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Lo1 né1 dau

Phuong trinh 13 mot trong nhitng phan mon quan trong nhat ctia Dai s6 vi ¢6 nhitng ting
dung rat 16n trong cdc nganh khoa hoc. S6m duge biét dén tir thoi xa xua do nhu cau tinh
toan ctia con ngudi v ngay cang phat trién theo thoi gian, dén nay, chi xét rieng trong Toan
hoc, linh vigc phuong trinh da c6 nhing cai tién dang ke, c vé hinh thiic (phuong trinh hitu ti,
phuong trinh vo ti, phuong trinh mii - logarit) va déi tugng (phuong trinh ham, phuong trinh
sai phan, phuong trinh dao ham riéng, ...)

Con ¢ Viet Nam, phuong trinh, tit nam I6p 8, da la mot dang toan quen thudc va duge
yéu thich béi nhiéu ban hoc sinh. Lén dén bac THPT, vdéi sy hd trg clia cac cong cu giai tich
va hinh hoc, nhitng bai toan phuong trinh - hé phuong trinh ngay cang dugce trau chudt, tré
thanh nét dep ctia Toan hoc va mot phan khong thé thiéu trong céac ki thi Hoc sinh gidi, thi
Dai hoc.

Da c6 rat nhiéu bai viét vé phuong trinh - hé phuong trinh, nhung chua thé dé cap mot
cach toan dién vé nhitng phuong phap gidi va sang tao phuong trinh. Nhan thay nhu cau c6
mot tai lieu day da vé hinh thic va noi dung cho ci hé chuyén va khong chuyén, Dién dan
MathScope da tién hanh bién soan quyén sach Chuyeén dé phuong trinh - hé phuong trinh ma

chiing t6i han hanh gidi thieu dén cac thay co gido va cac ban hoc sinh.

Quyén sach nay gdm 6 chuong, véi cac noi dung nhu sau:
% Chuong I: Dai cuong vé phuong hitu ti cung cap mot sé cach giai tong quat phuong
trinh bac ba va bon, ngoai ra con dé cap dén phuong trinh phan thiic va nhitng cach xay dung
phuong trinh hitu ti.
x% Chuong II: Phuong trinh, hé phuong trinh c6 tham sé dé cap dén cac phuong phéap
gidi v bién luan bai toan c6 tham sé ,ciing nhu mot s6 bai toan thuong gip trong cac ki thi
Hoc sinh gidi.
% Chuong III: Cac phuong phap giai phuwong trinh chi yéu tong hop nhitng phuong
phép quen thudc nhu bat ding thic, lugng lien hop, ham sé don diéu, ... véi nhiéu bai toan
md rong nhim gitp ban doc c6 cach nhin tong quan vé phuong trinh.
Chuong nay khong dé cap dén Phuong trinh lugng giac, vi van dé nay da c6é trong chuyen de
Luong giac ciia Dién dan.
% Chuong IV: Phuong trinh mi — logarit dua ra mot s6 dang bai tap ting dung ciia ham
s6 logarit, véi nhiéu phuong phéap bién doi da dang nhu dat an phuy, ding ding thic, ham don
diéu, ...

% Chuong V: Hé phuong trinh 13 phan trong tam ctia chuyén dé. Noi dung ctia chuong



bao gdom mot s6 phuong phap gidi hé phuong trinh va tong hop cac bai hé phuong trinh hay
trong nhing ki thi hoc sinh giéi trong nuée ciing nhu qubc té.

% Chuong VI: Sang tao phuong trinh - hé phuong trinh dua ra nhiing cach xay dung mot bai
hay va kho tit nhitng phuong trinh don gidn bang cac cong cu méi nhu sé phric, ham hyperbolic,
ham don diéu, ...

Ngoai ra con c¢6 hai phan Phu luc cung cap thong tin ing dung phuong trinh, hé phuong
trinh trong giai toan va vé lich sit phat trién ctia phuong trinh.

Chung t6i xin ng6 18i cdm on t6i nhing thanh vién ctia Dién dan da chung tay xay dung
chuyén dé. Dic biét xin chan thanh cdm on thay Chau Ngoc Hung, thay Nguyén Truong Son,
anh Hoang Minh Quan, anh Lé Phic Lit, anh Phan Dtc Minh vi da ho trg va déng gép nhiing
¥ kién quy gia cho chuyén dé, ban Nguyén Truong Thanh vi da gitp ban bién tap kiém tra cac

bai viét dé c6 mot tuyén tap hoan chinh.

Niém hi vong duy nhat ctia nhitng ngudsi lam chuyén dé 1a ban doc sé tim thay nhiéu diéu
b6 ich va tinh yéu toan hoc thong qua quyén sach nay. Ching toi xin dén nhan va hoan nghénh
moi ¥ kién xay dung ctia ban doc dé chuyén dé duge hoan thien hon. Moi gép ¥ xin vui long

chuyén dén anhhuy0706@gmail.com

Thanh phé Ho Chi Minh, ngay 11 thang 7 nam 2012

Thay mat nhom bién soan
Nguyén Anh Huy
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Nguyén An Vinh Phiic (TN Pho thong Nang khiéu- TP HCM)

e Dai cuong vé phuong trinh hitu ti: Huynh Phuée Truong (THPT Nguyén Thugng Hién —
TP HCM), Pham Tién Kha (10CT THPT chuyen Lé Hong Phong - TP HCM)

e Phuong trinh, hé phuong trinh ¢6 tham s6: thay Nguyén Truong Son (THPT Yen Mo A
— Ninh Binh), Vit Trong Hai (12A6 THPT Thai Phién - Hai Phong), Dinh V6 Bado Chau
(THPT chuyén Lé Quy Don - Viing Tau), Hoang Ba Minh ( 12A6 THPT chuyén Tran
Dai Nghia - TP HCM), Nguyén Hoang Nam (THPT Phuéc Thién - Dong Nai), Ong Thé
Phuong (11 Toan THPT chuyén Luong Thé Vinh - Dong Nai)

e Phuong phap dit an phu: thay Mai Ngoc Thi (THPT Himg Vuong - Binh Phuéc), thay
Nguyén Anh Tuan (THPT Leé Quang Chi -Ha Tinh), Tran Tri Quéc (11TL8 THPT
Nguyén Hué - Pha Yen), H6 Ditc Khanh (10CT THPT chuyén Quang Binh), Doan Thé
Hoa (10A7 THPT Long Khanh - Dong Nai)
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TPHCM) , Dinh Vo6 Bio Chau (THPT - chuyén Lé Quy Don, Viing Tau), Doan Thé
Hoa (THPT Long Khanh - Dong Nai)

e Phuong phap ding bat ding thiic: Nguyén An Vinh Phic (TN Pho thong Nang khiéu-
TP HCM), Phan Minh Nhat, Lé Hoang Dtc (10CT THPT chuyén Lé Hong Phong - TP
HCM), Dang Hoang Phi Long (10A10 THPT Kim Lién — Ha Noi), Nguyén Van Binh
(11A5 THPT Tran Qudc Tuan - Quang Ngai),

e Phuong phap dung don di¢u: Nguyén Anh Huy (10CT THPT chuyén Lé Hong Phong
- TP HCM), Hoang Kim Quan (THPT Hong Thai — Ha Noi), Dang Hoang Phi Long
(10A10 THPT Kim Lién — Ha Noi)

e Phuong trinh ma — logarit: Vo Anh Khoa, Nguyén Thanh Hoai (Dai hoc KHTN- TP
HCM), Nguyén Ngoc Duy (11 Toan THPT chuyén Luong Thé Vinh - Dong Nai)

e Cac loai hé co ban: Nguyén Anh Huy (10CT THPT chuyén Lé Hong Phong - TP HCM)



Heé phuong trinh hoan vi: thay Nguyén Truong Son (THPT Yen Mo A — Ninh Binh),
Nguyén Anh Huy (10CT THPT chuyen Lé Hong Phong TP HCM), Nguyén Dinh Hoang
(10A10 THPT Kim Lién - Ha Noi)

Phuong phap bién doi ding thic: Nguyén Dinh Hoang (10A10 THPT Kim Lién - Ha
Noi), Tran Van Lam (THPT Lé Hong Phong - Thai Nguyén), Nguyén Ditc Huynh (11
Toan THPT Nguyén Thi Minh Khai - TP HCM)
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Phan Minh Nhat (10CT THPT chuyén Lé Hong Phong TP HCM)

Phuong phap dit an phu tong - hiéu: Nguyén Anh Huy (10CT THPT chuyén Lé Hong
Phong TP HCM)

Téng hop céc bai hé phuong trinh: Nguyén Anh Huy (10CT THPT chuyén Lé Hong Phong
TP HCM), Nguyén Thanh Thi (THPT chuyén Nguyén Quang Diéu — Dong Thap), Tran
Minh Diic (T1K21 THPT chuyén Ha Tinh — Ha Tinh), Vo Hitu Thang (11 Toan THPT
Nguyén Thi Minh Khai — TP HCM)

Sang tao phuong trinh: thay Nguyén Tai Chung (THPT chuyen Hung Vuong — Gia Lai),
thay Nguyén Tat Thu (THPT Lé Hong Phong - Dong Nai), Nguyén Lé Thuy Linh (10CT
THPT chuyen Lé Hong Phong — TP HCM)

Giai toan bang cach lap phuong trinh: Nguyén An Vinh Phiic (TN Phd thong Nang khiéu-
TP HCM)

Lich si phét trién ctia phuong trinh: Nguyén An Vinh Phiic (TN Phé thong Nang khiéu-
TP HCM), Nguyén Hoang Nam (THPT Phudc Thién - Dong Nai)



CHUONG I: PAI CUONG VE PHUONG TRINH
HOU Ti

PHUONG TRINH BAC BA
Mot s6 phuong phap giai phuong trinh bac ba

% Phuong phap phéan tich nhan ta:
Néu phuong trinh bac ba ax?® + bx* + cx + d = 0 ¢6 nghiém x = r thi ¢6 nhan t (x —r) do d6
c6 thé phan tich

az® + bz’ +cx +d = (v —r)az® + (b + ar)x + c + br + ar?]

T d6 ta dua vé gidi mot phuong trinh bac hai, c6 nghiem 1a

—b —ra £ Vb2 — dac — 2abr — 3a2r?
2a

% Phuong phap Cardano:
Xét phuong trinh bac ba z® + az? + bx + ¢ =0 (1).
Bing cach dit o =y — %, phuong trinh (1) luén bién ddi duge vé dang chinh téc:

Yy’ +py+q=0(2)
a® 2a% — 9ab
T d/: = b _ — = - @@
rong do: p 3 ,q =c+ 97 \
Ta chi xét p,q # 0 vi p = 0 hay ¢ = 0 thi dua ve truong hgp don gian.

Dat y = u + v thay vao (2), ta dugc:
(u+v)?+plu+v)+qg=0u*+0°+ Buw+p)(u+v)+q¢=0 (3)

Chon u, v sao cho 3uv +p =0 (4).
Nhu vay, dé tim u va v, tit (3) va (4) ta c6 he phuong trinh:

Y
Theo dinh 1i Viete, u® v v? 1a hai nghiém ctia phuong trinh:

X2+qx =2 — o
+¢X — 52 =0(5)

w

)

¢

-+

>

I
N

+
S
\]

10
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% Khi A >0, (5) c¢6 nghiém:
W=t VB -1 V&

Nhu vay, phuong trinh (2) sé ¢6 nghiém thyc duy nhat:

y={/-L+Va+i-L-va

% Khi A =0, (5) ¢6 nghiém kép: v =v = —i/g
Khi d6, phuong trinh (2) ¢6 hai nghiém thuc, trong d6 mot nghiém kép.

/[ q q
:23 _—— = = 3 —_
1 2,y2 Ys \/;

% Khi A <0, (5) ¢6 nghiém phtec.
Goi u3 14 mot nghiém phiic ctia (5), vg 1a gid tri tuong ting sao cho ugvy = —g.
Khi d6, phuong trinh (2) ¢6 ba nghiém phan biét.

Y1 = up + Vo

1 V3
Yo = —E(UJQ -+ Uo) -+ ZT(UO — ’Uo)

Y3 = —%(Uo +vg) — i;(uo — )
% Phuong phap lugng giac hoa - ham hyperbolic:
Mot phuong trinh bac ba, néu c¢6 3 nghiém thue, khi biéu dién dudi dang cin thic sé lien quan
dén s6 phiic. Vi vay ta thuong ding phuong phap lugng giac hoa dé tim mot cach biéu dién
khac don gian hon, dita trén hai ham s6 cos va arccos
Cu thé, tit phuong trinh 3 4 pt + ¢ = 0 () ta dit t = ucosa va tim u dé c6 thé dua (*) vé
dang
4cos® o — 3cosa — cos 3o = 0
3

Mubdn vay, ta chon u = 24/ —?p va chia 2 vé clia (x) cho UZ dé duoc

4 cos® a—BCosoz——” —0@0053(1—2(] 3
74

Vay 3 nghiém thuyc la

- 1 - 2i
t; =2,/ =L cos | = arccos 3¢ Y AT i~ 01,0
3 3 2p P 3

Luu y rang néu phuong trinh ¢6 3 nghiém thuyc thi p < 0 (diéu ngugc lai khong ding) nén cong
thiic trén khong c6 s6 phiic.

Khi phuong trinh chi ¢6 1 nghiem thic va p # 0 ta ciing c6 thé biéu dién nghiem dé bing cong
thitc ham arcosh va arsinh:

-2 1 -3 -3 .
|q| — cosh [g.arcosh (ﬂ —)} néu p < 0 va 4p® + 27¢> > 0.

*t =
q 3 2p p
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1 .
xt= -2 ]2 sinh |=.arsinh ﬁ § neu p > 0
3 3 20\ p

Mbi phuong phap trén déu cé thé giai quyét phuong trinh bac ba téng quat. Nhung muc dich

clia ching ta trong mdi bai toan luon 1a tim 16i gidi ngan nhat, dep nhat. Hiy cling xem qua

mot s6 vi du:

Bai tap vi du

I
Bai 1: Giai phuong trinh 2° + 22 + 2 = -3

Giai

Phuong trinh khong c¢6 nghiém hitu ti nén khong thé phan tich nhan tit. Trude khi nghi t6i
cong thitc Cardano, ta thit quy dong phuong trinh:
32 + 322+ 32 +1=0
Dai lugng 3z%+3x+1 gdi ta dén mot hing dang thitc rat quen thuoc 23 +3z24+-3z+1 = (z+1)3.
Do do6 phuong trinh twong duong:
(x+1)3 = —223

hay
r+1=—2x
Tit d6 suy ra nghiem duy nhit 2 = ———.[J
y ghie y 1_|_\3/§

® Nhan xét: Vi du trén la mot phuong trinh bac ba ¢6 nghiém vo ti, va duge giai nhs khéo 1éo
bién d6i dang thitc. Nhung nhitng bai don gian nhu thé nay khong c6 nhiéu. Sau day ta sé di

sau vao cong thitcc Cardano:

Bai 2: Giai phuong trinh 2 — 322 + 42+ 11 =0

Giai

Diat x = y + 1 . Thé vao phuong trinh dau bai, ta dugc phuong trinh:

v+ 1y +13=0
4 4567
TmhA=13+_-1"= — >0
. T 27
Ap dung cong thiic Cardano suy ra:

2_7+ 27
2 2

s| =134 /B 5| —13— /8%
Ty T 410

2 2

s| =13+ (/550 8| —13— /B
y: D ] _—

Suy ra z =

® Nhan xét: Vi du trén 1a mot ing dung co ban cua cong thitc Cardano. Tuy nhién cong
thttc nay khong hé dé nhd va chi duge dung trong céc ki thi Hoc sinh giéi. Vi thé, c6 1& ching
ta sé c¢6 gang tim mot con duong “hop thiic héa” cac 10i giai trén. D6 1a phuong phap higng
gidc hoa. Dau tién xét phuong trinh dang x® + px + ¢ = 0 v6i p < 0 va ¢6 1 nghiém thuyc:
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Bai 3: Giai phuong trinh 2% + 322+ 22 — 1 =10

Giai
Dau tien dit x = y — 1 ta dua vé phuong trinh y* —y — 1 = 0 (1). Dén day ta dung lugng gidc
nhu sau:
. 2 V3
Néu |y| < —= suy ra Y

V3

Phuong trinh tuong duong;:

< 1. Do d6 ton tai « € [0, 7| sao cho 5y =cosa.

2

——cosPa— —=cosa—1=0
3v/3 V3
hay
3
cos 3o = T\/_ (v0 nghiém)
2 N 1 1 .
> ——. Nhu vay luén ton tai ¢ thod y = — (¢t + =) (*). Thé vao (1) ta dugc phuon
7 y y \/g( ;) (%) (1) phuong
trinh
t? L1 B
3v3 33t

Viéc giai phuong trinh nay khong kho, xin danh cho ban doc. Ta tim dugc nghiém:

so L f/%(gﬁ_mH ! 1o

v3 i’/%(3\/§—\/2—3)

® Nhan xét: Cau hoéi dat ra la: “Stt dung phuong phéap trén nhu thé ndo?”. Mudn tra 16, ta can

lam séng t6 2 van dé:
1) C6 ludn ton tai t thod man cach dit trén?

Dap an 1a khong. Coi (%) la phuong trinh bac hai theo ¢ ta sé tim duge dieu kién |y| >

Sk

That ra c6 thé tim nhanh bang cach dimg AM-GM:
= |7 (4 5)|-7 ("“) 2
y = |—— — e _
V3 t V3 1)~ V3

Vay truée hét ta phai chiing minh (1) khong ¢6 nghiem |y| <

. 2
2) Visao ¢c6 sO —7
) V3

%Iw

Y tudng ciia ta la tit phuong trinh 23 + pz + ¢ = 0 dua vé mot phuong trinh tring phuong theo

1 ) R . . —
t3 qua cach dat x = k (t + ;) Khai trien va dong nhat hé so ta duge k = P

Sau day 1a phuong trinh dang 22 + px + ¢ = 0 v6i p < 0 v ¢6 3 nghiem thue:

Bai 4: Giai phuong trinh 2° — 2?2 — 22 +1 =0

Giai

1
bat y =o — 3 Phuong trinh tuong duong;:

7T
Y=gyt 5z =00)
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24/7 3 . 3 9 /7
Vé6i y| < L— thi Yy < 1. Do dé tdon tal = [O,'ﬂ'] s20 cho cosa — Yy hay y = \/_COSOZ'
’ 2V 2V/7 3
Thé vao (x), ta dugc:
cos 3 \/7
o = ——
14

Day 14 phuong trinh lugng giac co ban. Dé dang tim duge ba nghiém cta phuong trinh ban

dau:

arccos <—£>
27 14

T = =5 cos 3 + 3
VT
+arccos | ——
27 14 om| 1
33273:7(:08 3 —i—? +§

Do phuong trinh bac ba c6 t6i da ba nghiém phan biét nén ta khong can xét truong hop

24/7 .
ly| > T\/_ Bai toan dugce giai quyet. [

. 2VT .
® Nhan xét: Ta cing c¢6 the chitng minh phuong trinh vo nghiém khi |y| > T\/_ bang cach dit

7 1, . .
Y= \/?_( + ;) giong nhu bai 3, tit d6 dan t6i mot phuong trinh trung phuong vo nghiém.
2 Z 2 - 1
Tong ket lai, ta dung phép dat an phu y = ?p (t + ;) (%) nhu sau:

s Néu phuong trinh c¢6 1 nghiém thuc, chiing minh phuong trinh vo nghiem khi |y| < 2 —?p’

truong hgp con lai dung () dé dua vé phuong trinh triing phuong theo t.

% Néu phuong trinh ¢6 3 nghiém thuyc, chiing minh phuong trinh vo nghiém khi |y| > 24/ —?p

bang phép dat () (dua vé phuong trinh tring phuong vo nghiém theo ¢). Khi |y| < 24/ —?p thi

Y|

9./ —P
3

Con khi p > 0 khong kho chitng minh phuong trinh ¢6 nghiém duy nhat:

dat = cos «, tit d6 tim «, suy ra 3 nghiém y.

Bai 5: Giai phuong trinh 2° + 6x +4 =0

Giai
. 1 2 N 2
® Y tuong: Ta sé dung phép diat x = k <t — ;) de dua vé phuong trinh trung phuong. Dé y

phép dat nay khong can diéu kién ctia z, vi n6 tuong duong k(t?> — 1) — xt = 0. Phuong trinh
trén ludn c6 nghiém theo t.
Nhu vay tit phuong trinh dau ta duge

= <t3—t13> — 3k (t—%)+6k(t—%)+4—0
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Can chon k thod 3k = 6k = k = /2
Vay ta c6 16i giai bai toan nhu sau:
® Loi giai:
1
Dat z = v/2 <t — ;) ta c¢6 phuong trinh

1 —~1£/3
2\/§<t3—t—3>+4:0(:)t6—1—|—\/§t3:0<:)t172: ’ T\/—

Luu y rang t;.to = —1 theo dinh 1y Viete nén ta chi nhan dugc mot gia tri clia x 1a

x—tl—i—tg— (\/ 1+\/_ \/_\/§>D

Bai 6: Giai phuong trinh 42® — 3z = m véi |m| > 1

Giai
Nhan xét rang khi |z| < 1 thi [VT] < 1 < |m| (sai) nén |z| > 1. Vi vay ta c6 thé dat

.

Ta ¢6 phuong trinh tuong duong;:

Tu do:

t=vVmEvm?—1=
Ta ching minh day 14 nghiém duy nhat.

Gia st phuong trinh ¢6 nghiém zy thi zy € [—1,1] vi |xo| > 1. Khi dé:
43 — 3w = 4x3 — 3
hay
(x — xo) (422 + dwTy + 428 — 3) =0
Xét phuong trinh:
4a* + 4axg + 423 —3=0
c6 A’ =12 — 122% < 0 nén phuong trinh bac hai nay vo nghie¢m.

Vay phuong trinh dau bai c6 nghiém duy nhat 1

(Y VT4 Ym—VeroT)

Bai tap tu luyén

Bai 1: Giai cac phuong trinh sau:
a) 2® + 21 +3x+1=0

b) 22 + 52? + 4x +2 =0

c) 2® —bx?+4x+1=0
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d) 82° 4 242 + 62 — 10 — 3/6 = 0
Bai 2: Giai va bién luan phuong trinh:
422 + 3z =m véim € R
Bai 3: Giai va bién luan phuong trinh:
2 4ar? +br+c=0

PHUONG TRINH BAC BON

‘ [1] Phuong trinh dang az® + bz® + cx? + bkx + ak* =0 (1)

Ta co
(1) & a(z* + 22° k + k?) + bw(2® + k) + (¢ — 2ak)z® =0

< a(x® + k) + bo(z® + k) + (c — 2ak)z® =0

Dén day c6 hai huéng dé giai quyét:

Cach 1: Dua phuong trinh vé dang A? = B%:

Thém bét, bién doi vé trai thanh dang hing dang thic dang binh phuong ctia mot tong, chuyén
cac hang tlt chita 22 sang bén phai.

Cach 2: Daty=2>+k=y >k

Phuong trinh (1) tré thanh ay? + bxy + (c — 2ak)x® = 0

Tinh  theo y hoic y theo z dé dua vé phuong trinh bac hai theo an z.

| Vi du: Gidi phuong trinh: 24 — 82% + 2122 — 242 +9 = 0 (1.1)

CAcCH 1:
(1.1) & (2* + 9+ 62%) — 8(z* + 3) + 162° = 162* — 212* + 62° < (2> — 4w + 3)* = 2°
5—+/13
2’ —dr+3==x 22 —5x+3=0 rT=—"07—
& & 2
22 —4r+3=—w 22 —3r+3=0 L _5+Vi13
2
CACH 2:

(1.1) & (2 + 622 +9) — 8zx(2> + 3) + 1522 = 0 & (22 + 3)? — 8z(2? + 3) + 1522 =0
=3

Dat y = 2% + 3. (1.1) tr6 thanh: y* — 8zy + 1522 =0 & (y — 3z)(y — bz) = 0 & [ Y 596

Y=oz

V6i y = 3x: Ta c¢6 2% + 3 = 3z: Phuong trinh vo nghiém

5—+v13
r=-——
Voiy=56x:Tacoz?+3=br<22-5x+3=0& 5+2 i
r=——
2
54++V13 5—+/13
Vay phuong trinh (1.1) ¢6 tap nghiém:S:{ +2 5 }

Nhan xét: Mdi phuong phap giai c6 1¢i thé rieng. Véi cach gidi 1, ta sé tinh dugce tric tiép ma
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khong phai thong qua an phu. Véi cach gidi 2, ta sé c6 nhiing tinh todn don gidn hon va it bi

nham 1an.

Bai tap tu luyén

Giai cac phuong trinh sau:

1) 2* — 1323 4+ 462° — 392+ 9 =0
2)2x —I—Sx 2722 4+ 62 +8 =0
3) x — 622 4+3x+1=0
4)6:1: +7x 3622 — Tz +6 =0
5) —02% —27Tx + 81 =0

[2] Phuong trinh dang (z + a)(z + b)(z + ¢)(x + d) = ex?® (2) Vv6i ad =bc=m

Cach 1: Dua vé dang A? = B?
(2) & (z+pr+m)(2* +nr+m) =ex’(ad=bc=m,p=a+d,n=>b+c)

p+n — + n—
(a:—l— 5 —x+m 2pa:)<x2+z%x+m+ 2px>:eac2

2
_ 2
o <x2+p—|2—nx+m) = [<n2p> +e

Cach 2: Xét xem x = 0 c6 phai la nghiém cta phuong trinh khong.

Truong hgp = # 0:
(2) & (x—l—m—l—p) (.Z'—FT—FTL) =e
x x

Dat u=z+" Didu kién: |u| > 2+/|m
x

$2

(2) tr6 thanh (u + p)(u+n) = e. Dén day gidi phuong trinh bac hai theo u dé tim x.

Vi du: Gidi phuong trinh: (z +4)(z + 6)(x — 2)(z — 12) = 2522 (2.1)

CAcCH 1:
(2.1) & (2 + 10z + 24)(2* — 14z + 24) = 2527

& (2% — 22 + 24 + 127)(2® — 22 + 24 — 122) = 2527

2 —2r+24 =13z

& (22 — 21 + 24)% = 1692% <
22 —2rx+24=—132

r=—8
P15 +2u=0 | .- _3
2+ 1lx+24=0 15 4+ /129
r=——"-"

2
CAcH 2:

(2.1) & (22 4+ 10z + 24)(2? — 14z + 24) = 252
Nhan thay z = 0 khong phai 1a nghiém ctia phuong trinh.
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24 24
r#0:(21) & (93+—+10> (93+——14> =25
X X
24
Dit y = 2+ — = |y| > 4v/6. (2.1) trd thanh:
T

=—11
(y+10)(y—14) =25 (y+11)(y —15) =0 & [y 15
y —_=
V6iy = —11: Ta ¢6 phuong trinh:

24

9 =3
r+—=-11lwzr+1lx+24 =0«
T

r= -8
V6i y = 15: Ta c6 phuong trinh:

24 15 4+ /129
:I:'—l——:15<:>952—1596+24:0<:>;g:T
x
15 —v/129 15+ +/129
Phuong trinh (2.1) c6 tap nghiem S = {—3; —8; 5 : +2 }

® Nhan xét: Trong cach giai 2, ¢ thé ta khong can xét x # 0 roi chia ma c6 thé dit an phu

y = 22 +m dé thu dugc phuong trinh bac hai an z, tham sé y hoac ngugc lai.

Bai tap tu luyén

Giai cac phuong trinh sau:
1) 4(x +5)(x + 6)(x + 10)(z + 12) = 322
2) (z+1)(z+2)(z + 3)(z + 6) = 16822
3) (x4 3)(x+2)(xz+4)(xz + 6) = 1422
4) (z +6)(x + 8)(z + 9)(z + 12) = 222

)

5) 18(z + 1)(x + 2)(z + 5)(2x + 5) = %xz

[3] Phuong trinh dang (z +a)(x +b)(z+c¢)(z+d)=m (3) véia+b=c+d=p

Ta ¢6 (3) & (2% + px + ab)(z? + px + cd) = m
CAcH 1;

_ d _
(3><:>(x2+px+ab—l—cd+ab cd)(x2+px+ab+c _ab Cd):m

2 2 2 2

2 2
9 ab + cd ab — cd
< |z +pr+ 5 =m+ 5

Bai toan quy vé giai hai phuong trinh bac hai theo .
CAcH 2: )
Dat y = 22 + pr Diéu kién: y > —%. (3) tr6 thanh:(y + ab)(y + c¢d) = m

Giai phuong trinh bac 2 an y dé tim .

Vi du: Giai phuong trinh: z(x + 1)(z + 2)(z + 3) = 8 (3.1)

CAcH 1:
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Ta co
(3.1) & (2* +32)(2* + 3z +2) =8
@ +3r+1-1)(2°+32+1+1)=8
24324+ 1=3
o (P 43r41)P=9e | 0T
2?4+ 3r+1=-3
22 +32—-2=0 —3+4/17
Sr=——7
22 +3x+4=0 2
CACH 2:

(3.1) & (2 +3x)(2? +3x+2) =38
Dity=2*+3r=y>—-
(3.1) trd thanh:

2 y =2
yy+2)=8y +2y—-8=0« s y=2
y = —4(loai)
V6i y = 2: Ta c6 phuong trinh:
—-3++V1
a:2+3m—2:0(:)x:3T7
—3+V17T =3 —-v17
Phuong trinh (3.1) ¢6 tap nghiém: S = { +2 : 5 }

Bai tap tu luyén
Giai cac phuong trinh sau:

(x4+2)(x+3)(x = T7)(z —8) =144
x+51)x+6)(x—|—8)( X )—42 20870
(e D)+ 3) (6 (4 5) = oo
. (62 +5)*(3z + 2)(x +1)=235
(4z + 3)%(x + 1)(2z + 1) = 810

'cn.poowl—l

Nhan xét: Nhu dang (2), ngoai cach diat an phu trén, ta c6 thé dat mot trong cac dang
an phu sau:
% Dat y = 2% + pxr + ab
x Daty=2%+pr +cd
x Dit y = (:c+§>2
ab + cd
2

x Dat y = 2% + px +

[4] Phuong trinh dang (z +a)* + (z +b)*=c (c>0) (4)

b
bat z =y — %. (4) tr6 thanh:

a—>b\" a—>b\"*
Y+ 5 +\y— 3 =c
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St dung khai trién nhi thic bac 4, ta thu duge phuong trinh:

4
2y4—|—3(a—b)2y2+2(a;b) =c

Giai phuong trinh triing phuong an y dé tim x.

Vi du: Giai phuong trinh: (z + 2)* + (2 + 4)* = 82 (4.1)

Dat y = x + 3. Phuong trinh (4.1) tré thanh:

(y+ D'+ (y—1)" =82

S W +4yP + 6y 4y + 1) + (¥ — 4P + 6y — 4y + 1) = 82
&2t + 1207 — 80 = 0 & (y? — 4)(y + 10) = 0
SyP=4sy=242

V6iy = 2, ta duge x = —1

Vé6iy = =2, ta duge x = =5

Vay phuong trinh ¢6 tap nghiem: S = {—1; -5}

Bai tap tu luyén

Giai cac phuong trinh sau:

L (x4 2)* + (z + 8)* =272

2. (1 +V2) + (v + 1) =33+ 12V/2
3. (4 10)* + (z — 4)* = 28562

4 (4144 (z—3)* =90

[5] Phudng trinh dang z* = az?® + bx + ¢ (5)

Dua (5) vé dang A? = B?
(5) < (22 +m)* = 2m + a)z® + bx + ¢ + m?
Trong d6, m 1a mot sd can tim.

Tim m dé f(z) = (2m + a)2® + bx + c+m? c6 A = 0. Khi d6, f(z) c6 dang binh phuong ctia
mot bidu thic.

o New2m+a<0:(5) & (& +mP+ ) =0 (v6i f(z) = —g(@)es 4 "
g(x) =0
22 +m = g(x)

e Néu2m+a>0:(5) & (36‘2 + m)2 = 92<I) (véi f(x) = gz(x)) < 22 4 = —g(z)
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Vi du: Gii phuong trinh: z* + 2% — 6z +1 =0 (5.1)

Ta co:
(5.1) &2 + 422 +4 =322+ 62+ 3 & (2°+2)* = 3(x + 1)?

2?4+ 2=3(x+1)
22+ 2=—\3(x+1)
22 —V3r+2—-3=0
22+ V3+24+v3=0

x_\/‘—\/4\/§—5
B 2

- Lo V3FVAVE-5
B 2

=

Phuong trinh (5.1) ¢6 tap nghiem: S = {
Bai tap tu luyén

Giai cac phuong trinh sau:

ot —1922 — 102 +8 =0
Lt =dr+1
Lt =8x+7

200 4+ 322 - 102 +3=0

(2% —16)?2 =162 + 1

3ot — 222 — 160 —5=0

Nhan xét: Phuong trinh dang 2* = ax + b dugc gidi theo cach tuong tu.

S O W N =

f—\/4¢§—5.¢§+\/4¢§—5}
2 ’ 2

Phuong trinh A = 0 1a phuong trinh bac ba vé6i cach giai da duge trinh bay trude. Phuong

trinh nay c6 thé cho 3 nghiém m, can lya chon m sao cho viéc tinh toan 1a thuan lgi nhat. Tuy

nhién, dit dung nghiém m nao thi ciing cho cling mot két qua.

[6] Phuong trinh dang af?(z) + bf(z)g(z) + cg*(x) =0 (6)

CAcH 1: Xét g(x) = 0, giai tim nghiém va thi lai vao (6).

2
Trudng hop g(z) # 0: < a [@} + b.M +c=0

9(x) 9(x)
bat y = @ gidi phuong trinh bac hai ay? + by + ¢ = 0 16i tim x.

g()

CAcH 2: Dat u = f(z),v = g(z), phuong trinh tré thanh
au® + buv + cv? = 0 (6%)

Xem (6%) 14 phuong trinh bac hai theo an u, tham s6 v. Tit d6 tinh u theo v.

Vi du: Gidi phuong trinh: 20(x — 2)? — 5(z + 1)? + 48(z — 2)(x + 1) = 0 (6.1)
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bat u =2 —2,v = x + 1. Phuong trinh (6.1) tré thanh:

10u =v

20u? + 48uv — 50 = 0 & (10u — v)(2u + 5v) = 0 &
2u = —bHv

7
% V6i 10u = v, ta co: 10(x—2):x+1(:)x:§
1
% V6i 2u = —bv, ta co: 2(x —2) = =b(z+ 1) &z = —5
7 1
Vay phuong trinh (6.1) ¢6 tap nghiem: S = {—' ——}

377
® Nhan xét: Néu chon y = @) V6i f(x) va g(x) 1a hai ham s6 bat ki (g(z) # 0), ta sé tao

g(z)

duge mot phuong trinh. Khong chi la phuong trinh hitu ti, ma con la phuong trinh vo ti.

Bai tap tu luyén

Giai cac phuong trinh sau:

L (=51 —=12(x — 2)* + 4(2® = Tx + 10)> =0
2. (=2 +3(x+3) —4(z* + 2 —6)* =0

3o4(xd —1) +2(2? + 2 +1)2—4(x —1)>=0
4.2(x> — 2+ 1)2+5(x+1)*+14(z* +1) =0

5. (x —10)* — 15(z + 5)* + 4(2* — 5z — 50)* = 0

[7] Phuong trinh bac bdn téng quat az* + b2’ + ca® +dz +e =0 (7)

Phan tich cac hang ti bac 4, 3, 2 thanh binh phuong ding, cac hang t1t con lai chuyén sang vé
phai:
(7) < 4a’z* + 4bax® + dcax® + 4dax + dae = 0
& (2a2® + bx)? = (b* — 4ac)z? — dadr — 4ae
Thém vao hai vé mot bicu thiic 2(2a2? + bx)y +y? (v 1a hing s6) dé vé trai thanh binh phuong

dtng, con vé phai 1a tam thitc bac hai theo x:
f(z) = (b — dac — day)x® + 2(by — 2ad)x — 4ae + y

Tinh y sao cho vé phai 14 mot binh phuong ding. Nhu vay, A clia vé phai bang 0. Nhu vay ta
phai gidi phuong trinh A = 0. T d6 ta c6 dang phuong trinh A% = B? quen thudc.

Vi du: Giai phuong trinh z* — 1623 + 662? — 162 — 55 =0 (7.1)

(7.1) & 2* — 162% + 642? = —22° + 162 + 55
& (2% — 8x)% 4+ 2y(a? — 82) +9* = (2y — 2)2* + (16 — 16y)z + 55 + ¢/*
Giai phuong trinh A =0 < (8 — 8y)? — (55 + ¥*)(2y — 2) = 0 tim dugc y = 1,y = 3,y = 29.

Trong cac gia tri ndy, ta thay gia tri y = 3 1a thuan lgi nhat cho viéc tinh toan.
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Nhu vay, chon y = 3, ta ¢6 phuong trinh:

2?2 —8x+3=2(z—4)

2 2 2
—8r+3) " =4(r—4)" &

22 —10x+11=0 N r=3++v14
22 —6xr—5=0 r=5++14

Phuong trinh (7.1) ¢6 tap nghiém S = {3 +14;3 — V14;5 4+ V14,5 — \/ﬁ}

® Nhan xét: Vi du trén cho ta thay phuong trinh A = 0 ¢6 nhiéu nghiém. C6 thé chon y = 1
nhung tir d6 ta c6 phuong trinh (2% — 8z + 1)? = 56 thi khong thuan 1¢i 1am cho viéc tinh toan,
tuy nhién, két qua van nhu nhau.

Mot cach gidi khac 1a tit phuong trinh 2% 4+ az +br? +cx +d =0 dat v =t — %, ta sé thu dugc
phuong trinh khuyét bac ba theo ¢, nghia la bai toan quy vé gidi phuong trinh t* = at? 4 bt +c.

Bai tap tu luyén

1o2z% — 1423 + 5422 — 38z — 11 =0
xt — 1623 + 5722 — 522 — 35 =0
2t —62° + 922 +20 —T7=0

2t — 1023 + 2922 — 200 — 8 =0
204 — 3223 4+ 12722 + 382 — 243 =0

A

PHUONG TRINH DANG PHAN THUC

‘ [1] Phuong trinh chita 4n ¢ mau cd ban

Dit diéu kien xéac dinh cho biéu thitc ¢ mau. Quy dong roi giai phuong trinh.

; 1
Vi du: Giai phuong trinh: 5 + ? 2 (1.1)

—x 235—1:

Diéu kién: z # 2;x # %
20 —1+2(2—2x)
(2—2)(2z—-1)

& 372° — 62+ 3 =0 < x = 1(thda diéu kien)
Vay phuong trinh (1.1) ¢6 tap nghiem S = {1}

(1.1) & =2 20— 1420 —2% =204 — 2 — 227 + 1)

2.2
2] Phuong trinh dang 2 + ﬁ —b(2)
Ta co:
axr axr
2) & — . =b
(2) {x (x + a)] T +a
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2

bat y = 4 Giai phuong trinh bac hai theo y dé tim .
r+a
Vi du: Giai phuong trinh: 22 + 9—x2 =7(2.1)
i P & ' (x+3)2 '

Dieu kien: z # —3.

x+3
22 \? x?

& 6. =7
(x+3) * r+3

3 Ta ¢6 phuong trinh

2 2
(2.1)@(3:— 5 ) 6 —— =7

2

x
bat y =
x

y=1

y2+6y—7:0<:)[
y=—"7

% Néu y = 1: Ta c¢6 phuong trinh 22 =2+ 3 & v =

113
2

% Néu y = —7: Ta c¢6 phuong trinh 22 + 7z + 21 = 0 (vo nghiém)

1+\/1_3.1—\/ﬁ}

2 2
® Nhan xét: Dua vao cach giai trén, ta c6 thé khong can phai dat an phu ma thém b6t hing

Vay phuong trinh (2.1) ¢6 tap nghiém: S = {

s6 dé tao dang phuong trinh quen thuoc A? = B?
Bai tap tu luyén

Giai cac phuong trinh sau:

42
1. 22 =12
v (x +2)2
2 2
2 2?4 2T
(x +5)?
922
3. 22 =14
v x — 3)?
25 49
4, — — =1
22 (z—T)?
9 8
Az +4)2 " (20 +5)2

2 2
3] Phuong trinh dang 0% T TGTTC_ g
?>+mr+a x>+ pr+a

> +mr+a#0
> +pr+a#0
Xét xem x = 0 c¢6 phai la nghiém phuong trinh khong.

Dieu kiéen:
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Truong hgp = # 0:
a a
x+;+n x+;+q
(2) & 4 + il =0
r+—+m xT+-—+p
x x

Dity =z + ? Diéu kien: ly] = 24/]a| ta c6 phuong trinh
T

y+n +?J+Q_
y+m y+p

b

Giai phuong trinh an y sau d6 tim z.

> —3r+5 2>2—5r+5 1 (3.1)

Vi du: Giai phuong trinh: — =
1 dul Ldal patong snn 22 — 4z +5 22 —6x4+5 4

Diéu kién: z # 1,z # 5.
x = 0 khong phai la nghiém cta phuong trinh.
Xétx#0:

S 5
r+—-——3 xT+-—-9 1

(3.1) L — L =—-
5 5

c+2-4 z+2-6 4
xr xXr

5
Dit y = 2 4+ = = |y| > 2v/5,y # 6. Phuong trinh (3.1) tré thanh:
xr

y—3 y—5 1 2 1

s _Z - __<:>———<:>y2—10y+16:0<:>

y—4 y—6 4 72 —10y+24 4
T do6 ta c6 phuong trinh
5)
r+-=8c1 -8 r+5=0c2r=4+V11
x

Vay phuong trinh (3.1) c6 tap nghiem: S = {4 + V114 — \/ﬁ}

® Nhan xét: Cac dang phuong trinh sau dugc giai mot cach tuong tu:
nx

e Dang 1: P

_I_ —
ax?+br+d ax?+cr+d
ar® +mx +c T

e Dang 2: — 5 =
ar®+nr+c¢ ar®+qr+c

Bai tap tu luyén

Giai cac phuong trinh sau:
dx 3T

D) PR P T
2) 2x . 13z B
22 —5r+3  2a2+4+2x+3
3) 3x n Tx B
22 —3r+1 a24+x4+1
R 2 —10x + 15 _ 4x

22 —6x+15 a2—12x+5
2?4+ 5x+3 :)32—}-41‘-}-37

5 —
)x2—7x+3 2+ 5z +3

y = 2 (loai)
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Téng két
Qua cac dang phuong trinh trén, ta thay phuong trinh hitu ti thuong duge gidi bang mot trong
cac phuong phap:

Tuy nhién, c6 mot s6 dang phuong trinh c6 nhitng phuong phap gidi dac trung. Nhitng phuong
trinh nay sé dugce trinh bay cu thé hon ¢ nhitng phan khac.

Bai tap tong hdp phan phuong trinh hitu ti

PHAN 1
1) 23 — 32? + 18z — 36 = 0
2 8x2—6x:%

2 —42? —4x +8=0

)
)
3)
4) 2® —212? + 35 — 7 =0

5) 23 — 622 +8 =0

1) 62° —11z* — 11z +6 =0

(2% — 62)? — 2(z — 3)* =81

4+ (2 —1)(32% + 22 —2) =0
zt+ (x4 1)(52% — 62 — 6) =
4+ +2r+2=0

r? —16)* = 16z + 1

427+ (x+3P+ (z+4)r =2

)
)
)
)
5)
) (
) (
)

+1+1+1_1+1+1+1
r+2 x+5 x+7 zx+1 43 44 z+6
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XAY DUNG PHUGONG TRINH HUU Ti

Bén canh viéc xay dung phuong trinh tit hé phuong trinh, viéc xay dung phuong trinh tit nhing
déng thic dai s6 co6 diéu kien la mot trong nhitng phuong phép gitp ta tao ra nhing dang
phuong trinh hay va la. Duéi day 1a mot s6 dang thic don gian.

4.1 Tt dang thitc “(a +b+c)’ =a® + b+ S +3(a+b)(b+c)(c+a) (1)

Vi du: Giai phuong trinh: (z — 2)3 + (22 — 4)* + (7 —32)* =1 (1.1)

Nhan xét: Néu diit @ = 2 — 2,0 = 22 — 4,c = 7 — 3z. Khi d6 ta c6 phuong trinh: a® + b3 + ¢* =
(a+b+c)3 Tit dang thitc (1), d& dang suy ra (a + b)(b+ ¢)(c + a) = 0. Tt do, ta co 1oi giai:
(1) e (x—2)%+ 2z —4)* + (7 —32)* = [(x — 2) + (22 — 4) + (7 — 32)]°

T =2
e Br—60B-1)0b-21)=0s x:?g
Vay phuong trinh (1.1) ¢6 tap nghiem: S = {2; 3; 5}

V6i bai toan trén, cach tir nhién nhat c6 18 1a khai trién roi thu vé phuong trinh bac ba. Tuy
nhién, viéc khai trién c6 thé khong con hiéu qua véi bai toan sau:
Vi du: Giai phuong trinh: (2? — 4z +1)* + (82 — 22 +4)* + (z — 5)® = 12523 (1.2)

1 1 1 1

4.2 Tt ménh dé “- + -+ - = ——— b =0(2)”
ménh dé a+b+c a+b+c<:)(a+)(b+c)(c+a) 0 (2)

1 1 1 1

Vi du: Giai phuong trinh: = 2.1
f du: Giai phuong trinh: e+ o 7 T e a8 mpr7 oY
R 7 8 7
Diéukién:x#&x#—i,m#—g,x#—é
T bai toan (2), ta co:
1
ﬂfzg
21) e (z—842x+T)(x —8+5x+8)(2r+7+52+8) =0« | =0
15
===

1 15
Phuong trinh c6 tap nghiém: S = {g’ 0; _7}
4.3 Tw di';.ng thic “a® + b3 + 3 — 3abe = (CL + b4+ C)(CL2 + b2 + 2 —ab—bc— CCI,) (3) ”,

Vi du: Giai phuong trinh 542 — 9z + /2 = 0 (3.1)
Ta tim cach viét vé trai clia phuong trinh dudi dang 2 + a® + b* — 3abz. Nhu vay thi a, b 1a

nghiém cta hé phuong trinh

V2

3 3
b° =
a” + 54
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= @, b% 1a nghiém ctia phuong trinh

V2 1 1 1

-t ——=0et=——=a=b= ——

54 182 54+/2 3v2

Khi d6 phuong trinh da cho tuwong duong véi

(z+a+b) (2 +a>+ b —ax—bx—ab) =0

2
r=—=
2 , 2 1 3v2
S|+ — " ——2r+— | =0&
( 3@)( 3v/2 18> _ 1
€xr =
3v2

2 1
Vay (3.1) c¢6 tap nghiem S = ¢ ———; ——
1y (3.1) 6 tap nghic {mm}

P 1 1 1
4.4 T bai toan “Neu zyz =1vacz+y+z=—+—+—-thi(z—1)(y—1)(z—1)=0 (4) ™
r oy z

T 1 N T
1022 — 11z +3 2x—1  5x—3

Vi du: Giai phuong trinh: +102% — 18z + 7 (4.1)

R 3 1
Dieu kién: x # 5 # 3

. 1

Nhan xét: Neu dat a =2x — 1,b=5x — 3,c =

11 1022 — 11z + 3

Thitacérabc=1vaa+b+c=—-+ -+ -

a b ¢ .

Tuwds (3.1) 22r—1—-1)bxr—3—1 -1 =
6 (3.1)« (2 )5z )<10x2—11x+3 )
r=1 z=1

4 4
x ==
1022 — 1z 4+2=0 oo A VAL
20
411:|:\/
Phuong trinh (3.1) c¢6 tap nghiem: S = { 5 50 }

Qua cac vi du trén, ta c6 thé hinh dung co ban viéc sit dung déng thitc dé xay dung phuong
trinh. Hi vong dua vao von hiéu biét va kha ning sang tao ciia minh, ban doc c¢6 thé tao ra
nhitng phuong trinh dep mat va doc ddo hon nita. Sau day 14 mot s6 bai tap tu luyén tir cac
déng thic khéc.

Bai tap tu luyén

1. (x —2)5 + (2?2 — 5z + 4)® = (222 + 3)> + (5 — 9z)?
2. (22 =22+ 3P+ B —2*+7)° = (92 +5)° + (5 — 3z)°
3. (2 —=br+4)?(12— Tz —522) + (23 + 222+ 7) (722 + 122 —9) = (2® +72? + T2 —5)?(22% + 5z +3)
4. (x = 5) 4w — 2?) + 22 + T)*(2? = 32+ 12) = (2* — 22 + 7)* (12 + 2)
. (22 — bz + 3)3 (2% +4x —1)3 (Tx — 4)3
C(4—-9x)(2?2 —122+7) (9 —4)(22—3x+3) (120 —T7—2?)(—2% + 3z — 3)

=7
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1 1 1 1

0. —
x2+4w+3+x2+8x+15+x2+12w—|—35+$2—|—16m—|—63
7. (2 =8z +5)"+ (Tx —8)" = (2> —x — 3)7

5

MOT SO PHUONG TRINH BAC CAO

Nha toan hoc Abel da ching minh ring khong c6 cong thiic nghiem tdng quat cho phuong
trinh bac cao (> 4). Day ciing khong phai 14 dang toan quen thudc & pho thong. Vi thé bai

viét nay chi dé cap dén mot s6 phuong trinh bac cao diic biét, co thé giai bang bién doi so cap.

Bai 1: Giai phuong trinh 2° — 2* — 23 — 1122 + 252 — 14 =0

Giai
Phuong trinh da cho tuong duong
(2% — 22%) + (2 — 22°) + (2 — 22%) + (=92 + 182) + (T — 14) =0
(z—2)(a"+2° +2* - 92 +7)=0
sSr=2Vrt+2°+2°-92+7=0 (x)
Xét (*) ta co
(¥) = (@ +23+22 —92+6)+1=0
(z* —2® + 20 — 22" + 32> =32 — 62 +6) + 1 =0
& (. —1)*(2® + 37 +6) + 1 = 0 (vo nghiem)

Vay phuong trinh c6 tap nghiem S = {2} O

Bai 2: Giai phuong trinh 2% — 722 + V6 = 0 (%)

Giai

R6 rang ta khong thé doan nghiem ctia phuong trinh nay vi bac cao va hé sé xau. Mot cach tu
nhién ta dit v/6 = a. Luu ¥ ring ta hi vong c6 thé dua (*) vé phuong trinh bac hai theo a, do
d6 ta phan tich 7 = a? + 1. Cong viéc con lai 1a gidi phuong trinh nay:

Dit v/6 = a, khi d6

() e’ —2*(@*+1)+a=0&a2—a+2°—2°=0 (x)

(%) c6: A =1+ 42?(2% — 2?) = (22* — 1)? nén c6 nghiem:
a1 = Iz
1—a*

2

a9 =
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z=+v6
vay (oo |77V
ay () < &
1—{[‘4:\/61'2 r =+ \/g_ ;

5 3
Vay phuong trinh c¢6 tap nghiem S = { +v/6; + \/; —/= .0

Bai 3: Giai phuong trinh 2° — 1522 + /68 = 0 (x)

Giai
Do x = 0 khong thoa (*) nen z # 0. Viét lai (*) dudi dang
68 15 2v17 17T -2
z® + Vs & s+ \/3_ =
x

T

x3 T
bat a = v/17 > 0 ta c6 phuong trinh

2 22
xg—i-—(;:a & r?a® — 2a — 2% — 227 = 0 (x%)
x x

Coi (**) 1a phuong trinh an a ta tim duge nghiém

a = —x* (loai do a > 0)
2+ 2t

a

2 + 7t V17 +3 [V1T +3

Vay ta c6 V17 = —; <:>m4—\/17x2+2:0<:>m2:T<:>x::i:
X

) [VIT + 3
Két luan: (*) c6 tap nghiem S = {j: \/_T} O

Bai 4: Chitng minh phuong trinh 25 — 5z% + 3023 — 5022 + 552 — 21 = 0 ¢6 nghiém duy
nhat

x=1+V2-Vi+V8- V16

Giai
Dat f(z) = 2° — 52t + 302% — 5022 + 552 — 21.
Ta c6 f'(x) = ba* — 202 + 9022 — 100z + 55 = 5(a? — 2z + 3)* + 10(2z — 1)? > 0 Vz, do d6
phuong trinh f(x) = 0 ¢6 khong qua 1 nghiém.
Ta sé chiing minh nghiém do lhz=1+v2— 4+ /8- /16:
bat
r=1+V2-Vi+V8-V16
& V2r =V2+ V41— V8+ V16 -2
Sr+V2=272-1z+1=v202-21)
s (x+1)°=202-12)°

Khai trién biéu thic trén, sau d6 rit gon, ta duge phuong trinh:

2° — 52 + 302 — 5022 + 550 — 21 = 0
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Vay ta c6 diéu phai chiing minh. O

Bai 5: Ching minh phuong trinh sau ¢6 7 nghiém thuec:

g(z) = 2° — 927 + 32% 4 272° — 18z* — 2723 + 2722 — 1 = 0 (%)

Giai

Dat f(z) = 2% — 3z + 1 thi g(z) = f(f(x)). Ta sé tim nghiem cta ¢'(z) = f'(x).f'(f(z)):
% Nghiem cta f'(z) 1a: f'(z) =0 322 -3 =0z = +1.

% D@ tim nghiém ctia f/(f(z)) ta tim nghiém ctia f(z) = —1 va f(x) = 1:

o fx)=—-1<2*-324+2=0&2€{-2;1}

e flr)=1a2°-3r=0<xc{0;+/3}

Nhu vay tap nghiém cia phuong trinh ¢/(x) = 0 1a {—2; —v/3; —1;0; 1;v/3}.

Suy ra g(z) c6 t6i da 7 nghiém. Lai co:

(

g(x) = —oo khi z — —o0

g(=2) =3 > 0= g(x) c6 1 nghiém trong (—oo; —2)

9(—v3) = —1 < 0 = g(z) c6 1 nghiem trong (—2; —/3)
—1) =19 > 0 = g(z) c6 1 nghiem trong (—v/3; —1)

g(0) = -1 < 0= g(z) c¢6 1 nghiém trong (—1;0)

)
g(1) =3 > 0= g(x) c6 1 nghiém trong (0;1)
9(v/3) = =1 < 0= g(z) c6 1 nghiem trong (1;/3)
g(x) — 400 khi 2 — 400 = g(x) ¢6 1 nghiem trong (v/3; +00)

(
(
(
9(
(
(
(
(

\

Nhu vay g(z) = f(f(x)) ¢6 7 nghiém thyc. O



Cuuona II: PHUONG TRINH, HE PHUONG
TRINH CO THAM SO

PHUGONG PHAP SU DUNG DAO HAM
Ly thuyét

Déi vé6i bai toan tim diéu kién ctia tham s6 dé phuong trinh f(z) = g(m) c6 nghiém mién D ta
dya vao tinh chat: phuong trinh c6 nghiém khi va chi khi hai do thi ctia hai ham s6 y = f(z)
va y = g(m) cit nhau. Do d6 dé bai toan nay ta tién hanh theo cic budc sau:

BuGc 1: Lap bang bién thién ctia ham s6 y = f(z) .

Budc 2: Dua vao bang bién thién ta xac dinh m dé duong thang y = g(m) cat do thi ham s6
y = f(z).

Chu y : Néu ham s6 y = f(x) lién tuc trén D v m = Min f(x), M = Max f(x) thi phuong
trinh: £ = f(x) c6 nghiem m <k < M

Sau day 1a mot s6 bai tap vi du:

Bai tap vi du

Bai 1:Tim m dé phuong trinh v22 4+ + 1 — Va2 — z + 1 = m c6 nghiém.

Giai

Xét ham s6 f(z) =vVa2+z+1—Vei—x+1véiz eRco
, 2c+1 20— 1
flay=-—2tl 2
Wrl4+r+1 22—z +1
Ta sé tim nghiém ctua f'(x):

Flz) =0 20 +1 2z —1
vl +x+1 2ya?—z+1
S 2+ 1)Val—z+1=2z—-1)Vat+z+1

N +12 _12+§ 1 +12+§
Ty T 4 Ty 1

=(z — 5)

1\? 1\?
<:>(x+§) :<x—§) <=0

Thit lai ta thay = 0 khong la nghiém ctia f(x). Suy ra f/(z) khong doi dau trén R, ma

f(0)=1>0= f(xr) >0Ve € R. Vay ham s6 f(z) dong bién trén R.
2x
Mat khac: lim z) = lim =1va lim r) = —1.
’ a:—)—i—oof( ) x—>+oo\/gj2+l'_|_1_|_\/$2_1»_|_1 ac—)—oof( )

=0

32
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Duya vao bang bién thién ta thay phuong trinh da cho ¢6 nghiém khi va chi khi m € (—1;1) O

Bai 2: Tim m dé phuong trinh v#2 +1 — \/z = m c6 nghiém ‘

Giai

DKXD: 2z >0

Xét ham s6 f(z) = Va2 +1—/z véi z > 0 ta c6 f(z) lien tuc trén [0; +00)
x 1 x

Lai c6: f'(z) = — < — =0Vz > 0.

Suy ra ham s6 f(x) nghich bién trén [0; +o00)

Mit khéc: xggloof(x) =0

Do d6 phuong trinh da cho ¢6 nghiém khi va chi khi m € (0;1] O .

® Nhan xét: Doi khi ta phai tim cach ¢6 lap m dé dua phuong trinh vé dang trén.

Bai 3: Tim m dé phuong trinh sau c6 nghiém: va! — 13z + m+2 — 1 =0 (¥)

Giai
Ta co:
4 1 o 1_'%20 121}
(x) & Vot =13z +m+z-1=0&< | 4 )
= 13x+m=(1—-2x) 4a® — 62 —9r=1-—m

Xét ham s6 f(z) = 423 — 62* — 9z v6i x < 1
$:§
Ta c6: f'(z) = 1222 — 122 - 9, f'(z) =0 & 1

T =—=

2
‘ ) , 3
Dua vao bang bien thién suy ra phuong trinh c¢6 nghiém khi va chi khi m > —5 O

Bai 4: Tim m dé phuong trinh sau c6 nghiem: 2/ + vz + 12 = m(v/5 — z + /4 — 1)

Giai

DKXD: z € [0;4].
Khi d6 phuong trinh tuwong duong véi

(rvVz+ Ve +12)(Vb—z—Vd—x)=m

Xét ham s6 f(x) = (zv/Z + Vo +12)(v/5 — x — /4 — z) lién tuc trén doan [0;4].

e (3 1 1 _
Taco.f(a;)_(2\/5+2 x+12) (Nm 2\/5__x)>0‘v’x€[0,4]

Vay f(z) 1a ham dong bién trén [0; 4].
Suy ra phuong trinh ¢6 nghiém khi va chi khi 2\/5(\/_ -2)<Km<120.

1 4—5x
o -0)
Bai 5: Tim m de hé sau ¢6 nghiém: (x) 2
322 —ma/r+16=0
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Giai
Ta co:
22 < —4 + 5z x € [1;4] 322 + 16
322 —mav/r+16=0 322 —mav/r+16=0 TN/
322 + 16
Xét f(z) = 2220 y6i 2 € [1;4]. Ta co:
/T
fl(z) = 2 = < OVz € [1;4]

3 213

Nhu vay m = f(x) nghich bién trén [1;4], do d6 f(4) <m < f(1) =8 < m < 19

Vay hé c¢6 nghiém khi va chi khi m € [8;19] O

® Nhan xét: Khi giap hé phuong trinh trong dé6 mot phuong trinh ctia hé khong chita tham s6
thi ta sé di gidi quyét phuong trinh nay trude. Tit phuong trinh nay ta sé tim duge tap nghiem
(d6i v6i he mot an) hodc sé it duge an nay qua an kia. Khi d6 nghiém ctia hé phu thuoc vao

nghiém ctia phuong trinh thit hai véi két qua ta tim duge & trén.

7rebvetl _p2vetl 4 o007e < 2007

Bai 6: Tim m dé hé sau c6 nghiem: {

2*—(m+2)z+2m+3=0

Giai
Ta co:
7REVERL Va4 90072 < 2007 = 7TAHVEL(72H2 1) < 2007(1 — x) (%)

% Néuz > 1= 7Verl (72272 — 1) > 0 > 2007(1 — z).Suy ra (*) vo nghiem.
% Néu x < 1= 72HVer (72272 1) <0 < 2007(1 — z). Suy ra (*) ding .

Suy ra hé c6 nghiem khi va chi khi phuong trinh 22 — (m + 2)z + 2m + 3 = 0 c¢6 nghiém véi
2 —2x+3

€ [—1;1], hay phuong trinh m = 5 c6 nghiém véi x € [—1;1].
$_
2 22 3
Xét ham s6 f(z) = % véi z € [~1;1], ¢6
l’_
2 4 1
f’(x):%:O@x:2—\/§
(z —2)

Dura vao bang bién thién suy ra hé c6 nghiem khi va chi khi m < 2 — /3.

r—y+m=0

y+ry =2

Bai 7: Tim m dé hé phuong trinh sau c6 nghiem: (%) {

Giai
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DKXD: xy > 0. Tt hé ta ciing c6 y # 0.

r—y+m=0
r—y+m=20 2_ 4 4 24 4 dy—-141
Iy =2—vy ) Y )
y<2

. 4y — 4 4 . . .
Xét ham s f(y) = id (y <2)taco f'(y) = — >0 Vy #0, suy ra ham s6 f(y) dong bien
Y
trén céc khoang (—oo;0) va (0;2].
Mat khac, lim f(y) =4, lim f(y) = —oo; lim f(y) = +o0
Y——00 y—07t y—0—

Suy ra hé c6 nghiém khi va chi khi m € (—o0;2] U (4; +00) O

Bai 8: Tim m dé phuong trinh ¢6 ding hai nghiém phan biét:

Vot —4g3 + 162 +m + Vat — 423 + 16z + m = 6 (x)

Giai

Ta co:

(¥) & Vot —4a3 + 162 +m =2 m = —z* +42° — 162 + 16
Xét ham s6 f(r) = —x? + 423 — 162 + 16 v6i © € R. Ta c6:

f'(z) = —42® + 122° — 16; f'(z) = 0 =

Dira vao bang bién thién suy ra phuong trinh c6 hai nghiém phan biét khi va chi khi m < 27.

Bai 9: Tim m dé phuong trinh mv/z2 + 2 = z + m () ¢6 ba nghiém phan biét.

Giai
T (*) ta c6: (%) & m = S
Vrr+2 -1
Xét ham so: f(z) = Y 6izeR

Vaz+2-1

Ta c6: f'(z) = 2Vt 5if(2) =0 0=2V2.

VT2V 2 1)
Dua vio bang bién thién phuong trinh c6 nghiem khi va chi khi —v/2 <m < 2 O

Bai 10: Tim m dé phuong trinh: ma? + 1 = cosz (%) ¢6 ding mot nghiém x € <0; g)

Giai
Ta thay dé (*) c6 nghiem thi m < 0. Khi d6

. o
9 cosx — 1 S
mr‘+l=cosr=m=—— = —2m =

x2

22
4
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.9
. t
X6t ham s6 f(t) = ol véit e (0; %)
Ta co
£t) = 2t sintco;t — 2tsin’t _ 2 sint(t C(Zit —sint) _ sin 2t(tt3— tant) OVt (O; g)

Suy ra ham s6 f(t) nghich bién tren (0; %).
Duya vao bang bién thieén suy ra phuong trinh c¢6 ding mot nghiém trén (0; §) khi va chi khi

8 1 4
F<_2m<1:>_§<m<_ﬁm

Bai 11: Tim m dé hé phuong trinh c6 ba cip nghiém phan biét:

) 3z+1)°+y—m=0
*
4oy =1

Giai
Diéu kién zy > 0
Ta co
3x+1)+y=m
3(z+1)2+y=m 2 _ 2_9r+1
Pt y=m ) @t g, P20t
Vey=1—=x x x
y<1
22 1
@m—3:3x2+6m+w
x
) 22 1
Xét ham s6: f(z) = 32% + 6z + e (x <1)tacod
x
r=—1
62° + 7o? — 1 —1
/ _ _ e —
Pa)="F T e =5

Dura vao bang bién thién ta thay hé phuong trinh c6 ba nghiém phan biét khi

m e [—4; =2 U[2;12] O

® Nhan xét: Khi dat an phu ta phai tim mién xac dinh clia an phu va giai quyét bai toan an
phu trén mién xac dinh vita tim. Cu thé:

* Khi dat t = u(x)(z € D), ta tim dugc ¢ € D; va phuong trinh f(z,m) = 0 (1) tré thanh
g(t,m) =0 (2). Khi d6 (1) c6 nghiém x € D = (2) ¢6 nghiém ¢t € D;.

* Dé tim mién xac dinh ciia t ta c6 thé sit dung cac phuong trinh tim mién gia tri (vi mién xac
dinh ctia t chinh 14 mién gi4 tri ctia ham u(z)).

* Néu bai toan yeéu cau xac dinh s6 nghiém thi ta phai tim sy tuong ting gitta x va t, tiic 1a moi
gia tri t € D; thi phuong trinh ¢t = u(x) ¢6 bao nhiéu nghiém z € D.

Bai 12: Tim m dé phuong trinh m(v/z — 2 + 2v/2% — 4) — /o + 2 = 2+/22 — 4 ¢6 nghiem
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Giai
DKXD; z > 2
Ta thay x = 2 khong 1a nghiém ctia phuong trinh nén ta chia hai vé phuong trinh cho va2 — 4:

JJr—2 LT+
2| — =2
m( x+2+ ) r— 2 (+)

[2+2 1 t*+ 2t
Dat t = ¢ iiz(t>1). Khi do6 (*) tréthanh:m(z—l—Q) —t=2&m= 22:_1.

) 2+ 2t 2t 4+ 2t + 2
Xét ham sb f(1) = (¢ > 1) taco f(1) = T2 S gvr > 1.
2t + 1 (2t +1)
Vay ham s6 f(t) dong bién trén (1; +00).
Vay phuong trinh c6 nghiém khi va chi khi m > 1 O

® Nhan xét: Trong céc bai toan trén sau khi dit an phu ta thuong gip khoé khan khi xac dinh

mién xac dinh ctia t . Dé tim duge diéu kién ctia an phu t, ching ta c¢é thé diing cong cu ham

s6, bat dang thtic, lugng giac hoéa. . .

Bai 13: Tim m dé phuong trinh logg T+ log§ x+1—2m—1=0 cé nghiém trén|1; 3v3

Giai

Dit t = \/logZz + 1. Do z € [1;3“5} S 1<t<2
Phuong trinh da cho tré thanh: ¢2 +¢ = 2m + 2

Xét ham s6 f(t) =%+t v6i 1 <t < 2, ta thay f(¢) 1a ham dong bién tren [1; 2]
Vay phuong trinh ¢6 nghiém khi va chi khi 2 <2m+2 <6< 0<m<<20

Bai 14: Xac dinh m dé heé sau ¢6 2 nghiém phan biét

log s5(z + 1) —log z(z — 1) > logz4
logy(2? — 2z +5) — mlog,2_o, 152 =5

Giai
R . L 1
Diéu kién : x > 1. Tt bat phuong trinh thi nhat cta hé ta co: log\/gx——i_l > log, 52 = v € (1;3).
’I —

Diat t = logy(x* — 2z + 5)(t € (2;3))va phuong trinh thit hai ctia he trd thanh

m 2

t+?:5:>t — bt =—m
Tt cach dat t ta c6: V6i mdi gié tri ¢ € (2;3) thi cho ta ding mot gia tri « € (1;3). Suy ra hé ¢6
2 nghiém phan biét khi va chi khi phuong trinh ¢* — 5t = —m ¢6 2 nghiém phan biét ¢ € (2;3).
. 5 ‘

Xét ham s6 f(t) =2 — 5t véi t € (2;3). Taco f'(t) =2t —5; f'(t) =0 &t = 7 Dua vao bang
bién thién ta c6, h¢ phuong trinh c¢6 2 nghiém phan bigt khi va chi khi m € (6; %) a

Bai 15:(Dé thi DH khéi B - 2004) Tim m dé phuong trinh c6 nghiém:

m(V1+a?—vV1—22+2) =21 —a*+V1+a2—V1—2a2 ()
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Giai

Diéu kien: —1 <z <1

Trudc tien, ta nhan thay rang: (1 —2%) (1+2%) =1—2? va 1 — 2%+ 1+ 2? = 2 nén ta c6 phép
dit an phu nhu sau:

Dt t = V1 + 22 — V1 —2a?

Phuong trinh da cho tré thanh:

—t* 4+t +2
t+2)=—t?+t+2e ——— = — 1
m(t+2) +t+ 9 m (1)
Dovli+a2>vV1l—22=t>0
Mat khac: 2 =2—-2V/1— 24 <2=t < V2
) —t2 4t +2 —t2 — 4t
Ta xét ham so: f (t) = ——— Vt € |0; V2], ta cé:f'(t) = — <0
1) t+2 [0: v2] /') (t+2)?%

Vay ham f(t) nghich bién trén doan [O; \/ﬂ . Ma ham s6 lién tuc trén [0; \/ﬂ nén phuong trinh
da cho ¢6 nghiém x khi phuong trinh (1) ¢6 nghiém ¢ € [0; \/5]
Diéu nay tuong duong vdi:

min f (¢) < m < max f (t) VtE[O;ﬁ}@f(ﬁ)émgf(O)

Vay cac gid tri m can tim 1a vV2 -1 < m <1 0.

Bai 16: Tim m dé phuong trinh sau cé nghiem:

3:\/5—1—\/3:4—1 :m(\/5—x+\/4—:v)

Giai

Ciing giéng nhu nhitng bai toan trude, o bai nay ta nghi ngay 1a phai dua bai todn vé dang
f (z) = m roi stt dung tuong giao gitta 2 do thi va suy ra diéu kién m.

Ta giai bai toan nhu sau:

Dieu kien: 0 < z < 4

/T + Vo + 12
=m
Vh—x++V4—x

YV € [0;4]

Phuong trinh da cho tuong duong véi:

TV +12
iz +Vi—z

bat f ()

Tuy nhién, néu dén day ta khao sat ham sd nay thi c6 vé kha phitc tap va dai dong. Vi vay ta
sé giai quyét theo mot huéng khac. Dé ¥ ring, ta cé tinh chat sau:
/(@)

V6i ham s6 y = ~———~. Néu y = f (z) dong bién va y = g (z) nghich bién thi y = (z)

g (x) g9(x)

—

dong
bién.
Ta van dung tinh chat trén nhu sau:
Xét ham s6 g () = 2/ + Vo + 12 ta co:
3 . .
() = =v/*t + ——=——= > 0 nén ham g¢(z) la dong bien.
Xét ham s6 h(z) = /5 — x4+ /4 — z ta co:
1

W) == ==

< 0 nén ham h(x)la nghich bién
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Vay, theo tinh chét trén ta c6 ham y = % dong bién Vz € [0;4].
x

Do d6 phuong trinh f(x) = m ¢6 nghiém khi va chi khi
fO)<Sm<fA)&2(VI5-VI2) <m<120.

Bai 17: Giai va bién luan phuong trinh sau theo m:

Va2 =2+ m? =z —1]—m (1)

Giai
Xét z > 1 ta co:
r—1—m=0 r=214+m
(e val-—2z+m?=zx—1—-m<& , &
=204+ m?P=(r—1-m) 2mx =2m + 1
% Néu m = 0: hé trén vo nghiém
. 2 1
x Neum #0=x= mT
2m 2 \/_ \/_
2 1 -2 1 2 2
Tacor>21+me m >1+m<:>m—+>0<:>m<——\/0<m<—
5 +1m 2m 2 2
Laicoz > 1= mn >1lem>0
. . 2
Keét hop dieu kién trén ta Cc’)O<m<\/7_.
- Xét x < 1:
l—2z—m=>20 2mr =2m —1
Heval-2z+m?=1-2r—m<& &
2 =2z +m?*=(1—x—m) r<l—m

Két luan:

% Néu m = 0: hé vo nghiem

1+m++v—-3m2+10m —3
1—-m

. 1
x Neu<m< 3 V m > 3: phuong trinh c¢6 2 nghiém:x =
% Néu m = 3: phuong trinh c¢6 nghiém duy nhat z = —1

. 1 .
x Neum = 3 phuong trinh c6 nghiém duy nhat x = 1.0

Bai 18: Tim m dé phuong trinh sau cé nghiém

x2+(x2+x+1)2: (x2+1)2+m(9c2—x+1)2

Giai

Dé ¢ ring: (22 + 1) — 22 = (2 42+ 1) (22 — 2+ 1)
Do do, phuong trinh da cho tuong duong véi:

(x2+x+1)2:(:v2+x+1) ($2—x+1)+m(x2—x+1)2

Do 22 — 2 + 1 > 0,V nén chia hai vé ctia phuong trinh cho 22 — z + 1 ta duge:

<:1:2—|—m—|—1>2 |
—_— ——im

2 —x+1 2—r+1
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2
Lﬂ:‘—i—l’ 1 <t<3
?—x+1 3

Phuong trinh trén tré thanh: 2 —t =m

Dat t =

Day 1a mot phuong trinh bac hai don gian nén viéc khéo sat xin danh cho ban doc.
Diéu luu ¥ 6 day la diéu kieén ctia t. Thyc chat § day ta da tim gia tri 16n nhat va nhé nhat
p
) r*+ao+1 . N
cta bieu thtc 2+—+1 (c6 the dung phuong phap mién gia tri).
x —

Bai 19: Tim m dé hé sau c6 nghiém thuec:

1 1
r+—+y+-—=95
€ Y

3 1 3 1
P4+ — 4y’ + = =15m—10
x y

Giai

Cach 1: '
Nhin vao hé nay, ta thay ngay duge hudéng di 1a phai dit an phu vi gitta cac dai luong = + —
x

1 L. . . . 2, P ~ P
va 23 + — dudng nhu ¢6 moi lien he véi nhau. V6i y tudng do, ta c6 phép dat nhu sau:
x

1

a=x+ —

< x
Dat 1 (Jal = 2,6 > 2)

b=y + —

Khi do6, hé da cho tré thanh:

a+b=>5 a+b=>5
{a3+b3—3(a+b):15m—10<:>{ab:8—m
Dé thay a,b 1a nghiém ctia phuong trinh X2 —5X +8 —m =0 < X% — 5z +8 = m (1) Xét
ham s6 f(X) = X% —5X +38, | X]| > 2, ta co:
f’(X):QX—5:>f’(X):0<:)X:g
T d6, ké bang bién thién va chi ¥ rang hé da cho c6 nghiém thyc khi va chi khi phuong trinh
(1) ¢6 nghiém | X| > 2. Ta tim dugc: g <m<2Vvm =22

Cach 2:
Ta nhan thay rang & phuong trinh thit nhat khong c6 chita tham sb6 nén ta sé xuat phat ti
phuong trinh nay. Khai trién phuong trinh nay ra, ta dudgc:

2~y A (r—y) =9y +8 32" + 6y < 2° + 327 + 4w =9 +6y> + 13y + 8
S+’ +@+1)=uy+2)°+y+2)

Xét ham s6 f (t) = t® +t, dé thay 1a ham s6 nay dong bién nén

fe+)=fy+2)ecr+l=y+2cr=y+1
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T day, thay x = y + 1 vao phuong trinh thit hai ta dugc:

VIE+2y—y2=2m+ V4 -2 V/(5-y) (y+3) — V4 —y2>=2m

Dén day ¥ tudng da ro, ta chi can chuyén vé tuong giao gitta hai do thi.

2>+ (y+2)2* +2ry = —2m — 3

Bai 20: Tim m dé hé sau c¢6 nghiem thuec: {

> +3r+y=m

Giai

® Y tuéng: O he nay ta quan sat thiy bai toan con chua ré dudng 16i nao vi cd hai phuong
trinh trong hé déu chita dén tham sé m. Vi vay dé di dén hudéng giai quyét tot ta nén bat dau
phan tich hai vé trai trong hai phuong trinh trong he. Cu thé ta co:

2+ (y+2) 2 + 220y = 2 + ya® + 227 + 2oy =2 (v +y) + 22 (v + y) = (z + y) (2° + 22)

Mat khéc:

P +3r+y=a+2r+2+y
R6 rang 6 bude phan tich nay ta da tim ra 16i giai cho bai toan nay dé chinh la dat an phu.
® Lo giai:

a=x>+2r>—1
Dat: ta c6 hé phuong trinh
b=xz+y

ab=—-2m—3 b=m-—-a

{a—i—b:m {a2—3:(a+2)m(1)
=

a’>—3
T phuong trinh (1) t hé ta co:
phuong trinh (1) trong hé ta cé )

=m (2)
Hé da cho ¢6 nghiém khi va chi khi phuong trinh (2) ¢6 nghiém a > —1.

2

2 -3

Xét ham so: f(x) = ’ 7
x

vz > —1

Dén day ta chi can l1ap bang bién thien. Cong viéc tiép theo xin danh cho ban doc.
Bai tap tu luyén

Bai 1: Tim m dé phuong trinh tan’z + cot?z + m(cot z + tanz) = 3 ¢ nghiem

Bai 2: Tim m dé phuong trinh /= + v~z + 9 = /92 — 22 + m c6 nghiem

Bai 3: Tim m dé phuong trinh /3 + 2 +v/—2 + 6 — v/18 + 3z — 22 = m c6 nghiém

Bai 4: Tim m dé phuong trinh 2% — 4ma? + 8 = 0 ¢6 3 nghiem phan biét.

Bai 5: Tim m dé phuong trinh 2 + 322 + (3 — 2m) 2 +m + 1 = 0 ¢6 ding mot nghiem 16n
hon 1.

Bai 6: Tim m dé phuong trinh sau c6 ding 2 nghiém thuc phan biét:

422 — 2mx 4+ 1 = 3v/8x3 + 2z
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PHUONG PHAP DUNG DINH LY LAGRANGE-ROLLE
Ly thuyét

% Dinh 1y Rolle: : Néu f(z) 1a ham lién tuc trén doan [a; b], c6 dao ham trén khoang (a; b)
va f(a) = f(b) thi ton tai ¢ € (a; b) sao cho f'(c) = 0.

T do ta c6 3 hé qua:

% He qua 1: Néu ham s6 f(x) c6 dao ham trén (a; b) va f(z) c6 n nghiém (n la s6 nguyén
duong 16n hon 1) trén (a; b) thi f/(x) ¢6 it nhat n - 1 nghiém tren (a; b).

x He qué 2: Néu ham s6 f(z) c6 dao ham tren (a; b) va f/'(x) vo nghiem trén (a; b) thi f(z)co6
nhiéu nhat 1 nghiem trén (a; b).

x He qua 3: Néu f(z)c6 dao ham trén (a; b) va f'(x) ¢6 nhiéu nhat n nghiem (n la s6 nguyén
duong) tren (a; b) thi f(z) c6 nhiéu nhat n + 1 nghiém trén (a; b).

Céc he qua trén van dang néu cac nghiém 1a nghiem boi (khi f(x) 1a da thic) va cho ta ¥
tudng vé viéc chiing minh ton tai nghiém ciing nhu xac dinh s6 nghiém ctia phuong trinh, va
néu nhu bang mot cich nao dé ta tim duge tat ci cac nghiém ciia phuong trinh thi nghia I3
khi d6 phuong trinh da dugc giai.

% Dinh ly Lagrange: : Néu f(z)la ham lién tuc trén doan [a; b], c6 dao ham trén khodng
f(b) — f(a)

b—a
Sau day 1a mot s6 ing dung ctia hai dinh 1y trén:

(a; b)thi ton tai ¢ € (a; b) sao cho f'(c) =

Bai tap vi du

% Diung dinh 1y Lagrange - Rolle dé bién luan phuong trinh:

Bai 1: Chitng minh rang phuong trinh a cosx + bcos 2z + ccos 3z = 0 ludn c¢6 nghiem véi

moi a, b, c.

Giai
bsin2x  csin3z
2 i 3
ta c6 f'(z) = a cosx + bcos2x + ccos 3z
Ma f(0) = f(m) = 0= 3zg € (0;7) : f'(x0) = 0, suy ra dicu phai chiing minh. O

Xét f(xr) =asinz +

Bai 2: Cho a + b+ ¢ = 0. Chitng minh rang phuong trinh sau c6 it nhat 4 nghiem thuoc
[0;7]: asinz 4+ 9b sin3z + 25¢sin bz = 0

Giai

Dé chitng minh f(z) c6 it nhat n nghiém ta chiing minh F(x) c¢6 it nhat n+ 1 nghiem véi F(z)
I3 mot nguyén ham ctia f(x) trén (a;b) (c6 thé phai ap dung nhiéu lan)

Xét ham s6 f(x) = —asinz — bsin 3z — ¢sin bz, ta co:

f'(z) = —acosx — 3bcos 3z — Hecosbr; f(x) = asinz + 9bsin 3x + 25¢sin bz
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Taco f(0) = /(5) = 70 = f(m) = 0
T 37 3

Suy ra Jzq € (0; %)af@ € (i )es € (sm)  f(0) = (1) = flaz) = fi(w5) = 0
= dxy € (11;22), x5 € (wo;23)|f"(24) = f"(25) =0
ma f”(0) = f”(x) = 0, suy ra diéu phai chiing minh. O

13

Bai 3: Chitng minh phuong trinh 2° — 52 + 1 = 0 ¢6 dting ba nghiém thuc.

Giai

Dit f(z) = 2% — 5z + 1 th f(—2) = —21 < 0, f(0) =1 > 0, f(1) = =3 < 0, f(2) = 23 > 0
nén tir day suy ra phuong trinh da cho c¢6 ba nghiém thuc

Gi4 sit ¢6 nghiem thtt tu ciia phuong trinh. Ap dung dinh 1y Rolle ta co:

f'(z) = 0 & 52* — 5 = 0. Phuong trinh nay c6 hai nghiém thiyc nén suy ra mau thun.
Vay ta c6 diéu phai chiing minh O,

Bai 4: Cho da thic P(z) va Q(z) = aP(z) + bP'(x) trong d6 a, b 1a cac sd thue, a #0.
Chiing minh rang néu Q(z) vo nghiém thi P(z) vo nghiém.

Giai

Ta ¢6 deg P(z) = deg Q(x)

Vi Q(z) vo nghiém nén deg Q(z) chdn. Gia st P(x) c6 nghiém, vi deg P(x) chan nén P(x) c6
it nhat 2 nghiem.

x Khi P(z) ¢6 nghiém kép z = zy ta c¢6 xy cing la mot nghiem cia P'(z) suy ra Q(z) ¢
nghiém.

x Khi P(z) c¢6 hai nghiém phan biét x; < za:

e Néu b = 0 thi hién nhién Q(z) c6 nghiem.

o Néu b #0 : Xét f(x) = ev®P(z) thi f(2)cé hai nghiem phan biet z; < 2 va

fl(x) = %e%wp(x) +efTP () = %ezx[aP(x) P (2)] = %eZIQ(x)

Vi f(x) c¢6 hai nghiem suy ra f/(x) c¢6 it nhat 1 nghiém hay Q(z) ¢6 nghiém.
Tat c& truong hop déu mau thuan véi gid thiét Q(z) vo nghiem. Vay khi Q(x) vo nghiem thi
P(z) vo nghiéem O

Bai 5: Gia st phuong trinh sau ¢6 n nghiém phan biét:
apr" + a1 ' + ...+ ap 17 +a, =0, (ag #0)
Chiing minh (n — 1)a? > 2nagas

Giai

Dat agz™ + a1z + ... + ap_17 + a, = f(x)
Nhan xét f kha vi vo han trén R nén suy ra
f'(x) ¢6 n — 1 nghiém phan biét.
f"(x) c6 n — 2 nghieém phan biégt.

n!

fn=2A(z) = anxQ + (n — Dlayz + (n — 2)lay ¢6 2 nghiém phan biét.
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Nhan thay fI"2(z) ¢c6 A > 0 neén ((n — 1)lay)* — 2nlag(n — 2)lay > 0
Suy ra diéu phai chting minh. O

Bai 6: (VMO 2002) Xét phuong trinh )
i=1
minh ring v6i mdi s6 nguyén duong n, phuong trinh néu trén c6 mot nghiem duy nhat 16n

1 r . ~ .
- =3 v6i n la s0 nguyén duong. Ching

?x — 1

hon 1; ki hiéu nghiém doé la z,

Giai
) . 1 1 . L . Crex
Xét fo(z) = g 51 3 ta c6: f,(z) lién tuc va nghich bién trén (1; +00)
i?r —
i=1
1 .
Ma lim f,(z) = 400, lim f,(z) = —= =f.(z) = 0 ¢6 mot nghiem duy nhat 16n hon 1. O
=17+ T—+00 2

% Diing dinh 1y Lagrange -Rolle dé giai phuong trinh:
Bai 7: Giai phuong trinh 3% 4+ 5% = 2.4% (x)

Giai
Nhan xét: z = 0;x = 1 la nghiém cia phuong trinh (*).
Goi xg la nghiém khac ctia phuong trinh da cho. Ta dugc:
370 4 50 = 2,470 ¢ 50 — 470 = 470 _ 370 ()

Xét ham s6 f(t) = (t+ 1) — %, ta 6 (x) & f(4) = f(3)
Vi f(¢) lien tuc trén [3;4] va c6 dao ham trong khoang (3;4), do d6 theo dinh 1i Rolle ton tai
¢ € (3; 4) sao cho

o = 0

() = 0= zo[(c+ 1) — =0 < (loai)
o = 1

Vay phuong trinh (*) c¢6 tap nghiem S = {0;1}. O

Bai 8: Giai phuong trinh 5% — 3" = 2z ()

Giai
Nhéan xét: x = 0;z = 1 la nghiém cta phuong trinh (2). Goi 2 1a nghiém khéc ctia phuong

trinh da cho, ta co:
5% — 533'0 = 3% — 3X0 (2&)
Xét ham s6: f(t) = t" — txg, khi d6: (2a) < f(5) = f(3)
Vi f(¢) lien tuc trén [3;5] va c6 dao ham tren (3;5), do d6 theo dinh 1i Lagrange luon ton tai
c € (3; 5) sao cho
! -1 To = 0 :
filc)=0=xo(c™" —1)=0 & (loai)
o — 1

Vay phuong trinh (*) ¢6 tap nghiem S = {0;1} O

Bai 9: Giai phuong trinh: 3 + 2.47 = 192 + 3 ()
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Giai

Ta co
(%) & 3% +247 — 192~ 3=0
Xét ham s6: y = f(z) = 3" +2.4* — 192 — 3 ta c6: f/(z) = 3*In3 +2.4%In4 — 19 ta c6
f"(x) = 3*(In 3)* +2.4%(In4)*> > 0,Vz € R hay f"(x) vo nghiem, suy ra f’'(x) c6 nhiéu nhat 1
nghiém, suy ra f(x) c6 nhiéu nhat 2 nghiem.
Ma f(0) = f(2) =0 do d6 (*) c6 ding hai nghiem z =0,z =2 O

Bai 10: Giai phuong trinh: (1 4 cosx)(2 + 4°%%) = 3.4 cosx (x)

Giai

Dat t = cosz, (t€[—1;1])

Ta c6: (%) & (1 +)(2+4%) = 3.4" & (1 +1)(2 + 4%) — 3.4 = 0

Xét ham so: f(t) = (1 +¢)(2+4") — 3.4" ta co:

fl(t) =2+ 48+ (t —2)4" In4, f"(t) =2.4'In4 + (t — 2)4'In*4

Lai co: f"(t) =0t=2+ ﬁ, suy ra f”(t) c6 nghiem duy nhat.

Suy ra f'(t) ¢6 nhicu nhat hai nghiém, nghia 1a f(¢) c6 nhiéu nhat ba nghi¢m.

X 1z 1 1
Mat khac dé thayf(0) = f<§) = f(1) =0, do d6 f(t) c6 ba nghiém t = 0, o1 1.

Két luan: Nghiém ctia phuong trinh (*) la: z = g + k27, = :i:% +Rk2r, v =k2wr, ke Z O

‘ Bai 11: Giai phuong trinh 39°%% — 2€05% — 2€05% _ 9 cos z ()

Giai
Xet ham f(t) = 1% — tcos a, f'(t) = cos a(t==! — 1)

Ta nhan thay f(3) = f(2) va f(x) kha vi trén [2;3] nén 4p dung dinh 1y Lagrange ta co:

fB) - f(2)

dee [2;3]: f'(c) = .

& cosa(c®* ! —1)=0

T d6 ta suy ra nghiém ctia phuong trinh (*) 1a z = g +km,x =k2n(k € Z) O
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PHUONG PHAP DUNG DIEU KIEN CAN VA DU
Ly thuyét

% Bai toan:
Cho hé phuong trinh (ho#c hé bat phuong trinh) chita tham s6 ¢6 dang:

Fa,m) =0 Fa.m) >0
(I){x€ D, hoac (II){ x € D,
mEDm mGDm

Trong d6 z 1a bién s6, m 1a tham s6, D,, D,, 1a mién xac dinh ciia z va m.

Yeu cau dat ra: ta phai tim gia tri cia tham s6 m dé hé (I) hodc (II) théa man mot tinh chat
nao do.

% Phuong phap giai:

» Bué6c 1 (diéu kién can): Gid sit hé thoa man tinh chat P nao dé ma dau bai doi héi. Khi
do, dura vao dac thu ctia tinh chat P va dang cia phuong trinh ta sé tim duge mot rang budc nao
dé déi véi tham s6 m va rang budc ay chinh la diéu kien can dé c6 tinh chat P. Diéu d6 c6 nghia

1a: néu véi mg khong thoa man rang buoc trén thi chac chan ting véi mg, hé khong c6 tinh chat P.

» Buéc 2 (diéu kién di): Ta tim xem trong cc gid tri ciia m vita tim dugc, gia tri nao lam
cho hé théa man tinh chat P. O buse nay néi chung ta ciing chi can giai nhitng hé cu thé khong
con tham s6. Sau khi kiém tra, ta sé loai di nhitng gia tri khong phit hop va nhing gia tri con

lai chinh 1a dap s6 ctia bai toan.

Nhu vay, ¥ tudng ctia phuong phap nay kha ré rang va don gian. Trong rat nhiéu bai toan vé
bién luan thi phuong phap nay lai thé hien wu thé 16 rét. Tuy nhién, thanh cong ciia phuong
phap con ndm & chd ta phai lam thé nao dé phat hien diiéu kién can mot cach hop 1 va chon
diéu kien dt mot cach ding dan.

Bai tap vi du

% St dung tinh d6i xiing ctia cac biéu thic c6 miit trong bai toan

Bai 1: Tim m dé phuong trinh sau c¢6 nghiém duy nhat

Ve+vVli—ax+Vr+V1—xz=m(1)

Giai

® Diéu kién can:
Gia st (1) ¢6 nghieém duy nhat z = «

Dé thay néu (1) c¢6 nghiem x = « thi (1) ciing ¢6 nghiem z = 1 — . Vi nghiém la duy nhat
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ntfna=1—-a<a=-
1
Thay a = 5 vao (1) ta tim duge m = V2 + V8.
® Dieu kien du:
Gia stt m = v/2 + v/8, khi d6 (1) ¢6 dang sau:
Ve+VI-z+Va+V1i—a2=v2+V8(2)
Theo bat dang thitc AM-GM ta c6:

Vi+Vi—z<V2vayr+vVli—z< V8

1
Dod()(2)<:>a::1—:c<:>x:§.

Vay dé (1) ¢6 nghiem duy nhéat thi diéu kien can va di la m = v/2 4+ v/8 O

Bai 2: Tim a va b dé phuong trinh sau c6 nghiém duy nhat

v/ (az +b)* + 1/ (ax — b)* + Va2a? — 02 = Vb (1)

Giai

® Diéu kién can:
Gia st (1) c6 nghiem duy nhat x = z, khi d6 dé thiy z = —x¢ ciing 12 nghiém ctia (1). Do d6
tir gi& thiét ta suy ra o = 0. Thay zo = 0 vao (1) ta dugc :

b=0

V2 =Vb=

b=1
® Diéu kien du:
% Khi b= 0, (1) c6 dang:

Va2a? + Va2x? + Va2a? = 0 < a’2? =0

Do d6 (1) ¢6 nghiem duy nhat khi va chi khi a # 0
x Khi b =1, (1) ¢6 dang:

f/(ax +1)7% + f/(a:p — 1)+ Va2? —1=1 (¥
Dit u = Vazr + 1;v = v/ax — 1, ta thay:

w13 =2 u—1v=2 u=1 ar+1=1
(x) &9 ) <9, ) & & Sar=0
u tuv+ov =1 u +uv+ov =1 v=—1 ar—1=-1

Vay (*) ¢6 nghiégm duy nhat khi va chi khi a # 0
a#0;6=0 -

Toém lai, dé phuong trinh (1) c6 nghiém duy nhat thi dic¢u kién can va da la [b
=1

Bai 3: Tim m dé hé sau c6 nghiem duy nhat:

\/7—|—x+\/11—x—4:m—\/4—3\/10—3771
\/7+y+\/ll—y—4:m—\/4—3\/10—3m




48

Giai

R 74 10
Dieu kién: —7 < x,y < 11; 77 <m < 3

Trit theo vé hai phuong trinh ta co:

Vi+T—VIl—z=\y+7—+/11 -y

Xét ham s6: f(t) = VE+7— V11 —t; =7 <t < 11 ta co:

[0 P
i+ T 21—t

Thay vao mot trong hai phuong trinh ciia hé ta duge:

> 0 Vay ham s6 dong bién, suy ra: f (z) = f (y) &z =y.

\/7+x+\/11—x—4:m—\/4—3\/10—3m (%)

® Diéu kién can:
Ta thay 1a néu zo 1a mot nghiém ctia phuong trinh thi 4 — x( ciing 14 nghiém ctia phuong trinh.
Neén hé da cho c¢6 nghiém duy nhat khi va chi khi

To=4— 29 x5 =2

Thay vao phuong trinh (*) ta dugc:

\/4—3\/10—m:m— (%)

Giai phuong trinh (**) ta tim duge m = 3.
® Dieu kien du:

Vi+z+V1l—2=6
VTTy+/IT—y=6
Vi z = y nén ta chi viéc giai phuong trinh V7 + 2+ V11 —2 =6 < 1 =2

Vay m = 3 la gia tri can tim dé hé da cho c6 nghiem duy nhét. O

V6i m = 3, ta thu duge hé phuong trinh:

Bai 4: Tim a,b dé hé sau c¢6 nghiem duy nhat:

Yz +z=a

Ty +z2=5

Giai
® Diéu kién can:
Gia st (xo; Yo; 20) 1& nghiém cia hé phuong trinh da cho thi (—zg; —yo; 20) cing la nghiém. Do

tinh duy nhat nén zo = —z; yo = —yo = o = yo = 0 Thay trd lai vao he | ta c¢d: { 25 = b

Tu day tasuyraa=0=2hoaca=5b= -2
® Diéu kien du:
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Xét hai truong hgp sau:
% Néu a = b = 2: Khi d6 hé c6 dang:

zyz+2z=2(1)
vyt +2=2(2)
22+ y?+22=4(3)

Lay (1) — (2) ta duge xyz(1 — 2) =0, tur (1) lai ¢6 2z # 0 do d6 zy(1 —2) =0
*Neur=0=2=2=y=0
*Neny=0=>2=2=2=0
*Néuz=1= URE
xy =1
Heé trén c6 nghiem (z1;y1) # (0;0).Vi vay ngoai nghiém (0,0,2), hé con c6 nghiém khac
(15915 1) do d6 he khong c6 nghiem duy nhéat. Truong hop nay khong thoa man.
% Néua=0b= -2
Khi d6 hé c¢6 dang:
Yz = —2
Tyz?2 + 2= —2

Tién hanh lam nhu truong hop trén ta di dén:

*Neur=0=z2=-2=y=0

*Neuy=0=2=-2=x2=0

*Neuz=1= vyt
Yy = —3

Ta thay tit he phuong trinh trén, ta suy ra 22 + y* < 2|xy| nén hé vo nghiem.

Vay trong truong hgp nay hé c¢6 duy nhat nghiem (z;y; 2) = (0,0, —2)

Vay diéu kién can va di dé hé phuong trinh da cho c¢6 nghiem duy nhat lha=b= -2 O

% St dung diém thuan lgi

Bai 5: Tim a dé phuong trinh sau nghiém ding véi moi x:

log, (a’2* — 5az” + V6 — a) =logy. 2 (3—Va—1) (%)

Giai
® Diéu kién can:
Gia sit (*) ding véi moi x. V6i o = 0 ta c6 logy v/6 — a = log, (3 — va — 1)
1<a<6
Lai c6: ¢ Va—1<3 =a € {2;5}
vVa—1++y6—-a=3
® Dieu kien du:
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% Néu a = 2 thi () < log,y(2 — 1227) = logy, ;2 2 (%)
Ro rang (**) khong ding véi moi o, vi dé log,(2 — 1222) c6 nghia thi phai c6 1222 < 2
x Néu a =5 thi (%) < log, 1 = log,, > 1 (luon dung)

Vay a = 5 la diéu kién can va du dé (*) dang v6i moi z O

Bai 6: Tim a dé hé phuong trinh an (z;y) c6 nghiém véi moi b:

2% + (a + 1)by? = a?
(a—1)x*+y*=1

Giai
® Diéu kien can:
Gia sit hé c6 nghiém v6i moi b, thay b = 0 ta duge
a’®=1
(a—1)a*+y*=1
Do d6 diéu kién can 1a a = £1
® Dieu kien du:
267 4 9by? =1
y =1

% Néu a = 1: ta c6 he

1
Khi b > 5 hé vo6 nghiém. Vay truong hop nay loai.

. 20w — 1
x Néu a = —1: ta ¢6 hé
23+ =1

Hé trén luon c6 nghiem (x;y) = (0;1)
Vay a = —1 la diéu kién can va du dé hé phuong trinh c6 nghiém v6i moi b O

Bai 7: Tim a dé hé phuong trinh an (z;y) c6 nghiém véi moi b:

(Z+1)+ VP +1)V =2
a+bry + 2%y =1

Giai

® Diéu kien can:
Gia st hé c6 nghiém véi moi b, thay b = 0 ta ¢

224+1)r=1 a=0; 22y=1

(%) ( ) = Y < ae{0;1}

a+z’y=1 4 l=a+a2’y=1
® Diéu kien du:
(b +1)Y=1(1)
bry + 22y =1 (2)

x Néua=0:taco
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Néub#0=b*+1%1neén ti (1) c6 y = 0, nhung khong thoa (2). Vay truong hgp nay loai.

. 22+ +1)Y =1

% Neu a = 1: ta co ( )
bry + 2%y =0

Hé trén luon c¢6 nghiém x =y = 0.

Vay a = 1 la diéu kién can va du dé he da cho cé nghiem véi moi b O

Bai 8: Tim dicu kién ciia a, b, ¢, d, e, f dé hai phuong trinh an (z;y) sau la tuong duong;

ar? +bry +cy? +dr +ey+ f =0 (1)
2y’ =1(2)

Giai

® Diéu kién can:
. 1 1 1 1
Ta thay (x;y):(();jzl),(jzl;()),<—;— ,| ——=; ——=) la nghiém cia (2). Do dé (1)
V2 V2 V2T V2
ciing phai c6 cac nghiém trén.
cte+f=c—e+f=a+d+f=a—-d+[f=0
Ny 0 b bt e+ vV2d+vV2e+2f  atb+c—2d—2e+2f

0
2 2

Giai he trén ta tim duge diéu kién can clia bai toan 1a () b=d=c=0
a=c=—f#0

® Diéu kien du:

Dé thay véi (*) thi (2) trung véi (1).

Vay (*) 1a diéu kién can va di dé (1) < (2) O

Bai 9: Cho phuong trinh 2° +ax +b=0 (1)
Tim a, b dé phuong trinh trén c¢6 ba nghiém phan biét 2 < x5 < 3 cach déu nhau.

Giai

® Diéu kién can:

Gia sit phuong trinh (1) ¢6 3 nghiém khac nhau z1, 2o, z3 thoa gia thiét = x; + x3 = 214
Theo dinh Iy Viete v6i phuong trinh bac 3 ta c¢6: 1 + 29+ 23 =0=32o =0= 25 =0
Thay 2 = 0 vao (1) ta duge b =0

® Diéu kien du:

Giad stt b =0, khi d6 (1) tr6 thanh:

2* +ar =0 z(2* +a) =0 (2)

Ta thay (2) c6 3 nghiém phan biét néu a < 0. Khi dé cac nghiém ciia (2) 1a
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Cac nghiém trén cach déu nhau nén diéu kién can va da dé (1) c6 nghiem théa man dé bai la
b=0,a< 00

Bai 10: Cho phuong trinh
23 —322+(2m—2)z+m—-3=0

Tim m dé phuong trinh c¢6 ba nghiém 1, 22, 23 sao cho 71 < —1 < 29 < 3.

Giai

® Diéu kién can:

Dat f(z) =2 - 322+ (2m —2)x+m —3

Gié st phuong trinh f (z) = 0 ¢6 3 nghiém 1, 29, 3 théa man x; < —1 < x5 < z3

Ta c6: f(x) = (x —21) (¥ —x2) (x — x3), suy ra f(x) > 0khi 2y <z <29
Suy ra f(—=1)>0hay —m —5>0< m < —5.

® Diéu kien du:

Gid sit m < —b.

Do lim f (r) = —oco nén ton tai e < —1 ma f(g) <0

Lai c¢6: f(—1)=—-—m —5>0va f(z) lién tuc nén ta c6 ¢ < x; < —1 sao cho f(x;) =0
Ta c6: f(0) =m—3<0(dom< —5)

Vay ton tai —1 < o < 0 sao cho f (z3) =0

Mt khac, do xgrfoof (x) = 400 nén phai c6 € > 0 sao cho f(¢) > 0.

T do, ton tai 23 ma 0 < x3 < € sao cho f (z3) = 0.

Nhu vay, phuong trinh f (z) = 0 khi m < —5 ¢6 3 nghiém x1, x9, 3 théa man r; < —1 < xy <

0 < z3. Vay m < —5 chinh 1a diéu kién can va dt théa man dé bai. O

Bai 11: Tim m dé phuong trinh sau cé nghiem:

2022 + 10z + 3

— 2 2
s s tl +2(2m —3)z + 5m” — 16m + 20

Giai

® Diéu kién can:
Gia st phuong trinh da cho ¢c6 mot nghieém 1a z.
2022 + 10z + 3
Dat f (z) = z® + 10z +
3x2+2rx+1
Khi dé6 dé thay rang:

va g (z) = 2?4+ 2(2m — 3) z + 5m?* — 16m + 20

max f () 2 f (o) = g (x0) > ming ()
Do ming (z) = g (— (2m — 3)) = m? —4m + 11
Goi yo la gid tri tuy ¥ cta f (z), khi d6 ta co:

2022 + 10z + 3

= < (20— 3 2492(5— 3—1y,=0 (1
W= gy 11 ( Yo) " +2(—yo)r+3 -y =0 (1)

DO | Ot

Suy ra (1) ¢6 nghiem khi: A" = —2ys2 + 199y — 35> 0 - < yo < 7 Vay max f (z) =7

Nhu vay, tit diéu kién max f (z) > min g (z) ta c6:

T>m?P—dm+11e (m-2°<0sm=2
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® Diéu kien du:
Gia st m = 2, khi d6 phuong trinh da cho tré thanh

2022 + 10z + 3
3x2+2x+1

=22 +22+8(2)

=T r=-1

Ta nhan thay réng g (r) = 22 4+ 2 + 8
>Tsx#—1

o 2022 + 10z + 3
Mat khac: f (z) = 322+ 2x + 1

Vay khong ton tai gid tri ndo clia m théa man gia thiét. O

< 7 v6i Vo va f(—1) =6,5. Tu day suy ra (2) vo nghiém.

Bai 12: Tim m dé phuong trinh 22 — 3z +m = 0 (1) ¢c6 mot nghiém gap doi nghiém ctia
phuong trinh z2 —z +m =0 (2)

Giai

® Diéu kién can: Gia st ton tai m thod man diéu kien dau bai, tiic 1a phuong trinh (2) c6

nghiém ¢, con (1) ¢6 nghiém 2z,. Vay ta co

422 — 620 +m =0

2 —204+m=0

Z L. £ 2 . ~ ~ ~ 5
Trir ve v6i vé cia hai phuong trinh trén cho nhau ta sé tim duge x¢ = 0 hoac zg = =

Thay hai gia tri zy vao mot trong hai phuong trinh trén ta duge m =0 va m = g

Day ciing chinh 13 diéu kién can clia bai toan. ® Diéu kién du:

2> =3x=0
10 IQ—(L’:O
Xét khi m = 0 v m = — ta sé lan lugt giai cac phuong trinh 10
9 1 —3x+—=0
e
\JJ —SL’+§—

Dé thay nghiém ctia 2 cip phuong trinh nay thod gid thiét.
10 . N . , S e
Vay m € {0; 3} 1a dieu kién can va du thdoa man de bai. O

Bai 13: Tim a,b sao cho v6i moi ¢ phuong trinh sau c6 khong qua hai nghiém duong:

B4 ar’+br+c=0

Giai

Dé giai bai nay, ta sé diing phan bi. Nghia la ta tim a, b sao cho ton tai ¢ dé phuong trinh
22 + az?® + bx + ¢ = 0 ¢6 3 nghiem duong.

® Diéu kien can:

Gia st ton tai ¢ dé phuong trinh f(z) = 2+ ax? 4+ bx +c = 0 ¢6 3 nghiém duong z1 < x5 < T3.
Khi d6 f(z) = (z — x1)(z — x2)(z — x3)

Vay ham s6 f(x) c6 cuc tri tai o, 8 >0 (véi 11 < a < 15 < B < x3)
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= Phuong trinh f'(z) = 32 + 2az + b =0 (1) ¢6 hai nghiém duong.

Nhu vay
5,:a2—36>0 a2>3b
b b>0
P=->0 S <Sbh>0 & (x
%a a < —/3b
S—?;>0 a<0

(*) 1a diéu kién can ctia bai toan.

® Diéu kien du:

Gia st a,b thod man (*) thi rd6 rang phuong trinh 322 + 2az + b = 0 ¢6 2 nghiéem duong
O<a<p

Suy ra ham s6 f(z) = 2° + ax® + br + ¢ c6 cuc dai tai = a va cuc ticu tai z = B.

Do a > 0 nén tim dugc z; € (¢;a) sao cho f(B) < f(z1) < f(a) = phuong trinh f(z) = f(z1)
c6 ba nghiém duong. Dat ¢ = —f(x;) thi phuong trinh z° + az? + bxr + ¢ = 0 ¢6 3 nghiéem
duong.

Vay (*) 1a diéu kién can va di dé ton tai ¢ sao cho phuong trinh 23 + az? + bz +¢ = 0 ¢6 3
nghiém duong.

Tit d6, ta suy ra: b < 0 hosic a > —v/3b la diéu kién can va di sao cho phuong trinh

23 + ax® + bx + ¢ = 0 ¢6 khong quéa 2 nghiém duong. O

Bai tap tu luyén

Bai 1: Tim m dé hai phuong trinh sau la tuong duong 22 4+ (m? —5m +6)z = 0 va 22 +
2(m—3)z+m?>—Tm+12=0

Bai 2: Tim m dé phuong trinh sau c6 nghiém duy nhat:

@+ m[* + |z 4+ 1] = [m + 1]

Bai 3: Tim m dé phuong trinh sau cé nghiém duy nhét:

Vi+3+vV6—2—/(B3+xz)(6—12)=m

Vit —1—a(Vaty-1)=1
r+y=ay+1
vVl +3 4yl =a
ViZ+5+ |z =vVa2+5+V3—a

(z +y)" +13 = 62%> + m

Bai 4: Tim a dé hé sau c¢6 diing mot nghiém: {
Bai 5: Tim a dé hé sau c¢6 ding mot nghiém: {

Bai 6: Cho hé phuong trinh ) )
Ty (x +vy ) =m
Tim m dé hé c6 nghiem duy nhat.
1
. ) = my® = S(m+1)* . .
Bai 7: Tim s6 thuc m sao cho hé: 2 ¢6 nghiém (x;y) thod z +y =0
3+ maty + xyt =1
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PHUONG PHAP UNG DUNG HINH HOC GIAI TiCH
VA HINH HOC PHANG

Ly thuyét

e Trong mit phang toa do Oxy, cho céc vector: U = (x1,11), U = (21, y2) khi d6 ta co:

7+ T < [T+ [P] & Vo o2l (o + 92 < et +yf 423+ 43

Z NS . N 2 . . N N 2, x
Dau bang xay ra khi va chi khi hai vector U vau cung huéng < n_n_yp > 0.

T2 Y2

e Vi hai vector i, ¥ béat ki trong khong gian thi

U = |d|.|V].cos (W, V) < |||V

e (Dinh 1y cosin trong tam giac) Cho a, b, ¢ la ba canh ctia tam giac ABC va A la goc &
dinh A cta tam giac khi do:
a’> =b>+c¢* — 2bccos A
e Cho tam gidc ABC' c6 ba géc nhon va diém M tity ¥ trong miat phang khi dé goi T 1a
diém nhin céc canh BC, CA, AB du6i ciing mot goc 120° thi v6i moi diém M trén mit

phang ta co:
MA+MB+ MC>TA+TB+TC

T dugc goi la diém Torricelli ctia tam giac ABC.

Sau day 1a mot s6 dang toan thuong gap:

% Khao sat hé phuong trinh chita dang tuyén tinh va phan tuyén tinh

T L vyt =r
Bai 1: Bién luan s6 nghiém cta hé (r>0)
ar +by =c

® Phan tich: He da cho gdm phuong trinh duong tron (C) va phuong trinh duong thing
d. Nhu vay ta can khdo sat sb giao diém ctia (C') va d.

x% Cach 1: Lap cong thtic tinh khoang cach tit gbc toa do dén d. Bien luan sb giao diém ciia
dudng thang va dudng tron bing cach so sanh khoang cach dé véi ban kinh ctia (C).

x% Céach 2: Tim dai mat phéng P hoiic mién gbc @ nhé nhit chita (C). Bién luan vi tri cia
duong thang d d6i véi cac mién phang do6. Néu phét hien dusng thing di qua mot diém trong
duong tron thi hé phuong trinh luon ¢6 nghiém phan biét.
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. r—pP+y—q?i=r
Bai 2: Bién luan s6 nghiém ctia hé phuong trinh (T=pf+ =0 (r>0)
axr + by =c
® Phan tich: Dat u = 2 — p;v = y — p dua vé bai toan 1.
) 22 +qy=r
Bai 3: Bién luan so nghiém ctia hé phuong trinh P W (p,q,r > 0)
axr + by =c

® Phan tich: Hé da cho gom phuong trinh dudng elip (E) va phuong trinh dutng thing d.
Nhu vay ta can khéo sat s6 giao diém ctia d va (E). St dung phép co - dan bién (E) thanh
duong tron (C) va bién d thanh d’, ta dua vé khao sat s6 diém chung ctia d’ va (C). Ta biét
rang s6 diem chung khong 16n hon 2.

® Phuong phap: Dat u = z;v = \/gy hé da cho tré thanh

Tit day lam tiép nhu bai 1. Néu phat hién duong thang di qua mot diém nam trong (E) thi he

luon c¢6 2 nghiém phan biét.

ple—k)?*+aqly—h) =r

Bai 4: Bien luan s6 nghiém ctia hé phuong trinh (p,q,m > 0)

ar +by =c

® Phuong phap: Dit u = z — k;v = y — h dua vé bai toan 3.

Bai 5: Bién luan s6 nghiém ctia hé phuong trinh véi p, ¢, r > 0;k = £1:

pr? +kxy +qpt =1
ar +by =c

® Phuong phéap: Bién déi phuong trinh dau vé dang mu? + nv? = r dua vé bai toan 4.

. , £ : , Ayt =
Bai 6: Khao sat tinh chat nghiém cia hé (r>0)
ar +by =c

® Phuong phéap: Coi mdi nghiem ctia hé 1a mot diém véi toa do 1a cap s6 do6. Bién doéi he
phuong trinh va diéu kién ctia hé thanh y nghia hinh hoc. Diéu kién bai toan thuong lién quan
dén mot s6 tinh chat nhu tap hgp diém thudc phan chung ciia céc nita mit phing hodic mién
tron, mién elip hosic khoadng cach giita 2 diém, tich vo huéng ctia 2 vecto dudc lap ra tit céc
diém do, s6 do géc tao bdi 2 vects hodc 2 dusng thang.

. PO eyt =
Bai 7: Khéo sat tinh chat nghiém ctia hé phuong trinh (p,q,m > 0)
axr +by =c
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® Phuong phéap: Dat v = /pr; v = /qy h¢ da cho tuong duong

u?+vi=r
adu+bv=<~

b N
——. Bai toan dua veé bai 6.
V4

a
Trong d6 a’ = —;
VP

% Pua phuong trinh v6 ti mot an sang hé phuong trinh hai an

Bai 1: Khéo sat nghiém ctua phuong trinh va — bz?

® Phuong phép: Dit y = , / % — 22 khi d6 ta c6 he

24yt =

=kx+m v6ia,b>0

b
(%) § bz — vVby = —

y=0

Bai toan dua vé khéo sat nghiém ctia he ().

Bai 2: Khéo sat nghiém cua phuong trinh \/a — b(z + ¢)? = kx + m v6i a,b > 0

® Phuong phap: Dit z = x + c;y = va? + bz? va dua vé bai 1.

Bai 3: Khdo sat nghiém ctia phuong trinh asint + bcost = c véi t € |

a; f3]

® Phuong phap: Dat © = sint; y = cost ta c¢6 hé

axr + by =c
()

2 4+yt=1

Bai toan dua vé khdo sit nghiém ctia he (x) véi x, y thoa diéu kien xac dinh

Bai 4: Khao sat s6 nghiém ctia phuong trinh pva + bxr+qvc + dx = m v6i bd < 0; g = %1

® Phuong phap: Coi b > 0= d < 0. Daty—,/ 1/——:Ctacohe

(2 2_0 €
y—l-Z—b 7
@)p¢®+@¢3k=m
y=0
z2=20

\
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N 2 P %  n 5 ~ N s A D Ly N P P
Bai todn dua ve khao sat s6 nghiém ctia hé (%) gom cung tron AnB nam trong mien géc P xac

dinh béi cac mién z > 0, y > 0 va dudng thing d.

Bai tap vi du

% Cac bai tap vé hé tuyén tinh va phan tuyén tinh

Bai 1: Bién luan s6 nghiém ctia hé

(x =12+ (y—2)2%=5
r+my=m-+1

Giai
u? +v? =
bat u=x—1; v =y — 2 ta ¢6 hé da cho tuong duong;:
U+ muv=-—-m
AY
©)
A(0,-1)
\O ’

Heé trén gom phuong trinh duong tron (C) : 22 + y? = 5 tam la gbc toa do va ban kinh 1a /5
va phuong trinh dudng thang d : z + my + m = 0 phu thuoc m. Hon nita, dudng thang d luon
di qua diém c6 dinh A(0; —1) nam trong (C) nén d luon cat (C) tai 2 diém phan bigt véi moi

m.O

Bai 2: Tim m dé hé c¢6 nghiém = > 0; y > 1

(*)

20 —y=m

Giai
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Dieu kien ctia bai toan xac dinh mién géc P véi z > 0;y > 1. (%) gom phuong trinh duong tron
(C) : 2 +y* = 4 va phuong trinh dudng thang d : 2z —y = m phu thudc m. Phan chung clia
(C) va P 1a cung AnB c6 cac dau mit A(v/3;1) va B(0;2). Yeu cau bai toan la tim m dé d va
cung AnB c6 it nhat 1 diém chung.

Phuong trinh dudng thing di,ds di qua A, B va ciing phuong v6i d 1a 2z —y = 2v/3 — 1 va
21 — y = —2. Céc duong thing dé cit Ox tai M;(v/3 — %; 0) va My(—1;0). Cac diém d6 nim
trong (C') nén giao diém thit hai ctia dy, d véi (C) thudc nita mat phang P, = {(x;9) : y < 0}.
Vi vay di, ds chi c6 mot diém chung véi @ 1a A va B.

Goi Q la dai mit phéng bien dy,ds, khi d6 Q chia AnB. Duong thing d cit doan thing
M, M, tai M(%;O) khac My, M.
Tit d6 suy ra —2 < m < 2v/3 — 1 1 tap hop céc gia tri m thoa gia thiét. O

Bai 3: Tim m dé hé c¢6 2 nghiém phan biét thod x5 + y1y2 > 0:

24yt =4
(%)
rTt+y=m
Giai
d
B
H
A

LY

Gia sit hé c6 hai nghiém phan biét 1a (z1,y1) va (x2,y9), khi d6 ta cé: Goi A(x1;y1), B(xe; ya),
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thi do
OA.OE = OA.OB. cos ((ﬁ, o?) — 2123 + 110

Nén suy ra:

COS(OTK,O?) >O<:>A/O\B<g

Hon nita do (x1,%1) va (22,%2) déu la nghiém ctia he nén cac diém A va B déu ndm trén dudng
tron (C) : 22 +y? = 4 va duong thing d : = +y = m, nhu vay AB la mot day ctia dudng tron
(C), dong thoi AB ciing chinh 1a duong thang d.

Nhu vay dé hé c6 nghiem théa diéu kién z,25 + y1y2 > 0 thi AB phai cit dusng tron (C) tai
hai diéem phan biét, hon nita phai théa man AOB < g

m|

e AB cit (C) tai hai diém phan biet < dojg <2 < —= < 2

V2

e Goi H 1a trung diém ciia day AB khi d6 OH | AB. Ta ¢6: AOB < g = AOH <
AH<OH.V10H2+AH2:4nénsuyraA/O\B<g®0H>\/§.

T
- &

W

Nhu vay hé ¢6 hai nghiém phan biét thoa x1zo+1y190 > 0 < 2 > m >V2 e 2v2 > |m| >20

V2

Bai 4: Tim m dé hé c6 2 nghiém phan bict thod (z; — z2)? + 4(y1 — 12)? = 3:

2+ 4y? =16
(%)

rT—my=m

Giai
22

2
16 + ?JZ = 1 va duong théng d : £ — my = m phu thuoc m.

He (x) gom phuong trinh elip (E) :

YA

-

<Y

Ta c6 dudng thang d luon di qua diém cd dinh A(0; -1) hon nita A nim trong (E). Vay d luon
cat (E) tai 2 diém phan biét, do d6 he (*) c6 2 nghiém phan bigt véi moi m.
Goi B(x1;y1), D(z9;y2) va dat u = x;v = 2y (1). Cong thite (1) xac dinh mot phép dan véi hé
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s6 2 bang truc ddn Ox. Phép dan d6 bién cac diem B, D thanh B’(uy;v;), D' (ug; v2) va hé (%)
trd thanh:
u? +02 =16
(%)
2u —mv = 2m
Toa do cac diém B’, D’ 1a nghiém ctia (). Hé gdm phuong trinh dudng tron (C') va phuong
trinh duong thang d' 1a anh ctia d qua phép dan do.

y

<Y

Mat khac
B'D? = (ujus)” + (v1 —v2)" = (21 — 22)* +4(yn — )’ = 3

Nghia la @’ cit (C) tai 2 diém B’, D’ sao cho B'D’ = /3 hon nita (C) ¢6 tam la gbc toa do nén

B D"? V61 2 122
dQO/d,—I—— =R*=16 Suy ra dpjg = ——, do d = _[2m] nén tim dugc m = £/ — O
4 2 V4 +m? 3

Bai 5: Tim m dé hé c¢6 2 nghiém phan biét va (2, — 12)? + (y1 — ¥2)? dat gid tri nhd nhat:

4y’ =4
(*)

204+ my =m+ 2

Giai
YA
d
A
(o) TG
o <
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Hé () gom phuong trinh duong tron (C) : 2% + y? = 4 va duong thang d phu thuoc vao
m. Goi A, B la giao diém ctia d va (C) thi ta can tim m dé AB? dat gia tri nhé nhat. Do
M(1;1) € d ¥m va M nam trong (C) nén d luon cit (C) tai 2 diém phan bigt A, B.

Ta c6: AB Min < d L OM (xx).

Goi & = (—m;2) la vecto chi phuong ciia d thi

(%) & TOM =02 -m=0om=2

Do d6 v6i m = 2 thi hé c6 hai nghiem phan biét théa (1 — )2+ (y1 —y2)? dat gia tri nho nhat.

Bai 6. Bién luan s6 nghiém ctia hé phuong trinh sau:

2] +2[y| = 4
(z—20) (y — a) = 0

Giai
Xét hé phuong trinh:
|| +2[y[ =4 (1)
(z — 2a) (ya) =0 (2)
Ta thay ring cic diém théa man (1) 14 bén canh ctia hinh thoi ABC'D trong doé:
A((=4;0); B (0;2);C (4;0); D (0; —2)

Dong thai, cac diém théa man (2) nim trén hai duong thang d; : v =2a va dy : y = a. SO
nghiém ctia hé hai phuong trinh (1) v& (2) chinh 14 s6 giao diém ctia bén canh hinh thoi véi
hai dudng thang néi tren.

Trudc tién ta tim xem khi nao 3 dudng thang x = 2a; y = a va |z| + 2 |y| = 4 dong quy. Goi
(70;40) 12 diém chung ctia ba dudng thang nay, khi d6 ta c6 he sau:

To = 2a To = 2a

Yo=a = Y =a

|o| + 2]yl =4 4la| =4
la| =1

S T0=2; yo=1

xo=—2y0=—1

YA YA

,
\

A
Ofs | <
A
OYd |«

.\o
o\ 2
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Dua vao do thi trén ta cé két luan sau:

Néu |a| > 2: He (1), (2) vo nghiem.

Néu |a| = 2: He (1), (2) ¢6 hai nghiem.

Néu |a|] < 2 va |a| # 1: He (1), (2) ¢6 4 nghiém.

Néu |a] = 1: He (1), (2) C6 3 nghiem.

% Dua phuwong trinh v6 ti vé hé phuong trinh

Bai 7: Bién luan s6 nghiém ctia phuong trinh

mv9—z?2—z+5m=0 (1)

Giai
biat y = v/5 — 22 ta ¢6 he
24+ 9y =9
(%) T —my =>bm

y=0

Hé () gom phuong trinh duong thang d phu thuoc m va nita dusng tron (C) xac dinh bdi hé

bat phuong trinh
2 +y?=9
y=0

Ta c6 A(0; —5) € d Ym do d6 A nam ngoai (C')

YA

(©

MZ M O M]_

Y
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Cac diém M;(3;0), My(—3;0) 1a dau mit ctia dudng kinh ctia (C). Céc tia AM;, AM, 1a bién
. , ) . . , 3
ctia mien goc P. Duong thang d cat My M, tai M (5m;0) nén véi m thod —3 < bm < 3 & ~% <
3 £ . .2 R . . .
m < = thi d v nia trén ctia (C) ¢6 duy nhat 1 giao diem. Trudng hgp nay phuong trinh ¢6 1
nghiém.
Vi cac gia tri con lai ctia m thi d va nita trén ctia (C) khong c6 giao diém nén phuong trinh

vo nghiém. O

Bai 8: Bién luan theo m nghiém ctia phuong trinh sau:

VA —22=mz+2—m ()

Giai

Ta biét ring s6 nghiem ctia phuong trinh () 1a s6 giao diém ctia hai duong y = ma + 2 —m
vay =4 — 22

Hon nita vi y = V4 — 22 < 22 + 32 = 4,y > 0 nén do thi ciia y = V4 — 22 1 nita duong tron
tam 1a goc toa do ban kinh bang hai vi nim phia trén truc hoanh.

Con y = max + 2 —m la mot ho dudng thing luon di qua diém c6 dinh A(1;2). Ta nhan thay
c6 hai tiép tuyén véi duong (C) : y = V4 — 22, mot 1a duong thing y = 3 song song véi truc
hoanh, va tiép tuyén AD.

YA
El2 A
& \
B C
2 0 1 2 x)

Goi B(—2,0) va C(2,0) 1a hai dau mit ctia duong kinh BOC| gia st my, ma, ms, my tuong
tmg 1a he s6 goc clia cac dudng thing AC, AD, AB, AFE thi ta c6 cac diéu sau:

o My = —tanA/C\O = —2.

e My = —tanD/@ = —tan@ = —tan (2@) = —g.

— 2
ms = tan ABO = 3

.m4:O.
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T do suy ra:

1. Phuong trinh (%) ¢6 hai nghiém <

2. Phuong trinh (x) c¢6 mot nghiem <

4
3. Phuong trinh (%) vo nghiem < —g<m< 00

Bai 9: Bién luan s6 nghiém ctia phuong trinh sau theo a:

(am+x> (a:—a\/§> =0

Giai

Dity=v9—a22=224+14>=9
Phuong trinh (4) tuong duong:

?+y*=9,y>0
(ay + ) (x—a\/ﬁ) =0

Dé thay phuong trinh thit nhat biéu dién phan phia trén truc hoanh ctia duong tron tam la gbc
toa do ban kinh 1a 3 con phuong trinh thit hai bicu dién hai duong thing x = av/3 vay = —l.x
(néu a # 0). ‘
S6 nghiém ctia hé chinh 1a s6 giao diém clia hai dudng thang véi nita duong tron. Ta chi can
xét khi @ > 0 (vi khi @ < 0 ta c6 két qua tuong tu va khi a = 0 thi (4) & z = 0 va lac d6 he
c6 1 nghiém).

Thay ring dusng thing y = —lx nén n6 di qua O va vi vay luon cit nita duong tron tai mot
diém. ?a chi can quan tam dér? vi trf tuong déi clia = = av/3 véi dudng tron vi dudng thing
y=——u

Do y > 0 nén néu dudng tron va hai dudng thing dong quy thi phii ¢6 z = av/3 > 0 va
Yy = —éx < 0. Diéu nay 1a vo 1y. Do d6 sé khong c6 truong hgp ba duong nay dong quy. Nhu

thé nhin vao do thi ta sé thu duge két luan:
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Y=k x=a/3 y=-3% x=a/3
3 0<a<.3

a>

Do dé6 ta c6 két luan sau:

a=20
la| > /3

e Phuong trinh (4) c¢6 hai nghiem < 0 < |a| < /3 O

e Phuong trinh (4) ¢c6 mot nghiem <

Bai 10: Bién luan s6 nghiém ctia phuong trinh:

V9 -2z —ax2=x+m ((%)

Giai
Quan sat mot chit ta thay bai nay c6 cau tric hoi khac cac bai trén nhung that ra ching nhu

(x) V10— (z+1)2=az+m

bat z=x+1; y =10 — 22 ta c¢6 he:

nhau:

y? + 22 =10
y—z=m-—1

y=0
Bai toan dua vé bien luan s6 diém chung ciia dudng thing y = z +m — 1 va nita duong tron

y? + 22 =10
y=0

Dén day tuong tu nhu Bai 1, xin danh cho ban doc gidi quyét tiép phan con lai ctia bai toan.

Bai 11: Bién luan s6 nghiém ctia phuong trinh

2
2sint — (m+3)cost =m—1,t € [g,%]
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Giai
Dit o = sint; y = cost va dua diéu kién ctia bai todn thanh:

(x2—|—y2:1 (
(m+3) =m—1 (i)

<1 (

; (

<y<§

M|Lw|«|§’

\

Do hai diéu kien (iii) va (iv) nén ta chi can khéo sat nghiém trong hinh chit nhat ABCD trong

() 0 (13 o (5)

Do d6 bai toan dua vé khao sat s6 giao diém ctia duong thang d : 22 — (m +3)y =m — 1 va
duong tron (C) : 22 +y* = 1 ndm trong hinh chit nhat ABCD, hé c6 nghiém thi chi ¢c6 nghiem
duy nhat.

YA

Cac dinh A va D thuoc duong tron don vi. Cac dinh con lai ndm ngoai dudng tron. Hon niia
dudng thang d luon di qua diém c6 dinh I(—2, —1), do d6 dé hé c6 nghiém thi duong thang d phai
V3 VB+1- )

nim trong phan giéi han clia hai tia A, ID. Lai ¢6 d cit AD tai diém S < 5 3
m

Do d6 hé c6 nghiém duy nhat

—1<\/§+1—m<1 —1<\/§+4

w

1
— < = — S - &=
2 m+3 2 2 T m+3 2

1 344 2/3 -1
—<f+ <Se542v3>5> 2v3-1
2 m+3 2 3

Mién goc chita tap hop diém thod man hé diéu kién trén c6 bien la cac duong thang tng véi
‘ 2 1
cac giétricﬁasz <\/_—§> vam=2vV3+50
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% Mot vai bai toan khac

Hai phan trén ching ta da tiép can vdi cach gidi toan bang hinh hoc, do thi, trong phan nay,
chiing ta sé thuec sy thay duge vé dep clia viéc gidi toan bang hinh hoc, cic bai toan trong phan
nay thuong khong mau muc va c¢6 cach gidi quyét khac nhau tuy dang toan, ta bat dau véi vi

du sau:

Bai 12: Tim cac bo s6 (x,y) duong thda man phuong trinh:

\/x2+62—bx\/§—l—\/y2+a2—ay\/§—|—\/x2+y2—a:y\/§:\/a2+b2

Trong do a, b 1a cac s6 thyc duong cho trudc.

Giai
® Y tudng: Cac bai toan & hai phan trude chi dé cap dén bien luan nghiem ctia phuong trinh,
hé phuong trinh, nhung day 14 mot bai vé giadi phuong trinh, cach tiép can hoan toan khic.
Ta cht y dén nhan xét sau: vé trai 1a ba can thitc c6 dang gan giong dinh 1y Cosin trong tam giac,
vé phai 1a bicu thitc gan gibng cong thiic tinh dudng chéo clia canh huyén (dinh Iy Pytagore).
Hon nita lai c6 mot két qua quen thuoc trong hinh hoc phéng la AM+MN+ NB > AB. Do
do6 ta di dén 10i gidi nhu sau:
® Loi gidi:
Diéu kien: 22 + b — bzv/3, y% + a? — ayv/3, 22 + vy — zyv/3 > 0 Dung tam giac vuong OAB ¢
OA = a, OB = b. Ox va Oy la hai duong chia ba cac goc clia tam giac, trén Oz lay M va trén
Oy lay N sao cho OM =y vdi ON = x (nhu hinh v&)

X
A M
N_~y
al vy
X
o)
. B

Khi do6 ta ¢6 duge AM = \/OA2 +OM? —20A.0M. cosg = \/a2 + 42 — ay./3.
Tuong ty: MN = /22 + 32 — 2y.v/3, BN = Va2 + b2 — be/3, AB = a2 + 2.
Hon nita AM + MN + BN > AB nén:

\/a:2+bz—bx\/§—|— \/y2+a2—ay\/§—l— \/x2+y2—xy\/§> Vva? +b?

Do diéu kién ciia bai toan nén dau bing xay ra, néi cach khac M va N lan lugt la giao diém
cia Ox va Oy v6i AB.
Dén day ta chi can tim OM, ON nita la dugc!
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X
A
y
a N
@)
b B
Ta co: \/_
1 3 2ab
SOAB = SOAM + SOBM & oab = §ay + Tby Sy = r\/gb
N 2ab
Twong tu ta tim dugec v = ——
V3.a+b

2ab 2ab

) = O
V3.a+b Y a+/3.b r
® Nhan xét: Bai toan trén cho thiay dudc viec sit dung hinh hoc dé giai toan sé dua bai toidn

Do dé nghiém ctia bai toan la z =

ve mot bai toan kha nhe nhang. Ta ciing dén véi vi du tiép theo:

Bai 13: Giai phuong trinh:

\/2x2—2:1:+1+\/2x2+<\/§+1>x+1+\/2x2—(\/§—1>x+1:3

Giai

® Y tudng: Cling gibng nhu tren, vé trai goi ¥ ta dung dinh 1y Cosin cho tam giac nhung khong
thé dugc. Ta sé phai sit dung cach giai khéc.
Phan tich tit biéu thiic don gidn nhét ta c6 duge: 22° — 22+ 1 = 22 + (z — 1)>. Do d6 ¥ tudng
clia chiing ta ciing la phan tich cac biéu thitc con lai thanh tong hai binh phuong, do dé ta sé
¢6 101 giai sau:
® Loi giai:

. ) 3 1 3 1
Trong hé toa do Oxy lay céac diem M (z,x), A(0,1), B (£ ——), C <£ ——).

27 2 27 2
y)\

M
X¢r-—-——-——-----""------ *
14A

y

Y
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Khi d6 ta co6:
MA =222 -2z +1
MB = \/2:1:2 \/_—i— ):1:+1
MC =,/222 — (V3-1)z+1
Nhu vay VT = MA+ MB + MC > TA+TB 4+ TC vé6i T la diém Torricelli ctia tam gidc

ABC.
Dé c6 dugce tam giac ABC' la tam giac déu va T' chinh 1a goc toa do, do do6

MA+MB+MC >3TA=3

Theo diéu kién bai toan thi dau dang thic xdy ra hay M =T, do d6 2 = 0 O
® Nhan xét: Bing cach phan tich céc biéu thic nhu trén ta hoan toan cé thé gidi bang cach
stt dung BDT Cauchy-Schwarz. Cong viéc cia ta la danh gia duge BDT sau:

2?4 (= 1)+ <x+§>2+(x+%>2+ <x—§>2+(x+%>2

C6 thé thiét lap bat dang thiic trén bang cach chon tham sb.

WV

3

MB&i cach lam déu c6 uu nhuge diém. Dung diém Toricelli sé cho 15i gidi nhe nhang, nhung néu
AABC khong déu viec tinh toan sé gip kho khan. Dung tham s6 c6 thé tong quat bai toan
nhung doi khi nghiéem nhan duge rat phic tap.

Du6i day sé la mot vi du v6i cach giai khac hoan toan véi hai bai toan trén.

Bai 14. Giai phuong trinh sau:

Vr+1+vV3—x=2vVa2+1

Giai
® Y tudng: O Bai nay ro rang viec dua cac biéu thitc chita can thanh do dai mot doan thing
gap khé khan vi cac bicu thitc khong c6 dang bac hai. Tuy thé trong bai nay phuong phap hinh
hoc vAn phat huy tac dung. Bién déi phuong trinh mot chit ta cé:

NV +1+1V3—z= \/(\/x—ﬂ)2+ (\/3 —x)Q.\/gg2 +1

Vé phai khién ta nghi dén tich do dai con vé trai giip ta nghi dén tich vo hudéng ctia hai vector,
tit d6 ta hinh thanh 1oi giai nhu sau:

® Loi giai:

Dieu kien: —1 <z < 3.

N
N d.b =a/r+1+3—7x
Dit @ = (z,1); b = (Vo +1,Va+3)tacsq - -
|a|.‘b‘:\/x2—|—1\/(\/a:—l—1) + (V3 —1)
Hdnnu’atalauco73> < |« |’?’
Do d¢ ta co:

VT 4131 < \/<\/x—+1)2 + (V3= 2) VT F1
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Nhu vay theo diéu kién ta phai tim x trong truong hgp dau bang xay ra titc 1a ta co:

7\]7=>a:.\/3—.:u:\/x+1<:)x3—3x2+x+120
r=1
s@-1D)a*-22-1)=0« r=14++v2 O
z=1—1+/2 (loai)
Ba vi du trén ching ta da tiép can cach giadi phuong trinh bang hinh hoc, sau day sé la mot vi

du vé gidi hé phuong trinh.

Bai 15: Giai hé phuong trinh:

= y?—a®+ V22— a?
y =22 -0+ Va2 —?
z:\/x2—02+\/y2—02

Trong d6 a, b, ¢ 1a cac s6 thuc duong cho trude théa man la ba canh cta tam giac

[ N

1
7b7

SN

khong ti.

Giai
® Y tuéng: R6 rang ngay khi nhin vio dé bai thi gia thiét “a, b, ¢ 1a cac s6 thuc duong cho
truée thoa man PRI 13 ba canh clia tam gidc khong tu” khién ta cam thay kha rdi. Tuy
nhién néu cha ¥ dén phan tich sau thi moi viéc hoan toan dé dang:
V6i mot tam giac khong tt c6 ba canh la a, b, ¢ cac duong cao tuong tng la h,, hy, he va dién
tich 1a S. ta co:

ah, = bhy = ch, =25 &

d R
%, 25’ % la balcanil cﬁla tam giac khong tu dong dang v6i tam giac c6 ba

canh 1a a, b, ¢ theo ti 16 — do d6 —, —, — la ba canh ctia tam giac khong tu. Vay ta cé 1oi
25 he hy' he

Tt d6 chi ¥ rang

giai nhu sau:
® Loi giai:
Diéu kien a?,b? < 22%; b2, ® < 2% a?, 2 <2
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Dé hé phuong trinh c6 nghiém thi z, v, z phai duong nén suy ra a,b < z; b, ¢ < z; a,c < y. Do

d6 ta luon c6 thé dung cac tam giac sau:

e NABC, c6 AiB, =y, A|C, = z va duong cao tai dinh A; bang a dong thoi hai tia
AB; v A;C; nam ve hai phia déi v6i duong cao tai A;. Khi d6 theo phuong trinh thit
nhat dé dang c6 duge x = B;C;.

o NAByCy ¢ ByAy = 2, BoCy = x dudng cao tai dinh B, 13 b dong thoi hai tia ByAs,
B,C5 nam vé hai phia déi v6i duong cao dinh By thi y = A>C5.

o NA3B3C5 c6 C3A3 =y, C3B3 = v dudng cao tai dinh C3 bang ¢ dong thoi hai tia C5As,
C3Bs; nam veé hai phia doi v6i duong cao tai dinh Cs, khi d6 z = A3Bs.

Do d6 ba tam gidc A1 B,C,, AyByCy, A3B3C5 ¢6 ba canh bang nhau nén chiing bang nhau do

d6 dien tich ctia chiing bang nhau suy ra ax = by = cz = 25.

Ap dung cong thic Heron ta c6: S =+/p(p—a)(p—b)(p — c), trong dép:w
1 1 1
299 (=424 =
) 25 25 25 T+yt+z S(a+b+c> .
Tacdt:z=—,y=—,2=—,p= = . Do dé6 suy ra:
a b c 2 2
1 1 1 1 1 1 1 1 1 1 1 1
S=84/(=+-+-)(-—=+-+=)(==z+=)[=+--=
a b ¢ a b ¢ a b ¢ a b ¢
Do doé:
1
S =
1+1 1 1 1+1 1+1 1
a b ¢ a b ¢ a b ¢
2 2 2
TﬁdétacédUQc:x:—S,y:—S,z:—SD.
a b c
Bai 16: Giai he phuong trinh an (a; b; ¢; d) sau:
a’?+b=1
c+d=3
2
ac—i—bd—i—cd:%
Giai

® Y tuéng: RO rang bai toan trén 1a mot bai toan khong hé mau mue, chi ¢6 ba phuong trinh
nhung lai c6 téi 4 an, hon nita phuong trinh thit 3 kha phiic tap. Khé c¢6 thé bién doi dai so,
nén chung ta nghi t6i phuong phap hinh hoc.

V6i nhitng gi ching ta da phan tich ¢ trén, § tudng hinh hoc can ban cta ta sé la xét duong
tron (C) : 22 +y? = 1 khi d6 diém M (a,b) sé thuoc dudng tron nay. Con ¢ phuong trinh thi 2
ta xét duong thang (d) : x +y = 3 thi diém N(c, d) sé thuoc duong thang nay.
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Quy tich nhitng diém M (a,b) thoa phuong trinh thit nhat 13 dudng tron (O;1).
Quy tich nhitng diém N(c, d) théa man phuong trinh thi hai 14 dudng thang (d) : z +y = 3.
Hon nta ta lai co:

2(ac 4 bd + cd) = 2ac + 2bd + (¢ + d)* — & — d*

= 2ac + 2db + 10(a® + b* + ¢* + d?)

=10—-(a—c)* = (b—d)* =10 - MN?

:11—6\/5@MN:3—\/§

2 V2

Do d6 ta sé tim hai diém M, N nim trén duong tron (O; 1) va dudng thang (d) : z +y = 3 sao
3—V2
7

MN?

SuyralO—MN2:%§<:>

cho khoang cach giita ching la

® Loi giai:

N

Goi Ny 1a hinh chiéu ctia O len M N, va My va M 1a giao diém ctia ONy véi dudng tron don
vi (O;1).
Nhan xét rang néu hé phuong trinh ¢6 nghiém thi ta phai c6 NMy < MN < NM/, do d6 ta
sé tinh N()M() va N()Mé
3 3—v2
TaCéZMQNOZONo—lz——lz \/_:
V2 V2
T do suy ra M = My va N = Nj.

) 3 V2
D& dang tinh duge M, (‘[ £> v Ny = (3 3>

MN

PR 22
Tt d6 suy ra nghiém cia hé O

® Nhan xét: Bai toan trén rat diac thtt va may man 1a MN dat gia tri nhé nhat. Trong mot
. 946v2 . . ~

va truong hop so +T\/_ cua ta thay bang so khac ma van thoa man hé c6 nghiem va M N

khong dat cyc tri thi viéc lam bai toan sé rat kho khan va hé sé c6 vo s6 nghiém, do d6 thong

thuong cac bai toan dang nay sé 14 vo nghiém hay c6 nghiém duy nhét.

Bai tap tu luyén
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2?2 — 2y +4y® =m
Bai 1: Bién luan s6 nghiém theo m ctia hé 3
xr + \/;y =1

R, L Jttyt=8
Bai 2: Tim m dé hé c6 nghiém z,y > 0
rT+y=m
. . a?+yt =4 .
Bai 3: Tim m dé hé c¢6 nghiem z <0< y

20 —my =m + 2

Bai 4: Bién luan theo m s6 nghiém ctia phuong trinh \/5 —2x4+m)2=x-2

Bai 5: Bién luan theo m s6 nghiém ctia phuong trinh 4sint — 3cost = 2m — 1 véi t € 0; 7]
Bai 6: Bién luan theo m s6 nghiém ctia phuong trinh /5 — 4z +v/m + 9z =1

Bai 7: Cho hé bat phuong trinh:

(z+1)’+y*<a
9+ (y+1)7°<a

Tim a dé hé c6 nghiem duy nhét.
Bai 8: Cho hé phuong trinh:

> +y*=2(1+a)
(z+y)* =4

Tim a dé hé c6 hai nghiem.
Bai 9: Cho he:

2 + (5a + 2) x + 4a* + 2a < 0
2 +a® =4
Tim a dé hé c6 nghiem.

Bai 10: Cho hé phuong trinh:

r+mxr—m=0
>+ —x=0
1. Bién luan s6 nghiém ctia hé theo m.
2. Khi hé ¢6 hai nghiém (z1,y1), (22, y2). Xét dai lugng:
d= (12— 21)" + (1 — 11)°.
Tim m dé d dat gia tri 16n nhat.
Bai 11: Cho hé:

20 +y =1
T+2y>a

Tim m dé hé c6 it nhat mot nghiem am (tic 1a ¢ it nhat mot nghiém (Z,7) trong d6 T < 0 va
y <0)
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Bai 12: Bién luan theo m s6 nghiém ctia cac phuong trinh sau:

a. V16 — 422 =z —m

b. V1 —922 = m — 3x

c.V2x —12=2m—=x

d. V4 — 22 = V2mz — 22

e. vV1—22=+1—m2+2mx — 22

f. V422 — 16 =m — 2z

Bai 13: Tim m dé bat phuong trinh sau c¢6 nghiém:

a. m >r—m

b.Vi2—9>x—m

Bai 14: Tim m dé bat phuong trinh sau ¢6 nghiem duy nhat: V12 — 322 <z —m
Bai 15: Phuong trinh sau c¢6 bao nhiéu nghiem: 42® — 3z = V1—2x2
Bai 16: Tim m dé cac hé sau c6 nghiem:

Vi—22=y

3mx — 3y = dm

a.

Ve+1l+yy+2=m
T+y=3m

VIS —y

mx — 3y = 2m

C.

o

Bai 17: Tim m dé cac hé sau c6 nghiém:
Vat+r—2+z<1

2 —2m+2)z+1>0

a.

r+y=>1
r+y < V2zxy+m
r+y<2

r+y++22(y—1)+a=2

Bai 18: Tim m dé cac hé sau c6 nghiem duy nhat:

r+y+2rzy+m=>=1

r+y<l1

Vi+y=1

TH+Yysm

b.

C.

b.

o
N —

Bai 19: Bién luan theo a s6 nghiém ciia cac phuong trinh:
a. |z| (3 —4z?%) = a.

b, (% ] — 1) (2| - 1% = a.

c.x?—2xr—2=

|z — 1]
>+ 2z -1
lz| +1 N
2+ 2 B
o[ =1

e. a
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f.(z+1)?—alz+2=0
Bai 20: Cho céc s6 thyc duong z,y, z théa man hé phuong trinh

y2

?+ay+ = =25
y? ’

Z 2_9
377

24+ zr+22=16

Tim gié tri bicu thic P = zy + 2yz + 3z
Bai 21: Cho a, b, c 1 cac s6 thyc duong théa dang thiic:

\/az—\@alﬂ—b?—i—\/bz—\/ibc—l—cz:\/a?—irc?

e, . . 2 , a-+c
Tim gia tri nho nhat cia

Bai 22: Cho p, ¢ 1a cac s6 thic sao cho phuong trinh 22 + px + ¢ = 0 ¢6 hai nghiém thyc c¢6
gia tri tuyet doi khong vuot qua 1. Tim gié tri 16n nhat va nhé nhét ctia biéu thiec:

P :p2(p2 + 2q2 _ 3) _|_ qQ(qQ _ 3)
Bai 23: Khio sat so6 nghiém ctia hé phuong trinh theo a:

22 — g2

(z—a)P+y*=1

HINH HOC KHONG GIAN VA VIEC KHAO SAT HE
PHUONG TRINH 3 AN

Trong nhitng bai toan sau ta quy wéc (z;y; 2) 1a an con a, b, ¢ 1a tham s6.

Bai tap vi du:

Bai 1: Bién luan s6 nghiém ctia hé phuong trinh véi r > 0:

Yyt 4=
(¥) S ar+by+cz=m
dr+by+cdz=m

® Y tudng:

Hé (*) gdm mot phuong trinh ctia mot mat cau (W) véi tam 1a gde toa do va mot dusng thang
d. Toa do giao diém ctia d va (W) 1a nghiém ctia (*). Vi thé, bai toan dugc dua vé dang bién
luan s6 giao diém ctia d va (W).

® Phuong phap:

% Viét phuong trinh mat phang (P) di qua O(0;0;0) va vudéng géc véi dudng thang
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) ()

% Tim giao diem K ctia (P) va d. Xét vi trf tuong ddi ctia K so véi (W).

* Néu K nim trong (W) thi d cat (W) tai hai diem phan biét va hé (*) c6 hai nghiém phan
biét.

* Néu K nam trén (W) thi d va (W) ¢6 mot diem chung va hé (*) c6 nghigm duy nhat

* Néu K nam ngoai (W) thi hé (*) vo nghiem.

y ar +by+cz=m
Ndz+by+dz=m

Vi du 1: Bién luan s6 nghiém ctia hé phuong trinh sau theo tham s6 m:

24yt + 22 =22
rT+y+22=m

r—z=2.

Giai

Phuong trinh mat phang (P) di qua O v vuong goc véi d 1a: 2 — 3y + z = 0.
r+y+2z=m
Goi K 1a giao diém ctia (P) va d. Khi d6, toa do ctia K la nghiém ctia he { z — 2z = 2
z2—=3y+z2=0
Giai he nay ta dugdc toa do diem K (31—T, 21—7711; 31—T>
* Néu K nam trong (W) khi va chi khi 21—77;2 <224 —11 < m < 11. Khi d6, hé da cho c6 hai
nghiém phéan biét.
* Néu K nam trén (W) khi va chi khi m = 11V m = —11. Khi d6, hé da cho c6 nghiém duy
nhat.
* Néu K ndm ngoai (W) khi va chi khi m > 11V m < —11. Khi d6, hé da cho vo nghi¢m. O

Vi du 2: Bién luan s6 nghiém ctia hé phuong trinh sau:

2+ + 22 =16
() z2+my+2=2m—4

r—z=2

Giai

Trong hé (*) thi phuong trinh o + my + 2z = 2m — 4 thuoc chiim dudng thang cé truc la

r+z=—-4
{ y—2=0 '

) {x+my+z:2m—4
Do d6 duong thang d ¢6 phuong trinh
rT—z=2

Va d di qua diém c¢6 dinh K (—1;2; —3).
Ta thay ring K nim trong mat cau (W): 22 +¢? + 22 = 16 do d6 d cat (W) tai hai diém phan
biét v6i moi m. Vay hé da cho luén c6 hai nghiém phan biét v6i moi m.

® M6 rong:
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R6 rang 1a hé phuong trinh & bai toan 1. cho véi mit cau nhan goc toa do lam tam. Tuy nhién,
ta ciing c6 thé tong quat phuong phap trén lén v6i hé c6 phuong trinh mit cau c6 tam khong
phéi 1a goc toa do:

(z—a)Y+(y—0b"+(z—0c)’=r

arx + by + c1z =my (r>0)

asx + boy + coz = My

Khi d6, néu ta dit: u =2 —a,v =y — b, w = z — ¢ thi bai toan trén sé dua vé bai toan 1.

Vi du 3: Bién luan s6 nghiém ctia hé phuong trinh sau:

(z—m)+(y—27+(z+1)°=16
r+y+z=1

Tr—z=2m

Giai
bat u =2 —m,v =y — 2, w = 2+ 1 hé phuong trinh da cho tuong duong véi hé sau:

u? +0® +w? =16
() utv+w=-m

u—w=m-—1

Dén day ta chi can bién luan s6 nghiém ctia h¢ (*) nhu phuong phap ¢ bai toan 1.

Bai 2: Bién luan nghiém ctia hé phuong trinh:

{\/r—x2—y2:px+qy+k

axr +by=c

® Phuong phap:

Bang cach dat z = \/r — 22 — 32 thi hé da cho tuong duong véi he:
(22 +yP+2=r

z2=20

ar +by =c

kpg):Jrqy—erk:O

Hé nay gom phuong trinh clia nita mat cau (W) va duong thang d. Bai toan ciing chuyén veé
dang bai 1.

Vi du 1: Bién luan s6 nghiém ctia hé phuong trinh sau

{\/6—$2—y2:2x+m

rT—y=2

Giai
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bat z = /6 — 22 — y2. Hé phuong trinh da cho tré thanh:

(x2+y2+z2:6
(7"
*
20—z = —m
(z—y =2

Hé (*) gom nita mat cau (W) va dudng thang d chita tham s6 m.

Goi (P) 1a mit phang di qua tam mit cau (W) va vudng goc véi d. Phuong trinh mit phang
(P):x4+y+22=0

Goi H la giao diém ctia d va (P), toa do H la nghiém ctia he phuong trinh

r+y+22=0
20— 2= —m

rT—y=2

3 3 7 3
Vay dudng thang d cat nita mat cau (W) tai hai diém phan biét khi va chi khi

l—m —m— 2
Tfrdétatimdu’QCH( m —m 5.m+)

(m + 2

5 70

%2+(%+2>2>6 2(V3-1)>m>2(v2-1)
(m—1)"+(m+5)"+(m+2)°"

\ 9

Duong thang d va ntta mat cau (W) ¢6 mot diém chung duy nhat khi va chi khi:

2
&>0

3
(m—1)2+(m+5)2+(m+2)2:6<:>m:2(\/§_1>
9

Két luan:

*Khim =2 (\/§ — 1) thi he da cho c6 nghiém duy nhat

*Khi 2 (V3 —1) >m >2(v2—1) thi hé ¢6 hai nghiém phan biét

* Moi gia tri con lai cia m lam hé vo nghiém. O

® Nhan xét: Ciing bang cach lam nhu 6 mé rong ciia bai toan 1, ta c6 thé mé rong cho bai

toan 2. v6i hé c6 phuong trinh mit cau khong nhan goc toa do lam tam:

\/r—(fﬂ—m)Z—(y—n)szxﬂquﬂLk
ar +by=c

Bay gio ta sé md rong thém véi hé gom hai phuong trinh mit cau.
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Bai 3: Bién luan nghiém ctia hé phuong trinh:

(w—a1)2+(y—bl)2+(z—cl)2:7"1
()9 (2 —a2)’ + (y — b))’ + (2 — c2)* = 1y
ar +by +cz=m

® Y tudng:
Ta nhan thay ¢ hé (*) c6 hai phuong trinh mat cau va mot phuong trinh mit phang. Néu hai
mat cau khong c¢6 diém chung thi hé vo nghiem. Néu hai miit cau d6 c6 diém chung thi hé hoic
vo nghiém hodc c¢6 nghiém phu thudc vao diém chung d6 thuoc hoac khong thudoc mat phéng
ar + by + cz = m.
® Phuong phap:
Trit hai vé ctia hai phuong trinh dau ta thu dugc mot phuong trinh mit phang c6 dang:
(ay — ap) x + (by — by) y + (¢1 — ¢3) z = m’. Ta goi mat phang nay la mit dang phuong cia hai
mat cau. D& dang nhan thay mit ding phuong nay chia cac diém chung ctia hai mat cau va
vuong goc véi duong thang di qua tam cla hai mat cau.
* Néu hai mat cau tiép xtc nhau tai K thi mat dang phuong la tiép dién chung ctia hai mat
cau tai K.
* Néu hai mat cau cit nhau thi giao tuyén ciia ching la duong tron nim trong mit ding
phuong.
Nhu vay, viec khao sat hé phuong trinh trén chuyén vé bai toan khéo sat hé tuong duong la:
(z—a)’ +(x—b)+ (2 —c1) =1
(a1 —ag)x+ (b1 — b))y + (c1 — o) z =m/
ar +by +cz=m
Viéc khéao sat phuong trinh nay chinh 1a néi dung ctia bai toan 1.

Bai tap tu luyén:

Bai 1: Bién luan s6 nghiém ctia cdc hé phuong trinh sau:
P24yt =2m? -2

a)s r4+y+2=0

r—z=m-+4

45 —x2 —y? =m+ 2z
{x—y—l

Ty +22=29
{mx—l—y—i—z?)m

rT—z=2

\/6— -2 = (y+2°=204+m
rT—y =2

Bai 2: Tim tat ca cac gia tri cia m dé he phuong trinh sau ¢6 hai nghiém phan biét (z1;y1; 21)
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va (123 12; 20) dé bicu thitc (x, — m2)2 + (y1 — y2)2 + (2 — z2)2 dat gia tri nho nhat:

2+t + 22 =12
mr+y+z=m—2
T+y=2

MOT SO BAI PHUONG TRINH, HE PHUONG TRINH
CO THAM SO TRONG CAC KI THI OLYMPIC

Bai 1: Giai va bién luan hé phuong trinh sau theo m,n,p.k:

\/x—m2+\/y—m2:k
D Vy—n2+Vz—n2=k
Neer N

kvV3

Trongd()m,n,p,k>0v&théam+n—0—p:T

Giai

Trudc hét ta sé chimg minh (I) néu c¢6 nghiém thi d6 14 nghiém duy nhat. That vay: Gia st
(x1;91521) VA (x9;y2; 29) 1a 2 nghiém phan biét cta (I). Do vai trd cua x,y,z nhu nhau nén ta
gia st x1 > w9

Khi d6 tit phuong trinh thit nhat ctia (I) ta co:

Vy —m2 4y —m2 = /xy —m2 + /iy — m?

Suy ra y2 >y

Hoan toan tuong ty tit phuong trinh tht hai ciia hé ta ching minh duge z; > 2,
Tu phuong trinh thit 3 ta suy ra duge zy > z, diéu ndy mau thuan véi gia thiét.
Vay (I) c6 nghiem duy nhat.

Lai ¢6

m,n,p, k>0

m4+n-+p= k?

Nén ton tai mot AABC déu canh k va mot diém I ndm trong tam gidc sao cho khoang cach
tit I dén cac canh 1a m,n, p.
Xét AFIA 6 TA? — [F? = AF? & TA? —m2 = AF
Tuong tu ta co VIB2 —m? = BF
Do d6 VIA?2 —m?2 ++/IB? —m? = AF + BF = k.
Tu phuong trinh 1 clia hé ta suy ra o = A%,y = [B?> = 2 = IC?

r=1A?
Vay (I) ¢6 nghiem: { y = I B*

2= I1C?
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x = TA?
Vay v6i moi m,n, p, k thod dé bai thi (I)< { y=1B? O
2= I1C?

Bai 2: Tim tat ca gia tri nguyén duong ciia n sao cho hé phuong trinh sau c6 nghiém
duong:

Ty +To+...+x,=9

1 1 1

— =t —=1
T T Ty,

Giai
Gia st he da cho c¢6 nghiém x1; xs; ...; x,,. Theo bat dang thitc Cauchy ta cé:

1 1 1
(x1+x2+...+xn)(——i———i—...—l——) >n’=n’<9=n<3

1 +xo+x3=9
% V6i n = 3 thi he 1 1 1 c6 nghiém duong xy = xo = 3 = 3.

x T2 X3

T+ Ty =9 1 +x3=9
% V6i n = 2, xét he: 1 1 1<:>

T1T9 = 9
Ty X2

Ta thiy phuong trinh t? — 9t + 9 = 0 ¢6 2 nghiém phan biét duong. Vay n = 2 théa man yéu
cau de bai.

T = 9
% V6in =1, ta co hé: 1 |

i

Dé thay hé trén vo nghiem.
Nhu vay n € {2;3} 1a gid tri can tim. O

Bai 3: Tim tat ci gia tri ctia tham s6 m dé hé sau c6 5 nghiém thue:

2} —mr—y=0
04"
Yy —my+z=0

Giai

Nhan thay hée da cho luon c6 nghiem z =y = 0 Vm

zt —ma? —xy =0
Xétx #0,y#0taco (I) &< )

Yy —my +azy =0
T d6 ta c6 z* + y* = m(2? + y?) = m > 0.
Bai toan da cho tr thanh: tim m > 0 dé hé c6 4 nghiem (z;y) # (0;0)
Thé y = 2® — ma vho phuong trinh thi hai ctia hé, ta co:

o (2? — m)3 —m(z* —=m)+1=0(1)

, 3 t'+mt® —mt+1=0
Dat t = 2* — m, (1) tuong duong véi: (x)
t>-—-m

1
batu=1t— o (*) trd thanh: v —mu+2 =10 (2)
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Ta phai c6 A > 0= m > 2v/2. Khi d6 (2) ¢6 2 nghiém
—m+vm? -8

2
—m —+v/m?—8
2

Uy =

Uy =
Xét hai phuong trinh sau:

t—%:u1<:>f(t):2t2—(\/7m2—8—m)t—220(3)
t—g:u2<:>g(t):2t2+(\/m2—8+m)t—2:0(4)

Ta c6 f(—m).f(0) <0 va g(—m).g(0) <0

Nén (3) ¢6 2 nghiém phan biét —m < t; <0 <ty

Va (4) ¢6 2 nghiém phan biet —m < t3 <0 <ty

Ung v6i mdi t sé ¢6 hai gia tri cia @ = £/ + m.

Vay dé he da cho c6 4 nghiém ta phai c6 t; = ts5,ts =ty © u; = ug & m = 2v/2
Thit lai thiy dang. Vay m = 2v/2 la gia tri can tim. O

Bai 4: Tim diéu kién ctia cac sb a,b dé hé phuong trinh sau day cé it nhat mot nghiem véi
1> 0,29 > 0,23 > 0,24 >0

1 — T2 = Q

T3 — Ty = b

$1+$2+$3+l’4:1

Giai

Gia st he da cho c6 it nhat mot nghiem x; > 0,25 > 0,253 > 0,24 > 0.
Ta 6 |a|] = |x1 — xa| < |21] + |22] = 21 + T2

0] = |z5 — 24| < |ws| + |za] = 23+ 24

T do suy ra |a| + |b] <z + 2o+ 23+ 24 =1

Ngugce lai néu c6 |a| + |b| < 1 thic=1— (Ja| + |b]) > 0

Khi d6 tuy theo a;b am hay duong ma hé da cho c¢6 nghiem: z; = |a| + 2, Ty = 2, T3 =
b+ c c
— Ly = —
47Ty
¢ c c c
56121,902:|a|+17$3:’b\+17$421
c ¢ c c
951:|a|+1,9€221,$3=17$4=|b|+1

Cac nghiém nay déu thod yéu cau bai toan. O

Bai 5: Cho a, b, c # 0. Giai va bién luan hé sau theo a, b, c:

ar —y+z/r+y—z=1x/yz
(DS bVr+y—zy+z—ax=yJ/rz
ANYy+z—axNr+y—z=2z/1y

Giai
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Xét hai truong hgp sau day:
® Néu c6 it nhat mot trong ba s6 a,b, ¢ < 0. Ta gid sit a < 0. Khi d6 tit phuong trinh dau ctia

hé ta suy ra ca hai vé déu phai bang 0, titc 1a ta co:

r/yz =0 ryz =0
-
Vi—y+zy/r+y—z2=0 (x—y+z2)(x+y—2)=0

T dé dé § dén dieu kien cho biéu thiic trong can c6 nghia thi d& thod man phuong trinh thi
nhat ctia hé ta phaic6: 2 =0, y=2>0hoiicy=0,2=2>0hodc z=0, 2=y > 0

Thay lai vao hai phuong trinh sau thay ding. D6 chinh 1 cac nghiém ctia hé phuong trinh
trong truong hop nay.

® Néu a,b, ¢ > 0: Khi d6 he da cho tuong duong véi he

a*(x —y+z)(r+y—z) =1°yz
(INS V(x+y—2)(y+2z—1x)=y*rz
Cly+z—a)(z+2—y) =2ay

R6 rang (II) ludén c¢6 nghiém (0;0;0). Ta thit tim nghiém khéc ctia he:

Nhan vé véi vé clia ba phuong trinh trong hé trén roi lay can bac hai, ta dugc:
abe(z +y—2)(x+ 2 —y)(y + 2 — x) = 22?2

T d6 ta di dén hé phuong trinh sau:

a
r=—-——
be(y + 2 — x) = ayz abe(y + 2z — 1) = a’yz a’y + b*x = 2abc b +c? —a?

b

ac(z +y—z) =brz & < abc(z +y — 2) = b2z & { b2+ Py = 2abc & y=

@2+ 212

ab(z + z —y) = cyx abe(x 4+ 2z —y) = Fyx c*x + a*z = 2abe L c
\ @212 2

Dé z,y,z > 0, ta phai c6: a®> +b> > 2, b> + % > a?, 2 +a® > b?

Tém lai ta di dén két luan sau:

% Néu ¢6 it nhat mot trong ba sb a, b, ¢ < 0 thi nghiém cia he la: (0; a; @), (o;a;0), (;0; )

vol a > 0 tuy v.

%Néu ca ba s6 a, b, c déu duong thi:
*Néu a? + 0% > 2, b2 + ¢ > a2, ¢ + a® > b? thi nghiém ctia hée 1a (0;0;0) va

a . b ' c
(b2+c2—a2’a2+02—b27a2—|—b2—02>
* Néu c6 it nhat mot trong cac bat ding thic sau: a? + b < 2, b2 + 2 < a?, & + a® < b? thi
nghiém ctia hé chi 1a (0;0;0) O

. b .
Bai 6: Gia su ¢ + + ° - 0. Chting minh rang phuong trinh az? + bz + ¢ = 0
m+2 m+1 m

c6 nghiem z € (0;1)

Giai
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. b
Xét ham so f(x) = mL—l-chmH + m—+1$m+1 + %xm, x € [0,1]
f(z) = ax™ ™ + ba™ + ca™ ! = 2™ Y az? + bz + ¢)
b
Ta lai c6: f(0) = 0 va f(1) = —% + + S =0

m+2 m+1 m
Do d6 theo dinh 1y Lagrange thi ton tai z € (0,1)sao cho f(1) — f(0) = (1 — 0) f'(xo)

Nen f'(zo) = 0 & zo™ (axe? + b +¢) =0
S arg? +brg+c=0
Vay ta c6 diéu phai chiing minh. O

Bai 7: Cho phuong trinh
2% — 200222 + 2001bx — 2000a = 0

Tim gia tri 16n nhat clia a sao cho ton tai b dé phuong trinh trén c6 3 nghiém trén [ —
2002, 2002]

Giai
Gia st x1, 9, x3 1 3 nghiém ctia phuong trinh. Khi d6 theo dinh 1y Viete cho phuong trinh bac

ba ta co6:
T1+ T+ T3 = 2002

(I) < z129 + Tox5 4+ z321 = 2001

T122x3 = 2000a

Xay ra cac truong hgp sau:
% Néu 29 < 0 hodc 23 < 0 khi d6 1 + 22 + 23 < 23 < 2002. Diéu nay mau thudn véi phuong
trinh thit nhat cia (1)
x Néu r; < 0 < 23 < 23, tt phuong trinh ba cia (I) suy ra a < 0.
<z

% Néu 0 < 21 < 75 < 23, theo bat dang thitc Cauchy ta co:

20023
2002 = 2 + @9 + 23 = 3110273 = V20000 = a < =100
. 2002 . 20022
Dau = xay ra khi 1y = 25 = 23 = 5 va khi ay b = 5003
Bay gio t 6t bal toan t truong ho 2002° ab 2002*
ay gi0 ta xét bail toan trong truon a= va b=
ve & HHHONS AP 4 = 51000 6003
Khi d6 phuong trinh da cho trd thanh:
20022 20022 2002 3
r® —20022% + TR :O<:>(x—T) =0
N o . 2002
Phuong trinh trén c¢6 3 nghiém z; = 25 = 23 = —~5 € [-2002,2002]
Va —200231\ i4 tri can tim O
Y Gmax = ¢ 005 18 gid tri can tim

Bai 8: Tim tat ca gia tri clia tham s6 a sao cho phuong trinh sau c6 ding hai nghiém phan

biét:

{x+4|y|=|x|

Yyl + ]z —af=1
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Giai

Ta xét hai truong hop sau:
% Néu z > 0 thi y = 0. Khi do:

e V6i a > 1 thi hé ¢6 hai nghiém phan biét v6i x > 0 1a (a — 1;0), (a + 1;0).
e V6i —1 < a < 1 hé chi ¢c6 mot nghiém véi z > 0 1a (a + 1;0).

e VGi a < —1 thi hé da cho vo nghiém.

%Néux<0:Tacé|y|:_7$va|x—a|:1+%
1+§>0 > -2
Hay :L"—cz:l—l—E o r=2(1+a)
2
x 2(a—1)
r—a=—1—— T=—F
2 3

2
Matkhéc—2<2(a+1)<0¢)—2<a<—1v&—2<g(a—1)<0<:)—2<a<1.
R6 rang néu (z;y) 13 mot nghiem ctia hé véi z < 0 thi y # 0 va (z; —y) ciing 1A mot nghiem

cua hé. Do dé:
e Khi a < —2 thi hé vo6 nghiém.

2
e Khia=-2tacér=2(a+1)=-2vazr= g(a — 1) = —2 nén hé ¢6 ding hai nghiém

phan biet (2; £1).
2
e Khi —2<a<1thi2a+1)# g(a — 1) va hai gia tri nay cho hé c¢6 4 nghiém.
e Khi —1 < a < 1 thi hé ¢6 3 nghiém.

az
Toém lai hé da cho c6 ding hai nghiém khi O
a=—2

Bai 9: Tim a, b, ¢, d sao cho phuong trinh sau c¢6 nghiém x € R:

2z - D" —(az+0)* = P+ +d)” (1)

Giai
) e ) . 1
Vi (1) ding v6i moi x nén cing dung khi x = 3
1 a 40 1 ¢ 20 a
Gig ==, (1 <_ b) S+ S44) =
Véi x 2():> 2+ +(4+2+> 0< c
2
Thay a = —2b vao (1) ta dugc:

(22 — 1) = (=2bz + b)* + (2 + cz + d)*Vx
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) . ) 1
He s6 20 ctia hai vé 1a 240 va 24950 + 1 do d6 suy ra 240 = 240p%0 1 1 = b = j:§ V240 —1
(1) tr6 thanh
(20 — 1) =p*(—20 4+ 1) + (2 + ez + d)QO Va
2 -1 - = (@®+cx+d)* vz
(2z —

%2
—_

& = (2* +cx + d)20‘v’:1c

53

(3
Y
&
|
DO | —

) = (2? +ca:+d)20 Vi
2
= (:L'——> = +(2* +cx +d) Vr
7 . ]' ? 2 N 1 2
x Xét khi z-35) =2 +cax+dVresc=—-1Ve=—1 Vad:—zl (thoa (2))
1\ 2
% Xét khi (m - 5) = —(2% + cx + d) Va: khong ¢6 ¢, d théa man yéu cau bai toan.

1 1 N
Vay a = —2b, b= j:E V240 — 1, c=—-1vad= ~2 1& cac gid tri can tim O.

Bai 10: Cho h¢ phuong trinh sau (an x, y):

:U:y2+a
y=a>+b

v6i a,b 1a cac tham sb thyc. Biét rang hé phuong trinh nay c6 nghiem duy nhat (zg, yo).

Tinh gia tri cua tich P = xqyg.

Giai

Dau tién ta cling xem qua 1oi giai sau:

Gia st v6i cac gid tri a, b nao do, he da cho ¢6 nghiem duy nhat 1a (zg, y0). Dét zeyo = k € R.
xNéuxg=0thiyy=bvab?*+a=0,suyraa<0.
Trong hé da cho, thay y tit phuong trinh thit hai lén phuong trinh thit nhat, ta co

(x2+b)2+a:x@x4+2bx2+b2+a:x@x(x3+2bx—1):0(*)

Ta xét phuong trinh z3 + 2oz — 1 = Ova dat f(x) = 23 + 20z — 1,z € R,
Ta thay ham nay lien tuc tréen R va f(0) = —1 < 0, :EEIJPOO f(z) = +oonén f(xr) =0 hay phuong
trinh 23 + 2bx — 1 = 0 ¢6 it nhat mot nghiem duong x = 2 > 0.
Dé thay rang diéu kién dé x thdéa méan dé bai la 2 = y?> + a > a nén ca hai nghiém da néu
r =19 = 0,2 = x; clia phuong trinh (%) déu thdéa man. Méi gia tri x cho ta ding mot gia tri
y nén trong truong hgp nay hé cé it nhat hai nghiém phan biét, khong dung v6i dé bai.
% Néu yo = 0 thi cling xét tuong tu nhu trén.
% Néu xg,yo # 0. Thay yy = xﬁ vao hai phuong trinh ctia hé da cho, ta dugc:

0

/{2
Top=—5t+a a:3:k2—|—ax2

4 = o k= 4 azd + brg < K — k + (az? + bag) = 0
k 24 h k::xg—kbxo

Lo
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Heé c6 nghiem duy nhat nén phuong trinh bac hai theo k ciing c6 nghiém duy nhat, tic 1
k= % Vay néu hé c6 nghiem duy nhat thi tich P = zqy = 5
® Nhan xét: Loi gidi trén tuy nhin hop i nhung that ra da c6 mot sai lam rat tinh vi, d6 1a
khi cho réng hé da cho va phuong trinh thu duge sau phép thé, con goi 1 phuong trinh hé qua,
Ia tuong duong véi nhau. O day, ro rang néu he phuong trinh ban dau ¢6 nghiem duy nhat thi
chua hén phuong trinh cudi theo bién k k2 — k + (az? + bxg) = 0 c6 nghiém duy nhét, trong dé
van c6 thé c6 mot nghiém khong théa man dé bai. Cach bién ddi dai s6 diing cho bai nay khé
¢6 thé tim ra duge két qua chinh xéc.

Lai giai ding la nhu sau:

Trong hé phuong trinh da cho, thay y béi 22 4 b vao phuong trinh trén, ta co:
2 2
r=(x"+b)"+a

Dé thay cac nghiém ciia phuong trinh nay déu théa man dé bai vi x > a, ma mdi nghiém nhu
thé cho ta mot gia tri tuong tng clia y nén diéu kién dé hé da cho c6 nghiem duy nhat 1a
phuong trinh an x trén c¢6 nghiem duy nhét.

Phuong trinh bac 4 ¢6 nghiem duy nhat khi né c6 nghiém kép, diéu dé c6 nghia 1a nghiem do
cling 1a nghiém ciia phuong trinh dao ham bang 0.

Goi o la nghiem d6 (tuong ting véi gia tri yo) thi ta c6 hé sau

Ty = (:L*§+b)2+a
dao(zd +b) =1

. 1 .
Hon ntta, do 2y la nghiém ctia hé ban dau nén x% +b = yg, suy ra xroyo = T Vay neu hé da cho

. 1
c6 nghiém duy nhat thi tich P = xgyy = 1

MO RONG:

Dé gidi quyét tron ven bai toan, chiing ta sé lam ré hon cac van dé sau:

Van dé 1: Néu phuong trinh bac 4 ¢6 nghiem duy nhét khi né ¢6 nghiem kép, diéu dé c6 nghia
12 nghiem d6 ciing 14 nghiém ctia phuong trinh dao ham bing 0.

® Loi gidi:

Xét da thic P(x) = z* + az® + ba? + cx + d, gid st da thitc nay c6 nghiém duy nhét 1a z = .
Khi d6, theo dinh 1i Bezéut, ta c¢6 thé phan tich da thic da cho thanh P(x) = (z — z0)Q(z) véi
Q(x) 1a da thiic bac 3 Da thiic bac ba Q(z) luon c6 it nhat mot nghiem nén nghiem dé ciing
phéi 1a & = xo. Ta lai phan tich da thitc ban dau thanh P(x) = (z — 20)°R(z) véi R(z) la da
thic bac 2

Suy ra P'(x) = 2(z — o) R(z) + (z — 20)°R'(z) = (z — 20) [2R(2) + (z — 20)R'(z)].

Da thitc nay cling ¢6 nghiém la x = x¢ nén ta ¢6 dpcm. O

Van dé 2: Tim diéu kién can cia hai tham s6 a,b dé hé da cho c6 nghiem duy nhat.
® Loi giai:
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Tit cach giai phan tich & trén, ta thiy rang a,b phai théa man diéu kien:

+a=2= 32" — 4ax — b = 0(*¥)

2
{x:(x2+b)2+a x:(:c2+b)+a 24+ b
-~ 1 =

dr(r* +b) =1 24+b=— Az
4x
4 b
Suy ra 22 = wrh Thay vao phuong trinh thit hai ctia hé trén, ta dugc
4 4b 4 4b 3 — 16b
dp (2N ) (20N L 160 £ 16br — 3 = 0 e a2 = 20T
3 3 16a
Do dé
3—16bx 4dax +b N 9 — 16ab
= rT = ——
16a 3 64a2 + 48b

Thay vao phuong trinh (xx), ta ¢

9 —16ab \° 9 — 16ab
3( 22 ) g (2P ) Cp=
(64a2 ¥ 48b) ¢ (64a2 n 48b)
& 3(9 — 16ab)? — 4a(64a® + 48b)(9 — 16ab) — b(64a> + 48b)° =0
& 256(a® 4 b® + a?b?) + 288ab = 27 < 256(a + b*)(b + a®) = 27 — 32ab
Biéu thtic nay déi xtng gitta a va b nén néu lap lai qua trinh bién déi trén véi y thi ta ciing c6
két qua tuong tu. Do dé, diéu kién can ciia hai tham s6 a,b dé hé da cho c6 nghiem duy nhat

14 a,b phai thda man dang thiic sau

256(a + b*) (b + a?) = 27 — 32ab

) 11
Mot cap gia tri dep théa man dang thic trén 1a (a,b) = (Z’ é_l) va tuong tng véi nghiem duy
L . . 11
nhat ctia hé 1a (zg,y0) = | =, = | O.
2°2
Van dé 3: Bai toan mé rong.

Bai toan trén c¢6 the md rong ra cho bac cao hon ciia x va y nhu sau:

Bai 10*: Cho hé phuong trinh sau (an x, y) vdi a, b 1 cac tham s6 thue:

2n
T = +a
Y ,n € N*
y=az"+0b

Biét rang he phuong trinh nay ¢6 nghiem duy nhat (zg,y0). Hay tinh tich P, = zyyo.

® Loi gidi:
Thay y = 2** + b vao = = y*" + a, ta dugc x = (z°" + b)2n + a.
Da thitc nay bac chin nén chiimg minh tuong ty nhan xét (1) néu tren, ta thay a,b phai thoa

{xo = (x§"+b)2n+a

(2n) 22 Y (@2 + 0" =1

Lai thay yo = 22" + b vao déng thiic trén, ta co

(2n)222" 12t = 1 & moyo = (4n) "
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Vay néu he da cho ¢6 nghiem duy nhét thi P, = (4n?)' ™" O.

Bai toan ban dau la truong hgp dic biet khi n = 1.

Cht ¥ ring ta cho bac ¢ day chin dé xyy, nhan mot gia tri, bai toan hoan toan c¢é thé ma rong
v6i s6 mil tiy ¥ nhung trong trudng hgp bac 1é thi cé thé c6 2 gia tri ctia zoyo.

Ngoai ra két qua thi vi tit biéu thiic diéu kién can & trén ciing cho ta mot bai Bat dang thic
hay:

Ta lai thay rang néu xét gia thiét a +b > 0 thi c6 thé chiing minh ring ab < 1i6 That vay, néu
c6 mot s6 am, mot s6 duong thi dieu nay dang. Nguoge lai thi chi can dung BDT AM-GM két
hop véi an phu dé danh gia.

N 2 Z S 1 2 2
R6 rang dieu kién a + b > 0 c6 thé dugce thay theé bang a +b > ¢ v6i ¢ < 3 O day c6 thé chon
1
c=—.
2012

Chuyén hé da cho veé
> —y=>
vV —r=a

R6 rang phuong trinh trén chuyén duge thanh phuong trinh duéi thong qua mot phép hoan
doi vi tri gitta hai bién.

Nhu vay ta c6 bai toan sau:

Bai 10**: Cho da thiic P(z,y) = x — y? v6i x,y € R\{0}.
Xét a,b € R sao cho ton tai ding mot cip s6 thuc xg,yo € R\{0} thoa man P(xq,yo) = b va
P(y0,$0) = a.

. . 1
Chtng minh rang néu a + b > 2012 thi 4ab < xoyo.

Sau day 1a mot bai toan vé hé bat phuong trinh:

Bai 11: Tim a dé he bat phuong trinh c¢6 nghiem:

1—a
1+4+a
322 + 10zy — 5y? < —2

o+ 20y — Ty >

()

Giai

® Diéu kien can: Gia st hé bat phuong trinh ¢6 nghiém (zo;yo) va ag 13 mot trong cac gia tri

can tim. Vay thi:

1—a 4

2 2 0 2 2

Lo + 2x0Yo — Tyo” = — 2x0° — 4dxoyo + 14 <2-— 1
0 0TI T e 0 0¥ 2o 1+ ag (1)
31’02 + 10x0y0 — 5y02 g —2 3[[’02 + 101’0?]0 — 5y02 < —2 (2)

Tu (1) va (2) suy ra:

@(x0+3y0)2<— =14+a0<0=aqa9<—1

2 2
To“ + 6xoyg + 10 < -
0 0Yo Yo 1+ aq 1+ ag
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Vay diéu kién can dé hé c6 nghiem la a < —1.
® Diéu kien dit: V6i a < —1 thi {72 < —1.
) 2?4 2xy — Ty* = —1 . )
Do d6 néu hé phuong trinh (1) ¢6 nghiém thi hé bat phuong trinh da
322 + 10zy — 5y° = —2
cho ¢6 nghiém.
Ta xét he (I):

-3 1

I{x2—|—2xy—7y2:—1@ =500 =5

2 _ 3 1
(x+3y)"=0 =3

He (I) ¢6 nghiém nén hé bat phuong trinh da cho ¢6 nghiem.

Tém lai, hé bat phuong trinh ban dau c¢6 nghiém khi va chi khi ¢ < —1 O

® Nhan xét: Day 1a mot bai toan tuong déi kho, tiing nam trong ki thi Dai hoc. Diéu dic biet
ctia 16 giai trén nam & diéu kien di khi chuyén viéc chiing minh hé bat phuong trinh c6 nghiém
ve viec gidi hé phuong trinh dang cap bac hai. Tuy nhién, mau chét ciia bai toan lai nim &
diéu kien can. Céac ban da bao gid nghi, lam cach nao dé dua duge hé bat phuong trinh ¢ dau
bai vé dang f?(xo,%0) < g(a) chua? Hay néi cach khac, tai sao nghi t6i viéc nhan s6 (—2) vao
bat phuong trinh (*)? Chtng ta hay cuing xem qua y tudng sau day:

Trude hét, ta thay rang:

a=b=0

xar’+br+c>0VeeR &

*xar’+br+c<0VzeR &

x ar’ +br+c= fAr)Vz eER &

a=b=0
{ c=0
a,c>0
i { b —dac=0
Muc tiéu ctia ching ta la dua hé bat phuong trinh vé dang 0 < f%(zg,%0) < g(a), chinh vi i
do d6 tir bat phuong trinh (*) ta can nhan v6i mot s6 o < 0. Ta co:

xar® +bry +cy® = fA(v,y) Yo,y €R & (v6i f(z,y) = azx + By)

1— 1—
$2+2xy—7y2>1+2<:> oza:2+2axy—7ay2<al+z
322 + 10zy — 5y? < —2 322 + 10zy — 5y? < —2

1 —
= (a+3)2* +2(a+5)zy — (Ta +5)y* < a ¢ 9 (3)

1+a
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Bay gio, dé y dén vé trai ctia (3), ta can bién ddi vé trai nay vé binh phuong ctia mot biéu thic

v6i moi x,y. Dieu nay chi tuong duong vé6i dieu kién sau:

a+3>0 a+3>0
=
(a+5)°y° + (a+3)(Ta+5)y> =0 (a+5)° + (a+3)(7Ta+5)=0
a+3>0 a=-2
& 5
8a? 4 36ar + 40 = 0 a=—3

Tuy nhién, 6 bai toan nay, ta lai thay c6 hai gid tri clia . Ta can chon lita s6 o ndo sé thich
hop.

Ta cb:

_5(1—@)_2_[_2(1—a)_2]:2(1—a)_5(1—a)

2(1+a) 1+a 1+a 2(1+a)
~ 1-a l1—-a 5(1 —a) 2(1—a)
——m>0(dom 0):—m—2>—ﬁ—2

Nhu vay, tit bat phuong trinh (3) ta suy ra can nhan vao hai vé ctia bat phuong trinh (*) véi
s6 a = —2.
Tt dé ta ciing c6 thé sang tao nhicu bai toan mdi, vi du nhu bai sau:
Bai 11*: Tim a dé cac hé bat phuong trinh sau c¢6 nghiém:
5 — day + 2y* > 3

a) 2a — 1
T2 + dwy + 2y* < ¢

522 4 Toy + 2y° >
b) Y Y a+2

32 4oy +y? <1
322 — 8zy — 8y* > 2
a

+1
20 +1

2% — dry + 2y* <



CHUGNG III: CAC PHUONG PHAP GIAI PHUONG
TRINH

PHUGNG PHAP DAT AN PHU

Mot sb6 cach dit an phu co ban
Phuong trinh ¢ dang az? + bx + ¢ = \/pa? + gz + r trong d6 % = S
® Phuong phap: Dat t = \/px? + gx + r,t > 0 dua vé phuong trinh theo ¢.
Phuong trinh ¢6 dang

P@)+ Q) + (VP() + VQ@) % 2y/P(2) Q@) +a = 0 (a € R)

® Phuong phap: Dt t = \/P(z) £ /Q(z) = t* = P(z) + Q(z) £ 21/ P(2).Q(x).
Tt d6 dua vé phuong trinh theo ¢.

y. 2
Bai 1: Giai phuong trinh 1 4+ FVT - 2 =\r++1—=x

Giai
DKXD: 0 <z <1
Diat t = Vo + 1 — 2 thi Vo — 22 =

2

. Phuong trinh dau tré thanh

?—1
3

e Néut =2« \/x++1—12=2(v0o nghiem)
eNéut=1s/zr+V/1-z=1&2ec{0;1}

Vay phuong trinh c6 tap nghiem S = {0;1}. O

1+ =t t?—3t4+2=0t=1;t=2

Bai tap tu luyén

Giai cac phuong trinh sau:

1/(DH Ngoai Thuong-2000) (z + 5)(2 — z) = 3v/22 + 3z

2/(DH Ngoai ngit 1998) (z +4)(z + 1) — 322+ 52 +2 =6
3/(DH Can Tho 1999) /(z +1)(2 — ) = 1 + 22 — 222

4/ 42 + 102 +9 = 5v/222 + 52 + 3

5/ 1822 — 18z + 5 = 3v/922 — 9z + 2

6/ 322+ 21z + 18 + 222 + 7o + 7 = 2

7/(HVKTQS-1999) v/3z — 24+ o — 1 = 42 — 9+ 2v/322 — 5z + 2

93
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8/ V2r+3++Vr+1=3x+2y222+5x+3—-16
9/vVidx +3+2x +1 =6z + /8x% +10x + 3 — 16
10/(CDSPHN-2001) vz — 2 — vz + 2 = 2v/22 — 4 — 22 + 2

Pat an phu dua vé phuong trinh tich

Xuét phat tit mot s6 hing ding thic co ban khi dat an phu:

e P+1=(x+1)(2? —z+1)
o '+ 1=(2—V2ur+1)2*+V2z+1)
o '+ +1=(2"+222+1) 2> = (2 +r+1)@* -z +1)
o drt+1= (22> —-22x+1)(22* + 22+ 1)
Muc tiéu clia ta sau khi dit an phu la dua vé nhiing dang co ban nhu
uvtv=1l4+uws (u—-1)(v-1)=0

hay
au—+bv=ab+vu< (u—>b)(v—a)=0
Déi v6i phuong trinh déng cap bac hai ax? 4+ bry + cy? = 0 c6 thé dat t = l (sau khi xét y # 0)
, y
dé dua vé phuong trinh bac hai theo t : at? + bt + ¢ = 0.

Xét bai 1 § trén, ta c6 cach dua vé phuong trinh tich nhu sau:

2
Bai 1*: Giai phuong trinh 1 + VT 2 =\x+V1—1x (%)

Giai

® Y tudng: Ta thiy ()24 (VI — )2 = 1(**), ma tit phuong trinh dau ta rat duge mot can
thitc qua can thic con lai. Vay ta c¢6 16i giai nhu sau:
® Lot giai:

3vV1—xz—3

Xét (*) t oK <~ =

ét (*) ta co: (x) & Vo N
t—

Thay vao (**) ta bién doi thanh
tt—1)(2t* =4t +3) =0t € {0;1}

Tu d6 suy ra z € {0;1}. O

Ta xét tiép vi du sau:

Bai 2: Giai phuong trinh o +1+ Vo +2=1+ va2 + 3z + 2
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Giai
Ta thay (z + 1)(z +2) = 22 + 3z + 2 nén dit u = ¢z + 1;0 = /z + 2 dé c6 phuong trinh
utv=14uw< (u—1)(v—-1)=0

Tu d6 tim duge nghiem z € {0; —1}. O

Bai 3: Giai phuong trinh Va2 + 3z +2(Vr +1— Vo +2) =1

Giai

® Y tudng: Véi huéng di nhu bai 2, ta chon an méi la V2 + 1 = a; —/z + 2 = b. Viec con lai
la phan tich VP theo a,b. Dé thay 1 = (x +2) — (z 4+ 1) nén ta c6 161 gidi sau:

® Loi giai:

Phuong trinh da cho tuwong duong véi

(z4+1)—(r+2)+ Va2 +3z+2(Vr +1—- V2 +2)=0

bat vV +1=a;b = —+v/x + 2 ta c6 phuong trinh
a>+b —abla+b) =0 (a+b)(a—b)>=0<a==+b

3
<:>\3/x+1:j:3x+2<:>x:—§
- . . . 2 3
Vay phuong trinh c¢6 nghiém duy nhat x = 5 O

Ching ta cling c¢6 bai toan tuong tu:

Bai 4: Giai phuong trinh (z +2)(v22+3 -2z +1) + V222 + 52 +3—-1=0

Giai
DKXD: 2z > —1
V2r +3=a r+2=a>-b
Dat ¢ vz +1=b =< 222 +55+3=ab
a;b>0 = a? — 20?
Phuong trinh da cho tré thanh

(a®* — b*)(a — 2b) + ab = a® — 2b*

& (a* = b*)(a —2b) +bla+b) — (a* —b*) =0
& (a—b)(a—2b) — (a—2b) =0 (do a+b>0)
< (a—=2b)(a—b—-1)=0

eVéia=b+1< 2r+3=+2x+1+1 (v0 nghiém)
1
o Viia =20 \2x +3=2 :v+1(:)1‘:—§ (chon)

1
Vay phuong trinh c6 tap nghiém S = {—5} . 0O



96

2+ N 2 —/x _ s
V22 i i

Bai 5: Giai phuong trinh

Giai
Thoat nhin ta dua ra danh gid 2 4+ /x +2 — /r =4 nén ta dat \/2+/r =a;/2—/x =D
a=b>=0
Suy ra (%)< ab=+4 — x
a’?+ b =4

Ta viét lai phuong trinh nhu sau:

a® b?
\/§+a+\/§—b:\/§
& a?V2 — a?b+ V2 + ab? = V2(2 — bW2 + av2 — ab)
& V2(a? + b2+ ab—2) — abla — b) = 2(a — b)
& V2(ab+2) = (a — b)(ab+ 2)
<:>a—b:\/§(doa,b>0:>ab+2>0)

) a’?+b* =4
Két hop (*) ta c6 hé phuong trinh Y sa=1eVi-r=11r=3
a—b=+v2

Vay phuong trinh c¢6 nghiém duy nhat x = 3. O

Bai 6: Giai phuong trinh (13 — 42)y/2x — 3 + (42 — 3)y/5 — 22 = 24 8162 — 422 — 15

Giai

® Nhan xét: Dé thay rang (2x — 3)(5 — 2z) = 162 — 42® — 15, nhung con cac nhi thitc 6 ngoai
can ta khong thé biéu dién hét theo mot an phu duge, do d6 ta dat hai an phu va cb dua vé
phuong trinh tich.

® Loi gidi:
DK g <z <

DO | Ot

u=+2x—-3 w402 =2

=
v=1+/b—2x uv = \/16x — 422 — 15
Phuong trinh da cho tré thanh

8

Dat

(20% + 3)u + (2u* + 3)v = 2 4 Suv = u* + v? + Suw
& 2uv(u+v) + 3(u+v) = (u+v)* + 6uw
Su+v—3)2uv—u—v)=0

. 7
e Neuu+v=3:& \/16x—4x2—15:§ (vo nghiém)
o Néu u +v = 2uv :& 16z — 422 — 15 = 1 & x = 2 (chon)
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Vay phuong trinh da cho c¢6 nghiém duy nhat z = 2. O

Bai 7: Giai phuong trinh 22 + vz + 1 =1 (x)

Giai

DXKD: z > -1
bat v +1=1t;t > 0 ta ¢c6 phuong trinh

S -1 +t=1<tt-1D)E*+t—-1)=0

e V6it=0thiz=—-1.

e VGit=1thi 2z =0.

oVéit:ﬂthix: V5
2 9
1—-+5

Phuong trinh ¢6 tap nghiém S = {—1;0; 5 jn

Bai 8: Giai phuong trinh 2* + V22 4+ 3 = 3

Giai
Dit 22 = a,a > 0 ta c6 a®> + va + 3 = 3 (*), ta sé dua vé phuong trinh tich nhu sau:
(*) & a®*—(a+3)+(a+Va+3) =0 & (a+Va+3)(a—Va+3+1) =0 & a+1 =+va+ 3 (do a > 0)

T d6 tim duge a = 1, suy ra x = £+1 1a nghiém ctia phuong trinh. O

Bai 9: Gii phuong trinh (22 +2)? + 4(x + 1> + Va2 + 22+ 5= 2z — 1)* + 2 (%)

Giai

® Nhan xét: Bai nay c6 liiy thita bac cao nhat 1a 4, va c6 ca can bac 2 nén ta sé c6 nhém céac
biéu thic lily thita gidéng trong can dé co thé dat an phu.
® Loi gidi:

(¥) o2t +42® + 4+ 42 +322 + 30+ 1)+ Va2 + 20 +5=42> — 4w +3
& (2 +20)* +8(2* +22) + Va2 + 22 +5+5=0

t>2
t? —5=1x?+2x
Ta viét lai phuong trinh dudi dang

Datt = va?2+2x+5 =

(t2 =52 +8(t>=5)+t+5=0
St -2 +t—-10=0& (t—-2)(t" +2* +2t +5) =0
St=2(dot>=2=1"+2>+2t+5>0)
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Suy ra vVa?+2r+5=2<x=—-1

Vay phuong trinh c¢6 nghiém duy nhat x = —1. O

Bai 10: Giai phuong trinh Va2 — 2z + 5+ vz —1=2

Giai
DKXD: z >1
Viét lai phuong trinh da cho dudi dang

(z—1)°+4=2—Vr—1

batt=ver—1=
t?=x—-1

Ta ¢6 phuong trinh
VHi+d=2—-t(t<2) e t'—t?+4t=0&1t=0(dot €[0;2])

T do suy ra z = 1 la nghiém cta phuong trinh. O

Bai 11: Giai phuong trinh véi tham s6 y <

c (42 + D+ (y—3)v/5 -2y =0

DO | O

Giai
Dit a = 2z va b= +/5 —2y (b > 0) ta c¢6 phuong trinh viét lai thanh
ad+a —(>+0)

+

=0<a=0b
2 2 ¢
Hay
5 — 4y
20 = /D -2y x = 2y
A2
Vay x = la nghiém ctua phuong trinh. O

® Nhan xét: Cau hoi dit ra la: Lam sao ¢6 thé dat an phu nhu trén?

Trude tién ta dat

5— b2 — (41 — (B2 +1)b
Vh—2y=b=y—3= 5 —3:%;»@—3)\/5—2@/:%

Ta hi vong c6

a(a®+1)
2
& (4202—1—1) 2r=a’+a

(4:C2+1>$ =

S8+ =d*+asa=22

Van dé nay sé duge dé cap ki hon trong chuong Sang tao phuong trinh - hé phuong trinh.

T+ 2
2

—1={3(x—3)2+ {/9(z — 3)

Bai 12: Giai phuong trinh \/
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Giai
Diéu kien x > —2
( 3+ 27
Tr =
) 3
Dit ¢ = /9 (z — 3) thi ta ¢6 x;2:\/t 1+845
t?
3 2_ v
\ 3(r—3)" = 3

Phuong trinh da cho tré thanh

t3 4 45 t2 t3 4 45
\/ Irg —1:§+t<:>\/ J; =2 +3t+3 (1)
2

3 3
Ta c6 t* +3t+3 = (t + —) + — > 0 nén phuong trinh (1) tuong duong véi

2 4
3+ 45 ) 9
5 = (t* + 3t +3)

< 2t + 113 + 3062 + 36t — 27 =0

@(2t—1)(t+3)(t2—|—3t—|—9):()(:»te{%;—?)}

1 B +27 217
V6it=—-thiz= = —
e V6i 5 iz 39 . =
t
e V6it = —3thix = + =0
Céac nghiém trén thoa man dicu kién ctia bai toan.

217
Vay phuong trinh ¢6 hai nghiém x =0 va x = TR O

Bai 13: Giai phuong trinh 5/z/x 4+ 3v/x/r =8

Giai
Phuong trinh da cho tuong duong véi:
5%+3W:8©5W+315x4:8
Dat:y = Va2 véiy > 0 ta co:

5P +3 —8=0& (y— 1)y +8y+8)=0y—-1=0y=1

Dodotaco Va2 =1&22=1< 2= +1.
Vay tap nghiém ctia phuong trinh da cho 1a:S = {—1; 1}. O

7 6
Bai 14: Giai phuong trinh va4 — 7 + o= 0

Giai
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DK z # 0. Ta ¢6 phuong trinh da cho tuong duong véi

=0 Vad — V2P +6 =0 (x)

1'4

=T

Dit:y = v/23, y # 0, phuong trinh (*) tré thanh:

v —Ty+6=0<(y— D@ +y—6)=0

y=1 Vad =1 r=1
Sly=2 < | V3=2 & r =24
y=—3 Va3 = —3 = —3v/9

Vay tap nghiém cta phuong trinh da cho la {1; 23/4; —3\3/5} . O

Bai 15: Giai phuong trinh v4r — 1+ V422 —1 =1

Giai

4r—12>0 1
DK S x> -

422 =120 2
Binh phuong hai vé phuong trinh da cho, ta co:

(4o — 1) + (42 = 1) +2¢/(4z — )42 — 1) =1
©2/(4r—1) (422 —1) =3 42> —dx =4 — 2z + 1) (»)

Dity=22+1=4r—1=2y—3, 42> —1=9% -2
Phuong trinh (*) tré thanh:

2\/(2y —3)(y —2) =4 — ¢

4—y>>0
42y =3)(y -2y = (4 —y*)°

-2<y<?2

y® — 6y + 8y — 8 = 0 (vo nghiem trén [—2;2])

1
Dodéta062x+1:2@x:§
1
Vay phuong trinh c6 nghiém duy nhat x = 7 O

Bai 16: Giai phuong trinh 22 — 1+ 22 -32+1=0

Giai
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1
DKXD:x>§
5 2 +1
batt=v2r—-1>20=2= 5

Phuong trinh da cho tuong duong

t=1
AP A —1=0 (-1 (P +2A-1)=0& |t=V2—1
t =—v2—1 (loai do t > 0)

e Viit=12r=1

o Véit=+2—1% x=2—+/2 Vay phuong trinh c6 tap nghiem S = {1;2 — /2}. O

® Nhan xét: D1 v6i nhing bai c6 dang vax +b + ca® + dx + e = 0 thi cach giai la dat
Vaxr +b = t, sau d6 dua vé phuong trinh bac 4, ding dong nhéat thic dé phan tich nhan ti.

Nhung c6 mot s6 bai khong giai duge bang cach do, ta sé nhic lai van dé nay & phan sau.

Bai 17: Giai phuong trinh (z — 2)v/z — 1 — V22 +2=0

Giai

® Y tudng: Ta thiy trong cin c6 v/z — 1, nén ta sé c¢6 ging them bét va tach sé duge mot
phuong trinh theo an méi.

® Loi giai:

DKXD:z2>1.Dat vz —1=t>0

Ta bién déi phuong trinh nhu sau :

(2 —1) =1V —1-V2[(x —1) - V2| -V2=0
StP VAP —t+2-v2=0
S t+1-V2)E-t—V2)=0

e Viit=v2—-1=Vr—1=V2—-1=2=4-—2V2
2
1+\/1+4\/§;x <1+\/1+4\/§) .
X
2 2

e V6it? —t—+/2=0,dot >0 tachont= =

Két luan: Phuong trinh c6 tap nghiem S = .0

o ()

Pat an phu dua vé phuong trinh dang cap

Bai 18: Giai phuong trinh 2(z% + 2) = 5v/a3 + 1

Giai

® Y tuéng: D6i v6i bai toan nay dau tien ta phan tich nhan tit trong can 2 +1 = (z+1)(22 —

x + 1) rdi bién doi vé trai thanh tong hodic hicu ctia hai thita s6 trong can.
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® Loi giai:
Viét lai phuong trinh dudi dang

202 +2) =22 —x+1) +2(x + 1)

a=2b

Dit Va2 —x +1=a; vz + 1 = b ta c6 phuong trinh 2a% + 2b®> = 5ab < b
a=—=

2

5+ V37
Tu do tim duge nghiem =z = — O

Bai 19: Giai phuong trinh /522 — 142 +9 — Va2 — 2 — 20 = 5v/z + 1

Giai
DKXD: z > 5.
Dau tién binh phuong hai vé clia phuong trinh:

20% — 51 +2 = 5y/(22 — x — 20)(z + 1) ()
Ta khong thé tim dugc hai s6 «, 3 sao cho
alr® — 2 —20) + B(xr + 1) = 22 — 5z + 2
Nén khong thé dit a = m; b =+/z + 1 nhu cac vi du trén dugc.

O bai nay, chit § riing 22 —x—20 = (z—5)(z+4) va (x) & 202 —524+2 = /(22 — 4z — 5)(z + 4)

oa=2
Nhu vay ta sé tim «, 8 thoa a(x? —4x —5) + f(z +4) =22° — bz +2 &
f=3
® Loi gidi:
Ta bién déi lai phuong trinh nhu sau
(%) & 2(x? — 4z — 5) + 3(x +4) = 5y/(22 — 4z — 5)(z + 4)
bat a = Va2 — 42 — 5;b = v/x + 4 ta ¢6 phuong trinh
a =
2a* + 3b* = bab < 3b
a=—
2
5+ v61
.v&azb:x:%(a»m
3 7
oVéiazﬁb:x:&x:—Z
. R R 5+ V61
Doi chieu véi dicu kién ta nhan x = 8;x = +T la nghiém cta phuong trinh.O

® Nhan xét: Ta cling c6 bai toan tuong tuy:

6
Bai 19*: Giai phuong trinh 322 — 22 — 2 = —0\/x3 + 322 + 4o + 2

V30

Sau day la mot vi du kho hon:

Bai 20: Giai phuong trinh (2% — 62 + 11)v2?2 —z + 1 = 2(2® — 4z + 7)y/x — 2
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Giai

® Loi giai: DK 2z > 2
bit va?—z+1=a;vVxr—2=bv6ia,b=>0

Ta bicu dién cac bicu thic ngoai can theo a va b nhu sau:

2 — 6z + 11 = a(Va? —z+ 1)’ + (Vz — 2)?
2 —dr+T=a(V2?—z+1)+ Bz —2)?

22 —6x+ 11 = a? — 5b?

Stt dung dong nhat thic ta gidi duge
22 —4x + 7= a® — 3V?

Phuong trinh da cho tuong duong véi

(a® — 5b)a = 2(a® — 3b*)b
& a® — 2a%b — 5ab® + 6b° = 0

St —5t+6=0véit=->=0

> e

S{t-1)t-3)t+2) =0

eVéit=1=a=b=Vr2—zr+1=+/z—2 (VN)
eVéit=3=a=2b= V22 —2+1=3yz—2=12=5%++6 (chon)
Vay phuong trinh c6 tap nghiém S = {5+\/6;5—\/6}D

Bai tap tu luyén

Giai cac phuong trinh sau:

1/ Va2+z—6+3vVr—1—+322—62+19=0

2/ 3Vt +4r —5++Vr —3— V1122 +252 +2 =0
3/ VT2 + 2520 +19 — o2 — 20 — 35 = T/o + 2 4/2(2? — 3v +2) = 323 + 8
5/202 +5r —1="Tyx3 -1

6/10v/23 + 8 = 3(2* — x + 6)

7/10v/2% +1 = 3(2? + 2)

8/42% —24/2x +4 =2t + 1
9/(Ve+5—vVr+2)(1+Va?+7x+10) =3
10/(Vor +14+ vz —2)(1 —vVa2—2-2)=3
n/Ve—22+V1—z=1+(1—-2)/z

12//32% — 182 + 25 + /422 — 241 + 29 = 62 — 22 — 4

Phuong phap dit an phu khéng hoan toan

Déi v6i nhiéu phuong trinh vo ty, khi khong biéu dién hoan toan dude theo an phu thi c6 mot

cach 1a xem bién méi 1 an, bién cit 1a tham s6. Dang toan nay goi 1a an phu khong hoan toan.

Noi dung phuong phap:

Dua phuong trinh da cho vé dang phuong trinh bac hai véi an 1a an phu hay 1a an ctia phuong
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trinh da cho.

Dua phuong trinh vé dang /f(2)Q(x) = f(x) + P(x)z khi dé:

Dat /f(x) = t;¢ > 0. Phuong trinh viét lai thanh t* — +.Q(x) + P(x) = 0

Dén day chiing ta gidi ¢ theo z. Cudi ciing la gidi quyét phuong trinh /f(z) = ¢ sau khi da

don gidn hoa va két luan.

Ta xét vi du sau dé hiéu ro hon.

Bai 21: Giai phuong trinh 22 4+ 3z + 1 = (z + 3)v2? + 1

Giai

Ta thay trong can c6 2?4+ 1, ta dit t = V22 + 1. Ta sé khong rit x theo ¢ ma coi x 1 tham s6.
That vay, phuong trinh da cho tuwong duong

t? —(x+3)t+3x=0

Phuong trinh trén ¢6 A = (z + 3)* — 122 = (z — 3)? nén c¢6 nghiem t = 3; t =z + 3
e Néu ¢t = x + 3: heé da cho vo nghiem.
e Néut=3=2=+2V20

Bai 22: Giai phuong trinh 22 + (3 —Va?+ 2) r=142Vx?+2

Giai
Phuong trinh tuong duong véi
22+ (3—\/:ﬂ2+2>x: 1+ 2V22 12

SrP+3r-1-(z+2)Va2+2=0
Dit t = v/22 + 2 (t > +/2), phuong trinh viét lai thanh

t?—(r+2)t+32—-3=0

Ta ¢6 A = (z — 4)® nén phuong trinh c6 2 nghiem la
r>1 )
eli=rx—-1loVl+2=2-1& (vo nghiém)
—2r—1=0
ei=4&Vit+2=4&r’=141r=1+V/14
Vay phuong trinh ¢6 hai nghiém la z = V14 va x = —/14 O

. 3
Bai 23: Giai phuong trinh (3z + 1) v/222 — 1 = 52? + 5%~ 3

Giai
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Dit t =222 —1 (t > 0)

Phuong trinh viét lai thanh
2 2, 3
2t — Bz + )t + 2 ~|—§x—1:0

Ta c¢6 A = (x — 3)° suy ra phuong trinh ¢6 hai nghiem 1a

1
T > -
oet=2r—1aV22-1=2z—-1% 2 sSr=1
2 —2r+1=0
T = —2
ot=z+2V22-1=0+2< & o =—1hoacx =5
2?2 —4r—5=0

Vay S ={-1;5;1} 0
® Nhan xét: Thong thudng sau khi dit an phu thi ta viét phuong trinh da cho lai thanh

3 .
t2—(Bx+1)t+ 3%+ 5%~ 2, nhung bai toan nay lai c6 su khéc biét 1a ta sé viet phuong trinh

nay lai thanh 2 — 3z + 1)t + 2% + gx — 1. Chiing ta quan tam tdi lieu he s trude t? c6 “dep”
titc ta mong mudn A phai la binh phuong ctia mot s6 hodc mot biéu thic, vi didu nay sé quyét
dinh t6i 15i giai sé ngan gon hay phtic tap. Dé cé thé diéu chinh dugc hé s6 trude 2 sao cho A
dep cac ban c6 thé lam nhu sau:

Xét phuong trinh

3
th—(3x+1)t+(5—2m)x2+§x+m—3:0cé
Phuong trinh trén c6 A la
2 2, 9
A=0Bzx+1)"—4dm |(b—2m)x —|—§x+m—3 =
(8m* — 20m + 9) 2> + (6 — 6m) x + (—4m® + 12m + 1)

Ta xét tiép A ctia A bang cach giai phuong trinh sau:

2¢/(8m2 — 20m + 9) (—4m2 4+ 12m + 1) = 6 — 6m

Sm=2

D6 chinh 1a hé s6 ma ta can tim.

Bai 24: Giai phuong trinh 3 (v222 4+ 1 — 1) = z (1 + 3z + 8v/22% + 1)

Giai

Phuong trinh tuong duong vé6i
3(\/2202—{—1—1) :x<1+3x+8\/2x2+1> 32t +3+(8r—3) V2P 1=0
Dat v222+1=1t (t > 1) ta ¢6 phuong trinh

3t° 4+ (8x —2)t —32° —x =0 (%)



106

C6 A = (10z — 3)® nén nghiem ciia (¥) 1a t; = x;t, = 1 — 3z
x>0

eNéut=x&V2l+l=zs 42 (vo nghiém)
202 +1="—
9
1
Z rx 7
eNéut=1-3zeV2r2+1=1=3r < 3 So=0
T2? — 62 =0

Vay phuong trinh c6 nghiém la x = 0. O

Bai 25: Giai phuong trinh 22z + 4 + 4/2 — 2 = /922 + 16
Giai

DKXD: |z| <2
Binh phuong 2 vé ta c6
4(27 4+ 4) + 164/2(4 — 22) + 16(2 — ) = 92° + 16 & 8(4 — 2°) + 164/2(4 — 22) = 2* + 8z

Ta thay ca hai vé c6 dang hing dang thiic, va c6 dua vé A2 = B2, Dé lam diéu d6 ta sé them

16 vao 2 vé dé dugc (2+/2(4 — 22) +4)? = (z + 4)?

Viét lai phuong trinh dué6i dang

8(4 — %) + 164/2(4 — 22) = 2* + 8z
Dat t = \/2(4 — 22) ta ¢6 phuong trinh

42 + 16t — 22 —8x =0

Giai phuong trinh trén theo an t ta dudc ¢, = g; ty = _Tx —4
Vi |x| € 2 nén t, khong thoa diéu kién.

4+/2
Véi t = g thi \/2(4—932):%@95:?\[ (tho |z < 2)

42

Vay phuong trinh c6 nghiém duy nhat x = 3 O

Bai 26: Giai phuong trinh (3z +2)v/2z —3 =222 +32 — 6

Giai

NN NGV

Diéu kién = >
Ditt =122 -3t >0=>t>+3=2x

Ta sé thém b6t theo an phu dé dua vé phuong trinh theo ¢ va x 1a tham sb.
Phuong trinh da cho tuong duong

2= (Br+2)t+222 +2 -3 =0 (x)

(*) c6 A =922+ 122+ 4 — 4(222 + . — 3) = (z +4)? nén c6 nghiém ¢ = 2z + 3 hodct =z — 1
o V6i t =22 + 3 & /2x — 3 = 2z + 3 (VO nghiém)

e Voit=0—-1&+V2r—3=2—1% x=2 (chon)

Vay phuong trinh c¢6 nghiém duy nhat x = 2. O

Bai 27: Gidi phuong trinh 4v/x +1 -1 =32 +2V1 — 2 + V1 — 22
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Giai

DKXD: -1 <z <1
bat /1 — x =t ta c6 phuong trinh

32— 2+ VI-a)t +4(Vr+1-1)=0 (x)

(*) c6 A = (2+ /1 —x)? —48(/x + 1 — 1) khong c6 dang binh phuong phuong nén khong thé
lam nhu thuong. 0 day, luu ¥ ring c6 thé phan tich 3z theo 1 — z va 1+ 2 nén ta sé tim céach
phan tich thich hgp dé A la binh phuong:

Ta sé tim « va 3 sao cho

a=-—1
8=

3r+1=a(/1—-2)0*+p(H1+2)? <

Nhu vay viét lai (*) dudi dang
=2+ Vr+1)t—2@+1)+4vVr +1=0 (*x)
(Yo A=92+13-12yx+1=9(z+1) - 12yr+1+4= (3vVz +1—2)*
« 3
Tu do6 dé dang tim duge nghiém x € {—g; 0} . O

® Nhan xét: Van dé ¢ day la phai tinh ¥ tach 3z thanh hai dang c6 biéu thitc nhu trong can,
dén day bai toan mdi thyc sy duge gidi quyét.

Bai 28: Giai phuong trinh 2(2v/1 + 22 — /1 —22) — /1 — 2% =322 + 1

Giai
® Loi gidi: Dieu kien —1 <z < 1
Data=vV1+a2%b=vV1—-2?= 322 +1=2(142% — (1 —2?) = 2a> — V?
Khi d6 phuong trinh tré thanh
2(2a — b) — ab = 2a*> — b* < 2a® +a(b—4) +2b—b* =0 ()

(M)c 6 Ay = (b—4)% —8(20 — b*) = (3b — 4)? nénsuyraa:ghoéca:2—b

b
oVéia:§<:>2\/1+x2:\/1—x2 (vo nghiém)

e Viia=2—-beVit+1=2—+1—22

Giéi phuong trinh nay tim duge = 0. Vay tap nghiém ctia phuong trinh la S = {0} . O

Bai tap tu luyén

Giai cac phuong trinh sau:

1/622 — 102 +5 — (4o — 1)v/622 — 62 +5=10

2/(x +3)v/10 — 22 = 22 — x — 12 (DH Dugc-1999)
3/2(1 — 2)Va2 4 22 — 1 = 22 — 2z — 1 (DH Dugc 1997)
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4/(4x — 1)V +1 =222+ 22+ 1

5/21 —2)Va? +a2+1=2> -3z -1

6/(z +1)va2 — 2z + 3 = 22 + 1 (Cha ¥ them b6t dé c6 A chinh phuong).
7/(4x — D)Va3 +1 =22+ 20 + 1

Phuong phap st dung hé sb bat dinh

Bai 29: Giai phuong trinh 222 — 112 +21 — 3/4xr —4 =0

Giai
Ta can tim a, b, ¢ sao cho:
20% — 11z + 21 = a(dx — 4)* + b(4x — 4) + ¢

& 22° — 11z + 21 = 16az® + (4b — 32a)z + (16a — 4b + ¢)
7

R . . 1
Dong nhat hé so ta thu duge a = é;b = _Z;C =12

Ta viét lai PT nhu sau:

1
§(4$_4>2_2(433_4)*12_*3/433_4:0

Dat u = /4x — 4, khi d6 PT trd thanh
u® — 14u — 24u + 96 = 0 < (u — 2)*(u* + 4u® + 18u+24) =0

Dé thay u* + 4y + 18u + 24 = 0 vo nghiém vi:
e Néu u < 0 thi ub — 14u® — 24u 496 > 0

o Néu u > 0 thi u* +4u® +18u +24 > 0
Vay u = 2, tit d6 tim dugec x = 3. O

Bai 30: Giai phuong trinh 2/1 — 2 —ax +1+3V1 —22=3—=x

Giai

PK -1<z«<1

Ta tim «; 3 sao cho —z + 3 = a(y/1 —2)? + B(Vz + 1)?

&S —rx+3=pF-a)r+a+p

Giai ra ta dugc a=2;8 =1

Ta viét lai phuong trinh thanh 1+ 2 +2(1 —2) = 2y/1 —2++V2z +1-3V1—22 =0
Diat u =1+ 2;v =1 —z va u,v > 0, phuong trinh tré thanh

w?+ 20 — 20+ u—3uw =01+ (1 —3v)u+20> —20=0
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Phuong trinh trén ¢6 A = (1 — 3v)? — 4(2v* — 2v) = (v + 1)* nén u = 2v hodc u = v — 1
)
su=2v\Vr+1=2 1—3;(:)3;:5

—1<z< _1
eu=v—-1& 2
422 =3
5 3
Nén phuong trinh ¢6 2 nghiem = = 3T = —g
5) 3
Vay tap nghiém cua phuong trinh 1a S = {5’ —\/7_} O

Bai 31: Giai phuong trinh 4v/1 —2 =2+ 6 —3vV1 — 22 + 51 + x

Giai

bata=+vV1+zxzvab=+v1—=z

Phuong trinh da cho tuong duong

2w4+2+1—2+5VI+2-3V1I—a2—4y/1—2+3=0
& 20> +b* —3ab+5a —4b+3 =0

< (a—b)(2a—b)+3(a—0b)+(2a—b)+3=0

< (a—b+1)(2a—b+3)=0

eNéua+1=hb:

svVr+l+l=Vli-z&2V/z+1=-20+1)r=—

=

e Néu 2a + 3 = b ta suy ra phuong trinh vo6 nghiém.
Vi du tuong tu sau xin danh cho ban doc:

Bai 32: Giai phuong trinh 4 +2v/1 —2 = -3z + 5V + 1+ V1 — 22

. 24 /3
Dap s6: Phuong trinh ¢6 3 nghiem S = {O; 25 g} O

Dit an phu dua vé hé phuong trinh

Phuong trinh c6 dang 2™ 4+ a = by/bx — a

Cach giai: Dat y = /bx — a khi d6 ta c6 he ddi xing loai II

2" —by+a=0
y'—br+a=0

Ta xét bai toan sau:

Bai 33: Giai phuong trinh 23 + 1 = 222 — 1
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Giai
Dity=v2r—1=¢y3=22-1

341=2
Ta c6 hé PT sau S y
v +1=21

Day 1a he dbi xing loai II, trit vé theo vé ta co:
2~y =2y — )

Sa-—y)@E®+y +ay+2) =0
r=y=>vV2r—-l=z&2’-22+1=0(x—-1)2>+2—-1)=0

—-14++5
Vayx—l;x—T\/_
9 y\? , 3y
Ta c6 2+ vy +:By+2:<:v—|—§> +T+2>O,Vx,y
-1+ 5
Vay phuong trinh c6 tap nghiém S = I;T\/_}. a

Phuong trinh c6 dang

Va—f@)+ ot f(@) =

Cach giai: Dat u = {/a — f(x);v = /b+ f(x)

Ta c6 hé sau
u+v=c
U+ v =a+b

Bai 34: Giai phuong trinh vz +8 + vz —7=3

Giai

DKXD:z>7
Ditu=ver+8>20ecu'=r+8=zc=u*-38
v=vr—T20=>v=0-T=0=0v" 47

Ta c6 hé
u+tv=3 v=3—-u v=3—-u
u, v =0 S QW =v)Wr+0v*)=15 < (u—0)(u+v)(u?+0v?) =15
ut—vt =15 u,v = 0 u,v = 0
v=3—-u
0<u<3 O<u<3
S0<u<s & ) &
(2u—3) [u*+ (3 —w)’] =5 (2u —3)(2u* — 6u+9) =5
(u—v)(u?+0v*) =5
O<u<3 0<u<3
= =

Au? — 18u? + 36u — 32 =0 u=2
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Var+8=2 r+8=16
T d6 ta tim duge & & x =8 (thod DKXD)

Vr—T=1 r—T=1

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 8. O

Bai 35: Giai phuong trinh 2+/3z — 2 + 3y/6 — bx = 8

Giai
ud =3z —2
Ditu= V32 —-2;v=+v6—-5zx>0= {v2:6—5x
= 5u® + 3v? = 5(3z — 2) + 3(6 — 5z) = §(1)
Mat khac ta lai ¢6 2u + 3v — 8 = 0(2)
T (1) va (2) ta ¢6 hé sau:

8 —2u
3

{5u3 + 3?2 =38

2
) =8« 15u +4u®> — 32u+ 40 =0
2u+3v =28

:>5u3+3(

Phuong trinh c6 nghiém duy nhat u = —2 nén /3r — 2 = -2 = x = —20

Bai 36: Giai phuong trinh

V14 VI a2 [\/(1+x)3—\/(1—x)3] =24V1—a?

Giai
PK -1<z«<1
Dit vVi+tz=aVvV1i—xz=bv6ia,b>0=a>+b>=2
Ta c6 hé sau

a>+ 0% =2 (1)
V1+ab(a® —b3) =2+ ab (2)

Ta cb
1

(1) = (a+b)*=2+2ab=V1+ab=——=(a+b) (doa,b>0)

Sl

2
Két hop (2) ta co6

1 1
E(cwrb)(a—b)(cﬁ+b2+ab):2+ab<:>ﬁ(cﬂ—zﬂ):1
Tu do ta c6 he
a2 — b2 =+/2
a?+ b =2

Cong hai phuong trinh vé theo vé ta c6

1 1 1
22 =2+V2ed=1+-—cltr=14+-——g=——

V2 V2 V2
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Vay phuong trinh c6 nghiém duy nhat x = .0

Sl

Bai 37: Giai phuong trinh (z 4+ 5)vz +1+ 1= v3zx +4

® DKz > -1
Dita=vVz+1b=vV3r+4d=>2=a>—1va3a®>+1=10
Thay vao phuong trinh ta c¢6 hé sau

(@®>+4)a+1=b
3a2+1=10°
Cong vé theo vé ta c6

a>+3a>+4a+2=0"+be (a+1)°+(a+1)=0b"+b (%)

Xét ham s6 dac trung f(t) =3+t
Ta c6 f'(t) = 3t* + 1 > 0, vay ham s6 dong bién nén (x) < a+1=10

Ta c6 hé sau:
a+1=0» N a=b-1
b —3a® =1 b —3a®>=1

V' —3b-1)>2=1<b"-30+6b—4=0< (b—1)(*—b+4)=0

Stt dung phép thé ta co6

Suy ra b=1, tit d6 z = —1.
Vay phuong trinh c6 nghiém duy nhat z = —1. O

Phuong trinh dang vax +b = cz® +dv +e

Ta da gip cac dang bai toan nhu vaz + b = cx + d va mot s6 vi du da néu § trén bang cach
binh phuong bac 4 va dong nhéat hé s6 dé tim dugc nghiém, nhung déi véi nhitng bai toan
khong ding dugc phuong phap do thi sao? Ching ta cling lam 1o van de.

Xét vi du sau:

Bai 38: Giai phuong trinh 222 — 62 — 1 = 42 +5

Giai
e e 5
® Loi giai: DK z > 1
Ta bién doi phuong trinh nhu sau
4a* — 120 —2=2/4r + 5 < (2x—3)2 =2V4r +5+11

Dat 2y — 3 = /4o + 5 ta duge hé phuong trinh sau:

(20 -3 =4y +5
(2y —3)° =4z +5
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= (zr—y)lx+y—1)=0
Véiz=y=2x—-3=+iz+5=2=2++3.
Véiz+y—1=0=>y=1-z=>z=1-+20
® Nhan xét:

Bai toan tong quéat c6 dang nhu sau
1
Var+b=cx’ +dr+e,(a#0,c#0,a# )
c

Xét f(zr) =ca® +dr+e= f'(x) =2cx+d

Giai phuong trinh f(x) = 0, khi d6 bing phép dat vax + b = 2cy + d, ta sé dua duge vé he
d6i xing loai IT (trit mot s6 trudng hop dac biet).

Ta xét vi du tiép theo

Bai 39: Giai phuong trinh 2° — 42 —3 =z +5

Giai
® Y tudng: Xét f(z) =a2—4x—3¢c6 fl(x)=20—-4=02c=2 Vaydat vz + 5=y — 2.
® Loi gidi:
DKXD: z > -5
Viét lai phuong trinh dau dudi dang
Vo +5=(r—2)>—7(x)
Dat Vo +5=y—2= (y—2)> =2+ 5. Thay vao (*) ta c6

(r—22=y+5
(y—2)?=2+5

Trit vé theo vé ta co

T =2
eNeuz=yoVr+o=2-2%s x:l(5+\/2—9) @x:%m(thoé$>—5)
x:§(5—\/2_9)
r<1

eNéur+y=3&l-ar=yr+5h& r=-1 & x=—1(thodz > —5)

r=4

1
Vay phuong trinh da cho ¢6 tap nghiem S = {—1; 5(5 + \/@)} .0

Bai 40: Giai phuong trinh 22 +5 + /32 + 1 = 13z

Giai



114

® Y tudng: Ta viét lai phuong trinh duéi dang 3z + 1 = —42? + 13z — 5 va dat f(z) =
—42% + 132 — 5

C6 f'(z) = —8x + 13 nhung néu ta gidi ra va dit bang phuong phap tuong tu sé khong thu
dugce he déi xing loai II. Vay ta hi vong tim huéng di khac, va mot phuong phéap tu nhién 13
he s6 bat dinh.

® Loi gidi:

PKzx>—-

e V6i2x+2y —5=0=2=

15—\/W'11+\/ﬁ}m
8 8

® Nhan xét: Ta thay cach giai bai toan nay khac so véi vi du trén vi dua vé hé “gan déi xting”

Vay tap nghiém ctia phuong trinh 1a S = {

loai IT nhung van gidi duge mot cach dé dang. Bai toan nay c¢6 dang nhu sau:

u=ar-+d
Vazr +b=r(ux +v)* + dr + e trong d6
v=br+e

Cach gidi: Dt uy + v — vaz 75 khi d6 ta c6 he 4 0 0= wet v tdute
ar + b= (uy + v)?

Ta viét lai phuong trinh trén nhu sau 3z + 1+ (22 — 3)? — 2 — 4 = 0. D& dang ta kiém tra
dugc cac hé sé déu thda man, nhung khi dit v/3x + 1 = 2y — 3 thi ta thu duge hé phuong trinh
khong dé& dang dé giai mot chit nao, do dé chuyéen vé va doi dau sé dua vé hé gan doi xing
gidi duge nhu bai toan trén.

Téng két lai, ta c6 dao ham ap dung duce khi he sé d = 0, con néu khong duge thi dung cach
thém b6t nhu trén.

1 2
Phuong trinh dang vaz + b = ~2*+cx+d(a # 0) va théa man b+ad = % (1 + E)
a
. 1 2
Cach giai: Xét ham s6 f(z) = 2> +cx +d c6 f'(x) = =~z +¢
a a

Cho f'(x) = 0 ta thu duge x = —%. Tu dé dat var +b = y—i—%c ta thu duge hé doi xting loai I1.

29 12 61
Bai 41: Giai phuong trinh 322 + z — 5= \/%

Giai
. ) ) 29 1
® Y tudng: Xét f(x) = 3z +x—€:>f(x):6x+1:0<:>x:—6
® Loi gidi:
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12z + 61 1 1
Diat | ———— = - (y>—=
a12 6316 y;6(?i 6)
@%:y2+§y+%<:>12:c+61:36y2+12y+1<:>3y2+y:x+5
R 29 1
Mat khac ttt phuong trinh dau ta co 3x2+x—€:y+6<:>3x2+x:y+5

Nén ta c6 hé sau:
3’2 +x=y+5
3y +y=x+5

3r+ 2
3

Trit vé theo vé ta c6 (z —y)(3z +3y+2)=0&r=yVy=—

5 1
'Véif‘?:y;‘392=5;‘$=y:\/g;y>_6
3r + 2 3r + 2
o\/éiy:—gcJr =32+ = T +5< 922+ —-13=0
-3+ 126
TET Ty

T day tim duge y va két luan nghiem O

I
Bai 42: Giai phuong trinh V/v2 — 1 — 2+ /z = 7

&I

Giai

Ditukietn 0 < z < V2 -1
VV2—1l—z=u 0<u<VVvV2-1
o
Vr=w 0<v <

Dat

u2+v4:\/§—

Tt phuong trinh thit hai ta co:

1 u = L v

u+tv=- T A

Nhu vay ta c6 hé V2 & 2 2
o

(v + 1) = (

Vay phuong trinh c¢6 nghiém duy nhat x =

5 p
Bai 43: Giai phuong trinh 1 — 22 = (§ — \/E)
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Viét lai phuong trinh duéi dang

2 2
Datu:\/f;v:§— xvéiu}(),vég
Do d6 ta c6 hé
+ fo=2 fo=2 wtv =2
u v == u v = — Uu v = — — —
3 3 & 3 & 32
V1—ut=1? ut + 0t = (u? +v?)" — 2u%? = [(u+v)” —2uv] =1
y 9
U+U:§
2 — V194
utv=g u+v=>2 uv:8 )
&3y 2 e, 16 65 | 18
(5—2%1}) —2utv? =1 ZUU_EUU_g*O u—i—v:g
8 +v194
U =
L\ 18
Nén wu, v la nghiém ctia phuong trinh
, 2 8—I0d
N LS TR
, 2 8+/191 N
Y —§y—|—1—8:0(vo nghiém)

Tt d6 tim duge nghiém duy nhat ciia phuong trinh 13
1 97
T = §<—Q+\/2(\/194—6)+,/7>. O

Bai 44: Giai phuong trinh 422 — 11z + 10 = (z — 1)y/222 — 62 + 2

Giai

® Y tuéng: Ngoai cach ding an phu khong hoan toan, ta ciing c¢6 thé dua phuong trinh vé he
dé6i xiing loai II.

® Loi giai:

Phuong trinh da cho tuong duong

&2 -3 2+r+l=>@-)/(z-1)2r-3)—z—1

Dit u =22 — 3; v=4/(z —1)(2r — 3) — 2 — 1 ta c6 hé phuong trinh

w+r+1=(x-1pw
vi+r+1=(zx—1u

Trit vé theo vé ta ¢
w—vP=@x-1Dv-u) e @u-v)(utv+z—1)=0

e Néuu=uv:
suwv+r+l=(@-Nues 2z-3)>*+z+1=(x—1)2x—3)
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& 222 — 62 + 7 = 0 (v0 nghiem)
eNéuu+v+xr—1=0:
@23:—34—\/2332—6354—2—1—:6—1:40

r< =
S V22 —6r+2=4-3r < 3 (vd nghiém)
722 — 18z +14 =0

Vay phuong trinh da cho vo nghiém.O

® Nhan xét: Cach giai clia bai toan nay xuét phéat tit 1 cach lam da néu & tren. Dang tdng

ff(z)+b=a/af(x)—b

Ta du doan f(z) = (22 + ¢)%. Dén day ta dong nhat he s6 dé tim c :

quat la

42 +dex + 2+ (=11 —4de)x +10 — & = (z — 1)/ (z — 1)(22 + ¢) — (=11 — 4c)x — 10 + ¢2
b= (11—4c)r + 10 — &

Déi chiéu véi bai toan dong nhat hé s6 suy ra z = —3

Phuong phap lugng giac hoa

e Néu bai toan chia Va2 — 22 ¢6 thé

. L. ™ ™ 9 L.
bat x = |a|sint véi . <t< B hodac z = |a|cost v6i 0 <t <
e Néu bai toan chia v/22 — a2 ¢6 thé

la| . Tom
Dt o = - véi t € [~2; 2]\ {0
w snﬁ“e 35 ) V0

a m
Hodic 2 — -1 véi t € [0: {—}
ofc = - —- Vi [0; 7] \ 5 -
e Néu bai toan chita Va2 + 22 ¢6 thé: Dat:x = |a|tant véi t € (—5; 5)
Hodc x = |a| cot t véi t € (0; 7).

2 . B . a—+x - a—x | '
e Neu bai toan chta 4/ hodc 4 / c6 the dat x = acos 2¢.
a—x a—+x

e Néu bai todn chita v/(z — a) (b — x) ¢6 thé dit © = a + (b — a) sin?t.

Loi thé ctia phuong phap nay la dua phuong trinh ban dau vé mot phuong trinh luong giac
co ban da biét cach gidi nhu phuong trinh dang cap, déi xing ... Va diéu kién nhan hoic loai
nghiém ciing dé dang hon rat nhiéu. Vi lugng giac 1a ham tuan hoan nén ta cha y dat dieu
kien céc biéu thiic lugng gidc sao cho khi khai can khong c6 dau tri tuyét déi, c6 nghia la luon
duong.

Bai 45: Giai phuong trinh 2® + /(1 — 22)3 = z1/2(1 — 2?)

Giai

DK -1 <z«1
Tt diéu kien ctia bai toan ta dit an phu z = cost, khi d6 V1 — 22 = |sin |
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Chi can chon y ma 0 < o < 7 khi d6 —1 < cosp =2 < 1 vasing > 0 va [sinp| = singp
Phuong trinh da cho bién déi dugc vé dang

cos>p + sin®p = V2cosgsing < (cosg + sing) (1 — cospsing) = v/ 2cospsing

bat u = cosp + sinp = V/2sin <¢ + %)

T T 5T
Do0<z = — - < —
0 < 1 90+4 1

2 1
:>—\/7_ sm<<p—i-4><1,tadu’oc—§<u<\/§
Phuong trinh dai s6 véi an u ¢ dang

21 21
u<1—u ):\/ﬁu

2 2
®u3+\/§u2—3u—\/§:()
<:>(u—\/§>(u2+2\/§u+1>:0

u=+2
S|l u=—-vV2+1
u

—V2—-1< V2

oNéuuzﬂsin(gp—i—%):\/§<:>sin(<p+%):1<:>90:£+k27r,k€Z

2
. -1
oNéuu:\/ﬁsin(gojL%)zl—ﬂvacoswsingp:u2 =1-v2

Khi do6 cosy , sing la nghiém cta phuong trinh

1= V24 4/ (V2-1) (V2 +3)

XP—(1-vV2)X+1-V2=0& X =
1-VZ-/(vV2-1) f+3)

Do siny > 0 cho nén cosy =

1—\/5— V2-1) (V2 +3
Vay phuong trinh ¢6 tap nghiém S = \/( 5 )( ),g .0

Bai 46: Giai phuong trinh 222 + /1 — 2 + 221 — 22 =1

Giai
bK z € [-1;1]

Dit x = cost, t € [0; 7]
Phuong trinh tuong duong

t t t
20052t—|—\/§sin§ + 2sintcost = 1 < cos 2t + sin 2t = —\/Qsin§cos (225— E) = —sin —

4 2
t k4
ul AN bt B R =3ty
@cos(2t——>:cos(—+—)<:> " &
4 2 2 ot— =2 T 4o (= Km

4 2 2 10 5
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N . 7
Dura vao dieu kién nghiém ctia phuong trinh ta nhan 2 nghiém la x = cos g; T = cos 1—70T
7
Vay phuong trinh c¢6 tap nghiém S = {cos %; O} O
Bai 47: Giai phuong trinh V1 + 1 — 22 = 2(1 + 21 — 2?)
Giai
DKXD:1—-22>0«& —-1<2<1
: . T
bat x =sint v6i t € [_5; 5
Khi d6 phuong trinh c6 dang:
\/1 +V/1— sin? = sint (1 121 sin2t> o VIt cost =sint (1 +2cost)
t t 3t t
& V2cos = = sint + sin 2t < V2cos — = 2sin = cos —
2 2 2 2
i 1
t = — _
" 3¢ cos 5 = 0 ! 6 =5
& 26085(1—\/§Sln5):0¢> 3t 2 & _ &
sin — = — F= -
2 2 9 r=1

1
Vay tap nghiém ctia phuong trinh da cho la S = {5, 1} . O

> +1 (274 1)

Bai 48: Giai phuong trinh 22 + 1 + =
2z 20(1 — 2?)

Giai
. T # +1
biéu kién 7
x#0
T T T
bat z =t t;tE(——; —) {:I:—;O}
abr=tal 2 3) MUt
Khi do ta co: )
e’ +l=tan’t+1=—=Val+1=
cos“t cost
91 2tant 2x :>a:2+1 1
® SINn _= _= —
> 1+tan’t 2241 2x sin 2t
1 —tan’t 1— 22 _ 2z (1 — 2?)
® cos2t = 5 = = sin 2t.cos 2t = ——~
1+ tan?t 2241 (22 +1)
4x (1 — 22 2 24 1)?
o sin 4t = (=T _ @+

< =
(22 + 1)2 sin 4t 2x (1 — x?)
Khi d6 phuong trinh duge bién déi vé dang

N S
cost  sin 2t  sin 4t
& 2sint.cos 2t = 1 — cos 2t <> 2sint. cos 2t = 2sin’t < (cos 2t — sint)sint = 0

& (1 —2sin’t —sint) sint =0 < (sint + 1) (2sint — 1) sint =0

esint= tai=" o 1
sint = = =—Sr=—
2 6

< 4sint.cos 2t + 2 cos 2t = 2

B
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. 1
Vay nghiém duy nhat ctia phuong trinh da cho la:z = % O
Bai tap tu luyén

Giai cac phuong trinh sau:

1/ 23— 2% — 100 — 2 = /722 + 237z + 12

2/7x% — 13z + 8 = 222 /2 (1 + 3z — 3a22)

1
3/8x% —13x +7 = (LI:—I— —) V32 — 2
T

4/V22 —1+2*—-3z+1=0

5/2x + 15 = 3222 + 322 — 20

6/vVr—1+2>—2—-3=0

7/x% — x — 2004y/1 + 160322 = 2004 (HSG Bac Giang 2003-2004)
8/v9r —5 =322+ 22 + 3

9/22 =2 —2+210/v/x+ 34— /x -3 =14
11/y/97T -2+ Yr=5

12/vVr+2+Vx+1=3

13/vV18—z+vr—1=3

14/V1T — a8 — /228 — 1 =1
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PHUONG PHAP BIEN DOI DANG THUC

Bai 1: Giai phuong trinh

[ 6
Va2 +3r+2Vr +2 =20+ 4]z +—-+5
i

Giai
(x(x +3)=0

r+2=>0

x
(2 #0

Phuong trinh dugce viét lai thanh

LR = By [T

& (r— VT o) ‘”13—2)—0

r—vVr+2=0 =9
= =
x+3_2:o [le

Vay tap nghiém ctia phuong trinh 1a S = {1;2}. O

Bai 2: Giai phuong trinh
1 1 1 1

2107140 2+ 1z +30 22+ 13r142 18

Giai

DKXD: z ¢ {—4;—5; —6; -7}
Phuong trinh tuong duong véi:

1 1 1 1 1 1 1

— + — + — =

xr+4 z+5 x+5 x4+6 xz+6 x4+7 18

o Lol eyt 2—0e T
— =— S0 x—26=
r+4 x+7 18 r=—13

Vay tap nghiém ctia phuong trinh 1a S = {—13;2}. O

2 5 2
Bai 3: Giai phuong trinh Vil o 4+2= Tl 2?_ fi:
x

Giai
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DKXD: z # —1
Phuong trinh tuong duong véi:

(2 +2+2)— e +2Val+2+2+45=0

& Wat+r+2-2x)(Val+r+2-2)=0
N J VR

=
Vai+r+2=2 r=—-2

Vay phuong trinh ¢6 tap nghiéem S = 1;—-2. O

=

Bai 4: Gidi phuong trinh 2% — 22 +32+5—-2y2 +2=10

Giai
DKXD: z > —2
Phuong trinh da cho tuong duong véi:
(' =22 + D)+ (2 + 22+ )+ (2 +3 -2V +2) =0
@1 ’+@+1)+(Vrr2-1=0

2 —1=0
S<cr+1=0 Sar=-—1
Ve+2—-1=0

Vay phuong trinh c6 nghiém duy nhat x = —1. O

Bai 5: Giai phuong trinh 28 — 2+ 22 —2+1=0

Giai

Phuong trinh tuong duong véi:

2
BRI e
(‘” 2) T\3 3
x?

x
- 1= 5= 0. Hé nay vo nghiém nén phuong trinh vo6 nghiém. O

x
Tu désuy ra z? — = ==
v 29

Bai 6: Giai phuong trinh
2vVr +146vV9 — 22 +64/(z+ 1)(9 — 22) = —2 — 22 + 10z + 38

Giai
DKXD: -1 <2 <3
Phuong trinh da cho dugce viét lai thanh:

Wt l-1D'+(V9—2-3 "+ (Ve DO —22)-3)"=0
SVI+Hl-1=vV9-22-3=/(z+1)(9-22)-3=02=0

Tt d6 dé dang thu duge x = 0 1a nghiém duy nhat ctia phuong trinh. O

T 1
Bai 7: Giai phuong trinh r+y————+4=2(v2x —1+2y—1)
r Y
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Giai

1 1
DKXD: =z > é,y > 5
Phuong trinh trén tuong duong véi:

1 1
(:c—;+2—2\/2:6+1)+(y—§+2—2\/2y—|—1):0

(z -2z -1 (y—2Zy—1)

VAN -0

o) o (%
T =+2r—1

Ma z,y > 0 nén VT (x) > 0 va (*) xdy ra & Sr=y=1
y=v2y—1

Vay phuong trinh c¢6 nghiém duy nhat 1a (z,y) = (1,1). O

Bai 8: Giai phuong trinh 20\x + 3+ r =202+ 1 +2

Giai
DKXD: 2z >0
Phuong trinh tuong duong véi
v/ 3 — 21)? vr+3—2r=0
Verd=2)  (mo1r-0e sr=1
2 Vr—1=

Vay phuong trinh c¢6 nghiém duy nhat x = 1. O

I I 3

Bai 9: Gidi phuong trinh + =
PHICHS 2r— 1?2 Br+1° (z+2)

Giai
1 -1
DKXD: - —;—2
i)
Ta c6 b6 dé sau, c6 thé dé dang chiing minh bing cach binh phuong 2 vé dang thic:
Véi a, b, ¢ 1a cac sd thuc théa man a + b + ¢ = 0 thi

1 n 1 . 1 1 1 1
a2 b2 2 |la b ¢
Nhu vay phuong trinh da cho duge viét lai thanh
1 1 1 4

(20 — 1) " (=32 —1)° " (z+2)° (z+2)°

Vi(2rx—1)+(—=3x—1)+4 (x+2) =0 nén

L LS S S SRS SU
2z -1 (=3z—-1)° (z+2° |Qz—1) (=3z—-1) (z+2)
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Vay (1) tuong duong véi

1 1 S
(2x—1)+(—3x—1)+(x+2)’_|x—|—2|
o (=3z—1)(x+2)+QRr—-1)(x+2)+ 2z —-1)(-3z-1)] 2
(22 —1)(=3z — 1)(x + 2) |z + 2
—T? =303 | C1£45
< (2:5—1)(—39;—1)’_ TrTT

1++5
2

Vay phuong trinh c¢6 nghiém x = . O

PHUGONG PHAP DUNG LUQNG LIEN HOP
Ly thuyét

Phuong phéap luong lien hop 14 mot cach giai hieu qua déi v6i phuong trinh, hé phuong trinh
vo ti. Y tudng chinh clia phuong phap la truc cin thic va tao nhan ti chung. Mudn vay, ta
can phai biét duge nghiém va bién déi khéo 1éo.

1) Diing may tinh bé tii dé giai nghiém ciia phuong trinh:

Vi du dé tim nghiém ctia phuong trinh Va2 — 2 +3 + Va2 +o+4="T:

Dau tién ta can nhap vao may tinh bé tii:

VX2 - X4+3+VX2+X+4-7

Sau d6, bam Shift — CALC
Sau khi may tinh giai ra nghiém, ta nhan thay phuong trinh trén c6 nghiem X = 3. Dé kiém
tra phuong trinh trén con so6t nghiém hay khong ta tiép tuc nhap:

\/X2—X+3+\/X2+X+4—7] (X —3)

Roi lai tiép tuc bam Shift — Solve. Ta sé tim dugde nghiém thit hai la X = %:3

2) Diing tinh chét s6 hoc dé doan nghiém ctia phuong trinh:

Van dung phuong trinh trén lam vi dy, ta nhan xét vé phai ctia phuong trinh 1a 1 s6 nguyén.
Chinh vi vay ma ta dua ra du doan cac s6 trong can thitc phai la s6 chinh phuong va bé hon 7.
Vi vay ta c6 thé cho médi can thiic bang cac s6 tit 1 — 7 va gidi ting vé can thic.

Vi du nhu:

Cho V22 —x+3 =1 va Va2 +x+4 = 6 rdi gidi lan lugt ting phuong trinh. Nhung néu ci
hai vé déu la can thic thi phuong phap nay sé khong hicu qua.

3) Thé thit mot vai nghiém vao phuong trinh da cho dé doan nghiém:
Dura vao diéu kién clia bai toan, ta sé lan lugt thé cac nghiém gan giii nhu —3, -2, -1,0,1,2,3

vao phuong trinh dé tim xem s6 nao la nghiém clia phuong trinh. Dai khi véi mot chit nhay
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bén, ta c6 thé d& dang nham ngay nghiém ctia phuong trinh néu dé 1a nghiem dep.

Sau day 1a mot s6 ki thuat ding phuong phap luong lien hop:
Mot s6 hing dang thitc hay st dung:
1) a? —y*=(z—y)(x+y)

2) 2 —y? = (z—y) (@* + 2y + ¢
3) 2t —yt = (2 —y) (z +y) (2* + 7
4) 2" =y = (e —y) @ 2"y oy )

Stt dung nhitng hing dang thiic nay, ta c6 thé quy phuong trinh vo ti ban dau vé dang phuong

trinh tich bang viéc lam xuét hién cac nhan tit chung. Tt d6 ta c6 thé dé dang giai quyét tiép.

Ta ciing c6 mot sé hiang dang thite dé truc can thiec:

YL o rty
2) \/—:l:\/g 3/1‘2:!:\3/@‘1— 3/y2
4;1;. 4 — x_y
= o )

Bai tap vi du

KI THUAT THEM BOT VA TACH HANG TU
0 phuong phap nay, ching ta sé them bét hang ti hodc tach hang tit sin c6 dé dung phuong
phéap lugng lien hop dé gidi phuong trinh.

Bai 1: Giai phuong trinh: (z +1)vz?2 -2z +3=2*+1 (1.1)
Giai

Vi z = —1 khong phai 14 nghiém clia phuong trinh trén, ta viét phuong trinh duéi dang:

241 2 _2r—1
N P J I gy T T R
r+1

r+1

Viva? —2x+3+2>0 nen:
(Va2 =20 +3-2) (Va2 —20+3+2) 22— 2x—1

(1.1) & =
Vrz—2x+3+2 r+1
2 —2rx—1 2 —2x—1

< =

Vi —2r+3+2 x+1
=1 2
22 —2xr—1=0 v +v2
& 1 1 & r=1-v2

= 1 1
Va2 -2 3+ 2 rz+1 =
. TSt vz —-2r+3+2 x+1

D@ thay phuong trinh v/22 — 22 + 3 + 2 = z + 1 vo nghiem.
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Vay tap nghiém ctia phuong trinh da cho la: S = {1 —V2; 1+ \/5} O
® Nhan xét: mau choét ctia 10i giai trén 1a nhan ra lugng lien hop dé tim ra nhan ti chung la
V&2 — 22 + 3 + 2. Vay lam céch nao dé nhan ra dugce diéu nay? Ta lam nhu sau:

2+ 1
Xét phuong trinh: v/z2 — 2 =
ét phuong trin x x + P (%)
2+ 1
& 22 3—m= - >0
(%) x T + m=-_ m (m > 0)
2
N —mz—m+1
o x2—2x+3—m:x mx —m +
z+1
<:>(\/x2—2x+3—m)(\/x2—2x—|—3+m)_mZ—mx—m+1
VI —=2x+3+m - z+1
x2—2x+3—m27m2—mx—m—|—1
Vi —-2x+3+m r+1

Bay gio ta chi can xac dinh m sao cho
=2 4+3-mP=2 —-mrx-m+1les -2=-mV3i-m*=-m+l=>m=2

T do6 ta suy ra 10i giai nhu da trinh bay.

Bai 2: Gii phuong trinh: 3va2 + V22 +8 — 2 =22+ 15 (1.2)

Giai

D1t doan duge nghiém x = 41, ta viét lai phuong trinh nhu sau:

(12) 3 (Va2 —1) + (Va? +8-3) = (VaZ + 15 — 4)

- 3(x? —1) N -1 -1
Vat+ Va2 +1 Va2 +8+3 Va?+15+4
=1
& 1 1 1

+ = *
Vat+ Va2 +1 Va2 +8+3 Va?+15+4 *)
Mat khac, ta co:
1

1
V2 + 15>Vl +8 = Va2 +15+4> V22 +8+3 = <
V2 +15+4  Va2+8+3

Nén phuong trinh (%) vo nghiém. Vay phuong trinh ¢6 tap nghiem S = {1; —1}0.

Bai 3: Giai phuong trinh: 2 (22 +2) = 5vz3 +1  (1.3)

Giai

Dieu kién: = > —1

Do x = —1 khong phai 1a nghiém phuong trinh nén ta xét z > —1.
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Khi d6 viét lai (1.3) dudi dang

(1.3) <2 (" +2) 25\/(w+1)(w2—x+1)<:>2(x2+2):5\/<x+1>zfl—x+1)

2(2*+2) ?—r+1  2(2*+2) ?—x+1
e T & —2=y—— T

5(x+1) r+1 5(x+1) r+1

- 1 - 1
N RS AN N T R

202 — 10z — 6 r+1 z+1

R4 —
5(x+1) 2 —x+1
\—— +2
r+1

20> — 10z -6 z* —bx — 3
5r+1) [27—z+1
(a:+1)( w—kQ)
x+1
r? —br—3 = x:5+— V37
2
<15 -z +1 <
B e 5 ia 5 — 37
5 = o + 2 (v0 nghiem) o=

2

Vay tap nghiém ctia (1.3) 1a S = {5— \/3_7; 5+J3_7} .

2 2

Bai 4: Giai phuong trinh: 23 + 322 —3y/3z +5=1—3z (1.4)
Giai

® Y tuéng: Danh gia phuong trinh, ta thiy phuong trinh ¢6 dang hiing déng thic (z + 1) nén
ta sé bién doi phuong trinh theo hing ding thic dé bicu thitc gon hon. That vay tit phuong
trinh dau ta c6 biéu thiic gon hon nhu sau:

(x+1)°=3V3z+5+2

Dén day, ta c6 thé dé dang nham nghiém hon. That vay, nham nghiém ctia phuong trinh ta c6
phuong trinh c6 nghiém la 2 = 1. D6i véi can bac ba, ta cling lam tuong tit nhu can bac hai.
® Loi giai:

Viét lai (1.4) dudi dang

(14) & (r+1)* -8=3V3r+5-6

& @—DE+1)?+2+1)+4] = Oz —1)

/(32 +5)+2¢3x +5+4

r=1

(x4 1242z +1)+4(/Br+5)>+23x +5+4) =9 (%)

=

Do ¢6 can bac ba nén viéc giai (*) sé c6 phan phitc tap hon. Ta c6 thé dung bat dang thiic nhu
sau:

(%) < [(z +2)* + 3] {(m+1>2+3} —9
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Laico (z+2)2+323va (V3x+5+1)2+323=VT(x)>9
r=-2
V3r+5+1=0

Vay tap nghiém ctia phuong trinh la: S = {-2;1} O

Dau bang x4y ra khi va chi khi S x=-2

Bai 5: Giai phuong trinh: v/16223 +2 — /2722 — 92+ 1=1 (1.5)

Giai
Viét lai (1.5) dudi dang

(1.5) < V16223 +2 — 2 — V2722 — 92 + 1+ 1 =0

N 16223 — 6 3z (3x — 1) 0
(V16225 +2)" + 20/1622% + 2 +4  V27e? =9+ 1+1
2(92% + 3z +1) 3z

< (3x—1)

— =0
(V16205 +2)° + 2916205 + 2 +4 V272> =9z +1+1

Xét phuong trinh

2(92% + 3z + 1) 3z _0
(V1620° +2)° + 2916205 + 2 +4 V2722 — 9z +1+1
2(92% + 3z + 1) 3z

<~ =
(V16225 +2)° + 21625 + 2 +4 V16207 +2
Dat a = v/16223 + 2, suy ra

1 4 1 a 2
23+ —+1)=a+-+2&30+—+1=-+-+1
3T a 3 2 a
3x:g 1
3T = —
a
. < . . . 1
Vay phuong trinh da cho c¢6 nghiém duy nhat » = 3 a.

Bai 6: Giai phuong trinh: Va2 +124+5=3x+ v22+5 (1.6)

Giai

Dieu kién: = > 3

® Y tudng: Ta nhan thdy = 2 13 mot nghiem ctia phuong trinh. Nhu vay phuong trinh da
cho ¢6 thé phan tich duge vé dang (z — 2) Q (z) = 0.

® Loi gidi:
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Viét lai (1.6) dudi dang

(16) & Va2 +12—-4=3x -6+ Va2 +5—-3

- 2 —4 3(x—2)+ % —4
_—n l’_ —_—
V2 + 12+ 4 VIZ+5+3
T+ 2 T+ 2
& (r—2 - -3]=0
( )(\/x2—|—12+4 Va2 +5+3 )
Tr =2
= T+ 2 T+ 2

— —3=0(x
Va2+12+4  a?+5+3 *)

T+ 2 T+ 2

1 1
Do < = _
V2 +124+4 Va2 +543 V2 +124+4 a2 +5+3

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 2 O.

< 0 nén (*) vo nghiém.

O tren ta da lam quen véi ki thuat thém bét va tach s6, nhung néu phuong trinh cé nhiéu
nghiem thi khong thé dung cach d6. Sau day 1a ki thuat them bét va tach dn. Y tudng cla

phuong phép nay la diing an nhu vai tro ciia s6 sau khi da nham nghiem.

Bai 7: Gidi phuong trinh: 22 — 1+ 22 -3z +1=0 (1.7)

Giai

® Y tudng: Nham nghiem ta thdy 2 = 1 la nghiém ctia phuong trinh.
Ta thit ki thuat tach sd v6i phuong trinh nay:

(17N eV —1-1+2>-3r+2=0

2(x —1) B
r=1

= 2
o SRR

Nhan thay (*) vAn con nghiem. Vay viéc them b6t sé da khong thé tim duge hét nghiem. Néu
quy dong phuong trinh (%), ta lai phai gidi phuong trinh kha phiic tap 1a x = (2 — 2)v/27 — 1.
Vay ta can suy nghi dén viéc diing an dé thay thé sb.

® Loi gidi:

Diéu kién: x > 3

That vay, tit phuong trinh dau ta c6:

1N eV2r—1—-a+2°-20+1=0

—(z—1)° z=1
v R L L :
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Nhu vay chi can giai (*):

1—2zx+22=2x—1

x)el-r=vV2r-1s 1
122> =
2
2 —4x+2=0
& 1 sr=2-2

Két luan: phuong trinh c6 tap nghiem S = {1; 2 — \/5}

Bai 8: Giai phuong trinh: v/1222 + 46x — 15 — Va3 — bz +1 =2z +2 (1.8)

Giai

Viét lai (1.8) dudi dang

(1.8) & V1222 +46r — 15— 22+ 1) — Va3 —bx+1—-1=0

- —8x3 + 40z — 16 23 — 5 + 2 0
) 2 1 2 3(2 12 , 1 2 3_
({5/12x2+46$—15+ x2+ ) +% (\3/£B2—51‘+1—§) +Z
- 83 — 40x + 16 N 23 — 5 + 2 0
: 2¢+12 32z +41)° 12 3
(V1222 + 46z — 15 + x;— ) + <z: ) (\3/x2—5x+1—§) +1
- 8(z® — bz +2) N 3 — 51+ 2 0
20 +1\° 32z 4 1) , Ne 3
({3/12x2+46$—15+ $2+ ) +% (\3/x2—5x+1—§) -|—Z
23 -5 +2=0
8 1
~ 2z 4+ 1\ 3(2:L~+1)QJr ~E 50
V1222 + 462 — 15 + + 2 —hr+1—=] +°2
2 4 2 4
T =2
Do (%) vo nghiem nén(1.8) & 23 — 52 +2=0& | z=v2—1
r=-v2-1

Vay tap nghiém cua phuong trinh trén la S = {—\/§ —1;v2-1; 2} O
® Nhan xét: Cau hoi dit ra 1a: Tai sao xuat hién dai lugng 2® — 5z + 2 = 07 Bang cich them
b6t ax + b vao phuong trinh va dong nhat hé s6, ta sé lam xuat hién cac dai lugng nhu vay.

- 2 N 2 2 ,
Dién hinh ta xét cac vi du sau:

Bai 9: Giai phuong trinh: /322 — 6z — 5 = \/(2 —2)° 4+ /(2 -2)(222 — 2 —10) (1.9)

Giai

® Y tuéng: Dau tien ta c6 (1.9) < 322 — 62 — 5 = /2 — 2(32% — 5z — 6)
Duing mAy tinh bam nghiém ta thiay phuong trinh ra nghiém xau. Chinh vi thé, ta sé thém bét
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an cho phit hop dé c6 thé nhan lugng lien hop:
Do gia thiét ¢ phuong trinh nay c6 v/2 — x nén ta sé thém bét ay/2 — x vao phuong trinh:

V312 — 62 —5—av2 —1=+2—2(32° — 5 — 6 — )

32% —z(6 — a?) — 5 — 202
V322 -6z -5+ av2 -2

Dé c6 nhan t1t chung, ta sé dong nhat hé s6 cia 2 vé:

6—a’>=5
=a=1
54202 =6+«

=v2—2(32 — 52 — 6 — Q)

® Loi giai:
. <2 3+2f 3-2V6
Diéukién:{§2 6 55 x z :>:13<—\/_
o 3—2\/_

/
w

Viét lai (1.9) dudi dang

(1.9) & V322 — 62 —5— V2 — 1 =+2—2(32° — 52 — 7)
322 —bx — 7
= =
V32 —6x—5+V2—2x

322 =52 —-T7=0
& 1

\/3x2—6:z:—5+\/2—a::

2 — x(32° — 52 —7)

2 —x (%)

Xét (*) ta co:

)el=2—2+/2-2)322—6r—5) < r—1=+/(2—2)(322— 61 —5)

N -2 -2
Véi diéu kien z < %6 th VT < 3‘/6 <0< VP
5+ v109
, T = +T (khong thod x < 2)
Vay phuong trinh (1.9) tuong duong: 3z —5zx—7 =0 < 5 V100
T= (chon)

5 — 109

Vay phuong trinh ¢6 tap nghiém S = {T} O

Bai 10: Giai phuong trinh: 23 — 3z + 1 = v/8 — 322 (1.10)

Giai
2f . 2v/6

bDieu kién: ——— <
ieu kien: 5 <z 3

® Y tudng: O bai nay, tuy biét phuong trinh c¢6 2 nghiém nhung d6 lai 1a nghiém vo ti nén ta
khong thé biét chinh xac nghiém. Tuy nhién ta chi quan tam t6i biéu thitc can them bét tao tit
2 nghiém trén. Do d6 ta sé lan lugt diing chiic nang Shift Solve dé tim ra 2 nghiém clia phuong
trinh la: 2; = —0,6180339887...; 15 = 1,618033989... sau d6 gan hai nghiém nay vao hai bién
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A va B.
Bay gio ta sé thit tim tam thic bac 2 tao tit 2 nghiém trén. Nghia la ta can tinh A+ B va A.B.
Thu dugc A+ B=1,AB = —1.

Diéu d6 da ching t6 A, B 1a hai nghiém ctia phuong trinh: X? — X —1 =10

Va tit day, ta c6 thé du doan dudc 22 — z — 1 1a mot nhan ti cia phuong trinh.

Ta viét phuong trinh da cho lai thanh:

(1.10) & 2® =3z +1— (pr+q) — V8 =322+ pr+¢q=0

(pr +¢)° — (8 =327

3
S0 —3x+1—(pr+q)+ =0(2
Pz +9) 8 — 322+ pxr +q @
2 2 2
3 (p* +3) 2% + 2pgx + ¢* — 8
Srr—p+3)r+1—qg+ =0
(p+3) 1 V8 — 322 +pxr+q

Dén day, dé xuat hien nhan tit 22 — 2 — 1 thi (p> +3) 22 +2pgr + ¢* =8 = 9 (2?2 — v — 1) v6i
9 1a mot he s6. Chon 0 = 4 thi ta duge mot cip (p, q) thdéa man 1a (p, q) = (—1;2).

® Loi gidi:

Viét lai (2) duéi dang

2?—x—1

32 —1+4+4 =0

V8 —312+2—x
4

sx—z—-1)(z+1+ =0

( )( \/8—3x2+2—x>
—3x
Xét f(x) =vV8—3224+2—ux,tacod: f' ()= — — 1
f@)=V I'@ ===

—3x 2
"(x :O@—:N:)x:—\/j
() = :
Ta c6 bang bién thién:
_2v6
3

|
5

|l\')
=

6+4v6

I N

6 + 4v/6
:»0<f(x)<%f
=c+1+ . +1+ 1 > 2\/6+1+ 12 >0
X = = — -
V8—3a224+2—ux f(z) 3 6+ 46
. S ) 1++5
Vay phuong trinh da cho tuong duong 2 —z —-1=0& 2z = 5 a

Bay gio chiing ta sé phdi hop cac ki thuat trén dé giai bai todn sau:

Bai 11: Giai phuong trinh

(x —1)yv/22% — 5z — 15+\/

223 — Tax? + 19 B
5 _

22% — 722 — 122 + 17+ 7z (1.11)

Giai

® Y tudng: Ta nhan xét thdy céc he sb ¢6 cing sd mi trong cin thic gidng nhau. Didu nay
gdi cho ta ¥ tudng théem bét an va sé sao cho phit hgp nghiém.

Dé khong qua phu thuoc vao viec doan nghiém nén ta sé them b6t ax + 3 dé tim heé sb tach
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hop ly. Dé (z — 1)y/222 — 5z — 15 ¢6 dang bac ba gidéng nhu trong can thitc va ngoai can thiic
(vi hé s6 clia 6 mil 16n nhat trong can va ngoai can gidong nhau) ta sé them b6t a(x — 1). Viec

. ) . ) 203 — Ta? + 19 )
dong nhat cac hé so6 do sé cho ta biet nén tach \/ i nhu thé nao.

2
223 — 722 + 19
(1.11)(:)(x—l)(\/2x2—5x—15—oz)+\/x 2x+ _
—1)(22% — 5z — 15 — a? 213 — T2% + 19
- 3(2x5 x15+ . \/I 2x+ = 20% —Ta? — (124 o)z + 1T+ a + Tz
xre — o — [0
20% — 727 — (10 4+ o®)z + 15 + o \/2x3—7x2—|—19_
V222 =51 — 15 + « 2 B

Dong nhat hé s6, ta co:
{ 10+a2=12+a

20° —Tr? — (12+a)x+17T+a+/Tx

203 —Ta? — (124 )z +1T+a+V Tz

a=—1
15+a2=17T+a a=2
Do nhan lugng lién hgp v6i Vax + b — ¢ nén ta nhan nghiém duwong. Vay ta chon a = 2.

® Loi giai:

:>oz2—oz—2:O:>[

5+ 145
. Tz —
Diéu kién: 4
23— Zx2 - LS 0
2 2 7

Viét lai (1.11) dudi dang

20° —Ta® — Mz 419 \/2353 — T2 +19
V2r2 —5r —15+2 2 N
273 — T2 — 14z + 19 \/2953 — 722+ 19
& +
V2r2 —hr —15+2 2

2x3 — 7Tx? — 14z + 19 2x3 — Tx? — 14z + 19

o +
V222 =51 — 15+ 2 \/2353 — 722+ 19

2% — T — 14 + 19 + V7x

(1.11) <

— VT =223 — 72? — 142 + 19

=223 — T2? — 14z + 19

5 +Tx
[ 243 — 722 — 142 +19=0
1 |
T Vo osio512 19 =10
\/ 5 +VTx
[ =1
5 1+ V77
r=——"
4
5 VITT
s | T 4
1 1
b 1512 28 210 =10
\/ 5 +VTx

Dé thay VT clia phuong trinh (x) 1a ham nghich bién. M#t khac theo dieu kieén xac dinh
5+ v145
T > +T > 1. Vay phuong trinh (*) vo nghiém.

S+ V177

Xét v6i dieu kien xac dinh. Vay phuong trinh trén c6 nghiém duy nhat 13 o = —1 O
® Nhan xét: C6 thé nham duge nghiem = = 1. T d6 viéc tach an sé dé dang hon. Nhung mot
cach tong quat ta sé lam nhu trén trong moi truong hop cé kha nang dung luong lien hop. Tuy

nhién khuyét diém ciia phuong phép nay la néu gip phuong trinh khong c6 bat ki 1 nghiem
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hiti t1 nao va sau khi thém b6t ax + S ta khong tim dude «; 5 hoac giap 1 hé phuong trinh phiic
tap trong khi dong nhét hé s6 thi viec tach an dung lugng lien hop khé c6 thé dat hieu qua.
Nhung luong lién hop lai ¢6 thé manh trong 1 s6 bai toan xét diéu kien phiic tap. Dién hinh la
nhitng phuong trinh vo ty chia tri tuyet doi:

Bai 12: Gidi phuong trinh: /3 —z+V2+z =23+ 2 —do — 4+ |z| + |z — 1] (1.12)

Giai
Dieu kien: —2 < 2 < 3
(1.12) & (V3 — —]x—1|)+(\/2+x—]x\):x3+a:2—4a:—4
- —2? 4 +2 +—x2+x+2
V3—z+|z—1 V24 z+ |z

1 1
F ooty {mww*mﬂxﬁ
r=—1
|

r=2
Vay phuong trinh ¢6 tap nghiem S = {—1;2} O
® Nhan xét: V6i bai nay, viec xuat hien thém céc da thiic chita tri tuyet ddi tuéng chitng nhu

=(x+2)(x+1)(z—2)

(x+2)] =0

sé gay cho ta théem kho khan trong viéc gidi quyét. Nhung nho st dung phuong phap nhan
lugng lien hop, bai toan da duge giai quyét nhanh chong! Khi 4y, ta chi can chuyén céc luong
trén vé dung vi tri va sit dung phuong phap nhan lién hop 1a du.

KI THUAT GHEP HANG TU

Bai 1: Giai phuong trinh: v/10z + 14 32z —5 =9z + 4+ 2z —2 (2.1)

Giai

Dieu kien: x >

w | ot

® Y tuéng: Dbi v6i ki thuat ap dung vao mot s6 bai tap, viec doan nghiém c6 thé khong can
thiét vi ta sé nhom timg hang ti clia 2 vé v6i nhau dé tao ra nhan t chung. That vay, ta co
the thay:

W0r+1—-92r—4=z—-3vadr—5—-2r+2=2-3

Vay ta c6 thé dé& dang thay duge nhan ti chung can nhom la z — 3 va khong can nham nghiem.
Do d6 ta c6 thé giai bai phuong trinh nay nhu sau:

® Loi gidi:

Viét lai (2.1) dudi dang

(21) & V1I0z+1—VIr+4+V3x—5—V22—2=0

- r—3 n r—3 _0
VIor+14+vV92+4 V32 —-5+V2r -2
r=3
& 1 1 < x =3 (chon)

= 0 (v0 nghiém)

_|_
V10 +14+ V92 +4 3z —5++22—2
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Vay phuong trinh ¢6 tap nghiem S = {3} O
MO RONG:
Sau day ta sé xét hé sb ctia cac cin thitc. Néu thay doi he sb clia cac can thic trén, ta sé duge
mot vi du khéac khé hon:

Bai 1*: Giai phuong trinh
)

2% 28
V26,102 + 1+ 4/ o327 —5=——Or +d— —— 22 -2 (2.1«
v 31 V26 NEA (2.1x)

Giai

Diéu kien: = > 3

Déi v6i bai nay, ¥ tudng ctia ta la dong nhat cac hé s6 dé tao ra nhan ti chung: Quan sat
phuong trinh nay, ta thay c6 kha ning ghép doéi xitng cic phuong trinh clia 2 vé tao ra nhan
tit chung 1a = — 3. Nhung hé s6 ¢ day kha phiic tap, vi thé ta can phai dong nhat he s6 dé ghép
cho phut hgp.

Ta thém bét ay/9z + 4 va 52z — 2 dé tim hé s6 a; 8 phit hop:

/26 28 5
V263/10x + 1—a/9z + 444/ —+/3z — 5—Bv2x — 2 = (——a) \/9x—|—4—(—+ )\/21’—2
31 P V26 V806 p
2 26 N ~ A [N ~ 2 N 2 « 2 2
Ta du doan a = v/26, § = 3l thi VT sé xuat hién nhan t chung la z — 3. Dé kiem ching

lai, ta sé lam nhu sau:
Dé xuét hien nhan ti chung la z — 3 thi VP sau khi nhan lien hgp phai xuét hien = — 3 hoac

3 — x. Vay dé tim ra s6 «; 3 nhanh gon, ta c6 thé tim a,b thoa

avVIr +4—b\/2c —2=2—-3
avVIr +4—-—b/2c —2=3—=x

Ta dua vé gidi hé phuong trinh:

9a% — 2b% = 1 a2 P

da? + 20% = —3 13 13
9 9 = =

9a” — 2b° = —1 62_31 31

4a% +20% = 3 ~ 2% b=1/%%

2 2
2B ez o = V26

a JE—
1
V20 = 26
S, A =15
v 806 26
Diéu nay dung nhu ta da dy doan, vay lam nhu tuong ti nhu & bai 1 ta sé c6 nghiem duy nhat
la = 3. Vay ta tu héi c6 thé tim duge hé s6 bat ki cho phuong trinh trén hay khong? Sau day

Tt d6 tim duge he s6 a, £

ta sé xét dieu do:

Bai 2*: Tim mdi quan hé giita cac hé s6 dé phuong trinh sau c6 nghiém duy nhét:

aV10x + 14+ b6V/3x —5=cV9r + 4+ dv/2zx — 2
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Giai

Ta bién dbi phuong trinh nhu sau:

a(v/10z +1 —+v92 +4) + b(v3x — 5 —V2x —2) = (c — a)V9z + 4 + (d — b)V2x — 2

Theo nhu Vi du 1 (*) ta sé ¢6 hé phuong trinh sau:
) 2 2 2
—a)2 == c—a=1/— a=c—4|—
(c~a) 13 13 13

= =

31 31 31
(d—b)?=— d—b=—4/>= b=d+ /=
26 26 TV

Ta chon hé s6 nhu trén 1a dé c6 thé nhan lugng lien hop cho av/9z + 4 va b2z — 2.

2
a=c—|—
Vay ;i’ la hé s6 chuan dé phuong trinh ¢6 nghiém duy nhat. O
b=d+ 4/ —
26

Bai 2: Giai phuong trinh

V322 =52+ 1 Va2 —2= /32 -2z —1)— Va2 -3z +4 (2.2)

Giai

® Y tudng:

Trude hét, kiem tra ta thay dugc rang phuong trinh da cho c6 mot nghiém z = 2 nén ta sé cb
gang dua phuong trinh trén vé phuong trinh tich xuat hién nhan tit (z — 2). Ta c6 nhan xét
rang: (32?2 —5x+1) — (322 —32—-3) = —2(x —2) va (2 —2) — (2 = 3x +4) = 3 (x — 2)

Ta di dén 10i giai nhu sau:

® Loi gidi:

Viét lai (2.2) dudi dang

(22) & V322 —5x+1—+/3(@2—2—-1)=vVa2 -2 - Va2 -3z +4

N —2x +4 B 3r —6
V322 =5+ 1+4/3(@2—z+1) Va?—-2+Va?-3c+4
2 3
( ) V3r2 —br+1+/3@2—z—1) Va?—-2+Va?—-3c+4
Sr=2

Vay phuong trinh (2.2) ¢6 nghiém duy nhat z = 2. O

Bai tap tu luyén
1. Bai tap co ban
1) Va2 -3z +3+V22—-3r+6=3
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2) V3—z+a2—V2—ax+22=1
3) Va2 —3r+1+V222 —6r+1=2
2) 1—x:2x+x2
x 1+ 2?2
5) Ve —2+v2r—-3=1
6) Va2 —1+Vr—T7=4
NV +2— V2 +7+Va3+1 -2t =1
8) Vr+3+ Yzr=3
NVo—z+vVr—1=—-2?+2r+1
10) Va2 + o +1—+v—-222+ 3z —1=+3

11) Va2 + 22 + 3 + V422 + 52 + 6 = V722 + 8z + 9 + V1022 + 11z + 12

12) V22 — 14+ 22 -32+1=0

13) (VAr+1—-+3x—-2) =z -5

14) Ve+1+vVr+4+Vr+9+ Vo +16 =+ + 100

15) VIz F1— Bz =2 - 2!

16) V312 —Tex +3— Va2 —2=+322 -5z —1— Va2 —3x+4
17) Va2 + 12 +5=3zx +22 +5

18) Va2 —1+ax =23 -1

19) 22 -3z — 4=z — 1 (2? — 42 — 2)

2. Bai tap nang cao

D) Vr2—1+Vr—-3+Vr+1l+ax=
2) 22 +r—1=(v+2)Va2—2r+2
3) Vhr—1+V9—x=222+3x -1
4) V322 —Tr +3 — Va2 —2=+322 —5x — 1 — 22 -3z +4

T+ 3

5
x2—6+

5) V222 — 5+ 22% — 5 + V4t — 2922 + 25 = \/3x + /1223 — 922 — 30x

6) \/2x2+x+6+\/x2+x+3:2(m+%)

) V2z+ 1+ =222+ 4z — 23

8) 2’ —z—-3+2r+5=0

9) 222 — Tz + 10 = 2 + /22 — 122 + 20
1 2 7

1
10 2y =1
)\/x—1+$2+233 4
11) V2 (22 +8) = 5v/a3 + 8
2+ +1 22 1
12) TR 4
W YT
2 —1
13) V222 — 3z + 1 =
) V2x% — 3z + 57— 3
ver—3 1
V2e—1-1 Vr+3—+Vz—3

14)
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PHUONG PHAP DUNG DON DIEU HAM SO

Trong nhitng bai toan gidi phuong trinh vo ty thi dung don diéu ctia ham s6 1a mot phuong
phap manh va thuong cho ta 16i gidi dep. Bai viét nay sé gidi thieu mot s6 ting dung cia phuong
phap tren. Mai bai toan didu duge trinh bay theo thi tu Y tudng - Loi gidi — Nhan xét, véi
mong mudn cho ban doc c6 mot cai nhin sau hon vé cach tu duy va kinh nghiém giai toan.
Ly thuyét

» Dinh 1y 1: Néu ham s6 y = f(z) luon dong bién (ho#c nghich bién) va lién tuc trén D thi s6
nghiém trén D ciia phuong trinh f(x) = k khong nhiéu hon mot va Va,y € D : f(z) = f(y) &
T =uy.

» Dinh 1y 2: Néu ham s6 f(x) va g(x) don diéu nguge chiéu va lien tuc trén D thi s6 nghiem
tren D ctia phuong trinh f(z) = g(z) khong nhiéu hon mot.

» Dinh 1y 3: Néu ham s6 f(x) luon dong bién (hodc luon nghich bién) trén D thi

f(z) > f(y) & x>y (hodc z <y)

Van dung linh hoat cac dinh Iy trén, tit mot phuong trinh an x, ta sé dua hai vé vé dang
f(g(z)) = f(h(x)) v6i f(t) 1a mot ham don diéu trén mién D dang xét. Thong thuong ta c6 thé
dy doan dugce h(x) va bac ctia g(x), tit d6 dong nhat he s6 dé tim g(x) (utu tien he sé nguyen).

Cac bai toan sau sé lam ro y tudng trén:

Bai tap vi du

Bai 1: Giai phuong trinh: v3x + 1+ o+ 72 +2=4(1.1)

Giai

® Y tudng: VT toan dau cong neén ta hi vong day 1a mot ham dong bién theo x. Khi d6 theo
dinh 1y 1, (1.1) c6 nghiém duy nhét (dé thay dé6 la x = 1).
® Loi giai:

r>
DKXD: (x) 3

T4+V7r+2>0
bat VT (1.1) 1a f(x). Ta3cé

f'(@) = Wi (1

Vay f(z) =4=f(1) e z=1
Thit lai ta thiy = 1 thod phuong trinh.Vay (1.1) c¢6 tap nghiem S = {1} O
® Nhan xét: Day 1a mot ing dung co ban ctia phuong phap don diéu. Ta chi viéc dua cac bién

7 1
+ .
2\/795‘1‘2)2 T4 \Tr+2

> 0 Vx thod (*)

ve ciing mot vé va xét dao ham. Ching ta sé khong di sau vao dang nay, ma tap trung nhiéu

hon vé cach xay dung ham sé.

Bai 2: Giai phuong trinh v6i a > 0 (x 1a an): 23 — b = av/axr + b (2.1)

Giai
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® Y tuéng: Ta nghi t6i viec dua hai vé vé dang f(g(z)) = f(h(z)) trong d6 f(t) = mt® + nt.
C6 thé xac dinh h(z) & VP chinh 1a v/ax + b, con g(x) 6 VT c6 bac nhat nén g(x) = px + u.
Dé ¥ tiép, ta thiy VT(2.1) sau khi bién ddi sé trd thanh: m(pz + u)® + n(px + u). Nhu vay thi
hang t1t bac ba sé 1a mp32?, trong khi ¢ phuong trinh ban dau 1a 2®. Do d6 mp® = 1

Vi uu tién s6 nguyen nén ta lay m = p = 1. Tuong tu, § VP thi hang t bac nhat 1a a/ax + b,
tuong tng véi nh(x) trong f(h(z)), nén n = a.

Vay f(t) = ¢34+ at. Do d6 ta can dua (2.1) vé dang

(x4 u)® +alz+u) = azx+b+avazr +b (2.2)

Tiép tuc phan tich, ta thay VT khong xuat hién 2? nén c6 ngay u = 0, vi néu u # 0 ta khong
thé khit hang tt 3uz?.
Nghia la

(22) © 2® +ar =ar+b+avar +b

Dé thay chi can cong ax + b vao 2 vé ctia (2.1) la ta ¢6 (2.2). Cong viec dén day tré nén don
gian.
® Lo gidi:

21 e ®—b+tar+b=azx+b+avVar+b

& f(z) = f(Vax +b) véi f(t) =13+ at
sSr=var+bs P =ar+b

Day chinh la phuong trinh bac 3 dang co ban. O
® Nhan xét: Bai toan trén cho ta mot cidch nhin so luge vé don dieu ham sb, trong dé phan
quan trong nhat la xay dung ham va ding nhing danh gia thich hop dé tim ra hé s6. Chung

ta cling c6 thé md rong hon mot chiit:

Bai 2*: Giai phuong trinh 2" —b=aVar+b(ne N),nlévaa >0
Sau day la mot vi du kho hon:

Bai 3: Giai phuong trinh 82 — 3622 + 53z — 25 = v/3x — 5 (3.1)

Giai

® Y tudng: Ta can dua 2 vé vé biéu thic dang f(g(x)) = f(h(z)) trong d6 f(t) = mt® + nt
Dé y rang hang tit /3z —5 & VP c6 bac thap nhat nén tuong tng v6i nh(x) trong f(h(x)),
vay n = 1.

Nhu bai 2, ta xac dinh g(x) = pz + u. VT sau khi bién ddi sé 1a m(px + u)® + n(pr + u). Xét
hang tit bac 3 ta dugc mp®z® = 8a®. Nhu vay mp?® = 8. Tuy nhién dén day lai ¢6 2 truong hop
ma ta sé phai lan Iugt xét: m =8, p=1hoacm=1,p =2

% Néum =1:= f(t) =t>+t. Do d6 can dua (3.1) vé dang

(224 u)’ + (20 +u) =3z — 5+ V/3x — 5

& 82 + 2%(12u) + 2(6u® — 1) + v +u+5=V3r -5
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Dong nhat he s6 véi VT cia (3.1) ta duge

12u = —36
6u* —1 =53 Su=—-3
ud+u+5=-25

Vay truong hop m = 1 da cho két qua, do d6 khong can xét m = 8.
® Loi giéi:
(3.1) < 82 — 362° + 54w — 27 +22 -3 =32 — 5+ V/3x — 5
o 20-3°+20—-3=3r—-5++32—-5
& f(2x—3) = f(/3x —5)(2.2) v6i f(t) =13+t

Ta c6f(t) dong bién tren R do d6
(32) =20 —-3=V3r—5e (22—-3)°=3z-5

T =2
& 82° — 362" + 51z — 22 =0 & 5443

v A

+
Vay (3.1) ¢6 tap nghiem S = {2; > 4\/5} O

® Nhan xét: Doi khi ta can tinh ¥ trong viéc xay dung ham, nhu trong bai trén hé s6 bac cao
nhat c¢6 thé 1a 8 hodac 1. Mot vi du khéc:

Bai 3*: Giai phuong trinh 423 + 1822 + 272 + 14 = /42 + 5

Luu ¥ rang 423 = 4(23) = %.(2@3 do d6 ta ciling can xét 2 truong hop.

Bai toan trén ciing c6 thé giai bang cach dat 4z + 5 = 2y + 3 dé dua vé he déi xing loai I1.
Nhitng buée phan tich trén nhin tuy dai nhung khi da quen r6i thi ta c6 thé tinh rat nhanh. Tuy
nhién, trong mot s6 bai toan, ham f(t) clia ta khong dong bién trén R nhung ta c6 thé chi can

xét don diéu trén mien xac dinh D.

Bai 4: Giai phuong trinh 922 — 28z + 21 = o — 1 (4.1)

Giai

® Y tudng: Ta xay dung ham f(t) = mt?>+nt. D& ¥ ring hang tit v/z — 1 8 VP ¢6 bac thip nhét
nén tuong tng véi nh(x) trong f(h(x)), do dé n = 1. Nhu bai 3, khi da xac dinh g(x) = pr+u
va mp? = 9, ta cling thit xét 2 truong hop: m = 9,p =1 hosic m = 1,p = 3.

% Néum =9 := f(t) = 9t* + t. Vay can dua (3.1) vé dang

Iz +u)l+r+u=9r—1)+Vr—1

& 92° +2(18u —8) +u’ +u+9=+vr—1
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Dong nhat hé s6 ta dude

—-10
18u — 8 = —28 U=—
& 9 SUEQ

w4 u+9=21 ue {—4;3}
% Néum = 1:= f(t) =t? +t. Vay can dua (3.1) vé dang
Br4ul+3r+u=r—1+vVr—19%°+z6u+2)+u>+u+1=+vr—1

Dong nhat hé s6 ta dudgc
bu+2=—28
wHu+1=21

S u=-5H

Dén day c6 18 bai toan da dugce gidi quyét nhung that ra “chong gai” con & phia trude. Thit lam
tiép ta sé co

(41) e 2°-30r +25+3x—5=a—1++Vr—1

& f(3x—5) = f(Vr—1) (4.2) véi f(t) =12+t

() Luu ¥ rang f(t) = t> +t chi dong bién trén (7, +00) va nghich bién trén (—oo; —), hon

2
-1
nﬁ’an—l)O}T.

—1 3

Nhu vay tit (4.2) ta chi suy ra 3z —5=+/z — 1 khi 3z —5 > 7<:>x> 3"
3 ? S Z 2,
Con z € [1; 5] thi sao? Lai dé y rang ham s6 bac 2 cing ¢6 cai hay ctia n6, d6 1a 2 = (—t)%. O

tren, dua vao he s6 ciia 22, ta chi méi xét g(x) = pxr +u v6i mp? = 9 vd p € N*, nhung thyc ra

van con trudng hop ’m =1,p=-3 ‘ Ta sé x6t tiép truong hop nay:
Can dua (4.1) vé dang

(u—3r) 4+u—-3v=r—-1+vVr -1 92> +2(-6u—4)+uv’*+u+1=+vVr—1

Dong nhat he s6 ta ducc
—6u —4 = —-28
u?+u+1=21

Su=4

Kiém tra lai: C6 = < ; &4 — 3 > _71 Vay chon u = 4.
Dén day bai toan mdi thuyc sy duge gidi quyét.

® Loi giai:

DKXD: z >1

P —1
x Néu z > —

=3z —5=>

N o

Ta c6

(41 e Bz—-5°+Br—-5)=(@—-1)+Vo—1
& fBx—5)=f(Vz—1) (véi f(t) =t*+1t) & 3r—-5=v1r—1
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5)
3z —5>0 T2
< < 13 Sr=2
Bz =52 =z-1 T € 2’3}
% Néu 1 < <3:>4 3r > !
cu i — €T J—
2 2
Ta co
(4-1)<:>(4—333)2—1—4—335::6—1—1—\/3:—1
@f(4—3x):f(\/m—1)(V(’Sif(t):t2+t)@4—3x:‘/$_1
4-32>0 5 25 — /13
4-32)2=2—1 HEVIS 18
25 —
Vay (3.1) ¢6 tap nghiem S = { 1—8} O

® Nhan xét: Can linh hoat trong viéc xay dung ham s6, nhat 1a ddi véi ham bac chin.
Ta ciing c6 thé giai bai toan trén bing cach dat v/z — 1 = 3y — 5 dé dua vé heé déi xtng loai 2.

Bai 5: Gidi phuong trinh 32% — 622 — 32 — 17 = 33/9(—322 + 21z + 5) (5.1)

Giai

® Y tuéng: Nhu nhiing bai trude, dau tien ta thit dua 2 vé vé biéu thiic dang f(t) = 3t3 4 3t.
(5.1) tré thanh:

3(z —u)® 4 3(z — u) = 9(—322 + 21z + 5) + 3/9(—322 + 21z + 5)

& 32 + 22 (—9u + 27) + x(9u* — 186) + (—3u® — 3u — 45) = 3/9(—322 + 21x +5)

—9u + 27 =—6
Dong nhat hée s6 véi VT(5.1) ta duge < 9u2 — 186 = —3

—3u® — 3u—45 = —17
D& thay hé nay vo nghiem. Vay ta khong thé xay dyng ham nhu binh thusng. Dé ¥ ring nguyén
nhan dan dén viec nay 1a vi hé s6 ctia 9(—3x% 4+ 21z +5) qua 16n, can trd viec dong nhét he sb.
Vay ta hay thi xay dung ham theo mdt huéng khéc:
Nhan 9 cho 2 vé ctia (5.1) ta dugc:

(5.1) & 2723 — 54a* — 272 — 153 = 27/9(—322 + 21z + 5) (5.2)

Bay gio ta sé dua 2 vé vé biéu thitc dang f(t) = t> + 27t (cach tim ham s6 tuong tu nhitng bai
trén).
(5.2) tré thanh:

3z —u)® 4+ 27(37 — u) = 9(—32% + 21z + 5) + 27{/9(—322 + 21z + 5)

& 2723 + 2% (=2Tu + 27) + 2(9u® — 108) — 27u — u® — 45 = 277/9(—322 + 21z + 5)
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—2Tu + 27 = —5H4

Dong nhat hée s6 ta duge < 9u2 — 108 = —27 Su=3
—27u — u® — 45 = —153

Bai toan dudgc giai quyét.

® Loi giai: Nhan 9 vao 2 vé ta c6 phuong trinh:

(3z — 3)* + 27(3x — 3) = 9(—32? + 21z + 5) + 27/9(—322 + 21z + 5)
& f(3z —3) = f(V/9(—322 +21x +5)) (v6i f(t) = >+ 271)

&3 — 3= /9(—322+ 21z +5) & (32 — 3)* = 9(—32% + 21z +5)
&3(x—1)7° = (=32 +2lx+5) < 32> — 62> — 120 -8 =0

2 2
& x = 5(1 + v/2)? (tham khéo cach giai PT bac 3 téng quét)

® Nhan xét: Mot cau héi dat ra la: Tai sao lai nhan 9 ma khong phai 1a s6 khac? That ra dieu
nay da duge dé cap dén roi. Khi xay dung ham f(t) = mt3+3t, ta thuong nghi téi g(z) = pr+q
nén mp® = 3, do d6 m = 3,p = 1 ma quén rang con c6 m = §,p = 3 (truong hop nay that ra
hiém gap, trit nhing bai he s6 16n nhu bai nay). Nhu vay f(t) ciing c6 thé 1a g + 3t (va trong
bai nay thi dung 1a vay). Viéc nhan 9 chi don gian 1a khit mau s6.

Luu ¥ rang véi nhitng dang phuong trinh nhu tréen, ta sé khai trién va dong nhat heé s6 cac bac
3,2, 1, 0. Nghia la ta dugc mot 4 he phuong trinh, do d6 s6 an tdi da c6 thé 1a 4. O bai tren,
ta van co thé dat f(t) = mt® + t, khi d6 trong qué trinh dong nhat hé s6 sé xuat hieén them 2

an m va p nhung van giai dugce. Ta cling xem qua bai tuong tu:

Bai 6: Giai phuong trinh 2° — 622 + 122 — 7 = v/—2% + 922 — 192 + 11 (6.1)

Giai

® Y tudng: Ta dua hai vé vé ham sb f(t) = mt® + t. He sb bac nhét 1a 1, vi né tuong ting véi
V=13 + 922 — 192 + 11 6 VP. O VT thi hang ti bac 3 1a 23 nén ta nghi t6i m = 1, nhung viéc

dong nhat he s6 khong thanh cong (6 bai nay nguyén nhan 1a do VP ciing ¢6 23 & trong can).

Vay, v6i nhan xét rang 6 VT thi t = g(z) = pr + u, ta sé tim ca p,u va m.

Can dua hai vé vé dang

m(pr +u)® + (pr +u) = m(—2® + 92% — 192 + 11) + v/ —23 + 922 — 19z + 11
& 2 (mp® +m) + 2°(3mup® — Im) + z(3uPmp + p + 19m) + mu® +u — 11m
= V=23 + 922 — 19z + 11 (6.2)

Dong nhat he s6 VT cta (6.1) va (6.2) ta ¢6

.
mp®+m =1 1
3mpu® — 9m = —6 2
3ump +p+19m = 12

\mu3—|—u— 11m = -7
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® Loi giai:
Ta viét (6.1) dudi dang

—1)3 —2% 4+ 922 — 192 + 11
@T>+(x_1): s & S/ R N TP
3

o fle—1) = f(V=2 1922 — 192 + 11) (véi f(t) = % +1)

& x—1=v—23+922 — 19z + 11 (do f(t) dong bién tréen R)

r=1
S@—1P=-2"+92?-192+11 e |2=2
r=3

Vay (6.1) c6 tap nghiem S = {1;2;3} O

Chiing ta da lam quen véi mot s6 bai phuong trinh téng. Hay xem qua nhing bai phuong trinh

c6 tich.

Bai 7: Giai phuong trinh 2% + 32% + 42 + 2 = (32 + 2)v/3x + 1 (7.1)
Giai

® Y tudng: thoat nhin thi VT ¢6 bac 3, VP ¢6 bac ; nen khé c6 thé ding don dieu. Nhung
néu ¢ VP ta coi y = v/3x + 1 la an thi VP ciing la bac 3 theo y. Nhu vay can phan tich
3z +2=m(3z + 1) + n(*), khi d6 VP c6 dang my? + ny. D& thay tit (*) c6 ngay m =n = 1.
Cong viéc con lai 1a dua VT vé dang (z — u)3 + 2 — u 1a ta c6 thé ding don diéu. Dong nhat
hé s6 ta duge u = —1.
® Loi giai:
DKXD: z > %
Ta co:

(e @+ +r+1=CBz+1+1)V3r+1) =32 +1)*+V3z+1

& flo+1) = f(V3FT) (v f(t) = £+ 1)

s r+1=+3r+1sze{0;1} (thoa DKXD)

Vay (7.1) c¢6 tap nghiem S = {0;1} O.

® Nhan xét: Véi nhitng bai phuong trinh tich can linh hoat trong viéc doi bién va xay dung
ham dé c6 thé dua hai vé vé ham dac trung. Mot s6 bai nhin vao rat phiic tap doi héi ta phai
binh tinh phan tich. Hay nhé ta luon ¢é ging phan tich biéu thiic bac 16n theo biéu thiic bac nho.

Bai 8: Giai phuong trinh 32(2 4+ v922 4+ 3) + 4z + 2)(V1+ 2 +22+1) =0 (8.1)
Giai

® Y tudng: Nhin qua sy s&p xép clia bai toan, ta thay hai biéu thic & VT kha gibng nhau va
hi vong c6 thé tim ham dac trung ctia phuong trinh tit day.

Dau tien dua mdi biéu thic vé 1 vé:

81) e (dr+2)(Vi+ox+22+1)=—-3x(2+ vIz2 +3) (8.2)
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Nhu kinh nghiém & bai 7, ta sé phan tich biéu thic bac 16n theo biéu thitc bac nh.
Ta c¢6 VP(8.2) = —3x(2 + y/(—3x)2 + 3) nén hi vong VT(8.2) ciing c6 thé dua vé
f(t) =t(2 + 12+ 3). Va dé xuat hien sd 2 trong f(t) ta bién doi:

VT(8.2) = (2 + 1)(V4x? +4x + 4 + 2)

Dé thay 4z* + 4x + 4 = (2z + 1)? + 3. Vay ta da xay dung ham thanh cong.
, 2% + 3t
Tuy nhién ham s6 f(t) c6 f'(t) = i

2+ ———
VT + 38

c6 thém mot nhan xét: (8.1) chi ¢6 nghiém trong [_7, 0]. Dén day bai toan thuc sy duge giai

nén cé6 thé doi chieu don dieu, do d6 ta phai

quyét.
® Loi gidi:
. -1 -1
% Neu z > 0 hoéic z < 5 thi (8.1) vo nghiém. Vay ta xét = € [7, 0].

Ta co
81) e B82)e 2r+1)2+V/(2x+1)2+3)=(—-32)2+ /(—3x)2+3)
& f(2r+1) = f(—3x) (8.3) véi f(t) =t(2 + Vt? + 3)
oo 23 + 3t 11 nen i le 80—~ (chon
Dof(t)—2+—t4+3t2>0we[2,O} (83) < 2x+1 3r & E (chon)

—1
Vay (8.1) ¢6 tap nghiem S = {?} O

® Nhan xét: Day 1a mot bai toan hay va kho, doi héi phai cé ki ning bién doi linh hoat. Ta

ciing c6 16i gidi gan giii hon, khong can dung dao ham nhu sau:

8.1) = 2r+1)(2+ /(2z+1)? —32)(2 + v/ (—3x)?
) -1 -1 2 2
% Néu x € 55 =3r < 2x—-1<0= (32)*> 20+ 1)

=24 /B1)2+3>2+/2r+1)2+3= VT(x) < VP(x)

x Néu z € < = } Ching minh tuong tu ta ciing c6 (%) vo nghiém.

A

s Néu z = — : Ta ¢6 () nghiem ding.

-1
Vay (8.1) ¢6 tap nghiem S = {?} O
Bai tap tu luyén
Giai cac phuong trinh sau
Bai 1) 2® — 1522 + 78z — 141 = 5v/22 — 9 (1)
Bai 2) 2971 — 2% = (2 — 1) (2)

Q0 —

Bai 4) sin2z + cosz = 1 + log, sinx véi x € (O; g) (4)
Bai 5) Ching minh phuong trinh Vo — Y184+ vVr— V6 =Vz -2 (5) ¢6 nghiem duy nhét.
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PHUONG PHAP DUNG BAT DANG THUC
Ly thuyét

Ta giai phuong trinh, hé phuong trinh bing bat dédng thic dia trén hai ¥ tudng sau:
» 1) Bién do6i phuong trinh vé dang f(z) = g(z) ma
flz) > a flx) <a
hay
g9(r) <a 9(x) = a
Nghiém ctia phuong trinh 1a céc gia tri x théa man f(z) = g(x) = a.

véi a 1a hang s6.

» 2) Bién doi phuong trinh vé dang A(z) = m ( m la hing s6) ma ta luon c6 h(z) > m hodc

h(z) < m thi nghiém ctia phuong trinh la cac gia tri z lam cho dau clia ding thiic xay ra.

» Mot s6 phuong phap hay dugc st dung 1a dua vé binh phuong dung, st dung tinh don
dieu ctia ham s6 dé danh gia mot cach hop 1y, st dung mot sé bat dang thiic nhu bat ding
thitc AM-GM, BCS va bat déng thiic Holder.

x Bt ding thic AM-GM : z, + 2o+ ... + &, = n/x1.29...0, , VOi z; = 0 (i=1,n)

Diéng thitc xay ra khi va chi khi 2y = 25 = ... = z,,.

n n n 2
% B4t dang thitc Cauchy-Schwarz (BCS): (Z a?) (Z bf) > (Z aibi>
i=1 i=1 i=1

Déng thitc xay ra khi va chi khi
ay a9 (07

b b b,

x B4t dang thiic Holder: (dang mé rong ctia BCS): cho m bo n s6 duong (m,n > 2):

(an,@m ...... Gln) (02176022 ...... Gzn) ;----;(@mlaamQ ...... Gmn)

Ta ludn co:

m
(au.agl....aml + A12.0922....0m2 + ...aln.aQn....amn)
m m m m m m m m m
<(an™ +ap™ + ..+ a,™)(an™ + an™ + ...+ a2,™) (@™ F Q2™ o F Q™)

Dang thitc x4y ra khi va chi khi céc bo s6 ty 1é v6i nhau.

Bai tap vi du

Bai 1: Giai phuong trinh

13ve —1+9vax+1=16x

Giai
® Y tudng: Ta thay VT c6 bac thap hon nén nghi t6i viec st dung bat déng thic BCS dé
ching minh VT' < VP.
O day néu dé ¥ k§ ta sé can chon diém roi sao cho xuét hien (162 — a) dé tir d6 ¢6 thé tiép tuc
stt dung bat déng thiic AM-GM.
® Lo gidi:
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Dieu kién: > 1
Ap dung bat déng thic BCS:

VT? = (V13.v/132 — 13+ 3v3.v/37 + 3)" < (13 + 27)(13x — 13 + 3z + 3) = 40(16x — 10)

Ap dung bat ding thic AM-GM:

10 + 162 — 10 2
10(162 — 10) = 4.10.(162 — 10) < 4.(————) = (162)> = VF?
VIBz—13 3z +3
= VT < VP. Dang thiic xy ra < V13 3WV3 ereg

10 =16z — 10
Vay phuong trinh v6 nghiém. O
® Nhan xét: Ta cling c6 bai toan tuong tu:
Bai 1*: Giai phuong trinh 13v22 — 24 + 9v/a?2 + 24 = 16
Ta ciing xem qua vi du tiép theo:

Bai 2: Giai phuong trinh 22 +4x+5=221r+3

Giai

® Y tudng: Nhu bai trén, do VT ¢6 bac 16n hon VP nén nhiéu kha nang ¢6 thé ding bat ding
thitc AM-GM.
® Loi giai:

Diéu kien x > —

Tit phuong trinh, ap dung bat dang thitc AM-GM:

(20 +3)+1>2V2r+3=2"+42+5
=2 +4>2"+4dr+5e 2 +2r+1<0
& (r+1)> <0< 2= —1 (chon)

Vay phuong trinh c¢6 nghiém duy nhat x = —1 O.

Bai 3: Giai phuong trinh Va2 +ao—1+vV—-22+x+1=2>—2+2

Giai

® Y tuéng: Dé y ring VT ¢6 dang v/ A + /B nén ta nghi tdi viéc st dung bat dang thic BCS
dé tim gi4 tri 16n nhat. Rdi sau dé ta sé chiing minh VP 16n hon ho#ic bang gia tri nay.
® Loi giai:
. ??+r—-120
Dieu kién:
— 224+ x+1>0
Ap dung bat dang thic BCS c6:

VI <\2@2+z—1—a2+z+1) =2V
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Mat khac:
VP—2yz=2—242-2z=(2— 1)+ (Vz-1">20=VP>2/z> VT

P rr—1=—2*+z+1
Déng thiic xdy ra < ¢ (z —1)>=0 < x =1 (thod DKXD)
x=1

Vay phuong trinh ¢6 nghiém x =1 O.

1 1
Bai 4: Giai phuong trinh T = \/a: ——+ \/1 - —
x x

Giai

Day 1a mot bai toan trong ky thi vo dich toan cong hoa Yugoslavia (Nam Tw) nam 1977, da s6
cac 101 giai thuc hien phép bién ddi tuong duong hodc gidi bang phuong phap dua vé hé phuong
trinh.Sau day la mot 15i giai khéc sit dung bat ding thic AM-GM:

Dieu kién > 1.
Ap dung bat ding thic AM-GM ta co:

\/x—%—i-\/l—i:\/(x—%).(l)—i-\/(x—l)éé%(x—i—l—l—i—x—l—l—i):x

1
r——=1
Vay phuong trinh da cho tuong duong: Ty
r—1=—
x
. R 1 5
Keét hop véi dieu kién ta tim duge x = +2\/_ a.

Bai 5: Giai phuong trinh Vi—-22+V1l+z+vV1l—2=3

Giai

® Y tudng: O day ta thay ring VT la téng clia cac biéu thite c6 dang A, con VP la hing
s6. Do d6 ta nghi t6i viec sit dung bat dang thitc AM-GM cho timg biéu thic ¢ VT dé chiing
minh VI < VP.

® Loi gidi:

Dicu kien: —1 < x <1

Ap dung bat ding thic AM-GM ta c6 :

(T - Y=o < LV r )

2
1++/1
«4/1+x<¥(2)
1+vV1—-2
(VI-e<s—H5— 0
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Cong theo vé (1), (2) va (3) ta co:

Vi—-24Vi+zr+vVi—a<1+Vi+az+V1—z

Ap dung bat ding thic BCS:

Vitr+yVi—2< /20 4+2+1-2)=2=VT<1+2=3=VP

l—axz=1+2x

Dang thitc x4y ra < ¢ 1 +2 =1 & o =0 ( thoa)
l—z=1

Vay phuong trinh ¢6 nghiém x = 0 O.

Bai 6: Giai phuong trinh
V(=2 (4—2)+Vr—2+ V4 —x+62v3z = 2°+ 30

Giai

® Y tudng: Dé ¥ ta thay ngay phai ap dung bat ddng thitc AM-GM cho /(z — 2)(4 — z) va
62v/3x va bat ding thitc BCS cho (vz — 2+ v/4 — ). o) day viéc kho khan chi 14 phai dung
AM-GM dé 6z+/3z nho hon hoic bing biéu thitc dang z* + a sao cho phit hop nhat .

® Loi gidi:

Diéu kien: 2 < v <4

Ap dung bat dang thitc AM-GM:

v<x—2><4—x><\/#:1<1>

62v/3z = 2V 2723 < 23 + 27 (2)

Ap dung bat ding thic BCS:

\4/:1:—2—1—\‘74—35<\/2(\/x—2+\/4—$)<\/2.\/2(33—2—1-4—35):2(3)

Cong theo vé (1), (2) va (3) ta co:

Ve —-2)4—2)+vVr—2+Vi—2+62vV32<2*+30 5 VT < VP

r—2=4-—zx
Dang thitc x4y ra < { 2° =27 & x =3 (thoa).
Vr—2=+V4—zx

Vay phuong trinh c¢6 nghiéem z = 3 O.

Bai 7: Giai phuong trinh V272! — 525 4 /864 = 0

Giai
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® Y tuéng: He s6 ciia dé bai kha xau (dé y v/864 = 2v/27) nén khoé c6 thé bién ddi ding thric.
Vay ta sé co ging st dung bat ding thic dé ching minh v/272° + /864 > 5x5.
Va dé viec nay dé dang hon ta chia ca 2 vé ctia phuong trinh cho 5.

® Loi gidi:
Dé thay z = 0 khong phai la nghiém ctia phuong trinh, chia 2 vé ctia phuong trinh cho 26, viét
lai phuong trinh duéi dang:

2v/27
V2Tt + —5= =5

Ap dung bat ding thic AM-GM c6:

VTt N27xt 27t 2T /27 V270212
V=320 p XS Y P Y o5y e =5 =VP

3 3 3 20 0

) V27t V27
Dang thiic xay ra < 3:6 = — Sr=+V3
x
Vay phuong trinh ¢6 nghiem =z = + V/3 O.

1 1
Bai 8: Giai phuong trinh V2 —a2?+ \/2 - =4- (:1: + —)
x

T

Giai

® Y tudng: Hudng di clia ta khi nhin vio bai toan 1a dua hét cac bién sang mot vé, tit d6 ding
BCS mot cach thich hop. Dé khit duge z khi diing BCS thi ta sé nhém

1 1
x vl V2 — 22 va — véi 2——2.
x V x

® Loi giai:

2—22>0
DKXD: 2—i20
2
x#0
1 1
Phuong trinh da cho tuong duong véi z + v2 — 2% + — +4/2 — - = 4.
x T
Ap dung bat déng thic BCS:
(r+vV2—22)2 <22 +2—2%) =4
1 1 1 1
2 _
(o + Q_E) <2(ﬁ+ —;)—4
r+vV2—122<2 1
=191 1 >ax+V2—12+—+ 2——2<4
—+4/2— =<2 X X
x x?
Dau “=” xdy ra tai = 1 (thda diéu kien).

Vay phuong trinh c¢6 nghiém duy nhat x =1 O.
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Bai 9: Giai phuong trinh

1
302 —1+vVa?—z—aval4+1=—(T2> —z+4

Giai

% Y tuéng: Dy doan phuong trinh ¢6 nghiem duy nhét 2 = —1, tit d6 ta nghi t6i dung bat
ding thitc vi VT c¢6 nhiéu can thiic phiic tap.

® Loi giai:

Diéu kién z > 1 hodc z < _—1

V3
Ap dung bat déng thic BCS:

V322 — 14+ Va2 —z —avVa2 + 1< /(22 4+2)(322 — 1+ 22 —x + 22 4 1)
= V322 — 1+ Va2 —z — Va2 + 1 < /(22 +2)(5x2 — ) (1)

Ap dung bat ding thic AM-GM:

1
TP —x +4) = —=[52% — x + 2(2% + 2)] -——2¢5ﬁ 2(z2 +2)

2v/2

1 2 2 —x)(x?
:ﬁﬁx —x44) >/ (5z (22 +2) (2)

T (1) va (2) taco V322 — 1+Va2 —z—ava2+ 1=

1
2¢?

1
—— (T2 —x+4) = /(22 + 2)(ba? — x
s )= V@67~ 0
Dau “=" xay ra khi x = —1 (thda diéu kién).

Vay nghiém ctia phuong trinh la z = —1 0.

1-— 2 2
Bai 10: Giai phuong trinh \/ st
x 1+ 22

Giai
Dicu kien: 0 <z < 1
2 ~ 2z 1
Dé deé dang hon trong viéc danh gia ta viét lai phuong trinh: /— —1=1+
x

. 1 .
Nhan thay x = 3 la mot nghiém cia phuong trinh. Ta ching minh nghiém nay 1a duy nhat:
) 1 VT >1
*Néu 0 <z < =, khi d6 , phuong trinh vo nghiém.
2 VP <1

1 VT <1 . ) n
*Néu - < o <1, khi doé , phuong trinh vo nghiém.
2 VP >1

1
Vay phuong trinh c¢6 nghiém x = 3 0.

% Nhan xét: 10i giai trén khac v6i nhitng bai trude, chiing ta khong thé ching minh VT > VP
hay VT < VP néu khong chia truong hop ra dé xét. Do d6 dbi véi nhitng bai phuong trinh c6
stt dung phuong phap danh gia doi héi ta phai bién déi linh hoat (nhin qua thi c6 vé VP la
ham ting con VT la ham gidm, nén nhiéu kha nang PT c6 nghiém duy nhat) . K§ thuat chia
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truong hop nay ciing rat quan trong trong giai hé phuong trinh.

Bai 11: Giai phuong trinh

3 2¢/1 —
x2+4x+5——x:(x—1)(1——x)
?2+x+1 Va4 +1
Giai
DK: z < 1.
Phuong trinh da cho tuong duong véi:
22 1 2v/1 —
(x+2)2+w:(x_1) 1_—I
?+ax+1 vaz+ax+1
hay
2v/1 — 1—x)?
(AT ) o
vat+ar+1 ?+r+1

Daty=v1—z,z=va?+xz+1 (y >0,z > 0), phuong trinh tré thanh:

2y y*
N =2 (2 1)L
(z+2) y(z ) o

Dé thay VT > 0. Ta co:
2 4 2 9 2
vP=y(Z-1)-L =y (- L+ =—y2<g—1> <0
z 22 22 z z

T d6 suy ra VT > V P va phuong trinh tuong duong véi:

r+2=0 2=10
Y & v < x = —2 (chon)
y<;—1>:0 y=0Vy==z

Vay phuong trinh c6 nghiém duy nhat z = —2 O

Bai 12: Giai phuong trinh
13 {(gﬁ 324 6)2+ (22— 22+ 7)ﬂ = (522 — 122 + 33)°

Giai
® Y tudng: Dé y théy ring 13 = 22 + 32 nen VT ¢6 dang (a® + b?) (2% + »?), tit d6 ta nghi tdi
viec sit dung BCS dé chitng minh VT > V P.
® Loi gidi:
Ap dung bat ding thic BCS c6:

VT = (248 (2 =32 +6)" + (2 = 20 +7)")

> [2(2® = 32 4 6) + 3(2® — 20+ 7)]” = (522 — 122+ 33)° = VP

Déng thiic x4y ra
2 3
<~ = <~
2 —=3x+6 x?2—-2x+7
Vay phuong trinh ¢6 tap nghiem S = {1;4} O

r=1Vx=4

Bai 13: Gidi phuong trinh 2% 4 5002° + 1500z + 1999 = 0
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Giai

Véiz >0, VI >0=VP (voly) =2<0=|z|=—x
Ap dung bat ding thic AM-GM c6:

23000 4+ 2999 = 23900 1 4+ 1+ .. +1 > 3000 **Va3090.1.1...1 = 3000 |z| = —3000z (1)
23000 + 999 = 23000 + 1 + 1+ ...+ 1> 1000 “V2390.1.1...1 = 1000 |23| = —10002* (2)

Lay (1)+(2) ta co:
2% + 3998 > —(1000x* + 3000z)

= 2390 4 5002% 4+ 15002 + 1999 > 0= VT > VP

23000 _ 4

Ding thiic xdy ra < Sr=-—1
r<0

Vay phuong trinh ¢6 nghiem S = {—1} O

Bai 14: Giai cac phuong trinh sau:
4 4 1
a) 32z* + (4o — 1)* = —

27
(14 z)®+162* 1
b) ==
(1+22)* 8
Giai
. . £ 2 P 4 4 4 1 4
a) Ta chiing minh bat dang thic phu sauw: z* + y* + 2* > 2—7(x +y+2)
1 11 S
That vay: z* + y* + 21 > 5(552 +y?+ 222 > 3 {g(ac +y+ 2)2} = ﬁ(g; +y+ 2)*
1
=t +yt4+ 2t > ﬁ(x+y+z)4
Ap dung ta c6

1

320" + (4o — 1)* = (22)* + (20)* + (1 — 42)* > >

1
2 2 1—4x) = —
(2z + 2x + x) 5

1
Do d6 phuong trinh trén tuong duong 2x =1 —4x & x = 6

Vay phuong trinh c6 nghiém duy nhat x = -~ O.

| =

L e A% + B%)? A+ B)?
b) Ta chitng minh bat dang thiic phy sau: A* + B* > ( —; ) > ( —; )
V6i A = (z+ 1)? vi B = —2z thi ta c6:

(1+2?)* 1

(14 z)%+162* _ 1
(1422 7 8 (1+a2)* 8

Déu “=" x&y ra khi vi chi khi (z + 1)’ = 22 & 2= -2+/3
Vay phuong trinh ¢6 nghieém duy nhéit z = —2 + /3 O.

Bai tap tu luyén
Bai 1: Giai phuong trinh /322 + 6z + 7 + /522 + 10z + 14 = 4 — 22 — 22
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Bai 2: Giai phuong trinh v22 — 6z + 11+ V22 — 62+ 13+ Va2 —4dx +5 =3+ 2
Bai 3: Giai phuong trinh 19V7—1 4+ 5Va7=1 4 g5Va?=3s42 _ 3
Bai 4: Gidi phuong trinh 22 — 3z + 3.5 = /(22 — 22 + 2) (22 — 4z + 5)

2

1
Bai 5: Gidi phuong trinh v/52% 1 322 + 37 — 2 = ‘% +30 -5

Bai 6: Giai phuong trinh

(V2 —8r+ 7+ Va2 —82—9) + (VVa2—8r+7—+a?—8x—9) = 27!
1 5

Bai 7: Giai phuong trinh 822 + \/j =35
x

1
Bai 8: Giai phuong trinh E(?)x?’ +224+ 92— 7) = (22 4+ 2)° + (23 + 3z — 3)

2

MOT SO BAI TOAN CHON LOC

’ Bai 1: Giai phuong trinh &7z +1 — Va2 —a2 — 8+ Va2 — 8z + 1 =2

Giai
Dita= V72 +1;0=~v/8+x —a2%c=va?—8x+1

Ta c6 hé

a+b+c=2 (a+b+c)*=8
=

= (a+b)(b+c)(c+a)=0
a4+ b4 =38 a4+ b+ =38

ea=—-b=>zr=—-1Vze=9

eb=—<c=zr=1

ec=—a=x=0Vr=1

Vay phuong trinh c¢6 nghiem S = {—1;1;0;9}. O

® Nhan xét: Ta c¢6 bai tuong tw: v/3x + 1+ v/b—x+ 2 —9— /4r —3 =0

Bai 2: Giai phuong trinh 5(3022 — 4z) = 1336(+/30060z + 1 + 1)

Giai
DKXD: 2> —
30060
V300602 +1+1
Dit y = vt 15y — 1 = /300607 + 1 = 15y% — 2y = 2004z

15
Mat khac tit phuong trinh dau ta c6 3022 — 4z = 4008y < 1522 — 22 = 2004y

1522 — 22 = 2004y
Ta ¢6 hé phuong trinh
15y — 2y = 2004z

Trit vé theo vé ta c6 (z — y)[15(z + y) +2002] =0
o Véix =y = 152 — 1 =+/30060x + 1

- 0V 2006
T = T =—
15
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V6i & = 0 thi phuong trinh dau vo nghiem.
e V6i 15(x + y) + 2002 = 0:
V300602 + 1+ 1 < 1

Ta c6 30060x+1 2> 0=y =

15 ~ 15
—1 1
Nen xz +y > 30060 + T 0= 15(z + y) —1-2(2)8(6)2 > 0. Vay trudng hop nay loai.
Vay phuong trinh c6 nghiém duy nhat x = ST

Bai 3: Giai phuong trinh 4v/1 —x =2 +3 +3v1 — a2 + V1 — 22

Giai
bat x = cost;t € [0; 7] ta c6 phuong trinh
4v/1+ cost = cost 4+ 3+ 3v1 — cost + sint
@4\/5005% :cost+3+3\/§sinf+QSin£cosE

2 2 2
<:)4\/§cos£—4—251n2z—{—3\/§sin£—I—QSimzcosE
2 2 2 22
t ot .ot ot
<=>2COS§ 2\/§—sm§ + 2sin 5—3\/§SIH§—4:O

t t t t
<:>2cos§ (Qﬁ—siné) + (sin§—2\/§> (2sin§+\/§> =0

t t t
(sin§—2\/§) (ZSin§—2(:os§+\/§> =0

t t t t 1
<:)2sin§—2cos§—|—\/§:0<i>sin§—cos§:—ﬁ
t 7 m m
- ——=——+ k27 l=—
- < 7r> 1@ 2 4 6 - 6
sin[-——-)=—=
2 4 2 t W*77T—|—k2 t_gﬂ'(l)
2 4 6 7" 6
£ « 2 e X oA o N L . P N \/g
Doi chieu véi dieu kién cua ¢, phuong trinh ¢6 nghiém duy nhat x = cos 6= o

a

Bai 4: Giai phuong trinh (2* — 3z + 1)va? + 21 + a* — 322 + 2 = 21

Giai
Viét lai phuong trinh da cho dudi dang
(22 +21) — (2® =3z + 1)Va2 + 21 — (z* —22° +2) = 0
Dat t = Va2 +21 > 0 ta 6 phuong trinh

2 —(2* =3z + )t — (z* — 22" +2) =0 (%)

(o A= (22 =3z+ 1) +4.(x? =222 +2) =2® =22 + 223 + 2> — 20 + 1 = (2% — v + 1)?

t=—xz(1)

nén c6 nghiém . 59 £ 1(2)
=x° -2
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Xét (1) ta co:

Viz+21l = -z 22+ 21 =22 ~ .
(1)< & (vo nghiem)
x <0 x <0

Xét (2) ta co:

e Vei+t2l=0-22+1 Va2 +21 -5=2%—21r -4

22 —4 9 T =2
& ————=(r—-2)(z"4+22+2) & T+ 2 )
Vi 21+ 5 _ =g 4+ 20+2 (3
SR ViZ 12145 )
T+ 2

T+ 2 < T+ 2

V2 + 2145  |Va2+2145

Suy ra (3) vo nghiém.

Xét (3) ta co: <r*+2x+2=VP

<

5

Vay phuong trinh c6 nghiém duy nhat x = 2. O

1 — a2

x

Bai 5: Giai phuong trinh zt + 223 4 222 — 22 + 1 = (23 + x)\/

Giai

Do a? + 223 + 222 —2x + 1 =2%(x + 1) + (1 —2)? > 0 Vz nén dicu kien ciax 1a 0 < x < 1
Viét lai phuong trinh duéi dang

P+ 12+ (1 -2 = (@ + )Vale + D1 - 2) (2)

u,v >0
PDitu=z(z+1)v=1-2z=
utv=212*+1

Khi d6 (2) tré thanh
u? + 0% = (u+v)Vur & (Vu— Vo) (u+v+yvuw) =0 u=1v

Suyraz(r+1)=1-re2®’+2r-1=02=—-14++2
D6i chiéu diéu kien chi ¢6 & = —1 4+ v/2 1a nghiém ctia phuong trinh. O

Bai 6: Giai phuong trinh 1022 + 3z + 1 = (6 + 1)vz2 + 3 (x)

Giai
Dat u = 6x + 1;v = Va2 + 3 ta co:
1 9 2 9
VI($)1022 + 32+ 1=~ (6o + 12+ (2 +3) — > = % 42— 2
4 4 4 4
(*) tr6 thanh:
1 9
S-S =mw s (u—-0)P =9 u—2v=243

4 4
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e V6iu—2v=3

3r—12>20
= 14+6x—Vr2+3=33r—-1=vVa3+3 & Sor=1
2 +3=(3zx—1)?
3r—22>0 7—3
e Viiu—2v=-3=3z+2=Vr2+3 & <:>x:\/—
(Br+2)*=2%+3 4

7—3
Vay phuong trinh c6 tap nghiém S = {1; \/_4 } . O

Bai 7: Giai phuong trinh

8z(1—2%) 2v/2z(x + 3) 5V ()

(1+22)2 1+ 22

Giai
2z 1 — 22
b=
14 22 14 22
2+/2 3
%:ﬁ(ga

+ 2

Dat a =

Ta tinh duge —b+1) vaa®+b*=1neén (*) tré thanh:

4ab—V2(3a—b+1)=5—-+2

& dab — V2(3a — b) = 5 = 3+ 2a° + 2b*

& 2(a—b)2+3—V2(a—3b) =0

& 2a—b)?—V22(a—b)—(a+b)]+3=0

S V20a—-b)P2=2vV2(a—b)+1+V20a+b+v2) =0
& [V2(a—b) =1+ V2(a+b+v2) = 0 (+)

Ta ciing c6 |a + b < /2(a2+0?) =vV2=a+b> -2

Vay (**) ¢6 VT > 0 = VP vi ding thitc khong x4y ra. Do d6 phuong trinh (*) v6 nghiem. O

, 3
Bai 8: Giai phuong trinh (4% — 2 +3)3 — 2% = 5 (%)

Giai
Datt =42 -z +3=t=3=t—42+7z
Phuong trinh (*) tré thanh:

g3 t—drt4u
B 2
S (t+n)2* —22r+20° - 1)=0&t+x=0

-3
T d6 tim duge . = )/ —. O

2 —x s+ 2P —t—x=0



CHUGNG IV: PHUONG TRINH MU-LOGARIT

Bai viét nay sé gidi thieu dén cac ban mot s6 Phuong phap giai phuong trinh mi - Logarit, véi
mong mudn it nhidu sé 1a tai lieu tham khao hitu ich cho ban doc, qua dé chuan bi hanh trang

cho cac ban hoc sinh trong céc k¥ thi tuyén sinh vao Dai hoc.

LY THUYET

Cho phuong trinh a® =m (a > 0,a # 1), ta c6:
e Néu m > 0 thi phuong trinh da cho ¢6 mot nghiem duy nhat z = log, m.
e Néu m < 0 thi phuong trinh da cho vo nghiem.

Ham s6 logarit:
e a°=0b<% c=log,b.

alo8ab = p.

loga(bl-bQ) = loga bl + loga b2-

log, b% = a.log, b.

°
—
o

o

IS
o

Il

log, ¢ = log, a.log, c.

log, b = .
log, a

1
e log,.c = —.log,c.
a

Sau day 1a mot s6 phuong phéap gidi phuong trinh mil - logarit.

PHUGNG PHAP DAT AN PHU

Phuong phép dit an phu la mot phuong phép khé pho bién déi véi cac bai toan phuong trinh
va hé phuong trinh. Cac bai toan giai phuong trinh ma ta c6 thé ap dung phuong phap nay,
néu dé, thi ta sé thay ngay dau hieéu la mot biéu thic chita bién nao d6 lap di lap lai nhiéu
lan, con néu khé hon, thi ta can phai c6 mot it bién doi khéo 1éo, chii yéu la dé dua vé hinh
dang so khai clia bai toan, 13 mot phuong trinh véi céc biéu thiic chita bién lip lai. Ciing c6
truong hop, bai toan yéu cau ta phai dat them nhiéu an phu khéc, nham tao ra mot phuong
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trinh ho#ic mot he phuong trinh mdéi dé dang gidi quyét hon. Sau day, ching ta hdy cing nhau

xét cac vi du nhé nham lam sang té hon ¥ tudng gidi quyét cic bai toan dang nay.

Bai 1. Giai phuong trinh 2¢°~¢ 4 22+e—* — 3

Giai

® Y tudng: Ta nhan thiy ring biéu thic 22 — z duge lap lai trong phuong trinh trén. Vi thé,
ta sé c6 ngay ¥ tudng la phai dat mot an mdi thay thé cho biéu thic nay.

® Loi giai:

Dat t = 22 — z, phuong trinh da cho trd thanh:

1
2t+22*t:3<:>2t+4§:3@(2‘5)%4:3.%

Dén day, ta lai thay phuong trinh thu dugc c6 biéu thic 2¢ duge lap lai, vay ta sé dit them
mot an mdi.
Dat u = 2!, ta duge : u? — 3u + 4 = 0. Phuong trinh nay vo nghiem.
Do dé, ta c6 phuong trinh da cho vo nghiém O

Bai 2. Giai phuong trinh log, z + y/10log, 4+ 6 =9

Giai
Dit t = log, , phuong trinh dugc viét lai thanh:

t<9
t+ V10t + =9<:>{ St=3=>2r=38

10t +6 =t — 18t + 81

Vay phuong trinh da cho ¢6 mot nhiém duy nhat z =8 O

® Nhan xét: O hai bai toén trén, biéu thic lip lai da duge “phoi bay” ra trudée mit, va ching

ta dé dang nhan biét duge phuong phap dit an phu déi v6i bai toan. Nhitng bai toan sau day,

cac biéu thic chita bién lip lai sé bi gidu di, tit don gidn, dén tinh xdo, va do kho ctia viéc tim

ra quy tac “bi an” day, ciing 1a nac thang dé quyét dinh mic do kho ctia bai toan.
Bai 3. Giai phuong trinh 3%+8 — 43205 + 27 = 0 (¥)

Giai

® Y tudng: V6i bai toan nay, ta nhan thay réing cic hang ti trong phuong trinh déu c6 liy
thita ctia 3, do d6, dau tién ta sé triét tieu cac lily thita nay.
® Loi giai:
Ta co:
(%) & 310+8 _ 4 32045 | 33 _ ( o 3ATH5 _ 432042 |1 —

&334t 3202 L 1 =
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Dén day, ta dé& dang c6 dugc cach dat an phit hop.
Dit t = 32272 > (. Phuong trinh da cho tré thanh:

9 t=1 32742 — 1 r=—1
-4 +1=0« :% = 202 _ g1 = x__g

3
Vay phuong trinh da cho c¢6 tap nghiém la S = {—1; ——} O

Ta sé luyén tap thém véi bai toan tiép theo.
Bai 4. Giai phuong trinh 22716 4+ 277 — 17 =0 (%)

Giai
Ta co:
(%) & 2210 +16.2°75 — 17 =0
Dat t = 213 > 0, ta co:

— =22 =ler=-3
t =—17 (loai)

2+16t—17=0<

Vay phuong trinh da cho ¢6 tap nghiem la S = {-3} O
Bai 5. Gidi phuong trinh (2+v/3)" + (2—v3)" =4 (%)

Giai

® Y tudng: V6i bai toan nay, dé ¥ ring (24 v3) . (2= +/3) = 1. Ta sé nhan lugng lien hgp dé
lam xuat hien biéu thic chung.
® Loi gidi:
Ta co: .
() & (2+\/§) TR S——
(2+V3)

Dat t = (2 + \/§>ac > (0. Phuong trinh tré thanh:

@+V3)' =24v3 =1
2+v3) ' =@2+v3) " |z=-1

t=2++3

1
t+-=4%< =
t [t:2—\/§

Vay phuong trinh da cho ¢6 nghiém la x = +£1 O
Bai 6. Giai phuong trinh 2.16* — 15.4* —8 =0

Giai

® Y tuéng: Ta cha § ring 16” = (4%)2, do d6, ta da dinh huéng duge ngay phuong phap dit

an phu.
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® Loi giai:
bat t =4* > 0, ta co:
t=38 3

2t — 15t — 8 =0 & 1 4" =82 = or=C
t= ~3 (loai) 2

. 3
Vay phuong trinh ¢6 mot nghiém duy nhat x = 3 O
Bai 7. Gidi phuong trinh (3 ++/5)" + 16 (3 —v/5)" = 2743 (%)

Giai

® Y tudng: V6i bai toan nay, ¥ tudng dau tien chinh la nhan lugng lien hop cho (3 — v/5). Thé
nhung, & vé phai ciia phuong trinh bay gio 1a 2*+3, do d6, ta can phai bién doi phuong trinh

lam sao cho méat di bién x & hang tit 2°+3,

® Loi gidi:
345\ 35\
(@@( ZJj—H6< ;F>:8

Ta co:
Dén day, ta sé dung lugng lien hop nhu binh thuong.

x 1 B x
Datt=<3+2\/g> >0:>¥:<3 2\/6) . Ta co:

16 345\ 345 In4
t+—=8&t=4= +\/_ =4=z.1n +\/_ =Ind & x = I
t 2 2 In (3++5) —In2

In4
In (3+\/5) —In2

Vay phuong trinh ¢6 mot nghiém duy nhat z =

Bai 8. Gidi phuong trinh (7 +4v3)" =3 (2—-v3)" +2=0

Giai

Viét lai phuong trinh:

(2+¢§>2x—3(2—\/§) +2=0
Datt:(2+\/§)x>0:>%:(2—\/§)x.Tac():

t=1

3
P——+2=0&|
t t2—t+3=0

¢<2+¢@$:1@x:o

Vay phuong trinh da cho c¢6 nghiém duy nhat z =0 O

Bai 9. Giai phuong trinh 2.4% + 63 = 9%

Giai
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® Y tudng: Bai toan nay yeu cau ching ra can phai bién déi mot hop 1y dé tao ra biéu thic
thich hop cho viéc dat an phu.

® Loi gidi:

Phuong trinh da cho tuwong duong véi

3\ =
Datt:(§) > 0, ta co:

t=—1 (loai
(loai) o
t=2

1
e 1
:>(§) :2$—.ln(§>:1n2<:>x:10g23—1
2 T 2

Vay phuong trinh da cho c6 mot nghiem duy nhat z = log, 3 —1 O

2+t:ﬁ¢¢[ t=2

Bai 10. Giai phuong trinh 3.16" + 2.81% = 5.36"

Giai

Phuong trinh da cho tuong duong véi

()

9 X
Dat ¢t = (Z) > (. Phuong trinh tré thanh:

t=1 r=0

342t =5t & 3 = 1
t=— T ==

2 2

1
Vay phuong trinh c6 tap nghiem S = {O; 5} a

Bai 11. Giai phuong trinh 125% 4 50% = 23*+1

Giai
Phuong trinh tuong duong vé6i <%>“f + (%)ﬂﬂ =2
bat t = (g)m > (. Ta co:
P+t —2=0t=1=2=0
Vay phuong trinh da cho c¢6 nghiém duy nhég r=0 0O

T
Bai 12. Gidi phuong trinh =1
al 1ol PHUONS B 4—logx+2+logx
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Giai

t#£4
bat t = logx, suy ra {t ;é 5 Phuong trinh tré thanh

1 2
_+_:1@[

=
t=2 z = 100

t=1 =10
4—t 24t

Vay phuong trinh da cho c¢6 hai nghiém la x = 10 va z = 100 O

Bai 13. Giai phuong trinh \/1 + logg gs * + \/3 +logyox =1

Giai

® Y tudng: Déi véi cac bidu thic log, f(z) véi a > 0, thi didu kien dé ham logarit nay ton tai
1a f(z) > 0. Khi tién hanh gidi cdc bai toan phuong trinh logarit, ta phai dac biet cht y dén
diéu kien xac dinh ctia bai toan.

® Loi gidi:

DKXD: logy,z > =2, > 0.

Dat t =logy,x =t > —2. Ta co:

/ 1 /1 5 3
1+§t+\/3+t:1:>2 §t2+§t+3:—3—§t

3
Dot}—lnén—3—§t<0,suyrat:—2,hayx:25 O

Bai 14. Giai phuong trinh log,. 16 + log,, 64 = 3

Giai
P 1
Ta nhan thay rang x =1 va x = 2 khong théa man phuong trinh da cho.
V6i mot s6 bién doi nhé, phuong trinh tuong duong véi:

2 n 6
logox  1+logyx

t#0
bat t =log, x = 7 . Ta co:
t#—1
2, 6 .. t=21j x =
t o t+1 t=—= g =271/3

Vay phuong trinh da cho ¢6 tap nghiem S = {4;2'/3} O
Bai 15. Giai hé phuong trinh sau:
log) (1 =2y +y?) +1log,_, (1 +2z+2%) =4 (1)
logy,,(1+2y) +1ogy 5, (1+2z) =2 (2)
(DH Qudc gia TP HCM)
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Giai

. 0<1-— 1 —1
Diéukién:{ < v <:>{x>

O<l+4az#l y<1’

Ta co:
(1) < log, (1 — y)? + log;_, (1 + r)? =44 logy (1 —y) +log;_,(1+z)=2 (3)

1
Dat ¢t = logy, (1 —y), suy ra log, ,(1+z) = T Phuong trinh (3) tré thanh:

1
t+2:2:¢?—%+1:0@t:1

Suy ra
log, ,(1—y)=1lel-—y=1l+rer=—y

Thay vao phuong trinh (2), ta duge

log,, (1 —2z) +log, (1 +22) =2 & log, (1 — 43:2) =2
=1-4d’=(1+a2) b +2r=0% 2

2
Suy ra y = £

. 2 2
Thit lai nghiém nhan duge vao hé phuong trinh ban dau, ta c¢é duge nghiém (—g; g) la nghiém

duy nhat ctia hé da cho O

Bai 16. Giai phuong trinh log;(3* — 1).1log;(3*™ — 3) =6

Giai
Dit t = logy(3” — 1), phuong trinh dugc viét lai:

t=2 1 3 —1)=2 = log, 10
t2+t—6:0<:)[ :[Og‘g( ) o | TT

t=-3" |logg(3*—1)=—-3 |z =1log,28 — 3

Vay phuong trinh da cho c6 hai nghiém la x = log; 10 va z = log28 —3 O

Bai 17. Giai phuong trinh log,(x — v 22 — 1).1logs(z + V2?2 — 1) = logyg(x — Va2 — 1)

Giai
1
batt =2 — Va2 —1, suy ra x + Va2 — =3

Phuong trinh da cho tuong duong véi

1 1 =0
log, t.log, — = log,,t & —log, t.log: t = log,,4.log,t < 964
4 5 20 4 5 20 4
t logst = —logy, 4
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t=1
< t = f—log4

_ /12 _ 1 — r—logyp4
% V6i t = 57198204 suy ra {m * L=5" " S o= L (5’1°g204 + 5losao4

% V6it=1suyraz=1.

2+ V22 = 1 = Hlogant ) )
1
Thit lai cac gia tri nhan duge, phuong trinh da cho ¢6 hai nghiemlax = 1vax = 5 (5_ logz04 1 5logzo 4) O

Bai 18. Giai phuong trinh log,(z? + 3% + 2) + logy (22 + Tz + 12) = 3 + log, 3

Giai
) \ 2+3:4+220
Nghiém ctia phuong trinh (néu ¢6) phai théa man dieu kién xac dinh e
? +7r+1220
Phuong trinh tuong duong véi
logo(x +1)(x +2)(x +3)(x +4) =log,2d < x+ 1)(z+2)(x+3)(x+4) =24

t=—6

Dat t = 2% + 5x + 4, ta thu duge t(t +2) = 24 & [

Suy ra

?+5x+4=-6 [x:()
= .
T =5

2 +5r+4=4
Nhan thay cic gia tri ndy thoa man tap xac dinh ban dau. Vay, phuong trinh da cho c6 hai
nghiem lax =0vaxr=-5 0O

Qua cac bai toan trén, chiing ta rat ra duge mot s6 kinh nghiém va mot s6 diéu dang luu ¥ khi
giai phuong trinh mi - logarit:

+ Luu ¥ dén diéu kien xac dinh clia bai toan dua ra. Cac diéu kién nay cé thé gitp ta chin
duge mién nghiém trén phuong trinh hé qua, gitp ta thu duge nghiém chinh x4ac hon. Con néu
nhu ching ta khong xac dinh diéu kién bai toan, thi sau khi giai quyét xong, chiing ta can mot
budc khong thé bé qua 1a thit lai nghiem vao bai toan.

* Dé c6 duge cac bude bién ddi muu meo trong céc bai toan phuong trinh nhu trén, doi héi
chiing ta phai c6 kinh nghiém lam bai, luyén tap v6i nhiéu dang bai tap khac nhau. Va dé gitp
cho cac ban luyén tap nhiéu hon v6i phuong phap nay, ching t6i xin dé nghi véi cac ban thi

luyén tap v6i mot s6 bai tap tu luyén sau day:

Bai tap tu luyén:
1/ 43—1—200596 _ 7'41+cos:1: —2=0.

2/ loga z.log, (42%) = 12.
logoxr loggdr

log,2x  log,s8z

4
4/ (2 -1 1 - =1
/ ( 0gsz) logy,3 1 — log,z

5/ 2alo82® 4 2g—Slossr _ 5 — (),

6/ ( 7+4\/§>cosx+< 7_4\/§>COS:B: g
7/ logy (9 —2%) =3 — x.
8/ 710g%5(51)71 _ xlogs’? = 0.
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PHUONG PHAP DUNG DON DIEU HAM SO

Bai 1. Gidi phuong trinh 22*=1 4 3%¢ = 52e+1 — 9z 4 3o+l | fet2

Giai

Nhin vao bai toan nay, ching ta sé thay ngay rang phuong phap dat an phu c6 vé nhu khong
c6 tac dung. Chung ta sé c6 nhitng nhan xét sau day:
* Néu x > 1 thi 22771 4 3%2¢ = 52efl 5 9z 4 3o+l | foet2
* Néu x < 1 thi 22271 4 3%¢ = 520l < 97 4 3o+l | 5oet2
* Néu z = 1 thi 22271 4 320 = 52l = 9z 4 3o+l | 5et2(= 136).
Vay phuong trinh c¢6 1 nghiém duy nhat z =1 O

Bai 2. Giai phuong trinh 3%* + 4%* = 2.12°%

Giai
Ap dung BDT AM-GM, ta c6: 3% 4 42% > 2.12*. DAu déng thic xay ra, do d6: 3° = 4%
x Néu z > 0: 3% < 4°.
x Néu z < 0: 3% > 4°.
x Neur=0:3"=4*=1.

Vay phuong trinh da cho c¢6 nghiém duy nhat z =0 O
Bai 3. Giai phuong trinh z + log(z? — z — 6) = 4 + log(z + 2)

Giai

Phuong trinh tré thanh:

2>0 >3
x—l—log(x+2)—|—log(w—3):1—|—log(x+2)<:>{ v <:>{ g

log(z —3)=4—=x log(z —3)=4—=x

x Néu 2 > 4 thi log(x — 3) > logl =0> 4 —z.
* Néu 3 < z < 4 thilog(z —3) <logl =0<4— .
* Néu = 4 thilog(x —3) =logl=0=4—z.

Vay phuong trinh c¢6 nghiém duy nhat x =4 O
Bai 4. Giai phuong trinh (1 + 27)(1 + 37)(1 + 36°) = (1 + 6°)?

Giai
Ta c¢6 BDT sau:
(14+2)(1+y)(1+2) > 1+ Jayz)®, Va,y,2>0

Ap dung vao bai toan, ta co:

(14 27)(1 4+ 3%)(1 + 36%) > (1 + v/223¢36%) = (1 + 6)3
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Dau dang thitc xay ra, do d6 2% = 3% = 36 = z = 0.
Vay phuong trinh c¢6 nghiém duy nhat x =0 O
Bai 5. Giai phuong trinh z = 2'°&s@+3)

Giai

DKXD: 2 +3 >0« x> —3. Dat t =logs(x + 3) = = = 5" — 3. Ta ¢o:

t t
5t—3:2t<:>(§) —3(%) =1

) 5\" N\ 5 3
Néut>1thi[2) —3(= S_2_1.
xinis v (2) (1) 53-8

) 5\" N\* 5 3
Néut<1thi[2) —3(= S_2_-1.
v <t (2) (1) <223

5\° 1\
_3 _

Néut=1thi (= = 1.
« Néu 1(%> (J

Do d6 t = 1, hay = 2 (nhan).

Vay phuong trinh da cho ¢c6 mot nghiem duy nhat x =2 O

® Nhan xét: V6i cac bai toan trén, c6 thé thiy dude nhitng bude bién déi rat kinh dién cta

phuong phap danh gia BDT. Con § nhiing bai toan sau day, cac ban can phai c6 su két hop

khéo 1éo gitta cac BDT va viéc xét tinh don diéu cia ham so.
Bai 6. Gidi phuong trinh .2 = z(3 — x) + 2(2* — 1)

Giai
Phuong trinh da cho tuong duong véi:

r =2 (nhan)

r—2)(2"+2rx-1)=0<«
(z — 2)( ) N

Xét phuong trinh 2* +2 —1=0. Dat f(z) =2+ 2 — L.

Ta co f'(x) =In22"+1>0 Vo eR.

Nhan thay z = 0 théa phuong trinh nay, do d6, phuong trinh da cho c¢6 2 nghiem 1a z = 2 va
r=0 0O

® Qua bai toan nay, ta rat ra duge mot dicu: D6i véi viee gidi phuong trinh 2 + 2 — 1 = 0
nhu trén, ta c6 thé suy ra duge diéu kién 14 # > 1. Thé nhung diéu nay 1 khong nhat thiét
can thiét, vi trong mot s6 truong hop, viéc giai diéu kién hé qua dé6 1a kha rac réi. Mot cach
don gidn hon ta c6 thé lam la tim ra céc nghiém ctia phuong trinh da cho, sau d6 thay vao
lai phuong trinh ban dau dé nhan nhitng nghiém théa man. Nhung lai trong nhiéu truong hop
khac, nhitng diéu kién hé qua lai t6 ra rat hitu hiéu cho viéc giai phuong trinh nhu chan mién

nghiém, st dung BDT, xét dau, tinh don diéu, ...v.v...
20 +1

(c— 1)

Bai 7. Giai phuong trinh 22? — 6z + 2 = log,

Giai
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. r—1#0
Diéu kién: 1 .
$>—§

Phuong trinh dugc viét lai thanh:
1 1 9 9
log, x+§ +2 w—|—§ = logy(x — 1)" + 2(x — 1)7(*)

Dat f(z) =logyx + 2z v6i > 0. Ta co: f'(z) =2+

Do d6, ham f dong bién trén (0; +00).
1
Lai tit (%), ta c6 f (x + 5) = f((x —1)?), suy ra:

1
x‘1n2>0 Yz > 0.

L 9 )

Vay phuong trinh da cho c¢6 tap nghiém S = {

3+ﬁ.3—ﬁ} -
5 2

Bai 8. Giai phuong trinh (1 + x)(2 + 4%) = 3.4"

Giai
Dé c6 z > —1. Xét ham s6 f(z) = (1 +2)(2 +4%) — 3.4 véi x € (—1; +00).
Ta co: f'(z) = (x—2)4"Ind+4%+2, f"(z) = (r—4)(In4)?+2.4% In 4, f"(z) = (z—2)4%(In4)>+
3.4%(In 4)2.
f”’(x):O(:Mz::2—i bat z :2—i
; In4" " 0 Ind" )
Ta thay ham f”(x) nghich bién trén (—1; zg), dong bién trén (zq; +o00) va f"(—1) < 0, f"(zo) <
0, hI—P f"(z) = 400, nén phuong trinh f”(x) = 0 ¢6 ding 1 nghiem. Do d6, phuong trinh
T—r+00
f'(z) = 0 ¢6 t6i da 2 nghiém, suy ra phuong trinh f(x) = 0 ¢6 khong qua 3 nghiem.

Ta nhan thiy c6 ba gia tri x théa man phuong trinh da cho lh 2 =0, x = 5 r=1.

1
Vay phuong trinh da cho c¢6 tap nghiém S = {O; 3 1} O

Bai 9. Giai phuong trinh 12% + 13% + 14% = 2% 4 3% 4 4% + 870% — 2400z + 1560z

Giai
X6t ham s6 f(z) = 127 + 13% + 14 — (2% 4 3% 4 47 + 870% — 240022 + 1560z).

Ta sé chitng minh dao ham cap 4 ctia ham s6 nay luoén am hodc luon duong véi moi gia tri x
¢6 thé nhan duge. Ta cé:

fW(z) =12°(In12)* + 13°(In 13)* 4 14°(In 14)* — 2°(In2)* — 3%(In 3)* — 4%(In4)*

Ta xét cac truong hgp sau:
* Néu z < 0, 4p dung BDT Bernoulli cho s6 = < 0, ta c6 12° > 2(12—1) +1 = 11z + 1. Tuong
tu, ta ciing ¢6 13* > 12x + 1, 14* > 13z + 1. Suy ra:

127 + 13" + 14" > 36x + 3
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Lai c6
27 + 3% + 4% 4 870% — 24002° + 15602 < 3 + 361 + (8702 — 2400z + 1524) < 362 + 3

Do do

127 4+ 137 4+ 14" > 2% + 3% 4+ 4" 4 870" — 24002° + 1560z
Diéu nay mau thuin vé6i dé bai da cho.
% Néu z > 0, suy ra f® >0, do d6 phuong trinh da cho khong c6 qué 4 nghiém.
Nhan thay cic gia triz =0, x = 1, = 2, z = 3 théa man phuong trinh da cho.
Vay phuong trinh ¢6 tap nghiem S = {0;1;2;3} O
Bai 10. Giai phuong trinh 9%(3% + 2%) = 2%(8* 4 7*) + 5%(5% — 27)

Giai

Ta c6 nhan xét rang, vdi bai toan trén, ta khong thiy cac co s6 c6 mobi lien quan nao dén nhau,
cac ham s6 chia bién thi toan la ham s6 mi. Ta thit bién doi vé dang phuong trinh cé lgi
f(a) = f(b). Ta co:

< 107 + 127 — 16" — 25" = 127 4+ 14" — 18" — 277

Ta xét ham s6 f(t) =" + (t +2)* — (t + 6)° — (t + 15)” v6i t > 0. Phuong trinh da cho tuong
duong véi

f(10) = f(12)
Ta thay rang, ham f lién tuc va kha dao ham trén [10; 12], nén theo dinh 1y Largrange, ton tai

10) — f(12
¢ € (10;12) sao cho f'(c) = % = 0. Do do, ta c6:

[+ (42" = (c+6)" = (c+ 15" =0

x=0
T (e +2)" = (e +6)" + (e +15)"!

Xét phuong trinh ¢® ! + (¢ +2)* 1 = (¢ +6)" ! + (c + 15)*L. Ta co:

* Néuaz >1thiz—1>0,suyrac™ '+ (c+2)" 1< (c+6)"+ (c+15)""

* Néuz <1thiz—1<0,suyrac™ '+ (c+2)*'>(c+6)""+ (c+15)""

* Neuz=1thi '+ (c+2)* 1= (c+6)" !+ (c+15)* ! =2

Thit lai, ta c6 phuong trinh nay c6 tap nghiem la S = {0;1} O

Qua cac bai tap vi du néu trén, cac ban sé thay rang, nguoi ra dé sé thuong hay bat dau tao
ra bai toan tit mot hing ding thic, tit mot phuong trinh don gian, hay tit trudng hop xay ra
dau bang ctia mot bat ddng nao d6. Ho cang cb cong cat giau biéu thiic ban dau bao nhiéu,
thi mtic do kho clia bai toan ciing theo d6 ma kho lén bay nhiéu. Va cong viéc clia ching ta 1
tim ra con duong ma ngudi ra dé da st dung. C6 thé c6 bai toan, ching ta di theo mot huéng
khac tac gid, nhung déi véi mot s6 bai toan, duong nhu 14 con duong tac gia xuat phat cing 1
con dudng duy nhat ma ta c6 thé st dung dé giai quyét dude bai toan. Dé nhuan nhuyén hon,
cac ban hay luyén tap véi cac bai toan sau day:

Bai tap tu luyén
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Giai cac phuong trinh sau:
1/ 2V3% = —z% + 8z — 14.

8
2 22x+1 23—2:1: — .
/ i logs (422 — 4x 4+ 4)
3/ (x +3)logs (x +2) + 4 (x + 2) log, (x + 2) = 16.

4/ e + (2° — ) In(2z? 4+ 1) = V7,

PHUONG PHAP BIEN DOI DANG THUC

Ban chat ctia phuong phép bién déi dang thic 1a ¢d ging chuyén doi phuong trinh da cho tré
thanh mot phuong trinh tuong duong, mét phuong trinh hé qua, hay mot hé phuong trinh, hé
bat phuong trinh ma ta c6 thé dé dang gidi quyét. Thong thudng, ta sé bién doi dé bai vé dang
hai vé c6 cling co s6 hoac tré thanh mot hing ding thitc quen thuoc. Ching ta sé lam rd hon

nhing diéu trén bang cach xét qua cac vi du sau day.

Bai 1. Giai phuong trinh 2¢°~¢+8 = 41-3z

Giai

®Y tudng: Ta c6 mot nhan xét kha tha vi: 4 1a lity thita bac hai ctia 2. Do dé, ta sé bién doi
cd hai vé vé cling co s6 2.

® Loi giai:

Phuong trinh da cho tuong duong véi:

r = —2
r=-3

Vay phuong trinh da cho ¢6 tap nghiém la S = {—2; -3} O
Bai 2. Giai phuong trinh (z2 — 2 +1)* "1 =1

Giai
Phuong trinh tuong duong véi:

2 2 =0
Sz —2)(z—1) =0«
(@~ 2)(a* ~ 1) o

?—x+1>0
(2 —z+1-1)(z*-1)=0

Vay tap nghiém ctia phuong trinh da cho 1a S = {-1;0;1} O

® Nhan xét: D6i v6i phuong trinh c6 dang f(x)9®) = 1, dau tien, ta c6 diéu kien la f(z) > 0.
Tiép dén, dé biéu thitc f(2)9® bang 1, thi hosc f(x) = 1, hodc g(x) = 0, do dé, ta suy ra phuong
f(x) >0

trinh [f(z) — 1]g(x) = 0. Vay, phuong trinh da cho sé tuong duong véi :
[f (x) —1]g(z) =0

237 = 5y? — 4y
Bai 3. Giai hé phuong trinh sau: ¢ 4z 4 9+l

22 4+ 2
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Giai
Hé tuong duong véi:
z=0
257 = By? — 4 27 = =1
{ Qxiy y@{y3—5y2+iy20© :Zj::2
=4

Vay hé da cho c6 tap nghiem {(x;y)} = {(0;1);(2;4)}0
Bai 4. Giai phuong trinh 2% + 2271 4 2772 = 3 — 3#—1 4 3v—2

Giai

® Y tudng: Ta ¢6 ngay nhan xét 1a biéu thic liy thita chia x gibng nhau & ca hai vé ciia
phuong trinh. Do d6, ta sé c6 ¥ tudng la rat ra phan tit chung ctia moi hai vé.

® Loi giai:

Phuong trinh da cho tré thanh:

7 7 2\ * 2\ 2
21“—: :L"— —_— f— _— :2
& 1 3 9@(3) (3) =

Vay phuong trinh da cho c¢6 nghiém duy nhat z =2 O
= 500

z—1

Bai 5. Giai phuong trinh 5%.8 7=

Giai

Diéu kién xac dinh: = # 0.
Phuong trinh tuong duong véi:

3(z—1 r—3

572" = 5827 o 578 = 2" & 57 = (270
z—3 o o _
@5x‘3:i a2 To1e | ” 13 O@ r=3
1 2L
z 5.2z =1 r = —logs2

Vay phuong trinh da cho ¢6 tap nghiém la S = {3; —log;2} O

1
g, (y — 1) —log, =
24+ =25 (%)

Bai 6. Giai hé phuong trinh sau:

Giai
Diéu kien xac dinh: y > x;y > 0. Ta c6 bién déi sau:

1 1
log1(y —x) —log, - =1 —log,(y — x) —log, — =1
Y Yy
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— 3
<:>—1og4y * id

Thé vao phuong trinh (*) ta duge:

3 2
(Iy) fP =25 ey = +4

Tu diéu kien dé bai, ta ¢c6 y = 4, suy ra = 3. Vay hé phuong trinh c6 nghiém duy nhat
(z;9) = (3;4) O
Bai 7. Giai phuong trinh v/2¢.7/4%. 5/0.125 = 4¢/2

Giai
® Y tuéng: Ching ta can chd ¥ ring, néu trong bai toan c6 can thic dang Y thi can phai c6
N ‘ z =1
dieu kién cua x 1a -
reN

® Loi giai:

x > o ~ % Y £ Z 9 , ~ N X NS N 5 2
3 . Nhan thay rang cac cd so cua cac liy thua deu la iy thira cua 2, do do ta

3r eN
sé bién dbi bai toan vé dang cac lity thita ctia 2.
Phuong trinh da cho tuong duong véi:

2x 1 1 r z 1 7 _3
— —— . - - r x 1 7 T =

23 22 3 |p=-_-=
5

DKXD:

Két hop véi DKXD, ta c¢6 phuong trinh nay c6 mot nghiem duy nhat x =3 O

1 1
Bai 8. Giai phuong trinh§ log g5(w + 1) + 03 logg; (z — 3)?°12 = 5logy,s[4(z — 2)]

Giai

® Y tudng: Nhin vao dé bai, ta thiy ngay ring co sé clia cac ham logarit déu 1a liiy thita clia

3. Do dé, ta sé bién ddi ching vé dang cac ham s6 logarit co s 3.

® Loi giai:
DKXD: z > 2, x # 3.
Phuong trinh tuong duong véi
logs(z + 1) + logs |z — 3| = logy(42 — 8) < (x + 1)|z — 3] = (4= — 8)
* Néu x > 3, ta co:
=1 (loai
x2—2x—3:4x—8¢>[x (loai)
=95

* Néu 2 < z < 3, ta co:

r=—-14++V12
r=—1-112 (loai)

—x2+2x+3:4x—8<:>[
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Vay phuong trinh da cho c¢6 tap nghiém S = {5; -1+ \/ﬁ} O

Va dé cho kinh nghiém lam bai dudce cing c6 thém, cac ban hay thit tu gidi cac bai toan tu
luyén sau:

Bai tap tu luyén.

Giai cac phuong trinh:

1/ 22.3°7 15772 = 12.

2/ (22 — 2z +2)VE+ = 1.

3/ 28T 4270w _ 9% 44— )

BAI TAP TONG HOP

Sau day, ching ta sé cung nhau thit sitc minh v6i nhitng bai toan kh6 hon va hay hon. Cac bai
toan nay doi héi su van dung linh hoat cac k¥ ning bién doi, dat an phuy, ciing nhu xét dén

tinh don diéu ctia cac ham s6 phu can ding dén.

427 +2
e 2 _ .6
Bai 1. 3z + 1 + 10g2006 m =X
Giai
Viét lai phuong trinh:
4% + 2
1 = =5 321
082006 76 +ZE2 +1 T Z

Luu y rang (28 + 22 +1) — (422 +2) = (2% — 322 — 1).
Dit a =422 +2>2, b= 2% + 2% + 1 > 1, phuong trinh da cho tré thanh:

10g9006 @ + @ = 10gyp0s b + b ()

. 1
Xét ham s0 f(x) = logyges  +x v6i > 0, ta co: f'(z) = ~T0 5006 +1>0 Vx>0, lai do ham
zln

f lien tuc trén (0; +00), nén tir (*) suy ra a = b. Ta can phai gidi phuong trinh:
2% — 322 —1=0

Dit u = 22 > 0. Phuong trinh dugc viét lai: u® — 3u — 1 = 0.
1
Dat u=2v=v >0, taco 4v® — 3v = ~.

2
. 3 ‘a A £ 1
Xét g(v) = 4v® — 3v lién tuc trén R. Ta c6 ¢'(v) =0 & v = :|:§.
1 .
Ta ¢6 g(0) = 0, g <§) = —1, g(1) = 1, do d6, phuong trinh chi ¢6 mot nghiém duy nhat

s
vg > 0, v6i vg < 1. Dat v =cost v6i 0 < t < 5 phuong trinh tré thanh:

1 /
coth:iivzcosgéu:Qcosgﬁx:i 2(308%

Vay phuong trinh da cho ¢6 tap nghiém 1a S = {\/2 coS z; —\/2 cos g} O

9

1
Bai 2. sin? x.2¢052% 5 sin? 2z + cos 2z = 1
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Giai
Phuong trinh da cho tuong duong véi:

1 —cos2x

5 ‘2cos 2x +

(1 — cos?2x) + cos2z = 1

N | —

Dat ¢ = cos 2z, ta co:

t =

1-t)2'+1 -t +2t=21-)2"+t-1) =0«
20+t—1=0

x* V6it=1,suyraz=*krvéi k € Z.
* Xét phuong trinh f(t) =2+t —1=0.
Ta c¢6 ham f 1a ham s6 tang trén R nén f(¢) = 0 ¢6 nhiéu nhat mot nghiem, lai do f(0) = 0,

. k
nén suy ra t = 0 la nghiém ctia phuong trinh f(¢) = 0, suy ra « = % + ; véi k € Z.

k
Vay phuong trinh da cho ¢6 tap nghiem S = {kn|k € Z} U {% + g]k € Z} O

Bai 3. Giai hé phuong trinh:

71+x—y + 31+x—y + 71—x+y — 101+x—y + 101—x+y (1)
> (z,y €R)
dr* + 20 +3 =8y +1 (2)
Giai
N 3 1
Ditu kien: z > —2,y > ——.
1eu kién: x 5 Y 3

Ta ¢6 bo dé sau: Véi moi a > b>1=a®+a® > b*+ b2 Vo € R (3), diu dang thitc xay ra
khi # = 0. That vay, bat dang thic (3) tuong duong véi:

<aw—bw)<1— ! >>0 (4)

a*b*

Z r 2 bSC 1 Z 2 .
e Neuz > 0= ¢ = (a® — b") (1 — ) > 0. Dau dang thiic xay ra khi x = 0.
(ab)x > 1 a:cbx
Z a’w g bx 1 £ 2 - 2 .
e Neuxr <0 = =a"—-b")(1- > 0. Dau dang tic xay ra khi x = 0.
(a )ac g 1 ambz

Ap dung bd dé tren vio bai toan, ta co:

{1ot +10°

+ 7—t 7(10t + 10—t) 1+t + 71—t
10¢ + 10 = (t=z-y)

> 7t >7
>3 4+37t | 3(10t 4+ 10) > 31+t 4 31—t

= 101+t 4 101715 2 71+t 4 71715 T 31+t 4 317t

= 10177 4101y > pireny g pleety g gty g 31ty (5)

Tit (1) va (5), ta c6 dang thiic xay ra, do d6 t = x —y = 0 & z = y. Thay vao phuong trinh
(2) ta dugc:

4’ + 22 +3=8x+1

9 1
<:>4x2—6x—|—1=2x+3—\/2x+3+1
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1 1 — /21 5—+/21
VayHPTdéchocéhainghiém(x;y):<3+\/_7;3+\/_7>'(')=<5 \/_;5 \/_>D

4 4 T 4 4
2% — 6x.4Y + 4x = 3.4¥T1 (1)
Bai 4. Tim s6 nghiém ctia hé phuong trinh: 1
—ly=2[=0 (2)
(z + 3)?

(Dé nghi OLP 30-04 THPT chuyén Luong Thé Vinh, Dong Nai)
Giai
Trudc tién, ta hdy tim cdc nghiem “dep” (néu c6) ctia he.
Diéu kién xac dinh: z # —3. Dat ¢ = 4Y > 0, phuong trinh (1) trd thanh:

T = -2

2:1;2—6tx+437—12t:O<:>2(:c+2)(x—3t):O<:>[ y
Tr =
Khi z = —2, thé vao phuong trinh (2), ta dugc

=3
1-ly—2/=0e [y
y=1
T d6 suy ra hai nghiém ctia hé 1a (—2;3) va (—2;1).
Va ta da c6 dugce hai nghiem “dep”. Tiép theo, ta sé di tiép theo con dudng con lai dé tim s6

nghiém.
V6i x = 3t, thé vao phuong trinh (2), ta co:
1
Brr3)p ly—2[=0
Tacot=4Y &y =log,t.
Xét ham s6 f(t) = o |log,t — 2| v6i t > 0.

(3t + 3)°
Ta sé tim cach gidi quyét dau gia tri tuyet dbi nay, bang cach xét cic khoang cé thé cia ¢:

o V6it > 16, khi d6 f(t) = ﬁ —log, t +2.
9 1

(3t +3)4 tlnd

Do d6 ham f nghich bién trén [16; +00).

Mat khac f(16) > 0 va f(64) < 0, suy ra ton tai duy nhat s6 ¢; € (16;64) 1a nghiem cta

phuong trinh f(¢) = 0.

Do d6, nghiém (3ty;log, ¢1) 1a nghiém thit ba ctia hé.

Ta c6 f'(t) = —

< 0,Vt > 16.
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1
e VGi0<t< 16, khi do6 f(t):m+10g4t—2.

1 9 (3t +3)* —9tIn4d
T z /t — —_ = .
weo ) = T T B et (tta)iimd

Dat g(t) = (3t + 3)* — 9tIn4 véi t € [0;16).

Ta co: ¢'(t) = 12(3t + 3)> — 91In4 va ¢"(t) = 12.3%.(3t + 3)® > 0.

Do d6 ¢'(t) dong bién trén [0;16), hay véi moi t thuoc (0;16), ta c6 ¢'(¢t) > ¢'(0). Ma
g (0) =12.3> = 9In4 > 0 suy ra ¢'(t) > 0,Vt € (0;16) .

Tu day, suy ra ham g¢(¢) dong bién tren [0;16), nén g(t) > ¢(0) = 81 > 0. Suy ra
f'(t) > 0,Vt € (0;16), hay ham f(¢) dong bién tréen (0;16).

Vi f(1) <0, f(16) > 0 nén phuong trinh c6 nghiém duy nhat ¢, thuoc khoang (1;16).
Do d6 nghiém (3ts;log, t2) la nghiém thi tu cta he.

Vay hé phuong trinh da cho c6 bén nghiem O

4Y T =32 . (HV CNBCVT 1999)

5 — 16 . (DH Ngogi thuong 1999)
4y =

47710 4 3+ VAl + 1 =4 4+ 3y — A+ /)2 — 8y + 17

y(z? —1) — 42>+ 3z — 8+ In(2? =32+ 3) =0

a
{x —y = (logyy —logy 2)(2 + xy)

(Dé nghi OLP 30-04 THPT chuyén Nguyén Binh Khiém, Qudng Nam,)

1 —x2+4+3z—1
4/ logy (Va2 =3z +2+1) + (g) =2.

(Dé nghi OLP 30-04 THPT chuyén Lé Quy Don, Khanh Hoa)

2 +y? =29

5/ Xac dinh s6 nghiém ctia hé phuong trinh (an x, y) sau:
logs z.logy,y =1



CHuoNG V: HE PHUONG TRINH

CAC LOAI HE CO BAN

Ly thuyét
% Hé phuong trinh déi xing loai I:
He phuong trinh déi xing loai I 1a hé c6 dang

Trong d6 F(x;y), G(x;y) 1a cac da thite ddi xting véi z, y.
Céch giai chung ctia he 1a dat S = x + y; P = zy (diéu kien S? — 4P > 0). Dung tinh d6i xting
ta dua hé vé dang

Fy(S;P)=0

G1(S;P)=0

Tim duoc S va P. Tw d6, theo dinh 1y Viete dao, x va y la nghiém ctia phuong trinh
P —St+P=0

% Hé phuong trinh dbi xtng loai II:
Heé phuong trinh ddi xing loai II 14 hé c6 dang

Trong d6 F(x;y) la mot da thiic khong do6i xing.

Trit hai phuong trinh vé theo vé dé duge F(z;y) — F(y;z) = 0 (%)

Coi z 1a an sb, y 1a tham s6 va dat F(z;y) = f(x) + g(y) (9(y) doc lap vé6i )
thi F(y;z) = f(y) + g(z). Khi d6

(*) & G(x) = f(x) +9(y) — fly) —g(x) =0

Xét G(x), thay v =y thi G(y) = f(y) + 9(y) — f(y) —g(y) =0

= y la nghiém ctia phuong trinh G(z) =0

= G(z) ¢6 chia nhan tit (z — y) theo dinh 1y Bezout.

Nhu vay ta c6 cach giai he déi xiing loai II 1a: Trit hai phuong trinh vé theo vé dé dugc

G(ryy) = (v —y).M(x;y) =0

177
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Sau d6 gidi hé trong ting trudng hop © =y va M(x;y) = 0.
() = g(y)
(y) = g(x)
don diéu cting chiéu thi ta c6 thé suy ra = y ma khong can xét M (z;y) = 0 (vi truong hop

Luu ¥ rang he ddi xing loai IT con c¢6 dang ! va néu f(z), g(x) la hai ham s6
f

nay sé dan t6i he vo nghiem). Nhung néu f(z), g(z) khong don diéu cting chiéu thi truong hop
M (z;y) = 0 sé cho nghiém.

% Hé phuong trinh bac hai 2 an:
Hé phuong trinh bac hai 2 an c¢6 dang téng quat

wmz?+ by +ay? +diz+ey+ fLr=0
asx? + bowy + coy® + dox + eqy + fo =0

Trong d6 a;, b, ¢;, dy, e, fi (i = 1,2) 1a cac tham s6 va , y 14 an so.

Ta ciing xét mot s6 truong hop dac biét cia heé:

a) Hé chiia mot phuong trinh bac nhat:

Ta tinh 2 theo y hodc ngugc lai tit mot phuong trinh, thay vao phuong trinh con lai dé c6 mot
phuong trinh bac 2 mot an.

b) He chita mot phuong trinh thuan nhat bac 2:

Néu mot trong 2 phuong trinh ctia hé khong chita hang tit bac nhéat va sé hang tu do, ching
han néu d, = e; = f; = 0 thi hé c¢6 thé dua vé phuong trinh bac hai bang cach dat y = ta rdi
thay vao phuong trinh thuan nhat dé tim dugc ¢, tit d6 thay vao phuong trinh thit 2 dé tim
x,y tuong uing.

Phuong phép nay ciing c6 thé ap dung dé giai hé gom 2 phuong trinh ban ding cap bac hai:

arx? + by + iy + f1 =0
asx? + byxy + coy® + fo =0
Vi 16 rang tit he ta c6 thé tao mot phuong trinh thuan nhat bac 2 1a
folara® + bizy + e1y?) — fi(aga® + baay + cay®) = 0

Trong truong hop tdng quat, phép giai hé bac 2 hai an sé dan dén gidi mot phuong trinh
bac cao (= 4). Nhung v6i mot s6 hé phuong trinh, ta c6 thé dua vé hé (*) bing cach dat
xr=u-+a;y=v+btrong d6 u,v 1a an méi (phuong phap tinh tién nghiém). Ta can tim hing
s6 a, b dé hang ti bac nhat ¢ hai phuong trinh bi triét tieu, nhu vay hé thu duge 1a hé ding cap.

2% + 3y% + 4y — 18z — 22y + 31 =0 (1)

Vi du: Giai hé phuong trinh (7)
2% + 4y? + 2xy + 6x — 46y + 175 = 0 (2)

Giai
® Y tudng: Dt = u + a;y = v + b ta ¢6 he phuong trinh

u? + duv + 3v% + u(2a + 4b — 18) + v(6b + 4a — 22) + 4ab + a® + 3b* — 18a — 22b+ 31 =0
2u? + 4v? 4 2uv + u(4a + 2b + 6) + v(2a + 8b — 46) + 2a* + 4b* + 2ab + 6a — 16b + 175 = 0



179

D@ hé s6 ctia u, v 1a 0 ta giai heé phuong trinh

20 4+4b—18 =0

60+ 4a —22=0 a=—5
54

4da+20+6=0 b=

(2a +8b—46 =0

® Loi giai:
bat x =u —5;y = v+ 7 ta ¢6 hé phuong trinh
u? + 3v? + 4uv =1 (3)

(11)
2u? + 4v* + 2uv =1 (4)

Hé nay c6 theé giai theo cach thong thuong, nhung luu ¥ 1a trit 2 phuong trinh vé theo vé ta c6

ngay
WP —2uw=0su=uv

1
Su? =1 U=uv=
Ta co he (I]) & & 2\/1§
U="v u:’():—_
2V2

1 1 -1 -1
Vay (/) ¢6 nghiém (z;y) = —=—-5,—=+7),| —=—-5,—=+7| O
y (1) c6 ng (z:9) (2\/5 2v/2 ) (2\/5 2v/2 )

V6i nhitng hé c6 chita tham s, cach gidi hoan toan tuong tu:

2+ 2zy =m (1)

Vi du: Tim m dé hé c6 nghiém:
?+ry+y =1 (2)

Giai

2

) 2 =m
Néu y = 0 ta dugc hé , chi ¢6 nghiém khi m = 1.
- =1
P2+ 2) = m (1)
(P +t+1)=1(2)
Chia (1) cho (2) va quy dong ta duge t* + 2t = m(t* + ¢ + 1) (3).
He da cho c6 nghiem (z;y) < () ¢6 nghiem (¢;y) < (3) c6 nghiém t (do ¢t +¢+1 > 0 nén ti
day luon tim duge y thod (2)).
Viét lai (3) duéi dang

Néu m # 1 thi y # 0, dit z = ty ta c6 he (1)

(m—1Dt2+(m—-2)t+m=0

2
Ta c6 A =4 — 3m? nén (3) c6 nghiem < A >0 |m| < —

V3

P 2 Z .
Do m =1 cing thod m < — nén ta két luan hé ¢6 nghiem < |m| <

V3

Sl
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Hé phuong trinh 3 an binh ding

Hé phuong trinh 3 an binh ding 1a hé c¢6 cac phuong trinh déu binh ding véi 3 an, nghia
la khi hoan vi 2 an tuy ¥ thi mdi phuong trinh déu khong doi.
Phuong phép co ban dé giai hé 1a dua vé hé phuong trinh

r+y+z=a/(l)
(%) 2y +yz+ 22 =10 (2)
xyz = c (3)

Bing cach ding phép thé hoic dinh ly Viete dao, ta dua () vé phuong trinh mot an
2® —ax® +br —c=0
. {y +z=a— 29
Giéi phuong trinh trén, tim nghiém z, the vao (1) va (3) ta co c
0

Nhu vay y, z 1a nghiém ctia phuong trinh 2 — (a — o)t + -

r+y+z=1
Vi du: Giai hé phuong trinh ¢ 22 +¢? + 22 =9

2y +2=1

Giai
Tt hé phuong trinh ta co

(@ +y+2)°— (@ +y°+27)
2
Jryz = (P + P+ 2°) — (v +y+2)(a® + v+ 2% —xy —yz — za) = —12

Ty + Yz +zxr =

xy+yz+zx=—4 .
Suy ra vy . Vay ta dua hé ve dang

ryz = —4

r+y+z=1(1)
ry +yz+ 2o =—4(2)
ryz = —4 (3)

Theo dinh 1y Viete déo, z,y, z 1a nghiém ctia phuong trinh

t=1
Bt —dt+4=0< |t=2
t=—2

T d6 ta tim duge nghiém cua hé 1a (z;y; z) = (1;2; —2) va céc hoan vi.O
® Nhan xét: Dinh Iy Viete ddo khong nim trong chuong trinh pho thong, nén ta c6 thé chiing
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minh lai bang phép thé nhu sau:
Tu (3) = x,y,2 #0

Nhan hai vé ctia (2) cho x ta c6
vy +ayz + 2tz = —dv & i (y+2) = —dr —ayzr =4 — 4o
Nhan hai vé ctia (1) cho z? ta c6
PPyt =rtert+4—dr =2 rec{l;2,-2}

Sau day ta ciing xem qua mot s6 bai tap tong hop:

Bai tap tong hop

e 2t —y? =2z + 2y = -3
Bai 1: Giai hé phuong trinh sau

y? — 2y + 20 = —4

Giai
bat x =u+ 1 va y = v+ 1.Hé phuong trinh tuong duong:

{(u—|—1)2—(v+1)2—2(u+1)+2(v—|—1):—3 {u2—02:—3
54

(w41 =2w+ D+ 1) +2u+1) = —4 v? —2uv = =5
u? —v? = -3
5u® — 5vt = —15 u? —v* = -3 4
= = ~ U= =v
3v? — 6uv = —15 5u” + 6uv — Sv* =0 5
u=—20
» 4 )
%leu:gv. Ta co:
5 4
V= — U = —
16 , 5 s 25 V3’ V3
VY =-3&0 —?<:> v:__5.u:__4
V3 V3
% V6i u = —2v ta c6 4v? —v? = =3 & v? = —1 (vo nghiem)

. 4 5 —4 -5
Keét luan: Hé ¢6 nghiém (z;y) = —=+1,—+1);| —=+1,—=+1) O
aiem (s = (5 +1i75+1) (155 +1)
® Nhan xét: Ngoai phuong phéap tinh tién nghieém, véi bai nay ta c6 thé bién doi ding thic dé
tim ra cach dit an phu trén:
Xét hé phuong trinh tuong duong:

{<x—1>2—<y—1>2:—3 @{@—m?—(y—l)?:—s
(W —2y+1) =20y —y—az+1)=-5 (y—1)*=2x—-1)(y—1)=-5

Tedotadat r=u+1vay=0v+1

2 =2y +2y+15=0

Bai 2: Giai hé phuong trinh sau
20 — 22y + 9y +5=0
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Giai
bat x =u+1 vay =v+ 1. Hé phuong trinh tuong duong:

{(u+1)2—2(u+1)(v+1)+2(v+1)+15:0@{u2—2uv:—16

2u+1)—2(u+1D)w+1)+@w+1)°+5=0 v? — 2uv = —6
2
U= -v
3u® — 6uv = —48 3u? + 10uv — 8% = 0 3
= = u = —4v
8v? — 16uv = —48 v? — 2uv = —6
v — 2uv = —6
o 2 .
%leu:?)taco:
s 4, 2 =32
VC— = = -0 0v"=18&
3 U:—3\/§

x Voiv=3V2<u=2V2

x Véiv=—3v2 & u=—-2V2

% V6i u = —4v.Ta c6: v? + 8v? = —6 < 9v* = —6 (vO nghiem)

Két luan: He c¢6 nghiem (z;y) 1a (2\/5 +1;3v2 + 1) : (—2\/5 +1;-3vV2+ 1) O

P4yt =8—z—y
rylzy+x+y+1) =12

Bai 3: Giai hé phuong trinh sau: {

Giai

® Y tuéng: Nhan thay vai tro clia  va y 1 nhu nhau nén ta sé ¢d gdng phan tich roi dit an
phu dé dua hé vé dang déi xing loai 1.
® Loi gidi:
Hé phuong trinh tuong duong:

o4y +y=238 0 (2®+2)+ (¥ +y) =8

<~
zy(z+1)(y +1) =12 (2 +2)(y* +y) = 12

a+b=28

Dat 22 +x = a va y? + y = b. He (I) tré thanh
ab =12

Nhu vay a, b la nghiém cta phuong trinh bac hai

X?_8X+12=0< X
X

x V61 a = 2 ta co:

) (=1
r+r—2=0«
|z =-=2
x V61 a = 6 ta co: i
) r =2
r+r—6=0&
|z =-3
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Tuong tu giai véib=2vab=06
Két luan: He c¢6 nghiem (z;y) 1a (1;2); (1; —3); (—2;2); (—2; —3) va cac hoan vi. O

P +1=2*—z+vy)

Bai 4: Giai hé phuong trinh (x)
v H1=2y" —y+2)

Giai
23 =222+ 20+ 1 =2y
Ta c6 (%) <
Y3 =22+ 2+ 1 =22
Nhan thay f(t) =3 —2t2 + 2t + 1 ¢6 f'(t) = 3t> — 4t + 2 > 0 Vt nén f(t) dong bién tréen R.
Néu x>y =2z > 2y = f(y) > f(z) = y >z (mau thudn). Tuong tu véi z < y. Vay = = y.
Ta ¢6 hé tuong duong

r=yy

x:y \/g
& 1+

=22 4+1=0 xe{l; 5 }

1+V5 1+v6 1-v5 1-V5
? 2 ; N 2 )/7 ( ‘72 ; Z 2 z Z
® Nhan xét: Ta cting c6 thé giai bai trén bang bien doi so cap. Neu trit hai phuong trinh ve

Vay hé ¢6 nghiem (z;y) = (1;1), ( ) O

theo vé ta sé dugc

r=Yy

(x—y)(x2+xy+y2—2:t—2y+2):2(y—x)<:)
4oy +yt—2@+y)+4=0

Xét truong hop 22 + ay +y? — 2(x +y) +4 = 0:
2 —22% 422 +1
2

Thay y = ta c6 phuong trinh bac 6 theo x:

2% — 42° + 102 — 142® + 162% — 102 + 13 =0
& (2% — 42° + 42*) + (62* — 142° + 102%) + (62° — 102 4+ 13) = 0

28 —4rd + 4zt =2z —2)2 >0
Phuong trinh trén vo nghiém do { 624 — 1423 + 1022 > 0
62% — 10z +13 > 0
Nhu vay so v6i bién doi so cap, cach dilng dao ham khién 16i gidn don gidn hon nhiéu, nhat I3

trong nhiing bai hé phuong trinh ma - logarit.

27— 2 =3y —3°
3V -2 =23z —2¥

Bai 5: Giai hé phuong trinh

Giai
Ta viét lai he nhu sau:
9 437 — 3y 42
29+ 3Y =3z +2
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-9 3 —2
Tud6suyraz,y > 5 Xét ham 6 f(t) = 214-3"¢6 f'(t) = 2. In243".In3 > 0Vt € (?, +00)

) N ) —2
Vay ham s6 f(t) dong bién trén (?, +00). Suy ra x = y. Ta ¢6 hé tuong duong

r=1y
2% 4 3% = 31 4 2 (%)

Xét g(t) =2t +3"—32—2,taco g (t) = 2. In*2+3".1n*3 > 0 nén ¢'(t) = 0 ¢ t6i da 1 nghiem,
suy ra g(t) = 0 ¢6 t6i da 2 nghiém. Nhu vay (*) chi ¢6 2 nghiem z =1 va z = 0.
Két luan: He ¢6 nghiem (z;y) = (0;0), (1;1) O

Bai tap tu luyén
2?4+ 2xy+3y* — 22— 10y =0
1) Giai hé phuong trinh
20° + 2xy + 9y — 2y =0
22° + 3wy +y* — 9r — 6y = 6
2) Giai hé phuong trinh
2+ oy +2y* —3x— 12y +10=0

R 3x2 + 2y +y® =11
3) Tim m dé hé c6 nghiém: vy
>+ 20y + 3y =17+m

HE PHUONG TRINH HOAN VI
Ly thuyét

Hé phuong trinh hoan vi la hé ¢6 dang:

f(zn1) = g(x,)
LS (zn) = g(z1)

Sau day la mot s6 dinh I tdng quéat vé hé hoan vi:

% Dinh 1y 1: Néu hai ham s6 f(z), g(z) cung tang trén tap A va (xy, 29, ..., Z,) 12 nghiém clia
he (trong d6 z; € Ayi=1,n) thi o) =29 = .. = 1,
® Chitng minh: Khong gidm tong quat gia st r; = max(xy, Ta, ..., )

= f(z1) = f(22) = g(w2) = g(13) = 29 Z 03 = ... = 2, = 14
To 2 =

=T = T3 2 ... 2Ty 21 =>T1 =Ty =..=2,
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% Dinh ly 2: Néu ham s6 f(z) gidam va g(z) tang trén tap A va (1, 2o, ..., ,) 1a nghiém clia
he (trong d6 z; € A,i=1,n) thiv6in1é, ) =2y = .. = 2, .
® Chitng minh: Khong gidm tdng quét gid st o1 = max (21, o, ..., Tp,).

=1 220 = f(x1) < f(22) = g(12) < g(as) = 2 < 3= .= 1, 2 19

= flzp) < flr)=n<nn=>n=0n=>0=1=..=12,0

% Dinh 1y 3: Néu ham s6 f(z) gidm, g(x) tang trén tap A va (xq, 29, ..., Z,) 12 nghiém ctia he
(trong d6 x; € A,i=1,n) thi véin chin, 71 =23 = .. =2, ; hodc xs =24 = ... = 7,
® Chitng minh: Khong gidm tong quat gid st x; = max(x1; To; ...; 1)

=x1 2 x3= f(r1) < f(13) = 9(72) < g(T4) = 79 < 14

= f(zg) = f(xg) = g(x3) = g(x5) = 23 > 25 = ...

= f(an-2) = f(@n) = g(2n-1) 2 g(21) = To1 2 @1

= [(@n-1) < f(21) = g(zn) < 9(22) = 2 < 22

Vay ta co

WV

Tp—1 T T1 =3 = ... = Tp-1

= a

Ty 2 X3 =
< L Ty < To Ty =Ty = ..= Tp_o

>
I'Q\x4<--

Trong gii toan, ta thuong gap hé hoan vi 3 an, trong d6 da phan c6 thé giai bing nguyen 1i
cuc han. Bai viét nay ciing dé cap dén mot sé hé dic biét, c6 thé giai bing cach bién doi cac

phuong trinh, diing bat dang thitc hodc lugng giac hoa. Sau day 1a mot s6 bai tap vi du.

Bai tap vi du

2z(y® + 1) = y(y* +9)
Bai 1: Giai he phuong trinh (I){ 2y(22 + 1) = 2(22 4+ 9) .
2z(2* + 1) = z(2* +9)

Giai
[y +9)
2(y* +1)
2
9
Hé phuong trinh tuwong duong = %
L z(z? +9)
LT (224 1)
A 8t +9)
Xét ham so f(t) = m (t S R)
. tt—4t* +9 N P
Ta c6 f'(t) = W >0 (Vt€R).Suy ra ham s6 f(t) dong bién trén R.
+

Khong mat tinh tong quat, gia sit o = max{z;y; z}.
szczz2y=flr)>2flyy=z2e=z=0=fr)=fy =r=y=>c=y ==z
Thay vao phuong trinh thit nhat ciia hé ta co:
—
20+ 20 =2+ 9r & —Te=0& |2=0

z =7
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Vay he phuong trinh ¢6 ba nghiem (z;y; 2) 1a (=v7;—vV7;—V/7); (0;0;0) va (VT7;:V/7:V/7). O
® Nhan xét: Bai 1 cho ta cai nhin so lude vé nguyén 1i ciic han trong hé hoan vi. Ta cling ¢6
thé tong quat bai trén nhu sau:
Bai 1*:(Olympic 30-4-2009)

22(y* + a*) = y(y* + 9a?)
z(2%* 4+ 9a?)
z(2* + 9a?)

Giai va bien luan theo tham s6 a hé phuong trinh ¢ 2y(z* + a*)
2z(z% + a?)

Yy — 6%+ 122 —8 =10
Bai 2: Giai he phuong trinh: (/1) { 2% — 6y> + 12y — 8 =0
22 —622+122—-8=0

Giai
Y3 =622 — 122 + 8 (1)
(IT) & {23 =6y — 12y + 8 (2)
3 =622 — 122+ 8 (3)
Khong gidm tong quét gia sit o = max{z;y; 2}.
Taco y? =6(x—1)>+2 > 2=y > 1. Chitng minh tuong tu c6 x,y,z > 1.
Xét f(t) =6t — 12t +8; f'(t) = 12t — 12 > 0 V¢t > 1 = f(t) dong bién trén (1;+00)
Tacozzy=flx) 2 fly) =y’ 22 =y>22= fly) > f(2) =2 > 2°
r2y=2zz2r=r=y=z Khido:
rT=y=2z
(I]) & Sr=y=2z=2
3 = 62% — 120 + 8
Vay (1) ¢6 nghiém (z;y;2) = (2;2;2) O
® Nhan xét: O bai nay ta thiy f (t) khong don diéu, khac véi bai 1. Do d6 phéi ¢6 thém nhan
xét x,y, 2 > 1. Day chinh 1a mau chét ctia bai toan.
Sau day ta sé dén v6i mot cach nhin méi vé nguyén li cyc han. Thay vi danh gia z, v, z riéng

18, ta sé danh gia nhing bicu thic hoan vi clia z,y, 2z 1a o + v,y + 2, 2 + 2

3’ +327+2r—-5=y
Bai 3: (VMO 2006) Giai hé phuong trinh (111) < 4® +3y> +2y — 5=z
2 4+322422—-5=u

Giai

Ta cung xem qua 2 cach giai ciia bai toan.

% Cach 1:

Cong 3 phuong trinh ctia hé ta c6:
P +3%+ -5+ + 3 +y—5+22+322+2-5=0
S@-1)@*+42+5)+ (- D +4y+5)+ (2 —1)(z*+42+5) =0
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Néuz>1=22+322+2:-5>1= (-1 +42+6)>0=2> 1.
Lai tut 2 > 1, 1ap luén tuong tu suy ra y > 1. Khi dé:

(z—D)(@*+4x+5)+ (y— ) +4y+5) + (2 = 1)(z* + 42 +5) > 0 (vo ly)

Tuong tuy, néu < 1 tasuy ray < 1,z < 1 ciing suy ra diéu vo ly.
Vay x = y = z = 1 chinh la nghiém ctia hé phuong trinh. O

% Cach 2:
Ta co:
(z+1)P=y+2+6 (1)
() & S (y+1)°=2+y+6(2)
(z+1)P=xz+2+6 (3)

Khong giam tong quat gid st r = max{z;y; z}.
Sr+z2yt+z=0+1)P>2wW+1)P=z22y=04+220+y=(2+1)3 > (x+1)3
Szzr=z=r=>z+ty=y+z=@+1)P=@w+1)pP=>a=y
Khi do:

(I1]) ey Sr=y=z=1

432 +x—-5=0

Vay (I111) ¢6 nghiém (z;y;2) = (1;1;1) O
® Nhan xét: Cach 1 14 phuong phap ding bat ding thic, sé duge dé cap sau. Xét cach 2,
ta thay viec danh gida o + y,y + 2,2 + = 6 rang c6 lgi thé clia né. Ta van c6 thé so sanh
T +y,y + 2,2 + x dya vao mdi quan hé hoan vi gitta x,y, 2 nhung vé trai cta (1), (2), (3) da
tréd nén rat dep. Ta cling xét mot bai tuong tu:

x=3y> +2y* (1)
Bai 4: Giai hé phuong trinh (IV) ¢ y = 323 4 222 (2)
z = 32% + 22° (3)

Giai

Ta co
x4y =3y’ +2° +y
(IV)e Sy+2=3234+222+2
z+x =32 +222+x

Khong gidm tong quét gia st o = max{z;y; 2}.

Xét f(t) =33+ 2t +t taco f'(t) =9t> + 4t +1 > 0= f(t) dong bién tren R
Laicort+yzy+z=>flyy > fz)=yz2z=c+yz2ae+z2=> fly 2 fle)=y >
sy=z=fy)=fx)=rxt+y=c+z=>y==2
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Vay
(1V) & Y &

1
3+ 222 —2x =0 xE{O;—l;g}

Vay (IV) c6 nghiem (z;y; 2) = (0;0;0), (=15 —1; —1), (% %; %) O

® Nhan xét: Cau hoi dit ra 1a: khi nao ta phai xét (z + y;y + 2; 2 + 2)? Mau chdt ¢ day
chinh 13 ta can xay dung mot ham don diéu trén mién xac dinh. Néu dé nguyen (IV), ta xét
f(t) = 3t3 + 2t2 thi f'(t) = 9t> + 4t c6 nghiem ¢ = 0 nén f(¢) c6 thé doi chiéu don dieu. T d6
ta nghi t6i viec bién déi cac phuong trinh.

Dé c6 mot ham don diéu, ta sé cong hai vé ctia (1) cho ky, tuong tu vé6i (2) va (3):

x+ky =3y3+ 2% + ky
(IV)e S y+kz =232 +222 4 k2
z+kr =323 + 222 + kx

Khi d6 ta xét f(t) = 3t> + 2t* + kt ¢6 f'(t) = 9> + 4t + k. Ta can f'(t) > 0 V¢, nghia la k > g
Nhung s6 k con phai ddm bao ta vAn c6 thé so sanh VT ctia (1), (2) va (3). Dé thay hing s6
92+ 4t +1>0Vt
rt+yzrt+zz2y+z
Tu dé ta di dén 10i gidi nhu trén.

tot nhat 1a £ = 1. Khi dé ta ¢6

=21 (1)
Bai 5: Giai hé phuong trinh (V) ¢ y = 222 — 1 (2)
z =2z -1 (3)

Giai

Khong giam tong quat gia st r = max{z;y; z}.
(3):>2x2—1:z<x:>_7<33<1
2
Dat © = cost (t € [0; ?ﬂ])
(3) & 2 =2cos’t — 1 = cos 2t
(2) &y =2cos?2t — 1 = cos4t

(1) & x =2cos?4t — 1 = cos 8t

k2 k2
écostzcosSt@tzTth:Tﬁ(kEZ)

2 4dm 2w 27 4 2
@te{O.j.j.j.j.j}(dote[o;_ﬂ])

2 4 8 -1 -1 -1
Vay (VI) c¢6 nghiem (x;y;2) = (1;1;1); (cos g;cos —W;cos —ﬂ) : (— ;—)
( 27 4 8

cos 7; cos 7; cos 7) va cac hoan vi. O

® Nhan xét: Phuong phap lugng giac hoa can sut khéo 1éo va hiéu biét rd vé cong thic lugng
giac. Nhu & bai 5, tit 2 = 2y — 1 lam ta nhé dén cong thitc cos2t = 2cos?t — 1, do d6 ta méi
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dit o = cost. Ta xét tiép Bai 6:

?=y+2(1)
Bai 6: Giai h¢ phuong trinh (V1) € 42 = 2 4+ 2 (2)
22 =1r+2(3)

Giai

Khong gidm tong quét gid sit o = max{z;y; 2}.
=2=y+2<2+2=>-1<z<2

2
Diat x = 2cost (t € {O; %})

(1) e y=2>—2=2(2cos’t —1) = 2cos2t
(2) & z2=9y*>—2=2(2cos?2t — 1) = 2cos 4t
(

(3) & x=22—2=2(2cos?4t — 1) = 2cos 8t

k2 k2
:cost:COSSt@t:Tﬂ\/t— 97T (keZ)

ore {otnin a2

27
Vay (VI) c¢6 nghiem (z;y;2) = (2;2;2); (2 co8 ;2c08 —; QCOS?

2 4 8
(2 cos 77T; 2 cos 77T; 2 cos ;) va cac hoan vi. O

A7
9’

8

>;(—1;—1;—1);

® Nhan xét: Bai 6 r6 rang can su khéo 1éo. Néu diit © = sint; cost hay tant thi biéu thic 22 —2

khong lién quan triyc tiép dén cong thiic lugng gidc nao, nhung dé ¥ ring
(2cost)? —2=2(2cost — 1) = 2cos 2t. Vi vay ta phai dat z = 2 cost.

2ty — 6%y +42% —dx +y =0
Bai 7: Giai hé phuong trinh (VII) ¢ y*z — 6322 +4y° — 4y + 2 =0
e —6220+42° —d2+2=0

Giai
® Y tudng: Dau tien ta bién doi
( 493—41’
Y= 6211 £ 1
4y 4y
(VII) = 2=
y* — 6y? +1
42 — 423
xr =
\ 622+ 1
Ta thit xét dao ham cta f(t) 4 A Dé thé
a xét dao ham cua =———— Dé tha
' 62+ 1 Y

R (ot O
f(t)f(t4_6t2+1)2>OVt7éi\/3i2\/§

Dén day, néu chua nhan ra van dé thi ta sé c6 nhan xét x =y = 2

= (VII) c6 nghiem (z;y;2) = (0;0;0); (v/3; v3; V3): (—V/3; —V/3; —V/3).
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Thyc ra ¢ day ta da mac mot sai 1am rat tinh vi 1a ham f(¢) chi dong bién trén timg khoang
xac dinh chit khong dong bién trén mién xac dinh (vi du f(2) = = > f(3) = _T) Vi vay
bai 7 khong thé ding ham don diéu. Theo ¥ tudng & trén, ta nghi t6i phuong 4n 2: luong
giac hoa.
Nhin vao phan thitc, ta thuong nghi t6i cong thiic vé tan. Dé ¥ ring f(tana) = tan4a do d6
ta dat z = tana.
® Loi gidi:
DKXD: z,y, 2z # +v/3 £ 22
Diat x =tana (a € [0;7) Aa # g)
T (1),(2), (3) ta tinh duog: y = f(z) = tanda; z = f(y) = tan 16a;x = f(z) = tan64a

m -

:>tana:tan64a<:>a:§ (k=0,62)

k R
Vay (VII) c6 nghiém (x;y; z) = (tan a; tan 4a; tan 16a) véi a = 6_73T’ k= 0;62
® Nhan xét: Nguyén li cuc han thuong duge dung trong cac bai hé hoan vi nhung khong con
tac dung v6i nhiing bai dit lugng gide. Néu xét ham don diéu theo cach dau tien thi ta da lam

mat 60 nghiém ctia he!

2® — 3z =y (1)
Bai 8: Giai he phuong trinh: (VIII)< 3° — 3y = z (2) (HSG Thai Binh 2009)
22— 32 =1 (3)
Giai

Tit hé phuong trinh suy ra: |(z3 — 3z)° — 3(z3 — Bx)} . 3 [(x3 —32)° = 3(z® — 32)| ==
Day 1a phuong trinh da thitc bac 27 nén c¢6 nhiéu nhat 27 nghiem. Do d6 hé da cho c6 nhiéu
nhat 27 nghiém.

Xét x € [—2;2]. Ta sé chiing minh hé ¢6 27 nghiém trong truong hop nay, do d6 khong can xét
cac truong hgp con lai.

Dat = 2cost (t € [0;7]). Khi d6 ta co:

(1) & y =2cos 3t i1

(2) & z =2cos9t = cos 27t = cost & 17r3 (keZ)
t =k

(3) & x =2cos 27t 14

V6i t = k:i(k: € Z), do t € [0;7] nén k nhan céac gia tri 0;1;2;...;12;13.

13

Véi t = kﬁ(k € Z), do t € [0;7] nén k nhan céc gia tri 0;1;2;...;12;13;14.
Nghiém ctia hé ing véi t = 0 va t = 7 & ca hai truong hgp trung nhau nén hé c6 27 nghiém

o km k3w k9 . .
phéan biét 1a [ 2cos —;2cos ——;2cos — | v6i k= 0,13 va

13 13 13
k k3 k9 —

(2 cos 1—2; 2 cos 1—;; 2 cos 1—I>v6i k=1,13 0

® Nhan xét: Mau chét ctia 101 giai chinh 14 nhan xét he c6 t6i da 27 nghiém, khi d6 khong can
xét cac truong hop con lai. That ra ta vAn c6 thé xét them trudng hop z,7, 2z € (—o0; —2) va
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z,y,2 € (2;+00), khi d6 ham s6 f(t) = ¢* — 3¢ 1a ham don diéu.
Tiép theo ta ciing xem qua mot s6 bai hé hoan vi giai bing Bat ding thiic:

Prr—1=y
Bai 9: Giai he phuong trinh (IX)< ¢*+y—1==z

PAtz—1=x

Giai
Ta cung xem qua 2 cach giai cho bai toan:

% Cach 1:
Khong mat tinh tong quét gid stt: 2 = min {;y; 2}
P—1l=y—2>20=|z|>1
Z—1l=2r-2<0=2|<1=>-1<y+y—-1<1=0<y*+y<2=ye[-2,-1Ul0;1].
*Neur>0=z2r>2l=z2=0=1=y=1

) r<—-1=2"42-1<-1=2€]0;1]
*Néuzr <0=

{$<—1=>3:(:B+1)>0=>y>—1

*Neny=—-1l=zr=y=2=—1
*Néuy > —1:=ye[0;1]
V5 —1

<
S2 = |zyz| <1 (%).

122+ l=x> o 0
24z2—1=
Ta co: 4 =

Y
Y +y—1=2<0 ~1<2<0
Mazyz(z +D)(y+1)z+1) = (2*+2)(* +y)Z2+2)=(x+1)(y+1)(z+1)
% Néu(z+1)(y+1)(z+1)=0thhe=y=2= -1
% Néu (z+1)(y +1)(z+ 1) # 0 thi zyz =1 (sai do (*))
Vay hé c¢6 nghiem (z;y;2) = (1;1;1),(=1; —1;—1) O

<
1

% Cach 2:
Cong vé theo vé ta c6: 22 +y?> + 22 =3
z(x+1)=y+1
He & yly+1)=2+1
2(z4+1)=x+1
Néur=-1loy=2=—1
Néu z,y, 2 # —1 thi nhan vé theo vé, ta dugc: zyz = 1
Laico: 3 =22+ +22 2332222 =3’ =y =22=1lor=y=2=1Vayhe c6
nghiem (z;y;2) = (L 1;1), (-1, -1;-1) O

¥ —-2r—-2=y
Bai 10: Giai hé phuong trinh (X) ¢ ¢y? — 2y —2 =2

B —22—2=r1

Giai
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He (X) tuong duong véi
(x=2)[(x+ 1) +1]=y—2(1)
(y=2)y+1)?+1]=2-2(2)
(z=2)[(z+1)2+1=2-2(3)

(1) =z =2[ >y -2
Dégring 4 (2) = ly—2>]z-2 =le-2=ly-2=]-2
B)=|z—2| > |z — 2
Tacingcor —2,y—2,z—2cingdaudodé r —2=y—-2=z2—-2&rx=y=12
) I’:y:z :L':y:z:—l
Vay (X) tré thanh 5N
2 —3r—-2=0 rT=y=2=2

Két luan: He phuong trinh ¢6 nghiem (z;y;2) = (—1; —1;—1),(2;2;2) O

422 —3x 4+ 1=y
Bai 11: Giai he phuong trinh (X1)< 4¢y*> +y+ 1 = 52
42> — 2z +1=3z

Giai
Viét lai hé phuong trinh dudi dang
2c—1)Y°=y—=x r—y=0
(XDe 2y—1)°=5(z—y) =2y—220 =z=y==2
(22 —1)> = 3(z — 2) =120
rT=Yy=2z 1
Vay (X) < Sr=y=z=—
4 — 4z +1=0 2
. . 1
Két luan: Hé ¢6 nghiém duy nhata::y:z:§ O

a
® Nhan xét: Téng quét hon, ta c6 thé giai he phuong trinh { [f(y)]* = (z — y)".3
X

véim, n, placacsdléva o, 8,y =0

T =g cos(mxs)

3
Ty = — cos(mxs)

Bai 12: Giai hé phuong trinh (X17) \35 ( Olympic 30-4-2007)

T3 = 9 cos(mzy)

V3
T4 =g cos(mzxy)

\

Giai
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1
Tu hé phuong trinh ta c6 |z;| < <3 (1=1,4)

=[S

T s 1 T
:>—§<7rmi<§:>0<cos(7rm,~)<1:>O<xi<§:>0<7mi<E
Khong gidm tong quét, gid st 2, = max{z; xo; v3; 24}

3 3
=T > T3 = 9 cos(mxy) = 5 cos(mry) = Try < Txy = To < Ty

= 9 cos(mrs) < 73 cos(mry) = Tx3 =TT = T3 = T = Tz = T
Khi do6 suy ra xo = 4.
Xét ham s6 f(z) =z + ? cos(mz) voi x € (0; %)
Ta c6: f'(z) =1— ?ﬂ' sin(rz) > 1 — \/?gw > 0. Suy ra ham s6 f(x) dong bién trén (O; %)
Lai co: 21 + 24 =21 + 70 = 21 + 73 cos(mzy) = xg + ?3 cos(mxy)
= x1 = 79 (do ham s6 f(z) dong bién).
Do dé: x1 =x9 =23 =24 = 21 = \/?g cos(mxy) = cos(mxy) — 3v/3x, = 0
1

Xét ham s6 g(x) = cos(mx) — 3v/3z véi x € (O; 5)

1 ) )
Ta cé: ¢'(z) = —msin(rz) —3v/3 < 0 Vo € <0; 5) Vay ham s6 g(x) nghich bién trén khoang
1

0;=).
(03)
Do d6 phuong trinh g(x) = 0 ¢6 nhiéu nhat 1 nghiem trén doan nay.

1 ) 1

Mat khac, 9(6) = 0 nén phuong trinh g(x) = 0 ¢6 nghiém duy nhat = = 6

. 111
Vay hé phuong trinh c6 nghiém duy nhat la (6’ & 6) O

(2=(y—1)
. S \ y=(z—1)
Bai 13: Giai hé phuong trinh (X717) < )
z=(t—1)
[ t=(z— 1)°
Giai

Gié stt = min {z;y; z; t}. Tt hé phuong trinh ta suy ra x,y, z,t > 0.

% Truong hop 1: 0 <z < 1

= -1<2-1<0=20<(z-1)°<1=20<t<1l=>0<(t-1)7<1
=0<2<1=0<(z-1)’<1=0<y<1

Vay ta c6: 0 < z,y, z,t < 1.

Khido, titz>zsuyra (t—1)° > (y—17>=y>t= (217> (-1
s>z W17 >t-11=t>y.

Tuw dé suy ra: x = z,y = t.
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3 5
r=y= +2\/_>1(10ai)
3—h
Qj: g 2
- \ Ja=-1)7
Tt hé phuong trinh ta co: y = =0
y=(r—1)
y=1
r=1
y=0

% Truong hop 2: x> 1
= z,y,2,t>1.Khido tty>zsuyra (z—1)7°>(y—1)°=2>y

= t-112>z-11=2t>2z2=@-1)°>2t-1) =z>tSuyraz=y=z2=t.
T hé phuong trinh suy ra:

3++/5
xr =
r=(z-1>*= 2
( ) 5 5
T = 5 <1

3 5 3 5 3 5 3 )
Vay hé phuong trinh c¢6 cac nghiem la (z;y; 2;t) = ( +2\/_; +2\/_; +2\/_; +2\/_>;

(3 _2\/5; ; _2\/5; ; _2\/5; ; _2\@) ;(0;1;0;1); (1;0;1;0) O

(5 — I
i +x—22—1=0

. Y. I‘§+$2—I3—1:O .
Bai 14: Giai hé phuong trinh (X1V) . (Olympic 30-4-2011)
$§+$3—£L’4—1:O

$i+$4—$1—1:0

Giai

Khong giam tong quat gia st 1 = min{x; z9; v3; 74}
Xét f(t) = t* +t — 1. He phuong trinh tuong tuong

f(ﬂfl) = T2
f(z2) = 3
f($3) = T4
L f(x4) = 2
o 5 ) , 1 A \ IR
Ham s0 f(t) tang trén khodng (—5; +00), gidm trén khoang (—oo; —5) va
1 5 5 S
fit) =2 f(—=)=—- VteRnénz;, >—— Vi=14.
2 ] 4 4
X Néu T, = ——:
Ty = >
4 = — 1
Ta co 4 1 11 5 = 14> —5
f@s) 2 =5 >—=f(—7)
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1
Lap luan tuong tu ta cling c6: xo,x3 > —=

Do a:1<x2:>f(a:1)<f(x2):>a:2<x3:>f( 9) < fzz) =23 <
= flr3) < flry) =2y <v1 =01 <2 <23 <1y STy = T =T =03 =124 = L.

% Néu z; < —5:

) . 1 1 N
Néu c6 k € {1;2;3;4} dé =y, > ) thi theo truong hgp trén ta co: x; > —3 Vi=1,4

1 - 1
= x, > ——=( mau thudn). Vay 7; < —= Vi =1,4.
Do xy < x3= f(21) = f(x3) = 29 2 x4 = f(12) < f(14) = 23 < 11 = 23 = 771.
Lap luan tuong tu ta cé xo = z4.
(

Tr1 = X3
To — T4
Hé phuong trinh tré thanh:
fz1) = 29
| f(x2) = 3
1 = T2
Sz + f(r) =2+ f(12) =23+ 20, — 1 =23 +21,— 1 = ) =T =29 = %1
r1 = —T9 —

=T =To =123 =24 = *1
Vay hé phuong trinh ban dau c6 nghiém 1a 21 = 29 = 23 = 24 = £1 O.

( 1 1

T = 5 T2 + I_Q (1)
1 1

. Y. To= < |23+ — (2)
Bai 15: Giai hé phuong trinh (XV) 2 T3

1 1
— —) (2012
2012 5 (131 + x1> (2012)

\

Giai

DKxD: z; # 0 (i = 1;2012)
1 1 1 1
1) = == —| == —]) =1
(1) = Jor] = 5hea + | = Sl + )
| =1 (i =1;2012)

Lai ¢6: 21.29 = §(I% +1) > 0= 21, 25 cing dau.

Chting minh tuong tiur ¢6

Ching minh tuong tit ¢6 x1, T, ..., Togi2 cling dau.

2012 2012 2012 2012

:‘IZM—Z\%IAIZ—\—ZFI

Cong (1), (2), ..., (2012) vé theo vé ta co:

2012 2012 2012 2012 2012 2012 2012 2012
2 ni=3 5> (ot iZ%—Z ;‘IZM—IZ—I;‘DM—ZI—I** (do(+)
=1 =1
2012 2012

Lai ¢6: || > 1 = Z |zi| > 2 Z’
i=1
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Vay (**) tuong duong

Tl = Ty = ... = T9012 — 1
’.Tl‘ = ’1'2’ = ...‘.1'2012‘ =1
T = Ty = ... = T2012 — —1

Thit lai ta thay (VIII) ¢6 nghiem (xq;xo;...w0012) = (1;1;...51), (—=1; —1,...; —1). O
Nhu vay, bang bién dbi khéo léo, két hop dang thiic | le| = Z |z;| & x1,29,...7, cling

i=1 =1
dau”, ta da gidi quyét bai toan ma khong can t6i nguyén i cyc han.

(.73%:.7724‘1
r3 =125+ 1

Bai 16: Giai hé phuong trinh: (XVI) < ... (n € Nx,n > 2).

Giai

Khong mat tinh tdng quét, gid st 2, = max{zy, xo..., 1, }(*).

Thé thi 22 =z, + 1 =max{z; + L, zo+ 1, ..., 2z, + 1} = max {a? 22, ..., 22}.

= |n| = max{[z1], [xa] .., [wn| }(*F)

Tu (*) va (**) suy ra z,, < 0.

% Néuz; >0thiz? =2, +1>1.Viz,<0nénz, <—-1(voliviz?  =uz,+1<0).
Vay 1, <0=2; <0 Vi=1,n.

Tu (**) suy ra x, = min{xy, zs..., 2, }.

2

Viz; <z; <0 Vineén |z;| = min{|z;|} hay z;? = min {z;%} .

Vay 7o = 27 — 1 = min{z? — 1} = min{z;}= x,. TU 23 = 23+ 1 va 22 = x; + 1 suy ra z; = 3.

. Ty =23 =..=max{x;}
Ct tiep tuc nhu vay ta co )
Ty = x4 = ... = min {x;}=x,
% V6in 1é:
1++5
Tacow =a9=..=x, T hetact: 23 —21—1=0& 1, = 2\/_.
1—+/5
Do dé hé phuong trinh c6 nghiém la 1 =2, = ... =2, = 2\/_.
s V6i n chén:
T = 0
Tua2 =25+ 1,22 =ap+1vaz =a5taco (22— 1) =z, +1= |T1 =1
1-5
I =
2
Vay hé phuong trinh c6 cac nghiém
1—+v5 1—-+5 1—+5
(1, Toy ey Tp) = ( 2\/_; 2\/—;...; 2\/_) ,(=1;0;—-1;0...;—1;0),(0; —=1;0; =1;...;0; —1). O

23— 12y% + 48y — 64 =0 (1)
Bai 17: Giai hé phuong trinh: (XVIIT) ¢ 9° — 1222 + 482 — 64 = 0 (2)
2% — 1222 + 487 — 64 = 0 (3)
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Giai
Cong (1), (2), (3) vé theo vé ta co:
(= 4)° + (y —4)° + (2 — 4)* = 0(x)

Suy ra trong 3 s6 hang trén c6 it nhat 1 s6 khong am, gid sttla (z —4)3 >0 2 >4
2) =P —16=12(: —2)2 > 1222 = y > 4

(1) =2°—16=12(y—2)? > 1222 =z > 4

Vay z,y,224=VT(x) >20.Khidé (x) r—4d=y—4=z2—-4=0crx=y=2=4
Thit lai ta thay (I1X) c6 nghiem (z;y; z) = (4;4;4) O

-
30v/T + 4T = %2308
30 /_ZL'2+4\/I_3= 2009 xiOOS

30\/m+4\/_ 2009 2008

Bai 18: Tim nghiém duong ctia hé phuong trinh (XVIT)

Giai

Gia st (z1, e, T3....., Toopg) 14 mt nghiém ctia hé phuong trinh.
Dat a = max {z1, g, T3....., Togos }, b = min {xy, o, x5....., Tog0s } = a = b > 0.
Ta co:

34v/a > 30y/71 + 4z = %/ 23008
<34\/5 > 30y/Tg + dy/T3 = %) 23008

L 34\/6 30\/562008 + 4\/ 2000 2008

= 34y/a > max { 2/, R/, 200\9/—@882}
= 34,/a > 2000/, 2008 —s, 344018,2009 > (4016 _y 2007 344018 _y \  2097/3,44018
Tuong tu ta co:

)
34V < 30Ty + 4T3 = Y/ 22008
34Vb < 30y/T5 + 4y/x5 = Y/ 23008

2009 2008
| 34V < 30\/Tans + 4y/71 =

= 34vb < min{ 2000/ ;2008 | 2000/ ;2008 © 2003/?882 }

. 34\/5 < ZOW = 34401872009 016 _y 12007 > 344018 o p > 200{/@

Vay a = b= V341018 = g = 19 = ..900s = V347018,

Thit lai ta thay nghiem ctia he phuong trinh 14 1 = 2o = ...29005 = V349018 O

Ta cling xem qua mot s6 bai hé hoan vi lugng giac:
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cos2x + cosx = 2cosy

Bai 19: Giai hé phuong trinh (X7X)< cos2y + cosy = 2cos z

CoS2z +cosz = 2¢cosx

Giai
Ta co:
(2cosz — 1)(cosx 4+ 2) = 2cosy — 1 |2cosx — 1] (cosz + 2) = |2cosy — 1|
(XIX) < ¢ (2cosy —1)(cosy +2) =2cosz—1 = ¢ [2cosy — 1| (cosy + 2) = [2cosz — 1|
(2cosz —1)(cosz+2) =2cosx — 1 |2cosz — 1] (cos z + 2) = |2cosx — 1]

= |2cosz—1| > |2cosy — 1| > |2cosz— 1| > |2cosx — 1| (do cosx +2;cosy+2;cosz+2 > 1)
= [2cosx — 1| = |2cosy — 1| = |2cos z — 1]

|2cosx — 1| (cosx + 2) = |2cosx — 1]
Khi d6 (X1X) tr6 thanh: ¢ |2cosy — 1| (cosy +2) = |2cosy — 1]

|2cosz — 1| (cosz +2) = |2cosz — 1

7
2cosx —1=2cosy—1=2cosz—1=0 x,y,ze{ig—l—kﬂkEZ}

= = O
cosT +2=cosy+2=cosz+2=1 z,y,z € {m + 2knlk € Z}
( tan?x + tan?
2cos2x + # =2
1+ tan“z
2 2
Bai 20: Gii he phuong trinh (XX) { 2cos2y 4 Sny Ttz
1 + tan?
tan®z + tan?
T . L
\ 14 tan®z
Giai
, 1 — tan?
T dang thic cos2a = &2@’ ta co
1+ tan“«
(tan?y — tan®z
—————— =1—cos2x
12+tan T,
t — 1
(XX) & Lfiny =1—cos2y
1 + tany
tan?z — tan®z
—————— — =1—cos2z
\ 1+ tan“z

= tan?z > tan?y > tan? z > tan® x = tan’z = tan’y = tan® 2

x = km
=1—-cos2z=1—-cos2y=1—-cos2z2=0&<y=Ir (k,I,mecZ)

Z =mm

Thit lai ta thiy (X X) ¢6 nghiem (z;y; 2) = (km;lm;nr) (k,I,m € Z) O
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Bai 21: Giai hé phuong trinh (XX/I)< eV — eV % = 2

e“—e =z
Giai
Vé6i x =0, ta c6 hé
l—e?=y
eV —eV =2

Xét ham f(y)=1—e ¥ —y (y € R).

Taco: fllyy=e?—1=0<y=0

Do f(y) dong bién trén (—oo; 0] va nghich bién trén [0; +00) nén Max f(y) = 0 va do d6 phuong
trinh f(y) = 0 ¢6 nghiéem duy nhat y = 0= z = 0.

Vay (0;0;0) 1a mot nghiém ctia phuong trinh.

V6i x # 0, hé phuong trinh tuong duong vé6i hé

(. yeY
e =
eV —1
o ze?
e —1
; xe’
e =
\ et —1
s te'
Xét ham g(t) = 1(t #0).
e R
20 et(et —1— 1) N . .
Taco: g'(t) = ———5= >0Vt #0(vie >t +1Vt#0) lim g(t) =1; lim g(t) =1
(€t - 1) t—0— t—0t

Dé thay ¢(t) dong bién trén (—oo;0) va trén (0; +00)
Suy ra:néuz >y = g(x) > gly) = e*>e" = 2>1=g(z) >gx)=e! > =y >2=
y > x(mau thuan).

Tuong ti, néu x < y ciing suy ra mau thuan.
T
Vay x = y = y = z va hé phuong trinh tré thanh { =2,Y,2 €J.

Vay (0;0;0) 1 nghiem duy nhat ctia phuong trinh.

Sau day ta cling xem qua mot s6 bai hé phuong trinh chita tham so:

?—yz=a

Bai 22: Cho a,b,c > 0. Giai hé phuong trinh: (XXII){ > —zz =10

2 —yr=c

Giai

Ta ¢6: a® — be = (22 — y2)° — (y2 — 22)(22 — yx) = 2(23 + y® + 2% — 3zyz)
b —ac = y(23 + vy + 2% — 3ayz), & —ab= z(2® + y® + 2° — 3zy2)
Dat k = 2% + 4 + 23 — 3zyz, ta ¢6: (a2 — be)” — (b2 — ac)(c® — ab) = a(a® + b® + & — 3abe).
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Suy ra k% (22 — yz) = a(a® + b + ¢ — 3abc) = k = +v/a3 + ? + ¢ — 3abc.
Vay hé phuong trinh c6 cac nghiém la

2_b b2_ 2 _ b
="y = © = i k= +VaB + 1% + & — 3abe 0.
k k k
(
mr =z -+ —
z
1
Bai 23: Giéi va bién luan hé phuong trinh theo m: (XXIII){ my =z + —
x
1
\ Y

Giai

Hé phuong trinh tuwong duong

(m$z:z2—|—1
myr = x* + 1
mzy =y* + 1
| 2.y.2#0

= may > 0;myz > 0;mzx > 0 = m322y%22 > 0= m > 0.

Ta thay x,y,z cing dau va néu (x;y; 2) la nghiém ctia he phuong trinh thi (—z; —y; —2) ciing
1a nghiém. Do d6 ta chi can xét z,y, 2z > 0. Gid st x = max {z;y; 2}.
xNeuzx>y>2>0:

=P +1>2L2+l=smyz>cmaz=sy>r=y=a

=P +l=24+1l=2mygr=nyz=>r=2=ac=y =2
xNéeux>z2>y>0:

=241z 4l=smyr>mez=sy> 2=y =2

=1y +l=2+l=>myz=mrz=>r=y=r1r=9y=_2

Ca hai truong hop déu suy ra x = y = 2.

Do dé hé phuong trinh tré thanh

{mx2—x2+1 {(m—l)x2—1
=

r=y=2>0 r=y=2>0

*V6i 0 < m < 1, hé phuong trinh vo nghiém.

1
*V6i m > 1, hé phuong trinh tuong duong x =y = 2z = T
m R
Tém lai:
V6i m < 1: hé phuong trinh vo nghiém.
1 1 1

V6i m > 1, hé phuong trinh ¢6 hai nghiém la (
M S BN
vm—1 Vm—-1 +Vm—1

) va

\/m—l;\/m—l;\/m—l

) 0.

r? = y+a
Bai 24: Giai he phuong trinh (XXIV){ y* =z2+4+a (0<a<1)

22:$+a

Giai
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Gid st x = max {z;y; z}.

T hé phuong trinh suy ra 2? = max {z?%; y?; 2°}.

x Néu z > 0:

Ta c¢6 22 = max {z%y% 2°} = 2z = max {x;y; 2} = v = 2 = 2% = 2?

>yYta=r+a=>r=Y=>Tr =Y ==z2.

1 1
Tfrhéphu’dngtrinhtacé:xQ::U+a:>:c2—x—a:O:>x:—§+\/Z+a.8uyra:
=y=z= 1—|— 1+
r=y=2=—3 ;e
% Néu z < 0:

Giastz >0, khidé22=x+a>a=z2<—/a<—-a=y>=z+a<0 (voly).Do déz <O0.
Viz=max{x;y;2},z < 0nény <0. Khidotact: 2 <y<ae<0=9y>=z2+a<2’=
y+a=z<y.

S . | /1
uyraa:—y—Z—x——é— Z—i—a.
Vay hé phuong trinh c6 cac nghiém la (—1—l—\/l—i-a;—l%—\/l+a;—1+\/1+a> va
2 4 2 4 2 4
1 /1 1 /1 1 /1
(—5— Z—I—a;—i— Z+a;_§_ Z—i—a) 0.

Sau day 1a mot s6 hé phuong trinh hoan vi khong mau muc. Ta khong thé diing nguyen Ii cuc
han, nhung van c6 thé ding lugng giac hoa, bat ding thitc. Nhung cach giai chii yéu van la
bién doi dang thiic, dua vao quan hé giita cac phuong trinh.

1 1 1
3(95—1——) :4(y—|——> :5(z+—) (1)
Bai 25: Giai hé phuong trinh (XXV) x Yy z

ry +yz+ zx =1(2)

Giai

DK: zyz # 0
Néu (x,y, z) 1a mot nghiém ciia he thi (—z, —y, —2) ciing la mot nghiém ctia he va tit (1) suy

ra z,1, z cing dau nén ta chi can xét z,y, z duong la du.

T =tana
bat: ¢ y=tanf ,a;8;7v € <0; g) ta co:
z = tan~y
3(t + ! 4(t + ! 5(t + ! (3)
an o = an o = an
(I) = tan a tan 3 7 tany
tan o tan f + tan ftany 4+ tanytana = 1 (4)
Lai co:
tan®a + 1 tan?f + 1 tan?y + 1 3 4 5
(3) & 3. an“o + _ 4 an”f + _s an‘y + N (5)

tan o " tanp " tanvy sin2a sin2B  sin2y
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T (4) ta co:
(4) < tana (tan § 4 tany) = 1 — tan § tany

1 — tan S tan~y
ana tan 3 + tan -y cot (5 +7)
T
Sa+p+y= 5(6)

T (5) va (6), suy ra 2a, 20, 2 la cac goc trong mot tam giac vuong, c6 cac canh la 3, 4, 5 Do
do:
T T
2725(:)7:1(:)1@117:1:2
T do ta co:
tanf =y =

tana = x =

Wl =N =

11 1 1
Vay hé phuong trinh da cho c¢6 nghiém la: (x;y; 2) = (g, = 1) ) (—g; —5; —1) O

ab(a +b) =6
Bai 26: Giai hé phuong trinh (XXV1) < be(b+ ¢) = 30
ac(a+c) =12

Giai

RO rang a, b, c khong thé bang 0. Dit S = a + b+ ¢, P = abc hé phuong trinh trd thanh

(P g 6 ( PS
J— J— f— C= ——
;=0 P+6
P PS
—_ — — R —
- (S—a)=30 qa P50
P PS
—(S—b) =12 =
\ b ( ) \b P+12
P P P
Nhuvay S =S5
vy (P+6+P+12+P+30)
Néu S = 0 thi a + b = —c, khi d6 phuong trinh dau tién tré thanh abc = —6 va hai phuong
trinh con lai 14 abc = —30 va abc = —12 diéu nay khong thé xay ra.
. P P P
Do do + + 1

Pt6 P+12 P+30
Bién déi va thu gon ta duge P? + 24P% — 1080 = 0 & (P — 6)(P2 + 30P + 180) = 0

S S S8
% V6i P=6tacoa= ,b:§,c:§:>ab(a—l—b)=%:6¢526

Vay (a,b,c) = (1,2,3).

SRS

% V6i P24+ 30P+180=0=P=—-15+3v5;P=—15-35
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% V6i P = —15+ 35 ta ¢6
( —15+3f \f 3

— S
“= 15+3f 2
—15+3\/_ _JES
—3+3\/_
—15+3f \/'+5
c= S
X —9+3\f 2

Két hop ab(a +b) =6 ta c6 —V/55° =6 S = \/36

Vay (a,b,c) = ( \/_\/ A5{ ——5+\/_
Tuong tu véi P = —15—3+/5 ta tim dugc (a, b, c) = (—32\/546/1—6,\/5. ¥ ? > _2‘/5. ¥ 3—56>

Két luan: Hé c6 nghiem

3—5 5+f 3+V5 /36 36 5—+/5 /36
(a3b:0) = ( R ><_2\E¢5 %, 2.€>D

20% =2y(x* +1) — (22 + 1) (1)
Bai 27: Giai hé phuong trinh { 2y% = 32(y? + 1) — 2(22 + 1) (2)
225 =4z(22 +1) = 3(1* +1) (3)

Giai
Xét 6 truong hop:
x Néuy <z <z

T (1) ta co:
0=2y(z*+1) - (2* +1) —22°
=0<2r(2* +1) — (2> +1) — 227
=0<22(2?+1) - (2®+1) 228 & (2 —1)2 <0

Tedéosuyrar=y=2=1

x Neuy<z<ux

=234+ 22+ 122088 + 22+ 1 (%)

T (1) ta c6 22% + 22 + 1 =2y(2® + 1) = 2yz* + 2y

Lai c6:
2ya® 4 2y < 22° + 2y
2yz? 4 2y < 227 + 22 =208+ 22 +1<20% + 27+ 1
2yx? +2y < 22% + 22+ 1

Két hop (x) suyraz =z, nghlfalaz =y =2 = 1.
x Néuz<y<a:
T (2) ta c¢6
0=32(*+1)—2y"* —2(2® + 1)
=0<3y(y* +1)—2y" —2(2* + 1)
<3

=0<32(y" +1) -2y — 202+ 1) = -2 +y +2)(y — 1)?
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Tedosuyrar=y=2=1
xNéuz<z <y
Tu (2) ta c6

0=8[32(y*+ 1) —2y* —2(2* + 1)] = 0 < 8[3z(y* + 1) — 2y* — 2(2* + 1)]

=0< —@By* +1—42)* =16(y —2) — [7(y +1)* + 8|(y — 1)?

Tudosuyray=1=r=y=2=1
x Néuzxr <y<z
T (3) ta c6

0=4x(2*+1) = 3(1* +1) —22°
= 0<4y(2+1) =32 +1) - 22°
3 7
=0 < —(22° + 422 +2z—|—3)(2—1)2—(z—y)[<2z—§>+1]
Dodby=z2=2r=y=2=1
xNéeuzr <z<y

T (3) ta c6
0:4x(22+1)—3(y2+1)—25
=0<42(2+1) =32 +1) —
= 0<4a(z2+1) =322 +1) -
=0 < —(22° + 42 +22+3)(z—1)

Tedocor=y=2=1.
Toém lai hé ¢6 nghiem duy nhét (z;y;2) = (1;1;1) O

2?4+ y* + 2y = 37(1)
Bai 28: Giai he phuong trinh (XXVIIT){ 2® + 2* + 22 = 28(2)
y? + 22 +yz =19(3)

Giai
Ta co6:
MH-Q) =y -+zy—2)=9ey—2)(x+y+2)=9(4)
2 -B) =2y +z2(x—y) =9 (x—y) (z+y+2)=9(5)
Lai co:
G- === =plerya =0 | 7T

xNéuw:z+y+2=02=—(r+vy)

Thay vao hé ta dugc:
o2+ %+ ay =37
2 +y* + 2y = 28 (vO nghiém)
2>+ y? + oy =19
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) r=y+t
xNewy—z=z—y=1t: &
z=9y—1t

Thay vao (4) ta dugc:

tly+y+t+y—t)=9<ty=3<t=—(6)

< | w

Thay vao (3) ta dugce:
2 2 2 2 2 | 42
P y—1) > tyly—1) =19 3y® — 3ty + 12 = 19 & 3y® + 12 = 28 (7)
Thay (6) vao (7) ta dugce:

9 V=9 y=43=>t=+1
2 _ 4 2 _
3y —|—E—28<:>3y —Wy'+9=0« 1 V3

3
92=§@y=i?:>t:i3\/§

Xét 4 truong hop (y;t) = (3;1),(—=3;—1) ( 3 ( 3) ta tim dudc nghiem

cua heé 1a

103 V3 i)(lof fsf)
3 373

(z;9;2) = (4;3;2), (—4; —=3; —2), ( g

Bai tap tu luyén
T = 323 4 222

2

Bai 1:. Giai he phuong trinh: { y = 32° + 2z

z = 3y° + 297

2V —2=3x-3Y
-9y —3y+3)=0

Bai 3: Giai hé phuong trinh: ¢ y (2* — 32+ 3) = 0 (OLP 30-4-2010)
2

. 2F —2=3y—3"
Bai 2: Giai hé phuong trinh: ( OLP 30-4-2008 T130)
{ —9(z*-3x+3)=0

Bai 4: Cho 100 s6 aq, as, as, ..., aigo thda man: < .........ccccveeveei.
agyg — 4ayoo + 3ay

>
L aioo — 4@1 +3a2 2 0

Tinh cac s6 ag, as, ..., ajgp biet a; = 1

( 3z —y 2
=x
r— 3y
Bai 5: Giai he phuong trinh: { 2% _32 — y* (THTT 12-2010).
Yy — oz
3z—x 9

\ 2 — 3%
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( 472
Y=
4y + 1

422

xx:422+1

Bai 6: Giai hé phuong trinh:

PHUGNG PHAP DAT AN PHU TRONG HE PHUGNG
TRINH

V2(r —y) (1+42y) = V3 (1)

Bai 1: Giai hé phuong trinh
C P g { 2?2y =1 (2)

Giai
Dat x = cosa; y = sina ta ¢6 phuong trinh
V2(sina — cos a)(1 + 2sin 2a) = /3
&v/2.4/2sin(a — 45°).2 <2 + sm2a> =3

&4 sin(a — 45%)(sin 20 + sin 30°) = v/3
&8sin(a — 45°). sin(a + 15°) cos(a — 15°) = v/3
&4 cos(ar — 15%)[cos 60° — cos(2a — 30°)] = V3
&2 cos(a — 15°) — 4cos(a — 15°). cos(2a — 30°) = /3
& —2cos(3a — 45°) = V/3
[ a = 65° + k120°

klcZ
a = —35° + 1120° ( )

Vay hé da cho c¢6 nghiém (x;y) = (sin 65%; cos 65°), (sin 185%; cos 185°), (sin 305%; cos 305°),
(sin 85%; cos 85Y), (— sin 35%; cos 35°), (sin 205%; cos 205°). O

x—y)(2® —y?) =3
z+y)(z® +y?) =15

Bai 2: Giai hé phuong trinh { E

Giai
Bién d6i he da cho ta thu duge

3+ —aylr+y) =3
23 4+ y? +ay(e +y) =15

_ 3 3
Dt { UETHYT 16 da cho trd thanh

v=uzy(z+y)
u+v=15 u=29
=
u—v=3 v==06
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Khi do, ta co:

Tr =
38 = = =2
>4y 9 - r+y 3(:) Y
xy(x +y) =06 xy =2 r=2
Vay he ¢6 nghiem (z;y) = (1;2), (2;1). O
Bai 3: Giai hé phuong trinh
1
«/x+§+m:3
1
2r+y+-—=28
Y
Giai
y%(i
Dieu kiéen: I-F;}O (%)
r4+y—3=20
Bién déi he da cho tré thanh
1
Yot VETT=3 =
1
T+ -+r+y—3=5
Yy
= -=20 .
pat 4 "V Ty Khi d6 hé da cho tré thanh
v=yT+y—3=>0
u =2
ut+v=3 ut+tv=3 v=1 .~
5 o & & théa man (x)
u +v°=25 Uy = 2 u=1
=2
[ r=3
2 +1 L 1
. e X _——= - —=
oNéu{u = y 4 & / (thoa (x))
y=-1
, [ 2=4- /10
. =1 ZE+—:1 :3+\/10
oNéul = y & y (thoa (x))
v =2 x+y—3:4 1':4+\/10
y =3 — /10

Két luan: He c¢6 nghiem (z;y) = (3;1), (5;_—1)7 (4 —/10;3 4+ /10), (4 ++/10;3 — +/10). O
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Bai 4: Giai hé phuong trinh

410g3(xy) = 2 + (xy)lOgii 2
r? 4+ y* — 3 — 3y =12

Giai
Dieu kién: zy > 0

Dat: u = logs(zy) & xy = 34
Khi d6, hé da cho tré thanh

Ty =3 Ty =3
<~
22+ —3(x+y) =12 (z+y)?=3(x+y) —18=0

r+y==6 =346
N xy =3 N y=3—-6
rT+y=—3 z=3—+6
xy =3 y =346

Vay hé c6 nghiem (z;y) = (3+v6;3 — v6), (3 — v6;3 + V/6). O

Bai 5: Giai hé phuong trinh

Giai

Nhan thay y # 0. He da cho tuong duong véi

2241
+r+y=4
Y
= 2
Tty $2+1+
y z? 41 . o
bat u = , v =z + y. Hé phuong trinh c6 dang
u+v=4
1
v=—+2
u
r =
I2+1_1 _y
Giai hé trén ta thu dugcu=1,v =3 = y e
r+y=3 T =2
y=>5

Vay hé 6 nghiem (z;y) = (1;2), (—2;5). O
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Bai 6: Giai hé phuong trinh
3 2y
27
224+y?—-1
9 5 2T
rr+y ——=4
Giai
Diéu kien: zy # 0
Data:x2+y2—1,bzzvéiab7£0
Y
Heé da cho tré thanh
a=1
3,2 b= 1
a b &
a—2b= 9
b=3

e Néu @="9 = T=5y=
b=3 r=-3y=-1

Vay hé c6 nghiem (z;y) = (1;-1), (=1;1), (3;1), (=3;—1). O

Bai 7: Giai hé phuong trinh sau

2?2 +ay—3x+y=0
rt+32%y — 52 + 4> =0

Giai
Xét z =0=y =0. Vay (0;0) la mot nghiém ctia hé.
Xét x # 0, chia hai vé ctia phuong trinh dau cho x, hai vé cia phuong trinh thi hai cho 22, ta
duge hé phuong trinh sau
x+%+y:3 <x+y>+y=3

y2 4 ‘52
x2+ﬁ+3y:5 (x—l——) +y=5

Dit z =2+ y, ta thu dugce hé
x

z+y=3
2+y=5
z=2y=1

Giai hé nay ta co =z=y=1
z=—-lLy=4

Vay he ¢6 nghiém (z;y) = (0;0), (1;1). O
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Bai 8: Giai hé phuong trinh

22y 4222+ 3y —15=0
oty —222 —4y—-5=0

Giai
Hé phuong trinh da cho tuong duong véi hé sau

(22— 1)(y—2)+4(2*-1)+4(y—2)=5
(2 =1)* + (y — 2)* = 10

Ditu=22-1,v=9y—2
Hé tré thanh

u+v=-10
u? + 0% =10 (u+v)?* — 2uv = 10 uv =45
= =
w +4(u+v) =5 w +4(u+v)=5 u+v=2
uv = —3

e Néu u = 3;v = —1 ta tim duge (z;y) = (2;1) va (x;y) = (—2;1)
e Néu u = —1;v = 3 ta tim dugc(z;y) = (0;5).
Vay hé c¢6 nghiem (z;y) = (2;1), (=2;1), (0;5). O

U=
v=—1
u=—1
v =

Bai 9: Giai hé phuong trinh sau

V2r —1—y(1+222—-1) =-8
Y2 4+ yv2r — 1+ 22 =13

Giai
1

Dieu kien: z > 5 Dat t = /22 — 1 v6i t > 0. He phuong trinh tré thanh

t—y(1+2t)=-8 o t—y— 2ty =—8 (1)
Y2+ oyt + 1 =12 (t—y)’ +3ty=12 (2

Tu (1) va (2), suy ra

20t—y)° +3(t—y)=0s

5
e V6it =y, ta co: t =y = 2. Khi do: \/2x—1:2<:>x:§:>y:2.

3 —3+ /61
oVéiy:t+§,cé4t2+6t—13:O<:>t:+T (dot > 0). Khi dé:
3 —3+061 3+ /61
~3 4 /61 y=g+—Fp — y=""T"
t=— Y o

& 4
4 -3+ V61 43 — 3v/61
e — aj = -

Vor—1=
v 4 16
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\wahé<xingh@nl($;y)=:(5;2 16 1

5 ) (B—3¢ﬁf3+¢ﬁ> .

Bai 10: Giai hé phuong trinh sau
3
rT—\y+2= 3
7
y+2(z—2) x+2:—1

Giai

Diéu kién: z > -2,y > —2

Daitu=+vVzr+2,v=y+2véiu, v=0 (x)

Hé da cho tré thanh

T (1) va (2), thu dugce:

7\? 1
(uZ——> —|—2u3—8u:Z<:>u4—|—2u3—7u2—8u+1220

2
S w—-1)(u—2)(+5u+6)=0cu=1Vu=2
P N . 5 ~ 2
e V6i u = 1 thay vao (1) c6 v = —5 khong thoa (x).
1
e Voi u = 2 thay vao (1) co v = o1 thoa ().

7
Vay hé ¢6 nghiém la (z;y) = (2; Zl) .0

Bai 11: Giai hé phuong trinh

202 —x(y— 1) +y? =3y
2> +ay -3y =x—2y

Giai
Xéty=0=2=0.
Xéty#0. bat t = L < r = ty. Hé da cho trd thanh
Y

vt —t+1) =y(3 —t) (1)
YAt +t—3) = y(t —2) (2)

t—240

T (2) suy ra . Chia (1) cho (2) vé theo vé ta dugc
t2+t—3#0
2 b=
= S - -3t+T=0s | L=
?2+t—-3 t—2 * .

w3 =
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He da cho ¢6 nghiem (z7y) = (0:0), (1;1), (~1:1), (% 4%) 0

Bai 12: Giai hé phuong trinh

) 2 — /x2yt + 2212 — —|—1—2(3—\/§—x)y2 (1)
vVe—y?+z=3 (2)

Giai
r<3

T (2) tact: (2) &\ Jr—y?=3—2 <
2) 2 Y {x2+y2—7x—|—9:0

T (1) ta co:

Vo2V P+ D@ —y@+ 1) =2(3-v2—z)y’

<:>\/33y +y2+ 1) (xy? —y> + 1) —2[1—( )gf—i—xyﬂ (%)

=xy? +1
Dat { " 952?/ - . Phuong trinh (*) tré thanh:
v=y

V(u+v) (u—uv) =2 u—(3—\/§>v]

& () { 3u® — 8 (3 — v/2) uv + (45 — 24v/2) v = 0 (%)

Ta thay v = 0 khong 1a nghiém ctia he (/1) nén

(xx) < 3(E>2 ~8 (3 —~ \/§> % + <45 —~ 24\/5) =

(%

1
vy w1y
e | ! Y
u_g 82 T a1 8f
v 3 y2 -
ry? 4+ 1

=3 (dou > (3—V2))

y?
sr+1=3 (@-3)y  +1=0 (x*x)
Tt (1) ta co6: y? = —2® + 7o — 9 thay vao (¥**) ta duge
T =2

(z=3) (-2’ +T2-9)+1=0& —2° +102* =300+ 28 =0 | 2 =4+ /2 (loai)
r=4—+2

eVoiz=2=1y’=1=y==%l
e Voir=4—V2=9yP=1+V2=>y=+V1+V2
Vay hé phuong trinh da cho c¢6 nghiém

(x;y) =(2;1),(2; ( \/_\/T)< \/_—\/r>
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PHUONG PHAP BIEN DOI DANG THUC

Nhiéu bai hé phuong trinh tuy nhin phitc tap nhung c6 thé gidi bing nhing ding thic don
gian. Mau chét giai nhitng bai toan dang nay la ta phai nhin ra quan hé gita cac an so, tit
dé lap nén nhitng hing dang thiic thich hop. Mot s6 dang thitc c6 thé khong quen thudc, nén
phuong phap nay doi hoi kinh nghiém va su tinh ¥.

Bai tap vi du

2 4+yP=1+uzy
Bai 1: Giai hé phuong trinh z \?2 y 2
() - (5)

Giai

® Y tudng: He tren tuy la déi xing loai I nhung bac kha cao, viec dua vé S = z+y vd P = zy
c6 thé gap nhiéu kho khan. Nhung néu ta biét dang thiic sau:

z Y
2 — Pl —
oty y+1+$+1

® Loi giai: DKXD: z,y # —1

= 1 thi bai toan tré nén don gian.

a=20
x Y la+b=1 b=1
bat =a, = b ta dugc hé phuong trinh méi: &
y+1 x+1 a+ =1 a=1
| b=0
T d6 tim ra nghiém cta he 1a (z;y) = (0;1);(1;0) O
T Yy 1 1 1 1
St —=— -
Bai 2: Giai hé phuong trinh yorowes 9 Y 9
T y ot —xy+y
t+1 y+1 Ty
Giai

® Y tudng: Ciang nhu bai 1, viee dua vé S = z + y vd P = zy can nhidu bién déi phic tap va

rac r6i. Thuc ra ban chat bai toan la tit déng thic sau:

Ta cuing xem ki hon vé ¥y tudng tao ra bai toan:

Dau tién ta tao ra 1 phuong trinh dé cho théa man xzy = 1 chang han nhu
(zy — D(@* + 2y +y°) =0 ()

Dé thém phan tinh té cho bai toan ta bién do6i (*) thanh 2?2 + y? — 2%y? = 2y(2? + y> — 1)
T do6 lap duge hé phuong trinh méi:

2y’ -2ty = ay(a® + 7 - 1)

Lo oy
- = T —
r+1 y+1 Y
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Nhung muén che gidu ban chat ctia bai toan hon nita chi can thong qua phép déi bién don gidn

(z;y) — (5; ;)

T A TR |
2 2
Cuéi cing lai he thanh ¢ © Y © Y ,
z Y =y +vy
+ =
z+1 y—+1 Ty
Day cting chinh 1a 16i giai cho bai 2! O
1 2
La= 2w ()
<. c2. 1~ N ) Ty
Bai 3: Giai hé phuong trinh 1 4
+ =1 (2
(e +1)°  (y+2)°

Giai
oo . ) 1
® Y tudng: T (1) ta co: (vy —2)(— +1) =0 zy =2
)

. . 2 ) .
Nhung néu tur day thé x = — vao (2) thi sé rat phic tap. Vay ta thit tim mot quan hé gita
Y
1 .2

ponL S0 (vi hai biéu thiic nay xuat hién & (2)). Khi d6 ta lai dé y dén déng thiic sau:
1 2
=2& — =1
wy T+l g2
Dén day thi moi chuyén tré nén don gian.
® Loi gidi:
DKXD: x # —1; y # —2
Hé da cho tuong duong:
5 1 2
Ty = — =
1 N 4 1 PN B +1 y+2
2 2 + =1
(+1)° (y+2) (z4+1)?  (y+2)°
2
Dit a = b=

5 (a,b#0) ta co

at+b=1 a=0; b=1
=
a?+b¥=1

Vay hé vo nghiém. O

Bai 4: Giai hé phuong trinh

v 4+1 1+y* u? v? 1
_ — — =9u? (1
( u? R u)(1+v2 1+u2+v2—u2) v (1)

u? vt =1 (2)

Giai
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® Y tudng:
. b— — —b b
Ta c6 ménh dé sau: ( ac+cba+ac )(bic+c_a+aib):9<:>a+b+c:0(*)
* Chiing minh:
Xuét phat tit ding thiic: x—y+y—z+z—m = —(e—yly=2)z=2)
z x Y Tryz

batxr=b—-—cy=c—a,z=a—-b=>v—y=-3c,y—2=-3a,z—x=-3b

Thé thi
—3a —3b —3c —27abe

b—c+c—a+a—b - (b—c)(c—a)(a—Db)
Déng thiic trén tuong duong véi didu phai ching minh.

Ap dung menh dé tren ta c6 101 gidi sau:

® Loi gidi:

Ap dung (%) véia = u?,b =% ¢ = —1 tir (1) ta suy ra 9 = 9u>.
9 = 9u? u==+1

Vay ta c6 hé tuong duong: &
w402 =1 v=20

Vay hé c6 nghiem (u;v) = (1;0); (=1;0) O

r+yt+zry=3 (1)

Bai 5: Giai hé phuong trinh 4 4 1 z+1

+ + — 2
S5y+9  x+6 1+ (x+1)(y+2) ;7 @)

Giai
® Y tudng: Tir (1) ta dé § dén cach phan tich quen thuoc 1a (z + 1)(y + 1) = 4.
O (2) ciing ¢6 2+ 1 va y + 1 nén ta nghi t6i dit @ = z + 1; b = y + 1. Tuy nhién mau chét cta
bai toan chinh la dit ¢ = i dé tir (1) c6 abc = 1.
1 1 1
1—i—a+ab+ 1+b—l—bc+ l+cteca

Khi dé ta lai ¢6 ménh dé sau: abc = 1 <
Tu dé ta di dén loi giai:
® Loi gidi:

batx+1=a,y+1=0>,- = c ta c6 hé phuong trinh

o |

abc =1
1 1 1 rz+1

1+a—|—ab+1+b—|—bc+1—|—c—|—ca_ 2

Lai c6:
1 n 1 i 1 B 1 . a n ab _ 1
l4a+ab 1+b+bc 1+c+ca 1l+a+ab a+ab+abc ab+ abc+ a2be

1
Thay vao phuong trinh sau duge 1 = % Sr=1y=1

Vay hé c6 nghiem duy nhat 1a (z;y) = (1;1) O

x2+y2:2

Bai 6: Giai hé phuong trinh sau: A
(z+y)(1+ay)" =32
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Giai

® Y tudng: R rang khong thé giit nguyen (1 4 zy)*. Mudn vay ta chi y t6i ding thitc
20y +2  (z+y)?

5 SR Dén day bai toan tré nén don gian.

Yy +1=
® Loi gidi:

P4 =2

(x +y)(2+ 2zy)* = 2°
Thay 2 + y? = 2 vao phuong trinh thit 2 ta c6

Hé da cho dugc viét lai thanh: {

(x+y)(x2+y2+2xy)4:29@(x—|—y)9:29<:)x+y:2
22+ y? =2
Vay ta c6 hé Y Sr=y=1
r+y=2

Vay nghiém ctua hé 1a (z;y) = (1;1) O
® Nhan xét: Y tudng chinh ciia bai toén chinh 13 dimg phép thé dé dua vé déng thitc dong
bac. Khi d6 viéc gidi sé dé dang hon. Ta xét mot s6 vi du tuong ti:

:L‘2+y2:2

Bai 7: Giai hé phuong trinh { - s
(z+y)(4 — 2"y —2xy) =2y

Giai

® Y tudng: Xét phuong trinh thit hai. Dé ¥ 2 4+ y ¢6 bac nhat, 4 — 2%y? — 2zy ¢6 bac 4 nhung
cac hang t1t chua dong bac. Vi vay ta nghi t6i phép thé tit phuong trinh dau dé tao bicu thitc
thuan nhat.

® Loi giai: Thay phuong trinh thi nhat vao phuong trinh thi 2 ta co:
(z+y) [(icz +97)” = ay(a® + ) - xzﬂ = 2y°

& (z+y) [2" +y' + %y’ —ay(@® + )] =29
sty =2 cr=y

Két hgp v6i phuong trinh dau ta tim duge nghiem cia hé 1a (z;y) = (1;1),(=1;—1) O

1
3% — gy’ = (1)
Bai 8: Giai heé phuong trinh sau Tty

2yt =1 (2)

Giai

® Y tudng: Nhin vio he ta dé dang nghi dén viec thé s6 1 tir phuong trinh (2) vio phuong
trinh (1) dé c6 phuong trinh thuan nhat.

® Loi gidi:

DKXD: z 4y £ 0

Phuong trinh (2) tuong duong véi (22 +32)° = 1
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Thé vao phuong trinh (1) ta duge:

(32° —°) (z+y) = (2” + y2)2

o 30t — oyt + 323y — ay® = 2t + oyt 4 2072

& 22t + 32y — 220%y? —ay® — 2y =0

& (. —y) (z+2y) (22" + 2y +y*) =0
r=y

< |x=—-2y
20° +xy +1y* =0

x V6i 22° + 2y + y* = 0 & z = y = 0 (khong thod 2? + y? = 1). Truong hgp nay loai.

% V6i x = y ta co:

1
x:y:—

1
23:2:1(:):1:2:5(:) \_/?
Tr = = —
GRVG

% V6i x = —2y ta co:

1 -2
Y= —4==—F
1 VAV

2 2 _ —
5y—1<:>y—5<:> 4 9
RV

—_
—_

. -2 1 2 -1 -1 -1
Két luan: Hé c6 nghiem (z;y) & | —=;—= ;| = —= || = —%= ;| —=;—= | O
o g'(y)(5\/5)(55>(22)(ﬁﬁ)

2344y —y® — 162 =0

Bai 9: Giai hé phuong trinh sau ) )
y° =5x"+4

Giai
v’ —y’ =4dr —y) (1)
y® —br? =4 (2)
Tit d6 ta nghi dén viéc thé (2) vao (1) dé c6 phuong trinh thuan nhat.
® Loi giai:
Hé phuong trinh tuwong duong:
{xs—y3 =4 (4z —y) - {a:?’—y?’: (y2—5x2) (4r —y)

® Y tudng: He phuong trinh ¢6 thé viét lai nhu sau: {

y2_5x2:4 y2—5$2:4
212% — 5aty — day? = 0 z(Tx —4y) Bz +y) =0
= =
([2=0
Tz
& Y7
= =3z
\y2—5:r;2:4

% Véix=0tacoy==+2

Tz 2\? -31 o
%leyzz<:> T — bz :4<:>1—5x =4 (V6 nghiem)
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%Véiy:—3x<:>(—3m)2—5x2:4<:>x2—1<:>[

Két luan: He c¢6 nghiem (z;y) la (0;2);(0; —2);(1; -3); ( ) O

. , 23— 8x =1y 4+ 2
Bai 10: Giai hé phuong trinh (/) ( Ha Tinh TST 07-08)
22 —3y° =6
Giai
NP 2 —y’ =24z +y) (1)
Hé phuong trinh c6 the viet lai nhu sau:
2? —3y° =6 (2)

Ta nghi dén céch dong bac (1) bang cach dung phép thé tit (2). Nhung trude dé ta phéi lam

xuat hién sé 6 ¢ (1) nén bién doi:

(I)<:>{3(fc3—y3) =6(4z +y) @{3@3—93) = («* = 3y") (4o + )

? — 3y =6 2 —3y° =6
([z=0
2+ 2Py — 1222 = 0 z(x—3y) (zr+4y) =0 r =3y
= = =
= 3y° =6 2 —3y° =6 r=—4y
2 — 3y =6
x V6i z =0 & y?> = —2 (v0 nghiém)
) 9 y=1Lz=3
xVoiz=3ye By) -3y =6c1y’"=6<
y=—-lx=-3
6 6
Y=\ T N
x Voiz = —dy & (—4y)* =32 =6 < ¢® = ; 0

13777

4
Két luan: Heé c6 nghié (r;y) 1a (3;1);(=3;—-1); [ —4 6 6 4 — —6 O
et luan: 0eé co nghiem (x, a(3;1); ; ; 1/ 1/
i v g v )y ) ) ) ) 13’ 13 137 13

2’ +y*+ay =3
2° + y° 4+ 15zy(z +y) = 32

Bai 11: Giai hé phuong trinh {

Giai

® Y tudng: Ta can tim mdi quan he gitta cac hang ti trong he. Muén vay ta chi ¢ t6i hing
dang thic (v + y)° = 2° + v° + bay(x + y)(2? + 2y + y?).
® Loi gidi:
Hé da cho dugc viét lai nhu sau:

4+ +ay=3 2+’ + 2y =3

< (%)

25 + 9% + 5.3xy(x + y) = 32 25+ y° + bry(2? + xy + y?)(xr + y) = 32

Cong viéc tiep theo tré nén don gian:

{x2+y2+xy:3 T4y =2
() & Sr=y=1

T4y =2 xy =1
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Vay h¢ c6 nghiem (z;y) = (1;1) O

1 1
ey 2
Bai 12: Giai hé phuong trinh 1 1
2 2 2, .2
-+ —= 3 3
x+2y (z* 4+ 3y%) (32" + )
Giai

® Y tuéng: Khai trién vé phai ctia hai phuong trinh. Dé giai bai toan ta chi cAn chd ¥ cong

\ x® + bxty + 1023y? + 1022y% + bay* + v° = (x + y)°

thic khai trien bac 5: 4 4 y y Ty ( v)
x5 — 5ty + 1023y? — 10223 + Syt — y° = (x — y)°

® Lo giai:

Hé tuong duong

1 1
-+ — = 3($4 + y4) + 1022y?
915 2
=9 4 .4
iy (y* — %)
Cong trir 2 phuong trinh ta co:
2
= =5y + 2% + 102%y? 2 = byt + 28 + 1023y>

=
— =5z + y* + 10222 1 = 5yz* + y° + 102%y?
Y

Lai cong tru 2 phuong trinh ta c6:

2 2
Sau day 14 mot s6 1i giai bang cach ghép hing ding thitc dé tao ra nhitng dai luong khong am.
22— 432 —2+10 =2y
Yy’ — 64y —3+1l =10

Giai

\5/§+1.<7§—1) -

Vay hé phuong trinh da cho ¢6 1 nghiém la: (z;y) = (

Bai 13: Giai hé phuong trinh {

Hé da cho tuong duong véi:
(-2 +(V3r—2-2 " +2+4=2y
(y—3)2+(m—3)2+2y:x+4
Cong 2 phuong trinh trén vé theo vé ta thu dugc:
(x =2 +(y =3+ (V32— 22"+ (VIy—3-3) =0

T d6 tim duge nghiém cta hé la (z;y) = (2;3) O

T T 1

—+-+-=2(1)
Bai 14: Giai hé phuong trinh x2 4 1 N

2 =40

Ty  z
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Ta co:

Giai
1 1 1\2 1 1 1\* 2 1
o (S ) i ()2
T Yy z T Yy =z Ty Z

. 11 1
Thé vao hé ta tim dugc nghiem (x;y; 2) = (5, 5 —5)

Bai 15: Giai hé phuong trinh {

2-—2)1-22)2+y) (1+2y) =4v102+1(1)

2y 2 F 2ur 2t 1 =0(2)

Giai
Ta co:
N A D L (2
2) e (x+y+2)°+@y—1)°=0s Y & 1 &
zy—1=0 Y= — y_l
. S

Thay vao (1), ta dugc:

1
bat:t =2+ — =

Tu do ta co:

X

2-n)-2 (24 1) (142) :4\/1_10(33%)
(2 ()4
e

SN

SR

1
<:>4(132+—2>—17
xXr
1] > 2

1
$2+—2:t2—2
X

(3)=4(?—2)—17T=4V1-10¢
&4t — 25 = 44/1 — 10t

& (442 —25)" =16 (1 —10t) = 0

& (467 — 20t +29) (2t +3) (2t +7) =0

7 1 7

S > 2 o
St 2(0lo|zf] )@a:Jr]; 5
-7+ +v33

S22+ Tr+2=0 1 = 1




221

=7+ +v33 —7—+33 7
. —7—+33 -7+ v33 7
®V01$:T:>y:T:>Z:§

Vay hé phuong trinh da cho ¢6 2 nghiém la
~T+V33 733 7\ (733 —T+V33 7
(v3y;2) = T 1 i3 T 1 3] C

Bai tap tu luyén

Giai hé phuong trinh:
Ty — T =2

1) 1 - 16 I
(x+1) (y+1)
2345z =3y =20 —y

—xyt=1
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PHUONG PHAP DUNG DON DIEU HAM SO
Ly thuyét

» Dinh 1y 1: Néu ham s6 y=f(x) luon dong bién (hodc luon ngich bién) thi s6 nghiem ciia
phuong trinh : f(z) = k khong nhiéu hon mot va f(z) = f(y) &z =y.

» Dinh 1y 2: Néu ham s6 y=f(x) luon dong bién (hofic luon nghich bién) va ham s6 y=g(x)
luon ngich bién (hodc luon dong bién) trén D thi s6 nghiem trén D clia phuong trinh: f(x)=g(x)
khong nhiéu hon mot.

» Dinh Iy 3: Cho ham s6 y=f(x) c6 dao ham dén cap n va pt f*)(x) = 0 c6 m nghiem, khi
do pt f*=Y(z) = 0 c6 nhiéu nhat 14 m+1 nghiém.

Nhu vay, ban chat ctia van dé chinh 1a viéc phan tich

g(x) = h(y) & f(p(x)) = fla(y))

Sau do ta sé xét tinh dong bién , nghich bién clia ham dac trung f(z). Trong d6 dé tien cho
viéc ddnh gid thi ta thudng bién d6i ham dic trung f(z) thanh mot ham da thic .Va dé c6 thé
lam duge diéu d6 thi ching ta can st dung , két hop khéo 1éo 2 ki thuat dit an phu va hé sb
bat dinh.

® Cha y: Ham s6 dac trung f(x) khong c6 tinh duy nhat , titc 1a néu tit mot phuong trinh nao
d6 ta rit ra duge 1 ham s6 dic trung thi chic chdn con c¢6 thé tim duge ham s6 thi 2, va van
dé ctia chiing ta 1 lam sao c6 thé tim duge 1 ham s6 don gidn vé mat ¥ tudng , cling nhu don

gidn trong viéc danh gia ( xét tinh don diéu ) ctia n6 trong bai toan.

Bai tap vi du

Bai 1: Giai hé phuong trinh:
tanx — tany =y — x (1)

( Olympic 30-4 nam 2005)
Vy+T—-1=+yx—y+8(2)

Giai

® Y tudng: Ta thiy bai toan dang nay rat dic trung cho phuong phap duge neu va cach ra dé
nay ciing thuong hay dugce stt dung trong cac dé thi CD — DH, thi HSG. Diéu quan trong 1
can chiing minh duge x = y tit he trén.
® Loi gidi:

1<
DK:{ Y

Vy+8<uw

Tt phuong trinh ban dau ta dude : tanaz + o = tany + vy
Nhu vay ham dic trung cta phuong trinh la f(t) = tant + t.
Lai ¢6 f'(t) =

'1/ ') cos?t
Thé vao (2) ta co:

+1>0nén f(t) 1a mot ham dong bién trén tap xac dinh, suy ra z = y.
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VITI-1=\Vy— V8 Vitli=\y—Vit8+1ey+8=4y—4/5T8
8

o3y—8—d/yT8eal’”3 oy=28
9y — 48y + 64 = 16y + 128

Vay = y = 8 1a nghiém duy nhat ctia (7) O.

® Nhan xét: O bai toan trén ban chét ciia van dé da duge thé hien rat ro rang ngay & phuong
trinh dau tién. Nén c6 thé nhan xét ring day ld mot bai toan dé trong viéc nhan ra ¥ tudng

cua phuong phap.

(x+V1I+a)(y+/1+92)=1(1)
o6z — 22y T 1 =day + 62+ 1 (2)

Giai

Bai 2: Giai hé phuong trinh (I7)

® Y tuéng: Nhin qua ta thiy (2) c6 vé dé& khai thac hon thong qua viec binh phuong dé

tim quan hé giita ,y. Nhung that ra mau chdt ciia bai toan lai 1a (1). Chi can dé y ring
1 A )

—————— = —y+/y?+ 1 thi ta da giai quyét xong.

y+yr+1

® Loi giai:

DKXD: 6z —2zy +1 > 0 (%)

Taco: (1) er+vVal+l=—y+Viy2+1& f(z)=f(—y) véi f(t) =t + V2 +1

_ VPt

Lai co: f'(t) = NS NS
Vay f(z) = f(—y) & = = —y. Thé vao (2) ta c6:

> 0 do d6 f(t) dong bién trén R.

oV6z 222 + 1 = —da?+62+1 < (\/2:,:2 T6r+l—2

2 9542 [\/2.7:2—1—6934—1:3:1:
) =T ©

4 V212 + 6z +1= -2z

222 + 62 + 1 = 922

x Néu V212 + 62+ 1 =31 & Sr=1=y=-1
x>0
) 222 + 61 + 1 = 422 3— V11 —34++/11
x Neu V222 +6x+1=—-22& <:>x:—:>y:+—
< 2 2
rz<0

3— 11 -3+ V11
2 2

V3r—1+42x+1)=vy—1+3y (1)
(x+y)(2x —y)+4=—6x—3y (2)

Thit lai (x) ta thay (I7) c6 nghiem (z;y) = (1; —1); (

) O

Bai 3: Giai hé phuong trinh (I117)

Giai

® Y tuéng: Ta théy (1) c6 dang don dieu, nhung khong thé tim duge ham sé dic trung. Nhu
vay 16 rang ta phai thay déi o hodic y. Chuyén qua phan tich (2) thi thy ring

(2) e (x+y+1)(2z —y+4) = 0. Vay ta da tinh dugc y theo x, tit d6 viec xay dung ham dic
trung cho (1) trd nén dé dang vi chi con mot an.

® Loi gidi:
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DKXD: z > -,y > 1 (x).

Ta co:
2 e @+y)2r—y)+4=—dz+y)—2r—y) o (x+y+1)2r—y+4) =0
sy=2r+4 (do (*):>x+y+1>g>0).Thayvao (1) ta dugc:

V3r—142r—-8=+vV2r+3<2Bx—1)+vV3x—-1=222+3)+vV2zr+3
Xét ham s6 f (t) = 2t2 +t v6i t > 0. Phuong trinh (12) c6 thé viét lai thanh
F(Vz—1)=f <\/233 n 3)

Ta c6 f'(t) =4t +1> 0Vt > 0 nén ham s6 f dong bién trén (0; +o00). Do d6

V3r—1=V2r+3&r=4=y=12.

Vay (I111) c6 nghiem (z,y) = (4,12) O

P+ —2=y>+3y* +4y (1)

Bai 4: Giai hé phuong trinh (/V)
417 +1=0(2)

Giai

® Y tuéng: RAt ty nhien ta nhin vio timg PT dé danh gia v6i muc dich tim mébi quan heé gita
hai bién.

Tu (1) ta thay rang 2 vé 1a 2 da thiic doc lap clia 2 bién x ,y va cung bac. Nhu vay viec ap
dung phuong phéap sit dung tinh don diéu c6 co hoi thanh cong rat cao. Va day ciing la lic
ching ta dung téi ki thuat he s6 bat dinh.

Dau tién, ta chon mot da thitc bat ki lam chuan ¢ (1). D& thay nén chon da thiic bén vé trai
vi nhin né don gidn hon. Véi y tuéng d6 ta duge ham s6 dic trung f(t) = t3 +t — 2 | nhu vay

viéc clia chting ta can lam d6 1a phan tich :

yP 43y  + 4y = ¢*(y) + g(y) — 2

Ro rang g(y) c6 dang g(y) = y + b tit day ta khai trién v duge b = 1
Nhu vay ta c6 phuong trinh 22 + 2 — 2 = (y + 1)° + (y + 1) — 2 t6i day thi ¥ tudng giai bai
toan da dude hoan thién.
® Loi gidi:
T (1) ta ¢

Porr 2=+ 1) -2 (0
Xét ham s6 dac trung: f(t) =3+t —2c6 f'(t) =3t*+1>0,Vt e R
Suy ra f(t) dong bién tren R , Két hop véi (*) ta dugc z =y + 1
Thé vao (2) suy ra:

P4 (-1’ +1=022"+2° 322 +3x=0

xr=0

so@t+1?-3r+3)=0&
z* + 2* — 37 + 3 = 0 (v0 nghiem)
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Vay (IV') ¢6 nghiém duy nhat (z;y) = (0,1). O

(4x* + D+ (y — 3)/5 -2y =0 (1)

(DH khéi A —
47 + > +2v3 —dx =7 (2)

Bai 5: Giai hé phuong trinh (V){

2010)

Giai

® Y tudng: Khé c6 thé khai thac gi tit (2), do d6 ta sé bt dau phan tich tit (1). Phuong trinh
nay c6 ,y tach biét nén kha ning dimg don diéu la cao. Vay ta bién déi phuong trinh vé dang

g(x) = h(y) & (42° + Dz = (3 —y)/5— 2y

5—a? 5—a?,  1+a 3
bit V5-2y=a=y= 2a va (3-y)v/o5—2y= (3~ 2a)a= J;a.a:%+g

. Bt . S
Ta hi vong rang f(t) = 3 + 5 chinh 1a ham dic trung ma ta can tim. Vay can phai phan tich

p(z)’  p(x)

(4o + 1) x =42+ 2 = T R0 rang p(x) ¢6 dang ma 4+ n , dung hé s6 bat dinh ta
) ot
thu duge m = 2; n =0 = p(z) = 2x. Nhu vay ham s6 didc trung chinh 1a f(t) = 3 + 3

DO Ot

3
® Lai giai: DK: z < Y <

Ta co

(2z)° 2 (5—2y)° N V5 — 2y

(1)@(4$2+1)9€:(3—y)\/5—2y©7+7: 5 5
PTRRTRS e A t , 3t2 1
Xethamsodactru’ng:f(t):§+§cof(t):7+§>O,VtER

=0

Suy ra ham f(t) 14 ham dong bién trén R , hay : 2z = /5 — 2y &
4% =5 — 2

T6i day ta thé vao (2) ta dugc :

5 2
4x2—|—(§—2x2) +2V3—4x—-7=0

suy ra g(z) dong bién

A~ w

. ) 2
Xét ham s6 g(x) = 4:B2—|—(§ —22%) +2/3—4x—Tc6 ¢'(t) > 0,Vx <
1 1
trénTXD,laicég(§):O:>:L’:§:>y:2

Vay V' ¢6 nghiém (z;y) = (=;2) O.

5;

2+ ayt =y + (1)

Bai 6: Giai hé phuong trinh (V1) {
Vizr +5+ y? + 8 =6(2)

Giai

® Y tudng: Nhin vao he trén ta thiy ring khong thé dimg phép thé. Phuong trinh 1 ¢6 2 an
khong doc lap véi nén ta nghi tdi viec thit nhom lai va phan tich nhan ti, lai c6 x — y? 1a mot

nhan ti chung, tuy vay viéc phan tich ra la tuong déi phic tap khi phai ding hing ding thtc
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lien quan t6i A® — B°.
Ta cliing xét cach khac don gidn hon. Véi dit dodn = = y? 1a mdi quan hé duy nhat clia x |y ta
nghi t6i dung don diéu. Hay thi danh gia:
(1) c6 hang tit 2y* ma trong viéc xét ham dic trung ta lai chi ¢6 thé xét ham mot an nhu vay
mot diéu rat tu nhién 1 ta tim cAch bién doi sao cho (1) tré thanh PT ¢6 2 an tach biet. Va
chia 2 vé cho y° 1a cach duy nhat gitp ching ta gidi quyét ducc tat ca van dé néu trén. Ta
cung di dén 101 giai chi tiét:
® Loi giai:
DK: z > %5
Dé thay y = 0 khong thod he. V6i y# 0 chia ca 2 vé ciia PT(1) cho y° ta dugc:

5

()& St o=y +y (5

Xét ham s6 dac trung f(t) =5+t c6 f'(t) =5t* +1>0,Vt € R
Suy ra f(t) dong bién trén R , két hgp véi (*) ta duge: - y & x=1y>
Thé vao PT(2) ta duge v4x +5 + vz + 8 = 6 (%) !
Ta c6 = %5 khong thod (**). Dat VT (xx) = g(x).

2 1 -5 N . -5
Ta c6 ¢'(z) = + >0 Vx> — do d6 g(x) dong bién trén (—; +o0
() = et s 2 do 46 g(x) domg (S +00)
Lai ¢6 g(1) = 6 nén (**) c6 nghiém duy nhat z = 1. Suy ra y = +1.
c

Vay (VI) c6 nghiem (z;y) = (1:1);(1;-1) O

® Nhan xét: V6i nhitng phuong trinh c¢6 bac cao thi viec ha bac va dat an phu rat hitu ich. Ta

cling xem qua mot s6 bai tuong ti:

(AP + 1)+ 222+ 1)V =6 (1)

Bai 7: Giai he phuong trinh (VII /
ai iai he phuong trinh ( ){x2y<2+2,/4y2+1 =zr+Vaz+1(2)

Giai

DKXD: x > 0.
Néu = = 0, tit phuong trinh thit hai ctia hé ta ¢6 0 = 6 (sai). Vay x > 0, chia ca hai vé cta (2)

cho 22 ta thu dudc
1 1
2 (1+ VB2 +1) = - (1+ \/;+1> (3)

Xét ham s6 f (t) =t (1 + V1 +¢%) v6i t € R, phuong trinh (3) ¢6 thé viét lai thanh

F(29) = 7(2)

1
>0Vt € R, do d6 2y = —.Thay vao (1) ta cé
x

Prr+2(@+1)Vr-6=0"+2-6=-2(2"+1)vz (4)

Xét cac ham 6 g () =2 + 2 —6,h (x) = =2 (2> + 1) y/z v6i z € (0; +00).
Dé thay g(z), h(z) don di¢u nguge chiéu trén (0; +00) va g(1) = h(1) nén (4) c6 nghiem duy
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. 1
nhatx:1:>y:§.
1
Vay (VII) c6 nghiém (z,y) = (1, 5) O.

<\/:B2 F1— 3%+ 2) <\/4y2 T4 1) — 82%°

Bai 8: Giai hé phuong trinh (VIII)
2’y —x+2=0

Giai

Vé6i x = 0 hodac y = 0 thi hé vo nghiém.
Véi x # 0 va y # 0.Phuong trinh (1) tuong duong véi

Va2 +1—42%y +x Va2 +1 —42%y +x

Vi +1-1 Vi +1-1
x2+1—4x2y+x:2x2y\/4y2+1—2x2y<:>\/x2+1+x:2x2y< 4y2+1+1)

@§<\/;+1) =2y< (2y)2+1+1> (3)

t Ht+1+VE2+1
Vi2+1+4+1)co V2 + 1+ +1= >0
d 1) o fi(t) = VE+1 2+ 1
(\/ 241+ 1) dong bién tren R
t

a co

dy? =827y & = 227%y

Xét ham sb: f(t) =
Nén ham sb f(t) =t
Tt phuong trinh (3)
1 1
f(—) =f2y) e -—=2y2zy=1
T T

Thé vao phuong trinh (2) ta co:

2%y —2r4+4=00r—-2r+4=0%

N
I
0| — W~

. 1
Két luan: Hé c6 nghiém (z;y) = (4' g) a

)

2 =322 42 =3+ 32 (1)

3V —2=+/y>+8y (2)

Giai

Bai 9: Giai hé phuong trinh (1.X) {

® Y tudng: Chang ta lai bt ddu tim toi tit cai don gidn t6i phic tap

Tit (1) dé ¥ réng ta da c6 dang g(z) = h(y) nhu mong mudn nhu vay ¥ tuéng dung tinh don
di¢u dé xét ham dic trung da xuat hién. Va sé t6t hon néu g(z), h(y) 1a ham da thitc. Vay ta
thit binh phuong dé loai bd cin thiic:

(1) & (2 — 32° +2)° = 4* + 3°

Cong viéc tiép theo 1a tim ham dic trung. Dé thay h(y) = y* + 3y? 1a lya chon tot vi day 1a
ham s6 don gian va dong bién trén [0; 4+-o00].
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Ta sé ¢6 ging phan tich (z* — 322 +2)° = ¢3(x) + 3¢%(z) . Déng nhét he sb s¢ tim dugc
q(z) = 2* — 2z — 2. Suy ra 2? — 2z — 2 = y (cht § diéu kién c6 nghiem 13

=324+ 2=(r—-1(2*-22-2)20=2>—-2r—-2>0dox > 2).

Nhung cau héi dat ra la, viéc khai trién va dong nhat he s6 v6i (z° — 322 + 2)? kha phiic tap.
Lai chd ¥ rang ham s6 dic trung khong phai 1a duy nhat. Lieéu c¢6 mot ham s6 nao don gidn
hon? Vay 1 diéu tu nhién 1a ta sé di tim cach dat an phu : 1 ham chtta can nao dé dé khong
phéai luy thua.

Déyring (1) &2 —322+2=/13 + 32 <2 - 322+ 2=y y +3

Nhuvay tasé dit a=vy+3=>y=a*>—-3,y/y+ 3= (a®> —3)a=da®—3a

Phan tich hoan toan tuong tu nhu cac vi du trude , ta dude (z — 1)* —=3(z — 1) = (Vy £ 3)° —
3v/y + 3 va ham dac trung f(t) = t* — 3t la ham dong bién trén [1;+oc| .Nhu vay y tudng da

ro rang.

® Loi giai:
DKXD:z>2; y >0

Ta co:
e 32 +2=y/y13o@-1°-3c—-1)=(Vy+3) —3/9+3

Xét ham dac trung f(t) =13 =3t co f/(t) =32 -3 0,Vt>1 (vi\/y+3=>V3, v —1>1)
Suy ra ham s6 dong bién trén [1;+o00] ,hay z — 1=y +3 & y=2?— 21 —2
Thé vao (2):

(2) < 9(z—2) = 1> +8y < 9(z—2) = (22 — 2z — 2)°+8(a2—22—2) & 2*— 423 +82°—172+6 = 0

r=3
S (x-3)(2"—2*+52-2)=0& s
' —x"+52—-2=0
Xét Q(z) = 23 —2? + 52 —2 ¢6 Q'(x) = 32* — 22+ 5 > 0, Va suy ra day la mot ham dong bién
trén R
Laic6 z > 2 = Q(x) > Q(2) = 13 > 0 suy ra phuong trinh Q(x) = 0 vo6 nghiém.
Vay (IX) c6 nghiem (z;y) = (3;1) 0.
® Nhan xét: Nhitng bai toan trén da cho thiy c6 nhiéu cach dé dua hai vé ctia mot phuong
trinh vé ham dic trung. Tuy nhién mot s6 bai toan kho hon sé doi héi phai bién doi cac phuong

trinh ctia hé dé tim ra ham dic trung.

2?22+ 3y) =1

Bai 10: Giai hé phuong trinh (X)
z(y* —2) =1

Giai

% V6i z = 0 dé thay khong phai 1a nghiem ctia hé trén.
% V6i x #£ 0 ta co
3
224+ 3y) =1 1 3
(X) & ( v) =2+ 3y+y’ —2) =3 +1& ¢y’ +3y= 5+ -
23 (y? — 2) = 3a? oz
T6i day ham s6 dic trung da 1o ro: f(t) = 3 + 3t
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P ) 1 .
Co6 f'(t) =3t +3 > 0,Vt € R suy ra f(t) 1a ham s6 dong bién tréen R = y = — t6i day ta chi
x

viec thé vao mot PT bat ki trong 2 PT thi bai toan sé dudc hoan tat :

y:l y:l r=—-1y=-1
(X) & g & x & 1
x3(2+;):1 203 + 322 — 1 =0 =5y =2

Thit lai ta thay (X) c6 nghiem (z;y) = (—1; —1);(5;2) O.
Sau day ta cling xem qua mot s6 bai hé phuong trinh logarit:

Bai 11: Giai hé phuong trinh
(x1 logs(2x + 1) —logg(z —y) + 1 = V42 +4x+2 — /(z —y)? + 1+ (x —y)* — da(x + 1)
logs(—2y —2) +4a? — V422 +1=1—-+/2

Giai

® Y tudng: Phuong trinh (1) nhin phic tap hon nhung kha nang nhom nhan tit lai cao, nén
ta sé& phan tich (1). D& thay biéu thic trong log 1a khong thé thay déi, do do ta sé lay 2z + 1
va o — y lam chuan. Viéc xay dung ham dic trung bing hé s6 bat dinh gidéng nhu nhitng bai
trén, nén & day ta sé khong nhac lai.

® Loi giai:

Ta co:

()& Vr+12+1-Q2e+1)" —logy(2r +1) = V(2 —y)? + 1 — (z —y)* — logy(x — ) (*)

t 1 1
Xét f(t 1 —t?>—log.t (t >0)tacod f(t) = —— — 2t+—) — —2V/2<0
) = VT = 8 ~logg (> 0) taco (1) = s = (204 7) < 5
nén f(t) nghich bién trén (0;400).
Dod6 (%) @2r+1l=0—ysr=—y—1
Khi dé6 (2) & log;(22) + 42?2 — VAx2 +1=1—+/2.
1 1
Xét g(z) = logs(2x) + 42* — V4x?2 +1 (z > 0) ta ¢6 ¢'(x) = 42(2 — ——=) + — > 0 nén
42 +1"°
-3
(z) dong bién Lalcog():1—\/§nen(2)Conghlemduynhatx——:yZT

€y2_x2 . 132 + 1
Bai 12: Giai hé phuong trinh y?+1
3logy(z 4+ 2y + 6) = 2logy(z +y +2) + 1

Giai
r+2y+6>0

r+y+2>0

Xét ham sb: f(t) = e'(t+1),t € [0,400). Ta c6 f'(t) =e'(t+ 1) + e’ =€'(t +2) > 0 nén day
13 ham dong bién.

Do doé:

DKXD: {

2_g2 $2+1

2l @+ )= (P +1) e f@?) = fyP) @2t =y e o =Ly

e¥
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Phuong trinh thit hai ctia hé tuong duong véi:

3logy(x + 2y + 6) = 2logy(z +y+2) + 1
< log, [(a: + 2y + 6)3} = log, [Z(x +y+ 2)2}
S (x+20+6)° =2z +y+2)° (%)

Xét hai truong hgp:
s Néu z = y thi thay vao (*), ta duge: (3z + 6)° = 2(2z + 2)°.
Theo DKXD ta c6 x > —1 .Lai ¢6

(32 4 6)° — 222 + 4)* = (z + 2)*(27z + 46) > 0 = (324 6)* > 2(2z + 4)°

Do d6: (3z + 6)° > 2(22 +4)> > 2(2z + 2)* nén (*) vo nghiem.
x% Néu z = —y, thay vao (¥), ta dugc:

(—z+6)° =22 (6-2°=806-—r=2cr=4cy=—4

Thit lai ta thdy he¢ da cho c6 nghiem duy nhat 1a (x,y) = (4, —4) O

® Nhan xét: Trong bai nay nén chua y cac danh gia trong trucng hgp x = y, bdéi vi khi do
phuong trinh bac ba thu dugce phai giai theo cong thic téng quat, diéu thuong bi tranh & céc
ki thi HSG. Do do, viéc tim mot danh gi& thich hgp dé ching minh nghiém khong théa dé bai

1a mot cach rat hay.

Bai tap tu luyén
Giai cac hé phuong trinh sau:
) (8 —3)V2r —1—y—4y* =0
Bai 1)
da? —8r 4+ 28 +9y* —2y+3=0
2%(3y + 55) = 64
Bai 2) (3y + 55)
xy(y? + 3y +3) = 12+ 51z
203 — 4o + 4 —1=2232 - y)v/3— 2y
Vr+2=314—23-2y+1
Vitytl+dzty=5
Vit ay +4+ /12 +ay+4=12

{x — 1y —2 =3z — 3y°

Bai 3)

Bai 4)

Bai 5
) 22+ V1—22 -3/ 2y — 12 +2=0
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PHUGONG PHAP HE SO BAT DINH

Hé s6 bat dinh 1a ngudn goc cho nhiéu 15i giai dep. Bai viét nay sé dé cap dén nhiing bién doi
trong hé phuong trinh hitu t7 duya vao hé s6 bat dinh. Muc tiéu ciia chiing ta la sau khi bién déi
thu dugc mot phuong trinh c6 thé phan tich thanh nhan ti& hoic c6 A chinh phuong
(néu 1a bac 2). Ta cliing xem qua mot s6 vi du:

Bai tap vi du

3 — 1y =35 (1)

Bai 1: Giai hé phuong trinh (7)
22% + 3y? = 4z — 9y (2)

Giai

® Y tudng: Khong thé ding phép thé dé giai he trén. Vi thé ta hi vong c6 thé tit hai phuong
trinh ctia hé dua vé dang (z + a)® = (y + b)3 (dé ¥ rang x,y doc lap v6i nhau). Mudn vay ta
nhan (2) cho mot s6 a. Cong viéc clia ta 1a tim a, b, a (luu ¥ phuong trinh (1) c6 bac 3 (cao
nhat) nén ta dé mic dinh he s6 nhu cii, céc s6 a,b, a sé duge chon dé phit hgp)

Lay (1) + «.(2) ta dugc:

23—y — 35+ (22 + 3y® — 4z +9y) =0

& 1° 4+ 202 — dax — y* + 3ay® + 9ay — 35 = 0 (%)

Ta can tim a, b, o thoa:

a’— b =-35 a=-3
VT(x) = (z+a)’ = (y + 1)’ & { 3a = 20 <Sa=-2
3a% = —4o b=
Do d6 (*) tré thanh: (x — 2)® — (y + 3)3 = 0.
® Loi giai: Ta ¢6 hé phuong trinh:
x> —y? =35 r=y+5 r=2y=—3
& ‘ &
rT—2=y+3 (y+5)*—y* =35 T =3y = -2

® Nhan xét: Bai toan trén cho ta mot cai nhin tong quan vé hé sé bat dinh trong hé phuong

trinh htu ti. Day 1la mot bai co ban vi x,y ding doc 1ap. Ta cing xem qua mdt bai tuong tu:

ot —yt =240 (1)
v’ —2y° = 3(2® — dy®) — A(x - 8y) (2)

Bai 2: (VMO 2010) Giai hé phuong trinh {

Giai

® Y tudng: Nhu bai trén, do x, y tach biét nen ta hi vong tir hai phuong trinh ciia he dua vé
dang (z + a)4 = (y+ 6)4. Muén vay ta nhan phuong trinh thit hai cho mot s6 k. Cong viéec
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clia ta la tim cac s6 a, B3, k.
Hé phuong trinh da cho tuong duong;:

z* +a=y*+a+ 240
{ 23 — 327 +4x = 2° — 129% + 32y
Suy ra:
' +a+ k(2® — 32° + 4x) = y' + a + 240 + k(2y® — 12y + 32) ()
Can chon k sao cho :
(x + a)4 =(y+ 5)4 & ot dar® + 6072 + 4’ + ot =yt + 4B8y° + 6577 + 483y 4 B (x%)

Tu (*) va (**) dong nhat he s6 ta co:

(CLZO&4

k=4«

— 3k = 602 ()= -8
4k = 403 o= —2
a+240=64<:) a=16
2k = 48 | B=—4
— 12k = 64>

32k = 433

® Loi giai:
Hé da cho tuong duong:
vt +16 = y* + 256
23 — 32 4 dx = 2y° — 12y° + 32y
Lay phuong trinh thit hai nhan cho (-8) cong véi phuong trinh thit nhat ta co:
' 416 — 8(2® — 327 4 42) = y* + 256 — 8(2y® — 12y* + 32y)
r—2=y—4 [xzy—?
=

r—2=4—y r=0—-y

S@-2'=@y-4"'e [
% Néu z = y — 2 thay vao (1) ta duge:
8y? — 24y + 32y +224 =0 (y +2)(8y* —40y +112) =0 y=2=2= —4
x Néu z = 6 — y thay vao (1) ta duge:
P -9+ 36y —44=0(y—2)( -Ty+22)=0cy=2=2=4

Vay hé phuong trinh da cho ¢6 nghiém (x;y) = (—4; —-2),(4;2) O
® Nhan xét: O bai nay hodc cac bai tuong tir v6i s6 mii 16n hon hay nhé hon néu khong chita
cac hang tit c6 dang 2™.y™ ta déu cé thé st dung phuong phap trén. Tuy nhién chi can qua

mot phép doi bién heé sé khong con “ dep” nita. Chiing ta cling xét bai toan sau:

1
vyt = (1)

Bai 3: Gidi he phuong trinh (11) Orn
4a* + 4o — 95 = —y(3z +1) (2)
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Giai

® Y tuéng: Dé ¢ réing 2 phuong trinh ctia he déu c¢6 bac hai va xuét hien ca hang ti zy nén
viec diing HSBD nhu bai 1 sé gap nhiéu khé khan. Mot huéng di thuong dung ctia ta véi he
loai nay la dua vé phuong trinh bac hai theo (az + by). Dé lam diéu do, ta nhan (1) cho «, (2)

cho (B va cong lai:

1 57
(1).a+(2).6@a(x2+y2—5) +B<4x2+3xy+3x+y—%) =0

@a{(l—l—%)ﬁ—%%xy—l—yﬂ +B8Bx+y)————=0

Da xuat hién hang tit az + by chinh 1a 3(3z + y). Do d6 ta hi vong c6

4 3
(1 + Eﬁ) z® + §Iy+y2 = k(3z +y)?

Dé ¥ rang hé s6 ctia 9% 1a 1 nén k& = 1. Khai trién va dong nhét hé sb ta dugc
4
3 <~
36 = b f=2
o
Vay ta da tim duge «, (.

® Loi giai: Lay (1) + (2).2 ta dugc

| Ol =3

119 7 17 x4y =
Br+y)?+2Bz+y)——=0= (3z+y—=] (32+y+—)=0s
25 5 3w 4y =

U‘ ‘

. 7
%Néu?)x—l—y:g:

) 2 1
xr = —. = —
> +y?=- 5 Y ) . 17
Ta ¢6 hé phuong trinh 57 & x Neudex +7=—:1:
y=—3z+ - 11 2 o
~ 5 T=o20 Y= o
( 1 2 1%5
@y == y=—3x— —
Ta c¢6 hé phuong trinh < ; 517 & 105 4 102x5+ 984 . (vo nghiém)
= —X — — T _—
. 5 5 ' 25
21 11 2
Vay (1) ¢6 nghiém (z;y) = <5;5> ; <2—52—5) O

® Nhan xét: Nhitng hé phuong trinh chtta hang tit 22, zy, y? phan 16n c6 thé dua vé phuong
trinh bac hai theo ax + by. Bai hé trén con cé 2 cach giai khac, 1a ding phép thé hoisic dit an
phu tong - hieu. Ta ciing xem qua mot bai tuong tu:

2%+ 2zy + 2> + 32 =0 (1)
zy+y* +3y+1=0(2)

Bai 4: Giai hé phuong trinh {

Giai
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® Y tudng:
Nhu bai trén ta sé bién déi dé dua vé phuong trinh bac hai theo maz + ny. Dé lam diéu dé ta
nhan phuong trinh thit nhat véi o va phuong trinh thit cho 3 rdi cong lai:

(D.a+(2).8 e (2* + 22y +2y* +32) + Blzy +y* + 3y + 1) =0

@a{x2+<é+2)xy+(é+2>y2}+3a(x+éy>+ﬁ20
(8% (6% (6%

Ta can chon a va 3 sao cho:

2
$2+<§+2>$y+ (é+2>y2: <x+éy)
(67 « «

2
P Ty + G y2:x2+2§xy+ﬁ—y2
a e a?

«

Dong nhat hé sb ta co:

B0
g ﬁO;<:>—:2<:>5:2a
(% «

Dé cho don gian chon a =1 va 8 = 2.
® Loi giai:
Lay phuong trinh thit nhat cong véi phuong trinh thit hai nhan (2) ta dugc:
2 +day + 42 +32+6y+2=0
S (4297 +3x+2)+2=0< (z+ 2+ Dz +2y+2)=0
r+2y+1=0
r+2y+2=0

% Néux+2y+1=0= 2= —2y— 1 thay vho phuong trinh thit hai ctia hé ta dugc:

y=1+V2=2=-3-2V2

2
-y +2y+1=0«
y—fl—\/§:>ac:—3+2\/§

% Néuz+ 2y +2=0= 2 = —2y — 2 thay vao phuong trinh thit hai ctia hé ta dugc:

1 5
Y= +2\/_:>x:—3—|—\/5

1 -5
Y= 2\/_:>:E:—3—\/3

Vay hé phuong trinh da cho ¢6 4 nghiem (z,y) 1a (=3 — 2v/2;1 +v/2); (=3 4+ 2v2;1 — V/2);

(R

2 2
® Nhan xét: Nhitng hé phuong trinh c6 chita cac phan ti 22, zy,y> phan 16n c6 thé dua ve
phuong trinh bac hai theo mx 4 ny, tit d6 c6 thé tinh x theo y hoic y theo x rdi thé ngudc lai

— P 4+y+1=0%

vao mot trong hai phuong trinh ctia hé sé ra duge nghiém.

ot —dx? +y? —6y+9=0 (1)

Bai 5: Giai hé phuong trinh
2y -+t +2y—22=0(2)
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Giai

® ¥ tudng: He phuong trinh trén c6 bac kha cao (bac 4) nhung c6 the gidm bac bang cach dat
t = 22. Vay cach tu nhién nhat chinh I ta dua vé phuong trinh bac 2. Dé dam bao A chinh
phuong ta sé diing hé s6 bat dinh nhu sau:
Ta c6:

(1) + (2).a & 2* + 2* (=4 +ay +a) +y*> — 6y + 9 + 22ay — 22a = 0

Coi day 1a phuong trinh bac 2 theo 2? ta co:
A =y?(a® — 1) + y(—16a + 2a% + 24) + o + 80a — 20

Dé A 1 mot binh phuong thi truée hét hé s6 ctia 2 phai 1a s6 chinh phuong, nghia 13 ta giai
PT nghiém nguyén a® — 4 = k2
a?—4=0
Tim dugc cac nghiém ctia PT nay, 1an luot thit lai. Dé thiy a = 2 thi { —16a + 242 + 24 = 0
a® + 80a — 20 = 144
Vay ta chon a = 2.
® Loi gidi:
X6t (1) + (2).2 ta co:

() +(2)2e 2" —42® +y* — 6y +9+2(2y +2° + 2y —22) =0 & (2* +y+5)(z* +y—7) =0
x Néu y = —x? — 5, thay vao (1) ta c6 phuong trinh
gt —42® + (22 +5)2 +6(2* +5) + 9 = 0 & 2" + 62> = —32(v0 nghiem)
% Néu y = —22 + 7, thay vao (1) ta c6 phuong trinh
ot — 4+ (22 =T 462 - 1)+ 9=0c 2" —62°+8 =0z € {£2;+V2}

Tir d6 ta tim dude nghiem ciia hé 1a (2;9) = (2;3), (—2;3), (—=v/2;5), (v/2;5) O

2%+ 3zy? = —49 (1)

Bai 6: Giai hé phuong trinh
2® —8xy +y* =8y — 17z (2)

Giai

® Y tudng: Do phuong trinh thit nhat ctia he ¢6 bac cao nhat nén ta sé dé nguyen, nhan phuong
trinh thi hai cho « 16i cong v6i phuong trinh thit nhat ta dugc :

2+ 32y® + 49 + a(2® — 8xy +y* + 172 — 8y) = 0 (1)

Mit khac ta c6 thé nham duge nghieém ctia he 1a (2;y) = (—1,4), do d6 ta mong mudn (1)
phan tich dugc thanh:

(z + 1)(az® 4+ bx + cy® + dy +49) = 0 (dé& thay hé sb ciia xy trong ngoic bing 0)

& ar® +bx? + cxy? + doey + 492 + ax® + br + ey’ +dy +49 =0
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& ar® + (a4 b)z® + cxy® + dovy + ey + (b+49)x + dy + 49 = 0 (2)
Tu (1) va (2) dong nhat he s6 ta duge:

(

a=1
a+b=a«
a=1
c=3
a=3
d = —8« =
=2
c=q«
=24
b+49 =17«
\ d = —8«

® Loi giai:
Nhan phuong trinh thi hai ciia hé cho 3 roi cong véi phuong trinh thit nhat dugc :
23 4 3xy? + 49 + 32% — 24ay + 3y* — 24y + 5l =0
& (x4 1)(2? + 22 + 3y* — 24y +49) = 0
& (@+1)((z+1)°+3y—4*) =0
r+1=0 x=—1
~ <~
r+1=0,y—4=0 r=—-1ly=4
% Néu z = —1 thay vao phuong trinh tht nhat ctia he duge y? = 16 & y = +4
% Néu z = —1,y = 4 thay vao hé thay thoa.
Vay hé phuong trinh da cho c¢6 nghiém (x,y) la (—1,4),(—1,—4) O

Ta cung xem qua mot cach giai khac cho bai toan:
® Y tudng: Dé ¥ ring he ¢6 bac ba nhung 1a bac ba theo 2, va chi ¢ bac hai theo y. Vay ta
sé 1ay (1) cong véi (2).a va dua vé mot phuong trinh bac hai theo y:

v*(3x + a) + y(—8ax — 8a) + 2° + az® + 1Tax +49 =0
Ta can chon a dé A la mot binh phuong ctia mot biéu thitc theo x. Cu thé ta cé:
A = —32* + 2*(—4a) + 2°(15a* — 51a) + z(15a® — 147a) + 164> — 49a

Néu A la binh phuong thi n6 sé phai c6 dang —3[f(z)]?. Muén vay trudc hét 16a* — 49a phai
la
(—3) lan ctia mot s6 chinh phuong. Dé don gidn ta chon a € Z trudc, nghia la can phai gidi
phuong trinh nghiém nguyén

164 — 49a = —3b*
Dé thay c6 16a* — 49a < 0 < a(16a — 49) < 0 < a € {0;1;2;3}
Lan lugt thit ta thay a = 3 thi A = —3(z + 1)*
Lai dé y rang A > 0 < x = —1. Vay ta c6 ngay nghiém x = —1 (trudng hgp tong quat thi ta
phéi tinh y theo x).
® Loi giai: Xét (1) + 3.(2) ta ¢6 phuong trinh

y*(3x +3) — 24y(x + 1) + 2° + 32% + 51z + 49 = 0 (x)
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(x) c6 A = =3z* — 1223 — 1822 — 122® — 3 = —3(x + 1)* > 0 & x = —1 Vay ta c6 he phuong
trinh
r=—1 r=—1 r=—1

23 + 3zy? = —49 y? =16 y =44

Do d6 hé c6 nghiem (z;y) = (1;4),(—1;—4) O

® Nhan xét: Hai cach tréen déu xét (1) + (2).a vd déu ra @ = 3 tuy y tudng khac nhau.
Céch 1 rat hieu qua trong nhitng bai c6 thé tim duge nghiém. Cach 2 mang tinh tong quat ,
va ¥ tudng gidi phuong trinh nghiém nguyén kha tha vi. Bai nay con mot cach gidi khéac bang
phuong phéap dit an phu téng - hieu.

Sau day ta sé khai thac sau vé cach 1. Luu ¥ rang véi nhitng bai cang doan duge nhiéu nghiém
thi cang dé dung he s6 bat dinh.

2+ 23y + Da? + by + 4y + 1)z — > + 10y +2 =0 (1)

Bai 7: Giai hé phuong trinh
v+ —2y+a*+x+2=0(2)

Giai

® Y tudng: Dé giai bai tren ta sé tién hanh 4 budc:

Buéc 1: tim nghiém ctia hé. Néu biét duge nghiem thi ¥ tudng ciia ta sé ro rang hon
nhidu. O day lan lugt thit x = —2,-1,0,1,2,3,... ta tim dugc 2 nghiém ctia he 1a (z;y) =
(—1;1),(2-2) O

Tuy nhién luvu ¥ rang bac ctia hai phuong trinh 1a kha cao (4 va 3). Néu phan tich nhu bai 5
thi ta van phai gidi quyét mot hé phuong trinh hai an bac 3 va 2 (sau khi da giam bac). Vi vay
§ day, do da biét 2 nghiém, ta sé tién hanh bude 2:

Budc 2: tim quan hé tuyén tinh giita 2 nghiém nay: Dé thay dé la y = —x.

Budc 3: thay vao hé va phan tich thanh nhan ti: Ta thay x béi y hodc y bdi x (tuy

truong hgp xem cach nao c6 16i), v6i bai nay ta thay y = —z vao hai phuong trinh cia hé va
thu duge
2t +2(=3x + D)2* + (5a? — 4o+ 1)z — 22 —10x +2=0 (z+1)*(z—1)(xz—2)=0
=
—?—(r—2x+2*+2x+2=0 (x+1)*(z—2)=0

Viéc phan tich trén 1a khong kho vi ta da biét truée nghiem.

Buéc 4: Luta chon biéu thic thich hgp:

Nhu thé, so v6i phuong trinh thit nhat vira nhan duge thi phuong trinh thit hai thiéu di mot
biéu thitc 14 x — 1 , nhung chi ¥ ring biéu thitc nay ciing tuong duong véi —y — 1. Ta sé chon
mot trong hai bicu thic nay dé nhan vao.

R6 rang néu chon —y — 1 thi viéc nhan sé tao ra mot da thitc ¢6 chita bién y dong bac véi da
thiic & phuong trinh thit nhat ban dau. Vay ta sé nhan phuong trinh sau cho —y — 1.

® Loi giai:

Nhan phuong trinh thit hai cho y + 1, roi 1y phuong trinh thi nhat, trit phuong trinh via
nhan dugc, ta co:

(z+y)(x—y+2)(a* =22+ 4>+ 3y +5) =0
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- V6i = —y, ta dua phuong trinh thit hai ctia he vé (y +2)(y — 1)? =
- V6i z = y — 2, ta dua phuong trinh thi hai ctia he vé (y — 1)*(y + )
Dé thay khong xay ra 22 — 2z + 4> + 3y +5=0

Thit lai ta thay heé c6 nghiem (z,y) = (—1,1), (2, —-2), (—6,—4) O

® Nhan xét: Van dung linh hoat 4 budc trén cé thé cho ta 15i giai rat dep va ngin gon. Ta
cling xem qua mot bai tuong tu:
(r -y +r+y=y>(1)
zt — dx?y + 322 = —y? (2)

Bai 8: Giai hé phuong trinh

Giai

® Y tudng: Dau tien ta thiy (1) © 22 — 2zy + x4+ y = 0.
C6 thé tim duge 3 nghiem nguyén ctia he nay 1a (z;y) = (0,0), (2;2), (1;2). T 2 nghiém dau
. 2 —2x=0
ta thay x = y. Thay vao hé ta dugdc
[z(z = 2)]? =0
Nhu vay ta sé phai nhan z(z — 2) hodc y(y — 2) vao (1). Dé y rang néu chon z(z — 2) ta sé lam
mat bac 4. Vay khau chuan bi da hoan tat.
® Loi gidi:
Xét x = 0 va x = 2 ta thay he ¢6 nghiem (z;y) = (0;0), (2;2).
Vé6i x ¢ {0;2} xét (1).[z(x — 2)] + (2) ta c6 phuong trinh

(- 2)(2? =2y + o +y)+ (2 42’y + 322 +y) =0 (2 —y)(22° — 2+ —y) =0

x Néu z = y thay vao (1) ta c¢6 2z — 22 = 0. Truong hgp nay loai do x ¢ {0;2}
x Néu 22° — 22 + 2 — y = 0 ta c6 he phuong trinh

203 — 2’ +x—y=0
(%)

2 —2ry+ax+y=0
Cong hai phuong trinh ta c6
20% — 20y + 20 =0 20(2* +1—-2y) =0 2* + 1 =2y (do x # 0)
Thay vao (1) ta c6 phuong trinh
20+’ +1=0&z=1

Tu d6 tim duge (z;y) = (1;2).
Vay he da cho ¢6 nghiem (z;y) = (1;2),(0;0),(2;2) O

MO RONG:
® Y tuéng: Nhu da dé cap, néu biét cang nhidu nghiem thi ta c6 151 gidi cang dep. Sau day la

mot cach phan tich khi ta biét cad 3 nghiem. Ta sé lan luct 1ap 3 quan hé tuyén tinh gitta = va
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y=x
y. Trong bai nay, d6 1a ¢ y = 2«
y=2
Do (2) ¢6 bac cao hon nén ta xét
(1).a+ (2) & 2* + 22(—4y + a + 3) + 2(a — 2ay) + ay + y* = 0 (3)
Ta sé chon quan hé¢ nao dé st dung nhat, d6 chinh 1a y = 2. Nhu vay (3) ¢6 nghiem y = 2,
nghia 1a

—zt 4+ 52?2 —4
$2—3£L'—|—2 :—<$+1)(l‘—|—2)

'+ 2*(a—5)+2(-3a)+2a+4=0a=

Khi d6 (3) tré thanh 223 + 22 + 2 +y =0
Ta tiép tuc khai thac mot trong hai quan hé con lai, dé y ring nhu da phan tich & trén, véi
a = x(x —2) ta thu duge 22° — 2> + 2 —y =0
Vay ta di dén 15i gidi ngdn gon nhu sau:
® Loi gidi:
Thit v6i x € M = {0;2; —1; —2} ta tim dudc nghiem (z;y) = (0;0), (2;2),(1;2). Xét ¢ M ta
co
(1).a+(2) & y* +yla — 2ax — 42%) + az + 2*(a + 3) + 21 = 0 (x%)

Chon a=z(z —2)tac622® — 2’ +x—y=0
Chona=—(z+1)(z+2)tacé 223+ 22 +2+y =0
Cong lai ta c6 423 + 22 = 0 (sai do ¢ M). Vay truong hgp nay loai.
Tém lai hé ¢6 nghiem (z;y) = (0;0), (2;2), (1;2) O
Bai tap tu luyén
Giai cac hé phuong trinh sau:
1) 2+ =9 (1)

2 42y =z + 4y (2)

23— + 3% + 20 — 5y + 3 =0(1)

2+ 2y = 1(2)

62%y +2y> +35=0
52 4 5y? + 22y + 5z + 13y = 0
ot — oyt = 1215

— y2 =1
212 + 3y + 9622 4 28zy = 117
{ 27 — 4y® = 9(2* — 4y®) — 18(x — 8y)
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Ki THUAT DAT AN PHU TONG - HIEU

Ly thuyét
Trong viéc giai hé phuong trinh thi dit an phu la cach hiéu qua va rat da dang. Phuong phéap
diit an phu tong - hieu 1a mot cach dit dé nhan biét, tuy khong phai t6i wu nhung ciing ¢ thé
dua vé mot hé phuong trinh gidi bang phuong phéap thé.
Noi dung phuong phap chinh 1, tit mot hé phuong trinh theo 2 an x,y ta dat

(%) @ = meny hodc () r=matnb (a, b 14 an mdi) .

b= ux + vy y = ua + vb

Hai phép dit tren thuc ra tuong duong, vi ta c6 thé tinh z, y theo a, b va ngugc lai. Luu ¥ rang:
% Phép dit (x) duge ding v6i nhitng hé ma ta c¢6 thé nhém cac hang tit mot cach thich hop
dé tao ra phuong trinh don gidn hon theo mx + ny va ux + vy.
% Phép dat (xx) duge dung véi nhiing hé phuong trinh ma ta hi vong ¢ thée khit mot hay mot
s6 hang t1t nao do sau khi khai trién. (Iuu y ring hé phuong trinh hitu tf ma 2 an tach biét thi
c6 thé gidi quyét bing he s6 bat dinh).
Khi gidp mot bai toan ta nén thit (%) trude, vi phép dat nay cho hé don gidn hon.

N . Y a=mx+ny . . .
Mot truong hop dac biét hon la phép dat dung cho hé phuong trinh c6 mot
b=nxr—my

phuong trinh déi xiing, c6 thé dua mot sé bai vé he doi xiing loai 1.

Phuong phap nay c6 thé gidi quyét nhidu hé phuong trinh hitu ti, dac biét 14 hé bac hai. Vi tit
mot phuong trinh bac hai 2 an mi2? + mazy + may? + myx + msy + me = 0 ta c6 thé dua veé
dang niab + nga + nob 4+ ng = 0, tir d6 tinh duge a theo b.

Sau day la cac vi du cu thé:

Bai tap vi du

2 .2
r+y ' =xy+ax+
Bai 1: Giai hé phuong trinh Y Y Y
.772 _ y2 =3

Giai
® Y tudng: D& thay néu dit a = 2 4+ y,b =  — y thi tir phuong trinh sau ¢6 ab = 3 nén muc
tieu dung phép thé da thanh cong. Viec con lai 1a dua phuong trinh dau vé bién a,b (dé thay
2~y +y? = 1B+ )+ (- y)7])
® Lo giai:
bat a =z + y;b = x — y ta c¢6 hé phuong trinh

3
a2+ b2 =4b a= - b=3
“qor ! <
ab=3 b_2_|_b2:4b a=1

T d6 tim duge (z;y) = (2;1) O

4y =3
Bai 2: Giai hé phuong trinh sau 22y
2 2 _
Ayt ———— =
r4+y—1
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Giai

DKXD: 74y # 1
Phuong trinh (2) tuong duong:

(z+y—1) (2" —4*) +z+y+22y+1=0

3 —4xy2+x2y)—x2+4y2+x+y+2xy—1:0

< (T + 2y) (:E2—:1:y—2y2)+(xy+x+2y2+2y)—<x2—xy—2y2+y+1):0
(z+2y) (" -2y —2¢°) + (z+2y) (y+ 1) — (e® —2y —2¢° +y+1) =0

(z+2y—1) (" —ay—2"+y+1) =0

3

<:>(x — 4y

=
=

r+2y=1
=

2 —zy -2 +y+1=0

% Néu x + 2y = 1 thay vao phuong trinh (1) ta dugc

)
r=1-—2

Y 3+vId  —1-2V1d

r=1-2y 3+ v14 y= 5 &= 5

& y=——
5y —6y—1=0 3—V14 —-1+2V14
3—+V14 y = T =
L e 5 5
\ y 5

% Néu 22 — vy — 292 + y + 1 = 0 ta c6 hé phuong trinh:

?+yP+r=3
P —ry—2y"+y+1=0

()

Nhu vay mau chdt ciia bai toan lai 1a hé phuong trinh ()

® Y tudng: Dé st dung phép thé, ta phai dua mot phuong trinh vé dang p.ab + q.a +r.b=m
(an a, b). Nhu vay cac hang tit bac 2 trong phuong trinh phai duge dua veé tich ctia a va b (dé
¥ a, b 1a bac nhat). Nghia I3 ta phai phan tich 2* — xy — 2y* thanh nhan t1i.

= £ a=x+Yy
Dé thay x? — xy — 2y* = (v + y)(z — 2y), vay ta dat
b=z —2y
® Loi giai:
2a +b
9 . =3
bata=x+y;b=20—-2y= Cah
T3
Ta c6 HPT:
(2a+b)*+ (a—b)*+3(2a +b) =27 (1)
3ab+a—b+3=0 (2)
N 2 b—3 PN N ~
T (2) c6 a = ETEE Theé vao (1) duge phuong trinh bac 4 theo b:

54b* + 13506 — 64802 — 729 =0 < b € {_79 —1;0; 3}
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Nhu vay hé tuong duong

b:_—g;a—§
2 5
b=—-1;a=2
b=0;a=-3
_b:3;a:O

T do tim duge nghiém

(w1y) = (_11- 17) (11), (=25 —1), (1; 1), (‘1 —2v14 3+ m) | <—1 +2v14 3 - m) .

10 10 5 5 5 5
® Nhan xét: Nhu vay tit mot hé khong thé dung phép thé, qua phép dat an phu da dua vé hé
gidi bang phép thé. Du phuong trinh bac 4 c6 hé s6 cao nhung ¥ tudng gidi 1a ro rang.

Hé (%) ciing c6 thé giai bang hé sé bat dinh. Cu thé, lay phuong trinh dau nhan véi 2 va
cong v6i phuong trinh sau ta thu dugc

32° —2(y —2)+y—-5=0= (z—1)Br —y +5) =0

2
2y’ = (1)
Bai 3: Giai hé phuong trinh 557
4a* + 3z — 95 = —y(3z+1) (2)
Giai

® Y tudng: Xét cic hang t bac 2 ¢ ca hai phuong trinh, ta thiy khong thé phan tich thanh
nhan ti. Tuy nhién luu ¥ ring ta c¢6 thé thay doi hé s ctia 22 va y? & (2) bang phép thé (1).
Nhu vay ta hudng t6i cach dit (), nhung ¢ day kho khan hon vi ta khong biét biéu thiic can
phan tich 1a gi. Tiép tuc khai thac bai toan:
» Ta sé thé (1) vao (2) dé bién ddi biéu thitc bac 2. Nghia 14 ta xét:

57  «

(1).a+(2)<:>x2(4—|—oz)+3xy+ozy2+3x+y:%—l—g

Muc dich ctia ta 1a phan tich f(z) = 22(4 + a) + 3zy + ay? thanh nhan tit. Mudn vay thi A
cia f(x) phéi la mot binh phuong. Ta xét

A =9y* — da(4 + a)y* = y*(9 — 16a — 4a?)

Nhu vay ta phai tim a dé 9 — 16 — 402 1a s6 chinh phuong, néi cach khac la giai phuong trinh
nghiém nguyén
9 — 16 — 40® = k?

T d6 tim duge o € {—4; —2; 0} (that ra chi can tim nghiém nguyen ctia 9 — 16a — 4a? > 0 roi
thit lai). D& thay chi nhan o = —2. Khi d6 ta c6 phan tich 22% + 3zy — 2y* = (22 — y)(z + 2y).
Vay dat a = 2x —y;b =z + 2y.

® Loi gidi:

Lay (2) — 2.(1) ta c6 he tuong duong

2

2+ y? =
5)

) 9 47

2x° 4 3xy — 2y +33:+y=2—5
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Dit a = 2 + 2y, b = 22 — y ta c6 he ddi xing :

a?+b =1 a =
47 A

b b— — = _
a+b+a % 0 4=

21, ,11 2
Vay ta tim dugc (z;y) = (g, 5)7 (%’ 2_5> O

® Nhan xét: Bai toan trén ciing c6 thé giai bang heé s6 bat dinh. Cu thé ta xét

7 =17
(1):25+ (2).50 & 253z +y)* + 503z +y) —119=0 <3z +y € {57 T}

Tt d6 dé dang lam tiép.

. 23 + 3zy? = —49
Bai 4: Giai hé phuong trinh

12 — 8xy +y? =8y — 17x

Giai
® Y tudng: Thit xét hang tit bac 2 trude, ta thay khong thé phan tich #2—8zy+y? thanh nhan tit
va cling khong c6 cach nao bién doi biéu thiic nay. Dén hang t1t bac 3, dit 2° +3xy? = z(2243y?)
nhung khong dé& dua vé bac 3 theo a, b véi phép dit (x). Vay ta chuyén qua phép dat (sx).
Tru6e tién ta thit cach dit @ = ua+vb;y = va —ub va muc dich ctia ta chinh 1a khit ab, a®b, ab?
sau khi dua vé hé bac 3 theo a, b.
Gio ta sé tim u, v:

xr = ua + vb
Dat thay vao hé ta dugc:
y =va — ub

a(u® + 3uv?®) + b*(v® + 3u?v) + a®b(3v® — 3uv) + ab®(3u® — 3uv?) = —49
a®(u? — Suv + v?) + b*(v? + Suv + u?) + 8ab(u® — v?) = —ua — 25vb

Ta sé dong nhat hé s6 sao cho hé s6 ctia a®b, ab® va ab bang 0 :

30 —3utv =0
U=

3ub —3w? =0 & [

uw? — v =0 e
Do u = v hay u = —v déu ¢6 cliing cach diat nén ta chon u = v =1 (that ra c6 thé lay u,v tuy
¥, Vi vé tréi ctia phuong trinh dau la thuan nhat).
® Loi giai:
bat x =a+0b, y =a — b ta c6 hé:

4a® + 4b* = —49 8a® + 8b® = —98
{ 60+ 106 = ~9a — 25b { 6a> — 9a = 10b° + 25b

T6i day c6 thé giai tiép bing hé s6 bat dinh. Cu thé, liy phuong trinh thit nhat cong phuong
trinh tht hai nhan (-6) ta c¢6

(20 —3)° = (=20 -5’ @20 —3=—-2—-5<a=—-b—1
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-5 3 3 =5
T d6 tim duge (a;b) = (7; 5) : (5; 7)

Nhu vay hé c¢6 nghiem (z;y) = (—1;4),(—1;—4) O

® Nhan xét: Tit bai trén c¢6 thé rit ra mot kinh nghiém nhdé 1a néu trong mot phuong trinh cé

ma® va 3may?, hodc my® va 3ma?y thi ta ¢6 thé dit © = a + b;y = a — b.Sau day ta xét mot
bai tuong tu:

6%y 4+ 2y> +35=10 (1)

Bai 5: Giai hé phuong trinh
5% + 5y? + 2xy + H5x + 13y =0 (2)

Giai

® Y tudng: Theo nhan xét bai 4, do phuong trinh dau ¢6 2y3+622y nén ta dit © = a+b; y = a—b.
® Loi gidi:
bat r =a+b;y =a—btaco (1) tré thanh:

6(a+b)*(a—b)+2(a—b)>+35=0<« 6(a®+2ab+ ) (a — b) + 2 (a® — 3a°b + 3ab> — b*) + 35 = 0
35

@6(&3—azb—|—2a2b—2a62+ab2—b3)—|—2a3—6a2b+6a62—2b3+3520<:>a3—b3+§:0

Tuong ty, (2) trd thanh: 6a + 9a + 4b6* — 4b =0
Vay ta c6 hé phuong trinh

35
3 _ b3 — _ -
¢ 8
6a® + 9a + 40> —4b =0
e ~ N > ~ £ £ . N 3 _3
Giai he nay bang hé s6 bat dinh, ta tim dugce (a;b) = | —1; 5) (7, 1)

1 =5 -1 -5

® Nhan xét: Néu da biét nghiem ctia he, ta cling c6 thé trinh bay ngdn gon hon bing heé s6 bat

1\ 2 5\ 2
3 - e
(+2) +(r+3)

dinh nhu sau:

(1) 4+ 3.(2) & (6y + 15)2* + 3(2y + 5)x + 2y + 159> + 39y + 35 = 0 < (2y + 5) =0

vt -2 =yt —y

Bai 6: Giai hé phuong trinh 5
(z* —y*) =3

(Dé kiém tra doi dy tuyén trusng THPT Chuyen DHSP Ha Noi)

Giai

Ditz+y=a,2—y="0,3=c
Tit phuong trinh thit hai cia he, ta co: (ab)’ = ¢ < ab = c.

a+b a—b
a+b\> a—0b\> ab, 5
(3) + (% )]_5@%)

Ta c6: z = Y= . Suy ra:

2

=yt = (r—y)(z+y)(@® + ) =ab
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Lai c6 ntta:

a—>b a+3b a+c3b

Do d6, phuong trinh thit nhat ctia hé da cho tuong duong véi:

ab

3h
e ) =

&cla®+b)=a+cb
Ta c6 hé mdi 1a:
c? ct
:>c(a2+—) :a+—(:>ca4+03:a3+ac4

a? a

c(a®> +b*) =a+c’b
ab=c

1
Slca—1a*-c)=0a=-Va=c
c

1
Suy ra hé nay c6 hai nghiém la: (a,b) = (¢, 1); (—, 02).

Xét hai truong hogp:

. 1 V3 + 1 V3 — 1
%Néua:c,bzlthixzc+ :\/_+ , _\/_ .
1 12 2 1 3 22 1/1 1 3 1
2 +c —cC —
:NA :—b: zth\ — — — 2 — P — — — ——2 — e —
Raea= o 2( +C) 2c {’/§’y 2(0 C) 2c /3

Vay hé da cho c6 hai nghiem la: (z,y)

I
VRS
o
\'H
i
—
SN—
—
5

w‘]
| —
SN—

O

Bai tap tu luyén
Giai hé phuong trinh:
22—y

1) ,
“+axy+xr =06
( 3
4@+ y?) +doy+ ———— =7
2) 1 (z +y)?
2z + =3
\ r+y .
(
322 +y?) + —— = 2(10 — xy)
3) 1 (z —y)?
2r + =35
\ r—1y
2 Va4 2z +6=y+1
P 4ay+yt =7
5) 22—y =4dx+6y—1
ot 4+ yt — 5% — 5y? = 222%y% — 102y — 1
24+t =1
6) Y

21z + 3y + 4822 — 48y* + 282y = 69
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PHUONG PHAP DUNG BAT DANG THUC

Vé ¥ tudng, dung bat ddng thic trong phuong trinh va hé phuong trinh la tuong tu. Nhung
trong nhiéu bai he, viec danh gia cac an sé phtic tap hon nhiéu. Ta ciing xem qua mot sd bai
tap:

Bai tap vi du

I6+y8+Z10:1(1)

Bai 1: Giai hé phuong trinh sau: L2007 | 2009 o011
YT 42T =1(2)

Giai

Tu (1) ta co: —1 < x,y,2 < 1
T (1) va (2) ta co:

2007 2009 2011 6 8 10
T +y +z =r +y +=2

& a8 (1 — 22001) 18 (1 — y2001) 4 510 (1 — ,2001) = (3)
T —1 < x,y,2 < 1 ta thay:
28 (1 — 22001) 8 (1 — 2001} 410 (1 — ,2000) >

Do do:

Két hgp véi (1 )suy ra hé ¢6 céc nghiem la: (z;y;2) = (1;0;0),(0;1;0),(0;1;0),(0;0;1) O

3(a+b) =2|ab+ 1]

Bai 2: Giai hé phuong trinh f ) o
9(a® +b®) = [a®0® + 1]

Giai
Ta co:
|a®0® + 1| = |(ab + 1)(a®b? — ab + 1)‘ = |(ab+ 1)| [(a®0® — ab+1)| = |(ab + 1)| |(ab+ 1)* — 3ab|

= |(ab+1)| |(ab+ 1)* — 3ab| = a+b) E(a—kb)Q —Sab] = g(a+b)(3a2+2ab+3b2)

9
Lai ¢6: 5(a+b)(a—b)> > 0= 9(a® + %) > g(a—l— b)(3a* + 2ab + 3b*) = 9(a® + b*) > b3 + 1

Déang thtic xay ra nén a = b.

. 3 5
Vay hé ¢6 nghiém duy nhat a = b = +2\/_ 0.
a+b=+24
Bai 3: Giai hé phuong trinh 1
at Vi) (= =
Va+ 3b \/b + 3a

Giai
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Ap dung bat ding thic AM-GM ta c6:

Va <1 a +a—|—b
Va+3b 2\a+b a+3b :>\/5+\/5<1 a 3
l<1(1+ 2b > Va+3b S 2\a+b
Va+3b 2\2 a+3b
1 3
Chiing minh tuong tu ta ciing co: \/_+\/_ —( —)
Vb+3a 2 2
Cong lai ta dugce
+Vb
(Va )<\/a+3b \/b+3a)
Déng thiic xay ra nén a = b.
P /24
Vay hé c¢6 nghiém duy nhat a = b = \/2_ a.
ot yt =2

Bai 4: Giai hé phuong trinh:
2® — 222 + 22 = ¢?

Giai
Viét lai hé da cho duéi dang:
.’E4+y4:2 Z’4+y4:2
=
=24+ 2r—1=9%-1 (x—1D(z*—2+1)=9y*—-1

Xét cac kha nang sau:
xNeuz>1=(@-1D@*-2+1)>0=¢>1=y'> 1= +y' > 2
Khi 4y hée da cho vo nghém.
xNou0<zr<l=y’<l=y*<l1
Trong truong hgp nay hé cing vo nghiém.
xNéeur <0thia®—222+2r <0=19><0:voly

4=2

x Tai x =0, ta c6 hée Y (vo6 nghiém)
2 _
y°=0
y' =
% Tai x = 1, hé trd thanh: ) Sy ==1
y =1

Vay hé da cho ¢6 nghiem (z;y) = (1;1),(1;—1) O

Bai 5: Giai hé phuong trinh

VI+ V32 —x—yt=—
VT 4+ /32 —x + 6y =24

Giai
Dieu kien 0 < z < 32.
Cong hai phuong trinh vé theo vé:

(Vr+vV32—z)+ (Vo + V32 —x)=y> — 6y +21 (1)
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Lai co:
yP—6y+21=(y—3)2+12>12 (2)
VI+V32—2</2x+32—-1)=38
Yo+ VB2 —1 < \J2VE+ VBT —2) < V2B =4
Tit d6 suy ra (v + 32 —x) + (Yo + /32 —2) <12 (3)

Két hop (1),(2) va (3) taco (vVT+v32 — )+ (V2 +v/32 — 2) = y*—6y+21 = 12 &

y=3
Vay hé da cho ¢6 nghiém x = 16,y = 3 O.

2xy 9
T+ ——=a"+y (1
gy y (1)

2xy

Y+
Jy2—2y+9

Giai

Bai 6: Giai hé phuong trinh
=i+ (2

® Y tudng: Day 1a he phuong trinh déi xtng loai II, nhung néu lam theo cach thong thuong
thi sé rat kho khan do c6 sy xuat hién ciia can bac ba. Dé ¥ ring khi ta cong 2 phuong trinh
lai hang t1t (z + y) ¢ moi vé sé duge don gidn, khi d6 VT xuat hien 2zy, con VP xuat hién
2?2 + 9%, va do day la hé phuong trinh déi xing loai II nén sé c6 nghiem z = y. Tt d6 ta nghi
t6i viec danh gia 2zy va 22 + 2.

® Loi giai:

Véiz=0&y=0. Xét z,y#0:

Cong (1) va (2) vé theo vé:
1 n 1

Vo =224+9  {/y2—2y+9
1 . 1

Vi =22 +9 2 —-2y+9

Suy ra 2zy > 0. Mt khac ta c6:

T +y + 2xy( =2 +y +a+y

& 2zy( ) =" +y" (3)

1 B 1 L1
Va2 — 2z +9 3(95—1)2—1—8\38 2
1 B 1 L1
12 —2y+9 s >, . VR 2
Y Y+ (y—1)"+38
1 1 1 1
= + < 1= 2ay( ) < 2y < 24y (4)

+
Vat =2 +9 {2 —2y+9 Vat =2 +9 {2 —-2y+9
Tu (3) va (4) suy ra x =y = 1. Thit lai cdc nghiem (0;0), (1;1)déu thoa.
Vay hé phuong trinh ¢6 nghiem (z;y) 1a (0;0), (1;1). O

, 31 9020 — 2402 4+ 24 (1 — 922) = o4
Bai 7: Giai hé phuong trinh V3 + 227y — aly? + 2 ?) =y
1+ 1+ (z —y)? = 2% —z + 2%
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Giai

® Nhan thay cac biéu thitc trong can rat phic tap. Nhung phuong trinh sau da goi ¥ cho ta
dua vé cac binh phuong, tit d6 hi vong c6 thé danh gia bat ding thitc mot cach hop 1.

® Loi gidi:

Nhan thy /3 + 222y —aty2 = /4 — (1 —22y)2 <2va 1+ /1 + (z —y)2 > 2

=yt 4220 — 2t <2 -2t 42232 o (2F — P2 <0
1—2%y=0

Suyyraz?=y’=<{ z—y=0 =z=y=1
23 = 3

Thit lai ta thdy hé c6 nghiem (x;y) = (1;1) O

y3_x3:7

Bai 8: Giai hé phuong trinh
2}~y =2

Giai

Hé phuong trinh tuwong duong

{y3—8:x3—1 {y3—8:x3—1 {y3—8:x3—1(1)
= =
W' =7) —y* + o =2 vy -y —d=1-2z (=2 +y+2)=1-z(2)

Tacoy? +y+2= (y+%)2+£>0,Vy€ R.
Xét cac truong hop:

(H)=z>1
(2)
(1)
(2)

= Heé vo nghiém
=<1
=<l

= Heé vo nghiém
=z >1

{éy>2:Tacc’){

{éy<2:TaC(’){

xy=2=z=1

Vay hé phuong trinh ¢6 nghiem (1;2) O.

® Nhan xét: Mau chdt ctia 161 gidi trén chinh 1a doan duge nghiem (x;y) = (1;2), tit d6 co6
nhitng bién doéi déng thiic hop 1i dé chitng minh day 1a nghiém duy nhéat. Ta cting xem qua mot
bai tuong tu:

. y=—a°+3r+4
Bai 9: Giai hé phuong trinh ()
r =2y — 6y —2

Giai

® Y tudng: dé dang nham duge nghiem ciia he phuong trinh 1 z = y = 2.
Ta hi vong day 1a nghiém duy nhét ctia hé, vi thé ta sé c6 gang duwa hé phuong trinh ban dau
R {y—2=($—2)-f($)
ve dang:
x—2=(y—2).9(y)
Roi tit hai phuong trinh trén dya vao dau clia f(z) va g(y) ta sé danh gia giita x va y, va dé
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lam dugc diéu nay ta sé chia trusng hop dé xét.
® Loi gidi:
Viét lai he dudi dang
?—3r—2=2—y (z—2)(z+1)*=2—y (1)
54 3 ~ 9
20° —6y —4d=x—2 2y —2)(y+ 1) " =2—-2(2)

) (1) =y<2 .
% Neux > 2: = V06 nghiém
(2)=y>2
) 1) =y>2
% Neu x < 2: = V06 nghiém
2)=y<2

Suyrar=2=y=2.
Thit lai ta thiy x = y = 2 thoa he.
Vay hé phuong trinh ¢6 nghiem (2;2) O.

. L 2 +y’+2"=3
Bai 10: Giai hé phuong trinh

P+ +20=3

Giai

® Y tudng: tit hai phuong trinh tren ta suy ra 28 4+ % + 26 = 25 + ¢® + 2°.

Ta nghi t6i viec danh gia gitta 2° 4+ 3% + 26 va 2° + y® + 2°, cu thé 1a ta sé di chiing minh
26 448 4 28 > 0B 4P 4 25,

Di nhién dé chimg minh duge bat ding thic nay ta phai nghi téi viec sit dung cong cu manh
la bat dang thitc Holder.

® Loi giai:

T gid thiét ta suy ra 2% + 3% + 20 = 2° 4+ ¢° + 2°

Ap dung bat dang thitc Holder cho 6 bo ba sé duong c6 :

(@° + 9" + 222 L+ 14+ 1) = (JaP + [y + [2°)° = (2° + 4 +2°)°

7 7 25— off = 26

Dang thiic xay ra <
z,y,z2 =20

Két hop véi gid thiét suyraz =y = z = 1.

Thit lai ta thdy hé phuong trinh da cho ¢6 nghiem (1;1;1) O

2y =2z +y* =0 (1)

Bai 11: Giai hé phuong trinh
T2 — 14z + 3y + 10 =0 (2)

Giai

T (1) suy ra:

DO

8

&
Y
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Tt (2) suy ra 7(x — 1)> +3(1° + 1) = 0
Ma 7(z —1)>>0; 3(1°+1) =0 (do (*) = T(x — 1) +3(*+1) >0
, , (z—17%=0 r=1
Dang thiic xay ra < =
¥ +1=0 y=—1
Thit lai ta thiy hé c6 nghiem (x;y) = (1;—1) O

. o 4y 2y — v —yzr =3
Bai 12: Giai hée phuong trinh (x)

2+ +yzr— 2 — 22y = —1

Giai

® Y tuéng: Ta thiy ring ¢ phuong trinh thit nhat c6 thé phan tich thanh mot binh phuong
ctia mot tong theo x,y, z va con du mot lugng theo 22, phuong trinh thi hai ciing ¢ thé phan
tich thanh binh phuong ctia mot tong c6 chita x,y, z nhung lai thiéu mot lugng theo z2.

Tu do6 ta nghi t6i viec danh gia 2? tit mdi phuong trinh.

® Loi giai:

Viét lai he (*) dudi dang

2 2
2, 2 _ 2 _ (x—i—y)Q—z(x—l—y)—l—Z——l—gi:i%
{(:v +y* +2zy) — 2(x +y)+ 2 3@ 172
2 | 2 _ 2 2
(@" +y" —2zy) — 2(z —y) = -1 (x_y)Q_Z(x_y)+zZ_ZZ:_1
) 2 2
(wry-3) =30-7) 1= 20
~ 52 22 (**):> 22
A 1>
(r=y=3) =7 1 .

(z+y—1°=0 r+y—1=0 r=1
% 2 =2, (xx) & & &
0 r—y—1=0

(z+y+1)°=0 r+y+1=0 r=-1
9 ~ 54
(x—y+1)"=0 r—y+1=0

Thit lai ta thay hé c6 nghiem (x;y;2) = (1;0;2), (—1;0;2) O.

2"+ 4Y = 32
Bai 13: Giai hé phuong trinh

Ty =8

Giai

® Y tudng: Ta thay phuong trinh thit nhat ctia he ¢6 dang téng, phuong trinh thi hai ¢6 dang
tich nén nghi téi viec sit dung bat dang thitc AM-GM dé danh gia.

® Loi giai:

Do zy = 8 > 0 = z,y cung dau
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Néuz <0,y <0= VT <2< VP = phuong trinh vo nghiém.
Néu z > 0,y > 0:
Ap dung béat ding thic AM-GM c6:

27 4 4Y = 27 4 2% > 21/2292% = 21/23+2 > 21/22V2aY = 21/ 22V28 = 32

2 = 2%

) r=4
Dang thic xay ra & ¢ = =2y @{

y=2
Yy =8

Thit lai ta thdy nghi¢m (4;2) thoa he.

Vay hé phuong trinh c¢6 nghiém (4;2) O

(227
r2+1 Y
292
Bai 14: Giai hé phuong trinh { ——— =2
y*+1
222 B
(211 °

(Thi vo dich todn Bungari 1977)

Giai
Ta thay o = y = 2 = 0 14 mot nghiém ctia he.
x#0
Néu |y # 0 thi ,y,z > 0. Khi d6, nhan 3 vé ctia h¢ phuong trinh ta c6
z#0

8a2y? 22
(22 + 1)+ 1)(22 + 1)

=ayz & (2 + 1) (y° +1)(2* +1) = 8ayz
Mat khac ap dung bat déng thitc AM-GM co:

(22 + D2 +1)(22 +1) = 2V22.2/y2.2V22 = 8 |wyz| = 8zyz (do xyz > 0)

) o, x,y,z >0
Dang thtc xay ra < Sr=y=z=1
R . S |
Thit lai ta thidy x = y = 2z = 1 thda he.
Vay hé phuong trinh ¢6 nghiem (0;0;0), (1;1;1) O.

® Nhan xét:
: 3 : 2t?
1) Bai he trén cing c6 the gidi bang ham don diéu. Cu the xét ham f(t) = T ta co
4t R )
f,<t) = m nén f(t) dong bien trén (07 —i—oo)‘

Dé thay x,v,z > 0 do d6 khong giam tong quat gia sit = max{x;y; z} thi
f@)Z2fy)=yzz=>fY)2fE)=22r=r=y==z
Ta ciing xem qua bai toan tong quét hon:
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( 22:.2 B
x? +313_ Y
Bai 15: Giai hé phuong trinh sau: L N
yi i+l
42
=z
20 f 242241

Giai
R6 rang néu mot trong sé cac an , 7,z bang 0 thi cic x =y = z = 0.
Nhu vay z = y = z = 0 la nghiém cta hé da cho.
Néu z,y,2 #0=xz,y,2 >0

Ta co:
NN A S 27 e (1)
x > 2z < = — <z
2+ 1 4 2 +1
3y 393
4, .2
Pl s Y ==Yy (2
Yty VT AT S y (2)
423 424
6, 4, .2 3
z z z 1>472° = <l=2z=
tE At 26+ 24+ 2241 264+ 24+ 2241

Tu (1),(2),(3) tasuyraz =y =z = 1.
Vay hé da cho co nghiemr =y=2=0hodcx=y=2=10.

<

z (3)

x4—|—y2:9

Bai 16: Giai hé phuong trinh
2y tay—3r—4y+4=0

Giai
Gia sit he phuong trinh ¢6 nghiém (x,y) Viét lai phuong trinh thit hai theo x:
?+ay—3)+@y—2°=0

Dé phuong trinh c6 nghiém x thi

7
Ax:(y—3)2—4(y—2)220<:>—3y2+10y—720<:>1<y<g (1)
Viét lai phuong trinh thit hai theo y:
v +ylr—4)+2>-3r+4=0
Dé phuong trinh c¢6 nghiém y thi:
4
Ay:(x—4)2—4(x2—3x+4)20@—3x2+4x>0@0<x<§ (2)
AT\ 697 )
T (1) va (2) = 2 + 92 < (5) + (5) =37 < 9 (mau thuén)
Vay hé phuong trinh da cho vo nghiém O
Bai 17: Giai hé phuong trinh:
VT + Y+ /2 =+v2010
1 n 1 n o 1 n 1 N 1
3r+2y  3y+2z 32420 w+2y+22 y+22+2r  z+22+2
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Giai

® Y tudng: Do sb an v phuong trinh khong bing nhau neén ta sé ding bat ding thic. Khé ¢6
thé so sanh /z + \/y + v/z v6i V2010, nén ta sé khai thac phuong trinh sau.

® Loi giai:

DKXD: z,y, z khong am va khong dong thoi bang 0.

Theo BDT Cauchy-Shwarz ta co:

1 1 22z 42y + 2) < 22z 42y + 2)

3x+2y+x+2y+22_ (3 4+ 2y)(x + 2y +22) ~ (20 + 2y + 2)?

1 1 2
< >
3x+2y+x+2y+22 20 4+ 2y + 2

Tuwong tu ta ciing co:

1 1 2
>
3y—{2x+y+2f—|—2z x+2g+2z

>
Ty 420+ 22

3z+23:+z+2.r~|—2y
Suy ra:

1 1 1 1 1 1
>
3x+2y+3y+2x+32+2x 2x+2y+z+$+2y+2z+y+2x+2z

Dau“="xdyra & r =y = 2.

670
Thay vao hé ta c6: 3/ = v/2010 & oz = —

Vay hé phuong trinh c¢6 nghiem duy nhat (z;y;2) = (—, —, —). O

Bai 18: Giai hé phuong trinh:
a?+1

Vet+a+Jy+a+vz+a=3

-4 : Vé6i a > 1 va a 1a hang sb.
Va—z+Ja—y++ya—2z=3 ¢
a
Giai

bit A=vVe+a+Vy+b+vVz+a,B=va—z+Ja—y++a—=z
A2 <3Ba+z+y+2)
B?<3(Ba—x—y—2)

Cong vé theo vé ta c6: A% + B? < 18a (%)

Mt khéc theo gia thiét ta lai co:

211 a2-1
A2+32=9(a+ +2 ):18a
a a

Ap dung BDT Cauchy-Schwarz:

Vay dau “=" trong (*) xay ra

CL2

+

1
Vat+r=\aty=+va+z=
<~ a @}I‘:y:z:—

21 a
Va—rz=\a—y=+a—z= a4

a
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. 111
Vay hé phuong trinh ¢6 nghiém duy nhat (x, y, z)= (—, -, —). O
a a’ a

2011
V1I+a+ 1+ 29+ ...+ 1+ 29010 = 2010 3010
Bai 19: Giai hé phuong trinh

2011
\/1—l’1+\/1—$2+...+\/1—$2010:2010 m
Giai
Didu kien: -1 < z; < 1 (i= 1, 2, 3, ..., 2010). Ta ¢6
, 2011 2
2010 m = (\/1 + 21+ \/1 + 2o+ ...+ 1+ 1'2010) < 2010(2010 +x1+x204+ ... + ZL’2010)
SU.y ra rp + T2 + ... + Tog1o = 1 (1)
Lai c6
, 2011 r—r
2010 m = (\/1 — T+ \/1 — Lo+ ...+ 1-— 272010) g 2010(2010 — 1 — T — ... — ZE2010)
Do do X1+ Tg + ... + 2010 < 1 (2)
Tu (1) va (2) suy ra I + ZTo + ... + Too10 = 1
Do d6 hé phuong trinh da cho tré thanh
1—|—331:1—|—$2:: 1+$2010
1
l+z1=1423=...=14 29010 ®$1=$2:~-~=$2010:m

X1+ To+ ... + Too10 = 1

Vay hé phuong trinh c6 nghiém z; = (1=1,2010) O

2010
1+1+1
Vil ViR

Bai 20: Giai hé phuong trinh: ¢ .. 4 y+z=1

=3v3

7
rY + Yz + 2w = 77 + 2zyz(*)

Giai
® Y tudng: Bai nay c6 thé giai bing cach binh thuong van cho ta két qua,nhung dé ¥ phuong
trinh (*) chinh 13 BDT IMO 1984. Nhu thé he c6 lien quan dén BDT. Phuong phap BDT sé
cho ta loi giai dep va gon hon trong bai toan nay.
Ta co:

7
(*)<:>xy+yz+zx—2xyz:ﬁ

Lai co:
ayz 2 (@+y—z2)y+z—a)(z+z—y)=(1-2x)(1-2y)(1 -2z
8(zy + yz + zx) — 2
9

= Ozyz > 4(ry +yz + 2x) — 1 & 20y2z >

1 2

Ta phai ching minh zy + yz + zo < 3 — W (dtng)
£ 1

Dau“="xd4yra o r=y=2= 3
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Thit lai vao hé phuong trinh thay théa man.
111

Vay hé phuong trinh ¢6 nghiem duy nhat (x, y, z)=(=, 33 3)

ry(z +y) = 2° — zy + y?
Bai 21: Giai hé phuong trinh ¢ 1

1
—+ —==16
x3+y3
Giai
Diéu kién z,y # 0.
Data:—vab—
x
11 ,
Tu’glathlettasuyra— :———+ sSat+b=a>—ab+b
a2 ab b2
1
= =+ —5 =+ = (a+0b)(a*> —ab+ %) = (a+b)°
3y
£ 5 b)2 b)2
Ta c6 bat dang thic sau: a® — ab + b > (a+0) +b> (a—z ) =0<a+b<4
1 1
_ 2
=>E+y— (a+b) <16
1
Dangthu<:xayranena-b=>x—y—5
) 1
Vay hé c6 nghiém duy nhat xr =y = 5 ad.

2009
Z z; = 2009
i=1

7
2009 2009

§ : 8 __ § : 6
1=1 i=1

Bai 22: Giai h¢ phuong trinh

Giai

Gié st (21,2, ..., T2000) 12 mot nghiém ctia he.
Khong gidm tong quét gid st 22 > 22 > ... > 22400-
Ap dung bat ding thic BCS ta ¢6

2009 2009 2 2009
20092 x (Z x) = Z 22 > 2009 (

Ap dung bat ding thitc Chebysev cho céc bo s6 (22,23, ..., 23000) va (28,28, .. ., 28,,) ducc

sap thi tu ta c¢6
2009 2009 2009
(Z x§> (Z :c?) <2009 2t (2)
=1 =1 =1

T (1) va (2) ta suy ra

2009 2009
> b= e (3)
i=1 =

Dang thiic xay 1a < o1 = Ty = ... = Ty9 = 1

Thit lai ta thay z; = 1 (i = 1,2009) 1a nghiém duy nhat ctia hé phuong trinh. O
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Bai tap tu luyén

Bai 1:
Bai 2:
Bai 3:
Bai 4:
Bai 5:

Bai 6:

Bai 7:
Bai 8:

Bai 9:

Bai 10: Giai hé phuong trinh {

. —2r+y*=0
Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

{ 1+y)<1+2)=(1+€/w_w)3
{ z” +y +z) 1

Giai hé phuong trinh

Giai hé phuong trinh

Yy +1= x+1)(m2+1)(x4+1)
2T+ 1=(y+ D+ 1Dy +1)
30—2+4y:2007

T

Giai hé phuong trinh

2
Giai hé phuong trinh ¢ 30— + 4z = 2007
)

302 + da = 2007
\ 2
(222
2?2 +1
3y? _
mE e
424 _
Bt 24+1
5t° B
(B0 + 142+ 1
'x3+y:3x+4
Giai he phuong trinh { 2y® + 2 = 6y + 6

=Y

Giai hé phuong trinh

| 32° + 2 =92+38
m2+y2:1
125y° — 1254° 4 6115 = 0
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TONG HGP CAC BAI HE PHUONG TRINH

Hé phuong trinh hau ti

2 —dxy + 2+ 2y =0 (1)
ot — 8%y + 327 +4y* =0 (2)

Bai 1: Giai hé phuong trinh {

Giai
Nhan thiy 6 phuong trinh (1) ¢6 hang tit 2%+2y va & phuong trinh (2) lai ¢6 hang tit 2*+4y? Nen
ta nghi dén viéc phan tich ca 2 phuong trinh déu c6 hang tit 22 + 2y
Hé phuong trinh tuong duong

22+ 2y + 1 — 4wy =0 (2% +2y) + 2(1 — 4y) =0
-~
ot 4 42y 4+ 4% + 327 — 122%y =0 (2% + 2y)2 +32%(1 —4y) =0

Dit 22 + 2y = a va 1 — 4y = b ta c6 HPT:

x=0
a+xb=0
S22 + 3% =0 2°b(b+3)=0& | b=0
a® +32%b =0
b=-3
xVéir=0&y=0
1 1
%Véisz@y:Z@)xQ—x—l—x—l—§:0(V@nghiém)
=2
xVoib=-3oy=1er’-dr+r+2=022-32+2=0&
r=1

Két luan: He ¢6 nghiem (z;y) 1a (0;0);(2;1);(1;1) O

81x3y* — 812%y? + 33xy* — 29y* =4 (1)
2597 + 9x2y® — 621> — 4y* = 24 (2)

Bai 2: Giai hé phuong trinh sau {

Giai
Nhan thay VT(1) ¢6 nhan t1t * chung. Vi thé chia ca hai vé phuong trinh (1) cho y?(y # 0)
roi bién ddi phuong trinh (1) vé dang f(¢) = 0.Tit d6 ta sé bién ddi phuong trinh (2) vé dang

f{t)=0.
Nhan thiay x = 0 ho#c y = 0 khong thod he. Xét xy # 0.

) 4 ) 2
81z — 812”4332 — 29 = — 33z —1)°+2(3zx—1) =24+ (-)
He tuong duong véi ¢ o, Y NI Y
Y Y

2 .
bat 3z — 1 =a va — = b, ta c6 hé doi xting loai 2:
Yy

Trit vé theo vé ctia hé ta dudce
3(a —b)(a®+ab+b*) +2(a—b) + (a—b)(a+b) =0
& (a—b)(3a>+3ab+30* +2+a+b) =0
Sa=0b

3a® +2a = 24 + b?
303 + 2b = 24 + a?
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Thay vao mot trong hai phuong trinh ctia hé ta c6
3¢  —a*+20—24=0¢ (a—2)(3a* +5a+8) =0 a=2= 1< 9 ) @{

Két luan: He c6 nghiem (z;y) = (1;1) O

23 + 3zy® = 6y — 3z — 49 (1)

Bai 3: Giai hé phuong trinh
r? — 8ry +y? = 10y — 252 — 9 (2)

Giai
Xét (1) + (2).3 ta c6
23 + 3xy® — 6xy + 3z + 49 + 32% — 24xy + 3y* — 30y + 75 +27=0
& (v +1)(z° 4+ 22 + 3y* — 30y + 76) =0
s @+ D[ +1D)2+3(>y—-5)3*=0
Sr=-1ly=>5
Vay hé c¢6 nghiem duy nhat (z;y) = (—1;5). O

® Nhan xét: Bai toan trén ciing c6 thé giai bai phuong phap an phu tong - hieu. Cu thé dat
r=a+by=a-—b.

9y3(32® — 1) = —125
452y 4 75 = 6y>

Bai 4: Giai hé phuong trinh sau: {

Giai
% V6i x = 0 hodac y = 0 hé vo nghiém
% V6i x # 0 va y # 0 ta ¢6 hé tuong duong véi:
125 125

272° + — =9 272° + — =9
y y
2 @
T T b} 5
45— +175.5 =6 3.~ (Sx—i-—) =6
y y y y

Dat a =3z va b= — ( b # 0).Heé tré thanh:

< | ot

[ (a=1
ad+ b =9 (a+b)* —3ab(a+b) =9 a+b=3 {b:2
= = -
ab(a+0b) =6 abla+0) =6

ab =2 a=2
b=1

. 15 2
T d6 tim duge nghiém cta hé 1a (x;y) 1a (—' —) ; (—' 5) O

32 3’

vy 22 =3
2(2® +9°) +62° =3 (2* + %) +5

Bai 5: Giai hé phuong trinh sau {
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Giai
Hé phuong trinh tuwong duong:

(x+1)>+y*=4 (z+1)>+y*=4 (x+1)>+y*=4
= =
20° + 62% + 2y° = 3 (3 — 22) + 5 20° + 622 + 62 + 2 + 2° = 16

bat a =z + 1 va b =y, Hé trd thanh:

) a4+ =4
*
a®+b0*=38

Dén day ta sé lap phuong trinh thuan nhat tit he trén:

(1) & (@@ + 1) = (@ + %) © 3a°F (a® + 1) — 20 — 0
a=0
& a’b? (3a® + 3b* — 2ab) =0 &
b=0
xNeua=0:r=-1y=2
xNeub=y=0:r=1
Vay hé phuong trinh ¢6 nghiém (z;y) = (—1;2),(1;0) O

2y(2® —y*) =3

Bai 6: Giai hé phuong trinh
v(2? +y?) = 10y

Giai

Néu z = 0 hodc y = 0 thi he c6 nghiem (z;y) = (0;0). Xét zy # 0, chia hai phuong trinh vé
theo vé ta co:
2y(2® —y*) _ 3w

_ o 2002 (22 — u?) = 322(22 2
w210 10y y (27 —y7) = 327 (2" +y°)

=4y
& 30t —170%2 + 20y =0 & (22 —4yH) (322 — 5°) =0 & , 5y
S
% Néu 22 = 4y? ta c6 he
21.3y% = 3x 23 =1 r=2;y=1
= =
x.5y% = 10y xy =2 r=-2;y=—1
y?
%Néu:ﬂ:?tacéhé
22 15 V135
Tr = : =
2y.§:3x - 493 = 9z - 2135 4 2
l’8i:10y 4dxy =15 - —15 . y:_4135
3 2v/135 2
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Vay hé phuong trinh c¢6 nghiem (z;y) = (0;0), (—2; —1), (2; 1), (N}%, \‘7?) ,
(s =5") ¢
2v/135" 2
22+ 2ryz = 1(1)
Bai 7: Giai he phuong trinh ¢ 32%y* 4+ 3zy* = 1 + 2°y* (2)
Z+ 2yt +4y° = 4y + 62 (3)
Giai
Vi z = 0 khong la nghiém ctia hé phuong trinh nén (1) < xy = ! ;;2

Dit z = tan g (x) v6i p € (—g,g) \ {0} (a) = cosp # 0,sinp # 0
1—2*  1—tan®p

Ta c6: zy = = cot 2¢

2z 2tang
Thay vao (2) ta dugc :

3cot?2p — 1

3cot*2p + 3y cot 2¢ = 1 20 &y = =
cotrep Sy cot 2y Tycotiip Sy cot32¢p — 3cot 2 cot 6y

= tan 6¢
Ta suy ra: x = cot 2¢p. cot 6¢
Thay vao (3) ta dugc :

4tan 6p — 4tan®6p
z =
1 — 6tan®6p + tan6yp

= tan 24 (*x)

T (x)va (x%)ta co:

k
tan24<,0:tang0<:>24g0:g0+k7r,k€Z<:>g0:2—7;,1562

™

T
Voi g€ (-3,
LY 2'9

) \ {0}ta thu duge:

_ 4 T 27 3m 4w bwm 6w  Twm &t 9w 107w n 117
Y3 T3 T3 930 T3 93 93793 T3 T 23 T 23
Vay hé phuong trinh c6 cac nghiém la:

(x;y; 2) = (cot 2¢p. cot 6yp; tan 6y; tan ) voi

p_aT y2r Sr dn 5t Gr Tr St or 10 lir
237 237 237 237 23 23 23 237 23 23 23
z(y*+1) 3
i . (2i 1A - 22 +y2 5
Bai 8: Giai hé phuong trinh (@ —1) 4
22 4+y2 5

Giai
T hé suy ra xy # 0 va x # +1. Binh phuong hai phuong trinh va cong lai ta ¢6
2 2
z(y® + 1) y@ -11" _
2 2 - 2 2 o

vty Tt +y
o {L‘2(y2 + 1)2 +y2($2 . 1)2 — (ZE2 + y2)2
s @y +1—2* )@ +9y*) =0
S@-1)Y-1)=0y"-1=0y==+1
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203
xVoiy=ltacshes %l 3 sau=3

22+1 5

203
oA ) 22+1 5 1
% Voiy = —1 ta co ];2_1__4 (:>a:—3

x?2+1 5

£ 1
Thi lai ta thay hé c6 nghiem (x;y) = (3;1), (g, -1)0

T + y + xy _ 222003 + 2222002

Bai 9: Giai he phuong trinh { 2 4 y* = 2.2 (1)
(z+y)"" = (242004)"Y

Giai

Tt hé ta co:
=2' +yt > 2% = oy < 22 (1)

Lai co
(x + y)4 < 4(:62 + y2)2 <42 (x4 + y4) _ 16222004 S r4y< 2222002 (2)

(1) va (2) cho ta:
2003

r+y+ay <2+ 2,2

Déu “ =" xay ra khi va chi khi z = y = 22", Khi d6 ta c6:
_I':y:Z:]_
o o 22002 1
r=y=2z o
(I) & i e PV
(2x)°7 = (2 +2004)""Y 1
I Z_iﬂT\Q/ﬁ

11 1
\@Yh€C63f%h@mi(xﬂﬁz):(hl§n7<§;§ﬁtjﬁ€§> O

(z+y+z+t=15(1)
2’ +y° + 22 +t7 =65 (2)

Bai 10: Giai hé phuong trinh Pt =315 (3) (1)
| 2t =yz (4)
Giai
Ta co

(2) & (x+t)>+ (y+2)° — 2t — 2yz = 65

S (@ty+z+t)? =2 +1)(y+2) —4xt = 65(do(4))

s @+y+z+t)7 =2 +1)[15 — (z+1)] — 4ot = 65(do(1))
& 157 = 2(x + 1) [15 — (z + t)] — 4ot = 65

& (z+1) = 15(z +t) — 22t = —80(5)
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Lai co:

(3) e (x+1t)°+ (y+2)° —3at(z+1t) — 3yz(y + z) = 315

e (x+1)°+ (y+2)° = 3at(x +y + 2+ 1) = 315(do(4))

s @t+y+z+8)° =3+t (y+2)(x+y+2z+1t)— 45zt = 315(do (1))
& 15° —45(z +t) [15 — (v +t)] — 45xt = 315

& (x41)° —15(z +t) — at = —68(6)

Ta c6: (6) — (5) = zt =12 (5)
Thay vao (5) ta dugc:

r+t=38
(x+1) —15(x +1t) +56 =0 <
r+t="7

Két hop (5) ta tim duge (z;t) = (2;6),(3;4). T d6 nghiem ctia he la
(75 2:t) = (6;453;2), (6;3;4;2), (2:4;3;6), (2;3;4;6), (4;6:2;3), (4;2; 6 3), (3;6: 2;4), (3; 2;6;4) O

2yt 2 (y+2) = ayz + 14 (1)
Bai 11: Giai he phuong trinh: ¢ o* + 2% +* (v + 2) = zyz — 21 (2)

Pt + 22 (v +y) =2yz+7(3)

Giai
M+ +@B) =2+’ +22+ (2 +y°+2°) (v +y +2) = 3ayz
S@ty+2)’ —3@+y+z)(ay+yz+za)+ @+ +2) (@ +y+z)=0
S (@t+y+2)[®+y+2 = (ay+yz+ o)+ 2>+ 97+ 27 =0
- (eytyztza) iR 22 =0(%)
r+y+z=0(xx)

=

x T (x) ta co:

2 .2, .2
4y + 22— (vy+yz+zx) =0
y (zy +y ) VT 30
2?2 +y*+22 20
Din“="xdyrar=y=2=0
x T (**) ta c6: 2 = — (v + )
Thay vao (1) va (3) ta ¢6 hé phuong trinh sau:
vty (r+y) =14
; (1)
taoy(x+y) =7
P =14
*Xét =0 (1)< - (vd nghiém)
0=

Xét x # 0. Dat: y = kx ta co:

2 (K + K+ k) =14 (4 3 4 k2
(I) & ( ) ():>wzQ@kﬁ—ﬁ—k—QzO@k:Z@y:Q:v
2 (K +k+1)=7(5 k2 +k+1
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Thay vao (5) tadugc: x =1=>y=2= 2= -3
Vay hé phuong trinh ¢6 1 nghiém la: (z;y;2) = (1;2;—3) O

4y —2) =2
Bai 12: Gii he phuong trinh sau: { ® + y(z — 2)* = 30
242z —y)’ =16

Giai
Ta dua hé vé dang:
z(2® +yP 4+ 22— 2yz2) = 2(1)
y(x? +y* + 2% —222) = 30 (2)
2(2? + 9 + 22 — 22y) = 16 (3)
Lay (1) + (2) — 2(3) ta co:
r4+y—22=08y=2z—2

(z+y—22)(*+y*+2) =0
( ) Pyt =0er=y=2=0()

Thay y = 2z — x vao phuong trinh (1) va (3) ta c6:

r(20% + 2% — 222) = 2 (4)
z(42® + 52° — 4az) = 16(5)

Dat z = kx ta tim duge k = 2
Vay hé phuong trinh da cho ¢6 1 nghiém la: (z,y,2) = (1,3,2) O

Bai 13: Giai hé phuong trinh

-5
x2+y+x3y+:ﬂy2+wy:T (1)

-5
oyt ay(l+21) = = (2)

(DH khéi A - 2006)

Giai

Hé phuong trinh tuwong duong:

P+ y+ay+ayla®+y)=—

5 4
(91:2—|—y)2+xy:7
Dat u =22 +y; v =2y ta c6 he
5 _ -5
u+v+uw=— v:—5—u2 u=0,v=—
RN 4 o . 43
u? +v=— w+ut+ - =0 U= — = _—>

4 4 2 2
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-5 5 25
x V6iu =0, v:ItatimduQc (;y) = y/=;—4 —>

4’ 16
-1 -3 3
%V@l’d:?,v:7 ta tim dIIGC (1,7)
-3
Vay hé c¢6 nghiem (z;y) - — 17 O
Y2+ 22 = 4z
T
. 2 A . 9 o o dzm
Bai 14: Giai hé phuong trinh < 2“4+ 2° —y° = 7
224+ y?— 22 = dry
Giai

DXKD: z,y,2 # 0
Nhan hai vé ctia cac phuong trinh lan ludt véi 22, y?, 22 ta co:

22y? + 2%2% — 2t = dayz
Y222 + 2%y? — yt = 6ayz
2222 +22% — 2t = 8xyz

Lai co:
(1) =2-(2)+(3) & 2y* — 22 —2%y* —2* + 2222 —2* =0
PN y2(2y2 . {L‘2 o 22) . ($2 . 22)2 =0
6
syt —6ryzr — (22 - 2%)? =0
& (Y — 2+ 2y + 2 = 2%) — bayz =0
4 8
& WELS 6zyz =0
x z
& 32y? —bryz =0 < 16y — 322 =0
16 3
Thay xz = 3 vao (2) vay = % vao (1) va (3) ta co:
2, .2, Lo
— y2 +22=32
—1
7372 + y2 — 22 =0
s A . P 9. 9. 9 . 9 9 288128
Day la hé phuong trinh tuyén tinh theo (22;y?%; 22), ta tim duge (22,92, 2?) = | 64, — < E
Tu hé ban dau ta thiy v6i nhitng gid tri (z?%; y?; 2?) trén, cac hang ti % ﬁ Y dau duong.
ry oz

Gia st x < 0, ti (1) ta c6 yz < 0. Tuong tu v6i y < 0 va 2z < 0.

2 2 2 2
Vay nghiém cua hé 1a (z,y,2) = (8, 12\/%,8\/%) , <8, —12\/;, —8\/%) ,
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wf 8f 5 ufgf \ et hodn vi O
, 5 5 , 5 5 va cac hoan vi

2z (v +y)+1=2"—y* (1)
Bai 15: Giai he phuong trinh { 3 + 22 = 1 + 22y + 222 — 2yz (2)
y(32°—1) = =22 (2 +1) (3)

Giai
1 t
Vi x = £——= khong théa phuong trinh (3)nén:
V3
(3) o —2$($2+1)<:> N 3x3—$—2$($2+1)<:> N 3 — 3z
= €T = x = —
YT T Y 322 — 1 YT 3
Dit x = tang, ¢ € (—g; g) \ {—%; %} = cosp # 0,cos3p # 0
Ta co: . 3
t —3t
tanp +y = ik 5 . &y =tan3dp —tanp
tan‘p — 1
22—y -1
(1) & 2 = ———— (do # = —ykhong théa phuong trinh (1) = tan 3y # 0)
2(x+vy)
- (2tan — tan3p).tan3p — 1 2tan . tan 3p — tan?3p — 1
z = =
2tan 3¢ 2tan 3¢
tan 3¢ + cot 3¢ 1 (sin3p  cos3¢p
&z =tanp — =tanp — = -
2 2 \cos3p  sindp
&z =tanp —

sin 6y
2) e+ + 22— 2y -2z +2yz=1+2> (y+2—12)° =1+ 22

1 2
& (tan?)cp—tango—i-tango—,——tango) =1+ tan?yp
sin 6y

sin 3¢ 1 2 1
- — —tanp | =
cos3p  2sin 3. cos 3¢ cos?yp
2s5in3¢p — 1 2 1 cos 6 2 1
4 - —tany | = < | = +tany | =
2sin 3. cos 3p %) sin 6y cos?p

- cos 6. cos p + sin 6. sin 2_ 1 - COS DY 2_ 1
sin 6. cos "~ cos?p sin6p.cosg ) cos2p

& €08 DY = E£sin by & cos dy = = cos (g — 6g0)
i T T

cos Hp = cos <§ — 6(,0) dp ==+ <§ — 6g0> + k27
= =

cOoS by = cos (g + 6@) dp ==+ (g + 690) + k27
: k2
90:1 —W,wzﬁ—k%r
o 22 11 2 (k€ 7)
T . k2w T
= —— _ —_ —_—— — m
LT T T YT 2

T T T T 7 3r  bm 7w 97
5 SR R iy I I Rl
V1*0€< 2’2>\{ 6’6}:>S0 22227 22 T2 T
Vay hé phuong trinh da cho c¢6 nghiém la:
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) LT 3m | 5T 77T.:|:97TD

(a:;y;Z)Z(taw;taniiso—tanso;tanso— p=EoEoiE ity

sin 6y

(z+2°4+@y+3)°=—w+3)(z+2—-2)
Bai 16: Giai he phuong trinh { 2?4+ 5z 4+ 92 — Ty — 15 = —3yz (1)
822 4 18y* + 18zy + 18yz = —84x — 72y — 242 — 176

Giai
bata=x+2;b=y+ 3 ta co:
a? +ab+b*+bz—4b=0(1)
(I) & < a*+a—Tb+3bz=0(2)
8a® — 2a + 18 (b + ab + bz — 4b) — 30z + 94 = 0(3)
Lai co:
(1) < b* + ab + bz — 4b = —a?* (¥)
Thay (x)vao (3) ta cé:
8a* —2a — 18a*> — 302+ 94 =0
& 10a® +2a+302 — 94 =0

- 5a’ +a — 47
2=
15
50 4 a — 47
Thay z = —% vao (2)ta co:
5a% 4 a — 47 5a% + a — 12
a2+a—7b—b<%>:0¢><%)b:a2+a
5(a4a) .. —14++241

Sb (Via= khong la nghiém ctia phuong trinh)

T a2 fa—12 10

Nhan 2 vé ctia phuong trinh (1)vé6i 3 roi trit cho phuong trinh (2)vé theo vé, ta dugc:

2a* — a + 3ab + 3b* — 5b = 0 (4)

5 2
Thay b = Mv&o (4) ta duge:
5a? +a — 12
2a2_a+15a(a2+a)+3 5(a®+ a) 2_ 25 (a® + a) _
5a? +a— 12 5a? +a— 12 5a? +a — 12

& (2(12 — a) (5a2 +a— 12)2 + [15@ (a2 + a) —25 (a2 + a)} (5@2 +a— 12) + 75(a2 + a)2 =0
& 50a° + 70a° — 208a* — 94a® + 482a* + 156a = 0

& 25a° + 35a° — 104a* — 47a® + 241a* + 78a = 0

< a(a+2) (250" — 15a® — 74a”® + 101a +39) =0

< a(a+2)(5a® — 14a+13) (5a® + 1la +3) =0

—11 £ +v61

Sa=0Va=-2Va=
a a a 10
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b= r=—2
% TH1: a = 0 :& 47 &
z=— y=-3
bzg r=—4
% TH2: a = -2 :& 29 & —4
E—— Yy=—7
: 15 3
17 — _
e N G V!
' 1w 39+ /61 _2842V61
>Z_ 15 (Y 15
17 + 24/61 (
e - v _ 3146l
xTH4: 0 = ——— & 15 & 10
10 39-VET |, - 2282V
AT SORERNNT:

Vay hé phuong trinh da cho ¢6 4 nghiém la:

47 429
i 2) = [ =92 -3 Y P
(:B7 y7 Z) ( ’ 37 15) 7 ( Y 37 15) 9
(-31 +V61 28 +2V61 30+ \/61> (_31 + /61 —28+2/61 39— \/61> -

10 15 15 10 15 ’ 15

Bai 17: Cho cac tham s6 duong a, b, c. Tim nghiém duong ctia he

{x+y+z:a+b+c(1)

2

4ayz — a*x — b*y — *z = abc (2)

Giai
Ta co:
a> b 2 abe
2)e —+—+—+—=4(3)
yz xz xTYy XYz
b
bat: xr1 = —; z1 = ta co

(3) & ol +yi + 27 + x1.y1.z = 4 (4)

~ z X . 4 ., . ? 7T N .
Deé thay: 0 < x1,y1,21 < 2 nén ton tai cac gia tri u,vthoa: 0 < u,v < Eva ry = 2sinu;y; =
2sinv
. Khi dé:
(4) & 22 4 4z.sinu. sinv + 4sin*u + 4sinv — 4 = 0
C6 A = (2sinwu.sinv)® — (4sin’u + 4sin*v — 4) = 4 (1 — sin*u) (1 — sin*v) = 4cos®u.cos?v > 0
Vay
71 = —2sinu.sinv — 2cosu.cosv < 0

(4) <
z1 = —2sinu.sinv + 2cosu.cosv > 0
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Do d6: a = 2,/yz.sinu; b = 2y/zx. sinv; ¢ = 2,/xy (cosu. cos v — sin u. sin v)
Thay vao (1) ta co:

r+y+z=2yz.sinu+ 2/zx.sinv + 2,/xy (cos u.cos v — sinu. sin v)
2

& (\/Ecosv— \/ﬂcosu)2+ (ﬁsinvjt\/gjsinu— \/§> =0

& Vrcosv — \/ycosu = y/xrsinv+ /ysinu — V2=0

bﬁ+a\/§_a+b:>2_a+b
2z 2UZ 247 2

Ta tinh duge: /2 = /asinv + \/ysinu =

c+a b+c
T =
2 2
Vay hé phuong trinh da cho ¢6 1 nghiém la: (z;y;2) = <

Tuong tu, ta ciing c6: y =

b—i—c.c—l—a'a—i-b
2 7 2 7 2

xz=1x+8(1)
Bai 18: Giai he phuong trinh { 4y* = 7xz — 32 — 28 (2)
2+ 42% = 140 — 49* (3)

Giai

Taco (1) v =22—38
Thay vao (2) ta duge: 4y* =Trz — 3 (22 —8) — 28 y* =22 —1(y* 2 0= 22 > 1)
Thay vao (3) ta dugc:

2?4422 =140 —4 (22— 1) & (2 4+ 22)° = 144 &

r+2z =12 r=—-2z+12(4)
-~
T+2z=—12 r=—2z—12(5)
Thay (4) vao (1) ta duge:

2(—22+12) = 224+ 12+8 < 22— 72+ 10=0

z=2=2=8=1y"=15&y==+VI15
~
z=b=r=2=9y> =9 y==3

Thay (5) vao (1) ta dugc:
2(—22—-12)= -2 - 1248 2°+52-2=0

22M$x2—7—\/§(*)

2
=
R N I PR
Loai (*) do zz < 0. Vay hé phuong trinh ¢6 6 nghiém la:
— —b—1+/33
(x;y;2) = (8; ++/15; 2) (2:43;5), | =7+ V/33; £v/33; — O

r+y+2z=0(1)
Bai 19: Gidi he phuong trinh { 22 + 32 + 2% = 10(2)
o' 4+ y" + 27 = 350(3)
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Giai
Tu (1), (2) ta c6 2y +yz + zx = —5 (3)
Lai ¢6: (1) = 23 + 3 + 23 = 3xyz(4)

(2) x (4) = (®+ 9>+ 2°) (2° + y* + 2°) = 30zyz
S +y’ + 2+ 2@+ y) + PPy + 2) 2?2 (a4 2) = 30ayz
o 2® +yt 4 20 — 2Py — xy?? — 2?yz? = 30zyz
& 2° +y° + 2% — wyz(vy + yz + 2x) = 30xyz
<0+ y5 + 25+ oxyz = 30xyz & 0+ y5 +2° = 2bxyz
(2) x (5) = (2® +y* + 2°) (2° + y* + 2°) = 2502y=
e ol +y" 2T+ 2P0+ %) + Y7+ ) + 2P (2 2P = 2502y2
o’ +y' 27+ 2% Bayzr — 2°) + 222 (Bryz — 2°) + 222 (Bwyz — yP) = 250xy2
& a’ +y + 2"+ 3uye(a’y’ +yP + 2%0) — 2Py (o oy + 2) = 2500yz
& o +y + 27+ 3wyz [(vy + yz + 22)° - 2wyz(z +y + 2)] = 250y
o a4+ y" + 2" + 45xy2 = 250xy2
2" +y" + 2" = 1352y2(6)
Thay (6) vao (3) ta c6: 135zxyz = 350 < xyz = 2. Vay ta co:
r+y+z=0
Ty +rz+yz= -5
Yz = 2
Suy ra z,y, zla nghiem ctia phuong trinh t* — 5t —2 =0 t=14+v2,t = -2t =1—+2
Vay hé c¢6 nghiém la (1 +v2,-2:1— \/5) va cac hoan vi O.

T
30z — 4y + — = 2012
y

Bai 20: Giai hé phuong trinh () { 4y — 20122 + L 30
2z

1
2012y — 30z + — =4
Yz

Giai
® Y tudng: RO rang cac s6 30,4, 2012 duge chon ngdu nhien do d6 ta ¢6 thé dit 30 = a;4 =
b;2012 = ¢ dé thay ré6 hon ¥ tudng bai toan. Khi d6, nhu da néi & trén, ta can tinh a,b,c
theo z,yz. D& thay he thu duge 1d mot he tuyén tinh 3 an véi x,y, z 1a tham s6. C6 thé ding
cong thitc Cramer dé tinh nghiém, nhung do trong chuong trinh phé thong khong c6 cong thic
Cramer cho hé 3 adn nén ta sé dua vé he 2 an.
® Loi giai:
bat 30 = a;4 = b;2012 = ¢ ta ¢6 HPT:

1 ( 1
ax—by+—:c<1) c:ax—by—l——
i e 1
!
S S —(ax—by+ )+ — =a (4
(11') < by cz+z a(2) & (bz—(ax b31/+xy)x+21x a (4)
cy—az+—=1>(3 ar —by+ —)y—az+—=>b(5
- ) [0z —by+ )y =00
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Xét (4),(5) 1a 1 hé 2 an theo a, b. Dung cong thiic Cramer ta tinh dugc:

22 4+1 —ay—=z
D= ?: =—(1+22+9y*+22) #0
zy—z —y-—1 . D 1
11 - 0= 20— =
D.=| " Y R i Ly N bzﬁzf
— = 21 rz D yz
Yy T 1
2 1 1 c=—
Dy = A
Ty —z —— — — y=
( Ty
Tré lai HPT dau ta c6
( —
]_ xr = 1
372:%_0 v/ 15090
15
2N — = PN Y
T Y7V 1024
_ 503
xy—_ =,/ =
201 TV 30
15 503
Va hié 1/ 1/
a4 oy — 4y =2
Bai 21: Giai hé phuong trinh (x) Y Y
2%y + 222 + 6y = 23
Giai
t—4y =2 — ot — 422 _
Hé tuong duong véi t = y?
y(z? + 6) = 23 — 222
D=22+6
Ta tinh dugc { D, = —2% — 102* — 3022 + 104
D, =23 — 222
2
Dy (Dy 2 6 10 202 _ _9..2\2
Do t = y? nén 5=\ D & (22 4+ 6)(—a® — 102* — 302 + 104) = (23 — 22°)

S (1-2)1+z)1+2*)(a*+ 1622 +95) =0 & x = £1
T d6 ta tim duge nghiém cua hé 1a (z;y) = (—1;3),(1;3) O

o+ 2y + 9y = vPr + 2%y + 9
w(y® —2®) =7

Bai 22: Giai hé phuong trinh {

Giai
Ta co:
o'+ 2Py + 9y =P+ 2?9 & (2t — 2y?) + (2y — 2% — 9z —y) =0
@y [r@+ay+yY) +aty -9 =0 (z—y) [z(x+y)* -9 =0
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T phuong trinh thit hai ctia hé, ta thay = # y nén tit bién ddi trén, suy ra:

sz +y)°—9=0sz(x+y)° =9 (%)

7 7
Taco: x(yP —a3) =T P —1d=—y= 3+ -
T T
Thay vao (*), ta dugc:
2
7
z(z+{[z3+ =) =9
T

Ta sé chiing minh rang vé trai 1a mot ham dong bién theo bién x. That vay:

2 2
x(x+\3/x3+z) =z x2+2x\3/m3+z+3 (x3+z)
x x \/ x

[, T o 7\’ [ e
=23 4+ 22% a3 + — + oy (x3—|——) = 2% + 2026 4+ a2 + {/x(zt + 7)°
T T

Tit (*) suy ra o > 0 va trong biéu thitc & trén, cic sd mii clia bién x déu duong nén day 14 ham

dong bién; suy ra né c6 khong qua mot nghiém.
Thay truc tiép = 1 vao biéu thiic, ta thay thoa.
Vay hé da cho c¢6 ding mot nghiem la: (z,y) = (1,2) O.

® Nhan xét: Diém dic biét ctia bai nay la xit i duge hé phuong trinh méi sau khi bién doi, néu
nhu ta dung cach dai so tryc tiép, phan tich ra duge mot nghiem x = 1 thi phuong trinh bac

cao con lai khé ma gidi duge. Cach lap luan theo tinh don diéu ctia ham s6 thé nay vita tranh

duge diéu d6 vita lam cho 10i gidi nhe nhang hon.

Bai 23 : Giai hé phuong trinh
(x—y—kz—w:?
22—y 4+ 22 —w*=6

22—y 42 —w? =20

4 _ .4 .4 4 _
(" =y + 27 —w =66

(China TST 2006)

Giai
(1+z2=a ’a—c:2(1)
rz=10 a? —2b—c*+2d =6 (2)
Dat < ta c6 HPT:
y+w=c a® — 3ab — ¢ + 3cd = 20 (3)
lyw =d L a* — 4a%b + 20* — ¢* + 4c*d — 2d* = 66 (4)
T (1) va (2) ta ¢
c=a—2

d=—-2a+b+5

ba—2b—14=0 da —2b=14 a

= =

5a2 — 2ab—10a —b—13 =0 4a — b= 13 b
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Thé ngugce lai ta tim duge nghiem (x;y; w; z) ctia he 1a (1;0; 3;2) va cac hoan vi. O

(227 —3x +4)(2y° — 3y +4) =18
4y 4y —Tr—6y+14=0

Bai 24: Giai hé phuong trinh {

Giai
Xét 2?4+ 32 + a2y — Tx — 6y + 14 = 0 (x) 1a phuong trinh bac hai theo bién x, viét lai la:
P 4aly—T) +yP—6y+14=0
Phuong trinh nay c¢6 nghiém khi:

Ay=@—T7 4P —6y+14) >0 -3 +10y - 720 1< y <

wl

Hoan toan tuong ty, xem (*) la phuong trinh bac hai theo bién y, viét lai la:
y? —y(x —6)+ (22 —7x +14) =0
Phuong trinh nay c¢6 nghiém khi:

Ap=(z—6)°—4(2®-Tx+14) >0 322 4+160-20>02< s < —

w

Ta xét ham s6: f(t) =2t> =3t +4(t€R) = f/(H) =4t -3 =0&t=- < 1.
Suy ra, trén [1,+00), ham s6 nay dong bién. Lai ¢6 f(z) = f(2) = 6, f(y) = f(1) = 3 =

f(z).f(y) = 3.6 =18.
Tt phuong trinh thit nhat clia hé thi ta thay dang thic phai xay ra, tic la o = 2,y = 1.

,.lk

Thay hai gia tri nay vao (*), ta thay khong thoa.

Vay hé phuong trinh da cho vé nghiém. O

® Nhan xét: Y tudng gidi cla bai nay khong khé va ciing kha quen thuoc khi chi cAn tim
mién xac dinh ciia bién thong qua viéc tinh Delta clia mot phuong trinh bac hai; tuy trong
16i giai trén c6 khao sat ham s6 nhung thic ra cac két qua dé cé thé chitng minh bing bat
déng thic dai s6 thuan tdy nén cong cu giai chinh ctia bai nay la dai sé. Va do dé viéc hai
biéu thiic ciia x vd y ¢ phuong trinh dau ctia hé giéng nhau c6 thé dan dén danh gia sai huéng
ma diing giai tich, xét ham s6 dé khai thac phuong trinh dau tién trong khi diéu dé khong

dem lai két qua gi. Céc hé s6 dugce chon ra sb rat dep chinh 1a wu diém noéi bat ctia bai toan nay.

ot 4+ yt + oy = 2292 + 7 (1)

Bai 25: Giai hé phuong trinh
—2%y + dry + 2y + 11(z — y?) = 28 (2)

Giai

Xét (1)4— (2) & 22(y +4) — 2(y® + 8y* + 11) + 4y* + 11y* = 0 ().
Néu y = —4 ta c6 phuong trinh —27z + 1200 = 0 < x = 16. Thi lai thay (z;y) = (16 — 4)
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khong thoa he.
Vay y # 4. Khi d6, coi (*) 1a phuong trinh bac 2 theo z, ta tim duge nghiém

P8R 1L (P + 8y 4+ 11)% — Ay + 4)(4yt + 11y2)

X1,2

2(y+4)
3 211+ (211
o, = LS ALY )
’ 2(y+4)
4% + 11
2
S =yt ay =
1 =Y ;T2 y+4
o . s o g I e | .
Véi = y? thay vao (1) tacé y® =7 oy = V7T — :E—\/49.lex—Tthayvao

phuong trinh dau va riat gon ta dude
YO+ a4yt 6Py —12y+9 = 0 & (P +2y-3) =0 < (y—1)(*+y+3) =0 = y=1 = =3

Vay he c6 nghiem (z;y) = (V/49; V/7), (3;1) O

: " z? +3y* =4
Bai 26: Giai h¢ phuong trinh
z* + 9yt =10
Giai

Tt hé phuong trinh ta co
(2? +3y%)? — (2* + 9y*) = 62%° =6 = 2%y =1
% Néu zy = 1 ta co:

224+ 230y + 32 =4+2V3 = z+yV3=+\/4+2V/3=%(V/3+1)

Lai co: . .
y=— —= 2+ (V3+ 1z +V3=0oz==+l,2=+V3y = —
x x
% Néu zy = —1 ta co
22+ 230y +3P=4—-2V3 = z+yV3=+\/4—-2V/3=%+(vV3-1)
Lai c6 ) .
y=— = 22+ (V3-1z—-V3=0ear==4l,0=+V3;y = ——
x x
1 1
Vay hé phuong trinh c¢é nghiém (x;y) = (£1, £1), (£1,F1) and (i\/g, iﬁ) , (:I:\/§7 q:%> O

Bai 27: Giai hé phuong trinh

) (+y)z+)=(@+2)(y+1)=(y+2)(z+1)=2a(a+1)

(2012 Philippine Math Olympiad National Finals Oral Round)

Giai
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rTt+yz=u
Dat ¢ y+2x =v  ta co hé phuong trinh

Z+axy =w

ut+v=v+w=w+u=2a(a+1)
Hé nay c6 nghiem v = v = w = a(a + 1) do d6 hé (*) tuong duong

r+yz=y+zex=z+azy=ala+1)

(2 —y) = 22— )
S (y—2) =aly—2)

kx%—zav:a(a%—l)

p
r=yVz=1

<qdy=zVr=1

kaz:—i-y,z:a(cH—l)

Tém lai ta c¢6 so do sau:

Sy=z = z=y=2z € {a,—(a+1)}

r=Y
N r=1 = z=y=1 ; z=da’+a—1
NS y=2z = y=z2=1; v=a>+a—-1

z=1
\ N =1 = x=2=1; y=a*+a—1

Vay hé c6 nghiem (z;y; 2) = (a;a;a), (—a—1;—a—1;—a—1),(1;1;a*+a—1) va cac hoan vi. O

Bai 28: Cho hé phuong trinh
r+y+tz=a (1)
By =0 (2)

vy = 2° (3)
a) Giai hé trén v6i an (x;y).

b) Céc s6 a,b phai thod diéu kien gi dé cac nghiém z, v, 2 ctia hé duong va khac nhau?

Giai
Cau a) Binh phuong 2 vé ctia (1): a?

2?2 +y? + 22 + 22y + 29z + 221
Déyx+y=a— 2z két hop (2)

1): a® =
va (3) ta co:

a® =b*+222 +2(a — 2).2

a’> = b + 2az
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Tu do:
a? — b?

2a

Z =

2 b2 2—522
a® + ;xy:z2:(a )
2a

T day tim duge x, y bdi cac hé thic: x+y=a — 2z =

a’® + b N V10a2b? — 3a* — 3b*

PN v 4a 4a
a’?+ b /10a2b? — 3a* — 3b*
y= +
4da 4da
. 24 b
Caub)Dez,y>0thiz+y= >0=a>0
, a2 — 12
bez>0= >0=a> b
. . b| 1 a
Dé x cancé10a262—3a4—3b4>0<:>1>|—>—<:>a>b>—>x<
4y > e e >
(*) chinh 14 diéu kién can c6. O
Bai 29: Giai hé phuong trinh
w® + vy = 14
ux? +vy? =5
(%) B
uxr + vy = 2
ut+v=1
Giai

Dit a, = uz® + vy*. Dé ¥ ring
aps1 = (T +y)ay — TYa,_

Diat A =z + y; B = xy. Lan lugt xét k = 2,3 tit he (*) ta co:

5=2A-B A=4
14 =5A—-2B B=3

Do d6 z,y la nghigm ctia phuong trinh ¢ — 4¢ + 3 = 0.Nhu vay (z;y) = (1;3),(3;1).
Thé vao he (*) ta co6

ut+v=1 1
Su=v=—
u+3v=2 2

11 11
~ hA % 2 h-A TR — 1 e .1._._ D
Vay he (*) c6 nghiem (z;y; u; v) <,3,2,é>,(3,,2,2)

Bai 30: Giai hé phuong trinh

a’>+bc—ab="b>+ca—bc=c*+ab—ca

Giai
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V6i ¢ = 0 ta tim duge nghiém (a; b; ¢) = (0;0;0)
b
V6i ¢ # 0, néu (a; b; ¢) 1a nghiém ctia he thi (— - 1) ciing 1a nghiém (do cac phuong trinh 1a
c

thuan nhat). Vay khong giam tong quat gia sit ¢ = 1.
Khi do6 ta c6 hé phuong trinh

A+b—ab=WV+a—-b=1+ab—a

ad+a—-1, _ 1
——— (deé tha —
Thay vao phuong trinh a® +b —ab = b*+a — b ta c6 (a — 1)(a® — 6a +5a—1)=0

Néu a = 1 ta ¢6 nghiém (a;b;c) = (1;1;1).

Truong hop con lai, a 14 nghiem ctia 2® — 622 + 52 — 1 = 0. C6 thé giai phuong trinh nay bing

Tt a>+b—ab=1+ab—a,tacéa®>+a—1=5b2a—1)=0b=

207 \
cach dat ¢t = T\/?)_y + 2 (xem céach giai tong quat Phuong trinh bac 3). Tu d6 ta tim duge
nghiém
2f t+ 2k7r y 3V3 _
coS it=arccos——= va k=12
\/_ 2V/7
Nhu vay hé phuong trinh c6 nghiém ( le ceRva
27T t+ 2/~c7r (1 2kT
cX |2+ coS ,C
V3 3
> +z—1

t doceR, t= va =—\ 0
(trong do6 ¢ arccos 2\/7 (x) ] )

Hé phuong trinh vo ti

Va2 —2x+2=3"141
y+ VP —2y+2=3""+41

Giai

Bai 1: Giai hé phuong trinh

Do nham dugc nghiém = = y = 1 nén ta sé giai bang ham s6 v ching minh né 1a nghiem duy

nhat cta he.

r—1=a
bat , khi d6 hé phuong trinh tuwong duong
y—1=5b
a+Va2+1=3
b+ Vb2 +1=23"

Nhan thay day la he d6i xiing theo 2 an a va b, trit vé theo vé ta c6

a+ Va2 +1+3"=b+ V0> +1+3

P \/ 2+1+t
Ta xét ham s6 dic trun =t+Vt2+1+3cof +3'In3

Vi V241> V12> —t nén f(t) > 0Vt Vay ham s6 dong bién tren R nén a = b
Thay vao phuong trinh ta c6 a ++va?>+1=3*<In(va*>+1+a) —aln3 =0
Xét ham s6 G(a) =In(va?+1+a) —aln3

1
Tac6 G'(a) = ———— —In3<1—In3 < 0Va € R
a?+1
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Nén ham s6 nghich bién va ta nhan thay a = 0 1a nghiém nén phuong trinh ¢6 duy nhat.
Vay hé phuong trinh da cho ¢6 nghiém la (z;y) = (1;1) O

Bai 2: Giai hé phuong trinh

T+y— Ty =3
Ve+l+yy+1=4

(D& thi DH khéi A - 2006)

Giai

DKXD:z > -1,9> —1,2y 2 0
Dit t = \/xy > 0. T phuong trinh dau ta c6 x +y =3+t ()
Binh phuong hai vé ctia phuong trinh sau ta c6

T+y+2+2y/ry+r+y+1=16 (x*)
Thay (*) vao (**) ta duge
3+t4+242Vi2+3+t+1=162Vi2t+4=11—t

0<t<1l 0<t<11

= St=3
42+t +4) = (11 —t)? 3t? + 26t — 105 =0

T d6 tim duge nghiém cta heé la (z;y) = (3;3) O

VZ+ Va2 +y+3=2
2Vr +4+ 3y +8=13

Bai 3: Giai hé phuong trinh {

Giai

DK:z>0:2°+y+3>0;y+8>0
Tt phuong trinh (2) st dung BDT Cauchy-Schwarz ta c6:

2
132 = (2\/x+4+3\/y+8> <S1BB(r+d+y+8)=a+y>1 (%)
Tt phuong trinh (1), binh phuong hai vé ta dugc:

T4+ +y+3+2yr (2 +y+3) =4 rt+y=1—2"-2y/x (22 +y+3)=>a+y <1 (%)

Tu (*) va (M) suyraz+y=1

x=0
z=0
Tu d6 dau bang xay ra § cac BDT nén Vitd JyTs <:>{

2 3
Thi lai ta thay hé c6 nghiem duy nhét (x;y) = (0;1) O
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Bai 4: Giai hé phuong trinh sau véi z > 0:

(3 _:13)2003 _ y+2
1
(%) 10g32z — +logy (y+2) = log% V9 + 4y

log, (x2 + 22) =2+ log,x

Giai
DK:z>0; 22 >y; y> -2

Ta co:
(3 . $)2003 —y + 2

(%) & —logs (22 — y) — logs (y + 2) = —logs (9 + 4y)
log, (:c2 + z2) = log,4x

((B—x)2003:y—|—2

S (22—y). (y+2)=9+4y

\x2+22:4az

((B—x)2003:y+2

S Y H9+ 22+ 6y —2yz — 62 = 2° — 22

\x2—4x+4:4—z2

(38— —y+2(1)

S (y+3—2)7°=22-22(2)

\(x—2)2:4—22(3)

Néu (o, o, 20) 12 nghiém ctia hé ta co:

(20 -2 =4—2°=4—22>06 —2< 2 < 2(4)

(Yo+3—20)" =22 — 220 = 202 — 22 2 0 2 <0V 2 > 2(5)

Két hop véi dieu kién bai toan 1a zg > 0véi (4) va (5) ta co: 29 =0V 29 = 2

. Ty = 0 Ty = 4 N . .
x V6i zg = 0t (2) va (3) ta co Y khong thoa diéu kién bai toin
Yo=-3 |Y=-3

. o — 2
x V6i 2o = 2 tt (2) va (3) ta o
Yo = —1
Thit lai ta thdy hé phuong trinh ¢6 nghiem duy nhat 1a: (z;y;2) = (2; —1;2) O
1 2
‘ — 4 g = ﬁ +2
Bai 5: Giai he phuong trinh { V= = y

y(Va2+1—-1)=+v322+3

Giai
Diéu kién xac dinh: z > 0,y # 0.
Phuong trinh tht nhat clia hé tuong duong véi:

y 2z
T

+ 2 =Y 12 e yvr+ 9 =22V + 2ry & v+ y(VT — 23) — 2/2 =0
y

5=
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Xem day la phuong trinh bac hai theo bién y, ta co:

Ay = (v —22)° + 80T =z + dav/z +42” = (Vi +22)° > 0

Do do6, phuong trinh nay cé hai nghiém la:

(22— Vo) = (Vo 4 22)
- 2
Xét hai truong hop:

% Néu y = —/z, thay vao phuong trinh thit hai ctia he, ta duge:
—Vr(Va+1-1)= V322 +3

Dé thay: —/z(v/22+1—1) < 0 < /322 + 3 nén phuong trinh nay vo nghiém.
% Néu y = 2z, thay vao phuong trinh thi hai cia he, ta dugc:

20(Val+1—-1)=V322+3 & L2z —V3) =22 Va2 + 1=

T = (2x—\/5)42r(\/5+237) 91,

2z
Y (%)
~ Z 3 2 3 Z 2
(dé thay = = g khong thoa man dang thic nén chi xét x # \/7— va phép bien doi trén la phu

hop).
2x

Xét hai ham s6: f(z) = Vr2+ 1,z > 0vag(z) = ———,z > 0.
20r — /3
Ta co: f'(x) = — > 0 nen la ham déng bién g (z) = _2V3 < 0 nén la ham nghich
Vit 1 ’ (22 — \/3)2 '

bién. Suy ra phuong trinh (*) c6 khong qua mot nghiem.

Nham thdy = = v/3 thoa man (*) nén day ciing chinh 1a nghiem duy nhét cia (*).

Vay hé da cho c6 nghiem duy nhat 1a (z,%) = (v/3,2V3) O

® Nhan xét: Quan hé ctia x va y duge che gidu ngay trong phuong trinh dau tién, néu nhan
thay diéu do6 thi cac budc tiép theo sé rat dé nhan biét.

V3 + 222y — a2 + 2t (1 — 23:2) =9
Bai 6: Giai hé phuong trinh sau

1+ 1—|—(x—y)2:x3(a:3—x+2y2)

Giai

Hé phuong trinh tuwong duong:

\/4—(1—$2y)2:2:)36—$4+y2
1+ (z—y)® =1—a%+ 2 — 225>

Cong vé theo vé hai phuong trinh clia hé trén ta dugc:

\/4—(1—332y)2—\/1+(56—y)2=:v6—2333y+y2+1

@\/4—(1—,%2 \/1 (x—y)" + (2 —y) + 1 ()

Ta thay:
1—2*%=0
VT(x) <2
2<:>VP(*):VT(*):2<:> r—y=0 Sr=y=1
>
> —y=0
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Thé x = y = 1 vao he thiy thoéa man.Vay he da cho c¢6 nghiem duy nhat (z;y) = (1;1) O

Bai 7: Giai hé phuong trinh

202 + 4y? 2 3
u=4\/(———)<a:+y>—1 0
Ty y
\/(x—l—1)2+:L‘y-|—3x+2y+5—Qm\/x(y—l—S):\/§+\/y+3 (2)
Giai
(
x>0
y=z—=3y#0
DKXD: 2 3
s
y
\(:U—i—1)2+:cy+3x—|—2y+5—Qx\/x(y—i-?))20

Bién do6i phuong trinh (1):

D e2t+al =g /22 34 113
y o y

=1t (t #0) , phuong trinh (3) trd thanh:

4 / 3
2t+-+1=4/2t—-—-1
+t—'— t
48

16 8
m)$4ﬁ+¥5+1+1ﬁ+z+4h:wr—7u—w

T
Dat —
Y

Lai co:

16 56 4 2
©4ﬁ+;5—%ﬂ+7+33=0©4(ﬁ+§)—280—;>+33=06)
2 . 2 iTes
bat t — = phuong trinh (4) tré thanh:

7
4@ﬂ+4y—%u+33=0¢wm?—%u+49:0¢>u=5

2 7
St-"=-2-Tt-4=0& 1
t 2 = ——

Lay hai gia tri ctia ¢ vita tim duge thay vao phuong trinh (4) thi ¢ = 4 théa man.Suy ra z = 4y
Bién dbi phuong trinh (2) két hgp v6i hé qua bién ddi clia phuong trinh (1) 1a » = 4y ta dugc:

2) e (x+1) +ay+3c+2y+5—22/x (y+3) =z +y + 2z (y + 3)
S’ +ay+3z—2z\/r(y+3)+r+y+3—+yr(y+3)=0

¢>@+1ﬂx+y+3—2;uy+$}=0

@(x+1)<\/_—\/y+3>220(:){x:y+3<:){x:4 (chon)

r =4y y=1
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Vay hé c¢6 nghiem duy nhat (z;y) = (4;1) O

log, z = 2¢%2 (1)

AIV1+ax+ 2y /4+y?>=0(2)

Bai 8: (THTT T8/415) Giai hé phuong trinh

Giai
DK:z>0.Tua (2)suyray <0vinéuy >0=VT(2) > 0.
Ta bién déi phuong trinh (2):
(2) & 4V/1+x=—ay/4+12 >0« 16(1 + 2) = 2%y*(4 + 9?)
& 4a*y? — 162 + 2*y* — 16 =0
& (v —4) (e +ay* +4) =0
4
<:>a:y2—4:0<:>a::E (3)
4
Thay (3) vao (1) ta duge logy, — = 2¢72 & 4.2Y + 2log,(—y) —2 =10 (5) (do y < 0)
()

Nhan thay y = —1 la nghiem cta (5). Xét f(y) = 4.2Y + 2logy(—y) —2 ¢6 f'(y) = 4.2Y. In2 +
>0Vy <0

—yIn2
Do d6 ham s6 f(y) dong bién trén (—oo;0). Vay (5) c6 nghiém duy nhat y = —1. Thit lai ta

thay hé c6 nghiem (x;y) = (4;—1) O.

T N T ~ 35
Vi—2 JTog 12
x Y 7

Bai 9: Giai hé phuong trinh

\/1—x2_\/1—y2 12

Giai
1= =
Dit |+ =ava,/—2 =,
1+ I+y

Cong hai phuong trinh vé theo vé ta c6

1+z l—y 7 1 7
— =—-=-+b==(1
\/1—:c+ 1+y 2:>a+ 2()

Trit hai phuong trinh vé theo vé ta co:

=z [i¥y 7 17
_— = —:—2
\/1+x+ =y 3%ty =30

T dé ta duge hé phuong trinh

1 7
-+b=3 2+ 2ab=Tb 32 —Ta+2=0 a=2b=3
R sab+3—70 b=l D .
“tyT3 @ 3 4 ‘T3 T2
. -3 —4. 4 3
Tt d6 tim duge nghiém cta hé 1a (z;y) = (?, ?), (5’ g) O

V21 + /2y =4 (1)

Bai 10: Giai hé phuong trinh
V28 +5++2y+5=06 (2)
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Giai

DKXD: z,y > 0
Cong hai phuong trinh ta c6 /22 + 5 + V22 + /2y + 5+ /2y = 10
5

2
Tru (2) cho (1) tacd 2z + 5—v2z++/2y + 5—/2y = 2 & + =
(2) cho () ’ Y VIr A5+ V2 V2 Eh+ V2

2bat a=+v2x+5+V2z,b=+/2y+ 5+ /2y ta c6 hé phuong trinh:

a+b=10

5 5 Sa=b=5

Ty Z -9

a b

Ta can giai phuong trinh /22 + 5 + v/22 =5 < x = 2 (chon). Tuong ty c6 y = 2
Vay he c6 nghiem (z;y) = (2;2) O

Vi iy —I=1(1)

Bai 11: Giai hé phuong trinh
v e+ 2V —y'e =0 (2)

Giai

DKXD:z>20;, x—y—12>20
T (1) ta co:

Vi=yr—y—-l+lesr=r—y—1+2yr—y—1+ley=2yzr—y—1

syYr=4z-y-1) e @y+2)?=drcy+2=2Vz
T (2) ta co:
Y+ Vo) =z ey+Vo=yJ/u

Ta dude hé mdi 1a
1
y+2=2x Y ;=g

y+Vr=yJz y=2x=14

. 1
Tht lai ta thay hé c6 nghiém (z;y) = (Z’ —1),(2;4) O

Bai 12: Tim a dé hé sau c6 nghiem thuc z,y, 2:

Vr—1+yVy—-1++vVz—1=a-1
Ve+l+Vy+1l+vz+1l=a+1

Giai

DKXD:z>1, y2>1, z22>1
Hé da cho tuong duong

(Ve—T1+vVe+1)+(Vy—T1+Vy+1)+(Vz—1+Vz+1) =2
(\/x+1—\/x—1)+(\/y—i-l—\/y—l)—i—(\/z—i-l—\/z—l):2
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Ditu=+vVr—1+vVe+Lo=yy—1+y+Ls=vVz—1++Vz+1
Dox>1,y>1, 22> 1nenu>\/§v \/_ >2. NgLIOclalneuu>\/§,v>\/§,s>
\/_,taco

2 2 1 2
Vot 1=V Vr+l+yz—1 u T 2(u+u> .

+

u

4
— ) z2l=x2>1
u2

Tuong tu véi y, z. Vay ta can tim a dé he sau c6 nghiem v > V2, v > V2, s > /2 :

u+v+s=2a
* 1 1 1 1
(1 1 1O
u v S

x Diéu kien can: Gia st he (*) c6 nghiem. Theo BDT Cauchy-Schwarz ta c6

11 1 9
20 = (u+v+s) (5+;+g)>9:>a>§

9
x Diéu kien du: Gia st a > > 5 Ta chiing minh hé (*) ¢6 nghiém.
Lay s = 3 ( thod s > +/2) . Khi d6 (*) tré thanh

u+v=2a—3
3(2a —3)
u = 5
R _ ) R 5 3(2a — 3)
< u, v 1a 2 nghiém cta phuong trinh ¢ — 2 (2a — 3)t + —

2a — 3+ +/(2a — 3) (2a — 9)

- 2 2 2

Dit h=2a—9>0= (h+6—2v2) > (h+3)°> h(h+6).
Tic 1a (2a — 3) — 2v2 > /(24 — 3) (2a — 9) = u > /2, v > V2.
Nhu vay hé phuong trinh c6 nghiém u > \/§ V= \/§ s >/2.

Tom lai a > 5 1a gi4 tri can tim O

= u, v =

1 2
%(ZjLM):Q
St de. (2 A . Tty
Bai 13: Giai hé phuong trinh 4 1_2\/E+\/§ .,
vy 4 Tty B
Giai

DKXD: z,y > 0
Néu z = 0 ho#c y = 0 thi hé vo nghiem. Xét x,y > 0.
Dat u = /z;v = \/y ta c6 hé phuong trinh

\/_ 1+2u—|—v 5 2 1 2u+wv 2 N 1 1
ul-+——1| = — = S 4 - =z
4 u?+0? N Vu 4 u?+0? N Vu Voo 2

1 2u+v . 1 _1 2u+v 2 1 _4u—|—2v
Vo 4 w2+4e?) VU4 w4l Vu Voo w402

Nhan hai phuong trinh ta duge
4 1 B 2u+v

=25 2<:)(4v—u)(u2+v2):(2u+v).uv4:)(2v—u)(u2+202):0<:)u:21)
v v ur4w
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Tir d6 tim duge nghiem ciia he la (z;y) = (64(17 + 12v/2); 16(17 + 12V/2)) O

52+ 7V5
Bai 14: Gi4i h¢ phuong trinh N A »
Yy 22 +y2
Giai

xr=0:=y=+5
% y = 0: vd nghiém

¥ x,y #0:
522 + 75
$2+%:7x
Nhan (1) cho z va (2) cho y ta c6: ) 7\/%%;_—3/5?;2 .
y _—nmmmm =

% + 92
Trit 2 phuong trinh vé theo vé ta dugc 22 — y* + 5 = Tz (x)
( 2
d 7V'5
wy 1 YTV
x? + 92
7V5x? — 5
L TVha? —bay
\ x? + y?
Cong 2 phuong trinh vé theo vé duge: 22y + 7v/5 = Ty ()
22 —y?+5="Tz (3)

22y + 7V5 = Ty (4)

Nhan (1) cho y va (2) cho z ta c6:

Tu (*) va (**) ta c6 HPT:

7T—2x#0
Ta co: (4) & y(7 —22) = 7V/5 = 75
T2
Thé vao (3) ta c6 phuong trinh
245 x(42® — 2822 + 69x — 140)
2
o _ — 7 _
x (7_2$)2+5 Tr & 0z = 7)° Tt r=T(dox#0)=y V5

Két luan: He c6 nghiem (z;y) = (0;V/5), (7; —v/5) O

VEF VY= =y =V —y (1)
Va2 —16 =2+ /y — 3z (2)

Bai 15: Giai hé phuong trinh

Giai
Xét (1) ta co
y =0 (loai)
() 2r-—2yx?—y=dr—ysy—2r=2\/r’—y &
y=4r —4
Thay y = 4x — 4 vao (2) ta ¢6
Va2 —16=2+Vr—4 & Va2 -16-3=Vor —4-1
2% — 25 r—095 5) 1

) =0 (%)

(z = 5) (=

& = & —
Viz—-164+3 Vxr—4+1 Va2 6+3 Vr—4+1
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5 5 1
Do v T >1>———nén (x) &or=5<y=16

Viz —164+3 'J_+3 T Vr—4+1

Thit lai ta thay heé c6 nghiem (z;y) = (5;16) O

ot +22° = b5a? +y? — 6z — 11 =0 (1)
Bai 16: Giai hé phuong trinh 32 —7—6
w2 pa="YY L2 (9
VY =T
Giai

PKXD: 42 — 7> 0
Xét (1) ta co:

(1) e 2?(@®+r)+z@® +2)—6(*+2)+y* —T—4=0< (2 +a—-6)(2* +2)+ (> —7) =4

Dit a = 2% + x; b= /y? — 7 ta c6 hée phuong trinh

_a:O;b:2
ala —6) +bv* =4 a=1b=3
a—?)b—b_6 < a=5;b=—3 (loai)
| a=6;b=—2 (loai)

-1 -5 5—1
Tt d6 tim duge nghiém cia hé la (z;y) = (—1; £v/11), (0; £/11), (T\/_;:izll) , <\/_2 ;:|:4> O

Vit evats=1"2q
VIFUH V=T 43 (2)

Bai 17: Giai hé phuong trinh

Giai

Ta c6 dieu kien z > 0,y > 3

% Néu y = 3: thay vao (2) ta c¢6 v + 3+ /& = x + 3 (vO nghiém)
% Néu y > 3:

Xét (1) ta co:

— 3
(1) ViTs+ VT3 _ Tty x(x+)

(x+y—(z+3) :E+y—(:1:+3)

vVrt+y—+vVaxr+3 z
1 1
1

\/W W—E:O®\/:r+y—\/a:+3:x

T day ta duge hé phuong trinh

Vity—vVr+3=x
Vety+Vr=x+3
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Trut hai phuong trinh ta duge /r+vVzr+3=3&r=1<y=38
Vay hé c6 nghiem (z;y) = (1;8) O

(x —y)t =13z — 4,

Bai 18: Giai hé phuong trinh
VITY+B8r—y=+2

Giai

Diéu kien: 2 +y >0va 3z —y >0

V3t —y=a 2 _p?
Dat: Y (a,b>0) = ¢ = ¢ — y Hé phuong trinh tré thanh:
Vr+y=>o 2
2 p2y4 2 | 2
(@® = b*)" _13(a +b)_4<1)
16 4
a+b=+2

Phuong trinh (1) tuong duong:

(a—0)'.(a+b)* 13(a*+b?)
16 - 4 B

4

Thé a + b = /2 vao phuong trinh trén
= (a —b)* = 13(a* 4+ b?) — 16(2)
Véi ¥ tudng dua (2) vé mot phuong trinh ding cap, ta sé viét lai (2) thanh:
(a —b)* = g(cﬁ +b%).2 4.4

Tita+b=+v2= (a+b)?=2va (a+b)* =4 Thé vho phuong trinh trén:

S (a—b)t = 1—23.(a2 +82)(a+ b)2 — 4(a + b}

= 3a* + 2ab — 34(ab)* + 2ab® + 3b* = 0(3)
Néub=0=3a"'=0=a=0maa+b=+2=b+#0 Chia 2 vé ciia (3) cho b*:

(3)(:)3(%>4+2<%)3—34<%>2+2%+3=0

Dat t = —(t > 0). Phuong trinh trén tré thanh:

a
b
3t + 23 — 342 + 2t +3=0

t=3
S t-3)Bt-1D)t*+4t+1)=0< 1 (P +4t4+1> 0Vt >0)
3
Néut:3:>%:3kéthopvéia+b:\/§

9 5
3T —y == T = —
= N _18 < _1—63
TV Y796



) 1 1.,
Néut:—ig:—kéthdpvc’iia—l—b:\/ﬁ
3 b 3
1 5
= ) < {4
T = — —_— —
L ¥=1
5 —3 5 3
Vay he c6 nghiem (z;y) = (E; 1—6> ; (1—6; 1—6) .0

V2r + 236 — 2z — 2 =2v2 (1)

Bai 19: Giai hé phuong trinh
{\4/2.r—|—2\/6—.r—|—2\/§y=8+\/§ (2)

Giai

DKXD: « € [0;6]
Cong vé theo vé hai phuong trinh ctia hé ta duge

V2 + 26—z + V2 4+ 2v6 —x = (y—\/§)2+6+3\/§ (3)

Lai c6: VT'(3) = 1./21 +v2./12 = 22 + 1.v/2x + /2.v/24 — 4z
Ap dung BDT Cauchy-Schwarz cho VT'(3) ta dugc

VT(3)<\/3.(2a;+12—2x)+\/3<\/%+2\/6—x> <6+v3.6=6+3V2 (%)

Dé dang nhan thay VP(3) = 6 + 3v/2 (%) Tit (*), (**) va (3) suy ra
2
Tr =
VI(3)=VP@B)=6+3V2 & {‘/ = \/
Y= V2
y— V3
Th lai ta thay hé c6 nghiem duy nhét (x;y) = (0;6) O

Vi—z—ydr—y=
2022 +y*) =11+ 322 — 1

Bai 20: Giai hé phuong trinh

Giai
. 1
Tathény—l}O:m>§>0.
Trong phuong trinh thi nhat, x —y va y cing dau. Néu y > 2 thi y > 0 vi 2 — y < 0, mau

thuan.
Do d6, x >y > 0.

Dit ¥2—y=a>0=2—y=ad.
Ta c6 (22 — x — y)a® = y*. Thay y = v — @, ta dugc:

(2% = 22 + a®)a® = (v — a®)?
Déng thitc nay tuong duong véi:

a’r? — 2a%°x + a® = 2? — 2a%x + a°
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R6 rang a = 1 thi dang thitc ding nén khi phan tich thanh nhan tit, ta dugc:
(a —1)(z* 4+ 2a*x + ax — a°) =0

Dé thay ring 22 + 2a%r + ax — a® khong thé xay ra vi a® < max{a®, a®} = max{z —vy, (v —y)?}.
% Néu max{x — vy, (z — y)?} = (z — y)? thi dé thay ¢® < (v — y)? < 22 < 22 + 2a%x + ax.
x Néu max{z—vy, (r—y)?} = r—y thi dé thay a® < x—y,suyra 0 < z—y < 1 va tit PT thi hai,

véi 22 +y? > ?Neux 1thi 22 +9% <2, mau thudn. Suyraz >1=22>2>1>2 —v.

Trong ca hai trudng hop, ta déu c6 22 + 2a*x + ax — a® > 0.
Vay a =1 = y = x — 1, thay vao phuong trinh thi hai, ta dugc:

20202 =20+ 1) =11+3V2r -1 20— 12 -10=3v2r - 1
Dit v/22 — 1 = b > 0 thi ta duge phuong trinh sau:
V' —10=3b= (b—2)(*+ 20> +4b+5) =0
Dé thay PT nay c6 nghiém khong am duy nhat 1a b = 2, tuong ing v6i nghiém ctia hé da cho

. 5 3
1a (l’,y): (575) 0

Bai 21: Giai hé phuong trinh

2 — 322+ 2 = /y3 + 312
3vVr—2=+/y3+ 8y

Giai

Diéu kien: > 2,9*(y+3) 2 0,y(y+8) > 0=y > 0.
Phuong trinh thi nhat viét lai la:

13—3x2+2:y\/m
Ditz—1=a>1,\/y+3=>b2>3, tacé:
a’*—3a=0b"-3b< (a—b)(a®+b*+ab—3) =0
Dé théy a® + b*> +ab > 1+ 3+ /3 > 3 nén ta dudc a = b hay
y+3=y=0a>—-3

Binh phuong hai vé ctia PT thit hai, ta duge: 9(z —2) = y*+ 8y hay 9(a — 1) = (a® — 3)(a*+5)
Doan nghiém 1a a = 2 va phan tich thanh nhan tit, ta dugc:

(a—2)(a®+2a*>+6a+3)=0

Suy ra phuong trinh trén c6 nghiem duy nhat 1a ¢ = 2 tuong tng v6i nghiem ctia hé la
(z,y) = (3,1).
Thit lai ta thiy thoa.Vay hé c6 nghiem duy nhat 1a (x,y) = (3,1) O
Vo+3=y"—6
Bai 22: Giai h¢ phuong trinh (1) /y+2 =2 -25
\/Z—-i-l =34+1
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Giai

a=(b—-2)" -6 a—b=("-2)"—b—6=f(b)
NHeib=(?-1)"-25eb-—c=(F-1)" —c—25=g(c)
c:(2—3)3+1 c—a:(a2—3) —a+1=h(a)
Lai co:
a>0 »*-2°>6>1° b> /3
= . =
b>0 (F=1)" 225> 2° ¢>V3
Suy ra:
a>V3
(-3 +1>V3= T ()
2 _ 3 _ 3/~
a 3>\/\/§ 1>\/;
Ta co:

F0)=30"-2)%20-1>312V3-1>0% >3
g (c)= 3(0—1) 20—1>3222V3-1>0Vc>V3

, 1\ # 1
h (a):3(a2—3)2.2a—1>3.<§> .2\/§—1>3.§.2\/§—1>0 Va(x)

Suy ra: f(b), g(c), h(a) 1a ham dong bién va f(2) = g(2) = h(2) = 0.
% Néua>2:
= h(a) >h(2)=0=c>a>2=g(c) >9(2)=0=>b>c>2

= fb)>f2)=0=a>b>2=a>b>c>a
Vay truong hop nay loai. Ly luan tuong tu véi a < 2.

Vay ta co:
a=2=c=a+h(a)=2=b=c+g(c) =2
VI +3=2 r=1
a=b=c=2<% \/m:2<:> y=2
Vz+1=2 z=3

Thit lai ta thdy hé phuong trinh c¢6 2 nghiem 1a: (z;y;2) = (1;2;3) O
® Nhan xét: Néu c6 thé doan nghiem ctia hé, ta cling c¢6 161 giai dep nhu sau:

Ta co:
( r—1

(P24
Vr+3—-2=y>-38 \/x+3+2 =2y y+4)
(e Vy+2-2=23-27T%& \/yT+2 =(2-3)(22+32+9)

Vit+tl—-2=23-1 9
\\/F—FQ =(x—-1(z*+2+1)

r—1=(y—-2)y*+2y+4)(Vr+3+2) (1)

S y—2=(z 3)(2 +324+9)WVy+2+2) (2

z=3=(@—-1)@*+2+1)(Vz+1+2) (3)
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xNeur #1:=>y#2,2+#3
(1) = |z =1 > [y — 2|
Tit hé trén ta c6:q (2) = |y — 2| > | — 3|  (mau thuan)
3)=1|z—-3| > |z — 1
Vayr=1=y=2,2=3

20+ 2y — Jry =3

Bai 23: Giai hé phuong trinh
V3r+1+3y+1=4

Giai

Nnhan thiay & phuong trinh thi nhat ciia hé c6 hé s6 bac nhat clia x;y ti 1é v6i nhau nén ta
them b6t dé dua vé dong hé sb.

. 3 3 9
Tit phuong trinh thit nhat ta c6 2o + 2y — /2y = 3 & 5(2x + 2y) — 5\/1:_ =3
a?—1
V3r+1=a T =
Dat & 23
V3y+1=10 y="—
Bz +1)+ By +1) 3,/— 13
T — —Jry = —
Hé phuong trinh da cho tuong duong Y oV =

V3r+1+3y+1=4
Thay a; b vao hé ta c6

1 1
a2+l)2—5\/(a2—1)(l)2—1):?3
a+b=4

S=a+b )
Dat va thé (2) vao (1) ta ¢
P =ab

19
VP2+2P —15=19 — 4P (v6i P < Z)

94
©P2—154P+376:O<:>P:4VP=E(loai) =S=P=4

V3t +1=2
Vay a, b 1a nghiém ctia phuong trinh X2 —4X +4=0&a=0=2=
V3y+1=2

Giai hé nay ta thu duge (x;y) = (1;1) O

® Nhan xét: Ngoai cach giai nhu trén ta van c¢6 thé lam nhu sau: Nhan phuong trinh thi nhét
cho 2, nhan phuong trinh thit hai cho 4, va trit vé theo vé ta sé dua duge vé dang tong cac binh
phuong khong am A% + B2 + C? = 0.

3y + 2y(x + 1)+ 1 =4y /a2 +2y + 1

y(y —x) =3 -3y

Bai 24: Giai hé phuong trinh

Giai
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DKXD: 22 +2y+1>0
Tt hé ta co

yi—dyn/2? 2y + 1+ 22 4+ 2y + 1 =y — 20y + 22

S 2y —a2+2y+1)7 = (z—y)°

xNéu2y—+/22+2y+l=a0—-y3y—ov=+/22+2y+1:

y—xz =0
Ta c6 he { 9y? — 62y — 2y =1 (1)
Y —zy+3y =3 (2)

17
Xet (1) = (2).6 ta 6 3> — 20y +1T =06y =5 Vy =1
17 415

V6i y =1 thi =1 (chon). Véi y = — 3 thiz = — 3 (chon)
xNéuy— /a2 +2y+l=y—zoy+r=/22+2y+1:

r+y =0
Ta c6 he ¢ y? + 22y — 2y =1
vy —xy+3y=3
Giai tuong tu, ta ¢6 hé trén vo nghiém.

Vay he phuong trinh dau c¢6 nghiem (z;y) = (1;1), ( T3

415 17)

Bai 25: Giai hé phuong trinh

I —5.6% +4.257W =0 (
Va1 = i+ (VI = V)

1
VI + Vi ()

Giai

Dicu kien x >y > 0

Tit phuong trlnh (2) ta co vz —y — ¥ = (V2 — V)2 + V)

\/xx—_%?:\/‘ \/Q_er\/_(\/@J“/E)2
1
< (x—2y) \/—y+\/_+\/_+\/_)

V6i z = 2y thay vao (1) ta c6 3% — 5.6% +4.2% = (0 & 9%V —

5.6% +4.4% =0

) 2\
Chia 2 vé clia phuong trinh cho 9%% va dit a = (g) (0<a<1)taco:

1
S4a®? —ba+1=0<

) 2\ 1 1
Vay ta co 3 zziy §log34:x—log34

Vay hé da cho c¢6 nghiém (z;y) = (logg 4; 5 logs 4) O
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Bai 26: Giai hé phuong trinh
g1yl = 22 4 g2 (1)
Tyt + 13z + 8 =2y /x (322 + 32 — 1) (2)

(Dé thi chon doi tuyén TP HCM 2009-2010)

Giai

Xét y = 0, thay vao hé tim duge x = 1_3
Xét z =0 tu (1) suy ra y = 0 nhung (z;y) = 0 khong thoa (2).

Xét zy # 0. T phuong trinh (1) ta c6

i 1 i
)i
) Y

Xét ham s6 f(t) =t +t taco f'(t) = 11t1°+1 > 0 V¢t € R = f(t) dong bién tren R. Tu d6

ta co:

<1><:>f(§)=f<y>m:y2>o

Khi d6 (2) tré thanh:

1
T2 4 132 + 8 = 202 /x (302 4+ 32 — 1) © Tt + 132 + 82 = 2V/3 + 3t — 2 v6it = — > 0 (3)
X

Phuong trinh nay c6 thé gidi biang phuong phap dimg ham s6 don diéu (xem chuong Céc

phuong phap giai phuong trinh). Lai gidi cu thé nhu sau:

(3) e (2t +1)* +2(2t+1) =3+ 3t — > + 23 + 3t — t2
& g2t +1) = g(V3+ 3t —12) véi g(t) = t° + 2t

Do ¢'(t) = 3t* 4+ 2 > 0 V¢ > 0 nén ta suy ra

[t = —1 (loai)
-5 — V89 .
2+1=V3+3t— & (2+10° =343t 1" & |t=—77 (loai)
tZ—”89_5(chQni)
L 16
16 [ 16
Suyrazr=— =y=+4,/—
Y V89 — 5 Y V89 — 5

Vay e s nebiem (o50) = (3550) (G554 Vg 5 ©

(1 ‘l‘ 49c7y)517x+y — 1 ‘l‘ 3acfy+2

Bai 27: Giai hé phuong trinh 1
x2—3y1/y——:1—2y
x
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DKy > x>0 hoacy <x <0
Dit x — y = u. Phuong trinh thi nhat tré thanh:

(1+4“)5"" =1+9.3“ (1)

% Néeuuw>0thh VI'<5+5=10con VP >1+9=10 (VN)
% Neuu<0thh VI >5+5=10con VP <1+ 9=10 (VN)
xNéuu=0thiz=y

Thay vao phuong trinh sau ta co:

1
1’ —3z\/z —==1-2z (DK: 2 > 1 hosic —1<z<0)
T

& 327 —3y/x(a2 — 1) =1 — 22 (x)

Dit a = va? — 1(a > 0),b = /z thi (*) tré thanh:

a="0b Vaz—1=\/r _1j:\/5
a?—3ab+20* =0 < = s | TT T
a=2b Vi —1=2yx r=2++5
1+5

Vax:y:2:|:\/5D

Vay hé ¢6 nghiéem x =y =

Va2 4+ 91 =y —2+y* (1)
VY2 +91 =z —2+ 2% (2)

Bai 28: Giai hé phuong trinh

Giai

bK: z,y > 2
Lay (1) tr (2) ta dugc:

Va2 +91 — /2 4+ 91 =y — 2+ > — Vo — 2 — 2*

xz—?f y—x 2 2
o - + (v —x
Vaz+91+/y2+91 Ve —2+y—2 ( )
T+
o (z —y)( 4 taty) =0

+
VZZ+ 91+ /12 + 91 Vo =24y =2
Sr=y

Thay vao hé ban dau ta dugc:

Va2 +91 =V — 2 + 22
SV2+91-10=vVr —-2—1+ (2 - 9)

- 22 -9 _x-—3 (- 3)(x+3)
VZZ+91+10 Vo—2+1
r=3

<~ x4+ 3 1
N TR T FR I
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r+3

r+3 1
<zr+3= <T+3+
Va2 +91410 Va2 +91410 vr—2+1
Do d6 x = 3 (thod x > 2). Vay hé c¢6 nghiem x =y =30

Dé thay

AT R =1y (1)
VI—22+/1—y2=+2(2)

Bai 29: Giai hé phuong trinh

Giai

1< ry<1
pKxD: { - YS
syt — (@ +yH)+120
a>2b
Dit a = 2% +y* b = 2y =
—-1<b«1

Tu (1) taco: Vit—a+1=1-b& b —a+1=0—-20+1<a=0"—b*+2b

Laicoa>20=0"—0?+2b> 20 b*(b*—1) 2 0 (x) Do b € [—1;1] = b*(b* —
a=2b

(x) PV -1)=0s T a=2b= x =y. Vay ta co:
be {0;£1}

% Néub=0= 2=y =0 (thoa (2)).

% Néub=1= 2z =y =1 (khong thoa (2)).

% Néu b= —1= 22 = —1 (v0 nghieém).

Két luan: Hé c6 nghiém (x; y) = (0;0) O

1) < 0 nén

21y N \/332 +y? 2Tyt Tty )
Bai 30: Giai hée phuong trinh ¢ = +y 2 2

201271 —3r+y+1=/(2e—12+z—y+1(2)

Giai
Diéu kién: zy > 0
Phuong trinh (1) viét lai:
x? + y2
2xy oz + 4y — (x + -y
Y, [a? i 0o 2 (z +y)? n 2
T+y 2(z +y) 2% 4 12
y VW
r=y
A — )2 — )2 1 1
D Gl )Y (z —y) PN 3)
2(z +y) x? + 3 r+y z? + y?

2( 5 + /7Y) 5 + /Ty

=0
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Xét (3) ta co:

x2—|—y2

B)erty= S VI 2uty) = V2022 +y?) + 27y
& W=V = VI~ 4 y) & (V= V)7 = S L) y)

V2@ +y?) +x+y
. )’ V7~ DT+ D
& (Vo= Vi = f?ﬁfﬂmy(f.f> NC TS R
T=y
< Wetvy)? )
V222 + )+ +y

Xét (4) ta co:

S V222 + 1)+ +y=(Vr+y)? e V222 +12) =2y (5)

T (3)=a2+y>0mazy>0=2,y>0

Ap dung bét d&ng thitc Cauchy cho 2 sb duong x,y ta chiing minh duge (5) xéy ra khi va chi
khi z = y. Hop tat ca cac truong hop, két luan (1) & x =y

Thé y = x vao phuong trinh (2), ta duge: 2012**~! — 2z 4+ 1= /(22 — 1)2 + 1.

Diat 2z — 1 = t. Phuong trinh trén tré thanh:

2012' =t + V2 +1 < In(t+ V2 +1) — tIn2012 = 0 (6)

t
1+
) Vi2+1 1
Xét In(t+v/12 4+ 1)—t1n2012. Ta cé — Y T _In2012= ———1n2012 <
F(8) = In{ - )= t+V2+1 ViZ+1

0 v6i moi ¢ € R = f(¢) nghich bién trén R
Ma f(0) = 0 =(6) c6 duy nhat mot nghiem ¢ = 0
t+1 1

| —

+
Tacot=0=2or=—==-=y=ax=
a co T 5 5 Yy==x 5

. 11
Vay hé ¢6 duy nhat 1 nghiem (z;y) = (5, 5) O



CHUONG VI: SANG TAO PHUONG TRINH - HE
PHUONG TRINH

XAY DUNG MOT SO PHUOGNG TRINH PUCC GIAI BANG CACH DUA
VE HE PHUONG TRINH

Vi du 1. Xét he doi xing loai hai

=23y
! Voo w=2-3(2-32)".
y=2-—3x

Ta c6 bai todn sau

Bai 1 (THTT, s6 250, thang 04/1998). Gii phuong trinh

x+3(2—3x2)2:2.

Giai
Diat y = 2 — 322 Ta c6 he

2 _ 9 _ 9.2
x4+ 3y° =2 N r=2-3y> (1)
y =2 — 322

Lay (1) trt (2) ta duge

r—y=0 y==x
r—y=23*—y}) < & 1—
y=3("—y) 3ty =1 _1-3
3
e V6i y = x, thay vao (1) ta dugc
9 2
3 +rxr—2=0& 12 ¢ —1,§ .
1-3
o Véiy = 3 I, thay vao (2) ta duge
1-3 1++v21
L2 312 e 0?31 -5=0c1= .
3 6
P 2 1++21
Két luan: Phuong trinh da cho tap nghiém S = {—1;§; 5 } a

® Nhan xét: T 10i gidi trén ta thiy ring néu khai trién (2 — 322)” thi sé dua phuong trinh da
cho vé phuong trinh da thitc bac bén, sau dé bién déi thanh

(z +1)(3z — 2)(92° — 3z — 5) = 0.

297
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Vay néu khi xay dung bai toan, ta ¢d ¥ lam cho phuong trinh khong c6 nghiém httu ti thi
phuong phap khai trién dua vé phuong trinh bac cao, sau dé phan tich dua vé phuong trinh
tich sé gap nhieu kho khan.

Vi du 2. Xét mot phuong trinh bac hai ¢6 ca hai nghiem 1& s6 vo ti
502 — 22 —1=0« 22 =52 — 1.

2y = 5?2 — 1 512 — 1

2z = 5y* — 1

2
Do do xét { =2r=2>5 ( ) — 1. Ta c¢6 bai toan sau.

Bai 2. Giai phuong trinh

8z —5 (52> —1)" = —4.

Giai
Dit 2y = 522 — 1. Khi d6

2y =5x? — 1 - 2y=>5z2—1 (1)
8z — 5.4y? — —4

Lay (1) trit (2) theo vé ta dugc

20y —2) = 5(2* —9*) & [32/;36—5:(24-@ & zzx_5x5—|—2
e Véi y = x, thay vao (1) ta duge
5’ =22 —1=0&1= HEB\/E.
o VGiy = _5x+27 thay vao (1) ta dugc
—10x5+4:5x2—1@25x2+10x—1:0@x:%%.

Phuong trinh da cho c6 tap nghiém S = {

1+6 —1i\/§}D
5 ' 5

® Nhan xét: Phép dit 2y = 522 — 1 dude tim ra nhu sau: Ta dat ay +b = 52% — 1, véi a, b tim
sau. Khi d6 thu duge hé

ay+b=>5z*—1 N ay +b+1 =522
8z —5(ay+b)? = —4 8z + 4 — 5b% = 5ay? + 10aby.

D& he tren 1a he déi xting loai IT thi { 8 542 4 — 502 =
10ab = 0

Vay ta c6 phép dat 2y = 522 — 1. Sau day 14 mot bai tuong t:
Bai 3. Giai phuong trinh 5(51‘2 — 17)2 —343xr —833 =0

b+1
g5:—|— {:0

a=2.

Giai
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ay +b = 5x% — 17

® Y tuéng: Dit ay + b = 522 — 17 (a # 0) =
5(ay + b)? — 343 — 833 = 0 (¥)

T (*) c6

5(ay)? + 10aby + b* — 343z — 833 = 0
5(ay)? + 10aby + b* — 833
343
5a3.4% + 10a®.by + b*.a — 833a
343
Ta hi vong c¢6 ax + b = 5y* — 17, két hop véi (**) suy ra

=T =

=ar+b= + b (xx)

B 5a3.9% + 10a®.by + b*.a — 833a
B 343
& 343.5y% — 5831 = 5a>.y* + 10a”.by + b*.a — 833a + 343D

5y? — 17 +b

343 = a?
R . . a="7
Dong nhat hé so ta duge < a2b =0 s
=0
—833a + 343b = —5831
Vay ta c6 101 giai sau:
® Loi giai:
Dat 7y = 52% + 17 ta c6 hé phuong trinh
Ty = bz — 17 Ty =bz? — 17 (1)
=
245y — 3431 — 833 = 0 7o = 5y% — 17 (2)
Lay (1) trit (2) ta c6
r=y
(y—z) =50z +y)lr—y) <
or + oy = —7
x% Néu z = y, thay vao (1) ¢6
74389
5x2—7x—17:0<:>a::1—0

% Néu b5z + 5y = —7, két hop (2) ta co

5(hx* — 17 —35+5v193
7+5x+%:0<:>25x2+35x—36:0<:>x:T
. 7T+£+/389 —35£5v193
Két luan: Phuong trinh c¢6 tap nghiém S = { 0 0 } O

Vi du 3. Xét mot phuong trinh bac ba

3
4x3—3x:—\/7_<:>Sx3—6x:—\/§<:>6x:8x3—\/5

Do do ta xét

3

_ 3 _ 3 _

6y = 8z — /3 L 61— 8 8% — /3 _ V3
6z = 8y — V3
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= 1206z + 2163 = & (89(;3 - \/5)3
= 1622 4+ 27V/3 = (8903 . \/5)3 .

Ta c6 bai toan sau

Bai 4. Gidi phuong trinh 162z +27/3 = (82° — v/3)".

Giai
Dat 6y = S8a?® — V3. Ta ¢6 he

6y = 82° — /3 - 6y = 82° — /3 (1)
162z + 27/3 = 216y° 6x =8y> —v3 (2)

Lay (1) trt (2) theo vé ta dugc
6(y —z)=8(2"—y*) & (x—y) [8 (2 +ay+y*) +6] =0. (3)

Vi z? + 2y +y? > 0 nén 8 (22 + zy + y?) + 6 > 0. Do do tit (3) ta duge z = y.
Thay vao (1) ta duge

6x:8x3—\/§<:>4x3—3x:—\/7§<:>4x3—3x:c035§ (4)

a a
St dung cong thiic cos a = 4 cos® 3 3 cos 3 ta co

5 5 5
cos% = 4 cos® % — 3cos 1—7;,
17 17 17
cos—7T = 4(:083—7T — 3cos—7T,
6 18 18
m T T
— =4cos® — — 3cos —.
cos — cos” 72 cos 72
5 17 7 L ;
Vay x = cos 1_; T = Cos 1—;, T = coS —g la tat cd cac nghiém cta phuong trinh (4) va ciing la

tat ca cac nghiem cta phuong trinh da cho O
® Nhan xét: Phép dit 6y = 82° — v/3 duge tim ra nhu sau :
Ta didt ay + b = 82 — /3. Khi d6 tit phuong trinh da cho c¢6 he

ay + b= 8x3 — V3
162z + 27v/3 = a®y® + 3a2by® + 3ab’y + b°.

Can chon a va b sao cho

162 a® 27/3-b =
3a%b = 3ab®> =0

a 8 b++/3 {

Vay ta c6 phép dit 6y = 8z° — /3.
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Vi du 4. Ta sé xay dung mot phuong trinh vo ti c6 it nhat mot nghiém theo ¥ mudn. Xét
x = 3. Khi do

2 —5=1= (2053 =1z 2,

Ta mong mudn c6 mot phuong trinh chiia (ax + b)® va chia v/cx + d, hon nita phuong trinh
nay dugce gidi bang cach dua vé he “gan” doi xiing loai hai (nghia 1a khi trir theo vé hai phuong
trinh cta hé ta c6 thita s6 (z —y)). Vay ta xét he

{ 2y —5)P% =z —2

(22 —5)% = —x 42y — 2.
Néu c6 phép dat 2y — 5 = /z — 2, thi sau khi thay vao phuong trinh
(20 —5)° = —2 + 2y — 2

ta duge
8z3 — 6022 + 1502 — 125 = -z + V/z — 2+ 5 — 2.

Ta c6 bai toan sau

Bai 5. Giai phuong trinh

Vo —2 =8x% — 60x% + 151z — 128,

Giai
Cach 1:
Tap xac dinh R. Phuong trinh viét lai
Vr—2= 2z —-5)?°+z—3. (1)

Dt 2y — 5 = /o — 2. Két hgp v6i (1) ta c6 he

2y =53 =x—2 (2)
(22 -5 =—-x+2y—2 (3)

Lay (3) trut (2) theo vé ta dugc

2(z —y) [(22 = 5)* + (22— 5) (2y — 5) + (2y — 5)?] = 2(y — )

N [ x—y=0 (4)
(20 —5)°+ (20 —5)(2y —5) + (2y —5)24+1=0. (5) (v0 nghiem)

Ta c¢6 (4) & y = z. Thay vao (2) ta dugc

(22 —5)* =1 —2 & 82° — 602% + 149z — 123 =0
& (z—3)(82* —36rx+41) =0« 2 = 3.

Vay phuong trinh c¢6 nghiém duy nhat x =3 O
® Nhan xét: Tit nghiem duy nhat trén, ta nghi dén cach diing don diéu ham s6 nhu sau:
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Cach 2.
Tap xac dinh R. Dat y = /o — 2. Ta ¢6 hé

83 — 602 + 151z — 128 =y
r=1y>+2
Cong vé theo vé hai phuong trinh ctia hé ta dugc
82% — 6022 + 1522 — 128 = ¢* + y + 2

=823 — 6022 + 150z — 125 + 2z —5 =y +y
&2 -5+ (27 -5) =y* +v. (*)

Xét ham s6 f(t) =3 +t. Vi f/(t) = 3t* +1 > 0,Vt € R nén ham f dong bién trén R. Do d6
(%) viét lai
fx=5)=f(y) &2z -5=y.
Béi vay
(2r—5)=vVr -2 e -5>=1-2
81 — 602 + 1492 — 123 =0
&z —3)(82% —36r +41) =0z = 3.

Phuong trinh c6 nghiém duy nhat 2 = 3 O

Vi du 5. Xét mot phuong trinh bac ba nao doé, ching han xét 42° 4+ 3z = 2. Phuong trinh nay
tuong duong
82 + 6r =4 & 82° =4 — 62 & 22 = V/4 — 6.

Ta “long ghép” phuong trinh cudi vao mot ham don diéu nhu sau
(22°) + 22 = V4 — 62 + 4 — 62 < 81° + 8z — 4 = /4 — 6z

Ta dude bai toan sau:

Bai 6. Giai phuong trinh

82 +8r — 4 =4 — 6.

Giai
Tap xac dinh cta phuong trinh 1a R.
Cach 1:
Phuong trinh da cho tuong duong
(22)% + 22 = /4 — 62 + 4 — 6. (1)

Xét ham s6 f(t) =t*+t,Vt e R. Vi f/(t) = 3t*+1 > 0,Vt € R nén ham s6 f(t) dong bién tren
R. Ma (1) viét lai f (v/4 — 6z) = f(2z) nén né tuong duong

Va4 — 61 =20 < 82 + 60 =4 < 42° + 30 = 2. (2)
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Vi ham s6 g(z) = 42 + 3z ¢6 ¢'(r) = 1222 + 3 > 0,Vz € R nén PT (2) c6 khong qua mot
nghiém. Xét
1 1
225 (oz?’——3> e (@) -4 —1ea® =245
a

. 1 1
Do do, néudéta:\3/2+\/5th12:§<a3——3).Tacc’)
«

OO IRIHCOIE

1 1 P
Vay = = 3 <a— —> =3 ({"’/24-\/5—1- {’/2—\/3> la nghiém duy nhat cua (2) va cing la
a

nghiém duy nhat ctia phuong trinh da cho O

Cach 2:
Phuong trinh viét lai thanh

(22)% = /=62 +4 — 8v + 4.
Dat 2y = /4 — 62. Ta c6 he

8y> =4 — 6z - 8y? = —6x +4 (a)
8% + 8x — 4 =2y 82% =2y +4—8x. (b)

Lay (b) trit (a) theo vé ta dugc
8(2° —y’) =2 —x) & (x—y) A’ +ay+9y°) + 1] =0y ==
Thay y = x vao (a) ta duge
82° = =61 +4 & 42° 4+ 3z = 2.

Dén day lam giéng cach 1.

Bai 7. Giai phuong trinh

Vor+1=8x>—4r—1

(Dé dé nghi Olympic 30-4-2006)

Giai
Tap xéc dinh clia phuong trinh 1a R. Dat /6x + 1 = 2y. Ta c6 he
{8x3—4x—1:2y {8x3:4x+2y+1 (1)
6z +1=28y* 8y = 6z + 1. (2)
Lay (1) trit (2) theo vé ta dugc
8(2° —y’) =2 —x) & (x—y) A’ +ay+9y°) + 1] =0y ==z
Thay y = x vao (2) ta duge

8x3—6x:1<:>4x3—3x:cosg. (3)
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o Q@
Stt dung cong thic cos o = 4 cos® 3= 3 cos 37 ta co

7 7 s
cos — = 4 cos® — — 3cos —,
3 9

9
7 7 7
(:OS?7T = 4 cos® ?W — 3 cos g,
5 ) )
cos?7T = 4 cos® g — 3 cos g
~ s oT T, . ) . o - .
Vay x = cos 9’ T = Cos 3 T = cos 9 14 tat c& cac nghiém ctia phuong trinh (3) va ciing la

tat ca cac nghiém ctia phuong trinh da cho O
® Nhan xét: Ta con c6 thé gidi cach khac nhu sau : Phuong trinh viét lai

67 + 1+ vV6z + 1 = (22)* + 2. (3)
Xét ham s6 f(t) =t>+t,Vt e R. Vi f/(t) = 3t*+1 > 0,Vt € R nén ham s6 f(t) dong bién trén
R. Ma (2) ¢6 thé viét lai thanh f (/62 + 1) = f(2z) nén tuong duong

1
\3/6a:+1:2x4:>8:)33—6x:1<:)4x3—393:5.

Vi du 6. Xét mot tam thitc bac hai luon nhan gia tri duong : 22 + 2. Khi d6

/(x2+2)d:v—x—3+2x+0
=3 i

3
Chi can chon C' = 0 ta duge mot da thitc bac ba dong bién 1a h(z) = % +2z. Ta c6 h(3) = 15.
Vay ta thu duge mot ham s6 da thiic bac ba dong bién g(x) va thod man ¢(3) =0 la

3

g(z) = % + 2z — 15.

Ta sé tim mot da thitc bac ba dong bién k(x) sao cho k(x) = z < g(z) = 0, mudn vay ta xét
3 3

%4—043:—15:3:@%4—(04—1):1:—15:0.

3
Do d6 chon a sao cho o —1 =2 < o = 3, khi d6 k(x) = % +3x — 15 va k(z) = y tuong duong

s

VOl
3

%+3x—15:y@x3+9x—45:3y.

Tt phuong trinh cudi nay thay x béi y ta thu duge he déi xiing loai hai

23+ 9z — 45 = 3y
y3 + 9y — 45 = 3x.

Tit hé trén, st dung phép thé ta thu duge phuong trinh

3107 —45\° 3 1 0g — 45
(—“”r; )+9(—$+; )—45:395

& (2% + 92 — 45)° + 81 (27 + 9z — 45) = 1215 + 81u.

Vay ta thu dugc bai toan sau.
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Bai 8. Giai phuong trinh

(¢* + 92 — 45)" 4 81 (2 + 92 — 45) = 1215 + 81z (1)

Giai
Tap xac dinh R. Dat 2% + 9z — 45 = 3y. Két hogp vdi (1) ta c6 he

34+ 9r —45=3y (2)
y® + 9y — 45 =3z. (3)

Lay (2) trit (3) theo vé ta dugc

x3—y3+9x—9y:3y—3x<:>x3—y3+12(:c—y):O
Sa-—y) @ +ry+y +12) =0 1=1y.

Thay vao (2) ta duge
2’ +92—45 =3z < (z—3) (z” + 32+ 15) =0 &z =3.

Phuong trinh da cho c¢6 nghiém duy nhat z = 3. O
® Nhan xét: Phép diat 2 + 92 — 45 = 3y duge tim ra nhu sau: Ta dat 22 + 92 — 45 = ay. Khi
doé
23+ 9 — 45 = ay o 23+ 97 — 45 = ay
ady’ + 8lay = 1215 + 8lx ady® + 8lay — 1215 = 81x.
. , . 3 81 1215 81
Vay can chon a thod man dieu kién aT = ?a = 5 = — =qa=3.
a
Do d6 dat a® + 62 — 45 = 3y, ta sé thu dugc mot hé doéi xiing loai hai.
Vi du 7. Chon mdt phuong trinh chi ¢6 hai nghiém la 0 va 1 1a 11* = 10x + 1. T phuong
trinh nay ta thiét lap mot hé doéi xing loai hai, sau d6 lai quay vé phuong trinh nhu sau :

11 =10y + 1 =1 10z + 1 117 -1
{ T :>{y S = = logy, (102 + 1)

11Y = 10z + 1 117 = 10y + 1 10
=117 = 10log,, (102 + 1) + 1 = 11% = 2log,, (10z + 1)° + 1.

Ta c6 bai toan sau.

Bai 9. Gidi phuong trinh 117 = 2log,, (10z + 1)° + 1.

Giai
N 1 .
Diéu kién z > ——. Dat y = log;; (102 + 1), khi d6 11¥ = 10z + 1. Két hop véi phuong trinh

10
da cho ta c6 hé

11" =10y +1 (1)
11" =10z 4+1 (2)

Lay (1) trit (2) theo vé ta duge

11" — 11Y =10y — 10z < 117 + 10z = 11Y + 10y. (3)
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Xét ham s6 f(t) = 111 4+ 10t. Ta c6 f/(t) = 11*In11 + 10 > 0,Vt € R. Vay ham s6 f dong bién
trén R. Ma (3) chinh 1a f(z) = f(y) nén x = y. Thay vao (1) ta duge

11 =10z + 1 & 119 — 10z — 1 = 0. (4)

. 1
Xét ham s6 g(x) = 11° — 10z — 1 trén khoang (—E; —i—oo). Ta c6

¢ (z) =117In11 — 10, ¢"(z) = 117 (In11)* > 0.

10
hoanh c6 v6i nhau khong qua hai diém chung, suy ra (4) c6 khong qua 2 nghiem. Ma g(1) = 0,

P N . 2 1 X . 2 N N
Vay ham s6 g ¢6 do thi luon lom trén khoang (——; —i—oo), suy ra do thi cuia ham g va truc

g(0) =0nén r =0 va x = 1 1a tat ca cac nghiem cia (4).

Vay nghiém cua phuong trinh dd chola z =0vaz =1. O

Vi du 8. Ta sé stt dung phuong phap lap dé sing tac phuong trinh tit hé phuong trinh déi
xting loai hai. Xuat phat tir

dr = /30 +u
du = v/x + 30,

. 1
st dung phép the ta dugc phuong trinh 4x = \/30 + Z\/x + 30. T phuong trinh nay ta lai

thu dugc he déi xiing loai hai

1
duy = \/3O+Z\/x+30

1
do = \/30—1— Z\/u—i—BO.

Tit hé nay, tiép tuc sit dung phép thé ta thu duge phuong trinh

1 1 1
4 = 30+Z\/30+Z\/30+Zv93+30.

Ta c6 bai toan sau.

Bai 10 (Dé nghi Olympic 30/04/2010). Giai phuong trinh

4x

1 1 1
30+Z\/30+Z\/30+va+30

Giai

. 1 1
bé x la nghiém thi x > 0. Dat u = Z\/BO + va + 30, tit phuong trinh da cho ta c¢6 hé

1
du = \/30+ VT30
(1)

1
do = \/3O+Z\/u+30.
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Gid st z > w. Khi d6

1 1
4u:\/30+1\/a:+30>\/30+Z\/u+3 =4dr=u>r=2=u.

Vay tit he (1) ta ¢ x = u va

1
431:—\/304—1\/:(;—1-30. (2)
1
bit v = Ve + 30, tit (2) ta c6 he
4 =+/304+v (3)
4v = /2 + 30.

Gid st z > v. Khi doé

w=vVr+30>2Vv+30=dze=>4w>dr=0v>1r=0v=20.

>0 1+ 41921
Vay v =x va dox = Vo + 30 & * (:)m:+—.
1622 = 2 + 30 32
. 14+ +/1921
Phuong trinh da cho c6 nghiém duy nhat x = +— O

32

SU DUNG CONG THUC LUCONG GIAC DE SANG TAC CAC PHUONG
TRINH DA THUC BAC CAO

Trong muc nay ta sé ding mot sé cong thic luong giac dé sang téc ra cac phuong trinh da
thitc bac cao. Viéc gidi cac phuong trinh da thiic bac cao 1a rat phiic tap, trong nhiéu truong
hop 14 khong thé. Tuy nhién sit dung tinh chat phuong trinh da thic bac n (n = 1,2,...) ¢6
khong qua n nghiém, v mot so6 dinh huéng trong qué trinh sang tac dé toan, ta c6 duge 15

gidi rat ngan gon va an tuong cho cic phuong trinh dang nay.
Vidu 9. Tu cong thic
cos 6o = 32 cos® v — 48 cos? v + 18 cos> v — 1

Lay cosa = x ta dudgc
cos 6o = 3225 — 4821 + 1827 — 1

Chon 6a = g ta duoc
1
3208 — 48z + 1822 — 1 = 3

Ta c6 bai toan sau.

Bai 11 (bé nghi OLYMPIC 30/04/2009). Giai phuong trinh

642% — 962 + 362> —3 = 0.

Giai
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Ta cb
cosba = 2cos?3a—1=2 (40053a — 3COSCK)2 -1
= 32cos’ a — 48 cos? o + 18 cos® a — 1. (1)

Phuong trinh da cho tuong duong

& 322° — 482" + 1822 — 1 = cos —. 2)

3208 — 482 + 1822 — 1 = 3

1
2
. i o s k2w —
T (1) suy ra (2) ¢6 6 nghiem lax =cos | — + — ), k=1,5. 0
u

® Nhan xét: Viéc st dung cong thic bié
gidi duge nhitng phuong trinh dang nay.

Vi du 10. Tu cos 5o = 16 cos® o — 20 cos® a + 5 cos v, Dat cos o = 2 ta duoc

2v/3

162° 2023 5x 5 53 5x x® — 1522 + 45

cosba =

x x
- + = -y
288v/3 243 2v/3  18V3 6V3  2V3 18v/3
3 5 _ 1523 + 45
Chon 5a = % dugc £ L i < % — 1523 + 452 — 27 = 0. Ta ¢6 bai toan sau.

2 18v/3
Bai 12 (Dé nghi Olympic 30/04/2011). Giai phuong trinh

2® — 152% + 452 — 27 = 0.
Giai

Tap xac dinh R. Dit & = 24/3t, thay vao phuong trinh da cho ta dugc
288v/3t> — 360v/3t* 4+ 90v/3t — 27 = 0
=2 (161° — 206° + 5t) = v/3 & 161° — 20¢* + 5t = cos %. (1)
Mat khac ta co

CosSba + cos o = 2 cos 3a cos 2a
& cosha =2 (4cos3a—3cosa) (2(3052@— 1) — cos &

& cosHa = 2 (8cos5a— 1Ocos3a+3cosa) —cosa

& cosba = 16 cos” v — 20 cos® o + 5 cos a. (2)
N ) RN T k2m o s )
Tu (2) suy ra (1) ¢6 5 nghiém 1a ¢ = cos 6F + = k = 0,4 Vay phuong trinh da cho c6 5
k2 _
nghiem 13 2 = 2v/3 cos <% n %) k=040

® Nhan xét: Trong 16i giai trén, phép dat 2 = 24/3t tim ra nhu sau : Do cong thitc
cos 5a = 16 cos® o — 20 cos® o + Hcos v,
nén dat x = at, v6i a sé tim sau. Thay x = at vao phuong trinh da cho ta dugc
a’t’ — 15a*t® + 45at — 27 = 0.
a®  15a3 B 45_a a*  3a?

~ e * X k-/\ R - - — ) PN P 2 -
Ta tim a thod diéu kién 16 0 3 = 16 1 9=a=42/3 Vay ta c6 phép dat
T = 2\/§t.
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Vi du 11. Tit sin5a = 16sin® a — 20sin® o + 5sin o, 1ay sin o = 22 ta dudc sin 5o = 51225 —
16023 + 10z. Chon 5o = g, ta co

\/75 = 5122° — 1602° + 10z < 10242° — 3202° + 202 — v/3 = 0.

Ta duge bai toan sau.

Bai 13. Giai phuong trinh 10242° — 32023 + 20z — /3 = 0.

Giai

t
bat x = 2 thay vao phuong trinh da cho ta dugc

32(% — 40t 4 10 = /3 < 161° — 20¢* 4 5t = sin g (1)
Ta c6
sin o 4 sin a = 2 sin 3« cos 2«
&sinba =2 (BSina — 4sin® a) (1 — 2sin? a) — sin «
&sinba =2 (8sin5a — 10sin® o + SSina) — sin «
& sinba = 16sin® a — 20sin® a + 5sin a. (2)
N . SR ) T k27 R .
T (2) suy ra (1) ¢6 5 nghiém 1a t = sin 3E + -~ | k =0,1,2,3,4. Phuong trinh da cho
1 T k2w
¢ hiemlaz=—-sin| —+— |, k=0,1,2,3,4. O
c¢6 5 nghiém la x 2sm(15+ 5), 0,1,2,3,

Vi du 12. Ta xét phuong trinh 2% — 3z = /x + 2. Dé thay = = 2 I3 nghiém ctia phuong trinh
nay. Ta khong di theo con dudng lugng gidc ma sé bién ddi dai s6 ngay tit phuong trinh ban
dau, cu thé 13 binh phuong hai vé ta dugc

2® =62t + 92> —x —2=0
S (x—2) (2" +22" —22° — 42’ +z+ 1) = 0.

Ta chi xét a® + 22* — 22% — 422 + v + 1 = 0. Lai dat thém an phu dé che lap van dé ki hon:
thay = béi 2z, ta dude 322° + 322* — 162> — 1622 + 22 + 1 = 0. Ta dudc bai toan sau.

Bai 14 (Dé nghi Olympic 30/04/2011). Giai hé phuong trinh

2+ 42 =1
1625 — 2023 + 5z + 512y° — 160y® + 10y + v/2 = 0.

Giai
bat t = 2y, thay vao hé ta dugc

P+t =1 (1)
16(2® +1°) — 20(z® + £3) + 5(z + 1) = —v2. (2)



Dit { TS 61 o€ [0;27). Thay vao (2) ta dudc
t = cos«

(16 sin® & — 20 sin® o + 5sin a) + (16 cos® a — 20 cos® v + 5cosa) = —\/5

& sin da + cos b = —\/§<:>sin <5a+ %) =—-1la=——+

m 137 21w 297 37w
. 271] ne z it da O
Via € [0; 7r]nena€{4, 50° 20 20" 20 },tuﬁdaysuyrax,y

® Nhan xét: Loi giai trén da tan dung “mot sy trung lap tha vi” cia ham sin va cos :

sin 5ar = 16 sin® o — 20sin® o + Hsin «; cos 5 = 16 cos® v — 20 cos® v + 5 cos av.

SU DUNG CAC HAM LUONG GIAC HYPERBOLIC

St dung céc dong nhét thic dai sé c6 xudt st tit cac ham luong gidc hypebolic ta c6 thé sang
tac duge mot s6 phuong trinh da thitc bac cao c6 cach giai dic thi.

1 1 1 1
Vidu 13. Taco = (a® — = | = 16m° + 20m> + 5m, trong d6 m == (a — = ).
2 ad 2 a
x
Diit m = —— khi d6
' 2v/2
1/, 1 162° 2023 5 xd 1023 20z
(- =) = + e
2 a 128v2  16vV2 22 8&V2 8&V/2 &2

2\ @

. 1 1 18
Lay — (a5 ) = Wil ta dude bai toan sau.

Bai 15. Giai phuong trinh 2 + 102% + 20z — 18 = 0.

Giai
Ta thay rang

1 + /22
m-ﬁ(a——)@ﬂaQ—xa—\@—O@a—m—m.
a 2v/2

. 1
Do d6 ta ¢6 quyén dit z = /2 (a — —). Khi do
a

10 5 1
x5:4\/§(a5—5a3+10a——+—3——)
a a

a5
s 5 3 1 1
102* =20v2 (a® —=3a+ = — = ), 200 =20v2(a—— ).
a a a
Thay vao phuong trinh da cho ta dugc
s 9+ VI3
X _ 2t Vil
AV2 [ a® — =) —18 =0 < 4v2(a®)? — 18d° — 4V/2 = 4v2
\/_(a a5) 8=0x4v2(d°)? - 18" —4V/2 =0 < e
&=

-
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11 4+/2
Phuong trinh c6 nghiém duy nhat z = JE JAVID L .0
94+ v113

® Nhan xét: Trong 15i gidi trén, phép dit = = /2 (a — —) duge tim ra nhu sau :
a

1 1 1 1
Do cong thiic 5 (a5 — —5> = 16m5 +20m3 +5m, trong d6 m = 3 (a — —> nén ta dat x = pm,
a a

thay vao phuong trinh da cho ta dugce
p°m® + 10p*m® + 20pm — 18 =0

Ta tim p thod méan diéu kien

3
_:—:—:—:%:4:p:i2\/§.

1
Vay ta c6 phép dat z = /2 (a— —).
a

R . 1 1 1 1
Vi du 14. Tu dong nhat thtc 3 (a5 + —5) = 16m® — 20m3> + 5m, trong d6 m = 3 (a + —).
a

Lay m = x ta dugc

1 1
—(a®+ =) =162° — 202> + bz
2 ab

Lay % (a5 + i) = —7 ta dugc phuong trinh
162° — 202° + 52+ 7=10
Tt phuong trinh nay ta duge phuong trinh
(z — 1)(162° — 202® + 50 +7) = 0

Vay ta c6 bai toan sau.

Bai 16 (Dé nghi OLYMPIC 30/04/2008). Giai phuong trinh

162° — 162° — 202" + 202° + 52° + 22 — 7 = 0. (1)
Giai
Ta co
W« f6;51— 2045 452+ 7=0 [ f6;51— 2022 + 5z = —7 (2)

Tiép theo ta gidi phuong trinh (2).
e Néu |z| < 1 thi dat = = cost, v6i ¢ € [0;71]. Thay vao (2) ta duge

6 cos’t — 20 cos®t + 5cost = —7 < cos5t = —7 (vO nghiem).
e Néu |z| > 1 thi xét phuong trinh

a=x+vVr?—1

a=1x—+Va?z—-1.

1
x:—<a+—><:>a2—2xa+1:0<:>[
2 a
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, 1 1
Vaynéudéta:a:+v;52—1thi.r:§(a—i——).Tacé
a

16955—161a+1 1
N 2 a 2
1 1\1°
20%3:20{5(‘”5)1:g(“+3a+3+) =§( )

1 1
Suy ra 162° — 202° + 5z = 3 <a5 + —5) Thay vao (2) duge
a

5
1
= (a + 5a® +1Oa—|——+—+—5)
a

1 5 1 5\2 5
§(a +$):—7<:>(a) +14a® +1=0

- a5:—7—\/ﬁ<:> a=v/—7—+48
a’® = —7+ /48 a= v/ —7+V48.

0 (=7 —/48)(—T7+ v/48) = 1 nén (2) ¢6 nghiém duy nhat
1 /(s 5
— =~ (V/-7-Va T4V,
. (\/ TV -T+ 8)

1
Nehiem cita (1) la v = 1o = <€/—7—\/E+ {”/—7+\/E> .0

® Nhan xét: Khi giai phuong trinh, hiy nham nhitng nghieém “dep” ctia phuong trinh bat cit

lac nao c6 the.

SANG TAC MOT SO PHUONG TRINH DANG CAP DOI VOI HAI BIEU
THUC

Ta biét rang néu mot phuong trinh dang cap bac k ddi véi hai biéu thiic P(z) va Q(z) thi dugc
. . P
gidi bing cach chia ca hai vé cho [P(z)]* (hodc [Q(x)]%), sau d6 dat t = % (hoac t = %),
x x
dua vé phuong trinh da thitc bac k theo ¢t. Van dung diéu nay ta c6 mot phuong phap don gian

dé tao ra nhiéu phuong trinh tha vi.
Vi du 15. Xét mot phuong trinh bac hai

T2 + 13t — 2 = 0.

P —1
Lay t = ——— ta duoc
24+ar+1

x—1 2 x—1
T\ 13 ————-2=0.
(x2+x+1> i 24z +1

Quy dong boé mau ta duge bai toan sau

Bai 17 (bé nghi OLYMPIC 30/04/2009). Giai phuong trinh

2+ + 1) —7(z — 1) = 13(2® — 1).

Giai
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Tap xac dinh R. Do z? + z + 1 > 0 nén chia c4 hai vé phuong trinh cho (2 + z + 1)? > 0 ta
duoe

r—1 2 r—1
27 |\————) =183 —.
(az2+x+1) 224+ +1

—1
Dat t = . Khi do
2 4+r+1
t= -2
2-TP =13t T +13t—-2=0< 1
==
e Khi t = —2 ta dugc
r—1 9 r=-1
—_— = 2& 22+ 32+ 1=0& 1
?+ax+1 r=——.
2
) 1
oKhlt:?tadu’Qc
—1 1 =2
T e 6r+8=0%|
24+rx+1 7 =4

. . 1
Phuong trinh da cho ¢6 bon nghiém x = —1, x = 5 r=2r=4.0
® Nhan xét: Phuong trinh nay c6 nhiéu hon mot nghiém, va cac nghiém ctia phuong trinh nay

déu 1a s6 nguyen va sé hitu ti, do do6 ta c6 thé giai nhanh chéng bang cach khai trién dua ve

phuong trinh bac bén, sau dé6 nham nghiém, dua vé phuong trinh tich.

Vi du 16. Xét mot phuong trinh bac hai ¢6 nghiém

2
. 1
V z—1
2 1 2 1
21‘ +x+ _ s e L3—0.
r—1 r—1

2@ +x+ 1) +3(x —1) =7/(z — 1) (22 + 2 + 1).

22 — Tt +3=0.

Quy dong boé mau ta duge

Ta c6 bai toan sau

Bai 18 (Dé nghi OLYPIC 30/04/2007). Giai phuong trinh

202 455 — 1 =7Va3 — 1. (1)
Giai

Diéu kien z > 1.

() e3@—1)+2@*+2+1) =7 (r - 1) (@2 +2+1). (2)
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Vi z = 1 khong phéi la nghiém nén chia ca hai vé cta (2) cho z — 1 > 0 ta duge

2+ +1 ?+r+1
34+2———— =T/ ——. 3
* z—1 rz—1 )
5 ?+x+1 ) ) ) i
bat t = — 7 ¢ + (1 —t*)x + 14 t* = 0. Dieu kién cta t la
l’_
t>0
St>1/34+2V3.
{Ax:t4—6t2—3>0

1
Phuong trinh (3) tré thanh 2t> — 7t +3 =0t € {3, 5}

Két hop véi diéu kién cia t ta duge t = 3. Vay

2

/ 1

%:3@9x—9:x2+x+1@x2—8x+1o:o<:>x:4i\/6.
I‘_

Két hop véi diéu kien ta duge = 4 + /6 1a tat ca cac nghiém ctia phuong trinh (1). O
® Nhan xét: Goi Q(z) =z — 1, P(z) = 2> + x + 1. Mau chot ctia 161 gidi 1a phan tich vé trai
cia PT (1) thanh

VT =2P(x) + 3Q(z).
Tinh ¥ ta sé thay 2 1a he s6 ctia 22 trong vé trai ctia (1). Ciing tit d6 suy ra 3. Tuy nhién dé
dang tim dugc cac s6 2 va 3 bang phuong phap hé s6 bat dinh

20 + 5z —1=p(z® +x+ 1)+ q(z — 1)
S22+ 5r—1=p2*+ (p+qQ)x+p—q.

Dong nhat he s6 ta dugc

Vi duy 17. Xét z = 2. Khi d6

(2 +20+2) =10,z +1 =3,

3(x* + 22 +2) —8(x+1) =6,

(z + 1) (2 + 22+ 2) = 30,

(z+ 1) (2> + 20 +2) =2° + 32 + 4o + 2.

Vay v6i x = 2 thi

6 6
322 +22+2)—8(x+1)=V30.— = —— Va3 + 322 + 4z + 2
( ) —8( ) %0 = 730

Ta c6 bail toan sau

Bai 19. Giai phuong trinh

3:172—2m—2:i0\/x3+3m2+4x+2

V30
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Giai
Diéu kien
P +30° +42+2208 (z+ 1) (2 +20+2) &> 1.

Phuong trinh da cho viét lai

322 +22+2) -8z +1) = V(4 1) (22 + 22 + 2). (1)

)

Dé thiay z = —1 khong la nghiem cta (1).
Tiép theo xét  # —1. Chia c4 hai vé ctia (1) cho x + 1 > 0 ta dugc

22420 +2 6 2+ 2x+2
3~ T 8= . (2)
r+1 /30 r+1
2
Dt t = /T2 T2 0 Kni do
x+1
6 6
32 -8 = —t=3t2— —t—8=0< 3v30t> — 6t — 830 = 0. 3
V30 V30 (3)

N 10
Nhén xét rang ¢ 1a nghiém duong cta phuong trinh (3), hay 4/ 3 Vay

9 ) x =2
,/:'HL i ,/ U 302 1 60t 6= 102+ 10 & 5

Két hop véi diéu kién ta thay x = 2 1a nghiém duy nhat ciia phuong trinh da cho. O

Bai 20. Giai phuong trinh

7 —3x+1——£\/a:4+x2 (1)

Giai

Tap xac dinh R. Vi

Pt l= 1) - =@+ D)@ -2+ 1)

nén
2 2 V3
He2—z+1)—(z +x+1):—?\/(ﬁ—i-x—i-l)(x?—x—kl)
2 —x+1 {— \/_ 2 —x+1
2+x+1 T VT
3
— 1
Diit ¢t = 1/ =TT < 0. Khi d6
24+x+1
¢ 1
3 -
2t2—1+§t:0<:>2\/§t2+t—\/§:0© V3

t = ——— (loai)

2V/3
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Vay

2 o411
i LRI e S TSP S I
?+r+1 V3

Phuong trinh da cho c¢6 nghiém duy nhat z = 1. O

Bai 21. Giai phuong trinh 2(z* — 3z + 2) = 3v/23 + 8.

Giai

Diéu kién : # > —3. Phuong trinh tuong duong

2(2? — 224+ 4) — 2(x +2) = 3/(x + 2)(22 — 22 + 4)

T+ 2 T+ 2
S22 —— =34/ ——.
2 —2x +4 Va2 —2: 44
T+ 2
Dat t = 4/ ————— > 0. Khi d¢
& 2 —2x +4 tao

1
2 =3t +3H-2=0 t_ﬁ
t = —2 (loai).

[ x+2 Lo 6rd—0o r=3-+13
- == —0br—4=
2 —2r+4 2 r=3+V13.

Phuong trinh da cho c¢6 hai nghiéem © =3 — V13 vax =3+ v/13. O

Vay

Bai 22 (D& nghi OLYMPIC 30/04/2009). Giai phuong trinh

Val+2x—6+3Ve—1—+v322—6x+19=0.

Giai
224+r—6=0
Dicukien{ z—1>0 < x > 2. Phuong trinh tuong duong
322 —6x+19>0

Va2 + 2 — 64 3ve — 1 =322 — 62 + 19
s’ +r—64+6y/(22+x—6)(z—1)+ 92 —9 = 32% — 62+ 19
3y (x—2)(z+3)(z —1) =2* — 8z + 17
&3y (22 + 22 —3)(x — 2) = (2® + 22 — 3) — 10(z — 2)

=3 x2+2x—3:x2+2x—3_10'
xr— 2 Tz — 2

x?+2x —3
Tr — 2

(Do x = 2 khong la nghiém cta (2)). Dat ¢t = > 0. Thay vao (2) ta dugc

—2 (loai)

t
t=25.

3t:t2—10<:>t2—3t—10:0<:>[
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Vay
24203 23 + /341
TS e BrAT=0s = o VO
x—2 2
. . . 23 + /341
Két hgp véi dieu kién ta thay phuong trinh da cho ¢6 hai nghiéem xr = ——. O

2

Bai 23. Giai phuong trinh

1 — 2?2

ot +220° +22° — 20+ 1= (2% + )

(1)

X

Giai

Dozt + 223+ 222 — 22+ 1 = 2*(x + 1)+ (1 —x)* > 0,Vz € R nén néu z 1a nghiém ctia (1) thi

x>0
1 — g2 S0<zr <.
>0
x
V6i dieu kien d6 thi
) e2z+1)P2+1-—2)%=@2+1D)V1—2)[z(1+2). (2)

Diat u=x(l+1x), v=1—z (diéu kien u > 0, v > 0). Khi d6 v+ v = z*+ 1. Vay (2) tré thanh

)

u? + v = (u+0) uv@(%)z%—l:( (3)

@

bat t = , thay vao (3) ta dugc

N

ttl=t+te@t-DE-1)=0t=1

Vay\/—ﬂ:1<:>u:U.DOdé

NG

r=—14++2
r=—1—+/2 (loai)

z(l+r)=1l-zr*+2r-1=0&

Phuong trinh da cho ¢6 nghiém duy nhat z = —1 + /2. O

Bai 24. Giai phuong trinh

Va2 + 1dr +9 — Va2 —x — 20 =5V + L. (1)
Giai
Dieu kién
5z2+14x+9 >0 (x+1)(Bx+9) >0
?—x-2020 << (x+4)(z—-5)=>0 < x=5.
r+12>20 r+12>20
Ta co

(1) e Va2 +14x+9=Va2 —x —20+5Vr + 1
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202 —b5r+2=5\/(z+4)(z —5)(z+1)
& 2(2® —4r —5) +3(x 4+ 4) =5/ (22 — 4o — 5)(z + 4)

V6i diéu kien x > 5, chia cd hai vé ctia (2) cho 2 +4 > 0 ta dugc

2 _ gy — 2 _ Yy —
2‘x €T 5+3:5 T T —>5
r+4 r+4
Dat ¢ ,/x2_4$_5>0 thay vao (3) ta dug
att =/ —— > 0, thay vao a ducc
: T4 y

2 —5t+3=0%<

2 4z - +
ik SIS S DI 24 )
r+4 2
3 [z —4x —5 3
Khit = -, taco L:—,nghialé
2 x+4 2

r =38
4(2* — bx — 5) = 97 + 36 © 42® — 352 — 56 = 0 &

N

Khit =1, ta c6

oo 1
=7
/ N 5+ /61
Két hgp véi dieu kién ta duge cac nghiém cua phuong trinh da cho la x =8, x = +T

XAY DUNG PHUONG TRINH TU CAC PANG THUC

Xuét phéat tit mot ding thic nao dé, ching ta c6 thé xay dung len céc phuong trinh vo ti
Chang han tit hing dédng thtc

(a+b+c) =d®+0>+E+3a+b)(b+c)(c+a)
ta co

(a+b+c) =+ + < (a+b)(b+c)(c+a)=0.

Bing cach chon a,b, ¢ sao cho (a+ b+ ¢)® = a® 4+ b + ¢* ta xé tao ra dugc phuong trinh vo ti
chtta cdn bac ba.

Vi du 18. Cho

a=vTr+1,b=—Va2—1—-8 c=vVa2—8r—1
thi a® + b + ¢ = 8. Ta dugc bai toan sau

Bai 25 (Dé nghi OLYMPIC 30/04/1999). Giai phuong trinh

Vix+1— Va2 —x—8+ Va2 —8xr—1=2.

. g
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Giai
Tap xac dinh R. Dat
a=vVTr+1,b=—Va2—x2—-8,c= Va2 -8z — 1.

Khi do6

Mat khac ta c6 hing déng thic
(a+b+c)=a®+0>+E+3a+b)(b+c)(c+a) (3)

Thay (1), (2) vao (3) ta dugc

=-b
(a+0)(b+c)(ct+a)=0< =—c
c=—a
Vay
[ YTr+1=V22 —2—3 Tr4+1=22—2-38
Vi2—x—8=va2—-8r—-1 & | 22—z —-8=2>2—-8xr—1
| Va2 —8r—1=—VTr+1 2 —8r—1=-Tr—1
— :L‘:—l
22 -8 —-9=0
r=9
S| Tx=7 &
9 r=1
> —x=0
- xz=0.

Thay cac gia tri —1,0,1,9 vao phuong trinh da cho thay thod man. Vay phuong trinh c6 tap
nghiem S = {—1;0;1;9}. O

Vi du 19. Cho

a=v3x2—x+2001, b=—v/3z2 — Tz + 2002, ¢ = —/6x — 2003

thi a® 4+ b + ¢ = 2002. Ta dugc bai toan sau

Bai 26. Giai phuong trinh

V322 — 2 + 2001 — v/322 — Tz + 2002 — /62 — 2003 = v/2002.

Giai

a =322 —x+2001, b=—v/3x2 — 7z + 2002, c = —v/6x — 2003.

(a+b+e) =+ + < (a+b)(b+c)(c+a)=0.
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Viéc gidi phuong trinh da cho duge quy ve giai

V322 — 1 + 2001 = /322 — 7z + 2002 s 1
V322 — Tz + 2002 = — /62 — 2003 PN f T3
Y6x — 2003 = /322 — x + 2001. Te
1 14++/13
Vay phuong trinh c¢6 tap nghiem S = {6, T} . O

Vi du 20. Cho
a = v/1945x + 1975, b = v60x + 15, c = V15 — x

thi a® + b + ¢3 = 20042 + 2005. Ta dude bai toan sau

Bai 27. Giai phuong trinh

V19452 + 1975 4+ /60 + 15 + V15 — 2 — /20042 + 2005 = 0.

Giai

Tap xac dinh R. Dat
a = /19452 + 1975, b = V60x + 15, ¢ = V15 — x.
Khi d6 a® + b® + ¢3 = 2004z + 2005. Thay vao PT da cho ta dugc

a+b+c—Va3+bB+E=0=a+b+c=vVad+b+c3

Sat+bte)P=a+b+c (1)
Mat khac ta c6 hing ding thic
(@a+b+c)=a®+ 0+ +3a+b)(b+c)c+a). (2)
Tu (1) va (2) suy ra
=—b
(a+b)(b+c)(c+a)=0& | b=—c
c=—a
Vay
~ 1990
19452 + 1975 = —60z — 15 v _§805
60z + 15 =2 —15 < | r=——=
15 — x = —(1945z + 1975) . _%890
1944
1 1
Vay phuong trinh ¢6 ba nghiém z = —%, xr = —2—8, xr = —%. ]

Vidu21. Choa= 32+ 1,b=+5—xz, c=v2x — 9 thi a® + 1® + 3 = 42 — 3. Ta dugc bai

toan sau

Bai 28. Giai phuong trinh

V3r+1+ V5 —az+V2x—9—V4x —3=0.
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Vi du 22. T hing dang thic
a® 4+ b* —ab(a+b) = (a+ b)(a — b)?,
lay a = /x +1, b= —/x + 2. Khi d6

a® +b* — ab(a +b)
:a:—l—l—x—2+\3/a:2+3x—|—2<\3/a:—|—1—\3/a:—|—2>

:—1+\3/x2+3:1:—|—2<\3/x+1—\3/x+2>.

Béng céach cho a® 4+ b — ab(a + b) = 0 ta dudc bai todn sau:

Bai 29. Giai phuong trinh

\3/m2+3x+2<\3/x+1—\3/x+2) =1.

Giai

Tap xac dinh R. Phuong trinh viét lai

(:c+1)+(x—2)+€/x2+3x+2(%+1—x%s+2>=0. (*)

biat a = vo + 1, b = —v/x + 2. Thay vao (*) ta duge

=b
a3+b‘°’—ab(a+b):0@(a+b)(a—b)2:0(:>[a )
a = —b.
Vay
Ve+1=—vx+2 o r+l=—-x-2 o 3
r=—=.
Ve+1=+x+2 0z =1 (v) 2

. 3 .
Thit lai ta thay x = —3 la nghiém duy nhat ctia phuong trinh. O

XAY DUNG PHUONG TRINH TU CAC HE DOI XUNG LOAI II

Xét hé phuong trinh

(az+B)* =ay+b (1)
(ay+ B =azx+b (2)

T (2) suy ra

L™

vaxr +b
ay+ 0 =+ar+b N Y= o
ay+ B =—vaxr+b Y= Var+b B

a a
Thay vao (1) ta duge
(a4 2 = YL 9T ()
(ax+6)2 _ —avaxr +b B % b
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Dén day bang cach chon «, 3, a, b ta sé xay dung dugc cdc phuong trinh vo ti. Cach giai cac
phuong trinh dang nay la dit ay + 3 = vaz + b (hosic —ax + b) dé dua vé he dbi xiing loai
II & trén da biét cach gidi. Bay gio ta sé di xay dung mot s6 phuong trinh dang nay

Vidu 23. Cho a =3, 5 =2, a =3, b= 8 thay vao (%) ta dugc

(32 +2)? =32 +8+6.

Ta c6 bai toan sau

Bai 30. Giai phuong trinh

922 + 122 — 2 = /3x + 8.

Giai

. 8 .
Diéu kién x > —3 Phuong trinh viet lai

3z +2)* — 6 =3z +8. (1)
Diat 3y + 2 = +/3x + 8, suy ra (3y + 2)? = 3z + 8. Két hop véi (1) ta c6 he
(Bz+2)=3y+8 (2
(By+2)2=3z+8. (3)

, 8 8 ..
Dé z,y thod man (1) va (2) thi x > ~3 vay > ~3 Lay (2) tru (3) ta duge

3(z—y)Bz+3y+4)=3y—z)= (r—y)Bx+3y+5) =0

r—y=20 - Yy==x
3r+3y+5=0 3y = —(3x +5).

e V6i y = x, thay vao (2) ta duge

1
x == (nhan)
(Br+2°=32+89%"+92-4=0% 3,
r=—= (loai).
3
e V6i y = —(3x + 5), thay vao (2) ta duge
-5+ v21 i
' 3p43e0iilietlote |6 — (o
Br+2)°=-3r+3< %" +15z+1=0& 5 2/ )
r = ———— (nhan).
6
. 1 -5 — 21
Cac nghiém cua phuong trinh da cho lax:§ vax:T. O
. 1 3 .
Vi du 24. Choazl,ﬁzl,azé,b:§thayvao(*)tadu’(jc
x+3
1y =212 < 149 1) =1/ +z+2
(x+1) 5 2—|—2¢> (x+1) 2+2+

Ta c6 bai todn sau
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3
Bai 31. Gidi phuong trinh  22?% + 4z = \/x ; .

Vidu 25. Choa =2, = -1, a=28000, b =1 thay vao (%) ta dugc
(22 — 1)* = 4000+/8000z + 1 4 4001

Ta c6 bai toan sau

Bai 32. Giai phuong trinh

2% — x — 1000v/8000x + 1 = 1000

Sau day la mot cach xay dung hé khac:

Néu xét he
(ax+B)° =ay +b
(ay + B)° = ax +b.

Tt phuong trinh dudi ta duge

3/
ay+6:\3/ax+b®yzﬂ—é.
o o

Thay vao phuong trinh trén ctia hé :

avax + b _%er
— )

3 _
(0 + B)* = )

Vidu 26. Chona =1, =1, a=3,b=5, ta dugc
(x+1)>=3V3z +5+2.

Ta c6 bai toan sau

Bai 33 (D& nghi OLYMPIC 30/04/2009). Giai phuong trinh

22+ 322 —3V3z+5=1-3x.
Giai

Tap xac dinh R. Phuong trinh da cho tuong duong
(x+1)°=3V3x+5+2. (1)
Dat y +1 = /3z + 5. Ta ¢6 he

(x+1)P2=3y+5 (1)
(y+13=3z+5 (2)

Lay (1) trur (2) theo vé ta dugc

(z+1)° = (y+1)°==3(z—y)
Sa-yYlr+1)+@@+)y+D)+(y+1)°+3=0
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Sr=y (do(z+ 1)+ @+ Dy+ 1+ (y+1)°>0).
Thay vao (1) ta duge

r=1

(z4+1)°=32+5e2°+32° —4=0& | = )

Phuong trinh da cho c¢6 hai nghiem la x =1 va x = —2. O

Vidu 27. Cho a =2, =0, a =4004, b = —2001 ta dugc
(22)% = 2002+/4004z — 2001 — 2001.

Ta c6 bail toan sau

8z + 2001
2002

3
Bai 34. Giai phuong trinh ( ) = 4004z — 2001.

Xay dung phuong trinh vé ti dua vao tinh don diéu ctia ham sb.

Dura vao két qua “Néu ham s6 y = f(x) don dieu thi f(z) = f(y) & = = y” ta c¢6 thé xay dung
duge nhiéu phuong trinh, hé phuong trinh.

Vi du 28. Xét ham s6 f(t) = ¢3 + ¢t dong bién trén R. Cho f(z + 1) = f(V/722 + 92 — 4) ta
duoce
2+ 1P+ (x+1)2+1=282—1)v3x — 143z — 1 + 1.

Ta dude bai toan sau

Bai 35. Giai phuong trinh

22— 42 —5x 4+ 6 = v7x2+ 9 — 4.

Giai

Tap xac dinh R. Dat y = v/722 + 92 — 4. Ta c6 he

2 —dx? —br+6=y (1)
T2 +9r —4 =13 (2)

Cong (1) va (2) theo vé ta dugc
P43+ dr42=9y+ye @+1)P+@@+1) =y +u. (3)

Xét ham 86 f(t) =3 +t. Vi f/(t) = 3t>+1 > 0,Vt € R nén ham s6 f dong bién tren R. Do d6
(3) viét lai

fle+ ) =flyy ©z+1=y.
Béi vay

Vg + 92 —4d=0+1 72 +9r—4= (v +1)°
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T =
s —42” —62+5=0s (z-5)(*+r—-1) —1++5
=—F
. —1++v5
Két luan: Phuong trinh c6 tap nghiem S = {5; T\/_} a

Vi du 29. Xét ham s6 f(t) = t* + 2t dong bién tren R. Cho

7 (V=P 0 = 19w 1) = f(a— 1),

ta duge

—2® 4+ 922 — 192 + 11 +2v/—a3 + 922 — 192 + 11 = (z — 1)* 4+ 2(x — 1).

Khai trién va rat gon ta dude bai toan sau

Bai 36 (Dé nghi OLYMPIC 30/04,/2009). Giai phuong trinh

22— 622+ 120 — 7=/ —23 + 922 — 192 + 11.
Giai

Dat y = v/—a3 + 922 — 192 + 11. Ta c6 he

Y3 = —a® 4+ 922 — 192 + 11 - y? = —a® 4+ 922 — 192 + 11
y=a%—6224+ 122 — 7 2y = 223 — 1222 + 24x — 14
Cong hai phuong trinh v6i nhau ta duge
3 _ .3 2 3 _ 3 *
y+2y=2"-32"+br -3y +2y=(r—1)°+2(x—1). (*)
Xét ham s6 f(t) = t3 + 2t. V6i moi t; # to, ta co

f(t) — f(t2)
t1 — 1o

) ) t2\°> 32
=t +hta+1t5+2= t1+§ +7+2>0.

Vay ham s6 f(t) dong bién trén R. Do d6

e flyy=Ffa-1)ey=z-1
SvV-a3+922 - 192 +11=x-1
P+ 922 192+ 11 =2 —32"+32x -1
S1°—62°+1lr—6=0<2¢€{1,2,3}.

Phuong trinh da cho ¢6 ba nghiem z =1,z =2,z =3. O

Vi du 30. Xét ham s6 f(t) = 2¢* +¢* + 1 don dieu tren [0;+00). Cho
fle+1)=f(V3z—1)

ta dude
2@+ 1P +(z+1)2+1=2Br—-1)V3r—1+3r -1+ 1.

Ta dude bai toan sau
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Bai 37. Giai phuong trinh

22 + 72° + 52 +4 = 2(3x — 1)V/3z — 1.

Giai

Diéu kien 2 > —=. Dat y = /32 — 1, y > 0. Ta c6 hée

Wl =

223 + Tx? + br + 4 = 213
3r—1 =192

Cong theo vé hai phuong trinh trén ta dugc
208 + T2? + 8z +3 =20+ y* & 2(x + 1)° + (z + 1)* = 2y° + y*. (*)

Xét ham s6 f(t) = 263 +¢2. Vi f/(t) = 6t>+2t > 0,Vt > 0 nén ham s6 f dong bién trén [0; +00).
Do d6

e fE+r)=fy)er+l=ysr+1=3z-1

z>=—1
r+1>20 =0
& & r=0 <
Jr+1=a2+22+1 ) r=1

I’:

Két hop véi diéu kien ta dude = 1 1a nghiém duy nhat ctia phuong trinh di cho. O

Vi du 31. Xét ham s6 f(t) = t3 + ¢ don dieu tren R. Néu cho f(2x) = f(+v/6x + 1) thi dugc
8 +2x =6z + 1+ vVor+ 1< V6r+1=8x>—4r—1.

Ta dude bai toan sau

Bai 38. Giai phuong trinh /6x + 1 = 82% — 42 — 1.

Vi du 32. Xét ham sb f(t) =t (1+ V2 +2). Ta c6

t2
) =1+vVt2+2+ —— >0,Vt e R.
ViZ +2

Vay ham s6 f(t) =t (1 + v/t* 4+ 2) dong bién tren R. Cho f(2z + 3) = f(—3z) ta dugc

(20+3) (14 VA2 + 120+ 11) = 32 (14 V022 +2)

Ta c6 bai toan

Bai 39. Giai phuong trinh

(22 + 3)v4z? + 122 + 11 + 3z (1 + V02 + 2) — 5z —3.
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Vi du 33. Xét ham s6 dong bién trén khoang (0; +00) 1a

f(t) =logyt — 2t + 1Vt > 0.

Cho f(\/a:'—l—Q) =f <2+§) ta dugc

1 1 1\?2
l0gy VI +2 — 2z + 24 2 + 2 = log, <2+—> —2(2+—)+(2+—)
e e X

1 2z + 1 1\?
<:>§log2(x+2)+x+3:log2 +14+—=) +2vVa+2.
T T

Ta cO bai toan sau

Bai 40. Giai phuong trinh

1 21 + 1 1\’
§log2(x+2)+x—l—3:log2 . + 1+E + 2V + 2.

Giai
Dieu kién
r € (—2;400) 1
1 Szrze|—-2,— ) U(0;+00).
T € (—oo; —§> U (0; +00) g ( 2) (0; +0)
Khi d6 phuong trinh viét lai
1 1 1\?
logo Ve +2 =2V +2+ax+2=log, (2+—) —2(2+—-)+(2+—] . (1)
x x x
Xét ham s6 f(t) = logyt — 2t + t%,Vt > 0. Ta ¢6
1 [ 1 [ 2
"t)= ——+2t—2>2 26 —2=24/——-2>0
Y t.ln2+ t.In2 In 2
Vay ham s6 f(t) dong bién trén khoéng (0; +00), do d6
1 1
(1)4:)f<\/x 2>:f 2+ - evrta=2+-. 2)
x x
. 1 )
Vi dieu kién = € <—2; —5) U (0; 400), binh phuong hai vé phuong trinh (2) ta duge
4 1 . r=-1
x+2:4+5+;@x -2 —4r—-1=0« m:3:|:«/13'
2
. . . 3++V13
Két hgp véi dieu kién, ta thay PT da cho c¢6 hai nghiém z = —1 va x = +— O

2
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Xay dung phuong trinh v6 ti dua vao cac phuong trinh luong giac.

T mot phuong trinh luong giac don gian nao dé, két hop véi cac phép bién doi luong giac thi
sé tim ra cac phuong trinh vo ti hay. Tt mot phuong trinh lugng giac don gidn nao do6, két hgp
v6i cac phép bién déi lugng giac thi sé tim ra cac phuong trinh vo ti hay.

t P
Vi du 34. Tu phuong trinh cos3t = cos 27 voi t € [0;7], ta thay phuong trinh nay tuong

duong v6i 8 cos® t — 6cost = 1/2(1 + cost). Dat x = 2cost ta duge bai toan sau.

Bai 41 (Dé nghi OLYMPIC 30/04/2006). Giai phuong trinh

7 — 3x =1 +2. (1)
Giai

Dieu kién x > —2. Néu = > 2 thi

P -3r=x+z(@®—4)>r>V2r =V t+ar>Vr+2

Vay x > 2 khong thod man (1), do dé dé gidi phuong trinh (1), chi can xét —2 < z < 2. Khi
d6 dat x = 2cost, diéu kién ¢ € [0; 7]. Thay vao (1) ta duge

t
8cos’t — 6cost = /2 (1 + cost) <:>40083t—3(:ost:cos§

t k4
y 3t = = + k2 p=
& cos3t =cos - & & ki’ﬂ (keZ).
2 7
4m

. 4
Do t € [0; 7] nén chi lay céc nghieém ¢t =0, t = = t= 77T Phuong trinh da cho ¢6 ba nghiém

s s
r=2,r=2c08—, x=2cos —. 0O
d 7

Vi du 35. T phuong trinh cos 3t = sint, véi ¢ € [0; 7], ta thay phuong trinh nay tuong duong
v6i 4cos®t — 3cost = /1 — cos?t. Dat © = cost ta duge bai toan sau:

Bai 42 (Dé nghi Olympic 30/04/2003-toan 10). Giai phuong trinh

423 — 30 = /1 — 22.

Néu thay x bdi x — 1 ta dudc bai toan khé hon:

Bai 43. Giai phuong trinh 423 — 1222 + 92 — 1 = /22 — 22.

Vi du 36. Tit phuong trinh sin 3t = cost,v6i t € [0; 7], ta thay phuong trinh nay tuong duong
vl
3sint — 4sin®t = cosz < sint (3 — 4sin? t) = cost

t
& 1—coth(4cos2t—1):costﬁm:—cos :
dcos?t — 1

Lay o = cost ta dugc bai toan sau.
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Bai 44. Gidi phuong trinh VI —2? = - = .
x —_—

Giai

N 1 1
Tu dieu kién |z| < 1, x # 5 va T # —g5 ta dat

2
x =cost, t € [O;W],x#g,x#g.
Thay vao phuong trinh da cho ta duge
t
V1 —cos?t = Pt T —cos?t (4C082t — 1) = cost
4cos?t —1

@sint(4—4sin2t— 1) = Cost@sint(3—4sin2t) = cost

T
<3sint — 4sin®t = cosz < sin 3t = cost < sin 3t = sin <§ —t)

3t:E—t—|—k2ﬂ' tzﬁ+k_7r
= 2 x < 8 2 (kez)DO
st=r— (5 —t)+ ko t=" tkr
2 4
) ) T om ™ . , .
Trén doan [0; 7], ta nhan duge cac nghiém ¢; = T ty = 3 i3 = 1 Nghiém ctia phuong trinh
da cho la cos E, cos 5—7T, cos : O
8 8 4

Vi du 37. Ta c6 sin5a = 16sin® a — 20 sin® a + 5 sin .. Xét sin 5t = cost,vdi t € [0; 7], ta thay
phuong trinh nay tuwong duong véi
16sin®t — 20sin®t + 5sint = cost
&sint (16 sin*t — 20sin*¢ + 5) = cost
&sint [16 (1 — cos? t)2 —20 (1 — cos? t) + 5] = cost
&sint (16 cos’t — 12cos® t + 1) = cost

cost
&1 —cos?t =

16 costt — 12cos?2t +1°

Lay o = cost ta dugc bai toan sau.

Bai 45. Gidi phuong trinh V1 —12? = 1624 — 11;2x2 1

Giai
Tir dicu kien |z| < 1 va 162* — 1222 + 1 # 0, ta dat
x = cost, t € [0;7], 16cos*t — 12cos*t + 1 # 0.
Thay vao phuong trinh da cho ta dugc

cost
V1 —cos?t =

16costt —12cos?2t + 1
< sint (16C084t —12cos?t + 1) = cost
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&sint [16 (1 — sin? t)2 —12 (1 — sin? t) + 1] = cost
& sint (16sin*t — 20sin*¢ + 5) = cost

<16sin®t — 20sin®t + Hsint = cost < sin 5t = cost

t_7r km
@sin5t:sin(g—t><:) 1273 (kez)D
t=z+>

Vi du 38. Xét sin 5t = cos 3t,v6i t € [0; 7], phuong trinh nay tuong duong véi
16sin®t — 20sin®t + 5sint = cos 3t
& sint (16sin4t —20sin’t + 5) = 4cos®t — 3cost
&sint [16 (1 — cos? t)2 — 20 (1 — cos? t) + 5] = 4cos®t — 3cost
&sint (16cos4t —12cos®t + 1) = 4cos®t — 3cost

<1 —cos2t(16cjos4t— 12(30s2t~|—1) = 4cos®t — 3 cost.

Lay o = cost ta dugc bai toan sau.

Bai 46. Giai phuong trinh /1 — 22 (162* — 1222 + 1) = 423 — 3.

Giai
Tu diéu kien |z| < 1, ta dat = = cost, t € [0;7]. Thay vao phuong trinh da cho ta dugc
V1 —cos?t (16COS4t —12cos®t + 1) =4cos’t — 3cost
sint 16 (1 - sint)" ~ 12 (1 = sin’1) + 1| = cos 3t

& sint (16sin*t — 20sin®t + 5) = cos 3t
&16sin®t — 20sin® ¢ + 5sint = cos 3t < sin 5t = cos 3t

;T +k7r
< sin 5t = sin <Z—3t>(:) 16 4 (keZz)O
2 t:Z—Fkﬂ'

Vi du 39. Tit sin (3t - %) — sin (t n %) v6i t € [0; 7], ta c6

sin 3t — cos 3t = sint + cost
&3sint — 4sin®t — 4cos® t + 3cost = sint + cost
&2cost + 3sint — 4sin®t = 4cos®t + sint
&2cost +sint (3—4sin2t) =4cos’t+sint
<:>2cost+sint(4cos2t— 1) =4cos’t +sint

2cost+ V1 —coth(4coszt— 1) = 4cos®t + V1 — cos?t.

Lay o = cost ta dugc bai toan sau.

Bai 47. Giai phuong trinh 2z + (422 — 1)v/1 — 22 = 42% + V1 — 22

Giai
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Tu diéu kien |z| < 1, ta ddt = = cost, t € [0;7]. Thay vao phuong trinh da cho ta dugc

2cost + (4005215— 1) V1 —cos?t = 4cos’t + V1 — cos?t
&2cost + (4005215— 1) sint = 4cos®t + sint
<:>sint(4cos2t—2) = 4cos’t — 2cost
@sint(20052t— 1) = cost(2coszt— 1)
cos2t =0

& (2cos’t — 1) (sint —cost) =0 |
sint = cost

T T k7
U =—+kn t=—+— T  km
& 2 & 4 2 ot=—+—.
, x?
Bai 48. Gidi bt phuong trinh Iz +vI—2<2- . (1)
Giai

Dicu kien —1 < 2 < 1. Dat # = cosa, a € [0;71]. Thay vao (1) ta dugc

2

\/1+cosa+\/1—cosa<2—coza
oom(§ ) <2 (- o (§-)

o 7 a T o 7
o (59 <2 -2 (5 ] ;- 3)
<2 cos 7 1 CoS 7 1 CoS 5 "1

4g_ﬁ>_ 2<§_Z>_2 (Q_Z> 2>
& Cos <2 1 Cos 7 1 Cos 2 1 +22>20

o T 2 o T Qo

3 1) Y et (5 0) e (5-0) +2f 2
<z>[cos<2 4) cos” (5 — ) T2cos {5 + 0 (2)

St dung cin bac n ctia sbé phiic dé sang tao va giai hé phudng trinh.
Cho s6 phitc z =7 (cosp +ising), r > 0. Khi d6 céc can bac n cia z 1a

.+ 2km
n—

2k
n

n
e Cac cin bac hai ctia s6 phiic 2 =7 (cosp +ising), r > 0 la
20 = \/F(cosf+isin£>, 2 = —\/T (cosf+isinf>.
2 2 2 2
e Céac can bac ba clia 86 phiic z = r (cosp +isinp), r > 0 la
20 = %(cosg—i-ising),

2 2
21:\3/;<COS('D+ T L 7T>,

+ 7sin

+ 7sin

4 4
z2:\3/?<cos(p_gﬂ SO_; 7T>.
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Mot phuong trinh nghiém phtic f(z) = 0, véi z = x + iy, ta bién doi thanh

_ B h(z,y) =0
h(z,y) +ig(w,y) =0 & { g(z,y) = 0.

Nghia 14 mot phuong trinh nghiém phiic, bang cich tach phan thic va phan 4o ludn c6 the
dua vé hé phuong trinh.
1. Sang tac cac hé phuong trinh bing cich luy thira ba mot sé6 phitc cho trudc
Dé tim ciin bac ba ctia s6 phtic 1 + 4, ta tim s6 phiic z = z + iy, v € R, y € R sao cho
(x+iy)* =1+ie 2®+ 32%yi + 3oy*i> + %% =1+
22 =31yt =1

3 2 2 3N .
< z° — 3xy” + (3x7y — 1=14+1<
y + B2y —y°) {3x2y_y3:1'

Giai he nay ta tim duge z va y, tit d6 c6 z. Tuy nhién, c6 thé tim z bing cach khai can bac ba

cua 1 + 7 nhu sau : Ta c6
1+i:\/§(cosg+isin%).

Vay cac can bac ba cia 141 la

/ s 6 s s
20 = (cos + 2sin 12) \/_ Ccos 2 + 2sin D
3T

s —+27r ——|—27T
21:\/\/§ COS4T+isin4 5 _\/_<COSZ+ZSIHZ>’

T
_+4.7T —+47T 17
22:\3/\/5 COS4T+iSin4 5 —f(osﬁ—i—z' 1;)

3 _ 3 2 _ 1
Tu day, ngugce lai ta da tim duge nghiém cta hé v vy 1a
322y —y3 =1
3 17
.7::\(750031 m—\/ﬁcosf ac—\/ﬁcos.;lr—27T
) 3 BT 1
yzf/ﬁsmi y-ﬂsmf y—\/ismﬁ.

. 1 3 .
Vi dy 40. Xét s6 phiie 2 = 5 (cos T +isin ) =5 <§+\/7_z). Gid st & +yi 1a 6 phitc thod
man diéu kien
1 3 5
(z+yi)* =5 <§+\/7_2> & 2%+ 30%yi + 3xy?i® + it = Q—I—T\/_z
o 208 — 6ay? + (622 — 29%)i = 54 5vBi e | 2L, 0T =D
xr — ox X — 1 = 7
y y— 2y 622y — 2 — 5.

Ta dugce bai toan sau
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2% — 6xy? =5 (1)
622y — 2> = 5v3 (2).

Bai 49. Giai hé phuong trinh {

Giai
Nhan hai vé ctia (2) véi i 161 cong véi (1) ta dugc

2x3—6xy2+(6x2y—2y3)z'=5+5fz'

5\/_
2ty
5 5
5. 53,
2 2

o’ — 3y + 32y — y¥)i =

x4+ 32%yi + 3zy*i® + %P =

S(r+yi)* =5 <% + \/731) .

Vay z + yi 1a mot can bac ba clia sd phiic

IRRVE T .. T
Z—5(§+72>—5(COS§+ZSIH§).

Ma z ¢6 cac can bac ba la
20 = V5 <Cosg+ising> ,

T T
— 427 — 427
21:\3/5 COSBT—HSin

7 7
= %(cosg—i-ising),

E+47T z—1-47T

f . 13 13
22:\3’/5 COSST+isin3 {’/g(cos—ﬂ—l—isin—?T).

9 9

Vay cac nghiém cua hé phuong trinh 1a

13
93:\3/50057% x—\/_cos— a:—\/_cos—ﬂ

— U5 si ’ ’ 1697T =
Yy = 551115 y—\/_sm— y—\/_sm—.
2. Sang tac cac hé phuong trinh tir hai s6 phiic cho truéc.

Vi du 41. Xét hai sd phtic 2; v 2 nhu sau

21:7—\/52 N Zl+22:7
= /bi 2129 = TV5i+ 5

Vay z; va zy la nghiém cta phuong trinh

5+ 7v/5i
z2—7z+5+7\/3i20<:>z—7++—\/_220

7\/_2 +E 7\/_22

Zz 2z




334

Gia st 2 = x + yi v6i 2,y € R. Khi d6 phuong trinh trén viét lai

5(x —yi)  7V5(xi +y)

. _
r+yt+ 2 1P + 2P
. b+ 745 7V5x — by .
ST+ yi+ — \/Q_y \/; 2yz:7
e +y e +y
5z + 7v/5y 7V5r — 5y \
-+ .T2+y2 _7+<y+ $2+y2 Z:O
5 V5
N Tt +y
+7\/3x—5y_0
Yy a:2—|—y2 -
Ta c6 bai todn sau
5T + 7TvV5
o
Bai 50. Giai hé phuong trinh
i Vb5r —
x? + y?

Ta xét tiép mot bai tuong tu:

3T —y
T 5 5 =3
Bai 51. Gii he phuong trinh oy
ai 51. 5 p g w3y
Yy z2 + 92 -
Giai

Dieu kién z? + y? # 0. Xét s6 phitc z = x + 4y. Khi do
iz=ix —y, 22+’ = ]2\2 =2z

Heé phuong trinh da cho viét lai

3T —
s+ Y3 )
x —i—gé
_EEWL o (2
$2+y2
Lay (1) trit (2) theo vé ta dugc
3r—y x+3y. 3x+yi) y—uwi

T —yi+ 1=3& T —yi+

221 y? a2t y? 22 1 42 _x2+y2:
Hay

| .
T3 S =37 43-+-=30 (3 -32+3+i=0.
zZ.2 Z.Z Z z

Ta c6 A =9 —4(3+1i) = —3 — 4i. Xét s6 phiic a + bi thod man diéu kién

22— _3 a?— b =-3
—3—4i=(a+bi) & &
i=(atbi) { 2ab — —4 po 2
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Khi do

4
a2——2:—3<:>a4+3a2—4:0<:>a2:1<:>a:j:1.
a

Vay (a;b) = (1;-2); (a;b) = (—1;2). Do d6 A = —3 —4i ¢6 hai can bac hai la + (1 — 24). Suy

ra

3 1—2
zzyzz_i
3 ({-2) .
z:Tzl—H.

Nghia la

r—yi=1+1 (x;y) = (1;—1).

—ui=92— ) = (2:1
[:c yi z©[<x,y> (2:1)
-9 -1
Vay hé da cho c6 hai nghiém 13{ o ) Va{ * .0
y: =

Vi du 42. Xét hai s6 phic

21:\/§—Z Zl+22:3\/§+l
. =
29 =2v2+2i

Z1R%9 = 6.
Khi d6 z; va z; la hai nghiém cta phuong trinh
9 , 6 , 6z ,
z4 — <3\/§+z>z—|—6:0<:>z+—:3\/§+z<:>z+—_:3\/§+z.
z 2z

Gia stt 2z = u + vi, khi d6 phuong trinh viét lai

Gt o
w i =00 U;):ZS\@—H'
+v

U2
6u 6v .
u® + v us +v
6u 6 _ \/_
u+m:3\/§ u 1+m = 32
u v
<~ 6 . <~ 6
v— — = — J—
W2 102 vl RERE 1.

Lay u = \/x, v = /iy, ta dugc

Ta c6 bai toan sau

E(s)

3 T+y

\/g(l_afiy) —

Mot bai tuong tur da ting xuat hién trong ki thi VMO 1996:

Bai 52. Giai hé phuong trinh
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Bai 53. Giai hé phuong trinh
V3z |1+ =2
r+vy
1
VTy (1 - = 44/2.
Tty
Giai

Diéu kién 2 > 0 va y > 0. Ddt u = \/z, v = \/y. He phuong trinh tré thanh

i) 52

u? + v2

Vi u? + 92 1a binh phuong clia modun ctia s6 phiic z = u + v nén ta bién doi hé phuong trinh
thanh

U 2 U 2
u+—u2+02:ﬁ u+—u2+v2:ﬁ (1)

v 442 TN iv 4+/2i
U_u2—|—112: N w_u2+v2: V7 2)

Cong (1) va (2) theo vé ta dugc

U — 2 4/2i

w402 /3 N (3)
U — 1 z z 1 Lo
V\lu2_|_,02:W:EZZDGD(S)VletIal
1 2 44/2i ) 1 24/2i
S =2 =+ z+1= 4
Ta co

— +

V3 VT

Xét s6 phitc a + bi thod man diéu kien

2
A,:(l 2\@) _1:%_§+4\/§z1 3 4V2i

2 38
38 4v/2i , YT Ty
—— + =(a+bi)? &
o1t~ et oy — V2
21
Khi d6
2 8 _38@2144—382 8 =0« a’ —19+23_ 4
21a2 21 21 21
~ 2 2 )
Vay (a;0) = E;\/ﬁ ; (asb) = —ﬁ;—\/ﬁ . Do do6

Z:u—i—iv:(

Sl

2 2v/2 .
iﬁ)—l—(Wi\@)z.
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1 2
u=
Viu>0vav>0nén \/_ Y Do do
o 2V2 \/—
\/_
( 2 )2 1., 4
\/_ V2 21 37
2V/2 8
= Ve =2 S
’ (f ) TV
Heé phuong trinh da cho c¢6 nghiém duy nhat 1a
1,4
T o1 37
2 §/_ =
y — —
\/_
Bai 54 (VMO 2006). Giai hé phuong trinh
12
_ -9
Y+ 3z Ve
1 = 6.
i y+3x vy
Giai

Dieukien z >0,y >0, y+3x #0. Dt u =32 > 0, v = \/y >

0. Thay vao hé ta dugc

u 12u
—= =2 U— ———— =23 (1)
U2+’U2 \/§ 2 2
& usgY
- v
v u? + v?

Nhan PT (2) véi i, sau d6 cong véi PT (1) ta duge

12(w
u—+ vt — (2—)—2\/_—1—62
U + v

Xét s6 phtic z = u + vi, v6i u > 0, v > 0. Khi d6 (3) viét lai
12z

Z———Q\/_+6@<:>Z——: 2(V/3 + 31)
@ZQ—Q(\/_+32)Z—12:0.

zZ.Z

Ta cb

A= (V3+3)+12=—6+6V3i+12=6+6V3i

2

1 3
~ 12 <—+\/7_i> — 12 <cosg+ising>.

Vay A’ ¢6 hai can bac hai 1a

1
i\/ﬁ(COS%—i-isin%) :j:\/ﬁ <\/7§+§Z> =+

<3+\/§z’).



z=V3+3i+3+V3i=V3+3+(3+3)i
z=3+3i—-3-V3i=v3-3+(3-3)i.

u=+v3+3 N x:(\/§+3>2 - r=4+23
v=13+3 y:(\/gig)Q y:3(4+2\/§).

r=4+2V3

Hé da cho ¢6 nghiéem duy nhéat )
| shem iy {y:3(4+2\/§).

St dung bat ding thic lugng giac trong tam giic

Trong dé thi vao Dai hoc Nong nghiép 1, nam 1995 c6 bai toan sau:

Bai 55. Giai phuong trinh

9
sin® z + sin® y + sin®(x + y) = 1 (1)

Phuong trinh nay khién ta lién tuéng dén mot bat ding thiic co ban trong tam giac : V6i moi
tam giac ABC' ta c6
9
sin® A + sin® B + sin? C' < 7 (2)

dau bang x4y ra khi v chi khi A= B=C = g
Trong vé trai ctia bat dang thic (2), lay A =z, B =1y, C = m — (z + ¥), ta thu dugc vé trai
cia phuong trinh (1). Loi gidi ctia phuong trinh (1) cing thu duge dya trén co sé phép chiing

minh bat dang thic lugng giac (2).

Giai
Ta c6
2 2

(1)< 1- cos 2w + cos 2y + sin®(z + y) :g

2 4
9
& 1—cos(z+y)cos(z —y) + 1 —cos’(x +y) = 1

1
& cos®(x +y) + cos(x — y) cos(x + ) + 10 (3)

Phuong trinh (3) 14 phuong trinh bac hai d6i vé6i cos(z + y), ta c6
A =cos’(zr—y)—1>0,

Vi cos?(z — y) < 1 nén dé phuong trinh c6 nghiém thi cos?(x —y) = 1. Do d6

[ cos(x —y) =1 [ r—y=Kk2rm
cos(x—l—y):—%_y):—% x+y:j:2§—|—l27r 4)
cos(z —y) = —1 < [L‘—y:—z—l—k‘ZW
cos(m—i—y):—w:% :c—l—yzig—l—l%r. )
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Xét (4) ta co:

2
x—y:k2w;x+y:£+l2w CL’:E—F(]C—FZ)W;:U:E—F(Z—]{?)T(
3 3 3
(4)<:> —or < —T —T
Xét (5) ta co:
— — 5
x—y:—w—l—k:%r;x—i—y:z—i—l%r :E:—W—i—(k:—i—l)w;y:—ﬂ—l—(l—k)w
5) < 2 3 N 12 12
( Rty = — 412 LN " -k
y= mrty=—o R |o=—tktmy= 5+ U—k)r

Theo trén ta suy ra mot huéng dé sang tac mot loat cac phuong trinh luong gidc hai an kha
tha vi 1a : Tt mot bat ding thiic co ban trong tam giac, trong bat dang thitc dé chita cac goc
A, B, C ctia mot tam giac, ta lan luot lay

A= f(z,y),B=g(z,y),C=n—[f(z,y) + g(z,y)],

va thay dau bat dang thic béi dau déng thiic, ta sé dude mot phuong trinh luong giac hai an
x va y tuong tng. Con viéc gidi phuong trinh thi thuong dude tién hanh twong tu nhu hai cach
giai da trinh bay & trén.

Cht ¥ rang cach lam nhu trén khong phai lic nao ciing thanh cong, c6 thé ta xay dung dudc
nhitng phuong trinh luong giac hai an nhung ta lai khong giai duge nhitng phuong trinh ma ta
vita xay dung nén. Tuy nhién day la mot phuong phap sang tac bai toin rat dang quan tam,
n6 cho ta nhiéu phuong trinh thi vi cd dé bai 1an 161 giai.

Vi du 43. Xét bat dang thiic

cos A+ cos B+ cosC < =,VAABC,

déub?xngxéyrakhivéchikhiA:B:C’:g.LéyA:x,B:y,C’:w—(x—i—y),taduf(jc

bai toan sau

Bai 56. Giai phuong trinh

cosx + cosy — cos(x +y) = 5

Giai
Phuong trinh da cho tuong duong

— 3
2cosgc+ycosglj y_ (2008236;?4—1) 25

2 2
— 1
@2(}032x+ —2008x+ycosx y—i———O
2 2 2
o T +Y T+y r—y 1
& — -=0
CcoS cos 5 coS 5 —1—4

1 —4\? 1
@(cosx;y—icosx2y> —l—A—Lsin 5 =0
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T+ 1 T—y T+ 1 T—y
Cos = — CoS Cos = — coS
= .2 2 2 o 2
sin = CoS = =+1
2
cosx_ =1
2
r+y 1
Cos = —
& .2 2
CcoS =—1
2
T+y 1
Cos = ——.
L 2 2

Vi du 44. Ciing xét bat ding thic

cos A+ cos B+ cosC < g,‘v’AABC’,
déubangxayrakhivachikhiA:B:C:g.L‘y
. —n—|(z-Y) vl
A=z 2,B—2,C—7T |:LU 5 —|—2 =7 —(z+vy),

ta duge bal toan sau

Bai 57. Giai phuong trinh

3 3
cos (x— %) —|—cos7y —cos(z +y) = 5

Giai
Phuong trinh da cho tuong duong

-2 3
2cosx+ycosx y—(2COSQx——;_y—1):—

2 2 2
-2 1
<:>2C082x y—2008x+ycosx y+—=0
2 2 2
-2 1
@costij—cosx;ycosx 5 y+1:0
1 —2\* 1 —2
@(cosx;y—ﬁcosx2y) +Zsin2—x2y:0
( x+y 1 x— 2y r+y 1 x—2y
cos = — oS coS = —Cos
PN 2 2 2 PN 2 2 2
. T —2y 0 T — 2y 11
sin = coS =
L 2 2
( x—2y x—2y
coS 5 =1 coS 5 =—1
= r+y 1 hodc vty 1
Lcos 7 =3 s —— = —3
Cong viéc tiép theo trd nén don gian.
Vi du 45. Xét bat dang thiic
A B Cc 3
in — + sin — + sin — < =, VAAB
sin 5 + sin 5 + sin 5 2,V C,

dau bang x4y ra khi va chi khi A= B =C =

w|

dugce bai toan sau

.Lay A=2z, B=2y, C =7 — 2z + 2y), ta
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Bai 58. Giai phuong trinh

. . 3
sinx +siny + cos(z +y) = =.

2
Giai
Phuong trinh da cho tuong duong
Tty T —y .o T +Yy 3
2 1-2 — ==
sin 5 CoS 5 + sin 5 2
— 1
(:)2sin2x+y—251nx+ycos$ y+—:0
2 2 2
.o THY . Tty r—y 1
= — -=0
sin sin 5 COSs 5 —|—4
1 — 1 —
(:)(smx; —§csx2y> —I—Z—Lsin2m2y 0
. rt+y 1 T —1y rt+y 1 T —y
sin = — oS sin = — Cos
o .2 2 o 2 2
sin 5 =0 cos ==+1
cosx;yzl cosxgy——l
= oty 1 hoac oty 1
sin = - sin = ——.
2 2 2
Vi du 46. Xét bat dang thic
A B cC 9
COSQE+COSQE+COSQEéZ,VAABC,

dau bang xdy ra khi va chi khi A= B=C=—-.Lay A =2z, B=2y, C =7 — (2 + 2y), ta

w3

duge bai toan sau

Bai 59. Giai phuong trinh

9
cos® x + cos® y + sin*(z + y) = T

Giai
Phuong trinh da cho tuong duong

cos 22 + cos 2y
2

. 9
+ sin®(z +y) = 2

9

&1+ cos(z + y)cos(x —y) + 1 — cos®(z +y) = 1

1
& cos?(z +y) — cos(z — y) cos(z +y) + 1= 0
1 1,
& |cos(z 4+ y) — Ecos(x—y) + g sin (x —y) =
1
cos(x +y) — 5 cos(x —y) =

sin(z —y) =0
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cos(zr —y) =1

1 1

cos(x +y) = 3 cos(x — y) = - cos(z +y) = 5
cos(x —y) = +1 cos(z —y) = —11
cos(z +y) = —3

Vi du 47. Quan sat cac bién doi trén ta thay c6 thé xay dung nén mot s6 phuong trinh c6 16i
gidi tuong ty. Ching han bai toan sau

Bai 60. Giai phuong trinh

3
cos® x + cos® y + cos®(z — y) = 1

Giai
Phuong trinh da cho tuong duong
2 2
1+COS T+ cos 2y +0082(:c'—y) :§
2 4
3
&1+ cos(z + y) cos(x — ) + cos’(z — y) = 2
1
& cos?(x +y) + cos(x — y) cos(z +y) + 1= 0
1 1,
& cos(x+y)+§cos(x—y) —|—Zsm (x—y)=0
1
cos(z +y) + 5 cos(z —y) =0
sin(z —y) =
[ cos(z —y) =1
1 1
cos(z+y) = —3 cos(x — y) o cos(z +y) = D)
cos(z —y) = +£1 cos(z — y) = Il
cos(z +y) = =
L 2
Vi du 48. Xét bat dang thic
A B . C 1
sin 3 sin ) sin ) < 3’ VAABC,
déu bing xéy ra khi va chi khi A = B = C' = g Léy

A=2z—y, B=3y,C=71—[2z—y)+3y] =7 —2(z +y),

ta duge bal toan sau

Bai 61.
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Phuong trinh tuong duong

4 [cos(z +y) — cos(2y — 1) cos(x +y) = —1
&dcos’(x +y) —4cos(z +y)cos(2y —x) +1 =0
& [2cos(z 4 y) — cos(2y — z)]> + sin?(2y — x) = 0
{ 2cos(z +y) = cos(2y — x) - { 2cos(z +y) = cos(2y — x)

sin(2y —x) =0 cos(2y —x) = +1
cos(2y —x) =1 cos(2y —x) = —1

1 hoac 1
cos(z +y) = 5 cos(z +y) = ~3

Vi du 49. Xét bat dang thic

cos Acos BecosC < =,VAABC,

ool =

déu biing x&y ra khi va chi khi A = B = C' = g Ly
A=z, B=y, C=m—(x+y),

ta duge bal toan sau

Bai 62. Giai phuong trinh

cosx.cosy.cos(x +y) = —

g.

Giai
Phuong trinh da cho tuong duong
4cos(x +y) [cos(z +y) + cos(x —y)] = —1
&dcos’(z +y) +4cos(z +y)cos(xr —y) +1=0
& [2cos(x + y) + cos(z — y)]° + sin?(z —y) =0
9 - _ 9 _ _
@{ cos(x + y) cos(x — y) o { cos(x + ) cos(x — y)

sin(x —y) =0 cos(x —y) = +1
cos(z —y) = —1 cos(z —y) =1

1 hoac 1
cos(z +y) = 3 cos(z +y) = —5

Vi du 50. Xét bat dang thiic

[\CR V]

cos A+ cos B+ cosC < =,VAABC,

déu bing xy ra khi va chi khi A= B = (' = g Lay
A=z, B=y, C=7m1—(x+y),
ta dugc phuong trinh

3
cosx + cosy — cos(x + y) = 3 (1)



Lay
A=2r—y, B=2y—z,C=n—[2r—y)+ 2y —2z)|=7m—(x +y)

ta dugc phuong trinh
3
cos(2x — y) + cos(2y — x) — cos(x +y) = 3

Cong (1) va (2) ta dugc bai toan sau

Bai 63. Giai phuong trinh

cos & + cosy + cos(2z — y) + cos(2y — x) = 3+ 2 cos(z + y).

Giai
Phuong trinh da cho tuong duong

[cos z + cos(2y — x)] + [cosy + cos(2x — y)] = 3+ 2cos(x + y)
&2cosycos(z —y) +2coszcos(x —y) = 3+ 2cos(x + y)
&2cos(x —y) (cosx + cosy) = 3+ 2cos(z + )

@4cos(m—y)cos$;ycosx;y:3+4COSQxTw—2
<:>4coszm—4cos(x—y)cosx—2i_ycosx;y+1:O
2
& [2c0s = y—cos(m—y)cosw +1—cos2(x—y)cos2¥:o.
x_
Vi 1 — cos?(x — y) cos? > 0 nén
2008x+y—cos(m—y)cosx_y:()
(1) & T —y
1 — cos?(z — y) cos? = 0
ZCosx;y—cos(x—y)cosx;y:O
=
1 _
1 — cos?(z — y) +C082($ y>:0
2005x+y—cos(x—y)cosx_y20
=
cos?*(z — y) + cos®(x — y) = 2
cos(z —y) =1
<~ 9 T +y rT—y
cos = COS
2 2
\ﬁcos(x—y)zl@Zcost_y—1:1<:>(3082x_ =1 neén
) cos(x —y) =1 cos(x —y) = cos(x —y) =1
2) & x+y < T +y 1 < r+y 1
cos cos — 5 cos® — 1
cos(x —y) =1 cos(x —y) =1
< 1

& 1
1+ cos(z+y) = 5 cos(z +y) = —5
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St dung ham ngudc dé sang tic mot sé6 phuong trinh, hé phuong
trinh.

Day 1 mot phuong phap dé sang tac va gidi phuong trinh, hé phuong trinh kha hay. Gia st
ham s6 y = f(x) ¢6 ham s6 nguge 1a y = g(x). Néu vé do thi clia hai ham s6 trén cing mot he
truc toa do Dé-cac vuong goc thi hai do thi ay doéi xiing nhau qua duong phan giac thit nhat.
Do d6 néu ham s6 y = f(z) c6 ham s6 ngugc 1a y = g(x) thi viec giai phuong trinh f(z) = g()
quy vé gidi phuong trinh f(z) = z (hodc g(z) = z). Tom lai, trong mot s trudng hop ta st
dung ménh dé sau.

Ménh dé. Cho y = f(x) 1a ham dong bién, c6 ham ngugc y = f~!(x) va tap xac dinh ciia
phuong trinh f(x) = f~'(z) bing Dy N Dy-1. Ta c6 phép bién ddi sau

-1 flx)=x
fla) = 1 @wé{zemefl )
hoac
o1 fHz) ==
fla) =1 @wﬁ{xeDﬂ”%% &)

Nhu vay viéc gidi phuong trinh f(z) = f~!(x) ta thay thé dugc béi cac hé phuong trinh tuong
duong (1) hoac (2).

Chting minh.

e Gia st f(x) = f~}z). Khi d6 x = f(f(z)). Néu z > f(x) thi do f dong bién nén f(z) >
f(f(z)) = f(z) >x (vo li). Néu x < f(x), tuong ty ta cling suy ra vo li. Vay z = f(x).

T=70) ) = i),

o Gia stz = f(x) vax € Dy N Dy-1. Khi dé
z = f(x)

Vay (1) duge ching minh.

Chu y 1. Cho ham s6 y = f(z) ¢c6 ham ngugc y = f~1(x). Khi d6 f dong bién < f~! dong
bién.
Chu y 2. Néu ham s6 f lien tuc va don diéu nghiem ngat trén khodng (a;b) thi ton tai ham

sO nguge fL.

Vi du 51. Xét ham s6 y = f(z) = 22% + 42 — 1 trén (—1;+00). Ham s6 nguge cta f(z) la
r+3
2

Y= — 1 xé&c dinh trén (—3; 4+00). Khi d6

3 3
T —1e 2% + 42 = x—i—‘

2% +4r — 1=
x° + 4x 5 5

Ta c6 bai toan sau.

Bai 64 (Dé nghi OLYMPIC 30/04/2007). Giai phuong trinh

3
2x2+4x:@/$_2|_ , voiz > —1. (*)

Giai
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Dicu kien = > —1 (gia thiét).
r+3

Cach 1. Xét ham s6 y = 5

—1,Vz € [-1;+00) . Khi d6

+1= 3
4 2 y2+2y+1:x; r=2y" +4y — 1.

9[:4—3{2> y=-1 {y}—l

r+3

Suy ra ham s6 y = 22? + 42 — 1 13 ham nguge ciia ham y = 5

— 1 trén [—1;+00). Mt
khac ham s6 y = 222 4+ 4z — 1 dong bién trén [—1; 4+00) nén

-3+ V17
—~1 244 —1= 4

2% +4r — 1=
4

—3+ V17

n 1a nghiém duy nhat cta (*). O

Két hop véi diéu kién suy ra z =

T+ 3

® Nhan xét: Vi sao lai tim ham ngudc ciia ham y = 5

—1,Vz € [-1;400)7 D6 1a do ta

gia st
3 3
ay+b—\/%:>a2y2+2aby+62—%:>x—2a2y2+4aby+262—3.

So sanh v6i phuong trinh da cho thiy rang can chon a, b sao cho

= =
4ab =4 b=+1 b=1.
z+3

2
nhu sau: Tt phuong trinh da cho thay réng can xét ham s6 c6 tap gia tri la [—1; +00) va c6

Vay nén ta mdéi xét ham sé y = — 1,V € [~1;400). Ngoai ra ta con c6 thé gidi thich

3
dang y = a x—2|— —1(V6ia>0).Khid()
z+3 2 4 2
v 2y +1=a’ 1=+ —y+ 5 —3
2 a a a
2 4 r+3
:><§;$>:(2;4):>a:1:>y: 5 — 1.
r+3

Cach 2. Daty+1= , dieu kien y > 0. Ta c6 he

3
(y+1)2=$jL @{ 20 +4dy=ax+1 (1)

2
20 +4r =y +1 20 +dz=y+1. (2)

Lay (1) tr (2) theo vé ta dugc
200" — ")ty —2) =r—y e 2y —a)(y+a) +5y—2) =0
y—x =0 y==

g —5—2
2y+z)+5=0 y:Tx.
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e Khi y = z, thay vao (2) ta duge

-3+ V17
r=——
20° + 4z =z + 1 & 227 —1= 4
' +4r=r+1& 227+ 32 0= 3T .
r = ———— (loai).
4
5+ 2
e Khiy=— i x,thay vao (2) ta dugc
-5 —+13 :
24102 +3=0 v= g (o)
4 —
x” + 10z + < 54 3
= 7 ,
—-5++V1
Voi o = VI
4
5+ 2 5+ V13
y=— —;x:— +4 < 0 (khong thod man y > 0)

—3+ V17

1 1a nghiém duy nhat cta (*). O

Két hop véi diéu kien suy ra o =

. 3 . t
Vi du 52. Xét ham s6 y = f(r) = z? — 3z trén {5;%—00). Ham s6 ngugce cua f(z) la

3+v9+4 9
y=f"z)= % xac dinh trén {_Z_l; —i—oo). Khi do
3+v9+4
%:x2—3x<:>\/9+4x:2x2—6x—3.
Ta c6 bai toan sau.
Bai 65. Giai phuong trinh /9 + 4z = 22% — 6z — 3. ()
Giai
N 9 . a1 3 )
biéu kién x > T bat 2y — 3 = /9 + 4z, dieu kién y > 5 Ta co

(2y —3)2 =9+ 4x N 4y? — 12y = 4x N 2% — 6y =2z (1)
2y —3 =22 —6xr—3 2% — 6z = 2y 22% — 6z =2y (2)

Lay (1) trt (2) theo vé ta dugc

2(y* —2%) — 6y + 62 =20 — 2y < 2(y* — ) +4(x —y) =0

Sy-—2)(y+z-2) & [yix
y=2—ux.

e Khi y = z, thay vao (1) ta duge

z=0

2m2—6x:2x<:>x2—4x:0<:>[
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Khi x =0 thi y = 0 (loai). Khi x =4 thi y = 4.
e Khi y =2 — z, thay vao (2) ta dugc

$2—3x:2—:r<:)x2—2x—220<:)[

Khi z =1+ /3 thi y = 1 — /3, khong tho& méan diéu kién.

Khi = 1 — /3 thi thé vho phuong trinh da cho thiy thod méan. Vay phuong trinh da cho c6

hai nghiem ¢ =4, 2 =1 — /3. O

9
® Nhan xét: Phuong trinh (x) ¢6 tap xac dinh la [_4_1; —i—oo), trong khi do6 ta c6

3 N ~ 2
DiNDp-r = {5, +oo), vi vay (*) nhan z = 1 —+/3 lam nghiém 1 diéu dé hiéu, vi gidi phuong

9 f
trinh (*) 1a tim 2 thudc tap xac dinh {—Z; +oo) va thod man (*).

Vi du 53. Ham s6 y = /2 + 3 1a ham s6 ngugc clia ham s6 y = 2® — 3 trén R. Do d6 ta c6

bai toan sau.

Bai 66. Giai phuong trinh /z +3 = 2% — 3

Giai
Tap xéac dinh R.
t 3= 3 (1
Dat y= ¢z T3 Khidstacohe { Y, 7% )
»?=y+3 (2)

Lay (2) trit (1) theo vé ta duge 2® —y> =y—x o 3+ 2 =y>+v.
Xét f(t)=t"+¢. Vi f'(t) >0,Vt e Rnéen (3) & f(z) = f(y) © x =y. Do do

P?=r+3eP—xr=3

. 2
Gid st x = —=t, thay vao (4) ta dugc

V3
9v3

483 — 3t = /=,
2

9v3

Dé cho gon, ki hieu m = — > 1. Xét

1 1
m:—(a3+—3><:>(a3)2—2moz3—|—1:O(:)oz3:m:|:\/m2—1.
a

2

Z 2 2
Do d6, néu dit o = ¥+ Vi =1 = {| 200 4 /230 _ o VEE V2

Dé ¥ ring
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Vay

1< 3/9f+ 239 39f— 239
to B o+ —

12 mot nghiém ctia phuong trinh (5). Ta sé chiing minh ¢, 1a nghiém duy nhat ctia phuong
trinh. Ta c6 |to] > 1 va

4% — 3t = 4ty — 3ty & (t — to) (4t + 4dtot + 4t5 — 3) = 0.
Dé ¥ ring phuong trinh 4¢? + 4tz + 4t2 — 3 = 0 vo nghiém do
A =415 — 44t - 3) =12 — 1265 = 12(1 — t3) < 0 (vit3 > 1).

1 L.
Vay t = 5 (\3/ m+vm2—14 vm—+vm?2— 1> 1a nghiém duy nhat ctia phuong trinh (5). Do

d6 phuong trinh da cho c6 nghiém duy nhat 1a

| §/9\/§+\/%+\3/9\/_—\/%
2

V3

.0

Bai 67. Cho trudc s6 thuc a. Giai phuong trinh (an 1a )

CL2011 L= 2011/—a T
Giai

Tap xac dinh R. Xem @ nhu an s6. Xét ham y = f(a) = a®* + . Ta c6
y=a*"+re M =y—zrsa= "y

Vay ham s6 y = *V/a — 2 13 ham ngugc clia ham y = o*'! + z,Va € R. Mat khac vi
(a®' 4 z)" = 2011a>°'° > 0,Va € R nén y = a®*'! + z 1a ham dong bién trén R, do d6

2011
'+ =a

M = Wo—r e s =a—a",
a€eR

Vay phuong trinh da cho c¢6 nghiém duy nhat z = a — a?°*!.

SANG TAC HE PHUONG TRINH

Dé giai he phuong trinh thi phuong phap thé va phuong phap cong la thudng ding nhat, 1a
phuong phép co ban nhat. T bai hoc “vd long” vé hé phuong trinh da c6 phuong phap nay.
Tuy nhién phuong phép nay van thudng xuat hién ¢ nhiing ki thi 16n, nhitng ki thi chi danh
cho nhitng hoc sinh xuat sic. Da c6 nhiéu tai liéu vé hé phuong trinh dé cap dén phuong phap
nay, do vay sau day ta chi trinh bay mot s6 bai toan khé va di sau hon vao viéc phan tich ki
thuat gidi cing nhu ki thuat sang tac.

22 (y 4 2)° = (322 + z + 1) 222
Bai 68. Giai hé phuong trinh 2 (z+ ) = (4 +y+ 1) 222
2(x+y)° =52 +y+1) 222
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Giai

Dé thay rang (z;0;0), (0;4;0), (0;0; z) thod man hé da cho. Tiép theo xét xyz # 0. Khi d6
chia cac phuong trinh ctia hé cho x2y?2? ta dudc

( 2
11 11
(—+{>_3+—+7- (1, 2 1 _ 5. 1.1
zZ Yy r 22 2 r | x2
1 1\’ 1 1 R A 1 1
So) =4t ey STt =4 o+
2 1 2 1 11
L1\ 1 1 — Y+ 4+ =54+ -+ =
L\ e =5t+-+5 (2 oy a? 22
Cong lai ta dugce
2 R
1 1 1 1 1 1 Pl
(—+—+—)—<—+—+—)—m:o@ 1 1 1
r oy =z r oy =z SRR §
T Yy =z

1 1 1
e V6i — + — + — = —3, ta dugc

T Yy =z
1\? 1 1

3+ — :3+—+—2

e X e

5
\ (3+1)2=4+1+i & 25 & yg

;

v/, yoy?

1 1 1

3+-) =5+-+

L ya zZ ya

1 1 1
o V6i — + — 4+ — =4, ta dugc
r Yy =z

1\? 1 1
PR R 9
x xr  x? =13 T =—
2 6 ]93
1 1 1
B) Yy
), T y
1 1 1 Z=-11 Z = —.
4—-) =5+-+ p 11
\ z z oz

Cac nghiém ctia hé la

5) 5) 9 3 9
(%% Z) - (_67 _]-7 _Z> ) ('r7y7 Z) - (1_37 Zu ﬁ) )

(a;0;0), (0;6;0), (0;0;¢) (v6ia,b,c €R, tuyy). O

Bai 69. Giai hé phuong trinh v (z—1x) =
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Ta c6 hing dang thic sau :
(2% — 222%) + (222 — 2%) + (%27 — y?2%) = 0.
T d6 nhan (1) v6i y + 2z, nhan (2) v6i z + x, nhan (3) v6i x + y ta dugc

) 1
— S+ +3 () b5 (@ +y) =0

&S =5y —952+9%2+9%+2x+y=0

) 2 )
Sy =10z — 4z &y = “T;r Z;sy—z:g. (4)
N 15%4 5 PN N .2 N N .4 2
Tu (4), (1) dugc 5 = Ty Swrag, thé vao (2), (3) dugc hé hai an. Cong viéc tiep theo trd
T

nén don gian.

rz+y="7z (1)
yz +x =82 (2)
r+y+z=12. (3)

Bai 70. Giai hé phuong trinh

Giai

T (1) ¢c6 y = 7z — zx. Thay vao (2) va (3) duge

(Tz—zx)z+ 2 =282 o r(1—2%)=82—-"7z* (4)
r+ (T2 —zzx)+ 2 =12 z(l—2)=12-8z. (5)

12 -8
R6 rang z = 1 khong thoa (5), do d6 (5) & = = 1 ° Thay vao (4) dugc
— 2

=2
(12—82)(1+z)=8z—7z2<:>z2+4z—12:0<:>[Z 6
z = —6.

60 66
V6i z =2 tadugcx =4, y=6. V6i 2 = —6 ta dugc v = —, y

P 60 66
Két luan: hé c6 hai nghiem (4;6;2), (7, 7; —6). O

Bai 71 (HSG tinh Quéng Binh, ndm hoc 2010-2011). Giai hée

VE-VETTEI=1 (1)
v 4+ o+ 2yy/T — e =0. (2)

Giai

Diéu kien z > 0 va 2 — y — 1 > 0. Phuong trinh (1) tuong duong

Vi=yr—y—1l+ler=c—y+2/r—y—1y=2/r—y—1

eP=4dz-y-—1) o y+2)’=4droy+2=2/r

Phuong trinh thit hai ctia hé tuong duong véi

y2+x+2y\/5—y2x204:)(y+\/5)2:xy2<:)y+\/_:i—y\/5.
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2 =2 2 =2
T.i»)uthudu’()c{y+ Ve (:){ y+ VT

y+ Ve =ty 2+ (y+2) ==+ (y+2)y.
1 — V1 17 —
T d6 tim duge nghiem ctia he 1a (z;y) = <1;_1>,(4;2)7 (9 8\/_7;\/_72 5>.D

Bai 72. Giai hé phuong trinh sau :

4 +yt—dzyP =1 (1)
4a? + 2y? — dxy = 2. (2)

Giai
Lay (1) trir (2), vé theo vé, ta dugc :

y4—2y2—4xy3+4:vy—|—1:0@(y2—1)2—4xy(y2—1):O
S (¥ —1) (v —1—4ay) =0< y =1 hodc y = —1 hodic y* — 1 + 4oy = 0.

e Néu y = 1, thay vao phuong trinh (1) ta duge :
4° +1—dr=12(x—-1)=0<« 2=0hodcz = 1.
e Néu y = —1, thay vao phuong trinh (1) ta dugc :

4 +1+4r=12(x+1)=0%< 2 =0 hoicz = —1.

eNéuy? —1+4dry=0& 2= ! ;yyz (dé thay trong trudng hop nay y # 0), thay vao phuong
trinh dau tién ta dudc:
4 (11y92)2+y4_4 (1;y2> y3 1
& (1 — y2)2 + 4y5 — 4y (1 y2) = 4q?
S(1-y) ' (1-¢") =4 (1 ")
S(1-)[1-v") - -4 (1+y%)] =0
S (1—9) [8y'+5y° —1] =0

Cong viec dén day trd nén don gian.
® Nhan xét: Day 1a mot dang hé phuong trinh da thiic kha kho, 16 rang néu phuong trinh thi
hai, ngusi ta chia hai vé cho 2 thi khé c6 thé nhan biét gia tri nay ma nhan vao roi trit ting vé

nhu trén. Viéc phét hién ra gia tri 2 dé nhan vao c6 thé ding cach dit tham s6 phu roi lya chon.

y3r — ot =28
xy? + 222y + 2 = 18v/2

Bai 73. Giai hé phuong trinh {

Giai

Ta bién déi tuong duong
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Suy ra dé (x;y) 1a nghiem thi y > z > 0. Tit (2), rit y theo z v thé vao (1) ¢6

x (%g—x) —z*| =28. (3)

Dit ¢ = /Z (t > 0) va (3) thanh :
10— (3v/8 — t%)® + 28t = 0. (4)

Xét ham f(t) =17 — (3v/8 — t3)3 4+ 28t, v6i t > 0.

Ta c¢6 f'(t) > 0 v6i moi t > 0.

Chitng t6 ham f dong bién trén (0;4+00), nén (4) c6 nghiem thi nghi¢gm d6 duy nhét.

Tit d6 he c6 nghiem (zo; o) thi nghiem d6 1a duy nhat. Dé thay y = 2z thi tit (1), ta c6: 2t = 4
hay = = v/2. Suy ra y = 2v/2.

Thit lai (v/2;2v/2) théa man (2).

Tém lai hé da cho c¢6 nghiem duy nhat 1a (z;y) = (v/2;2v/2). O

KINH NGHIEM GIAT MOT SO BAI HE PHUONG TRINH

Khi gii hé phuong trinh, dui ¢6 dung cach gi bién doi di ching nita thi muc dich cudi cling ctia
ta cling chuyen vé phuong trinh mot bién va giai phuong trinh vita thu duge. D6 cling 1a suy
nghi ty nhién, viec lam giam bién 1a quy luat khong chi trong toan hoc ma ca trong cuoc séng
ching ta van thuong lam. Tém lai, khi gidi hé phuong trinh thi ching ta phai tim cach lam
giam s6 an ctia hé dé thuan lgi trong viée gidi né. Sau day 14 mot s6 kinh nghiém ma nhom

bién soan thu dugc trong qua trinh hoc tap va giang day, xin dugce chia sé cung ban doc.

Néu trong phuong trinh ctia hé ma c6 mot an xuat hien dusi dang bac nhat, thi ta c6 thé rit
an do6 theo an con lai va thé vao phuong trinh thi hai ctia hé va phuong trinh thu duge ¢6 bac
khong nhé nhung ¥ tudng giai 1a rat ro rang.

22° + y(x + 1) = 4a?

Bai 1: Giai hé phuong trinh
St — 420 = o

Giai

% Cach 1:
Vi phuong trinh tht nhat ctia hé chita nhiéu y nén ta nghi dén viéc rat y theo z va thé vao
phuong trinh thi hai ctia hé.

22%(2 — )

1 (do = —1 khong la nghiém ctia he).
x

Tacoy =
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Thay vao phuong trinh th hai ctia hé ta c6 :

(5 —dat) = 2] [ B
(x+1) (5 — 4z (2* + 22+ 1) = 4(4 — 4 + 2?)

[z =0 x=0
54 <~
4ot 4+ 82% + 327 — 262+ 11 =0 (x—1)2z —1)(222 + T2 +11) =0

_;E:O:>y:O
o |lv=1=y=1
1:> 1

xr = — = —
R A

11
Vay hé da cho c¢6 nghiem: (z;y) = (0;0), (1;1), (5, 5) O
® Nhan xét: Cach giai nay c6 mot wu diém 1a khong can phai manh khoée gi cd ma chi can bién
doi hét sttc binh thuong. Tuy nhién, né c6 mot nhude diém 1a no6 chi gitp ching ta gidi quyét
bai toan d6 thoi, con con dudng dé sang tac ra bai toan dé thi cach gidi trén khong thé lam 1o
duge. Dé hiéu ré dude ngudn gbc clia bai toan va dé 1a cach ma tac gid da sang tac bai toan

trén, ta ciing xem qua cach giai sau:

x Cach 2:
Ta viét lai hé nhu sau:

22° + y(x + 1) = 42?
y? + 428 = 5t

Nhan thay z =0 = y = 0, hay (z;y) = (0;0) 13 mot nghiém ctia he.
V6i x # 0 ta c6 he
Y
2z + s (x+1)=4

2
(i) +42? =5

12

=

bat a =2x,b = % ta c6 dugce hé:
x

a
b(5+1) =14
a—+ 2+
a>+ b =5

Day 1a he déi xtng loai I. Viéc gidi hé nay khong may kho khan.
® Nhan xét: Qua 1oi giai trén, ta thay con dudng dé ché tac ra nhitng hé kidu nay la xuét phét
tit mot he da biét thuat giai, ching ta thay thé hinh thic clia cac bién c6 mit trong hé va bién
doi rat gon ta thu dudge mot hé cé hinh thitc hoan toan xa la véi cai hé ban dau.
) R T+y+azy=>5 . o )
Chang han: Tu he (luu § hé nay c¢6 nghiem (1;2))
2, .2

T4y =95
Ta thay thé z bang % va y bang 32 thi ta c6 heé:

x

y o2 Y

28 TV a0 {y(y2+2x3y+1) = 102°

?J7 tyt=s y? (1 4 42%y%) = 202°
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Vay ta c6 hé phuong trinh sau:

y(y? + 22%y + 1) = 1023
y? (1 + 42°%y?) = 202°

2 —2zy+x+y=0(1)
ot — 42y + 327 +y* =0 (2)

Bai 2: Giai hé phuong trinh {

Giai

Nhan thay phuong trinh thit nhat ctia hé 14 phuong trinh bac nhat déi v6i 2 nén ta rit x theo
y va thé vao phuong trinh tht hai dé duge phuong trinh mot an.

2
1
Tw (1) suy ray = ;; +31: (dox= 5 khong la nghiém ctia hé), thay vao (2) ta duge
m_
2 24 2\ 2 2 =0
ot — 4272 +9C+3x2+($ Hj) —0e
20 — 1 20 — 1 f(z)=0

Vi f(z) = 2220 — 1) —4(2® 4+ 2) (22 — 1) + 32z — 1)* + (z + 1)°= 42* — 122% + 102> — 62 + 4
Taco f(r) =0 22" —62° + 522 — 30 +2=0& (z —1)(z —2)(22* + 1) =0 =1,z =2
Vay hé da cho c¢6 3 nghiém (z;y) = (0;0), (1;2), (2;2) O
® Nhan xét: Cling nhu 6 vi du 1, cach gidi trén chi gidi quyét dugce bai toan chit khong phéi 1a
con duong dé sang tac bai toan d6. Diéu nay thoi thic ching ta di tim mot 1oi giai khéac cho
bai toan tren. Su xuat hien 22 — 22y va x* — 42%y goi cho ta nghi dén cac hing déng thic. Vay
ta thi viét lai he nhu sau:
(z—y)’+z+y—1y>=0
{(xz—y)2+3x2—3y2 =0

Viéc lam nay cling khong may khé quan, vi khi nhin vao hé ching ta ciing chua phat hién dugc
mdbi lien hé nao. Theo cach lam 6 vi du 1 ta bién déi:

Néu z = 0 = y = 0 1a nghiém ctia he.

Néu x # 0, ta c6 he

x—2y+1+%:0 x+g:2y+1
y? < xy 2

x2—4y+—2+3:0 <x+—) =06y —3
X X

Suy ra (2y + 1)* = 6y — 3. Dén day thi bai toan tré nén don gian.

V6i cach gii trén, ta c6 thé tao ra dude rat nhiéu hé phuong trinh khac nhau. 0 day chiung ta

chi ¥ réng viec giai hé cudi cing quy vé gidi cdc phuong trinh bac hai nén chuyén céc hé s6

nhan nhiing gia tri nao khong quan trong.
T+ 2%/ =42° + 4

) 2y = 4x° — 2% + 4x
Chang han tir hé (

2y

T+ —
x

2 qua khai trién ta cé hé
> — 2.3 4x?y + 4y? = 322

O hai bai trén ching ta giai theo phuong phap thé. Dau hieu nhan théy la viec xuat hien cta
mot phuong trinh 1 phuong trinh bac nhat déi véi mot an. Bay gio ching ta chuyén qua xét

mot s6 hé ma ching ta thiyc hién rit thé ma phuong trinh déi v6i mot an trong mot phuong
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trinh nao dé khong phai 1a phuong trinh bac nhat.

2 —8x =y* + 2y (1)
2 -3=3(*+1) (2)

Bai 3: Giai hé phuong trinh {

Giai

% Cach 1:
T (2) ta suy ra: z* = 3(y* +2) (3) , thay vao (1) ta duge:

2 =0
yx
x3—8x:y(y2—|—2):?@x(BxQ—xy—Qél):O@ R Y

Y
x

e Néu x = 0 thay vao (3) ta thiay phuong trinh vo nghiém.

. 3z — 24
e Néu y = i thay vao (3) ta dugc
x

2 _ 94\ 2
x2:3(L> 46 1321 — 21322 + 864 = 0

T
= 96 < 96 V78
.TQZ_ ::l: _ — —_—
13 |7 B3 YT T3

Vay hé ¢6 4 cdp nghiem la: (z;y) = (£3; £1), (j: %; q:\{—7_38> O

® Nhan xét: Ching ta nghi dén phép thé do phuong trinh thi nhat chi chita y? va y; 6 phuong
trinh thi hai ctia hé lai chita y? nén néu ta thay y? vao phuong trinh thi nhat thi phuong trinh
thit nhat ciia hé tré thanh phuong trinh bac nhat ddi v6i an y va ta thuc hien rat y nhu trén.
Tuy nhién, c6 1& day ciing khong phéi 1a con dudng ché tac bai toan trén. T nhan xét trén, ta
thay ¢ phuong trinh thi nhat hai bién z,y léch bac nhau 2 bac ( 2® va z; y3 va y), dong thoi
phuong trinh thit hai ciing lech bac nhau 2 bac ( 2%, y? v hing s6).

Diéu nay gdi v ta tao ra sy dong bac nhu sau:

% Cach 2:
Hé da cho tuong duong

22—y =842
{ ; Yo 6(a® — o) = (80 + 29) (2 — 39

6 = 2% — 3y?

Day la phuong trinh dang cap bac 3. Viec con lai dé giai quyét he khong con khé khan nita.

2% + 3zy? = —49 (1)

Bai 4: Giai hé phuong trinh
2? — 8xy +y* =8y — 17z (2)

Giai
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Bai toan nay da c6 hai cach giai bang hé s6 bat dinh va an phu tong - hi¢u. Sau day ta ciing

xem qua hai cach giai khac:

x Cach 1:
3 + 49

3z

(%)

Ta thay 2 = 0 khong phai 1a nghiém ctia hé nén tir (1) suy ra y* = —
Thé vao phuong trinh (2) ta dugc

3 449
2 — 8ry — - i =8y — 17 < 24y(2® + x) = 22° + 512% — 49
r=—1
& 24zy(r +1) = (z + 1)(22* + 492 — 49) & 922 4 497 — 49
y =

24z

e Néu 2 = —1 thé vao (¥*) = y = +4.
22 + 49z — 49
24x

o Néuy = thé vao (*), ta co:

3 + 49 B <2J;2+49x—49

2
—192z(2® + 49) = (222 + 49z — 49)*
% Y. )<:> 92z (x” 4+ 49) = (22° + 49z — 49)

Bién déi rat gon ta dugc:
drt 4 42° +452° + 942+ 49 =0 (z+1)*(4a® — 4z +49) =0 = —1
Vay hé ¢6 nghiem: (z;y) = (—1;+4) O

% Cach 2:
Vi z = 0 khong la nghiém ctia hé nén ta diat y = tx.
Khi d6 hé tré thanh:
23 (1 + 3t%) = —49
{ (1 — 8t +1°) = (8t — 17)

Ta viét lai he duéi dang

5 —49 —49 —49
T Is2  49+43(P—16) 49434
8t — 17 8t — 17 ,  Voia=1t'—16;b =8t 17
TR CSIrl (P-16) - (8 —17) a—b
_49 b3

- 49 (1 + (a — b)°) + 3ab® = 0

T 19+3a  (a—b)
& al49 (1> —b(a—b) + (a —b)*) +3b"] =0
a=10
49 (b — b(a — b) + (a — b)*) + 3> = 0 (%)

e Véia=0<«t?=16, thay vaio hé tacé v = —1 = y = £4.

e Xét (*), khai trién va rit gon, ta co:

(%) < 49t* + 360t° + 547t — 360t + 304 = 0 < (t +4)* (492 =32t +19) =0 = t = —4
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® Nhan xét: Hai cach giai trén doi héi tinh toan nhiéu, va chua thé noi len ¥ tudng clia ngudi
ra de. D6i véi bai nay cach giai hay nhat 1a dung heé s6 bat dinh (da duge dé cap trong chuong
Hé phuong trinh). Xuit phat tit nghiém x = —1, ta sé tao ra cadc phuong trinh chtta nhan ti
(z + 1), tit d6 khai trién dé dugec mot hé mdéi. Vi du nhu hai bai sau:
. N 2?4+ 22> =5
Bai 4*: Giai hé phuong trinh :
202 f oy + vy =4dr +y

2’y = (v —y)(zy — 1)

Bai 4**: Giai hé phuong trinh : s
-2 +y+l=axylx—y+1)

1+ 2% = 1923
2

Bai 5: Giai hé phuong trinh : {

y+ 2y’ = —62

Giai
Vi x = 0 khong 1a nghiém ctia hé nén hé tuong duong

1
E+y3:19 &3+y3:19 N 1
(v6ia=—)
6

2 2 _ p
= +yPs = a’y +y'a=—6
Xz Xz

bat S=a+y, P = ay. Khi dé ta ¢

S(S* —-3P) =19 S=1 a=3 a=—2
= = vV
SP=—6 P=-6 y=—2 y=23

1 1
—-2), (—=13) O
52 59
® Nhan xét: Ngoai cach giai trén, ta c6 the giai theo cach sau:

Vay nghiém cua hé la: (z;y) = (
Do x = 0 khong 1a nghiém ctia he, ta viét lai he dudi dang

6(1 4 zy)(1 — zy + 2°y*) = 6.192°
192y(1 + zy) = —19.627

Cong hai phuong trinh ctia hé lai ta duge: (1 + zy)(62%y* + 132y + 25) = 0 Dén day, bai toan
tré nén don gian.

® Nhan xét:Cung y tuéng do, ta c¢6 bai toan sau:

y + xy? = 62°

Bai 5*: Giai he phuong trinh
1+ 2%y® = 52°

(2® + y* + 1 =22y’ (y* — 1)
vy’ (3ry' —2) = ay'(x +2y) + 1

Bai 6: Giai hé phuong trinh {

Giai
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Hé da cho tuong duong

22y 2yt 1+t — 20y =0
31'23/6 - 2xy2 _ $2y4 -

(

22y° —1=0

1
P42 — 2wy = —1
Yy Y
=9 2w 1
3r%y? — = - 22— 2zy — — =0 ( do y=0 khong la nghiém ctia he)
\ Y Y

4 1 2
(x—l—;) —2zy =—1
= 2
1
3z%y? — 2zy — <x+—2) =0
Yy
\

1
bat a =2+ —,b =y, ta co he
()

a’> —2b=—1 a?=2b—1 b=1
p=— =
a’> =30 4+2b=0

32 —4b+1=0

a==+1
1 1 V5 -1 1++/5
eNeua=b=1:= Yy & Y & W v .y
xy =1 v —y—1=0 y = * y=-—
2 2
1 1
) r+ — =-1 r= -
e Neua=-1;b=1:= Yy & Yy (v0 nghiém)
zy =1 v +y+1=0
—1++v5 1++5
Vay nghiém ctia hé da cho la: (x;y):( 2\/_; 2\/_) O
65
(2~ 1)* +3= "7

4x — 322y — 9xy?

22+ 2
Bai 7: Giai hé phuong trinh
Yy —x = \/

r + 3y
Giai
3y = x
T phuong trinh thi hai, ta c6
r+3y#0
Hé da cho tuong duong véi:
(2% — 22 4+ 4)(2* + 2) = 62°y 2%+ 8 = 62°y
4o — 3x?y — 9x%y? < 9 9 dx
3y —z)’ = 9y* —bry +2° = ——— — 3z
(8y — =) x + 3y Y Y x+ 3y Y
2% + 8 = 62%y 2% + 8 = 62%
< 2 2 <9 s 3
(x* — 3zy + 9y°)(z + 3y) = 4 x’+ 27Ty =4z

Vi z = 0 khong la nghiém ctia hé, nén ta c6

8 6
1+ —== Y

x x

27y3_4

b B 22
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3y

2
bat a = — >0, b = —=, ta thu dugc hé
xr

2

1+a®=2b

14+a®>=2b a=">
= =
1406 =2a (a—b)(a*+ab+b*+2)=0 a’—2a+1=0
a=b a=1"0
= =
{(a—l)(a2+a—1):0 azl,a:#g
e VGia=0b=1, ta co:
T
3y 1@ V2 VY V2
= y=-3 y 3
—1
oVGiazbz%ﬁtacé:
%:\/52_1 x:\/\/g—l—l r=—-\/V5+1
X = A%
3y V51 VE+1(v5-1) Vi +1 (V5 1)
< = = Yy = —
T 2 6 6
2 —1 1
Vay nghiém ctia hé da cho la (z;y) = (:I:\/Zi%), (— V5 + ;—(\/5 >6 V5 + ) O

Bai 8: Giai hé phuong trinh {

62" — (2° —z)y* — (y+ 12) 2> = —6
St — (:1:'2 — 1)23/2 —112* = =5

Giai

Nhan thay, z = 0 khong 14 nghiém ctia hé nén chia hai vé ctia mdi phuong trinh cho z? ta dugc

1 1

5 (x2+

1
bat a =z — —, ta ¢6 hé
x

1 1
6(x2+ﬁ>—(x—;)y2—y—l2—0
=
2

1\° 1\ ,
6lr——=) —(z—=]y"—y=0

x x

1\? 1\?
5($——) —(;1:——) P —1=0

x x

6a> —ay* —y=0

{

5a? — a’y? —

Chia hai vé ctia hé cho a® # 0 ta co:

1
bat u = —, ta c6 he
a

{

y?u + vty =6
' +y* =5

y°"—1=0
2
VLY g
a a
1
2 _
uy(u+y) =6 u+y =

= 9 =
(u+y)" —2uy =5 uy =
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u=1 u=2
T do ta tim duge: hoac
2

14++5
eViu=l=a=1lesr—-=lerr?—-rx-1=02= 2\/_
x
1 1 1 1++17
OVéiu:2:>a:—@x——:—©2x2—$—220@x:T
x
‘ 1++/5 1+ 17
Vay nghiém ctia hé da cho la (x;y)-( 2\/_;2), (T;l> O

Bai tap tu luyén

Giai cac hé phuong trinh sau:

Ve+Jy+a/r—\Jy=2
Vy+¢_—Vy V=1

2? —xy +y? =3(xr —y)
22 oy 4y =T(x — y)2

r+y+Vr—y=38

2% + 3zy? = 6y — 3z — 49

x? — 8xy +y? = 10y — 252 — 9
ot 223y + a?yP =22+ 9

z? +2my—6:p+6

{
dl
i
I
d I
g
2
g

ot + 2 +ay(l+22) = —=
ry+x+y=a*—2y°

—yVr —1=2z—2y
xy—{—xy:l
dy — 2? —|—xy:—1
rTt+y =
(2% + ) x+y7) 21 4yt
y+§¢m:i(x2+17)
R N T
8y 3 3y 4 2
Yo+ + 227 = oy — x2y?
11)



Puu Luc 1: GIAI TOAN BANG PHUONG TRINH -
HE PHUONG TRINH

Bai 1 (IMO 1967): Trong 1 cudc thi dau thé thao, tong s6 huy chuong la m, dugce phat
. . 1,
trong n ngay thi dau. Trong ngay thit nhat, ngusi ta phat 1 huy chuong va - soO huy chuong

1,
con lai. Ngay thit hai, ngusi ta phat 2 huy chuong va - so huy chuong con lai. Nhitng ngay

con lai tuong tu. Ngay sau cling con lai n huy chuong dé phat. Tinh m,n?

Giai
Gia sit s6 huy chuong con lai khi bat dau ngay thi dau thi r 1a m,.

6(mk — k))

Khi d6 mqy =m,m, =nvaVk <n: -

Ta bién déi:

7 7\’ 7\ \" 7\ 7"(n — 6)
=142.-43.( = | +...4n. | = =36 |1— 1. (= — = 36+—— 2
m =1+ 6+3 (6) +...4+n (6) 36[ (n+1) (6) +n<6> 36+ =

n— 6] > |6"|
n—6=0
Dé thay chi c6 n = 6 thod. Vay m = 36. O

= Mi+1

Do (6:7)=1=n—6:6""= [

Bai 2 (APMOPS 2004): Mot dong cé phat trien theo mot toc do khong doi:
200 con citu an hét c¢é trong 100 ngay.
150 con citu dn hét c6 trong 150 ngay.

Hoi 100 con ctru #@n hét co trong bao nhiéu ngay?

Giai

Gia st mdi con cttu 4n hét 1 “miéng” c6 mdi ngay, vay trong 100 ngay 200 con ctiu sé an hét
20000 “miéng” cd, tuong tu, 150 con citu sé an hét 22500 “miéng” cd trong 150 ngay.
Dt x (don vi: “miéng” c6) 1a lugng ¢6 & dong ¢ ban dau, a 1a téc do moc c¢b (don vi: “miéng”

c6/ngay), t 1a thai gian dé 100 con citu an hét dong cb (don vi: ngay), tit gia thiét, ta co hé:

2 + 100a = 20000 (1)
2 +150a = 22500 (2)
x +at =100t (3)

T (1) va (2) ta suy ra z = 15000, a = 50, vay tit day ta dé dang suy ra ¢t = 300 O.

362
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Bai 3: Mot ngudi cha khi chét dé lai di chiic phan chia gia tai cho cac con la céc dong tien
. X 1 £ . . . b
vang nhu sau : con ca duge 100 dong va 0 s0 con lai , ngudi con thi hai duge 200 dong
I R . .
va 0 SO con lai, ngudi con thit ba duge 300 dong va 10 SO con lai,...... C1t nhu vay cho den

khi gia tai dugc chia hét thi sd tién moi con biang nhau. Héi ngudi cha c6 bao nhiéu dong

tien vang, c6 bao nhiéu con va mdi ngudi duge chia bao nhiéu dong tién vang?

Giai
Goi s6 tién clia cha la z (dong) (z > 0)
—1
Con cé duge 100 + T 0 00
— 100
z—300 -2
Con thit hai duge 200+ = 10
r — 100
z — 100 z =300 - —4

Cho 100 + — 200 + m

Giai phuong trinh trén ta tim dugc x = 8100 nén ¢6 9 ngudi con va moi ngusi con duge 900
dong. O

Bai 4: Mot nhom gom 21 ngudi da di du lich dén cac nude Anh, Phap,Y, trong d6 méi
nguoi di it nhat 1 nuée va khong ai di ci 3 nudc, biét ring:

S6 ngudi da di duge 2 nuée Y va Anh gip doi s6 ngudi da di dude ci 2 nuée Phap va Y.
S6 ngudi di duge Phap va Y lai gip doi s6 ngudi di Anh va Phap.

S6 ngudi chi di Y (khong di Phap va Anh) hon s6 ngudi chi di Anh (khong di Phap va Y)
134 mot nguoi va bang s6 ngudi da di Phap.

Hoi:

a/ Hay tim s6 nguoi di ding 1 nudc.

b/ Hay tim s6 ngudi di it nhat 1 trong 2 nudéc Anh va Phap.

Giai

Goi A, P,Y la tap hop s6 ngudi di dén cac nuée Anh, Phap, Y. Goi z,y, z 1a s6 ngudi chi di
Anh, Phap, Y. Goi ¢ 1a s6 ngudi di c& 2 nuéec Anh va Phap, thi s6 ngudi di Phap va Y 1a 2¢,
con s6 ngudi di 2 nude Y va Anh 1a 4¢.

Theo dé bai ta c6 hé phuong trinh:

r+y+z+Tt=21 (1)

z=z+1 (2)
z=y+3t (3)
Tu(l) =Tt<2l=1t<3
Tu (1);(2);3) =32+4t=22= (t—1):3
Ma0<t<2=t=1
Khi t =1 thi:
r+y+z=14
z=x+1

z=y+3
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Do do (z;y; z) = (5;3;6)
Vay ¢6 14 ngudi chi di dang 1 nuée, it nhat 15 nguoi di it nhat 1 trong 2 nuéc Anh va Phap. O

Bai 5: Mot ngusi di xe dap dién doc duong tau dién vd nhan thiy réng: cit 7 phit c6 1
doan tau chay cling chiéu véi anh ta va ¢t 5 phit ¢6 1 doan tau chay ngudc lai. Héi cach
nhau bao nhiéu phuat thi ¢ ga dau tién c6 1 doan tau khdi hanh? Biét ring, cac doan tau
khéi hanh sau nhitng khoang thai gian nhu nhau va chuyén dong véi van téc khong doi,
khong ding lai bat ki noi ndo trén dudng va ngudi di xe dap dién ciing di véi van téc khong

2

doi.

Giai

Dit ¢ 1a khoang thoi gian xuat phat gitta 2 tau dién (tinh bang phut), x,y lan lugt 1a van toc
cia tau dién va xe dap (don vi do dai/phut, > y), ta ¢c6 khoang cach gitta 2 tau dién la xt.
Gia su khi gap mot tau dién, thi khi d6 xe dap sé cach tau di ngay sau do la xt, theo cong thiic
khi 2 xe di ngugc chiéu, ta c6

vt =5(z+y) (1)

Tuwong tu, ta cing c6
at =7z —y) (2)

T (1) va (2) ta suy ra dude z = 6y, thé vao (1), ta lai c6 6yt = 7(6y —y) =t = —

. 35
Vay 2 tau khdi hanh cach nhau 5 phuat O.

Bai 6: Mot ho nude duge cung cap bdi 3 voi nude. Biét rang néu titng voi cung cap nude
cho ho thi voi thit nhat lam day ho nhanh hon voi thit hai 12 5 gio, voi thit ba lai lam day
ho nhanh hon voi thit nhat 13 4 gio. Con néu voi thit nhat va thi hai cing cung cap nude

cho ho thi thoi gian ching lam day ho bang thoi gian clia voi thit ba. Hoi néu ca 3 voi cling

cung cap nudc cho ho thi ching sé lam day ho trong bao lau?

Giai

Goi thoi gian voi thit ba lam day ho 1a ¢ (gio), t > 0.
Thoi gian voi thit nhat lam day ho 1a ¢ + 4 (gio).
Thoi gian voi thit hai lam day ho 1a ¢ + 9 (gio).
1

—— ho nude va voi thit ba chay dug
—|—4+t—|—9 0 nudc va vol a chay jc

Trong 1 gio, voi thit nhat va thi hai chdy duge ;
Lo
n ho nude.

Theo dé bai,ta c6 phuong trinh:

Tuwong duong:
tt+9)+tt+4)=0t+4)(t+9)
Ta tim dugc ¢t = 6.
Vay trong 1 gig, ca ba voi chay dugce:
1 1

t+4+t—1-9Jr

S
Wl
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Vay néu ca ba voi cling cung cap nudc thi sau 3 gio ho sé day. O

Bai 7: C6 3 doi xay dung cung lam chung mot cong viéc. Lam chung duge 4 ngay thi doi
IIT duge diéu dong lam viéc khac, hai doi con lai cing lam thém 12 ngay nita thi hoan
thanh cong viéc. Biét rang ning suat doi I cao hon ning suat doi II, nang suat doi IIT 1a
trung binh cong ciia nang suat doi I va II. Néu mdi doi lam mot minh mot phan ba cong

viéc thi mat 37 ngay mdi xong. Hoi néu mdi doi lam mot minh thi bao nhiéu ngay xong

cong viéc trén?

Giai
Goi thoi gian dé cac doi I, II, III lam riéng xong cong viéc lan lugt 1a x,y, 2 (don vi: ngay).

Theo dé bai,ta c6 hé phuong trinh:

;

1 1 1 1
4<—+—+—)+12(—+—):1 (1)
x Yy z x oy
11
S
Lee @)
1 1/1 1
e 3
z 2(93+y> )
x+§+z_37 (4)

2 1 2
Tfr(l)va(3)tacc’):4(—+—)—|—12.—:1(:>z:36
z oz z

1 1 1 .
T (3) ta suy ra - + ; =g két hop véi (4) ta sé co:

x+y=75
xy = 1350

Do d6 x,y la nghiém ctia phuong trinh: 22 — 752 + 1350 = 0 = x; = 30 va x5 = 45
Vay thoi gian can dé cac doi I, 11, 11 hoan thanh cong viéc lan lugt 14 30 ngay, 45 ngay, 36 ngay.O

Bai 8: Trong ky thi hoc sinh gidi clia truong, néu sap mdi phong thi 22 hoc sinh thi thita

1 em, néu gidm 1 phong thi thi s6 hoc sinh dugc chia déu cho mdi phong. Tinh s6 hoc sinh

tham gia ky thi biét ring mot phong thi khong chita qua 40 hoc sinh.

Giai

Goi s6 phong thi la z (x € N, don vi: phong).

Theo dé bai, néu sdp mdi phong thi 22 hoc sinh thi thita 1 em nén tong s6 hoc sinh 1a 222 + 1
(em).

S6 phong sau khi giam la x — 1 (phong).

Do ltic nay s6 hoc sinh chia déu cho mdéi phong nén 22z + 1 : x — 1

Ma 22z +1=22(x —1)+23=23:2—1= 2 =2 hodcz =24

Tai x = 2, s6 hoc sinh ¢6 1a 45 em, khi ay s6 hoc sinh ¢ mdi phong sau khi giam 1 phong 1a 45
em (trai voi gid thiét).

Tai = 24, s6 hoc sinh ¢6 1a 529 em, diéu nay phu hgp véi dé bai.

Vay c6 tat ca 529 hoc sinh. O



Puu Luc 2: PHUONG TRINH VA CAC NHA TOAN
HOC NOI TIENG

I. LICH SU PHAT TRIEN CUA PHUONG TRINH

C6 may cach giai phuong trinh bac hai?

Lich st phuong trinh bac hai bat ngudn tit nén van minh Babilon c¢o dai (khodng 1800 nam
trude cong nguyen). Lic d6 ho da biét cach gidi tat cd cac phuong trinh bac hai nhung khong
dién dat trong tap s6 thuc.

Vao khodng 1500 nam truée cong nguyen,trong mot tdc pham ciia ngusi Ai Cap vé cac bai

toan cu thé da cé nhitng vi du vé giai phuong trinh bac hai.

Truong phai Pythagores (thé ky VI trude cong nguyén) da gidi phuong trinh bac hai biang hinh
hoc va vé sau ngudi ta goi 1a phuong phap Pythagores.

O thé ky III trude cong nguyenngudi Hy Lap c¢o dai da bién viéc gidi phuong trinh bac hai
thanh co sé cho toan bo hinh hoc ctia ho va dé c6 thé lam viéc trong tap hop s6 thuc,ho da thay
thé cac tinh toan ctia ngusi Babilon bang cac phép dung hinh bing thudc thing va compa.Tuy
vay ho chi tinh toan tap hgp s6 hitu ty duong,cho nén c6 nhiéu phuong trinh bac hai ho khong
gidi duge.Phéi cho dén thé ky XVI khi xuat hién s6 phiic thi méi gidi duge tat ca cac phuong
trinh bac hai.

o) Trung Hoa co dai,cach giai phuong trinh bac hai cling duge trinh bay trong bo sich “Sach
toan chin chuong”,trong cuén “Truong Khau Kién toan kinh” va trong cuén “So6 thu cttu chuong”.

Ngusi Hindu thia nhan mot phuong trinh bac hai ¢6 161 giai thyc thi ¢6 hai nghiém hinh
thitc.Ho thong nhat phép giai dai s6 cac phuong trinh bac hai bing phuong phap bo sung binh
phuong quen thudc,do vay ngay nay phuong phap nay dudc goi la phuong phap Hindu.

Nhu & thoi ¢6 dai,ngusi Babilon,ngusi Ai Cap,ngusi Hy Lap,ngusi trung Hoa,... da biét cach
gidi phuong trinh bac hai nhung cong thitc nghiém thi mai dén nam 825 nha toidn hoc Al-
Khowarizmi méi lap duge.Ong da gidi phuong trinh bac hai bing dai s6 va hinh hoc.Ong viét:

P\ _ P’
2?2 + pr + ¢ = 0 thanh <:c+§> =74
T d6 ong da tim dugc nghiém:
)
b b
N Y L
TV
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Vé sau ong lai giai theo cach khac,ong dat z = x + g va thay vao phuong trinh dau dé dugc

2
2 p
N O =0

Viéc giai phuong trinh nay tré thanh don gian.
Trong chuong trinh dai s6 16p 9 da c6 cong thitc tinh nghiém ctia phuong trinh bac hai dang
chinh tac ax? + bz + ¢ = 0 bang cach dit A = b? — 4ac Néu A < 0 thi phuong trinh vo nghiém.
Néu A = 0 thi phuong trinh c6 nghiém kép:

b

n=m=g

Néu A > 0 thi phuong trinh c6 hai nghiém phan biét:

—b+ VA

I =
2a
—b— VA
Lyg = ———
2a

Francois Viete (1540-1603) ngudi Phép da dua ra hé thic cia hai nghiém nay:

b
T+ L9 = ——
a

C
T1T2 = —
a

Hé thiic nay vé sau dugc mang tén ong (hé thic Viete).

Francois Viete (1540-1603)

Ngoai ra con c6 cac cach gidi phuong trinh bac hai bang hinh hoc sau day: cach cia Sir
John Leslie (1766-1832). ngudi Anh trong cudn “Cac co sé ctia hinh hoc”, cach ciia Thomas
Carlyde (1795-1881) ngudi Anh, hoc tro cta Leslie,...

Phuong trinh vo dinh bac hai 2 an y?> = az? + 1 trong dé a la s6 nguyén duong khong chinh
phuong duge Brahma Gupta va Bhaskara nguoi An Do giai. Nguoi ta goi la phuong trinh Pell.
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Ly thuyét day dua vé phuong trinh duge Joshep-Louis Lagrange (1736-1813), ngusi Phap hoan
tat vao 1766-1769.

Cudc thach dé chan dong thé gidi toan hoc

Nhu ching ta da biét, viéc tim 16i gidi cho phuong trinh bac 3 1a kha phiic tap va cong thiic
nghiém la kha cong kénh.

Trong mot ban Babilon tim thay c6 cac gia tri cia n® +n? v6i n = 1 dén n = 30 va nhu vay
ching ta cling tim dugc nghiém ctia 30 phuong trinh bac 3 dac biét. Nha toan hoc Neugebauer
tin riing nguoi Babilon hoan toan c6 thé quy mot phuong trinh bac 3 tong quat vé dang “chuan”

2+ =c

O Trung Hoa, bo sach “Chitc ¢d toén kinh” ctia Vuong Hién Chuong viét vao dau thoi Dudng
(thé ky VII) c6 néu cach giai phuong trinh bac 3 tong quat bing dai s6. Trong bo sach “S6 thu
cttu chuong”, Tan Cltu Thiéu cling dua ra phuong trinh bac 3. Nhung sau d6, ngudi Trung Hoa
da qua cht ¥ dén phuong phap dai s6 trén ban tinh, ma it chd ¥ st dung cac ky hieu dai s6
nhu dang dung, do vay tit thé ky VII nén toan hoc Trung Hoa bat dau lac hau so v6i Phuong Tay.

Omar Khayyam (1048-1122) & Khorasan da giai phuong trinh bac 3 bang hinh hoc mot cach

doc dao.

Sau Al-Khowarizmi da c6 nhiéu nha todn hoc di tim cach gidi phuong trinh bac 3 mot cach
miét mai. Nhung trai qua sudt 7 thé ky, ngoai viéc tim duge cach gidi ciia nhitng phuong trinh
khac thi khong c6 buée tién nao cho viéc gidi phuong trinh bac 3. Vi vay da c6 ngudi t6 ra
chan néan, cho ring phuong trinh bac 3 c6 thé khong cé thyc. Nhung gido su Scippionel del
Ferro (1465-1526) nguoi Italia, Truong dai hoc Téng hop Bologna thi khong nhu vay. Ong van
tiép tuc con dudng clia minh la dé tam miét mai nghién citu van dé héc bia lac bay gio 1a giai
phuong trinh bac 3. Troi da khong phu ong, vao mot ngay “khong thé tin dugce”, ong da tim ra
bude dot pha va dén nam 1505, ong tuyen b6 da tim ra cach gidi dic biet cho phuong trinh:

2% + mx =n (v6i m,n > 0)

Vao thoi d6, moi ngudi déu giit bi mat cach gidi ctia minh, vi vay viéc Ferro gitt kin bao bdi
ciing 1a diéu khong c6 gi la. Nhung dang tiéc 1, ong da khong cé dip nao dé cong bd thanh
tuu ctia minh. Mai dén khi sip qua doi, ong méi dé lai bi mat nay cho ngudi con ré tin can la

Anabel Nova. Nhung vé sau, mot mon sinh ctia Ferro 1a Antonio Fior da 1ay cap bao bdi clia ong.

Trong truong phai Italia thi Fontana (1500-1557) ctiing di tién phong trong viéc tim cach giai
phuong trinh bac 3.
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Niccolo Tartaglia (1499-1557)

Bay gio lai néi dén mot nha todn hoc khac, d6 1a Niccolo Tartaglia (1499-1557). Thoi tho
au clia ong troi qua that nang né. Ong sinh ra & Brescia mién bac Italia nén duge goi 1a Niccolo
cua Brescia va thuong duge goi la Tartagli vi liic nhéd ong bi quan Phap lam hai da man. Lic
ong méi 13 tudi thi quan Phap tran vao Brescia. ong ciing v6i ngudi cha (ldc d6 1a ngusi dua
thu) va dan chiing chay trén vao ngdi nha ths dé an nhung quan Phap rugt theo va tham hoa
da xdy ra: ngudi cha bi giét chét con cau bé bi chém vao ham va miéng. Vét thuong 6 vom
miéng lam ong néi nang rat khé khan nhung ong c6 tu chat thong minh lai ham hoc. Sau khi
me ong qua doi, ong phai tu di tim dudng séng cho minh. Ong hoc vat 1y, toan hoc va t6 1o tai
nang rat sém, duge nhiéu nguoi thoi dé kinh phuc.

Vao nam 1530 mot nha toan hoc da dua ra cho o6ng hai cau héi mang tinh théach thic, nham
ha uy tin cta ong:

1. Tim mot s6 ma lap phuong cting véi 3 lan binh phuong thi bang 5.

2. Tim ba s6 ma trong d6 s6 thit hai 16n hon s6 thit nhat 1a 2, s6 thit ba 16n hon s6 thit hai 1a
2 va tich cia ching 1a 1000.

Day thuc chat 1a tim nghiém ctia phuong trinh bac 3, véi phuong trinh & cau hoi 1 la:
23+ 322 — 5 = 0 v cau hoi 2 1a: 2® + 622 + 8z — 1000 = 0 Ong da tim duge nghiem cia
ca hai phuong trinh nay nén 6ng ngay cang noi tiéng.

Cac mon sinh ctia Ferro ciing tuyén bo da giai duge phuong trinh bac 3. Khong ai chiu ai nén
cudi cling cac nha toan hoc Italia quyét dinh md cuoc thach dau gitta hai bén, méi bén dua ra

30 bai toan lam trong 2 gid.

Sap dén ngay thi, Tartaglia cAm thay nao nting vi ong la ngudi tu hoc, sg khong bao vé duge
cach giai ctia minh. Ong suy nghi rat nhiéu, dua ra nhiéu phuong an khéc nhau va trude ngay

thi 8 ngay, ong da tim ra phuong phap méi dé giai phuong trinh bac 3.
Ong hoc thuoc cach gidi méi va nghi ra 30 bai toan ma chi ¢6 cach giai nay mdéi thue hien duge.

Vao ngay 22/2/1535, cac nha toan hoc kéo vé thanh phé Milan dé dy cude so tai. Ba chuc bai
toan ma mdi bén dua ra déu 1a phuong trinh bac 3. Tartaglia da giai 30 bai toan ma d6i phuong
dua ra trude gio quy dinh, trong khi nhém mon sinh Ferro khong gidi duge bai nao trong so
30 dé toan ctia Tartaglia. Nhu vay cuoc thi két thic va phan thang tuyét doi thuoc vé Tartaglia.
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Girolamo Cardano (1501-1576)
Tin tidc dude truyén di lam chan dong ca gidi toan hoc. O thanh phé Milan ¢c6 mot nguvi ding

ngoi khong yén, dé 1a Girolamo Cardano (1501-1576). Ong khong chi 1a thay thubc ndi tiéng
kh&p chau Au, ma con 1a mot nha toan hoc tai ba, day toan va ¢6 nhiéu cong trinh nghién ciu
vé toan hoc. Ong chuyen tam nghién citu phuong trinh bac 3 nhung chua c¢6 két qua. Cho nén
khi nghe tin Tartaglia da gidi duge phuong trinh bac 3, ong hy vong sé duge hudng mot phan
thanh tyu cia Tataglia.

Lic nay Tartaglia da ndi tiéng khdp chau Au nhung ong lai khong mudn cong bd rong rai cong
trinh ctia minh. Ong chi viét lai trong tac pham “Nguyeén téic hinh hoc”, cho nén trong tii sach

ctia nhiéu ngudi kho long c¢6 duge tac pham ciia Tartaglia.

V6i thai do chan tinh, hiéu hoc, sau nhiéu lan Cardano dé nghi, nam 1539 Tartaglia dong ¥
truyen lai nhitng bi quyét cho Cardano. Nhung Cardano da khong ton trong 10i hita, nam 1545
da gidi thieu cach giai phuong trinh bac 3 véi 161 gidi thich ctia minh trong cudén “Ars magna’”.

Cardano viét:

“Khoang 30 nam truéec, Ferro da tim dugc phuong phap giai nay, da truyeén lai cho ngusi khac
va da tung tranh luan véi Tartaglia, Tartaglia cing phat hién duge phuong phap nay. Toi da
nhiéu lan dé nghi thiét tha va cudi cuing Tartaglia da truyén dat cho toi phuong phap giai
nhung lai khong chi cho t6i phuong phap chitng minh, vi vay budc téi phai tim ra nhiéu cach

chiing minh. Vi né rat kho, toi xin mo ta né nhu sau:. . . ”

Sau d6 cuoc tranh cai vé ban quyen cach giai nay da nd ra gay git nhung cudi ciing 1é phai da
chién thang v ngusi ta cong nhan 15i giai do la ctia Tartaglia. Tuy vay Cardano van noi tiéng
nho cong bd cach giai nay.

Vé sau Cardano con dua ra cach giai khac cho phuong trinh 23 + mx = n véi m,n > 0 nhu

sau: Diat © = v + v thay vao phuong trinh duge:
w4+ v* + Buv +m)(u+v) —n=0
Viéc giai phuong trinh trén tuong duong viéc giai hé phuong trinh:

3uv+m =0

w+vd—n=0
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hoac
3

9 m
w® —nw — o7 = 0
Trong mot cudén sach ctia Trung Qudc lai néi rang, sau 2 nam Cardano cong bo cach gii
phuong trinh bac 3 thi trong bai “Nhiing cau hoi va phat minh”, Tartaglia da phé phan thai do
thiéu trung thuc ctia Cardano va yéu cau thanh phd Milan to chite tranh luan cong khai véi
Cardano. Dén ngay gip nhau dé tranh luan thi khong phai Cardano ma lai 1a mot hoc tro tai
ba ctia Cardano, d6 1a Lodovico Ferrari (1522-1565). Ferrari khong nhiing ndm duge cach giai
phuong trinh bac 3 ma con gidi duge phuong trinh bac 4 nén Tartaglia da chiu that bai. T d6

Tartaglia nhu bi vét thuong long va 6m han dén lic chét.

Trong cudn “Lich stt toan hoc” ciia Howard Eves ngusi My xuat ban nam 1969 lai viét: “. . .
nhitng 16i phan d6i manh liét ctia Tartaglia dén tai Ferrari nén nguoi nay da lap luan cho thay
ctia minh rang, Cardano c6 dugce thong tin can cho minh tit Ferro qua mot ngudi thit ba va len
an Tartaglia 1a &n cip ¥ tit cing mot nguon do. . . 7

Cho dit cac 15i don théi nhu thé nao nhung cudi ciing 16i gidi duge luu truyén dén ngay nay

vGi tén goi chung la cong thitc Cardano-Tartaglia:

3 n+\/<n>2+<m>3 3/n \/<n>2+<m>3
r=\/= — — ) —1/=- — —
2 2 3 2 2 3
Ciing can n6i thém rang, cong thiic trén 1a cong thiic nghiém ctia phuong trinh bac 3 chua day
dt. Tuy nhién, tit phuong trinh bac 3 day du (chinh tic hay hoan chinh):

ar® + b’ +cx+d=0

dén phuong trinh z? +mx = n chi can dat:

b
y=x+ 34
Nam 1572, Bombelli cho cong bd mot cudn sach dai s6 gop phan dang ké vao viéc giai phuong
trinh bac 3. Trong cac sach gido khoa vé 1y thuyét cac phuong trinh cho biét rang, néu
n\ 2 m\ 3
(§> + (§> 13 am thi phuong trinh 2® + ma = n c¢6 3 nghiém thyc. Nhung trong truong
hop nay, cac nghiem dé dudce biéu thi bang hiéu clia hai cin bac 3 clia cac s6 phic lien hop.
Diéu tudng chitng bat thuong nay goi 1a “truong hgp bat kha quy ctia phuong trinh bac 3”7 da
lam ban tam dang ké cac nha dai s6 hoc thoi xuwa. Bombelli da chi ra tinh thuc clia cic nghiem
thoat nhin 14 khong thyc trong trudng hop bat khé quy.
Trong cudn “Canon mathematicus seu ad triangula” ctia Viete xuat ban nam 1579, tac gid co6
gdi ¥ mot cach giadi bang lugng giadc cho truong hop bat kha quy ciia cdc phuong trinh bac 3.

Trong luan van ctia Viete thay c6 cach gidi rat dep sau day cho phuong trinh bac 3:
23 + 3ax = 2b
Phuong trinh trén 1a mot dang ma phuong trinh bac 3 nao ciing c6 thé quy vé duge. Néu dat:

a
T=—-—y
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thi phuong trinh trén tré thanh:
Yo+ 20y° = @?

Day la phuong trinh bac 2 clia y3, ta c6 thé tim ra y roi sau dé 1a z.
Vé phuong trinh z2 4 3ax = 2b thi Isaac Newton (1642-1727) cling c6 cach giai.

Nhitng vinh quang sau khi da qua daoi

O chau Au dén thé ky XVI, khoa hoc tu nhién da phét trién rat nhanh chéng. Truyén thuyét
ton gido cho rang, Thuong Dé sinh ra thé gidi va Trai Dat c6 hinh vuong. Nhitng phét kién dia
ly cta Christophe Columbus (1451-1506), Fernand de Magellan (1480-1521) va nhiing ngusi
khac da chitng minh day da rang Trai Dat c6 hinh cau, d6 la diéu khong thé chéi cai duge.
Phat minh vé dia 1y ctia Galileo da dem lai cho nhan loai nhitng nhan thiic méi vé vii tru. Toan
hoc dugc suy ton 1a “nit hoang” clia khoa hoc ti nhién. T thé ky XVI dén thé ky XVIII xuat
hién hang loat cac nha toan hoc kiét xuat, ho da dua nén toan hoc lén mot dinh cao mdi. Sy
xuat hién phuong phap toa do, ing dung clia sé phiic, sang tao ra vi-tich phan,... di két hop
nghién citu thé gidi khach quan trong trang thai tinh va dong.Vao thoi gian d6, ca chau Au
gan nhu da bé lai ding sau sy tri tré clia thoi Trung Co. Trong tién trinh phét trién dé,toan

hoc ludn di tién phong.

Nhung 6 nhanh phuong trinh dai s6 thi tinh hinh lai khong hoan toan nhu vay. Do cudc thach
d6 chan dong ca thé gidi toan hoc vao dau thé ki XVI nén ngudi ta da tim duge cach gii
phuong trinh bac ba, bac bén. T gitta thé ky XVI trd di, ngudi ta bat dau di sau nghién citu
phuong trinh bac nam. Cac nha toan hoc da phan tich ti mi cach giai phuong trinh tir bac hai
dén bac bon. Néu mot phuong trinh c6 nghiém viét duge bang cong thitc dai s6 cia cac hé s6
thi dugce goi 1a phuong trinh gidi duge bang can thitc. Trude thoi Bombelli va Viete nguoi ta
da xéac dinh dugc cong thitc tong quéat dé tinh nghiém ctia phuong trinh tit bac 1 dén bac bén.
Khong bao lau, sau khi gidi duge phuong trinh bac ba thi phuong trinh bac bén tdng quat
ciing c6 cach giai dai sé. Viéc giai phuong trinh bac bén tong quat quy vé viée gidi mot phuong
trinh bac ba lien két.

Nam 1540, Zuanne de Tonini da Coi nguoi Italia da dé nghi Cardano giai bai toan dan dén
phuong trinh bac bén nhung Cardano khong gidi duge, ma hoc tro 1a Ferrari lai gidi duge va
sau d6 Cardano da cong bo cach gidi nay trong cuén “Ars magna’” clia ong.

Céch giai ctia Ferrari viét gon theo cach ky hieéu hién nay nhu sau: bién déi don gidn sé quy

mot phuong trinh bac bén chinh tic (day du) vé dang:
4 pr?+qgr4+r=0
Tit phuong trinh trén, bién doi duge
ot 2p2? + p? = pa? — qr — v + p?

hoac

(2® +p)* = pa* — qu —r +p°
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Véi y bat k¥, tit phuong trinh trén ta co:

(@*+p+y) =pr® —qv—r+p*+2ya* +p) +y° = (p+2y)a* — gz + (p° — 7+ 2py +°)
Bay gio ta chon y dé vé phai ctia phuong trinh trén la mot binh phuong.

Day la truong hop khi: 4(p+2y)(p—r —2py +y) —q =10

Day la phuong trinh bac ba ctia y nén da tim dugce cach giai. Mot gia tri ctia y nhu vay sé quy
phuong trinh bac bén lic dau vé viéc chi phai 1ay cac can bac hai.

Mot cach khac bang dai s6 duge Viete dé xuat va mot cach nita do Descartes dua ra nam 1637
nhung trong nhiéu sach gido khoa dai hoc da c6 thi cach gidi ciia Viete ciing gidong nhu cach
giai cua Ferrari.

Nha toan hoc Vanmec nguoi Tay Ban Nha cling da gidi duge phuong trinh bac bén nhung tén
bao chiia Tuocmacvada da thiéu chét ong vi theo han, ong da lam trai ¥ Troi: phuong trinh
bac bon khong hgp véi kha nang clia ngudi tran tuc-dé 14 ¥ mudn ctia Troi.

Vi viéc gidi phuong trinh bac bén tong quat duge thuc hién tuy thudce vao viec giadi phuong
trinh bac ba lien két, nén nam 1750 Euler da c6 gang lam diéu tuong tu 1a quy viéc gidi phuong
trinh bac nam téng quat vé phap giai phuong trinh bac bén lien két nhung da that bai.

Rat nhiéu nha toan hoc cling da vat 6c tim kiém cach gidi phuong trinh bac nam nhung khong
di dén két qua. Trude tinh hinh d6, ngudi ta bat dau hoai nghi 1a liéu c6 ton tai hay khong
mot cong thite tinh nghiém ctia phuong trinh bac nam tong quéat.

Nam 1778, nha toan hoc Lagrange da md duge mot dau mdi quan trong. Ong da tap trung
tim kiém cong thiic chung dé gidi cdc phuong trinh tit bac hai dén bac bén, vi ong cho ring,
néu tim duge cong thitec chung dé thi sé suy luan dé tim dugc cach giai phuong trinh bac nam.
Nhung cudi cling ong da phat hien thay nghiém ctia mot phuong trinh da biét c6 thé duge bicu
thi bang mot ham s6 ddi xitng clia mot phuong trinh hd trg khac. Phuong trinh hé trg nay
dugc ong goi 1a cach gidi du kién. Dung cach giai du kién nay, ong da st dung dé gidi phuong
trinh bac ba, bac bén nhung khi dén phuong trinh bac nam thi ong danh chiu. Mot tia sang
lai 16e trong dau ong: cong thic nhu vay la khong thé ton tai duge, nhung ong lai khong thé
chiing minh diéu nay.

Joshep-Louis Lagrange (1736-1813)
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Phuong phép tong quat bién déi mot phuong trinh da thiic bac n déi véi 2 thanh mot phuong
trinh bac n d6i véi y, trong d6 cac he s6 ctia y" !, y"~2 déu bang 0 dugc Tschirnhausan (1651-
1708) dua ra. V& sau phép bién ddi phuong trinh bac nam nhu vay, trong d6 cac hé sé clia
y*,y3,y? déu bang 0 da duge Brings (1736-1798) dua ra nam 1786. Diéu nay déng vai tro quan
trong trong viéc gidi phuong trinh bac nam bang ham eliptic. Nam 1834, Jerrard (mat 1863)
lai chitng minh duge hé s6 ctia y™2 ciing bang 0.

Trong cac nam 1803, 1805, 1813, nha vat 1y Paolo Ruffini (1765-1822) nguoi italia da dua ra
mot cach chiing minh vé mot diéu ma ltc bay gio dugde coi 1a mot sy kién, dé 1a nghiém ctia
phuong trinh tdng quat bac nam hodc bac cao hon déu khong thé bicu thi duge bang céc can
thiic theo cac hé s6 cia phuong trinh do.

Loai nguoi ditng trude sy thach thic ve tri tué hét doi nay dén doi khac, cho dén khi xuat
nhién nha toan hoc tré tudi Niels Henrik Abel (1802-1829) ngusi Na Uy. Ong la ngudi rat can
dam. Ngay tit thud nho, ong da bat dau tim 10i gidi cho phuong trinh bac nam. Nho quyét tam
chién thang dén cling nén vao nam 1824 (Iic ong 22 tudi), ong da chiing minh duge mot cach
tong quat rang, phuong trinh bac tit 5 trd len 1a khong thé co cach giai kiéu can thite. Véi tri
tué clia tudi tré, ong da tuyen bd véi thé gisi mot cach chan 1y: tri tué clia con ngudi la bat
kha chién thiang.

Nhung con dudng thanh cong ctia Abel hét siic gap génh. Tuy c¢6 nhitng thanh cong trong thoi
gian ngan ngti nhung nhing gi 1a dau kho con niang né hon. Nhitng vinh quang ctia ong hau
hét dén sau khi ong qua doi.

Ong sinh ra trong mot gia dinh muc su ¢ nong thon. Cha me ciia 6ng lai dong con va ngheo.
Trong s6 7 anh chi em, 6ng la ngusi anh tht 2. Nam 13 tudi, ong duge dua vao trong truong
dong. Ngay tir dau ong da rat hitng tha véi todn hoc. Nam 1817, trong trudng da xay ra mot
st kien dac biét, trong mot dem da thay doi cd cude doi ong. Thay day toan ciia ong, do ngugc
dai hoc tro nén da bi sa thai. Thay thay gido cii 14 thay Homlboe (sinh nam 1795) méi 22 tuoi.
Thay Holmboe di nhanh chéng phat hién tai ning toan hoc ctia Abel. Khi Abel néu ra quyét
tam tén cong vio phuong trinh bac nam, nhidu ngusi ché didu, cho ring “Beh nhai lam sao

lai doi an thit thién nga”. Vay ma Holmboe lai rat ing ho Abel, dong vién 6ng c6 gang vuon lén.

Niels Henrik Abel (1802-1829)
Nam 1821, Abel thi dau vao trudng dai hoc. Dé thuc hién ¥ tudéng ctia minh, ong theo hoc
thay Gauss. Ban dau o6ng hoc theo cach clia nhitng nguoi di trude, di tim cach giadi dap mot
cach chinh dién. Sau nhiéu ngay thang miét mai, nam 1824 ong da chiing minh 14 phuong
trinh tong quéat bac nam khong thé c6 cong thic nghiem bang can thic. Didu lam ban tam

buoc loai ngudi phai suy nghi sudt 2 thé ky, cudi cing da duge mot thanh nién khong co
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tiéng tam gidi quyét. Tuy nhién, dieu Abel néu ra da khong dude cac tap chi toin hoc dang
tai, buoc ong phai tu bé tién ra in an. Nhung nhitng dau kho cia 6ng khong vi thé ma gidm bét.

Nam 1825, Abel dén nhiéu nuéc chau Au va da go cita nhiéu noi nhung khong & dau coi ong ra
gl ca, ké ca nhitng noi duge goi 1 “vuong qubc toan hoc”. Cudi ciing 6ng dén Berlin. Rat may
mén, ¢ day ong da dude k¥ su Klaye hiéu duge § tudng ciia ong. Tuy Klaye khong hic¢u hét noi
dung ma Abel trinh bay nhung Klaye lai hi¢u duge ning lic to 16n ciia Abel. Nam 1826 Klaye
da giup Abel cho ra doi tap chi “Li luan va toan hoc”. Ba s6 dau ciia tap chi da dang 22 bai
phét biéu ctia Abel, gidi thiéu céc cong trinh nghién cttu toan hoc ctia Abel. Nhitng thanh tuyu
xuat sic ctia Abel dan dan thu hit su chit ¥ clia gi6i toan hoc chau Au. Chinh vi vay ma tap

chi nay noi tiéng cho dén tan ngay nay.

Thang 5/1827, v6i tam long thuong nhé qué huong To qudce, Abel trd vé thi do Otslo. Tuy
nhién, & queé huong thi ong lai khong tim duge cong viec gi thich hgp. Thang 9/1828 bon vien
si han lam khoa hoc Phap da yéu cau vua Salo XIV gitp d& vat chat, tao diéu kien dé Abel
nghién citu khoa hoc. Nhung do vat va qua do ma bénh lao clia ong lai tai phat, de doa dén

tinh mang ctia ong. Ngay 6/4/1829, ngoi sao sang ruc trén bau troi da tat lan.

Ngay 9/4/1829, nguoi than trong gia dinh da nhan duge mot biic thu tir Berlin giii dén véi noi
dung:

“Ong Abel kinh mén!

Truong ching toi quyét dinh ton vinh o6ng 1a gido su toan hoc ciia truong.

Chiic ming vinh dy dé ctia ong!”

Nhung bitc thu nay da dén cham, ong da qua doi truée dé 3 ngay.

Ngay 28/6/1830, Vién han lam khoa hoc Phéap da trao giai thudng 16n cho Abel.

D6 1a nhiing vinh quang sau khi ong qua dai.

Lai c¢6 cau chuyén vé viec Abel gidi phuong trinh c6 bac rat 16n nhu sau: vi dai st Ha Lan c6
lan da néi déc v6i vua Henry IV ring, nuéc Phap khong c6 nha toan hoc nao cé thé giai duge
bai todn do Adrianus Romanus (1561-1615) ngudi Ha lan dat ra ndm 1593, vi bai toan nay doi
hoéi phai biét cach gidi mot phuong trinh bac 45. Viete dugc trieu dén. Sau khi xem xét bai
toan, ong nhan ra mdi lien hé lugng gidc dic biet va dua ra 2 nghiém, sau d6 thém 21 nghiém

nita.
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TIEU SU MOT SO NHA TOAN HOC NOI TIENG

Mot cudc doi trén bia mo

Ngudi ta khong biét gi nhidu vé cude doi ctia nha toan hoc ¢d Hy Lap 1a Di-6-phang (Diophante):
Ong sbéng & thé ki III truée Cong nguyen, sinh ¢ A-léch-xing-dri, da dé tam nghién citu sau vé
phuong trinh va tém tat cuoc doi minh bang nhiing hang chit trén bia mo nhu sau:
“Hai du khach! Noi day yeén nghi mot nguoi tén 1a Di-6-phang. Va nhitng con s6 nhiém mau
¢6 thé sé néi cho ban biét vé nhitng thang ngay dai ctia doi ong. Ong da séng tho ngay trong
mot phan sau cuoe doi. Mot phan mudi hai cude doi nita, cam o6ng da lin phan rau. Thém mot
phan bay cuodc doi, 6ng mang nhan cuéi trén tay va 5 nam sau, duge mot dia con trai xinh
x#n. Than 6i, di1 rat duge thuong yéu, ngudi con nay da chét khi anh ta vita bang nita tudi tho
ctia cha. Qua dau khd, nguoi cha bat hanh chi séng them bén nam sau cai chét ctia con.
Ban hay néi di: ong ta tho bao nhiéu tudi va cudc doi ong ra sao?”.
Theo ngon ngit phuong trinh thi khi dat tudi tho ctia Di-6-phang 1a an s6 z, “phién dich ting
cau trong 16i trén bia mo, ta sé dugc phuong trinh sau:

S A Yy

6 12 7 2
Giai phuong trinh nay, ban dé dang tim dugc x = 84. Vay Di-6-phang da soéng 84 nam. Thoi
nién thiéu ctia ong (84 : 6) 1a 14 nam, Vi 84 : 12 = 7 nén ong “c6 rau” lic 14 + 7 = 21 (tudi).
Lai do 84 : 7 = 12 nén ong lay vo lic 21 + 12 =33 (tudi). Ong c6 con trai lic 38 (tudi). Vi
ngudi con chi séng bang nita tudi tho ctia cha nén anh ta chét lac 42 tudi. Khi dé, ngudi cha
da 38 + 42 = 80(tudi). Va ong nham mét lia doi lic 80 + 4 = 84 (tudi).

That 14 mot tam bia doc dao!

Chi vi 1é sach qua hep!

Ngay tit thoi cd ngudi ta da biét tam gidc c6 ba canh 3, 4, 5 (don vi dai) 1a tam giac vuong vi
3% + 42 = 5? ngoai ra, c6 vo s6 s6 nguyén duong khac thdéa man phuong trinh 22 + y? = 22.
Chang han cac bo ba s6 6; 8; 10 hay 5; 12; 13... Ta déu biét day la cac s6 Pi-ta-go. Tit phuong
trinh nay, da ndy ra y nghi: lieu c6 tim dudc cac bo ba sé6 nguyén z,y, z théa man phuong
trinh 2" 4 3" = 2" (n la s6 tu nhién 16n hon 2) hay khong. Y nghi ngay lan dau tien da duge
Di-6-phang xem xét ki, vi vay phuong trinh dé ¢6 tén goi la phuong trinh Di-6-phang.

Ngudi ta da chiing minh duge 1a véi tat ca cac sé n tit 3, 4... dén 4000, chang c6 cac s6 nguyén
x,y, z ndao nghiém dung phuong trinh Di-6-phéang ca. Riéng Pi-e Phéc-ma (Pierre Fermat, 1601-
1665) mot nha toan hoc Phap, nguoi da ting cuing véi Pa-xcan tim ra phép tinh xac suat, da
manh dan nghi ngd: Phuong trinh Di-6-phing sé luon luon vo nghiém, du n la bat ct s6 tu
nhién nao.

Nam 1637, Phéc-ma viét bén 1é cuéng sach ctia Di-6-phang rang ong da tim dugc cach chitng
minh rat ki diéu diéu nghi ngd néi trén ciia minh 1a dang, nhung khong ghi ra duge chi vi. ..
lé cudén sach qua hep.

T d6 dén nay, hon ba tram nam troi qua, nhiéu nha toan hoc tén bao cong sic dé roi van

chiu bo tay trong viéc di tim chiing minh ctia Phéc-ma.
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(Pierre Fermat (1601-1665)
Diéu nghi ngo néi trén tré thanh mot bai toan lich st noéi tiéng vé phuong trinh Di-6-phing
va c6 tén goi bai toan Phéc-ma. Nam 1993, nha toan hoc Ang-dray Oai (Andrew Wiles) ngudi
Anh da chiing minh duge Bai todn Phéc-ma véi cac cong cu toan hoc hién dai va véi hon ...

200 trang giay.

Hai guong mat treé

Lich st ctia Dai s6 trong nhitng trang nghién cttu vé phuong trinh déu gitt mai béng dang ctia
hai chang trai tré thién tai: Ni-en hen-rich A-ben (Niels Henrik Abel, 1802-1829) nha toén hoc
Na Uy va E-va-rit Ga-loa (Evariste Galois, 1811-1832) nha toan hoc Phap. Cling song hoi dau
thé ki XIX, cuoc doi ngdn ngui clia ca hai ngusi cing dé lai nhitng tac pham vo gia cho toan

hoc hién dai.

k-8 ¥ el
(Evariste Galois (1811-1832)
C4 A-ben 1an Ga-loa déu boc 1o tai ning vé toan ngay tir lic con ngoi trén ghé nha truong,
cd hai cling quan tam dén viéc gidi cac phuong trinh dai s6 c¢6 bac 16n hon hai. Tuy khong hé
biét dén viec lam clia nhau, ca hai ciing gtii cong trinh ctia minh dén Vien han lam khoa hoc
Phap, va... cung gip rii ro: Cong trinh cia A-ben bi cat vao ti luu trit, mai lic anh da chét
mdi c6 nguoi vo tinh doc va in ra, con Ga-loa ba lan kién nhan gii t6i mai dén lan thi ba méi
dugc nhan tra lai cong trinh ctia minh véi 16i phé “Khong thé hiéu duge!”. A-ben chét am tham
trong ngheo ting, nhung dé lai tén tudi trong cac “phuong trinh A-ben” va “nhém A-ben” ctia
Ii thuyét nhém. Con Ga-loa chét trong cude quyét dau vi danh du v6i bon khieu khich, dé lai
60 trang thu anh viét trong dém cudi cung, trong d6 trinh bay ngin gon moi két qua quan
trong nhat anh da tim ra khi nghién cttu phuong trinh. La thu dai nay dugce viét bang nét chit

vo ciing héi ha, xen gitta nhung cong thiic toan 1a nhing cau “To6i voi qua”. “Chi con miy tiéng
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dong ho nita thoi”, “Toi khong kip”. ..

Vay ma 60 trang thu d6 da mé ra cho cac nha todn hoc thé gidi vo s6 huéng di, va dé lai mot
Ii thuyét vé phuong trinh dai s6 mot an s6 mang tén 1i thuyét Ga-loa.

Ban hiy nhin lai ndm sinh v nim mat ctia A-ben va Ga-loa: hai guong mat thién tai dé luon

ding canh canh cita md vao lau dai toan hoc hién dai, mai mai tré trung.

Séng hay chét

Vao nam 1927, Erwin Schrodinger da viét ra mot phuong trinh cho nhitng séng lugng tit. N6
phit hop véi nhiing thi nghiém mot cach tuyét voi dong thoi vé nén mot biic tranh clia mot thé
gi6i rat khac la, trong dé nhimng hat so caAp nhu electron khong phai la vat thé ré rang, ma la
nhitng dam may xac suat. Spin ciia electron giéng nhu mot dong tién c6 thé nita sap nita ngita
cho dén khi né roi xuéng ban. Khong lau sau d6, cac nha li thuyét lai lo 1ang khong yén trude
moi tinh chat la lugng ti, vi du nhitng con meéo vita séong vita chét, va nhitng vii tru song song
trong d6 Adolf Hitler 1a ké chién thang cudc chién tranh thé gidi lan thi hai.

Co hoc lugng ti khong bi rang budc véi nhitng bi an triét 1f nhu vay. Hau nhu moi vat dung
hién dai — may vi tinh, dién thoai di dong, may choi game, xe hoi, ti lanh, 10 vi séng — déu
chita nhitng con chip nhé gbc transistor, dung cu c6 sit hoat dong dua trén co hoc lugng ti
cia chat ban dan. Nhitng cong dung mdi cho co hoc lugng t1t xuat hién gan nhu hang tuan.
Céc cham lugng tit - nhitng miéng nhoé xfu ctia mot chat ban dan — c¢6 thé phat ra anh séng
thuoc moi mau sic va duge st dung dé ghi anh sinh hoc, trong dé ching thay thé cho nhing
chat nhuom truyén thoéng, thuong 1a doc hai. Cac ki su va nha vat li dang c¢6 ging phat minh
ra may vi tinh luong tit, mot dung cu c6 thé thuc hién song song nhiéu phép tinh khac nhau,
giéng hét nhit con meo vita song vita chét.

Laser 1a mot tng dung nita ctia ¢ hoc lugng tit. Chiing ta st dung ching dé doc thong tin ti
nhitng 16 nho li ti trén dia CD, DVD va dia Blu-ray. CAc nha thién vin st dung laser dé do
khoang céach tir Trai dat dén mit trang. Tham chi ¢6 thé phéng nhing tén Iita vii tru len ti

Trai dat véi stic déy la mot chum laser manh.

Chuong cubi trong cau chuyén nay c6 xuat xit tit mot phuong trinh gitp chiing ta hiéu y nghia
clia séng. N6 bat dau vao nam 1807, khi Joseph Fourier nghi ra mot phuong trinh cho dong
nhiet. Ong da giii mot bai bao vé néi vé né dén Vien han lam Khoa hoc Phap nhung bi tit chéi.
Vao nam 1812, vién han lam Phap dua van dé nhiét thanh dé tai clia giai thudng hang nam

cua vién. Fourier lai giii mot bai bao dai hon, ¢6 hiéu chinh — va da giat giai.

Cai hap dan nhat ctia bai bio gianh gidi thudéng ciia Fourier khong phai 14 phuong trinh, ma
la cach ong giai n6. Mot bai toan dién hinh 1a tim xem nhiét do doc theo mot thanh mong
thay doi nhu thé nao theo thai gian, cho biét truéc dac diém nhiét do ban dau. Fourier c¢6 thé
giai phuong trinh nay mot cach nhe nhang néu nhu nhiét do bién thién nhu mot séng hinh sin
doc theo chidu dai thanh. Vi thé, ong biéu dién mot diic trung phitc tap hon la sy két hop ctia
nhtng dudng hinh sin véi bude séng khac nhau, gidi phuong trinh cho moéi duong cong hinh sin
thanh phan, va cong tat ca nhing nghiém nay lai v6i nhau. Fourier khang dinh phuong phép
nay dang cho moi dic trung nhiét do bat ki, tham chi ding ca véi truong hop trong dé nhiét
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do c6 gia tri nhay coéc. Tat ci nhitng gi phai lam 1& cong gdop mot so6 vo han nhitng déng goép

tu nhitng duong cong hinh sin véi tan s6 16n dan.

Joseph Fourier (1768-1830)

Dau vay, bai bao méi ctia Fourier da bi chi trich 1a khong du chit ché, va mot lan nita vien
han lam Phép tit chdi dang tai. Vao nam 1822, Fourier phét 16 moi phan déi va cho cong bd
Ii thuyét ctia ong dudi dang mot quyén sach. Hai nam sau dé, ong tu bd nhiem minh lam thu
ki clia vien han lam, di mfi ctia 6ng vao nhiing ké chi trich ong, va cho dang bai bao gbc clia
ong trong tap san cua vién. Tuy nhién, nhitng ngudi chi trich chwa chiu ding lai. Cac nha toan
hoc bat dau nhan ra rang nhing chudi vo han la nhing thi nguy hiém; ching khong luén luon
hanh xtt gibng nhu nhitng téng hitu han, dep dé. Viec gidi quyét nhitng van dé nay héa ra la
hét stic khé khan, nhung phan quyét cudi ciing 1a quan diém ctia Fourier ¢6 thé duge lam cho
chit ché bang cach ngoai suy ra nhitng dac trung rat khong déu. Két qua la phép bién doi
Fourier, mot phuong trinh xem mot tin hiéu bién thién theo thoi gian 14 tong ctia mot chudi
nhing dudng cong hinh sin thanh phan va tinh ra bién do va tan s6 ciia ching.

Ngay nay, phép bién déi Fourier anh hudng dén cudc sdng ctia chiing ta theo vo s6 kiéu. Chang
han, ching ta cé thé stt dung n6 dé phan tich tin hiéu dao dong tao ra bdi mot tran dong dat
va dé tinh ra nhitng tan sé6 ma nang lugng truyén béi mat dat chan dong la 16n nhat. Mot budc
tién t6i xay dung nhitng cong trinh chiu duge dong dat 1a dam bio rang tan sé riéng clia cong
trinh khac véi tan s6 ciia dong dat.

Nhitng ing dung khéac bao gom viéc loai tap am ra khéi nhiing ban ghi am cfi, tim kiém cau
tric cia ADN bang anh chup tia X, cai thién sy thu nhan vo tuyén va ngan can nhitng dao
dong khong mong mudn & xe hoi. Thém mot tng dung nita ma da s6 moi ngudi chiing ta st
dung thuong xuyen ma khong dé ¥, dé 1a chup anh ki thuat sé.

Néu ban tinh xem can bao nhiéu thong tin dé biéu dién mau sic va do sang ctia mdi pixel trong
mot bitc nh ki thuat s6, ban sé phat hién ra rang mot chiéc camera ki thuat sé6 nhoi nhét vao
thé nh6 ctia n6 lugng dit lieu nhidu gap mudi lan cai thé nhé c6 thé chita. Camera lam cong
viéc nay bang cach st dung sy nén dit lieu JPEG gom nam budce nén khac nhau. Mot trong s6
ching 13 mot phién ban ki thuat sé ctia phép bién doi Fourier, né hoat dong véi mot tin hiéu
khong thay doi theo thai gian ma thay doi tit dau nay qua dau kia biic d&nh. Co s6 toan hoc
hau nhu 1a giéng hét. Bon bude con lai tiép tuc lam gidm dit lieu them nita, dén khodng bang
mot phan mudi lugng ban dau.

Day m6i chi 1a bay trong nhiéu phuong trinh ma ching ta bat gap hang ngay, nhung khong
nhan ra ching dang hién dién 6 diy. Nhung su tdc dong ctia nhitng phuong trinh nay déi véi
lich st thi sau sic hon nhiéu. Mot phuong trinh that sy mang tinh cach mang cé thé cé su téc

dong dbi v6i sur ton tai ciia loai ngudi 16n hon cd moi nha vua va hoang hau c6 muu do choan
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day nhitng quyén sit hoc clia chiing ta.

C6 (hoac c6 thé c6) mot phuong trinh, trén hét thay, ma cac nha vat 1f va nha vii tru hoc dat
hét niém tin yéu vao day: mot Ii thuyét ciia tat ca thong nhat co hoc lugng tit va thuyét tuong
déi. Noi tiéng nhat trong s6 nhiéu ting cit vien 1a 1f thuyét sieu day. Nhung nhut moi ngudi chiing
ta deu biét, cdc phuong trinh ciia chiing ta cho thé gidi vat chat c6 1 chi 1a nhitng phién ban
don gidn hoéa khong bat gitt dudge cau tric sau sac clia thiyc tai. Ngay ca néu tir nhién c6 tuan
theo nhitng dinh luat van vat, thi ching c¢é thé khong duge biéu dién dudi dang nhiing phuong
trinh.

Mot s6 nha khoa hoc nghi rang da dén lic ching ta tit bé nhiing phuong trinh truyén thong
dé theo dudi nhitng thuat toan — nhing cong thiic khai quat hon dé tinh toan moi thi, ké ca
viec ra quyét dinh. Nhung cho dén nhitng ngay ay, néu cé, su hiéu biét sau sic nhat ciia ching
ta ve cac dinh luat ctia tir nhién sé tiép tuc c6 dang thic nhitng phuong trinh, va ching ta sé
hoc cach tim hiéu chiing va thich @ng vé6i ching. Cac phuong trinh ¢ thanh tyu clia ching,

Chiing that sy da lam bién chuyén thé gidi va ching sé lai tiép tuc lam thé gii bién chuyén.
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