bé 62
Hoc sinh gioéi toan 9 Hung Yén nam 2023-2024

Céu 1: ( 4,0 diém)
a) Cho hai biéu thirc A= Z?i B= g,,g; \/\/éhf x369 vol x>0,x#9.
Tim x dé A=B.
b) Tim hai s6 a va b sao cho da thitc f(x)=ax’+bx*+10x—4 chia hét cho da
thue glx|=x*+x—2.
Céu 2: (4,0 diém)
a) Giai phuong trinh: 3\/('x+2)(x2—3x+4)=2x2—8x+4.
b) b) Trong hé truc toa d6 Oxy, cho dudng thang (d|: y=mx+m—1 (m 1a tham
s6). Tim gié tri cia m dé dudng thang (d) tao v6i hai truc toa do mot tam
giac c6 dién tich bang 2.
Ciu 3: (4,0 diém)

(x—y|[x*+xy+y*+3)=3[x*+ y?|+2

X’ y+x’=2x—12=0
b) Cho a, b la cac s6 hitu ti thoa man (a*+b*—2)(a+b+(1—ab]*=—4ab. Chuing
minh ring V1+ab 14 s6 hiru ti

Céu 4: ( 2,0 diém)
Cho hinh vuéng ABCD. Goi E 1a mot diém bat ki trén canh CD ( E khac C,
D). Puong thang AE cat dudng thang BC tai F, dudng thang vudng goc voi AE
tai A cat duong thang CD tai K.
Chtrng minh rang cos AKE =sin EKF . cos EFK +sin EFK . cos EKF .

Céu 5: (4,0 diém)
Cho A ABC khong 1a tam gidc can, ngoai tiép duong tron (I;R). Goi H, K, N lan
luot 1a cac tiép diém cua duong tron (I;R) véi cac canh BC, AC, AB. Puodng
thang AH cit duong tron (I;R) tai P (P khong trung véi H), Goi Q la trung
diém cua KN. Trén tia d6i cua tia IA lay diém M sao cho 3>R . Tir diém M ké
cac tiép tuyén MD, MJ véi dudng tron (I;R). Qua diém I, vé duong thang
vudng goc voi doan thang IM cit cac tia MD, MJ theo thir tu tai hai diém E va
F.
a) Chtng minh rang t giac PQIH ndi tiép.
b) Tim vi tri caa diém M sao cho dién tich A MEF nhé nhét.

Céu 6: ( 2,0 diém) Cho a, b, ¢ 1a cac sb thuc duong thoa man abc =1000 . Tim gai tri

16n nhét ctia biéu thirc P . + b -

b +c*+1000a c*+a*+1000b a*+b*+1000c"
—-Hét---

a) Giai h¢ phuong trinh: voi (x,y €R)
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Cau 1 (4,0d)
Vx+3  Vx=3 36  (Vx+3)(Vx=3)—=(Vx—3)(Vx+3)-36

OB =3 ke x-9 (Vx=3)(Vx+3)

12vV/x—36 12

T (Vx=3)(Vx+3)  Jx+3

A=B - - ;gi o 120/x + 1) = (Vx + 3)(7Vx- 2)

= 7x-5Vx-18=0

= (Vx=-2)(7Vx+9)=0 = Vx-2=10 (vi 7V/x+ 9 # 0)

= Vx=2 = x =4 (TMDK)

b)Tacogx)=x"+x-2=x-1)(x+2)

Vi da thtrc f(x) = ax® + b* + 10x - 4 chia hét cho da thuc g(x) = x* +x - 2
Nén ton tai da thirc q(x) sao cho f(x) = g(x).q(x)
=ax’+b°+10x-4=(x-1).(x+2).qx) (¥

Véix =1 thay vao (*)tadugca+b+6=0<=a+b=-6 (1)
Véi x = -2 thay vao (*) taduoc-8a+4b-20-4=0 = 2a-b=-6 (2)
Giai h¢ phuong trinh (1) va (2) ta dugc a=-4; b =-2

Vay voi a = -4; b = -2 thi da thirc f(x) = ax® + b> + 10x - 4 chia hét cho da thirc g(x) =
X +x-2

Cau 2 (4,04)

a) Giai hé phuong trinh: 3v(x+2)(x*~3x+4) = 2x* - 8x + 4

Piéu kién: x = -2

Pit V(x+2)=avab=+v/x*-3x+4=2a>0,b>0

Suy ra 2b° - 2a* = 2(x*—3x+4) - 2(x +2) =2x* - 8x + 4

Phuong trinh da cho tré thanh 3ab = 2(b* - @°) = 2b°-2a°-3ab=0

= 2b’+ab-2da’-4ab=0 = b(2b+a)-2a(2b+a)=0 = x*-7x-4=0

7+J65 _  7-465
) T T

Giai phuong trinh trén ta duoc 2 nghiém x,=



Doi chiéu voi PKXD ta duge phuong trinh ¢6 2 nghiém
o 7+V65  _ 7-165

!
b)
+) Néu m = 0 thi (d) tr¢ thanh y = -1 khong cit ca hai truc toa d6 (loai)

+) Néu m # 0 xét duong thang (d): y=mx +m - 1
Goi A 1a giao diém cta duong thang (d) véi truc Oy ta 6 A(0; m-1)
= QA =|m—1

Goi B 14 giao diém ciia duong thang (d) véi truc Ox nén B _n:n_l;O)
~ OB ‘m_—ll
m
. 2
Spon=2 - 298 _» _opoB=4- M _y4
2 |m|
= (6 = b6

Giai phuong trinh (1) ta dwgec m =3 + 2v2 (TMDK)
Giai phuong trinh (2) ta dugc m=-1 (TMDK)
Vay véim € {3+2v2;3-2V2; -1}

Cau 3 (4,04)
a) Giai hé phuong trinh ¢}, e =202y
XétPT (1) (x-y)(xX* +xy + y* +3)=3(x*+y*) +2
o X -y +3x-3y=3x"+3y"+2
= x -3x"+3x-1=y"+3y*+3y+1
= (x=1) = (y+1)
«X-l=y+1l=y=x-2 (3)
Thay (3) vao phuong trinh (2) ta dugc phuong trinh:
X¥(xX-2)+x*-2x-12=0 = x’-x*-2x-12=0
= (x-3)(x*+2x+4)=0
= 46
Giai phuong trinh (*) c6 A' = -3 < 0 = Phuong trinh v6 nghiém
Thay x = 3 vao phuong trinh (3) ta dugc y =1
Vay hé phuong trinh da cho c6 nghiém duy nhat (x;y) = (3;1)
b) Ta c6: (a® + b*> - 2)(a+b)* + (1—ab)* = -4ab
= [(a+b)*=2(ab+1)|(a+b)* + (1+ab)* =0
= (a+b)*-2(a+b)*(1 +ab) + (1+ab)* =0



= [(a+bP—=(1+ab) =0=(a+b)’- (1 +ab) =0 = (a+b)’=1+ab
= |a+b\ =+1+ab

Viab € Q= |a+b| € QnénV1+ab € Q (DPCM)

Cau 4 (2,04)

K¢ duong cao EH ctia AKEF

Ta c6 Sur = 5 KE.FC = 3 KE.EF.cosAKE (vi EFC = ARE)

Lai c6 Swer = 5 EH.KF = EH.(KH + HF)

EH.KH+EH .HF

Suy ra KE.EF.cosAKE = EH.(KH + HF) = cosAKE = KE.EF

EH KH EH HF

= AKF = —+ = Q1 ol 7% T CNTKE ol Bl 7
COSAKE EFEK KE EF SINEFK. COSEKF + SInEKF. cOSEFK




Cau 5 (4,0d)

A
K
P
N C
H
B
a) N&i P voi NJH voi N

Xét AAPN va AANH co:
ANP = AHN (vi AN 1a tiép tuyén)
NAH 1a goc chung

= AAPN ~ AANH (g-g) = % = % = APAH = AN (1)

Theo gia thiét ANL NI nén A ANI vudng tai N. Theo tinh chat ctia hai tiép tuyén ct
nhau ta c6 A,L,Q thing hang va NQL AL Ap dung hé thic lugng trong tam giac
vudng AANI ta co6 AN*=AQ.AI (2)

‘ ‘ , _ AP _ AL

Tu (1) va(2) taco APAH=AQ.AI = AQ ~ AH
Xet AAPQ va AAHI co:

AP Al

AQ AH
HAI 1a goc chung
= AAPQ ~ AAIH (c-g-c¢)

= AQP = AHI. Suy ra tir giac PQIH ndi tiép



M

b) Vi AIME vudng tai I dudng cao ID nén DM.DE = ID* = R* (khong dbi)
Lai ¢6 ME = MD + DE > 2VMD. DE = 2y/R’ = 2R (BPT Cauchy) (1)

Déu “=" xay ra khi DM = DE -~ AIME la tam giac vudng can

= IM=1Dv2=RV2

Miit khéc Suer = 2.5y = 2.5ID.ME = ID.ME = RME 2 2R* (theo (1))

Vay néu IM = Rv2 thi dién tich A MEF nho nhit

Cau 6 (2,0d)



Ta chirng minh bat dang thic a* + b* > ab(a* + b%)  (¥)
That vay: a* + b* > ab(a’ + b*) = o' +b*> da’b+ab’
= (a-b)(a@®+b)20 = (a—b)(a*+ab+b)=0

b|’, 3b A s R
- (a—b) a+- | +==|> 0 (ludn ding v6i moi a,b > 0)

DAu “=" x4y ra khi va chi khia=b
Ap dung BDT (¥) ta c6:
a*+b*+1000c = ab(a® + b* + c.abc) = ab(a’ + b* + ¢*) > 0 Va,b,c > 0

1 1
<
T @ +b'+1000c © ab(d+b’+c’)

2
C C c

= < =
a*+b*+1000c ~ ab(d*+b’+c®)  abc(a’+b*+c?)

b b’
< =
“+c*+1000b ~ ac(a*+b’+c?)  abc(d’+b*+c?) 2)

Tuong tu: p

2
a a a

< -
b*+c*+1000a = bc(a’+b*+c®)  abe(d*+b*+c?) 3)

Va

Cong theo vé cac BDT (1),(2),(3) ta dugc

a N b N c 3 a+b’+c® 1
b*+c*+1000a  c*+a*+1000b  a'+b*+1000c ~ abc(a’+b’*+c?) 1000

A 9 . \ 9 « .a=b= .
Dau “ =" xay ra khi va chi khi ¢gpj0000 = a=b=c=10

Vay gia tri 16n nhat ctia P 1a ﬁ khi vachikhia=b=c=10.






