SO CHiINH PHUONG

A. Kién thirc
1. Pinh nghia: S6 chinh phuong 14 s6 bang binh phuong ciia mot s6 nguyén

(tac la néu n 12 s6 chinh phuong thi n=k?(k € 2))
Vi dy: 4=2%16=4
2. Tinh chat
1) Sb chinh phuong chi c6 thé cé chir s6 tan cung 14 0, 1, 4, 5, 6, 9 khong thé co chit s6 tan
cunglaz, 3,7,8
Nhu vay dé chang minh mot s6 khong phai s6 chinh phuong ta chi ra sé6 d6 c6 hang don vi la
2,3,7,8
2) Khi phan tich ra thira s6 nguyén t6, s6 chinh phuong chi chira cac TSNT véi s6 mil chan,
khong chtta TSNT véi s6 mil 1é
Vi du: 3600 =60% =2°3%5°
— Pé chitng minh mot s6 khong phai SCP ta chi ra s6 d6 khi phan tich ra TSNT thi ¢6 s6 mi
IS
3) S6 chinh phuong chi ¢6 thé ¢ 1 trong 2 dang 3n hoic 3n+1 (a2 =0,1(mod3)) khdng c6 SCP
nao co dang 3an+2(neN)
4) Sé chinh phuong chi cd thé c6 1 trong 2 dang 4n hoic 4n+1 (a?=0,1(mod4)) khong c6
SCP nao c6 dang 4n+2 hoac 4n+3(neN)
5) S6 cac wdc sb ciia mot s6 chinh phuong 1a sb 16, nguoc lai mot s6 ¢6 sb luong cac ude 1a 1
thi d6 1a s6 chinh phuong
6) Néu sb chinh phuong chia hét cho p thi chia hét cho p?
7) Néu hai s6 tu nhién a va b nguyén té ciing nhau c6 tich 1a mot s6 chinh phuong thi mdi s6
a,b ciing 1a cac s chinh phuong
ab 1a SCP va (a,b)=1=a,b déu la c4c s6 chinh phuong
8) S6 chinh phuong tan cing bang 1 hoic 4 hoac 9 thi chir sé hang chuc 1a chit s6 chin (121,
49, ..)

- S6 chinh phwong tan cuing 1a 5 thi chir s6 hang chuc 1 2
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- S6 chinh phwong tan cuing 1a 6 thi chir s6 hang chuc 13 1é

9) Moi SCP khi chia cho 5, cho 8 chidu 0, 1, 4

10) Giira hai s6 chinh phuong lién tiép khdng cd s chinh phwong nao

11) Néu hai sé nguyén lién tiép co tich 1a mot sé chinh phuong thi mot trong hai s6 d6 14 s6 0
12) Néu n? <k <(n+1)*(nez) thi k khong Ia s6 chinh phuong

13) Néu tich hai s6 a va b 1a mot s6 chinh phuong thi cac s6 a va b ¢ dang a=mp?;b=mg?
*) HE QUA: S chinh phuong chia hét cho 2 thi chia hét cho 4

- S6 chinh phuong chia hét cho 3 thi chia hét cho 9

- S6 chinh phwong chia hét cho 5 thi chia hét cho 25

- S6 chinh phuong chia hét cho 8 thi chia hét cho 16

B. Cac dang toan

Dang 1: Chirng minh mét sé 1a s6 chinh phwong, hoic tong nhiéu s6 14 s6 chinh phwong

Cach giai:
- Pé chang minh mot sd n 1a sé chinh phuong ta thuong dua vao dinh nghia, tic 12 ching

minh n=k*(keZ)

Bai 1:
Chirng minh rang véi moi s6 nguy@n x,y thi A= (x+y)(x+2y)(x+3y)(x+4y)+y* 1a mot sb

chinh phuong

Loi giai
Céach 1: Ta cé6: A:(x2 +5xy+4y2)(x2 +5xy+6y2)+ y* = x* +10x’y + 35x*y* +50xy° + 25y*
=(x* +5xy)2 +2(x* +5xy) .5y’ +(5y2)2 =(x2+5xy+5y2)2
Vi x,y,zeZ = x2,5xy,5y? € Z = x* +5xy +5y? € Z = A 1a 56 chinh phuong

Céach 2: bat x* +5xy +5y? =t(teZ):>A=(t—y2)(t+y2)+y4 =t? =(x2+5xy+5y2)2 = dpcm.

Bai 2:

Chting minh rang tich caa bdn sé tu nhién lién tiép cong thém 1 ludn 14 sb chinh phuong.

Loi giai
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Goi bdn s6 tu nhién lién tiép 1a: n,n+L,n+2,n+3(neN)
Ta co: n(n+1)(n+2)(n+3)+1:(n2+3n+1)2
Vi neN nén (n2+3n+1)eN

Vay tich cia bbn sé tu nhién lién tiép ludn 1a s6 chinh phwong (dpcem).

Bai 3:
Chting minh rang tong cac binh phuong ctia 5 s6 tu nhién lién tiép khong thé 1a sé chinh

phuong.

Loi giai
Goi 5 sb ty nhién lién tiép Ia: n-2,n-1,nn+1Ln+2(neN,n>2)
Taco: (n-2)° +(n-1)"+n° +(n+1)"+(n+2)" =5n* +10=5(n"+2)
Vi n? 1a s6 chinh phuong nén n khéng thé c6 chit s6 tan ciing 1a 3 hoic 8 nén n?+2 khong

chia hét cho 5, hay 5(n?+2) khdng phai 1a s6 chinh phuong (dpcm).

Bai 4:
Cho hai s chinh phuong lién tiép. Chting minh rang tong cta hai s6 d6 cong véi tich caa

ching 1a mot s6 chinh phuong 1é.

Loi gia
Goi hai s6 chinh phuong lién tiép lan luot 1a: a® va (a+1)*(acZz)
Theo bai ra ta co:
a’+(a+1)’+a’(a+1)" =a'+2a°+3a’ +2a+1=(a‘ +2a° +a’)+(2a’ + 2a+1)=(a’ +a)2 +2(a’+a)+1

:(a2+a+1)2 la s6 chinh phuong 1é vi a?+a=a(a+1) 1as6 chan = a?+a+1 12 sd lé.

Bai 5:

Chting minh rang s6 n?+2014 véi n nguyén duong khong phai la s6 chinh phuong

Loi giai
Gia str n?+2014 14 s6 chinh phuong
Dit n? +2014 =k? = k? —n? = 2014 < (k + n)(k —n) = 2014

Tacd (k+n)—(k—n)=2n chin =k+n;k—n cung tinh chat chan ¢ = k;n cung tinh chan 1¢
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Mat khac ta lai cO: (k+n)(k—-n)=2014=k-n;k+n déu chia hét cho 2 hay (k —n)(k +n):4
Ma 2014:4 = (k +n)(k —n) = 2014

Vay khong c6 sé nguyén duong nao cua n dé n? +2014 13 sb chinh phwong (dpcm).

Bai 6:
Cht:ng minh rang tong binh phwong cua hai s6 1é bat ky khdng phai 1a s6 chinh phuong.

Loi giai
a=2k+1

o om 1(k,meN):a2+b2:4(k2+k+m2+m)+2:4t+2(teN)
=2m+

Vi a,b 12 hai sb lé, ta dat {

Khong cd sb chinh phuong nao dang 4t? +2(t € N)

= a’ +b?khong phai s6 chinh phuong (dpcm).

Bai 7:
Cho 5 s6 chinh phuong bat ky c6 chir s6 hang chuc khac nhau con chir s6 hang don vi déu la

6. Chang minh rang tong cac chix so hang chuc cta 5 s6 chinh phuwong d6 1a mot s6 SCP

Loi gidi
Céch 1: Ta da biét mot s6 chinh phuong c6 chir s6 hang don vi 1a 6 thi chit s6 hang chuc la
1&. Vi vay chit s6 hang chuc caa 5 s6 chinh phuong d3 cho 1a: 1, 3, 5,7, 9
Khi d6 tong caa ching 1a: 25=5? 1a s6 chinh phuong
Céch 2: Néu mot sb chinh phuong M =a? ¢c6 chir s6 hang don vi 12 6 thi chir sé tan cing cua
ala4hoac6nén ai2=ai4
Theo dau hiéu chia hét cho 4 thi hai chix s6 tan cing caa M chi ¢6 thé 1a 16, 36, 56, 76, 96
Do d6 ta co: 1+3+5+7+9=>5 14 s6 chinh phuong

Bai 8: Chirng minh rang cac sb sau 1a sé chinh phuong

a) A=11..155..56 b) B=11....1122...225
[ — w————
n+1 n 1997 1998
10" +8Y
C) A=11..1+44..4+1 d) A=11..1+11..1+66...6+8=| ——
2nchusol nchuso4 2n n+1 n 3

o 2
e) A:44....4+22....2+88....8+7=(2'1O +7]
2n 3

n+1 n
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Léi giai

n+l
a) Ta co: A=11...1.10“+1+55...5.10+6=&9"9.10““+55...5.10+6=10—1

n+1 n n

5(10" —1)

10M 4 10+6

A

_10°™? 10" +5.10™ —50+54 10°"?+4.10"" +4 (10”*1 + 2]2
9 9 3

b) B=11...11.10°° + 22..22.10+5 = = (10°7 —1)10°° + 2 (10°* —1).10+5

1997 1998
100...005
1 3996 1998 1 1998 2 ? 1997 2
=G U0 +2510 +25) = | S (10" +5)" | =(—1—)

1001, 10°-1,.. 10°-1
’ 9 ' 9

c)Tacd: 1=

A=

10" -1 4(10"-1) 0™ +410%+4 (10"+2Y
+ +1= =
9 9 9 3

Vi 10"+2:3= A 1 36 chinh phuong

d) Taco: A=11..1+11..1+66...6+8= (00
—

2n n+1 n

)2

n 2
e) Ta co: A=44....4+22....2+88....8+7=[2'10 +7j
H_/

2n n+1 n 3

Bai 9: Chitng minh ring cac sé sau la sé chinh phwong

Cho §=1.2.3+2.34+3.45+..+k(k+1)(k+2). Ching minh rang 4S +1 1a s6 chinh phuong

Lai giai
Ta co: k(k+1)(k +2) =%k(k +1)(k+2)[(k+3)—(k-1)] =%k(k +1)(k +2)(k +3)—%(k ~Dk(k +1)(k +2)

—S= % k(k+D(k +2)(k+3) =4S +1=k(k +1)(k +2)(k +3) +1=(k* +3k +1)2 la s6 chinh phuong.

Bai 10: Kho
Cho mot day sé c6 s6 dau tién 1a 16, cac s6 sau duoc tao ra bang cach viét thém sb 15 vao
chinh giira s lién truéc nd: 16, 1156, 111556,... Chirng minh rang moi s6 cua diy déu la sb

chinh phuong

Lai gidi
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Trong mdi sb cua day trén, sé chir s6 5 ludn it hon s chir s6 1 1a mot chit s6

Pit A=11..11.55..55 thudc day so trén. Ta s& chitng minh A 1a s6 chinh phuong
—

n.chu.so.1 n-1.chu.s0.5

That vay, dat a=11..11=10"=9a+1

n.chu.so.1
Ta co:

A=11.11.10"+5.11..11.10+5+1=11..11.10" +5.11...11+1=a(9a+1) +5a+1= (3a+1)* = 33..33 4
— — — ——

n.chu.so.1 n-1.chu.so.1 n.chu.so.1 n.chu.so.1 n-1.chu.s0.3

Vay A 1a s chinh phuong.

Bai 11:
Cho a=11...1;b=10..05. Chitng minh rang ab+1 1a s6 ty nhién.
2016 2015
Loi giai

Cach 1:

Ta coO: b=10..05=10..0-1+6=9..9+5=9a+6=ab+1=2a(%+6)+1=9a’* +6a+1= (3a+1)2

2015 2016 2016

— Jab+ :«/(3a+1)2 =3a+1eN

Vay Jab+1 12 s tu nhién.
Céach 2:

107 1 107 _1 (10%°)° + 4.0 ~5+9

Tacod: a=11..1= ‘bh=10...05=ab+1= .(102°1G+5)+1=

2016 2015 9
102 4 2\’ 102 12
I S R Ao e

Ma (102016 +2)33:> Jab+1 14 s tu nhién.

Vay Jab+1 1a s tu nhién.

Bai 12:
Cho s ty nhién a gom 60 chit s6 1, s6 tu nhién b gom 30 chir s6 2. Chitng minh a—b 1a mot

sb tu nhién.

Loi giai
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i i 60 30 60 10%° -1 60 30
Cach 1: Taco azll...lzlo 1;b:22...2:2.10 1:>a—b:10 1—2.( ):10 2107 +1
60 9 30 9 9 9 9

0 4 2
5 o
3 30

Cach 2: Tacd b=22..2=211..1;a=11..1=11...1.00...0+11...1=11...1.10*° +11..1

30 30 60 30 30 30 30 30

bat c=11..1=9c+1=99..9+1=10* = a=c.(9c+1)+c=9c’+2ch=2c = a—-b=9c’ +2c—2c:(3c)2

30 30

2
= (33...3} .
30

Bai toan tong quat: Cho k s6 tu nhién khac 0, s6 tu nhién a gom 2k chir s6 1 va sé tu nhién

b gdm k chit s6 2. Chitng minh rang a—b 1a mot sé tu nhién.

Bai 13:

n®-1

Cho neN sao cho |a tich cuia hai so tu nhién lién tiép. Chang minh rang n 1 tong cua

hai s6 chinh phuong lién tiép.

Loi giai
2

-, , n°=1
Giasutacod

=a(a+1).

2

Tu do tacod n®=3a°+3a+1=4n’-1=12a" +12a+3=(2n—1)(2n+1)=3(2a+1)

Vi 2n-1,2n+1 1 hai s6 I¢ lién tiép nén ta co cac truong hop sau

2n-1=3p? 1 . A
- TH1: {Zn ) f =q° =3p*+2 (vb ly). Vay truong hop nay khéng xay ra
n+l=q
2n—1= p? o
“TH2: 7" P =plasolénén p=2k+1
2n+1=309"

T do 2n=(2k+1)°’ +1=>n=k*+(k+1)° = dpcm.

Bai 14:
Cho k 1a mot s6 nguyén duong va a=3k?+3k+1

a) Chtrng minh rang 2a va a? 1a tong cua ba s6 chinh phuong
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b) Ching minh rang néu a 1a mot woc cua mot s6 nguyén duong b va b 1a mot tong gom ba

s6 chinh phuong thi b" 1a mét tong cua ba sé chinh phuong.

Loi giai

a) Taco: 2a=6k?+6k+2=(2k +1)° +(k +1)" +k*

\ 2 2 2
va a® =9k* +18k °*+15k* + 6k +1:(k2 +k) +(2k2 +3Kk +1) +(2k2 +k) =a’+a; +a;
b) Vi bia nén dat b=ca
Vi b 14 tong cua ba s chinh phuong nén dat b=b? +b? +b?
Khi d6 b* =c’a* =¢’.(a/ +a; +a; )
Dé két thuc viéc chitng minh, ta tién hanh nhu sau: Cho n=2p+1 ta duoc:

b2 =(b®)" (b2 +b2 +b?) va cho n=2p+2 ta duoC b" =(b") b? (a? +a +a?)
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Dang 2: Chitng minh mét s6 khong 1a sé chinh phwong

Céach giai: DBé chitng minh n khong 1a s chinh phuong, tiiy vao tirng bai ta ¢d thé str dung
cac cach sau

1) Chiing minh n khdng thé viét duoc dudi dang binh phuong ctia mot sé nguyén

2) Chting minh k2 <n<(k+1)* véi k 12 s6 nguyén

3) Chirng minh n c6 tan cung la 2,3,7,8

4) Chang minh n c06 dang 4n+2;4n+3

5) Chirng minh n c6 dang 3k +2

6) Chiang minh n chia hét cho s6 nguyén té6 p ma khdng chia hét cho p?.

Bai 1: BTVN
Mot so tu nhién co tong céac chir sé bang 2018 thi ¢ thé 1a s chinh phuong dugc hay khéng?

Tai sao?

Loi giai

Goi s tu nhién co tong cac chir sé bang 2018 1a n

Ta c6: 2018=3m+2 nén so ty nhién n chia 3 du 2, do 6 s6 n c6 dang 3k +2(keN)

M3t khac mot sé chinh phuwong khong c6 dang 3k+2= sb tw nhién n khéng Ia sé chinh

phuong

Bai 2:
Chang minh rang s6 A=n*+2n°+2n?+2n+1(neN,n>1) khong phai la s6 chinh phuong

Loi giai
Taco A:n4+2n3+2n2+2n+1:(n4+2n3+n2)+(n2+2n+1):(n2+n)2+(n+1)2>(n2+n)2,Vn>1
:>A>(n2+n)2,Vn>l (1)
Mt khac (n2+n+1)2 =n*+2n°+2n* +n?+2n+1=n*+2n*+2n* +1+n*= A+n’> A vn>1

= A<(n2 +n+1)2 (2)
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Tu (1)(2) :(n2 +n)2 <A< (n2 +n+1)2

Taco n’+n va n*+n+1 Ia hai s6 tu nhién lién tiép nén A khéng thé I1a sb chinh phuong.
p g

Bai 3:

Cho A=1+2+22+2°+2*+..+2%. Hoi A c0 la s chinh phuong khong? Vi sao?

Loi giai
TacO: A=1+2+22+2°+2%+..+2% :1+2+(22+23+24+25)+...+(23°+231+232+23‘°’)
A=3+22(1+2+22+23)+...+23°(1+2+22+23)=3+2.30+...+229.30

A=3+(2+..+2%).3.10 6 chit 5O tan cung 12 3. Do d6 A khdng la s6 chinh phuong.

Bai 4: Vao 10 chuyén BPHSP TPHCM, nam hoc 2015 - 2016
Chting minh rang A=2012*"+2013" +2014*" +2015*" khong phai 12 s6 chinh phuwong v&i moi

s6 nguyén duong n

Loi giai
Ta cO: 2012°":4,2014*" 4, Vne N~

2013"" =2013" —-1+1= (20134n —1)+1 chiacho 4 du 1

2015* = 2015"" —(~1)"" +1 chia cho 4 du 1

Do d6 A=2012"+2013"" +2014*" +2015" chia cho 4 du 2
Taco: Ai2, nhung A khdng chia hét cho 2°

Ma 2 la s6 nguyén t6 = A khdng la s6 chinh phuong.

Bai 5:

Chang minh rang s6 ¢6 dang n° —n*+2n*+2n%,ne N, (n>1) khong phai s6 chinh phuong

Loi giai
Taco:
n®—n*+2n°+2n* =n’(n* —n’ +2n+2) =n’[ n*(n+1)(n-1) +2(n+1) | = n*(n+1)(n* —n’ +2)
=n*(n+)[ ("° +1) - (n° -1) | =n*(n+D)[ (N+D(n* —n+1) - (n+1)(n—1) | =n*(n+1)*(n* —2n+2)
Ta di chitng minh n?-2n+2 khong phai s6 chinh phuong (dua vao n? < A< (n+1)?)

Ta cO:

——
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n—2n+2=(n-1°+1>(-D)*n’-2n+2=n*-2(n-1) <n’= (n-1)°<n*-2n+2<n’

— n? —2n+2 Khéng phai sé chinh phuong (dpcm).

Bai 6: BTVN
a) Cho A=22+2°+2"+..+2% . Chang minh rang: A+4 khong la s6 chinh phuong

b) Cho B=3"+3?+..+3. Chang minh rang: 2B+3 khong 1a sé chinh phuong

Loi giai
a)Tach: A=22+2°+2 + . +2° = 2A=2° 12"+ .+ 2" = 2A- A= A=2"-2" = A+4=2"=2,(2")°
Khong phai la s6 chinh phuong
b) Taco: B=3"+3+..+3%¥ =3B=3+3+..+3° = 2B+3=3"" =3.(3¥)* = dpcm.

11
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Dang 3: Tim gié tri cia bién dé biéu thirc 1a s6 chinh phwong

Cach giai: Chang ta thuong st dung cac phuong phap sau
Phuong phap 1: St dung dinh nghia

Phuong phap 2: Sur dung tinh chén I&

Phuong phap 3: St dung tinh chat chia hét va chia c6 du
Phuong phap 4: Sir dung céc tinh chat

Bai 1:

Tim s6 ty nhién n sao cho cac sb sau 1a s6 chinh phuong

a) N’ +2n+12 b) n(n+3)

d) n*+n+1598 e) n’+4n+2013
Loi giai

a) bat n*+2n+12=k*(keN)= (N +2n+1) -k’ =-11< k> - (n+1)* =11
e (ken-1)(k-n-1)=1.11=(-1).(-11)

Talai c6: k+n-1>k-n-1

) THI: {k+n+1:11 {k+n:10c>{k:6 (thoa man)
k-n-1=1 k-n=2 n=4
K+n+l=-1 k=-6 .

+ .

) TH2: {k—n—l:—ﬂ@{nﬂ (loai)

Vay n=4 la giatri can tim
b) n(n+3)=a’ < 4n° +12n=4a° < 4n° +12n+9=4a°*+9 < (2n+3)° —4a° =9
< (2n+3-2a)(2n+3+2a) =9

Taco: 2n+3+2a>2n+3-2a va 9=9.1=3.3=(-1).(-9)=(-3).(-3), nén co6 4 truong hop:

+) TH1: {2n+3+2a:9 {nilz (thoa man)

=
2n+3-2a=1 a

) TH2: {2n+3+2a=3 {n+a=0

n=0 .
o = (thoa man)
2n+3-2a=3 n-a=0 a=0

——
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* (10ai)

2n+3+2a=-1 n=-—
+) TH3: {51727 =
2n+3-2a=-9 a=2

2n+3+2a=-3 n+a=-3
+) TH4: N
2n+3-2a=-3 n-a=-3

n=-3 .
= {a o (loai)
Vay n=0;1 1a gia tri can tim.
c) bat n” +n+1598 =m*(m e N) = (4n* + 4n+1) + 6355 = 4m’ = (2n +1)* + 6355 = m*
(2m+2n +1)(2m—2n —1) = 6355 = 6355.1 =155.41 = 271.5 = 205.31
Ta co: 2m+2n+1>2m-2n—-1 va l1a cac s6 1é nén c6 4 trudng hop
= n e {1588,316,43, 28}
d) Bat n’ +4n+2013=m?*(me N) = (n+2)* +2009 = m*
& (M+n+2)(M+n—2) =2009.1=287.7 = 49.41

Vi m+n+2>m+n-2 nén ta c6 3 truong hop xay ra.

Bai 2:

Tim tat ca s6 tu nhién n sao cho n?—14n-256 1a mot s6 chinh phuong

Lai giai
Dit n? -14n-256 =k*(k e N) < (N—7)? —k? =305 <> (n—k — 7)(n+k —7) =305
=305 = 61.5 = (~1)(=305) = (-61)(-5)

Do nkeN=n+k-7>n-k-7

n+k-7=61 n=40
+ thoa méan
){n—k—7=5 Q{kzcaz( 0a man)

n+k-7=1 x
+) " < n=160 (thoa méan)
n—k—7=305

+) n—k—7=-305=>n=-146 (loai)
+) n—k-7=-61=n=-26 (loai)

Bai 3:
Tim s6 nguyén n sao cho n+1955 va n+2014 1a mot s6 chinh phuong

Loi gidi

Gia sir n+1955=a*;n+2014=b* v4i (a,beN;a<b)
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. b-a=1 =29
Khi d6 b*-a* =59« (b-a)(b+a)=59 < a o a
b+a=59 bh=30

Suy ra dugc n=-1114

Bai 4:
Tim sé tu nhién n c6 hai chit s6 sao cho néu cong s6 d6 vai sé ¢6 hai chit s6 y viét theo thi

tu nguoc lai thi ta dugc mot sé chinh phuong

Loi giai
Goi s6 can tim 12: ab(l<a,b<9)
S6 viét theo thir tu nguoc lai 1a: ba
Tong cua hai s6 d6 1a: ab+ba=11(a+b)
Vi tong cua hai s6 14 s6 chinh phuong, dit 11(a+b)=m?(me N)=a+b=11= c6 8 s6 la:

29,38,47,56,65,74,83,92.

Bai 5:

Tim s6 ty nhién n sao cho s6 sau 1a sé chinh phuong 13n+3

Loi giai
c) bat 13+3=y*(yeN) =13(n-1) = y*-16 < 13(n-1) = (y+4)(y—4) = (y+4)(y-4):13
ma

y+4:13 {y:13k—4
=

, (ke N)=13(n—-1) = (13k £4)* 16 =13k (13k +8) = 13k* £8k +1=n
y—4:13 | y=13k+4

136,0:{

Vay n=13k +8k +1(k € N) thi 13n+3 I& s6 chinh phuong.

Bai 6:

Tim s6 ty nhién n ¢6 2 chit s6 biét rang 2n+1 va 3n+1 déu la cac s6 chinh phuong

Huoéng dan giai
Taco 10<n<99=21<2n+1<99
= 2n+1e{25,49,81,121,169} = n e {12, 24,40,60,84}
= 3n+1e{37,73,121,181, 253}
Chi ¢6 121 14 6 chinh phuong.
Vay n=40 la gia tri can tim.

——
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Bai 7:

Tim s nguyén duong n nhé nhat sao cho cac s6 n+1,2n+1,5n+1 déu la cac s6 chinh phuong

Loi giai
Néu n=3k +1(keN)=n+1=3k+2, khong la s6 chinh phuwong
Néu n =3k+2(keN)=2n+1=6k +5, chia cho 3 du 2 nén khong la s6 chinh phuong. Vay n:3

2n+1 14 s chinh phuong 1é nén chia cho 8 du 1. Suy ra 2n:8=ni4=n+1 ¢

Do n+1 1a sé chinh phuong

Bai 8: Chon HSG Toan 9 tinh Thai Binh

Tim s6 nguyén duwong n sa0 cho A=(n+3)(4n?+14n+7) la Mot s6 chinh phuong

Loi giai
Ta cd A=(4n?+14n+7)=(n+3)(4n+2)+1 VGi n 12 SO nguyén duong nén n+3 va 4n’+14n+7
la nguy@n t6 cling nhau.
Vi vay, dé chitng minh A 1a s6 chinh phuong thi 4n? +14n+7 va n+3 phai 1a s6 chinh phuong
Do neZ* néntacd (2n+3)° <4n®+14n+7<(2n+4)" = 4n’ +14n+7=(2n+3)’ = n=1
Khi d6 n+3=4 14 s6 chinh phuong
Thr lai, véi n=1 tacéd A=10

Vay sé nguyén duong can tim 1a n=1

Bai 9:

Tim 3<aeN saocho a(a-1)a(a-1)=(a-2).aa(a-1)

Loi giai

Taco: a(a-1)a(a-1)=(a-2)aa(a-1) <:>a.(a—l)2 =(a-2)aa(a-1) (*)
Vi VT (*) 1a 56 chinh phuong nén VP (*) ciing 1a s6 chinh phuong

Vi s6 chinh phuong chi ¢d chit s6 tan cuing thudc tap hop {0;1,4;6;9}
Nén a co chit s6 tan cung thudc tap hop {12;5;6;7;0}

Do a la chit s nén a<9. Két hop véi 3<aeN = ae (56,7

——
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Bai 10:

Tim s6 ty nhién n dé 2°+2"+2" 14 s6 chinh phuong

Loi giai
bat 2°+2"+2"=a’(a>0,aeN)=48°+2"=a’ = 2" = (a—48)(a+48)

+) n=0= (a—48)(a+48) =1=> voly

a+48=2"
+)n>0=> (X+y=nx>y)=96=2"-2"=2"(2*Y-1)=2°3
a-48=2’ he
2) =5 {Xz?
= & =n=12
2X_y:4 y:5

Vay n=12 la gia tri can tim.

Bai 11:

Tim s6 ty nhién n>1sa0 cho : 14 24....+n! 14 s6 chinh phuong

Loi gidi
+) n=1=S=11=1=12
+) n=2=S =1421=3 (l0ai)
+) n=3=S5=142431=9=3
+) n=4=S =114 21+ 31+ 41=33 (loai)

+) n>5= S =14 2134+ 41454 61+ ...+ nl= khong 1a s6 chinh phuong

33 tc=0

Vay n=1 hoac n=3.

Bai 12:

Tim tat ca c4c s6 nguyén duwong n sao cho nk232 12 s6 chinh phuong

Loi giai
+) n=1=11+232=233 (loai)
+) n=2,3= (loai)
+) n=4=nk232=256=16" (th6éa man)

+) n>5=>nk5=nk 232 = 2(mod5) = n4+ 232 khong 1 s6 chinh phuong

——
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Vay n=4,

Bai 13:
Cho n 1a s nguyén duong sao cho n+1 va 2n+1 déu l1a s6 chinh phuwong. Ching minh rang
n chia hét cho 24

Loi giai
bat n+1=a%*2n+1=b’(@,beN)=b ¢ =>b=2k+1=Db*=4k(k+1)+1

2
Ma oo D71 4k(k+D)

=2k(k+)=n chin=n+1 ¢ =a I¢ = a=2q+1(qeN)

=a’=4q(q+1) +1=n=4q(q+1):8(1)
5/_/

2
Mat khac: a®+b® =3n+2=2(mod3)
Va a’,b®> =0,1(mod3) = a®,b* =1(mod 3) = a’ —b* =0(mod 3) = (2n-1) - (n+1):3=n:3

Ma (3,8) =1=n=n:24= dpcm.

Bai 14:
Biét xeN;x>2. Tim x sa0 cho x(x—-L)x(x—1) = (x—2)xx(x—1)

Loi gidi
Ta c6 Vé trai cua dang thuc 14 s chinh phuwong nén vé phai ciing 13 s6 chinh phuong
Mot s6 chinh phuong chi ¢6 thé cé chir s6 tan cung 120, 1, 4, 5, 6, 9
Nén x chi c6 thé ¢ tan cing 1a: 1, 2,5, 6, 7, 0 (1)
Do x la chit s6 nén x<9=2<x<9(2)
Tu (1)(2) = xe{5,6,7}

Bang phép thir ta thay x =7 thoa man bai toan: 76> =5776

——
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BAI TAP TU LUYEN

Bai 1:

Tim s6 nguyén duong n dé cac biéu thirc sau 1a s6 chinh phuong

a) n>-n+2 b) n°—n+2
Loi giai

a) Vi n=1 thi n?—n+2=2 khong la s6 chinh phuong

Véi n=2 thi n*=n+2=4 1as6 chinh phuong

Véi n>2 thi n?—n+2 khong |a s chinh phuong vi: (n-1)> <n>—n+2<n?

b) Taco (n°-n):5 Vi n°~n=(n*-1n(n* +1)

- n=5k =n:5

- n=5k+1=n’-15

- n=5k+2=n’+1:5

Nén n°—n+2 chia 5 thi du 2 nén n°—n+2 c6 chit s6 tan cing la 2 hoic 7 nén n®—n+2 khong
phai 14 s6 chinh phuong.

Vay khong co gia tri nao cua n thoa man bai toan.

Bai 2:
C6 hay khong s6 tu nhién n dé 2006+n? 14 s6 chinh phuong

Huwoéng dan giai
Gia st 2010+n? 14 s6 chinh phuong thi 2010+n?=m?(meN)
Tu d6 suy ra m* —n* = 2006 < (m+n)(m—n)= 2006
Nhu vay trong 2 s6 m va n phai c6 it nhat 1 s6 chin (1)
Mt khac m+n+m-n=2m= 256 m+n va m—n clng tinh chan 1& (2)
Tir (1)(2)=m+n va m—n 122 s6 chan
= (m+n)(m-n):4 nhung 2006 khong chia hét cho 4
— diéu gia st 12 sai

Vay khong ton tai sé ty nhién n dé 2006+ n? 1a s6 chinh phuong.

——

18

'




Bai 3:

Tim s6 nguyén t6 ab(a>b>0) sao cho ab—ba la s6 chinh phuong.

Hudéng dan giai
Taco: ab—ba=(10a+b)—(10b+a)=9a-9%=9(a-h)=3*(a-b)
Do ab—ab 1 s6 chinh phuwong nén a—b 1a s6 chinh phuong.
Tathiy 1<a-b<8 nén a-be {14}
Véi a—b=1 thi abe{21;32;43;54;65,76;87;98} loai cac so 1 hop s6 21,32,54,65,76,87,98 cON 6
43 12 sb nguyén tb
Véi a-b=4 thi abe{21;32;43;54;65;76;87;98} loai cac hop s 51,62,84,95 con s6 73 14 o
nguyén to

Vay ab e {43,73}.

CAC BAI TOAN TRONG PE THI HQC SINH GIOI VA CHUYEN

——

19

'




Bai 1: Vao 10 chuyén Phan Boi Chau, nam hoc 2014 - 2015

N , ~ R —2
Tim cac chir s6 a,b sao cho ab” =(a+b)®

Loi giai
Tu gia thiét = ab=(a+b)}Ja+b (1)
Vi ab;a+beN"=a+b phai la sé chinh phuong
Ma: 1<a+b<18=a+be{1;4;9;16}
+) a+b=1thay vao (1)=ab=1 (loai)a+b=1 thay vao (1)=ab=1 (loai)
+) a+b=4 va a+b=16 déu bi loai

+) a+b=9 thay vao ()= ab=27=a=2b=7

Bai 2: Vao 10 chuyén Lam Son Thanh Hoa, ndam hoc 2012 - 2013

Tim s nguyén duong n sao cho % la s6 chinh phuong

Loi giai
bt n(2n-1)=26q" (1)
Do VP chanva 2n-1 & nén n chin hay n=2k
Do d6 (1)= k(4k-1)=13¢* (2)

Nhan thay (k,4k —1)=1 nén:

(1) - {k =u hoic {k =13u

4k —1=13v? 4k —1=V?

Xét truong hop 1 ta co :

k=u? A v
= 4k =13v* +1=12v* +V* +1=> (v* +1):4 = v* =3(mod4) (VO 1Y)
4k —1=13v?

Xét truong hop 2ta co :

k =13u®
=4k =v?+1 (VO ly
{4k—1:v2 (Vo)

Vay khong ton tai n thoa man yéu cau dau bai.

Bai 3: Vao 10 chuyén Phan Boi Chau Nghé An, nam hoc 2010 - 2011

——
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Tim tat ca cac s6 nguyén n sao cho A=n*+n®+n? €O gia trj 1 s6 chinh phuong

Loi giai
Taco: A=n‘+n’+n’=n’*(n*+n+1)
- V61 n=0= A=0 (thoa man)
- Véi n=0= A la sé chinh phwong khi va chi khi n?+n+1 1a s6 chinh phuong.
Khi d6 n® +n+1=k*(k e N)=4(n*+n+1) =4k = (2n+1)’ —4k* =—3
= (2n+1-2k)(2n+1+2k)=-3

2n+1-2k =-3

{Zn +1+2k =1
2n+1-2k=-1

{Zn +1+2k =3

Vi 2n+1+2k >2n+1-2k, Vne Z,ke N nén

=n=-1 (thoa méan)

2n+1-2k =-3
+)
2n+1+2k =1

—n=0 (loai)

2n+1-2k =-1
+)
2n+1+2k =3

Vay n=0;n=-1 14 c4c gia tri can tim.

Bai 4: Vao 10 chuyén Hung Yén, nam hoc 2013 - 2014
Cho p 1a mot s6 nguyén t6. Tim p dé tong cac ude nguyén duong ctia p* 1a mot sé chinh

phuong

Loi giai
Do p 14 s6 nguyén t6 nén cac udc sé nguyén duong cua p* 1a: 1 p; p°; p*; p*
bat S=1+p+p*+p*+p*
Giast S=n*=4n*=4p*+4p°+4p>+4p+4 (1) (neZ)
Taco: 4p* +4p°+4p> <(2n)’ <4p*+ p2+4+4p3+8p2+4p<:>(2p2+ p)2<(2n)2<(2p2+p+2)2
o an?=(2p*+p+1) (2)
Tu (1)(2)= p*-2p-3=0<p=3

Thur lai véi p =3 thoa man. Vay sé nguyén t6 can tim 1a p=3.

——
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Bai 5: HSG 16p 9 Thanh Oai, nam hoc 2012 - 2013

Cho tat ca cac sb ty nhién n sao cho n®-14n-256 14 mot sé chinh phuong

Loi giai
Dit n® -14n-256=k*(ke N) = (n-7)" —k?> =305 (n—k - 7)(n+k—7)=305=1.305=61.5
Xét cac truong hop : DO n+k—-7>n-k-7
- Truong hop 1: n—k—-7=1Vva n-k-7=305=n=160 (nhan)
- Truong hop 2: n—k—-7=-305 va n+k-7=-1=n=-146 (loai)
- Truong hop 3: n—k-7=5 va n+k—-7=61=n=40 (nhan)
- Truong hop 4: n—k—-7=-61 va n+k—-7=-5=n=-26 (loai)
Vay n=40,k =28 hoac n=160k =152.

Bai 6: HSG Bic Giang, ndm hoc 2017 - 2018

Tim x nguyén duong dé 4x° +14x2+9x—6 1a s6 chinh phuong

Loi giai
Vi 4x¢+14x% +9x—6 12 56 chinh phuong, nén ta c6 4x° +14x> +9x—6=k?(k e N)
Ta co: 4x*+14x* +9x—6 = (x+2)(4x* +6x—3) Nén ta cO (x+2)(4x* +6x—3) =k’
Dat (x+2,4x*+6x-3)=d (deN")
Taco (x+2)id = (x+2)(4x—2)id = (4x+6x—4):d
Lai €O 4x* +6x—3id = (4%’ +6x—3)—(4x* +6x-4)=1id = d =1
Vay (x+2,4x* +6x-3)=1
Ma (4x* +6x-3)(x+2)=k* nénta co x+2 va 4x*+6x-3 la s6 chinh phuong
= X+2 Va 4x’ +6x-3=b" (a,beN")
Vi x>0 néntaco 4x® <b? <4x* +12x+9 < (2x)* <b? <(2x+3)’
Vi b 1€ nén b? =(2x+1)" < 4x* +6x—3=4x> +4x+1 X =2

Vé6i x=2 taco 4x* +14x? +9x—6=100=10% |a s6 chinh phuwong.

Bai 7: HSG I6p 9 Huyén Kim Thanh, nam hoc 2012 — 2013
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Tim s6 ty nhién n sao cho n?+17 1a s6 chinh phuong

Loi giai
k—n=11

=n=8
k+n=17

Gidsu n*+17=k*(keN) va k>n:>(k—n)(k+n):17:>{

Vay n=8 la gi tri can tim.

Bai 8: HSG I6p 9 Huyén Vi Quang, nam hoc 2018 — 2019

Tim céc sé nguyén duong n sao cho 2"+3"+4" 4 s6 chinh phuong

Loi giai
bat A=2"+3"+4"
- Néu n=1= A=9 (thoa man)
- Xét n>1 hay n>2 thi 2"+4" chia hét cho 4
Taco 3" chia 4 du 1 véi n chin hoic —1 véi n 1é. Ma mot sé chinh phuong chia 4 du 0 hoic
1 nén A phai chia 4 du 1 nén 3" phai chia 4 du 1. Suy ra n chan.
V&i n chintaco: 2" chia 3 du 1, 4" chia 3 du 1, 3" chia hét cho 3
Do d6 A chia 3 du 2 (v6 li, vi mot s6 chinh phuong chia 3 ¢6 s6 du 1a 0 hoac 1).

Vay n=-1.

Bai 9: HSG Iop 9 Huyén Luc Nam Bac Giang, nam hoc 2018 — 2019

Tim cé4c s6 nguyén x sao cho x*—3x?+x+2 14 s6 chinh phuong

Loi giai
Ta co: x3—3x2+x+2:(x—2)(x2—x—1)
- Xét x-2=0=x=2 (théa mén)
- Xét x> —x-1=0 (loai)
- Xét x-2=x"-x-1=>x=1
- Xét x=2,x=1. V6i x nguyén ta chimg minh duoc (x-1x* -x-1)=1
Nén x° —3x?+x+2 1a 6 chinh phuong thi x* —x-1=y? (yez)
Tim duoc x=2 (loai do x#2) va x=-1. Thir lai x=-1 ta co x*-3x?+x+2 c0 gia tri bang -1
khong phai 1a s6 chinh phuong nén = x=-1 (loai)

Vay x=2 hoic x=1 thi x*-3x?+x+2 1a 56 chinh phuong.

( )
{1 2 )




Bai 10: HSG 16p 9 Huyén Vi Quang
Tim céc s hitu ti n thoa mén tong sau 1a sé chinh phuong: n? +n+503

Gia sir ton tai s6 hitu ty n va s6 nguyén duong m dé n?+n+503=m?

Loi giai

Bai 10: HSG 16p 9 Thang Binh, nam hoc 2018 - 2019

Tim céc so ty nhién n sao cho n—50 va n+50 déu la sé chinh phuong

Loi giai

Bai 10: HSG l6p 9 Huyén Thanh Oai, nam hoc 2012 - 2013

Tim ne N sao cho n*+n®+1 12 s6 chinh phuong

Loi giai

Bai 10: Vao 10 chuyén Nam Dinh, nam hoc 2019 - 2020
Tim tat cd cac cap s6 tu nhién (x;y) sao cho 2(x*+y*—3x+2y)-1 va 5(x’ +y*+4x+2y+3) déu

la s6 chinh phuong.

Lai giai

——
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Bai 10: Vao 10 chuyén Nam Dinh, nam hoc 2019 - 2020

Tim tat ca cac s6 nguyén duong n sao cho n?+3" 1a mot s6 chinh phuong

Lo giai

Bai 10: VVao 10 chuyén Phu Tho, nam hoc 2017 - 2018

Tim cac s6 nguyén m sao cho m?+12 1a s chinh phuong

Lai giai

Bai 10: Vao 10 chuyén Toan Hai Duong, nam hoc 2017 - 2018

Tim tat ca cac cap (x;y) nguyén duong sao cho x*+8y va y*+8x la s chinh phuong

Loi giai

Bai 10: Vao 10 chuyén Ba Ria Viing Tau, nam hoc 2017 - 2018

Cho p 1a mot s6 nguyén t6. Tim tat ca cac s nguyén n dé A=n*+4n* 1a s6 chinh phuong

Loi giai

Bai 10: Vao 10 chuyén Hung Yén, nam hoc 2018 - 2019
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Cho céc gia tri nguyén ciia x dé M =x* +(x+1)° —2x* —2x 1a s6 chinh phwong

Loi giai

Bai 10: Vao 10 chuyén Hung Yén, nam hoc 2018 - 2019

Cho cAc gia tri nguyén cia x dé M =x* +(x+1)’—2x* —2x | s6 chinh phuong

Loi giai

Bai 10: Vao 10 chuyén PHKHTN - PHOGHN, nam 1992

Tim tat ca cac s6 nguyén n sao cho n*+2n°+2n®+n+7 12 s6 chinh phuong

Loi giai

Bai 10: Romanian MO 2004
Tim tat ca cac s6 nguyén khéng am n sao cho c4c sé nguyén ab thoa man n’=a+b va

n® =a’+b?

Lai gidi

Bai 10: Romanian MO 2004

——
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Tim tat ca cac s6 nguyén khong am n sao cho c&c sé nguyén a,b thoa man n’=a+b va

n® =a’ +b?

Loi giai

Bai 10: HSG Nam Dinh, nam hoc 2015 - 2016

Tim sé nguyén dwong n dé :;j; 14 binh phuong ciia mot sé hitu ty duong tiy §

Loi giai

Bai 10: HSG Soc trang, nam hoc 2015 - 2016

Tim s6 tu nhién n c6 dang abc thoa man abc=n?-1 va cha=(n-2)" véi nez,n>2

Loi giai

Bai 10: HSG Séc Trang, nam hoc 2016 - 2017

Tim s6 ty nhién n sao cho n+12 va n—11 déu la s6 chinh phuong

Loi gidi

Bai 10: HSG Quang Nam, nam hoc 2014 - 2015
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Tim tat ca cac so tu nhién n sao cho n?—14n—256 143 mot s6 chinh phuong

Loi giai

Bai 10: HSG Tra Vinh, nam hoc 2016 - 2017

Cho n 1a s tu nhién c6 2 chit s6. Tim n biét n+4 va 2n déu la cac sb chinh phuong

Loi giai

Bai 10: HSG Lam Pong, nam hoc 2016 - 2017

Cho n la s6 tu nhién. Hay tim tat ca cac so nguyén t6 p sao cho sb

A=1010n* +2010(n+ p)+101°195 c6 thé viét duogc dudi dang hiéu cta 2 s6 chinh phuong.

Loi gidi

Bai 10: Chuyén Yén Bai, nam hoc 2016 - 2017
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Cho tat ca cac sd6 nguyén n sao cho A la mot s6 chinh phuong véi

A=4n*+22n*+37n?+12n-12

Loi giai

Bai 10: Chuyén Hdi Duong, nam hoc 2015 - 2016
Tim céc sé nguyén k dé k*—8k®+23k? —26k +10 1a s6 chinh phuong

Loi giai

Bai 10: HSG Quang Binh, nam hoc 2018 - 2019

Tim tat ca cac sb ty nhién n sao cho C =2019"+2020 1& s6 chinh phuong

Loi giai

Bai 10: HSG Bdac Ninh, nam hoc 2018 - 2019

Tim s6 nguyén té p thoa man p®-4p+9 la s6 chinh phuong

Loi gidi

——
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Bai 10: HSG Hdi Dwong, nam hoc 2016 - 2017

Tim céc s6 tu nhién n sao cho n?+2n++/n?+2n+18+9 1a s6 chinh phuong

Lo giai

Bai 10: HSG Hdi Duong, nam hoc 2016 - 2017

Tim cac so ¢6 hai chir s6 ab(a=b) sao cho s6 n=ab—ba 1a mot s6 chinh phuong

Loi giai

——
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