néu f(z) va g(z) 1a hai ham dong bién trén D thi ham f(x)+g(x) cling
dong bién trén D.

+) Néu f(z), g(z) la hai ham dong bién trén D va f(x) > 0,g(x) > 0 trén
D thi ham f(z).g(z) ciing dong bién tren D.

Bal TaP

Bai 1: Tim gia tri 16n nhat va gia tri nhd nhat ctia ham s6 y = |20 — 4] +
132 + 6] — |x — 3| + |z + 1] x6t trén mién D = {z: -3 <z < 4}.

Huéng dan. Lap bang bién thién ctia ham sb trén D

Bai 2: Tim gia tri 16n nhat va gia tri nhé nhat ctia ham s6 y = 2% — 3z + 2| —
122 + 4] + |2? — Tz + 12| trén mién D = {z: -3 <z < 5}

Bai 3: Tim gia tri 16n nhat va gia tri nhé nhat ctia ham s6 f(z,y,2) =
T+y+z+ay+yz+zetréen mien D = {(z,y,2) : 2?2 +y* + 22 = 1}

Bai 4: Tim gia tri 16n nhat va gia tri nho nhat ctia ham s6 f(x) = 2t — 42 —

2?2 4+ 10z — 3 tréen mien D = {z: -1 <z < 4}
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Bai 5: Tim gi4 tri 16n nhat va gia tri nhé nhat ctia ham s6 f(z,y) = (v +
1 1 N
Y) <——|——) trén mien D = {(z,y) : 1 <2 <3, 1 <y <2}
r oy
Bai 6: Tim gia tri 16n nhat v gia tri nhé nhat cia ham s6 y = /3 +z +
V6 — 2 — /18 + 3x — 22 trén mién D = {z: -3 <z < 6}

Bai 7: Cho ham s6 f(z) = 42*—4axr+a*—2a xét tren mien D = {z : —2 < z < 0}.

Tim a dé ham s6 c6 min f(x)=2.

Tre
Bai 8: Cho phuong trinh 222 + 2(m + 2)z + m3 + 4m + 3 = 0. Khi phuong
trinh c6 nghiém 1, x5 xét dai luong A = 21 + x5 + 321272. Tim gi tri 16n nhat
va gia tri nhé nhat ctia A.
Bai 9: Tim gia tri 16n nhat va gia tri nhé nhat ctia ham s6 f(z) = —22+max+1

trén mien —1 < z < 1. Bién luan két qua theo m.

Bai 10: Cho ham 6 f(r) = 22 + |z — a|. Tim a dé min f(z) > 1.
Te

Chuyén dé 5: iing dung ciia gia tri 16n nhat va gia tri nhé nhat trong
viéc giai va bién luan phuong trinh va bat phuong trinh.

Phuong phdp: Bién doi phuong trinh vé dang f(z) = d(m). Tim gia tri 16n
nhat va gia tri nho nhat ctia ham s6 trén I va so sanh cac gia tri 16n nhat va

gia tri nhé nhat véi a. Tt d6 suy ra nghiém ctia phuong trinh.
3.10.3 Bai tap

Bai 1:
a. Tim m dé phuong trinh = + v/222 + 1 = m ¢6 nghiem.
b. Tim m dé bat phuong trinh = + 222 +1>m Ve € R

) / 2
Huéng din. Xét ham s6 y = # + V22 ¥ 1 = o — 1+2++1Xét
T
=0 V2224+1 = 22 & z <0 @x:—i Bang bién
y 222 + 1 = 422 V2 &

thién:
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1
Phuong trinh f(x) = m ¢6 nghiém khi va chi khi m > —.

V2 )
Bat phuong trinh f(z) > m c¢6 nghiém véi moi m khi miﬂlg flx) = E >m
e

Bai 2: Tim m dé phuong trinh V2 — 2+ V2 +1 — /(2 —2)2+2) = m ¢6

nghiém.

Bai 3: Tim m dé bat phuong trinh ma?* — 4z +m > 0 Vx € R.

~ ) 4
Huéng dan. Bt phuong trinh < m(z* +1) > 4z < f(x) = 411 < m.
T
Co
4(1 — 324 1
Py =223)
(1+ z4) V3

Bang bién thién:
Vay dé bat phuong trinh nghiem ding moi z thi

glggf(x)zf(%):é/ﬁgm



