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@. Tom tat kién thuc

©. BIEU THUC TOA DO CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO,
PHEP NHAN MOT SO VGI MOT VECTO

© Trong khéng gian Oxyz, cho hai vecto a=(x;y;z) va b=[x";y;z]. Ta cé:

-

o 21+b=(x+x';y+y';z+zv);

(<]
Qi

—b=[x=x;y-y’2-2};
© ka=(kx;ky;kz) v6i k la mot sé thuc.

@ Trong khong gian Oxyz, cho ba diém khéng thdng hang A(x,; y.;24), B(xs; y552;5) va
C(xc;yc;zc). Khi do:

Xpa*tXg YatyYp ZptZp|,

@ Toa d6 trung diém clha doan thang AB la Ty Ty

/v L Vv v AP S VA S V) 7 47 A7 \

®. BIEU THUC TOA PO CUA TiCH VO HUOGNG

@ Trong khéng gian Oxyz, tich vé6 hudng cla hai vecto a=(x;y;z) va b=(x";y;7)

dugc xac dinh bdi cong thuc:

9 G-b=xx+yy+zz

“ Chu y: Néu A(xA;yA;ZA) va B(XB;yB;ZB)

thi ABZCTBVL\/(XB—XA)2+(yB—yA)2+(zB—zA)2.

Dac biét, khi B tring O ta nhan dugc cong thic OA= x+ y’+2;-




®. Phan dang toan co ban

‘Dang ©: Biéu thirc toa d) ciia tong, hiéu hai vecto, tich clia mot sé véi mot vecto
=Cac vi du minh hoa
Cau 1: Trong khong gian Oxyz, cho hai vecto d=(2;1;5) va b=(2;2;1). Tim toa do ciia mdi vecto
a) a—b; b)3a+2b.
Loi giai
a) Via=(2;1;5)vab=(2;2;1)nén a—b=(2-2;1-2;5-1)=(0;—1;4).
b) Tac63d=(3-2;3-1;3-5)=(6;3;15) va2b=(2-2;2-2;2-1)=(4;4;2).
* Do d63a+2b=(6+4;3+4;15+2)=(10;7;17).
Cau 2: Trong khong gian Oxyz, cho ba vecto p=(3;-2;1),§=(6;—4;2),F=(2;1;-3).
a) Tim toa d0 cliia vecto c=2p—3q+F.
b) Tim hai vecto cung phuong trong cac vecto da cho.
Loi giai
a) Taco: 2p=(6;-4;2),-3G=(—18;12;-6),7=(2;1;-3).
e Suyra¢=2p-3q+r=(—10;9;-7).

b) Tac62p=(6;—4;2)=4, suy ra hai vecto p,q cung phuong.

3_-2 - - . o .
* Do 5 7 BB nén p,r khong cung phuong. Tuong tu, hai vecto q,r khong cung phuong.

Cau 3: Cho a=(—2;3;2),b=(2;1;—-1),¢=(1;2;3). Tinh toa do ciia mdi vecto sau:

a) 3a; b) 26— b; ¢) a+25-%5.

Loi giai
* Ta co:

a)3ad=(3-(—2);3-3;3-2). Vay3a=(—6;9;6).



b) Taco2d=(—4;6;4) vab=(2;1;—1). Do d6,2d—b=(—4—2;6—1;4—(—1)).

Vay 2d—b=(—6;5;5).

e 7 d 'Y \ e \ _3—> _3 9 ~
¢) Do d=(—2;3;2) va2b=(4;2;-2) nén G+2b=(2;5;0). Ngodi ra, vi TCZ(T;—S;—E nén
a+2b-3e=(12,-2]

2 2 2

‘Dang @: Toa d) trung diém ciia doan thing, toa dj trong tAm ciia tam giac
=Cac vi du minh hoa
Cau 1: Trong khong gian Oxyz, cho ba diém A(1;2;3),B(3;2;1)va C(2;—1;5). Tim toa do trung
diém M cua doan théng AB va toa do trong tam G cua tam giac ABC.
Loi giai

1+3 2+2 3+1
2’ 2 2

¢ Vi M la trung diém cua doan thfmg AB nén toa d6 cua diém M 1a

b

e suyra M(2;2;2).

14342 2+42+(—1) 3+1+5
3 3 7 3

* Vi G 1a trong tAm cua tam gidc ABC nén toa do cta diém G 1a

2

e suyraG(2;1;3).

Céu 2: Cho tam giac ABC ¢6 A(—2;1;0),B(0;2;5),C(5;0;2). Tim toa do trung diém M cta doan
thang AB va trong tAm G cta tam giac ABC.
Loi gidi

* Do M(XM;yM; ZM) 1a trung diém doan théng AB nén

_—2+0_ . _1+2_3 _ _0+45_5
STy T EWE TS Ty
o\@ybl—ﬂJ%;%)

+ Do G(XG ;yG;ZG) la trong tam tam gidc ABC nén

_ —2+40+5 _
. xG—T—l;
1+2+0
= :1;
© 3
0+5+2:Z




0VéyG(1;1;§).

Céu 3: Cho tam giac ABC ¢6 A(1;—1;1),B(0;1;2),C(1;0;1). Tim toa d¢:
a) Trung diém M cua AB; b) Trong tdm G cta tam giac ABC.

Loi giai
a) Toa d0 trung diém M cua doan thang AB 1a
oM 1+0;—1+1;1+2 hay M 1;0;5 -
2 2 2 2 2
b) Toa dd trong tam G cua tam giac ABC la
.G 1+0+1;—1+1+0;1+2+1 hay G Z;o;i
3 3 3 3 3

‘Dang ©: Biéu thuc toa dé cua tich vé huéng
=Cac vi du minh hoa

Cau 1: Trong khéng gian Oxyz, cho hai vecto a=(1;4;2) va b=(—4;1;0).
a) Tinh @-b va cho biét hai vecta @ va b c6 vudng gbc véi nhau hay khéng.
b) Tinh d6 dai clia vecto a.
Loi giai
a) Ta c6: a-b=1-(—4)+4-1+2-0=0. Do d6, hai vectd @ va b vudng géc vdi nhau.
b) D& dai cla vecto 3 13 ;aviV12+42+2°=21.

Cau 2: Cho hinh chép S.ABCD cé ddy ABCD la hinh ch{r nhat va SA vuéng géc véi
mat phang (ABCD). Gia sir SA=2,AB=3, AD=4. Xét hé toa dd Oxyz vGi O trung A va
cac tia Ox,0y,0z lan lugt trung vdi céc tia AB,AD,AS(H.2.48).

a) Xac dinh toa d6 cua cac diém S,A,B,C,D.

b) Tinh BD va SC. c) Tinh (BD,SC).



Hinh 2. 48

Loi giai
a) Vi A trung goc toa dé nén A(0;0;0). Vi B thudc tia Ox va AB=3 nén B(3;0;0). Vi
D thubc tia Oy va AD=4 nén D(0;4;0). Vi S thudc tia Oz va AS=2 nén S(0;0;2). Vi
hinh chiéu cta C Ién cac truc Ox,0y,0z lan lugt la B,D,A nén C(3;4;0).

b) Ta c6 BD=(0-3;4-0;0-0)=(—3;4;0), Suy ra BD={BDViv(—3 +4°+0*=5.
+ Ta c6 SC=(3-0;4-0;0-2)=(3;4;-2), suy ra SC=4S5CViy/32+4>+(—2)*=129,

—— BD-SC
3):3+4-440-(-2) 7 ,rsuy ra
5729 5729

, C
¢) Ta co (}B_f)\/'VgéVZ,:(_

(BD,SC)=~74,9".

Cau 3: Cho ba vectd 4=(3;0;1),b=(1;-1;-2),¢=(2;1;-1).
a) Tinh @-b,b-¢. b) Tinh ¢av,vbVv,cos (a,b).
c) Cho d=(1;7;-3). Chitng minh 4 L a.

Loi giai

a)Taco: a-b=3-1+0-(—1)+1-(—2)=1;

¢ b-e=1-2+(—1)-1+(-2)-(-1)=3.

b) Ta €6: 4V i V3 +0%+ 12 =110 VBV iV 12+(—1)+(—2 P=1/6.



a-b

cos ZI,I; =
o o080 LGV VBV i=— —m&
J10-v/6 30

c) Tacdd-a=1-3+7-0+(—3)-1=0, suy ra d L a.

‘Dang O: Ung dung thuc té

=Cac vi du minh hoa

Cau 1: Trong khong gian véi mét hé truc toa do cho trude (don vi do l'fly theo kilomét), ra da phat hién
mdt chiéc may bay di chuyén véi van toc va hudng khong dbi tir diém A (800;500;7 ) dén diém
B(940;550;8) trong 10 phit. Néu may bay tiép tuc giit nguyén vén téc va hudng bay thi toa do cta
may bay sau 5 phut tiép theo 1a gi?

] c
|
_ a8
A
Hinh 2.49
Loi giai

* Goi C(x;y;z)l1avitri cia may bay sau 5 phut tiép theo. Vi hudng ciia may bay khong ddi nén AB

va BC cung hudng.

+ Do van tdc ctia may bay khong ddi va thoi gian bay tir A dén B gip d6i thoi gian bay tir B dén C nén
AB=2BC.

1-—=_[940—800 550—500 8—7

5 BC==AB= =(70;25;0,5
* Do do > 5 , 7 S ( ;20,0, )
x—940=70
+ Mit khac, BC=(x—940; y—550;z—8) nén { y—550=25
z—8=0,5.
x=1010
* Tirdé | y=575 vavivay C(1010;575;8,5).
z=8,5

* Viy toa d6 cia may bay sau 5 phut tiép theo 1a (1010;575;8,5).



Ciu 2: Hai chiéc kHinh khi cau bay Ién tir ciing mdt dia diém. Chiéc thi nhat nim cach diém xuat phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 km. Chiéc thtr hai nam céch

diém xuét phat 1 km veé phia bac va 1,5 km vé phia tay, dong thoi cach mat dat 0,8 km.

Chon hé truc toa do Oxyz voi géc O dat tai diém xuét phat cua hai kHinh khi céu, mat phfmg (Oxy)
trung voi mat dat véi truc Ox huéng vé phia nam, truc Oy hudng vé phia dong va truc Oz hudng thing

dung 1én troi (H.2.50), don vi do lay theo kilomét.
a) Tim toa d6 cua mdi chiéc kHinh khi ciu ddi véi hé toa dd da chon.

b) Xéc dinh khoang cach giira hai kHinh khi cau (1am tron két qua dén chit s6 thap phan tht hai).

N
N
~
~
~
~
~

7z |

"
o 50.5 km y
\ rid Pong
] 7
v L7 2 km
__________ -
% 1km
Nam
(H.2.50)
Loi giai

a) Chiéc kHinh khi cau tht nhit va tha hai c6 toa d6 lan luot1a (2;1;0,5) va (—1;—1,5;0,8).

b) Khoang cach giita hai chiéc kHinh khi cau 1a

V(=1-2)%+(—1,5-1)+(0,8-0,5)*=15,34~3,92( km).

Céu 3: Trong Vi du 2, khinh khi cau thir nhat hay th hai ¢ xa diém xuat phat hon? Giai thich vi sao.

Loi giai
* Theo Vi du 2 ta c6, khinh khi cAu thtr nhit c6 toa do 1a A(2;1;0,5),

+ khinh khi ciu thi hai c6 toa d6 1a B(—1;-1,5;0,8).

* Ta co: OA:m=@km,OB:\/(—1)2+(—1,5)2+0,82:—V539 kam.

* Vi gbc O dit tai diém xuat phat va OA>OB nén khinh khi cau thir hai gan diém xuat phat hon.




©. Dang toan ren luyén
‘Dang ®: Cau trac nghiém nhiéu phuong an lua chon

Cau 1: Trong khong gian véi hé toa do OxVZ ho hai diém AG-2:3) va B(-1,2:5)
diém ! cua doan thing 45 .
G220 g [0:0:4) o 120:8) p, [@-2-1)

Loi giai

. Tim tga d9 trung

Chon B

Toa d6 trung diém  cua doan 4B véi AG-2:3) va B(-1:2:5) duoc tinh boi

x =% Xy
' 2
by, =25 g 1(:0:4)
o =24t _y
| 2
Cau 2: Trong khong gian Oxyz , cho hai diém AGL-1) va B(2 3;2). Vécto 4B ¢6 toa do 1a
A (1;2;3). B. (- 1;- 2;3). C. (3;5;1)‘ D. (3;4;1).
Loi giai
Chon A
uuu _ -
o oo 4B =(:2:3)
uuu
) o - Oxvs Ao =3(i+4))- 2k +5) L
Ciu 3: Trong khong gian v&i hé truc toa dd ¥ | cho véc-to . Toa dd cuia di€ém
A4 1a
. .o - . . s -
AL (3;17; 2). B.( 3 1?.-)' C. &R 2,5). D. (3;5; 2)'
Loi giai
Chon B
uuu
A0 =3(i+4))- 2k 457 =3 +12)- 2k+57=3i +17- 2k
Ta co: .
LI _ ) ) _ ) . .5
Suyra O4="3i-17)j+2%k o A(3:-17:2),
. ) Ml-1:2:- 2 .
Cau 4: Trong khong gian @2 | hinh chiéu vuéng gbc ciia diém MG1:2-2) trén truc Oz 1a diém
4 H(0:0:-1) B E(-1;2;0) c. Fl0:0:-2) p, 0(0:0:2)

Loi giai



Chon C
M(-1:2:- 2) F(0:0:-2)

Hinh chiéu vudng gbc cia diém trén tryc O7 1a diém

Cau 5: Trong khong gian véi h¢ truc toa do Oxyz cho diém A(1;2;4), BG4 2). Tim toa d6 diém

M, vi& B 1a trung diém cua AM.

- 10 ] b B .- . e
A M ( 1.0,6)_ B M (2;2; _)_ C. M (2:3:3) p. M G:6:0)
Loi giai
Chon D
B 13 trung diém cta AM nén ta co:
( i _.T_'_f +.T_”
.-1I +Ia-1I i i i
) -]'IB :% .T_” :2""-3 = .T_'_‘l .T_” :2.3" I .T_” :5
:_,-f +:” — _].'_” :2_].'3 = _]'I_A' — J.'_” :2.4‘ 2 - __1'_” =0
B 2 .:-” :2:3 = :.'-1’ .:-” :2.2' 4 .:-” :CI' )

Vay M (5;6;0)
Cau 6: Trong khong gian Oxyz , diém nao sau day thudc truc Oz 9

A M (U;U:-Z). B. M(I;Q;O). C. M(I;O;2). D. M(I;O;O).

Loi giai
Chon A
. M(0:0:-2 -

bidm M (%:0:-2)e0z
Cau 7: Trong khong gian Oxyz , cho AGLo1) va B(;-1:2) toa do véc to 4B 1a

A @-L) g, (- L-1) c Cxl-1) p, (0:-1:3)

Loi giai

Chon A

AB(Q2:- 1:1).

Toa @0 véc to

. 2 S10-2 .
Cau 8: Trong khong gian Oz, cho hai diém A4(1:2:0). B(- 10:- 2). Tim toa do trung diém M cua

doan thing 4B.

AAJAJ(-h-I;-Il B.AJ(DH;-I} C.AJ(D;E- 2). :D'AJ(-Ek 2:- 2).

Loi giai
Chon B

Theo cong thirc toa do trung diém cua doan théng, ta cod M (0:1;-1).

) .. - 10 Y
Cau 9: Tr(.)ﬂg kh(”g&g gian Oxyz, cho cac diém A4(1:2:0). 8¢ 1:0:1).c(0:2 I). Tinh d§ dai cua vecto

AB-24C



AL V2L B. 21, c. V13 D. 13,
Loi giai
Chon C

. AB =(-2:-2:1). 4C =(- 1:0:- 1), AB - 24C =(0:- 2:3).
Ta co

1] 1] =
AB-2AC :J03+(-2)'+33 =J13
Khi d6 do dai cta vecto 4B - 24C 13 ‘ ‘ J_.

, a1 el -1
Cau 10: Trong khong gian vi hé truc toa do Oxyz , cho ba diém AG- 1), 8(3:2-2),c( 3""5]. Tim
9 3 27
, 'W(,’C' }.,7) L L LI . Wy :_-+_._ - .
toa do diém 7%’ théa man MA- 248 =4CM Khi d6 tong Y 2 bing
A. 6, B. - 15, c. 16, D. - 13,
Loi giai
Chon D
o [1-x-22=4G:+3) ¥=-3
00 00 (0m 3
MA-2AB =4CM = |- 1- y-23=4(y-1) = {y=- S
1-z-2.(-3) =4(z- 5) 27
Ta cod i
5
5 :i-{-E— H?.S —= |3
Khidse -3 -3 27
Cau 11: Trong khong gian @97 diém déi xtmg cia 223 qua mit phing (7 1a diém nao dusi day
A o(- 1;2;3). B. N(l;-2;3)_ C. P(1;2;-3). p. M (1:-2:-3).
Loi giai
Chon A
Néu Hla hinh chiéu cia A02D1en Oy HOZD 60 41a didm déi ximg cua
A(:2;3) qua mit phiang (OyZ)thi H(O;z;s)lé trung diém ctia 44'. Do @6, ta co
(x, =2x,- x, |x,=20-1 [x, =1
Vi =2yp- ¥, =2y, =22- 22 4y, =2 = _-I'(' lg:"'] E;:_?(- 123]
z, =2z, - z, z, =23-3 z,. =3
Ciu 12: Trong khong gian 0% . diém déi ximg véi diém 7 4733 (o true 07 c6 toa do 1a

AL (4;-5;-3). B. (—4;5;3). C. (-4;5;-3). D. (0;0;3).
Loi giai
Chon B

Hinh chiéu vudng goc cua diém M 1én tryc Oz 13 #(0:0:3)

Goi M l1a diém dbi ximg cia diém M qua truc Oz khid6 H1a trung diém cua MM ’

M'(-4;5:3)
Suy ra .



Oxyz OM =i-3j+4k

Cau 13: Trong khong gian cho vecto . Goi M "1a hinh chiéu vudng goc ctiia M tr

én mit phang (Oxy ) Khi d6 toa do cua diém M "trong hé toa do
(1;-3;4) g (:4-3) c. (0:0:4)

Oxyz 1y

N D. (1;- 3;0).

Loi giai
Chon D

SN EN)

Tacg OM =i-3j+4k = .-w(l.:-3.:4).

M 13 hinh chiéu vuodng goc cua M trén mit phing (Oxy)= 21'(1:-3:0)

Cau 14: Trong khong gian Oxyz, cho hai diém AG1, 2;5), BG:-6; 3). Hinh chiéu vudng goc cta trung

diém ! cua doan 4B trén mit phang (Orz) 1a diém nao dudi day?
.0 a2 _1- ] .- .0
A P(3,0,0). g N (3 1,5)_ c. M (0; -.4)' D. Q(o,o,s)_
Loi gidi
Chon C
I(1;-2:4)

Toa d¢ trung diém ! cua doan 4B .

, R I I
Toa d9 hinh chiéu ctia / mit phing (Oy2) : M (o; "4).

X r  M(1:2;- .
Cau 15: Trong khong gian Oxyz , hinh chi€u vuong goc cta diém M (1:2;-3) 1én mat phang (Oy2) co toa
do la
o CL%-3) g, (0:2:-3) c. (:0:0) p, (-2:3)
Loi giai
Chon B
M(1:2:-3) (0yz) (0;2;-3)

Hinh chiéu vudng gbc cua diém 1én mat phang c6 toa do la

Cau 16: Trong khong gian vdi hé toa do Oxyz, cho tam gidc 4BC ¢6 trong tAm G(-3:1:4) va

) - 735 .
AW0-1), B(235) 10, 45 diém C 1a

A.C(-ﬁ:Z;O). B. c(42-1) C.C(-]IU;S) D.C(B;-];-i)
Loi gidi
Chon C
Goi C(.r;y;z).
1+2+x
T3
O0+3+y _

= 3 x=-12

P Sk =1y =0
Do G(-3;1,4) la trong tAm tam giac 4BC nén | E z =8 hay

C(-12:0:8)



Cau 17: Trong khong gian Oxyz , cho hai diém A(15253), B('Z;'4;9). DPiém M thudc doan thang
AB ga0 cho MA =2MB.pg dai doan thing OM 1a:

A. 5. B. 3. c. 17 p. V/34.

Loi giai

Chon D
Diém M thudc doan thang 4B va MA =2MB
Nén MA =-2MB
x,-x, ==2(x,- x,) - x, =-2(-2-x,,) 3x, =-3 x, =-1
SV, Yy = 2(‘1'3 - Vu ) {2- Y == 2(-4- ‘1'.__,) = {3y, =6y, =-2
124= 2y :—2(:ﬁ = :.,_r) 13- 2z, =-2(9- :.,_r) |3z,, =21 z, =7
= M(-1:-2:7)
. oM =1y +(-2Y +7° =36
bJ dai doan thang 'J( y+(-2) J-
. . M- 62 ,
Céu 18: Trong khong gian @7 | hinh chiéu vuéng géc cia diém M(:- 6:2) 1én mat phang (Oxz) co
toa do la
AL (0;- 6;0)_ B. (5;0;2)_ C. (5;- 6;0)_ D. ;- 6;2)_
Loi gidi
Chon B

Mit phang (Ox2) ¢6 phuong trinh ¥ =0

M (- 6:2) o mit phing (Ox2) 4 toa o 1355 0:2).

A(1;-2:3).B(2:- 3:4)

Vay hinh chi€u vudng goéc cua diém

Cau 19: Trong khong gian vé&i hé truc toa do OXVZ  ho hai diém .Tim diém

M & (0xy) sao cho ba diém A.B.M théng hang
A M(l;l;O)' B. M(3;-5:T). C. M(-S;S;U)' D. M (- 2:1;0).
Loi gii

Chon D

Me(Oxy)= M(x:y:0)
Ta co:
4B =(1:- 1:1): Ant =Cx- Ly+2-3)
4,8, M thang , hang = AB.AM cling phuong
- 1;_| :# :?: : ZE = M(-2:1:0)

2 L NQO;2:-
Céu 20: Trong khong gian 097  cho hai diém 1 (1:4) 5 ¥ (0:2:-1)

. Toa @6 trong tdm cua tam giac
OMN 13



A (- 3;1;-5). g CL-1-1) C. (3;3;3). D. (1;1;1).
Loi giai
Chon D
, . MG3:1:4) N(0;2:-1) |, 0(0:0;0)
Ta co6 toa do , va
X, tx, +x,
X, = =1
3
.]'I'.I' +.]'l'-.' +.]'I|:
--]'II.‘ = - :l
' 3
o Zytz 2 1
Trong tam G cuatam giac OMN ¢4 toa d6 thoa - 3
G(1:1;1)
Suy ra

A2 4), B(2;4- 1). Tim toa do trong

Cau 21: Trong khong gian véi hé truc toa do Oxyz cho diém
tam G cia tam giac OAB,

N G(6;3; 3)_ B G(2,-1,-1)_ C. G(2,-1,-1)_ D. G(t 2,-1)‘
Loi giai
Chon D
X, _X, X5+ X,
3
_ Vit VgtV
1y, _% X, -1
z, 42,42, = 1V; =2
A T P |
Goi G 1a trong tam cua tam giac theo cong thic ta co G .
Viy G(t 2,-1)_

L .0;2) B(-2,1;3 .2,
CAu 22: Trong khong gian v&i hé toa do Oxyz’ cho bon diém Ao 2), (-2 ), c(32 4),

D(6:9:- 5) Hiy tim toa do trong tim ciia tir dién ABCD 9

EY g (2-3D c 231 . (231D
Loi giai

Chon C

.Gx;y;2) . A s .
Goi ( y ) la toa d§ trong tdm cua tr dién ABCD 3 c6:

:x.-1+x3+x{_':+xﬂ' [ _1— 2+3+0

4 S

VotV v V-tV 0+1+2+9
-}?:'J‘ 344, Dﬁ_y: - x=2
I, A4z +2, _243+4-5°© y=3
B 4 .2_ A z=1




Oxyz 40;0;-2), 8- D), C(1:-2:2)

Cau 23: Trong khong gian voi hé toa do , cho ba diém m toa

do trong tam G cua tam giac 4B C.

411 ' | - 11
G&-1-1) -3 B N o ]
A. T B. ' ', Cc. L )
Loi gidi
Chon C
' 2 -2 -2 7] - |
G I+“+I;r,}+| 2.-2 1+2 :G‘i-l_l‘
Ta co: 3 3 3 (3 3 3]

Cau 24: Trong khong gian vdi hé toa do Oxyz , cho cac diém A(l; 0;3), 3(2;3; -4), - 3;1;2). Ti

d6 diém D sao cho tir gidc 4BCD 13 hinh binh hanh.

m toa

=M. Ve -7 s T N, E
A DG2:45-5) g D&:2:9) c. D(6:2:-3) p, DG4:-2:0)
Loi gidi
Toog BA=CL-37) D(x;y;z) cp=(x+3;y-1:z-2)
aco , 201 s .
(x+3=-1 [x=-4
= jy-l=-3e {y=-2
U [WINTH] S - = R

ABCD 13 hinh binh hanh khi B4 =CD  Z7 2 =7 =9 = D(-4-29)

Cau 25: Trong khong gian Oxyz , cho tam giac ABC piét A1 4), B(s:- 3;3), Cl-L:- hm). Tim

toa dd trong tam G clia tam giac ABC

1 o 1. Y12 G T
A G(2:1 3)_ B.G(z, 1,3)_ C. G(2:-1 3). D. G(-2; 1,3).
Loi giai
Chon B
. _X +x, +x. _5
L 3
=3 v, :‘r"' +‘1IH +‘1Il- = =
3
I+, 4z
7= A 8 L :3
- 3 G(2;-1;3)

G 1a trong tim tam giac 458 C

Oxyz A(l;3;4); B(1:0;-2) , C(40:1) Toa

Cau 26: Trong khong gian vi hé truc toa do cho ba diém
do trong tam G cua tam giac 4B C1a

G(3;0;2) G(2:1;:1)

A

B . G(1;1;3)_

C D.G(S;O;-l).
Loi giai

Chon B



_1-;=|+|+4=2
o 3
3+0+0
Vo = =1
3
B _4—2+I_I
Glx 1y :z.) 1773

Ta co SR ¥/ S I

1(1;-2:4) B(0:2:5) C(5:6:3)

Cau 27: Cho tam gidc ABC , biét A . Toa do trong tam G cuatam giac

ABC 13
4 G@33) B G(4;2;2). c. G(33:6) D. 6(2;2;4)_
Loi giai
Chon D
1+0+5
X, = =2
3

B 24240 _5

) 3

~_4+543 _4
G1a trong tdm cua tam gidc ABC nentaco: | 3 . Vay 6(2;2;4).

Cau 28: Trong khong gian Oxyz’ cho ba diém ACG41;- 3); B(2:-4: ?); cG- 2;9). Toa d6 diém D dé
ABCD 13 hinh binh hanh 1a

A (2;3;—3). B. (-3;-3;3). C. (-6;5;-12). D. (-3;3;-3).
Loi giai
Ch(')n D uuu uuu

pé ABCD 13 hinh binh hanh thi 48 =DC
5 4B =(0;-5:12) DC =(3- x,:-2- y,:9-z,)

M

3- x, =6 (x, =-3

-2-y,=-5=1{y,=3 = D(-33:-3)

- =17 g—
Suy ra 9= 2 =12 (%0 =73
Céu 29: Cho hai diém M Q- 2;3)Vé N(3:0:- l). Tim toa do trung diém / cua doan thing MN .
o [@-2:2) g [ (- 1:2) c. 1&-21) p. /@ 1D
Loi giai

Chon D

(1+3 -2+ -
1 I,’?’; ,}D;B,’I = [(2:-1:1)
Trung diém /cotoaddla ' < = < )

, . AlLZ2:0:0),B(0:2:0),C(0:0:- 2
Cau 30: Trong khong gian véi hé toa do Oxyz , cho bon diém ( ).B( ).C( ) va

D(2;2;2). G
MN 13

0i M,N lan luot 13 trung diém cua AB va CD Toa d6 trung diém I cua



1[1-1-1\
A I(l;-l;Z)' g [(1:10) c 12°27) D. 1(1;1;1)'
Loi giai
Chon D
. \ M(1:1:0),N(1:1:2
Ciich 1: Ta c6 N 1an lugt 1a trung diém cta 4B va CD nen LLOLNEL2) o

MN 1A 1(1; 1; 1).

suy ra trung diém cua

, I(L 11
Céch 2: Tur gia thiét suy ra I 1a trong tam tir dién.Vay ( )

. MA(2:3;- N(-1L cm-1;2
Cau 31: Trong khong gian vé&i hé toa do 092 ¢ho ba diém'w( 3 l), V(1L va Pm-1; ).

Tim 7 dé tam giac MNP vuong tai V.

A m=-6 B. m =0, Cc.m=-4, D. m =2
Loi giai

Chon B

MN(-3-2:2) NP (2om - 2:1)

A AN NP = -f=7 -4+ = - == —
Tam gide MNP vuong tai ¥ = MN-NP =0= -0 20m-2)+2=0=m-2=-2=m=0

Cau 32: Cho tam giac ﬁﬁccéuf(l;l;l), B(-1.2:3) va cG:z1)

BC ga0 cho BM =2BC pé BMDA 13 hinh binh hanh thi toa do D 1a
D(5;1;1) D(5:1;-1) C D(5-1;-1)

Loi giai

. Goi M 1a diém thudc dudng thing

. D(-5:1;-1)

D

A B

Chon B
BC=(4;0;-2). Goi D(x;y;z)suyra AD=(x—1;y—1;z—1).
BMDA 14 hinh binh hanh khi va chi khi AD=BM - D|(5;1;—1]

Oxyz . A(-];2;4)’ B(3;0;-2) v

Cau 33: Trong khong gian vi hé truc toa do , cho tam giac 48 C co

37 ) Goi D chan dudng phén giac trong ha tr 4. Tinh OD
J207 J205 J201 J203
A 3. B. 3 . c. 3 . p. 3
Loi gidi
Chon B

AB =2\14 3 AC =14 4o 46 AB =24C sy 1o DB =2DC

Ly L D

DB =-2DC gy 1a

L | Lh
IS
£

Do D 1a chan duong phén giac trong va DB = 2DC pen

J205
oD = 201

Vay 3




Ciu 34: Trong khong gian voi hé toa d6 P%7, cho hinh binh hanh ABCE ygi

-] e %, 2.
AG;1:2),5(1:0:D,€2:3:0) 1 g6 dink E 1a

4 i 2. .
4 E@:4:), g, E©:2:-1). c. E:3:-1). p. EQ:1:2).
Loi gidi
Chon A
Cén nhé: Néu ABCD 1 hinh binh hanh thi 48 =DC hojc 4D =5C.
Ap dung: » N
 E(x:y:z) AB =(-2;-1;-1) _, EC =(2- x:3- y;-z)
G(.)l . Taco va .
PP
R R
AB=EC <= {}-y=-1l=y=4
Vi ABCE 13 hinh binh hanh nén Fr=l 2=l g EGA.

Cau 35: Trong khong gian voi hé toa do Oxyz, cho tam giac ABC ¢4 A (1;-2;3), B(- 1;0;2)Vé

G:-3; Z)Ié trong tam cua tam giac ABC  Tim toa do diém C,

- . 'j._ . . ™.
A C(3: 7,1)' B.C(" 4 1)_ C.C(l._ 1; 3)_ D. c(3,2,1)_
Loi gii
Chon A
G(1:-3:2)

1 trong tim ctia tam giac 4BC nén ta co:

X. =3x;- (x,+x;)=3.1-(1-1)=3
Ve =3y, = (y, +y,) =3.0-3)- (-2+40) =-7
z. =3z;-(z,+z,)=3.2-(3+2) =1

Nén C(S;-?;l).

Oxyz . AQ;25-1) B(2;5-1:3)

Cau 36: Trong khong gian véi hé toa do , cho tam giac 4BC ¢6

C(-4;?:5).Toa dd chan dudng phan giac trong goc B ctia tam giac 4BC 1a
11 ' '
A3 B. Y c.'3 33 p.| 33
Loi giai
Chon D
B
4 I - C



Ta 6 BA=JE_G._BC=EE'

i 000
D(x: y:z) ’ ﬂ:ﬁ:% DA =- I;DC{*}
Goi "7 %7 theo tinh chat phan giac taco PC  BC 2 Syyra -
UL _ A . o L _(. A e
Ta co P4 (1- x:2- y:- 1 _}VéDC (- 4- x:7- y:5- z)
ol
I- x=- —{- 4- x=- =
X “{ x) 3
1 11 211 @
()b f2- y=- 2(7-2) b L= P DF Sl
2 3 33 8
1 z=]
- 1o z=- (5- 2)

Cau 37: Trong khong gian Oxyz, cho vecto ¢ =(:2:- 2). Tinh d¢ dai vecto 4-
ald=22, . 11=8. c =3 p.11=2
Loi giai
Chon C

T ot |a| = 1P +27 +(-2) =3.

Cau 38: Trong khong gian 07 ho didm 4C%312) pg dai doan thdng O4 bing

A 13, B. 11, c. 17, D. 0.

Loi gii
Chgn A
04 =[(-4)* +3° +12° =13

N N - T |
Cau 39: Trong khong gian véi hé toa do Oxyz, cho hai diém A(I’O’l)ve‘l B(4:2; '). Do dai doan
thang 4B bang

A2 B. 4. c. V22 D. 22,
Loi giai
Chon (qu
.. AR =(3;2:-3)
Ta co:

1 -
— AB :|,43‘ _ h: +2+(-3) _/n
Vay do dai doan thang 48 bang V22

Cau 40: Trong khong gian @7 | cho hai diém 4(0;6: 0), B(0;0:8)

. Do dai doan thang 4B
bang

A. 100, B. 10 C. 48, D. 0.
Loi giai
Chon B



48 =J(0- 0 +(0- 6 + (8- 0)' ={100 =10

Céu 41: Trong khong gian @Y7 _ cho hai diém A2;3:4) va B(3;0, l). D6 dai vecto 48 1a
A. \/E B. 19. C. \/E D. 13.

Loi giai
Chon A

48| =[G - 5) +Gy - 30 4G, -2 =0 |

Do dai vecto

OxyZ ¢ho hai vecto 7, ¥ 13n luot 13 cac vecto don vi trén céc truc &Y, Oz |

Cau 42: Trong khong gian
Tich v6 hudéng Jk bang
A. 0. B. 1. C.3. D.2.
Loi giai
Chgn A

Ta co: :(0:.1:_0); k :(0;0;1)_

Suy ra JE=0.0+4+1.0+0.1=0

1
=(- 3:1:2 =(0:- 4 SR
Cau 43: Trong khong gian Oxyz, cho ¢ (- 3:1:2) va b=(0: 4‘5}. Gié tri cia @b bang
A. 10, B. - 14, C.6. D. 3.
Loi giai
Chon C
= (- - 4)+2.5=
Ta co: @0 (- 3).0+1.(- 4)+2.5 6
w=\-30:1) v =(0:1:
Cau 44: Trong khong gian @7 | cho hai vecto (-3 ), Y (0’]’1),khi do
A uv=1-43, B. uv =3- 43 c. uv =0 D. uv =1,

Loi giai
Chon D

TRE :(--.E).U+D.I+I.I =1

Ta co:
1 1

Cau 45: Trong khong gian Oxyz , g(_)ij 1a gbc giita hai vecto @ va P, véi @ va P khac O, khi d6

Y ing
ab ol ab_ |2/
alehpl B ab . lel+[el. . [l
Loi giai
Chon A

Céng thirc tinh goe giita hai vecto @ va P, véi @ va b khac O:



rr L
cosla,b) = £%

Cau 46: Trong khong gian voi hé toa do Oxyz, cho ba vecto a=(-11 0}, b :(1; 1;0), ¢ :(1; L 1).

Trong cadc ménh dé sau, ménh dé nao sai?

A. H :ﬁ. B.alb C. H :\/5. p. blc
Loi giai

Chon D

Ta co

4y @110 g =2 A diing.

=110~ |4=V3 C ding.

1)
I bc=11+11+01=2=0 _, D sai.

)

Cau 47: Trong khong gian véi hé toa do V7 | cho cac didm AG; _4;0), B(- 1;1;3), C(3’1’0). Ti

d6 diém D trén truc hoanh sao cho 4D =BC
D(-2:1;0) D(-4:0:0)

m toa

_ D(0;0;0) D(-6;0;0)

A B
c. 06:0;0) p(12;0;0) p. D(0:0:0) D(6:0;0)
Loi giai
Chon D
> x =0
AD =BC 1,.'-3 16 =5
. D(:0)eox = - 3) = [.‘r =0
Goi ; .
Cau 48: Trong khong gian véi hé truc toa do Oxyz , cho diém A (2; % 1). Tinh d6 dai doan théng OA
A OA =3 . OA =9 c. OA =5 p. OA =5
Loi giai
Chgn A
OA =2 +2°+T =3
Cau 49: Trong khong gian OX)Z ho hai vecto ¥ =(2:7 ED) v =(-3:4-5) g6 4o cua gbc gifta hai
vecto ¥ va V bang:
A. 1507 B. 1207 C. 60° D. 30,
Loi giai

Chon A



ey 2EDEDACS)
AP (3T #4745y 2

]

Ta co: J

£ e . . (H.‘.‘l‘)ZISBD.
S6 do cua goc gitra hai vecto ¥ va V bang:

a=(m:3:4):6 =(4:m:-7)

Céu 50: Trong khong gian véi hé toa do @7 cho hai vécto . V6i gid tri nao
ctia ™ thi @ vudng goc véi 02
AL B.3. C. 4. D. 2.

Loi giai
Chon C

Ta c6: 4 vudng goc voi b kni ab =0 = 4m+3m-28 =0= m =4 Chon dap an C

‘Dang ®: Cau trac nghiém duang, sai

Céu 1: Cac ménh dé sau dung hay sai?
a) Trong khong gian OXVZ | cho hai véc to =i3+k V=S V3 +k . Khi @6 tich v hudng

ciia 4V bang 2

b) Trong khong gian Oxyz , cho hai vecto J , k 1an Iuot 1a cac vecto don vi trén cac truc Oy ,

Oz Tich vo hudng Jk bang 3

9 T |t =3]= 9
¢) Trong khong gian PV | cho hai diém A= 1; }}Vé BC-2:1; ]). D¢ dai doan thang

AB bang V17

=(2-- 3 =f-14=7
Oxyz a =(2; J,])Véb (- 1:4; ”).Gié

Trong khong gian vdi hé toa do , cho hai vecto

d)
tri cta biéu thie a-b béng' 16

Loi giai

a)S b) S cb db

a) Taco

b) Ta co: ’I:(O:'I;D); 'E{:(O:-D:-l)_suyra Jhk=0.0+1.0+0.1 :U'



o) Vi 4B =0 +4+4 =17

0 ab=2.-1)+(-3)4+1.(-2)=- lo

Oxyz

Cau 2: Trong khong gian véi hé toa do , cho ba vecto

ménh dé sau dung hay sai?
-

a)

b) @l b

) H=

d) blc
Loi giai
a)b b) b b d)S
a) a=(-1L0)= 4 =25 a) ding.
b) ab=-1.1+1.1400=0 = 4 | p = b) dung.
c) e =151 = M:ﬁ = ¢) dang.

d) boo=l.1+1.1+0.1=2 =0 = d)Sai.

Céu 3: Cac ménh dé sau ding hay sai?

Oxyz a=(2:4:-2) , b=(- 2:3)

a) Trong khong gian , cho hai vecto

cua hai vecto @ va b bang - 22

Oxyz u =(3:0:1) »=(2:1:0)

b) Trong khong gian toa do , cho vecto

bang 6

uy (51 4) u, (0;131)
c) Trong khong gian Oxyz e =

béng 60°

a=(-11:0) »=:1:0) ¢c=(L1) .,
, , . Cac

. Tich v6 hudng

. Tich v6 huéng “V

, cho hai vecto , . Goc gitra hai vecto da cho



=(1:3: h =(-2:2; o =-1;2; 2 ,
d) Trong khong gian Oxyz’ cho céc vecto & ’3), b =( ) va ¢ (-1 1}. Tich
C.(a - b) .
vO hudng bang 5
Loi giai
a)S b) b c)S db

a) Ta cé: ab :2.|+4.(‘2)‘ 2.3 =-12 .

b) Ta co: 4 =32+0.1+1.0 =¢

¢) St dung cong thuc tich vo hudng cua hai vecto, ta co

g o -3 I i
T L __ 1 Sy e
I:DS(ea,._u:)_J ::: _Jﬁﬁ =3 = (u,._u:)—IED

i,

-k =l1-(-2)y13- 13- e F =217
) Tt bii fodin fa 6 ° b=(1-(-2):3- 2:3 |)haya h_(z._l._u)_

- —(- o) 1 —5 ; - —
Dodo':'(” b)=(-1)3+2.1+3.2 H.Vay.:.(a b) 5

a=(1;-23)  b=(2-1-1)
va

Cau 4:. Trong khong gian voi hé truc toa do Oxyz cho . C4c ménh dé sau

dang hay sai?

Y [a,b] =(-5-7:-3)

b) Vecto 4 khong cung phuong vai vecto b,

¢) Vecto a khong vudng goc véi vecto D.

, -

Loi giai

a)S b) S c)S db
[a,b] —(5,7:3)

a) Taco
1 -2 3
g = =

b) Do 2 -1 -1 penvecto @ khong cung phuong véi vecto b nén b) sai.

nén a) sai.




. ab=12+(-2)(- 1)+ 3(- 1)

c) D =1 nén vecto a khong vudng goc vdi vecto bnén C) sai.

=7+ (2 +3

d) Tacod :\/1_4 .nén d) ding

~(-1,1,0) b=(110) c=(111
Cau 5: Trong khong gian véi hé toa do Oxyz,cho ba vecto & S 1’0}, (51 ), c=(L1; ).Céc

ménh dé sau dung hay sai?

o 4542
b) alb
-
d blc
Loi gii
a)b b) b c)b d)S

a=(-110)= |d =2
a)

= a) dang.

b) ab=-11+11+400=0 & 4 p > b) diing.

c=(1,1,1) = |d =3
c)

= ¢) dang.

g be=11+11401=220 5 o o

Cau 6: Cac ménh dé sau dung hay sai?

Oz o @ =2i- 3 +4k A(:0:-2) . B(2:-11)

a) Trong khong gian cho . Tich v6 hudéng

uuuy

a.4AB ping 17

a =(1:-2;3) b=(-2:1;2) (a+b)b

b) Cho hai vec to Khi d6 tich vé huéng bang 10

Oxyz H :(_ "ﬁl I:II i)lé 60°

c) Trong khong gian , gbc gitra hai vecto ! va

d) Trong khong gian Oxyz , cho hai diém A% -1 2) va B(2 1 1)

bang \G

. Do dai doan AB



Loi giai

a) b b) S 0SS d) b

=(2:-3
2 Ta c6 @ (2:-3:4)

AB =(1:- 1:3)

adB=21+(-3).(-1)+43 =17

Vay
b)Taco @ H0=C 115 = (a+b)b=-1.(-2)+(-1).1425=11
c) Taco i =10 O).

) (J?T)+oo+o|
'J — . -3

cos(i u f.u +'3' +1° _ 5 7 (i,u) =150°

Vay:

n00

9 Tacs: AB= ‘4.51 J(z- ' +(1- (- 1)) +(1- 2) :JE'

Céu 7: Cac ménh dé sau ding hay sai?

= "7 r=(1-=1- 7y
a) Trong khong gian véi hé toa do Oxyz , cho vecto " ('x’z’l)vé v=(:- 120 ) Tich vo
huéng ctia ¥ va Vbang 3x-2
. . .2 AG273)  B4&LS)
b) Trong khong gian véi hé toa do Oxyz , cho hai diém ( ) va ( ) do dai cua

doan ABbang ZJE

. Al 21 ,
¢) Trong khong gian vdi hé truc toa do Oxyz , cho diém (22 ) Do dai doan thang OA
bang 3
—(. 71" —(1--1-

d) Trong khong gian @Y7 | cho cac vecto * ( "]"), b =(1 ]'D). Tich vo hudng
a-b)b .

(a-2) bang 12

Loi gii

a)b b) b ob d)S



2y o = +2CD+1.2x =35 5

b) Ta cé: AB=(6;-6;2) . AB=\/36+36+4 =210
o) OA=AZ+27+F =3,

-b=(-3:22)=(a- b)b =-5
d)Taco 22)= (a-5) .

Céu 8: Cac ménh dé sau ding hay sai?

: 2:1;-
a) Trong khong gian véi hé truc toa do Oxyz , cho hinh binh hanh 4B8CD  Biét A(2:1, 3),

R T .1
B(0:-2:5) [y C(LL3) bitich hinh binh hanh ABCD 13 ¥349

a=0:0;-2) . b=(2:-13)
va

b) Trong khong gian véi hé toa do @7 | cho hai vecto =7 Tichcé

T D s e . A1y 25- 01
hudng cua hai vecto ¢ va b 1a mot vecto co toa do la ( )

I 1
' (h2- (1. a,b} .

¢) Trong khong gian @Y7 | cho hai vecto a(2’3’1), b( 2’1’2). Khi d6 [ c6 toa do biang
(2;0;1)

I
d) Trong khong gian Oxyz , toa d0 mot vecto " vudng gbc véi cd hai vecto
1 1
a=(LL- 2).b=(103) |, (- 3- 1)

Loi giai
a)b b) S c)S d)S
TN L LIl ULl
. AB =(-2:- 3:8) BC =(1:3:-2) [AB-. BC| =(-18:4:-3)

a) Taco: , . Suy ra .

g g

S, =l 4B, BC||=y(- 18) + 4% +(-3) =349
Dién tich hinh binh hanh 4BCD 3. ~ ¢ ‘[ ' H “’ .

b =(-2:- 7:- 1)
b) Tacod [ﬂ' l - .
rrpIL 2 23
ah :‘ : . H:(S;—ﬁ 8)
, 1 2112 -211-21
c) Taco /




I
N

a

r I % Il\,l_

~ n=g,bg=13;- 5- 1
bp Chon H_( )

pY

S S -

d) Ta co: 1
Céu 9: Cac ménh dé sau ding hay sai?

2) [u,v] =0

< U _V cung phuong.

X A N N, u,v A , , . . o 2
b) Néu ¥, V khong cung phuong thi gid cua vecto [ ] vuong goc voi moi mat phang song

song vdi gia clia cac vecto U va V.

¢) |[H._1']| :|.!.l||1'|.l:|:|5(“__1.).

d) [u._r].u Z[H._r].r ZD.

Loi giai

a)b b) b ¢S d)b
a) Chon dung

b) Chon dung

) Ta chiimg minh 1" ]| =ullsinGey)

Gia sir ¥ Z(u,.ju:.ju_.\) va v :(\];\‘];\‘;).

|[u._1']| =|u||1'|.sin (u.v)

+) Néu mét trong hai vecto % va ¥ 1a vecto 0 thi ta c6
+) Néu ca hai vecto ¥ va ¥ déu khéc vecto 0. Khi do ta co

()

ufpI =

=] |

|[u._1']| :|u||1'|.sin (e, v) =|u||1'|. I- cos” (u,v) TRATRE (u.r):

:J(u:r_.\ - 1'31.13): + Gy - v, )+ (ae,v, - 1',1.13)3 =‘[u,v”

i [u._r“ :|u||1'|.sin (ee,v)

Tacod | nén khing dinh c) sai.

d) Chon ding

Oxyz

Cau 10: Trong khong gian v6i hé truc toa dd cho ba vécto

—(1:2:-1).6 =(3:- 1:0), ¢ =(1:- 5: 2 ‘
a =(1:2:-1.b =(- 10)e =(-5:2) 0 hanh 43 sau ding hay sai?



a) 4 cung phuong véi b
b) @,b ¢ khong ddng phéng.
c) ab c dong phang.

d) ¢ vudng gbc véi b

Loi gidi
a)S b)S c)b d)S
a) Chon sai
b) Chon sai
|a:b] =(- 1-3-7) 20 -
c) Taco: .Hai vécto , khong cung phuong.

[u.‘hl.L':—IHS—M:D , e
.Bavécto ¢,0 € dong phang.

d) Chon sai

Céu 11: Cac ménh dé sau dung hay sai?

Oxyz M(2:1;-2) ~N(4;-51)

a) Trong khong gian véi h¢ toa do , cho hai diém . D§ dai doan

thing MN bing 7

u=(1:0:3) v =(x:- 1:1). N&

Oxyz éu UV =3 thi d6 dai cua

b) Trong khong gian > cho vécto

M bang V2 .

-

¢) Cho! “1§1J0),V:(0J‘1J0J,géc gitta hai vécto U va v 1260°

d) Trong khong gian , cho cac vecto . Tich v6 hudng

a.(2a - b) 1531

Loi giai

a)b b) b 0SS d)S



. MN :J(4- 2Y +(-5- 1) +(1- (-2)) =439 =7

a) Taco
b) Taco: UV =x+3

Ma 4Y =3suyra x+3=3 e x=0
Vay v=(0:-1:1)= H =~,||||:+(—I i =wﬁ

EDS u, 1 i
) |u|| | 1= (u v) =135
c) Taco .

d) Ta co: 20 =(20:4): 2a- b =(0:5:3) = al2a-b)=1.0435+23 =21

Céu 12: Cac ménh dé sau ding hay sai?

=(-2:-3: =(1:0:
a) Trong khong gian Oxyz , cho cac vecto a=(-2-31) va b (1’0’1). Cosin gbc gitra hai

1
vecto @ va b bang 27

Oxyz w=(2:-1:5) , v=(1;-3;-2)

b) Trong khong gian , cho céac vecto va C . Tinh v6 hudng
u.(u— v) bing 41
I 1

c) Trong khong gian Oxyz’ cho céc vecto =(r0:1) va b _(1’2’]). Tinh v0 hudng

a2+ b)

bang 6
—(1-- - s =l--1-
d) Trong khong gian @7 | cho hai vécto @ "])Vé v=( "]‘]), gbc gifta hai vecto da
cho bang 120°
Loi giai
a)S b) S c)b db
)
cos g = b +0+1 1

| ||.'Er| J4+EJ+IJI+D+I ) Eﬁ

a) Goi ¢ 1a goc giira hai vecto @ va b taco:

b) Ta ¢ w-v=(1:;2:7)

Suy a u.(u- ‘»’) =1.2+2.(-1)+7.5 =35



Viy u.(u - r) :35.

x =wr=t1:=-4: Av-v) =12 - - 5
Phuong 4n nhiéu B: Ta co u-v=(1; 4’?).Suyrau(‘ ‘) 1.2+4(-4).C- )+7.5 =41

X = =\1:=-4: Av-v) =12 - - o]
Phuong an nhiéu C: Ta c6 u-v=0; 4’3).Suyrau(‘ ") 12+(-4).(- 1)+3.5 =21

u-v=(1;2;7) wlv-v)=2.(15+127 _,

Phuong 4n nhiéu D: Ta c6 .Suy ra

r ro o
20 =(2:0:2): 2 =(3:2:3)P al2a+b|=13+02+13=06
¢) Tacéd: - (2:0:2): 2a +b =(3:2:3) ﬂ{ a ] )
':DS-(H;].'):
d) Taco

oy -3 :—l:(u;r)ZIEUJ

-] Voo 2

Cau 13: Cac ménh d sau ding hay sai?

Oxyz a =(2:0;-1) v b =(1;-1:0)

a) Trong khong gian "7, Tich vo6 hudng

a.(b+2a)

, cho cac vecto
bang 7
Oxyz

0 =(2:1:-2) . b=(0:-42:N2) _,
va . Tat
26 +2

N ., ., 2 . — 2 T — - A ’ \
ca gia tri cia ™ @€ hai vecto ¥ ==a@ % 3mb vy v =ma-b vuong goc la 6

b) Trong khong gian véi hé toa do , cho hai vecto

¢) Trong khong gian OXVZ | cho hai vecto ¥ =(2i7 BD) v =(-314-5) g§ 46 cua goc giita hai

vecto ¥ va v bang 120°

d) Trong khong gian Oxyz , cho céac vecto a =(1;0;0) va b :(2;0;]). Tinh v6 hudng
ala+2b) .
( ) bang 5
Loi gidi
a)S b) b ¢S d)b

Cb+2a=(5-1-2)= alb+2a)=25+0.D+(-1(-2) =12
a) Taco .

b) ab =-32: aa =9 bbh=4.



Hai vecto # =2a+3mb vy v =ma-b \ysng goc
= uv =0 2maa-2ab+3Im’ ab- 3mbb =0 |Sm+f:|~..E- 9\,-!2_}”: = 12m =0

7 5
= =32 +2m+2J2 =0 m :ﬂ.

]
cus(;;-): 2.(-3)+(- D4 +1.(-5) -\
J23+(—I): +I3.J(—3): +4+(-5) 2

c) Ta co: . S6 do cua goc gitra hai

s wy) =150,
vecto ¥ va Vv bang:

2b =(4:0:2),a+2b =(5:0;2)= a.(a +26)=1.540.0+02=5
d) Ta co:

Cau 14: Cac ménh dé sau dung hay sai?

Oxyz , cho cac vecto

—(1- 1 (.
a) Trong khong gian a =(1; 3; B)Vé. h=(-2:2:1)

a.(a— b)

. Tich v6 huéng
bang 12

—(.71" 1.1
b) Trong khong gian @7 cho cic vecto a=( "]"), b= ]'D). Tich v6 hudng

-b)b .
(a ) bang 12
=1:- 2:- =(2:1:- o
¢) Trong khong gian @7 cho cac vecto (- 2:-1) va b =21 1}. Gia tri cua
- V2
cosla.b) ~ 5~
( )1a 2
d) Trong khong gian @¥Z cho hai diém A3 L-1).B(2:2:-2) Néu M 13 diém ndm trén doan
AB sao cho AB =2MB thi d6 dai OM bang 3
Loi gidi
a) P b) S oS d) b

- h=l1-0(-2Y)2- 2 3. A
2) Tir bii todn ta c6 @ b=(1-(-2);3-2:3 |)haya b_(3..|._u)'

ala-b)=13+3.1432=12
Do d6 .

-h)=12
Viy {1.({1 b) lu'



-b=(-322 -b)bh=-5
b)Tacc')ﬂ -3 '):(ﬂ ) .

m(;__;) :|.3+(— 2).1+(-1).(- 1) _1

¢) Tacé JI+4+1J4+141 0

d) Vidiém M nam trong doan 4B nén dua vé véc to:
1 11— ' -5
MA+2MB=0= M ‘ 73,03 ‘

33 3]

Tir day ta suy ra OM =11,

Céu 15: Cac ménh dé sau dung hay sai?

a) Trong khong gian véi hé toa do Oxyz ,cho @ va b tao vo1 nhau mot goc 1200, déng thoi
b| =5 k=2
‘a‘_zvé‘ ‘_ .Pat U =k“'bvéb':“+2b.Dé“J—Vthigiétricﬁaklél 2

Oxyz AB =(1;- 2;2)

, cho tam giéac ABC ygi

V29

. Do dai duong trung tuyén AM cua tam giac 4BC 1a 2

b) Trong khong gian véi hé truc toa do
AC =(3;- 4; 6)

Oxyz A 13-2:3),B(0:3:1),c(4:2;2)

c) Trong khong gian , cho ba diém

9
Bac bang V35

. Cosin cua goc

Oxyz a :(I;O;I)Vé b =(0:2:1)

d) Trong khong gian , cho cac vecto . Tinh vd6 hudng

a.(la +b)lél 6

Loi giai

a)S b) S ¢S d)b
u- _ 1.' ﬁr uy =0« (ﬁm = b)(ﬂ + Eb) =0
a)

—-

o k|;|: +(2k - Dab - 2]p[ =0 -6k~ 45 =0 & k =-

b | D

b) Ta cé

B =P +(-2F +22 =9 AC? =32 +(-4F +6° =61 AC.AB =13+(-2)(-4)+2.6 =23

3 3



W » UL OO 42

_ ) Ud 5 UL Ul U
BC =(4C- 4B) 4 iy - 2% s =6149- 223 =24

_AB +AC* BC® _9+61 24

' , AM? 24 o9
Ap dung cong thirc duong trung tuyén ta co: 2 4 5 2
Vay AM :\129_
— T T[T U i
¢) Taco AB =(5:-2)4C =(5:4-1) = ABAC =27.|4B :J?E;‘AC‘ —J12

]]j ]]j' g g
EDSEAC:EDS(AB,AC) :ﬂ—ﬁ—: 27 _ 9
[48||4¢| = o 2455

D Ta og: 20 =(50:2) 2a+b =(3;2:3) = a(2a +b) =1.3+02 413 =0
a Co: S S .

Céu 16: Cac ménh dé sau dung hay sai?

a) Trong khong gian @Y% cho hinh hop ABCD.ABCD ¢4 A(1;0:1), 8(2:1:2),0(1;- 1;1)

Gegny -
1°(1:1: - cos . . =
va A0 G i cia 7 T bing 3

-2:2; 1 2; 12 +b+ .
b) Trong khong gian Oxyz’ cho a( 2’2’0), 5(2’2’0), 0(2’2’2). Gia tri cia |a C‘ bang
11

=1 =(-1:0:-2 cos\a:b) .
¢) Trong khong gian 97 | cho hai vec to (2:1:0),5 =(- 1,0, “). Khi d6 (a:t) bang
2
5
d) Trong khong gian Oxyz, cho céc vecto =(]'Il'3), b=(-215) va c=(1- 32). Tinh tich
a.(b- 2c) .
vO huong bang 6
Loi giai
a)b b) S c)S db

o AB=(:1D.4D =(0:- 10), 44 =(0:1-2).BD = -2 1)

) ) .-:JJJ +JJJ +J-IJ.- _I_IJ.Ir: .I -._
Ap dung quy tac hinh hop ta co: AC'=AB+AD+ Ad'= AC =(LL I).



0o oood j;;_i BD -2 _ﬁ
I_II_II__II_I . (H[H[N] ':DS(.":!C B D
Mit khac, B D =BD nén "~ AC'BD’ .,,FJ‘

,a+b+e=(2;6:2)= |ﬂ+""+ﬁ'| =N2T 40"+ 2 =J44 =211

b) Ta cé
o 2
n:ns a, .6) - =
, la|- o e J( |)+o N E
c) Taco. .
 b-2c=(-2-211- 2(-3);5- 22)=(- 471 .
d) Ta co: nén

a(b- 2c)=1.(-4)+1.7+31=6

Céu 17: Cac ménh dé sau dung hay sai?

Oxyz . A2:0;0) B(0;3;1)

a) Trong khong gian voi hé toa do , cho tam giac ABC ¢4

c(- 364)

30

Goi M 1a diém trén canh BC sao cho MC =2MB  pg dai doan AM bang

=(1:1:-2 =10 \ =
a =(11-2) [ b =(:0m) oo i ching bing 45 khi ™ =2 V6

b) Cho hai vecto
a| =243, b =3 a,b)=30
c) Trong hé toa do OxyZ  ¢ho hai vecto @ va b thoa man | | J_| | va ( ) .bo
dai cua vecto 3@~ 2b bang 22
d) Trong khong gian vdi hé toa do Oxyz , cho hai diém B(-1:-1,0) va CGiL:- 1). Toa do
M ‘ 0;3;0]
diém M thuoe true P va M cachdéu BC 12 | 2
Loi giai
a)S b) b ¢S d)S




15
Taco B€=C333) i didm M thuge canh BC va MC =2MB ney 3
BM =(- 1;1:1)
. AB=(-2:31) , AM =AB+BM =(-3;4;2)
Laico nén .
Juuu 7
AM ‘A w‘ =JC3) +47 422 =D
Viay .
I:DS(_F_F ) 1- 2m
U,v) =——
b) -.-"Ew.-‘m: +1
Goc gitra hai vecto @b ¢4 58 do 45° neén ta co:
- %m (1- 2m =0
I -2 — '\‘ + 2 2
\r\-‘m +1 J_ﬁ 2m =3 (- 2m) =3(m* +1)
|
1 m *_i;
m=— =
'} :‘} -
= - = ;:::E-JEQ”’ 2- o
m” - 4m- 1=
|m =2 +~.-"E
. (Ba2p) =300
c) Goc gilra
a- 28] =af +[20[ - 2 pal 28] cos30 =(64E) + () - 265.6. %2 =36
Ta co: 2
Suy ra:
d) Goi M (0; y:0)€ 0y 1a diém thoa man.

BM = J1+(y +1) ., oM =9+ (- 1) +1
Ta 6 1,’ (y+1), ﬂf (y-1 .

Vi M cach ddu B:C nen

M{D;E;U]
.4

Vay

Céu 18: Cac ménh dé sau dung hay sai?

a) Goi % 1a goc giita hai vecto

a=(1;2:0) . b=(2:0;-1
va

)

, khi d6 €°5% bang

BM =CM = 1+(3+1) =10+(3- 1Y 2 4y =9 y :%

2
5

, do do



ONZ o hai didm 420D 3 BE3:0:4) o

b) Trong khong gian véi hé truc toa do
doan thang 4B bang 6

. A(-1.2:4) B(-1:1:4 0
¢) Trong khong gian véi hé toa do Oxyz , cho cac diém (-12 ), (11 ), C(O'O'4).

S do ciia goc ABC la 45

d) Trong khong gian v6i h¢ truc toa 40 Oxyz’ cho diém A22; 1). d6 dai doan thang OA bing
5
Loi giai
a) D b) oS s
o 2
ﬂl"?—| ||h||:05.:;r::a-|:05c;r _:
fol ||*"| s
a)
b) Ta co . AB J( 3-1F +(0- (-2)) +(4- 0F =Jlo+4+16 =36 = =6
]]‘j‘ ]]-j- Ul U )
= cos4BC =cos(B4, BC) _ B 1
OTac BA(OlO) BC(1;- 1,0) Bl 2
= J%_BC‘ =135° .

d) OA =2 +2°+1 =3

Céu 19: Cac ménh dé sau ding hay sai?

a) Trong khong gian voi hé toa do Oz cho ti dien ABCD i A(O;O;l), 8(0;1;0),

1

N s Ml T N / N “
C(:0:0) , DCE23:-1) s ich knéi i dien ABCD bing 6

b) Trong khong gian v4i hé toa do OXVz cho ba diém c6 toa do

22 5 . 5
A1), 52251, (13- 1) Goi M 1a diém nam trén tia O) sao cho thé tich tir dién

1
ABCM ping 2 . Tung d6 cua diém M 1a 1



2 1:=2) - 1" o e D
c) Trong khong gian Oxyz , cho ba diém A(15-2);8(3:1,0),0(2:2; I). Tam gidc ABC ¢4

dién tich bang 26

O%Z, ¢ho 4 diém tao thanh tir giac 10i A(2:0:- 1),

136

. Dién tich ciia tir giac ndy co gia tri bang 2

d) Trong khong gian véi h¢ truc toa do
B(-2;1:-3) c(1:2:2),0(0:- ;- 5)

Loi giai

a) D b) D S d)b

(ABC):%+*:—I+i—=| = x+y+z-1=0
a) Taco

8C :"JE: g = ﬁ

= 5 —_
AB =BC =CA=J2 2

S

d (p;(4BC)) :% :% V osen :%d(ﬂ;(fagc)).sm =

. Vay

6

1 1
343

b) Goi toa do diém M 13 M =(0;m;0) voi m>0

Uulg uuad

AB =(1:2:0), AC =(0:%-2)= | 4B,4C| =(-4,2:3)

S| NN}

AM =(-1:m:-1)

@O0 OO, 0000, |
y :—‘[,43._.4::] AM|=—Pm+1|=—=
§ 0 2

ABCMH

m==2()
(

m =1 ({tm)

Suy ra
Suy ra tung d6 cta diém M bang 1.

c) Taco

L

AB =(2:0:2), AC =(1:1:3)

Ul Uy
: [

AB.{fiCl =(-2:-42)

(00 00O
5..'31' :l‘[AEACI ‘ :‘U{E
Dién tich tam giac 4BC 1a: 2 .



N ; 2:0:-1), -2:1:-3 2 = -5
d) Chiéu Iin luot céc diém A20:-1). B(-2:1:-3) €(:2:2).0(0;- 1:-5)

1én mat phang

(O%) ¢ duoe cae didm A 2000, B (-2:1:0) € (1:2:0). 0 (0:- 1:0)

~

B ( —_
o

s =S +5. =L A 3] o L[ 45,40 -

i 0, 136
Dién tich cua tir giac ABCD 2

Céu 20: Cac ménh dé sau dung hay sai?

a) Trong khong gian toa do Oxyz, cho tir dién ABCD y4i

T T e o P 1 8
ACG 1-2:4),B(-4;-2:0),c G; “"Ijvé D(l’l’l).B(f)caocﬁatl'rdiénkétfr Dbéng3

b) Trong khdng gian véi hé toa 46 @7 | cho nim didm tao thanh mot hinh chép c6 day 1 tu

-y Ne_ 1. .- .2 7.
giac voi A(0’0’3), (2 1’0), C(3’2’4), D(l’3’5), 5(4’2’1). Dbinh cua hinh chép tuong

mg 12 Piém C

—4 -7 - B ,
c) Trong khong gian OXVZ ¢ho hai vecto =(4,-2,-4).6 =(0; 3"“).Gié tri cua bicu thirc

‘(za 36 Na+ Z’h)‘ bing 200

—(1- - —(-7 7
d) Trong khong gian 97 | cho cac vecto (1: 0:3) va b=(-2;2; 5). Tich v6 hudéng
al\a+b) .
( ) bang 23
Loi giai
a) D b) D oY) d)s

Uy uad

L] W|NN]
AB(-3:0:-4), AC(4:0:- 3),[AB,AC

, =(0:-25;0)
a) Ta co: .

Chon vecto phap tuyén ctia mit phing (ABC)la n(01; O).

Phuong trinh mit phang (ABC)lé: y+2=0 .



||+2|

Jo s +00

1 =

Do cao / cua tur dién ké tr D bing khoang cach tir D dén (ABC). Vay

b) Xét dap an A chon diém C 1a dinh, ta co:

AB =(2:- 1:-3) 4D =(1:3;2) AE =(4:2:-2) AC =(3;2:1)

e [ [N H[NH]
0l o AB. AD| AE =4.7-2.7- 2.7 =0
[AB._ AD] =(7:-7;7)= {.mi mf - ood
[AB._ AD] AC =3.7-2.7+1.7 =14
Véi -

Suyra 4, B, D, E dng phing. Vay diém C 1a dinh cua hinh chop.

. 2a-3b=(-10;5-14) a+2b=(6:-80)
c) Taco: ; .

‘(za -3 )a + Zﬁ)‘ =200
Vay: .

— _7) I —(-1- -
d) Tir bai todn ta o ° 0 (1+( “)'-D“'-?’*”)hay”“" -12:8)

Do d6 ﬂ-(ﬂ +h) =1.(-1)+0.2+3.8 :33.

Viy i?.(ﬂ - b) 223'

Céu 21: Cac ménh d& sau ding hay sai?

09 =2 b=,

a) Trong khong gian v6i hé toa do , cho hai vecto @ va b théa man

,b) =30 .
(ﬂ ) . Do dai cua vecto 3a- 2b bang 6

b) Trong khong gian véi hé toa do Oxyz , cho tir dién 4BCD | piét

7.17. ' ey R [
A(“’S’l), Bl&L; 2), 6(6’3’?), D(-5:-4 8). Do dai duong cao DH cua tir dién

45

c) Trong khong gian Oxyz , Cho hinh hdp chit nhat ABCD.ABCD c6 A tring véi gde toa

B(m:0:0) DCO:m:0) A0:0:m) [ w1y che s duomg va m+n =4,

64
Goi M 1a trung diém ciia canh CC” . Thé tich 16n nhét cta khéi tir dien BDA'M bing 27

d6 O. Biét ring



d) Trong khong gian voi hé toa do OXVZ ho hinh lang try 4BC.4 BC ¢4 toa do cac dinh

[ a 3 a ‘
2 727 A(0:0:24a)
va

A4(0;0:0) B(0:a:0)

a*6

di dong trén canh 44 . Dién tich nho nhit cta tam giac MDC" 13 4

Loi giai

ab b) b b d)b
cns(;.:b) =cos30 <= ﬂ :ﬁﬁ a.h =9
el 2

a) Ta thay

e

Ba - Ebr =(3a- 2b) =3[d[ - 6ab +4|b|: =36

. Goi D 1a trung diém canh BB va M

) |3a - Zb‘ =6
Vay .
. AB =(2:-2;-3), AC =(4:0,6), AD =(-7;-7;-9)
b) Ta co6: .
U UL TETRRTT UL LU

[AB._ ACI =(-12;-24;8) [AB._AC

000 000 , Om (000 000
V o :_HAB._AC] AD|=30 s, :_‘[,43__14,:” 14
- 0 . .
Suy ra: : 2 '
W e 45
Suy ra d6 dai duong cao DH cua ttr dién 4BCD pang Sic T
c)
z
IA' B
D ’,’i \\\\:\\ c
l' i \\ R/I‘
-‘l’ ,#A _______ :::\\B X
T ¢
Y
A40:0;0)  B(m:0;0) D(0;m:0)  A'(0;0;n) Clmm:0) B '(m:0:n)
Ta co: , , : suy ra ,

' n
C'(mzmzn) D'(0;m:n) M[_”“”“E]

5 2

AD =180 HAB._ACHZJ(- 12) +(-24) +8° =2

3



omo - '
BD =(-m:m:0) BA =(-m:0:n) BM _‘. ""”'-EI
MO0 000 , 0000

Van o ZI—HBD._ BA'| .BM :l|mz.n‘ :l|m:.(4- nq :|—|m.m.(8 - Em)|

o e 1 " 5
EI—‘ m+m+8-2m| :ﬁ

81 3 Y

oo ood

o3

2

CC'=AA'= C’
d) Theo gia thiét, ta c6

0, (a3
=

i
i—:2a
2 D(O;a;a) va M0:0:¢) (0=t <2a)

>

Do =
Ta co

Sl

i
—da
2 DM =(0:-ait- a)

9

ol mod T - 13 o
Sunc =I;HDC'.,D.-WH:”J4" 12at +13a :”\( ay +6a° a5

Vi vay 4 4 4

*Jo 3
Mins,, . =2 Vo t="q

AN

Suy ra 4 khi 2

Céu 22: Cac ménh dé sau dang hay sai?
e () PR D e
a) Trong khong gian Oxyz cho tir dién ABCD ¢4 A2 L= 1), B(3:0:1), €(2:- L3), D(U._m._ﬂ]l.
Tong tat cac cac gia tri ctia tham sb 7 dé thé tich khéi tir dién 4BCD bang S 1a 3

b) Trong khong gian Oxyz , cho tam gidc 4BC voi A(Z;l;l), 3(5;3;6), C(-1.2:3)

S, e :%1.(533

. Dién tich

tam giac 4B Cla

Oxyz A(1;-1;2) va B(2:1:1)

¢) Trong khong gian , cho hai diém . Do dai doan 4B bang

NG

Oxyz . cho w=(:1:2)v=0-1:mm- 3). Khi

d) Trong khong gian voi hé toa do

o] <

thi” =2 hogc M =-3

Loi giai



a)S b) D cob d)S

2) Ta co AB =(i- 1:2), AC =(0:-2:4), AD =(- 2im- L;1) = [4B, AC] =(0;- 4:-2)
100 000000
V on Z—PB ACLAD|=5 & |-4m+2 =30 & m =7, m =8
UUU N[N Ny NIHTH] I '}I g)
5 2 AB,AC - 21,
b) Ta o6 AB =G:25) 4C =C31:2) |, [ 4B.AC| =C 1= 21
00 0 : —
Sy e | AB ACH J(— 1Y +(-21F +9° =LJ523
Khi do, 2V
AB =(2- 1Y +(+1) +(1- 2Y =6
c) Taco: \{( y+(i+1) +(-2) J_

wv| =Cm-2-mm+1)= || uvl| =0in +E): +m +(m +|)2 =[3m* +6m+5
[ l
d)

—_— :I
|[u._1']| :Jﬁ < 3m +om+5=l4 <= Im +6m-9=0« [”I

m=-3

Céu 23: Cac ménh dé sau dung hay sai?

a) Trong khong gian véi hé truc Oxyz , cho a(3;2 ;1), b(3:2:5)

|a.b] | (8:-12:0)

. Toa d¢ vecto tich c6 hudng

b) Trong khong gian véi hé truc toa @ Y%, cho hinh binh hanh ABCD . Bié

A(2:L- 3), B(0;-2;5) |, C(1:1;3) Dién tich hinh binh hanh ABCD 13359

c¢) Trong khong gian Oxyz . A(21;0) B(0:4;0) c(0:2;:-1)

x-1 y+l =z-2
e oo (4BC) o 351,,:'—3

A vuéng goc v6i mit phing va cat duong thang =

17
D(a;b;c)

Oxyz a=05:3:-1.b=(1:2:1), c=(m:3

d) Trong khong gian > cho céc vecto

1 A 5 .7 . 5 a =|:b$C:| N _6
Tim tat ca gia tri cia " sao cho lam =

, cho cac diém , , . Biét duong théng

thoaman @ >0 va tir dien ABCD ¢ thé tich bing 6 . Tong @+b+¢ bing 5



a) P b) S b d) S

—=(8:- 12:0)

2
2

a) Co vecto tich c6 hudng

AB=(-2:- 3:8) BC =(1:3-2) .
, . Su

y ra

b) Ta co: [AMBE‘J:] =(- 18;4- 3).

L L - -
S :‘ AB,BC ‘: (- 18) + & + (- 3F =349
Dién tich hinh binh hanh ABCD 3. %% [ l J .

241t 13t +2 AD =(2¢- 1:£- 2:3t +2
¢) Do D€d nan P2+ Lt 13t )Suyra AD =(2t- 13t- 2:3t +2)

[ W (N N
|48 4C] =(-3:-2;4)

Ta co:
s =1
17 1,00 000,00, 17 o173

Vipey = & —‘ AB,AC| .AD| =1 _ _
Ta c6 BCD 6 f][ 6 '='|4E+|5|—|? t=-8
a1

Loai [ =-8 vi khong thoa a>0 Do dé ' vay a+b+c=5.

[.'Er,cl =(-5:m+1:3-2m).

d) Taco

——— (-5 =-5

a :[b._cl = 13=m+] <= m=2
-1=3-2m

Céu 24: Cac ménh dé sau dang hay sai?

A4(1;2:0). B(2:1:-1)

2

Oxyz

a) Trong khong gian véi hé truc toa do > cho 3 diém c6 toa do la

N

COL-1) g i sin HBC ping 2

b) Trong khong gian Oxyz , cho hai vecto m =(4:3:1) va "l :(O;O;l). Goi 7 1a vecto cung

u
[m,n] v ‘p‘ =15 P (9;-12;0)

hudng voi voi . Toa dd cua vecto

A(1:1;-2) B(3;1;0) C(2;2:D

¢) Trong khong gian Oxyz , cho ba diém . Tam giac

ABC ¢4 dién tich bing V7



=4 -2 - =(p:-3:2 s
d) Trong khong gian @*¥Z cho hai vecto a=(4,-2,-4).b =(6; 3"“).Gié tri cua biéu thic

(24- 36 )Na +1h)‘ ‘
bang 204

Loi giai

a) S b) b ¢S d)S

~ e
Sin(u._r): ==
, i
a) Taco
L udd

UL dud
i o BA. BC A
sin HBC :5in(BA._BC): []ﬁ ahin ZHJ: zﬁ
. Bd|.lsc| 32 3
Vay
i
[m._nl =(3:-4:0)
b) Ta co

P cing huéng voi [7:1] b 6 >0 a0 cho # =i~ 4K;0).
|p| =OK +16K =15 =

k=3

AB=(2;0;2),AC =(1;1;3), BC =(- 1;1;1)
c) Taco:

AB=A[2Z+07+2? =B AC =P +12+3F =11 BC =J(- If + B +1* =3

Suy ra

AC* =AB* + BC* ABC B

Vi nén tam giac vuong tai

1 1
S, =—AB.BC =—+/348 =46

Dién tich tam giac

2a-3b =(-10:5- 1 =16 - &

‘(za 36 )a+ Eh)‘ =200
Vay: .

Céu 25: Cac ménh dé sau ding hay sai?



Oxyz  cho 2 vecto

a) Trong khong gian voi hé truc toa do

T I - ¥ AT, R [ A .
w=mi+2j- 3k, v=mj+di+3k pig oo uv =8 hid6 gid tr ciia M bing 5

Oxyz =(1; - Z;I)Vé v=(-2:1:1)

b) Trong khong gian , cho hai vécto “ , g6c gilra hai vecto da

cho bang 60°

¢) Trong khong gian vi he toa do Oxyz , cho hinh lang try dung ABCABC . 4 (0:0:0)

B(2;0;0 ;2;0) . A\G0; s
( ),C(C'ZO)VaA({)O‘?).GocgluaBCVaACIa900

2

d) Trong khong gian Oxyz , goij 1a goc giita hai vecto @ va P, véi @ va D khac O, khi d6

ek

O g ab

Loi giai

a) D b) S b d) s

a) Taco w=mi+2j-3k=u =(m:2:-3) =mj +2i +4k = v =(2:m:4)

Theo d& bai #-v =8= 2m+2m- 3.4 =8 = m =5.

—-———

3 (u 1)—|"D

|u||| “Job

EDE(H v
b) Tacod

5 B(2 0; 0) c'(0;2; 2) X BC =(-2:2:2)
c) Ta .

A'(D;O;2) c(0:2:0) . A'C:(n;z;—z)
, nén .

Ly o

—~ BCCAC =0

cos( a b]l
d) Cong thire tinh goc gitta hai vecto @ va P, véi @ va b khac O H H

‘Dang ©: Cau trac nghiém tra 16i ngan

Céau 1: Trong khong gian Oxyz, cho ba vecto 1=(1;8;6),v=(—1;3;-2) vaw=(0;5;4). Tim toa

do cua vecto U—2v+w



Loi gidi
U—2v+w=(1;8;6)-2(—1;3;-2)+(0;5;4)=(1+2;8—6+5;6+4+4)=(3;7;14)
Cau 2: Cho ¢=(2;-1;5),b=(0;3;-3),¢=(1;4;-2). Tim toa dé cla vecto

d=2G—=b+3¢.

Ul =

Loi gidi
Ta c6 2d=(4;-2;10); 2b=(0;2;-2|;3¢=(3;12;-6).
5 5° 5
Do dé 32(4—0+3;—2—%+12;10—(%3 +(—6)|, hay H:(7;%;%).

Céu 3: Néu toa do cua vecto d 1a (x; y; z) thi toa do ctia vecto di cua a la gi?
Loi giai

Vecto doi cua a 1a —a.

Toa do cua vecto ddi cia a la: (—x;—y;—z).

Cau 4: Trong khéng gian Oxyz, cho a=(2;1;-2) va b=(-2;3;-2).

a) Tim a-b. b) Tim (a,b).

2P (=2)P N (=2) 3 (-2) \/ﬁz).



Cau 5: Trong khdng gian véi hé toa db Oxyz, cho hai vecto i=(1;-2;3) va

-

v=(2;0;-3). Hay chi ra toa dd clia mét vecto w khac 0 vuéng gdéc véi ca hai vecto i

va v.
Loi gidi
Ta co:
@yl=72 212 L 2 |=(659;4)
0 -=3/'[-3 2112 O

Chon w=(6;9;4). Theo dinh Ii trén, vecto w vudng gdc véi ca hai vecto i va v.

Cau 6: Trong khong gian Oxyz, cho ba diém A(2;9;—1),B(9;4;5) va G(3;0;4). Tim toa do diém

C sao cho tam gidc ABC nhén G la trong tam.
Loi gidi

Dé G la trong tim ciia tam gidc ABC thi

XptXptXe
Xczf
o Xc=3Xg—X\—X5=3.3—2-9=-2
yG:W= Ve=3y.—y,—ys=3.0—-9—4=—13
Zp+Zg+z, 2c=32—2,—25=3.4+1-5=8
Z6=——

Vay C(—2;-13;8)
Cau 7: Trong khéng gian Oxyz, cho tam gidc MNP c6 M(3;7;2),N(5;1;—1) va P(4;—4;-2).
Tim toa do6:

a) Trung diém / ciia doan thang MN; b) Trong tam G cla tam gidc MNP.



a) Ap dung c6ng thuc tinh toa d6 trung diém cho hai diém M(3;7;2) va N(5;1;-1),

tacol

3+5_7+1_2—1)’ ha I(

; ; 4;4;1.
2 2 2

2

b) Ap dung céng thuic tinh toa dé trong tdm theo toa d6 céac dinh cla tam giac

MNP,

tacé G

3+5+4;7+1—4;2—1—2 hay G 4’_£;_l.
3 3 3 3° 3

Cau 8: Trong khong gian Oxyz, cho hai vecto a=(1;0;5) va B:( 1;3;9).
a) Biéu dién hai vecto @ va b qua cac vecto don vi i, } ,12

b) Biéu dién hai vecto g+b va 2d qua cac vecto don vi 2',}',];, tr do xac dinh toa do cua hai vecto do.
Loi gidi

a) Taco: a=(1;0;5)=i+5k;b=(1;3;9)=i+3j+9k.

b) Ta c6: G+b=i+5k+i+3 j+9k=2i+3 j+14k. Do d6, a+b=(2;3;14)

24=2(i+5k)=2i+10k. Do d6, 2a=(2;0;10)

Cau 9: V6i cac gia thiét nhu trong Vi du 5, hiy xac dinh toa d6 cua cac chiéc méay bay sau 10 phut tiép
theo (tinh tir thoi diém may bay ¢ diém B).
Loi gidi

Goi D(x;y; z) 12 vi tri ctia may bay sau 10 phut bay tiép theo (tinh tir thoi diém may bay & diém B).
Vi huéng cia may bay khong dbi nén AB va BD cung huéng. Do van tbc may bay khong déi va thoi

gian bay tir A dén B bang thoi gian bay tir B dén D nén AB=BD. Do do, Ef)erZ( 140;50;1).



x—940=140 |x=1080
Mit khac: BD=(x—940; y—550;z—8) nén | y—550=50 = { y=600
z—8=1 z=9

Vay D(1 080; 600; 9). Vay toa d6 ctia may bay trong 10 phut tiép theo 1a (1080; 600; 9).

C&au 10: Cho ba diém A(2;0;2),B(1;2;3),C(2;1;2).

a) Tim toa dd cla cac vecto AB,BC,CA. b) Tinh céc do dai AB,BC,CA.
Loi gidi

a) Ta cé: AB=(1-2;2-0;3-2)=(—1;2;1);

BC=(2-1;1-2;2-3)=(1;-1;-1)

CA=(2-2;0-1;2—-2)=(0;—-1;0).

b) Ta cé: AB=(ABViV(—1)+2°+1°=16;

BC={BCViV12+(—1)+(—1)=+3;
CA=({CAV VO +(—1)+0°=1.

Cau 11: Trong Vat Ii, ta biét rang néu luc F tac dong vao mot vat va lam vat dich
chuyén theo doan thang tir M dén N, thi cdng A sinh béi luc F dugc tinh bang
cdng thitc A=F - MN. Hay gidi quyét bai todn dugc dat ra & phan Khéi déng.

Loi gii

Theo bai todn néu & phan Khai dong thi trong khéng gian Oxyz, mét nguoi da tac
déng mot luc khoéng déi F=(2;3;—1) vao mot vat dang & gbc toa do O va lam cho

vat dich chuyén thang tir O dén diém M (1;2;1).

Ta c6 OM=(1;2;1). TU dé ta tinh dugc coéng sinh ra badi lyc F 1a:



A=F-OM=2.1+32+(-1)-1=7
Nhu vay cdng sinh ra béi luc F trong tinh huéng nay la A=7 (J).

Céu 12: Trong tinh huéng mé& dau, hiy tinh d6 16n cua goc a.

Loi giai

Theo Vi du 6 ta c6: A'B'=(—120;0;300); IE'\:(;o@cm,o'(0;450,-0),A'(240,~450;0)
Do d6, A'0'=(—240;0;0)=|A 0|=240 cm

7= .T=|_ AB-A0 _(~120)(-240)+0.0+300.0 _ 2429
Ta co: COS(AB’AO)_‘;H_W(}\_ 60+/29.240 " 29

e —

=B A'O~68". Viy a~68’

Céu 13: Trong khong gian Oxyz, cho tam gidc ABC c6 A(XA;yA;ZA),B(XB;yB;ZB) va C(XC;YC;ZC :
a) Goi M 1a trung diém cua doan thang AB. Tim toa do ctia M theo toa dd ctia A va B.

b) Goi G la trong tdm cua tam gidc ABC. Tim toa do cua G theo toa d cua A va B va C.

Loi giai



Ta co: OA= xA;yA;ZA),5]>3=(XB;yB;zB),562(xc;yc;zc)

XatXp
XM—72
_YatVs

. — 1, == —
a)ViMlatrungdiémcﬁaABnenOM=§(OA+OB)=> Y=

XatXp YatYp ZptZp

Do d6, M
0 €0, 2 2 2

. e ] e
b) Vi G la trong tdm cta tam giac ABC nén OG=§(OA+OB+OC)

X tXptXe
3

= YGZW-DO dé, G XA+);B+xc;yA+);B+yC;ZA+ZBB+ZC

Xg

7 = Zytzgtic
==
3

Cau 14: Trong khbng gian Oxyz, cho bon diém

A(0;1;-2),B(2;-1;3),C(1;3;-2),D(5;-1;8).
a) Ba diém A,B,C c6 thang hang khong?
b) Chiing minh rang hai dudng thang AB va CD song song véi nhau.
Loi gidi
12

a) TU toa d6 cla ba diém da cho, ta tinh dugc AB=(2;-2;5),AC=(1;2;0). Vi S* 5

nén hai vecto AB, AC khong clng phuang.
Suy ra ba diém A,B,C khéng thang hang.

b) Ta c6 CD=(4;—-4;10). Xét toa dd cla hai vecto AB,CD, ta thay:



4_-4_10

2 -2 5
Cac dang thuc trén chiing td AB va CD la hai vecto cung phuong. Suy ra AB va CD

song song hoac trung nhau. Nhung hai dudng thang nay khéng thé triing nhau (do

A,B,C khéng thang hang). Vay AB/iCD.
Cau 15: Cho tam gidc ABC c6 A(7;3;3),B(1;2;4),C(2;3;5).
a) Tim toa d6 di€m H la chan dudng cao ké tir A cla tam gidc ABC.
b) Tim d6 dai canh AB va AC.
c) Tinh géc A.
Loi giai
a) Ta cé BC=(1;1;1).
Goi H(x;y;z) la chan dudng cao cla tam gidc ABC ké tu A.
Suy ra BH=(x—1;y—2;z—4).
BH cung phuong véi BC, do d6 x—1=t; y—2=t;z—4=t, suy ra H(1+t;2+t;4+t),
Ta €6 AH=(x,— X, yu—YaiZu—24)=(t—6;t—1;¢+1),
AH 1 BC = AH-BC=0 = t—6+t—1+t+1=0 = 3t=6 = t=2.
Suy ra H(3;4;6).

b) Ta c6 AB=(-6;-1;1); AC=(-5;0;2), suy ra

AB=1(—6)+(—1)+1°=V38; AC=1(—5 +0*+2°=1/29.



AB-AC _ 30+0+2 32 sy ra A~15.43"
AB-AC  v38-V29 +38.29'

C) cos A=

Cau 16: Trong khong gian véi hé toa dd Oxyz, cho A(1;0;0),B(0;0;1) va C(2;1;1).
a) Chiing minh rang A,B,C khong thang hang.
b) Tinh chu vi cda tam giadc ABC.
¢) Tinh cos ABC.
Loi giai

a) Ta c6: BA=(1;0;—1),BC=(2;1;0). Suy ra BA=(1;0;—1)#kBC=(2k;k;0) vdi moi

k €R. Vay ba diém A,B,C khéng thang hang.
b) Ta thay:

BA=11+0%+(—1)'=V2,

BC=12+1*+0’=1/5,

AC=V1"+1%+1°=13.

Vay chu vi clia tam gidc ABC bang v2++v3+4/5.
c) Ta co:

BA-BC
ja— — . 1:240-1+(=1)-0 _ 2 410 .
(BAV -V BCV 6= = = .6
V245 J10 5

cos ABC=cos (BA,BC )=

Cau 17: Hinh 37 minh hoa so d6 mot ngbi nha trong hé truc toa do Oxyz, trong dé

nén nha, bon blc tudng va hai mai nha déu la hinh chir nhéat.

a) Tim toa d6 cla cac diém A,H va F.



b) Tinh géc doc clia mai nha, tuc la tim s6é do cla gdéc nhi dién cé canh la dudng

thang FG, hai mat |an lugt |a (FGQP) va (FGHE) (lam tron két qua dén hang phén

muoi cla do).

A 5T

L0 53

Bid ;50

ol |

(O ke
Hinde 37

Loi giai

a) Vi nén nha la hinh chit nhat nén t& gidc OABC lahinh chiinhat, suy ra x,=x,=4,
Yc=Ys=5. Do A nam trén truc Ox nén toa d6 di€m A la (4;0;0). Tudng nha la hinh chir
nhat nén t& gidc OCHE la hinh chr nhat, suy ra y,=y.=5, z;,=z,=3. Do H nam trén

mat phang (Oyz) nén toa d6 diém H la (0;5;3).

T gidc OAFE 1a hinh cht nhat nén x,=x,=4;z,=z,=3. Do F ndm trén mat phang

(Ozx) nén toa dd diém F la(4;0;3).

b) DE tinh gbc dbc cla mai nha, ta di tinh s6 do cda gbc nhi dién c6 canh la dudng
thang FG, hai méat 18n lugt la (FGQP) va ( FGHE). Do mat phang (0zx) vuéng géc
véi hai mat phang (FGQP) va (FGHE) nén g6c PFE la géc phang nhi dién ing vai
g6c nhi dién d6. Ta cé: FP=(—2;0;1),FE=(—4;0;0).

3 FP-FE
LFPV-VFEVi

Suy ra cos PFE=cos (FP,FE)



(~2)-(=4)+0-0+1-0 245
V(=2P+0%+1%-(—4)+0*+0°> 5

Do dd, PFE~26,6°. VAay goc déc cia mai nha khoadng 26,6°.

Cau 18: Trong khdéng gian Oxyz, cho t& dién ABCD véi

A(1;3;-2),B(3;2;-4),C(2;1;0), D(3;5;~1).
a) Chiing minh rang AB L CD.
b) Ching minh rang BCD la tam giac déu.

¢) Tinh s6 do cla AMD véi M la trung diém cha BC (lam tron két qua dén hang don

Vi).

Loi giai
a) TU gia thiét, ta tim dugc AB=(2;—1;-2),CD=(1;4;—1). Suy ra:
AB-CD=2.14(—1)-4+(-2)+(—=1)=0. Pang thic nay chiing té AB_L CD.
b) Tinh ba canh cla tam gidc BCD :
Vi CD=(1;4;-1) nén CD=(CDV iV12+4*+(—1)'=18=32.

DE tinh hai canh BC va BD, ta dp dung cong thic tinh khodng cach gilra hai diém

va co:

BC={BCViV(2=3P+(1-2+(0—(—4))*=1/18=32;

BD=(BDVIiV(3=3)+(5-2+(—1—(—4))’=118=32.
TU ba dang thdc trén suy ra BCD la tam gidc déu.

c) Ta c6 AMD=(MA,MD).



Vi M la trung diém cla BC nén M %;%;—2 . Suy ra:
MA= _—3;5;0 va MD= —;—;1
2 2

Tu d6 ta tinh duogc:

33
cos (MA,MD )= - - - —=7

\/_—3 NE +02-\/l o 2] +12
2 2 2 2

—_—

Vay (MA,MD)=54,74°, hay AMD~55".

Cau 19: Mot chau cay dugc dat trén mot gid dé c6 bon chan véi diém dat
S(0;0;20) va cac diém cham mat dat ctia bén chan 1an lugt 1& A(20;0;0),B(0;20;0),
C(—20;0;0),D(0;—20;0) (don vi cm). Cho biét trong luc tac dung Ién chdu cay cé
do 16n 40 N va dugc phan bé thanh bén luc F,,F,,F,,F, c6 do I6n bang nhau nhu

Hinh 4 . Tim toa d6 cla cac luc ndi trén (moi centimét bi€u dién 1 N).

]
]

—

0 2 L5

Hink 4

Lo giai

T& gidc ABCD c6 hai dudng chéo bang nhau va vudng géc véi nhau tai trung diém

cla moi duong nén la hinh vuénag.



Ta c6 SA=(20;0;-20),SB=(0;20;-20),SC=(—20;0;-20),SD=(0;—-20;—20),
suy ra SA=SB=SC=SD=20+2. Do d6 S- ABCD |a hinh chép t( gidc déu.

Céc vecto F,,F,,F,,F, c6 diém dau tai S va diém cudi lan lugt 1a A',B,C',D".
Tacd SA=SB=SC'=SD nén S-A'B'C D ciing la hinh chép t gidc déu.

Goi F la trong luc tac dung Ién chau cdy va 0 la tdm cta hinh vuéng A'B'Cc'D. Ta
co:

—_— —  — —

F=F +F,+F,+F,=SA+SB+SC'+SD'=450.

Ta c6 (FVvi40, suy ra [sol=so'=10.

‘. - a R A ' , 1
Do tam gidc SO' A vuéng can nén SA=SO ﬁ:106=§SA,

suy ra 131:SA':%§4:(10;0;—10),

Ching minh tuong tu, ta cling cé:

1?’2:%5_5:(0;10,-—10),15’3:%5_6:(—10;0;—10),1?;:%5_5:(0;—10;—10).
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