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Yor gici lhié
4 ;

Cac em hoc sinh va thay gido, o giao than mén !

Cudn sach Cic dang toin & phwong phdp gidi phwong trinh nghiém nguyén duoc cac tac
gia bién soan nham gitip cdc em hoc sinh hoc tap t&t mén Toan & THCS hién nay va THPT
sau nay.

Céc tac gia c8 gang lua chon nhitng bai tap thudc cac dang dién hinh, sap xép thanh
mot hé thong d€ boi dudng hoc sinh kha gidi cac 16p THCS. Sach dwgc viét theo cac chu
dé twong ting véi cac van dé quan trong thuwong duoc ra trong cac dé thi hoc sinh gioi toan
THCS, cling nhu vao 16p 10 chuyén mon todn trén ca nide. Mdi chtu dé duoc viét theo cau
tric ly thuyét can nhd, cac dang toan thuong gap, bai tap rén luyén va huéng dan giai
gitip cac em hoc sinh nam viing kién thirc dong thoi rén luyén duoc cac kién thire da hoc.
Mbi chu dé c6 ba phan:

A. Kién thifc cdn nhé: Phan nay tém tat nhitng kién thiec co ban, nhitng kién thiic bd sung
can thiét dé€ 1am co so giai cac bai tap thudc cac dang ctaa chuyén de.

B. Mgt s6 vi du: Phan nay dua ra nhiing vi du chon log, tiéu bi€u chita dung nhiing ki
nang va phuong phap luan ma chuong trinh doi hoi.

Mbi vi du thwong cd: Loi giai kém theo nhitng nhan xét, Itu y, binh luan va phuong phép
giai, vé nhitng sai [am thuong mac nham gitip hoc sinh tich lily thém kinh nghiém giai
toan, hoc toan.

C. Bai tdp van dyng: Phan nay, cac tac gia dua ra mot hé thong cac bai tap duoc phan loai
theo cac dang toan, tang dan d9 khoé cho hoc sinh khé gidi. Co nhitng bai tap dwgc trich ti
cac dé thi hoc sinh giéi Toan va dé vao 16p 10 chuyén Toan. Cac em hdy cd gang tu giai.
Néu gap kho khan cé thé xem hudng dan hodc 1o giai & cudi sach.

C4c tac gia hi vong cudn sach nay la mot tai liéu c6 ich gitp cac em hoc sinh nang
cao trinh d6 va nang luc giai toan, gép phan dao tao, b6i dudng hoc sinh gidi & cap THCS.
Mic dit da c6 nhiéu c8 gang trong bién soan song cudn sach nay van khé tranh khoi
nhing sai s6t. Chung t6i mong nhan dwgc nhitng y kién dong gop cua ban doc.

MOI Y KIEN THAC MAC XIN VUI LONG GUT VE DIA CHI

NGUYEN QUOC BAO
\. Zalo: 039.373.2038
Tailieumontoan.com@gmail.com

@ Facebook: www .facebook.com/baotoanthcs

Xin chan thanh cam on!
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CHUYEN DE BOI DUGNG
PHUONG TRINH NGHIEM NGUYEN

A. Kién thiic can nhé
1. Giai phwong trinh nghiém nguyén.

Giai phuong trinh f(x, y, z, ...) = 0 chta cdc an x, y, z, ... véi nghiém nguyén 1a tim tat
ca cac by s6 nguyeén (X, y, z, ...) thoa man phwong trinh do.
2. Mot s6 luu y khi giai phwong trinh nghiém nguyén.

Khi giadi cac phuong trinh nghiém nguyén can van dung linh hoat cac tinh chat vé
chia hét, dong du, tinh chin 1¢,... d&€ tim ra diém dic biét cua cac an sd cting nhu cac biéu
thitc chita an trong phuong trinh, ttr d6 dwa phuong trinh vé cac dang ma ta da biét cach
giai hodc dwa vé nhitng phuwong trinh don gian hon. Cac phuong phap thwong dung dé
gidi phuong trinh nghiém nguyén la:

e Phuong phap dung tinh chat chia hét

e Phuong phap xét so du ting vé

e Phuong phap str dung bat dang thitc

e Phuong phap dung tinh chat ctia s6 chinh phuong

e Phurong phap luii v6 han, nguyén tic ciec han.

B. MOT SO PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN

I. PHUONG PHAP DUNG TiNH CHIA HET
7~ Dang 1: Phat hién tinh chia hét cia mot 4n

Bai toan 1. Giai phuong trinh nghiém nguyén 3x+17y =159 (1)

Hudng dan gidi
Gia stt x, y la cac s6 nguyén thoa man phuong trinh (1). Ta thay 159 va 3x déu chia hét cho
3nén 17y:3=y:3 (do 17 va 3 nguyén td cung nhau).
Dt y =3t(teZ) thay vao phuong trinh ta dugc 3x+17.3t =159 <> x+17t=53.

(t € Z) . Thtr lai ta thdy théa man phuong trinh da cho
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Vay phuong trinh c¢6 nghiém (x, y) = (53 - 17, 3t) véi t la s6 nguyén tuy y.

Bai toan 2. Tim nghiém nguyén ctia phuong trinh 2x+13y =156 (1).

Hudng dan gidi
- Phwong phap 1: Ta c¢6 13y:13 va 156:13 nén 2x:13 = x:13 (vi (2,3)=1).
bat x=13k (k€ Z) thay vao (1) ta dwgc: y =-2k+12

~13k
X (keZ).

Vay nghiém nguyén cua phuong trinh la: {y =-2k+12

15613 13
- Phuong phap 2: Tir (1)= X =—y:78—7y,

13 .
Dé’er:TyeZ Ma (13,2) = 1= y:2 Dit y =2t(t e Z) = x =78 13t

x =78-13t
Vay nghiém nguyén ctua phuong trinh la: { _ ot (teZ).

Bai toan 3. Giai phuong trinh nghiém nguyén 23x +53y =109.

Hudng dan gidi

109-53y _28(4-2y)+17-7y _, o 177y

Tacd x=
23 23 23

Ta phai bién d6i tiép phan s6 dé sao cho hé s6 cua bién y 1a 1.

Phdn tich: Ta thém, bét vao tir s6 mot boi thich hop cta 23
17-7y _17-7y+46-46 _7(9-y)-46 __, 7(9-y)

23 23 23 23
7(9 - 9-
Tirdo x=2-2y+ 09 paxez=2Y ez do23)-1.
23 23
Dt 9—y =23t (te Z) = y =923t
Vay nghié én ctia phuong tinh 1a: 1~ (teZ)
. S .
ay nghiém nguyén ctia phwong trinh la y=53t-16

Chii y: Phuong trinh c6 dang ax+by =c vdi a,b,c la cac s6 nguyén.
* Phuong phap giai:
- Rat gon phuong trinh chii y dén tinh chia hét ctia cac an.
- Biéu thi 4n ma hé s8 ctia né c6 gia tri tuyét d&i nho (chang han x) theo an kia.

- Tach riéng gid tri nguyén o biéu thiic cua x.
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- Djt diéu kién d€ phan sd trong biéu thikc chita x bang mot s nguyeén t,, ta dwoc mot
phuong trinh bac nhat haiany va t,.

- Ctt tiép tuc lam nhuw trén cho dén khi cac an déu duoc biéu thi dusi dang mot da
thitc v6i cac hé s6 nguyeén.

Bai toan 4. Tim nghiém nguyeén cua phuong trinh 11x+18y =120 (1)

Hué6ng dan gidi
Ta thdy 11x:6 nén x:6.Dat x = 6k (k nguyén). Thay vao (1) va rut gon ta duoc:
11k + 3y =20
Biéu thi &n ma hé s§ clia né c6 gid trj tuyét d&i nhé (14 y) theo k ta duge: y = 22 ‘311k

Tach riéng gia tri nguyén ctia biéu thtcc nay: y=7-4k + k-1

Lai dat % =t voi t nguyén suy ra k =3t + 1. Do do:

y=7-4(3t+1)+t=3-11t
X=6k =6(3t+1)=18t+6
Thay cac biéu thirc cia x va y vao (1), phuong trinh dwgc nghiém dang.
Vay cac nghiém nguyén cta (10 duoc biéu thi bdi cong thirc:
x=18t+6 = L,
{y _g_qy VO tla s6 nguyén tuy y
Chit y: a) Néu dé bai yéu ciau tim nghiém nguyén duwong cia phirong trinh (1) thi sau khi
18t+6>0 1 3

tim d higm tong qudt ta cé the gidi didu kign: S -<t<—
Im dwgc ngniem tong quat ta co tre giai dieu Kien {3—11t>0 3 11

Do dé t =0 do t la s6'nguyén. Nghiém nguyén dwong cua (1) la (x, y) = (6, 3).

Trong trieong hop tim nghiém nguyén dwong cia (1) ta con co thé gidi nhw sau: 11x + 18y = 120
Do y 21 nén 11x<120-18.1=102.

Do x nguyén nén x<9 . Mat khic x:6 va x nguyén duwong nén x=6=>y =3

20-11k ;
b) C6 nhiéu cich tich gid tri nquyén ciia biéu thirc y = OT, chang han:
k-1
y=7-4k+ 3 (cdch 1)
1+2k
y=7-3k-—= (cich 2)

2(1-k)
y=6—3k+T (cdch 3)
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Ta thdy: - Cdch 1 gon hon cich 2 vi ¢ cdch 1 hé s6' ctia k trong phdn thikc bang 1, do d6 sau khi dgt
k-1 , Co
N t ta khong cin thém mot an phu nao nira

- Trong cdch 3, nho dit dwoc thiea s6’ chung ma hé so' ciia k ciia phiin phin s6'biang -1, do d6 sau khi

1-k
dat 5 t ciing khong cin dung thém thira s6 phy nao nira.

Bai toan 5. Tim nghiém nguyén dwong ctia phuong trinh: 6x* +5y* =74

Hudng dan gidi
Ta co: 6x” +5y° =74 < 6(x* —4)=5(10-y*)(2)
Tt (2) suy ra 6(x* —4):5 , mit khéc (6,5)=1=(x"—4):5 =x*=5t+4(teN)

Thay x* =4 =5t vao (2) ta cé: 30t =5(10-y )< y* =106t

4
5t+4>0 |13

=
10t-6>0 5

Ta c6: x2>0,y2>0<:>{
t<—
3

<:>—é<t<§,teN Suy ra: te{O;l}
5 3

Vi t = 0 khdong thoa man yéu cau bai toan.

.. . X3 =9 x==23 . , R R
Véit=1tacé:y , < . Mat khac x, y nguyén duwong nén x =3, y = 2.
y =4 y =12

Vay phuong trinh c6 nghiém (x, y) = (3, 2).
7~ Dang 2: Phuwong phap dua vé phuong trinh wdc s6
* Co s0 phuong phap:

Ta tim cich dwa phwong trinh dd cho thanh phwong trinh c6 mgt vé'la tich cic biéu thirc co
gid tri nguyén, vé'phdi la hing so nguyén.

Thuee chdt la bién d6i phirong trinh vé dang: A(x;y).B(x;y) =c trong dé A(x;y),B(x;y)
la cic biéu thirc nguyén, ¢ la mot s6 nguyén.

Xét cic triwong hop A(X;y),B(X;y) theo wéc ciia c.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 2xy —x+y =3

Hudng dan gidi
2xy—x+y=3

< 4xy —2x+2y =6
& 2x(2y-1)+(2y-1)=6-1
& (2y-1)(2x+1)=5.
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Ta goi phuong trinh trén 1a phuong trinh udc sé: v€ trai 1a mot tich cac thira s
nguyén, v& trai 1a hang s8. Ta cé x va y 1a cdc sd nguyén nén 2x + 1 va 2y — 1 1a cac s&
nguyén va la wdc cta 5.

(2x +1) va (2y - 1) 1a cac wdc s6 cta 5 nén ta co:

2x +1 1 -1 5 -5
2y -1 5 5 1 -1
Vap phuong trinh c6 cac nguyén nguyén la (x, y) = (3, 0); (-1, -2); (2, 1); (-3, 0).

Kinh nghiém giai: D¢ dua vé trdi 2xy —x+y vé phwong trinh dang tich, ta bién déi
1 : , " N
thanh x(2y—1)+5(2y—1) bang cdch nhin 2 vé’ciia phwong trinh véi 2 dé dwa vé phwong trinh

wdc s0. Luyén tdp kinh nghi¢m nay bang of du 2 sau ddy.

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: 5x—3y =2xy —11.

Hudng dan gidi
3 15
53y = 2xy = 11=> X(5-2y) + 5(5-2y) - +11=0

2x+3 7
=_<:>(

@(5—2y)(x+% :_77<:>(2y—5). 2y-5)(2x+3)=7 (¥

(2x +3) va (2y - 5) 1a cac wdc s6 cta 7 nén ta cé:
2x+3 1 -1 7 -7
2y -5 7 -7 1 -1

Vap phuong trinh c6 cac nguyén nguyén la (x, y) = (-1, 6); (-2, -1); (2, 3); (-5, 2).
Nhdn xét: D61 v6i nhiéu phwrong trinh nghiém nguyén viéc dwa vé phwong trinh wéc so'la
rdt khé khan ta c6 thé'dp dung mot s6'thi thudt, cdc ban xem tiép vi du 3:

Bai toan 3. Tim nghiém nguyén ctia phuong trinh: x* —2xy +3y —5x+7=0.

Hudng dan gidi

x* =2xy+3y—5x+7=0< x> —=x(2y +5) +

2 2
(25'15) O A M WY A

2 _ 2 . 2 2 _
@(X_2y2+5j , ~4y' =20y 425+12y+28=0©(x_2y2+5j 4y +48y 3

2 2 2 B
- X_2y+5 _4y+) 7:0<:> X_2y+5 _(y+1)2:_7
2 4 2 4
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2x—2y—52 -7
@%_(y+1)2 :T@(zx—zy—s)2 —4(y+1) =7

& (2x=2y-5-2y-2)(2x—2y -5+2y +2) =—7 < (2x—4y -7)(2x=3) =7 (*)
Vix, y nguyén nén tir PT(*) ta 6 cac treong hop sau:

2x—4y-7=1 x=-2 2x—4y-7=-7 x=2
1) = 2 =
2x-3=-7 y=-3 2x-3=1 y=1

2x—4y-7=-1 x=D5 2x—4y-7=7 x=1
3) = 4) =
2x-3=7 y=1 2x-3=-1 y=-3
Vay cac nghiém nguyén (x; y) cia phuong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).
*Nhan xét: Trong cdch gidi trén ta dd siv dung phwong phdp bién d6i tam thirc bic hai
(ax2 +bxy+cy2,ax2+bx+c) ): triwde hét ta chon mot biéh dé dwa vé hing ding thite (Binh
phwong cua mot toéng, hodc mdt higu) chita bién do: & day ta chon bién x la

2y +5)*
x2—x(2y+5)+%, phin con lai cia da thiec ta lgi lam nhw vdy voéi biéh y:

_ 2 2 _ 2
(2y +5) +3y+7:_4y +8y-3 _ 4(y+1) 7.
4 4 4
Cic ban c6 thé'tw duy tim hwéng gidi nhw sau:
x* —2xy +3y —5x+7=0<x* —(2y +5)x+3y+7+a=a (*)
Xét phuong trinh: x* —(2y +5)x+3y+7+a=0 (**)
Vi a la sO chwa biét can thém vao, xac dinh a nhw sau:
2
Ay =(2y+5) —4(3y+7+a)
= 4y® +20y +25-12y —28 —4a
=4y’ +8y-3-4a

—7
Chon a dé A..) las6 chinh phwongnén -3-4a=4=a= e Kkhi d6 .

2y+5—2(x+1)
2

2y +542(x+1) 4y+7

A 2 2 2

=4(x+1)2:>x1= =%,x

()

Vay: (*)@[x_gj(x_4Y+7J=_2@(zx_3)(zx_4y_7)=_7

2
Vix, y nguyén nén ta co6 cac treong hop sau:

1){2x—4y—7=1®{x:—2 2{2x—4y—7=—7 {x=2

0

2x-3=-7 y=-3 2x-3=1 y=1

2x—-4y-7=-1 x=5 2x—4y-7=7 x=1
3) = 4) =

2x-3=7 y=1 2x-3=-1 y=-3
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Vay cac nghiém nguyén (x;y) ciia phwong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).

Bai toan 4. Tim nghiém nguyén ctia phuong trinh x* +12x =y* (1)

Hudng dan gidi
Phuong trinh twong duong voi :
X +12x=y* < (x+6)2 —y* =36 (x+y+6)(x—y+6)=36
Suy ra (x +y +6) va (x —y + 6) la wdc ctia 36.
Ma 36 ¢ 18 udc nén: (x+y +6) & {+1;+2;+3;+4; 46, +9;+18; +36 |
Két qua ta tim duoc cic nghiém nguyén 1a: (0,0);(—12,0);(—16,8);(—16,—8);(4,8);(4, —8)
Nhan xét: Phwrong phdp dwa vé phirong trinh wéc so'cé 2 buwdc: Phan tich thanh wéc va xét
cdc triong hop. Hai bwéc nay cd thé' khong khé nhieng trong trieomg hop hang so phdi xét cé nhiéu
wéc 80 chiing ta cin dwa vao tinh chdt cia bién (vi dy: tinh chin 16, s6" dw tirng vé) dé giam s’
trwong hop cin xét.
Trong truwong hop vi du 4 ta c6 thé' nhin xét nhw sau:
Do y ¢6 s6 mil chdn nén néu y la nghi¢gm thi — y ciing 1a nghiém nén ta gid siv y >0 . Khi d6

X+6-y<x+6+Yy tagiam dwoc 8 truong hop:
{x+6+y:9 {x+6+y:—4 {x+ y+6=-1

X+6-y=4"|x+6-y=-9"|x+y-6=-36
{x+6+y=36{x+6+y=—2 {x+y+6=18
X+6-y=1"|x+6-y=-18"| x+y—-6=2
{x+6+y:—3 {x+6+y:12 {x+y+6:—6
X+6-y=-12"| x+6-y=3"|x+y-6=-6

X+6+y=6
X+6-y=6

Biy gio ¢6 10 truong hop, ta lgi thiy (x+6+y)+(x+6-y)=2y nén (x+6+y),(x+6-y)cd
cung tinh chin 16.Do d6 ta con 4 truong hop:

X+6+y=-2 X+y+6=18 |x+y+6=-6 |Xx+y+6=6
Xx+6-y=-18" | x+y-6=2 "|x+y-6=-6" |x+y-6=6

Tiép tuc xét hai phwong trinh { v bo g hai phwong trinh nay déu cé nghiém
X+y—6=—

X+y+6=—6 [Xx+y+6=06
X+y-6=6

y=0tacé xét y =0 ngay tir diu. Ta c6 phwong trinh ban diu: x(x+ 12) =y® , xét hai khd ning:
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 Néiy =0 thix=0hodcx=-12
Néu y#0 thi x+6-y <x+6+Yydp dung hai nhin xét trén ta chi phdi xét 2 trieong hop
{x+6+y:—2 {x+y+6=18
x+6-y=-18" | x+y-6=2
Gidi va két lugn phieong trinh c6 4 nghiém (0,0);(-12,0);(-16,8);(-16,-8);(4,8);(4,-8)

I~ Dang 3: Phuwong phap tach ra cac gia tri nguyén.
* Co s0 phuwong phap:

Trong nhiéu bai todn phwong trinh nghiém nguyén ta tach phwong trinh ban diu thanh cdic
phiin ¢6 gid tri nguyén dé dé dang dinh gid tim ra nghiém, da s6’cdc bai todn st dung phuwong phdp
nay thwong rit mt an (cé bic nhit) theo dn con lai.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctia phwong trinh sau: xy —2y -3y +1=0

Hudng dan gidi

Tacod xy—2y-3y+1=0=y(x—-3)=2x-1.

Ta thiy x = 3 khong la nghiém nén x #3 do dé: y:zx_31
X_
. oA 2X=1 A
Tach ra 6 phan thtc cac gia tri nguyén:
X_
_ 2(x-3)+5
ool (x-3) .5
x—-3 x—-3 x—3

Do y la s6 nguyén nén cting la s6 nguyén, do d6 (x — 3) 1a wéc cta 5.
X —-—

H)x-3=1thix=4y=2+5=7
+)x-3=-1thix=2,y=2-5=-3 (loai)
+)x-3=5thix=8,y=2+1=3

+) x = 3 =-5 thi x =-2 (loai)

Vay nghiém (x, y) 1a (4,7), (8, 3).

Bai todn 2. Tim cac s6 nguyén x va y thoa man phuong trinh: x* +xy -2y —x-5=0

Hudng dan gidi
Nhan xét: trong phuong trinh nay an y c6 bac nhat nén rut y theo x.
Taco: X +xy -2y —x-5=0y(x-2)=—=x"+x+5 (*)

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

© Véix=2thi: (*)0=3 (vo ly)

2
Véi x#2 ta co: (*)<:>y: X +X2+2+ 32=—x—1+ >
X— X — X —

D&y nguyén thi 3i(x-2) . Vay (x - 2) la u6c cua 3 do do:
(x-2)e{-3,-1,1,3} = xe{-1,1,3,5}
Vay phuong trinh c¢6 nghiém: (x, y)=(3; - 1); (5;-5); (1; -5); (-1, - 1)

Bai toan 3. Tim cac s6 nguyén duong x, y sao cho 6x+5y+18=2xy (1)

Hudng dan gidi
Ta cé:
. -5y -18 o ox = -10y -36
6-2y 6-2y
-66+5(6-2 - -
& 2x = ( y)= 66 +5<:>2x=ﬁ+5
6-2y 6-2y 3-y

Nhu vay x muén nguyén duong thi (3 — y) phai la wéc ctia — 33. Hay
(3-y)e{#1;%3;+11;433}. Laido y>1=3-y<2=ye{+];-3;-11;,-33} . Ta c6 bang sau:

3-y -1 1 3 11 33
y 4 2 6 14 36
X 19 -14 8 4 3

Thtt lai ta dwoc cac cap théa man la (19, 4); (8, 6); (4, 14); (3, 36).

Nhdn xét: - Dé xdc dinh dwgc phwong phdp dé’ gidi bai todn nay, khi biéu dién x theo y

-5y 18
6-2y

tir s0'la — 5y mau s6'la -2y, do d6 manh dan nhin 2 vao tie s6' A€’ xudt hién 2y gidng mau.

dwoc X = . Ta thiy biéu thirc nay khé phin tich nhw 2 vi du trén, tuy nhién dé'y ta thdy

- Bai todn c6 thé gidi bang phuong phdp duwa vé phwong trinh wdc s6. Do 6 bai todn trén dil
nhin 2 ¢ x dé bién déi, do do phdi cé bwéc thir lai xem x, y ¢6 théa man phwong trinh da cho hay
khong.

Bai toan 4. Tim nghiém nguyén ctia phuong trinh: 2y°x+x+y+1=x>+2y” +xy

Hudng dan gidi
Ta c6: 2y°x+x+y+1=x"+2y* +xy < 2y* (x-1)-x(x-1)-y(x-1)+1=0 (1)
Nhaén thay x = 1 khong la nghiém ctia phuong trinh (1).

1
Chia ca 2 v& ctia (1) cho (x — 1) ta duoc: 2y’ —X—y+—1 =0 (2)
X_
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1 x=2
PT c6 nghiém x, y nguyén, suy ra 1 nguyénnén x—1e {1; —1} = [x 0
Thay x =2 va x = 0 vao phwong trinh va d€ y dén y nguyén ta duocy = 1.
Vap phuong trinh da cho c6 2 nghiém la (2; 1) va (0; 1).
II. PHUONG PHAP SU DUNG TINH CHAN LE CUA AN HOAC XET SO DU
TUNG VE

* Co s phwong phap: Chung ta dya vao tinh chdn 1é ctia an hodc xét s§ du hai vé& ctia
phuong trinh nghiém nguyén véi mot s6 nguyén nao do6 roi dung lap ludn d€ giai bai toan.
* Vi du minh hoa:

7~ Dang 1: St dung tinh chin 1é

Bai toan 1. Tim x, y nguyén t6 thoa man y* —2x* =1

Hudng dan gidi
Tacd y*-2x*=1=y’=2x"+1=y lasdlé
baty =2k +1 (véi k nguyén).Ta co (2k + 1)2=2x2+1
& x2=2k?+2k = x chdn, ma x nguyén t6 = x =2,y =3

Vay nghiém ctia phrong trinh la (x, y) = (2, 3).

Bai toan 2. Tim nghiém nguyén dwong cua phwong trinh

2x+5y+1)(2¥ + vy +x2 +x) =105
(2x+5y+1)(2" 4y

Hudng dan gidi

Ta co: (2x+5y+1)(2‘x‘ +y+x° +x) =105
Ta thdy 105 1é = 2x + 5y + 11¢ = 5y chdn = y chin, 2 + y +x* + x=2" + y+ x(x+1) 1é
6 x(x +1) chdn, y chin= 2" 18 = 2" =12 x=0
Thay x =0 vao phuong trinh ta dwoc

26

(By +1) (y +1)=105 & 5y2 + 6y - 104=0= y =4 hoje y = = (loai)
Thtt lai ta c6 x = 0; y = 4 la nghiém ctia phuwong trinh.
Vay nghiém cta phuong trinh la (x, y) = (0, 4).

I~ Dang 2: Xét tinh chan 1€ va xét s6 du tirng vé

Bai toan 1. Chiing minh rang cac phuong trinh sau khong c6 nghiém nguyeén:
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a) x> —y*>=1998 b) x* +y* =1999

Hudng dan gidi
a) Do x 12 s8 nguyén nén x =2k hodc x=2k+1 (keZ) do dé x* =4k vx* =4k’ +4k+1
vi thé x? chia 4 ludén du 1 hoic 0. Tuong tu ta cing ¢6 y* chia 4 luén duw 1 hodc 0
Suy ra: x> —y* chia cho 4 luén du 1 hodc 0 hodc 3. Ma 1998 chia cho 4 du 2 do d6 phuong
trinh da cho khong c6 nghiém nguyén.

b) Nhu chiing minh cau a ta ¢6: x?,y” chia cho 4 luén du 0 hodc 1 nén x> +y? chia cho 4
luon du 0 hoac 1 hoac 3. Ma 1999 chia cho 4 du 3 do d6 phuong trinh da cho khong co6
nghiém nguyeén.

Chii yj: Chuing ta cin lwu y két qua ¢ bai todn nay:
*)x* —y? chia cho 4 khong dw 2
*)x* +y? chia cho 4 khong duw 3

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: 9x+2 =y’ +y

Hudng dan gidi
Taco: 9x+2=y’ +y < Ix+2=y(y+1)
Ta th&y vé€ trai phuong trinh 1a s8 chia cho 3 dw 2 nén y(y+1) chia cho 3 du 2
Do d6 chicé thé y=3k+1 va y+1=3k+2(keZ)
Khi d6: 9x+2=(3k+1)(3k+2) < 9x =9k* +9k < x =k(k+1)
Thi lai: x =k(k+1),y =3k+1 théa man phwong trinh da cho.

Vay nghiém cta phrong trinh la (x,y) = (k(k + 1),31( + 1) voi keZ

Bai toan 3. Tim x, y 1 s6 tu nhién thoa man x*+3’ = 3026

Hudng dan gidi
Xét y=0=x>+3"=3026=>x*>=3025 .Max e N=x=55

Xéty>0= 3’ chiahét cho 3, x2 chia cho 3 du 0 hodc 1= x* + 3’ chia cho 3 duw 0 hodc 1
ma 3026 chia cho 3 du 2 (loai)
Vay phuong trinh c6 nghiém duy nhat (x,y) = (55,0)
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~ Bai toan 4. Chting minh rang phuong trinh x* —7y =51 khong cé nghiém nguyén
y
4

Hudng dan gidi
Xét x=7k(keZ) thi x*i7.
Xét x=7k+1(keZ) thi x* chia cho 7 dw 1 hoac 6.
Xét x = 7ki2(k € Z) thi x*> chia cho 7 du 1 hoic 6.

Xét x=7k+3(keZ) thi x* chia cho 7 dw 1 hoac 6.

Do d6 vé trai phuong trinh chia cho 7 du 0 hodc 1 hodc 6 con v€ phai ctia phuong
trinh chia 7 du 2. Vay phuong trinh da cho vo nghiém.

Bai toan 5. Tim nghiém nguyén ctia phuong trinh x> —5y* =27

Hudng dan gidi

Do x la s6 nguyén nén ta cé thé biéu dién x dwéi dang: X =5k hodc x=5k*1 hodc
x=5k+2 véi keZ

- Xét x =5k thi x* ~5y* =27 & (5k) 5y :27@5(518 —y2)=27

biéu nay la v6 ly vi vé€ trdi chia hét cho 5 v6i moi k va y nguyén con v€ phai khong
chia hét cho 5.

-Xét x=5k+1 thi x* -5y* =27 & (5kx1)’ ~5y° =27

& 25K £10k +1-5y” =27 & 5(5k* + 2k —y* ) =23

Diéu nay la v ly cling vi vé€ trai chia hét cho 5 véi moi k va y nguyén con vé phai
khong chia hét cho 5.

-Xét x=5k£2 thi x* ~5y% =27 & (5k+2) ~5y° =27

& 25Kk* £10k +1-5y” =27 < 5(5k* +4k —y* ) =23

Diéu nay la v ly cling vi vé€ trai chia hét cho 5 véi moi k va y nguyén con vé phai
khong chia hét cho 5.

Vay phuong trinh da cho vo nghiém.
III. PHUONG PHAP DUNG BAT PANG THUC

7~ Dang 1: St dung bat dang thitc cd dién
* Co s0 phuwong phap:
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Trong nhidu bai todn ta thwong st dung bat ding thite d¢ chirng minh mot vé' khong nho
hon (hodc khong l6n hon) vé'con lai. Mudn cho phwong trinh c6 nghiém thi ddu bang ciia bat ding
thiec phai xay ra dé la nghiém ciia phwong trinh.

Mot s6'bit dang thire C6' dién thuong duwoc ste dung nhe:
1. Bat ding thitc Cauchy (tén quéc té'la AM — GM)

o N o . a +a,+ta,+...+a
Néu a,,a,,a,,....,a, lacicsothuc khong am thi: -—2—3 n > la .a,.a
n

Déng thirc xay ra khi ton tai so thuwc k (k # 0) sao cho a,=kb, v6ii=1,2,3,..., n.

* Vi du minh hoa:

Bai toan 1. Tim cdc s6 nguyén duong x, y thoa man phuong trinh: (x2 + 1)(x2 + yz) =4x’y

Hudng dan gidi
Ap dung bat dang thitc AM-GM ta c6:
x*+1>2x Dau “=" xay ra khi x = 1.

“u_rr

x*+y?22xy Dau“=" xay rakhix=y.
Do x, y duong nén nhan 2 vé ctia bat dang thiic trén ta duoc (x2 + 1)(x2 + yz) > 4x°y

D&u bang xay ra khi va chi khix=y=1.

Bai toan 2. Giai phuong trinh nghiém nguyén duong sau:

x°+2z° -15x’z =3xzyzz—(y2 +5)3 (1)
Hudng dan gidi

Ta co: (1) x4z Jr(y2 +5)3 =15x’z+3x’y’z < x° + z’ +(y2 +5)3 = 3xzz(y2 + 5)
Ap dung bét dang thitcc AM-GM ta cé: x° +2° +(y2 + 5)3 > 3xzz(y2 + 5)

Dau “=" xay rakhi x* =y*+5=z

T x* —y* =(x—y)(x+y)=5 giaira duwoc nghiém (x, y, z) = (3, 2,9).

Bai toan 3. Gidi phuong trinh nghiém nguyén sau (x +y+ 1)2 = 3<x2 +y°+ 1)
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Hudng dan gidi
Ap dung bét dang thirc Bunhiacopxki ta co: (1+1+ 1)(x2 +y°+ 1) >(x+y+ 1)2
1 1 1
Dau “=" xay rakhi —=—=-<x=y=1
x y 1
Vay nguyém nguyeén cua phuong trinh 1a (x, y) = (1, 1).

Bai toan 4. Tim nghiém nguyén ctia phuwong trinh: x* +xy +y’ = x*y’.

Hudng dan gidi
Véi [ 22 va|y|22ta co:
2.2 24 2 AM-GM
{;(2;’2 >4;2 =Xy > 2(x2 +yz):x2 +y?+xi+y? > x4y’ +2|xy| > x> +y° +xy.

Vay |x| <2 hodc |y| <2

Néu x = -2 hoac x = 2 thi phuong trinh khong c¢6 nghiém nguyén.

Thtt x =-1, 1, 0 ta thdy phuong trinh ¢é 3 nghiém (0;0), (1; - 1), (-1; 1).

I~ Dang 2: Sap xép thi tu cac an

* Co s0 phuwong phap:
Khi phuong trinh d6i xténg véi cac &n X,Y,Z,..., ta thuong gia st x<y<z<.. dé€
giéi han mién nghiém ctia phuong trinh va bat dau di tim tit nghiém bé nhat tro di

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén dwong cta phwong trinh: 2xyz=x+y+z

Hudng dan gidi
Giastt x<y<z .Tacéd: 2xyz=x+y+z<3z
Chia 2 vé& cho z duong ta dugc 2xy <3 =>xy<l=xy=1

Do d6 x =y = 1. Thay vao phuong trinh ban dau ta dwgc: 2z =2z +2 hay z = 2.
Vay nghiém cta phuwong trinh dachola (x, y,2z)=(1, 1, 2); (1, 2, 1); (2, 1, 1).

1 1 1
Bai toan 2. Gidi phuong trinh nghiém nguyén duong: P —— 1
y z

Hudng dan gidi

Do X, y, z c6 vai tro nhie nhau nén ta gid st: x<y<z
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Khido: 1=—+2+1 <3 5 x <32 xe(1;2;3) (do xez")
X y z X

Vi x =1 phuwong trinh da cho vo nghiém.

1 1 1.1 2

Véix=2tacd: 1=—+—+—<—+—=y<4 Maiatkhac y>x= 2:>ye{234}
2y z 2y

+) y = 2 thi phwrong trinh v6 nghiém.

+)y=3thiz=6

Hyy=4thiz=4
1 1.1 .12

Véix=3tach: l=—+—+—<—+—=y<3 Mitkhic y2x=3=y=3=z=3
3y z 3 y

Vay phuong trinh cé nghiém 1a (x, y, z) = (2, 3, 6); (2, 4, 4); (3, 3, 3).

1.1
Bai toan 3. Giai phurong trinh nghiém nguyén duwong: — + —=z.
Y

Hudng dan gidi

Bién dodi thanh: xyz=x+y.
Do d&i xting clia x va y nén c6 thé gia thiét rang x<y . Ta cd
XyZ=X+y<y+y=2y =>xz<2.
Ta Iwa chon nghiém trong cac treong hop sau: x=1,z=1;x=2,z=1,x=1,z=2
Ta suy ranghiém (x,y, z) la (1, 1, 2) va (2, 2, 1).
Nhdn xét: O bai todn nay do vai tro ciia x, y, z la khong binh ding nén ta khong c6 thé gidi sir
X<y <z tachicdthé'gidsir x<y

Bai toan 4. Tim nghiém nguyén duong ctiia phuong trinh:

S5(x+y+z+t)+10=2xyzt

Hudng dan gidi
Tagiasex>y>2z>t>1
Taco:5(x+y+z+t)+10=2xyzt

2= 5 + 5 + 5 + 5 + 10 3O:>t3<15:>t 1vt=2

yzt xzt xyt xyz xyzt t°

Voit=1 ta co:
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5(x+y+z+1)+10=2xyz

@2:i+i+i £<2 2sl5:>z={1;2;3}
YZ XZ Xy XyZ Z

=35 =9
Néu z =1 ta ¢ 5(x+y)+20=2xy<:>(2x—5)(2y—5)=65:>{x V{X
y=3 y=>
Ta dwoc nghiém (35,3, 1, 1) ; (9, 5, 1, 1) va cac hoan vi cua ching.
Véi z =2, z=3 phuong trinh khong c6 nghiém nguyén.
Véit=2tacod:
5(x+y+z+1)+20=4xyz
o242, 2,20 3? =z 3—5<9(z>t>2) (8x—5)(8y—5)=265
yz Xz Xy Xyz z 4

Dox>y2>z>2nén8x-528y-52>11

= (8x - 5) (8y —5) =265 v0 nghiém

Vay nghiém ctia phwong trinh la b (x, y, z)=(35; 3; 1; 1); (9;5; 1, 1) va cac hoan vi.

I~ Dang 3: Chi ra nghiém nguyén

* Co s¢ phwong phap: Chuang ta xét tirng khoang gia tri ctia an con dwoc thé hién dudi
dang: chi ra mot hodc vai s6 1a nghiém cta phuong trinh, roi chitng minh phueong trinh

khong con nghiém nao khac

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctia phuwong trinh sau: 3* +4* =5

Hudng dan gidi

Chia hai v€ ctia phuong trinh cho 5 ta duoc: (%) - (g} =1

Th thay x = 1 khong la nghiém ctia phwong trinh trén.
Véix =2 thi VT = VP =1 thoa man bai toan.
X 2 X 2 X X 2 2
Vo’ix23:>E SE vz‘aé Sé :>E +é <E +é:1
5 5 5 5 5 5 5 5

Vay x =2 la nghiém duy nhat ctia phuong trinh.

Bai toan 2. Tim nghiém nguyén duong ctia phuwong trinh sau: 2* +3* =35

Hudng dan gidi

Thtt thdy x =0; x = 1; x = 2 khong thoa man 2* +3* =35
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 Véix=3thi 2°+3° =35 (dung)
Voix23thi 2°+3° >35
Vay x =3 la nghiém ctua phuong trinh.
~ Dang 4: St dung diéu kién A >0 d€ phuwong trinh bic hai c6 nghiém
* Co s0 phuwong phap:
Ta viét phuong trinh fix, y) = 0 dudi dang phuong trinh bac hai d6i véi mot an, chang
han d6i voi x khi d6 y 1a tham s6. Diéu kién d€ phurong trinh c6 nghiém nguyénla A >0

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuwong trinh x* +y* —2x+y=9.

Hudng dan gidi
Ta xem phuwong trinh da cho 1a phuwong trinh an x tham sd y, ta viét lai nhu sau:
x’ —2x+(y2 +y—9) =0
bé phuong trinh da cho c6 nghiém thi :
A20e 1—(y2 +y—9)20<:> y>+y-10<0
S 4y’ +4y-40<0 & (2y+1) <41

Do do: (2y+1)" e{1,9;25}. Ta cé:

oy+1 | 1 1 3 3 5 5
2y 0 -2 2 -4 4 -6
y 0 1 1 2 2 3
X Loai | Loai Loai Loai |3va-1| 3va-1

Vay nghiém cta phwong trinh 1a (x, y) = (3, 2); (-1, 2); (3, -3); (-1, -3).

Bai toan 2. Giai phuwong trinh nghiém nguyén x* +2y” = 2xy +2x+ 3y (*)

Hudng dan gidi
Ta xem phwong trinh da cho 1a phwong trinh an x tham sd 'y, ta viét lai nhu sau:
x° —2(y+1)x+2y2 -3y=0
Taco A'=(y+1) —(2y* -3y )=y* +2y+1-2y*+3y =y +5y +1

D€ phuong trinh c6 nghiém nguyén thi:
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29 5 29
AN>0 -y +5y+120e —— <y-——< =2
y y 5 y > >
5 29 5++/29 5-6 5+6
fy< < <y<——
2 2 2 2

Viynguyénnén y e {0,1, 2,3, 4,5} thay vao phuong trinh ta tinh duwoc gia tri caa x.

Giai ra ta dueoc nghiém cua phuong trinh 1a (x, y) = (0, 0); (0, 2).

Nhin xét: O vi du nay minh di cd'tinh tinh A" cho cic ban thiy ring khi tinh A hodc A'
co dang tam thiec bic 2 : f(x) =ay’ +by +c v6ia <0 ta méi dp dung phwong phdip nay, néu a>0
thi chuing ta dp dung phwong phdp dwa vé phwrong trinh woc so.

IV. PHUONG PHAP DUNG TiNH CHAT CUA SO CHINH PHUONG
7~ Dang 1: Dung tinh chat vé chia hét ctia s6 chinh phuong
* Co s0 phuwong phap:

- S8 chinh phuong khong thé c6 chit tan cling bang 2, 3, 7, 8;

- S8 chinh phuong chia hét cho s6 nguyén td p thi ciing chia hét cho p?
- S0 chinh phwong chia cho 3 ¢6 s6 dw 1a 0 hoac 1;

- S chinh phwong chia 4 ¢6 s6 dw 1a 0 hodc 1;

- S0 chinh phwong chia cho 8 ¢6 s6 dw1a 0, 1 hoac 4.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 9x +5 =y (y + 1)

Hudng dan gidi
Ta co:
I9x+5= y(y + 1)
< 36x+20=4y* +4y
& 36x+21 =4y’ +4y+1
& 3(12x+7)=(2y +1)".
SO chinh phuong chia hét cho 3 nén ciing chia hét cho 9, ta lai ¢ 12x + 7 khong chia
hét cho 3 nén 3(12x + 7) khong chia hét cho 9. Do d6 phuong trinh v6 nghiém.
Cach khac:
I9x+5=y (y + 1)
Sy +y-9x-5=0
A=1+4(9x+5)=36x+21=3(12x+7)
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Ta c6 A chia hét cho 3 nhung khong chia hét cho 9 nén khong la s6 chinh phwong
do d6 khong ton tai y nguyén. Vay phuong trinh vo nghiém.
7 Dang 2: Bién d6i phwong trinh vé dang aA’+a,A +..+a,A’=k, trong d6
A(i=1..,n) 1a cAc da thirc hé sd nguyén, a, 1a s6 nguyén dwong, k 14 s6 tw nhién
* Co s0 phuwong phap:
St dung hang dang thiic dang nhé (a+b)?, dwa phuong trinh vé dang trén. Sau d6
dua vao tinh chat cac a, A d€ phan tich thanh k =ak’ +a,k] +..+ak’ (véi k eZ),
dan dén giai hé phwong trinh

e
o
O

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuwong trinh x*> +y” —x—y =8

Hudng dan gidi
Ta co:
X4y’ —x-y=8c4x* +4y’ —4dx—4y =32
o (4 —ax-1)+(4y? -4y +1) =34 & (2x-1) +(2y-1) =34
olex-1 +2y -1 =32 +5?
Ta thay 34 chi c6 duy nhat mot dang phan tich thanh hai s chinh phuong 1a 3% va 5% .
(2X_1)2 =3 1 2x-1]=3
2y-1) =5 | |[2y-1=5
(2y-1) =5"_ | [l2y
(2x-1) =5 {|2X—1| =5
(2y—1)2=32 I |2y—1|=3

Do do:

Giai ra ta dwoc 4 nghiém (x, y) = (2, 3); (-1, -2); (-2; -1); (3, 2).

Bai toan 2. Giai phuwong trinh nghiém nguyén x*> —4xy +5y” =2(x—y).

Hudng dan gidi
Tacd x°—4xy+5y° =2(x-y) < x> —4xy+5y° —=2x+2y =0

<X =2xQy + 1)+ (2y +1) = (2y +1)* +5y° +2y =0
& (x=2y -1 +y? —2y-1=0 < (x=2y —1)* +(y - 1)* = 2(*)
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Xét phwong trinh (*) ta c6: (><—2y—1)2 >0 Vx,y = (y —1)2 <2
Ma x nguyén nén (y —1)2 € {0,1}
*Voi (y—~1)° =0 thi (x-2y~1)" =2 (loai)

121 )
y C{y

*Véi (y—1)2=1:{y_1=_1 v =0

2 x—-5=1 XxX=6
yv=2=(x-4-1) =1=> =
y (X ) [x—5:—1 L

0= (x-0-1) =1 | XL X2
y x-1=-1 X

Vay phuong trinh da cho c6 4 nghiém: (x,y) = (6,2);(4,2);(2,0);(0,0) .

Bai toan 3. Giai phuwong trinh nghiém nguyén 5x* —2xy +y* =17.

Hudng dan gidi
Ta c6 5% -2xy +y> =17 & (x—y) +4¢ =17 & (x—y)* =17 4% (%)

17
Xét phwong trinh (*) ta c6 (x —y)2 >0,Vx,y=>17-4x* 20=>x* < T

Ma x 1a s6 nguyén nén x> € {0;1; 4}
-Véi x> =0= (x—y)* =17 (loai).
-Véi x> =1= (x-y)* =13 (loai)
Vo X =4 o x=12,

2-y=1 -1
Véix=2:>(2—y)2=1<:>[ y @[y

2-y=-1 y=3

2+y=1 =-1
Véi x=2=2+y) =1 Ty ol

24y=-1 y=-3

Vay nghiém nguyén ctia phuong trinh la: (2; 1), (2; 3), (-2; -1); (-2; -3).

Bai toan 4. Tim nghiém nguyén ctia phuwong trinh x +y +xy = x> +y*

Hudng dan gidi
Bién déi: x+y+xy=x>+y’ < (x—l)2 +(y—1)2 +(x—y)2 =2.
Tong ctia ba s6 chinh phuong bang 2 nén ton tai mot s& bang 0.
Truong hop: x — 1 =0 ta duoc (1; 0), (1; 2)
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Truong hop: y — 1 =0 ta dwoc: (0; 1), (2; 1)
Truong hop x — y =0 ta duoc: (0; 0), (2; 2)
Vay phuong trinh co6 nghiém (x, y) = (1; 0), (1; 2), (0; 1), (2; 1), (0;0), (2; 2).

Bai toan 5. Tim nghiém nguyén cta phuwong trinh 2x* +4x =19 - 3y”.

Hudng dan gidi
2x* +4x =19 -3y’
=2(x+1) =3(7-y) (%)
Tathdy 3(7-y*)i2=7-y 2=y 1é
Talai cé 7 —y” >0nén chi c6 thé y2 =1
Khi d6 (*) c6 dang 2(x+1) =18.
Ta duoc: x+1=43do dox, =2;x, =—4.
Cac cap sO (2; 1), (2;-1), (-4, 1), (-4; -1) thdéa man (2) nén la nghiém cua phwong trinh da cho
I~ Dang 3: Xét cac s6 chinh phuong lién tiép
* Co s0 phuwong phap:
Phwong phap nay dwa trén nhin xét sau:
1. Khong ton tgi ne€ Z théa man: a> <n’ < (a+1)2 véi aeZ
2. Néit a® <n® <(a+2) v6i a,neZthin=a+1. Tuong te v6i lily thia bic 3
3. Néu x(x+1)...(x+n) < y(y+1)...(y+n) < (x+a)(x+a+1)...(x+a+n)
Thi y(y+1)..(y+n)=(x+i)(x+i+1)..(x+i+n) v6i ie{1,2,..,a-1}

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 1+x+x>+x*> = y® (1)
Hudng dan gidi
Ta co:
1) .3 1) 19
X*+x+1=x+=| +=>0; 5x* +11x+7 =5 x+— | +—>0
2 4 10 20
Neén

(1+x+x2+x3)—(x2 +x+1)<1+x+x2+x3 <(1+x+x2+x3)+(5x2 +11x+7).
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Do dé: x* <y° <(x+2) =y =(x+1).
x=0

Két hop voi (1) ta co: (x+1)3 =1+x+x*+x° :>x(x+1):0:>[ .
X=-

Nghiém ctia phuong trinh la: (0;1) va (-1;0).

Bai toan 2. Giai phuong trinh nghiém nguyén: x* -y’ -2y’ -3y-1=0 (2)

Hudng dan gidi
(2)ex’ =y’ +2y* +3y+1 (3)
Ta co: y* 2 0;5y* +2>0nén
(y3+2y2+3y+1)—(5y2+2)<y3+2y2+3y+1£(y3+2y2+3y+1)+y2.
Do dé: (y—l)3 <x’ S(y+1)3 = x’> =y® hodc x° :(y+1)3.
Néu x° =y’ kéthop véi (3) ta ¢6: 2y* +3y+1=0=>y=-1=>x=-1.
Néu x’ =(y +1) . Phéi hop véi (3) tacd y* =0=y =0, licd6 x = 1.

Vay nghiém cua phuong trinh da cho 1a (-1; -1) va (1; 0).

Bai toan 3. Giai phuong trinh nghiém nguyén: x* +2x°> +2x* +x+3 =y’

Hudng dan gidi
Taco (x* +x) <x' +2x° +2x¢ +x+3<(x* +x+2)
o (¢ +x) <y <(+x+2)
ma (x* +x) va (x* +x+2) (1ahaisd chinh phuong
= y2=(x +x+1)
o x +2¢ +20¢ +x+3=(x +x+1)

x=1

<:>x2+x—2:0<:{
X=-2

Thay x=1 tadwoc y =13

Thay x =-2 ta duoc y =43
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I. Vay nghiém cta phuong trinh (x;y) € {(1; -3);(13);(-2:3);(-2 —3)}

Bai toan 4. Giai phuwong trinh nghiém nguyén: x* +(x+1)* =y* +(y +1)*

Hudng dan gidi
Bién d6i phuwong trinh vé dang
X +x+1=y (y+1) +2y(y+1)+1=(y* +y+1)> =k*,keZ (1)
-Néu x> 0= x> <x* +x+1<(x+1)* = x> <k’ <(x+1)* khong cé sd nguyén k théa man.

L |x=0 )
- Néu >y +y+1=+1
X

Ta c6 cac nghiém nguyén cta phwong trinh la (0; 0), (0; -1), (-1; 0); (-1; -1).

-Néu x<-1= (x+1)* <x* +x+1<x* = (x+1)* <k? <x* khong cé s& nguyén k thda man.

Bai toan 5. Giai phwong trinh nghiém nguyeén

x'+x*—y* +y+10=0 (6)

Hudng dan gidi
(6) = y(y-1)=x"+x*+10 (7)
Ta cé: x* +x° <x4+x2+10<(x4+x2+10)+(6x2+2).

Do do: x* (x* +1) <y(y-1)<(x* +3)(x* +4)= B((;:lgzgzj .tl))((z:?)

2

Két hop véi (7) tasuy ra: |
2 =

T d6: x=42, x=+1

Do d6 ta c6 thé tim duoc nghiém ctia phwong trinh (6)
7~ Dang 4: St dung diéu kién A 1a s6 chinh phuong
* Co s0 phuwong phap:

V6i phieong trinh nghiém nguyén cé dangf(x,y)=0 cd thé'viét dudi dang phuwong trinh
béc 2 doi véi mot trong 2 dn chang han dn x, ngoai dieu kign A>0 dé phwong trinh cé nghi¢m
nguyén thi A phdi la s6'chinh phwong. Vin dung diéu nay ta c6 thé giai dwegc bai todn.

Chii y: A la s6 chinh phwong chi la diéu kién cin nhung chwa du dé phwong trinh cé
nghiém nguyén, do do sau khi tim dwoc gid tri cin thir lai vao phwong trinh ban diu.

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

- *Viduminh hoa:

4 Bai toan 1. Giai phuwong trinh nghiém nguyén 3x* +y” +4xy +4x+2y+5=0

Hudng dan gidi

Ta co: 3x% +y”* +4xy +4x+2y+5=0

Sy +2(2x+1)y+3x" +4x+5=0 (1)
Coi phuong trinh (1) la phuong trinh an y tham s0 x ta c6:
A :(2x+1)2 —(?;x2 +4x+5) =4x* +4x+1-3x> —4x-5=x" -4
Dé phuong trinh cé nguyén nguyén thi A' phai la s§ chinh phwong hay A'=x* -4 =n’
voineN
(x—n)(x+n) =4 giaira ta dwoc x=2hodc x =-2.
Véix=2thiy=3
Véix=-2thiy=-5
Vay phuong trinh cé 2 nghiém (x, y) = (2, 3) ; (-2, -5).

Bai toan 2. Giai phuong trinh nghiém nguyén x*y? —xy = x* +2y?. (1)

Hudng dan gidi
Phuong trinh da cho viét lai: (x2 - 2)y2 ~xy-x"=0 (2)
Do x nguyén nén (x2 - 2) # 0 coi phuwong trinh (2) la phwong trinh dn y tham s6 x ta co:
A=x"+4x> <x2 —2) =x (4x2 —7).
bé phuong trinh c6 nguyén nguyén thi A phai la s6 chinh phuong.
-Xét x =0 thi tir (1) suy ray =0.
-Xét x#0 thi (4x* ~7) phai la s8 chinh phuong do d6 4x* ~7 =m” v6i m la s§ nguyén, ta
6 (2x—m)(2x+m)=7 ta tim dugc x =2 hodc x =-2
Véix =2 thay vao (2) ta duoc: y> +y-2=0=>ye {1;—2}.
V6i x =-2 thay vao (2) ta duoc: y* —y-2=0=ye{-1,2}.
Nghiém nguyén ctia phuong trinh la (x, y) = (2, 1); (2, -2); (-2, -1); (-2, 2).
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> Dang 5: St dung tinh chit: Néu hai s6 nguyén lién ti€p c6 tich 1a mét sd chinh
phuong thi mot trong hai s nguyén lién tiép d6 bang 0
* Co s0 phuwong phap:
Giasirala+1)=k*(1) véi ae Z,k e N.
Gidgistra#0,a+1+#0 thi k2 +# 0. Do k la s6 tw nhién nén k> 0.
Tie (1) suy ra: a> + a = k2
= 4a’ +4a=4K > 42’ +4a+1=4K* +1=(2a+1) =4k*+1 (2
Dok>0nén 4k* <4k® +1<4k® +4k+1  (3)
Tu (2) va (3) suy ra (2k)* <(2a+1)" <(2k+1)", vo 1y
Vay néu a(a + 1) = k2 thi ton tai mot trong hai 3 a, a + 1 bang 0.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuwong trinh: x* +xy +y* =x’y”

Hudng dan gidi
Thém xy vao hai v& x* +2xy +y* =x’y’ + xy < (x+ y)2 =xy(xy +1) (*)
Ta thay xy va xy + 1 la hai s0 nguyén lién ti€p, c6 tich 1a mot s6 chinh phuong nén ton tai
mot s§ bang 0.
Xétxy =0.Tr (1) cOx?+y>=0nénx=y=0
Xétxy+1=0.Tacdxy=-1nén (x,y)=(1;-1), (-1, 1)
Tht lai ba cap s6 (0; 0), (1; -1), (-1; 1) déu la nghiém cua phwong trinh da cho.

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: x* +2xy =5y +6 (1)

Hudng dan gidi
Taco (1) & X2 +2xy+y> =y* +5y+6 = (x+1) =(y +3)(y +2)
Do (y +3) va (y + 2) 1a 2 sO nguyén lién ti€p ma c6 tich 1a mot s6 chinh phwong nén
mot trong 2 sG phai bang 0.
Néuy+3=0thi y=-3,x=-1.
Néuy+2=0thiy=-2,x=-1
Vay phuong trinh c¢é nghiém nguyén la (x, y) = (-3, -1); (-2, -1).
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I~ Dang 6: St dung tinh chat: Néu hai s6 nguyén duwong nguyén td ciing nhau c6 tich la
moét s8 chinh phwong thi moi s6 déu 1a s6 chinh phwong

* Co s0 phuwong phap:
Gidsirab=c? (1) v6i a,b,c e N*,(a,b) =1.

Gid sir trong a va b c6 mot so, chang han a, chira thira s6” nguyén t6'p voi s6 mii lé thi s6” b
khong chira thira s6'p nén c? chiva thiea s6'p voi s6' mii lé, trdi véi gia thiét ¢? la so' chinh phirong.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén dwong cta phuong trinh: xy = z° (1)

Hudng dan gidi
Truedc hét ta ¢ thé gia st (x, y, z) = 1. That vay néu b ba s6 (x,,y,,z, ) thoa man (1)
va c6 UCLN bang d, gia st x, = dx,,y, =dy,,z, =dz, thi (x,,y,,2,) cing la nghiém
ctia phrong trinh (1).
Vi (x,y, z) =1 thix, y, z d6i mdt nguyén td cung nhau, vi néu hai trong ba sd x, y, z
c6 wéc chung la d thi sd con lai cling chia hét cho d.
Tacéz2=xyma(x,y)=1nénx=a%y=b>véi a,beN’
Suy ra z2=xy = (ab)?, do d6 z = ab.
x = ta’
Nhuw vay: <y =tb> véitla sd nguyén duong tluy y.
z=tab
Dao lai, hién nhién cac sd x, y, z c6 dang trén thoa man (1).

Cong thttc trén cho ta cong thitc nghiém nguyén duong caa (1).

Bai toan 2. Tim tat ca cdc cdp s6 nguyeén (x; y) thoa man

x* —=2x% +6x* —4y* —32x+4y+39=0

Hudng dan gidi
Ta co:
x* —2x° +6x* —4y? —=32x+4y +39=0
<=>x"—2x° +6x* —=32x +40 = 4y” -4y +1
<=>(x—2)*(x* +2x+10) = (2y - 1)?
Viylasdnguyénnén2y-1#0=x#2
Vi (2y — 1)? va (x — 2)* 1a s chinh phuong khac 0 nén x2 + 2x + 10 1a s6 chinh phuong.
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Dt x* +2x+10=m’(me N") suy ra (x+1)’ +9=m’ < (x+1-m)(x+1+m)=-9(*)

Do (x+1+m)>(m+1-m)nén

(x+1+m=9 [(x=3
x+1-m=-1 m=>5

() {x+1+m=1 - {x:—S

x+1-m=-9 m=>5

x+1+m=3 x=-1
x+1-m=-3 m=3

ex=3>(2y-12=25=>y=3hodcy=-2
ex=-5=2y-1)2=1225=y=18 hoacy =-17
ex=-1=>(2y-1)?=81=>y=5hodcy=-4

Vay cac bd (x;y) nguyén thoa yéu cau bai toan la (3;3),(3;-2),(-5;18),(-5,-17),(-1,5),(-1,-4)
V.  PHUONG PHAP LUI VO HAN, NGUYEN TAC CUC HAN

~ Dang 1: Phwong phap lui v6 han
* Co s0 phuwong phap:

Diing dé chitng minh phirong trinh f(x, y, z, ...) ngoai nghiém tim thuwong
x=y=z=0 thi khong con nghiém nao khdc. Phuwong phdp nay dién gidi nhw sau:

Gidi sit (X,,y,,2y,..) L& nghiém cia phwong trinh f(x, y, z, ...), nho phép bién déi suy
ludn ta tim dwoc by nghiém khic (Xerlef'--) sao cho cdc nghiém nay cé quan hé voi nghiém ban
diu ty s0'k nao do. Vi du x, =kx,,y, =ky,,z, =kz, ;...

RO tir bg (x,,y,,2,,...) €6 quan hé v6i (x,,y,,z,,...) béi ty s6'k nao dé.

Vidux, =kx,,y, =ky,,z, =kz,. Qud trinh nay din dén x,,y,,z,,.. chia hét cho kK° v6 s la s6'tw
nhién tuy y, diéu nay xdy ra khi x =y =z = 0. Chiing ta di dén vi du cu thé' nhi sau:

* Vi du minh hoa:

Bai toan 1. Giai phuwong trinh nghiém nguyén sau x* +y* = 3z’

Hudng dan gidi
Goi (xo,yo,zo)lé nghiém cta phwong trinh trén. Xét (mod 3) ta chttng minh x,,y,
chia hét cho 3. That vay rd rang vé€ phai chia hét cho 3 suy ra (xg + V¢ )33 . Ta ¢6
x; =0;1(mod3);y; =0;1(mod3) do d6 (xé +y§)§3 =X13,y5:3 = X% :3,¥,:3.

Diat x, =3x; Y, = 3y, thé vao rat gon ta duwoc 3(xf +yf):z§ = z,:3 =2z,=32,.
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Thé z, =3z, vao 3(xf + yf) =z;varut gon ta dugc: x +y> =z7 . Do d6 néu
(Xor YorZy )lé nghiém ctia phuwong trinh thi (xl,yl,zl) cling la nghiém ctia phwong trinh
trén. Tiép tuc suy luan nhuw trén dan dén Xy, Yo, %, 13" dieu nay xay ra khi Xo =Y, =2, =0

Vay phuong trinh c6 nghiém duy nhat (x, y, z) = (0, 0, 0)

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: x*-3y*-9z°=0. (1)

Hudng dan gidi
Gia st (X, Yy:Z) la nghiém nguyén ctia phuong trinh khi d6 x,:3dat x,=3x. thay

X, =3x.vao (1) ta duwoc: 9x°—y,* 92> =0= y,:3. dat y, =3y, = z,:3,khi dé:

9x°-27y,> -3z, =0=3x° -9y,° -z, = 0= 7,:3.d4at z, =3z khi do: x*-3y,*-92°=0.

Vay (X—; : % : %Oj cling la nghiém ctia phuong trinh.

Qua trinh nay tiép tuc thi duoc: (;-2%;-‘;) la cac nghiém nguyén cua (1) véi moi k diéu

nay chi xay ra khi X, =y, =2,=0.Vay (0, 0, 0) la nghiém duy nhat cta phuong trinh da

cho.

Bai toan 3. Giai phuwong trinh nghiém nguyén sau: x* +y* +z° = 2xyz

Hudng dan gidi

Goi (x,,y,,Z,)1a nghiém cta phuong trinh trén, ta c6 x} +y; +2z; =2x,y,z, suy ra
(xg +yo+ zé) chén (do 2x,y,2,) nén cé 2 truong hop xay ra:
Trudng hop 1: C6 2 s6 1é mot s8 chn khong mat tinh tdng quat gia s x,,y, 1, z, chan.
Xétmod 4 ta c6: x; +y; +2z; =2(mod 4) cdn 2x,¥,Z,:4 (do z, chdn) = Voly
Truong hop 2: Ca 3 s8 dé chan. Dat x, =2x,,y, =2y,,z, =2z, th€ vao rat gon ta co:
X2 +y: +z; =4x,y,z, 1ap luan nhw trén ta dugc x,,y,,z, chdn.
Qua trinh tiép tuc dén x,,y,,z,:2" (k € N*)dféu dé xay rakhi x, =y, =2,=0

Vay phuong trinh ¢6 nghiém duy nhat (x, y, z) = (0, 0, 0)
7~ Dang 1: Nguyén tic cwc han
* Co s0 phuwong phap:
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Vé hinh thttc phwong phdp nay khac véi phuong phap lui vo han nhung vé y
twong st dung thi nhuw nhau, déu chitng minh phwong trinh ngoai nghiém tam thuong
khong con nghiém nao khac.

Phuong phép bat dau bang viéc gia st (xo,yo,zo,...) la nghiém ctia phueong trinh
f(x, y, z, ...) v6i diéu kién rf?mg budc véi bo (xo,yo,zo,...). Vi du nhu x, nhd nhat hoac
X, +Y,+2,+.. nhd nhdt . Bang phép bién d6i s6 hoc ta tim duoc bo nghiém khac
(X, ¥,,2,,...) trdi v6i diéu kién rang budc trén. Vi du khi tim duoc bd (x,,y,,2,...) v6i X,
nho nhat ta lai im dwoce bd (x,,y,,z,,...) théa man x, <x, tir d6 dan t6i phuong trinh da
cho cé nghiém x, =y, =z,=0.

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh nghiém nguyén sau 8x* +4y* +2z* =t* (1)

Huéng dan gidi
Giai st (xo,yo,zo)lé nghiém cua phuwong trinh trén véi diéu kién x, nho nhat.
Ttr phwong trinh (1) suy ra t 1a s& chan. Dt t=2t, thé vao phuwong trinh (1) va rat gon ta
duoc:4x} + 2yt +z: =8t! rorang z, chdn. Dit z, =2z, = 2x} +y, +8z! =4t} =y, chan.
Dit y, =2y, = x} + 8yt +4z! =2t! = x, chin.
Dat x, =2x, = 8x] +4y; +2z; =t| = (xl; ViiZ; t1) cling 1a nghiém ctia phuong trinh
trén va dé thay X, <x, (vd ly) do ta chon x,nho nhat. Do 6 phuong trinh trén c6 nghiém

duy nhat (x,y,z,t)=(0,0,0,0).

VI. DPIEUKIEN PHUONG TRINH CO NGHIEM NGUYEN

Bai toan 1. Tim s6 thuc a d€ cac nghiém ctia phuong trinh sau déu la s6 nguyén:

xz—ax+(a+2)=0 (1)
Hudng ddn gidi
X, +Xx,=a

Goi x,,x, langhiém cia phuong trinh (1) . Theo dinh ly Vi-et ta co: {
X, X, =a+2

Do d6: xlxz—(x1 er2)=2<::>x1(x2 —1)—(x2 —1)=3<:>(x1—1)(x2—1)=3
Suy ra (x, —1) va (x,-1) la u6c cua 3.

Giai str: x; 2x, = x, —1>x, -1 . Khi dé:
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.Khid6a=6.

Khidoa=-2

Thay gia tri cua a vao phuong trinh (1) thi lai va két luan.

Bai toan 2. Cho phuong trinh x* —(2m +1)x+m?*+1=0, véi m la tham s6. tim tat
ca cic gia tri m e Z dé€ phuong trinh c6 hai nghiém phan biét x,,x, sao cho biéu thiic
X, X

P=—12 c6 gid trj la s6 nguyén.
X, +X,

Hudng ddn gidi
Tacod A=(2m+ 1)2 —4(m2 + 1) =4m -3. D€ phuong trinh cé hai nghiém phan

biét <:>A>0<:>m>%. Theo dinh ly Viet ta c6: x, +x, =2m+1 va x,x,=m”*+1. Do d¢6

2 —
p_X% _m +1:2m 1: 5 .Suyra 4P=2m-1+ . Do m>§ nén
X, +x, 2m+1 4 4(2m+1) 2m+1 4
2m+1>1

Dé Pez thita phai cd (2m+1) la woc ctia 5, suy ra 2m+1=5<m=2
Tht lai véi m =2, ta duwoc P =1 (thda man).

Vay m =2 la gia tri can tim thda man bai toan.

VII. BAITOAN PUA VE GIAI PHUONG TRINH NGHIEM NGUYEN

Dang 1. Bai toan vé s6 ty nhién va cac chix s6

Bai toan 1. Thi tat ca cac s6 c6 3 chit s6 sao cho tich ctia ching bang tong cta ching

Huong dan gidi
Goi sO can tim 1a abc véi a,b,ceN va 1<a<9,0<b,c<9.
Do s8 ¢6 3 chit s8 ¢6 cho tich ctia ching bang tdng ctia chiing nén:

abc=a+b+c (1)
=b=#0,c=0.

bata=m+Lb=n+1Lc=p+1, véi m,n,peN
Ta cé: m+n+p+3=(m+1)(n+1)(p+1)

S m+n+p+3=mnp+mn+mp+m+n+p+1

S mnp+mn+mp+np =2 (2)
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Néu ca 3 s6 m, n, p déu 16n hon 1 thi v€ phai cua (2) 16n hon 3. Vay mot trong 3 s6
phai bang 0. Gia st m = 0. Khi d¢:
(2)=np=2=n=1p=2hodcn=2,p=1.

Vay céc s6 can tim la: 123, 132, 231, 213, 312, 321.

J 7 . ~ ~N _2 _2
Bai toan 2. Tim tat ca cac sO cé hai chir sO sao cho ab —ba =1980.

Hudng dan gidi
—2 —2
Ta co: ab —ba =1980<:>(ab—ba)(ab+ba)=1980

< 99(a+b)(a-b)=1980 < (a+b)(a—b)=20

Tacd: 18>a+b>a-b>0

Mt khac: a+b, a—b ¢4 cing tinh chin 1é do d¢:
a+b=10 a=6
=
a-b=2 b=4

Vay s phai tim la 64.

Bai toan 3. Tim sO tw nhién nho nhat co 3 chit s6 sao cho né nhan vdi 21 rdi chia cho
23 thi dw 16.

Hudng ddn gidi
Goi s6 can tim la x. Trwéc hét ta tim nghiém nguyén cta phuwong trinh

31x = 23y +16.

x—1+
23 23

Biéu thiy theo x ta dwoc y = SIx—16 _ Sx+7 (1)

Dét%:mez thik—1=8mnénk=8m +1.

Thay vao (2) ta dugc x=3(8m+1)—-1-m =23m+2.

Can tim gia tri nho nhdt cia m sao cho 23m+22>100. Chon m = 5 dugc
x=235+2=117.

Thay vao (1) dwoc y=117-1 +8'112% =157.

Khi d6: 117.31=23.157 +16.

Dang 2. Bai toan vé ham sd
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y Bai toan 1. Cho duong thang D c6 phuwong trinh 5x+7y —50 =0
4 a) Tim tat ca cac diém nguyén cua caa D

b) Tim tat ca cac diém caa D c6 toa dd 1a s6 nguyén duong.

Hudng dan gidi
a) Phuong trinh: 5x+7y—-50 =0 < 5x+7y =50
Twr phurong trinh trén suy ra: 7y:5 ma (7,5)=1nén yi5 <y =5t(te Z)
Suy ra: 5x+35t=50=x=10-7t
Vay tap hop nhitng di€ém nguyén ctia D la nhitng di€ém c6 toa do:

{x:10—7t

y =5t (teZ)

10-7t>0 t<E
=4 7

b) Biém thudc D c6 toa d6 nguyén duong khi: { 5t 0
>

t>0
Ma tla s6 nguyén nén t=1.

Suy diém thoa man diéu kién bai toan 1a A(3, 5)

Bai toan 2. Cho duong thang (d) cd phuong trinh 5x+7y =11.
a) Tim trén (d) tat ca cac diém co toa do la cdp sd nguyén.
b) Tim gié tri nho nhat ctia biéu thirc P = 5|m|-3|n|

Chobiét meZ,neZ va bm+7n=11.

Hudng dan gidi
Xét phuong trinh 5x+7y =11 (x,y € Z)

e 11 e (10 _ (o) 2
Ta c6: 5x=11-7y (10 5y)+1 2y &x (2 Y)+ 5

Dé x nguyén thi %:t2>2y:5t+1<:>y:2t+%

Y va t nguyén nén %=k (keZ)

x=-7k+5

y=5Kk-2 (keZ)

Vay nhitng diém thudc D thoa mai yéu cau bai toan la {

b) Taco: meZ,neZ va bm+7n=11.
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m=-7k+5

Do do6 theoy a): { 5K _2
n= —

(keZ)

P =5|m|-3|n|=5|-7k +5|- 3|5k - 2|

V6i k<0 taco: P=5(-7k+5)-3(2-5k)=19-20k 219
D&u bang xay ra khi k =0.

V6i k>1 tac6: P=5(7k-5)-3(5k-2)=20k-19>1

D&u bang xay ra khi k =1.
Vay minP=1khim=-2van=3.

Dang 3. Bai toan vé tinh chia hét vé s6 nguyén t6

n(n+1
Bai toan 1. Tim s6 nguyén duong n va sd nguyén t6 p sao cho p= M -

Hudng ddn gidi

Taco: p= —(n — 1)2(11 i 2)
D€ p la s8 nguyén t5, trong n — 1 va n + 2, ¢an cd mot s& bang 1; thira s8 koa chia hét
cho 2 hodc thtra s8 kia bang 2.
Ta thdy n + 2 > 2 nén truong hop th nhdt cho n—-1=1suy ran =2, p=2; trong

treong hop thit hai chon-1=2,suyran=3, p=5.

Bai toan 2. Gia st p 1a s6 nguyén td sao cho ca hai nghiém ctia phuong trinh :
x> + px—444p = 0 1a cac s& nguyén.

Hay tim p va cac nghiém ctia phuwong trinh.

Hudng ddn gidi
Tacd: x*> +px—444p=0< x> = p(444—x)
SO x2 chia hét cho p nén x chia hét cho p . Bdt x = np duoc:
n’p? = p(444- np) © n’p =444 - np < n(n+l)p =444 =3.4.37 .
Do pnguyén tdnén p=2, 3, 37 . Chi c6 truong hop p = 37 thi tich con lai mdi la tich
cua hai s6 nguyén lién tiép .

Thay p= 37 vao phuong trinh giai dé tim x .

Bai toan 3. Chitng minh rang s6 ¢6 dang A(n)=n°-n*+2n’+2n’ khong chinh

phuong véimoin>1.
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Hudng dan gidi
Phan tich A(n) thanh nhan tir duge A(n)=n(n+1)’| (n-1)" +1]
Pé€ chitng minh A(n) khong chinh phuong ta chitng minh (n - 1)2 +1 khong chinh

phuong .

Véi n>1&2n>26-2n<2en’ -2n+2<n’~2+2& (n-1) +1<n’
Lai ¢ (n—1)2<(n—1)2+1 nén (n—1)2<(n—1)2+1<n2.

Do d6 (n—1)" +1 khéng phai la s8 chinh phuong .

Bai toan 4. Cho hai s6 tu nhién a, b . Chitng minh rang néu tich a.b chén thi ta luén

tim dwoc hai s6 ty nhién ¢, d sao cho d2=a?+ b2+ 2.

Hudng ddn gidi
Tich ab chdnthi: -Caab déuchin.
- Chi c6 mot s chan .
- Khi ca hai s8 a, b déu chin duoc a? + b2 chia hét cho 4 . Pt a2+ b2=4m . Lac d6 ta
chond=m+1lvac=m-1.Coé6d?=a?+b2+2=m?+2m+1.
- Khi chi cé mot s6 chan duoc a2 +b2lasdlé.Pata2+b2=2m+1.Ltac d6 chond =

m+lvac=m.Cod d?2=a2+b2+c2=m2+2m+1.

Bai toan 4. Cac s6 nguyén a,b,c,d thoa a2 + b2 + ¢ = d2. Chting minh ring : abc chia
hét cho 4.

Hudng dan gidi
- Trong ba sd a2, b?, ¢ cd ba s0 déu 1é = a? + b2 + ¢ chia 4 du 3 nén khong thé'la s6 chinh
phuong.
- Trong ba sd a%, b?, ¢ ¢6 hai s6 déu 1é = a? + b2 + ¢ chia 4 du 2 nén khong thé'la s6 chinh
phuong.
- Suy ra trong ba s6 a?, b?, ¢ ¢ hai hodc ca ba s6 déu chan. Suy ra a.b.c chia hét cho 4.

Dang 3. Cac bai toan thuc té

Bai toan 1. C6 37 cay tdo ¢ s trai béng nhau, 17 trai hong, con lai chia déu cho 79

nguoi. Hoi mai cay c6 it nhat may trai.

Hudng dan gidi

Goi a la s0 trai moi cay, b la s6 trai moi nguoi
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Ta 6 phuong trinh 37a-17=79b (1)

:79b+17 =2b+5b+17

37 37

Vi a, b 1a s6 nguyén duong ta co: (1) <a

5b+17

2(c-1)
a,beZ" = ceZ" =>b=7c-3+ s

b,ceZ" =2(c-1)i5=>c=5d+1,deN

Do do:

a=79d+9,

b=37d+4,

a,b>0=>d>0=a>9
a dat gia tri nho nhatkhid =0

Do d6 s trai it nhat cua cay tao la 9 trai.

Bai toan 2. Mot s§ khach du lich dén ctta hang mua lo hoa lam ki niém. Néu moi
khach hang mua mot 1o hoa thi ctra hang con y lo hoa. Néu mbi khach hang mua y 1o hoa
thi c6 y khac hang khong mua dwoc lo hoa nao. Biét y 1a s8 chan, tinh s6 khach hang va s&

lo hoa cuia ctra hang do.

Hudng ddn gidi
Goi s6 khach hang 1a x (xeN")
Néu mdi khach hang mua mét lo hoa thi ctra hang con y 1o hoa nén s6 lo hoa s 1a (x + y)

Néu mdi khach hang mua y 1o hoa thi ¢6 y khac hang khong mua dwoc lo hoa nao nén c6
(x —y) mua dwoc y lg hoa. Vay c6 y(x —y) lo hoa

Do d6 ta c6 phueong trinh: x +y = y(x - y)
Xét phuong trinh: y* —(x— l)y +x=0
C6 A=(x-1)" —4x = x> ~6x+1 phaila s§ chinh phuong do d6

x? —6x+1=m? (meN)@(x—3+m)(x—3—m):8

x—-3+m 8 4
Xx—-3-m 1 2
m 3,5 1
X (loai) 6

Véix=6suyray=3hodcy=2.Doychdnnény=2.

Vay s6 khach hang la 6, s6 lo hoa ctia ctta hang 1a 8.

Bai toan 2. Mot bai thi ¢6 20 cau hdoi mdi cau tra 10i dung dwgc 5 diém, moi cau tra 101 sai
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bi trit mot diém, mdi cau khong tra 10i bo qua duoc 0 diém. Tinh s6 cau tra lwoi dang, sd

cau tra 101 sai va sd cau bo qua khong tra 10i cia ban Tung, biét rang s6 diém cta ban la 58

diém.

Huong dan gidgi
Goi s6 cau tra 1oi dung, so cau tra 10i sai, s6 cau khong tra loila x, y, z.

s {x+y+z:20 (1)

.Suyrabx+z=78nén z:6 (3
5x-y=58 (2) Y ®

Tt (2) suy ra x>12 nén 6x =72 dodo z<6 (4)

Te(B)va(@)suyraz=6.Taedox=12,y=2.

Vay Tung tra luwoi dang 12 cau, tra 10i sai 2 cau, khong tra lwoi 6 cau.

Tong két: Mot bai todn nghiém nguyén thieong cé thé gidi bang nhiéu phwong phdp, ban
doc nén tim nhiéu cdch gidi cho mot bai todn dé’ren luyén ki nang cua minh. Sau ddy minh sé gidi
mot bai todn bang nhiéu phwong phdp dé’tong két.

Bai toan. Tim nghiém nguyén ctia phuong trinh sau: x* +xy +y’ = x’y’ (1)

Loi giai

Cach 1. Dua vé phwong trinh wéc s6

X’ +xy+y’ =x’y?

S 47 +Axy +4y° = 4Cy?

S 47 +8xy +y° =4y’ +4xy

& (2x+2y) =(2xy+1) -1

o (2xy+1) —(2x+2y) =1

& (2xy +2x+2y +1)(2xy +1-2x-2y) =1

Sau d¢ giai phuong trinh wéc sd

Cach 2. Dung tinh chit s6"chinh phwong va phwong trinh wéc so

47 +4xy +4y* = 4x7y?

& (2x+ y)2 +3y” =4x%y?

o (2x+y) =y (4x* -3)

Néu y =0 thi x =0 ta c6 (0, 0) la nghiém ctia phwong trinh.
Néu y #0 thi 4x* -3 phaila s6 chinh phuong .
Ta c6: 4x* -3 =k*(keN) dua vé (2x+k)(2x-k)=3

Ta tim dugc x =1 va x =-1 tir d6 tim duocy
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Cach 3. Duwa vé phwong trinh bic 2 doi voi x
(yz—l)xz—yx—y2=0 (2)

Xéty =1 thi (2) c6 dang: -x—1=0 duwocx =-1.

Xéty =-1thi(2) co dang x-1=0dwocx=1.

Xét y # %1 thi (2) la phuwong trinh bac hai d6i vdi x cé:
A=y® +4y’ (y2 —1) =y’ (4y2 —3).

Ta phai c6 A la s chinh phuwong .

Néu y =0 thit (2) suyrax=0

Néu y #0 thi 4y” -3 phai la s& chinh phuong.

Tac6 4y’ -3=k*(keN)=(2y+k)(2y-k)=3,ta dugc y=+1 do dang xét y =1
Céch 4. Sir dung bat dangthirc

Khong mat tinh tdng quét gia st |x| < |y , thé' thi x* <y?,xy < |xy| <y’

Do dé: xX’y? =x* +xy+y’> <y’ +y’ +y’ <3y’
Néu y =0 thix=0.
Néu y #0 chia hai vé& cho y* ta dwoc x> <3 .Do d6 x> =1=x=%1

Vay phuong trinh cé ba nghiém (1, -1), (-1, 1), (0, 0)
Cach 5. Str dung tinh chat sd chinh phuwong
Thém xy vao hai v€ x* +2xy +y* =x’y’ + xy < (x+ y)2 = Xy(xy + 1)
Ta thdy xy va (xy + 1) la hai s& nguyén lién ti€p c6 tich 1a mét sd chinh phwong nén
ton tai mot sO b:?mg 0
Xétxy =0t (1) cd x> +y*=0=>x=y=0
Xétxy=-Inénx=1,y=-lhodcx=-1,y=1
Tht lai thdy phuong trinh ¢6 ba nghiém (0, 0); (1, -1); (-1, 1).
C.BAI TAP AP DUNG
Bai 1: Tim nghiém nguyén ctia phuong trinh 2Xy —x-y=1.
Bai 2: Tim nghiém nguyén ctia phuong trinh x* + x + 2009 = y* .
Bai 3: Tim nghiém nguyén ctia phwong trinh x* +5y? +62° + 2xy —4xz =10.
Bai 4: Giai phuong trinh nghiém nguyén 3x* —2xy +y —5x+2=0.
Bai 5: Tim nghiém nguyén ctia phwong trinh (x* + y)(x+ y?) = (x—y)*.
Bai 6: Giai phuong trinh nghiém nguyén x° —y® = 2xy +8.
Bai 7: Tim nghiém nguyén duwong cta phwong trinh 5(x+ Yy +z) +3 = 2xyz.
Bai 8: Tim nghiém nguyén ctia moi phwong trinh
a) 1+ x+ X2+ X +x* = y*;
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b) 1+ x+ x>+ x* = y°.

Bai 9: Giai phwrong trinh nghiém nguyén 4x+9y =48.

Bai 10:
Bai 11:

Bai 12:

Bai 13:

Bai 14:

Bai 15:

Bai 16:

Bai17:

Bai 18:

Bai 19:

Bai 20:

Bai 21:

Bai 22:

Bai 23:
Bai 24:

Bai 25:

Bai 26:
Bai 27:

Bai 28:
Bai 29:

Bai 30:

Tim nhiing sO tw nhién 1é n d€ 26n+17 la s6 chinh phuwong.
Tim cdc s6 nguyén X, Y,z sao cho x*+y*+z*=2012.
Tim nghiém nguyén duong ctia hé phuong trinh {XZ +213yz B Z:
13x° +y° =t".
Tim nghiém nguyén cta phuong trinh x°* —3y*—-9z° =0.
Tim nghiém nguyén cta phuong trinh
X2 +2y?+222 - 2xy —2yz—4z7=—4.
Tim nghiém nguyén ctia phuong trinh
(x2 +1)(y2 +4)(z2 +9) = 48xyz.
Tim nghiém nguyén cua hé phuong trinh
x> +2°=9
y’> +t° =16
Xt+yz=12.
Tim nghiém cua phuong trinh: x° +y° -x’y —xy* =5

Tim cdc nghiém nguyén ctia phuong trinh : x(x + 1)(x +2)(x +3)=y*> (1)

Tim tat ca nghiém nguyén cua phwong trinh: (x2 - y)(y2 - x) = (x - y)3
T A . . 1_1
Tim tat ca cac s6 x, y nguyén duong thoa man phwong trinh: ;+§ =17
. . A A 1 s oA S
Giai phuong trinh nghiém nguyén duwong —+—=— trong do p la s6 nguyén to.
X'y P
Tim nghiém nguyén duong ctia phuwong trinh: l+l-|-L 1
Tim nghiém nguyén ctia phuong trinh 6x+15+10z=3

Chting minh rang phuong trinh sau khong cé nghiém nguyén:
x* +y* +2z°> =1999 (1)
Tim nghiém duwong ctia phuong trinh Jx+ \/§ = /50.

Giai phuong trinh nghiém nguyén: y = \/ X+2Vx-1+ \/ X—24x—-1
Giai phuong trinh trén tap s6 nguyénx™" = \/ y(y+1)(y+2)(y+3)+1

(Chuyén Quang Trung — Binh Phuwoc 2015)
Tim s8 tw nhién x va s6 nguyén y sao cho 2* +3 =y’

Tim cac sO tie nhién x, y thoa man: (ZX +1)(2X +2)(2X +3)(2" +4)—5y =11879.

Tim tat ca cac cap (x, y, z) 1a cac s6 nguyén thoa man hé phuwong trinh:
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Bai 31:

Bai 32:

Bai 33:

Bai 34:

Bai 35:

Bai 36:

Bai 37:

Bai 38:

Bai 39:

Bai 40:

Bai 41:

Bai 42:

Bai 43:

Bai 44:

{ X+y+z=3
X +y*+2°=3
Tim s6 nguyén x, y, z thoa man cac dang thtc: { 5 XTyte=z (1)
2xX°—=xy+x-2z=1 (2)
Tim sO thiee a d€ cac nghiém ctia phwong trinh sau déu la s6 nguyén:
x> —ax+(a+2)=0 (1)
Tim céc s6 nguyén dwong x va y thoa man phuong trinh:
(3 +4y* +28) ~17(x* +y*) =238y +833.
(Chuyén Nguyén Trai — Hii Dwong 2016 — 2017)
Tim tat ca cac cap sO tw nhién x, y thoa man: 2*.x*> =9y* +6y +16
(Chuyén Ha Néi 2016 —2017)
Tim nghiém nguyén ctia phuong trinh: x*y* (x+y)+x+y =3+xy
(Trich dé vao l6p 10 chuyén DHKHTN, DHQGHN ndim 2014)
Tim tat ca cac cap sO nguyén duong (x; y) thoa man (x+ y)3 = (x— y —6)2 .
(Trich dé thi vao 16p 10 Chuyén Lé Hong Phong- Nam Dinh 2014-2015)
Tim nghiém nguyén cta phuong trinh x> —y* =xy +8
(Trich dé vao Chuyén Binh Dwong 2017)
Tim nghiém nguyén ctia phuong trinh x° +1=4y’.
(Trich dé vao Chuyén Lé Hong Phong — Nam Dinh)
Tim nghiém nguyén ctia phuong trinh sau x> +y” +5x’y” + 60 = 37xy
(Trich dé vao Chuyén Bac Liéu 2017)
Giai phuong trinh nghiém nguyén y® —2x-2=x (x + 1)2 . (1)
(Trich dé vao Chuyén Hung Yén 2017)
Giai phuong trinh nghiém nguyén x* +2y* —2xy —4x+8y+7=0 (1)
(Chuyén Lwong Thé'Vinh — Déng Nai 2017)
Tim x, y nguyén sao cho Jx+ \/§ =18
(Chuyén Binh Dinh 2015)
Tim céc sO nguyén x va y thoa man phuong trinh9x+2=y” +y
(Chuyén Phan Bgi Chau — Nghé An 2014)
Tim cdp s6 nguyén (x;y) thdéa man phwong trinh: 2015(x” +y*) —2014(2xy +1) = 25
(Chuyén TP. H6 Chi Minh 2014)
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~ Bai 45: Tim nghiém ctia phuong trinh: x° +y° —x*y —xy* =5

(Chuyén Lam Son 2014)

Bai 46: 1) Tim t4t ca cac sO nguyén td p va cac sd nguyén duong x,y thoa man
p—1=2x(x+2)

{pz —1=2y(y+2)
2) Tim tat ca cac sd nguyén duong n sao cho ton tai cac s nguyén duong X, y, z thoa man
X’ +y’ +2° =nx’y’z’
(Chuyén Ha Noi Amsterdam 2014)
X+y=z

X3+y3 :ZZ

Bai 47: Tim nghiém nguyén duong ctia hé phuong trinh: {
(Chuyén Hoang Vin Thu - Hoa Binh 2015)
Bai 48: Tim nghiém nguyén ctua phuong trinh: x* —2y(x—y) =2(x +1)
(Chuyén Hung Vwong Phii Tho 2015)
Bai 49: Tim cac s6 nguyénx,y thoa man x* +x* -y’ —y+20=0.
(Chuyén Nguyén Trai Hdi Dwong 2015)
Bai 50: a) Chimg minh khdng ton tai cdc bd s6 nguyén (x, y, z) thoa man x* +y* =7z* +5
b) Tim t4t ca cic nguyén nguyén thoa man dang thizc (x + 1)4 - (x - 1)4 =y’
(Chuyén KHTN Ha N¢i 2011)
Bai 51: Tim t4t ca cac cip s6 nguyén (x;y) thoaman 2X° +5y? =41+ 2xy.
(Chuyén Nam Dinh 2018-2019)
Bai 52: Tinh t4t ca cac cip s8 nguyén dwong (X;y) thoa man: X =y —y#® —y*% 1.2
(Chuyén Lam Son — Thanh Hoa 2018-2019)
Bai 53: Cho phuong trinh x°+2y° +42° =91(1) v6i x;y;z1a &n va 9! La tich cac s8 nguyén
duong lién tiép tir 1 dén9
a) Chting minh rang néu c6 cac s6 nguyén x;y;z thdéa man (1) thi x, y,z déu chia hét cho 4
b) Chting minh rang khong ton tai cac s6 nguyén x, y, z thdéa man (1).
(Chuyén Vinh Phiic 2018-2019)
Bai 54: Tim cac nghiém nguyén ctia phuong trinh X° —Xy+2 =X+
(Chuyén Bén Tre 2018-2019)
Bai 55: Tim céc s nguyén x,y,z thoa man dong thoi: X° +4y° +2° +2xz+4(x+2) =396 va
x*+y>=3z.
(Chuyén Dk Lik 2018-2019)
Bai 56: Tim cac cip s8 nguyén (X; Y) thoéa man diéu kién 2x° —4y” —2xy —3x-3=0

(Chuyén Dong Nai 2018-2019)
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Bai 57:Tim nghiém nguyén ctia phuong trinh: 3x* —2xy +y-5x+2=0
(Chuyén Tuyén Quang 2018-2019)
Bai 58: Tim x, y nguyén duong thoa man: 16(x° - y*) =15xy +371
(Chuyén Thdi Nguyén 2018-2019)
Bai 59: Tim cip s8 nguyén x, y thoa man x* —2y* =1
(Chuyén Bdc Ninh 2018-2019)
Bai 60: Tim nghiém nguyén ctia phuong trinh X —xy+y> =2x-3y-2
(Chuyén Vinh Long 2018-2019)
Bai 61: Tim tat ca cac cip sO nguyén (x ; y) théa man dang thic X2 y2 —x2- 6y2 =2xy.
(Chuyén Quang Nam 2018-2019)
Bai 62: Tim t4t ca cip s6 nguyén x, y thoa man y* +2xy—3x—2=0
(Chuyén Lao Cai 2018-2019)
Bai 63: Tim tét ca bo s8 nguyén (a;b) théa méan 3(a’ +b?)-7(a+b)=-4
(Chuyén Binh Phwoc 2018-2019)
Bai 64: Tim tat ca cc cdp s6 nguyén (X;y) théaman y>+y=x"+x>+x*+x.
(Chuyén Todn Lam Son — Thanh Héa 2019-2020)
Bai 65: Tim t4t ca cac nghiém nguyén ctia phwong trinh: x* —xy —5x+5y+2=0
(Chuyén Tin Lam Son — Thanh Héa 2019-2020)
Bai 66: Tim tat ca cac nghiém nguyén duong ctia phwong trinh
xy? — (y —45)> + 2xy +x — 220y +2024 = 0.
(Chuyén Hung Yeén 2019-2020)
Bai 67: Tim tat ca cac s6 tu nhién n d€ phuong trinh x> —n*x+n+1=0 (4n sd X) ¢6 cac
nghiém la s6 nguyén.

(Chuyén Binh Thugdn 2019-2020)

\ e N A 2 4 v ~ A 2 ~ X2 + y2 85
Bai 68: Tim tat ca cac cap sO nguyeén (x, y) théa man =—
x+y 13

(Chuyén Phui Yén 2019-2020)

o T A LA A . |n*=a+b
Bai 69: Tim cac s6 nguyén khong am a, b, n thoa man: 4 | s -
n“+2=a"+b
(Chuyén Quang Nam 2019-2020)
Bai 70: Tim tat ca cap s6 nguyén (x; y) thoa man 2020(x” +y”)-20192xy +1) =5
(Chuyén Cin Tho 2019-2020)

Bai 71: Tim tat ca cdc nghiém nguyén duong cta phuwong trinh 2x°y —1=x* +3y.

(Chuyén Dik Nong 2019-2020)
Bai 72: Tim nghiém nguyén dwong ctua phuwong trinh X+Yy+3+1= Ix+y
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(Chuyén Quang Ngai 2019-2020)
© Bai73: Giai phuong trinh nghiém nguyén 4y® =2++199 — x* —2x
(Chuyén Binh Phuéc 2019-2020)
Bai 74: Tim tat ca cac cdp s6 nguyén duong (:c; y) théa man: (xy +x+ y)(x2 +y’+ 1) =30.
(Chuyén Bdc Ninh 2019-2020)
Bai 75: Tim tat ca cac cap s6 nguyén (X; y) thoa man
(2x +5y +1)(2X‘1 +y+xi+ x) =65
(Chuyén Tién Giang 2019-2020)
Bai 76: Tim tat ca cac cap s6 nguyén duong (m;n) thoa man phuong trinh
2™ m? = 9n? -12n +19.
(Chuyén Ba Ria Viing Tau 2019-2020)
Bai 77: Tim tat ca cc cdp sd nguyén thoa man (x> —x+1)(y* +xy) = 3x -1
(Chuyén Ha N¢i 2019-2020)
Bai 78: Tim t4t ca cdc cdp sd nguyén (x;y) thoa man x°y* —4x*y+y* +4x* -3y* +1=0.
(Chuyén Sw pham Ha Ngi 2019-2020)

Bai 79: Tim X, y thoa man: 2(\/;+ y —2) = \/\/Ty
(HSG Lép 9 An Giang nim 2015-2016)
Bai 80: Tim tat ca cac nghiém nguyén ctia phuong trinh x* +xy +y* = x’y”
(HSG Lép 9 Thanh Héa nam 2015-2016)
Bai 81: Tim tat ca cac cdp sd nguyén (x;y) thoa man x° +y* =xy” +1
(HSG Lép 9 TP. Bic Giang niam 2016-2017)
Bai 82: Tim cac s6 nguyén duong x, y, z thoa man: 3x*> —18y” +2z* + 3y’z* —18x =27 .
(HSG Lép 9 Hai Dwong nam 2014-2015)
Bai 83: Tim nghiém nguyén cta phuong trinh x’y® (x + y) +x=2+ y(x - 1).
(HSG Lép 9 Thanh Héa 2018-2019)
Bai 84: Tim tat ca cac nghiém nguyén duong ctia phuong trinh:
xy” +2xy —243y +x =0
Bai 84: Tim sG nguyén x, y thdéa man dang thic x* =y + \/ﬁ
Bai 85: Giai phuwong trinh nghiém nguyén y* =1+v9-x* —4x
Bai 86: Tim s6 nguyén a d€ phuong trinh sau ¢6 nghiém nguyén duong |4 - 3a| =5-a
Bai 87: Tim t4t ca cac cap (x;y) nguyén thoa man

x’y? +(x—2)2 +(2y—2)2 —2xy(x+2y—4)=5.
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(HSG Lép 9 Lang Son ndm 2018-2019)
Bai 88: Tim nghiém nguyén duong ctia phuong trinh : 4y* +6y* -1=x.
(HSG Lép 9 Binh Phwéc ndam 2018-2019)
Bai 89: Tim t4t ca céc cdp s6 nguyén (x; y) théa man phuong trinh
(x—y—l)(x+1—y)+6xy+y2 (Z—X—y) =2(x+1)(y+1).
(HSG Lép 9 Nam Dinh nim 2018-2019)
Bai 89: Tim tat ca cac cap s6 nguyeén (x; y) théoa man: (X—2018)2 =y* -6y’ +11y’ -6y
(HSG Lép 9 Hing Yén nim 2017-2018)
Bai 90:Tim nghiém nguyén ctia phuong trinh y* -5y +62 = (y —2)x” +(y* —6y + 8)x.
(HSG Lép 9 Thanh Héa ndm 2017-2018)
Bai 91: Tim cac cdp sd nguyén (X;y) thoa man: 2x* +2y” +3x -6y = 5xy —7.
(HSG Lép 9 Hdi Duong nim 2016-2017)
Bai 92: Tim tat ca cic nghiém nguyén ctia phuong trinh 3x—16y —24 =9x* +16x+32 .
(HSG Lép 9 Hung Yeén nim 2016-2017)
Bai 93: Tim c4c s§ nguyén X, y thoa man phuong trinh (x+y)(x+2y)=x+5
(HSG Lép 9 TP. H6 Chi Minh ndm 2016-2017)
Bai 94: Tim cac cdp sd nguyén (x;y) thoa man: X(X2 +X+ 1) =4"-1.
(HSG Lop 9 Vinh Phiic nam 2015-2016)
Bai 95: Tim nghiém nguyén duong ctia phwong trinh: 3* +171=y”.
(HSG Lép 9 Ngh¢ An nim 2015-2016)
Bai 96: Tim cdc nghiém nguyeén (x; y) cua phuong trinh: 54x° +1= y3 .
(HSG Lép 9 Thanh Héa nam 2015-2016)
Bai 97: Tim cac nghiém nguyén (x; y) ciia phuong trinh: 5(x2 +xy+y’ ) =7(x+2y)
(HSG Lép 9 Thanh Hoa nam 2014-2015)
Bai 98: Tim cac cdp sO nguyén (x;y) thoa man: x(1+ x+x2) =4y(y-1).
(HSG Lép 9 Vinh Phiic ndm 2014-2015)

Bai 99: Tim cdc s6 nguyén duong X, y, z thoa man x* =2x+yzz4.
(HSG Lép 9 Khdanh Hoa nim 2014-2015)
Bai 100: Tim Xx,y,z€ N thoaman vx+2v3 =./y +4z.

(HSG Lép 9 Thanh Hoa nam 2012-2013)
Bai 101: Tim nghiém nguyén cia phwong trinh:  2xy*+ X + y + 1= x*+ 2y* + xy
(HSG Lép 9 Binh Dinh ndm 2018-2019)
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Bai 102: Tim c4c s6 nguyén X, y thoaman 4 =1+3".
(HSG Lép 9 Quang Tri nim 2018-2019)
MGt s6"bai todn tir dé thi hoc sinh gioi todn 16p 10!

Bai 103. Tim tat ca cac s6 ty nhién x, y thoa man phuong trinh:

(vx—y) =3361-+/11296320

(Dé dé nghi THPT TP. Cao Lanh — Dong Thip)

Bai 104. Tim nghiém nguyén ctia phwong trinh: |4X _ 6y| i |9X — 6y| =313 (1)
(Dé dé nghi THPT Bac Luwu)
Bai 105. Tim nghiém nguyén ctua phuong trinh: x* +x+1=2xy+y
(Dé dé nghi Chuyén Lé Khiét — Quang Ngai)
Bai 106. Chiing to rang sd: 444444 + 303030+/3 khong viét dudi dang (x + y\/g )2 voi
x,yeZ
(Dé dé nghi Chuyén Quang Trung — Binh Phuréc)
Bai 107. Tim tat ca cac sd nguyén duong x, y thoa man phuong trinh:
9(x* +y” +2)+2(3xy —1)=2008
(Dé dé nghi THPT Hing Vieong — Lé Lai)
Bai 108. Tim nghiém nguyén ctia phuong trinh: x° + X’y +xy* +y° = 8(x2 +xy+y’+ 1)
(Dé dé nghi Chuyén Lwong Vin Chdnh — Phii Yén)
Bai 109. Tim nghiém nguyén cua phuong trinh
x* +17y" +34xy +51(x+y) =1740
Bai 110. Tim tat ca cac cdp (x, y, z) la cac s6 nguyén thdéa man hé phuong trinh

X+y+z=3
X +y*+2°=3

Bai 111. Tim tat ca cac sd nguyén X, y, z théa man phuong trinh:
3x* +6y° +2z° +3x’y? —18x -6 =0.
Bai 112. Tim tat ca cac cgp sd nguyén duong (a,b) thoa man dang thiic:
a’—b*+3(a>—b*)+3(a—b)=(a+1)(b+1)+25.
Bai 113. Tim tat ca cac cap s6 nguyén duong (x;y)thoa man phuong trinh:
(3 +4y? +28) =17 (x* +y* + 14y +49)

Mot s6'bai todn phwong trinh nghiém nguyén trong tap chi todn hoc tudi tré
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~ Bai 114. Tim moi nghiém nguyén ctia phuong trinh x> (y - 5) -xy=x-y+1.

Bai 115. Tim cac bo s6 nguyén (a.b,c,d) thoa man hé {ac ~3bd=4
ad+bc=3
Bai 116. Mot tam giac ¢ sd do 3 canh la cac s6 nguyén x, y, z thdéa man
2x* +3y” +2z° —4xy +2xz—20 =0.

Chting minh tam giac d¢6 la tam gidc déu

Bai 117. Chting minh rang phuong trinh sau khdng cé nghiém nguyén duong
X +y” =(x+ y)2 + (xy)2
Bai 118. Tim nghiém ty nhién cua phuong trinh
Xy’ —4xy’ +y* +x* -2y -3=0.

Bai 119. Tim tat ca cdc sO nguyén x,y théa phuong trinh 2x* +y* +xy =2(x+Y)

(Trich dé hoc sinh gi6i I6p 9 tinh An Giang 2017-2018)

Bai 120. Tim nghiém nguyén ctia phwong trinh % _3
X =xy+y- 7

Bai 121. Tim cac s8 x,y nguyén duong thoa mén phuong trinh: 16(x° - y° ) =15xy + 371
(Trich dé hoc sinh gidi 16p 9 tinh Bén Tre 2017-2018)
Bai 122. Tim nghiém nguyén cta phuong trinh: (x—y)(2x+y+1)+9(y—-1)=13
(Trich dé hoc sinh gioi l6p 9 tinh Binh Dinh 2017-2018)
Bai 123. Tim t4t ca cac cdp s6 nguyén (x,y ) théa man phwong trinh

o x-y 7
x*4+xy +y> 13

(Trich dé hoc sinh gi6i I6p 9 TP. Ha Ngi 2017-2018)

. o~ A . |p*+ct=a
Bai 124. Tim cdc s6 nguyén dwong a, b, ¢, (b>c) théa man .
2(a+b+c)=bc

(Trich dé hoc sinh gi6i 16p 9 Ha Tinh 2017-2018)
Bai 125. Tim cac s6 thuc x sao cho x++/2018 va Z—\/2018 déu la sd nguyén.
X
(Trich dé hoc sinh gidi 16p 9 Hdi Dwong 2017-2018)
Bai 126. Tim c4c cép sO nguyén (X; y) théa man (X - 2018)2 =y* -6y’ +11y* -6y

(Trich dé hoc sinh gidi 16p 9 Hung Yén 2017-2018)
Bai 127. Tim tat ca cac s6 nguyén duong a,b,c thoaman a+b+c=91va b? =ca.

(Trich deé hoc sinh gioi I6p 9 Phui Tho 2017-2018)
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Bai 128. Chiing minh rang véi moi s6 nguyén n cho trude, khdng ton tai s6 nguyén duong

x sao cho x(x+1)=n(n+2)

(Trich dé hoc sinh gi6i 16p 9 huyén Ba Vi 2019-2020)
Bai 129. Tim s6 thuc x dé biéu thire 1+VX +¥1-vx 1as8 nguyeén.
(Trich dé hoc sinh gi6i I6p 9 quin Ba Dinh 2016-2017)
Bai 130. Tim céac s6 nguyén duong x, v, z théa man: 3x* —18y* +2z° + 3y*z* —18x = 27.
(Trich dé hoc sinh gi6i I6p 9 tinh Hai Dwong 2014-2015)

Bai131.  a) Tim cic s8 nguyén duong x, y thoa man X° —y°® = 95(X2 +y° )

2 2
b) Tim cac s3 thyc x, y thoa man<—= + Y. 4+8:4(\/x—1+‘/y—1)
X y

(Trich dé vao 10 Chuyén Sw Pham 2016-2017)
Bai132.  Tim t&t ca cdc cap s nguyén (x;y) thoa man (x+ y)(3x +2y)2 =2x+y-1.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2018-2019)
Bai133.  Chitng minh rang khong ton tai cdc s8 nguyén x, y théa man dang thitc

122 + 262y + 15y° = 4617

(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha Ngi 2017-2018)
Bai 134.  Tim tat ca cac cdp s6 nguyén (:v; y) théa man dang thtec sau x* +2x% = y°.

(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2016-2017)
Bai135. Tim cac cip s8 nguyén (x; y) thoa man: 5x” +8y” =20412 .

(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha Noi 2013-2014)
Bai136.  Tim tat ca cac cip s8 nguyén (x; y) théa man dang thic

(x+y+1)(xy+x+y)=5+2(x+y).

(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2012-2013)
Bai 137. Tim t4t ca cac s8 nguyén khong am (x, y) thoa man dang thiic
(1+ x2X1+ y2)+ 4xy + 2(x + y )1+ xy) = 25.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢gi 2010-2011)
Bai 138. Tim cac sO nguyén a d€ cac phuwong trinh sau c6 nghiém nguyén:
a) X’ —(a+5)x+5a+2=0 (1)
b) x> +ax+198=a (2)

Bai 139. Tim céc s6 nguyén duong X, y thoa man phuwong trinh: x* +y® +1=3xy .

Bai 140. Tim cdc nghiém nguyén khong am ctia phuwong trinh :
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(y+1)4+y“=(x+1)2+x2 )
( Vong 2,THPT Chuyén — Dai hoc Sw pham Ha N¢i, nidm hoc 2006 —2007)
Bai 141. Tim c4c s6 nguyén x, y thoa man: 7(x+y)= 3(x2 — Xy + y2) (1)
Bai 142. Tim nghiém nguyén cua phuong trinh: X* +17y* +34xy +51(x+y) =1740
(Vong 1, THPT Chuyén - Dai hoc Qudc gia Ha N§i, nam hoc 2005 - 2006)
Bai 143. Tim nghiém nguyén duong ctia phuong trinh: 7(x*y + X+ xy’ + 2y ) = 38xy + 38

Bai 144. Tim céc cdp sO nguyén(x,y) thoa man diéu kién: (x + y +1)(xy + X+ y) =5+ 2(x+Y)
( D€ thi tuyén sinh vao 16p 10 trwong THPT chuyén KHTN — DHQG Ha Ngi , 2014)
Bai 145. Tim c4c cdp s6 nguyén (x, y) thdéa man diéu kién: 4x* +8xy + 3y’ +2x+y+2=0
( Dé thi tuyén sinh vao l6p 10 chuyén todn tin Amsterdam , 2018)
Bai 146. Tim cac cdp s6 nguyén (x, y) thoa man diéu kién: x° - y* =91
Bai 147. Tim nghiém nguyén cta phuong trinh: x* —xy+1=2y-Xx.
Bai 148. Tim nghiém nguyén cta phuong trinh: X° - y° = xy +8(*)
Bai 149. Tim cac s8 nguyén duong x, y,zthoa man: X* -2 =(xy + 2)z.
Bai 150. Tim céc cdp s8 nguyén (X;y) thoa man didu kién: (x+2)° (y—2)+xy? +26=0.
Bai 151. Tim céc s6 nguyén duong (X; ¥)thoa man: x*—y® =95(x” +y*).
(Trich Dé tuyén sinh 16p 10 chuyén Toin DHSP Ha N¢i, nidm 2016)

Bai 152. Tim cdc s6 nguyén td x,y théa man diéu kién: (X2 + 2)2 =2y +11y° + x*y* +9
Bai 153. Tim cac sd nguyén duong x,y thda man: x°* —y? =13(x2 +y? )
Bai 154. Tim tat ca cac cdp s6 tw nhién (X;y) théa man phuong trinh:

16x° +y*+14y* +49 16
(x*+y*+7) 17

Bai 155. Tim céc cap nghiém s& nguyén (x; y)thoa man x> —xy +y* = x’y* -5,
(Dé tuyén sinh vao 1op 10 Trieong THPT chuyén KHTN — DPHQG Ha N¢i, 2015).

Bai 156 Tim tat ca cac sd nguyén duong x, y, z théa man x+y-z=2 va 3x* +2y’ —z° =13.
(Dé tuyén sinh Chuyén Tin Amsterdam, 2017)
Bai 157. Tim t4t ca cdc sO nguyén x,y thoa man diéu kién: x* (x+y) = y*(x— y)2 .
(Trich Dé tuyén sinh vao l6p 10 Truong THPT chuyén KHTN — DHQG Ha N¢i, 2016)
Bai 158. Tim tat ca cac cdp s8 nguyén (X;y) thoa man x* —xy +y* = x*y* -5

(Dé tuyén sinh 16p 10 Truong THPT chuyén KHKT — DPHQG Ha N¢i, 2015)
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Bai 159. Tim nghiém nguyén ctia phuong trinh x°y? (X+y)+X+y =3+Xy.

Bai 160. Tim nghiém tw nhién ctia phuwong trinh: 8" —37 = y°

Bai 161. : Tim nghiém nguyén khong am cua phuwong trinh: \/ X+ \/ X+yYX+.. 44X =y

Trong d6 vé trai c6 n ddu can.
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HUONG DAN GIAI

Bai 1:Bién d6i phuong trinh thanh 4xy —2x-2y =2
< 2X(2y-1)—-(2y-1) =3 < (2x-1)(2y-1)=3.

Vi x va y la cac s6 nguyén nén 2x-1va 2y-1 la cic s6 nguyén.
Do vai tro cta x,y nhu nhau, khong giam tong quat gia st x>y nén 2x-1>2y-1. Ma
3=3.1=(-3)(-1) nén xay ra hai truong hop

2x-1=3 X=2
1) = ;
2y -1=1 y=1

2x-1=-1 x=0
2) =
2y—-1=-3 y=-1.
Vay phuong trinh c6 bdn nghiém (x;y) 1a (2;1),(%2),(0;-1),(-10).
Nhdn xét. Bang cach nay ta co giadi dugc phuong trinh dang ax+by+cxy=d, trong d6
a,b,c,d la cac s6 nguyén.
Bai 2: Ta c6 X+ X+ 2009 = y*(y € N)
< (2x+1)* —(2y)? =-8035
< (2x+2y+1)(2x -2y +1) = -8035.
Do yeN nén 2x+2y+1>2x—-2y+1, va ching déu la s6 nguyén.
Ta c6 sy phan tich —8035=1607.(-5) = (-1607).5=1.(-8035) = (-8035).1.
Vi vay xay ra bon truong hop
2Xx+2y+1=1607 4x +2 =1602 X =400
= =
2X—-2y+1=-5 4y =1612 y = 403.
{ZX +2y+1=-1607 {4X +2=-1602 {X =-401
= =

1)

2
) 2X—-2y+1=5 4y =1612 y = 403.

3 2X+2y+1=1 {4x+2=—8034 {x=—2009

=
2x—2y+1=-8035 |4y =8036 y = 2000,

4){2x+2y+1:—1 <:>{4X+2:8034 {X=2008
2x—2y+1=8035 |4y = 8036 y = 2000.
Bai 3: Bién d6i nhu sau
[x* +2x(2y —22) +(y—22)*]-(y - 22)* +5y* + 62> =10
< (X+y—22)° +4y* +4yz+27* =10
& (x+y-22)%+(2y +12)* +2° =10.
Nhan thdy x,y,z la cac s& nguyén va 2y+z+z=2(y+2) las6 chdn, nén (2y+z)* va z° la
hai s8 chinh phwong cling tinh chan 1é, nén viét
10=0"+3"+1%
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Xay ra cac kha nang sau

(x+y-22)>=0
D4 (y+2)* =3
7* =1
Tim duoc cac nghiém (X;y;z) la
L11),(4-2.1),(-42,-1), (-1 -L-1). *)
(x+y-22)’=0
2)4 (2y+1z)* =1
7* =3

Tim duwoc cac nghiém (X;y;z) la
(7;-1.3),(8,-2:3),(-8,2,-3), (- 7,1, -3). %)
Vay co tat ca 8 bd (X;y;z) thoa man duwgc md ta 6 (*) va (**).
Bai 4: Cdch 1. Phuong trinh nay chi chita bac nhat d6i voi y nén ta c6 thé rut y theo x.
Tacod (1-2X)y =—3x* +5x—2.
Do x nguyénnén 1-2x#0. Suy ra
:3X2_5X+2<:>4y:12X2_20X+8=6x+7+ -
2x-1 2x—-1 2x-1

Do x,y la cic s6 nguyén suy ra 1 la s6 nguyeén, nén 2x-1e{;-1}. Ttx d6 tim

duoc (x;y) 1a (1;0),(0;2).
Cdch 2. Coi phwong trinh bac hai d6i véi x, ta co
3x* —(2y -5)x+y+2=0.
A=(2y+5)*-12(y+2) =4y’ +8y +1.
Nén phuong trinh c6 nghiém nguyén thi A phai la s6 chinh phuwong, ttic la
4y* +8y+1=k’(k eN)
< (2y+2)° -k =3
< (2y+k+2)(2y—-k+2)=3.
Tt d6 cling tim dwoc cac nghiém nhuw trén
Nhén xét. Bang cach nay ta c6 giai dugc phuong trinh dang
ax® +bxy +cx+dy =e, hodc (ay” +bxy +cx+dy =e)
Trong d6 a,b,c,d,e la cac s6 nguyén.
Bai 5: Bién doi phuong trinh vé dang
y[2y? +(x* =3x)y + x+3x*] = 0.
Néu y=0 thi x sélasdnguyeén tuy y.
Xét y =0 thi 2y* +(x*—=3x)y+x+3x* =0. )
Ta coi (1) la phuwong trinh bac hai theo an y, ta tinh
A = (x> =3x)* —8(x+3x?) = x(x +1)*(x—8).
Trueong hop X=-1thi A=0, nghiém kép caa (1) la y=-1.
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Truong hop X # -1, d€ phuong trinh c6 nghiém nguyén thi A phai la s6 chinh
phuong, tic la

x(x—8) =k’(k e N) & (x—4—k)(x—4+k)=16.
Vi keN nén x-4-k<x-4+k va (x—4-k)+(x—4+k)=2(x-4) nén
X—4—-Kk,x-4+k cung chin.Lai ¢ 16 =2.8 =4.4 = (-4).(-4) = (-2).(-98). Xay ra bon

trueong hop
—4-k =
X % V61 (a:b) = (2:8), (4:4), (~4;~4), (~2;-8).
Xx—4+k=Db
Vay phuong trinh da cho c6 cac nghiém nguyén (x;y) 1a (-1-1),(8;-10),(0;k) véi
keZ.

Luu 3. Trong treong hop F(X,y) la da thiee ¢d hé sd nguyén vdi bac cao hon 2 theo bién x
va y, ta cling c6 thé dua vé mot trong hai treong hop trén bang cach dat an phu.
Bai 6: Ta c6 thé dura vé dang phuong trinh bac hai an y bang phép dit x=y+a (véi a
nguyén). Khi d6 ta cé (3a-2)y*+(3a*-2)y+a’*-8=0.
Do a nguyénnén 3a—2=%0, tinh
A=(3a*-2)*-4(3a-2)(a’-8)
=-3a* +8a°—12a’ +96a—60
=—(a’*-4a-2)*-2a(a’ - 56) - 56.
D& cho A>0 suy ra 2a(a®-56) <0< 0<a<¥56. Vi a nguyén nén a chi nhan gia
tri 1,2,3.Thtt chon chi c¢6 a=2 la thich hgp va tim duoc (x;y) la (0,-2),(-2;0).
Bai 7: Do vai tro X,y,z nhw nhau, khong giam tong quat gia st 1< x<y<z. Chia hai vé€
cta phuong trinh cho xyz ta cé
2=i+£+i+i3¥.
Xy Xz yz Xyz X
Do vay 2x° <18 = xe{,2,3}.
1) Véi x=1thitacd 5(y+2)+8=2yz < (2y-5)(2z-5) =41.
Vi y,z nguyén duwong va y<z nén -3<2y-5<2z-5, va 41=1.41.
2y—-5=1 y=3
27-5-41" {z =23.
2) V6i x=2 thitacd 5(y+12)+13=4yz < (4y—-5)(4z2-5)=T77.
Vi y,z nguyén duong va 2=X<y<z nén -3<4y-5<4z-5, va 77=11.7.
4y-5=7 y=3
4z—5:11C> {x= 4,
3) Véi Xx=3 thitacd 5(y+2)+18=6yz < (6y—-5)(6y—5) =133. *)
Mat khéc y,z nguyén duong va 3<y <z nén 15<6y-5<6z2-5
suy ra (6y—5)(6y —5) >15° = 225. (Mau thuan véi (*)).
Vay phuong trinh c6 cac nghiém nguyén dwong (X;y;2) la (1;3;3),(2;3;4) va cac

Chi xay ra treong hop {

Xay ra truong hop {

hoan vi ciia né.
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Nhan xét. V6i cach lam tuong tu, ta ¢d thé tim nghiém nguyén duong ctia phuong
trinh dang a(x + X, +...+ X,) +b =cxX,...X,, trong d6 a,b,c,n la cac sd nguyén duong
vanz2
Bai 8: a) Vi Xx=0 thay vao phuong trinh tim dwoc y =1 hoac y=-1.

Véi x=-1thi y=1hoac y=-1.

Véi x>0 thi x* <y* < (x+1)*, diéu nay vo Ii.

Véi x< -1 thi (x+1)* < y* <x*, diéu nay vo Ii.

Vay phuong trinh da cho c6 bon nghiém nguyén (x;y) la

(0:),(0:-1), (=1.1), (=L -D).

b) V&i Xx=0 thi y=1.

Véi x=-1thi y=0.

Véi x>0 thi x° <y® <(x+1)°, diéunay vo li.

Véi x< -1 thi (x+1)°<y®<x®, diéu nay vd Ii.

Vay phuong trinh da cho c6 hai nghiém nguyén (x;y) la (0;1),(-10).

Nhan xét. V6i cach lam tuong ty nhu trén, ta cd thé tim nghiém nguyén duwong cta

phwong trinh dang 1+ X+ X? +...+ X" = y" véi n 1a s6 nguyén duong.
Bai 9: Gia x¢ x,y la cac s6 nguyén thoa man phuong trinh da cho.

Ta thdy 48 va 4X chia hét cho 4 nén 9y chia hét cho 4, ma (9;4) =1 nén y:4.

Dit y=4t(teZ), thay vao phuong trinh dau ta dwoc 4X+36t =48

< X=12-9t va y =4t (*). Thay cac biéu thitcc ctia x,y ¢ (*) thay théa man.

Vay phuong trinh ¢6 v6 s6 nghiém (x;y)=(12-9t;4t) véi teZ.
Bai 10: Gia st 26n+17 =k* (v6i k tu nhién 1€). Khi d6
26n+13=(k-2)(k+2)<=13(2n+1)=(k—-2)(k+2).
Do 13(12n+1):13 nén (k —2):13 hodc (k+2):13.

2— —_—
Néu (k—2)13 thi k =13t+2 (t 1¢), khi dé n=—o0 21
2 —
Néu (k+2)i13 thi k=13t-2 (t 1¢), khi d6 n:13t+—24t1_
244t -
Vay s6 tw nhién 1é n can tim c6 dang 13t——24t1(t 1é).

Bai 11: Gia st ton tai cac s6 nguyén x,y,z thdéa man phuong trinh.

Nhan thdy x*,y*,z* chia cho 16 dw 0 hodc 1, nén x*+y*+z* chia cho 16 c6 s6 du la

mot trong cacs6 0, 1, 2, 3.

Trong khi d6 s8 2012 chia cho 16 dw 12. Hai diéu nay mau thuan véi nhau.

Vay khong ton tai cac s6 nguyén x,y,z thoa man dé bai.
Bai 12: Gia st tim duoc bd s& nguyén duong (x,y,z,t)=(a,b,c,d) thoa man diéu kién bai
o, ta 6 {az +13b? =c?

13a% +b* =d>.
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Goi UCLN(a,b)=m(meN¥*), suyra cim va dim.

bit a=ma,b=mb,c=mc,d=md,, véi a,b,c,d, la cdc s6 tw nhién va (a,,b)=1.
Suy ra 14(a2+b2):c2+d2 <:>14(af +b12):Cf+d12. Suy ra ¢’ +d?:7, do d6 ¢,i7 va
d,i7, dan dén a? +b?:7 nén a,i7 va b 7. Diéu nay méu thuan vdi (a,,b)=1.

Nhin xét. Bang cach lam tuong tu ta c6 thé chitng minh dugc hé phuong trinh

{xz +ny’ =7?

e 4+ y? =t v6i N+1 c6 wéc nguyén t6 dang 4k+3 va (n+1, pz)zl khéng c6
+ =

nghiém nguyén duong.

Bai 13: Gia st (X,, Yo, Z,) la nghiém ctia phuong trinh.

Khi d6 x,:3, dat x, =3x, (vOi x, €Z) tacd 9x* —yi -3z =0.

Khi d6 vy,:3, daty, =3y, (v6i y, €Z) ta co 3x’ -9y —z3 =0.

Khi d6 z,:3, dat z, =3z, (véi z, € Z) tacd x7 -3y’ -9z =0.

Nhu vay (x,Y;,z) :(%%%OJ cing la nghiém nguyén cua phwong trinh. Qua
trinh ti€p tuc nhw vay ta suy ra cac bo sd (;—g,%,;—g} moi NeN chang la nghiém
cua phuong trinh. Diéu nay xay ra khi va chi khi x, =y, =z, =0,

Vay phuong trinh ¢6 duy nh&t nghiém nguyén (x;y;z)=(0;0;0).

Nhdn xét. Ta goi phwong phap giai trong vi du trén la phuong phap lui vo han ctua
Fermat, thvong dung dé chtiing minh phuong trinh c6 nghiém duy nhat hodc vo
nghiém.

Bai 14: Bién d6i phuong trinh vé dang

(x2—2xy+ y2)+(y2—2yz+zz)+(zz—4z+4):0

Xx—y=0
S(x-y) +(y-z)+(z2-2)'=0={y-z2=0=x=y=2=2.
z2-2=0

Vay phuong trinh cé nghiém duy nhét (x;y;z)=(2;2;2).

Bai 15: Nhan thay néu (X,;¥,;Z,) la mot nghiém nguyén cta phuong trinh thix,, y,, 2,

cung duong hodc ¢é hai s6 am va mot s6 duwong.

Ngoaira (—Xo;—Yo: Zo)s(Xoi=Yoi=Z0 ) (—%o;i Yoi —Z,) cling la nghiém.

Do d6 trudc hét ta di tim nghiém nguyén duong.

Ap dung bat dang thikc Co-si cho hai s§ khong am, ta co
X*+1>2x>0;y* +4>4y>0;2°+9>62>0.

Suy ra (x*+1)(y* +4)(z° +9) 2 48xyz.

Paéng thitc chi xay ra khi va chi khi x=1,y=2,2=3.

Vay nghiém nguyén (X;y;z) ctia phuong trinh la
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(1,2;3),(-1-2;3),(-2,-3),(-12-3).
Nhdn xét. Bang cach nay ta c6 thé tim nghiém nguyén ctia phuong trinh dang
(% +a7) (%5 +87)..(X2 +a2) = 2"X%,..X,.82,...2, Véi &,N la céc s8 nguyén duong.
Bai 16: Ap dung bat dang thitc Bu-nhia-kop-xki cho hai b s§ (x,2) va(t,y) taco
9.16 = (x2 + 22)(y2 +t2) > (xt+ yz)2 =122,
suy ra (x*+2°)(y* +t*)=(xt+yz)" khi va chi khi xy = zt,
Tt x*+2°=9< x=0,2=+3 hodc x=+3,2=0.
Néu x=0 thi t=0, khi d6 y*=16,yz=12. Vay y=4,z=3 hoidc y=-4,z=-3.
Néu z=0 thi y =0, tuwong tw tim duoc x=3,t =4 hodc x=-3,t =-4.
Vay nghiém nguyén (x;y;z;t) cua héla
(0;4;3,0),(0;-4;-3,0),(3;0;0;4),(-3;0,0-4).
Bai 17:
Ta co:
X’ +y’ =X’y —xy* =5
<:>(x—y)(x —xy+y2)—xy(x+y):5

2

@(x+y)(x2—2xy+y2)=5
<::>(x+y)(x—y)2 =5

Do (x - y)?>0 va x y thudc Z nén xay ra hai treong hop:

_{x+y=5 _{x=3
Thl: yz = x7Y & Y

(x—y) =1 X+y=>5 x=2

| (x-y=-1 |[|y=3

Th2: , = (loai)
(x—y) =5 x—y=i\/g
Vay phwong trinh c6 hai nghiém nguyén (X;Y) €{(3;2);(2;3)}
Bai 18: Néu y thoa man phuong trinh thi - y cling thoa man phuong trinh, do d6 ta cé ta
giastt y>0.
Khi dé: (1) & (x2+3x)(x2+ 3x + 2) =y?
Dat t=x2+3x+1 duoc:
(t-1)(t+1])=y’ ot -1=y* & (t-y)(t+y)=1=>t+y=t-y=y =0
Thay y =0 vao (1) ta dwoc: x=0,-1, -2, - 3.
Vay phuong trinh cé nghiém (x, y) = (0, 0); (-1, 0); (-2, 0); (-3, 0).
Bai 19: Ta co:
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(=) (y* %) =(x-)

& Xy? -y =X’ +xy =x° =3’y +3xy’ —y°

& 2x° =x%y? —xy —3x’y +3xy> =0

& x(2 +(-y* -3y )x-y +3y*) =0
Néu x = 0 thi y bat ki thudc Z.
Néu x#0 suy ra: 2x” +(-y” =3y )x—-y+3y’ =0
Coi day 1a phuong trinh &n x ta co: A=(y* +3y) ~8(3y> ~y)=(y 1) y(y+8)
D& phuong trinh ¢6 nghiém nguyén thi A phai la s& chinh phurong tic 1a:
y(y+8)=a’ = (y+4) —a*=16 < (y+4+a)(y+4-a)=16 (acN)

Vi (y+4+a)>(y+4-a)va(y+4+a)+(y+4-a)lasdchdnnén taco cic tredong hop:

y+4+a=8 y+4+a=4
{y+4—a=2 {y+4—a=4’
y+4+a=-8 y+4+a=—4
{y+4—a=—2 {y+4—a=—4

Giai ra ta duwoc nghiém cuia phuong trinh la:
(1,1),(10,-8),(6,-9),(21,-9),(0;k) v6i ke Z
Bai 20: Ta co

1 1 1 x+y 1
—_—t—= Py =

X y 617 Xy 617
< (Xx—617)(y—617) = 6177

<Xy —617(x+y)=0< Xy —617x—617y+617° =617>

Vix, y nguyén duong nén x — 617 va 'y — 617 la woc 16n hon 617 ctia 6172,

Do 617 1a s6 nguyén t& nén xay ra 3 truong hop:

X—617 =617

{y—617:617

X—617=1 x=y=1234

{ | x=618; y =381306
y-b1r= 6172 X = 381306; y = 618
X—617 = 617

_{y—617=1

Vay tat ca cac cap (x;y) nguyén duong can tim la
(1234;1234) , (618; 381306), (381306; 618)
Bai 21: Ta c6: xy = px+py = (x—y)(y—p) =p’.
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Vi p 1a s6 nguyén t& nén wdc s6 nguyén cua p’> chicd théla:  +1,+p,+p’ . Thir lan lugt
VGi cac uce trén ta dugc cae nghiem (x, y) 1a: (P+1P+P7)i(2p,2p);(p+p7, p+1).

Bai 22: Ta ¢6: (1) < 6y +6x+1=xy < x(y—6)-6(y—6)=37 < (x-6)(y-6)=37

Do vai trd ctia x, y binh dang gia st: x>y >1=x-6>y-6>-5

x—6=237 x =43
=

y—-6=1 y=7

Vay phuong trinh cé 2 nghiém la (x, y) = (43, 7); (7, 43).

Bai 23: Ta c6: 10z:3 = z:3 . Dat z=3k ta duoc 6x+15y +30k =3 < 2x+5y+10k =1

Chi c6 mot treong hop la {

Pua vé phuong trinh hai an x, y véi cac hé sO tuong ting 2 va 5 1a hai s6 nguyén t6

cung nhau 2x+5y=1—101<:>x=—1_1(;_5y =—51<—2y+—1;y
y=1-2t
Dit 1;y:t(teZ) ta duoc {x=-5k-2(1-2t)+t="5t-5k-2
z =3k

Vay phuong trinh c6 nghiém la (x, y, z) = (5t - 5k - 2, 1 - 2t, 3k) véik, t la s6 nguyén tuy y.
Bai 24: Ta biét rdng s& chinh phuiong chén thi chia hét cho 4, con s6 chinh phuong 1é thi
chia cho 4 duw 1 va chia cho 8 du 1.

Téng x* +y” +z° la s 1é nén trong ba s6 x*;y?;z* phai c6: hodc cd mot s6 1€, hai s&
chdn; hodc ca ba sd 1é.

Truong hop trong ba s8 x*;y*;z> c6 mot s6 1¢, hai s6 chan thi vé trai cta (1) chia
cho 4 du 1, con vé€ phai la 1999chia cho 4 du 3, loai.

Trong truong hop ba sd x*;y?;z° déu 1€ thi vé tréi cta (1) chia cho 8 du 3, con v&
phai la 1999 chia cho 8 du 7, loai.

Vay phuong trinh (1) khong c6 nghiém nguyén.
Bai 25: Ta thay ngay 0<x,y <50. Tt \/§ =50 —x ta c6
y =50+ x—2+/50x =50+ x—10v/2x
Vix, y nguyén nén 10v/2x nguyén. Ta biét rang véi x nguyén thi 10v/2x hodc1a s6 nguyén
hodcla s6 v ty. Do d6 dé 10v2x nguyén thi 2x phai la s6 chinh phuong tic 1a 2x = 4k*
= x=2k* ke Z véi 2k* <50 = k* <25= k chi ¢4 nhan c4c gid tri: 0, 1, 2, 3, 4, 5. Lwa chon
k trong céc s trén dé thoa man phuong trinh ta duoc cac nghiém (x, y) 1a (0, 50); (2, 32); (8,
18); (18, 8); (32, 2); (50,0).

Bai 26: Diéu kién: x>1
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y=y(x=1)+ 1+ 2¢x 1+ (x~1)+1-2vx1

) (i

—Vx=T+1+[x-1-1)

Véix=1thiy=2

V6i x22thi y=+x-1+1+x-1-1=2Vx~1 . Do d6: y> =4(x~1)

Do x =2 nén 6 thé ddt: x — 1 = t? v4i t nguyén duong.

Do d6 ta cé: {X =1+t
y =2t
Vay phuong trinh c6 nghiém la (1, 2); (1 + t, 2t) vdi t nguyén duong.
Bai 27: x*° = \[y(y +)(y +2)(y +3) +1 (1)
Co y(y+D(y+2)(y+3)=[y(y+3) [ (y+D(y +2) | = (y* +3y)(y* +3y +2)

Dit t=y*+3y+1=y(y+D)(y+2)(y+3)=t>-1 (t€Z, 221)

2015 1> 0
1) &x™ 1=t -1
(X2015 _1)2 — tZ _1(2)
Vi x, t la s6 nguyén ta co:

(2) & (" =1+t)(x* —1-t) =1

(x5 14 t=1
2015 XM =t=1
x“ 7 =-1-t=-1 s _ 1
= P X =
X _1+t=-1 { _ 1
25 1 _t=1 -
x=1
Véi x2°15—t—1:>{ 2: N y=0
y + y+ - y:_3
X2015:1 X:1 X:1
Véi = <qly=-1
y=-2

Th lai ta thay cac cap (1;-3), (1;-2), (1,-1), (1,0) thdéa man dé bai
Vay c6 4 cip (x;y) can tim 1a (1;-3), (1,-2), (1;-1), (1,0)

Bai 28: Lan luot xét cac gia tri ty nhién cta x:

Néux=0thi y*=4=>y=12

Néu x =1 thi y* =5, khong c6 nghiém nguyén
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Néux >2 2thi 2*:4 , do d¢ vé trai chia cho 4 du 3, con y 1é nén vé phai chia cho 4
dw 1. Mau thuan.
Két luan: Nghiém cta phuwong trinh 1a (0 ; 2), (0; -2).
Bai 29: (2" +1)(2* +2)(2"+3)(2" +4) -5 =11879.
& (27 +5.2"+4)(2" +5.2° +6)-5' =11879 (1)
Ditt =2 +5.2* +5,t e N*, ta co:
D)< (t-D(t+1)-5"=11879
< t? -5 =11880(2)
Xét cac TH sau:
eTHI: y>22= 5" :25
Tir (2) suy ra £ 5 = t2 25. Do d6 tir (2) = 11880 : 25 (v6 li)
eTH2:y=1
(2) © t2=11885 (loai vi 11885 khong phai 1a s6 chinh phuong)
e TH3:y=0
(2) & t2=11881 = t =109
=27 4+5.2° +5=109 = 2 +5.2* 104 =0
- 2" =8(tm)
2" =-13(L)

= X=3.

Vay x =3, y =0 1a cac s6 ty nhién can tim.
Bai 30: Ta co:
(x+y+z)3—(x3+y3+z3) 3(x+y)(y+z)(z+x)
©27-3=3(x+y)(y+z)(z+x)
<:>(x+y)(y+z)(z+x) 8 *)
Xx+y=aeZ
bit {y+z=beZ . Khi dé: (*)<:>abc:8:a,b,ce{il;iZ;iéL;iS}
z+x=cel
Vix, y, z vai tro binh dédng nén ta giai st: x<y<z=a>b>c
Khi d6 ta c6: a+b+c=2(x+y+z)=23=6=>a>2

Véia=2tacéo: {b+C:4 {b:Z

= Sx=y=z=1
bc=4 c=2
b+c=2
Véia=4ta Cé:{ ;C , (khong c6 nguyén nguyén)
C=
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. . |b+c=-2 b=-1
Voia=8taco: & oS x-5y=4z=4.
bc=1 c=-1

Véy hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).
Bai 31: Ttz (1) ta dwgc z =2 + y — x thay vao (2) ta duogc:

2x —xy +x—4-2y+2x =1 2x" +3x-5=y(x+2)

Do x = - 2 khong thoa man phwong trinh trén nén:

2 —_—
:2x +3x 5=2x—1— 3
X+2 X+2

x+2=%1

& Xe {—1;—3;1;—5}
X+2=%43

y nguyén nén (x + 2) 1a wdc ctia 3. Suy ra: {

Ttr d6 suy nghiém ctia hé 1a: (x,y,z)=(1,-6;-3),(-3;4;1),(1,0;1),(-5;-10; -3)
Bai 32:
X;+X,=a

Goi x,,X, langhiém caua phuong trinh (1) . Theo dinh ly Vi-et ta co: {
X, X, =a+2

Do do: xlxz—(x1+x2)=2<:>x1(x2—1)—(x2—1)=3<:>(x1—1)(x2—1)=3
Suy ra (x, -1) va (x, -1) la u6c cua 3.

Giai stt: x, 2x, = x, -1>x, -1 . Khi do:

-1= =4
a) {Xl 3@{)(1 5 .Khid6a=6.

-1=-1 =
b) {Xl =1%70  Khidsa=-2
X 2
Thay gia tri cua a vao phuong trinh (1) thi lai va két luan.
Bai 33: Ta c6:
(3 +4y? +28) ~17(x* +y*) =238y +833
2
= [xz +4(y2 +7)1 = 17[x4 +(y2 +7)2}
2

e 16x' =8¢ (y* +7)+(y*+7) =0

= [élx4 —(y2 +7)}2 =0

oA —y?=7=0

& (2x+y)(2x—y)=7 (1)
. . . , |2x+y =7 x=2
Vix,yeN =2x+y>2x-yva 2x+y>0 Do do: 2x—y=1<:> y=3
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Két luan: (x, y) = (2, 3) thoa mai yéu cau bai toan.
Bai 34: Ta c6: 9y” +6y +16 =(mod 3) = 2*x* =1(mod 3).Ma
2*=1(mod3
XZEO;l(mOd3):> , ( )
X El(mod3)
Néu x lé dit: x=2k+1(keN)=2*=24*=2(mod3)(sai), suy ra x 1¢ loai.
Néu x chan dit: x =2k(k e N)= 2" =4" =1(mod3) (dung).
Do d6 khi x chan thi
22 =9y* +6y +16 & (2k2") =(3k+1)’ +15 = (2k2" -3y ~1)(2k +3y +1)=15.
Vi y,keN=2k2"+3y+1>2k2"-3y-1>0.
Vay ta co cac treong hop:
2k.2"-3y-1=1 2k.2" =8
+ R
2k 2" +3y+1=15
2k2"-3y-1=3 [2k2"=4 [k=1
+ K = =
2k2"+3y+1=5 |3y+1=1 |y=0
Bai 35: Dt x + y = a; xy =b. Phwong trinh tr6 thanh: ab®> +a=3+b

=k¢N (loai)
3y+1=7

- Vay (x, y) =(2;0).

Xétb =3 suy ra: a :% (Vo 1y)

2_ —_—
Xét b#3 tacs: ba+a=3+bea(b’+1)=3+bea= 32+b <:>a(b—3):¥:1+ 210
b~ +1 b +1 b +1

Ta phai c¢6 (b?+ 1) phai la wéc duwong ctia 10 do dé: b* +1e {1; 2; 5;10} =be {O;il; +2; —3}

Néub=0thia=3.Tacod: x+y=3,xy=0=>x=0,y=3 vax=3,y=0
Néub=1thia=2.Tacé x+y=2,xy=1=>x=1y=1
Néu b=-1 thia=1

Taco:x+y=1,xy=-1x=

1+/5 1-5 1-/5 1++/5
2 YT T

= loai
5 (loai)

Néub=2thia=1.Tacé:x+y=1vaxy=2khong ton tai x, y.

Néub=-2thi a :% W6 1),

Néu b=-3 thia=0.Ta cé: x +y =0 va xy =-3 khong ton tai x, y nguyén.

Vay phuong trinh ¢ 3 nghiém la (x, y) = (0, 3); (3, 0); (1, 1).

Bai 36:

x*+y -3xy=1

<=>(x+Y)*-3xy(x+y)-3xy=1
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Datx +y=avaxy=Db (a, bnguyén) ta co:
a®-3ab-3b=1
<=>(a+1)(a*~a+1)-3b(a+1) =2
<=>(a+1)(@a’-a+1-3b)=2

a+l=1 a=0 0
<=> _
a’-a+1-3b=2 b:?l
a+l=2 a=1 Xx+y=1
2 <=> ™) <=> => (X; 0;1);(%0
){az—a+1—3b:1 {b:O( ) {xy:O (x;y) €{(0;2); (1, 0)}
a+l=-1 =2 -2
3) =T My <= T T s ey e
a’—a+1-3p=-2 b=3 Xy =3
a+l=-2 a=-— +y=-3
4 <=> M) <=> = (X;y)eD
){az—a+1—3b=—1 {b:4 (TM) { =4 (xy) €

Vay (x;y) €{(0;2); L 0)}

Bai 37: Phuong trinh da cho tuong duong x* —xy — (y2 + 8) =0

Coi phuong trinh trén la phuong trinh an x ¢6 y la tham s6 ta cé:

A=y’ +4(y*+8) =5y’ +32

Ta c6 A chia cho 5 du 2 nén ¢6 tan cung la 2 hoac 7. Do d6, Akhong la s6 chinh phuong
vay phuong trinh da cho vo nghiém.

Bai 38: Ta c6: x* +1=4y”° < (2y-1)(2y+1)=x’

Do (2y-1,2y+1)=1chonén 2y +1=a’,2y-1=b’(a,beZ)

Suy ra: a®-b’ :2<:>(a—b)(a2 +ab+b2):2

) a=1

2 2
- a“+ab+b —1<:> a:3+\/§

a-b=1 6
a’+ab+b*>=2 5 _3++/33
=

Do a, b la s6 nguyén nén chi nhan duoc gid tria=1vab=-1suyray=0vax=-1
Vay phuong trinh c¢é nghiém (x, y) = (-1, 0)
Bai 39: Ta c6: x* +y* +5x°y? +60 = 37xy

& X2 =2xy+y’ =-5x"y’ +35xy — 60

& (x- y)2 = —5(x2y2 +7xy — 12) (1)
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Do (x—y)2 20:>—5(x2y2+7xy—12)20 .Datt=xy (teZ )taco:

—5(t2+7t—12)20<:>33tﬁ4 .Matlas6 nguyénnén t=3hoact=4

b

2
Khi t=3ta cd {(X - y) 3_ 0= y* =3 (khong ton tai gia tri nguyén cua x, y)
y =

2
Khit=4taco {(x—y) O®X=Y=2hoéc X=y=-2
Xy =

4

Vay phuong trinh cé hai nghiém la (x, y) = (2, 2); (-2, -2).
Bai 40: Ta c6: (1)< y® = x> +2x7 +3x+2

2
Do 2x2+3x+2:2(x+%j +%>0:>y3 >x’

Xét |X| >1 thi: y° = +2x* +3x+2 :(x+1)3 +1-x° <(x+1)3
Do d6x° <(y+1)’ <(x+1)°
Vix, y nguyén nén phuong trinh khong cé nghiém.

Xét

x|<1 thi do x nguyén nén x = 1 hogc x =-1 hogc x =0
Véix=-1tadugcy=0
Véix=1thiy=2
Véix=0thiy= 32 (loai)
Vay phuong trinh ¢ 2nghiém (x, y) = (-1, 0); (1, 2).
Bai 41: Tac6 (1) & (x—y-2) +(y+2) =1

Dodétactd: (y+2) <le-1<y+2<le 3<y<-1=ye{-3,-2.-1)

Véi y =-3 thay vao phuong trinh ta dugc: x> +2x+1=0<x=-1

Véi y =-2 thay vao phuong trinh ta duwoc: x> -1=0< x=+1

Véi y =-1 thay vao phuong trinh ta dugc: x> —2x+1=0<x=1

Vay phuong trinh c6 4 nghiém (x, y) = (-1, -3); (1, -2); (-1, -2); (1, -1).
Bai 42: Ta 6 :v/x +4/y =V18(x>0;y > 0)

Pt vigt: Vx +4Jy =3v2(1)(0 <Vx <3v2;0 < fy <3v2)

Pt viét:
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Vx =32 = \Jy 20<=> (Vx)* = (3V2 -[y)* <=> 6,2y =y -x+18
:>\/5:—y—x6+18 eQ

2 . >
<=> 2y=aeQ<=>2y=azeQ<=>{a eN(Vizyezvaaz0)

a:?2
a=2m(m e N)
=>2y =(2m)’ <=>y =2m’ <=> \/§ = my/2.TT => Vx =n/2

Pt (1) viét: ny2 + my/2 = 3v2 <=> m +n = 3(m; n e N)
_HZO X:O

=

=

=
n=3 x=18

=
_1‘1‘1=O y:O

=0 Jx=2 |x=8 |x=18

Vay Pt da cho c¢6 4 nghiém {x -{X .{X .{X

y=18’ y=8' y=2' y=0
Bai 43: Phurong trinh da cho tuwong dwong véiox =(y —1)(y +2)(1)

Néuy-1:3thiy+2=(y-1)+3:3=>(y-1)(y+2):9
Ma 9x 9 Vx € Znén ta ¢ mau thuan.
Suy ray -1 :3, do d6: y -1 =3k(k € Z)=>y=3k+1(k € Z)
Thay vao (1) ta c6: 9x = 3k(3k +3) => x = k(k +1)
Vay phuong trinh c¢6 nghiém: {; z l;i(k:ll) (keZ)
Bai 44:
2015(x* +y*)—2014(2xy+1) =25
<=>2014(x-y)* +x* +y* = 2039
batt=Ix-y| , te Ndo x, y nguyén
Xét cac truong hop:
TH1: t =0, tiec x =y = phuong trinh v6 nghiém
TH2:t=1, taclax -y =+1
+Voix -y =1hay x =y + 1, phuong trinh tr¢ thanh:
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(y+1)’+y*=25<=>y* +y-12=0

<=> y=3
{y=—4

Véiy=3thix=4;véiy=—4thix=-3
+Vdix -y =-1hay x =y - 1, phuong trinh tr¢ thanh:
(y=1) +y*=25<=>y*-y-12=0
- B -
Véiy=-3thix=—4;véiy=4thix=3
TH3:t>2, VT > VP = phuong trinh v6 nghiém
Vay céc cap (x;y) thoa la (4;3), (-3;-4), (-4;-3), (3;4)
Cach khac: Str dung phwong phap bién doi phuwong trinh vé dang vé trai la tong ctia cac
binhphuong. V& phai la tong cuia cac s6 chinh phwong, hodc cach diéu kién c6 nghiém cua
phuongtrinh bac hai cling c6 thé giai ra dap so.
Bai 45:

X’ +y’ =X’y —xy’ =5

<=>(x+y)(xX* —=xy +y*) - xy(x+y)=5

<=> (x+y)(xX*-2xy +y*) =5

<=>(x+y)(x-y)’ =5

Do (x-y)?20 va x y thudc Z nén xay ra hai treong hop:

I x+y=5 x=3
5 x—y=1""ly=2

+ = — = =

Thi: {X Y= = Y Y
(x-y) = X+y=>5 — x=2
x-y=-1 y=3

x+y=1 x+y=1
Th2: ) => (L)
(x-y) =5 x—y=i\/§

Vay phuong trinh c6 hai nghiém nguyeén (x;y) € {(3;2);(2;3)}
Bai 46:

SOV . {p—1=2x<x+2)
1) Tim tat ca cac sO nguyén to p va cac sO nguyén duong x,y thoa man |~ |

p —1=2y(y+2)

Tt (1) = p - 112 58 chdn = p 1a s& nguyén & 1é.
Trie tiing v€ cua (2) cho (1) ta duoc
P’ —p =2y’ -2x* +4y —4x = p(p—1) =2y -x)(y +x+2)(")
= 2(y-x)(y +x+2)ip. Ma (2;p) =1nén xay ra 2 TH:
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ey-xip=>y-x=kp(k €N¥

Khidotax () > p-1=2k(x+y+2)=>kp-k=2Kk}(x+y+2)=>y-x-k=2KkX(x+y +2)
(loaivix+y+2>y-x-k>0;2k>1=2k’(x+y+2)>y-x-k)
ey+x+2ip=>x+y+2=kp (k € N¥)
Te(*)=>p-1=2k(y -x) > kp-k=2k(y -x) = x+y +2 -k =2Kk*(y — x) (**)

Ta chiing minh k =1. That vay nfu k 22 thi tlr (*) =2 x +y =2k3(y = x) +k =22 8(y —x) (Viy
-x>0)

> 27y =>7y<l4x >y <2x

Do d6 tir (2) = (p — 1)(p + 1) = 2y(y +2) < 4x( 2x + 2) < 4x(2x + 4) = 8x( x + 2) = 4(p — 1)
(Vi2x(x +2) =p -1 theo (1))
= p+1<4 = p<3, mau thuan véi p la s8 nguyén td lé.
Do do k=1, suy ra
X+y+2= X+y+2= X+y+2= =3x+1
{p—ifz 2(yIjx) <:>{x+;7+1=§(y—x) <:>{y =};x+1 p©{§—1=4x+2
Thay p-1=4x+2vao (1) tacd: 4x+2=2x(x+2) & 2x+1=xX"+2x & x*=1=>x=1
=y =4, p="7 (thoa man)
Vayx=1,y=4vap=7.
2) Tim tat ca cac sO nguyén duong n sao cho ton tai cac s nguyén duong X, y, z thoa man
X’ +y°’+2° =nx’y’z* (1)
Gia st n 1a s6 nguyén duong sao cho ton tai cac s6 nguyén duong x,y,z thoa man (1)
Khong mat tinh tong quat, gia sk x>y 2z >1.
T (1) =20<y’+2° =x*(ny’z’ - 1) = ny’z’ -1>0=>ny’z* -1>1
=y’ +2° =x*(ny’z” —1) = x*(¥)
Vix2y2>znén3dx’>x’+y’ +z° =nx’y’z® = ny’z’ = 9x* > n’y‘z*

3

Két hop vdi (*) ta c69 (y3 + 23) >9x* >n’y'z' = 9(1 +Z—3J >n’yz*
y

z° z°
MéyZz:?Sljnzyz“ 39(1+Fj318(**)

=1
Ta co: (**):zklsz{z
7=
eNéuz=2:(**) =>16n’y<18=n=y=1 (loai viy < z)
eNéuz=1:(*) =>n’y<18=n’<18=>n<4

Ta chttng minh n € {2;4}. That vay,
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*Néun=4 thi tirny <18 = 16y <18 = y = 1. Tir (1) = x* + 2 = 4x2= x3(4 — x) = 2 = x2 [a wéc
cua2 =

x =1 (khong thoa man)

*Néun=2thitrn?y <18suyrady<18=1<y<4.

+ y=1:(1):>x3—2x2+2=0:>x2(x—2)=—2<0:>x<2:>x=1(L)
+y=2:(1)=x>-8x*+9=0=9=x*8-x). Suy ra x?1a wdc ctia 9. Ma x> > y2 = 4 nén x=3
(khong thoa

man)

+y=3:(1)=x’-18x* +28 =0 = x*(18 —x) = 28. Suy ra x21a wdc ctia 28. Ma x2> y2 =9 nén
khong ton tai x thoa man.

+y=4:(1)=x"-32x* +65=0 = x* la wdc ctia 65 (loai vi 65 khdng ¢ wdc chinh phuong)
Vay n & {2;4}. Do d6 n € {1,3}

Tht lai v6in =1, ton tai bd (x;y;z) nguyén duwong chéng han (x;y;z) = (3;2;1) thoa man (1)
véin =3, ton tai bo (x;y;z) = (1;1;1) thoa man (1).

Vay tat ca cac gia tri n thoa man bai toan la n € {1;3}

y=4:(1)= x> -32x* +65=0= x> la wdc cta 65 (loai vi 65 khong c6 wdc chinh phwong)
Vay n & {2;4}. Do d6 n € {1,3}

Tht lai v6in =1, ton tai bd (x;y;z) nguyén duwong chéng han (x;y;z) = (3;2;1) thoa man (1)
véin =3, ton tai bd (x;y;z) = (1;,1;1) thoéa man (1).

Vay tat ca cac gia tri n thoa man bai toan la n € {1;3}

Bai 47: Ta cd: x° +y° =(x+y)’ <=> (x+y)(x* =xy +y> —x-y) =0

Vix, y nguyén duong nén x+y >0, ta ¢d: x> —xy+y’> —x—y =0
<=>2(x*-xy+y’-x-y)=0

<=> (X—y)2 +(x—-1)° +(y— 1)* =2

Vix, y nguyén nén c6 3 treong hop:

x-y=0

+ Treong hop 1:5(x—=1)* =1<=>x=y=2,z=4
(y-1*=1
x—=1=0

+ Trueong hop 2:1(x-y)’ =1<=>x=1,y=2,z=3
(y-1*=1
y—-1=0

+ Trueong hop 3:1(x—-y)’ =1<=>x=2,y=1,z=3
(x-1)* =1
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Vay hé c6 3 nghiém (1,2,3);(2,1,3);(2,2,4)

Bai 48: Ta co:

x* =2y(x—y)=2(x+1) <=>x* - 2(y + D)x+2(y* -1) = 0(1)

Dbé phuong trinh (1) ¢ nghiém nguyén x thi A' theo y phai 1a s6 chinh phuong
TacOA'=y* +2y+1-2y* +2=—y* +2y+3=4—(y-1)* <4

A'chinh phuong nén A" €{0;1;4}

+Néu A'=4=>(y-1)* =0<=>y =1thay vao phuwong trinh (1) ta ¢4 :

x> —4x =0<=>x(2—-4) <=>{
x—4
+Néu A'=1=>(y-1*=3<=>ygZ

+Néu A'=0=>(y-1) =4<=>Bil
+ Vi y = 3 thay vao phuong trinh (1) ta cé: x> —8x+16=0<=>(x—-4)* =0<=>x=4
+V6iy =1 thay vao phwong trinh (1) ta cé: x> =0 <=>x=0
Vay phuong trinh (1) c6 4 nghiém nguyén : (x;y) € {(0;1);(4;1);(4;3);(0;-1)}
Bai 49:Ta co (1) @ x* +x* +20 =y’ +y
Ta thay x* +x* <x* +x* +20 < x* +x* + 20+ 8x*
SO+ <y(y+1) < (x* +4)(x* +5)
Vix, y €Z nén ta xét cac treong hop sau
+THL y(y +1) = +1)(x* +2) & x* +x* +20 =x" +3x* +2
o2 =18 x* =9 x=13
Véix*=9 ,tacdy’+y=9"+9+20 <y’ +y-110=0
< y=10;y =-11(t.m)
+TH2. y(y+1) = (x> +2)(x* +3) < x* +x* +20 = x* +5x° +6

sS4 =14 X =% (loai)

+TH3. y(y+1)=(x*+3)(x* +4) < 6x> =8 < x* =§ (loai)

+TH4. y(y +1) =(x* +4)(xX* +5) = 8x* =0 = x* =0 < x=0
Voix*=0,tacdy’+y=20y’ +y-20=0<y=-5y=4
Vay PT da cho c6 nghiém nguyeén (x;y) la :

(3;10), (3;-11), (-3; 10), (-3;-11), (0; -5), (0;4).
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Bai 50:
a) Giai str ton tai (x, y, z) thoaman x* +y* =7z +5 < x* +y* +2* =82" +5 (¥)

- o x'+y*+2'=0,1,2,3 (mod 8)

Tacoa"=0,1 (mod 8) vO1 moi sO nguyén a = .
8z"+5=>5(mod 8)

Mau thuan véi (*) vay khong ton tai (x, y, z) thoa man dang thtic.
b) Phuong trinh twong duwong véi
[(x+1)2 +(x—1)2}[(x+1)2 —(x—l)z} =y’ < (2x2 +2).4x =y’ < 8x’ +8x=y’.
Néu x>1=8x° <8¢ +8x <(2x+1) & (2x)’ <y <(2x+1)’ (méu thuan véi y nguyén)
Néu x < -1 va (x, y) la nghiém, ta suy ra (-x, -y) cling la nghiém ma —x>1= mau thuan
Néu x =0 thi y = 0 (mau thuan)
Vay (x, y) = (0, 0) 1a nghiém duy nhat
Bai 51: Phuong trinh da cho twong duwong 2x* —2xy +5y* —41=0. (1)

Taco o', =82-9y* > 0= y? s%. Mit khéc tir (1) ta 6 y? la s 1¢, nén y* € {19}

Véi y=1=2x"-2x-36=0=x¢ Z.
Véi y=-1=2x*+2x-36=0=x¢ Z.
s . 2 X:1
Véi y=3=2x"-6x+4=0=
X=2.
/e 2 X:_l
Véi y=-3=2X"+6x+4=0=> N
Vay c6 4 cip s8 nguyén (X; y) thoa man la: {(1;3),(2;3),(-1-3),(-2;-3)}.
Bai52: bat: X" =a;y"* =b(abeZ)
Phuong trinh da cho tré thanh: a® =b® —b® —b+2(*)
=a’=b’-3b* +3b—1+2b*—4b+3=(b-1)" +(20° —4b+3) > (b-1)’
Lai c6: @° =b°+6b° +120+8-7b" ~130- 6= (b +2) —(7b* +130-6) < (b + 2)

3

Tir (1) va (2) ta cé: (b-1)’ <@’ <(b+2)’ = b-1<a<b+2
. a=>b
Vi a,beZ::{
a=b+1

+) Véi a=Dbta cé: (*)<:>b3=b3—b2—b+2
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<b*+b-2=0<(b-1)(b+2)=0

{bzl {azbzl
< =S

a=b=-2

XT3 = Yo7 — 1 X =y =1(tm)
:{ <:{x: y = %2 (ktm)
HVsi a=b+1=(*) < (b+1) =b*~b?—b+2
&b +3b°+3b+1=b-b*-b+2
< 4b% +4b-1=0

1+\/_
~1- J—

b= (ktm)

b_

(ktm)

Vay(x;y)=(,) ‘

Bai 53: a) Chttng minh rang.....

Taco: 91=1.2.3.45.6.7.8.91as5 chin = X’ :2=>Xxi2=>x=2m (meZ)
=8m°+2y° +47° =91 4m® + y* +27° =1.3.4.5.6.7.8.91a 56 chan
=>y'i2=y2=y=2n (neZ)

= 4m°® +8n®+27°=1.3.456.7.8.9

< 2m* +4n* +72° =1.2.3.5.6.7.8.914 58 chin
=7'2=1712=1=2p(pelk)

=2m°+4n°+8p°®=1.2.356.7.8.9

< m*+2n°+4p®=1.356.7.8.9

m:2 X=2m:4
Chting minh hoan toan tuong tu ta ciing ¢4 < N2 (M;n; peZ) =1y =2n:4
p:2 z2=2p:4
Vay ta co diéu phai chtmg minh
b) Chitng minh rang khong ton tai.....
Theo y a) ta ¢ thé dit x =4a;y =4b;z =4c (a;b;cez)
= a®+2b% + 4¢% = % - 1'2'3'4';3'6'7'8'9 ~1.3.5.6.7.9 13 s5 chin

—ai2=>a=2u (ueZ)

—=8u*+2b*+4¢®=1.35.6.79 <= 4u*+b*+2¢*=1.3.35.7.9=15.7.3"
Lai co:
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(15.7.3'):3" = (1.5.7.3"):9
x*=0;21  (mod9)(xeZ)
= ab;ci9= (4u3 +b®+ 203)593
Nhung do 1.5.7.3*khong thé chia hét cho 9°nén ta c6 diéu vo ly
Vay ta c6 diéu phai chiing minh
Bai 54:
XXy +2=X+yoxX—xy—x-y=2
= x(x2 —1)— y(x+1)=-2

<:>(x+1)(x2—x—y)=—

i X+1=-2 i X=—3
XX —-x-y=1 {y:ll(tm)
X+1=2 =1

{ {X (tm)
X2 —x—y=-1 y=1

Vi X, yeZ= =

X+1=1 x=0

ot e
X2 —X— y_ y=2
X+1=- {X= (tm)
X>—x-y=2 LY =

Vay hé phuong trinh c6 cac nghiém nguyén (X;y) = {(—3;11);(1;1);(0; 2);(-2; 4)}
Bai 55: Tim cac sO nguyén x,y,z thoa man dong thoi:
X2 +4y* +7° +2x2+4(x+12) =396 va X’ +y* =3z.
Ttr diéu kién x* +y? =3z suy ra X’ +Yy* chia hét cho 3 hay x,y déu chia hét cho 3.
X2 +4y° +7° +2X2+4(x+2) =396 < (x+2+2)> = 4(100-y?).
Suy ra: 100-y? 1a s6 chinh phuong va y?<100. Mit khac y:3 nén y*e{0;36}
= ye{0;6;,-6} .

2 2
(x+2z+2)" =400 X+24+42=20 |Xx+z+2=-20

Tim dwoc x=6,z=12hodc x=-9,z=27.
x*+36=3z
(x+z+2)2 =256

x? NG

z=—+12 z=—+12
3 \ 3

X+2+2=16 |x+z2+2=-16
Giaira x,zeZ. Vay (x;y;z) 1a (6;0;12) hoac (-9;0;27).

Xét y=6 hodac y=-6: {

Bai 56:
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2x> —4y? —2xy—3x-3=0

& (2% —4xy - 2x) +(2xy - 4y* - 2y) - (x-2y-1) =4
o 2x(x-2y-1)+2y(x-2y-1)—(x-2y-1)=4

o (x-2y-1)(2x+2y-1)=4 (%)

Do X,y € Z,2x+ 2y —11é nén ta c6 cac truong hop sau day:

x=1
C(2x+2y-1=-1 [[2x+2y=0 {y:_l(tm)
X-2y-1=-4 X—2y=-3 7
(*) = = <l x=L
2X+2y-1=1 2X+2y =2 3 (ktm)
X—-2y-1=4 X—-2y=5 -4
L L y:?

Vay nghiém nguyén ctia phuong trinh da cho 1a (1,-1)
Bai 57: Phurong trinh da cho tuwong dwong véi
3x° —2xy+y—-5x+2=0
< 3X* —5X+2=2xy—Y
& 32 -5x+2=y(2x-1)

~ 3x*—5x+2

2x-1

Do X,y nguyén nén:
{(3x2 ~5x+2)i(2x-1)

3(2x-1)"i(2x~1)

(Do..xeZ = 2x-1+0)

& [4(3x2 —5X+ 2)—3(2x —1)2]5(2x—1)
& [-20x+8-3(-4x+1) :(2x-1)
< (-8x+5)i(2x-1)
& [-8x+5+4(2x-1) |i(2x-1)
< 1i(2x-1)
{2x—1:1 {x=1:> y=0
= =
2x-1=-1
Vay cac nghiém nguyén (X;y)cta phuong trinh da chola  (1,0);(0;-2)
Bai 58:
Vi x, ynguyén dueong nén VP >0do d6 VT >0nén x>y

x=0=>y=-2

X>3
Ta co: 15xy =16(X3 - y3)—37llé sO1é nén x,y déulé, do vay : { 1
y=z2

Xét x =3thi y =1 thay vao phuong trinh théa man
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Xét x=5
Ta co:

X-22y=16(x"-y°) 216[x3 —(x—Z)S] =16(6x" ~12x+8)

15xy +371<15x(x—2)+371= 15x* —30x +371

16(6x* —12x +8) — (15x* —30x +371) =81x* —162x — 243 = 81(X* — 2x - 3)

Ta co: X —2X-3>0,vx25=16(x’ - y*) >15xy +371

Vay truong hop nay vo nghiém

Vay phuong trinh ¢4 cip nghiém nguyén duong duy nhat (x;y)=(3;1)

Bai 59: Ta c6 1 s0 chinh phuong khi chia cho 3 sé nhan dwgc sd du 1a 0 hodc 1 nén ta co:
(3k)? = 9k?
(3k +1)* =9k’ + 6k +1=1(mod3)

(3k+2)" = 9k? +12k + 4 =1(mod3)
Néu x, y > 3thi x,y khong chia hét cho 3 do d6 s6 du ctia V€'trai cho 31a 1-2.1=—1 chia 3
duw2voly do x> —2y* =1
= trong hai s6 x, y phai c6 mot s6 bang 3
X=3=29-2y’=1l=y =4 y=2(y>0)
- y=3=>x"-29=1x*=19=>xecQ
Vay céc cdp sd nguyén (x;y)=(3;2)
Bai 60:
X —xy+y?=2x-3y-2< X" —(y+2)x+y’+3y+2=0 (1)
A=(y+2) -4(y’ +3y+2)=-3y*~8y-4
D& phuong tinh (1) cé nghiém thi A>0

= -3y’ -8y-4>203y*+8y+4<0& -2< ys-%

Viynguyénnén Yy =-2 hoac y=-1.

Véi y=-2, (1) = x*=0 < x=0.

x=1

x=0

Vay nghiém ctia phuwong trinh: (0;-2),(0;-1),(L-1).

Véiy=-1, (1) = x*-x=0 @{

Bai 61: - V6i y=0,tacé x=0 .
-Véi y =0, tacod:

2
xzyz—)c2—6y2 =2xy<:>x2y2—5y2 =(x+y)2 <::>xz—5=@=a2 (an).
y
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2 .2 |X|+|a|:5 {X:3
xX*-a’=5< =|x|=3¢<
-] =1 x=-3
- 2 y=-1
Khi x=3= 3y —6y—9=0<:{ B
.o 2 |:y:1
Khi x=-3=3y"+6y-9=0<
y=-3

Vay () < {(0:0):(3-2):(83):(-3):(-3-3)}

Bai 62: Coi phwong trinh da cho la phuwong trinh bac 2 an y c6 tham s6 x
Ta c6: A=4x>+12x+8
Vi X,y € Z = Ala s0 chinh phuong
= 4x* +12x+8=k* < 4x* +12x+9-k* =1
& (2x+3)" —k? =1
< (2k+3-k)(2k +3+k)=1
(2x+3-k=1 |
{2x+3+k =1 {k
2x+3—k=—1<:> X=-
_{2x+3+k=—1 {kzo
Thay vao phuong trinh dé
Véi x=-1=(*) = y* -2y +1=0(y-1)" =0= y =1(tm)
Véi x=-2=(¥) & y2 -4y +4=0s(y-2) =0 y =2(tm)
Vay tap nghiém ctia phuong trinh da cho 1a (X;y) = {(—1; 1);(-2; 2)}
Bai 63: Nhan ca hai vé cua phuong trinh véi 12 ta dwoc:
36(a”+b’)-84(a+b)=-48 < (6a—7) +(6b—7) =50=5"+5"=1"+7°

=<
I

)

? (tm)

TAI LIEU TOAN HOC
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6b—7=5 [a=Db=2(tm)
6a—7=5 a:%bzzwmo

6a-7=-5 |a=2.b=2(km)

1

a=ib=(km)

a= :—(ktm) [ (1

o
1
o B

1.
3
6b—7=7 4,7
3’
6b—7=7 a=Lb=—(hm)

=

4
—:b =0(ktm
3 (ktm)

(o))
(o
|
\l
Il
|
\'

II

Q
Il
= o

6a-7=-1 a=1b=

a=0;b=—(ktm)

o
oy
|
Il
|
\'
ool-h o

~

6b—7=1 a= =—(ktm)

1(ktm)

O oo|4> OJI-I>

b=
b=

| (6b-7=-1
Vay tap nghiém ctia phuong trinh da cho 1a (a;b) = {(0;1);(1; 0);(2; 2)}
Bai 64:
Tacd Y +y=x"+xX}+ X+ X S 4y* +4y +1=4x" +4X> + 4x* + 4x +1
2y +1)? =(2x2 +x) +Bx+D)(x+1)
(2y+1)° = (2x2 + x+1)2 —x(x+1)
Ta thdy : néu X <-lhodc X>2thi (3x+1)(x+1) >0 vax(x—2)>0nén tkr (1) va (2) ta suy ra
(2X2 +X —1-1)2 > (2y+1)° > (2x2 + x)2 (*) Loai vi khéng cé s6 nguyén y thoéa man.
Tl désuyra -1<x<2=xe{-10,12}

Xét x=2=y’+y=30=>y=5y=-6
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Xét x=1=>y*+y =4 loai

Xét x=0=y?+y=0=>y=0,y=-1

Xét x=-1=y*+y=0=>y=0,y=-1

Vay hé da cho c6 6 nghiém la (0,5)(2--6)(0:0),(0;-1),(-1,0),(-1,-1)
Bai 65:

Tt x* —xy—5x+5y =2

< X(X-y)-5(x-y)=2

< (X-y)(x-5)=2

Vi 2=12=21=(-1).(-2) =(-2).(-1) nén ta c6 4 truong hop sau:

Truong hop 1: {

>
|

—y=2 =4
Tru(‘mghopZ:{X g 1<:>{y (TM)

. X—y=-1 y=4
T hop 3: M
ruong hop {X_Sz_za{nga )
. X—y=-2 y=6
T hop 4: ™
reong hop {X_5=_1<:>{ =4( )

Vay c6 4 cdp (x,y) thoamanla: (7; 6); (6; 4); (3; 4); (4 6).

Bai 66:

Tacod xy” —(y—45) +2xy +x—220y+2024 =0 < (y+ D(xy + x —y—129) = -128 = -2’

= y+1e{24:8,16:32:64128) = y € {1;37:1531:63127} = (x;y) € {(33:1),(25:3),(15:7)}.

Bai 67:

Xét phrong trinh:  x* —n’x+n+1=0 (4ns6 x) (1)

Dé phuong trinh (1) c6 nghiém thi A>0=n"-4n-4>0=n¢{0;1} (do neN)

Goi x1, x2 1a hai nghiém ctia phuong trinh (1).

Ap dung hé thikc Vi-et, ta duoc: {Xl +x, =0
XX, =n+1

=X, +X,-X,Xx,=n" —n—1

< x(1-x,)-(1-x,)=n"-n-2

< (x,-1)(1-x,)=(n-2)(n+1)

= (X1 —1)()(2 —1) = (2—n)(n+1)
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VéineN,ne {0;1} thi {zif,:i;;

Do dé x, 2 L;x, 21=(x, -1)(x, -1)20=(2—-n)(n+1)>0
=2-n20(don+1>0,YneN)=n<2

Ma neN,n¢{0;1} = n=2.Khi d6, phuong trinh (1) tré thanh:
x*—4x+3=0<(x-1)(x-3)=0

x—1=0 X=1(t/mer)
= =
x—=3=0 x:3(t/mer)
Vay v6i n € N, d€ phuwong trinh da cho ¢ cac nghiém la s6 nguyén thi n = 2.
Bai 68:
ViX, yeZ=x+Y, X’+y’eZ

2 2

XY =§ <85(x + y)=13(x* + y*)>0
X+y 13

=>x+y>0.

2
. X+
Ap dung BDT: x*+y?> % < (Xx—y)’>0 (ludn dung)
Ta co:

85(x + y)=13(x* + yz)z%( X+ y)2 =X+ y< %: X+y<13

Mat khac:
X+y>0 2 2
Lo X+Y=13=X"+y =85
X+Yy:13
Suy ra:
[ (x=6
M
X+y=13 y=13-X {y:7(r )
= =
X’ +y>=85 x2+(13—x)2:85 X=7
)6 ™)

Vay nghiém cua PT la: (x; y) =(6;7) ; (7; 6)
Bai 69: C6: (a+b)’ <2(a®+b’) suy ra n*<2(n’+2), hay n’(n-2)-4<0.
Néu n>3 thi n’(n-2)-4>n°-4>0 (Loai). Do d6 n=0; 1, 2.
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Vé6i n=0; 1 chira khong ton tai a;b thoa man dé bai.
V6i n=2 chira a=1b=3 hodc a=3;b=1 thoa man dé bai roi két luan.
Bai 70:
2020(x* +y*)—2019Q2xy+1)=5
&2019(x—y) +x%+y* =2024 (1)

2024
2019

=2019(x —y)> <2024 = (x —y)* <

Px—ﬂ=0
=
o=y =

Néu |x—y|=0=x=y, trr (1) = 2x” =2024 = x* =1012 (v6 nghiém nguyén)

=0<(x—y)’ <1=0<|x—y[<1

; \ - :1 = \ \
Néu jx—y|=1thi |~ 77 "7 T vat (1) =2 +y =5 )
x—y=-1 y=x+1

Thay y=x-1vao (2)tadugc: => X’ +(x-1)’ =5 -x-2=0&

-1 -2
Thay y=x+1 vao (2) tadugc: => X’ +(x+1)’ =5 " +x-2=0< o :{y

Vay phuong trinh c6 4 nghiém nguyeén: (x;y) = (=1;2);(=2;1);(1;-2);(2;-1)
Bai 71: 2(2x°y - x* -3y 1) =0 (2x* -3)(2y-1) =5 (¥

2y-1=1 [y=1
Suy ra 2y-1€ U(5)={+1;+5) ma 2y—1>-1¥y>0nén |-~ |’ .
2y-1=5 y=3

x=2(n)
x=-2(1I)

Véi y =3 thay vao (*) ta duge 2x° -3=1< x> =2 < X = +2 (loai).

Véi y =1 thay vao (*) ta dugc 2x* —-3=5< x° =4<:{

Vay cac sO nguyén duong théamanla x=2,y =1.
Bai 72:
\/x+7y+3+1:\/;+\/§
©x+y+3+2m+1:x+2 Xy +Y
o XTyT3 oy 2
<:>x+y+3:xy—4\/x—y+4
Xy—X—-y+1
4
Néu xy la s6 khong chinh phwong thi VT la s6 vo ti con VP la s6 hitu ti, vo ly

Vay xy =k>=/xy =k

S Xy =

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Tacod x+ y+3=xy—4\/@+4©x+ y+2\/x7y=xy—2\/@+1<:>(\/§+\/§)2 :(\/x7y+1)2

< A/X +\/§ = \/x—y—l *)
ey =k-1-VIx e y=(k-1) =2(k-1)vx +x
k—1)" +x—
= \/; 2% vi (k > 2)
Néu x la s6 khong chinh phuwong thi VT 1a s6 vo ti con VP 1a sd hitu ti, vO ly
Vay x la sd chinh phuong, Ly luan twong tw thi y 1a s6 chinh phuong
bat x=a%*;y=0b’
Tk (*) a+b=ab+1<(a-1)(b-1)=2
Ta tim duoc (a;h)=(2;3);(3;2) = (xy)=(4;9);(%;4)
Bai 73: DK:199— 2’ — 22> 0 & (2 + 1)2 <200 = 7z € {~15-14-13;..;1213} (Vi z € 2)

Ta c6:4y” =2 +199 — 2° — 23 :2+./200—(x+1)2 <2412 = 0<y’ <4, maye”

Suyra: y € {—2;—1;1;2} .

. z=-—15 . z=-—15 5 r=-3
=1l= 7 =—1l= 7 = —2= ;
y ¢ =13 Y r=13 Y T =
5 z=-3
=2=
Yy —1q

Vay tap hop cac cap s6 (:v; y) nguyén thdéa man dé bai la:

S::{@&—1)@3ﬂ)(—1a—1)Q455)4—&2}(—&—2xh2y(h—2»

Bai 74: Vi z,y nguyén duong va (x; y) = (1; 1) khong thoa man phwong trinh nén
+y*+1>3ay+2+y>3.Suyra zy + 7 +y la wdc nguyén duwong 16n hon 3 ctia 30
gom: 5;6

Néu oy +2z+y=5<« (cc + 1>(y + 1) = 6 ta duoc cac truong hop

r+1=2 =1 . e
+) & (thoa man diéu kién dau bai)
y+1=3" |y=2

:I/‘+1:3 :L':2 3 ~ A oA PA N\ .

+) & (thoa man diéu kién dau bai)
y+1=2 y=1

Néuzy+z+y=6<« (a:+1)(y+1): 7 khong thoa man

Vay cac cap s6 (m;y) thoa man la (1;2),(2;1) :
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Bai75: Vi651énén 2X+5y+1leva 2+ y+x? +x 1

Ma 2X +11é nén 5y chén, suy ray chdn

Mit khac X* + X = X(X +1) chan nén viaa 1é, suy ra |X| -1=0 & x=%1

Véix=1=(5y+3)(y+3)=65=y=2

Véi x = -1 = (5y + 3)(y + 3) =65<>5y*+4y—66=0 Phuong trinh nay khong c6

nghiém nguyeén.

vay: (x;y)=(12)

Bai 76: Ta c6 2™.m?=9n?-12n +19 < 2™.m? = (3n-2)? +15

Néumlé = m=2k+1, ke N’

=2m.m?=2.4km? = (3+1)* 2m? = 2m? (mod3) ma m?=0;1 (mod3) nén 2.4x.m? =0;2 (mod3).

Mat khac (3n-2)? +15 =1 (mod3)

Vay truong hop nay khong xay ra

Néu m chdn= m=2k, ke N’ thi ta c6 phuong trinh

2% m? - (3n-2) = 15 < (2Xm +3n-2) (2km -3n+2) = 15 (*)

Vimn €N nén 2xm +3n-2 > 2k.m -3n+2 va

2km +3n-2 >0 = 2m -3n+2 >0

Do dé (9 @F.m +31-2=15 {2“.m+3n—2:5
2m-3n+2=1 2m-3n+2=3

THI:

2m+3n-2=15 2“2k=8 A
= (vO nghiém)

2*m-3n+2=1

n=3

[2*m+3n-2=5 [22k=4 (k=1 [m=2
TH2: P P =
2*m-3n+2=3 n=1 n=1  |n=1

Vay phuong trinh da cho c6 nghifmm=2,n=1

Bai 77:

Tt biéu thtee (x° —x+1)(y? + xy) =3x -1 ta nhan thay 3x-1 phai chia hét cho (x2—x + 1)
ta co (3x - 1)(3x - 2) =9x2- 9x +2 = 9(x2— x + 1) - 7 cling phai chia hét cho (x*—x + 1)
suy ra 7 chia hét cho (x*- x +1)

(x?2-x+1)=1hoac?7

Thay x = 0,1,3 va -2 Ian luot vao ta c6 y = (x,y) = (1,1),(1,-2) va (-2,1)

Bai 78: Phuong trinh da cho c6 thé duoc viét lai thanh x*(y - 2)2 +y -3y*+4=3

hay (y-2)°(x*+y+1)=3.
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Suy ra (y-2)° =1 va x*+y+1=3. Gidi ra, ta dwgc x=%1 va y=1. Vay c6 hai cip s8 nguyén
(x;y) théa man yéu cau cua dé bai la (1) va (-11).
Bai 79: Diéu kién: x>0,y >;Vx+y—-22>0
Véi diéu kiéu kién trén binh phuong 2 vé'ta c6
2(vx+y-2)=vxy @ (2-y)-2(2-y) =0 = (2-y)(vx -2) =0
Sy=2vx=4
Két hop v6i diéu kién ta co6: x>0,y =2 va x=4,y =0
Bai 80: Ta co x2 + xy + y? = x%y?2
< (x+yP=xy(xy+1)
FNEux+y=0 = xy(xy +1) =0 {Xyzo
xy =-1
Véixy=0.Kéthop véix+y=0 = x=y=0
Vi xy =-1. Két hop véix +y =0 = {le hoiic {Xz_l
y=-1 y=1
+Néu x +y#0 = (x +y)?la sd chinh phwong
xy(xy + 1) 1a hai s6 nguyén lién tiép khac 0 nén chiing nguyén td cuing nhau. Do d6 khong
thé cuing la s6 chinh phuong
Vay nghiém nguyén cua phuong trinh la (x; y) = (0; 0); (1; -1); (-1; 1)
Bai81: Tacd X’ +y’ =xy’ +1< (x5 —1)—(xy2 —yz):O
<:>(x—1)(x4 +x°+x° +x+1)—y2 (x—1)=0<:>(x—1)(x4 +x°+x° +x+1—y2):0

x—-1=0
=
x4+x3+x2+x+1=y2

*Néux—-1=0=x=1 tacd 1+y’> =y’ +1 dling vdi moi y nguyén
Vay ngiém cua PT 1a (1;y e Z)

Néu x* +x° + x> +x+1=y” = 4x* +4x° +4x7 +4x +4 = (2y)’

Ta co

(Zy)2 —(2x2 +x)2 =4x* +4xX° + 4 +4Ax+4-4x" —4x° =X
2
=3x*+4x+4=3 x+% +§>0
3 3
Vay ta cé (2x* +x)° < (Zy)2 *

Tac (2 +x+2) ~(2y)* =5x* 20, Vay ta 6 (2y) 2(2x" +x+2) **

Tt * va ** ta cO
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2
;

(2x* +x)* < (Zy)2 < (2x2 +x+2)2 = (Zy)2 = (2x2 +x+1)
(Zy)2 =(2x2 +x+2)2
Néu (Zy)2 =(2x*+x+1) & X" +2x+3=0x"-2x-3=0

=-1

o (x+1)(x-3)=0 e i
+néu x=-1>y’=1=>y=+1

Néu x=3=y’ =121 = y =11

Néu (2y) =(2¢ +x+2) & 5 =0 x=0=y’ =1=y=+1.

Két luan (x, y) = (-1, 1); (-1, -1); (3, 11); (3, -11); (0, 1); (0, -1); 1a (1,y € Z).
Bai 82: Gia thiét < 3(x-3) ~18y? +222 +3y°2* =54 (1)

+) Lap luan @€ z*:3=2z:3=2*19=2">9 (%)

(1) 3(x—3)? +22° +3y>*(2* —6) =54 (2)

(2)=> 54 = 3(x —3)* +22% + 3y*(2> —6) 2 3(x—3)> + 2.9+ 3y".3
(x=3)*+3y’ <12 => y* <4 =y’ =1;y* =4 viynguyén duong

Néu y* =1« y =1 thi (1) c6 dang;:

3(x—3)2 +522 =72 = 52> <72 = 7° s%:ﬁ =9=7z=3(vic(*))
Khi do 3(x—3)2 =27= (x—3)2 =9, x nguyén dwong nén tim duogc x=6

Néu y* =4 < y =2 (viy nguyén duong) thi (1) ¢6 dang:

3(x—3)" +142% =126 = 142> <126 = 7° <9 = 72> =9 = z =3 (vi z nguyén duong)

x=3 [x=6
Suy ra (x-3)* =0 = x =3 (vix nguyén duong) . Dap s6 {y=2;y=1
z=3 |z=3
Bai 83: Dat a=x+y,b=xy(a,beZ) va a’ >4b
\ ) \ 2 2+b
Phuong trinh (1) tro thanh: b .a+a:2+b<:>a:b2 n
+

Do d6: (2+b)i(b*+1)=a’ —4ib* +1=(a*+1)-5:b’ +1=5ia’ +1
=a’ +1e{1;5}:>ae{0,4}:>ae{0;—2;2}

Vi a=0:>b=2:{ V0 o (oy)e{(0:2),(20))

X+y=2
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_{ -
=2 -2
Véia=—2=b=0= { Xy = Y (loai vi khong théa man x, y nguyén)

Xx+y=0 {Xz_\@
y=\2

4
Véia=2=b= s (loai vi b khong nguyén)

Vay nguyén (x, y) = (0, 2); (2, 0).
Bai 84: Ta c6: xy* +2xy 243y +x=0 < x(y+1)’ =243y

Viy+1#0 néntacéd: x=

(
Do (y,y +1)=1nén (y+1) 1a wéc ctia 243 . Mit khac: 243 =3°
Do dé6: (y+1) =3*v(y+1) =3
Véi: (y+1) =3* >y =2,x=54
Véi: (y+1) =3 = y=8,x=24
Vay nghiém dwong ctia phuong trinh la: (x, y) = (54, 2); (24, 8)
Bai 84: Xét phuong trinh x* =y* +./y+1 véi x,yeZ*
Xéty=0thi x* =1 do x nguyén duong nén x = 1
Xét y=21=x23. Ta co: (x+y)2 (x—y)2 :y+1:>(y+1)§(x+y) (voly)
Do d6 s6 nguyén khong am phai tim 1a (x, y) = (1, 0).

Bai 85: Ta c6 y° =1+,[13—(x* +4x+4) =1+ /13 -(x+2)’ <1+13

Suyra 1<y’<4

Véi y? =1=13 =(x+ 2)2 khong c6 nghiém nguyén.

V6i y? =4=3=,13—(x+2) = (x+2) =4 & x=0vx=—4

Vay phuong trinh c¢6 4 nghiém (-2, 0); (-2, -4); (2, 0); (2; - 4).
Bai 86: Taco: [4-3x|=5-a (1)

Xét xsé , ta dwoc x:a—_l.
3 3

b€ x nguyén duwong va thudc khoang dang xét ta giai hé A 3
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Khi d6 x=1.
9-a
3

Xétx>§,tadu’qc X =
9;a>é a<b
Giai hé: 3 3<:>{ . oa=3k véi k<1,
. a:3
9-a:3
Khidox=3-k
Vay ta can a =4 hodc a = 3k v6i k nguyén, k<1.
Bai 87: Ta co:
2,2 2 2
X7y +(x=2)"+(2y—-2)" -2xy(x+2y—-4)=5
<:>x2y2+x2—4x+4+4y2—8y+4—2x2y—4xy2+8xy=5
<:>(x2y2—4xy2+4y2)+(x2—4x+4)+(—2x2y+8xy—8y):5—4
<:>yz(xz—4x+4)+(x2—4x+4)—2y(x2—4x+4):1

<:>(x2—4x+4)(y2+1—2y)=1<:>(x—2)2(y—1)2=1
TH1:(x-2)=(y-1)=1<x=3 va y=2
((x-2)=(y-1)=-1l<x=1 vay=0

TH3:(x-2)=—(y-1)=1<=x=3 va y=0
((x-2)=—(y-1)=-lex=1va y=2
Vay phuong trinh c6 céc cap (X; y) nguyen la: (3;2) ;(1;0); (3;0) ;(1;2).
Bai 88:

bit v/x=a,a>0, y’=b,b>0.

4y* +6y> —1=x

& 4b’ +6b-1=a’

< 16b% +24b -4 = 4a°

<16b* +24b+9—-4a° =13

& (4b+3)° —4a® =13

<> (4b+3-2a)(4b+3+2a)=13

Lap bang
4b+3-2a 1 13
4b+3+2a 13 1
a 3 -3
b 1 1
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Nhan Loai
X 9
y 1

Vay phuong trinh c6 nghiém nguyén la (x;y) la (9;1).
Bai 89: Tacd (x-y-1)(x+1-y)+6xy+y*(2-x-y)=2(x+1)(y+1)
@(x—y)z—1+6xy—y2(x+y—2):2(x+y+xy+1)<:>(x+y)2—yz(x+y—2):2(x+y)+3
& (x+Y)(x+y=2)= Y’ (x+y=2)=3 o(x+y-2)(x+y-y’)=3

Vi x,yeZ nén x+y-2; x+y-y?lacacuwdc caa 3

9 x+y-2=1 - y>=0 - x=3
X+y-y?=3 x+y=3 |y=0

{x=3 {X=7
X+y—-2=-1 2 = =-2 X+y—-2=3 2= =-2
+) y ) Y & y . +) y , & y =4 = y .
X+y-y>=-3 X+y=1 X=-1 Xx+y-y =1 X+y=5 Xx=3
y=2 y=2

o= 2 _ -
4 {x+y 22 3 <:>{y =0 <:>{X 1
X+y—-y =-1 X+y=-1 y=0
Vay cac cdp s6 nguyén (x; y) la (3;,0); (3;-2); (-12); (7;-2); (3;2); (-10).
Bai 89: Ta co

(x—2018)° +1=y* +9y? +1-6y° ~6y + 2y’ =(y* 3y +1)

o (y? -3y +1) —(x—2018) =1 (y? 3y +1+x—2018)(y? ~3y +1-x +2018) =1

(y2—3y+1+x—2018)=_1 X = 2018 x=2018
THI : o[ oltyer
(v -3y +1-x+2018)=-1 |y'=3y+2=0" || /7,

x=2018
y=0
y=3

{(y2 —3y+1+x—2018)
TH2 .

1 {x:2018
(y?—3y+1-x+2018)=1

& y2—3y=0<:> {
Vay phurong trinh 6 nghiém (x;y) €{(2018;0);(2018;1);(2018;2);(2018;3)}.

Bai 90: Tacd (1) < (y-2)(y-3)+56=(y-2)x*+(y—2)(y—4)x
<:>(y—2)[x2+(y—4)x—(y—3)]:56
< (x-1)(y—2)(x+y—3)=56.
Nhan thdy (y-2)+(x—1)=x+y—3, nén ta phai phan tich s6 56 thanh tich ctia ba s

nguyén ma tong hai s6 dau bang sd con lai.

Nhu vay ta co

Lién hé tai lieu word mdn toan: 039.373.2038

TAI LIEU TOAN HOC



Website:tailieumontoan.com

+)56=1.7.8=(X;
+) 56=7.1.8=(x;
+) 56 =(-8).1.(-7)=(xy)=(-7:3)
+) 56 =1.(-8).(-7)=(x;y) =(2;-6).
+) 56 =(-8).7.(-1) = (x;y)=(-7;9)
+)56=7.(-8).(-1)=(x;y)=(8;-6).
Vay phuong trinh c6 6 nghiém nguyén nhu trén.

Bai 91: Ta cd 2X” +2y* +3x—6y =5xy -7 < (x—-2y)(2x—y +3) =7

Xét cic truong hop ta cd (X; y) =(3;2);(-5; —6);(—7; —4);(1; 4).
Bai 92: D€ phuong trinh ¢6 nghiém thi 9x* +16x + 32 phai la mot s6 chinh phuong.

Khi d6 9x* +16x+32 =t*(t e N). Phwong trinh trén twong dwong véi

BIx* +144x+ 288 = 9t* < 81x” +2.9.8 + 64 + 224 = 9t’
& (9x+8-3t)(9x+8+3t) = —224 = 2%14 = -2°.28 = 256 = —2.112
=2'(-14)=2"(-28) =2%(-56) =2.(-112)
Tacé xeZ;te Nnén 9x+8+3t>9x+8-3t Ix+8-3t;9x+8+3t cung tinh chan lé.
Lai thdy 9x+8+3t va 9x+8—3tdéu chia 3 du 2 khi d6 ta c6 cac truong hop sau.
{9x+8+3t=14 {9x+8+3t:56.{9x+8+3t:8 {9x+8+3t=2

Ox+8—3t=-16"|9x+8—3t=—4’ 9x+8—3t=—-112

9x +8—3t=-28’
Giai cac treong hop trén ta dwoc x e {—7; -2;-1; 2}

+Véi x=-1= -27-16y =5= y =-2 (thoa man).

+V6i x=—2:>—30—16y=6:>y=—%(loai).

+Voi x=2=-18-16y=10= y=£ (loai)
+Voi x=-7 = -45-16y =19 = y = —4 (thoa man)
Vay nghiém nguyeén cua phuong trinh la (x; y) = (—1; —2),(—7 ; —4) .
Bai 93: Phuong trinh tuong dwong véi x* +3xy +2y° —x—5=0. nhan thay day la phrong
trinh c6 bac la hai nén ta sé st dung delta d€ giai phwong trinh nghiém nguyén nay.
Phuong trinh twong duong véi x* +3xy +2y” —-x-5=0< x* +(3y -1)x+2y* -5 =0
Xem phuong trinh la phuong trinh bac 2 4n x ta duoc
A=(3y-1) -4(2y*-5)=y*~6y+21=(y-3) +12
D€ phuong trinh trén cé nghiém la nghiém nguyén thi Ala s6 chinh phuong.
Dt A= (y—3)2 +12=a’ < (a-y+3)(a+y—3)=12 véiala s nguyén.

Vi a-y+3 va a+y-3 clng tinh chn 1é nén ta c6 bang sau
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a-y+3 2 6 -2 -6
a+y-3 6 2 -6 9

a 4 4 —4 4

y 5 (TM) 1 (TM) 1 (TM) 5 (TM)

Thay y =5 vao phwong trinh da cho ta dugc x* +14x+45 =0 < x € {-9; -5}
Bai 94: Ta 6 X(X* +Xx+1)=4" -1 (x+1)(x* +1) =47
Do X,yeZ=xYy>0
-Néu x=0=y=0=(x;y)=(0;0) 1a nghiém ctia phuwong trinh da cho.
-Néu x>0=y>0= x+1 chan, dit x=2k +1(k >0)
Khi d6 (k+1)(2k* +2k +1) = 4*"
Do 2k®+2k +1 12 s8 1é nén suyra k=0=>x=1=y=1=(xy)=(L1)
Vay phuong trinh da cho ¢6 nghiém (x;y)=(0;0);(11)
Bai 95: Viét phuong trinh da cho vé dang: 9.(3* -2 +19) = y? (x>2). D€ y la s6 nguyén thi
diéu kién can va du la 3*-2+ 19 = 22 la s6 chinh phuong (z 1a sO nguyén duong)
Néu x —2=2k+11as01é thi 3%+ +19 = (3%+1 + 1) + 18 = 4.B + 18 chia hét cho 2 nhung
khong chia hét cho 4 nén khong thé la s6 chinh phwong.
Do d6 x — 2 = 2k 1a s6 chan

Ta ¢ 3-2+19 =22 < (z-3")(z+3")=19. Vi 19 la s8 nguyén & va z-3" <z+3" nén

z2-3=1 =10 (z=10
= K =
z7+3=19 3=9 |k=2
Vay x=6 vay =230.
Bai 96: Néu x=0= y =1 thdéa man

Néu y=0= x¢Z khong thoa man
Xét x#0;y #0 phuong trinh da cho cé dang

4.54x (541 +1) = 4.54x%.y° & (427 +1) =(6xy)’ +1
Dit 4.27x° =a;6xy =b ta dwoc phuong trinh

(a+1)" =(b +1)(b2 —b+1) (*)
T (*) ta thdy b+1>0. Goi UCLN(b+Lb*-b+1)=d

b+1:d ) ) )
=9, . =>b*-b+1=b(b+1)-2(b+1)+3:d = 3:d
b -b+1:d

Mit khéc (a+1)2=(4.27X3+1)kh6ng chia hét cho 3 nén 3 khong chia hét
d:>d=1:>(b+1;b2—b+l)=1
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Tt (*)nhan thdy tich hai s nguyén td cing nhau la mot s6 chinh phuwong nén phai

) {b+1: m?

cd (m;naN*;m22;m224)
b?—b+1=n?

Tac6 n? =(m? 1) —(m?-1)+1
& n? :(m2 —1)2 —(m2 —2) (1);n? =(m2 —2)2 +(m2 —1) (2)
T (1) va 2) = (m2 - 2)2 <n’< (m2 —1)2 v0 ly suy ra phuong trinh (*) vd nghiém.
Vay phuong trinh c6 nghiém duy nhat (x;y)=(0;1).
Bai 97:
Tacéd: 5(X° +Xxy+y?) =7(x+2y) (1)
= 7(x+2y)i5 = (X+2Y):5. Dst Xx+2y=5t (2) (teZ) thi
(1) tro thanh X2 +Xy+Yy° =Tt (3).
Tir (2) = X =5t =2y thay vao (3) ta dugc 3y° —15ty + 25t> =7t =0 (*), coi day la
PT bac hai d6i v6i y co: A =84t —75t°

2
D& (*) c6 nghiém <> A>0 < 84t - 75t >0 @0£ts2—§

ViteZ =1t=0 hoic t=1.Thay vao (*):
+V6it=0=y,=0=x =0
+V6i '[zl:{y2 3= %=
Y, =2=> X, =1
Vay phuong trinh cé 3 nghiém nguyén (x, y) 1a (0; 0), (-1; 3) va ( 1; 2)
Ciich khiic: Ta c6 5(4x° +4xy+4y*) = 28(x+2y) = 15x* = 28(x+2y)-5(x+2y)’

Do 15x° >0= 28(x+2y)—5(x+2y)2 :—5{(x+2y)2 —2(x+2y).%+1§59}+129 < 129
Vay 0<15x? g%:OSXZ S%,XEZH@H xe{-1;0;1}

+Xx=0=y=0

+X =-1= y =3 thoa man bai toan.

tX=1=y=2

Bai 98:Ta c6 x(1+x+x2):4y(y—1) <:>(x3 +x2)+x+1:4y2 —4y+1
e (x+1)(¥+1)=(2y-1)° (1)

Vi X,y € Z=(2y-1)" >0 nén tir (1) suy ra X=0 va x chn.

Giédl’r(x+l;x2+1):d:>dlévé{ = 2id=>d=1
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Vi (x+1)(x* +1)1a s8 chinh phuong ma (X+1x* +1) =1 nén (x+1) va (X* +1)

cting la hai s6 chinh phuwong.
Do X20 = x* <X’ +1<(x+1)’ = x* +1=(x+1)" = x=0
Khi x=0:>4y(y—1)=0:>ij
Vay hai cdp s6 nguyén(x;y)=(0;0);(0;1)
Bai 99: Ta c6 X° = 2X +Yyzzd < (X-1)? =yz25; %, y, z<Z* va y,z€{L2;..;9}
Suy ra X—1 c6 dang a5
Do d6 yzz5=a5 = (10a+5)% =100a(a +1) + 25
SuyraZz=2=Yy+zZ+z+5=y+9
Vi (X —1)° = yzz5 12 58 chinh phuong va ¢6 tdng cac chit s6 bing Y +9 nén yzz5
chiacho 9 du 0,1,4,7. Do dd y € {1,4;7}
Khi d6 tim duoc (X,Y,2) €{(36;1;2); (66;4;2);(86;7;2)} .
Bai 100: Ta 6 vX+2v3 =y +47 & x+23=y+z7+2,/yz

o (x—y-2)+2/3=2yz = (x—y—2) +4/3(x-y-2)+12=4yz (1)
2
THI Néu x—y—7#0 Tacb 3= W2 =y=2)'~12 o, vo 1y
4x-y-1)
(do Xx,y,2e N nén v€ phai cua (2) la sd hitu ty ).

X—y-2=0
TH2. x—y -2 =0 khi d6 (1)@{ y 3)
yz=3
x=4 X=4
Giai (3) ra ta dwgc Yy =1 hodc <y =3 thi lai thdoa man
z=3 z=1

Bai 101: 2xy’+ x+ y+1=X"+2y* + xy < xz—x(2y2— y+1)+2y2— y-1=0 (1
Dat 2y’ — y +1=a,khi @6 PT (1) tré thanh < x*—ax+a-2=0 (2)
Phuong trinh (2) c6 A=a°—4a +8=(a - 2) + 4
Phuong trinh (1) c6 nghiém nguyén < Phuong trinh (2) c6 nghiém nguyén
= A la s6 chinh phuwong
Pit (a-2)+4=k> (keN )oKk -(a-2) =4 o (k+a-2)(k-a+2)=4
Vi (k+a-2)+(k-a+2)=2k 1asd chdn va c6 tich cling 14 s8 chdn nén (k+a-2) va
(k—a+2) la s6 chan.
k+a-2=2 {k+a—2=—2 {k=2 { =-2

Do do hodac =
k-a+2=2 k-a+2=-2
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X:a+\/k_2:2+2:

2
Vay phuong trinh (2) c6 2 nghiém la 2 2
a-+vk* 2-2
= = =0
2 2
Tacé 2y’ -y—-1l=a=2 2y’ -y-1=0 ©2y°-2y+y-1=0
y=1
< (y-1)(2y+1)=0<|  1.Tachon y=1(viy € Z)
S 2

Vay nghiém nguyén (X ; y) ctia phuwong trinh 1a (2 ; 1) va (0; 1)
Bai 102: Xét X=1=y=1.
Xét x22 thi 4i8. Néu y chin, dit y=2k(keN')=1+3" =1+9* =2(mod8),
vo li
Néu y ¢ y=2k+1(ke N*) —1+3' =1+9“3=4(mod8), v Ii.
Vay X =Y =1 théa man yéu cau bai toan.
Bai 103.
Nhan thdy x, y 1a c4c s8 nguyén khong Am va 11296320 = 2°.41+/105 1256 vo ty.
Phuong trinh da cho c6 thé viét lai:
(x+y) +4xy-3361=4(x+y)xy -328v105 (1)
V& trai cta (1) la s6 hitu ti nén diéu kién can va du dé€ phuong trinh c6 nghiém nguyén la
ctia vé& trai va v& phai ctia (1) déu bang 0. Khi d6 ta c6 hé phuong trinh:
(x+y) +4xy —3361

4(x+y)fxy —328v105 =0
S*+4P-3361 (2)

SVP =821105  (3)

bat S=x+y,P =xy ta c6 hé phwong trinh: {

82%.105

g2

Tt (3) rut ra dwoc: P= Thay vao (2) thu gon ta duoc:

S*-3361.5" +4.82.105=0 < S* =1681v S* =1680 = 41°
Do dé: S=41,P =420.

Suy ra x, y la nghiém cua phuong trinh:

t=20

t*—42t+420=0 <
t=21

Vay phuong trinh c6 2 nghiém (20 ; 21) va (21 ; 20).

Bai 104.

Ta thay (x, y) = (0, 0) khong la nghiém cua phuong trinh.
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V6i x, y khac 0: (1) & [ax—6y|+|9x - 6y| = [313(x* +y?)

. , , |A+B|(AB=0)
Ta dé dang chitng minh duogc: |A| +|B| =
|A-B| (AB<0)
Néu (4x—6y)(9x—6y)=0 thi
(2) & [13x-12y| = [313(x* +y?) & 1447 +2.13.12xy +169y =0 & 12x+13y =0
Vi (13,12) =1 nén (x,y)=(13k;-12k) véi ke Zva k=0
Néu (4x—6y)(9x—6y)<0 thi
(2) = [5x| = [313(x* +y?) < 288x* +313y” =0 (VN)
vay phuong trinh c¢6 nghiém (x, y) = (13k; —12k) voi keZ va k=0
Bai 105.
X

Phuong trinh da cho dwoc viét dudi dang: y =—+—+-——— < 4y =2x+1 +L
2 4 4(2x+1) 2x+1

Vi x,yeZ=2x+1 lawdccua3 :2x+1e{1;—1;3;—3}

Vay nghiém ctia phweong trinh la: (0;1),(—1; —1),(1;1)(—2;—1)
Bii 106. Néu (A+B\/§)2 ~C+D+3 thi C=A2 +3BZ,D=2AB:>(A—B\/§)2 —C-D\3
Do d6 néu (x +yV3 )2 = 444444 + 303030/3

2
Thi ta ciing c6: (x—y/3) =444444-303030¥3 (v6 1Y)

Do 444444 —303030/3<0.

Bai 107.

Dats=x+y, p=x.ykhidd s,pe N’ . Ltc d6 phuong trinh tr¢é thanh:
3s* =4p+664 (1)

Néup=1thi s¢N (mau thuan)

Vivay p>2 va 3s’ 2672 =" 2224 (2)

Mit khéc tir diéu kién: s* > 4p , ta cd 3s” —664 <s’. Vi vay: s <332 (3)
Tix (2) va (3) ta c6: s* € {256;324}

a) s°=256=>s5=16,p=26=>x¢ N .

b) s* =324=s=18,p=77 = (x,y)=(117);(7,11).
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Vay phuong trinh cé 2 nghiém (x, y) = (11, 7); (7,11).
Bai 108. Ta co:
xX* + X’y +xy’ +y° =8(x2 +xy+y’ +1)
<:>x(x2 +y2)+y(X2 +y2):8(x2 +y2)+8xy+8
<:>(x2 +y2)(x+y—8)=8xy+8 (1)
Suy ra: x, y chung tinh chan 1é va (x + y — 8) 1a s6 chén.
2
Néu x+y-826 thi x* +y’ 2@2%>4
Suy ra: (X2 + yz)(x+ y—8)=2 6(x2 + yz) > 2(x2 + y2)+8xy >8+8xy, phuong trinh (1) khéng
thoa.
Néu x+y-8<—4 thi (x2 +y2)(x+y—8) < —4(x2 +y2) <8xy <8+8xy , phwong trinh (1)
khong thoa.

Néu x+y-8=2thi (1)<:> x* +y* =4xy+4 . Khi do: X+y=10,xy=16<:>{xi2v{xi8
y=8 ly=2

Néu x+y-8=0thi (1) < 8xy+8=0< xy+1=0, phuong trinh khong c6 nghiém nguyén

vi x+y=8

Néu x+y-8=-2thi (1)< x* +y* +4xy +4 =0 . Khi d6: x+y =6,xy =-20khong co

nghiém nguyeén.

Két luan: Nghiém nguyén ctia phuong trinh la (x, y) = (2, 8) ; (8, 2).

Bai 109. Phuong trinh da cho ¢ dang: x* +17[ y* +2xy +3(x+y) | =1740

Chti y rdng véi s6 x nguyén, x c6 thé ¢ dang nhu sau:

x=17k+r v6ire{0,1,2,3,4,5,6,7,8} va keZ
Tt d6 suy ra: x* €{17k, 17k +1,17k +4,17k +9,17k +8,17k +16,17k + 2,17k + 15,17k +13}.

Nhan thdy rang v& phai 1a 1740 khi chia cho 17 ¢6 s dw 1a 6. Tron khi d6 vé tréi khi chia
cho 17 trong moi treong hop déu khong c6 s6 du la 6. Vay phuwong trinh da cho khong co
nghiém nguyeén.

Bai 110. Ta co:

(x+y+z)3 —(x3 +y° +z3)=3(x+y)(y+z)(z+x)

< 27-3 =3(x+y)(y+z (z+x)

= (x+y)(y+z)(z+x) =8 (¥
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Xx+y=aeZ
bét {y+z=beZ . Khi dé: (*)<:>abc:8:>a,b,ce{i1;i2;i4;i8}
z+x=ce”Z

Vix, y, z vai tro binh déang nén ta giai st: x<y<z=a2b2>c
Khi d6 ta c6: a+b+c=2(x+y+z)=23=6=a22

. . |b+c=4 b=2
Véia=2taco:

b= Sx=y=z=1
bc=4 c=2

b+c=2

Véia=4ta co:
{ bc=1

(khong c6 nguyén nguyén)

ox-5y=4z=4.

bc=1

o _ |b+c=-2 b=-1
Véia=8taco: = cer1

Véy hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).
Bai 111. Ta c6:

3x* +6y” +22° +3x’y* —18x -6 =0

& 3(x* —6x+9)+6x" +22° +3y’z” =33

©3(x-3) +(3y*+2)(z* +2) =37

D& dang thy: 3(x-3) <33 & (x-3) <11

Suy ra: (x—3)" €{0,1,4,9}

+V0i (x=3) =0=(3y” +2)(2* +2) =537

Nhan xét: 3y* +2>2 va z* +2>2 (¥)

Vay truong treong hop nay phuong trinh vo nghiém

+V6i (x=3) =1=(3y?+2)(z +2)=34 . Do () nén {3y§+§:;7v{32’2 ;2 =1§
zZ"t+i= zZ"+2=

Khong ton tai gia tri nguyén cua x, y nén trong treong hop nay phuong trinh vo nghiém.

3y’ +2=5

2
+Véi (x-3) =4=(3y*+2)(z" +2)=25. Do (*) nén
(x-3) ( y )( ) ) { 2242-5
Khong ton tai gia tri nguyén cua x, y nén trong treong hop nay phuong trinh vo nghiém.

+V6i (x-3) =9:

2 = 2 = :1 =—1
3y? +2 2V{3y +2 5©{y V{y

:>(3y2+2)(22+2):10@{Z2+2=5 . oY1 -0

Két luan phwong trinh da cho c6 4 nghiém nguyén:
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(x,y)=(6,1,0);(6,-1,0);(0,1,0);(0,-1,0)

Bai 112. Tim tdt cd cdc cip s6 nguyén dwong (a,b) théa man ding thirc:
a’-b’+3@*-b*)+3(a-b)=(a+1)(b+1)+25.

a’—b’+3(a>~b*)+3(@a—b)=(a+1)(b+1)+25

& (@’ +3a%+3a+1)— (b’ +3b*+3b+1)=(a+1)(b+1)+25

< @a+1)’ —(b+1)° =(a+1)(b+1)+25 (¥)

bat x=a+lLy=b+1(x,yeZ;x,y 22).

Khi d6 (*) tro thanh: x° —y® = xy +25 < (x = y)(X* +xy +y*) =xy + 25 (**)

+ T (*)suy ra x>y =>X-y =1, ma x> +xy+y* >0 nén:

x> +xy+y> <xy+25= x> +y’ <25=x<4 (1).

+Honntta: X>y va X,y>2 nén Xy >6.

Suyra x’ -y’ =xy+25231=x>>31=x>3 (2)

Tt (1) va(2) suy ra: x=4.Do x>y va y=2 nén ye{2;3}.

x=4 a=3
+ Thr lai, chi c6 { _3 thoa (**). Suy ra { b? la cdp s can tim.

Bai113. PT & [xz +4(y2 +7)] = 17[x4 +(y2 +7)1

o 16xt -8x(y* +7)+(y* +7) =0 [0 ~(y*+7)] =0
Sl -y -7=0(2x+y)(2x—y)=7

Do x,y nguyén duwong nén 2x+y 22x-y va 2x+y >0

.| 2x+y=7
Vay {2x—y:1 <:>(x;y)=(2;3)

Vay phuong trinh c¢6 nghiém (x; y) = (2,' 3)

Bai 114.

(y—1)=xy =x- 2 x4 1)=5x 5 ax+l o 6x-4
X (y 1) Xy =X y+1:>y(x x+1)—5x +x+l=y= 1 +x2—x+1 (1)
Do xz—x+1=(x—1)z+%>0 va x> —x+1=x(x-1)+1las61é

Mit khéc y 12 s8 nguyén nén phai c6 (3x —2)§(X2 —X+ 1) hay (3x2 —2x)§(x2 —X+ 1)

Lai co: 3(x2 —x+1)f(x2 —x+1). Suy ra: (x—3)3(x2 —X+1):>(3x—9)5(x2 —x+1)
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. (3x 9 (x —x+1) ,
Ta co: {(3){ 2 (X _X+1) (x —x+1)

X
Néu x2—x+1=1<:{ 1.taduocnghiém(o,l);(1,7)
X =

w2 X=-2
Néu x" —x+1=7 <
x=3
Vi x = -2 thi y khong nguyén
Véix=3thiy=7.
Vay phuwong trinh cso 3 nghiém (x, y) = (0, 1); (1, 7); (3, 7).

Bai 115. Ta c6: 25=(ac—3bd) +(ad +bc) =8(bd) +(ac—bd)" +(ad~bc)’ <8(bd)".
2 25 . A A
Suy ra (bd) < Y <4 ma bd nguyén nén |bd| <1
Véibd =0 thi ta tim dwoc cac b sd (a, b, ¢, d) nhu sau
(1,0,4,3),(-1,0,-4,-3),(4,3,1,0),(-4,-3,-1,0)
Bai 116. Ta c: 2x* +3y” +22z* —4xy +2xz—20 =0.
= (x—y+z)2 +(x—y)2 +(y+z)2 =20.
Ta thdy 20 chi c6 mot dang phéan tich thanh tdng binh phuong 3 sd do6 la:
20=0*+2"+4> Do x-y+z>0,y+z>0=>x-y=0
Tt day ta giai ra duge nghiém x =y =z =2 tirc la tam giac déu
Bai 117. Gia stt phuwong trinh c6 nghiém dwong (x, y)
Vi cac s6 duong a, b ki hiéu (a, b) 1a wéc chung 16n nhat cia a va b.

bat (x,y):d tacd x=dx,,y=dy, voi x,,y,eN" va (xl,y1)=1. Khi dé:

(1)<::>d(xi’+yf):(x1 +y1)2 +(x1y1)2 (2)
Véiluu y rang (x,y, )2 (x,+y,) (3)
T (x,,y,)=1 suy ra (x;y,,x,+y,)=1. Ké hop véi (3) ta duwoc xy, i(x,+y,) va d6 d6
x, +y, =1, mau thuan véi x,,y, e N’
Vay phuong trinh da cho khong cso nghiém nguyén duong.
Bai 118. Xét phuong trinh:

X'y’ —4xy’ +y? +x* =2y -3=0

X (xy® +1)=4(xy’ +1)+(y* —2y +1)=0
o (xy+1)(x*-4)+(y-1) =0 (2)
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Ta thay voi x, y 1a sO tie nhién thi :
xy*+1>0, (y-1)20
Do d6 x*-4<0 . Nghia la x chi c6 thé 18y cac gia tri 0, 1, 2
Vi x =0 thay vao (2) ta duoc: y> -2y —3 =0 hay y =-1 (loai) hodcy =3.
Véix =1 thi3y®*+3 - (y -1)>=0 (v0 nghiém)
Véix=2thiy=1
Vay phuong trinh da cho c6 2 nghiém 1a (2, 1) (0, 3).
Bai 119. Phuong trinh da cho twong dwong véi :
2x2+(y-2)x+y*=2y=0 (1)
Xem day 1a phuong trinh bac hai theo an X

A:(y—2)2—8(y2—2y):—7y2+12y+4:(y—2)(—7y—2)

D€ (1) c6 nghiém thi A20<:>_72£y£2 doyeZ & ye{O,l,Z}

o ) x=0
e V6iy=0=2Xx"=2x<
x=1
-1, .
x =—(loai
e V6iy=le2X-x-1=0< 2( )
x=1

e V6iy=2o2x"=0x=0

Vay tap nghiém ctia phuong trinh 1a (0;2);(1;1);(10);(0;0)

Bai 120. Ta c6: x° —xy+y2 =%(X+Y)2 +i(X_Y)2

X—y 3 9 2 3 2
m:;<:>7(x—y):3(x2 —xy+y2)<:>7(x—y):z(x+y) +Z(x—y)

Dat p=x+y,q=x-y

Khi d6 ta co: 28p:3(p2+3q2) (2) , tir d6 suy ra 28p:3=pi3 . Dit p=3k (ke Z)
Thay gi4 tri ctia p vao (2) ta c6: 28k =3(3k*+q*)  (3)

Suyra ki3=k=3m(meZ) .

Thay k =3m vao (3) ta duoc:

28m:27m2+q2:>m(27m—28):—q2 SOzOSmS%:m:0vm:1
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Véim=0thiq=p=0suyrax=0,y=0 (loai)
Véim=1thip=9vaq=1hoacq=-1.

Tt dosuyrax=5y=4hodcx=4,y=5

Vay phuong trinh cé 2 nghiém (x, y) = (5, 4); (4, 5).

Bai 121. Vi x,y nguyén duong nén 16(x3 - y3) =15xy +371>0=> x> Y.

Ta lai co 15xy=16(x3—y3)—371 las6lénén x,y déulé.suyra y>1Lx>y>1=>x>3.
Xét x=3= y<3= y=1 thay vao phuong trinh thoa man.

Xét x25 taco x-2>y, suy ra 16(x’ - y°) 216| ¥’ —(x~2)’ | =16(6x" ~12x+8).

Mat khac 15xy+371£15x(x—2)+371:15x2 —30x+371. Ta chitng minh

16(6x* —12x+8) >15x" —30x + 371,

That vay, 16(6x ~12x+8) >15x* —30x + 371

< 81x* -162x—243> 0 < x> =2x-3>0 < (x+1)(x—3) > 0 dung véi moi x>5.

Suy ra 16(x3—y3)>15xy+371 véimoi X>5.

Vay phuong trinh ¢6 nghiém (x;y)=(3;1).

Bai 122. Ta c6: (x—y)(2x+y+1)+9(y-1)=13< 2x*> + Xy +X—2xy—y* -y +9y-9-13=0

(2x2—2xy+6x)+(xy—y2+3y)—(5x—5y+15):7<:> 2X(x—y+3)+y(x—y+3)-5(x—y+3)=7
< (x-y+3)(2x+y-5)=7

X_10
-y+3=1 —y=-2 T3
eTHL: | YT LY 8 (loai)
2X+y—-5=7 2X+y =12 16
=3
X_10
-y+3=7 -y=4 T3
+TH2: X=y= S X=y S 3 (loai)
2X+y—-5=1 2X+Yy =6 -2
y —_
3
X—y+3=-1 X—-y=-4 X=-2
vTH3: YT STV o (thoa mén)
2X+y—-5=-7 2X+y=-2 y=2
-y+3=-7 -y=-10 =-2
+TH4: {0 7T SITYTTRL N (thoa mén)
2X+y-5=-1 2X+y=4 y=8
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Vay pt da cho c6 nghiém nguyén (x;y) la: (-2;2), (-2;8).
Bai 123. biéu kién: x> +xy +y* #0. Tt phwong trinh suy ra x —y #0. By gio ta viét
lai phuong trinh da cho duwdi dang
13(x—y):7(x2+xy +y2) (1)
Twr day, ta c6 13(x —y ) chia hét cho 7. Ma (14,7=1) nén x —y chia hétcho 7. (2)

Mat khéc, ta lai c6 x* +xy +y2:i(x—y)2+%(x +y)2>%(x—y)2

Do d6, két hgp vdi (1), ta suy ra

~

2
13(x—y)ZZ(x—y)
NP . Y .y 52 . ‘-
Tt d6, véichuy x -y #0, tacd danh gia 0<x —y <7. Keét hop vdi (2), ta dwoc

x—y=7vax’+xy+y’ =13

=3
s 1A \ x—-y=7 {y =4
Giai hé phuwong trinh {ngxy +y? 137 (24
y=-3

Bai124. Ta cé b*+c?=a’ = (b+c)’ —2bc=a’ = (b+c)’ —4(a+b+c)=a’
= (b+c-2)" =(a+2)’.

Vib>c>1nén b+c-22>1 d6 dé
b+rc-2=a+2=a=b+c-4=b’+c¢’ :(b+c—4)2 < (b-4)(c-4)=8.

Vi b-4>c-4>-3 nén 6 cac truong hop sau

bh-4=8 b=12
TH1: = =a=13.

c-4=1 c=5
b-4=4 b=8

TH2: = =a=10.
c—-4=2 c=6

Bai 125. Diéu kién X#0.
Pbat a=x++/2018 = x=a-+/2018

Xét b=' 2018 =— \/20—1—7 av2018 + 2018
X a-— \/ a—+/2018

= b(a—+/2018) = 2025-a+/2018
= ab-2015=(b-a)/2018
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Véi abez
= ab-2025eZ = (a—b)v/2018 =0
=a=bh

= a=b=%v2025 =445

+ a=45=x=45-2018

+ a=-45=x=-45-+/2018

Bai 126. (x—2018)2 =y'—6y° +11y° -6y <:>(x—2018)2 +1:(y2 —3y+1)2

& (x-2018)° —(y? -3y +1) =1 (y? -3y —x+2019)(y? -3y +x—2017) =1
Vicdp X;Yy nguyén nén:

y? —3y—x+2019=1 x=2018 x=2018;y=0
THI: S < :
y?-3y+x-2017=1 " |y*-3y=0 ~|[x=2018,y=3

y> -3y —x+2019=-1 x=2018 x=2018;y =1
TH2: <9, = :
y2—3y+x—-2017=-1 |y*-3y+2=0 |[x=2018y=2

Véy phuong trinh c6 cac nghiém (x; y) €{(2018;0),(2018;1),(2018;2),(2018;3)}
Bai 127. Dit b=ga;c =g’a(q>1) thita dugc a(l+q+q*)=91=137.

Truong hop 1: Néu q 1a sd tu nhién thi ta duoc

a=1 a=1
, o =a=1b=9,c=81.
1+9+q° =91 q=9

a=7 a=7
= =a=7b=21c=63.
1+g+q° =13 =3

a=13 a=13
" IS = a=13;b=26;c=52.
1+q+q° =7 q=2

Truong hop 2: Néu q la s6 hiru ty thi gia st q =§(x23;y22).
Khi d6 a(1+q+0*)=91< a(x* +xy+y?*) =91y (x* +xy+y* 219)
2

Ta co c:izeN:%eN:a:tyz:x2+xy+y2:91:>x:6;y:5.

va a=25:b=30;c=36.

Vay c6 8 b0 s6 (a;b;c) théa man(1;9;81),(81;,9;1),(7;21;63),(63;21,7);...
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Bai 128. Ta co: x(x+1):n(n+2)<i>x2 +x+1=(n+1)2 (1)
V6i x €N thi: x> <x* +x+1<(x+1) nén x* +x + 1 khong phai 1a s8 chinh
phuong ma (n + 1)2 la s& chinh phuong véi Vn € Z, do d6 (1) khong xay ra.
Vay vdi moi s6 nguyén n cho trude, khdng ton tai s6 nguyén duong x sao cho
x(x+1)=n(n+2)
Bai 129.
1) bat M :3/1+\/;+3/1—\/§ (x>0)
2 2
Ta co M® = 2+3(§/1+\/;) 3/1—\/; +3§/1+\/;(§/1—\/;) =2+3.M3I1-x<2+3M (Vi

J1-x <1 vx>0)
= M*-3M-2<0
& (M+1)(M*-M-2)<0

& (M+1)*(M-2)<0
[M:—l
~
M <2
_ 3
Dt {a_\/1+x/;

= (a>1,b<1)
b=31-vXx

N . [a+b=-1 a=-1-b
+) Voi M=-1, ta co

a*+b0 =2 |~ (14304307 +b7) 4 b7 =2
a=-1-Db
ST = hé vo nghiém

b*+b+1=0

+)Véi M<2ea+b<2e (a+h) <8< a’+b*+3ab(a+b)<8
<:>ab(a+b)32<:>ab(a+b)£a3+b3<:>(a+b)(a—b)220
{a=b
o
a+b>0
Néu a=bo2a’=2ca=1<x=0

Néu a+b>0=0<M<2.Vi M nguyén nén M ={0;1;2}

a+b=0 =—p
o M:O:{ @{a = hé vo nghiém

a®+b*=2 0=2
a+b=1 a=1-b a=1-b

® M=1:> 3 3 And 2 2 = 2 2 2
as+b’=2 a‘—ab+b°=2 1-2b+b*—b+b +b“°=2
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[, 3-v21
6
b:3+6\/2_1 b_3+\/z
a=1-b N 6
= = _ =
37 -30-1=0" || b= 621 3471
a:
6
a=1-b
,_3-v21
i 6
L 321 1+&=9+2Jﬁ .
Két hop diéu kién ta duoc 6 o ex=28
3-+/21 9-24/21 27
b= 1-x =
6 9
(TM)
a+bh=2 a=2-b 4-4b+b*-2b+b*+b* =1
e M=2& =
ai+b*=2 a’—ab+b?=1 a=2-b

b=1
= { < x=0(TM)
a=1
A o < 28 ., A L TN g
Vay véi x=0 hodc x = >7 thda man yéu cau bai toan.
Bai 130.Gia thiét < 3(x—3)° —18y? + 227 +3y*z* =54(1)
+) Lap luan @6 z°:3=2:3=2*:9=2° > 9(*
(1)< 3(x—3)* +2z° +3y*(z° — 6) =54(2)
(2)=54=3(x—3)* +22z° +3y?*(z* —6) > 3(x—3)* +2.9+3y>.3
(x—3)? +3y2 <12
= y? <4 = y? =1y* =4 viy nguyén duong
Néu y* =1<> y =1 thi (1) ¢ dang:

3(x—3)2+522 =72=57"<72=71° 3%2: 7 =9= 7 =3(vicd(*))

Khi d6 3(X —3)2 =27T= (X —3)2 =9, x nguyén dwong nén tim duoc x =6
Néu y? =4 < y = 2(viy nguyén duong) thi (1) cé dang:
3(x—3)" +142° =126 = 147° <126 = 7° <9 = 7° =9 = 7 = 3(vi z nguyén duong)

Suy ra (x—3)* =0=> x = 3(vi x nguyén duong)
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bép s6

N < X
oo.l;oo
N < X
OOILCD

Bai 131.

a) Tim céc s8 nguyén dwong x, y théa man x° —y° = 95(X2 + yz)

e Phan tich va 10i giai. Dt d = (X,y) khi d6 = = da;y = db v6i a,b € N* va (a,b) =1,
Va phuong trinh tré thanh d(a - b)(a” +ab + b*) = 95(a” + b?)

Vi (a2 +b’a” +ab+ b2> =1nén a®> +ab+b’ = (a - b)2 — 3ab la wdc ctia 95 = 5.19, woc
nay chia 3 du 1 hodc 0 va 16n hon 1 nén chi cé thé 1a 19, nhu vay (a - b)2 —3ab =19

a—b=1 {azG z =195

y =130

Tedotad
u do ta ufoc1a.b:6 & h—o9

:>d:65:>{

Vay cdp s6 nguyén duong thoa man bai toan la (J;; y) = (195;130)

2 2
b)Timcécs@'thucx,ythéaménx 4+y 4+8:4(\/x—1+\/y—1).
z Y

e Phan tich va 1oi giai. Tt hé thirc bai toan cho ta ¢ diéu kién xac dinh1a z > L;y > 1. Hé
thitc da cho c6 chira ca bién 6 mau va chira ca can thitc bac hai, do d6 dé tim dwoc cac x, y

thoa man ta sé bién do6i hé thire da cho vé dang tong cac binh phwong. Ta c6

2 2
v .Y 4+8=4%w4+¢y4)

z Y
2 /_ 2 4 _1
e dmrol vy o8 VTl Ly
T T Yy

1(3: —4+4daNe —1+4z)+ (y —4 + 4y \y +4y)—0
Y
2
@l(x—Q 3:—1) +—(y—2\/y—1) =
Y

T
Vi z > 1;y > 1 nén ta co

~r-1=0  [r=2
l(z—Q T — ) (y 24y — )-0@ ! ’ !
z 2y —1= 0" |y=2
Thtr lai ta thay (m; y) = (2;2) thoa man yéu cau bai toan.
Bai 132. D&y rang 2x+y = (3x +2y) —(x + y) nén phuong trinh da cho duwoc viét lai thanh

(x+y)(3x+2y)2 :(3x+2y)—(x+y)—
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Dit a=x+y;b=3x+2y.Khidd tacé ab’ =b—a-1 hay a(b2 +1)=b—1.

Tir d6 suy ra b—1 chia hét cho b®+1. Do d6 ta dugc b* +1—-(b-1)(b+1) chia hét cho

b? +1 hay 2 chia hét cho b* +1. Suy ra b* +1&{1;2} nén be{-1;0;1}.

+Véi b=-1 ta duwoc a=-1, khi d6 ta duoc (x;y) =(1; —2) .

+V6i b=0 ta dugc a=-1, khi d6 ta dwoc (x;y)=(2;-3).

+Véi b=1 ta dwoc a=0, khi d6 ta duoc (x;y) =(1;-1).

Vay céac cip s6 nguyén (x;y) = (1; -2),(1; —2),(2; ~3) thoa man yéu cau bai toan.

Bai 133. Trudc hét ta chiing minh bd dé: Vi moi sd nguyén t6 ¢6 dang p = 4k + 3 thita

Iudn co
a:
o +bip & .p(a,bEZ)
b:p

That vay, ta xét hai treong hop sau
+ Truong hop 1. Néu mét trong hai sd a va b chia hét cho p thi ta suy ra diéu can chiing
minh.

+ Trueong hop 2. Néu ca hai s6 a va b cing khoog chia hét cho p. Khi d6 ta c6

(a;p): (b;p): 1.

— gih+? +b4k+2 EQ(modp)

a’ =1(mod a™? =1(mod
Theo dinh li Fecmat ta co [ ( p) | ( p )

b’ = 1(mod p) Tt = 1(mod p)

k k
Mit khacta co o’ + 5" = (a*) " + (5] chiahét cho a* + b* nén chia hét cho p.
Ttr d6 suy ra 2 chia hét cho p, ma p la s6 nguyén t6 nén ta dwgc p = 2. Diéu nay mau
thuan vi p 12 s8 nguyén t 1é.
Nhu vay truong hop 2 khong xay ra hay b6 dé dwoc chitng minh.
Tro lai bai toan. Do 4617 chia hét cho 19 nén 122° + 26zy + 15y :19 hay ta duoc
122% — 122y + 15¢° + 382y:19 < 122° — 12zy + 1547119
& 3(43;2 — day + 5y2)§19 & 42% — day + 5y° 119
2 2 2 2 2.
& (43: —4dxy +vy )+4y 119 & (23:—3/) +(2y) :19

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Do 19 1a sd nguyén t6 c6 dang 4k + 3 nén ap dung bd dé trén ta suy ra duoc

2z —y:19 3r —2y:19 3x:19 z:19
24119 24119 2119 |yi19

Tt d6 ta dwoc 42 — 4zy + 5y* :19°. Didu nay dan dén mau thuan vi 4617 khong chia hét
cho 19°.
Vay khong ton tai cap s6 nguyén (:c; y) thoa man yéu cau bai toan.
2
Bai134.Tacd x' +2x° =y’ & x' +2x* +1=y° —|—1<i>(x2 +1) :(y—i-1>(y2 —y—i—l).
Goi d = <y-|—1;y2 —y+1). Khi d6 ta co (y+1)25d va y° —y +1:d nén ta duoc
2 . .
(y+1) —(y2 —y+1):d = 3y:d
Do d la nguyén t& nén ta cé hai truong hop
. . 92 2 2 . A 2 2 . D) . SA \
+Khi 3:d ta duoc (x +1) = (y +1)(y -y+ 1):9 nén (x +1) :9 = x” +1:3. Diéu nay

v0 ly vi s& chinh phuong chia cho 3 khong thé c6 s6 duw la 2.

+Khi 3id ta dugc yid, kéthop véi y +1:d tasuy ra dwoc d =1.
Do d6 (y—l—l;nyy—i—l):l.
Khi d6 do (y +1)<y2 fy+1) 1a 56 chinh phuong nén ta dat y + 1 = a%y? —y +1=b’
trong do a, b 1a cac s6 nguyén duong va (a;b) =1. Tk doé ta duoc
b2 = (a2 —1) (2> —1) & 4b* =4a' — 122> +12 & (2b - 22 + 3)(2b + 2% + 3) = 3

2
Vi (2b>2 > (2&2 — 3) = 2b > 2a’ — 3 nén ta xét cac trudng hop sau

+ Treong hop 1. Véi %+ 24 — 3 — 3 =12 o’ hé khong c6 nghiém nguyén.

a =

[9h —20> +3=1 {b:1

+ Truong hop 2. Vi ; Sr=y=0.

=
b=1

9h -2 +3=3 [b=1 a=1 J[y+1=1
2 Mg 2 And 2
2b+2a" -3=1 a” =1 y —y+1l=1

Tht lai vao phuong trinh ban dau ta thdy thoa man. Vay phuwong trinh ¢6 nghiém duy
nhat 1a (0; 0).
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Bai 135. Nhéan xét: a; b la cdc s6 nguyén thoa man a”+b%i3 thi a; bi3 that vay, vi
a* =0,1(mod3); b* =0,1(mod 3).
a* = O(mod 3)

<, b:3.
b2 50<mod3)

suy ra a° +b* =0(mod3) @‘

Phuong trinh teong duong véi (6x2 + 9y2) - (x2 + yz) —28.9°,

2= O(mod 3)

) of d3):>x:3x1;y:3y1(xl;yleZ).
y = mo

suy ra x> +y* =0(mod3) :>[

Thay vao phuong trinh ta thu dwoc 5-9x7 +8-9-y7 =28.9°
& 507 +8-y2 =28-9%.

Lap luan twong tw ta thu dwoc x; =3x,; y, =3y, (x,; y, €Z).

Va nhan duoc phwong trinh 5-9x5 +8-9-y5 =28-9°
&5-45+8-y2 =28-9.

Tuong tw ta cd x, =3x5; ¥, =3y, (x3; y; €Z) va thu dugc 5-x5 +8-y35 =28.
Tt phuong trinh suy ra ygg%gzz.

> , 28

=0=x=—

Y3 575 :>x§:22;y§:1.
y§=1:>x§=22

Suy ra

=>x§=9-22;y§=9.
=7 =922% 7 =92 = %7 =922, 7 = 9%,
Dépsé: x=2-3%y=3>, x=2.3;y=-3%, x=-2.3%,y=3°, x=-2.3%, y=-3°.
Bai 136. Phuong trinh tuwong duwong véi
(x+y+1)(xy+x—i—y):2(x+y—|—1)+3
&(x+y+1)(xy+x+y—2)=3.

=x+y+1 la wdc cua 3.

1=1 =
+Giai F YT ¥ TY=0 (46 nghiém),
xy+x+y—2=3 |xy=5>5
+ Giai x+y+l=-1 o x+y:—2® x:—l.
xy+x+y—2=-3 |xy=1 y=-1
L Giai x+y+1=3 x+y=2® x=1-
xy+x+y—2=1 |xy=1 y=1

4 (v0 nghiém).

+ Gidi {x+y+1:—3 @{x%—y:—

xy+x+y—2=-1 xy=>5
Vay (xy)=(L-1),(L 1).

Bai 137. Ta co:
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(1+ xz)(l+ y2)+ Axy +2(x+y)(1+xy)=25.< (xy +1)° +2(x+ y)(1+xy) + (x+y)* =25

S (XY +1+x+y) =25 (x+1)%(y+1)° =25
Vix, y khong amnén (x+1)(y +1)=5taco (x; y)=(0; 4); (4; 0)
Bai 138. a) Goi X, X, € Z la nghiém cua phuong trinh (1), Theo Vi-ét ta co:

—a+5
{x1+x2 a+ “)

XX, =5a+2

. , {5x1+5x2 =5a+25
Tt (*) ta co
XX, =5a+2
= (% -5)(x,-5)=2=1.2=2.1=(-1).(-2) = (-2).(-1)
Suyraa=8hoaca=2

X +X,=-a

= X + X, — XX, =—198
XX, =198—a R TR

b) Ta co: {

< (% —1)(x, -1) =199

Do 199 1a s6 nghuyén t6 nén:

(% —1)(% —1) =1.199 =199.1= (1).(~199) = (-199).(-1) = a =198 hogic a=-2
Bai 139. bat u=X+Yy, v=x.y.
Ta co: x3+y3+1:3xy<:>(x+y)3—3xy(x+ y)+1-3xy =0

Hay U’ -3uv+1-3v=0 < (u+1)(u® —u+1)-3v(u+1) =0« (u+1)(u*~u+1-3v)=0.
Vi X, y>0=u=x+y>0=u+1=0
Vay u®-u +1—3v=0:v=%(u2 ~u +1)

X+y=U

T phattimxy nguyen duong 20 ho: |y Lye_y )

Suy ra x, y la hai nghiém cta phuong trinh bac hai:
X% —uX +1(u2—u+1):0
3
Ta co A=—%(u—2)2<0 néu U # 2. Vay ta phai co: u=x+y=2:>x=y=%=1.

Bai 140. Ta cé:
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PT < y* +2y° +3y° +2y = x* + X

Sy +2y +y)+ 2y +y) +1=x2 +x+1
S +Y) 2 +2(Y +yY)+1=x" +x+1

S (Y +y+1D)? =x"+x+1

Patt=y>+y+1thiteN vat>1, taduwoc

t? =x* +X+1 42 =4x° +4x+4

< 47 —(2x+1)" =3

o (2t-2x-1)(2t+2x+1)=3

Cht y rang 2t + 2x+1>3nén ta cd 2t +2x + 1 =3 va2t-2x-1=1
Suy ra phuong trinh c6 nghiém nguyén khong amlax=0; y =0

Bai 141. Dit p=x+y;q=x-Yy thi x= p;q,y: p;q

Thay vao (1) ta dwoc 28p =3(p* +39°) (1)

Tt (2) suy ra: 28p : 3 ma (28,3) =1 nén p :3, ddt p = 3k.
Thay vao (2): 28k =3(3k”+q*) = ki3 diit k =3m ta dwoc
m(28-27m)=q*=m=0 hodcm=1.
Néum=0=>x=y=0
Néum=1=>x=5y=4hodcx=4,y=5

Vay (xy) €{(0:0),(5:4).(4:5)}

Bai 142. Phwong trinh da cho twong duong voi:

17y* +34xy +51(x+y)-1734 =6 - X

V& trai ctia phuwong trinh chia hét cho 17.

Dt x=17k+r(neN,0<r <16)

Dé thay x*~6=(17k +r)’ —6 khong chia hét cho 17.
Vay phuong trinh khong c6 nghiém nguyén.

Bai 143. Cht1 y rang moi s& hitu ti déu biéu dién dwoc duy nhat dudi dang lién phan s6:
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2 g+ 1
b 1
0, + 1
0, + 1
|
S
On
Véi q,€2;q,,0,,....q, e N'vaq, >2
Phwong trinh da cho twong duwong voi
2 2
xy+x+xi +2y=§<:>(x+y)+ 1:5+ 11
Xy X+ — 2+~
y 3

T désuyra x=2,y=3.
Bai 144.
Ta viét lai phuong trinh: (X+y+1)(xy+Xx+Yy)=2(x+y+1)+3< (x+y+1)(xy+x+y—-2)=3

= x+y+1lawdcctald

1=1 =0
+Giaid YT XY= (V6 nghiem)
Xy+X+y-2=3 Xy=5
L X+y+l=-1 X+y=-2 X =—1
+ Giai = =
Xy+x+y-2=-3 Xy =1 y=-1
Lo Ix+y+1=3 X+y=2 x=1
+ Giai = &
Xy+x+y—-2=1 xy =1 y=1
1=-3 =—4
+Giaid YT = 1Y =7 (Vo nghiem)
Xy+Xx+y-2=-1 Xy=>5

vay: (xy)=(L-1),(1)
Bai 145.
Ta viét lai phuong trinh:

4x* +2x(4y+1)+3y* +y+2=0

2 2 2
<:>4x2+2.2x.(4y2+1j +(4y2+lj +3y2+y+2—(4y2+1] =0

4y+1Y (4y?+4y+1)
Hay:(ZXJ“ > j ( 1 =-2
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2 2
(2x+%j —(%j =2 (2x+y)(2x+3y+1) =2

Ta c6 cac treong hop xa yra:

2x+y=1 {2x+y=1 y=-2
&

. = -

THl~{2x+3y+1=—2 2x+3y=-3 x=% (loai)
2x+y=-1 - 2x+y:—1<:> y=1

TH2:) oy 43y +1=2 2x+3y =1 x = —1( thoa man)

1
2X+y=-2 2x+y=-1 |Y73
THP’:{ZX+3y+1:1<:>{2x+3y:0<:> B 3 (loai)
=73
1
2X+y=2 2x+y=-1 y=-5
TH4:{2X+3y+1=—1<:> {2x+3y -2 1 (théaman)

4
Vay phuong trinh ¢4 nghiém duy nhat(x;y)=(11)
Bai 14e.
Ta viét lai phwong trinh: (x— y)(x2 + XY + y2) =91=13.7

Vi(13,7)=1vax® + xy+y’ > 0suy ra cac kha nang c6 thé xay ra la:

X—y=7 . |[x-y=13
2 2 hOEjC 2 2
X“+Xy+y =13 X“+Xy+y =7

Ta tim dwoc nghiém:(X;y) =(6;5);(-5-6);(4-3);(3;—4)
Bai 147.
Ta viét lai phwong trinh: X*+X+1=y(x+2), d¢'y rdng X =-2 khong pha 1a nghiém cua

x3+x+1C> B X2 (X+2)—2x(x+2)+5(x+2)-9
X+2 y= X+2

phuong trinh nén suy ra y = hay

y=x —2X+5—i2, de x;yeZ=x+2eU(9). Tkt d6 ta im duoc cac nghiém ctia phuong
X+

trinh 1a: (X;y)=(-11;149);(7;39);(-5;43);(-3;29);(-%-1);(L1).

Bai 148.
St dung hang dang thitc: a® —b® =(a—b)’ +3ab(a—b) ta cé: (*) tuong duong véi
(x— y)3 +3xy(x—y)=xy+8.Dat x—y=a,xy=b v6i a,b e Z phuong trinh tro thanh:
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a’+3ab=b+8<a’-8=-h(3a-1)=a’-83a-1

Suy ra 27(a*-8):3a-1<> 272’ ~1-215:3a-1. Do 27a°-1=(3a-1)(9a’ +3a+1):3a-1, suy
ra diéu kién can la: 215:3a—1, chti y rang 215=43.5. Tt d6 ta tim dwoc a=2,b=0suy ra
cac cap nghiém cua phwong trinh la: (X; y) = (0; —2);(2; O) .

Chu y: Véi cac phuong trinh dua duoc vé an x—y; xy hoac X+ Y;Xy ta dung phép dat an
phu d€ chuyén thanh bai toan chia hét.

Bai 149.

Ttr gia thiét ta suy ra x* —2:xy +2hay y(x2 - 2)5 xy +2. Ta c6 phan tich sau:
y(x*—2)=x(xy+2)—2(x+y)suy ra 2(x+y)ixy+2 hay 2(x+y)=k(xy+2)véi ke N*.
*Néu k>2thi 2(x+y)=k(xy+2)>2(xy+2) = x+y2xy+2<(x-1)(y-1)+1<0.
biéunay volido x,y>1.Vay k=1 2(X+ y):xy+2c>(x—2)(y—2)=2 . Ttr d6 tim dwoc
(%y)=(34);(43).

Bai 150. Dat z = y—2, phuong trinh da cho tré thanh:

(x+2)2 z+(z+2)2x+26:0©(x+z+8)(xz+4):6 tir d6 suy ra x+z+8eU(6). Giai cac
treong hop ta thu duoc cdp sd (X; y) thoa man diéu kién la:
(x;y)=(L-1);(-3;3);(-10;3);(L-8).

Bai 151. Dt d =(x,y);d >1suy ra x=ad;y=bd vdi (a,b)=1. Ttr phuong trinh ta cd:
d(a-b)(a’+ab+b*)=95(a’+b*). Vi (a,b)=1 nén (a*+ab+b’;a’ +b*) = (ab;a’ +b*) =1
Suy ra a’+ab+h? €U (95). Néu a’ +b’ +abi5= 4(a’+b’+ab):5=> (2a+b)’ +3b*5. Mot 8
chinh phuong chia 5 chi ¢ thé du 0; 1; 4. Suy ra a,bi5 diéu nay trai véi gia thiét(a,b)=1.
Vay a’+ab+b®=19,do a>b>0=b=2;a=3 1a cap sd duy nhat théa man: Ttr d6 tinh
duwoc cdp nghiém cua phuong trinh 1a: (X;y)=(195;130).

Bai 152. Ta viét lai gia thiét thanh:

(x2 +2)2 :(y2 +3)2 +(y4 +x7y? +5y2)(x2 +2)2 —(y2 +3)2 =y’ (x2 +y? +5)
Hay (x*+y®+5)(x’ -2y’ -1) =0« x* —2y* =1 (x—1)(x+1) = 2y°
Suy ra (X—l)(x+l)§2hay X—1hodc X+1chia hét cho 2. Mat khiéc ta co: X+1—(X—1):232

nén ca 2 s6 x+1,x—1déu chia hét cho 2. Do d¢ (x—1)(x+1):4=yi2, ma y la s6 nguyén t&

nén y’i2=y=2 . Thay vao ta tim duoc x=3.

Bai 153. Dt (x,y)=d>1suyra x=ad,y=bd véi a>b,(a,b)=1 thay vao phuong trinh ta
c6:a%d® -b’d® =13(a’d’ -b’d®) < d(a—b)(a® +ab+b*) =13(a* +b*) = 13(a* +b*):(a’* + ab +b?)
Talai cé: (a® +b?,a*+ab+b?)=(a’ +b?,ab) =1

a’+b*id , ,
That vay gia st (a2+b2,ab)=d1:>{ —:)'d ! gia st a:d, = b:d,
a .

1
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Ma (a,b)=1=d, =1 . Nhu vay ta c6: a’ +b* khong chia hét cho a? +ab +b?
Suy ra 13:a’ +ab+b* = a’+ab+b’*=13=a=3,b=1= x=15,y=5

16a’ +b*+14b+49 16

Bai 154. D3t x> =a,y? =b ta viét lai phwong trinh thanh 5 =—
(a+b+7) 17

16a° +b*+14b+49 16
(a+b+7)2 17

Hay ©16(a+b+7)" =17.16a* +17(b+7) hay

256a% ~32(b+7)+(b+7)" =0 (16a—b-7)" =0<16a-b—7=0 hay 16X’ —y* =7

4x—-y=1 x=1
Tiec la (4x—y)(4x+ y)=7 do x,y lasd ty nhién nén ta suy ra y =
A4x+y=17 y=3

Bai 155. Dé thay véi x =0hodc y =0 khong thoa man.
Xét |X|,|y| >1 do vai tro nhu nhau, gia st |X| 2|y|
Khi dé tacd X* —xy+y* <3x* =y’ <8=ye{+];+2}.
+Né&u y=1=x*—x+6=x>=x=6.
+Néu y=-1= X" +x+6=%x* = x=-6.
+Néu y=2=x"-2x+4=4x"-5= x¢ Z loai.
+Néu y=-2= x> +2x+4=4x>*-5= x ¢ Zloai.
Dap s8: (x;y) = (6;1),(-6;-1),(L,6), (-1 -6).
Bai 156. T diéu kién x+y—-z=2 suy ra z=x+Yy—2 thay vao diéu kién ban dau ta co:
3x2 +2y? —(x+y—2)" =13. Hay 2x°+y* —2xy —4x+4y-9=0
oy -2y(x-2)+2x* -4x-9 < y2—2y(x—2)+(x—2)2+2x2—4x—9—(x—2)2=0
c>(y—x+2)2+x2 =13=4+9, suy ra X’ =4 hodc x> =9 < x=2 hodc x=3.
Néu x=2 suyra y=3 =2=3,néu x=3 suy ra (y+1)2=4:>y=1:>z:2.
Véy c6 hai bd 3 58 (x;y; 2) théa man diéu kién Ia (2;3;3) hodc (3,1;2).
Bai 157. Ta thdy x=y=0 la m{t nghiém ctua phuwong trinh.
X =md
Véi x,y#0 giast (x,y)=d=:y=nd thay vao phuwong trinh ta duoc:
(mn)=1
m*d?(md +nd):(md—nd)2n2d2<:>m2(m+n):n2d(m—n)2:>m2(m+n)2n2
(mz,nz):l

=n’=1=n=+1.
(m+n,n2):1

Do (m,n)=1=
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Néu n=1=m*(m +1)E(m—1)2 = m+1§(m—1)2 = m+1lim-1=me{3;2;0;-1} ttr d6 tim duoc
cac cdp nghiém (x;y)=(27;9),(24;12).

Néu n=-1=m?(m-1)=d(m+1)° =>m-Lm+1=me{-3-2,0;1} , ki€m tra khong cé gia
tri nao thoa man.

Bai 158. Dé thdy véi x=0 hodc y =0 khong théa man.

Xét |x|,|y| 21 do vai tro nhw nhau, gia st |X| >|y|

Khi d6 ta cd x> —xy + y* < 3x?

Suy ra Xy’ =X’ —xy+y’+5<8x’ = y* <8= y e {£1,+2}.

+Né&u y=1=x*—x+6=x>= x=6.

+Néu y=-1=> x> +x+6=x"=>x=-6

+Néu y=2=x*-2x+4=4x>-5=x¢ Z loai

+Néu y=-2=x*+2x+4=4x*-5=x¢ Z loai
Dép s6: (x;y)=(6;1),(-6;-1),(L6),(-L-6).

Bai 159: Bat u=x+y;v=xy, ta co:

uv? —v+u-3=0, ta phai cé:

A, =1-4u(u-3)>0=>u<3=ue{0,123}.
Dép s6: (0;3),(3;0),(L1)

Bai 160. Ta viét lai phwong trinh thanh:
2°-7=1

2% -y =37 (2" -y)(2¥ +2"y+y*) =137 =
y @ - )@ +2y+y) {22X+2x_y+y2:37

Thay 2" =y+1 ta cé:
(y+)’+(y+D)y+y’ =37y’ +y=12 y(y+1)=34=y=3,x=2
Vay phuong trinh c6 nghiém la (x; y) = (3; 2)

Bai 161. Ta thay cap s6 ( 0; 0) la mot nghiém ctia phwong trinh trén
Néun =1 thi +/x = y = x = y?(x < 0) vay nghiém ctia phurong trinh trén (x; y) 1a (3 t) voi

teN
Néun=2thi yx+vx =y = x+/x = y? = x = y2 = x = /x 13 56 tw nhién
= /x =t v6i t e N Khi d6 t(t +1) = y2 nhung t* <t(t+1)< (t+1)* nén t? < y2 < (t+1)*

biéu nay khong xay ra véi t > 0 va phuong trinh chi ¢6 nhiém (0; 0)
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V6i n>3 tacd \/x+\/x+\lx+...+\/_ =y? —X trong d6 v€trailan-1dau can; dat

y?—x=y, lasdnguyén duong. Tiép tuc lam nhw vay nhw thé n - 2 lan dan dén
X+4/% = y%n2 —x

Nhu vay ta lai tro vé treong hop thit 2 va chi c6 nghiém (0;0).
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NGUOI CHUNG MINH DINH LY PHEC - MA CUOI CUNG
(Trich bai viét trén sdach “9 Chuyén dé s6 hoc Vii Hitu Binh”)
Vao nam 1917, nha toan hoc kim luat gia nguwoi phdp Phéc — ma (Pierre de Fermat,
1601 — 1665), néu ménh dé sau (duoc goi la dinh ly 16n Phéc — ma, ciing goi la dinh ly cudi
cung cua Phéc — ma):
Phuong trinh x" +y" =z" v6in la s6 nguyén 16n hon 2 khong c¢é nghiém dwong.

Nguoi ta tim thdy chiing minh cta Phéc — ma véi n =3 va n = 4. M{t tram nam sau
nguoi ta ching minh duoc ménh dé trén véi n = 5, 7. Dén nam 1992 véi sy phat minh ra
may tinh nguoi ta chiing minh dwgc véi n <4000000. Dén ndm 1993 bai toan van treo lo
litng nhut sw thach d& kha ning ctia con nguoi. It nguoi tin réng bai todn sé dwoc giai
quyét ngay trong thé ki XX.

Nguoi da lam dwoc cong trinh tuyét voi nay la nha toan hoc nguoi anh Oai - lo
(Andrew Wiles, sinh niam 1953). Ong da tu nguyén gan bé doi minh véi bai toan thé ki
nay tlr ndm 23 tudi. Ong k¢ lai:

“To6i nghi vé bai todn sudt ngay, ca trong lic ngu. Khi bé tic toi di dao gan ho.Tdi ¢6
s&n but chi va gidy. Liic cd mot y twdng toi ngdi xudng mot bang ghé va viét voi ra, sudt 7
— 8 ndm troi nhu vay. Mot budi sang cudi nam 5 — 1993, t6i ngd lwdt qua bai nghién ctu
ctia minh, c6 mot cau lam t6i chu y, cau do nhic dén mot cong trinh vao thé ki XIX, va toi
bdng nhan ra tdi c thé ding né dé hoan tat chitng minh. Tdi tiép ttc téi chiéu va quén ca
an trua. Khoang 3 — 4 gio chiéu toi tin teéng da giai quyét duoc bai toan. Toi xudng nha va
ndi voi vo to6i 1a toi da ching minh dwgc dinh 1y Phéc — ma cudi cung”.

Oai - lo cong bd cong trinh cua minh trong mot hoi nghi toan hoc quoc t€ o
Cambridge, Anh. D6 1a ngay thit tw 23-6-1993, ngay bao cdo cudi cing ctia 6ng. Ong da
chting minh duge mot gia thuyét ma dinh ly Phéc — ma 1a hé qua ctia gia thiét nay. Ong da
két ludn ban bao cdo: ”Va diéu nay chiing minh dinh ly Phéc — ma”.

Phong hop im lang r6i ca hoi truong vo tay don dap. Ngay hom sau bao chi ca thé
gioi dua tin vé mot trong nhitng thanh tyu toan hoc vi dai nhat.

Cong trinh 200 trang ctia 6ng dwoc giri dén cac nha ly thuyét s6 hang dau thé gidi.
Sau thang sau ho phét hién ra mot 16 hong trong chimg minh, mot 16 hdng chir khoong
phai sai lam, moi nguoi tin rz‘“mg Oai - lo sé khic phuc duogc.

St miét ma ctia Oai — lo da duoc tra gia. Thang 9 — 1994 6ng da tim ra 16i sai cta
minh va thang 10/1994 6ng cling hoc trd ctia minh cong bd mot bai béo 25 trang dé 1ap 16
ho cta bai bao cdo trude. Lan nay nguoi ta khong tim thay mot sai sét nao. Dinh 1y Phéc -
ma cudi cung da dwoc chitng minh sau trén 350 nam.

Viéc Oai - lo chitng minh duoc dinh ly Phéc — ma cting nhu gido suw Ng6 Bao Chau
chitng minh duwoc b6 dé co ban cua Chuong trinh Langlands cho thdy bd 6c cuarcon nguoi
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that ki diéu: Bat cit dinh cao nao cta con nguoi cling c6 thé vuon téi. Khong cd bai toan
nao ma con nguoi khong thé giai dwgc, chi la sém hay mudn ma thoi!

MOT SO PHUONG TRINH NGHIEM NGUYEN CHUA DUQC GIAI
Bai toan 1. Phuong trinh sau ¢6 ton tai nghiém nguyén hay khéng x* +y® +z° +t° =148.
Bai toan 2. Ton tai cic s6 nguyén a, b, ¢, d dwong khac nhau sao cho a’+b*=c’+d’ ,
chang han 1° +12° =9° +10°
Cho ton tai s6 duong a, b, ¢, d dwong khéac nhau sao cho a’ +b’ = ¢’ +d° khong?

Bai toan 3. C6 ton tai s6 nguyén td nam gitta n” va (n+ 1)2 v6i moi s6 tie nhién n khong?
Bai toan 4. Xét biéu thiic n"+1 . Véin =1, 2, 4 thi biéu thirc cho sd nguyén t6 1a 2, 5, 257,
con sd ty nhién nao khac dé n" +1 la sd nguyén td khong?

Bai toan 5. Phuong trinh x™ —y" =1 véi m > 1, n >1 va x <y chi ¢6 nghiém nguyén duong
khim=2van=3.

Bai toan 6. Xét biéu thic x+1. Véi x = 4, 5, 7 thi biéu thirc cho cac s6 chinh phuong

5?,11?,71* . Con s6 nguyén duwong nao khac dé x!+1 1a s§ chinh phwong khong?
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