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Chuyén de 1
BAT PANG THUC VA CUC TRI DANG PA THUC

TONG QUAN VE CHUYEN DE.

B4t dang thitc va todn cuc tri 1a mot ndi dung quan trong va hap dan. Céc bai toan trong
chuyén dé nay bao gom:

¢ BAt dang thitc dang da thitc, cac cach chiing minh mét bat dang thirc, cac bat

dang thtkc thong dung, trong d6 c6 bat dang thizc Co-si va bat dang thikc B-nhi-
a-cop-xKki.

e Tim gia tri nho nhat, gia tri 16n nhat ctia cac biéu thirc c6 dang da thirc véi mot

bién hodac nhiéu bién.
Vai nét lich st
CO - SI VA BU-NHI-A-COP-XKI

Co6 — si (Augustin Louis Cauchy, 1789-1857) la nha toan hoc Phéap, Vién si Vién Han
lam Khoa hoc Pa-ri.

@ng o trén 800 cong trinh vé nhiéu linh vuc nhu S6 hoc, Pai s6, Giai tich, Co hoc,
Quang hoc, Thién Vin hoc. Ong d xay dung nhiéu van dé li thuyét mot cach chit ché,
khoa hoc, gitip cho Toan hoc c¢é nhiing budc tién dnags ké.

B4t dang thitc vé trung binh cdng va trung binh nhan ctia n s6 khong an 1a

a, +a, +z:]3 +..+4a, ZW-
Bat dang thtkc trén ciing dwoc goi 1a bit ding thitc Co — si da dwa ra mot cach chitng minh

ddc ddo, mac du 6ng khong phai 1a nguoi dau tién dé xuat bat dang thic nay.

Bu — nhi — a - c8p — xki (Viktor Bunyakovsky, 1804 — 1889) 1a nha toan hoc Nga, Phé Chu tich
Vién Han lam khoa hoc Pé — tec — bua. @ng hoc Toan tai Pari va la hoc tro ctia Co6 — si. Ong
¢6 128 cdng trinh vé Li thuyét s6, Li thuyét xac suat, Giai tich, Hinh hoc va Dai s8. Ong ¢
nhiéu déng gbép nang cao trinh d6 khoa hoc trong giang day toan hoc ¢ cac truong dai hoc
va trung hoc. D€ ghi nhé cong lao ctia 6ng véi nén giao duc Nga, nam 1875 mot giai
thuong mang tén ong da duoc lap ra dé€ trao cho nhitng sang ché vé Toan hoc.

Bét dédng thtec Bu - nhi—a - c6p — xki véihai bd n s6 (a,a,,...,a,) va (b,b,,...,b,) la

(a12 +al +...+a§)(b12 +b? +...+bnz) >(ab +ab, +..+ah,).

Bat dang thikc trén con duwoc goi la bat dang thitc C6 — si — Bu — nhi — a — c8p — xki — Svac,
vi C6 — si da dé xudt bat dang thiic d6, Bu —nhi — a — cdp — xki da mo rong két qua cho tich
phan, con Svac (Schwarz, nha toan hoc Dtic, 1843 — 1921) mo rdng két qua trén cho khong
gian vecto

Bai toan thuc t&

Khu dat nhét gia suc
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" Bac Tam c6 mot cudn ludi sit dai 60m, bac muén ding ludi cing thanh ba doan thing
AB,BC,CD cuing vdi btic teong c6 san lam thanh mot hinh chit nhat ABCD d€ nhdt gia
suc.

Hay tinh d¢ dai AB dé khu dat hinh chit nhat ABCD c¢ dién tich 16n nhat.

Giai

bat AB=CD =x (mét) thi BC =60-2x.

Dién tich S ctia hinh chi* nhat ABCD b:?mg

S =X(60-2x) = —2x" +60x = —2(x* —30x) = —2(x* —30x + 225) + 450 = —2(x —15)" + 450 < 450,
max S =450 < x=15

Do dai AB =15m, khi d6 khu dat co dién tich 1on nhat 1a 450 m?

I. BAT PANG THUC DANG PA THUC

1. Ta goi hé thttc dang a>b (hodc a<b,a>b,a<b)la mot bat dang thic

2. D€ chitng minh bat dang thiic, ta thieong dung cac cach sau:

- Dung dinh nghia: D€ chttng minh a>b ta chitng minh a—b > 0.

- Dung phép bién ddi tuong duwong: Chitng to bat dang thic phai ching minh twong
duong véi mot bat dang thikc ding.

- Dung phuong phap phan ching: D€ chitng minh a>b ta ching té a<b la sai.

3. Can nhé mét s6 bat dang thizc thong dung sau:

a) Lién he gitta trung binh cdng va trung binh nhan ( bt dang thitc C8 - si)

atb, Jab véi a,b>0 (1)

Xay ra dang thikc khi va chi khi a=b.

b) Lién hé gitta tong cac binh phuwong va binh phuong cua tong

2(a’+b%)=(a+b)" (2)

3(a*+b*+c?)>(a+b+c)’ (3)

Ta con c6 (a° +b”+¢?) = 2(ab+bc+ca)

Tong quét ctia cac bat dang thiee (2) va (3), ta c6 bat déng thirc Bu - nhi - a - c&p — xki
(a2+b2)(x2+y2)2(ax+by)2 (4)

(a2+b2+c2)(x2+y2+22)2(ax+by+cz)2 (5)

Xay ra ding thitc khi va chi khi & =2 -
Xy

Bét déng thiec (2) 1a treong hop ddc biét cua bat dang thirc (4) véi x=y =1.

% (xyz#0).

Bét dang thic (3) 1a treong hop didc biét ctia bat déng thire (5) véi x=y=z=1.
Khi a,b,c,x,y,z khong am thi cac bat déng thitc (4) va (5) con duwoc viét dudi dang

(a+b)(x+y)>(Vax+ by
(a+b+c)(x+ y+z)2(«/§+\/W+\/a)2
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Vi du 84. Ching minh déng thiic (a”~b’)(c’~d*)<(ac—bd )’ (1)

Giai
(1) & a’c* —a’d* —b’c® +b’d* <a’c’ — 2abcd +b?d”
& 0<a’d? +b%? —2abed < 0<(ad —bc)’ (3)

Bét dang thic (3) dung. Vay bat dang thiic (1) ding

Diéng thitc xay ra khi va chi khi ad = bc

Vi dy 85. Chitng minh bét déing thitc sau véi X,y khong am (x+y)(x +y*) 2 (x* + y?)
Giai

Cich 1. Xét hiéu hai vé&

(x+ y)(x*°'+y3)—(x2+y2)2 =x* +xy? Xy + Yt —x —2xy? -y
= xy(y2 +X° —2xy): Xy (X — y)2 >0

D.’?mg thitc xay ra khi va chi khi x=0, hodc y=0, hodc x=y

Cdch 2. Véi a,b, X,y >0, theo bat dang thitc Bu — nhi — a — c&p — xki
(a+b)(x+y)>(Vax+ by

Voi a=x,b=y* tacd (X°+y°)(x+ y)z(\/E+ y”.y)2 =(X2+y2)2

Vi du 86. Chting minh bat dang thiecc X+y < xy+1 véi x>1,y>1.

Giai

Do x>1va y21nén (x-1)(y-1)>0 =xy—x-y+120=>x+y<xy+1

Déng thitc xay ra khi va chi khi x=1 va y=1

Vi du 87. Cho a+b >2. Chimg minh dang thtrc a° +b®>a’ +b* (1)

Giai

Cich1. ()< a’-a’+b’-b’ >0 a’(a-1)+b*(b-1)>0 (2)

bat a=1+x vab=1+y. Do a+b>2nén x+y>0. Tacd

(2) = (1+ x)2x+(1+ y)2 y>0

e x+y+2(X*+y ) +(X+y°)=0 (3)

Tacd X2 +y?>0 do x+y>0 nén x*+y° :(x+y)(x2—xy+y2)20

Suy ra (3) dung. Vay (1) diung

Déng thitc xay ra khi va chi khi a=1 va b=1

Cdch 2. Do a+b>2 nén a+b—-2>0. D& chtiing minh a°+b’*—a*—b*>0. ta sé chitng minh
a’+b’-a’-b’>a+h-2 (3)
(3)e=a’+b’-a’-b*-a-b+2>0<a’-a’-a+l+b’-b*-b+1>0

e (a-1)(a’+a+1)+(b-1) (b*+b+1)20 (4)

Do (4) dung nén (3) dung. Vay (1) ding
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Vi du 88. Cho cic s§ a va b khong am thoa man a’+b”=1. Chiing minh cac bat dang
thiee
a) a®+b*<1
s, p3s L
b) a’+b Zﬁ'
Giai
a) Do @*+b*=1nén a<1 va b<1l. Suyra a’<a’ va b’ <b®.
Do @6 a°+b’<a’+b* =1,
Déng thikc xay ra khi va chikhi a=1 va b=1
b) Ta chiing minh duoc (a+ b)(a3 -+ b3) > (a2 +b? )2 (xem Vi du 85)
(a2 +b2)2 1
atb  a+b @
Ta lai c6 (a+b)2$2(a2+b2)=2:>a+b£\/§ (2)

=a’+b*>

Tt (1) va (2) suy ra a’+b’ 2%.

Déng thtic xay ra khi va chikhi a=b = %

II. CUC TRI DANG PA THUC
Vi du 89. Tim gi4 tri nho nhat (min) cua biéu thite A=x* —3x+3 voi
a) X batki
b) x>2
Giai
2
a) A=x Saxa 2 3 (31,33
4 4 2 4 4

min A:E tai x:é.

4 2

b) Cach 1.

Do x>2 tadit x=2+Yy véi y>0. Tacéd A=(2+y) ~3(3+y)+3=y’+y+1>1 (do y>0)

minA=lcy=0& x=2.

Cich 2. Ta c6 A(2)=2°-3.2+3=1. Ta sé chiing minh véi x>2 thi A>1.

Tacd A-1=x"-3x+2=(x-1)(x-2)

Véi x>2 thi x-1>0,x-2>0 nén A-1>0,dodo A>1.

min A=1tai x=2.

Luwu y. Khi bién X nhan gid tri tly y thi tam thic bac hai ax® +bx+c(a=0) dat cuc dai tai
b

X=——
2a
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Khi bién X nhéan gia tri han ché khong chira —% thi tam thirc bac hai dat cuc tri tai gia tri
bién cua bién.

Vi du 90. Tim gia tri nhé nhat cua

a) A=x’—48x véi x>0

b) B =x*-32x

Gidi

a) A=x’—48x=x’+8x*-8x*—64x+16x+128-128

=(X* —8x+16)(x+8) 128 =(x—4)"(x+8)—128 > ~128.

Vay min A=-128 tai x=4.

b) B=x'~32x=x'+16-8x> +8x" +32-32x—48 =(x?-4) +8(x~2)’ 48> 48
Vay minB =-48 tai x=2.

Vi du 91. Tim gié tri nho nh&t ciia A=x*(x+4) v6i x>2

Gidi

Do x>2 tadat x=2+Yy véi y>0.

Tacod A=(2+ y)2 (6+y)=y’ +10y* +28y +24

= y(y2 +10y+25)+3y+24= y(y+5)2 +3y+24>24

Vay minA=24 tai y=0 ticla x=2.

Vi du 92. Cho cic s8 X,y khong &m thoéa man x* +y* =2. Tim gid tri I6n nhat (max) ctia

a) A=x+y
b) B=x"+y?
Giai
a) Tacod 2=X"+y° =(x+y) (X =xy+y*)=(x —xy+y*)A (1)
X2 — Xy + yZ:(x+y)2—3xy:A2—3xy (2)
4xy < (x+ y)2 = A’ = -3xy 2—%A2 (3)
\ 3 2 2 > 3, A?
Tt (2) va (3) suyra X’ —xy+y* > A _ZA = (4)

2

Tt (1) va (4) suy ra 22%.A:> A’ <8= A<2

maxA:2<:>{ ox=y=1

X +yi=2
x Ao A . 3,3 2 2\ Ny 32 . .

b) V6i X,y khong am ta c6 (x+ y)(x +y )Z(X +y ) (theo bat dang thitc Bu — nhi — a —

cOp — xki hodc theo Vi du 85) nén A2> B’=B*<2A<22=4

Vay maxB=2<x=y=1

Vidu 93. Cho x>4 va X+ Y >6. Tim gid tri nho nhat cia A=x*+Yy’

Giai
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Chon X nho nhatla 4. Khi x=4 thi y>2. Xét biéu thirc 4x+2y
Theo bat dang thitc Bu — nhi —a — c&p — xki (42 +22)(X2 +y2)2(4x+2y)2 (1)
Do 2x>8 va 2x+2y >12 nén 4x+2y>20 (2)
Twr (1) va (2) suy ra 20A>20° = A>20
Yy
2 {x=4

“ly=2

6 U7

=4
+y=

minA=20 <

X X h|x

L

Vi du 94. Cho cac s6 duong a,b théaman a+b=1.
Tim gi4 tri Ién nhat ctia A=ab(a”+b’).
Giai:

Ap dung bat d:?mg thitc Co-si, ta co

2ab+(a?+b?) (a+b) 1
V2A = J2ab(a® +b?) < (2 )=( > ) =2
1

:>A$1:> A<=
4 8

maxA=1<:>a=b=£.
8 2

Vi du 95. Cho cdc s6 duwong a,b,c théa man (a+b)(a+c)=8.
Tim gid tri 16n nhat cia A=abc(a+b+c).

Giai:

Ta co

(a+b)(a+c)=8=a(a+c)+ab+bc=8

= a(a+b+c)+bc=8.(1)

Ap dung bat dang thiic Co-si, ta c6

x/Z=\/a(a+b+c).bc < a(a+b+c)+hbe _8

21
2 2
= A<16
A=16<a(a+b+c)=bc=4
b=c=2 b=c=2
o
a+2=J§ a:2J§—2
Vi du 96. Tim gia tri 16n nhat cta A=a’+b’+c? biét -1<a,b,c<3 va:
a) a+b+c=5
b) a+b+c=4
Gidi:
a) Do -1<a<3nén (a+l)(a-3)<0=a’<2a+3.

maxA =16 khi, chang han {

Tuong tu, b? <2b+3,c* <2c+3 nén A<2(a+b+c)+9=25+9=19
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maxA =19 khi trong ba s8 a,b,¢ c6 hai s& bang 3, mot sd bang 1.
b) Do -1<a,b,c<3 nén

(a+1)(b+1)(c+1)+(3-a)(3-b)(3-c)>0

= (a+1)(bc+b+c+1)+(3-a)(9-3b-3c+bc)>0

= 4(ab+bc+ac)-8(a+b+c)+28>0

= 4(ab+bc+ac)-8.4+28>0

= 2(ab+bc+ac)>2 (1)
Tacd A=a?+b?+c?=(a+b+c)’ —2(ab+bc+ca)=16-2(ab+bc+ca). (2)
Tt (1) va (2) suyra A<14
maxA =14 khi trong ba sd a,b,c c6 mot sO b:?mg 3, mot sO b:?mg 2, mot sO br?mg -1.
Luu y: Cach giai ¢ cau a) gon vi ta gap thuan lgi: cuc tri xay ra khi a,b,¢ chi nhan
cac gia trila 3 va -1, tic 1a nhén cac gia tri & bién caa cac bién.
Cach giai ¢ cau a) khong van dung duwoc cho cau b) vi & cau b) cuec tri xay ra khi co
mot s6 bang 2, khong phai 1a gia tri & bién ctia bién a,b,c. Nhu vay cach giai ¢ cau
b) tong quat hon.

Vi du 97. Tim gid tri nho nhat va gia tri 16n nhat ctia d , biét rang cac s8 a,b,c,d thoa

man
a+b+c+d=5
{a2+b2+cz+d2 =7
Giai:

Tacé a+b+c=5-d;a’+b*+c*=7-d°
Ap dung bat déng thirc 3(a’ +b*+¢*) > (a+b+c)” duoc
3(7-d*)2(5-d)" < 2d”*~5d +2<0

c>(d—2)(2d—1)§0<:>%§d <2

Vay mindzg tai a=b=c=g; maxd =2 tai a=b=c=1.

Vi du 98. Cho cac s6 a,b,c,d khong am c6 tdng bang 2. Tim gia tri 16n nhat cta
A=ab+bc+cd

Giai:

A=ab+bc+cd <ab+bc+cd+ad =(a+c)(b
Talaicé 4(a+c)(b+d)<(a+c+b+d)’ =22
Nén (a+c)(b+d)<1 (

Tir (1) va (2) suyra A<1

+d) (1)

4

2)

a+c=b+d=1

khi chfmghan a=0b=d =£,C=1.
ad =0 2

Vay maxA=1<:>{
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Chuyén de 2
BAT PANG THUC VA CUC TRI DANG PHAN THUC

TONG QUAN VE CHUYEN DE.

Chuyén dé nay bao gom hai ndi dung;:
— Bat dang thitc dang phan thitc, trong d6 c6 bat dang thikc vé cong mau s6.

— Tim gid tri nho nhat, gia tri 1én nhat cta cac biéu thirc c6 dang phan thic, trong do6
c6 bai todn tim cue tri ma bién ndm trong mot khoang nhét dinh, khi d6 can du

doan gia tri ctia bién dé xay ra cuc trj.

Tinh nhdm vao doi song
CHIA NHANH
Ban Vinh can lam phép chia 1:1,03 va lam tron
dén hang phan tram. Vinh dang loay hoay tinh toan vi
khong c6 may tinh bo tui trong tay . Ha noéi véi Vinh:
Ban chi can 1dy 1 trir di 0,03 la duoc! (0,03 la phin
hon ctia s6 chia so v6i 1)
Vinh rat ngac nhién sau d6 kié tra lai bang mdy tinh:
1:1,03=0,9708... ~ 0,97(=1-0,03) .
Vinh thtr mot vai truong hop khac cling thiy ding.
1:1,04=0,9615...~ 0,96
1:1,07 =0,9345...~ 0,93
a) Ban hay giai thich diéu do.
b) Co phai két qua tinh theo cach trén luén nhé hon két qua dung hay khong?

Gidi:
.2 ks AAY /4 1 4 \ ~ A, 2 7.
a) Gia st can tinh Lia trong d6 a la s6 rat nho so véi 1.
+a
1 1-a°

Khidé 1~1-a° nén —— =
1+a 1+a

b) Do 1>1-a% nén —— > 1 _1_4
l1+a 1+a
Vay két qua tinh duogc theo cach trén ludén nho hon két qua dang.
I. BAT PANG THUC DANG PHAN THUC
Ngoai cac bt dang thic vé lién hé giita trung binh cong va trung binh nhan (bat

1-a

dang thitc Co-si), lién hé gitta tong cac binh phurong va binh phuong cta tdng (bat
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dang thitc Bu-nhi-a-cSp-xki) duoc néu & Chuyén dé 7, can nhé cac bat dang thikc vé

lién hé gitra tdng cac sd va tong cac nghich dao cta chiung:

1 lzivc’yix,y>0 (1)
X Yy X+y

1. 1.1 v6Oi X, Y,2>0 2)
X Yy 7 X+y+z

Ban doc ciing nén biét cac bat dang thitc tdng quat ctia cac bat dang thiic trén va
cach chiing minh ching d€ khi can, c6 thé sit dung ching nhu nhitng bd dé:
a> b® _(a+ b)2

4>
X y X+Yy

voi X,y >0 3)

2 2 o2 (a+b+c)
@ b ¢ @rbre) 0 @)
X 'y 7 X+y+z

B4t dang thic (1) 1a treong hop ddc biét ctia bat dang thikc (3) khi a=b=1.
Bét dang thiec (2) 1a treong hop ddc biét cua bat dang thirc (4) khi a=b=c=1.
Ta goi céc bat dang thitc trén 1a cic bat dang thiic vé cong mau sd.
Vi du 99. Chting minh c4c bat dang thiic (3) va (4) ndi trén.
Giai:
Chting minh bat dang thitc (3) nhu sau:
@t b (b)) _ alysbx (arb)
X Yy  X+y Xy X+Yy
& (a’y+b’x)(x+y) = xy(a® +2ab+b?)

& a’y? +b?x? > 2abxy < (ay —bx)’ >0 ludn ding.
Xay ra déng thirc khi va chi khi 2=2.

Xy
Chting minh déng thttc (4) nhu sau:

Cich 1. Ap dung bat déng thirc (3) hai lan ta c6:

—t—|[+—2 2
X 'y z X+y 2 Xy X+Yy+1z

Cich 2. Ap dung bat dang thitc Bu-nhi-a-c8p-xki, ta co:
a Y b i c Y 2 2 2 2
(ﬁj + W J{ﬁj [(\/;) +(\/§) +(\/E) }2(a+b+c)

2 2 2
:{a—+b—+C—J(x+ y+z)2(a+b+c)2
X y z

2 2 2 2 2 2 2 2
a bj ¢ _(a+h) L& &y+bx (a+b+c) |
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2 2 2 2

a® b® ¢ a+b+c

=>—+—+ —ZQ.
X 'y 7 @ X+y+z

Xay ra déng thirc khi va chikhi 2=2-C
X y z

Vi du 100. Chitng minh bat dang thitc
1 1 . \
—t+—2 > VOi X va Yy duong
XT YT (x+y)

Giai:

Theo bat dang thitc Co-si, ta co

(x+ y)224xy>0 (1)

iz + iz PN (2)

Xty Xy

Nhan (1) véi (2) theo tirng v& duoc

(x+ y)z(i2+i2j28:>i2+i22L
Xy

Xy (x+y)2
Xay ra dang thtec khi va chi khi x=y.
2 2
Vi du 101. Cho A—a—+b— : B=E+B.
b*>  a? b a
Chting minh rang;
a) A>2.
b) A>B
Giai:
a)  Patdox; 2oy thixy -1,
b a
A=x’+y?>2|xy|=2 nén A>2 (1).
b) Tacod X +1>2x; y*+122y nén X’ +y’+2>2(x+y)= A+2>2B (2)

T (1) suyra A+ A>A+2.
Két hop v6i (2) c6 2A>2B nén A>B.

Vi du 102. Cho A—a—2+b—2+i vaB=2,2.¢
b> ¢* a’ c a
Chttng minh réng:
a) Ax2.
b)  A2B.
Giai:
a) Dat E:y E—z thi xyz=1
b ¢ a
Xét A+1:( )+(22+1)22|xy|+2|z|24\/mz4 nén
A>3 (1).
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b)  Tacod xX*+1>2x; y*+1>2y; 722 +1>2z nén
X' +y +2°+322(x+y+2z)= A+322B (2)
Tir (1) suy ra A+ A>A+3 nén 2A> A+3.
Két hop véi (2) 6 2A>2B nén A>B.

a+b b+c.z_c+a

Vidu103. Cho X=——; y=——; Z= .
a-b b-c c—-a

Chting minh rang;
a) Xy+yz+zx=-1.

b) X +y +22>2.
Giai:
) Tacox+1=2211- 2 oo
a-b a-b
2a 2b 2c
1 1 1)= . ) 1).
)y 1)z 1) = 22 22 o)
Todo x-1=2%0 12 2 1446
a-b a-b
2b 2c 2a
-1 -1)(z-1)= . . 2
()(y-1)(z-n=2 2 2 )

Tt (1) va (2) suyra
(x+1)(y+1)(z+1)=(x-1)(y-1)(z-1)
Nhan va rat gon dwoc Xy +yz+z2x=-1
b) ThcéX2+y?+f:{x+y+zf—2@q+yz+n0:(x+y+zf+2.
Vay x> +y*+2°>2.
Vi du 104. Chitng minh bat dang thic

a b c

3 .
+ + >—voia=b>c>0.
a+b b+c c+a

Giai:
Goivé'trdila A, ta co:

TAI LIEU TOAN HOC
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Ay - (ﬁa) (ﬁ%}(ﬁﬂ

_ a-b N b-c c—
2(a+b) 2(b+c) 2(c+ )
__a-b +(b—a) (a- )+
2(a+h) 2(b+c) 2(c+a)
a-b( 1 1 a-c a-b
"2 '(a+b_b+c) 2 (b+c)(c+a)
a-b c—-a N a-b
2 (a+b)(b+c) (b+c)(c+a)

=(a—b)(a;c)(_ 1 1 )

2(b+c a+b c+a
_ (a—b)(a—c)(b—c) S0
2(a+b)(b+c)(c+a)
Vay AZ%.

Xay ra dang thiec khi va chi khi trong a,b,¢ c6 it nhat hai s§ bang nhau.
Vi du 105. Chitng minh bat dang thitc
a’+b® b’+c® c’+a’
+ +
2ab 2bc 2ca

>a+b+c véi a, b, ¢ duong.

Gidi:
Do a, b, ¢c>0 nén a3+b3:(a+b)(a2—ab+b2)2(a+b)ab.
3 3
a’+b >a+b T d6
2ab 2
a’+b® b*+c® c*+a®_ a+b b+c c+a
+ + > + +
2ab 2bc 2ca 2 2 2
Xay ra dang thikc khi va chi khi a=b=c.
Vi du 106. Chttng minh bat dang thitc
a+b . b+c N c+a
a’+b®> b*+c® c*+a
Gidi:
Tacé (a+b) <2(a’+b?).

=a+b+c.

> <3 véi a, b, c duongva a+b+c=ab+bc+ca.

2
Do a va b dwongnéen —<——.
v 5 a’+b® a+b
Twe d6
a+b b+c c+a 1 1 1
= + + <2 + + 1
a’+b®> b*+c® c*+a’ [a+b b+c c+a) @

Ap dung bat dang thiic
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1 1 1
—+=+=<
X Yy Z X+y+z

1 1 1 9
+ + <
a+b b+c c+a 2(a+b+c)

voi X, Y,2>0 tacod

(2)

Tk (1) va (2 A< .
t (1) va (2) suy ra e

<3 ha J SS(a+b+C)
a+b+c a+b+c ab+bc+ca
(Vi a+b+c=ab+bc+ca)

(3) = (a+b+c)’ >3(ab+bc+ca)

< a’+b’+c*+2(ab+bc+ca)>3(ab+hc+ca)

(3)

Can chting minh

< a’+b*+c?>ab+bc+ca
Dé dang thay bat dang thiec cudi 1a dung.
Vay bat déng thircc da duwoc chiing minh.
Xay ra dang thiec khi va chikhi a=b=c.
Vi du 107. Cho cac sd duong a,b,c thoa man a<b,a<c va abc =1. Chiing minh bat

dang thtc

a+b’+c? 2£+i2+i2.
a b° ¢

Gidi:

Tacoé a<h,a<cnén a®<abc=1,dodé a<1.
Bat dang thitc phai chiing minh tong duong véi

M =(a—lj+b2+c2—(i2+i2j20.
a b ¢

Ta co a—§= aza_1=(a2—1)bc (vi %:bc)
Va b2+cz—%=(b2+c2)(l—bzlch
(b +c?)(1-a?).

nén

M =(a’-1)bc+(b* +c*)(1-a°)
=(1-a*)(b*+c*~bc) = (1+a)(1-a)(b* +c* -bc)
Do a,b,c>0 va a<l nén 1-a?>0 b?*+c®-bc>0 suyra M >0 .
B4t dang thitc da cho duwoc chitng minh.
Xay ra dang thtec khi va chikhi a=b=c=1.
1

Vi du 108. Chitng minh bat dang thitc 21 2 2 voi xy >1.
x*+1 y°+1 xy+1

Gidi:
Cdch 1. Bat dang thiic phai chiing minh tuong duong véi
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X +1+y*+1 2
(x2 +1)(y2 +1) Cxy+1

& (X +y*+2)(xy+1) 2 2(xPy? + X2 +y* +1)
e xy(X+y?)+ X +y’ +2xy+2-2x"y" - 2x* —2y* ~220

2

o xy(x +y° —xy)—(x2 +y° —xy) >0

< (x- y)2 (xy-1)=0

Bat dang thitc cudi dtng vi xy >1.

B4t dang thitc da cho dugc chiing minh.

Xay ra dang thirc khi va chi khi X=y hodc xy =1.
Cich 2. V€& trai da cho tuong dwong véi

1 1 X +y>+2
= + =
X+1 y*+1l Xy x+yi+l
XY+ X+ yP +1)+(1-xy° _x2\2
:(y zzyz)z( y):1+221)§y2 (1)
XY +x +y +1 Xy +x +y +1

Ta cd X°y° + x> +y* +1> x?y? +2xy+1:(xy+1)2,
1 < 1
Xy Xt +y Ll (xy+1)°

=

Nhan hai v& v6i 1-x*y? (do xy >1=1-x’y* <0) ta duoc

1-xy° S 1-xy?  1-xy (2)
XCy2+x2+yi+1 (xy+1)2 Xy +1
1-xy 2
1+xy  xy+1
I. CUCTRI DANG PHAN THUC.

Tt (1) va (2) suyra A>1+

X% +1
X

Vi du 109. Tim gid tri nho nhat cua A= vOi:

a) O<X££.
2

b) X>2
Giai:
&) 7 2 . . 1 7 \ 2 1 o« A A2
a) Véi dy doan xay ra cuec tri tai X = 3 tikcla xX° = 7 ta bién doi nhw sau:

i3 et
A= 4 4" 4,3 (1)

X X 4x
x2+1 2x.1
4> 2_1(1)
X X
O<x<1 :EZZ:EZE (2)
2 X 4x 2

Do X>0 nén
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Tt (1) va (2) suy ra A21+%=§. minA=g<:>x=%
b) V6i dy dodn xay ra cuc tri tai X=2, tiec 1a x* =4 ta bién d6i nhw sau:
X*+4-3 x*+4 3
X 3 )
X X X

X2 +4 . 24x%.4
X X

A=

Do x>0 nén =4 (4)

x22:>1£1:>_—32_—3 (5)
X 2 X 2

Tt (3), (4), (5) suy ra A24—g:%; minA:§<:>x:2
, NSV X*+1
Vi du 110. Tim gia tri nho nhat caa A= VOi:
X
a)0<xsl;
4
b)ng.
2
Loi giai

.. . S 1 ., . 1 crr
a) Voi du doan xay ra cuec tri tai x = 7 ticla x% = X ta bién d6i nhu sau:

X“ 4+ ——+—= + - 15
A 16 16 16 (1)
X X 16x
X2+ 1
Do x>0 nén — 16 >~ @)
X 2
0<x§1:>£24:>£2E (3)
4 X 16x 4
1 15 17 . 17 1
T (1), (2), B)suyra A>—+—="—, MNA=—X==
(D, @, @) suyra Azo+ie== Tk

b) Véi du dodn xay ra cyc tri tai X=3, titcla x* =9, ta bién d6i nhuw sau:
x*+9-8 x*+9 8

A= (1)
X X X
2
Do x>0 nén X956 2)
X
3<x:>££1:>_—82—§ 3)
X 3 X 3
Tir (1), (2), (3) suy ra A>6-5 -0 minA:%ax:B

Luru §: Xét biéu thite A= x+=
X
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. x22:>minA=2% (vi du 109Db).
X>23=minA= 3% (vidu 110Db).
A 4 - 1 X A
Tong quat, x=n=min A= nﬁ (hon s0).
1 . 1
J 0<XSE:>m|nA:25(v1du109a).
1 . 1
0<xsZ:> mlnA:4Z (vidu 110a).

Tong quat, 0 < x < 1 mina=nl (hon s6).
n n

2 2

Vi du 111. Tim gid tri nho nhét ctia A=>—Y v6i x>2y >0
Xy
Loi giai

Véi due doén xay ra cue tri tai x =2y, tkc 12 x* =4y?, ta bién d6i nhw sau:

_ X244y -3y* xP+4y* 3y

A 1)
Xy Xy oy
2 2
Do x,y>0 nén X5 4 @)
Xy
x>2y>0= X<t 3, 3 3)
y X 2
\ 3 5 5
Tt (1), (2), (3) suy ra AZ4—§:§. mInA:EQX:Zy
2 2
Vi dy 112. Tim gid tri nho nhat cta A=2—2 + _®__ (siab>o.
ab a“+b

Loi giai
2 2
X Y_X+4y
y X Xy

Cich 1. Dat x=a’+b*y=ab tacé A=
Do a®+b*>2ab = x>2y.
Bai toan quay vé vi du 111. Suy ra minA:Ec> a=b

2 2
Cich 2. Dit x=2 Lb . Do a*+b*>2ab=x>2. Quy vé bai todn & vi du 109b. Vay
a

minA:gca:b

, s 1 il X
Vi du 113. Cho cdc s6 duong x,y thoa man X2+7=1.T1m gia tri nho nhat cua A=24)

X

Tim hudng giai
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X ’ < ’ i . 7. 7. .2 - A
Véi x,y>0 ta co ;+¥2 2, nhung dau dang thic xay ra khi x=y=1 trai vdi gia thiét

1 . . 1 X
x> +—= =1. Ta tim huéng giai khac bang c4ch khai thac gia thiét x* + = >2=.

y y y
Loi giai
2 X x _1 ‘s [ ) . x 1 2 2 cnr
T 1=X"+—22—=—<—, véi du doan xay ra cyc tri khi —=—-=y" =4x", ta bién doi
y y y 2 y 2
nhuw sau:
2 2 2 2 2 2 2
A:X +y :4x +y° —-3X :4x +y~ 33X )
Xy Xy Xy y
2 2
Do x>0,y>0 nén XY 512Xy _, @)
Xy Xy
o Xl 3x, 3 3)
y 2 y 2
\ 3 5
T (1), (2), B)suyra A= 4—5:5
5 y=2X X—ﬁ
mnA==—<{ , 1 .o 2
2 X +—2:1
y y=+2
, el i1x oo 1 .1
Vi du 114. Tim gia tri Ién nhat cia A= x+= vdi 5 <x<1.
X
Loi giai

Do L<x<1nén (1-x) I )02t x-xixi<o
2 2 2 2

:>x2+££§x:>x+isE (1)
2 2 2X 2
xzizisl (2)
22X
R p A, \ , 1.1 5 . 5 1
Cong vétheové (1) va(2)taco x+—<—+1=—.Vay maxA=—<x=—.
X 2 2 2 2
2
Vi du 115. Tim gia tri nho nhat, gia tri 16n nhat cia A= zx—l voi
X*—X+
a) X batky.
b) 1£x£1.
3

Loi giai

2
a) Do x*>0 va xz—x+1:(x—%] +%>0 nén A>0. minA=0< x=0.
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V&i x=0 thi A=0. Vi X0 thi A 16n nhat khi % nhé nhat.

1 X*—x+1
A X

1
b) Véi tox thi A=—9 1
3 1_}+1 7
9 3
Véi x=1 thi A=1
Tacht'rngminh%SAsl.
, 1 X2 1 )
e Tacd A2- 5——2-6x +x-120 < (2x+1)(3x-1)>0
7 X-x+1 7
1)
1 . .
Do ng nén (1) dung.
XZ
e Tacd A<le ——<le X’ <X -x+lex<1 )
X“—x+1

Do gia thiét %S X <1 nén (2) dung, hay A<1.

Vay maxA=1<x=1

, N X 2y
Vi du 116. Tim gia tri nho nhat cia A=—+—;
y X +Yy

Loi giai

1 2
Tacd x*+y* 22 va x,y duwong nén —>— X2
y X +y

> vOi x>0,y>0.

2x2
X2 +y?

X
= —2
y

2 2 2
A=£+ 22y 7 2 22X 7 T 22y 7 =2
y x2+y? x+y? X4y

mMNnA=2& x=Yy

Vi du 117. Cho cac s6 duong x,y théa x+y <1. Tim gia tri nho nhat cua:

s et

b) B=

Loi giai
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a) A=xy+i+2.
Xy

X+y

Taco 0</xy < S% nén 0<xy<1.

~ A \ .7 . 2 A, 2 1 7 . 1 14 \
Ddt a=xy dua vé tim gia tri nho nhat cia a+— vdi O<a< 2 theo vi du 110a ta tim dwoc

a
( 1} 17 1
minfa+=|=—oa==.

a 4 4
Do d6, minA=%+2=§<:>x:y:1
b) B:( 21 2+3j+i 1)
XX +y° oxy) xy

Ap dung bat ding thikc 1+1> vOi a,b duong ta co

b cung 8 a b a+b ’ 8

21 2"'iz 2 Lzl = : 724 )
X“+Yy" Xy X +y +2xy (x+y)
o<y <XVl oay<laloan tor 3

2 4 xy 2Xy

Tt (1), 2), 3) suyra B=22+4=6.Vay minB:6©x:y:%

7 1 1 &)
Vi du 118. Tim gia tri nho nhat cia A=——+—— vdi X,y > 0;xy =4.
1+x 1+y

Loi giai
X+y+2  X+y+2 _x+y+2_1 3

=(1+x)(1+ y)_ X+yY+Xy+1l X+y+5 = X+y+5

Ta co: x+y22ﬂ=4:>x+y+529

1 1. -8 -

= <—= >
X+y+5 9 x+y+5 3

Vay A>1- %

Wl

minA=%<:>x=y=2

Vi du 119. Cho c4c s6 duwong X,y théaman x*+y® =1 . Tim gi4 tri nho nhat cua

3 3
a) A=Y b) B=2 Y
Xy Xy
Giai
a) Do x>0,y >0 nén AL XY 2y 2 (1)
Xy Xy o Jxy
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1 1
Talaicd: 2xy < X*+y° =1=> Xy <= = Xy <——
. y<x+y y< =g
\/_z\/_:fzz\/_ ©)
Tir (1) va (2) suy ra A>242 3)
X_
minA=22 1 <:>x:y=—2
x> +y’ =1 2
X+ y) (X = xy+y?
b) B:( y)( i y)=A(1+xy) (4)
Xy
. 2 2 1 1
Talaicod 2xy <x“+y :1:>xy35:>1—xy25 5)
T (3), (4) va (5) suy ra Bzzﬁ.%zﬁ
minB=\/§<:>x=y=%
2 y2
Vi du 120. Tim gia tri nho nhat caa A= ) voi x>2 va y>2
y-2 x-

Giai
bat x-2=a>0,y-2=b>0
2 2
(a+2)  (b+2) 24.a.2+4.b.2:8(3 gj 16
a b b a b a
minA=16<a=b=2<x=y=4

A=

Vi du 121. Tim gid tri lon nhat va gi4 tri nho nhat cia A=(X+ y)(1+1j voil<x<2 va
Xy

1<y<?2
Giai

Do 1< x<2nén (x—l)(x—2)sO:>x2—3x+2$0:>x+gs3

X
2 1 1
Tuong tu, y+;£3.8uyra (X+y)+(;+;JS6 (1)
.y 2 2 2
Talaicd (X+Y)+|=+= |22 [(x+Y) 2,21 22A (2)
Xy Xy
Tix (1) va (2) suy ra 2x/2AS6:>\/2A$3:>2A£9:>AS%
max A= | X7
x=2;y=1
Vi du 122. Tim gid tri nho nhét cua
a) A=da+t vsio<as<t by B=—2Y X\ Y U6 y1as§ duong
a 4 (x+y)” ¥y X
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Giai

s . 14 kd . . 1 7 \ 1 V.4 A2
a) Voidu doan xay ra cyc tri tai a = K ticla 4a® = 2 ta bién d6i nhu sau:

1 3 , 1
2 4a’+-+>  4at+=
4a”+1 _ 4 4 _ 4., 3 ()

a a a 4a

A=4a+£=
a

Do a>0 nén > 2.2 )

0<a£1:>124:>123 3)
4 a 4a
T (1), ) va(3)suyra A>2+3=5

minA:5<:>a=i

b) B= 4xy LX)
X

(x+ y)2 ;

Axy +[X y+2J=(4Xy (x+y)’

-+ —+= -+
(x+y) y X X+Y) Xy

Y _a>0 thi B+2=4a+= , trong dé as% vi —Y <

(x+Y) a (x+y)2
Theocauatacdo B+2>5=B=>3

al =1c>x=y

(x+ y)2 4

Vi du 123. Tim gia tri 1én nhat cia A=

=B+2=

bat

NP

minB=3<:>a=1<:>

ab bc ca
+ +
c+l a+l1 b+1

voia, b, cduong va a+b+c=1

Giai.
1 1_ 4
Ap dung bat dang thiic ;+ ; >m voi X,y duong va a+b+c=1,tacod
4 4 4 1 1
- = <

= = < +
c+l c+a+b+c (c+a)+(c+b) c+a c+b

Nhan hai v€ véi s6 duong ab ta ¢
4ab ab ab
< +
c+1l c+a c+b
4ab 4dhc 4ac ab N ab bc bc ac ac
c+1 a+1 b+1 c+a c+b a+b a+c b+a b+c

ab+bc ab+ca bc+ca

= 4A< + + =b+a+c=1
a+c c+b a+b

. Do do:

4A=

maxA=1c>a=b=c:1
4 3

Vi du 124. Tim gid tri nho nhat cua:
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a) A=1+E voi X,y duwong va x+y =1
X

b) B=1+£+i véi X, Y,Z duong va X+y+2=3++2.
X y z

Giai
a® b*_ (a+b)’

a) Ap dung bat ding thikc vé cong mau s6 — +— > véi X,y >0 (xem vi du
X Yy  X+y

99)

2
A=%+%=%+\/32 2(1+\/§) =(1+\/§)2 =3+24/2

X+y

= = 2—1
minA:3+2\/§<:>{y Xﬁ@ x=+2
Xx+y=1 y=2-+2
2 2
2 2 (144242 3+2
B=l+£+2—2( ) =( ) =3+4/2
X Yy 7 X+y+1Z 3++2
1 2z e

minB =3+v2 < { x y z = y=\/§
X+y+z=3+2 [2=2

2 2 2
Vi du 125. Tim gi4 tri nho nhat cia A=—2—+—2 1 % 4 a b, c duong va
a+2b b+2c c+2a
a+b+c=3.
Giai

2 2
Cach 1. Xét —2 +a+2bzz‘/ a’_a+2b _2a
a+2b 9 a+2b 9 3

a’ _2a_a+2b 5a-2b

= > . Do dé
a+2b 3 9 9
a’ b? c? 5a—2b 5b-2c 5c-2a a-+b+c
= + + > + + = =1
a+2b b+2c c+2a 9 9 9 3

minA=1l<a=b=c=1

b) Cach 2. vé cong mau s6 :
2 2 2 2
a® b* c*_(a+b+c)

—+—+—2>—Vv6i X,¥,2>0 (xem vidu 99)
X Yy I @ X+y+z

a’ b? ¢ _(a+b+c) a+b+c
= + + > = =1
a+2b b+2c c+2a 3a+3b+3c 3
minA=1<a=b=c=1
a®> a+2b
Luu y. Gidi thich viéc xét 7 + 0 cach 1 nhu sau:
a+

Véidu dodn cuc trixdratai a=b=c=1, ta can chon s6 k nhw sao cho
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2

a +a+2bt1’rclé 1 =—1+2:>k:9
a+2b k 1+2 kK
2 2
4 _a+2b hoac a a+2b déu khong hiéu qua.
a+2b a+2b 4

Vi du 126. Cho cac s6 dwong a, b, c théa man a+b+c<1
1 1 1
+ +
a+l b+l c+1
b c
+ +
a+l b+1 c+1

Cac cach xét

a) Tim gia tri nho nhat ctia A=

b) Tim gia tri l16n nhét caa B =
Giai
1

1 1
Apd bat dang thitc —+—+=>
2) Ap dung bat dang X Y Z X+Yy+z

voi X,Y,Z dwong, ta cé:

1 1 1 9 9

= + + > P

a+l b+l c+1 3+a+b+c 4
minA:g<:>a:b:c:1
4 3

b) a b c a+l- 1 b+1- 1 c+1-1
a+1 b+l c+1 a+1 b+1 c+1

Bof1-—1 |+(1-—L |+[1 S T I SV NS
a+l b+1 c+1 a+l b+l c+1

maxB—§<:>a b= c—1
4 3

-blt.o
.bloo

Luu 1j: Cau b c6 céch gidi ngan gon hon trong truong hop a,b,c>0 va a+b+c<3 nhu

sau:
Tix bat ding thic 4a<(a+1)’, véi a>0 ta co:

a Sa+1 Do dé BSa+1+b+1+c+1=a+b+c+3£§
a+l 4 4 4 4 4 2

maxB:§<:>a=b=c:1

a N b N C
b?+1 c?+1 a’+1

Vi du 127. Tim gia tri nho nhdt cuia A= véi a,b,c la s6 duong va

a+b+c=3
Giai
. a a+ab?—ab? ab? ab? ab
Tacd —= > =a-——>a- —g——
b*+1 b +1 b +1 2b 2
Do do:
A= Za + 2b + ZC z(a abj (b—ﬁ) (C—Ej
b +1 c°+1 a“+1 2 2 2
:Az(a+b+c)_ab+b2c+ca=3_ab+t>2c+ca )

TAI LIEU TOAN HOC
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2
(a+b+c) _3_, _ab+bctca -3 @)

Talaicod ab+bc+ca<
2 2

Tt (1) va (2) suy ra A23—%=%;minA=%c>a=b=c=l

Vi du 128. Cho biéu thitc

3 3 3
A= HDHC i cas<bec<2
abc
. b ¢ a ¢
a) Ching minhrang A< —+—+—+—.
) & & c b c a

b) Tim gid tri 16n nhat ctia A.
Gidi
2 2 2

a) Tacd A=2 4>+ Do1<a<b<cnén (a-b)(b? —c?)20
bc ac ab

— ab® —ac’ —b®+bc? >0=b* <ab® +bc® —ac®.

2
Chia hai v& cho s& dwong abc duoc behoe e (1)
ac ¢ a b
2 2
DolSaSbnéna—Sa—:i. (2)
bc ac ¢
2
Dolsa§cnénc—££:£. (3)
ab ab b

Xay ra dang thticckhia=b=1vac=2.

b) Ta co 1£b£c£2.nén%2%.

Dét9=x thi l£xsl.
C 2

Theo Vidu 114, véi %S X <1thi max(x+%j =gtai X =%.

Dodo’max(x+£j=5<:>9=£<:>b=1,c—2

X 2 c 2

Turongtl_rmax(i+£j=§<:>g=i<:>a=1,c=2.
c a 2 c 2

Suy ramaxA=5<«<a=b=1vac=2.
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Chuyén de 3
BAT PANG THUC VA CUC TRI DANG CAN THUC

TONG QUAN VE CHUYEN DE.

Chuyén dé nay bao gom hai ndi dung:

— Bat dang thitc dang cin thikc
— Cuc tri dang can thtc
Céc bai toan vé cuc tri dang cin thirc thuong kho, do d6 ngoai dang don gian, trong

chuyén dé di phan loai cic dang sau

~ Dang \/f%(x) +4/9%(x) trong d6 f(x)+g(x)=m

~ Dang /f (x)—4/g(x) trong d6 f(x)-g(x)=m>0
~ Dang a,/f (x)+by/g(x) trong d6 f(x)+g(x)=m
~ Dang f(x)+,/g(x)

~ Dang f(x)+x,g(x)

~ Dang [ (x).9(x)+/h(x)k(x) trong d6 f(x)+h(x) va . déu la hing s&

~ Dang |/ f(x).g(x)—/h(x)k(x) trong d6 f(x)-h(x) va f(x)-k(x) déula hing sd

— Dang f?+9% +Vh*+k? trong dé f +h va g+k déula hing s6

— Dang \/f2+g2 —h? +k? trong d6 f —h va g—k déula hang s6
— Dang chtta phan thitc
CHUNG MINH BAT PANG THUC BANG HINH HOC

Xuan d8 Mai chirng minh bat dang thirc sau bang hinh hoc
Ja-1+vb-1<+ab

Mai chwa tim ra cach lam. Ban hay giap Mai

Giai
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Ké duong vudng goc CH =1 va cac dudong xién CA=+/a

CB =+/b ( H nim gitta A va B, h.4)
Khi d6 HA=+/a-1, HB=+b-1
Ta c6 ABCH =2S,,. <CACB

= (Va-1+vb-1)1=ah
= a—1+\/ﬁs\/%

I. BAT PANG THUC DANG CAN THUC
Vi du 1. Chting minh bat dang thtic
Ja-1++b-1<yab (1)
Giai

Cich 1. ( ddt an phu va bién d6i teong duong)

bat a-1=x, b-1=y.Taco

(1) & Vx+y <(x+1)(y+2)

= y+2\/ﬁsxy+x+ y+1

S 2Xy <xy+1
= (\/x_y —1)2 >0, dung. Vay (1) dung
Xay ra bat dang thitc khi va chi khi xy=1<a+b=ab

Cich 2. ( dung bat dang thiec cO-si)

(1)< /aa—_b1+ /% <1. Goi v& trai1a A ta c6

2A=2\/a—_1.3+2\/b_1.1g(a‘1+EJ+(E+£j:2
a b b a a b b a

nén A<1. Vay (1) dung
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Cdch 3 ( dung bat dang thitc Bu-nhi-a-cdp-xki)
(Va—1+vb—1) =(Va-11+14b-1) <(a-1+1)(1+b-1)=ab
=+a-1+Vb-1<+/ab

Cdch 4. ( dung hinh hoc)

Xem cach giai & phan Tong quan vé chuyén dé

Vi du 130. Cho c4c s8 duong a, b, ¢ thda man ab + bc + ca = 1. Chitng minh bat dang thit

V1+a% +31+b? ++/1+¢2 <2(a+b+c)

Giai

Ta cd .. nén

catb+a+c

—at 2t Th o
2 2

Ji+a? +1+b? +4/1+¢? s(a+LJ;j+(b+C;aj+( a+bj

=2(a+b+c)

V1+a? = [(a+b)(a+c)

Xay ra dang thiec khi va chikhi a=b=c=

e

Vi du 131. Chitng minh bat dang thitc

2
(X+2y) +xzyzx J 4y X

Giai

Ta co (X+y)2+x+y:X+y

1 > (x+y+%j2\/x—y(x+y+%) (1)

Ta sé chting minh \/W(X+ y+%jz xJy + ya/x

(2)
(Z)QM(X+ y+%—\/§—\/§j20
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2 2
@m{(&_@ -3 }zo,omng
Tt (1) va (2) suy ra diéu phai chiing minh

Xy ra déng thitc khi va chi khi x =y =0 hodic x =y :%

Vi du 132. . Chiing minh b4t dang thikc

a b ]2 5 siabces0
b+c c+a a+b

Giai
Goi vé'traila A. Ta co:

4c

/Zc _ 2¢C S 2¢C _ (l)
a+b [oc(a+b) 2¢+atb 2c+a+b
2

Ap dung bat dang thirc 1.1, 4 véi X,y >0 taco:

X Yy X4y
(i+1J+(L+1J

b+c c+a
1 1 j>4(a+b+c)

:(a+b+c)( + >
b+c c+a 2c+a+b

(2)

Tt (1) va (2) suy ra

4(a+b+c)+4c
2c+a+b

A+22> 4= A>2

Xay ra dang thiec khi va chi khi a=b=c

II. CUC TRI DANG CAN THUC

1. Dang [ f2(x) +,/g?(x) trong d6 f(x)+g(x)=m

D¢ tim gia tri nho nhat cta dang trén, ¢ hai cach:

~ Dua vé bét déng thtc |f (x)|+[g(x)|2 f (x)+g(x)=m

— Xét binh phuwong cua biéu thirc

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Vi du 133. Tim gié tri nho nhat cia A=+/X+2x—1+x-2x-1
Giai
1
DKXD: x>~

Cidch 1. Dat 2x-1=y . Ta co:

Ax/§=\/2x+2«/H+\/2x—2\/T—1
:\/y+1+2\/§+\/y+1—2\/§

=\/(\/§+1)2 +\/(ﬁ—1)2 =y + - y|2 Y 4141y =2
= A2

minA=2 < y=lex=1

Cich 2. Ta c6: A® = X+~/2X =1+ X—+/2x—1+2,/x* —(2x-1)
:2x+2|1—x| >2x+2(1-x)=2

minA=x/§<:>x=1

2. Dang \/fz(x)—\/gz(x) trong d6 f (x)—g(x)=m>0

Dé tim gia tri 16n nhét cta dang trén, ta dung bat dang thikc

Xay ra dang thirc khi va chi khi g(x)=0 hodc f(x)=g(x)

Vi du 134. Tim gi4 tri 16n nhét ctia biéu thitc A=+/x> —X+3 /x> —x—6
Giai
PKXD: x<-2 hodc x>3
Ap dung bét déng thirc va—b </a—b ta co
As\/(xz—x+3)—(x2—x—6)=\/§=3

X*—x-6=0 Xx=3
maxA =3 < =
X2 —x+3=x*-x—-6 X=-2

3. Dang am+bm trong d6 f(x)+g(x)=m

Lién hé tai lieu word mdn toan: 039.373.2038

TAI LIEU TOAN HOC



Website:tailieumontoan.com

D& tim gia tri 16n nhat cta dang trén, ta dung bat dang thitc Bu-nhi-a-c&p-xki

(a\/T+b\/§)2 <(a*+b’)+(f+g)=a’+b’+m

Trong mot s6 truong hop, co thé xét (a\/T +byg )2 roi dung bat dang thitc Co-si
Trong mot sS triedong hop, 6 the tim dwgc gia tri nho nhat ctia dang trén bang cach
xét binh phuong cua biéu thirc

Véi dang m+ m trong d6 f(x)+g(x)=m, ta c6 thé tim dwoc gia ri nho
nhat bang cach xét binh phuwrong ctia bidu thirc hodc dung bat dang thitc

\/f(x)+\/g(x)2\/f(x)+g(x):\/ﬁ

Vi du 135. Cho bidu thitc A =3vX ++/10—x

a) Tim gia tri nho nhat ctia A
b) Tim gid tri l6n nhat ctia A

Giai
DKXDb: 0<x<10

a) A’=9x+(10-x)+6,/x(10-X)
=8x+10+6,/x(10-x) =10 (do x>0)

x=0
min A=+/10 x=0
<:>{x(10—x):0<:>

b) Theo bat dang thitrc Bu-nhi-a-c6p-xki ta ¢6

A? =(3Vx +1410-x) < (3 +17) (x+10~x) =100
Jx

maxA=10<:>?=\/10—x <=9

Luu 1j. C6 thé giai cAu a) bang cach dung bat dang thic Co-si
2A =29 +2,/1.(10- x) < (9+x) +(1+10-x) = 20
9=x (1)

X=9
1-10-x (2)

maxA:10<:>{

(Ta gédp may man vi Xx=9 6 (1) thoaman (2))
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2A = 6/X — 41— 4X = 34X + 41— 4x

Theo bat déng thitc Bu-nhi-a-c8p-xki ta c6

(2A)° =(3JR+4M)2 < (32 +42)(4x +1-4x)=25

:ZAS&:ASE
maxA:E <:>\/E= V1-4x @Xzi
2 3 4 100

1 :
Luu y: Cing c6 thé viét dudi dang A = 3Jx +4 2 X ro6i dung bat dang thitc Bu-nhi-a-

cop-xki duoc: A%< (32 + 42)()( + 1 Xj - é
4 4

:3/\35.
2

Vi du 137. Cho céc s6 dwong a, b, c thoa man a + b + ¢ =3. Tim gi4 tri l6n nhat cta:
a) A=+2—-a++2-b++2-c;
b) B=+5-a++5-b+~5-c.
Gidi: a) Ap dung bat dang thirc Co-si:
1+(2-a) 3-a
\/2—32\/1.(2—61) (2 ): 5 Tt d6

2A<(3-a)+(3-b)+(3-¢c)=9-(a+b+c)=9-3=6=>A<3
1=2-a

maxA=3 <{1=2-b <a=b=c=1
1=2-c

b) Ap dungbat dang thitc Co-Si:

4+5_a:9_aT&dé

2J5-a=./4(5-a) <

4B=(9-a)+(9-b)+(9-c)=27—(a+b+c)=27-3=24=B<6

4=5-a
MaxB=6<4=5-b Sa=b=c=1.
4=5-c¢

Luweu y: 6 cdu a) ta viet N2 —a = \[1.(2—a) , biéu thizc trong ddu can nhan véi k, =1.

O cau b) ta viét 2¢/5-a = \/ 4(5-a), biéu twgng trong dau can nhan voi k,=4
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X+y

C6 sw khac nhau ndi trén vi & bat dfmg thirc /Xy < , déng thttc xay ra tai x = y , nén

ta phai tron k; va k, sao cho k;=2—-a va k,=5-a.
O hai cAu a va b do vai trd binh d:?mg cta a, b, c ta dw dodn cyc tri xdyraa=b=c=1, do
do k, =2-a=2-1=1va k,=5-a=5-1=4
4. Dang f(x)+ \/m
Dé tim gia tri 16n nhat cta dang trén, tiing treong hop ma ta stt dung bat dang thikc

C6-si hay Bu-nhi-a-cdp-xki.Can cht y nhitng dang co ban sau:

a) Dang A=mx ++ax +b trong do m+%=0.Dfmg bat dang thitc Co-si ta co:
J1.(ax+Db) Sl+bT+ax = A< mx+¥+%=ﬂ

b) Dang B== mx + ny/a - x* .Duing bat dang thtrc Bu-nhi-c6p-xki ta c6
B? = (mx+nva—x*)> <(m® +n?)(x* +a-x*) =a(m? +n?)
Vi du 138. Tim gid tri 16n nhat ctia A = x++1-2X.
DKXD :x< %
Cach 1.Ap dung bat dang thitc co-si:
1+(1-2x)

A=x+1(1-2X) <X+——==1.

o <x
maxA=1<1=1-2x< x=0.

2
. Tacéd

Cach 2.D4t V12X = y thi X = 1‘23’

2

Azl_zy +y=2A=1-y*+2y=2-(y-1) <2.

maxA=1< y=1<x=0
Vi dy 139. Tim gia tri 16n nhat cua A=X=~-X*-2x+3.

Gidi:
PKXD :-3<x<1.

Céch 1. A=x+4/4—(x+1)". Dit x+1=y taco
A=-1+y+4-y>.

Ap dung bat dang thitc Bu-nhi-a-c&p-xki ta co

(1.y +1.44-V? )2 < (12 +12)(y2 +4- yz) =8
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S y+fA-y’ <B= A<-1+8=22-1.
maxA=2ﬁ—1c>y=W<:>y=ﬁ<:>x:x/§—l

Cach 2. Goi a la gia tri cia biéu thirc A.Ta co
<:>a—x:\/—x2—72x+3.(1) Véi a>x thi

(1) = a® +x* —2ax=—x*-2x+3

c>2x2—2(a—1)x+(a2—3)=0

Dé ton tai X, phaicé A'>0=a’+2a-7<0

= (a+l)’<8=a<2y2-1

max A =2v2 -1 x=+/2-1, khi d6 a=2+/2-1, théa man x<a

Vi du 140. Tim gid tri 16n nhat cta

A =X++1-2x-2x%°

Giai:

DKXD :1-2x-2x*>0

C6 thé giai hai cach nhw & Vi du 139.Cach giai dung bat dang thitc Bu-nhi-a-c6p-xki nhu
sau:

A=X++2 1—x—x2—x+\/§ é—(x+1j2
N2 \ 4 2)°

1
bat x+§: y, ta co A:—%+ y+ﬁ. %—yz.

Xét (1-y+ﬁ- %—yZJ <[7 +(x/§)2](y2 +%—y2j=%

3 , 3 1 3
= y+\/§. Z—y SE:AS—EJrE:l
Vi du 140. Tim gid trj 16n nhat cda
A=X+1-2x-2%°
Giai:
C6 thé giai hai cach nhu & vi du 139. Cach giai diing bat dang thitc Bu-nhi-a-c&p-xki nhuw
sau:

1 ) 3 1Y
A=x+42. E_X_X = X++/2. Vi x+E

bat x+%:y , tacod A:—%+y+\/§_ %—yz
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Xét [1.y+\/§. %—yzjz3[12+(\/§)2}(y2+%_y2j:%

3 3 1 3
=SY+V2. -y <= A<+ =1,
y V2 4 y 2 2 2
3 2
4 y

Max A=l y= <:>y:%<:>x:0 thoa man 1-2x—2x*>0

V2
Luu y: C6 thé giai bai trén bang cach dung bat dang thirc Co-si:
1+(1-2x-2x*)

A:x+\/1.(1—2x—2x2)£x+ =1-x%<1
2
x=0
maxA=1< 2<:>x:0
1=1-2x-2x

(Ta gdp may man khi x =0 thoa man 1=1-2x-2x> )
5. Dang f(X)+X+/g(X)

Diing bat dang thitc Co-si hodc Bu-nhi-a-cdp-xki. Can chti y nhitng dang co ban sau:

a) Dang A=x+a-x’
x*+(a—
Dung bat déng thitc Co-si: |A|=|x|Va-x* < ———~> =2

b) Dang B=mx+x+ya-x?

Trudc hét xét:
m++va—x% =vma/m+1.4a-x? s\/(m +1)(m+a—x2).

Sau d6 dua vé dang trén

Vi du 141. Tim gia tri nho nhat,gia tri 16n nhat cua:

A =3x+ x+/5—X°.
Giai:
DKXD: -5 <x<+56
A=x(3+\/5—x2 )

Ap dung bat dang thirc Bu-nhi-a-c8p-xki:

(3+1.J5—_>8)2 =(\@.\@+1.\/5—_x2)2 <(3+1)(3+5-x)
:4(8—x2)
= 3+/5-x* <24/8-X°

:>|A|£2|x|\/8—x2 < x2+(8—x2):8
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NE
A=8< E:ﬂ@xf_rz

x> =8-x°

min A=-8< Xx=-2, max A=8<x=2

6. Dang /T (x).g(x) +h(x)k(x) trong d6  f(x)+h(x) va g(x)+k(x) déula hing s§

Vi du 142. Cho A=+/5x—x2 +~/18 +3x — X2

a) Tim gia tri 16n nhat cua A

b) Tim gi4 tri nho nhat cua A

Giai:
Az\/x(5—x)+\/(6—x)(x+3)
0<x<5
{ 0<x<5
PKXP: (3<X<6

a) Do 0<X<5 ngn ¢o thé viét

A=xA5—x+6-xA/x+3
Ap dung bét dang thiic Bu-nhi-a-c&p-ki ta cé:

A2+ (VXABX +VB-XAx+3) <(x+6-x)(5—x+x+3)=48

— A<4/3
max A:4\/§<:>L=M<:>x:l—
5-X Xx+3 7
b) A=+/5x—x* +J(5x—x?) + (18- 2x) (1)
Do 0<x<5 nén 8<18-2x<18 )

Do 5X—X* >0 nén tir (1) va (2) suy ra

A>18-2x >/8 =242.

min A=2y/2 < x=5.

Luu y. Mac du A’ <48 nhung khong thé két luan rang min A= —/48 vitaluén c6 A>0.
7. Dang /f(x).9(x) —\h(x).k(x) trong d6 f(x)-h(x) va g(x)-k(x) déula hang sd
Vi du 143. Tim gid tri nho nhat cua

Az\/(7—x)(x+l) —\/x(4—x)

Giai:

-1<x<7
DPKXD: = 0<x<4,
0<x<4

Do 0< X <4 nén ta co thé viét

A=7-xAXx+1-xA/4=x.

Xét (7—x)(x+1)—x(4-x)=2x+7>0 (do x>0)nén A>0.
Ap dung bét dang thire (ab—cd)’ > (a® —c¢®)(b* ~d?) (xdy ra dang thirc tai ad =bc) va viét
lai A dudi dang
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A=~7T—xIx+1-x4=-X, taco

A2 2[(7-x)—(4-x) ][ (x+1)-x]=3.

Do A>0 nén A>+/3.
minA=\/§<:>(7—x)x=(x+1)(4—x)<:>x:l.

8. Dang + f2+9g% +Vh?+k? trong d6 f+h va k+g déula hing so
Vi du 144.
a) Chtng minh bat ddng thikc
Ji2 w07+ 2 J(f+h) +(g+k). (1)
b) Tim gid tri nho nhat cua
A=~X? +4++/x2 +8x+17.
Giai

a) (1) f2+gz+h2+k2+2\/(f2+gz)(h2+k2)2 f2+h?+2fh+g%+k?+2gk

e (17 +97)(h* +K?) > th+gk
& 207 + £2k% +g%h° + g%k® > £°h? + g°k® + 2 fhgk
& (fk—gh)’ >0, ding.
Xay ra dang thtec khi va chi khi fk = gh.
b) Ap dung bat dang thiec 6 cau a ta c6

A=VX 22 +(4=x)" +12 |(x+4-x) +(2+1) =5

minA =5 <:>x.1=2(4—x)<:>x=%.

9. Dang T2 +9? —Vh? +K? trong 46 f— gva g -k déu 1a hing s’
Vi du 145
a) Chtng minh bat ding thikc
ViEeg? ek | < J(F-n) +(g-k). ()
b) Tim gid tri 16n nhat ctia
A=X* +4x+13 —~/x* + 2x +5.
Gidi
a) (1)@f2+gz+h2+k2—2\/(f2+gz)(h2+k2)2f2+h2—2fh+gz+k2—2gk
e gk (f2+g?)(h+k?)  (2)
Néu th + gk <0 thi (2) dang.

Néu fh + gk > 0 thi
(2) = f?h* + g’k? + 2fhgi < f2h? + f?k* + g*h* + g°k?
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& 0<(fk—gh)’, dung.

fk = gh
fh+ gk > 0.
b) Ap dung bat dang thiic & cau a ta c6

|A|=‘\/(x+2)2 43— J(x+1) + 22 < (x2-x-1) +(3-1) =2.

Xay ra dang thikc khi va chi khi {

max|A|:\/§<:> 2(x+2)=3(x+1)

(x+2)(x+1)+3.2>0
Véix=1thi A=3J2-242 =+2.
Vay max A=+/2 < x=1.

10. Dang chita phdn thiic
Vi du 146. Tim gia tri nho nhat cta

= X=

A X+1.
X—4
Giai
PKXD: x > 4.

Pat Vx—4=y>0thi x=y?+4.Tacod

2
AzY Oy 250 /y.i=2\/§.
y y y

minA:Z\/§<:>y:£<:> y? =5 x=0.
y

Vi du 147. Tim gia tri nho nhat ctia

Ao x+5'
N9 — X2
Gidi

DKXD: -3<x<3.Do dd A >0.
Goi a la tri ctia biéu thirc A. Ta c6

a= X+5 <:>(a2 +1)x2 +10x+(25—9a2):0.

9-x*

D€ ton tai x, phai c6 A'>0 < a’(9a’ —16)>0 < az%.
minA=£<:>x=—g.
3 5
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BAI TAP VAN DUNG

Bai 1. ( D€ thi thir vao 10 Truwong THCS Ai M6 - Quén Long Bién 2019-2020)

Chohaisd x>0, y>0 va x+y=1. Tim gia tri nho nhat ctia biéu thuc
M =(1—%}(1—i2}
X y

Véihaisd x>0, y>0 va x+y=1 taco:

M:(1_1j(1_i]=(xz-1).(y2—1) (x-D)(x+1)(y-1)(y+1)

Loi giai

X2 y2 XZ y2 X2y2
_ (=y)(x+1)(—x)(y+1) _ Xy + (X + y)+1:1+£
x2y? Xy Xy
Tacé:x+y22\/x—y<:>(x+y)224xy© ! = < 1 <:>1£i<:>8£i
(x+y) 4y 4xy Xy

<:>1+£29<:>M >9.
Xy

D&u bang xay ra khi x =y =%.
Vay gid tri nho nhét ciia M bing 9 khi x =y = %

Bai 2. ( D thi thir vao 10 Trwong THCS B6 Dé - Quin Long Bién 2019-2020)
Cho bdn s6 duong a,b,c,d. Tim gia tri nhé nhat ctia biéu thic :

A=(3+E+£+EJ(E+E+E+3)+¥+b2+c2 +d?—ab-bc—cd —da+ 2004

b c d a/)la b ¢
Loi giai:
A:(E+E+£+QJ(R+E+E+EJ+¥+b2+cz+d2—ab—bc—cd—da+2004
b ¢c d a/)la b c d
Chttng minh dwoc [E+E+£+g R+£+9+E >16 (1)
b ¢c d a/la b c d

Dau “=" xay rakhivachikhia =b =c =d

Chtng minh duoc a® +b® +c¢* +d?—ab-bc—cd —da>0 2)
D4u “=" xay ra khi vachikhi a=b=c=d

Tir (1) va (2) => A>2020

Ddu “=" xay rakhiva chikhi a=b=c=d
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Vay gia tri nhé nhat cia A 1la2020 khi a=b=c=d >0
Bai 3. ( D€ thi thir vao 10 Trwong THCS Ciau Giay- Qudn Cau Gidy 2019-2020)

Cho cac s6 thwc duong 4, b thay d6i luén thoa man va+3++/b+3 =4. Tim gid tri
16n nhét ctia biéu thiee P =+/a ++b.
Loi giai

Ta chitng minh Jx <2Jx+3-3 voimoi X>0.

Thét vay, Vx < 2/x+3 -3 2Jx+3>/x+3 < 3(/x -1)? > 0.
Ap dung : VJa<2J/a+3-3+b<2Jb+3-3

= P<2(a+3+v/b+3)-6=P<24-6.

=1
—P_ =2 Khiva chi khi Va <a=b=1
Jb=1

Bai 4. ( Dé thi thir vao 10 Trwong THCS Cw Khoi- Quin Long Bién 2019-2020)

Choa, b, c>0vaa+b+c =1. Tim gia tri 1on nhat ctaa biéu thirc

Ao ab N bc L e
Jc+ab +a+bc +b+ca
Loi giai
a+b a+b 1 1 1/1 1
Voi a,b>0tacd a+b>2Jab o >l > o g—(—+—J
2/ab 2ab Jab Jab 2la b

Viétlai c+ab=c.l+ab=c(a+b+c)+ab=ca+cb+c*+ab=c(c+a)+b(c+a)=(c+b)(c+a)
)

Twong tw a+bc=(a+b)(a+c), b+ca=(b+c)(b+a)

X ab ab <a_b(1+1j

ét = <
Je+ab f(c+b)(c+a) 2\c+b c+a

bc <@(l+1j ca<g(1+1)
Ja+bc  2\la+b a+c) Jb+ca 2\b+c b+a
ab bc ca

+ +
Je+ab +a+bc +b+ca

1( ab ab bc bc ac ac
<= + + + + +
c+b c+a a+b a+c b+c a+b

Cong v€ véi vé ta duge A=

2

@Agz(a<b+c>+b<a+c>+c<a+b>j

2\ b+c a+c a+b
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As%(a+b+c)

IA
N |-

< A<

N |-

Vay gid tri 16n nhat cta A la %khi a:b=C=%

Bai 5. ( Dé thi thir vao 10 Trwong THCS Da Tri Tué - Ha Ngi 2019-2020)

Chobasé a, b, ¢ duong. Chtiing minh 21 + 21 + 21 Sa+b+c
a“+bc b°+ac c“+ab 2abc
Loi giai
Ap dung bat dang thiic Cosi ta c6
2 1 1 1 171 1
a?+bc>2avbc = < = |— =< —+=1 (1).
Ve a’+bc avbc Vab ac Z(ab ac) @)
Tuong tw co: 22 sl(i+i) (2).
b+ac 2\ba bc
2 gi(i+ij (3).
c°+ab 2\ca cb

Cong vé& véi vé& ctia (1) (2) (3) ta duoc:

2 2 2 1(1 1) 1(1 1) 1(1 1)
> +— +— <] 4= |+ =+ = |+ —+=
a“+bc b°+ac c°+ab 2\ab ac) 2\ba bc/) 2\ca cb

2 2 2 12 2 2
2 T3 T3 ol et
a+bc b°+ac c°+ab 2

ab bc ca
1 1 1 1( 1 1 lj
> +— +— < —4—4+=
a“+bc b°+ac c°+ab 2lab bc ca
1 1 1 a+b+c
> +— +— <
a“+bc b°+ac c°+ab 2ahc
Déng thiic xay rakhi a=b=c
Bai 6. ( D€ thi thir vao 10 Truwong THCS Dich Vong — Ha Ngi 2019-2020)

(diéu phai chiing minh).

Cho x, Yy, z la cac s6 thuc dwong théa méan x+y+z=1. Tim gia tri nho nhét caa

biéu thitc:

1 2020
+

P= 2 2, 2 :
X2+y2P+7° Xy+Yyz+2x

Loi giai

Ap dung bat dang thire (x+ y+z)[£+£+ij29, ta co:
X y z
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1 1 !
[(x2+y2+22)+(xy+ yz+2x)+(xy + yZ+ZX)](X2+y2+ZZ +xy+yz+ZX+Xy+yZ+ZXJ29

<:>(x2+y2+22+2xy+2yz+22x)(2 12 =+ 1 + ! j>9
X2+ Y2 +2% XY+ YZHIX XY+ YZ+IX

+ 2 >9.

Ha >
y X2 +y*+7°  Xy+yz+12x

Ta co: (x—y)2+(y—z)2+(x—z)2 >0 < X2+ Y+ 27 2 Xy + Y7+ X

:>(x+y+z)2 =X2+ Yy +2° +2(Xy + yz+2X) = 3(Xy + yz + 2X)

2
(x+y+z)" 1
= XY+ Y+ X< =T
3 3
Tt d6 suy ra:
ot 2 . 208 .4 6054-6063

X2+ Y2 4+2°  XY+YZ4IX XY+ YZ+IX

< P >6063.

D&u bang xay ra @x:y:z:%

Vay GTNN cua P=6063<:>x=y:z=%

Bai 7. ( D thi thir vao 10 Triweong THCS Dirc Giang — Long Bién 2019-2020)

Cho x, y, z1a c4c s6 thuc dwong thdéa man: x° +y* +2° <3.
1 1 1
+

Tim gia tri nho nhat caa biéu thie: P = +
1+xy 1+yz 1+2z2x

Loi giai:

Ta co: (a+b+c)(§+%+%)29 (a,b,c>0)

That vay: (a+b+c)(%+%+%)23\3/abc.3.§/1T -9 (abc>0)
anc.

- 1 1 1
Ap dung [ (1+xy)+(L+yz)+(1+ ZX)](H Xy 1+yz 1+ sz =9
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o P> 9 S 9

C34xy+yzHzx 3+ x2 4yl 4zt

Ma x* +y*+2°<3 nén Pzg
Ddu "="xayrakhi x=y=z=1
Vay min P:g©x=y=z=1.
Bai 8. ( D€ thi thir vao 10 Truwong THCS Thai Thuy — Long Bién 2019-2020)
Cho céc sthuc duong a,b,c.Chiing minh rang:

a’ . h? . c? >a+b+c
J3a2+8b2+14ab  +/3b?+8c?+14bc +/3c2+8a’+14ca D

Loi giai

Ta c6: +/3a? +8b% +14ab = \/(Saz +12ab)+(2ab+8b2) = \/Ba(a+4b)+ 2b(a+4b)

= J/(a+4b)(3a+2b)
Ap dung bat dang thitic Co-si cho hai s§ duong a+4b va 3a+2b taco

J(@+4b)(3a+2b) < a+4b+23a+2b . 4a;6b —2a+3b

=

a’ a’ a’ a’
> hay >
J(a+4b)(3a+2b) 2a+3b 7 |33’ 18p% +14ab 2a+3d
Tuwong tu ta cling co :

b? b’
>
J3b2+8c? +14bc  2b+3c

2 2
C S C

J3c? +8a2+14ca 2C+3a

Khi do

a’ b? c? a’ b? c?
+ + > + + (1)
J3a? +802 +14ab /30> +8c’ +14bc /3¢’ +8a’ +14ca 2a+3b 2b+3c 2c+3a

2

Ap dung bét dang thitc Co-si cho hai s§ duong Zaa ™ va 2a2_;3b ta co
+
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a’ +2a+3b>2\/ a’ 2a+3b 2a
2a+3b 25  \2a+3b 25 5

a®’ _2a 2a+3b 8a-3p

= >
2a+3b 5 25 25

Tuong tu ta cling co

b? >8b—3c
2b+3c 25
2
C Z8c—3a
2c+3a 25
a’ b? c? 8a—-3b 8b-3c 8c-3a a+b+c
N i + > + + = (2)
2a+3b 2b+3c 2c+3a 25 25 25 5

Tt (1) va (2)suy ra

a’ . b2 N c? >a+b+c
J3a2+8b2+14ab  +/3b?+8c?+14bc +/3c2+8a’+14ca D

Dau “=" xay rakhi a=b=c
Bai 9. ( D thi thir vao 10 Trweong THCS Giang Bién — Long Bién 2019-2020)

Cho a,b,c la cac s6 duong va a+b+c< J3. Tim gia tri 16n nhat ctia biéu thic:

p-—2 . b TR
Jaz+1 Wb2+1 Je?+1
Loi gii

Vi a,b,c>0,tacd:

(a+b+c)2—3(ab+bc+ca)

=a*+b*+c*—ab—bc—ca

_1 2 2 2

—5[2.(0 +b +c —ab—bc—ca)}
1

=2 (a=b) +(b=c) +(c=a)’ |20

:>(cz+b+c)2 >3(ab+ bc +ca)

:>32(a+b+c)2 >3(ab+ bc+ca)
<= 12ab+bc+ca
sSa+1>a*+ab+be+ca

<:>a2+12(a+b)(a+c)
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o 1 < 1 - 1 < 1 2 a a )
a2+1_(a+b)(a+c) \/a2+1_\/(a+b)(a+c) \/a2+1_ (a+b)'(a+c)
Ap dung bat dang thitc Cb si cho 2 s§ duong;: ¢ .4

(a+b) (a+c)
(ajb)+(ac+lc)22\/(ajb)'(ajc) :\/(aib)'(aic) S%[(aib)-'_(aic)} @)

Tt (1) va (2) suy ra
a Sl{ a_ _a } )
Jai+1 2la+b a+c
Chitng minh twong tu, ta co
b _l{b+b}(**)
Jb*+1 2la+b b+c

= ¢ Sl ¢ + ¢ (***)
Jer+1 2la+c b+c

Cong vé v4i vE cua (*), (**),(***), ta cd

A

a b ¢ 1| a a b b c c
= + + <— + + + + +
Jad+1 Jp*+1 J2+1 2la+b a+c a+b b+c a+c b+c

:>P£g
2

Dau bang xay ra: a=b=c=

& &

Vay maxP=i<:>a=b=c:

S w

Bai 10. ( Dé thi thir vao 10 S¢ Gido Duc Ha Néi 2019-2020)

Cho x>0, tim gia tri nho nhat M :9X2—5X+i+ 2021.

9x
Loi giai

M =9x? —5x+i+2021:(9x2 —6x+1)+(x+ij+2ozo
9x ox

=(3x-1)° +(x+iJ+2020
9x

Ta cé: (3x—1)° >0.

Vi x>0 nén gi > 0. Ap dung bat dang thitc Cauchy cho hai s§ x va gi ta duoc
X X
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Do d6 M 20+§+2020 :§+2020 :&362.

3x-1=0
D4u " ="xay ra khi va chi khi 1 ©x==

X=—
9x

Vay gid tri nhé nhat M —&fzk‘h X—%

Bai 11. ( Dé thi thir vao 10 Trwong THCS Long Bién — Quan Long Bién 2019-2020)

Cho x,y,z la cac s6 duong thod man xy + yz+xz =4xyz .
1 1 1

Chtng minh: P = + + <1
2X+Y+Z X+2y+7Z X+Yy+2z
Loi giai
Ta co xy+yz+xz=4xyz:>w=4 £+1+1:4
Xyz X y z

Apdung +1>i<:>igl(l+£j
b a+b a+b 4la b

Taco—+ <AL, 1yt 1 iy i 1,1y
2X+y+z 4\2x y+z) 4|2x 4\y z 8\ x 2y 2z

Chitng minh twong tu c6

- <1(L+1+LJ ®

X+2y+z 8\2x y 2z
va ;SE i+i+£ 3)
X+y+2z 8(2x 2y 1z

Tt (1), (2), (3) ta c6

1 1 1 1(1 1 1
P= + + <—| —+—+—1|=1.
2X+Y+Z X+2y+z X+y+2z 4\x y z
Chay: P=Y ! (2,1 ,1) 11 1 1),
5 (x+y)+(z+x) 165\ x y z) 4{x y z

Bai 12. ( D€ thi thir vao 10 Trwong THCS Lwong Thé'Vinh — Qudn Ciu Gidy 2019-2020)
Cho hai s6 dwong x va y.Chtng minh rang (X +EJ.(X + 2) >8
y )X

Loi giai:

TAI LIEU TOAN HOC
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Cé x,y>0

(H%M%gjzs@(Xy;ZJ[ny)Zs
- (xy+2)(y+2x) S
Xy

8

< (xy+2)(y+2x)=8xy (vix,y>0)
& Xy? +2X°y + 2y + 4x > 8xy

& Xy?+2X°y +2y +4x—8xy >0

& Xy? +2X°y + 2y +4X —4xy —4xy >0

& (xy? —4xy +4x)+(2x°y —4xy +2y) > 0
= x(y2 —4y+4)+2y(x2 —2x+1)20

& x(y—-2)" +2y(x=1)" 20 (ludn ding véix,y>0)

y—-2=0 y=2
&
x-1=0 x=1

Vay [X+%).(%+2)28 véix,y>0.D4au “=" xay ra @{

Bai 13. ( D@ thi thir vao 10 Trwong THCS Ly Thdi T6'— Qudn Ciu Gidy 2019-2020)

Cho biéu thtrc: B=(1+ x)(l+%}+(1+ y)(1+3.

Véi x>0, y>0 va x*+Yy* =1. Tim gid tri nho nhat cua B.
Loi giai
B=(1+x)[1+£j+(l+ y)(1+1)=2+x+ y+1+1+1+1
y X

+—+—+
2X 2X 2y 2y y X

s ) )
=24+ X+— |[+| Y+— |[+| —+—= |+
2X 2y y X

Ap dung bat dang thic C6 - si ta co:

+3)

1 1

X+—2>2., X —=+/2 1
2X 2X \/_ M
2y 2y
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)

Ap dung bat dang thic C6 - si ta co:

1, , 1., 1 V2o

xygz(x +y ):>\/Ws,/§(x +y ):\/WZ\/(XZWZ)
1

:‘E[T_J V2 (4)

T (1), 2), 3), (4) ta duoc:

e 2 s

Xy
Vay MinB =4+32.

y
1
X= 5
D&u déng thitc dong thoi xay ra khi va chi khi: 1
y= 2—y
X*+y*=Lx>0,y>0

SX=Yy= Q
2
Bai 14. ( Dé thi thir vao 10 Truwong THCS Ngoc Thuy — Qudn Long Bién 2019-2020)

V6i x,y la cac s6 duong thoa man diéu kién x> 2y, tim gia tri nho nhat cua biéu
2 2
. X“+
thiee: M = y

Xy
Loi giai
2 2
Taco: M =2 :§+X_(ﬁ+ﬂ]_3_y.
Xy y x y X X

Vi x,y >0, 4p dung bat dang thiic Co-si cho hai s§ duong 1 4y

y X
Ta co: 1+4y>2 X4y =4,
y X Vy X

Dau//_rlxayra C}l:ﬂQXZ :4y2:>)(:2y
y X
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y 1 -3y_-3

Vix22y==<-=—>—, dau”“="xayra < x=2y
2 X 2
3 5 N a1y 2

Suy ra, M24—§=§,dau =" xay ra < X =2y

Vay GINN ctia M Ia g Khi x =2y
Bai 15. ( D€ thi thir vao 10 Truwong THCS Phiic Dong — Quin Long Bién 2019-2020)
Cho hai s6 duong a va b thoa man 1 + % = 2. Tim gia tri 16n nhat cua biéu thitc:
a

1 1
— + )
a*+b?+2ab* b*+a?+2ba’

Loi giai
ab>1
a+b>2

a-+b

.1 01
8 a b ab

:2:2ab:a+b22\/£:>{

Ap dung BDT cb si v6i 2 s6 duwong ta c6
a* +b?>2va'b? = a* +b? +2ab? > 2a’b + 2ab?
b* +a? > 2yb*a’ = b* +a*+2a’b > 2ab* +2a’b

1 1 1 1
= + < -
a’+b*+2ab®> b*+a®+2ba® " 2a*h+2ab* 2ab*+2a%h

N <1
2

Aoy 11 2 1
Dau “=" xayra a=b=—=.

Vay gid tri 16n nhét cia P13 % khi a=b-= %

Bai 15. ( D€ thi thir vao 10 Truwong THCS Phiic Loi — Quan Long Bién 2019-2020)

Cho a,b 1a cic s6 khong am théa man a® +b? < 2. Chiing minh rang:

a,/3a(a+2b)+b,/3b(b+2a) <6.

Loi giai
Du doan ddu bang xay rakhi a=b=1.Khi d6 3a=a+2b, 3b=b+2a nén ta c6
thé 4p dung bat dang thitc Cauchy truec tiép cho biéu thitc trong ddu can.

X+Yy
2

a/3a(a+2b) sawzzf +ab,b,/3b(b+2a) sbBbJFbTJr%:sz +ab.

Str dung bét déng thitc Cauchy dang +/xy < , dé thay
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Cong hai bat dang thiic nay lai vé& theo vé, ta duoc:

M =a\/3a(a+2b) +b\/3b(b+2a) < 2(a2 +b2)+2ab =4+ 2ab.

Tiép tuc st dung bat dang thitc Cauchy két hop véi gia thiét, ta co:
4+2ab<4+a’+b®=6.Tir d6 ta cd ngay M <6.Dau bang xdy ra <> a=b=1.

Bai 16. ( Dé thi thir vao 10 Truwong THCS Thach Ban— Ha N¢i 2019-2020)

Véi a, b, ¢ la cac s6 duong thoa man c6 ab+bc =2ac. Tinh gia tri nho nhat cta
a+b N c+b
2a-b 2c-Db.

biéu thitc P =

Loi giai
Véi a, b, ¢ la cac s6 duong ta co:

ab-+be = 2ac = b =22 thay vao P ta duoc

a+c
2ac 2ac
a+—— Cc+——

P— atc a+c
2ac 2ac
24— 20——~
a+c a+c

B a(a+c)+2ac .\ c(a+c)+2ac
~2a(a+c)-2ac 2c(a+c)-2ac

a+3c c+3a
= +

2a 2c
=1+§(3+3j21+§'2=4.
2\c a 2

Vay gia tri nho nhat cia P la4khi a=b=c.
Bai 17. ( Dé thi thir vao 10 Trwong THCS Thanh Am — Quan Long Bién 2019-2020)

Cho x+y=1. Chttng minh x*+y* 2%.

Loi giai

Tacod x> +y° Z(X;y) (1) véimoi x, y.

That vay, (1) < 2x* +2y* 2 x> +2xy+y* < x> —2xy+y* 20 <::>(x—y)2 >0 ludn
dung v6i moi gia tri cua x, Y.

Ap dung (1) ta cé:

x2 4 2 2 2
x4yt =(x2)2 +(y2)2 Z(Ty) va Xl +y2 > (x+2y) .
Lién hé tai lieu word mdn toan: 039.373.2038
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, . n 1
Theo gia thiét ta c6 x+y=1nén X* +y? 22

( jz

1
S X4+ 4>_ =—.
uy ra y

N |-

Déng thtic xay ra khi va chi khi x=y = % .

Bai 18. ( Dé thi thir vao 10 Truwong THCS Viégt Hung — Long Bién 2019-2020)

Cho x>0;y>0 thoaman x+y<1. Tim gid tri nho nhat ctia
2 2
M :[x+£j +[y+£}
X y

Chting minh c4c bt dang thitc phu:

Loi giai

Ta co: voi a,b>0

(a—b)2 20<:>a2+b2—2ab20<:>2(a2+b2)—az—b2—2ab20

2
<:>2(a2+b2)2a2+b2+2ab:>a2+b22M

Lai co: véi a,b>0
(a—b)2 >0« a’+b*—2ab>0< a’+b*>+2ab>4ab
<:>ab+a2+b2+ab24ab<:>a(a+b)+b(a+b)24ab (*) )

Viab>0=ab>0;a+b>0

Do d6 ta duoc:
()= a(a+b) .\ b(a+b) N Aab
ab(a+b) ab(a+b) ab(a+b)

L1, 4 (2)
Ap dung bat dang thite (1) va (2) cho M ta duoc:

2 2
=M 21 x+y+£+l ZE x+y+i
2 X y) 2 X+Yy

r 2
=>M zi (x+y+ L J+ 3 }
2| X+Yy) X+y

2
=M Z%_2+ Xfy} (Ap dung bdt thizc Cauchy cho cip s6 {(x+ y);%y}
=M 2%.(2+3)2 =% (Vi x+y<1)
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Déu "=" xay ra khi va chi khi x = y :%

Vay gié tri nho nhét cia M 1 %

Bai 19. ( D¢ thi thir vao 10 Trwong THCS Amsterdam 2019-2020)

Cho a,b,c la cac sd duwong thay doi thoa man L + L + 1 _ 2020 . Tim gia tri
a+b b+c c+a
7 A 2 o« A7 7 1 1 1
16n nhat cta biéu thic P =

2a+3b+3c 3a+2b+3c 3a+3b+2c
Loi giai
Ap dung bat dang thitc Cauchy cho cac s§ duong a,b,c,d ta c6:
a+b+c+d >44abcd

£+l+1+1244 1

a b c d abcd

:>(a+b+c+d)(£+%+l+%j216
a C

1,111 16
a b ¢ d a+b+c+d

Taco: L = L
2a+3b+3c  (a+b)+(a+c)+(b+c)+(b+c)

Ap dung bét dang thiic phia trén ta c6 :

1 1 ( 1 1 1 1 j
<—. + + +
(@a+b)+(@+c)+(b+c)+(b+c) 16 \a+b a+c b+c b+c

1 1 1 1 2
= <—. + +
2a+3b+3c 16 \a+b a+c b+c

Ching minh twong tur ta co:

1 1 1 1 2
— < —. + +
3a+2b+3c 16 (a+b b+c a+cj

1 1 1 1 2
<. + +
3a+3b+2c 16 \a+c b+c a+b

:PgiA( 1 + L + 1)

16 \a+b a+c b+c

=P< %.2020 =505

Lién hé tai lieu word mdn toan: 039.373.2038
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Dau “’=“ xay ra khi a=b=c=i
4040 |

Bai 20. ( Dé thi thir vao 10 2019-2020)

Cho X, y 1a cac s8 duwong thoa man diéu kién x+y =5. Chitng minh rang:

225 : +12,5 -

X“+y® Xy
Loi giai

x h 7 . & 7 1 1 4 A a1 2

Dé dang chitng minh dwoc voi a>0, b>0 ta cod _+E > P (1). Dau “=" xay ra
+

khi va chi khi a=b.
Ap dung bat dang thirc (1) ta cd: ——— t, 4 44 25 +12—’5 >4.

+ - 2 2 2
X“+y°  2xy (x+y) 25 X4y Xy
D&u “=" xay ra khi va chi khi x=y=2,5 (thdéa man).
Bai 21. ( D¢ thi thir vao 10 THCS Minh Khai — Ha Noi 2018-2019)
Cho a,b,C 1a d6 dai 3 canh cia mdt tam gidc biét: a+b-c>0; b+c-a>0; c+a-b>0.

, . 1 1 1 1 1 1
Chtrng minh + + >—+—+—.
a+b-c b+c—-a c+a-b a b ¢

Loi giai
Ap dung bat dang thiec Cosi véi X >0,y >0 tacod X +Y > 2,/Xy

(*)

i
Xy X+Yy X Yy X+y

<:>(x+y)224xy<:>x

Dau “=" xayra < X =Y
Ap dung bat dang thikc (*) ta co:

1 + 1 > 4 :i:g(]_)
a+b-c b+c-a a+b-c+b+c-a 2b b

Ap dung bat ding thitc Cosi, voi X >0,y >0 tacd X+Y > 2,/Xy

(*)

Yy 4
Xy — X+y

1, 4
y X+y

<:>(x+y)224xy<:>x <:>%+

Dau “=" xayra & X =Y

Ap dung bat dang thtkc (*) ta co:
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1 N 1 S 4 :i:g (1)
a+b-c b+c-a a+b-c+b+c-a 2b b
Tuong tu:

L L L2 L 1 234
c+a-b b+c-a ¢ c+a-b a+b-c a

Cong (1),(2),(3) ve vii vé ta co:

1 1 1 1 1 1
+ + > 4+—+=
a+b-c b+c-a c+a-b a b c

D&u bang xay ra <>a=b=c

Bai 22. ( D¢ thi thir vao 10 THCS Giang Vo— Ha N¢i 2017-2018)

1 .
Tim GTNN ctia biéu thtic sau: P =X +,[x* + = (voix > 0)
X
Loi giai
1
Binh phuong hai vé ta duge P? —2PX + Xx* = x* +; & 2Px* —xp?+1=0 (1)

Vi P >0 nén phuong trinh (1) c6 nghiém khi
A>0< P -8P>0< P(PP-8)20<P>2(viP>0)

. 1
Dau bang xay rakhi X = > (cac em thay P =2 vao (1) d€ tim X)

Vay minP=2<:>x=%

Bai 23. ( Dé thi thir vao 10 THCS Cat Linh— Ha Ngi 2017-2018)
Cho biéu thitc P =xy(x—2)(y+6)+12x*+3y’ +18y +36 — 24x . Chting minh P lu6n
duong véimoi X, Yy eR
Loi giai
P = xy(Xx —2)(X +6) +12x* + 3y’ + 18y + 36 — 24X

=Xy(X —2)(X+6)+12(x —2) + 3(y + 6) + 36
=X(x—-2)[y(y+6) +12]+3[y(y +6) +12]
= (y* +6y+12)(x* —2x +33)

= [(y+3)2 +3][(x —1)2 +32}
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(y+3)2+3>0
Vi , véimoi X, YR
(x-1)"+32>0

Vay P luén duwong voi moi X, y € R
Bai 24. ( Dé thi thir vao 10 Hoc Mai — Ha N¢i 2018-2019)

Cho a, b, ¢ la cac s6 thuc duong thdéa man diéu kién a+b+c=3. TIm gia tri nho nhat cta

JJab+3c ++/2a% + 2b?
3+\/% '

biéu thirc A =

Loi giai
Ta co:

ab+3c:ab+c(a+b+c)=02+c(a+b)+ab2c2+2c\/%+ab:(c+\/%)2

J2(a°+b°) =+a’ +b’+2ab =/(a+b)" =ab (vx:a+b>0).

c+ ab+a+b_3+\/%_1
3++/ab 3+ab

Déau “=" xay ra khi va chi khi vé6i a = b.

Do dé A >

Vay A, =1vdéia=Dh.

Bai 25. ( Dé thi thir vao 10 THCS ARCHIMEDES- Ha N¢i 2017-2018)

2 2 2
Cho céc s0 thee dwong a, b, ¢. Chiing minh rr?mg: ( a j +( b j + (L] > §
a+b b+c 4

Loi giai

, ( a jz a 1 ( a jz a 1 3a
Ta co: + +—>33 —=
b+c 2(b+c) 4 b+c) 2(b+c)4 2(b+c)

2
a a 1
= > J—
(b+cj b+c 4

2 2
Tucmgtutacé( b j > b —lvé( ¢ j > ¢ _1
a+c a+c 4 a+b a+b 4

Cong v€ vdi vé€ cua 3 bat dang thikc trén ta co:

2 2 2
( a j ( b j ( C j a b c 3
— | 4| — | + > + + -
b+c a+c a+b b+c a+c a+b 4
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a b C 3
Ta can chting minh + + >—.
b+c a+c a+b 2

Day la bat dang thitc Nesbit quen thudc. Nhan xét:

a+b+C=(a+b+c)(1+1+1j—3

b+c a+c a+b a+b b+c a+c

BDT

<:>(a+b+c)( L + L + ! j—BzE
a+b b+c c+a 2

<:>(a+b+c)( L + 1 + ! jzg

a+b b+c c+a 2
1 1 1
+ +
a+b b+c c+a

<:>[(a+b)+(b+c)+(c+a)]{ }29(*)

Ta c6 bat dang thic (*) ludn dung. Vi

(a+b)+(b+c)+(c+a)23§/(a+b)(b+c)(c+a)

1 1 1 \/1 1 1
+ + >33
a+b b+c c+a a+bb+cc+a

Nhan v& v6i v& ctia 2 bat dang thikc trén ta thu dweoc (*)
Ta c6 diéu phai chitng minh. DAu dang thitc xay ra <> a=b=c¢
Bai 26. ( D€ thi thir vao 10 THCS Qudn Long Bién— Ha N¢i 2017-2018)

Chobasé x,y, zkhong am va X +y? +2° < 3y.

Tim gia tri nho nhdt caa P = 1 >+ 4 >+ 8 =
(x+1)" (y+2) (z+3)
Loi giai

Ap dung BDT Cbsi ta c6 :

(X +D)+ (Y2 +4)+ (22 +1) 22X+ 4y + 22 < 3y +6 > 2x + 4y + 27 (do X* +y* +z* < 3y.)
< 622X+Yy+22

1 8
Vi a, b 1a cac s6 duong ta chirng minh dwgc — +—- 2

a’> b*> (a+b)’

Dé&u “ =" xay rakhia=b.
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Ap dung BDT trén ta c6: P = 1 5+ L 5+ 8 5= 8 >+ 8 5
(x+1) (32/+1j (z+3) (X+1+z+;j (z+3)

o b4 26
(2x+y+2z+10)" (6+10)

VayP,,, =1lkhix=1y=2;z=1
Bai 27. ( Dé thi thir vao 10 Ha N¢i 2018-2019)

Cho a,b,c la cacsd thuc khong am thoa man a + b + ¢ = 1. Tim gia tri I6n nhat va gia tri
nho nhat cta biéu thiee P = ac + be — 2018ab.
Loi giai

*Tim GTLN:

2
Tacd P = ac+bc—2018ab = c(a +b) — 2018ab<c(a+b) < (a+b+c)

1
(1) theo BB T cosi (2) 4 4 .

D&u “=" xay ra < Dau “=" ¢ (1), (2) dong thoi xay ra va thdéa man diéu kién bai cho

a=20
ab=20 b:C:l
Siec=a+b = :b 0 2
a+b+c=1 N .
a=Cc=—
2
1 a=20 b=0
Véy Prax=— & 1 hOéC 1
4 b:C:_ a=C=—
2 2
* Tim GTNN:
2
Tac6 a+b > 2ab (BDT Cosi) < @ > ab (3)
2 2
= P = ac+bc—2018ab > cla+0b)— 2018M2— 2018M.
theo BDT cosi (3) 4 (4) 4

a+b+c=1=a+b<1(5
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(a+b) _ 2018 1009
- 2

= P > -2018

“u__rr

Déu “=" xay ra < Dau 0 (3), (4), (5) dong thoi xay ra va thoa man diéu kién bai cho

c=0 c=0
&Sia=b & 1
a=b=—
a+b+c=1 2

c=0
1009
Vé Pmin=——<:>
y 2 a:b:%

Bai 28. ( Dé thi thir vao 10 THCS Ding Ai, Thanh Tri - Ha Néi 2018-2019)

Cho cac s8 thire dwong a, b, ¢ théa man a + b+ ¢ =1. Tinh gi4 tri nhé nhat ctia bieur thirc

P:a+b.
abc

Loi giai

(a+b)2

Ap dung BD T cosi, ta cé: a+b>2\ab < ab< (1)

:»LZ 4 2::>P=a+b2 4
ab (a+h) abc  (a+b).c

(a+b+c)

Ap dung BD T cosi, ta cé: b)+c>2/(a+b). b)c<
p dung cosi, ta co (a+ )+C (a+ )c<:>(a+ )C 4

:DPZ———gL—7=16Wﬁmmgﬁﬂﬁﬁa+b+c=h
(a+b+c)

“"__rr

Dau “=" xay ra <> Dau “=" ¢ (1) va (2) dong thoi xay ra va thoa man gia thiét
a=>b a=b= 1

&ia+b=c o 4

a+b+c >

V@zmm:16c>a:b:%;c:%.

Bai 29. ( Dé thi thir vao 10 Ha Ngi 2018-2019)

Cho cac s8 thuc duwong a,b,C. Chitng minh rang:

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

ab bc ca 1
+ ~(a+b+c)
a+b+20 b+c+2a c+a+2b 4
Loi giai
ab bc N ca 1(a+b+c)()
a+b+20 b+c+2a c+a+2b 4
Ta chitng minh bat dang thiic phu:
X,y>0= 1 Sl(£+£}<:>(x+y)(£+£}z4
X+y 4{(x vy Xy
X Y 2 N
<:>—+—22<:>(x—y) >0 (luén dung)
y X
Ddu “=" xay ra khi va chikhi x=y
. ab ab 1( ab ab
Apd tad : = < = 4 =
b cung ta cuge at+b+2c a+c+b+c 4(a+c b+cj

Tuome fu ta b bc  _1( bc . bc }, ca _1( ca . ca)
n a L > y =~ —
e b+c+2a 4\b+a c+a/)c+a+2b 4\c+b a+b

ab ab bc bc ca ca
+ + + + +
a+c b+c b+a c+a c+b a+b

VT (%)< 4(

(ab+bc+ab+ac+ac+bc
a+c b+c a+b

T4

1 a+b+c)= dpcm.
4

Bai 30. ( Dé thi thir vao 10 Ha N§i 2018-2019)
Cho a, b, ¢ 1a cac s6 duong thoa man a®+b*+c®=3. Chttng minh rang:
1 1 1
4(—+—+—)+5(a2 +b? +cz)2 27
a b c
Loi giai
Taco a®+b*+c®=3 nén: 0<a®<3;0<b*<3;0<c*<3.
Tong quat:

FXét 0<xP<3=2Ux <24/3<4

4 4 4-2x*

( 4 4
+Ap dung BDT cositaco: 1+—>2,/1.— =— 1+——2X>——2X——>0
peuns AT X Jx Jx

:>(x—1)2 1+£—2x >0 <:>5x2+i22x3+7
X X
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‘ao_r7

(D&u “=" xay ra <> X =1. CHU Y: D4u “=" xay ra khong phu thudc vao viéc ddu “=” ctia
BDT cosi c6 xay ra hay khong ma chi phu thudc vao hiéu (X —1) va thoa man gia thiét).

Ap dung cho bai toan ta co:

5a% + 2> 2a% 1 7 (1) ,-5b2+i22b3+7 2) ;5c2+£22c3+7 3)
a b C

Cong (1), (2) va (3) vé& theo vé& ta co: 4(§+%+3+5(a2 +b?+c?)22(a’ +b*+c*)+21

:4(1+£+1j+5(a2+b2+c2)227
a b c

Dau “=" xay ra <> dau “=" & (1), (2) va (3) dong thoi xay rava a’ +b°+¢’ =3
& a=b=c=1
Bai 30. ( Dé thi thir vao 10 THCS Phan Huy Chii Ha N¢i 2018-2019)

Cho cdc s6 thuc khong am @,b thoa man: a+b=2. Tim gi4 tri nho nhét cua biéu thic
P=+4a+1++/4b+1 .

Loi gidi
Cach 1:
P?=4(a+b)+2+2/(4a+1)(4b+1) =10+2/16ab +4(a+b)+1

>10+2,/4(a+b)+1=16

=P>4

DA4u dang thire xdy ra khi va chi khi (,b) 1a hoan vi cta (0;2) .

Cach 2.
bat Vd4a+1=x,/4b+1=Yy thi

x> -1, y? -1

1<x,y<3(do 0<a,b<2)va 1 =2 x+y°=10.
{(x—l)(x—3)£0
o .
(y-1)(y-3)<0
4x > x> +3 ,
= 4(X+Yy)2x*+y* +6=16=>x+y>4
4y>y*+3

Dau dang thirc xay ra khi va chi khi X=1,y =3 hodc y =1,x =3 hay (a,b) la hoan vi cua
bd s8 (0;2) .
Cach 3:
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Chting minh b3 dé&: VX +k? +y+k? > k++/x +y+k? véi X,y,k >0 (¥).
Chttng minh (*):

Binh phuong 2 v€'ta cé:

x+y+2k2+2\/(x+k2)(y+k2) > X+ Y+ 2k + 2k X + Y + K
Hay

\/(x+k2)(y+k2) > KX +y+k> & xy+(x+y)k®+k*=(x+y)k’ +k* < xy =0
b4t dang thitc nay luon dung.

D&u dang thtec xay ra khi va chi khi xy =0 .
Ap dung vao bai toan: Vda +1++/4b+1>1+ [1+4(a+b)=1+3=4.
Dau dang thirc xdy ra khi va chi khi a,b 1a hoan vi cta (0;2) .

Bai 31. ( Dé thi thir vao 10 THCS Phwong Li¢t Ha Ngi 2018-2019)

1 1 1
=2
1+a 1+b 1+c
Tim gi4 tri 16n nhat cta bi€u thire: Q = abc.

Cho a,b,c la ba sd duong thoa man:

Loi giai
Ta cé: 1 + 1 + 1 =2 a,b,c>0

l+a 1+b 1+c

b r 1

l+a 1+b 1+c

1 b c 59 bc

T+a 1+b 1+c \(l+b)(lrc) ( heoBDTCOS

1 S 9 bc

1+a (1+b)(1+c)

ac 1 S ab

>2 . > 2
Teong b= A Wra)lec)  Tec \(Lra)(l+b)

Nhan vé vdi vé ta duoc

= < a CS1
T+ a)(A+b)(1ec) - "

1 S a’b’c’ 8abhc
8\/(1+a)2(1+b)2(1+c)2 ((+a)(1+b)(1+)
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2 2 2

Dédu “ =" xayra & a=b=c khido
l1+a

Vay Qmaxzékhiazbzc:%

Bai 32. ( Dé thi thir vao 10 THCS Lwong Thé" Vinh Ha Ngi 2019-2020)
Cho a,b 1a cac s6 duong thoa man ab = 4 . Tim gid tri nho nhat ctia biéu thiee:
a+b —2)(@2 —|—b2)

a-+b

p |

Loi gii
(a —|—b—2)(a2 —|—b2)
a+b

Taco P =

:[1—%_%](a2+b2) vdi ab = 4.

Ap dung Bat dang thitc Cosi, ta co:

2_1@1— 2 o

1
b>2Jab =14 1) & — — —
6F922NG @ a+b 2 a+b 2

a’+b°>2ab=8 (2

Dodé:PZ%.Szél

“_rr

D&u “ =" xay ra < D&u “=" & cac bat dang thizc Cosi (1) va (2) dong thoi xay ra

a=b b=2
o Sa=b=
ab=14 a4

Véy Puin=4 < a=0b=2.
Bai 33. ( Dé thi thir vao 10 Ha Ngi 2019-2020)

Cho céc s6 khong am a, b, ¢ théa man va + b ++/c =3.

Chtng minh ring +/a? +ab+b? ++/b% + bc+¢? ++/c? +ca+a’ >33

Loi giai

Ja2+ab+b? +b? +bc+c? ++/c? +ca+a? >33
&> +J2a% + 2ab + 2b% ++/2b% + 2bc + 262 ++/2¢% + 2ca + 2a° > 3V/6
<:>\/a +b%+ (a+b \/b2+c + b+c \/a +¢ +( a+c) >3.6

Ap dung BDT Bu-nhi-a-c8p-ki: X.a+Yy.b < \/(Xz +y° )(a2 + bz)

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Chitng minh: X.a+Y.b < \/(xz +y*)(a®+b?)

< (xa+ y.b)2 <x’a’+yh’ +x%b° +y%a® < x°b* +y‘a’ -2xayb >0

& (xb-ya)” >0 (ludn dung)

D4u “=" xay ra @E:E
Xy
Ap dung cho bai toan:
2
a+b<\/( +1%).(a* +b?) \/2 (a®+b*) = a’+b*> (a+2b) (1)
2
b+c£\/(1 +12 \/2 <:>b2+c >(bJ;C) (2)
2
a+cs\/(11+12).(a2+c2)=\/2(a2+c2)<:>a2+cz2(azc) 3)

Do d6:

\/a +b*+(a+b) +\/b2+c +(b+c) + \/a +c?+(a+c)

> \/g(a+b)2 +\/g(b+c)2 +\/g(a+c)2 =§(2a+2b+2c) =36 (dpem)

Ddu “=" xay ra <> dau “=" 0 (1), (2), (3) dong thoi xay ra va thdéa man Va++b+c=3.
< a=b=c=1

Bai 34. ( D¢ thi thir vao 10 THCS Phung Thwong Ha N¢i 2019-2020)

Cho X, y 1a hai s6 duwong thay d6i. Tim gid tri nho nhat cua biéu thirc

(x+y)’ +(x+y)2 .

S=
X +y? Xy
Loi giai
2 2
X+ 2 2 (x+ 2 4 \2
S=( : Y)2 X +2XY +Y :( : y)2 XY
X +y Xy X?+y Xy
(x+y)
ApdungBDTcositacé:X+y22\/w<:>xy£ 4y
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2 4 2 2 2 4 2 2
Doa 53 Y ATV o Jey) AV g
X2 +y (X+y) BDT Cosi (x+y)

D4u “=" xay ra <> Dau “=" ¢ cacBD T cosixayra < X =Y.
Vay S, =6 Xx=Y.
Bai 35. ( Dé thi thir vao 10 THCS Trin Nhin Tong Ha Noi 2019-2020)
Véi a, b 1a cac s8 thuc thoa man a° +b® =4 Tim gia tri nho nhét cia biéu thiec
P=a’+b"+ab.
Loi giai
P=a'+b'+4ab=(a’+ bz)2 —2a’b? +4ab=-2a’b* + 4ab +16 (vi a° + b’ =4)
Ap dung BD T cosi, ta c6: 8° +b* =4>2ab
= 4ab > 2a’b’
= P=-2a’h’ +4ab+16 >-2a’b* + 2a’b”* +16 =16

“_rr

Déu “=" xay ra << Dau “=" ¢ BD T cosi xay ra va thoa man gia thiét

- a’l=Db’ - a=+2
3.2+b2=4 b:i\/E

vay P, =16 < (a; b)e{(x/? V2 (V25 -42), (V2 -V2), (2 \/E)}

Bai 36. ( D¢ thi thir vao 10 THCS Nam T Liém Ha Noi 2017-2018)

Cho ba s6 thiee duong x, y, z thoa man Xyz=1

. oy Xy yz XZ
Chting minh rang : ——— 5 t—— <1
X“+Y +Xy Y +2°4+yz X +2°+Xxz
Loi giai
’ 2 2 2 2 Xy 1
Tacod X“+Yy° 22Xy =>X"+Yy" +Xy 23Xy =>————<—(1)
X +y +xy 3
Tuwong ty ta chiing minh duoc :
Z 1 Xz 1
<) oS50
y +z°+yz 3 X" +2°+xz 3
X z Xz
Cong vé- vé cua (1),(2),(3) ta co: y + y + <1

X2+y+xy Y 4+7+yz X*P+7°+xz
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Dau "="xdyra & x=y=z=1

Va Xy + yz + X <1 (dpcm)

ay
X2+yi+xy Y+zi+yz X +7°+xz

Bai 37. ( Dé thi thir vao 10 THCS Phan Dinh Giét Ha N¢i 2017-2018)

Cho a>0;b>0 va a’+b’=a+b. Tim gid tri nho nhit cua biéu thic
2020

P=a*+b"+ :
(a+b)2

Loi giai

Ap dung BDT Bu-nhi-a-c8p-ki: X.a +y.b < \/(Xz +y? )(:’312 + bz)

Chting minh: X.a+Yy.b < \/(xz +y*)(a® +b?)

< (xa+ y.b)2 <x’a’ +yb’ + x’b* + y’a’

< Xb* +yfa® —2xay.b >0
S (Xb - ya)2 >0 (ludn dung)

, a
Dau “=" xay ra << —=

b
X y

Ap dung cho bai toan: a+b < \/(11 +12).(a2 + bz) = \/Z(az + b2) 1)
Bat dang thitc Cosi: 2Jab<a+b ()

Maa’+b’=a+b , nén:a+b< 2(a+b)=>a+b<2=ab<1

P=a'+b’ +(202t?)2 =(a’ +b2)2 —2a°p’ +% voi a*+b*=a+b
a+ a+
~(a+ b)z N 2020 4 501 2020 922D’

. + .
(a+b) 505 505 (a+b)’

Ta co:
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2020 4 , 2020 4 .
b)’ —>2 b)’. —_ =8 (BPT 3
(2 )+(a+b)2 505 \/(‘H ) (a+b) 505 (BBT cosi) (3)

501 2020
505 (a+b)

ab<l= -2a’h*>-2

_>501

a+bh<2=>

= P >507

= P =507 < Dau “=" xay ra < Dau “=" ¢ (1), (2), (3) xay ra va thoa man gia thiét

a=>b
= sa=b=1
{a2+b2:a+b

Bai 37. ( Dé thi thir vao 10 THCS Nghia Tan — Ciu Gidy 2018-2019)
Cho x,y 1a hai s6 thuc dwong thdéa man x+y > 3.
Tim gia tri nho nhat ctia bidu thize: P =2x* +y* + - +% :
Loi giai
1

P=2x2+y2+§+—
Xy

- 2 _ 28 1 -
=2(x* —4x+4)+(y 2y+1)+(x+7xj+(y+yj+(x+y) 9

:2(x—2)2+(y—1)2+(2—f+7xj+(y+£j+(x+ y)—-9

y
Taco 2(x-2) 20; (y-1) 20; (x+y)>0

Ap dung bét dang thiic C6 si cho cac s§ duong ta c6

§+7X22\/28.7 =28; 1+y22
y

X

Cong cac bat dang thirc cling chiéu ta duoc

P>28+2+3-9=24

TAI LIEU TOAN HOC
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(x—2=0
28

=7X

X
, X=2
Pang thttc xay rakhi < y-1=0 < {

1
—=Y
y
X+y=3

Bai 38. ( Dé thi thir vao 10 THCS Ngo Si Lién Ha Ngi 2019-2020)

Vi céc s thirc khong am a, b, ¢ théa man a+b+c=1. Tim giad tri nho nhét, gid tri 16n

Im&dmm&ﬂch:Ja +Jb +J° .
a+1l b+1 c+1

Loi giai

oo 1
Nhin xét: Diém roi co thé'la a=b=c=§

Ap dung BDT cosi, ta cé:

[a _,[ta 1, a
a+l 4 a+1 4 a+l
\/b+ \/4 4 b+1

J =2 sty ©
c+1 4 c+1 4 c+1

DodéP:\/a+\/b+\/cs§+ a b
a+1 b+1 c+1l 4 \a+1l b+1 c+1

. a b c a b c
Véi a+b+c=1 {5 o + + = + +
¢ a+l b+1 c¢c+1 a+b+a+c b+a+b+c c+a+b+c

1 1/ 1 1 a 1/ a a
<= + 4) = <= +
a+b+c+a 4la+b c+a a+b+c+a 4\la+b c+a

1 1( 1 1 j b 1( b b j
< + ) = <= +
a+b+b+c 4\a+b b+c a+b+b+c 4\la+b b+c
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1 1( 1 1 C 1( c c
— <=+ 6= <= +
c+a+b+c 4\c+a b+c c+a+b+c 4\c+a b+c

31(a a b b C cj
+ + + + +

_3.,3_3
a+b c+a a+b b+c c+a b+c) 4 4 2

Ddu “=" xay ra < dau “=" 6 (1), (2), (3), (4), (5), (6) dong thoi xay ra va thoa man gia thiét.

<:>a=b=c=1.
3

Vay P dat gi tri 16n nhat bang g khia=b=c= %

cfoE’Tao
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