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MON THI: TOAN

PE CHINH THUC
Thoi gian 1am bai 150 phut, khong ké thoi gian giao dé
beso 7

(bé tl}i co 1 trang)
Cau 1. (5.0 di€m).
a* +b =2(c* - 8d*)

a) Cho cac nguyén a,b,¢ 4 thoa man diéu kién
Chimg minh ring @ +b+¢+d chia hét cho 3 .

b) Tim tat ca cac s6 nguyén to X sao cho 2"+ X" 1ash nguyén to.
Cau 2. (5.0 di€ém).

2) Gidi phuong trinh V23 +11x+19 #4227 +5x+7 =3(x+2)

1+1+::1
1.1, 1_1
1—+—+ =
X y z
x4y 4z =17

Lad

b) Tim tit ca cac bo ba sO (x;32) thoa man '
Céau 3. (3.0 diém).

&>
.._.l-.i

, vz 0{11"{T Xy+yz+zx =
a) Cho ba s6 thuc **7>“ théa man < va 4 . Tim gia tri
nhd nhat cua biéu thuc:
4x 4y 4z

—+ —+ —.
3-4x 3-4y 3-4z
b) Cho a, b, ¢ 1a do dai ba canh ctia mgt tam gidc. Chuing minh rfmg:

g::““ ET::HH I:,-_,Z:JII'-
+ +

EG:=JI5+E}:=JI5+C:=JI5I
b+c-a c+a-b a+b-c

Cau 4. (6.0 diém).

Cho tam giac déu 4BC ¢ canh bang ¢ . Ly diém 9 bt ki trén canh BC (Q
khac B va C ). Trén tia d6i cua tia B4 lay diém P sao cho CO -AP =a” Goi
M 13 giao diém cua A9 Cp.

a) Chting minh bon diém 4.8.C.M cung thudéc mgt duong tron.

b) Goi I, J, K 14n lugt 1a hinh chiéu cia M trén 48.BC.CA

1. Xéc dinh vi tri ciia € dé IK c6 do dai 16n nhat,

2. Chiing minh MI” +MJ? + MK® khong déi khi € di chuyén trén canh BC.
Cau 5. (1.0 diém).

Cho bang 6 vuong kich thudce 10 <10 gom 100 6 vuodng co kich thudc 1X1. Pién
vao mdi 6 vudng ctia bang nay mot sé nguyén duong khong vuot qua 10 sao cho



hai s6 ¢ hai 6 vudng chung canh hodc chung dinh nguyén t6 cung nhau. Chirng
minh rang trong bang 6 vudng da cho c6 mot s6 xuét hién it nhat 17 1an.

PAP AN
Cau 1.
a)
@ b =20 - 8d°
Tur gia thiet ¢ (c ) ta co

a’ +b* +3ab(a +b}+(c; +d'"‘)+3m’{c+d} =3ab(a +b)+3cd(c+d) +3c" - 15d°

= (a+b) +(c+d) =3ab(a+b)+3cd(c+d)+3c* - 15d°

D@ thay 3ab(a +b) +3cd(c+d) +3c" - 15d° chia hét cho 3 nén ta dugc

(@+b) +(c+dy chia hét cho 3.

Mat khéc ta lai co

(a+by +(c+d)y =(a+b+c+dY - 3la+b)c+d)a+b+c+d)

Ma Ja+b)c+dWa+b+c+d) (a+b+c+d)
cho 3.

Do vay @ +b+c+d chia hétcho 3 .

b)

Ta xét cac truong hop sau

chia hét cho 3 nén suy ra chia hét

+Khi ¥ =2 ta duge 2" +x =27 +2° =8 khong phai 12 s6 nguyén t6.
+Khi ¥ =3 ta duge 2 THxt =2743 =17 1368 nguyén tb.

+Khi ¥>3 thi * 14 56 nguyén t5 1¢. Khi do X* chia3 c6sédulal.
_x=2k+1(keN")

Ngoai ra do * 13 s6 nguyén t6 1& nén ta dat

1.__.+|._ — y
Tu’dotacoﬁ 2 =24 =2(3+1)’ chia3cosodula?2

Nhu vay 2° + " [udn chia hét cho 3 . Do d6 2* + X" luén 14 hop sb khi * >3,
Vay ¥ =3 13 gia tri thoa man yéu cau bai toan.
Cau 2. (5.0 di€m).

a) Giai phuong trinh V2 +11x+19 + 4227 + Sx+7 =3(x +2)

Dleuklenxacdmhcuaphu:(mgtrmhla 2x* +11x +19 20;2x +3x+720

+ Xét X =- 2 ta thiy thoa méin phuong trinh, do d6 * == 2 1a mot nghiém cua
phuong trinh.

+Xét ¥ -2 khi d6 ta co V22 4113419 - V227 + 55 +7 #0 Phwong trinh da
cho twong duong véi
6(x +2)

'\?(2-1': +1lx+19 - -Jj_l‘: +5c+7

=3(x+2) = 22 +11x+19- 27 +5x+7 =2



Két hop véi phuong trinh da cho ta c6 hé
N2X +11x+19 +42x° +5x+7 =3(x +2)

207 +11x+19 - 207 +5x +7 =2

Tu do ta duoc

3x+8=0
2\2x% +11x+19 =3x +8 = ) o x=2
4(2x7 +11x +19) =(3x +8)?
Két hop véi didu kién xdc dinh ta dugc tap nghiém 1a © =1 %2},
X+y+z=3
J1 1.1 _1
x v z 3
X +y 4zt =17

b) Tim tt ca cac bo ba sd (x;32) thoa man '
11 1 1 1 1

] 1
X+ VvEZ = N " r - [ } - [ } bl . r
T ¥+ 3vaXx ¥y z 34 dugc ¥ ¥V £ X+V*+I Khidsta duge

1 1 1 1 X+ X+y
——t+——— =0 ——+ L=
X ¥y Z X+y+z xv  z(x+y+z)

= (x+ 1=}(n=+ ZIX+ yz + 73) =0e (x+y)y+z)(z+x)=0.

+Xettru’0fngh0’pr+} C’khl(‘lotu:]“'”"+ 3’tacTufO’cZ =3,
=17

Ciing tir ¥+ Otaduoc =V Thé vao Xty ta duoc
2x =8 o x =12
Tir d6 ta duoc hai b s6 737) théa man 1a (27 23).(- 22:3).

+ Giai cac truong hop ¥ 2 =0

b so trén.

va Z+X =0 ta duoc cac bo sb 13 hoan vi cua hai

Vy cic bo s6 (5332) cAn tim 1a
2:- 2:3),(-2;2:3),(2:3;-2).(- 2:3;2),(3: 2;- 2),(3;- 2,2

Cau 3. (3.0 diém).
3
D<x,yz<— xy+yz+zx=

3
a) Cho ba s6 thuc > thoa man 2 va 4 Tim gia tri
4x 4y 4z

—+ —+ -
nho nhat cua biéu thirc 3-4x” 3- 41 3-4z
Ap dung bat dang thuc Cauchy cho ba s6 duong ta cé

(817 +3- x> +3-4x° |

82(3- 4x?) =8x* (3- 4x?)(3- 4x*) < 3 =
X - 8 x'l' b I-I- .
T = — = =x 4x 12
(-4) 8&°(3-4°) 8 ) _ >4,

Tu d6 ta duoc nén 3- 4x°



Hoan toan twong tu ta co
Cong theo vé cac bat dang thirc trén ta dugc
P=4(x> + )" +27)=4(xy + yz + zx) =3

Vay gid tri nho nhat cua P 1a 3, d4u bing xay ra khi va chi khi
b) Cho a, b, c 1a dd dai ba canh cia mot tam giac. Chirng minh rang:
ﬂ':mn bEﬂln (.,Eﬂln I
Eﬂ._ﬂl:‘ +b3ﬂ|." +(.,2£Il'*

+ +
b+c-a c+a-b a+bh-c

2016 2016 2016
a 2015 b 2015 c 2015
g — - +—  -¢

Xét higu b+c-a c+a-b a+b-c hay ta duoc
' a .| b s | c
1+ —- 1|+ | ——
' h+c-a ] lc+a-b la+b-c
b'lﬂ+b'€ zﬂl;IC'G+C'b
—— Y - -

c+a-b a+b-c
_ "‘ﬂl"( b} bzﬂli(a_ b}+b3ﬂl*(b_ f_-'}_ C:ﬂlfib_ C}+Gzﬂli(a_ C}_ bzﬂli(a_ f_-'}

" b+c-a c+a->b c+a-b a+h-c b+c-a a+b-c
Khong mat tinh tdng quat ta gia sa @ =b=c>0,
Khi d6 ta thiy @~ =b"" =c™" 3 0<b+c-a=a+c-b=a+b-c

"'Cll" b:

(a- b}‘ -
b+c c+a-h

2015

015 | 4= b+ﬂ" c
b+c-a

+b2ﬂli

=0
. Hoan toan tuong tu ta cling co

[ 2015 2015
~0:(a- )| 4. b >0
‘b+c-a a+b-c

Do do ta co
| hlﬂli 2015

(b-c¢) -

lc+a-b a+b-c

Cong theo vé cac bat dang thirc trén ta dugc
a""(a- b) b (a - b} b=""(b - c) " (b - c}+ a"(a- c) ) b (a - ¢)

=0
b+c-a c+a-b c+a-b a+b-c b+c-a a+b-c
2016 2016 2016
a N b - c .
- Iﬂzﬂl- + - Ih_ﬂl- + - L,,zm }D
Dodd b+c-a c+a-b a+b-c
szn blﬂln Clﬂln

Eazﬂli+bmli+clﬂli

+ +
Tedosuyra D+c-a c+a-b a+b-c

Vay bat dang thirc duge chimg minh. Dau bang xay ra khi va ch1 khi @ =b =c,
Cau 4. (6.0 diém).



P
A.B,C.M

a) Chtrng minh bbn diém - cung thudoc mgt duong tron.

cp_dc
CO -AP =AC hay 4C  A4Q
cp_ac
Xét hai tam giac ACP va COA (o AC  AQ PAC =0C4 =60° nén LMCP g
LCOA
T d6 ta duoc dcp :EQC_ Ma ta cé HYep =HcB + Bcp =60° + BCP
HoC =HBC + BaM =60° + BaM

Ty €O AP =a” duoc

Lai c6
Do dé6 ta duoc MaB =Bcum , suy ra tir giac ABMC npi tiép duong tron.
b) Goi 7-/>K 1an luot 12 hinh chiéu cia M trén A8.BC.CA
+ Xéc dinh vi tri cia € dé IK c6 d¢ dai Ion nhat.
Do tir giac ABMC vy AIMI npi tiép nén Byve =Pk =120" suy ra
BB =Kmc
Do d6 ta duoc B =RJC nen ba diém 1-7-K thang hang.
D@ thay hai tam giac BMC va IMK d6ng dang v6i nhau. Do d6 ta dugc
K _M
BC MB.
Ma ta c6 IM <MB nén ta dugc IK <BC hay IK <a_ d4u bang xay ra khi
MB 1L AB hay M nam chinh giita cung nho BC | khi d6 Q13 trung diém canh
BC
Vay IK 16n nhat khi Q3 trung diém cua BC .
+ Chtmg minh MI™ + MJ~ + MK™ khong déi khi Q g chuyén trén canh BC .
Do ti giac BIMJ noi tiép nén ta co My =4BC =60° =HCB .Laico
My =My =Nuc
W _co
Do d6 hai tam giac IMJ va ACQ dong dang, do d6 ta duge M CA  Tyong tu
MJ _BQ
ta duoc MK AB



MJ . MJ _CQ . BO _
Tedosuyra MI MK CA AB  nénta duoc MJ(MI + MK) =MI.MK
Hay MI.MK - MJ.MI - MJ.MK =0

1 1 1
Sy =—AB -MI:.S,-,, =—BC -MJ:S .., =—MK -AC
Mat khac ta lai ¢O AT ! AT
a3

S, =
Ma Samv ¥ Sacw =Speu  Supc vy 4  Néntacd
AB -MI + MK -AC =BC - wﬁ 3
. hay
“’F M+ MK - My =23 (MI + MK - MJy =2
2 . Dodé 4
MI* +MJ* + MK? + 2(MIMK - MIMJ - MJ.MK) =22
Suy ra 4
MI? + MJ? + MK 3“"
Ma MI MK - MJ -MI - MJ -MK =0 pan 4 Khong déi.
Céu 5.

Xét hinh vudng canh 2 X2 do hinh vuéng nay c6 mdi hinh vudng nhé ludn
chung canh hoac chung dinh nén tdn tai nhiéu nhat 1 s6 chin, nhiéu nhat 1 s chia
hét cho

3 do d6 c6 it nhat 2 sb 1¢ khong chia hét cho 3. Bang 10X10 gugce chia thanh 25
hinh vuéng

c6 canh 2 X2 nén ¢6 it nhat 50 s6 1é khong chia hét cho 3. Tir 1 dén 0 ¢6 3 s6 1¢
khong chia

hét cho 3 1a 1, 5, 7. Ap dung nguyén li Dirichlet ta duoc mot trong ba so trén xuat
hién it
20 +1=17

nhat 1an.



