1/ Evaluate the limit 
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Note that  
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is periodic of period (tuần hoàn với chu kì)
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 since (do đó) it can be written as 
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as npizzo said. For the same reason, its integral over each period (tích phân trên mỗi chu kì) is 
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Now, define 
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 isn't periodic (tuần hoàn) but does satisfy the "stairstep" relationship (quan hệ bậc thang) 
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Now, I claim (yêu cầu) that 
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 has a pointwise limit (giới hạn từng điểm), and this pointwise limit is a step function (hàm bước). This is familiar territory (phạm vi quen thuộc) from working with Fourier series and the Dirichlet kernel. The convergence isn't uniform – sự hội tụ ko đều, of course, since a sequence of continuous functions (chuỗi hàm liên tục) is tending to (dẫn đến) a discontinuous step function, and there's even a little overshoot (vượt quá) at each jump (bước nhảy) (Gibbs phenomenon), but the convergence is nice enough to justify (xác minh) the interchange (sự hoán đổi) of limit and integral below. The particular claim – yêu cầu riêng: 
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(At 
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 we have  
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 for all n which is the midpoint of the jump (điểm giữa của bước nhảy). That will turn out (trở nên) to be unimportant.) 

Now let g(x) be a differentiable function (hàm khả vi) on 
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such that (sao cho) the function and the derivative (đạo hàm) go to zero at infinity fast enough (tại vô cực đủ xa) -  
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 is sufficient (đủ, thoả mãn). (Of course I intend (định dùng) 
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Integrate by parts: 
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since 
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 and g(x)  decays fast enough (giảm đủ nhanh). 

Now take the limit as 
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. We can justify (khẳng định) interchanging the limit (sự đổi cận) and integral (this is a DCT argument, using something like 
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 as the dominating function (hàm ưu thế).) Because the pointwise limit (giới hạn từng điểm) of 
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 is a step function, we break the integral into pieces. 
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So, using 
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we have that the original problem's limit is 
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I know this last sum can be computed in closed form; while I haven't done that computation myself, I will say that npizzo's final answer looks exactly correct to me. 

As for the discrepancy (sự khác biệt) between what npizzo reports from Wolfram Alpha and the answer that he gave himself (and which I think is right): it looks to me that W.A. said that this version of the Dirichlet kernel converges weakly (hội tụ yếu) to the "right hand half" of 
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 But that ignores (bỏ qua) its periodicity (tính tuần hoàn). The actual weak limit is the "right hand half" of 
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n

1

limw(x)kfork0(k1).

2

®¥

æö

=+pp<<+p

ç÷

èø


*/ Evaluate the integral 
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What can you get out of the binomial series (chuỗi nhị thức)? You have to do things differently for 
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Add those together and multiply by x to get 
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In the same way, we get that 

[image: image31.wmf](

)

11

1/4

44812

23

00

234

133.7

1x1xxxdx

4

42!43!

133·73.7.11

1...

20

4.2.94.3!.134.4!.

.

1

.x

7

d

.

+=+-++

òò

=+-+-+

L



Now add the two series together. We do get 9 plus some pretty small stuff (phần dư, phần bỏ đi), so we do see why the answer should be near 9. But it's not really good enough. The "leading" non-integer terms (dạng ko nguyên) of each series, combined (kết hợp, cộng lại), give us 
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 That's too big, by orders of magnitude - we want the error from 9 to be less than 
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 which is asking a lot. Tính theo giá trị thì nó lớn quá, ta muốn sai số của 9 ít hơn 
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. So we need several of these non-integer terms to mostly cancel (đơn giản, loại bỏ) each other out. 
So maybe the binomial series isn't the slickest (hấp dẫn, bóng mượt) estimating approach - there must be something else to do. Vậy có lẽ chuỗi nhị thức ko phải là phương pháp ước lượng hay nhất, phải có thứ nào khác hay hơn.
I have come to the conclusion (kết luận) that this is not a nice problem and does not have a nice answer. Tôi đi đến kết luận rằng đây ko phải là bài toán đẹp và ko có 1 đáp án đẹp.

We have an integral in two pieces; from 0 to 1 and then from 1 to 3. The integral from 1 to 3 is less than the nearest integer value 8 by a smallish but not minuscule amount. 

One other inequality for seeing that: for 
x > 1we have 

Then the integral from 0 to 1 exceed (vượt quá) the nearest integer value 8 by a smallish (1 lượng nhỏ) but not minuscule amount (nhưng ko phải lượng rất nhỏ). 

But somehow (nhưng ko biết sao) these two smallish amounts cancel each other out (ldon97 giản lẫn nhau) nearly perfectly (gần như hoàn hảo); the sum is a truly minuscule distance from the nearest integer – giá trị thực của tổng cách 1 khoảng rất nhỏ so với giá trị tích phân gần nhất. 
Normally one would show something like this by showing how the amounts in question cancel out (mostly) in some algebraic fashion (biến đổi đại số) - but how? Thông thường, người ta sẽ chỉ ra làm thế nào những đại lượng trong câu hỏi đơn giản nhau trong phép biến đổi đại số – như thế nào? I don't see it. Why is that upper limit of integration 3? The most obvious (rõ ràng) things you'd do to the interval (0, 1) by way of substitution don't map it onto (1, 3). Rõ ràng là những thứ bạn làm trên đoạn (0, 1) bằng phép thế ko dùng được trong đoạn (1, 3)
I'm now thinking that the near-perfect cancellation (cách loại bỏ gần hoàn hảo) of the deviation (độ lệch) from an integer is just a coincidence (sự trùng khớp), and to show it, you might as well use your favorite means of numerical integration (tích phân số) and leave it at that – và để chứng minh điều đó, bạn có thể dùng giá trị điểm chọn của tích phân số là đủ.

We can treat (xem như) the first integral as the area in the first quadrant (góc phần tư thứ nhất) of 
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. We can treat the second integral as the area in the first quadrant of 
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. If you put those two regions together, you get at least the rectangle 
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. So the area is at least 9. There's a little part of those two regions that sticks out (nằm ngoài) of that rectangle; that excess (phần dư) is contained in the rectangle  
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. Because 
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, that rectangle has area less than 0.0001, so we are done.
I hereby (bằng cách này) retract (rút lại) my pessimistic evaluation (sự đánh giá bi quan) in post #7. Ravi has the answer, and I missed that argument (luận điểm). It is a nice problem.
What happens if we replace 3 by an arbitrary (tuỳ ý) p > 1?
Let  
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Ravi's argument (luận điểm) applies. This can be interpreted (giải thích) as the area of  
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 plus a slight excess (phần dư nhỏ). The excess (phần dư) is a nearly triangular piece (dạng tam giác) with vertices  
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 certainly (chắc chắn) that excess is contained (được chứa trong) in the rectangle with those as three of its corners. 

We have 
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 and in particular (và đặc biệt) 
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By the binomial theorem (định lí nhị thức), we have 
[image: image46.wmf](

)

26

6

1

Apopasp

32p

-

=++®¥

.
*/ 
[image: image47.wmf](

)

(

)

(

)

(

)

23

23

222

123

23

ddd

SupposethatPxx1,P(x)x1,P(x)x1

dx

dxdx

=-=-=-


Find all possible values for which 
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So that
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