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Loi noi dau

Chuong trinh d2o tao va bdi hoc sinh nang khiéu todn bac phd thong hién
sang nam thir 39. Gan véi viéc déi méi phuong phdp day va hoc chuong trint
nam nay, nim 2004, ching ta dang tich cuc chudn bj cho viéc t6 chic Ky thi |
Toan qudc t€ nam 2007 tai Viét Nam, ky niém 40 nim Tap chi Todn hoc va’
30 nam cdc doi tuyén nudc ta tham dy cdc k¥ thi Olympic Todn qudc té.

C6 thé n6i, gido duc miii nhon phé thong da thu dugc nhimg thanh tyu ruc
Nha nuéc ddu tu c6 hiéu qua, xa hoi thira nhin va ban bé quéc t€ kham ph
doi tuyén Todn qudc gia tham du cdc ky thi Olympic Todn quéc t& c6 bé d:
tich mang tinh én dinh va c¢6 tinh k€ thita. Pac biét, nam nay, Déi tuyén To
gia tham du thi Olympic Todn qudc t&€ da dat dugc thanh tich ruc r&: 4 huy
vang va 2 huy chuong bac, ding thit 4 th€ gidi. Nhiu nam cdc doi tuyén Tc
gia tham du cdc ky thi Olympic Todn qudc t&€ gilt vitng duogc vi tri tir thit 4 dé;
(Top Ten) trén téng s6 gan 100 doi tuyén qudc gia tham gia.

Tir nhiéu nam nay, Cac He va cdc Truong THPT Chuyén thudng st dung sc
cdc sich gido khoa dai tra két hop v6i sich gido khoa cho He THPT Chuye
Hoc sinh cic 16p nang khi€u da ti€p thu t6t cac kién thic co ban theo thdi hx
hanh do Bo GD va DT ban hanh. '

Hién nay, chuong trinh céi cich gido duc dang budc vao giai doan hoan ¢
SGK méi. Thoi lugng kién thite cling nhur trat tr kién thic co ban c¢6 nhitmg
déng ké. Cac kién thic ndy dang dugc can nhic dé né vin nim trong khuon k
hanh ctia c4c kién thic ning cao d6i véi cic 16p chuyén todn. Vi 1€ d6, viéc ti
viét cic SGK cho cic I6p nang khiéu todn chua thé ti€n hanh cdp bach trong t
ngan, doi hodi cb su suy ngdm va xem xét toan dién clia cdc chuyén gia gidc
cdc ¢o gido, thdy gido dang truc tiép giang day cic lép chuyen.

Puoc sy cho phép ctia Bo GD va DT, Trudng Dai Hoc Khoa Hoc Ty
DHQGHN ph6i hop ciing véi cdc chuyén gia, cdc nha khoa hoc, cic co gi:
gido thuoc DHSPHN, DHQG TpHCM, DH Vinh, Vién Toan Hoc, Hoi Toan
Noi, NXBGD, Tap Chi Todn Hoc va Tudi Tré, cdc Truomg THPT Chuyen, Cic
va DT,... t8 chitc Chuong trinh béi dudng nghiép vu sau dai hoc vé cdc chuyé
dudng hoc sinh giodi todn.

Noi dung chinh cla chuyén dé gém hai phdn: Phuong trinh, b4t phuwong tr
trong hinh hoc va Mot s§ vdn dé chon loc cha s6 hoc.

Dé dép img cho nhu cdu bdi dudng gido vien va béi dudng hoc sinh gidi
t0i in cuén Ky y€u ndy nhim cung c4p mot s6 kién thic co ban va dng dung
chuyén dé Todn Phd Thong.

Pay ciing 1a chuyeén dé va bai gidng ma cdc tdc gia di giang day cho b
vA sinh vién cdc doi tuyén thi olympic todn qudc gia vA qudc t€ va [a chuyer
dudng nghiép vu sau dai hoc cho cic gido vién day cic 16p chuyén toédn.

Ching t6i cling xin chin thanh cdm on cdc ban doc cho nhing y kién dc
dé cudn sich ngdy cang hoan chinh.

T/M Ban T8 Chic
GS TSKH Nguyén Vin Miju
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MOT SO PAC TRUNG CO BAN CUA HAM SO

Nguyén Van Mau

1.1. Pdc trung ham ctia mét s6 ham s6 so cép

1.2. Ham s6 chuyén déi phép tinh sé hoc va dai s6

1.1. Pac trung ham cia mot s6 ham sé so cap

Trong phdn nay ta néu nhimg dac trung ham cla mot s6 ham s so cép, |
gap trong chuong trinh phd thong. Nhd cdc dac trung ham nay ma ta c6 thé di
ddp s6 cta cdc phuong trinh ham tuong tng cling nhu c6 thé dé xudt dang t
tuong tu tng véi cac dic trung ham dé.

Cic ham s dugc xét trong phdn nay thod man diéu kién lién tuc trén toar
x4c dinh clia ham s6. Néu ham s6 thod man cdc dac trung ham da cho ma khe

tinh lién tuc hoac duoc xic dinh trén cic tdp roi rac thi nghiém cua phuong trin
c6 thé 1 mat biéu thirc hoan toan khic.

1. Ham ba4c nhdt: f(z) = az + b (véi a,b # 0).
Pac trung ham:

f(x-;y) _ =) ;Lf(y)

véi moi z,y € R.

2. Ham tuyén tinh: f(z) = az (v6i a # 0).
Pac trung ham:

f(+y)= f(z) + f(y) v6imoiz,yekR.

3. Him mi: f(z)=a% (Vvéia>0; # 1).
Pac trung ham:

flz+y)=f(z).f(y) v6imeizyeck

4. Ham logarit: f(z) = log,|z| (v6ia>0; #1).
Pac trung ham:

flry) = f(z) + f(y) véimoiz,yeR"

5. Ham sin : f(z) =sinz.
Pac trung ham:

f(3z) = 3f(z) —4f°(z) v6i moiz €R.



10.

11.

13.

14.

Ham cos : f(z) = cosz.

Pac trung ham:

f@)=2f%z) -1 véimoizeR.

hoiac f(z+y) + f(z —y) =2f(z)f(y) v6imoi z,y € R.

Ham tang: f(z) = tgz.

DPac trung ham:

f+y)=

1—f(2)f(y)

f(z) + f(y) +1n

véimoix,yeR,m-ky;é(ZkQ Jk

Ham cotang: f(z) = cotgz.

Pac trung ham:

flz+y)

_ f(x)f(y) -1

= v6i moi z,y € R,z + km k € Z.
7) + 1) v V7

Ham luy thita: f(z) =2 (vGia € R; z € RY).

Dac trung ham:

f(zy) = f(2)f(y) v6i moi z,y € RT.

Ham luong gidc nguoc: f(z) = arcsin .

Pac trung ham:

Fz) + 1(

y) = fley/T= 2 +yv/1—22) v6i moi z.y € [—1;1].

Ham lugng gidc ngugce: f(z) = arccosz.

Pac trung ham:

f@) + f(y) = flzy— /(1 =) (1 —y?) v6i moi z,y € [~1;1].

Dac trung ham:

/(z)

. Ham lugng gidc nguoc: f(z) = arcigz.

+f(y)=f<1x+3> v6i moi z,y € R: zy # 1.
—zy

Ham luong gidc ngugce: f(z) = arccotgz.

Pac trung ham:

f@)+ 1) =1 (

oy —1
x+y

) véimoi 2,y € R; o+ y #0.

Ham sin hyperbolic: f(z) = %(ez — e 7} = sha.

Dac trung ham:

7(82) = 3f(z) + 4f°(x) v6i moi z € R.

€ Z.



15. Ham cos hyperbolic: f(x) =

(e +e7%) :=chx.
Piac trung ham:

L —r

16. Ham tang hyperbolic: f(z) = :m ;:_I = tha.
Dic trung ham:
L+ f(z .
f(:v+y)=7m£_r)]c%)y)l v6i moi z,y € R.
T -T
17. Ham cotangenchyperbolic: f(z) = € te := cothz = i
ef — e 7 thx
Bic trung ham:
L+ fla)fly)
flr+y) = ———"- viéimoizyecR.
CEY =T )

Tuong tu, ta cling ¢ cdc dac trung ham cla cdc ham sO sau day.

F@) = gen, i f(z+y) = %
. f(z) = cotges, thi f(x+y):ff_(z”3;l)%)7(;_)l,
f(z) =cthex, thi flz+y)= %
f@) =<, f(:z:-{—y):}_{%%’
@) = mlo—t-gc—m, i f(+y) = L2 Tf(gy}(;fff(g;)ﬂy),
= g e = 3 ST
@)=, fety) = T2 f_(f)(+) i{;;v)f(y),
S fm) = -2, flaty) = 2T Ji(z?(—) ?{y(;v)f(y)’
o) = m  f(o ) = LI MO ) e
)= oS i f(o+y) = LB H G
f(z) = —51"(5%5’ i floty) = L2 +f§y~);2)£<(y))f(y)dla,




= (L+en), i f(z+y+a) = (=)]0),
2, i J(YETEY) = f(@) + f), 2y 20,
c(z? +1), thi f(w/:vz Uy 1) = f(2) + I (y),

)
)
)=
34. f(z) = ca®, Wi flz+y)—fz-y)=4/1(2)](y),
)
)
)

I
o]

=cz?, thi f(z+y)+ fz-y) =2(f(2) + ()],
=cz+a, th f(z+y)+ f(z-y)=2f(z)
37 f(z)=cz, thi f(z+y)-flz-y)=2f(y).

1.2. HAm so6 chuyén déi phép tinh s6 hoc va dai sé

Trong muc nay, ta khdo s4t mot s6 tinh chit co ban clia mot s6 dang ham s6 thong
qua cdc hé thic ham don gidn. Ta ciing khdo st mot s6 dang ham bdo toan va chuyén
déi céc tinh chét co ban cla phép tinh dai s6 nhu giao hodn, phan b6 va két hop.

Bai toan 1. Xéc dinh céc ham s6 f(z) x4c dinh va lién tyc trén R thod man di€u
kién

flz+y) = f(z) + fy) + f(2) f(y), Vz,y eR. (1)
Gidi.
bat f(z) = g(z) — 1, ta thu dugc
glz+y) —1=g(z) —1+9(y) —1+[g9(z) - 1[g(y) - 1], Vz,y €R

hay
g(z +y) = g(x)g(y), Yz,y €R. (2,

Do f(z) lien tuc trén R nén g(z) cling 12 ham lién tuc trén R. Suy ra (2) c6 nghién
g(z) = e**,a € R va (1) ¢6 nghiém

f(z)=€¢*—-1,a€R.
Bai toan 2. Cho ham s6 F'(u,v) (u,v € R). Gia sl phuong trinh ham:

fla+y)=Ff(z),fW)], Y2,y eR (3

c6 nghiém f(z) x4c dinh va lién tuc trén R. Ching minh ring F(u,v) la ham d¢
xtng (F(u,v) = F(v,u) va c6 tinh két hop

F[F(u.v),w] = Flu, F(v,w)], Yu,v,w € Sf o (4
Gidi.

Nhan xét rang tinh d6i xding cta F(u,v) dugc suy truc ti€p tir (3). Mat khéc, the
(3),tacd

f@+y+z)=fllx+y)+ 2] = F{F[f(z), fW)]. ()}, Yz,y,z€R (C



va

e +y+2) = fla+(y+2)] = flly + 2) +al = P{FIf(y), £(2)], £ ()
= F{f(2), FIf (). SN}, Vey.z € R

T (5) va (6) suy ra (4):
F[F(U‘:v)aw] = F[u,F(v,w)], VU:U: we %‘f
Bai toan 3. Gia slr phuong trinh ham:

f@+y)=Flf(z), f(¥)], Vz,y eR

v6i ham s6 F(u,v) (u,v € R) [a mot da thic (khdc hang), c6 nghiém f(z) xic
va lien tuc (khdc hang) trén R. Chimg minh ring F'(u,v) c6 dang

F(u,v) = auv + bu 4 bv + c.
Giadi.

Gia st F(u,v) la da thic bac m theo u va bic n theo v. Khi d6, do F(u,v
xting nén m = n. Theo (4) thi

F[F(u,v), w] = Flu, F(v,w)], Yu,v,we Sf

nén v€ trai 1A mot da thic bac n theo w cdn v& phai 13 da thic bac n? theo w. S
n? =nhay n=1. Vay F(u,v) c6 dang

F(u,v) = auv + bju + byv + c.
Do F(u,v) 1a da thic ddi xing nén b; = by va
F(u,v) = auv +bu+bv +c.

Nhan xét rang, v6i F(u,v) = auv + bu + bv + ¢ va F(u,v) thod man diéu
(4) thi
ac=b%-b.
Vay v6i a 5 0 thi
2 _

b, a#0.

ac=b —boc=

Bay gidy, ta chuyén sang xét cdc dang dic biét cla (7).

Bai toan 4. Cho da thitc F(u,v) = bu + bv + ¢, b # 0. Xéc dinh céc ham s6 _
xdc dinh va lién tuc trén R thod min diéu kién

f@+y) =F[f(z), f(¥)], Y=,y €R

tie 1a
flz+y)=bf(x) +bf(y) +¢, Yo,y €R.

Giai.



Nhan xét rang, néu b # 1 thi tir (9) véi y = (. ta ¢6 ngay f(x) = const . Khi
1 . . ‘ . ' .

b= 3 va ¢ = 0 thi moi ham hang déu thod man (8). Khi b = % va ¢ 5 0 thi (9) vo

nghiém. Cac trudng hop khic (b# 1, b # % thi nghiém cta (9) 12 f(z) =

Xét trudmg hop b = 1. Khi d6 (9) ¢6 dang

1-2b

flz+y)=f(z)+ f(y)+¢ Vz,yeR
va phuong trinh ham nay c6 nghiém f(z) = az —c.

2 _

b
Bai toan 5. Cho da thic F(u,v) = auv + bu + bv + b , a # 0. Xdc dinh cédc

a
ham s6 f(z) x4c dinh va lién tuc trén R thod min diéu kién

fl@+y)=F[f(z), f(y)], Vz,y eR

tic l1a )
fla+y) = af(2)1() + bf(z) + bf(y) + =2, VmyeR  (10)
Gidi.
Nhan xét rang, néu dat
fla) = ML=t

thi thi tr (10) ta nhan dugc
h(z +y) = Mz)h(y), Vz,y e R
va phuong trinh ham nay c6 nghiém h(z) = e**. Suy ra nghiém cta (10) c6 dang

e*™ —b

f(@) =
Bai toan 6. Gia st f(z) 1a nghiém cua phuong trinh ham:
flax+by+c)=Af(z)+ Bf(y) + C(abAB #0), Vz,y € R (11)
Chimg minh ring ham s§ g(z) = f(z) — f(0) thod min phuong trinh Cauchy

g(z +y) =g(z) + g(y), Vz,y e R.

Gidi.
L"il;l“(ﬂd@lm=§,y=v;cj x=§,y——%; x=0,y=v;c; z=0
y = —= vao (11), ta thu dugc cic dang thic™ T T o
f(u—{-v):Af(g) +Bf(-=)+C
o= a5(2) s Bi( ) s
1) = A1) + B (*=5) + €,



f(0)=Af(0)+Bf(— ) +C.

[« N
~

Suy ra
flutv) = f(u) + f(v) - £{0).
Tur day suy ra diéu phai chimg minh.
Bai toan 7. Gia st ham s6 f(z) lién tuc trén R 12 nghiém ctia phuong trinh 1
flaz + by +c) = Af(z) + Bf(y) + C(abAB #0), Vz,y € R.
Chitng minh ring khi d6 A = a, B = b.
Gidi.
That vay, nghiém ctia
gl +y) =g(x) +9(y), Vz.y €R
trong 16p cdc ham lién tuc 13 ham tuyén tinh g(z) = az. Do vay, nghiém f(
dang f(z) = az + 3. Th€ vdo (11), ta thu dugec A =a, B=bva

ac—-C=(a+b-1)3.

Bai toan 8. Giai va bién luan phuong trinh ham sau trong 16p cic ham s¢ f(z
tuc trén R:

flaz+by+c) = Af(x)+ Bf(y) + C(abAB #0), Vz,y € R.
Giai.

Theo Bai todn 7, thi diéu kién cdn dé phuong trinh ham (11) ¢6 nghiém la a
b= B.

Gia sk diéu kién ndy duoc thod man. Theo (12), ta chia cdc trudng hop rié;
khao sat.

Xét cdc truong hop sau:
Truong hop b+a =1, c=0.
Khi dé, (11) c6 dang

flaz + (1 ~a)y) = af(z) + (1 —a)f(y) (abAB #0), Vz,y €R.
Ta thu duge (13) thuoc 16p ham chuyén ti€p céc dai lugng trung binh cong. V
(13) ¢6 nghiém f(z) =az + 6, o, € R.

Truong hop b+a=1, c#0.
Khi dé6, (11) c6 dang
flaz + (1= a)y +c) = af(z) + (1 —a)f(y) + C(abAB #0), Vz,y € R.
C

C

h(.a,x + (1 —‘a)y +¢) = ah(z) + (1 — a)h(y), Yo,y € R.

bat f(x) z + h(zx). Ta thu duge (13) dudi dang
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D& kiém tra, phuong trinh (14) chi c6 nghiém hing tuy ¥ (xem (12)) va vi vay, (13)
c6 nghiém f(z) = g:r. +8,8¢k
C

Truong hop b+a # 1. Theo Bai todn 6 thi nghiém ca (13) ¢6 dang f(z) = aa+25.

Theo (12) thi ac—C = (a+b-1)5. Vaynéucho o € R gid tri tuy ¥ thi 3 = _OLCT_%
a+b—

Chua y
Néu khong doi hoi nghiém cha (11) 12 ham s6 lién tuc trén R thi cic dang thiic

a= A, b= B va (12) c6 thé khong thod man. Tuy nhién, ta vAn c6 céc tinh chét dai
s6 sau day.

Bai toan 9. Gia sir phuong trinh ham
flaz+y) = Af(z) + [(y) (aA#0), Vz,y €R (15)

c6 nghiém khdc hing. Chilng minh ring néu a (hodac A) 1a s6 dai s6 v6i da thic t6i
tiéu P,(t)(tuong tng P4 (1)) thi A (tuong tng a) 12 s6 dai s6 va

Pa(t) = Pat). (16)
Giai. ,
Ta thdy f(0) = 0 nén f(az) = af(z) va bang quy nap todn hoc, dé dang chimg
minh
f(a*z) = AFf(z), keN. (17)
Gia su

n—1
P,(t) =t + Z'riti, 70, .. ,Tno1 € Q.
—~

Khi dé, theo (17) thi

n—1 n-1
/ [(a" + Z r;)m} = f(a"z) + Zrif(aia:)
=0 i=0
n—1 ‘
(47 + 37 ) f(@).
=0
Vi f(z) khdc hang nén
n—1
A"+ Zri‘ =0 (18)
=0

va Vi vay A 12 s6 dai s6. Suy ra P,(t) 1& udc cha P4(t) va do P4(1) la da thic 16i
tiéu nén c6 (16).
Nguoc lai, nfu A 12 s0 dai s6 thod man (18) thi thuc hién quy trinh nguoc lai, ta
thu duoc
n—1
A"+ ri=0 (19)
i=0

va tir d6 suy ra (16).



Bai toan 10. Gia sir phuong trinh ham
flaz +y) = Af(z) + f(y) (@A#0,2a€Q), Vz,y €R
¢6 nghiém khdc hang. Ching minh ring khi d6 a = A.
Giai.
That vay, theo Bai todn 9 thi P,(t) 12 da thitc bac nhdt va vi vy P4(t) cling
thitc bac nhat (v6i hé s6 bac cao nhdt déu bing 1) nén a = A.

Bai toan 11. Gidi phuong trinh ham sau trong 16p cdc ham s6 f(z) lién tuc u
fle+y)=a"f(x)f(y)(a>0), Y2,y € R.
Giai.

Dé thdy f(1) > 0. Néu f(1) = 0 thi tr (21) ta ¢6 ngay f(x) = 0. Xét truon
f(1) > 0. Bang quy nap, dé dang kiém chimg hé thuc

f(ng) = = FE ()", v e N

Vay v6i x =1 thi

f(ny=a 7 [f(1)]", Vn € N*.

. m '
V@i x = —, ta thu dugc
n

(n2=n)()?

flm)=a 7 [f(%)]", ¥m,n € N*.

Suy ra

Do f(1) > 0 nén c6 thé viét

1
c=-3 + log, f(1).
Tir (21) suy ra
1
f(z) = QT Ty e Q.
Do f(z) lién tuc nén (16) thod man véi moi z € R*. Véi z <0, ta dat —z =
do f(0) = 1 neén tir gid thiét (21) ta nhan dugc
1= a—ng(x)a(xg/Z)—cz7
hay
f(z) = a3+ vz eR.
Nhéan xét.
Béng cdch dat
f(x) = a" ?g(x)



ta dua (15) v€ dang quen biét

glz +y) = g(2)g(y), Yz €R.

Bai toan 12. Xic dinh cdc ham s& f xdc dinh va lién tuc trén B thod min diéu ki¢n
flo+y)+ £(z) = f@) + fly+2). Va,p,z €R. (1)
Gidi.
bat f(0) = a thi v6i 2z = 0 trong (1) ta thu dugc
fla+y) +a=f(z)+ f(y), Va.y €R. (2)
bat f(z) = g(z) + a. Tir (2) 1a nhan duoge
9(z +y) =g(e) + 9(y), Vz,yeR. (3)

Phwong trinh (3) ¢6 nghiém g(z) = az, o € R.
Suy ra phuong trinh (1) ¢6 nghi¢m

f(z)=az+p8, a,feR.
Thir lai, ta thdy ham f(2) = az + 3 thoad man diéu kién bai ra.
Bai toan 13. Xac dinh cdc ham s6 f xdc dinh va lién tuc trén R thod min diéu kién

J@+y)f(z)

T@)f () + f(2)], Yz.y,2 € R. (4)

Giadi.
Thay y = z = 0 trong (4), ta thu duge f(0)f(x) =0. Vay f(0) =0. Véi 2 =0
thi
Je+y)f(0) = f@)[f(y) + f(0)], Yo,y eR
hay

Suy ra f(z) =0.
Bai tap

Bai 1. Xdc dinh ham s6 f(2) xdc dinh va lién tuc trong mién x4c dinh va thod min
diéu kién:
_ M) i) -1

@)+ 1Y)

Bai 2. Xdc dinh ham s6 f(a) xdc dinh va lién tuc trong mién xdc dinh va thod min
diéu kién:

Tz +y)

J@) + 1(y)

ScI)

fla+y)=



Bai 3. Xdc dinh ham s§ f(z) xdc dinh va lién tuc trong mién xdc dinh va th
didu kign:

f(=)[(y)
fl=) + f(y)

Bai 4. Xdc dinh ham s6 f(x) xdc dinh va lién tuc trong mién xdc dinh va th
didu kién:

fle+y) =

fl@) + fly) —2f(z) f(y)
1—2f(z)f(y) '

Bai 5. Xdc dinh ham s6 f(z) xdc dinh va lién tyc trong mién xédc dinh va th
diéu kién:

flz+y) =

- f@)+fly) -1
2f(z) +2f(y) = 2f(2)fly) =1

Bai 6. Xdc dinh ham s8 f(z) xdc dinh va lién tuc trong mién xdc dinh va th
diéu kién:

flz+y)

fz) + fy) +2/(2)f(y)
1—f(=)f(v) '

Bai 7. Xdc dinh ham s6 f(z) xdc dinh va lién tuc trong mién xdc dinh va th
diéu kieén:

flz+y) =

fz) + fy) - 2/(=) f(y)
L= f(=)f(v) '

Bai 8. Xdc dinh ham s6 f(z) xdc dinh va lién tuc trong mién xdc dinh va the
diéu kién:

flz+y) =

_ f(z)+ fy) —2f(x) f(y) cosa
1= f(=)f(v) '

Bai 9. Xic dinh ham s6 f(z) xdc dinh va lién tuc trong mién xdc dinh va the
diéu kién:

flz+y)

f(z) + fly) — 2f(z)f(y)cha
1 - f()f(y) '

Bai 10. Xéc dinh ham s6 f(z) x4c dinh v lién tuc trong mién xdc dinh va the
diéu kién:

flz+y) =

flz) + fly) +2f(z)f(y)cha
1 —f(x)k(y) '

Bai 11. Xdc dinh ham s6 f(z) xdc dinh va lién tuc trong mién xdc dinh va the
diéu kién:
af (Va2 +52) = f(2) £ ().

Bai 12. Xdc dinh ham s6 f(z) xdc dinh va lién tuc trong mi€n xdc dinh va the
diéu kién:

flz+y)=

T+Yy
1(Z55) = f@) £ ).
1+ =
c
Bai 13. Xic dinh ham s6 f(x) xdc dinh va lién tuc trong mién xdc dinh va the
didu kién:

flx+y+ cey) = f(e) f()-
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Bai 14. Xdc dinh ham s6 f(2) xdc dinhi va lién tuc trong mién x4c dinh va thod min
diéu kién: _
FRTFF) = f(@) + f), @y >0

Bai 15. Xdc dinh ham s6 f(z) xdc dinb va lién tuc trong mién xéc dinh va thod min
diéu kién:

j(\/m) = f(z)+ f(y)

Bai 16. Xac dinh ham s6 f{z) xdc dinh va lién tuc trong mién x4c dinh va thod mén
diéu kién:
fla+y) = flz—y) =4/ 1(@) [ (y).
Bai 17. Xdc dinh ham s0 f(z) xdc dinh va lién tuc trong mién x4c dinh va thod min
diéu kién:
J(x+y)+ (@ —y) =2(f(=)+ [(y)].
Bai 18. Xdc dinh ham s6 f(z) x4c dinh va lién tuc trong mién x4c dinh va thod min
diéu kién:
fla+y) + flz—y)=2f(a)
Bai 19. X4c dinh ham s6 f(z) x4c dinh va lién tuc trong mién x4c dinh va thod man
diéu kién:

fla+y) = f(z—y)=2f(y)



BAT PHUONG TRINH HAM CO BAN

Nguyén Van Mau

2.1 Bdt phuwong trinh ham véi cdp bién tu do
2.2 Biéu dién mét s6 dang ham sé

2.3 Biéu dién cdc da thitc duong trén mét tap

2.1 Bat phuong trinh ham véi cap bién tu do

Bai toan 1. Xic dinh cdc hdm s f(z) thod min déng thoi cdc diéu kién st
(i) f(z) 20, Yz € R,
(i) flz+y) 2 f(@)+ f), Yo,y €R,

Bai giai. Thay z = 0 vao diéu kién diu bai, ta thu duoc

f(0) =0 )
{ f0) > 200 Y f0)y=0.

Vay nén
f(0) = flz + (=) =2 f(z) + f(-z) 2 0.
Suy ra f(z) = 0. Tht lai, ta thdy ham s6 f(z) = 0 thoad man diéu kién bai ra.

Bai toan 2. Cho tru6c ham s6 h(z) = az, a € R. Xdc dinh cdc ham s& f(
min déng thoi cdc diéu kién sau:

) f(z) 2 az, Yz eR,
(i) flz+y) 2 f(z)+ fly), Y,y eR.

Bai giai. Dé y ring h(z +y) = h(z) + h(y). Dat f(z) = h(z) + g(z). KI
thu duge cdc didu kién (i) g(z) = 0, Vz € R,

(i) g(z +y) 2 g(x) + g(y), Yo,y eR.
Lap lai cdch giai Bai todn 1. Thay « = 0 vdo di€u kién dau bai, ta thu duc

g0) =20 _
{ 4(0) <0 hay ¢(0) =0.
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Vay nén
9(0) = g(z + (-2)) = g(z) + g(-2) 2 0.

biéu nay kéo theo g(x) = 0 hay f(z) = az. Thir lai, ta thdy ham s6 f(z) = az thod
man diéu kién bai ra.

Bai toan 3. Cho s6 duong a. Xéc dinh cdc ham s¢ f(z) thod man déng thoi cic
diéu kién sau:

@) f(z) > a", Vz €R,
(i) flz+y) = f(z)f(y), Vz,y €R.

Bai giai. Dé y rang f(z) > 0 v6i moi z € R. Vay ta c6 thé logarit ho4 hai v€ c4c
b4t dang thic cla diéu kién di cho.

(i) Inf(z) > (lna)z, Vz €R,
(i) Inf(z+y) > Inf(z)Inf(y), Vz,y €R.

bat In f(z) = ¢(z), ta thu duoc

(i) ¢(z) 2 (Ina)z, Yz €R,

(i) p(z +y) 2 p(@)e(y), Vz,y €R.

Ta nhan dugc Bai todn 2. Bang cich dat ¢(z) = g(z) + ( Ina)z, ta thu dugc cic
diéu kién

() g(z) 20, Vz € R,

(i) g(z +y) > g(z) +9(y), Yo,y €R

va g(z) = 0 hay ¢(z) = (Ilna)z. Suy ra f(z) = o Thi lai, ta thdy ham s6
f(z) = a® thod min diéu kién bai ra.

Bai toan 4. Xéc dinh cic ham s6 f(z) thod min cac diéu kién sau:

£e) > 1(0), £(55Y) 2 {EEIW) oy yep )
Bai giai. Dat f(0) = a va f(z) — a = g(z). Khi d6 (1) c6 dang
g(z) = 0, g<$;y) >g(m>;g(y), Vz,y €R (2)
véi g(0) = 0.
Thay y = 0 vao (2), ta thu dugc
g(g> > g%u_) hayg(z) 2 2g<§>, VreR -~ (3)

Tur 2) va (3), ta suy ra
o(552) >5(3) +o(}). vever

g(0) =0, g(x) >0, glz+y) > g(z) + 9(y). Yz,y €R. (4)

hay



Tiép theo, ta nhan duge Bai todn 1. Suy ra g(z) =0 va f(x) = const.
Th lai, ta thdy ham s6 f(x) = c thod man diéu kién bi ra.

2.2. Biéu dién ham sé

Trong muc ndy, ta mo td mot s6 cong thie biéu dién ham co ban. Cic bi
ndy thudng gin v6i cdc muc dich mo ta cdc dac trung ham, céc tinh chét ¢
thic du6i dang tuong minh va don gian hon. Pay 1a nhitng hé thic rat quan tr¢
quan dén nhimg ring budc dang bat dang thic cho trudc. Trong muc ti€p the
xét riéng cho trudng hop biéu dién da thic duong trén mot t4p.

Bai toan 1. Xdc dinh céc ham s6 f(¢) théa man dicu kién:

f(z) = max{2zy — f(y)}, Ve €R.
yeR

Giai.
Trudce hét, tir (1) ta suy ra
f(z) 2 2zy - f(y), Vo, y R
Thay = y = t vio (2), ta thu dugc bt ding thic
f(t) =22, Yz eR.

Ta cé
2zy — fly) < 2ey —y? =22 — (x —y)%, Vz,y €R.
Ma
2

max{a’ — (z - )’} = <*.

Suy ra f(z) < z2. Keét hop v6i (3), ta duoe f(z) = z2.
Thir lai, ta thdy ham s6 f(z) = z? thod min diéu kién bai ra.

Bai toan 2. Xéc dinh cdc ham s¢ f(¢) thoa man diéu kién:

f(z) = max{z%y + zy® — f(y)}, Yz € RY.
yeR*

Giai.
Tuong tu nhu Bai toan 1, ta suy ra
f(z) = o2y + 7y = f(y), Yz,y € RT.
Thay & = y = ¢ vao (), ta thu duoc bat ding thic

f(t) = 2*, vz e RY.
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Tir (4) va (5), suy ra
y+ ot - fy) < 2Pyt -yt =20 - ()@ - y)? <2°, Va,yeRY
nén
max (2 — (2 +)(z — 9’} = 2
yeERT
Suy ra f(z) < z8. Két hop véi (5), ta duge f(z) = z3.
Th lai, ta thdy ham s6 f(z) = z® thod man diéu kién bai ra.

Nhén xét 1. Diéu khang dinh trén cho ta mot két luan tuong duong sau day:
Néu c6 mot bat dang thirc c6 dién cho cap s6 ,y, chang han
2+ > a:y+a:y Vz,y € Rt
hay
3 > m2y+xy2 —y3 Yo,y e R
thi tir diéu kién
f(z) = max{z®y + 2y* ~ f(y)}, Vo € RY
yeR+
ta ¢6 ngay ham cin tim f(z) c6 dang f(z) = z°.

Bai toan 3. Chimg minh rang néu:
+) Hoac f'(x) > 0 va h(z) 2 0 v6i moi z € Q C Dy
+) Hoac f'(z) > 0 va h(z) > 0 véi moi z € Q C Dy
thi trong € ta cé:
f(g(z)) + g(z).h(z) 2 1(0) & g(z) > 0. (1)
Giai.
Str dung dinh ly Lagrange, ta c6
f(g(x)) + g(2).h(z) 2 f(0) < flg9(z)) = f(0) + g(z).”(z) 2 0
& [f'(c) + h(z)lg(z) 20 (c ném gilta 0 va g(z))
& g(z) >0 (do [f'(c) + h(z)] > 0) (dpem).

Bai toan 4. Giai bat phuong trinh:
34 4 (22 — 4)3" 2 > 1.
Giai.
Xét ham s6. f(z) = 3*. Ham s6 f(z) xdc dinh, lién tuc, kha vi v&i moi z € R va
fl(z) =3.1n3. Ta c6
(3)f(z?—4) - f0)+ (2> —4)35"2 >0 (do f(0) =
o)z —4— 0]+ (22 —4)3*72 2 0
(c nam gifta 0 va z? — 4, theo dinh 1y Lagrange)
(2% — 4].[3%.n3+ 374 = 0
2 —4>0 (do3°.In3+3*2>0, z€R)
—2VvV2<Kz



Vay bat phrong trinh ¢é nghiém
r<-2Vz2>22

Bai toan 5. Cho céc s6 duong M, a. Tim cic ham 53 f(x);g9(z) : R —
min diéu kién

|F(y) = f(z) — g(z)(z — y)| < M|z — y*"*, Vz;y € R.
Gidi.

Gia sir tdn tai cdc ham s6 f(z), g(x) thod man yéu cdu bai ra. D6i ché «;
(), ta duge

|f() = f(y) — 9(y)(y — 2)| < M.y —2*** (13.1) v6i moi z;y € R
Cong timg v€ v6i v€ cta (3), ta thu duoc
(9(z) = g(W))(z —y)| < 2M.Jy — =f***.

Suy ra

iﬁ?;—z—?g}-@; 2M|z—y|*, Yy eR) o #y.
Trong (4) ta ¢6 dinh z, cho y — z ta dugc

g'(z) =0, z € R,nén g(z) =c=const, Yz € R.
Mit khic, thay g(z) = ¢ vo (1) va lam tuong tu nhu trén, ta cling nhin duoc

fz) ~ f(y)

p— <2M.z —y|*, Vo €R, 2 # y.

—C

C8 dinh z va cho y — x ta dugc
f(z)=c,z€R nén f(z)=czx+d, z &R (d:=const).

Th lai thdy hai ham s6 f(z) = cz +d ; g(z) = ¢ thod man yéu cdu bai ra. V
ham s& cdn tim 1a

f(z) =cx+d; g(z) = c V6i ¢;d |a cdc hang s6 € R.
Bai toan 6. Ching minh ring
|z| = Irglg(aw)-
Giai. Dé dang kiém tra cong thic
—|z| = az < |z|, Va€[-1,1].
Tir day ta ¢6 ngay dpcm.

2.3 Biéu dién cic da thitc duong trén mét tap



Trong phan nay ta xél mot s6 biéu dién cla da thdc duong trén mot 14p dudi dang
16ng, hiéu, tich.... cla cdc da thic ¢6 dang dac biét cho trude.

Bai toan 1. Cho da thic P(z) € Rlz] va P(z) = 0 v6i moi z € R. Chimg minh
rang da thic P(z) c6 thé biéu dién duge dudi dang

P(z) = [A(2)]® + [B(2)P%,

trong d6 A(zx). B(x) cling la cic da thic.

Giai. Do P(z) > 0 v6i moi z € R nén da thic P(z) c¢6 bac bang 2n va c6 thé phan
tich dugc dudi dang tich cla céc nhan tir bac hai khong 4m, nghia 1a

n
P(z) = []l(ajz +=5)* + ),
=1
rong d6 a;,z;,y; €R, j=1,2,...,n
Tir hing ding thic

(% + &) (03 + ¢3) = (m1p2 + q192)® + (M2 — p2q1)?,

ta c6 két luan:
Tich cla hai biéu thic dang [u(z)]? + [v(x)]? cling 12 mot biéu thic c6 dang d6.
Sau hitu han budc thuc hién quy trinh dé6 ta thu dugc biéu thic dang

P(z) = [A(@))? + [B(x))*.

Bai toan 2. Cho f(z) = az? + bz + ¢ € R|z] théa man diéu kién f(z) > 0 v6i moi
z > 0. Ching minh réng tén tai da thic P(z) sao cho da thic Q(z) = f(z)P(zx) cb
14t c4c hé s6 déu khong am.

Giai.
Do f(z) 2 0v6imoiz>0néna>0vac= f(0) >
Néu b > 0 thi ta chon P(z) = 1 va ta nh4n dugc ngay diéu phai chimg minh.
Néu b < 0thia>0. Tatim P(z) dudi dang P(z) = (2 +1)" v6i n > 2.
Ta cé

n

P(z) = (z +1)" = 5 Cka*

k=0
7(z)P(z) = (az® + bz + c)(z + 1) =
n
=az™? 4+ (b+na)z" 4+ ... 4 Z:(aC’ﬁ_2 +bCk=1 4 cCFY2F

k=0

+--+(b+nz+e.



Ta chon n sao cho

b+na=0 (1)
b4+nc=0 (2)
aCk=2 4 pCr1 4 cCE >0 vk 22, (3)
Nhén thdy ngay rang v6i n > max{~b/a, —b/c} thi cdc didu kien (1) va (¢
thod min (do a > 0).
Ta bién déi v€ trai cha (3):

RE)=(a—b+c)k® —ja—(n+2)b+2n+3)dk+c(n+1)(n+2) >

Dob<0,a=20,c20néna—-b+c>0.

Pé (3) ding véi moi k ta chon m sao cho biét thiic clia tam thitc bac h
khong dwong (Ap < 0). Biéu thic clia A cling 12 mot tam thic bic hai theo
s6 clia n? 1a

(b—2¢c)> —4dc(a—b+c)=b*—dac< 0
(do f(z) 20Vz =20;>0,a>0.
Do vay, ta ¢6
lim Ap = —00

) n—+00
Do d6 v6i n du 16n thi Ap < 0.
Tir d6 suy ra ton tai n thdéa min déng thoi (1), (2) va (3).

Bai toan 3. Cho da thic
g(z) = ana" + an_12" 4 +ayz +ag (n>3)

théa man diéu kién g(z) > 0 v6i moi « > 0. Ching minh ring khi d6 ton tai
dé da thic Q(z) dang Q(z) = g(z)(z + 1)* ¢6 céc he s6 déu khong am.

Giai. Ta xét hai truong hop deg g(z) = 2m va degg(z) =2m + 1 véim €T
Khi n = 2m thi ta ¢6 thé phan tich

m
- H(akx2 + bz + k),
k=1

trong dé
ax? + bz +cx >0 Yz > 0.

Theo Bai todn 2 véi mdi da thitc axz? + bex + ¢ ddu t6n tai s6 tu nhién my, ¢
da thic
Qx(z) = (akl‘z + b +cp)(x + 1)
c6 cdc hé s6 déu khong am.
Tur d6

HQk(l‘ Hq e+ 1)™ =g(z )(z+l)ml+"'+‘mm
k=1 k=1 ‘
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12 mot da thic cling ¢6 cac hé s¢ déu khong am.
Khi deg g(z) = 2m+1 thi g(z) ¢6 it nhdt mot nghieém khong duong 1a —a (a = 0).
Ta c6

g(z) = (x + a)h(z) véi h(z) > 0 véi moi « > 0 va deg h(z) = 2m.

Do deg h(x) = 2m nén theo trudng hop 1 t6n tai s6 nguyén duong s sao cho hiz)(z +
1)® ¢6 cdc hé s6 déu khong am va vi vay da thic g(z)(x + 1)* cling c6 cdc hé s6 déu
khong am.

Bai toan 4. Hoi ¢6 t6n tai hay khong t6n tai cdc da thic P(z), Q(z), T(z) véi céc
hé s6 nguyén duong va thod man hé thic

2

T T 1
T(z) = (2% — 3z + 3)P(z), P(z)= (55 -+ ﬁ)Q(x).
Giai. Viét lai cdc dang thic clia dé bai dudi dang
60T () = 60(z? — 3z + 3)P(z) = (32® — 4z + 5)Q(z). (4)

Cic da thic (2% — 3z + 3) va (322 — 4z 4 5) v6 nghiem va nguyén t6 cing nhau. Vi
vay tir (4) suy ra t6n tai cic da thic P(z), @(z),T(z) thod man di€u kién dé bai khi
va chi khi 16n tai da thic S(z) sao cho céc da thic

(32 — 4z + 5)S(z), 60(z® — 3z + 3)S(x)

va
(32% — 4z + 5)(z? — 32 + 3)S(z)

déu 1a nhitng da thic véi hé s6 nguyén dwong.
Theo két qua cla Bai todn 3 thi ton tai s6 nguyén duong k; dl 16n sao cho

(322 — 4z 4 5)(z + 1)&

12 mot da thic c6 cac hé s6 nguyén khong 4m va tir d6 dé dang suy ra rang khong c6
hé s6 ndo cla da thic bang O va t6n tai s6 nguyén dwong ky di 16n dé

(2 = 3z + 3)(z + 1)F
1a da thic c6 cac hé s6 déu nguyén duong. Tir d6 suy ra
(322 — 42 4+ 5)(2? — 3z 4 3)(z + 1)1tk

cling 12 mot da thitc véi hé s6 nguyén duong. Nhu viy cau trd 10i cua bai todn la
khing dinh. Chang han ta c6 thé chon

P(z) = (32% — 4z + 5)(z + 1)1 152,
Q(z) = 60(332 -3z 4+ 3)(z + 1)k’1+k2’
T(z) = (33;2 — 4z + 5)(3:2 —3z43)(z+ 1)k1+kg'
(Bang cich thir truc ti€p c6 thé thdy ring ky > 3, kg > 15).



Bai toan 5. Ching minh ring néu da thic P(z) > 0 véi moi = > 0 thi t61
da thie A(x), B(z), C(z), D(z) dé P(z) biéu dién dugc dudi dang

P(e) = [A(z)]* + [B(2)]* + «{[C(2)]* + [D(«)*},

Giai.

1. Trudmg hop deg P(z) = 2m.
Néu m = 0 thi ta d& dang viét duoc biéu dién (5).
Vi m > 1, ta ¢6 thé phén tich da thic P(z) dusi dang

m

P(z) = [[(are® + brz + cx), .
k=1

trong d6 ay > 0, agz® + brx +cx > 0 Vz > 0.

Nhan xét ring v6i mbi da thirc
apx? +bgz +cxr =0 V2 20

ta déu c6 thé viét dugc
ax® +br +c= (akx2 + ﬂk)2 -+ a,(’y,% + d,%),
nén
m

P(z) = H [(aka + 802 + (v + O%)]
k=1

Mat khdc, ta cling c6 tich clia hai da thic dang (p? + ¢%) + z(r? + s?) ciing 12
thic ¢6 dang dé. Thit vay, ta c6
(0} + @) + z(r} + sD][(p3 + 63) + (75 + s3)]
=[P} +a}) (03 +a3) +2°(r} +51) (13 +53)| +a[(pT + ¢7) (r3 +53) + (r + 1) (3
Theo Bai todn 1 thi ta ¢6 biéu dién
P+ @)(5 + @3) + 2 (r + s} (r3 + s3) = [A(2))? + [B(2)]?,
(3 + @) (r3 + 53) + (r} + 1) (B3 + 63) = [C ()] + [D(=)]*.

Vay nén
P(z) = [A(2)]* + [B(@)}* + 2{[C(2))* + [D(@)*}.

Trudong hop deg P(z) = 2m + 1.
Lap luan tuong tu nhu d6i véi Bai todn 3 ta thu duge

n

P(z) = (¢ +d)(age® + brz + ci)
k=1

= [A@)? + [B@) + 2{[B@)* + [C(2)*} = [B)2 + [C(=)]*.
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. (Do c4c bifu thie trong ngoac nhon 1a khong &m v6i moi = nén 4p dung duoc kél qua
biéu dién cha Baj to4n 1).

Bai toan 6. Cho da thic f(z) € R{z] thda man diéu kién
f(z) >0 Vo € (-1:1).

Ching minh ring da thic f(z) c6 thé biéu dién duoc dudi dang
k
T) = Zaj(l + 2)% (1 — z)%
J=0

véia; 20, o, Bj €N

Giai. Gia str deg f(z) = m. Dat

142
11—z

—

=t = x=————.
t

[y

Doz € (-1;1) nén t > 0.

t—1 |
Vay f(z) = f (t+l> >0 Vt > 0. Do d6 da thitc Q(t) v6i

t—1
t) = (t+1)" (——)
Q) = ¢+ 1" (3
12 mot da thic thoa man diéu kién Q(t) > 0 Vi > 0.
Theo Bai todn 3 thi tén tai n € N sao cho

t—1
t+1)""Q(Y) = (t+ 1)'"*"1’(;;—1)
12 mot da thic cb cdc hé s6 déu khong am. Suy ra
m-+n 7
t+1) f(1+1> th
véi by >0, k<m+n.
Ma 1+ 2
x A
t+1= 1=
1-— + l—-=z
nén ta thu duoc
k :
2 m+n 14 axNJ
=Sty
(1—:5) /() jz——:()] 1—z
Suy ra
Y , 4
2)= 3 g (L +ap (- ey
J=0
hay

k
(@)=Y a1 +af (1 —a)" ",

=0



véi a; = ——— > 0. Tir d6 ta ¢6 diéu phi ching minh.

“~

Bai toan 7. Ching minh ring t6n tai da thic P(z) bic n va nhan gid tri
trong khoang (—1;1) va n6 khong thé biéu dién dugc dudi dang

P(z) =) Aap(l —2)*(1 +2),

trong d6 A, 20, a+ 8 < n; «,B la cic s6 nguyén khong am.

Giai. Xét da thic P(z) = 22 + ¢, trong d6 < > 0. Gia sl c6 thé viét P(z) du
dang

P(z) =22 4= Z App(e)(1 —r)“(1+x)ﬁ,
a+8<2

trong d6 ¢ > 0, A(2) 2 0, a va 3 chay trén tdt cd cdc sd nguyén khong

a+ 3 < 2. Nhu vay, véi ¢ bat ky trong tdng ndy s& chita vira diing sdu s6 hang

cich thé€ z = 0 vao (6) ta nhan duge A,ps(s) bi chan véi 0 < & < 1. Cho < de

sao cho t6n tai liII(l) A(e) = A trong 4t cd sdu s6 hang, khi d6 chuyén qua gidi
e

nhan dugc

2P= > Anp(l—2)*(1+a)’

a+3<2
Nhung véi z = 0 thi déng nhdt thic nay khong thod mén.

Vay khong phéi d6i v6i moi da thic P(z) bac n nhan gid tri duong trong
(—1;1) déu c6 thé biéu dién dugc dudi dang

Pa)= Y Aup(1-2)*(1+2)7, Agp>0.

a+8<n

Bai tap
Bai 1. Xdc dinh ham s f(z) déng bién trong [0, 27} vi thod min diéu kién

f(z) <sinz, Vz €|0,27].

Bai 2. Xac dinh ham s§ f(z) déng bién trong [0, 27] va thod min didu kién

f(z) < cosz, Yz €]0,27].

Bai 3. X4c dinh ham s6 f(x) dong bién trong [0, 4] va thod min di€u ki¢n

flz) < 2® =3z, Yo e[04].
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. Bai 4. Xdc dinh ham s6 f(z) nghich bién trong [0, 27] va thod man diéu kién

f(z) > sinz, Ve [0.27).

Bai 5. X4c dinh ham s§ f(z) nghich bién trong [0, 27] va thod man dicu kién

f(z) = sinz, Yz €0,2x].

Bai 6. X4c dinh ham s6 f(z) nghich bién trong [0, 4] va thod min diéu kién

f(z) > 42% -3z — 1, Yz €0,4].



PHUONG TRINH HAM LIEN QUAN PEN TAM GIL

Nguyén Van Mau

-~ pd ~? ’\,l » .,
3.1. Ham sé6 chuyén doéi cac tam gidc

3.2. Phuong trinh ham lién quan dén tam gidc

3.1. Him s6 chuyén déi cac tam gic

Ta nhic lai (khong chdng minh) mot s§ hé thic dac trung cho tam gidc
hoc sinh bac THPT déu quen biét. D4y 13 nhimg heé thitc don gidn mo t3 sy ri
tr nhién cla cdc y€u t6 canh va géc trong mot tam giic.

Bai toan I. Diéu kién cdn va di dé 3 s6 duong A4, B, C 1a do do cdc géc «
tam gidc AABC 1a
A+B+C=m.

Bai toan II. Diéu kién cdn va di dé 3 s6 duong a, b, c khi gan véi cing mo
do ludomg lap thanh do dai cic canh clia mot tam gidc AABC la

a+b>c
b+c>a
ct+a>d

NGi cdch khdc, ta ¢6 thé phét biéu ngan gon nhu sau.

Bai toan IP. Diéu kién cdn va di dé 3 s6 duong a, b, c [a do dai cdc canh ¢
tam gidc AABC la
[b—-cl<a<b+e.

Trong phdn ndy s€ khdo sdt cdc dic trung ham co ban cia mot s ham :
bdi cdc phép bién hinh so cdp dang tinh ti€n, déng dang, phin xa va nghich d
dudng thang thuc.

Bai toan 1. Xdc dinh o dé ham sd f(z) = z + «a ¢6 tinh chdt f(a), f(b),
do dai cdc canh cla mot tam gidc tng v6i moi AABC.

Bai gidi



D¢ f(a), fil). f{c) 12 do dai cdc canh clia moOt tam gidc, trude hél phai ¢6
f(a) >0, 1(b)>0, f(c)>0.
Suy ra
a+a>0, b+a>0, c+a>0, YAABC
hay
a>—a, a>~b, a>-—c, VAABC.

Diéu nay tuong duong véi
a > max{—a, —b, —c}, VAABC

hay a > 0.

Nguoc lai, v6i o > 0 thi f(a), f(b), f(c) 1a do dai cdc canh clia mot tam gidc do
a, b, c 1a 46 dai cdc canh clia mét tam gidc. Vay nén v6i @ > 0 thi ham s6 f(z) = z+a
c6 tinh chat f(a), f(b), f(c) 1a do dai cdc canh clia mot tam gidc tmg v6i moi AABC.

Bai toan 2. Xic dinh o d€ ham s6 f(z) = az c6 tinh chdt f(a), f(b), f(c) 1a do
dai cdc canh clia mot tam gidce ‘g v6i moi AABC.

Bai gidi
Dé f(a), f(b), f(c) 1a do dai cdc canh clia mot tam gidc, truGe hél phai ¢6
f(a) >0, f(b) >0, f(c) >0, VAABC.
Suy ra
aa >0, ab>0, ac>0, YAABC. (1)
Tir (1) ta thu dugc @ > 0. That vay, néu a < 0 thi f(a) < 0.

Vay véi a > 0 thi ham s6 f(z) = az c6 tinh chat f(a), f(b), f(c) la do dai cic
canh clia mot tam gidc vng v6i moi AABC.

Bai toan 3. Xdc dinh ¢, 3 dé ham s6 f(2) = az + 8 ¢6 tinh chat f(a), f(b), f(c)
1a do dai cdc canh cia mot tam gidc Ung véi moi AABC.

Bai gidi
Dé f(a), f(b), f(c) 1a A0 dai cdc canh cha mot tam gidc, wrudc hét phai c6
fla) >0, f(b)>0, f(c)>0, VAABC.

Suy ra
aa+0>0, ab+0>0, ac+8>0. VAABC. (1)

Tir (1) 1a thu dugec o > 0. That vay, néu o < 0, § ¥ ¥y cho trude thi ta chon AABC
¢6 a du 16n thi theo tinh chat clia nhi thifc bac nhat s& nhan duoc aa + G < 0.

Tuong tu, ciing tir (1) ta suy ra § > 0. That vay, né€u 8 < 0, ta chon AABC c6 a
40 nhd thi theo tinh chdt cta nhi thic bac nhat s&€ nhin duoc ca + 3 < 0.

Trudng hop khi déng thoi xdy ra @ = 0,5 = 0 thi f(z) = 0 khong thod mén bai
to4n.



Véia>20, 820vaa+gd>0thitathdy f(a), f(b), f(c) 1a do dai «
clla mot tam gide do a, b, ¢ 1a do dai cdc canh cla mot tam gidc. Vay nén:

Véia 20 f20vaa+8>0th himss f(z) = ar+ 8 ot
f(a), f(b), f(c) 1a do dai cdc canh cla mot tam gidc tng v6i moi AABC.

Bai toan 4. Xic dinh o, 3 dé ham s6 f(z) = e c6 tinh chat f(a), f
az

12 do dai cdc canh cua mot tam gidc tng véi moi AABC.

Bai giai Khong mat tinh tng quét, ta luon luén gia thi€t a > b > c.

. : . 1 - ’ )
Nhin xét rang, phép nghich ddo g(z) = - khong c6 tinh chét: g(a), g(b)
do dai cic canh clla mét tam gidc tng v&i moi AABC. Thit vay, xét tam
viia=b=2,c=1 thita cd
1 1

+b ¢’

Q|+

Pé f(a), f(b), f(c) 12 do dai cdc canh clia mét tam gidc, trudc hét phéi c
f(a) >0, f()>0, f(c)>0, VAABC

Suy ra

aa+0>0, ab+3>0, ac+3>0, VAABC.
Tt (1) ta thu dugc & = 0. That vdy, néu a < 0, § tuy ¥ cho trude thi ta chon
¢6 a du 16n thi theo tinh chét cta nhi thic bac nhdt s€ nhin duoc aa + 8 <

Tuong tu, cling tir (1) ta suy ra 3 > 0. That vay, néu 3 < 0, ta chon AA]
dd nho thi theo tinh chdt chia nhi thitc bac nhdt s&€ nhan duge aa + G < 0.

Trudng hop khi déng thoi xdy ra 8 = 0 thi f(z) = 0 khong thod man
(theo nhén xét & trén).

Vé6i a =0, 8 > 0, ta thu dugc ham hing duong nén f(a) = f(b) = f(c
f(a), f(b), f(c) 1a do dai cdc canh clia mot tam gidc déu.
Xét truong hop a > 0, 8 > 0. Khi dé

fa) = f(b) = f(c).
Vay ta cdn xdc dinh cic s6 duong ¢, 0 sao cho ludn cé
f(a) + f(b) > f(c), VAABC, a2b>c

hay
1 1 1

> ;

aa+ﬁ+ab+ﬁ ac+ 3’

Xét cic tam gidc ABC can dong dang vdi tam gidc canh 3,3, 1, tic a =
c=dvéi d> 0ty y. Khidé, (1) cé dang

VAABC, a>b>ec.

1 1 1
Vd >0
3da+[5+ 3da + 0 > da + 8’
hay .
2 ! Yd >0
3da+,ﬂ3>cla+ﬁ’ “>
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lo + lo + 3
dea ﬂ>cx Jé

vd >
5 0

hay
8> 2da, ¥Yd > 0.

Diéu nay khong xay ra khi d du 1n.
y 1 ) .
Vay véi a =0, 8 > 0 thi ham s6 f(z) = 3 c6 tinh chat f{a). 7(b), f(c)

la do dai cdc canh clia mot tam gidc ng v6i moi AABC.

Bai toan 5. Xdc dinh cdc ham s6 f(z) lién tuc trong [0, 7], f(0) = 0 v c6 dao
ham trong (0, 7) sao cho f(A), f(B), f(C) tao thanh d6 do cdc géc clia mot tam gidc
ing v6i moi AABC cho truée.

Bai giai
Ta cdn x4c dinh ham khd vi f(z) sao cho

f(:z:)>0 Vz € (0, 7)
f(0) =
J(A) + f( )+ 1(C) =

Theo gid thiét thi f(0) =0nén f(zx)=7vaC=7—(A+ B).
Suy ra

f(AY+f(B)+f(r~A~B)=nx, VA B,A+ B € 0.7

hay
f@)+fy)+fr—z—y)== Vo,y,z+y€l0,n] (1)
L4y dao ham trong (0, 7) theo bién z, ta thu dugc
f’(.’L‘)—f’(%’—.’L‘—y):O, V$>y:$+y€[077‘.]' (2)

Tir (2) suy ra f/(z) 12 ham hang trong (0,7) va vi vay f(z) = pz + g. Do f(0) =
nén ¢ =0 va vi vay f(z) = pz. Do f(7) = 7 nén p = 1 va ta thu duge f(z) = z.

Vay ham s6 f(z) = « 1a lién tuc trong [0, 7], £(0) = 0 va c6 dao ham trong (Q, =)
dé f(A), f(B), f(C) tao thanh d¢ do cdc gbc clia mot tam gidc Ung véi moi AABC
cho trude.

Bai toan 6. Xdc dinh c4c ham s6 f(z) lién tuc trong [0, 7] va
f(0)=0, f(z)>0 Vo e (0,n)

va f(A), /(B), /(C) tao thanh d6 do cdc gbc ctia mot tam gidc ung véi moi AABC
cho trude.

Bai giai

Ta ph4t biéu bai 104n di cho dudi dang:



Xic dinh cic hdm s§ f(z) Lién tuc trong [0, 7] va
[0)=0, f(z) >0, flz)+fy)+f(r—z—y)=m, Yo,y € (0,7),z+y <
Do £(0) = 0 nén véi y = 0, ta thu duoc
f(z) + fO) + f(m —z) =, Yz € [0,].
Pat f(z) = z + g(x) thi g(0) = 0 va g(z) Ia ham lien tuc trong [0, 7). Ta c6
(1) z+g() +(r—z) +glr—z) =7

& g(z) +g(r—z) =0, Yz €[0,7]

hay
g(m —z) = —g(x), Vo€ {0,7].

Thé f(z) = z + g(x) vao (1) va sk dung (2), ta thu dugc
z+g(z) +y+9(y) tr~(z+y)+g(r—(z+y))=m Yr,ye [0,7r],:L'+

hay
glx)+g9(y) —glz+y) =0, Ve,y€[0,7l,c+y <
hay
gle+y) =g(x) +9(y), Ye,ye[0, 7],z +y < 7

Do f(z) lien tuc trong [0, 7] nén (3) 12 phuong trinh ham Cauchy va g(z) =
f(z)=(1+a)z. D& f(z) >0 véi moi z € (0,7),tacdn ¢6 1 + > 0 va dé

f(A)+ f(B)+ f(C)=m

tacinc6 l+a=1 Suyraa=0va f(z) =z.

Bai toan 7. Xéc dinh cdc ham s& f(z) lién tuc trong [0, 7] sao cho f(A), f(B)
tao thanh do do cdc géc clia mot tam gidc tng véi moi AABC cho trudc.

Bai gidi

Ta thdy ¢6 hai ham s6 hién nhién thod man bai todn, d6 12 f(z) = z va f(z
Ta phét biéu bai todn da cho dudi dang:
Xdc dinh cdc ham s6 f(x) lien tuc trong {0, 7] va

f(2) >0, flz)+ f(y)+ f(r—z~y)=m, Y,y €(0,7),z+y<m.
Cho y — 0, ta thu dugc
. f(z)+ f(0)+ f(r —z) ==, Yz & (0,m)

hay
f(r—x)=7— f(0) = f(z), Yz €[0,n].
The vio (1), ta thu duoc '

c+gl@)+y+gly)+7—(x+y) +9(r—(z+y) =7 Va,y<c0,7],z+
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[ ]

. hay
faj+ 1)+ =10 = fl@+y)== Yayeldn,a+y<n

hay
fla+y)+ f(0)=fla)+ f(y), VeyelDrlz+y<r (2)

bat f(z) = f(0) + g(z). Khi d6 g(z) lién wc trong [0, 7] va (2) ¢ dang

g(z+y) =g(z) +9@), Yo,y e[0, 7,z +y <7 (3)
Do g(z) lien tuc trong [0, 7] nén (3) 1a phuong trinh ham Cauchy va g(z) = az v
f(z) = az + (. Ta cin xdc dinh o, 8 dé f(x) > 0 véi moi z € (0,7) va dé
f(A)+1(B)+1(C) =~
hay
az+ 0 >0, Vz € (0,n)
a(A+B+C)+38=m.
hay
ar + 3 >0, Vz € (0,7)
arw + 38 =~.
hay
1—
f(z)=az+ (——gm >0, Vz e (0,7). (4)

Cho z — 0 va ¢ — =, tit (4) ta thu duoc

<a<l.

N

1 . . 2
Véi ~3 < a < 1 thi hién nhién (4) thod man.

1
Xéta= ~3 thi f(z) = —~§x 4= 5 ~ thoa man diéu kién bai ra.
Thay vay, v6i 0 < z < 7 thi f(z) > f(7) =
Xét o == 1 thi f(z) = z hién nhién thod man diéu kién bai ra.
Vay, cdc ham cén tim déu c6 dang

f(2)=az+ A-ar

Bai toan 8. X4c dinh cic ham s§ f(z) lién tuc trong [0, 1] sao cho f(a), f(b), f(c)
tao thank do do cdc canh cla mdt lam gidc ndi ti€p trong dudng tron dudng kinh 1
tmg v&i moi AABC noi tiép trong dudng tron dudng kinh 1 cho trude.

Bai giai

Ta c6 nhan xé1 sau:



Xét dudng tron O dudng kinh bang 1. Ky hiéu M (A) la tap hop tdt cd
gidc noi ti€p trong dudng tron O d6. Khi d6 diéu kién cdn va di dé ba s
@, 3,7 la ba géc clia mot tam gidc thuoc M(A) 12 sina, sin 3, sin+y tao thar
cic canh ctia mot tam gidc thudc M(A).

That vy, khi . 3.~ 12 ha géc cia mot tam gidc thi 2Rsina, 2Rsin 3,
hay sina, sin 3, sin-y 12 d6 dai cic canh tuong fng cla tam gidc noi ti€p du
dudmg tron O duong kinh bang 1.

Nguoc lai, khi sin ¢, sin 3, sin 12 do dai cic canh tuong Gng clha tam
ti€p dugc trong dudng tron O dudng kinh bang 1 thi do cdc géc o, 3,v du
a, B, 1a ba géc cia mot tam gidc.

Viy, theo két qud bai todn 7 thi cdc ham cédn tim ¢6 dang

f(z) =sin (ax +

1—
ﬂ)’ _%gagl_

3
3.2. Phuong trinh ham lién quan dén tam giac

Trong muc nay, ta quan tdm dén b0 cdc ham s6 ( phuong trinh ham da ¢
l4p nén mot diy cic tam gidc tng v4i cdc gia tr tuong Ung cua doi so.

Trude hét, ta nhan xét ring nghiém cta phuong trinh vo dinh 22 + 3% = :
tap céc s6 thuc duong c6 thé mo ta dudi dang tham sd

z = U Cos v,
Y = usinwv,

+ T
z = u,uéR,vG(O,§)

Viy ta ¢6 két luan sau:

Bai toan 1.
Ching minh ring véi moi (u,v) véiu € R, v € (0, g) déu t6n tai mot t:
ma s6 do cdc canh 12 nhing s6

Py(u,v) =ucosv, Py(u,v)=usinv, Py(u,v) =u

v c4c tam gidc d6 dng véi moi (u,v) véiu € Rt v g <O, ;_r) cho trudc déu
gidc vuong.
Giai.
That vay, dé thdy Py (u,v) > 0, Pa(u,v) > 0, P3(u,v) > 0 tng véi moi (u
ueRT ve (0, 72_r vi ding thic sau luén luon ding
[Pi(w,v)]* + [Pa(u, 0))? = [Py(u,v))*.
Tur d6 suy ra Pi(u,v), Pa(u,v), Py(u,v) la do dai cic canh cha mot tam gidc

canh huyén P3(u,v).

Ti&p theo, ta xét cdc bo him s¢ mot bién trong 1dp cdc da thic tao thanh
cc canh clia mot tam gidc tng vdi moi ddi s@ trong mot mién cho trude.
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Bai toan 2.
Chimg minh ring v6i moi z > 1 déu 16n tai m®t tam gidc ma s6 do cdc canh 12
nhing s6
Pi(z)=a*+23 4+ 22° + 2 + 1,

Po(z) =22 + 22 + 22 + 1,
P(z) =2 -1
va cac tam gidc d6 Ung véi moi x > 1 cho trude déu ¢ gée 16n nhéat nhu nhau.
Giai.
Patz?+24+1=0a>02z+1=b>0vaz?—1=c>0thi

b—cl=|2?-2z|<a=2+z2+1<|b+c| =242z
Vay a, b, ¢ 12 d6 dai c4c canh cha m6t tam gidc. Do vay

Pi(z) = a(z? +1), Po(z) =b(z? +1), Ps(z) =c(2® +1)

ciing 12 do dai cic canh clia mot tam gidc. Canh cé d6 dai 16n nhét cla tam gidc dng
v6i Pj(z) hay a. Goi a la géc 16n nhat cha tam gidc. Khi d6 thi

a2=b2+c2—2bccosa
hay
cosq = 1
sa = 5
hay
gf
o= 3
Bai tap

Bai 1. Xdc dinh cdc da thuc bac nhéit T'(z), U(z), V(z) sao cho T'(z), U(z), V(z)
luon ludn lap thanh d6 dai cdc canh ciia mot tam gidc thudng tng v6i moi = > 0.

Bai 2. Xac dinh cic da thie T'(x), U(z), V(z) bac khong qué 2, sao cho T'(z), U(z).
V(z) ludn ludn 1ap thanh do dai cic canh cha mot tam gidc thudng tng véi moi = > 0.



BAT PHUONG TRINH HAM LIEN QUAN PEN TAM

4.1. Bat phuong trinh ham lién quan dén tam gidc

4.2 Ham sé chuyén déi thi tu cdc yéu t6 trong tam gidc

4.1. Bat phuong trinh ham lién quan dén tam giac

Trude hét, ta nhic lai (khong ching minh) mot s§ hé thie diac trung cho t
ma moi hoc sinh bic THPT déu quen biét. Pay la nhitng heé thic dic biét qu:
lién quan dén su rang budc tu nhién cla cdc yé€u t8 canh va géc trong mot ta

Bai toan I. Trong moi AABC ta déu c6: dng vdi géc 16n hon thi canh 16r

Nhén xét 1. Diéu khang dinh trén cho ta mot két luan twong duong sau da
Trong AABC khi A < B thi sin A <sinB.

Va phu vay, mac dit ham s6 f(z) = sinz khong déng bién trong (0, 7) t:
hé thic kiéu ”déng bién” cho cip géc clia mot tam gidc.

Bai toan II. Trong moi AABC ta déu c6:

A+B

cos A+ cos B € 2cos

Nhéan xét 2. Nhu vay, mac di ham s6 f(z) = cos z khong 1a ham 16m (c6
bac hai luén luon am) trong (0, ) ta vin c6 hé thic kiéu "ham I6m” cho cap
mot tam giic.

Bai toan III. Trong moi AABC ta déu c6 bit ding thic

sinA+4sinB+sinC < 37\/‘?,

Bai toan IV. Trong moi AABC ta déu c6 bt ding thic

A B c _.
[g‘7+ tg-;‘{" tgj)“>\/§,
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- Bai toan V. Trong moi AABC ta déu c6 ba dz"ing thire

cotg—;i + cotg % + cot;: = >33,

Bai toan VI. Trong moi AABC ta déu c6 bit dang thire

cosA+cosB+cosC < g,

Nhan xét 3. Diéu khang dinh clia cdc Bai todn III-V dé dang kiém chimg dugc dya
trén bat dng thic Young W.H. quen biét d6i v6i 16p ham c6 dao ham khong déi ddu
trong khoang (0, 7). :

Tuy nhién, d6i véi khing dinh cha Bai toan VI thi ta thdy ngay ring tinh chal cla
ham 16m khéng con dugc st dung nhu m6t cong cy co ban dé kiém chimg tinh ding
dén cha b4t dang thic. Vay thi, mot van dé xudt hién tr nhién la: V& éng thé, ta c¢6
thé mo6 13 duoc hay khong 16p cdc ham téng quét thod man diéu kién

1(A)+1(B) + 1(0) <31 (%),

hoac

1(A) + (B)+ 1(0) 234 (3 ).

véi moi AABC?

Sau day ta xét mot s6 minh hoa thong qua cdch xay dung cdc phuong trinh ham
dé mo6 ta nhilng nhan xét da néu & weén.

Bai toan 1. Cho ham s6 f(¢) xdc dinh trong khodng (0, 7). Ching minh ring cdc
diéu kién sau day la tuong duong:

fla) + 1) <20 (5 ey +y e 07) ®)
1@+ 1) + 1) < 3D Yoy sz by +ze O (@)

Giai. That vay, tir (1) dé dang suy ra (2). Gid stz > y > z thita ¢

+y+ + r4y+z
#@) + 1 <2f () 3)
Tir (1) va (3) suy ra

1@+ 1) + 1)+ F(ETEE
T+Yy+2
) iyt

) <

2134 +1(

) Yz,y,z,2 +y+z € (0,7].

Nguoc lai, tir (2) v6i gid thiét z < z < y, dat z = ZEY ta thu duoc (1).



Bai toan 2. Xdic dinh cdc ham s6 f(t) xdc dinh trong khoang (0, 7) va thd
diéu kién:
V6i moi tam gidc ABC thi A < B khi va chi khi f(A) < f(B).

Giai.

Tru6c hét, ta c6 nhan xét ring diéu kién A < B khi va chi khi f(A) < f(
moi cap géc nhon A, B twong duong véi f(t) = fo(t) 1a mot ham dong biér
(0, 3]

Xét ham s6

¢t) khi 0<t<Z
ao(t) = fo(?) Sisa
fo(mr —¢) khi s<t<m
Ta chimg minh rang, khi d6 go(t) thoa man diéu kién bai ra.
That vay, ta ¢6 go(A) < go(B) v6i moi géc A, B nhon va A < B. Xét trudy
0<A<GT<B<mvéiA+B<m.

Tacor— B> Ava
90(B) = fo(m — B) > fo(4) = go(A).

Tiép theo, ta chimg minh ring moi ham f(¢) thoa min diéu kién bai todn
dang

_ g()(t) khi 0<t< %
ﬂﬂ_{zwm khi T<t<m

That vay, v6i diéu kién go(B) < f(B) véi moi géc B t, ta ¢6 v6i 0 < A
B<mvii A+ B<nthin—B>Ava

f(B) = go(B) = fo(m — B) > fo(A) = go(A) = f(A).

Bai toan 3. Xét ham s6

int khi 0<t<Z
£(t) = sin i \2
1+ cost khi <t

.. Chimg minh ring véi moi tam gidc ABC ta déu cé

3V3
£(A) + £(B) + £(0) < 222,
Giai.
Khi AABC nhon thi (4) ¢6 dang quen biét
sinA+4sin B+sinC < —\2/—_

Xét truong hop AABC tu véi C' > § thi (4) ¢6 dang

sinA+sinB+1+cosC K

33
/i
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- Dé y rang véi goc C 1w th
14+ cosC <sinC

nén ta ¢ (5) la ding.
4.2 Ham so chuyén déi thir t cic yéu té trong tam giac

Bai toan 1. Cho ham s6 f(x) x4c dinh duong va ham s6 g(z) = = f(x) va déng
bién trong (0, c0). Ching minh rang ham s6 g(z) 12 ham s6 bdo toan heé thuc giira r
va R trong tam gidc.

N6i cach khédc, néu 7, R 1an luot 1a ban kinh dudng tron noi ti€p va ngoai tiép cla
tam gidc ABC nao d6 thi g(r), g(R) lan luot s€ 12 ban kinh noi ti€p va ngoai tiép cua
mot tam gidc nao do.

Giai. That vay, theo gia thiét thi R > 2r (d4u dang thic x4y ra khi tam gidc déu). Ta
ching minh g(R) 2= 2g(r). Ta ¢6 f(z) > 0 va f(2z) > f(z) v6i moi z > 0 (do f(z)

2z x :
déng bién) suy ra 9—%—5—2 > _g_:::) hay g(2z) > 2g(z). Tir day suy ra g(2r) > 2g(r).

Mat khic, g(R) > g(2r) do R > 2r va g(z) déng bién. Suy ra g(R) > 2g(r).
Bai tap
Bai tap 1. Xét ham s6
cost khi 0<t< 7%
)= - >
g(t) khi Z<i<nw
Xéc dinh céc ham s6 g(t) xdc dinh trong khodng (%, 7) va théa man diéu kien:

Vi moi tam gidc ABC ta déu c6

F(A) + £(B) + £(C) <34 (3).

Bai tap 2. Xét ham s6
) = sint khi 0<t<3
~ lg(t) khi p<t<m
Xéc dinh céc ham s6 g(t) x4c dinh trong khodng (Z,#) va théa man diéu kién:

V6i moi tam gidc ABC 1a déu c6

F(A) + §(B) + 1(C) <3£(3):

Bai tap 3. Xét ham s6
g(t) khi 0<t<Z
fty =490 Kni 0 <t<3
sint khi 7 <t<m

Xac dinh cdc ham s6 g(t) x4c dinh trong khodng (0, 7] va théa man diéu kien:



Vi moi tam gidc ABC ta déu ¢é

f(A) + £(B) + f(C) < 3f(3)-

ot =

Bai tap 4. Xét ham so

ft)y= g(t) khi 0<t< 3
cost khi § <t<m

Xdc dinh cdc ham s6 g(t) xdc dinh trong (0, %] va thda man diéu kién:
Véi moi tam gidic ABC ta déu ¢6

F(4) + F(B) + 1(C) <3f(5).

Bai tap 5. Cho ham s6 p(t) xdc dinh va 16m (c6 dao ham bac hai am) trong ((

—
i

Xét ham s6
g(t) khi 0<t<g i
f(t)={ ARSI
g(t) khi §<t<
X4c dinh cdc hiam s g(t) xdc dinh trong khodng (7§, 7) va théa min diéu kién:

Vi moi tam gidc ABC ta déu ¢6

f(A4) + £(B) + £(C) < 3f(3).
Bai tap 6. Cho ham s6 p(t) x4c dinh trong (7, 7). Xét ham s6

£(t) = g(t) khi 0<t<3
q(t) khi F<t<m
X4c dinh cdc ham s g(t) xdc dinh trong khoang (0, §] va théa man diéu kién:

Véi moi tam gidc ABC ta déu c6

J(4) + 1(B)+ (C) <34(5).

Bai tap 7. Xdc dinh cdc ham s f(t) x4c dinh trong khoang (0, 7) va thoa mir

kién:
V6i moi tam gidc ABC ta déu c6

(V]

f(4) +cos B+cosC < =.

~

b

Bai tap 8. Xic dinh cdc ham s3 f(¢) xdc dinh trong khodng (0, ) va théa ma
kién:
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Vi moi tam gidc ABC ta déu ¢6

f(A)+sinB +sinC <

3v/3
5

Bai tap 9. Xdc dinh cdc ham s6 f(t) xdc dinh trong khoang (0, %) va thda man dicu
kién:
Véi moi tam gidc ABC ta déu c6

B C
7(4) + s+ tg2—2— > 1.

Bai tap 10. Xdc dinh c4c ham s6 f(¢) x4c dinh trong khoang (0,7) va thda man
diéu kién:
V6i moi tam gidc ABC ta déu ¢6

B C
f(A)+ g5 + ey < V3.

Bai tap 11. Xic dinh cdc ham s6 f(t) xdc dinh trong khodng (0, 7) va thda min
diéu kién:
Véi moi tam gidc ABC ta déu c6

FA) + colgzg + cotg2% > 9.

Bai tap 12. Xic dinh cdc ham s6 f(t) xdc dinh trong khodng (0, 7) va thda mén
diéu kién:

Véi moi tam gidc ABC 1a déu ¢6

f(A) + cotg—g + cotg% < 3V3.

Bai tap 13. Xac dinh cdc ham s6 f(t) xdc dinh trong khoang (0, 7) va thoa mén
diéu kién:
" V6i moi tam gidc ABC ta déu ¢6

1)+ 18) <2128,

Bai tap 14. Xdc dinh cdc ham s6 f(t) xdc dinh trong khoang (0, 7) va thda min
diéu kién:
Véi moi tam gidc ABC ta déu c6

f(A)+ f(B) +cosC <

DO O

Bai tép 15. Xdc dinh cdc ham s6 f(t) xdc dinh trong khodng (0, 7) va thda man
diéu kién:
Véi moi tam gidc ABC ta déu c6
3v/3

J(A)+ §(B) +sinC < =~



BAT PHUONG TRINH HAM TRONG TAM GIA(
POI VOI BIEN p, R, 7

Bui Cong Huén

0.1 bDat van dé

Ta ky hi¢u (R, r, p) tuong Ung la ban kinh dudng trdon ngoai ti€p, dudng tron
va nira chu vi clia tam gidc ¢6 ba canh 14 a, b, c.

Goi f(R,r), F(R,7) 12 cdc ham thudn nh4t bac hai cta R,r. Goi g(
Q(R.r) 1a cic dang toan phuong bic hai cia R,r. Xét phuong trinh ham -

o(R,r) < f(R,7r) <p* < F(R,1) < QR,7)
véi moi tam gidc ABC sao cho ddu dang thic x4y ra khi tam gidc déu hoac ¢

12 bai todn hay. Sau day ching t6i gidi quyét bdt phuong trinh ham (1) cho
ham cu thé.

0.2 Lo6p ham thuan nhat bac hai va biéu dién do thi

Dinh 1y 1. Cho f(R,7) va F(R,r) 1a hai ham thuin nh4t b4c hai !
f(R,7) < p? < F(R,r) v6i moi cap tam gi4c (p, R, ) ma dfu ding thic xa
tam gidc déu. Vay dung véi

f(R,r) =2R? + 10Rr —r? + 2(R — 2r)/R? — 2Rr
F(R,r) = 2R? + 10Rr —r? — 2(R — 2r)y/R? — 2Rr

Chitng minh. Véi a,b, c 12 ba canh cia mot tam gidc, xét da thirc
p(z) = (z —a)(z —b)(z —c)
Tir d6 bang cach khai trién da thic ta suy ra ring
.3 _ 5 .2 2 2 ,
o(z) = z° ~ 2px* + (p° +4Rr + r)z — 4pRr
Da thirc bic ba nay c6 ba nghiém a, b, ¢, va cé biét thic
D = (a—b)%(b — ¢)*(c - a)?

R& rang D > 0 va ddu ding thi xay ra khi va chi khi tam gidc can. Mat khd
dang tinh duoc

D =4r?{4Rr(R - 2r)2 — (p* + 7 — 10Rr —2R})?} >0
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. Vay nén
(p* + r? — 10Rr — 2R?)? < 4R(R — 2r)® (5)

Diu déang thic xay ra khi tam gidc can. T (5) ta c6

p? > 2R* + 10Rr — 2 —2(R — 2r)/ R? — 2Rr (6)
p? <2R? + 10Rr — r? + 2(R - 2r)v/R? — 2Rr (7)

Biéu dién dé thi.

Tam gidc (R,p,r) dong dang véi tam gidc (g, g, 1). Goi z = R/r vay = p/r.
Theo b4t ding thitc quan hé gita R va r cla Euler thi z > 2. Tir b4t ding thitc (5),
chia hai v& cho 2 ta c6 bt dang thitc tvong duong duéi bién méi z, y

(2 +1—10z — 22%)? < da(z —2)° (8)

B4t dang thic nay lai twong duong véi hai bat dang thiic

y? > 222 4100 — 1~ 2(2 — 2)V2? — 2z 9
y? <22% +10z —1+2(2 — 2)V/a? — 2z (10)

D4u ding thic xay ra & (9) va (10) khi va chi khi tam gidc can.

Trong mat phang 20y tryc chuén (8) 1 b4t phuong trinh mo ta cho ta mot mién
S bao gém céc cap diém x,y) thod (8).

B& dé 1. Phép tuong img (R,p,7) — (3 g 1) la moét song dnh tir I6p tam gidc

r?
déng dang sang mién S & (8).
(Ban doc tu chiing minh).

Nhu vay thay vi nghién citu tam gidc twong tng véi bo ba (R, p,r) ta nghién ctu
d6 thi cia S o (8).

Do mién S 12 mién cong c6 by lién tuc nén cho ta khang dinh chat cha ham
f(R,r) va F(R,r) nhu (2) va (3) ctia Dinh Iy 1. Hay néi khdc di f(R,r) va F(R,7)
12 nghiém thudn nhat bac hai cla bat phuong trinh ham

f(R,7) < p* < F(R,7)

v6i ddu dang thiic xay ra cho tam gidc can.

0.3 Lé6p cac dang toan phuong bac hai

Dinh 1y 2. Néu ¢(r,r) va Q(R,r) la hai dang toan phuong bac hai ¢6 hé s6 thyc
thoda man b4t phuong trinh ham

g(R,7) < f(R,7) < p* < F(R,7) < Q(R,7)



Vi moi tam gidc (R, p,7) ma diu ding thic chi xay ra cho tam gidc déu thi |
c6

q(R,r) = 16Rr — 5r2
Q(R.7) = 4R* + 4Rr + 3r?
Chitng minh. Ta ¢6
4R(R - 2r?) = 4R - 2r})}(R - r)? — 4r?(R - 2r)
<4(R-2r)*(R—-r)*
D4u dang thic xdy ra khi va chi khi R = 2r, ttc 13 tam gidc déu. Theo (5) ta «
(p* + 1% —10Rr — 2R%)? < 4(R — 2r)}(R —r)*
hay 1a
16Rr — 5r% < p® < 4R? + 4Rr + 3r?

Vay y thit nhét cha Pinh 1§ 2 da duge chimg minh.

Bay gi ta chimg minh b4t ding thic (13) khong thé lam t6t hon bang c:
dung d6 thi S. Ta gid su

222 + 10z — 1 + 2(x —2)V 22 — 2z < (4a® + 4z +3) — (e’ + B+
’ <d4z? +42+3, Vo >2

Thay x = 2 suy ra 4a + 28+~ = 0. Ta phadi ¢6 az? + Bz ++v >0, Yz >

la
az? + Bz —4a—28>0, Yz > 2
Gian udc choz —2 > 0 ta cb
| az+2a+ 08>0, Yo > 2
Lai cé

2z —2)Ve? —22 < (2-2)2? — (6+B)z + (da+28+4), Vo > 2

Gian udc cho z —2 > 0 ta c6
2V12 =20 < (2— )z — (20 + B +2), V& >2

Su;ha
afa — 4)z® + (40® + 208 — 4a — 40)z — 2a + 8+ 2)% > 0¥z > 2

Tu(14)choz — +ocotac6 a > 0,choa— 2tacd 4o+ 5 2> 0.

Tt (15) choz - ootacéd 2—a >0, tr (16) cho z — +oco ta c6 afa ~ ¢
suyra o =0, 3= 0, v = 0. Danh gia twong tu cho v€ trdi (13).

Vay q(R,r) = 16Rr — 5r% v Q(R,r) = 4R? 4+ 4Rr + 3r? 1a nghiém 16t nh
bdt phuong trinh ‘
q(R,r) <p* < Q(R,7), Y(R,p,T)
va ddu ding thic xdy ra khi tam gidc déu.
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0.4 Mot so6 van dé do thi
Goi S 12 d6 thi cla
(v? +1— 10z — 22°)? < da(z — 2)?
Theo b6 d¢, ta c6 mot phép song 4nh tir tap gbm I6p cic tam gidc dbng dang va
dé thi S. Ta nghién cdu 46 thi S.

Xét dudng cong

Y

AB :y? =222 410z — 1 +2(z — 2)V/2? — 22
AC :y? =22% + 10z — 1 - 2(z — 2)V22 — 2z
AD :y* =42 + 42 +3

AE:y2=16x—5'

T4t ca c4c dudng cong nay chung nhau tai diém A(2,3,+/3). Tir cdc bat phuong trinh
ham & trén ta ¢6 dudng thang AD cao nhét va dudng AE thap nhat.

Pudng cong AB va AC c6 do nghieng A déu 12 /3. Tam gidc déu tng véi duy
nhit diém A. Do nghiéng cla AD tai A 1a 10v/3/9, do nghieng cia AFE tai A la
8/3/9. Dudng thing y = 22+ 1, = > 2 12 tiém cn clia AB vd AD. Vay thi cic
diém AB va AC chinh la 16p twong duong cla c4c tam gidc can.

ap dung cho dang bic hai thay cho S 1a td4p S’ bi kep bdi hai bién AD va AE. Ta
lai bi€t ddu cha p — 2R — r (la 0, la duong, 1a 4m) cho ta phan loai (tam gidc vudng,
nhon, hay )

Nhu vay tam gidc vuong 1a cdc diém trén dudng y = 2z+1 clatap S n6 Ia dudng
FG. Trong hinh v& du6i day ky hieu u =224 3v/3 —4 vat = s = 3/3

biém F(1 4+ /2,3 4+ 2v/2) dac trung cho 16p tam gidc vuong. Mién tao bdi
BA, AF, FG tuong tmg cho tam gidc nhon. Mién gita FG va FC la mién tam gidc



tu.

ing dung. Qua A k& dudng thang song song véi Oz va FG, khi d6 mién k
hai dudng niy thod min 3v/3 < y <2z + (3v/3 —4). Thay z = R/r va y =
¢6 ngay bt dit thic tuyén tinh

3v3r <p< 2R+ (3v3 - 4)r

Dau déing thitc x4y ra khi khi tam gidc déu.

Al S
3
O 2 x

Goi S 1a dien tich ta gidc, ta dd biét 45 < 3v/3R? suy ra v/3S < 4Rr 4+
(17) ta c6 bat phuong trinh ham

S < o(R,T)
Cho nghiém @(R,r) = 2Rr + (3v/3 — 4)r%.

Do v3abc < 2(R+ ) suy ra
abc = 4pRr < 8R?r + (123v/3 — 16)Rr?

Ma sinA +sinB +sinC = p/R < 3-‘2/—§ Viy tir (17) ta ¢6 nghiém cta bat |
trinh ham

- sinA+sinB+sinC=p/R<p(R,T)
Bhe=2+2V3-4)r/R

Lai ¢6 18Rr < ab + be + ca < 9R?, 4p dung (13) ta c6 bdt phuong trinh b
@1(Rr) = 20Rr — 47 < ab 4+ bc + ca < 4R* + 8Rr +4r% = pa(R,T)
Tur dinh 1y 1 ta ¢6 10i gidi cha bat phuong trinh ham
2R? + 14Rr — 2(R ~ QT)M < ab+ca+ bc
< 2R?+ 14Rr + 2(R - 2r)v/R% — 2Rr
4R? + 16Rr — 3r2 — 4(R — 2r)V/R? — 2Rr < a® + b* + ¢
< 4R? 4+ 16Rr — 3r> + 4(R — 2r)\/R? — 2Rr
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- 0.5 Tham s6 hoa

bat 1} =14 %(t + %) v6i t < 1 thé thi % = (_’_:r}_:_)i do tinh déng dang cla tam gidc

tacoir=2tsuyra R=(t+1)2dant6i R—2r = (t—1)2 va VR? —2Rr = > — 1.
Vay (6) va (7) c6 dang

4(2t +3) < p? < 4t(t +2)° (20)
Trong (18) va (19) ta c6

4t +1)2t+1)(5t +1) < ab+be+ca < 4t(t +1)(2t + 1)(5¢ + 1)

va
8(2t + 1)(3t2 4+ 6t 4+ 1) < a® + b + ® < 8t(t + 2)(t* + 2t + 3)
Chi y. Véi t =1 la tam gidc déu, t € (1,1 + +/2) 12 tam gidc nhon hoac can .
Dinh 1y 3.

Vi moi m € [—1,1] v moi tam gide ¢6 bo ba (R,7,p) thi
mp? < (m + 1)2R? — 2(m? — 5m + 2)Rr + (4 — m)r? @1

Dfu dang thitc x4y ra khi va chi khi tam gidc déu hodc can c6 ty s6 do dai canh
diyvacanhbénlal-m

Chung minh.
Khi m € (0,1) thi b4t ding thic (21) twong duong v6i

p® <4R? 4+ 10Rr —r® + mR(R — 2r) + l(R — 2r)?
m

hay Ia

p? +2(R—2r)y/R(R-2r) < F(R,7) + mR(R - 2r) + —l——(R —2r)?

m
ma p? < F(R,r) nén

2(R - 2r)\/R? — 2Rr < m(R? — 2Rr) + %(R —2r)?

ta duoc diéu phai ching minh.

Khi m € (—1,0) ta chimg minh twong ty. Khi m = 0 thi (21) cling ddng
Sir dung b6 dé ta c6 diéu phai chimg minh.

Khi m = 0 thi Dinh ly 1. lu6n ding.

Ghi chu



a) Cho m = —11ta c6 p? > q(R,r) = 16 Rr — 572
b) Cho m =1 ta c6 p? < Q(R,r) = 4R? + 4Rr + 3r?
Dinh 1y 4. V& moi m € [-1,1), v > 0, v > 0 vd moi tam gidc ¢d
mp® < (m+1)2R? = 2(m? — 5m + 2)Rr + (4 — m)r? + ur(R — 2r)
+v(R -
D4u ding thic xdy ra khi va chi khi tam gidc déu.

Ghi chu.
Chom = 3,u=0,v=13tacé p? <5R?— Rr +9r* = p1(R,r)

Dinh 1y 5. Cho m € (-1,0),m € (0,1),u > 0 va moi (R,r,p) chin
rang :

2r

—_m

mp? < (m+ 1)2R? - 2(m? —5m +2)Rr + (4 —m)r? +u (R -
Ching minh. Nhu Dinh 1y 3.
Ghi chi.

Cho m = %,u = % ta c6 p® < 9R% — 23Rr +39r% = w2 R, 7) v6i moi (R, r,

Dinh 1y 6. Né&u f: (0, %) — (0, 00) 12 mot ham sd sao cho p > Rf
moi bo ba (R,r,p). Khi d6 ddu ding thic xay ra khi tam gidc déu hoac tam g
c6 ding mot géc 16n hon 7/3

Chung minh. Gid st tén tai AABC sao cho A < 7/3 < B <
p=Rf(g).

Xét tam gidc A'B’C’' ma

cos C’;B' = cosc—gl—s- — COS 9*2—’—5
cos CEB = cos C5B° — cos C’ng/
Khi dé
r Asi A B . c’
— = 4sin — sin — sin —
R 2 2 2
_ C'+ B’ C'-B C'+ B
= 2cos (cos 5 T s )
2(00 C-B COSC+B>COSC+B r
= S — =
2 2 2 R
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Cc-—-B C

Goi cos’—2—=x,cos-—;—B»=yvéim>y>0. Ta cé

%=SinA-FsinB+sinC

=2$inC;B(CosC-;B+cosC;B>
=2(z+y)Vv1-y?
p/_ . 14 B C'+ B C' — B B 5
R—2s1n 5 (cos 5 + cos 5 >—2(2a:——y)\/1—(m—y)
Do dé6 ta c6 ,
P P
R™R
Suy ra
R R r !
< 2 Ry R
P epg=7RIG)=RI(z)

Déan t6i mau thuin.

Pinh 1y 7. Néug: (0,5 — (0,00) la mot ham s6 sao cho p > Rg(%) diing véi
moi (R, r,p) cha tam gidc. D4u dang thic X3y ra khi va chi khi tam gidc déu hoac c6

ddng mot gée 16n hon 7 /3.

Chiung minh. Nhu Dinh 1y 6.

0.6 Phuong trinh ham dang f(A+ B,B) = f(A, A+ B)

Ky hiéu Rz, y] 1a vanh céc da thic hai bién hé s6 thuc va R(z,y) 12 trudng cdc phan

thic hai bién he s6 thic. Coi f € R(z,y) va xét phuong trinh ham
fla+0,b)= f(a,a+b)

hay la

Ta xic dinh tu dang c4u

f

T: F(z’y) - F(a:

(z,y) = fz —y, )

W)

bd T(z) =z —y va T(y) = z. Goi G la tap bat bién cla T, ta c¢6

T(x)=z—y
T*(z) = —y
T3(z) = —z



Nhu vay T8(y) = y va T® = I (déng nhat). Ta c6 [R(z,y) : G] = 6. |
T(z), T*(z), T°(z), ..., T%(z) € G. Va

6
[[lww - T ()] = (w* - %) (w* ") (w* ~ (y ~ 2)*)
i=1

Goi S; (j = 1. 6) 1a cac da thitc Viét cia T%(z) (i = 1,6). Ta ¢6
S1=0
S3=0
S5 =10

Sy =202 —x—y+2y°
Sy =2 + 2@ - y)? + 4P (z - y)°
Ss = 2*y*(z — y)°
1 ‘
Sy = 1(52)2
Vay R(Sly S27 53) 547 557 36) = F(SZ, Sﬁ) 2G. VaG C R(xry) suy ra F
G. Véi z la nghiém cha (24) 12 phuong trinh bac sau ¢6 hé sd trung R(Sz, .
12 nghiém clia phuong trinh bac hai c6 hai he s6 trong R(S», Ss, z) do 2z -

2y2 —-S5;=0. Tacé [R(J"a y) : R(S2: SG)] < 12, Vay [R(l‘,y) : R(S2) SQ) :
[G :R(S2, S6)] = 2 suy ra

P = zy(z — y)(z° — 2y — 2zy* +¢°)
va ¢6 G = R(S2, S, P)
Nhén xét.

1. Cé4c két qua Dinh 1y 8 vd 9 cho ta d4du hiéu kiém nghiém tinh nghiém |
bat phuong trinh ham kiéu (1).

2. Tu nhién phét trién clia bai to4n cho dang bac cao 1a vdn vdn dé cdn ng]
ti€p

3. Xét bat phuong trinh ham cho da gidc, cho t dién twong tu hay khong

.. 4. Viéc dua sy nghién ctu bdt phuong trinh ham vé nghién ciu S va S’
bai nay 12 mot hudng md ra hay.

Mong ring s& c6 diéu kién dé ching 16i trao ddi thém vé van dé nay.

TAI LIEU THAM KHAO

(1] I. Bludon, Canad. Math. Bull. (8) 1995, 615-626
[2] Al. Lupas, “On Some geometric. Inequality”. R.M.T. 1/1984.

[3] L. Nicolescu, “Inequalities in R, r” Bulutin. Math Romanial 1987
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PONG DU VA PHUONG TRINH PONG DU

Ding Hing Thing

I. Pong du Péng du 12 mot khdi niém cye ky co ban va ddy sitc manh trong 1y
thuyét s6. Khdi ni¢m nay do nha to4n hoc Dic Gauss,( 1777-1855) 6ng vua todn hoc,
mot trong nhimg nha todn hoc 16i lac nhét clia nhan loai dua ra N6 duoc trinh bay
trong tdc phdm “Disquistiones Arthmeticcae”ctia 6ng xuat ban nam 1801khi 6ng méi
24 twéi.

1.1 Pinh nghia Cho s6 nguyén duong n. Hai s6 nguyén a,b € Z duuge goi 12
ddéng du theo modun 7 va ta viét a = b (mod n) néu khi chia cho n ching cho cing
mot s6 du. Dé thdy ba khang dinh sau 13 trong duong

1. a=b (mod n)

t2

a — b chia hét cho n
3. a=b+knvéikeZ
Ky hiéu déng du = nhim nh&n manh su kién ring déng du c6 rat nhiéu tinh chat
giong véi dang thic.
‘ 1.2 Tinh chit

1. Néu a = b (mod n),¢c = d (modn) thi at ¢ = b+d (mod n),ac = bd
(mod n)

o

. Véi moi k € N* a =b (mod n) — a* = b¥ (mod n)

[

. ( Luat gian uéc) Néu ac = be (mod n),(¢,n) =1 thi a = b (mod n).

N6i rieng néu n 1a s6 nguyén t6 ac = be (mod n),c 2 0 (modn) = a=1b
(mod n)

I1. Hé thang du

2.1 Hé thang du day da Cho tap A = {a1,az,...,an}. Gid st r;,0 < 7 <
n — 1 1a s6 du khi chia a; cho r;. Néu tip cdc s§ du {ry, 72, ..., } tring Vvéi tap
{0,1,..,n — 1} thi ta n6i A 12 mot hé thang du ddy du (goi tat 1a HPD)( modun n).
Dé thdy: Tap A lap thanh mot HDD( modun n) né€u va chi néu i # j — a; # a;
(mod n)

Néu A = {aj,a2,...,a,} 12 HDD mod n thi tir dinh nghia dé suy ra

e V&i moi m € Z t6n tai va duy nhél a; € A sao cho a; = m (mod n)

e Viimoia € Ztaip A+ a = a+a,ay+a,..,a, +a cing 1ap thinh HDPD
modn



e NéuceZ,(c,n)=1thitap cd = cas, cay, ..., can cling 1ap thanh HD?

Vidu 1 Cho hai HDD mod n A = {ay, ...,an} vd B = {b1,..,bn}. Chimg m
néu n 1a sd chan thi tap A + B = {ay + by, ..., an + by} khong lap thinh m
mod n. C6 thé néi gi néu n 1a s6 187

Gidi Ta nhan xét rang néu C = {cy,...,c, } 12 HDD mod n thita ¢6 3,
St i=n(n+1)/2# 0(do n chdn). Ta c6d 1 (a;i +b) =Y 1 iai + >
n(n+1)/2+nn+1)/2=n{n+1)=0. VayA+ B = {a1 + b1, ...,an + bn
1ap thanh mot HDD.

Néu n 1& thi chua két luan dugc. Nghia 13 A + B c6 thé 1a HPD, ¢6 thé |
HDD. Ching han xét n =3 Néu A = {1,2,3},B = {4,5,6} thi A+ B={5
HDD mod 3. Tuy nhién véi B’ = {5,4,6} thi A+ B’ = {6,6,9} lai khong
mod 3.

Vi du 2 Cho hai s6 nguyén duong m,n va hai tap A = {ay,...,an}
{b1,..,bm } trong d6 A 1a HDD mod n ,B 12 HPD mod m. Ching minh 1
(m,n) > 1 thi tap AB = {aib;j}i = 1,2,..,nj = 1,2,...,m khong lap th
HDD mod mn. C6 thé ndi gi néu (m,n) =1.

Gidi Ta c6 nhén xét sau: Néu A = {ay,...,an} 12 HDD mod n va p 12 ud
6 cda n thi trong A c¢6 ddng n — n/p s6 khong chia hét cho p. That va
a;j=gn+r;,l <r; <n. Do Ala HDD nén cdc r; phan biét. Ta cé a; chic
p khi va chi khi r; chia hét cho p. S6 phdn tr cia A chia hét cho p béng s
nguyén duong k, k < n 12 boi cla n, Dé thdy s6 d6 1a n/p. Do d6 sd cic :
chia hét cho p trong A A n —n/p

Mot phin tir a;b; € AB khong chia hét cho p khi va chi khi cd a; va b; d
chia hét cho p. Néu AB 13 mét HDD mod mn thi tir nhin xét trén ta suy ra ¢

mn— 2 ==Yy m -y e T8

p p P P
Pay ladiéu vo ly vip > 1.

Néu(m,n) = 1 thi chuwa két luan dugcNghia 1a A + B ¢6 thé 1a .
thé khong 1a HDD. Vidun = 2,m = 3 Néu A = {1,2},B = {5.
AB = {5,7,9,10,14,18} 12 HDD mod 6. Néu A = {1,2}, B {5
AB = {5,6,7,10,12, 14} khong 12 HDD mod 6.

Vi du 3 Mot s6 nguyén duong T goi 12 s6 tam gidc n€uné cé dang T’ = &
¢ Tim t41 ca cdc s6 nguyén duong n c6 tinh chat: Tén tai mot HDD mod n
tam giac.

Giai Ta ching minh s6 n c6 dang n = 2°.

HNeun =2 Taxétttp A= {To 1}, &d6 Tk = k(k+1)/2. T
HDD mod n vi néuTy;_y = Taj—1 — (i —j)(2¢ +2j — 1) chiahét chon. V
c6 uéc 1€ nén i — j chia hét cho n. Mau thuén.

Déo lai gid sir t6n tai mot HDD A mod n gém n s6 tam gidc véi n =
m > 11as6 18 Xéttap B = {T;}2,. Ta ching minh B 12 HDD mod m.
ldy z € {1,2,..,m}. Vi A 1A HDD mod n nén tn tai s6 tam gidc T} € .
Ty = z (mod n) — Ty =z (mod m). Gidsttk =1 (mod m),i € {1,2,..
d6 k(k+1)=i(i+1) (mod m). VimnentrdésuyraT; =Ty =z
Vay B 12 HPD mod m. Nhung diéu ndy 12 mau thudn vi T, = m(m +
(mod m), Tin—1 = m(m —1)/2 =0 (mod m)



Chu thich Vi du 3 c6 thé phat bi€u du6i dang mot bai todn vui nhu sau: Mot 16p
g6m n hoc sinh ding thanh vong tron d€ chuyén béng nguoc chiéu kim déng hé theo
quy tac sau: Lop truudng ( coi 1a hoc sinh mang s6 mot) bd qua hoc sinh bén canh(
hoc sinh mang s6 hai) chuyén béng cho hoc sinh mang s6 ba. Hoc sinh mang s6 ba
¢6 béng, bd qua hai hoc sinh k&€ tiép ( mang s§ bénu va s6 nam) chuyén béng cho
hoc sinh mang s6 sdu. Hoc sinh mang s6 sdu c6 béng , bd qua ba hoc sinh k& ti€p (
mang s6 7,8,9) chuyén béng cho hoc sinh mang s6 10 vi cit ti€p tuc nhu thé. Chiing
minh ring néu n khong c¢6 ude 1€ thi ludn tén tai it nhat mot hoc sinh khong bao gidy
nhan dugc béng.

That vay bing quy nap dé dang ching minh dugc em thi mang s6 7 nhan dugc
b6ng khi va chi khi t6n tai k € N* dé Ty, =i (mod n). Nhu vay t4t cd moi hoc sinh
déu c6 béng khi va chi khi t6n tai mot HDD mod n gém cic s6 tam gi4c.

2.1 Hé thang du thu gon K

Cho B = {b1,...,bx} 12 mot tap gbém k s6 nguyén va (b;,n) = 1 v6i moi 1 =
1,2,..,k. Giau st b; = gin + ri, 1 < 7; < n. Khi d6 dé thdy (r;,n) = 1. Néu tap
{r1,72,...,7x} bang tap K gbm t4t cd cic s6 nguyén duong bé hon n va nguyen 16 véi
n thi B duogc goi 12 hé thang du thu gon mod n. goi tit 1a hé thu gon mod n.

Dé thdy mot tap B = {b1, ..., bx} g6m m s6 nguyén lap thanh m6t hé thu gon khi
va chi khi

1. (b,ﬁ,n) =1
2. b; = b; (mod n)
3. S6 phén tir chia B 13 ¢(n) & d6 ¢(n) 1a ham Ole

Diéu kién 3) wong duong véi

3'. V6i moi s6 =z € Z, (z,n) = t6n tai duy nhil b; € B sao cho z = b; (mod n)

Tu dinh nghia ta suy ra néu B = {b,...,b;} la mot he thu gon mod n , ¢ la
s0 nguyén véi (¢,n) = 1 thi tap ¢B = {cb;....,chbi} ciing 12 he thu gon mod n
Vi du 1 Cho hai s6 nguyén duong m,n véi (m,n) = 1. Gia st A = {ay,..,an}
va B = {by,...,b;} tuong tng 1a cdc h¢ thu gon mod m vA mod n. Xét tap C =
{am+bm}1<i<hl<i<k

a) Chimg minh rang C 12 hé thu gon mod mn

b)Suy ra cong thitc tinh ham O le ®(n)

Gidi a) Ddu tién ta chimg minh (a;n + bjm,mn) = 1. Gia sk trdi lai p 12 udc
nguyén 16 chung cla a;n+b;m vad mn. Do (m,n) = 1 nén chang han p|n va p khéong
1a udc cha m. Suy ra p|b;m — p|b; Vay p 14 udc chung cta n va b;. Mau thuln.

Ta ching minh 2). Gid st ¢6 a,a’ € A,b, b’ € B sao cho an + bm = a'n + b'm
(mod m)n — an = a'n (mod m) = a = a' (mod n) (do (m,n) = 1). Diéu nay
mau thuln.

Ta ching minh 3%) Gid st (z,mn) = 1. Suyra (z,m) = 1,(z,n) = 1. Vi
(m,n) = 1 nén @p {B = {mbs,...,mb;} la he¢ thu gon mod n. Vay t6n tai b € B
dé z = mb (mod n). Tuong ty t6n tai a € A dé z = na (mod m). Tu d6 suy
ra z = na +mb (mod n),z = na +mb (mod m). Tu dé do (m,n) =1taritra
z = na +mb (mod mn).

b) Theo dinh nghia ham Ole 1a ¢6 h = ¢(m).k = &(n) va |C| = ¢p(mn). 1w a)
suy ra |C| = hk & ¢(mn) = o(m)d(n). Nhu vay ¢(n) 1a mot ham nhan tinh.



Néu p 1a mot s& nguyeén t§ thi s ¢ 1a nguyén t6 véi p® khi va chi khi ¢
chia hét cho p. S6 céc s6 chia hét cho p va khong vuot qud p® 1a p*~!.Thi
¢(p°) = p* —p*~t = p*(p— 1) = p*(1 — 1/p). Néu n c6 phan tich ng
n = p{'...pp* thi do ¢(n) 1a ham nhan tinh nén

p(n) = 6 (67) - (p})
= P (1= 1/p1) (4 (1~ 1/p)
1 1
=n(l — P—l)(l - 1—)—};)
Vidu 2 Cho p > 3 la s6 nguyén t8 ¢ dang p = 3k + 2.

a) Chimg minh rang tap A = {23 - 1,3% —1,...,p° — 1} 1a hé thu gon mc

b) Chimg minh ring II?_, (2 +i + 1) = 3 (mod p)

Gidi Hién nhién méi phin tlr cia A déu khong chia hét cho p. Gid stri®—1 =
(mod p) — 3 = j® (mod p) — ** = j% (mod p) —. Theo dinh ly
3K+ = j3k+1 = 1 (mod p). Tt dé suyrai=j (mod p) =i = j.

Vi ¢(p) =p—1=|A| nén A 12 hé thu gon mod p.

b)Vi B={1,2,...,p—1} 1ahé thu gon mod p nén ta c6 I}_, (i3 ~1) = (p-
I, (i - DI (2 +i+1) = (p~1)! (modp) & (p—1)IE_,(i%+i+1) =
(mod p) < I (i +i+1)=1 (mod p). SuyraITf_ (:2+i+1) =3 (mc

Dinh ly Euler Cho n 12 s6 nguyén duong va a € Z sao cho (a,n) = 1.

a®™ =1 (mod n)
Mot cich téng quit v6i moi s6 nguyén a € Z ta c6
a® = a"*™  (mod n)

Chiuing minh Liy mot hé thu gon B (mod n). Gid st B = {b1, b2, ..., bmm
m = ¢(n). Vi{a,n) =1 nén tap aB = {abi, aby, ..., abm } cling 12 he thu go
n). Thanh thir

(aby)(ab2)...(abp) = by.by...by, (mod n)

Suy ra
. a™by.by.. by = b1.b2.. by (mod n) at™ =1 (mod n)
b) Ta phai ching minh
T =a" —a™ %M = g"=¥M) (%™ _ 1) =0 (mod n)
Gia slt n ¢6 phan Eich tieu chudn n = pf ...p';c". Véi mdi i c6 dinh ta ching
chia hét cho pzi bé cho gon ta dat p = p;, t = 1;.
Néu (a,p) = 1 theo phdn 2) ta c6 a#®") — 1 chia hét cho p’. Vi ham

nhan tinh nén ¢(n) chia hét cho ¢(p?). Suy ra a®™ — 1 chia hét cho a®®*) —
a®™ — 1 chia hét cho pt. Vay T chia hét cho p.

Néu pla. Khi dé a®~#(™) chia hét cho p"~#(™). Mat khic n— $(n) > ¢ bdi
nhét ¢ s6 khong nguyén t6 véi p 1A pt,p?, ..., p%, Suy ra a™=%™) chia hét cho :
chia hét cho pt. '
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~ Tém lai véi moi i =1,2,...,ktadéucé A =0 (mod p)') . Suyra A chia hél
cho n. )

Hé qua ( dinh 1y Ferma) Néu p la mot s6 nguyén t6 va a € Z sao cho (a,p) = 1.
Khi d6

a?'=1 (mod p)
Véi s6 nguyén a bat ky thi a? = a (mod p)

That vy néu p 1a s6 nguyén 16 thi ¢(p) =p — 1.

Pinh 1y Wilson Cho n > 1 la s6 nguyén duong. Khi dé n la s6 nguyén 16 khi
va chi khi

(n—1)!'=-1 (modn)

Chuizng minh Gia st p 12 s6 nguyén 16. Néu p = 2, 3 thi két luan ding. Xét p > 3.
Xéttap A = {2,3,..,p—2}. V6imdi k € At6n tai duy nhdt ¥',1 < kK < p-1
sao cho kk’ = 1 (mod p). Ta c¢6 k' € A That vay néu k¥’ = 1 — k = 1 Mau thuén.
Néu k' =p—1— k=p—1 Mau thudn. Mit khic ta lai ¢6 k # k. That vay néu
k=k - k>=1 (modp) = (k—1)(k+1) = 0 (mod p). Suyra k = 1 hoic
k = p — 1 Mau thuin. D& thdy (k') = k. Vay cdc phin tlr cha A dugc ghép thanh
(p —3)/2 cap (k, k') vu6i kk' = 1 (mod p). Thash thir "2k = 1 (mod p). Do d6
p-1)=1(p-1)= -1 (mod p).

Pao lai gid st (n—1)!'= ~1 (modn) van =abvéi 1 <a < b <n. Khidé
1 <a < (n-1) Nhurvay (n —1)! chia hét cho a . Vi (n — 1)! + 1 ciing chia hét
cho a nén suy ra 1 chia hét cho a.Mau thuén.

Vi du Ching minh rang 61! = 63! = —1 (mod 71).

Giai Véi k < p 1a mot s6 nguyén duong tacéd —1=(p—- 1) =(p—k-1)(p—
KYp—-k+1)..(p-1) = (p—~k - 1I(-1*k! (mod p) Do d6 néu (—1)*k! = 1
(mod p) thi (p — k — 1)! = —1 (mod p) VGi p=711ta c6 k= 7 vd k = 9 thda min
diéu kien (—1)*k! = 1 (mod 71). Vay ta ¢6 diéu c4n ching minh.

Dinh ly thang duTrung hoa Cho k s6 nguyén duong ny, ng, ..., nx déi mot
nguyén 1§ cing nhau va k s6 nguyén bat k¥ aj, as, ...,a;. Khi d6 t6n tai s6 nguyén a
théa man

a=a; (modn;) Yi=1,2,..k (1

S6 nguyén b thoa man (1) khi va chi khi b =a (mod n) §dé6 n =mny..n,

Chitng minh Ky hieu N; = n/n; = IL4n;. Khi d6 (N;,n;) = 1,N; =0
(mod n;) néu j # 1. Thanh thir véi mdi ¢ t6n tai b; sao cho N;b; = 1 (mod ny).
Néu j 5 4 thi hién nhién N;b; =0 (mod n;). Xét s6

k
a= Z ijjaj
i=1

Ta ¢6 véi mbi i do Nyb; = 1 (mod n;), Nyb; = 0 (mod n;)néui # j. Vay a = a;
(mod n;).

Néu b = o (mod n) thi b= a = a; (mod n;). Nguoc lai néu b thdéa man (1) thi
b — a chia hé&tl cho n; véi moi 7 . Vi ny, ngy, ..., ng d6i mot nguyén t8 cung nhau nén
suy ra b — a chia hét cho n hay b = a (mod n).

Vi du 1 Tim s6 nguyén duong nhd nhat c¢6 tinh chat: Chia 7 du 5, chia 11 du 7
va chia 13 du 3.



Gigi Tac6 ny = 7, N; = 11.13 = 143;ny = 11, Ny = 7.13 = 91;n3 = 13
7.11="7T. Tacé Nyby = 3b; = 1 (mod 7) = by = —2. Tuong tr by = 4, by
Vay

a = (143)(=2)(53) + (91)(4)(7) + (T7)(3)(=1) = ~1430 + 2548 — 231 = ¢

Tat ca cic 56 théa man c6 dang b = 887 + 1001k. Vay 887 la s6 cin tim.

Vi du 2 Ching minh ring ton tai s6 nguyén duong k sao cho u, = 2"k
hop s6 véi moi n.

Gidi Xét cic s6 Fecma Fj, = 22" + 1. Ta nhan thdy cic s§ F,, doi mot ng
cung nhau. That vay gid st m > n va p|Fy, p|Frm. Ta ¢

2 = (2T = (1) " =1 (mod p)

Ma 2?" = —1 (mod p). Suyra 1 = —1 (mod p). Vo Iy vip 1&.

Ta da biét F5 c6 phan tich nguyeén 6 1a F5 = (641)(6700417). Pat p =6
6700417 .Theo dinh ly thang du Trung hoa t6n tai s6 nguyén duong k
maz(Fy, Fa, F3, Fy,p, q) sao cho

k=1 (mod Fp),m=1,23,4
k=1 (mod p)
k=-1 (modgq)

Ta ching minh k 13 s6 cdn tim. That vay gid st n = 2™b v6i b la s6 1é. Néu
thiu, =2"%+1=2"+1= (2" +1 =0 (mod Fn) v up, > k> Fpp. D
lahops6. Neum=5tacu, =2"k+1=2"+1= (222 4+ 1 =0 (mc
Up > k > p'do d6 uy, 12 hop s6. Néu m > 5 ta c6 n = 25¢ véi c 1a s6 chan.

2" = (2%)° = (Fy — = (-1)°=1 (mod q)
do dé6
U, =2"k+1=-2"+1=-1+1=0 (modg)
Viu, >k > g nén u, 1a hop s6.
S6 chinh phuong(mod n)

Pinh nghia Cho s6 nguyén duong n. S6 nguyén a dugc goi 1a s6 chinh
(mod n) néu t6n tai z € N sao cho

z?=a (mod n)

RS rang mot s6 chinh phuong s€ 14 s6 chinh phuong (mod n) véi moi n. T
mot s6 khong chinh phuong c6 thé 13 s6 chinh phuong theo mot mod n ndo d¢
han 2 1a s6 chinh phuong (mod 7) vi 32 = 2 (mod 7).

Bai todn: C6 t6n tai chang s6 khong chinh phuong a phung 13 s6 chinh
(mod n) v4i moi n?

Véi mbi s6 nguyén duong n cho truude ta mudn tim mot tiéu chudn dé 1
mot s6 a khi ndo 1a s6 chinh phuong (mod n).

L Trudng hop n = p 1a s6 nguyén to.

Hién nhién néu pla < a = 0 (mod p) thi a 12 s6 chinh phuong (mod p)
ta chi xét (a,p) =1



Pinh ly Cho p 1a s6 nguyén 6

i) Néu p = 2 thi moi s6 a 1& déu 12 s6 chinh phuong (mod 2).
ii) Néu p > 2 . Khi d6

a 12 s6 chinh phuong (med p) khi va chi khi

a?"V/2=1 (mod p) @)
a 12 s6 khong chinh phuong (mod p) khi va chi khi
a? V2= _1 (mod p) 3)

Ching minh Gia sir a 13 s6 chinh phuong (mod p). Vay t6n tai t6n tai z € N

sao cho "
z2=a (modn)

Do (a,p) = 1 nén (z,p) = 1. Tir d6 a? /2 = 271 = 1 (mod p) theo dinh 1y
Ferma.

Déo lai gid st ¢6 (2). V6imbi k € {1,2,..,p—1} t6n tai duy nhat k¥’ € {1,2,..,p—
1} sao cho kk’ = a (mod p). Néu t6n tai k = k' thi ta ¢6 kk' = k? = a (mod p) suy
ra a 12 s6 chinh phuong (mod p). Néu tréi lai thi tap {1,2,...,p — 1} dugc chia thanh
(p-1)/2 tap con hai phdn tr {k, k'} ma tich cha ching déng du v6i a(mod p). Suy ra
(p—1)' = a?"1/2 = 1 (mod p). Nlunung theo dinh Iy Wilson (p—1)! = —1 (mod p)
Vay 1 = —1 (mod p) Mau thuin do p Ié. Do dinh |y Ferma véi mbi s6 nguyén a
khong chia hét cho p hodc a?~1/2 = 1 (mod p) hoic a®1/2 =-1 (mod p). Tir d6
suy ra (3).

Hé qua Cho p 12 s6 nguyeén 16 1&. Khi d6

e Tich cha hai s6 chinh phuong (mod p) 13 s6 chinh phuong(mod p)
e Tich cua hai s6 khong chinh phwong (mod p) 1a s6 chinh phuong(mod p)

e Tich cia mo6t s6 khong chinh phuong (mod p) véi mot s6 chinh phuong(mod p)
12 s6 khong chinh phuong (mod p)

e (1) la s6 chinh phwong (mod p) khi va chi khi p = 4k + 1

Chimg minh suy ra trirc ti€p tir tiéu chun trén.

Dinh 1y Néu p 1a s6 nguyén t6 1€ thi rong tap S = {1,2,...,p—1} c6 (p—1)/2
s6 chinh phuong (modp) va (p — 1)/2 s6 khong chinh phuong (modp)

Chitng minh Véimdii € S = {1,2,...,(p—1)/2} goi r; € S 12 56 (duy nhat) ma
i =r; (mod p). Tathdyrang r; # r; néui# j. Thatvaynéur; =r; = 2 —52 =0
(mod p) = (i — j)(i+ j) =0 (mod p). Nhung diéu nay khong xdy ra vii— 5,7+ j
déu khong chia hét chopdo 1 < |i —j| < i+ 7 <p. Vay |A| = (p - 1)/2.Ta ching
minh ring A 14 tap t4t ca céc s6 chinh phuong (mod p) trong S. That vay rd rang mébi
s6 thuoc A déu 1a s6 chinh phuong (mod p). Nguoc lai gid st a € S sao cho a = k?
(mod p) véike€ S Neuke Sy thia=r, € ANCu k¢S thih=p—ke Sy vata
c6 a=h?dodb a=ry € A

Ta xét bai todn sau day: Tim tdt ca cdc s6 nguyén 16 p 1€ sao cho 2 12 s6 chinh
phuong( mod p).u



Dinh ly Cho p la s6 nguyén t§ 1&. Goi n 14 s6 cdc s6 chdn nam trong k

(p/2;p). Khi d6
2(p=1/2 = (_1)"* (mod p)

Chitng minh Gia st r1, g, ..., 7o 12 tap t4t ca cdc s chdn trong khoang (p/2; 1
d6 p—ry1,p—r2,...,p— Ty la cdc s6 1€ rong (p/2;p). Gia sit 51, 82, ..., Tm 12 ti]
cic sd chan trong khodng (0;p/2). Tacé m+n = (p—1)/2 do ¢b ca thay (p-
s& chan trong khoang (0;p). Vitap A = {s1,...,8m,p —71,...,p —Tn} C (0
(p—1)/2s6nen A= {1,2,...,(p—1)/2}.Vay

51 Sm(P=T1) e (=) = (3;—3)! & S1oSmT1etn = (=1) (3-;-1-)! (

Nhung
81.-:8mT1...Tn = 2(1’—1)/2 (p ; 1),

Vay suy ra
2P=1/2 = (_1)™  (mod p)

Hé qua Cho p = 4k £ 1 1a s6 nguyen 6 1&. Khi d6
2=/ = (_1)* (mod p)

Tir d6 suy ra 2 la s8 chinh phuong (mod p) khi va chi khi p=8t+1

Chitng minh Gia st p = 4k + 1. Tap t4t ca cdc s6 chin trong khoang (
(2i},i=1,.,2kTac6 2 >p/2 @ i>k+1/dei>k+1. Vayn=4k T
néu p = 4k —1 thi tap 4t ca cdc s6 chdn trong khoang (0,p) 1a {2i},i=1,...,2
62i>p/2ei>k-1/4ei>k Vayn=k Tadosuyra2-1/2=1 (.
khivachikhi k=2t p=8t+1.

Sau day 1a mot 4p dung hay.

Vi du ( Thi HSGQG 2004 bang A) Ky hiéu S(n) la tdng céc chit s6 cta
gid tri nho nhdt cla S(n) khi n chay trén cdc boi cia 2003.

Gidi Dat p = 2003. p 1a s6 nguyén t6. RS rang S(n) > 1 vi 10* khong «
cho p . Gia sk t6n tai n 12 boi clia p va S(n) = 2. Suy ra t6n tai k dé 10
(mod p). Chd ¥ ring 2'° = 1024 = 107 (mod p) nén

(25%)2 = 210 = 107F = (10¥)" = -1 (mod p)

i

Vay -1 12 s6 chinh phuong (mod p). Mau thuan vi p khong c6 dang 4k+1.
Tiép theo ta chimg minh t0n tai n 12 boi cia 3 ma S(n)=3. Ta c6

107 = 210 52,1070 = 21001 = 9(P-1)/2 = _ | (mod p)
vip#8t+1. Vay n =2.10"% 4+ 1 12 boi cha p va S(n) = 3. Thanh thir git
nh4t cla S(n) khi n chay trén cic boi cia 2003 1a 3.

Ta xét bai to4n tiép theo sau day: Tim t4t cd c4c s& nguyén t6 p 1& (p, 3)
cho 3 12 s6 chinh phuong( mod p)

Dinh 1yCho p 12 s6 nguyén t§ 1€ (p,3) = 1. Goi n 12 s6 cic s6 1a boi cl
trong khodng (p/2;p). Khi d6 :

3P=D/2 = (—1)» (mod p)
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. Chitng minh Gid slt ry, 7y, ..., 7, 12 tAp tAl cd céc s6 bOi cla 3 nim trong Khoang
(p/2;p),51, S2, -.-, Sm 12 14p t4t ¢4 cdc s6 boi clia 3 nam trong khodng (0; p/2) vaty, tg, ..., tx
12 tap t4t ca c4c s6 boi cha 3 nam trong khoang (p; 3p/2). Tacé m+n+h = (p—1)/2.
That vay m + n + h la s6 cdc boi cha 3 nam trong khoang (0;3p/2) tdc 12 s6 céc
s60iv6i3i <3p/2e21<i<(p—-1)/2. Xéttap A= {s1,-.0,Sm;P — T1,...,0 —
Tnyt1 =P, ...y th —p} C (0;p/2). Céc s6 nay phan bie( vinfus=p—7 = 3|r+s =
ps=t—p—=3t—s=pp—r=t—p— 3|t+r=2p déu din dén 3|p). Vi
|Al=(p—1)/2nen A={1,2,...,(p—1)/2}.Vay

S1eeeSm(p—11)c(p— ) (1 — p)...(th — p) = (E——;——l—)'

& $1...8mT1..Tpl1..tp = (=1)" (p___;_}), (mod p)

Nhung
$1..8mT1... Tty by = 3—1)/2 <%i> L

Vay suy ra
3¢P-1/2 = (1)* (mod p)

Hé qua Cho p = 6k =+ 1 1a s6 nguyén 16 . Khi d6
3P-1/2 = (~1)* (mod p)

Tir d6 suy ra 3 12 s6 chinh phuwong (mod p) khi va chi khi p=12¢t £ 1

Chitng minh Gia st p = 6k + 1. Tap tat ca cac s6 chia hét cho 3 trong khodng
(0,p) 12 {3t},i=1,..,2kTac6 3i >p/2 <« 1 >k+1/6 < i>k+1 Vay
n = k. Tuong tvy néu pk — 1 thi tap t4t ci cdc s6 chia hét cho 3 trong kboang (0, p)
B {3i},i=1,...,2k—1Tac63i>p/2 e i>k-1/6i>k Vayn=k Tu do
suy ra 3®"1/2 = 1 (mod p) khi va chi khi k = 2¢ & p=12t £ 1.

Vi du Tim t4t cd cac s6 nguyén duong n sao cho 3" — 1 chia hét cho 2™ — 1.

Gidi RS rang n = 1 thoéa man.- Xét n > 1 va gia st 3" — 1 chia hét cho 2" — 1.
Néu n chan thi 2™ — 1 chia hét cho 3 nén 3" — 1 chia hét cho 3. V6 1y. Vay n [&. Néu
p 13 mot uéc nguyen 16 bat ky clia 2" — 1 thi suy ra 3" = 1 (mod p) — 3"t =3
(mod p). Vin + 1 chan nén 3 Ia s6 chinh phuong (mod p).Theo dinh 1y trén p c6
dang 12t + 1. Do moi udc nguyén t§ cua 2™ — 1 c¢6 dang 12t £ 1 nén 2" — 1 ¢b
dang d6. Néu 2" —1 =12t — 1 — 2" = 12t = 2" = 0 (mod 3). Mau thuan. Néu
2" —1=12t+1— 2" =12t + 2 — 2"~} = 6t + 1. Mau thuln vi 6t + 1 12 s6 1&.
Vay n = 1 la s8 duy nh4t thoa man dé bai.

Vi du 1 Cho p > 3 la s6 nguyén t6 ¢6 dang p = 3k + 1. Chiéng minh ring
IP_,(i2+i+1)=0 (med p)

Gidi Déu tién ta ching minh ring néu p = 3k + 1 thi -3 [& s6 chinh phuong
(mod p). That vay k phdi chan k = 2l suyrap =6l +1. Néu!l = 2t - p =
120+1 — (p —1)/2 = 6t 1a s6 chin nén (-1) 1a s6 chinh phuong (mod p) va
3 la s6 chinh phuong (mod p). Thanh thir (-3)=(-1)3 14 s6 chinh phuong (mod p).
Nul=2t+1—2p=12t4+7 - (p—-1)/2 = 61+ 3 1a s6 1& nén (-1) 1a s6
khong, chinh phuong (mod p) va 3 cling 1a s6 chinh phuong (mod p). Thanh thi
(-3)=(-1)3 12 s6 chinh phuong (mod p). Do d6 t6n tai z € N, x 1¢ dé 22 = -3
(mod p). (Ta c6 thé gia st = 12 s6 1€ vi néu z chdn 1a thay = bdi z + p). Gid su



t=2k+1 > 2k+1)2+3=4(k?+k+1) =0 (modp) = k2 +k + !
(mod p). Gid stk =i (modp) véi l <i<ptacdi*+i+1=0 (mod p)
IP_(i2+i+1)=0 (mod p).

Chu y: K&t hop véi két qua & vi du 2 trude d6 ta thu duvoc

0 (modp) néup=3k+1
IP_(#+i+1)={ 3 (modp) néup=3k+?2
0 (modp) néup=3

Bay gid ta xét bai toan tng quat:

Cho q la mgt s nguyén t6. Tim tit cd cic s6 nguyén t§ p # q sao cho ¢
chinh phuong (mod p). ( Ta di xét trudng hop g = 2,3 & trén.)

Dé gii bai todn ndy ta cdn cic bd dé sau

B4 dé 1 Cho p 1a s6 nguyeén 6 1&, a € Z sao cho (a,p) = 1.Xét day (ke
1,2,..,(p—-1)/2. Gia sir

ka=r, (modp),l<ry<p
Goi n 12 6 céc r; ndm trong (p/2;p).Khi d6
a®=D/2 = (1) (mod p)

Chuing minh Tu (4) nhan v€ véi vé ta duuoc

<p___; 1)!a(”'l)/2 = H,(ci—llwrk (mod p)

Ky hiéu A = {r|rr > p/2}, B = {rg|rx <p/2}. Ta c6
@y = M, eayr Il eByTx
= (-1)"Mreay(p — 1) A{reeByrx  (mod p)

Ta c6 v6i ry, € A thi (p — i) € (0;p/2). Thém vao d6 v6i r; € A, 7y €
(p—m) #r;. Thatvaynéu (p—r;)) =75 = m+75 =p = a(i +
(modp) — i+ j = 0 (mod p). Diéu ndy khong thé vii +j < p. N
{lp —me)|me € AU B ={1,2,...,(p — 1)/2}. Thanh thi, tit (5) va (6) suy r:

(%{)ga(p—l)ﬂ = (—1)" (’i_g_l)! (mod p)

suy ra
aP~D/2 = (~1)" (mod p)

B& dé 2 Ky hieu
(p-1)/2
ka
S= Y [—
= P
Khi dé
a2 =(-1)5 (mod p)
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. Chitng munh Ta cén chimg minh S —n las6 chin. Tac6 ka = qp+ 7, . Suy ra
= [ke] va
qk [ p ]‘ y

(p-1)/2 (p—-1)/2
S ka=pS+ Y m @
k=1 k=1
Tir chitng minh b6 dé 1 ta c6
(p-1)/2
Z k= > m+ > (p-me)
{rx€B} {rxe A}
(p—1)/2
= Z Ty +np—2 Z Tk (8)
k=1 {r €A} K

Tir (7) va (8) suy ra
La=pS+L-np+2 Y m—pS—-n)=La-1)+2 Y n
{rkeA} {rreA}
Via — 112 s6 chin p 1¢é nén suy ra S — n chan.
B& dé 8 Cho p, ¢ 12 hai s6 1& nguyeén t6 cing nhau. Khi d6
(r-1)/2 iq (g—-1)/2 ip

IC R Py = B

i=]

Chitng minh Glasit A= {(i,/)1 <i<(p-1)/2;1 <5< (¢g—-1)/2}. Tacé

_/p-19-1
4= B35
Ta phan hoach A thanh céc tip con

Ay = {(1,4)lqi > pj}
A2 = {(i?j))qi < pJ}
Ay = {(i,7)lqi = pj}

Tac6 As =. That vay gi = pj — pli — p < i khong xay ra. Ta c6 A = P V7 4,
0d6 Ay = {(l,]))] < qi/p}. Tacé 'Ah‘ = [%] do d6

(r-1)/2 .

=Y 1]

i=1

Tuong
(g-1)/2 .

Aol = > 2]

= 9

Vi |A| = | A;] +|Az2| nén b6 dé dugc chimg minh. Tu cdc bb dé trén 1a di dén dinb 1y
sau day duoc goi 12 luat twong hé Gauss, mot trong nhitng thanh twu dep d& nhdt cla
ly thuyét s6.

Dinh 1y ( Luat twuong hd Gauss).

Cho p, q 12 hai s6 nguyen t6 1¢ phan biét. Khi dé



1. Néu c6 it nhit mot trong hai s6 ¢6 dang 4k+1 thi p 13 s6 chinh phuong
khi va chi khi q la s6 chinh phuong (mod p).

2. Néu ca hai s§ c6 dang 4k+3 thi p 1a s6 chinh phuong (mod q) khi va ¢
la s6 khong chinh phuong (mod p).

Chitng minh Gi sl ¢6 it nhdt mot trong hai s¢ c6 dang 4k+1. Khi dé theo
ta cd
(p—-1)/2 . (q—l)/2 .

S+ S, = }:[ + 3

qu

A4 mot s6 chdn do d6 Sy, S2 ¢6 clng tinh chdn 1&. Theo b dé 2 thi p 1a «
phuong(mod q) khi va chi khi Szl s6 chan va g 1a s§ chinh phuong(mod p
chi khi S;1a s6 chdn . Vay p 1a s§ chinh phuong (mod q) khi va chi khi q 1a:
phuong (mod p).

Neéu ca hai s6 c¢6 dang 4k+3 thi S; + Sy 1& do d6 S; khdc tinh chan Ié. °
c6 p 12 s6 chinh phuong (mod q) khi va chi khi q 12 s6 khong chinh phuong (

Vi du Tim t4t ca cdc s6 nguyén t§ 1€ p # 5 sao cho 5 12 s§ chinh phuong

Giai Vi 5 12 s6 nguyén 6 dang 4k+1 nén theo luat twong hé 5 12 s chinh
(mod p) khi va chi khi p 13 s6 chinh phuong (mod 5) tic 1a khi p®~1)/2 =
(mod 5) @ p =5t + 1.

Vi du Tim t4t ca c4c s6 nguyén t6 1€ p # 7 sao cho 7 12 s6 chinh phuong

Gidi a)Néu p = 1 (mod 4): Theo luat twong hd 7 12 s6 chmh phuong -
khi va chi khi p 12 s§ chinh phuong (mod 7) tic 12 khi p{"~1/2 = p3 = 1 (mc
p=1,2,4 (mod 7). Tacé

p=1 (mod4),p=1 (mod7)<p=1 (mod28)

p=1 (mod4),p=2 (mod7)ep=9 (mod28)

p=1 (mod4),p=4 (mod7)ep=25=-3 (mod 28)
b) Néu p = —1 (mod 4): Theo luat tvong hé 7 1a s§ chinh phuong (moc

va chi khi p 12 s6 khong chinh phuong (mod 7) tic I khi p(7-1)/2 = p?
(mod 7) & p=3,56 (mod 7). Tacé

p=-1 (mod4),p=-1 (mod7)&p=-1 (mod 28)

p=-1 (mod4),p=5 (mod7)ep=19=-9 (mod 28)
p=-1 (mod4),p=3 (mod7)<p=3 (mod 28)

Tém lai 7 13 s6 chinh phuong(mod p) khi va chi khi p = £1,+3,+9 (mod 2
Ky hiéu Legendre Gia st p 12 s§ nguyén t6 1é, a 12 s§ nguyén khong
cho p. Ky hi¢u Legendre ( g) dugce dinh nghia nhuu sau

a\ 1 néu a 1A chinh phuong mod p
p) —1 néu a 12 khong chinh phuong mod p

V6i ky hiéu ndy ta c6 thé phat biéu cc dinh Iy trudoc mot cdch ngin gon nh
Dinh 1y Gia st p 12 s6 nguyén t6 Ié, a 12 s6 nguyén khong chia hét cho



a2 = (%) (mod p)

N

'Néua=b (mod p) thi (;‘f): (
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7. ( Luat twong hd ) Néu a = ¢ la s6 nguyen t6 1€ thi

(9 (-

Vi du Cho biét 1009 12 s6 nguyeén t6. Hoi 713 c6 phai 1a s6 chinh phwong mod 1009
hay khong?

Ta ¢6 713=23.31. Do d6 ( 9) = (3 (—-9—(1)—9) Vi 1009 = 4k +1 nén (W
129%) Ta c6 1009 = 20 (mod 2)3 nén 063309 = (&) =.Vi 20 = 22.5 neén la ¢
™= (F) = Do23<(:)6dang513 n (55)=-1e (&) =-1.

Lai o6 (q005) = (37°) = (31) = (3) (1)) = () () = (F) = (}) =

—1.( Ta 4p dung cdc tiéu chudn d€ 2 va 3 14 s6 chinh phuong p(mod p) do 17=8k+1
va 7+# 12k +1). Tém lai (1&—%) =1 do d6 713 la s6 chinh phuong mod 1009.

Bay gid ta dé cap t6i truudng hop s6 chinh phuong n v6i n 1a hop s6.
Trudng hop n la hgp 6 Gia sir n ¢ phan tich tieu chudn

n = ILp*

B6 dé S6 nguyén a vé6i (a,n) = 1 1a s6 chinh phwong (mod p) kbi va chi khi véi méi
p; a 1 s6 chinh phuong (mod p).
Chung minh Gid st a 1a s6 chinh phuong(mod n). Khi d6 t6n tai x € N sao cho
z? = a (mod n) = z? = a (mod pf*). Vay a 1 s6 chinh phuong (mod p5*). Do lai
gia st véi m01 1=1,2, ...‘k a la s¢ chinh phuong (mod p;*). Khi d6 t6n tai z € N
sa0 cho z? = a (mod pi'). Theo dinh 1y thang du Trung hoa t6n tai z € N sao cho
T = 1y (mod pS¥) v6i mbi i = 1,2,..., k. Thanh thir 22 = 2?2 = a (mod p*). Suy
ra 2 = a (mod n). Vay a 1 s6 chinh phuong mod n.

lI

On

Vay bai todn quy vé xét cic hop s6 n cé dang liy thira cia mot s6 nguyén 16.

Pinh 1y Gid st n = 2% s > 1. v a la s6 I8. Khi d6 a 12 s6 chinh phuong (mod
n) khi va chi khi: i) ¢ = 1 (mod 4) néu s=2.

ii)a=1 (mod 8) néu s > 3.

Chitng minh i)V6i s=2 tic la n=4. Néu t6n tai z € Nsao cho 22 = a (mod 4) —
a=1 (mod 4) vi v6i moi s6 I& x 22 = 1 (mod 4). Dio lai néu a = 1 (mod 4) &
a=1% (mod n). Vay a la s6 chinh phuong mod n.
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u)Véﬂs>3Né’u[6nta11:€Nsaochoa= z? (modn) — 4 =
(mod 8) Vi v6i moi s6 1¢ x z2 = 1 (mod 8) nén a = 1 {mod 8). Pao .
a=1 (mod 8) tic 2 a = 8¢+ 1. Vi s =3 < n = 8 thi hién nhién a L
phuong (mod 8). Xét s > 3.Nhu vi du 1 di chi ra tén tai hé ddy dd (mod 2373
sO tam gidc tc 12 ton tai k € N saocho k(k+1)/2 =1t (mod 2573) — dk(k
(mod n) = (2k + 1)2 =8¢t + 1 = a (mod n).Vay a la s chinh phuong m

Dinh ly Gia st n = p® v6i p 12 s6 nguyén 16 1é. Khi d6 a 12 s6 chin
mod n khi va chi khi a 1a s6 chinh phuong mod p.

Chitng minh Hién nhién néu o 1a s6 chinh phuong mod n thi a 1
phuong mod p. Gia st a 12 s6 chinh phuong mod p. Ta ching minh béng
khing dinh sau: Véi méi & t6n tai zx € N sao cho ¥ = a (mod p*). Véik
dinh ding vi a 12 s6 chinh phuong mod p. Gia sl ding véi k tic 12 t6n tai z
a:,% =a+tpF v6i t € Z. Dat zx4; = xx + hp* v6i h 1A s6 nguyen duong
2hzr = —t (mod p). S6 h ndy t6n tai vi (p, 2zx) = 1. Vay

IL'12H_1 = mi + 2h:vkpk +p2k
= a + (2hzy + t)p* +p*

=a (modp*!)

bdi vi 2hzy +t chia hét cho p va 2k > k+1. Néi rieng tén tai z, d€ 22 = a
hay a 12 s6 chinh phuong(mod n).

Ky hiéu Jacobi Ky hiéu Jacobi 1a sy m& rong cta ky hiéu Lagendre
12 mot s6 nguyen duong 1& v6i phan tich tieu chudn n = IT¥_;p;. (Céc p; c6
nhau). Véi (a,n) = 1 ta dinh nghia ky hiéu Jacobi nhu sau

- ()

Dé th4y ring néu a 1a s6 chinh phuong mod n thi (;f‘:) =1 Vio (%)=

nguoc lai khong ding. Ching han () = (%) (%) = (~1)(~1) = 1 nhuung
12 s6 chinh phuong mod 15 vi 2 12 khong 14 chinh phuong mod 3. Tuy nhié
Jacobi ciing c¢6 ddy di c4c tinh ch4t nhu ky hiéu Lagendre. Cu thé

Dinh 1y Gia s& n 1a s6 nguyen 1¢, a la s6 nguyén véi (a,n) = 1.

1. Néu a = b (mod n) thi (2) = (&)
(3 @)= ()

3. (%) = s
- (
- 3

]

[

?]L) = ("—1)/2

e

) = (=1)n2-1/8

6. ( Luat twong hd ) Néu n,m 1a cdc s6 nguyen 1& nguyén t§ cung nhau

(E) (’_”) = (~1)(r=Dim=1)/4

m n
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~ Vi du Cho m,n la cic s6 nguyén duong sao cho n + 1 chia hét cho 4m. Chitng minh - .

ring —m Ia s6 khong chinh phuong (mod n).
‘Gidi Gid st —m 12 s chinh phuuong mod n. Suy ra( my=1- (2) (F) =
1= () = —1 vi theo gi thi€t n = 4km — 1 nén (F) = (-1)*~V2 = —1. Gia

st m = 2% vdi b 1é. Ta cb
m 2% b
1= (3)= (z) <;;) )

a) Ta chiing minh (£) = 1. Néu s chén thi hién nhién. Néu s 1 suy ram = 2/ —
n=4km—-1=8l-1- (2)=(-1)"-D8 =1 5 (£) = 1. b)Ta chiing minh

(%) = 1. Ta c6 theo luat twong hd

(2) =0 (3) = e (3)

do (n—1)/21é. Lai c6 do n = ~1 (mod b) — (}) = (F) = (-1)®"1/% vay

b b—1
— | = (- =1
(2)=c
do b — 1 chan.

Txa)vab)tacé (L) =1 mau thuin v6iv (6).

Vi du Chiing minh ring phuong trinh 4zyz = z +y+t2 khong c6 nghiém nguyén
duong.

Gidi -

dzyz =z +y +1° — 16zyz = 4o + 4y + 4t°
162y2? = 422 + 4yz + 4zt2 &
424 41 = (4z2 — 1)(dyz — 1) & (22t) = —z (mod n)

0dbn=4yz~-1.Ta cé n + 1 chia hét cho 4z va —z 1a s6 chinh phuong mod n. Tréi
v6i vi du 2.

Cap ctia mét s8 Cho s6 nguyén duong n. Néu a 1a mot s6 nguyeén véi (a,n) = 1
thi lu6n t6n tai s6 nguyén duuong k dé oF = 1 (mod n) ( ching han k = ¢n).

S6 nguyén duuong k bé nhit théa min a* = 1 (mod n) duoc goi 1a cp cha a(
mod n).

Pinh 1y i) Gia sir cfip clia a mod n 1a h. Khi d6 a* =1 (mod n) khi va chi khi
k chia hét cho h.

ii) Néu a c6 cép h (mod n), b c6 cAp I (mod n) va (h,l) =1 thi ab c6 cip hl (mod
n). \ :
iii) Cho cic s6 nj,ng,....n; d6i mot nguyén t6 cing nhau va n = ny..ny Gid
st v6i mbi i , h; 12 cdp cha a (mod p;). Khi d6 cép cla a (mod n) 1a h=BCNN
[hl, h27 vy hk]

Chitng minh i) Gid st ¢¥ = 1 (modn). Néu k = gh+ 7,1 < r < h thi

a* = a"(a")9 = a” (mod n) do d6 a” =1 (mod n). Diéu nay trdi v6i cdch chon h.
Vay r = 0 hay k chia hét cho h. Diéu nguoc lai 12 hién nhién.



ii) Gia s ¢ [a cdp clia ab mod n. Ta ¢6 (ab)™ = a*b™ =1 (mod n) nén
hét cho t. Ta c6 1 = (ab)t* = a®*b?* = b** (mod n). Suy ra th chia hét ch
(h,1) = 1 nén ¢t chia hét cho h. Tuong tv ¢ chia hét cho I. Vi (h,l) = 1 neér
hét cho Al Vay ¢ = Al.

iii) Goi h 12 cdp clia a (mod n) . Ta ¢6 a® = 1 (mod n;) — hilh Vay
chung cla hy, ..., h,. N&u [ 12 mot boi chung bdt ky cla cla h;, ..., h, thi.
(mod n;) = a! = 1 (mod n) — A|l. Vay A =BCNN [hy, ha, .., hx).

Tur iii) cua dinh 1y trén ta thdy ring bai todn tim cdp cua a (mod n) quy
todn tim c4p cla a (mod p®) véi p 13 s6 nguyén t6.

Pinhly Choalass 1@ vin=2° Gidsta—1=2"vaa? —1= 2"t
I1<u<vbclasslé Goi hlacdp cla a (mod n). Khi d6

1 nfuu>s
h= 2 nfuu<s<v
25H1-v pEus>w

Chitng minh Ta ¢6 h|¢p(2°) - h =2t < s— 1. R6 rang nfu u > s thi a -
hétchondodoh=1 Neus>uthith>2->t>1Taco
»

!

ah —1=(a® - 1)(a* + 1)...(azt;1 +1)
Néu u < s < v thi nja®? —1 — h =2. Néu s > v thi tir ding thic () suy ra

ol — 1 = gvtt-1

N6 chia hét cho 2° khi vachikhiv+¢t—-1>s—t>s+1—v>2. Vayt
lat=s+1—w.

Dinh 1y Cho p 14 s6 nguyén t6 1¢ (a,p) =1 van = p®. Gidskr la.
a(mod p) vd a” — 1 = p¥q,(q,p) = 1. Goi h l1a cdp cla a (mod n). Khi d6

b= T nfuu>s
B rp*™® néuu<s

Chitng minh D4u tién xét truong hgpr = 1. ROrang néu u > sthih = 1. X«
. Gid st h = plq, (¢,p) = 1. Néug > 1 thidoa =1 (mod p) nén a"—1 = (a
v6i (b,p) = 1. Vay @ —1 =1 (mod n) trdi gid thiét & 12 bé nhat. Vay h =1
. Ta c6 b8 dé

B dé Véi moin € N

a? —1=p""A (A p) =1
Ching minh quy nap theo n. V6i n = 0 ding. Gia st ding vdi n. Dat b = af
T 1= 1= -D)FF 1+ +1)=(a"" —1)B

Vig =1 (mod p) vd p 1& nén dé thdy B chi chia hét cho p ma khong chia
p?. Do d6 a?™*' — 1 = p*+utl 4 (A, p) = 1.BS dé dugc ching minh.

Theo b6 dé ta c6 a® — 1 = p'™ A, (A,p) = LVay t +u > s >t > 5 -
Viytbénhdt It =s ~u & h=ps*

Fis
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_ Trd lai trudmg hop 7 bt ky. Khi d6 a" =1 (mod n) = a” =1 (mod p) = h =
Ir. Dat b= a". Vi a" = b! dé thdy c4p cla b(mod p) 1a 1 va [ 1a cdp cha b (mod n).
Viy theo trudng hop dac biét » = 1 4p dung d6i véi b ta c6

- 1 nfuu>s
- ™ néuu<s

Vay h = rl. Dinh 1y dugc ching minh.
Tém lai viéc tim cdp clia m6t s6 theo mod n duge quy hoan toan vé tim cap theo
modun nguyén t6.
Vi du Xét s6 Fecma F = F, = 22" +1,n > 1. Chtng minh ring F 12 s6 nguyén
16 khi va chi khi
3(F-1)/2 4 1

chia hét cho F.

Giai D& thdy F khong c6 dang 12k & 1. Do d6 néu F' 12 s6 nguyén 16 thi 3 1a s6
khong chinh phuong (mod F). Vay 3(F-1/2 = —1 (mod F) uic 1a 3(F=1)/2 4 1 chia
hét cho F.

Pdo lai gia st

3FD2=_1 (mod F). (11)

Tir (11 ) suy ra 3F-1 =1 (mod F). Goi h la cfip ciia 3 (mod F). Khi d6 h|F —1 = 22"
. Vay h =2t < 2™ . Néut < 2" —1thi h|(F—1)/2do d6 3F-1/2=1 (mod F)
mau thudn v6i (11). Vayt =2" & h = F —1. Vi h|¢(F) nén F — 1|¢(F) —
F — 1= ¢(F). Vay F la s6 nguyén t6.

Phuong trinh dong du Cho f(z) 12 mot da thic he s& nguyén va m 1a mot
s6 nguyén duong. SO nguyén a dugc goi la nghiém cta phuong trinh déng du

f(z)=0 (mod m) (12)

néu f(a) =0 (mod m).

. R3 rang néu a 1a nghiém cha (12) thi v6i moi b = a (mod m) b cling 12 nghiém
cta (12). Do d6 hai nghiém doéng du (mod m) dugc déng nhit v6i nhau. N6i cich
khic ta chi xét cac nghiém phén biét (mod m).

Gitng nhu véi phuong trinh dai s6 ta quan tam dén s6 nghiém clha moét phuong
trinh déng du.

Pinh 1y Cho da thitc f(z) = anz™ + -+ + a1z + ap hé s6 nguyén . Xét phuong
trinh déng du

J(®)=0 (modp) 13

trong d6 m = p 1a mot s6 nguyen 16. Néu phuong trinh (13) ¢6 n + 1 nghiém phan
biét (mod p) thi moi hé s6 a;(i = 0,1,2,...,n) déu chia hét cho p. Néi rieng khi d6
f(a) =0 (mod p)Va € Z

Chitng minh Chimg minh quy nap theo n. Vé&i n = 1 khing dinh ding. That
vay gid st a1z7 + ap = 0 (mod p),a;z2 + ap = 0 (mod p) va z1 = z2 (mod p).
Trir hai v€ suy ra a;{z; — x2) =0 (mod p) = a; =0 (mod p) — ap =0 (mod p).

Gia slr khing dinh ding véi moi da thic bac k < n.Gid sir phuong trinh (13) ¢6
‘n + 1 nghiém phan biét x1,..., 2,41 (mod p). Xét da thic g(z) = f(z) — a,(z —



z1)...(z — zn). Ta 6 deg(g) < n va g(z) c6 n nghiém phan biet zy, .., =
gid thiét quy nap suy ra f(a) = 0 (mod p)Va € Z — f(zn41) = 0 (mc
an(Tny1 — 21)...(Tay1 — ) =0 (mod p) = a, = 0 (mod p). Xét da thic
f(@) = ana™ = ap-12" 1 + - +aiz +ap . Tacéd deg(h) < n va h(z) c6 n
phan biét x4, .., z, Theo gia thiét quy nap suy ra tdt ca cic hé s6 an_1,..., a0
hét cho p. Pinh 1y dugc chimg minh. \

Phuong trinh (13) duge goi 13 ¢ bac n (mod p) né€u hé s§ cao nhdt a, kh
hét cho p. Tur dinh 1y trén ta suy ra phuong trinh déng du bac n (mod p)
nhit n nghiém phan biét (mod p).

Chua y Pinh 1y trén khong ding néu m 13 hop s6. Thi du xét phuc
2?2 =1 =0 (mod 8) ta c6 4 56 1,3,5,7 déu 12 nghiém phan biét (mod 8).

Vi du Cho p 12 s6 nguyén t6 18 va k|p — 1. Khi d6 phuong trinh z*
(mod p) c6 ding k nghiém phan biét.

Gidi Vi klp—1 nén dé thdy zP~! — 1 = (2F - 1)G(z) & d6 G(z) la da tl
nguyén véi h=deq Q@ = p-1k .Goi AC S={1,2,...,p~1},BC S={1,2,
tuong tng 12 nghiem clia 2P~ —1 = 0 (mod p), Q(z) = 0 (mod p) thitacé
S—|Al+|Bl>p—-1mal|Al <k|B| <p—1—knén ddu bang xiy ra.

Vi du Cho p 1a s6 nguyén t§ 1é. V&i mdi k nguyén duong ky hiéu S(k) =
Tim tdt ca cdc k dé Sy chia hét cho p.

Gidi Néu k chia hét cho p — 1 thi i* =1 (mod p) = Sy =p—1 (mc
k khong chia hét cho p gid st k = (p — 1)l + h,1 < h < p— 1. Khi d¢
(mod p) — S(k) = S(h) (mod p).Xét phuong trinh z* — 1 = 0 (mo
h < p~— 1 nén theo dinh 1y trén tén tai a € {1,2,...,p — 1} sao cho a"
(mod p). Tap {ai},i =1,2,...,p — 1 12 hé thing du thu gon (mod p) nén

p—1
S(h) = (ai)* = a"S(h) (mod p) — S(h)(a" —1)=0 (mod
i=1

Via" —1=0 (mod p) nén S(h) =0 (mod p) = S(k) =0 (mod p)
Tém lai S chia hét cho p khi va chi khi k khong chia hét cho p — 1.
Dinh 1y Gid st m = my...my va cdc s6 (m;) doi mot nguyén t6 cung

do:

i) a 12 nghiém cua (13) khi va chi khi v6i moi i = 1,2,...,k, a 12
phuong trinh

f(z)=0 (mod my)

i) Ky hieu N(m), N(m;) twong tng 12 s6 nghiém phan biét (mod m) cfia
nghiém phéan biét (mod m;) cla (14) thi ta cb

N(m) = N(my)...N(my)

Chitng minh i) Khing dinh 12 hién nhién do gid thiét cdc s6 (m;) doi o
td cung nhau.

ii)Ky hiéu A, C; tuong wing 12 tap hgp cdc sd nguyeén duong trong doz
nghiém cla phuong trinh (13) va tp hop céc s6 nguyén duong trong doal
nghiém ctia phuong trinh (14) vA C = C; X Cy.. X Cx. Ta ¢6 |C} = |C
N(m,)...N(my). Ta s€ ching minh |C| = | A|. Néu a € A 1 nghiém cla
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mbi i a 1a nghieém cla (14). Vay c¢6 duy nhit a; € [1;m;] dé a = a; (mod m;). Ta
c6 mot 4nh xa T : A — C xdc dinh b6i a — (a1, .., ax) trong d6 a = a; (mod m;).
Ta ¢6 T 1a don 4nh. That vay néu T'(a) = T'(b) —» a = b (mod m;)Vi - a =1
(mod m) — a = b. Ta ching minh T 13 song 4nh. Gia sk (a;, .., ax) € C. Theo dinh
1y Trung hoa t0n tai a € A sao cho a = a; (mod m;),Vi — f(a) =0 (mod m;).Theo
phén i) ta ¢6 a € A. Hién nhién T'(a) = (as, .., ax)

Ching minh dinh ly trén ciing cho ta phuong phdp tim tap nghiém cta phuong
trinh (13) dua trén cic tap nghiém C; cha phuong trinh (14) .

Vi du Giai phuong trinh f(z) = z* 4+ 22% + 82 + 9 =0 (mod 35)

Gidi Phuong trinh f(z) =0 (mod 5) ¢6 tap nghiém 1a C; = {1;4}. Phuong trinh
f(z) =0 (mod 7) c6 tap nghiém 1a Cy = {3;5;6}.

Ta phéi giai hé

{a =a; (mod 5)

a =ay (mod7)

6d6 ay € Cy,a9 € O,

Tur dinh 1y thang du Trung hoa ta tim dugc a = 21a; + 15a2 (mod 35). T d6
l4n Iugt cho ay € Ch, a9 € Cq ta tim dugc

A = {6;19; 24; 26; 31; 34}

Nhdn xét Dinh 1y trén cho ta thiy viéc nghién ciru phuong trinh déng du v6i modun
bat ky dugc quy vé viéc nghién ctu phuong trinh déng du véi modun 1a 1y thira clia
s6 nguyén 106.

Vi du Cho phuong trinh

az—b=0 (modm) (15

)Phuong trinh (15) c6 nghiém khi va chi khi dlb & d6 d = (a, m).

ii)Néu d|b thi phuong trinh (15) ¢6 d nghiém phéan biét.

Gidi Gia st (15) c6 nghiém. Khi d6 t6n tai z,y € Z sao cho az — b = my — dlb.
Nguoc lai gia st d|b. Ta ¢6 a = day,m = dmq,b = db; va (a1,m1) = 1. Khi d6 vi
{a;,m1) = 1 nén t6n tai z d€ a1z = b; (mod my) — dayz = db; (mod dmy) —
az — b= 0 (mod m).

ii) Gia sir zo 12 mot nghiém cia (15). Khi d6 ayzo = b1 (mod my). Dat zy =
zo+kmy(k =0,1,...,d—1). Khi d6 a1z = a1x0+ kaimy = a1x0 = b1 (mod my).
Vay z; 1a nghiém cta (15). Cac nghiém nay phan biét (mod m). That vay z; = z;
(mod m) < imy = jmy (mod m) & i =3 (mod d) — 7 = j. Néu z 1a mot nghiem
bt ky thi a1z = by (mod my) — ai(z — zo) = 0 (mod my) = z = zo + Imy =
zg + (k + td)ymy = zx + tm — = = zx (mod m) Vi du Ching minh ring v6i moi
n>>5, phuong trinh

P(z)=2®+1532" — 1112+ 38 =0 (mod 3"). (16)

phuong trinh cé ding 9 nghiém phéan biét .
Gidi Tru6c hél ta ching minh nhan xét 1: Néu a = 1 (mod 9),a’ = a + 3"~2b
thi
P(a') = P(a) 4+ 8"bh  (mod 3"*1)



voi (h,3) = 1.
That vay dé thady do 3n —6,2n —3,2n —4 > n+ 1 nén

P(a') = P(a) + 3" Ya® + 102a — 37)

Via? 4+ 102a - 37 = 66 = 3 (mod 9) suy ra a? + 102a — 37 = 3h vdi (}
Thay vao ta ¢6 diéu phai ching minh. '

Buéc 1:Phuong trinh (16) ¢6 it nhat mot nghiém a vi a = 1 (mod 9,
minh bing quy nap. Vi n = 5 ¢6 nghiém a = 19. Gia st khang dinh ding
1 t6n tai a, V6i P(a,) =0 (mod 3™). Pit P(a,) = 3"v. Pit aniq = an
Ta s& tih b dé P(an41) = 0 (mod 3"*!). Theo nhan xét 1

P(ani1) = P(a) +3"bh  (mod 3™*H)
=3"(v +bh) (mod 3"*1)

Vi (b,h) = 1 nén chon dugc b dé v + bh chia hét cho 3 do d6 P(ay,
(mod 3"*1). Thém vio d6 an+; = a, =1 (mod 9).

Bude 2: Phuong trinh (16) cé it nhdt 9 nghiém phan biét. Theo bude
trinh (16) ¢6 it nhdt mot nghiém a vi a = 1 (mod 9). Pat

ar =a+3""2k(k=0.1.2,..,8)

Tir nhan xét 1 ta ¢6 P(ag) = P(a) + 3"bh (mod 3*1) — P(ax) = |
(mod 3™) Ta ¢6 néu a; = a; (mod 3") - i =j (mod 9) —i=j. Vay
ndy phan biét.

Bude 4: Trude hét bang quy nap ta chimg minh néu nhin xét 2: Néu P(a
(mod 3™) thi @ = o’ (mod 3"~2). Véi n=3 ta kiém tra dugc nhan xét
st ding v6i n. Néu P(a) = P(a') (mod 3"*1) — P(a) = P(a') (m
a' = a + 3""2b theo gid thi€t quy nap. Theo nhan xét 1 P(a’) = P(.
(mod 3"*1) — 3|bh — 3|b — a’ = a (mod 3"~1). Nhan xét 2 dugc ching

Gia str o’ 12 mot nghiém bat k¥ cta (16). Theo nhan xét 2 o’ =a+ 3"~
Gidsth=9+k(k=0,1,..,8) Suyraa’ = a+3""2k = a, (mod 3"). V
trinh (16) ¢6 ding 9 nghiém phan biét.

Vi du Cho p 14 s6 nguyén t6 18. Ching minh rang v6i moi n > 1 phu

' —1=0 (mod p")

¢6 ding p — 1 nghiém phan biét.
Gidi Ching minh bing quy nap theo n. V&i n = 1 khing dinh dur
khang dinh ddng véi n.Xét phuong trinh

Pt —=1=0 (mod p™™)

Gid str {ay, ..., ap—1 } 12 p—1 nghiém cha (17). Tacé af"l —1=p"h;.Véin
duy nhat ¢; € {1,2, .., p} théa min (p—1)a;l+h; = 0 (mod p) vi (p—1)a;
hétcho p. Datb; = a;+tp. Tacd bV~ =1 = (aj+t;p™)P~! = af"t—l—k(g
(mod p™t1) Ta ¢6 af_l —1+(p—Dalp™ =p*(h+ (p — Dagt;) =0 (:
Do vay b; 1a nghi¢m cia (18 ). Pdo lai néu b; = b; (mod p" Py -
(mod p") — i = j. Vay phuong trinh ¢6 it nhit 9 nghi¢m. Bay gio gid sit ¢
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bat ky cha (18). Khi d6 b cling 12 nghiem cba (17). Vay 16n tai a;, (dé b = a; + 1p".
Tac6 ¥ —1 = (a; +tp™)P7! = af—l — 14 (p - Laidp™ = 0 (mod p"*'). Suy
ra (p — 1)adp” + hi chia h&t cho p. Vay t = ¢; (modp) =t =1, +pl = b =
ai +1p" + p" T = b = a; (mod p" ).

Vay phuong trinh (18) cé ding p-1 nghiém 1a by, ..., bp—1

Sau day 1a mot vai timg dung cla phuong trinh déng du.

Dinh 1y Cho p 1a mot s6 nguyén 1§ 18. S6 nguvén duong A 12 cip clia mot s6 a
(mod p) khi va chi khi & 1a udc cha p — 1.

Chitng minh Ta chi cin ching minh : néu hlp—1 thi h Ja cdp cla mot s6 a (mod
p). Trudc hét xét trudomg hop k= ¢° v6i g 12 s6 nguyen 6. Goi A C {1,2,...,p — 1}
11 tap cdc nghiém cla phuong trinh 2" — 1 =0 (mod p) va B C {1,2,...,p~ 1} Ia
tap cdc nghiém cha phuong trinh 27"~ —1 = 0 (mod p). Tac6 BC Ava B+# A
(do |A] = h = p%,|B| = p*1). Ldy a € A,a ¢ B. Ta khing dinh ring c4p cta
a(mod p) 1a h. That vay gid st [ 1a cdp cla a(mod p). Vi a" = 1 (mod p) nén
Ilh=p* > 1l=pt<s Neéut < sthil=pl|p! —a’ =1 (mod p) = a € B.
Diéu nay trai v6i cich chona ¢ B. Vayt =s & 1= h.

Trong trutmg hop t6ng quét v6i hlp — 1 bét ky gié st h = IIF_ g%, Theo diéu vira
ching minh thi t6n tai a; c6 cép 1 ¢%. Do dinh 1y ta suy ra s6 a = II¥_,a, c6 cdp la
h=T1IF_ g%.

Hé qua Tén tai s6 nguyén duong g ¢6 cip1a p~1. S§ g dugc goi 12 can nguyén
thly (mod p).

Khi d6, 4p {g, g%, ...~ '} 1a mot hé thang du thu gon (mod p).

Chitng minh That vay gid st t6n tai 1 > j sao cho g* = g7 (mod p), = ¢~ I =1
(mod p) — p — 1] — j Mau thuén.

. Dinh 1y sau day m& rong vi du cho k bit ky (khong nhat thiét 1a uSe clha p — 1)

Dinh ly Cho k 14 s6 nguyén duong va a € Z,(a,p) = 1. Gia st d = (k,p ~ 1).
Khi d6 phuong trinh

¥ =a (modp) (19)
¢ nghiém khi va chi khi
P V4 =1 (mod p) (20)

Néu c¢é nghiém nd s€ c6 diung d nghiém.
Chizng minh Diéu kién can: Gid st (19 ) ¢6 nghiém z¢. Khi do

"% = ag ™ = () =1 (mod p)
do dinh ly Fecma.

Diéukién du: Goi g la can nguyén thiy (mod p). Téntai b € S ={1,2,....p—1}

sao cho a = g°.

Bu6c 1: Ta khang dinh d|b. That vay
alr—1/d = gb(p‘l)/d =1 (mod p).

Vid la can nguyen thly nén suy ra b(p — 1)/d chia hél cho p e 1a djb.



Bude 2: Theo vi du thi phuong trinh ku = b (mod p — 1) ¢6 d nghiém ph
mod (p — 1). Noéi cich khic goi U C S sao cho ku =b (mod p — 1) thi |U]:
Budc 3: Tap {x = g*,u € U} la d nghiém phan biét (mod p) chia phuon
dang xét. That viy ta ¢6
b k —

wel wku=b (modp—1) =g =g" (modp)—2z"=a (mod

Tiep theo ta chung minh ching phén biét. Gid sttw,u’ € U sao cho g* = g* O
thi v =« (mod p —1) (do g 12 can nguyén thay ). Vayv u = u/'.
Bude 4: Néu z 1a nghiém cta (1) thi z = g* (mod p) trong d6 u € U.
That vay ton tai u € S sao cho z = ¢* (mod p). Ta c6

*=a (modp)e g™ =g¢" (modp)eku=b (modp—1)e uc

Dinh ly dugc ching minh xong.

Ta ¢6 thé m& rong khdi niém s& chinh phuong (mod p) nhu sau: Cho & >
nguyén duong va s nguyen td 1¢ p. S nguyén a goi 1a s6 k-phuong (mod p)
tai « € N sao cho

¥ =a  (modp).
Tir dinh 1y trén ta suy ra
Dinh ly a 13 s6 k-phuong (mod p) khi va chi khi
a® V%=1 (mod p)
tdc 1a o 12 nghiém cla phuong trinh dong du
P~/ =1 (mod p)
§d6d=(k,p—1).

Theo vi du phuong trinh (21) c6 ding 25* nghiém phan biet. Vay

Dinh ly C6 ding ’5—1 s6 k-phuong 3 d6 d = (k,p — 1).

ViduXéth=3p>3. Neup=3s+1thid=(3,3s) =3 Do do
phuong (mod p) néu va chi néu a® = 1 (mod p) vi c6 ding s s lap phuong

Néup=3s+2thid=(3,35+1)=1. Via?~! =1 (mod p) nén moi s6
lap phuong (mod p).



PHUONG TRINH PELL

Piang Hung Thing

I. Phuong trinh Pell
Phuong trinh Pell 1& phuong trinh c6 dang

2 —dy? =1 D

Day 1a mo6t phuong trinh rét ndi tiéng c6 nhiéu tmg dung trong viéc gidi nhiéu bai to4n
s6 hoc hay va khé. Trong chwong nay khi néi dén nghiém ta luon hiéu dé 1a nghiém
nguyén duong.
I. Dinh 1y 1 (v¢ sy ton tai nghiém)
Phuong trinh (I) ¢6 nghiém nguyén duong khi va chi khi d Ia s6 khong chinh phuong.
Chizng minh Néu d = m? thi (1) rd thanh
?-mtl =10 (@-my)z+my)=l—oc-—-my=a+my=1l-a=1y=0
Ddo lai gid sir d 1a s6 khong chinh phwong. Ta cin ¢6 cdc bd dé sau
BG dé 1 Cho o 1a mot s¢ vo 1¥. Khi d6 ¢6 16n tai vo s6 cap s nguyén duong
(h, k) véi k > 0 thoa mian
| hl < 1
TR SR
Chitng minh Trudc hét ta chimg minh nhan xét: V& moi s6 nguvén duong g 10n 1ai
(h, k) nguyén duong véi 1 < k& < ¢ sao cho
P
a —_— —
Lokl ke
Ta chia doan [0;1] thanh g doan bang nhaw By, By, ..., By v6i B; = {z € [0;1] :
7’—’;]— <z< é} Xét day {ta}.{t = 0,1,...,¢q). Ton tai tap B; chia hai s6 cha day
trén, chang han {110}, {iza}.ts <i;. Suyra

. 1
{tia} —{t2a}| < p @2
Gia str 1,101 =my + {t]a}, toa = my + {tga} T (2) suy ra

[(my —mo) — alt; — 1)] <

=

Dat h=m; —~mo, k=1 —tgtacd 1 < k< qgvaljak~h| <
duong voi nhan xét . Ky hiéu

1 PA S
2+ Dicu nay wong

‘ h! 1
={h k) la~=l <=1
A L(h,l) ;O % < k,,}

i |



Néu A hiru han thi tOn 1@i € sao cho ja — %: > e vdi moi (h, k) € A. Bay gic
q € N sao cho

LR 1 1
| 0!‘ < < 3
| ko kg T kj

Tir (4) ta ¢6 (o, ko) € A. Vay |a — 22| > ¢. Nhung ;
thudn vdi (3).B6 dé duge ching minh.
B6 dé 2 Tén tai vo s§ cap s6 nguyén duong (z,y) thda man

le? — dy?) < 14 2Vd

Chitng minh Theo bd dé | t6n tai vo s6 cip s6 nguvén duong (. ) thoa

‘ 1
0« l\.//f—l—fl < -
| vy
Suy ra
T \ K - A T
S+ Vd =12 —Vi+evd < 5 +2Vd
'y iy Py
Vay

‘ ' ! I |
2% = dy?| = |z — yVd||z + yVd| =y21§_—\/ﬁ i%%/&%
{

1,1 1 -

2 P

Y ?;Z(yz ) y?
<1+2V4d

Ta budc vao chuimg minh dinh 1y. Theo b8 dé 2 tn tai vo s§ cip sO ngu:
(z,y) thda min

|22 — dy?] < 1+ 2Vd
tic 1 trong doan I = [—1—2v/d; 1+ 2v/d) ¢6 vo s6 cap s6 nguyén duong (.
ton tai k € I dé v6i vo s6 cap s6 (z,y) ta ¢b

22 —d-y2 =k

Goi H = {(=, y)|z? —dy?® = k} vavéi 1 < 4,7 < |k| ky hieu Hy; = {(=,y)
(mod |k]),y = j (mod |&])}. Vi|H| = conén tén tai (¢, 5) dé | Hyj| = oo.
ton tai hai cap s6 nguyén dwong (z1,71) # (21,31) € Hy; thoa min

zy =22 (mod|k]), wm =y (mod k)

”L‘f — dy% = :v% — (.ly% =k
Xét tich

(w1 — Y1 V) (2 + 12 Vd) = 12y — dyryz + V(e — wa1p1)
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w129 — dyryp = 2% — dyf =0 (mod |&)

Tiye — Ty = 1y —ayh =0 (meod [k])
Vay ton tai cdc s6 nguyén u,v sao cho

Ty —dy1ye = ku @7
Ty — Ty = kv (28)

Vay tir (6) (7) (8) suy ra

(z1 — 1 Vd)(z2 + 12Vd) = k(u + vVd)
(21 4+ 11 Vd) (22 — v Vd) = k(u —vVd)

Nhén hai ddng thtc trén v6i nhau chd ¥ ring 22 ~ dy? = 2% — dy2 = k ta duoc
k2 =k —dv?) — Wi —-dv? =1

Ro rang u > 0 Néu v = 0 thi u = %1 Suy ra (z; — y1Vd) (22 + yovd) = &k =
(2 —yVd)(z + yVd), Viy s+ ppvd=m+yivd — my =z =g Ta
¢6 mau thudn. Dinh 1y 1 duoc ching minh .

Chit y: Nghiém bé nhét clia phuong trinh Pelt c6 thé rat Ién. Thi du phuong trinh
22 — 61y? = 1 ¢6 nghiém nho nh4l 13 a = 1766319049, b = 226153980, phuong trinh
x? — 109y? = 1 ¢6 nghiém nhd nhat 1 a = 158070671986249, b = 15140424455100

Bay gi¢r chiing ta s€ tim cong thitc mo 13 &t ca cdc nghiém cua (1).

Dinh 1y 2( Cong thic nghiém) Gia st (a,b) 12 nghiém nho nhét cta phuong trinh

et —dy? =1

nghia 1 b 1a s6 nguyén duong bé nhat dé 1 + db? 12 s6 chinh phwong (theo dinh Iy 1
thi luon t6n tai) Xét day (z,,) va (y,) cho bdi hé thite truy héi sau

2o =1,711 =a,Tpq2 = 20Tp31 — Tp (29)

Yo = 0; 1= b, Yn42 = 2(Ly7z+] — Yn (30)

Khi 46 (zy,, 4. ) 1a t4t ca cac nghiém cta phuong trinh Pell (1).

Chitng minh Phuong trinh dac trung cla diy (9) la 22 — 2ax 4+ 1 = 0 ¢6
A = g2 —1 = db® do d6 c6 hai nghiem 1A Ay = a + bvVd, Ay = a — bvd Tur
diéu kién ban ddu dé tim dugc

. — (a+bVd)™ + (a — b/A)"
Ly = 2
{a ~+ (')VE\)T' ~— ((1 — l)Vﬁ)"

2Vd

¥
!

Tu d6

T 4+ ynVd = (a + VA", 2y — yuVd = (a — bVd)". (3D



Suy ra (22 — dy2) = (a? — db?)™ = 1. Dé ching minh quy nap ring (z,) va (
day tang cdc s6 nguyen duong.
bdo lai gid su (z, ) 12 mot nghiém bat ky cua (1). Ta s& chimg minh khang
Ton tai n dé
T+ y\/zi_ = (a+ b\/ﬁ)"‘ =z, + zn\/q

Phin chimg: Gia si trai lai v6i moin ta ¢6 z + yvVd # (a + by/d)™. Khi d6 tér
nguyen duong sao cho

(a+bVd)™ <z +yVd < (a+bV/d)™*!
Nhan hai v& clia bt ding thic trén véi (a — bv/d)™ ta dugc
1< (z+yVd)(a—bVd)™ <a+bVd
Do (11) ta ¢6
(z +yVd)(a — bVd)™ = (& + yVd) (&m — ymVd)
= (22m — dyym) + (Tmy — ymz)Vd
=u -+ -v\/a
vOl u = 2Tm — dYYm, ¥ = TmY — YymT. YAy
l<u+vvd<a+bVd
Ta co
u? —dv? = (2? — dyH) (22, — dyt) =1

Lai ¢6 ¢ > yVd, zm > ymVd nén u > 0. Lai ¢6 (u — vv/d)(u + v/d)
l<u+t+vvdnen0<u—vvd<1l< l<u+vv/d—v>0. Vay (u,v) 1a
ca (1)do dé a < u,b < v — a+bvVd < u+vvd Didundy trdi véi (12).3
gid sir cla ta sai. Vay diéu khing dinh ducc chémg minh. Do d 1a s6 khor
phuong ta suy ra (z,y) = (zn, yn) Dinh ly dugc chimg minh.

Vi du 1 Tim t4t cd cdc s nguyen duong x > 2 sao cho tam gidc ¢ d
canh la z — 1, z, z + 1 ¢ dién tich 12 mot s6 nguyén.

Gidi Goi S 1a dién tich tam gidc. Theo cong thie He rong ta tim dugc

1
S = Zm-\/B(wQ —4) — 1652 = 32%(2? — 4).

Ta cé néu S € Z thi z chdn . Pat 2 = 2y suy ra S? = 32(y% — 1) -
Y32 —1) — 32— =h? — h =3z — 3(y:-1) =922 — 32—

Nguoc lai néu (y, z) 1a nghiém cta phuong trinh Pell

P -3z =1

thi dé thiy = = 2y,y > 1 thda min diéu kién ddu bai. Nghiém nho nhét cl
(2,1). Vay tt cd cdc nghiem cla (13) 1 day(yn) cho bdi

Yo =191 =2 Yn42 = 4Wns1 —Un
Suy ra nghiém cla bai todn 1a diy (x,) v6i n > 1 cho boi

g = 2,21 =4, xpyy = dwnp — Ty
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D6 1a cdce 6 4, 14,52, ...

Vi du 2 Tim 141 ci cdc nguyén duong 7" sao cho s6 tam gidc 7—9;—1) Ja mot sO
chinh phuong.

Gidi T(T+1) =2y? — AT? +4T +1=8y* +1 — 2T+ 1)? — 8y* = 1 Pat
x = 2T + 1.Suy ra (z,y) 12 nghiém cta phuong trinh

2 — 8y = 1. (34)

Pao lai néu (z,y) 1a nghiém cta (14) thix € do d6 T' = -1 thda man diu bai.

Nghiém nhé nhét cia (14) la (3;1).Theo dinh ly trén phuo‘ng trinh (14) ¢6 nghiém
1a day (z,) xdc dinh bdi

zo=1, 21 =3,Zny2 = 62py1 — Ty

Khi d6 v6i 2, = 275, + 1 ta ¢6 2Ty + 1 = 6(2Tn41 + 1) — (2T 4 1). Tir d6 day
(T3, xdc dinh bdi

To=0,T1 =1,Th42=6T741 T +2

la day cin tim. D6 1a cac s6 1,8, 49,288,...
Vi du 3 Tim 14t ca cdc s6 nguyén duong n sao cho trung binh cOng clia n sG
chinh phuong dau tién lai 12 mo6t s6 chinh phuong.

Giai Ta c6
12—&—22+32+----+—n2 _ (n+1)(2n+1)
n N 6 '
Vay ta ¢6 phuong trinh (n + 1)(2n 4 1) = 6y — (4n + 3)? — 4&? = 1. Dat
& = 4n + 3 1a c6 phuong trinh x? — 48y? = 1.Nghiém nho nhat 1a (7,1). Day 2, tuan
theo quy ludt

o= 1.21=T.Zp+y = 14Ty 11 — @

Bang quy nap dé lhé\/ V6in chan thi o = 1 (mod 4), V&in 1€ thi 23 = 3 (mod 4).
Vay ng = —iil_ la day can tim.Sau day ta thiét lap tudng minh cong thic truy hoi cla
ng. Patuy = szh+1 Ta 6 zori3 = 1429k0— Torq1 = 14(14a0ky 1 —T2k) —V2k41 =
19622k 41 — 14wor — Toky1 = 1952k — Tokg1 — Tok—1 = 19472141 — r2p1. Vay
Upgo = 194up 1 — wpVay dng.o + 3 = 194(4nk+1 +3) —4ng, —3 Tirdé

Npag = 194041 — ny + 144

ed

Vi ng = 1,13 = 337, np = 65521.....

Vi du 4 Tim t4t ca cdc s6 nguyén duong n sao cho ca 2n+ 1 va 3n + 1 déu la
s0 chinh phuong.

Gidi Vi (2n+1,3n+1) = 1 nénca 2n+1 va 3n+1 déu la s6 chinh phuong khi va

chi khi (2n+1)( mu) = 1/2 Suy ra (12n+5)2 —247% = 1 Dat z = 12n+5 ta dan 16i

phuong trinh Pell 22 — 24y? = 1 Nghlem nho nhat 1a(5, 1), Vay 2r49 = 102k41 — 2.
Dé chuimg mink 2 = 5 (mod 12) khi va chi khi % 1€Dat uy, = 29543

Ta ¢6 29353 = 10@2p2 — @41 = 10(102241 — 298) — T2ps1 = 100214y —
10z9k — 29841 = 9922k 41 — T2k41 —T2k—1 = 98Tk 41 —Tok—1. VAY Up42 = YBup 41—
up VAY upyo = 98upyy — upVay 12nk49 + 5 = 98(12n,41 + 5) — 120 — 5 TUr d6

Mgy o = 98ngy — ny + 40



vt ng = 0. np = 10, ny = 3960, ..

Tir d6 suy ra mot bai todn hay sau day:

Chimg minh ring néu n [ mot s6 nguyén duong sao cho ¢d 2n+ 1 va 3n
{a 50 chinh phuong thi n phai chia hét cho 40.

II.Phwong trinh Pell loai 2
Phurong trinh Pell loai 2 1 phuong trinh

2 —dy?=-1 (IO

a) Néu d 12 56 chinh phuong d = m? thi phuong trinh (IT) tr&s thanh (my —
ry=1—-my—z=my+z=1-z =0 Vay phuong trinh khéng c6 nghié

b) Néu d c6 udc nguyeén t6 p = 4k + 3 thi phuong trinh cling vo nghiém. 1
gid sir (z,y) 1a nghiem. Khi d6 2% + 1 = dy® — p|z? + 1. Vi p ¢6 dang 4}
theo mot k&t qua quen thuoc 1 chia hét cho p. Ta ¢é mau thuan.

Biéu nguuoc lai khong ding. Néu d khong c¢6 udc nguyén 18 dang 4k+3 thi
trinh ¢6 thé vin vo nghiém .( Xem vi du 5) Tuy nhién, néu d 12 mot s& nguys
didu nguoc lai cling ding. Cu thé ta ¢6

Dinh 1y 3 Phuong trinh Pell loai 2 ¢6 nghiém khi va chi khi d # 4k + 3

Chitng minh Gia s phuong trinh ¢6 nghiém. Theo b) d # 4k + 3. Ngi
gid st d # 4k + 3. Néu p = 2 phuong trinh 2?2 — 2y% = —1 ¢6 nghi¢m (z,y) =
Néu d =1 (mod 4). Xét phuong trinh Pell

ot —dyt =1

Ta goi do6 la phuong trinh Pell 1en két véi (II). Goi (a, b) 1a nghiém nho nhat ¢
Tacoa®?—1=db?. Néuachinthib1édod6 b =1 (mod4) = a?=1-
(mod 4). Diéu ndy khong xdy ra. Vay a 1€ vd b chin. Gid st a = 2a; +1,b =
¢6 (a—1)(a+1) = db? & ay(a1+1) = db?. Do d 12 s6 nguyén 6 vi (ay, a -
nénta cd a; = u2,a1 +1 = dov? hoic a1 = duQ,al +1 =12

Néu gy = uz, a1 +1=dv? > u-dv?®=-1. Vay (II ) ¢6 nghiém nguye:
(u,v).

Néu oy = du?,a; +1 =v? = v2 — du? = 1. Vay (v, ) 1a nghiém clia (€
rav>a—a +1=2v%>v>a=2a; +1. Miu thuin. Viy kha ning na:
X4y ra. :

Dinh ly sau day cho ta mot diéu kién cdn va da dé (1) ¢6 nghiém,

Dinh 1y 4. Goi (a,b) 1a nghiém nhd nhit cha phuong trinh Pell lén két
Khi dé (II) ¢6 nghiém khi va chi khi hé

a = 2% +dy?
b=2xy

¢o nghiém.

Chitng minh. Gid sit (zg,10) 12 nghiem cla (16). Ta c¢6 a? — db*
(zd — dyd)? = 1. Vay ta ¢6 2} — dyf = 1 hoac 2§ — dy§ = —1. Néu trutmg |
xdy ra thi (20, yo) 12 nghiém cha (I) do dé zp > a = .L(2) + (_lyé > xg. Miu thu:
phdi ¢6 2 — dy = —1 tic 12 (zp,yo) 12 nghiem cha (I1).
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Pio lai gia st (II) ¢6 nghiém. Goi (zp,v0) 12 nghiém nhd nhdt coa (II). Ta s€
ching minh ring (2o, yo) chinh 12 nghiém clia (16). That vay dat u = 23 + dyd,v =
220,70 Ta 6 u? — dv? = (23 — dy)? = 1. Vay (u,v) 1a nghiem cta (16). Suy ra
u > a,v > b. Ta chimg minh v = a,v = b. Gid st trdi lai tdc 1a u > aq, v>b Ta c6

(a—b\/—)<(a——b\/_)(a+b\/_)—1dod0

(a—b\/a)(mo—!—u()f) <7:0+?/0\/—4i> s 37)
(azo — dbyo) +(Aayo—bﬂ”0)\/—<mo+y0\/f‘i ; (38)
A 1A ¢« th

Chu y ring a + bvVd < u + vVd = (z0 + yov/d)? nén

—(azo — dbyo) + (ayo — bzg) = (a + bVd)(—xo + yoVd)
< (20 +yoVd)*(—zo + yoVd) = ,
(dyg — 25) (20 + yoVd) = zo + yoVd) (39)

bat s = (azo — dbyo),t = (ayo — bmo) Dé kiém tra dugc s —dt? = —1vas #0.
c6t > 0. That vay t > 0 < a%yf >b2m%©(db2+l) Y5 > (dyo—l)bzc»y > b2
Diéu nay ding. Néu s > 0 thi (s, v) la nghiém cta (II) do d6 s + tv/d > 2 + yoV/d.
Mau thuin véi (18). Néu s < 0 thi (—s,t) Ia nghiem ctia (IT) nén suy ra —s + tv/d >
T + ym/&. Mau thuan véi (19). Dinh 1y dugc ching minh.

Vi du 5 Ching minh ring phuong trinh z? — 34y? vo nghiém . ( Chd y rang
34=2.17 khong c6 uSc nguyén 16 dang 4k+3) =-1{

That vay phuong trinh z? — 34y® = 1 ¢6 nghiém nhd nhit 1a (a;b) = (35;6). Xét
heé

35 = 22 + 3442
6 = 2y

Tir phuong trinh thi nhat cua hé suy ra (1 y) = (1:1). Tuy nhien (1;1) khong thoa
phuong trinh thit 2, Vay phuong trinh 2% — 34y? = —1 vo nghiem.

Nhén xét. He (16) néu cé nghiém thi c¢é duy nhat nghiém . Do d6 theo ching
minh trén nghiém duy nhat d6 chinh la nghiém nhé nhat cta (I1).

That vay gia st (zo, yo), (z1,¥1) 12 hai nghiém cta (16). Khi d6 ta c6 23 4 dyd +
2zoyovd = 22 +dy? +2z1y1Vd = a+bVd. Suy ra (zo+yovd)? = (2 +y1Vd)? =
zo+yovd = z1+Yy1 Vd. Do dlas6 khong chinh phuong nén ta ritra xg = 21, yo = ¥1-

Tir d6 suy ra nghiém nhé nhét cia (I) luon bé hon nghiém nhd nhét caa (I).Nhan
xét nay gidp ta tim nghiém nho nhat cua phuong trinh Pell (I) nhanh chéng khi ma
nghiém ma nghiém nhd nhat 4y lai rat 16n.

Vi du 6 Tim nghiém nhd nhdt cla 2% — 29y% =1

Phuong trinh 22 —29y? = —1 ¢6 nghiém nhd nh4t 1a (70;13). Vay nghiém nhé nhat
clia phuong trinh Pell dang xét 12 a = 702 + 29(13)? = 9801, b = 2(70)(13) = 1820.

binh 1y sau cho ta cong thuc nghiem.

Dinh 1y 5. Gia sir hé phuong trinh (16) ¢6 nghiém va (u. v) 12 nghiém duy nhat
cua no.

Xét day s6 nguyeén duong (zy ). (yr) xdc dinh boi

Ip = u,T] = ud 4+ 3duv2, Tnt2 = 2aTp41 — Tn (40y

Yo =Wy = do® + 3u2v,yn+2 = 2aYn41 — Yn 41)



Khi d6 (i, y,) 12 tdt ¢d cdc nghiém cia cha (ID).

Ching minh Diu tién ta ching minh ring

Zn + ynVd = (u+ vVd)* "+
Tn — Un Vi = (u— Uv’f/._l}Q”H

Phuong trinh dic trung cta diy 8) b 2> —2a2+1 =06 A =a? -1 =
d6 ¢6 hai nghiem 1A A} = a + bv/d, Ay = a — b/d. Do dé z, = Ci(a + b
Cyla —bVd)" = C(u + Vdv)? + Cy(u — Vdv)?® . Tir diéu kién ban dil
duge Cy = 42 ¢y — u=0Vd Do vay

(u+v \/5)2” Flg (u— 1 \/FLZ)Q”H
2

&

Lp =

Tuuong tu
(u + vv/c—l)zm'l = (u i U\/E)%J‘”l
2Vd
Suy ra (22) va (23). Nhan (22) véi (23) v€ v6i v€ ta duoe 22 — y2Vd =
1,72\/:l>2n+1 =1.

Dio lai gia st (=, y) 13 nghiém cla (I). Xét s6 (z + yv/d)(u + vv/d) =
dyv) + (yu + 20)Vd = s + tV/d v6i s = zu + dyv, t = yu + 2v. Ta 6 52 -
(22 — dy?)(u? — dv?) = (=1)(—=1) = 1 Vay (s,t) la nghiém cta phuong tr
(D). Do d6 t6n tai n € N sao cho

Yn =

s+ tVd = (a+b/d)" =
(z +yVd)(u +vVd) = (u+vVd) " o
z+yvd=(u+vVd)™ =z, + yVd —
(Iv 7/) = (In) 'Un)
Vi du 7 Tim tit ca cdc s6 nguyén duong n c6 tinh chat n? + (n + 1)% la s
phuong.

Gidin?+(n+1)?2 =y’ 2n+1)2+1=2y < (2n+1)2 - 2% = -
r=2n+ 1 ta ¢c6 phuwong trinh 22 — 2y? = —1. Theo dinh 1y trén nghiém la

ro = 1,2) = 7,2k = 6xgqq — 2. TUAO 2npyg + 1 = 62041 + 1) — 2
Cac s8 cédn tim dugc cho boi diy (ny) sau day

ng = 0,n1 = 3, ngy2 = Ongpy —ng + 2

D6 1a cdc s0 3;20;119; ...
III.Phuong trinh Pell chita tham sé n
Phuong trinh Pell chifa tham s6 n 14 phuong trinh

2t — dy2 =n (I

trong d6 d 12 s6 nguyén duong khong chinh phuwong con n 13 s6 nguyén.
Dinh ly 6. Phuuong trinh (III) hodc vo nghiém hodc ¢6 vo sO nghiém.
Chitng minh. Gid st (III) ¢6 nghiém (zp, yn) tic 12

2 e —
Ty, —dy, =n
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- Goi (a,b) 1a nghi¢cm cta phuong trinh Pell (I). Khi dé t
at —db* =n (45)
Nhan (24) v6i (25) ta duoc

(22 — dy2)(a® — dV?) = n & (zpa + dyab)® — d(nb + yna)® =1

Tp4l = Tna + dynb (46)

Yny1 = znb + YnQ 47
Ta thdy (Tn41, Yns1) 12 nghiém va x, < Tpy1,Yn < Ynt1. Vay cong thic () cho ta
vo s6 nghiém cba (III) n&u (1II) c6 mot nghiem khoi dau (a1, y1).

Cha y. Neéu ta chon nghiém khdi ddu la nghiém bé nhat thi trong trudng hop
n = %1 cong thic (26) va (27) cho ta tat cd cac nghiém.

That vay : V6i n =1 theo cong thae (11) (a + b\/a)“ = Tn + yn\/a. Suy ra

Trg1 + ynp1Vd = (a +bVd)"H =
(a +bVd)" (a + bVd) = (3n + yuVd)(a + bVd)
= (@na + dynb) + (Tnb + yna)Vd

Vay
Tp41 = Tna + dy"nba Yn+1 = Tnb + Yna.

V6i n = —1 theo cong thic (22 ) ta ¢6 (zo + yox/a)2"+1 = Tn + Yn \d. Suy ra

Tpt+i -+ yn+1\/& = (zo + yox/—c]})Q"‘H‘ =
(a}O + yow/c_z’,)27‘+l<x0 + yo\/C‘Z)Q = (:1;,,, -+ yn\/a)(a -+ b\/c—z’,)
= (zpc + dynb) + (znb + y,.,a)\/g —

(Via= m% -+ dyg, b= 2xoyp.) Vay
Trt1 = 2n@+ dynb,  Yny1 = Tub + yna.

Tuy nhién véi 7 %1 diéu nay khong ding. D3y (26) va (27) khong nhét thiét vé
can 141 ¢a cdc nghiém cua phuong trinh (III). Thi du sau day minh hoa cho diéu dé.
Vi du 7. Gidi phuong trinh

2? — 5% = 4. (48)
Xét phuong trinh Pell twong ung 22 — 5y = 1. Dé thdy nghiém nho nhat ciia
phuong trinh Pell 12 (a,b) = (9,4) va nghiém nho nhat cla phuong trinh (48) la
(z1.y1) = (1;1). Do vay cong thie (26) va (27) cho ta day nghiém (zy, yn) sau day

Trq1 = 92Zn + 20yn,  Yn41 = 42y + Oy,

Cu thé d6 1a cac nghiem sau (1:1),(29:13), (521,233), (9349.4181). ...



Tuy nhién nd chua vét hét nghiém, Chang han 3 rang (4; 2) 12 nghiém cla
trinh nhung khong ¢6 mat trong diy trén. Bay gid ta ching minh tit ca cdc
(Zn,yn) cla phuong trinh (48) dugc xdc dinh boi quy ludt sau

Ty =12y =4Tni2 = 3Tnt1 — Tn
1=1y2=2,Ynt2 = 3Yn+1 — Un

1) Truée hét ta ching minh (zn, y») 12 nghiém.

Cdch 1 Taco
2 2 . 2
Tpy1 — 3Tt 1Tn + Ty = Tng1(Tnt1 — 3Tn) + 25 =
. 2 _ 2 . _
—Znt1Ln-1 + T = T; — l‘n—l(&rn —Tn-1 =
2 . 2
Ty = 3Tnn_1 + Th_:

3Tn+1Zn + r,% = x% — 3z129 + x% =3

Vay 7‘7%.4-1 -
Tuong W y2 1 — 3Yn+1Un + V2 = y3 — 3y1y2 + yi = —1 T d6

(@]}

2 — 2
Ty 1 = 3Tpp1Tn — T, +
3z, (3T, — Tpo1) — .‘E% +5= &ri +3 -3, Tp_y =
2, = = 2 2 -2 2
8z, +5+5—x, ~x,.1 =7z, —z,_, +10

Tuong tu
2 -2 2 ;
Yn41 = tUn — Yn—1— 2

Tt (49) va (50) ta suy ra

Tht = Symyy +4="T(a} — dys +4) = (@h_, —Byp_; +4)

n—1

Béing phuong phdp quy nap suy ra véi moi n=1,2,...
a2 —5y2 +4=0

Cdch 2 Ta chimg minh biang quy nap ring
3Tpn + OYn
Tpp1 = ——F——
2
T, + 3Yn
Ynt1 = o

That vay, v6i n = 1,2 cong thitc (51) ding. Gia st (51) ding chon = k,n =
€6 Tg 3 = 3Tk o — Ty Thay biéu dién zg 9, Tx1 theo (31) vio ta thu &
3Txya + SYkt2

3 s}
T+3 = 5(33«%4—1 — ) + 72*(3,%“ — k) = 5

Chimg minh trong ty
Thy2 + 3Yk42
Yea3 = —— 5
T do
: 2 . 2
] 2 3z, + Sy Tn + 3Yn
. _5 — (2T Ym ) g T un
Tnt1 Ynt+1 = 9 2
42 — 20y? . . . .
S (——4 L ‘/n::L;i——-(jyﬁ_—_...:;L-f-—{)y‘f:“)

1
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- 2) Nguoe lai gid st (ug, vo) 1a mot nghiém bat ky cia (48). Ta phai ching minh rang
t6n tai k& sao cho (ug, vo) = (@, Yx)
Néuw ug =1 — vo = 1. Vay (uo,vo) = (x1,y1). Gid st ug > 1 — vg > 1.Xét

3ug — Hug 3vg — ug
Uy = 2 Y V1 = 2

Vi u% — Sv(% = —4 nén wg,vp cung tinh chin 1é, Vay wu,,v; nguyén. Hon nifau; >
0,v1 > 0. That vay uy > 0 < 3up > Sup & 9ud > 2503 & 9(50¢ —4) > 250 <
20v3 > 36. Ding vivg > 1. Tacé v; > 0 < 3vp > up < 9 > ud & 9 > 508 —4

Diing. Ta cling kiém tra dé dang ring u? — 5vf = —4 vd uy < ug va
: )
ug = {_331_;—_3{ (53)
. 3 '
Vg = }L_l_—;*il_ (54_)

Néu u3 > 1 — v»; > 1 thi ta lai xay dinrung duoc day (ug,vq) l1a nghiém cua
phuong trinh(48) v6i ua < wy. Qué trinh nay phai két thic & bude th k va ta ¢b
(uk,vk) = (1,1) = (0, 0) Vi

Suy, + Svup,
Un-1=——§—~—

Up + vy
V] = =
Un 1 2

nén (uk_l,vk__l) = (ml,yl) — (uk_z,vk_z) = (.’1)2,:[/2 — .. (U(),’U()) = (:z:k.vk)
Tém lai 14t cd cdc nghiém cha (48) 1a (1;1)(4;2)(11; 5)(29;13)(76; 34)....
Pinh 1y 7. Gid st phuong trinh (III) ¢6é nghiém. Néu (zo,yp) 12 nghiém nho
nhat cua né thi

2
—na
1/(2) < max {nbz; 7 }

Chitng minh Xét s6 u = axg— dbyy, v = ayo — bxg . D& kiém tra u? — dv? = n. Gid
str tréi lai yo > nb®, yo > '—’;—a—g. Khi dé u > 0,v > 0 That vay v > 0 < ayp > brg <
a?yt > vPaf < (14 dbPy > Vg & y§ > bH(ad — dyg) = nb?. Bl ding thic
ding.u > 0 & a’ad > d??yd < 23(1 + db?) > dbPy¢ & xd > —db*(ad — dyd) =
—ndb? & dyf > —n(db® + 1) & dyf > —na® Bat déng thic ding. Vay (u,v) la
nghiém cta (III). Mt khdc tir hé phuong trinh bac nhat azo — dbyo = u; —bzo +ayo =
v{ 4n 13 29. Yo ) gidi ra 1a dugc xg = au + dbv. yo = bu+av — zg > w, yo > v. Didu
nay mau thuin véi viéc chon (zg,yo) 12 nghiém nho nhat.

~~
N
rh

S

Pinh 1y 8 Gia st phuong trinh (III) c6 nghiém. Gia st (a1, 51). ..., (am, Bm) 12
tdt ca cic nghiém cla (1) thoa man bat déng thic
o 2 —TLG.2
vy € max < nb 7 1=1,2. ... m (56)
Xét m day sau day: ddy th¢ i (i=1,2,..m) (@4, Yn) Xdc dinh bdi

T =4 Yo, = i
Tpati = Tp i@+ dyn,'i.b

Yn+1,i = Tl + Yn 40



Khi d6 cic day (zn s, Yn,s) € vét hét nghiém cta (IID).

Chitng minh Ta di ching minh cdc s6 hang cla diy trén 1a nghiém cta
Nguwoc lai gid stt. Nguoc lai gid st (up,vo) 1a mot nghiém b4t ky cia (48). Tz
chimg minh rang t6n tai %% sao cho (up, vo) = (Tk i, Yki)

Néu vo < max {nb2 =na } thi t6n tai i & (uo, vo) = (ci, B:) = (20, 0,) -
ta c6 k = 0. Gia st trai lax . Xét 86 up = aug = dbvg, v1 = avg — bug. DE kié

— dv} = n. Ngodi ra vi vp > nb% vp > =% neén Iy luan nhu trong ching
d;nh ly 7 ta c¢6 u3 > 0,v1 > 0 do d6 (ul, v1) la nghiém cta (III) va

up = u1a + duvd
vg = b +via

Tir d6 vy < vg. Néu vy > nb?, vy > ”a thi ta lai xay duuung duge day (us,-
nghiém cla phuong tr1nh(48) vii vy < v1 Qua trinh nay phai két thic & budc

véi vx < max 4 nb?; ‘"a } Khi d6 t6n tai ¢ dé (ug,vk) = (o, 8;) = (w04, Yo,4)

Un_1 = AUy + duph

Un_1 = Unb + vna

(uk—1,%6-1) = (T1,4, Y14) = (uk—2,vk—2) = (T2,5, 42,0 = .. = (v0,v0) = (T
Dinh 1y dugc chitng minh

Vi du Ching minh ring phuong trinh 22 — 34y = —1 khong c6 nghiém.

Gidi Phuong trinh 22 — 34y? = 1 ¢6 nghiém (a, b) (_35 6). Néu phuong
c6 nghiém thi nghiém nhd nhét (zg, yo) thda min 3 < (35) = 36,029 — yo
Thit cdc s6 1,2,3,4,5,6 ta déu khong tim duge nghiém.

Vi du 8. Trd lai phuong trinh 22 — 5y2 = —4. Phuong trinh z2 — 5y% =
nghiém (a,b) = (9;4)Céc nghiem (o; 3) thda man B2 < 231 = 64,8 — 3 <
(1,1)(4;2)(11,5). Vay ta c6 ba diy sau

Zo1 = 1,501 = L, Znt11 = 97n,1 +20yn1,  Yn+1,1 = 4%n1 + Oyn1
zo2 = 4,02 = 2,Tpy12 = 9Zn 2+ 20Yn2, Yn+12=4Tn2+ Yn,2
zo3 = 11,403 = 8, Tn41,3 = 92,3 + 20yn3, Yn+13 =4ZTn3 + Yn3

Ba ddy nay vét hét nghiém cla phuong trinh da cho .
Sau day ta s€ bién luin su c¢6 nghiém cla mot s6 phuong trinh Pell c6 tham
I. Bién luan phuong trinh

m2—2y2——-n

Bai toan dat ra 12 : Tim diéu kién cdn va di ma n phai théa man dé phuong trin
¢6 nghiém nguyén duong. Ky hiéu D 1a tap hop cdc s6 n nhu vay.

Dinh 1y 9 Gid st n = p 12 s6 nguyén t6. Khi d6 p € D khi va chi khi
hodc p = £1 (mod 8)

Chitng minh Gia st phuong trinh ¢6 nghiém (z,y) va p = £3 (mod 8). ]
chia hét cho p thi y chia hét cho p. V€& trdi chia hét cho p? . Vo ly. Viy z?
(mod p) — zP~1 = 2(=1)/2yp=1 4 2(p=1)/2 = 1 (mod p) Mau thuln v6i két c
biét.
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Pao lai: Néu p—2 thi (57) ¢6 nghiém (2;1).Xét p = +1 (mod 8). Khi d6 tén tai
a € N théa min a 2 (mod p),~Xét tap {z + ay} trong d6 = =41,2, ... m;y =

0:1,2,..,m v6i m = T. Tap nay c6 (m + 1)2 s6 va vi p < (m + 1)2 nen t6n tai -

LT&HT# (z2,72) dé ﬂe + a1 = 2p 4 ay2 (mod p) — (z1 — z2) = a(y2 — v1)

(mod p) — (331 ~ z2)% = a®(y2 —y1)° (mod p). Dt z = |21 — z2|,y = |y1 — ¥2]
Tacé:c <m? < y2<m <R Tacé z? = a%y? — 22 = 242 (mod p). Vay
— 242 ch1a hét cho p. D& thiy 22 — 2y2 # 0,p > 2% > 2% — 2% > -2y > —2p,
do d6 2?2 -2 = —p—=(z+29)?-2z+y)?=p Dita=z+2y,b=z+yta
c6 (a,b) la nghiem cta (57).
B6dé 1NéuneD,meDthinmeD.

Chitng minh Gia stt (a® — 2b?) = n, (¢ — 2d%) = m. Khi d6

m = (a® — 20%)(c? — 2d?) = (ac + 2bd)* — 2(bc + ad)*

biéu nay chimg minh nm € D.

B& dé 2 Gia sit ¢ 1a s6 nguyén t6 g = :5:3 (mod 8). Néu 22 — 2y2 chia hét cho
q thi z,y déu phai chia hét cho ¢ va do d6 2% — 232 chia hét cho ¢?

Chiéng minh Phin ching. Gid sir trdi lai. Khi d6 z, y déu khong chia hét cho p.
Ta c6

2

T E2y2

(mod p) — &P~ = 20" D/Zyp=1 , 2-D/2 =1 (mod p).

Mau thuln v6i két qua di biét : Néu p = £3 (mod 8) thi 2(P~1)/2 = —1 (mod p).
Dinh 1y 10. Gia sit n c6 phan tich tiéu chuin

n = 2" [Ip;'Ilq;*

0 d6 € = X1, p; 12 cic s6 nguyén t6 dang 8k £ 1, ¢; 12 c4c sO nguyen 16 dang 8k £ 3
Khi @6 n € D néu va ¢hi néu ¢; 1 s6 chan véi moi 1.

Chitng minh Gia sit t; 12 s6 chdn v6i moi 7. Dat m = e2"IIp}*. Ta c6 €€
D,2 € 'D,pi € D do d6 theo b6 d& 1 m € D. Vay tén tai z,y nguyén duong
sao cho z? — 2y? = m.Vi t; 12 s6 chin v6i moi t; nén Ig = h%. Thanh thir
n =mh? = (zh)? — Q(yh) Chiing t6 n € D.

Pao lai gid st n € D tifc 13 t6n tai z,y sao cho 22 — 2y% = n. Gid st ¢ 13 uéc
nguyén 16 clia n , g = 8k = 3 vA g ¢6 s6 mii s 14 s6 1&. Kki d6 2 — 2% = ¢°b véi
(b,q) = 1. Theo b8 dé 2 = = gz1,y = qu1 — 22 — 243 = ¢°~2b néus > 2. Sau mot
s6 hitu han budc ta din dén 22 — 2y2 = gb, Theo b6 dé 2, ta c6 mau thuln.

II. Bién luan phuong trinh

-3t =n (58)

Bai todn dat ra 1a : Tim diéu kién c4n vA dd ma n € Z phai thda min dé phuong trinh
(58) ¢6 nghiém nguyeén duong. Ky hiéu C 12 tap hop cdc s6 n nhu vay. .

Dinh 1y 11. Gia sir n khong chia hét cho 3. Khi d6 n € C néu va chi néu a)
n=1 (mod 3)

b) Trong phan tich tiéu chuédn cla |n| = Ip;iIlg; véi p; = £1 (mod 12),¢; = 5
(mod 12) thi ¢; 12 s6 chdn véi moi 3.

Chitng minh Diéu kién cin: a)Gia st n € C. Ton tai z,y nguyén duong sao cho
2 -3y =n— 2?2 =n (mod 3). Vay n=1 (mod 3).



b)Ta ¢6 bd dé sau

B dé 3: Néu g 1a s6 nguyen (S, ¢; = +£5 (mod 12) vd 2% — 32 = (1
thi z,y déu chia hét cho ¢ va do d6 z2 — 3y? chia hét cho ¢?

That viy Gia st trdi lai. Khi d6 z,y déu khong chia hét cho p. Ta ¢6

z? = 3y? (mod p) — 2P~ = 3(—1/2p-1 — 2-1/2 =1 (mod p)

Mau thuin v6i két qua di bidt : Néu p = £5 (mod 8) thi 3¢*-1/2 = _1 (1
B4 dé 3 duoc ching minh. '

Gid slt ¢ = ¢; 12 u6c nguyén t6 cla n , g = 12k +£ 5 vd g = ¢; ¢6 s6 mi
12 56 1&. Kki d6 22 — 3y = ¢°b v6i (b,q) = 1. Theo b 4 3 & = gz, y =
z? — 3y? = ¢°~?b néus > 2. Sau mét 3 hitu han budc ta din dén z,% - 3y£
Theo bé dé 3, ta ¢6 mau thuin.

Diéu kién di: Gia s cic diéu kién a) va b) dugc thuc hien. Theo b) n =
trong d6 hodc |h| = 1 hodc|h| = IIp; & d6 p; = £1 (mod 12).

Néu |h| = 1: Vin=1 (mod 3) = h = 1 & n = m? phuong trinh ¢6 n
(2m,m). Xét h # +1. Vin =1 (mod3) - h = 1 (mod 3) ( do m?
(mod 3)). Vi mbi p; t6n tai a; sao cho a? = 3 (mod p;) = +1 (mod 12) 1
a; sao cho a? = 3 (mod p;). Theo dinh Iy Trung hoa tén tai a sao cho a
(mod p;) v6i moi i. T d6 a? = 3 (mod p;) Vi «© a? = 3 (mod h). X
{z+ ay} rong d6 z = 1,2,...,u;y = 1,2, ...,u v6i u = |v/h]. Tap ndy c6 (u
s6 va vi b < (u+ 1)? nén tén tai (z1,71) # (x2,92) € 21 + ay; = z2 -
(mod h) = (z1—22) = a(ya—y1) (mod h) -+ (21 —22)? = a®(y2 —y1)? (mc
bat z = |z1 — z2|,y = |th —y2] - Ta b6 2% < u? < hy? < W2 < h
2 =a%y? 5 22 =342 (mod h). Vay z? — 332 chia hét cho h.

Tacé —3h < 22 —3y?> < 22 < h. Ma 2% - 3y? # 0 nén 2? — 3y? -
hoac 22 — 3y? = —2h. Néu 2?2 —3y? = —h - h = —1 (mod 3). Mau t
Vayz? — 3y% = —2h. Khi d6 z,y c6 cling tinh chin I8. Pat

a_x+3yb_x+y
I D)

Ta ¢6 do z,y khong d6ng thoi bang O nén a,b 1a s6 nguyén duong va

2 3 = z? + 6zy + 9% — 322 — 6zy — 312

4
3y —2? 2
T2 h
Vay (ma)? — 3(mb)? = m?h =n . Néi cdch khdc n € C. Dinh ly dugc ching r
Bay gits ta di dén dinh 1y t8ng quét xét cho n b4t k.
Dinh 1y 12. Gia st n = 3*m v6i (m,3) = 1. Khi d6 n € C khi va chi khi
a) m = (-=1)F (mod 3)
b) Trong phan tich tiéu chudn clia [m| = [Ip{illq;* v6i p; = £1 (mod 12),¢q; =
(mod 12) thi ¢; 14 s6 chan.
Chitng minh Diéu kién cin: Gia skt k chin va tén tai x,y sao cho z2 — 3
n = 3%m. Néu k = 0 thi dinh ly 12 suy tit dinh 1y 11. Néu k > 2 ta ¢6 = = 3z
322 —y? =3lm > xf — 3y? = 3*~2m. Sau mot s6 hitu han budc ta di dén

=h

3

22 —3i=m
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Theo dinh 1y 11 ta ¢c6 m thda man diéu kién a) va b)
Gié skt k& 18. Tuong tu nhu trén ta c6 = = 3z; — 322 —y? = 3F~1m — 22 —3y? =
3%¥=2yn. Sau mot s6 hitu han budc ta di dén

:cf——3y,?=3m‘—>mr=3u——>3u2—yf=m—+yf—-3mg=—m
Ta ¢6 —m phdi théa man di€u kién a) va b) cla dinh 1y 11 tic 12 m thda man diéu
kién 2) va b) cia dinh 1§ 12
Piéu kién d0:Gia st n théa mian céc diéu kién a) b)
+ Néu k chin, k = 2t . Theo dinh Iy 11 t6n tai z,y sao chp 22 — 3y2 = m —
(3tz)% — 3(3%y)? = 3%*m =n. Vay n € C.
Néu k 1 k = 2t + 1. Theo dinh 1y 11 t6n tai z,y sao cho 22 — 3y = —m &

3y? — 22 = m — (3*+1y)? — 3(3'z)? = 3%+l;m = n. Vay n € C. Dinh ly 12 duge
ching minh.

\

Bai toan téng quat: Gidi va bién luan phuong trinh
2? —py? =n

V6i p 1a s6 nguyén t6
Ta da bién luan suur c6 nghiém clia phuong trinh trén v6i p = 2 va p = 3. Trudng
hop p 12 s6 nguyen t6 bt kY theo ché chiing 16i biét con dang bd ngd.

IV. Phuong trinh Pell tdng quat
Phuong trinh Pell téng qu4t 1A phuong trinh

Az? — By2 =n av)

Trong trudng hop n = 1 ta c6 két qua sau day
Pinh 1y 13. Cho phuong trinh

Az — By’ =1 (59)

v6i AB khong chinh phuong va A > 1 Goi (a, b) 12 nghiém nho nh4t clia phuong trinh
Pell két hop 22 — ABy? = 1. Xét he

a = Az’ + By?.
b =2zy '

a) Néu he trén c6 nghiém thi n6 c6 nghiém duy nhét. Goi (zo,yo0) 12 nghiém duy
nhét d6. Néu Az3 — ByZ # —1 thi phuong trinh (59) c6 nghiém va (zg,yo) chinh 12
nghiém nhd nh4t cda né.

b) Pio lai néu phuong trinh (59) c6 nghiém va (zg,yo) 14 nghiém nhé nhat cla
n6 thi (zg, yo) 12 nghiém duy nhét cha hé wrén.

c) Gia sir phuong trinh (59) c6 nghiém va (o, yo) 12 nghiém nhé nhét cta né. Véi
moi s6 tu nhién n t6n tai duy nhét (zn,y.) théa

(20VA +yovB)*"*! = 2,V A+ yuVB

Hon nita diy (zr,, yn) vét hét nghiém cba (59) .



Poc gia tv ching minh, bang phuong phédp tuong tu nhu ching minh dinh I
Chua y: Ta c¢6 thé mo ta nghiém dudi dang diy truy héi nhu sau

Ta ¢é
(20VA - 9oVB)" ! = 20v/A — VB

Suy ra _
_ (:vox/z+y0\/§)2”+l + (xo\/z _ yo\/E)2n+l N

Tp =
2VA
zn, = C1(Azd + Byd + 2z0y0V AB)" + Co( Azd + Byg — 2zoyoVAB)"

= C1(a+ bV AB)" + Cy(a — bV AB)"

Tir d6 (zp,) 12 ddy truy héi cap 2

Tnt2 = 2aTpy1 — Tn
v6i cdc gid tri ban ddu o, 1 = Az} + 3Bxoyd.
Tuong tu (y,,) la ddy truy héi cdp 2
Yn+2 = 2aYn+1 — Yn

v6i cdc gid tri ban ddu yo,y; = By + 3Ayoz3.

Vi du Gidi phuong trinh 322 — 22 = 1

Phuong trinh Pell két hop z? — 6y% = 1 c6 nghiém nhd nhdt (a, ) = (5,2) Ph
trinh dang xét c6 nghiém nhd nhat (zp,yo) = (1,1) Vay tap nghiém (zn, yn
phuong trinh duge cho bdi cong thire

Ty = 102,41 — 2n
v6i cdc gid tri ban ddu zp = 1,27 = Az} + 3Bzoyd =3 +6=9va
Yn+2 = 10Yn+1 —¥n

v6i cdc gid tri ban diu yo = 1,31 = By + 3Ayzi =249 = 11.
Dinh 1y 14. Phuong trinh (IV) hoac v6 nghiém hodc ¢6 vo s6 nghiém.
Chitng minh. Gia st (IV) c6 nghiém (z,,y,) tic 12

Az? — Byl =n
Goi (a, b) 12 nghiém cda phuong trinh Pell két hop 2% — ABy? = 1. Khidé ta ¢
‘ a2 — AB: =4
Nhan (40) véi (41) ta dugc

(Az? — By2)(a® — ABV?)=n
< A(zna + Bynb)2 ~ B(Aznb+ yna,)2 =n

Dat

Tn41 = Tna + Bynd
Yn+1 = Axnb + yna



88

Ta thdy (Zny1.Yn+1) 12 nghiém va 2, < Zpi1,Yn < Ynt+1. VAy cong thirc (42) va
(43) cho ta v6 s6 nghiém cda (IV) néu (IV) c6 mot nghiém khdi ddu (z1, y1)-

Bing phuong phdp tuong tu nhu dinh 1y 7 ta ¢6 dinh 1y sau

Dinh 1y 15. Gia st phuong trinh (IV) ¢6 nghiém. Gia st (a1, 51), ..., (@m, Bm)
1a t4t ci c4c nghiém cha (IV) théa man b4t ding thitc

2. —'n,a2

,Bizsmax{Anb, 5 } i=12,...m (64)

Xét m day sau day: day thd i (i=1,2,..m) (Zn i, Yn,:) X4c dinh bdi

Zo,i =04, Y0,i = Bi
Tnili = Tnid + Byn b
Yn+1i = AZn ;b + ynia
Khi d6 cic s6 hang (zn,yn) cla t4t ca cdc diy trén s€ vét hét nghiém cua (IV).
Chui y. C6 thé m6 t4 dudi dang ddy truy héi cép 2 nhu sau: Dé cho gon, c¢6 dinh
idat Tn = Tni, Yn = Yn,i- 12 €6 Tp = o, T1 = ac; + BB, yo = Bi, 11 = afi + Abey
va - .
Tn+2 = Tn+1a@ + Byns1d
Byn41b = ABb xz, + Bbay, —
Tnt2 = Tpi10 + ABVz, + a(ZTny1 — Tpa) =
= 2a%ny1 — (a2 — ABbZ)mn = 2aZTp41 — Tp
Vi du Gidi phuong trinh 22 — 2% = 7.
Phuong trinh 22 — 232 = 1 ¢6 nghiém nhd nhit (a,b) = (3,2).Tacé B2 < 7.22 =
28. Vay ; € {1,2,3,4,5}, Ta thdy c6 hai nghiém thdéa man d6 1a (3;1); (5;3). Vay
14t ¢ cdc nghiém cta phuong trinh duge mo ta bdi hai day (zn,1,yn,1) V2 (@n,2, Yn,2)
x4c dinh bdi cong thitc sau

z0,1 =3,y0,1 =1
Tn41,1 = 3Zn1 +4Yn1
{yn+1,1 = 2Tn,1 + 3Yn;1
va
To,2 =5,%0,2 = 3
Tni1,2 = 3Tn2 +4Yn2
{yn+l,2 =2Zn2 + 3Yn2
Day ddu cho cic nghiém (3;1)(13;9)(75,53), ... .Day thit hai cho céc nghiem (5, 3)
(27,19) (157,111),.... Ciing ¢6 thé m6 4 hai ddy trén bing day truy héi c4p 2 nhu
sau
zo=3,z1 =13 zpy2=6Tpny1 — T
{yo =Ly =9 Ynt2=6yns1—Yn

20 =952 =27 Zpyo=0Tp41— 2T
Yo=3,01 =19 Yni2="06Yns1 ~Yn



LIEN PHAN SO VA UNG DUNG

Diang Hung Thing

I. Lién phéin s6 hitu han

Biéu thitc ¢6 dang

ag +
Toa1+

az+ -+
2 1

n-1+ —
an

trong d6 ag, ai, -.., an 12 cdc s6 thuc ag, ..., an # 0 dugc ky hiéu Ia [ao; az, ..., ¢
dinh nghia dé thdy ) }

1

[a1; .a2, ..., ag41]
Néu ag € Z va ay, ..., an 12 cdc s6 nguyén duong thi ta néi [ag; aq, ..., an] 12 me
phan s& hitu han ¢6 d6 dai n. RS rang mdt lién phan s§ hitu han 1a mot s6 h
Ngugce lai ta c6

Dinh 1y 1.1 Méi s6 hitu ty c6 thé biéu dién dudi dang mot lién phan s hit

Chiing minh Gid st z = a/b trong d6 a,b € Z va b > 0. Dat vy = a,r
Thuat chia O co lit cho ta

[ag; a1y ..y agy1] = ao +

o =7T1q1 + T2 0<re<m
T1=T2q2 +7T3 O0<ryg<ry
Th-2 = Tn—1qn-1 + 7n 0<rp <Tpa1

Tn—1= Tndn
Tir d6 d& thiy
a
7 = a1 a2, s ]
Vi du 1.1 Biéu dién s6 62/23 thanh lién phan s6 Ta ¢6

62 =223+ 16
23=1.16+4+7
16=2.742
7T=32+1

2=21
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Do vay
62
2% =19
S 51,23,
Chd y: Biéu dién khong duy nhét. Chéng han
7
o= 0;1,1,1,3] =10;1,1,1,2,1]

C6 thé chimg minh dwoc mot s6 hitu tyu biéu dién dugc theo ding hai cdch, mot cich
c6 do dai 14 s6 chdn , mot cdch c¢6 do dii 1a s6 1€.

Cho lién phin s6 hitu han [ap; ai, ..., an]. V6i mbi k < n lién phan s6 Cy =
(ap; a1, ..., ax] goi 12 gidn phan thi k cta [ag; ay, ..., an].

Cong thic tinh cdc gian phan dugc cho bdi dinh 1y sau
Dinh 1y 1.2 Cho lién phan s6 hitu han|ag; as, ..., an]. Gid sit ddy s6 nguyén duong
D0, D1, ---Pn VA G0, 41, ..., gn dugc x4c dinh truy héi nhu sau
Po = ap go=1
p1 =apay +1 q1 = 01

Px = QgPr—1 + Pr-2 Qk = OpQr—1 + qr—2

Khi d6 gidn phan tht k Ck = [ag; ay, ..., ax] dugc cho bdi
Cp = 2&
gk
Chitng minh Ta ching minh bing quy nap. Véi k = 0 ta c6

Co = [ao] = po/qo

Véik=1tacé

1 apa; + 1
Cy = [ag;] =ag+ — = ——"1= =p/q
ai ai

Gia str dinh ly ding cho moi 0 € k < n. Khi d6 (v6i 2 < k <n)

Pk _ GkPk-1 + Pk—2

Ck = [ap; a1, ..., ax) =
9k QkQk—1 + Qk—2

Vay

Ck+l = [ao;ala --'aak7ak+1] = [aO;ala vy 1, A + a ]
k+1

(ak + =2 )pk—l + Prk-2

k41

(ak + ) k-1 + Qk—2

Q41
ak41(0kPr—1 + Pr—2) + Pr—1
ak+1(akGk—1 + gk-2) + gr—1
_ Qp41Pk + Pr-1

 Qk41gk + Gkt
_ Prn1

Qk+1




Pinh 1y dugc ching minh.

Vidu 1.2 Tac6 173/55 = [3;6, 1, 7]. Theo dinh 1y 1.2 ta tinh duge (pg, p1,;
(3,19,22,173) va (qo,q1,q2,43) = (1,6,7,55) . Cic gidn phan d Co — :
3,C; = 19/6, Cp = 22/7, Cs = 173/55

Bang phuong phdp quy nap ta d& dang chimg minh dugc ding thitc quan trc
giutra cdc (px) va (qx)

Dinh 1y 1.3

Prk—1 — Pr-1gk = (—1)F=1

Tir d6 suy ra (pg,qx) =1

Dinhly1.4 Gia s (Cy) la ddy gidn phan cta lién phan s6 hitu han[ag; ay, ...
c6

(-1
Cr— Cr_1= , (1<k<n)
Qe qQr—1
—1)k
Ck—Ck—2=a—k(~—), 2<k<n)
Qrqr—2

ChiZng minh Véi ding thtc thi nhit ta c6

‘ DkQk—1 — Pk—19k ~1)k-1
Cy — Cg—1= )
grqk -1 grdr—1

V6i dang thitc thi hai ta c6

kdk—-2 — Pk—-24k
Cy — Cho_g = Prg Pr-29
qkqk-2

Thay px = axpr—1 + Pr—-2, Gk = Gk Qr—1 + Qr—2 Va0 tir s6 va dp dung (1) ta th
diéu phdi chimg minh.
Tu dinh 1y trén ta thu dugc két qua quan trong sau
Pinh 1y 1.5 Ta ¢6
01>C3>Cs>"'
Co<Cra<Cy<---
Hon nulta méi gidn phan 1& Cy;_; déu 16n hon mdi gidn phan chin Cy;

Chitng minh Tir dinh 1y trén ta thiy néu k 1€ thi Cy < Ci_2 va néu k ct
Ci > Ci_a. Ta lai ¢6 (cling theo dinh 1y trén)

(_1)2771—1
2mP2m—1

Com — Com-1 = <0 —= Com < Comr

Vay Cyj1 > Cgj—142i > Coj12i > Cy

I1. Lién phan sé v6 han
Dinh 1y 2.1 Cho ag,a,as, ... 1a diy vo han cdc s6 nguyén véi a; > 0,
Dat
Cx = [ao; a1, ..., az]
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Khi d6 ton tai giudi han

Im Cy =«
k—ro0

Ta goi « 1a gid tri cha lién phan s6 v6 han [ag; a1, ag..,] va viét

a = [ag; a1, ag, ...]
Ching minh Theo dinh ly trén ta c6

C'1>03>C5>'“>Czn_1>02n+1>"'
Co<Cy<Cy< < Cpg<Cop < v

Hon nita diy (Cok+1) 12 day gidm va bi chan du6i bdi Cp con diy (Cyy) tang va bi
chan trén bdi Cy . Vay t6n tai

lim Corpr =1, lLm Gy =
k—o0 k—o0

Ta cdn ching minh a; = a3. That vay theo dinh Iy trén

1

Co1— Cop = ———
92k-+192k

Dé thdy (bing quy nap) gx > k. Do d6
Hm Chpi1 — Cor =0 — a1 = ag
k—oo

Dinh 1y dugc chimg minh.

Pinh ly 2.2 a = [ap; a1,a2, ...] 12 mot s6 vo ty,

Chizng minh Phin ching : Gid s& trdi lai o = a/b € Q.Theo dinh ly trén
Con < a < Copy1. Vay '

1
q2n+192n
1
0<a~—~ @ <
g2n q2n+4+192n

0 < agan — pan < &

gon+1

O<G'Q2'n—bp2n< &

qQ2n+1

1< aqn — bp2n <

qQn+1
Cho k — oo ta ¢6 mau thuin.
Ngugc lai ta ¢6 .

Dinh 1y 2.3 Méi s6 vo ty déu biéu dién mot cach duy nhét dudi dang mot lién
phéan s6 vO han.

Ching minh a) Su tén tai: Gid sit ¢ = ag 12 s6 vo ty. Ta xay dung day
ap, a1, az, ... mot cich truy héi nhu sau :

1
QL — Qg

ak = [ak], opg1=



Trude hét ta thdy o = ap 1a s6 vo ty do d6 ap # ap. Vay a; t6n tai. Gid st oy
Suyra oy tontai valaso voty. Tacd 0 < o —ax <1 Do db agy1 = T
. Vay agyq = [agy1 = 1. Nhu vay tt cd cdc s6 aq, as, ... déu 12 s6 nguyén d
Dé kiém tra duoc

a = [ag; at, @z, ..., Ak, tg11)
Tt dé
o — Cp = kt1Pk + Pl
(k19K + qr1)ax
_ —(prGr+1 — PE-19k)
 (Qke1Qr + Grr1) Gk
_ (-1)F?
 (hs1Qk + Grr1) Tk

Vi agy1Gr + Gr+1)Qk > Gk+19k + Gk—1 = Gk41 SUY T2
1
qkqk-+1

]a——Cki <

Vay a = [ag; ay, az, ...].

Tiép theo ta ching minh biéu dién 12 duy nhdt. Gia st o = [ag;ay, az,
[bo; b1, b2,...]. Vi Co = ap,C; = ag + 1/a; va gidn phan 1& 16n hon moi gin
chin nén

ap < a<ag+1l/a; = ag =[]

Chi ¥ ring
Q= [a0;a1>a2) ] = lim [00301,042, ..,G,k]
k00
1
hm (ap + —————
k—o0 [al,az, ..,ak]
1 1
=ag + =bo +
[a17a2) ] 0 [b1’b2) ])
Vi ag = bp = [a] nén tir suy ra
[al,aQ, ] = [b},bz, ]
Gia st ta ¢ ax = b VA [ag+1,Qk+2s -] = [bk+1, bks2, ...]. Bang 1y ludn nhu t
thu dugc axq1 = bgyq va
+ - b +
a et tteeee U
PR lakrs Gheas ] T [oke2s beray -
Suy ra [ak+2, ak+3, -] = [Bk+2, bk+3, -..]. Do d6 bang quy nap suy ra aj = bk
Vi du 2.1 Biéu dién /6 thanh lien phéan s8 vo han. Ta ¢6
1 V6 +2
apg = \/6 = 2, ] = =
0 [ ] 1 \/6— 9 2
+2 1
ay = [\/_ =2, ar= =V6+2
a1 — Q]
1 6+ 2

Qs — as 2
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Vay ag = a1 do d6 a3 = a1,a4 = ag, ..., Vay
V6 =12;2,4,2,4,2,4,..].

Cha y: Tiuu ly thuyét lién phan s6 ta tim lai mot chimg minh khic cba bd dé 1 (
Xem chuyén d€ 2 : Phuong trinh Pell).

Cho o la mot s6 vo ty. Khi dé c6 t6n tai vo s6 cap s6 nguyén duong(h, m) thda

man
h 1
a— —} < )
m m

That vay Theo ( 66) ta ¢6 |a — Cx| = |a — pr/gx| < 1/qkqr+1- Vi gr < gk nén suy
ra

1
la —pr/qr| < —5
9

Vay ¢6 vo s6 cap s6 nguyén duong (h,m) ma |a — h/k| < 1/m?

III. Lién phén s6 v6 han tuan hoan

Ta goi lién phan s6 vo han [ag; a1, ag, ... 12 tudn hoan néu day (a,) 12 tudn hoan
ké tir mot chi s6 nao d6 tic la: tén tai s6 nguyén duuong m va k véi moi n > m ta
c6 an = anyk. SO nguyén duong k dugc goi 1a chu kY. Trong trudng hop dé ta viét

[(l(); ay, a27 ceey Om—1, Om,; Am4 1, -y a'm+k-—1J

Bai todn dat ra 12 dic trung t4t cA cdc s6 vo ty c6 biéu dién lién phan s6 vo han tudn
hoan. Ta c6 khii niém sau
~ Dinh nghia S6 vo6 ty o goi 12 s6 v6 ty bac hai néu n6 1a nghiém cla mét tam
thitrc bac hai véi hé s6 nguyén.

Vidu3.1S6voty a=2++312s6voty bac hai vi né 12 nghiém cla
w2 -4 4+1=0

B4 dé 3.1 S5 thuc o néu va chi néu ¢6 t6n tai cic s6 nguyén a, b, ¢ v6i b > 0 va
khong chinh phuong,c # 0 sao cho

a—l—\/g

c

Q=

Chitng minh Gid sit o 12 s6 vo ty bic hai. Khi d6 ton tai cic s6 nguyén A, B, C sao
cho o 12 nghiém cla phuong trinh Az? 4+ Bz + C = 0. Vay

—-B+VBX_AC
B 2A

Pita=—B,b=B? —4AC,c = 2A hoic a = B,b = B2 — 4AC,c = —2A Nguoc

lai néu
_a+ Vb
o c

thi o 12 s6 v6 ty va né 1a nghiém cfa phuong trinh bac hai 222 — 2acz +a? —b =0
B8 dé 3.2 Néu o 12 s6 vo ty bac hai thi (ra + s)/(ta + u) cling 1a s6 vo ty bac
hai néu 7, s,t,u la cdc s6 nguyén.



Ching minh Gia st
a++b

C

o =

Tinh todn cho ta

ra+s _ (ar+cs)(at + cu) — rtb + (r(at + cu) — t(ar + cs))Vb
ta+u _ (at + cu)? — tb?

Dinh nghia S6 vo ty

dugce goi 12 lién hop clia o va ky hiéu 1a o

B& dé 8.3 Néu s6 vo ty bac hai o 12 nghiém cha phuong trinh Az? + Bz + (
thi lién hop cla né ciing la nghiém cta phuong trinh dé.

That vay ato’ = 2a/c = —B/A, (a)(¢/) = a® —b/c? = C/A

Béing phép tinh ta dé thdy

B3 dé 3.4 Ta c6 cdc heé thic sau

(@£p) =o' £p5
(C!ﬂ), IB/

<2>_3’
3) " @

Ta c6 dinh 1y co ban sau ddy do Lagrange tim ra
Dinh 1y 3.1 S6 v6 ty « ¢6 biéu dién lién phan s6 tudn hoan khi va chi khi
s0 vO tyu bac hai

!
(84
al

i

Chitng minh Trudc hét ta chimg minh ring néu o ¢6 biéu dién lién phan s
hoan thi né 1a s6 vo ty bac hai.
Gia st '

o = [ag; 1,02, ) Gm—1,Bm; Gt 1, - Gtk
Pat

ﬁ = [am)am+la "'7a’m+k]
Khi d6 8 = [am, Gm+1; -+, @m+k-0] do d6

Bpk, + Pr-1

ﬁ =
8ok + Pr—1

trong d6 pr/qr VA pr_1/qk—1 12 hai gidn phan cubi cla [am, am+1, -y Gmyk) TU
thitc (1 ) suy ra
qB% + (qe—1 — Pk)B — pr-1 =0
Vay (3 14 s6 vo ty bac hai. Ta lai ¢6 o = [ag; a1, ag, ..., am—1, 8] do d6
_ /Bpm—-l + Pm—2
0= —--—""
Bgm-1 + gm-2
do d6 theo b dé ta c6 « 12 s6 vO ty bac hai.

Vi du sau day minh hoa c4ch tim s& v6 ty bac hai tir biéu dién lién phan s
hoan cta né.



96

Vi du 3.1 Tim z biét ring z = [3;1, 2].
Tacéx=[3;y] v6iy=1[1,2]. Tacé y=[1;2,y} do d6

1 3y+1
2-{-11—1 2y +1

y=1+

Suyra2y? -2y —1=0. Vig>0nény= (1 ++3)/2. Viz=3+1/ynén ta tim

duoc
L2 _4+Vv2
1++2 2
Dé chimg minh phén ngugc lai ta cdn bd dé sau
B8 dé 3.5 Néu o 12 s vo ty bac hai thi n6 ¢6 thé biéu dién dudi dang

_P++/d
- Q

trong d6 P, @, d 1a c4c s6 nguyén sao cho Q|(d — P?).

Chitng minh Ta c6 a = (a + \/—)/c Nhén cd tu va méu véi |c| ta du’o’c a=
(alc|+Vbc?)/cle|. Pat P = alc|,d = be?, Q = c|c| = £c2. Khi dé d—P? = c?(b—a?)
chia hét Q = +c2.

Gia sir @ = ¢ 12 s6 vo ty bac hai. Ta x4y duyng day (ao, ai, ag, ...) nhu sau

Theo b6 dé trén ta c6 cdc s6 nguyén Py, Qg va d sao cho o = (P + \/E) /Qo-
Qo](d PO) Ta dat qg = [ao] va xdc dinh P, = CLQQ() Py, Q1 = (d Poz)/Q(), Q] =
(P, +V/d)/Q; . Tiép d6 dat a; = [y]. Mot céch tdng quét néu c6

Py €Z,Qx € Z,Qx|(d — P2

(P + V) _
= —Qk—*‘“ ar = |ay]

Ta s€ dat

Poi1=0ayQr — Py, Qri1=(d—P21)/Qx,
(Pey1 +V4d)

Qk+1 = Ap+1 = |Gk
+1= T O +1 = [og41]
Khi d6 tinh todn cho thiy
Q1 = (d — P2)/Qr + (2ax P — a3 Qx)

do d6 Q41 € Z va Vi Qp1Qk = (d — k+1) nén Qp41)(d — Pk+1)‘
C6 thé chiing minh dugc ring

a = |ag; a1, az,...]

va hon nifia diy (a,) x4c dinh nhu trén 12 tudn hoan.
Vi du 3.2 Khai trién lién phan s6 clia s6 a = (6 4+ v/28)/4
Tacé Py =6, Qo = 4,d = 28,4|(28—6%) = -8ao_w+J_V4%_pm_a

N

va



P=24-6=2Q, = (28 22)/4 =6, 01 = (2+\/_)/6a1 (o] =1
Py=16-2—4=4,Q; = (28— 42)/6 = 2,03 = (4 + v28) /2,05 = [ay] -
P3=42-4=4Q3=(28—4%/2=6,0a3=(4+v28)/6,a3 = [ag] =1
Py=16-4=2,Q,=(28-2)/6=4,a4 = 2+ V28)/4,a4 = [a4] = 1
Ps=14-2=2,Qs=(28-22)/6=4,05 = (2+V28)/4,as = [a4] = 1

Ta thdy P, = P5, Q1 = @5 do d6 a3 = as va diy tudn hoan chu ky 4. Ta ¢
6+ \/

=[%T,41,1,1

Tiép theo ta mudn tim diéu kién dé s vo ty bac hai c6 biéu dién lién phan s
hoan ngay tr ddu , tic 1 diéu kién dé t6n tai s6 nguyén duong k sao cho a, =
v6i moi n > 0. Ta ¢6 dinh [y sau

Dinh 1y 8.3 S8 v6 ty bac hai o c6 biéu dién tuin hoin ngay tit ddu néu -
nfua>1va-1<ao <0

Ching minh dinh 1y nay khd phic tap nén ta bd qua.

Bay gidy ta s& x4c dinh biéu dién lién phan s6 ctia v/d.

Xéts6a=Vd+[Vd. Tac6 o/ = [Vd|-vddodba>1va-1<d <0.
c6 bidu dién tufin hoan ngay tir ddu. S hang ddu tién ag = [vVd+[Vd]] = 2[V/d]
véi a = [V/d]. Ta cé

Vi +a=a+ Vi = B a]

= [2a; a1, @, ..., Gn, 20; a1, G2, ..., Qn)]

Suy ra

Vd = [a;a1,az, ..., an, 2a]
Phan tich cdn than hon ta con c6 thé ching minh dugc
a1 = Gp, Q3 = Gn_1, ...

tic 1a day (a1, .., an) d6i xing,tdc 12 né ¢6 dang

Vd = [a; a1, a2, ...,a2,a1, 20}
3 d6 a = [Vd]
Vidu 3.3
V23 =[4;1,3,1,9
V29 = [5;2,1, 1, 2, 10]
V31=1[5T1,1,3,5,3, 1,1, 10]
V46 =1[6;1,2,1,1,2,6,2,1,1,2,1,12)
V76
Vo7

6=1[81,2,1,1,545,1,1,2,1, 10
7=1[9;1,51,1,1,1,1,1,5,1, 19|
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IV. Ap dung vao van dé tinh gan dang.
BG dé 4.1 Cho a = [a1,az,..] 12 mot s6 vo 1y. Goi pi/a;(J = 1,2,... 1a cdc
gian phan ctia o. Khi d6 néu r, s 1a cdc s6 nguyén véi s > 0 thdéa min

|sa = 7] < |gror — px|

thi s > gx41.
Chitng minh Gia su trdi lai 1 € s < gr41. X€t hé phuong trinh

PrT + Pk41Y =T
QT + Qr+1Y = S

Suy ra
(Pr+19% — PrGk+1)Y = TQx — 8Dk

VA pr119k — PrGe41 = (—1)* nen
y = (=1)*(rgx — spx)
Tuong tu ta c6
z = (1) (sprs1 — rqr+1)

Ta nhan xét rang = # O,y # 0. That vay néu z = 0 thi spgy1 = 7rgryy. Vi
(Pk+1,qk+1) = 1 nén ggi1|s-— s > g4y éi gid thiét. Néu y = 0 thi r = prz,s =
grx do d6 _

| |sa — 7| = |zllgre — pil| > |gra — pi
Mau thuln.

Tiép theo ta chitng minh zy < 0. That vy y < 0 = gxx = s — gx+1y > 0 = = >
0.Neuy >0thi vigei1y > gry1 >stacd gpz =8 — g1y <0 — z < 0.

Mat khéc ta uon ¢6 pr/gr < @ < Prt1/qr+1 hodC Pry1/qrt1 < @ < Pr/gx nén
grQ — Pk V2 Qk+1Q — Pk+1 ¢6 ddu trdi nhau. Tl hé phuong trinh trén ta cé

|sc —r| = |(grx + grs1y) — (PR + Prs1Y)]
= |z(grex "Pk) + y(gp410 — Pk—+1)|

Vi z(gra — pr)yY(gre+1@ — Pr41) > 0 nén z(gre — pr) V2 y(gr410 — Pry1) €6 cing
diu vay '

lsa —r| = |z||gxa — pi] + |y|lgr+10 — Py
2 |zllgra — prl
= |gra — p|

Diéu nay mau thuln v6i gid thi€t. B3 dé duoc ching minh.
Dinh 1y 4.1 Trong s6 cdc s6 hiru ty 7/s xdp xi s6 vO ty o v6i miu s6 s < g thi
sO hitu ty p/qr 12 x4p xi t6t nhit.
Ching minh Gia st s < g va ta lai c6
la —r/s| <lo—pr/gl

Suy ra |sa — r| < |gra — pl



Tréi véi bd dé.
Vi du 4.1 Ta c6 biéu dién cla 7 1a
7 =[37,151,292,1,1,1,2,1,3, ..

Cic gidn phan 1 3,22/7,333/106, 335/113, 103993/33102. Vay ching han trc
cdc s6 hitu ty x4p xi m v6i miu s6 khong 16n hon 113, thi 335/113 1a x4p xi t6t

V. Ap dung vao phuong trinh Diophant

a) Phuong trinh bac nhit hai &n Az + By = C

Ching ta biét rang phwong trinh ¢6 nghiém néu va chi néu d = (A, B) 1a u¢

C. Trong trudng hop nay gid st A = ad, B = bd, C = cd thi (a,b) = 1 va pl
trinh di cho twong duong véi

ax +by=c
Néu (20, yo) 1a mot nghiem cla (67) thi tat ca cdc nghiém (z,y) cla (67) dug

bdi cong thic z = zg + bt;y = yo — at. Nhu vay viéc giai phuong trinh(67) g
tim mot nghiém (zg, o) cla né.

Xét phuong trinh
ax +by=1

Néu (29, yo) 1a mot nghiém cta (68) thi (czg, cyo) 12 nghiém cda (67). Thanh
quy vé bai toan :

Cho (a,b) = 1. Hiay tim mdt nghiém cla phuong trinh (68).
Ta biéu dién s6 a/|b| thanh lién phan s6 hitu han

a
‘I'i)T = {a(); 1,042, ...y a’n]

Goi pr—1/gn—1 V2 pn/gn 12 hai gidn phan cubi cing cla lién phan s6 nay.
a/1b| = pn/qn, (a,b) = 1,(Pn,qn) = 1 nén a = pp, |b| = gn. Theo dinh ly 1.3 t

Pndn—-1 — Pn—-1Gn = (“l)n_l -
aqn-1— |b[pn—1 = (_1)n_1 -
a(“l)n_lfh—l + lbl(“l)npn—l =1

Vay: Néu b > 0 thi phuong trinh (68) ¢6 mét nghiém la
z=(=1)""gn-1;9 = (-1)"pn_1
Néu b < 0 thi phuong trinh (68) c6 mot nghiém la
z=(-1)""go_1;y = (=1)"""pn-1

Vi du 5.1 Giai phwong trinh 342z — 123y = 15
Giai Vi (342,123) = 5 nén phuong trinh da cho twong duong véi 114z —41
Ta biéu dién s6 114/41 thanh lién phan s6
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Ta cé
114 =2.41 4 32
41=1.32+9
32=39+4+5
9=15+14
5=14+1
4=41
Do vay
62
2 1,4
23 [ 7133)17 ]

Tacé6n=>5ps/qs = [2,1,3,1,1] = 25/9. Vi b= —41 < 0 nén mot nghiém cta
phuong trinh 114z —4ly =11a z = g4 = 9,y = 25. Suy ra mét nghiém cua phuong
trinh 114‘27 4ly =5la z = 5.9 = 45,y = 5(25) = 125. Nghiém t6ng quit cla
phuong trinh dz cho 12

r =454 41i
y =125+ 114¢

véi t € Z.
b) Phuong trinh z2 — dy? = +1

B& dé 5.1 Cho d 1a s6 khong chinh phuong. Gid st Pk, Qk, ok, ax 14 cic s6 x4c
dinh trong viéc tim khai trién lién phan s6 cla v/d ( xem bd dé 3.5).

o= BV
Qk
Pey1=aQx — Py, Qry1=(d— P?1)/Qx,
sy = (Pis1 +Vd) i1 = [onia]
Qk+1

Gia sir p /qi 12 gidn phan tht k cha v/d. Khi d6
Pk — dgk = (=1)* ' Qi
Chiing fﬁinh ViVd = ag = [ag;a1,a2.;;; .ak-xs 1) nén theo dinh 1y ta c6

Vd = ap = Ok+1Pk + Pr-1
Qp+19k + Qr—1

Vi apq1 = (Pry1 + Vd) /Qrs1 18 €6

Vi= (Pet1 + Vd)pr + Q1P6-1
(Pry1 + Vpr + Qry1g5-1

Do d6

ngy = (Proy1gk + Qrr1gk-1)Vd = (Pr+1Pk + Qr+1Pk-1) + pVd



T d6 suy ra ( dov/d ¢ @)

ngx = Pry1or + Qr+1Pk—1, Petr19x + Qr+19k—1 = Dk-

Tir d6 ( nhan phuong trinh ddu véi g, phuong trinh thit hai véi pg, 16i trir cho
ta dugc

P — dai = (prqr-1 — Pe-13)Qk+1 = (—1)* ' Qrs1

Dinh 1y 5.1 Gia s chu ky cta biéu dién lién phan s8 cla v/d 12 r. Goi py,
gidn phan thit k cliay/d. N&u r chan thi z = pgr_1,y = grr-1, (£ = 1,2, ..., ) 12 n;
ctia phuong trinh Pell 22 — dy? = 1. Néur & thi = = pasr—1,y = qatr_1, (t = 1,
12 nghiém cla phuong trinh Pell 22 — dy? = 1.

Chitng minh Vi Vd=04++vd/1nén Qo=1— Qe =Qo =1 Vk. Th
dé 1tacé

p%r—l - dqlzcr—l = <_l)kr—2Qk7‘ = (_l)kT

Thanh thitnéur chin thip? -, —dg?, _, =1 Vk € Nnéurl@thithips, ,—dg3,
L(t=12..)4

B3 dé 5.2 Q; # 1 v6i moi i=1,2,.... vd Q = 1 khi vA chi khi & chia hét ¢

Chitng minh Gid st tén tai i € Q; = —1. Suyra o5 = —P;, —Vd. Vi
biéu dién lien phan s6 tudn hoan ngay tir ddu nén —1 < (o)’ = —P; + Vd <
a¢=—P,-—\/E>1. Suy ra

\/C_1<Pz'<—l—\/6_i

Mau thuin.
Gia st k = tr.Véi ag = [V/d] ta c6

Vd = [ao; a1, ..., ak-1, k] == [ao; ay, ..., ar, 2a0

Suy ra o = (330, @1, @) = ao-+la0; a1, -y or; 2a0] = a0+ v = (Pe+va)/
Qrao + QxVd= P, +Vd e Qr = 1,00 = P

Piolainfu Qr = 1. Tacd ar = B + Vd> P Viag = lak, ak+1, -] |
hoan ngay tir ddu nén —1 < (o)’ = P, — vVd <0 = vd — 1 < Py < v/d Thar
[Vd) = Py = ag. Suy ra ag = P, + Vd = [Vd] + vd = 2a0, 01, ..., a)

. Taco

Vd=a= [ao; a1, ..., ak—1, k] = [a0; a1, ..., k-1, 200, A1, -.., ar] = [@0; A1, ...,

Vay k phai 1a bdi cta chu ky 7.

Dé ching minh day 1 tat cd cdc nghiém clia phuong trinh Pell ta cdn cédc
sau

B3 dé 5.3 Cho a 12 mot s§ vo ty va r/s 12 s6 hitu ty t6i gidn véi r > 0 vi
la —r/s| < 1/(25%)

Khi d6 r/s phai 1a mot gian phan cla o.
Chitng minh Gié st r/s khong 12 gidn phan khi d6 ton tai k sao cho

Qe € 8§ < Gr41
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. Theo b8 dé 1 ta c6
lgre — pi| < |sa — 7| = sla—r/s| < 1/(2s)

Suy ra
loo — pr /gl < 1/(2sqx)
Virang |spx — 7qk| = 1 nén ta c6

1« [spx — 7|
Sqk Sqk
Pr T

G S

2sqy, + 252

Vay 1/2sqr < 1/252 = 2sq;, > 252 — g > s trdi v6i (5).

B8 dé 5.4 Gid sir 2, y 12 c4c s6 nguyen dwong sao cho z2 —dy? = n va |n] < Vd.
Khi d6 z/y 12 mot gian phan cha /d.

Chitng minh Xét truudng hop n > 0 Ta ¢6 (z + yVd)(z —yVd) =n — z >
yvd & 0 < z/y—+/d. Lai c6

T g_z-Vd
Yy Yy
z? — dy?

y(z + yVd)
S Y@
o V4 _ 1
22V/d 2y

Theo b8 dé 5.3 thi z/y 12 mot gian phan cla v/d
Gid st n < 0. Khi d6é
y? — (1/d)z? = —n/d
Ta ¢c6 —n/d > 0,—|n|/d < 1/+/d Vay theo bubc trudc y/z 12 mot gidn phan cla
1/+/d. Nhung khi d6 z/y = 1/(y/z) 12 mot gidn phan cta 1/(1/(vd) = Vd
Pinh ly 5.2 Cho phuong trinh Pell

z? — dy2 =1.
Goi 7 12 chu ky ctia biéu dién lién phan s6 cla /d .
Né&u 7 chén thi t4t cd cdc nghiém cla phuong trinh Pell 12
T = Prr-1,Y = Qkr—1

. Néu r 1€ thi t4t ci cdc nghiém clia phuong trinh Pell 15 T =Dor-1,Y = Qtr—1, LE
N* ‘ \



Chitng minh Gid st (z,y) 12 nghiém cia phuong trinh Pell. Theo bd dé 5.4

tai i dé z = p;,y = ¢;. T d6

p; —dg? =1.
Tu bd dé 5.1 ritra (_1)1'—_1Qi+1 =1 Q7;+1 ==+1. Vi Qk+1 75 —1 nén QH—I
va 1 1é. Theo b6 dé 5.2 taritra t6n tai ki + 1 = kr — ¢ = kr — 1 va kr chin. T
thiru néu r 1€ thi k chan, k=2t.

Xét phuong trinh

22 —dy? = -1 (5.1)
Ta c6 két qué sau.

Dinh 1y 5.8 Phuong trinh 22 — dy?> = —1 c6 nghiém khi va chi khi chu
ctia biéu dién lien phan s6 clia v/d 13 s6 1&. Trong trudng hop 4y cdc nghiém cu
az= P@tr—r—1): Y = 4(2tr—r—1) Vol t=1,2,...

Chitng minh: Tit b dé 5.1 d& thiy néu chu ky r cla biéu dién lién phan s¢
Vd 13 56 18 thl T = p(atr—r_1), ¥ = g(2tr—r—1) V6i t=1,2,... 12 nghiem.

Gid st (z,y) 12 nghiém cla phuong trinh (5.1). Theo b8 dé 5.4 tén tai
T =p;,y=gq;. Tudd

p; —dgi = —1.
T b8 dé 1 rit ra (—l)i_lQH_l = —1 - Qi+1 = £1. Vi Q;+1 # —1 nén Q;41
va i chin.Theo b6 dé 5.1 tbntai k € Nsaochoi+1=kr i =kr —1va k
Thanh thire néu r chin thi kr luon chan do dé phuuong trinh v6 nghiém.

Trong trudng hop r 1é ly ludn twong tu nhuv trong truong hop phwong trinh
x? — dy? — 1 tit ca cic nghiém phai c6 dangz = prr_1, ¥ = qrr—1 trong d6 kr 1
1a khi k 1€ hay = = pagr—r_1), ¥ = Q(2tr—r—1) VOi t=12,..

V.I Phan tich moét s8 ra thita sé Cho s6 nguyén duong n.Ta c6 nha
sau : Néu tim duoc hai s6 nguyén duong thda min z? = 3? (mod n) véi = —
z +y khong chia hét chon. Khi d6 u = (z —y,n) vav = (z+y,n) 1a cdc udc k
tdm thudng ( tic 12 khong bing 1 hodc n cla n). That vay ta ¢6 (z — y)(z + y)
" hét cho n. Vi x-y khong chia hét cho n nén u # n, Néu v = 1 suy ra  + y chi

cho n, trdi gid thi€t. Tuong tu v # 1. ‘

. Gié sit px, gk, Ps, Qx 12 cdc s6 ¢6 duge khi tinh cdc gidn phan cta v/d.
dinh ly ta cé

ph=(~1)*"'Qur1 (mod n)
Néu ta tim duoc k 1& vd Qgyq = s? 12 s6 chinh phuong thi ta ¢6 thé dung h
u = (px — 8,n),v = (p + s, n) la cdc udc cua n néu ching khdc 1 na chinh n.
vy thuat todn nhu sau:

- Trong ddy Qj vdi k chan ta nhdt ra c4c s6 chinh phuong.

- Gia sut Qi = s2, k chdn : xét cdc s6 px_, + s . Kiém tra xem c6 s6 nac
hét cho n khong

- -Néu ching khong chia hét cho n thi ta ding thuat todn O co lit dé tim
(pk + s,n),v = ((pr, — $,n). Khi d6 u, v chinh 12 céc thira s6 cla n

Vi du 6.1 Phan tich 1047 ra thira s6 . Tacé Q1 = 13,Q2 = 49 =
6 p1 = (-1)2Qy (modn), p; = 129 Vay (129 — 7,1037) = (122,103
61, (129 + 7,1037) = (136,1037) = 17Ta c6 61.17=1037.

Vi du 6.2 Phan tich ra thira s6 1000009. Ta ¢6 @1 = 9,Q2 = 445,(
873, Q4 = 81 = 92Tuy nhién p3 + 9 = 2000009 + 9 chia hét cho 1000009. Ta ¢
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tuc tim céc s6 Q;, chinh phuong ma k chin. Ta tim duoc Q18 = 16 = 42. Khi d6 p17 =
494881. va (494881 — 4,1000009) = 293, (494881 + 4, 1000009) = 3413. Thanh thir
1000009 ¢6 hai uc phan biet 1a 293 va 3413. Ta ciing thay (293)(3413)=1000009.



MOT SO PHUGNG TRINH PIOPHANT PHI TUYEN

Ding Hung Théng

I. Phuong trinh Pitago Phuong trinh Pitago 14 phuong trinh sau

2?4yt = 22
B9 ba s6 nguyén dwong (z,y, z) théa man (1) dugc goi 1a mot bo ba Pitago.

R& rang néu (z,y, z) 1a mot bo ba Pitago thi véi moi d € N*, (dz, dy, dz) «
12 mot bo ba Pitago. Vi thé€ ching ta chi cdn tim cdc bo ba Pitago (z,y, z)
(z,y,2) = 1. Mot bo ba Pitago nhu vay goi 1a mot by ba Pitago nguyén thiy.

B4 dé 1 Néu (z,y, z) 1a mot b ba Pitago nguyén thiy thi z, y, z d6i mot ngy
t6 cing nhau. Hon nita, z, y khong cing tinh chan 1€ va z 1.

Chitng minh Gia sit (z,y) > 1. Néu p 12 s6 nguyen 16 véi p|z, p|y thi p?|z? +4
2% — plz. Didu d6 trdi v6i gid thigt. Vay (z,y) = 1. Tuong tr (z,2) = 1, (y, 2)

Vi (z,y) = 1 nén z,y khong thé cing chdn. Gié si ching cing 1é. Kh
22 =94? =1 (mod 4) = 22 =2 (mod 4). Diéu nay khong x3y ra. Vay z,y kl
cung tinh chén 1é. Do d6 z 1é.

Vi vai trd clia (z,y) binh ding nén khong gidm ié’ng quat ta gia thiét y chéin

Dinh 1y 1 Bo ba (z,y, z) 12 mot bo ba Pitago nguyén thiy (véi y chan) né

chi néu né c6 dang

m=m2—n2

Y =2mn

z=m2+n2

trong dé m, n 12 c4c s6 nguyén duong m > n, (m,n) = 1 va m,n khic tinh cha

Chitng minh Gia sit (z, v, z) 12 bo ba Pitago nguyén thity. Ta ¢6 y? = 2% —:
(z+z)(z —z). Viz,z & va y chdn nén z + z = 2l,2 — x = 2t,y = 2h. Thay
tadugoc h? = {tTacé 2 =1+t,x =1 —t. Theo bd dé (z,2z) =1 — (I,t) = 1.
t6n tai m,n sao cho | = m2,t = n? — h = mn. Viy z,y, z c6 biéu dién da
Hon nita vi z 1& nén m, n khéc tinh chdn 'é. Néu c6 s6 nguyén t6 p véi p|m, p:
1;2|m2,p2|n2 — plz, p|z Mau thudn. Vay (m,n) = 1.

" Pao lai néu (z,y,2) c6 dang trén thi d& kiém tra ching 12 mot by ba Pitago
chimg minh né 12 mot bd ba Pitago nguyén thiy ta chi ciAn ching minh (z, z)
That vay gia sl ¢6 s6 nguyén 18 p v6i p|z, p|z. Suy ra p|z + 2 = 2m?, p|z —z =
Vi z 1€ nén p 8. Vay p|m?,p|n? — p|m, p|n — (m,n) > 1. Mau thuén .

Vidu Liy m = 2,n = 1 ta dugc bd ba Pitago nguyén thiiy nhd nhat (3,
Lidy m = 5,n = 2 Khi d6 theo cong thic trén ta thu dugc bd ba Pitago nguyén
(21,20, 29) »
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I1. Phuong trinh Fecma . Beén 1€ cia mot cubn sich s§ hoc ctia Diophant
xudt ban vao nam 1637, ngudi ta da tim thdy Fecma da viét nhu sau :” Phuong trinh
™ 4+ y™ = 2" khong c6 nghiém nguyén duong véi n > 3. T6i da tim dugc mot céch
ching minh tuyét diéu diéu khdng dinh ndy nhung vi 1& sich qui nhd nén khong thé
trinh bay dugc”. Phuong trinh 2™ 4+ ¢y" = 2" dugc goi 1 phuong trinh Fecma. Khing
dinh:” Phuong trinh 2™ + 3™ = 2™ khong c6 nghi¢ém nguyén duong v6i n > 3” dugc
goi 1a dinh 1§ 16n Fecma. Dinh 1y nay sau mdi dugc ching minh ddy dd nam 1995
bdi Wiles. Ngudi ta khong tin Fecma da chimg minh duge dinh 1y ndy mot cich chinh
Xac.

Pinh 1y 2 Phuong trinh

zt oyt = 22 (71)

khong c6 nghiém nguyén duong. Tir d6 suy ra dinh 1§ 16n Fecma ding véi n = 4.

Chitng minh Gia slt phuong trinh (2) ¢6 nghiém. Goi (zo, yo, 20) 12 nghxém sao
cho zp 14 nhd nhét. Ta c6:

i) (zo, ¥o) = 1. That vay néu trdi lai goi p 12 wdoc nguyén t6 chung cla zg, yo. Ta
c6 p*|zd + y§ = 2§ — p?l20 = o = pe1, Yo = py1, 20 = P*21 — 2} +yf = 2. Vay
(z1,¥1, #1) 12 nghiém véi 2; < zp. Mau thuln.

ii) Vay (x3, v, z0) 12 mot bo ba Pitago nguyén thity. Gid skt o chin, zo 1&. Khi
d6 theo dinh 1y 1 ta c6
23 = m? — n? (72)
yg = 2mn
20 = m? + n?
trong d6 m,n la céc s6 nguyén duong m > n, (m,n) = 1 vd m, n khéc tinh chan Ié.
Tir (3) suy ra (z9, n, m) lap thanh bd ba Pitago nguyén thuy. Lai theo dinh 1y 1

zo = a? — b?
n = 2ab
m = a® + b? (73)

trong d6 a, b la cdc s6 nguyén duong a > b, (a,b) = 1 va a, b khéc tinh chan Ié.

Gid st yo = 2y1. Ta c6 tt (3) y3 = 412 = 2mn = 4ab(a? + b?) = y? =
ab(a® +b?) = abm. Lai c6 (a, b) = 1—+ (a,m) = (bym) = 1-—>a——a1,b—b%,m—
m2. Thay vao (4) ta duoc ms = at 4+ b%. Vay (a3,b;,m;) 12 nghiém cla (2) v6
my; < m¥=m <m?+n? =2z. Mau thuén.

Hé qua Dinh Iy 16n Fecma ding véi n = 25,5 > 2.

That vay suy tir 22 4+ y2° = 22° - (m25#2)4 + (y 23_2)4 = (z 274,

Ménh dé Néu dinh 1y Fecma 16n ding cho moi s& nguyén 6 1& p thl né din;
v6i moi n > 3.

Chitng minh Theo dinh 1y trén ta chi cdn ching minh véi trudng hop n ¢ u6
nguyén t6 1€ p. Gid st n = mp. Khi d6 z" + y™ = 2™ — (2™)P + (y™)P = (z™)!
Mau thuln vi dinh Iy Fecma 16n ding cho moi s6 nguyén t8 1€ p.

Ole da ching minh dinh 1y Fecma l6n véi n = 3, Diricle v6i n = 5 nam 182
va Lame v6i n = 7 nam 1825. Nam 1993 di ching minh dinh ly Fecma v6i moi s
nguyeén 6 p < 4.108.



Dinh ly 3 Phuong trinh

khong c¢6 nghiém nguyén duong.

Chiing minh Gia st phuong trinh (5) ¢6 nghiém. Goi (zo,v0, 20) 12 nghiér
cho zp 1a nhd nhit. Ta cé:

i) (@0, y0) = 1. That vay néu trédi lai goi p 12 witoc nguyén t6 chung clia zg, y
c6 ptlzg — y5 = 2§ — p?l20 — To = pT1, Yo = py1, 20 = pP21 — x} — Yt = 22,
(:rl, Y1, 21) la nghiém véi 21 < zo. Mau thuin.

i) Ta c6 (z8)? = (y&)? + 2&. Do d6 (32, 20, x3) 12 bo ba Pitago nguyeén thity

a) Néu yg 1&. Theo dinh Iy 1 t0n tai m, n 12 cdc s6 nguyén duong m > n, (m,n.
vd m, n khic tinh chin 1é sao cho yg =m? — n?, 2§ = m2 4+ n? Suy ra m* —
(zoyo)?. Vay (m,n, zoyo) 12 mot nghiém ctia (5). Nhuung m? < m? + n? = ;
m < x¢ Mau thuln.

b) Néu yo = 2y; chan.Theo dinh ly 1 tén tai m,n 13 c4c s6 nguyén d
m > n,(m,n) = 1 vi m,n khic tinh chdn 1& sao cho y2 = 2mn, 23 = m? -
Vay (m,n, zo) 1a mot bo ba Pitago nguyén thiy.Theo dinh 1y 1 t6n tai cic s6 ng
duong a > b,(a,b) = 1 va a,b khic tinh chan 1& sao cho zg = a? + b% con
a? — b*,n = 2ab hoac m = 2ab,n = a® — b%. Trong moi trudng hop ta lud
mn = 2ab(a? — b?) — y§ = 2mn = 4ab(a? — b%) — y? = ab(a® — b?). Vi (a,b)
nén (a,a2~b%) = 1;(b;a?—b%) = 1. Vaya = a?,b = b3,a%—b> = r2 — af b -
Vay (a1,b1,7) 12 nghiém cla (5). Nhuung a3 < a? + b3 = a4+ b < a? + b2 =
Mau thuln véi cach chon zg 1a nhd nhat.

Vi du 1 Ching minh ring phuong trinh z* — 4y* = 22 khong c6 nghiém ng
duong.

Giai Gié sl phuong trinh ¢6 nghiém. Goi (zg, %o, z0) 12 nghiém véi zy bé
Tuong tr nhu trén ta ¢6 (zo,yo) = 1. Gid st ¢y chdn zo = 2k. Thay vao 16
Ayd = 2 = 20 = 2k, 4k — 4§ = hE Vi (z0,%0) = 1 nén yp 1&. Vay y§
(mod 4) — A% = —1 (mod 4) khong xdy ra. Vay zg 18. Ta c6 (z3)% = 2§ + (2
Do o 1& va (zo,30) = 1 nén (z3,2y3) = 1. Suy ra (22,2%,23) 12 b6 ba P
nguyén thay. Do d6 ton tai c4c s6 nguyén duong a > b, (a,b) = 1 va a, b khic
chdn I8 sao cho 2y = 2ab,z% =a? + b - a=12b=s? = 23 = r* + 5% 4
dinh 1y 2.

Vi du 2 Chitng minh ring phwong trinh z* + 4y* = 22 khong ¢6 nghiém ng
duong.

Gidi Gid sir phuong trinh ¢6 nghiém. Goi (zg,yo,20) 12 nghiém véi 2
nhdt.Tuong tr nhu trén ta c6 (zo,y0) = 1.Gid st zp chdn zp = 2k. Thay
16k* + dyf = 28 — 2 = 2h,4k* + ¢ = R Vay (w,k,h) 1a nghiem
h < 2h = zp. Mau thuin.Vay zo 1&. Ta c6 (23)? + (243)% = 2. Do zo |
(zo,y0) = 1 nén (z3,2y3) = 1. Suy ra (23,243, 20) 12 b0 ba Pitago nguyen thiy
d6 t6n tai cdc s6 nguyén duong a > b, (a,b) = 1 v a,b khdc tinh chdn 1€ sac
208 = 2ab, 2} = a? — b2 = a =12, b= s? = 2§ = r* — s* trdi véi dinh 1y 3.

Vi du 3 Giéi cdc phuong trinh:

Lot -2yt =1

2. 2t -2yt =1
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Gidi

1 2t —2y* = 1 & 21 4 (y%)* = (y* + 1)2. Tir dinh 1y 2 suy ra phuong trinh v6
nghiém.

2.zt -2yt = -1 & (y?)* — 2* = (y* — 1) . Tir dinh 1y 3 suy ra ta phdi ¢6
(y4 -1)=0—-y=1-> 2z =1 Vay phuong trinh c6 nghiém duy nhit
r=y=1. X
II1. Phuong trinh ki€u Fecma

Xét bai todn sau: Cho s6 nguyén duong n > 2. Tim tit ca cdc s6 nguyén duong
(a, b, ¢) phan biét sao cho a™,b", c" 1a mot cdp s6 cong.
Bai todn nay twong duong v4i tim nghiém nguyén duong z # y cla phuong trinh

z" 4+ y" = 22" (75)
Phuong trinh (6) goi 12 phuong trinh kiéu Fecma(Fermat-like equations).

1. Xét troudng hop n = 2. Phuong trinh (6) ud thanh z2 + y? = 222, Ta chi
cdn xét b nghiém (z, y, z) nguyén thay tic 12 (z,y,2) = 1. Ta ¢6 z,y khong
cing chin.Gia stt z 1. Suy ra y 1&. Vay v€ trdi dong du 2 mod 4 vay z 18. Néu
plz,ply = plz > p=1. Vay (z,y) = 1. Gid stz > y.Datu = (z+y)/2,v =
(x—y)/2 2wl 4+02=22 TU (z,y) = L,z=utv,y=u—v— (u,v) = L.
Vay (u,v, z) 1a b ba Pitago nguyén thay. Vay

u =m? — n?(= 2mn)

v = 2mn(= m? — n?)

z=m? 4+ n?
trong d6 m,n 1a cdc s6 nguyén duong m > n,(m,n) = 1 vd m,n khic tinh
chén 1€ hay

z=m? —n?+2mn = (m+ n)? - 2n?

z = m2 + n2
Vi vai trd z,y binh ding nén ta két luan nghiem 1

x = (m+n)? — 2n?

y = (m+n)? —2m?

z=m?+n?
& d6 m,n la cic s6 nguyén duong nguyén t6 cing nhau va m, n khdc tinh chan
1é .
V6i m = 2,n =1 ta dugc bo ba s6 chinh phuong (1,25, 49) lap thanh mot céy
sO cong.

2. Xét truudng hop n > 2. Fecma di chwttng minh réng ba s6 dang a*, b4, ¢? khong
thé 1ap thnhf cdp s6 cOng. Buler chuing minh rang 3 s6 dang a3, 6%, ¢ khong
thé 1ap thanh c4p s6 cong. Md6i day (1997) Merel va Darmon da ching mint



v6i moi n > 2 khong ton tai ba s6 nguyén duong (a,b,c) phan biét sac
a™, b", c" 1a mot cdp s6 cong.
Chi thich Nha to4n hoc Euler dd phong dodn rang phuong trinh Fecma
bi¢n

at oyt 4t =t
ciing khong c6 nghiém. Tuy nhién nam 1988 nha todn hoc Elkies da chi ra
phong dodn trén 14 sai bang cdch chi ra mot nghiém sau day

2682440 + 15365639 + 18796760* = 20615673*.

IV. Biu dién s6 nguyén duong thanh téng cac binh phuong

C4c nha todn hoc clia nhiéu thoi dai dd quan tAm tGi bai todn biéu dién
s6 nguyén duong thang tdng cdc binh phuong (t6ng cic s§ chinh phuong).
phant,Ferma,Euler, Gauss va Lagrange 1a nhiing nha todn hoc di c6 déng gép 16t
bai todn nay.

1. Biéu dién s8 nguyén duong thanh téng ctia hai binh phuo

Ta xét bai todn: SO nguyén duong ndo biéu dién dugc thanh téng cla hai
phuong tac la

V6i n nao thi phuong trinh 22 4- 2 = n ¢6 nghiém =,y € N,

Dinh 1y 4 Cho p 13 s6 nguyén 6. Khi d6 phuong trinh z2 + 32 = p c6 ng
tu nhién khi va chi khi p khong c6 dang 4k + 3.

Chilng minh Gid st phuong trinh c6 nghiém (z,y). Néup = 4k+3 — plz,p
p*|p. Mau thuin. Nguoc lai gid sit p khong c6 dang 4k + 3. Néu p = 2 thi
12 nghiem. Xét p = 4k + 1.Vi —1 la s6 chinh phuong(mod p) nén tén tai a €
a? = —1 (mod p). Dat ¢ = [\/p]. Xét (¢g+1)? s6 sau {z + ay},z = 0,1,...,q
0,1,...,q. Vi(g+1)? > pneéntdn tai (z1,y1) # (z2,y2) sao cho z; +ay; = z2-
(mod p) — (z1 — z2) = ay2 — 11) (mod p) — u? = a%v? = —v? (mod ¥
w2492 =0 (mod p) §d6u=|z; — 22| < g < \/B; v=|y1—1a| <qg< P
u? + 2 chia hétchop. Vi0 <u?+v? <p+p=2pneénsuyrau?+v?=p

Bé dé 2 Néu p = 3 (mod 4),p|z? + y? thi p|z  ply.

That vay néu trdi lai thi (z,p) = (y,p) = 1 — 2?2 = —y? (mod —)zP
(~1)~D/2gp1 5 (—1)P-D/2 =1 (mod p) = —1 =1 (mod p). Mau thun.

B& dé 3 Néu n, m biéu dién dugc thanh tdng clia hai binh phuong thi mn
biéu dién dugc thanh tdng cla hai binh phwong .

That vay néu m = a? +b%,n = ¢? 4+ d? thi mn = (a® + b%)(? + d?) = (
bd)? + (ad — bc)?

Pinh 1y 5 Cho n > 1 12 s6 nguyén dwong vé6i phén tich tiéu chudn

n = 2"1Ip;Ilg;*

trong d6 p; =1 (mod 4),¢; =3 (mod 4).

Khi d6 n bidu dién dugc thanh téng cla hai binh phuong khi vi chi khi ¢;
chin véi moi .

Chitng minh Didu kién cin: Gia st n biéu dién dugc thanh t6ng cha hai
phuong va gid st q 12 uéc nguyéntéclan, g = 4k+3 vagcé s mil ¢ 1a s6 1é. K
n=agz?+y? =q'bvéi(b,q) =1 Theobd dd2 z = qz1,y = qy1 = 23 +y} =
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néut > 2. Sau mot s6 hitu han buéc ta din dén xf + y? = gb, Theo bd dé 1, ta c6
méu thuln, ‘

Diéu kién d:Goi D 1a tap céc s6 n biéu dién dugc thanh t6ng cha hai binh phuong
. Gid st ¢; 12 s6 chdn v6i moi 3. Dat m = 2"IIp;*. Ta ¢6 2 € D,p; € D do dé6 theo
b8 dé 2 m € D. Vay tén tai x,y nguyén duong sao cho z2 +y2 = m.Vi t; 12 s6 chin
v6i moi ¢; nén IIgl = h2. Thanh thit n = mh? = (zh)? + (yh)?. Ching 6 n € D.,

2. Bidu dién s6 nguyén duong thanh téng cta ba binh phuong

Ta xét bai todn: S6 nguyén duong nio biéu dién dugc thanh téng cla ba binh
phuong tifc 1a

V6i n nao thi phuong trinh 22 4+ 32 + 22 = n c6 nghiém z,y,z € N.

Pinh 1y 6 Néu n c6 dang n = 4™(8k +7), m, k € N thi n khong biéu dién dugc
thanh téng cha ba binh phuong.

Chitng minh Gia st trdi lai n = 4™(8k + 7) = 22 + y? + 22. Ta thdy 2 =
a € {0;1;4} (mod 8) do d6 n = 22 +4® + 22 = a € {0,1,2,3,4,5,6} (mod 8).
Néu m > 0 thi n = 0 (mod 4) do d6 2? + y% 4 22 = a € {0,4} (mod 8) —
2?4+ y? +22=0 (mod 4). Viz? =a €{0;1;} (mod 4) suyraz? = y? =22 =
(mod 4) = z = 221,y = 2y1,2 = 223 — 22 + y¥ + 22 = 4™ 1(8k + 7). Tiép tuc
nhu the ta din dén z2, 4+ y2, + 22, = 8k + 7= 7 (mod 8). Mau thuén.

Diéu ngugc lai ciing ding tic 12 néu n khong c6 dang n = 4™(8k +7),m,k € N
thi n biéu dién dugc thanh téng cha ba binh phuong. Chimg minh kh6 nén ta cong
nhan. Nhu vay ta c6 dinh 1y sau

Dinh 1y 7 S6 nguyén duong n biéu dién dugc thanh téng cla ba binh phuong
khi va chi khi n # 4™(8k +7) v6i k,m € N

Ti€p theo ta xét bai todn :Biéu dién dugc thanh téng clia ba binh phuong, trong d¢
c6 hai binh phuong tring nhau ttc 12 tim » dé phuong trinh n = 22 + 2y? c6 nghiém
tu nhién.

Bo dé 4 Néu p|z? + 2% vi p 12 s6 nguyén t6 p = a € {5,7} (mod 8) thi
plz  ply That vay néu tréi lai thi (z,p) = (y,p) = 1 = 22 = —2y% (mod —)2P~1 =
(=2)@=1/2yp=1 5 (—1)(P-1)/22P-1/2 = 1 (mod p). Néu p = 8k + 5 thi 2 1a s¢
khong chinh phuong (mod p) con p — 1/2 = 4k + 2 chin do d6 (—1)P—1/22p-1/2 <
~1 (mod p). Mau thuin. Néu p = 8k + 7 thi 2 la s¢ chinh phuong(mod p) cor
(p—1)/2 = 4k + 3 18 do d6 (—1)P~1/22r-1/2 = _1 (mod p). Mau thuln.

Ky hieu D 12 tap hop cdc s6 n dé phuong trinh n = 22 4 2y® ¢6 nghiém *u nhién

Dinh ly 8 Gid stt n = p 12 s6 nguyén t6. Khi d6 p € D khi va chi khi p = £
hodc p = 1,3 (mod 8)

Chitng minh Gia sir phuong trinh c6 nghiém (z,y) vd p = £5,7 (mod 8). Thec
b6 dé 1 z chia hét cho p , y chia hét cho p. V& trai chia hét cho p? . Vo Iy
Ddo lai: Néup =2 thi2 = 02 +212Xét p = 1,3 (mod 8). Khi d6 —2 1a s¢
chinh phuong (mod p) ( Suy tir 2 1a chinh phuong (mod p) khi va chi khi p = %]
(mod 8)). Vay t6n tai a € N thda mian a®> = —2 (mod p). Xé @p {z + ay)
rong d6 z = 1,2,..,m;y = 1,2,..,m v6i m = |,/p]. Tap nay c6 (m + 1)’
s6 va vip < (m+ 1)% nén t6n tai (z1,11) # (x2,92) dé z1 + ay1 = 23 + ay;
(mod p) = (21 —22) = a(y2 — 1) (mod p) = (z1 — 22)* = a*(y2 — y1)* (mod p)
Patz = Jz; — 2oL,y = ly1 — ] . Bacd 22 < m? < 42 < m? < q T
c6 2% = a®y? — 22 = —2y% (mod p). Vay z? + 2y® chia hét cho p. D& tha
0 < 2?4+ 2y? < p+2p = 3p do dé z2 + 2y? = p(dpem) hodc 22 + 2y? = 2p. Né&



trudng hop ndy xay ra thi = 22z — 422 + 212 =2p 5 42 + 222 = p. ta cé p
dién dugc. '

B6 dé 5 Néun € D,m € D thi nm € D.

Chiing minh Gia stt n = a2 + 2b%,m = ¢ 4 242. Khi d6

-
~

nm = (a? + 2b%)(c? + 2d%) = (ac — 20d)% + 2(bc + ad)?

biéu nay ching minh nm € D.
Dinh 1y 9. Gia st n ¢6 phan tich tiéu chudn

n = 2" IIp}Tlg}

0 dé p; 1a cac s6 nguyén t6 dang 8k+1, 8k+3, ¢; 1a cdc s6 nguyén 16 dang 8k+5, !
Khi d6 n € D néu va chi néu ¢; 12 s6 chdn véi moi 4.

Chitng minh Gid sir t; 12 s§ chan v6i moi ¢. Dat m = 27IIpf*. Tac6 2 € D
D do d6 theo b8 d& 1 m € D. Vay t6n tai z, y nguyén duong sao cho z? +2y% =
t; 1a s6 chdn v6i moi t; nén Ilg" = h2. Thanh thit n = mh? = (zh)2+2(yh)2. C
dneD.

Dio lai gia stt » € D titc 12 tén tai z,y sao cho 2 +2y2 =n. Gia st ¢ 1
nguyén t§ clia n, ¢ = 8k + 3,8k + 7 va g ¢6 s6 mil ¢ 12 s6 1&. Kki d6 =% + 22 -
v6i (b, q) = 1. Theo b6 dé 2 = = qz1,y = gqy1 — 22 + 2y? = ¢°~2b néus > 2
mot s6 hitu han budc ta din dén z2 + 2y? = gb, Theo b8 d& 2, ta c6 mau thuin

Vi du 14 = 12 422 432 12 t8ng cta 3 binh phuong nhung 14 = 2.7 va 7 = §
c6 s6 mi 1& nén phuong trinh 14 = 22 4 2% vo nghiém.

3. Biéu dién s nguyén duong thanh tdng ctia bén binh phu

Néu mot s6 khong biéu dién thanh téng cla hai hay ba binh phwong thi li
¢6 thé thanh tdng clia bon binh phuong hay khong? Cau tra 1o 1a:0Moi sé ng
duong déu biéu dién duwoc thanh téng ciia bén binh phuongl. D6 1a dj
néi tiéng cha Lagrange. Sau day ta s& ching minh dinh 1y nay.

Ky hiéu D 13 tap hop céc s6 n sao cho n biéu dién dugce thanh 18ng cha bor
phuong tic 12 dé phuong trinh n = 22 + y% + 22 4+ ¢ ¢6 nghiém ty nhién.

B6.dé 1. Néum € D,n € D thi mn € D.

Ching minh Gia st m = a? + b + 2 +d?,n = €% + f2 + g® + h2. Khi d6
héng ding thitc sau

mn = (ae + bf + cg + dh)? + (af — be + ch — dg)?
+(ag — bh — ce + df)* + (ah + bg — cf — de)?

Vay mn € D.

Ching han 7 =21+ 11 4+ 11 + 11,10 = 31 + 1! 4 09 4 0° thi 4p dung cony
trén cho ta 70 = 72 4+ 1% 4 22 + 42,

Sau day ta s& chimg minh v6i moi s6 nguyén t6 ptacé p€D. Vi2 =114
0% + 0% € D nén ta chi cAn xét p > 3.

B3 dé 2 Cho p 1a s6 nguyen 6 1&. Khi d6 téntai 1 < k < p & kp € D.

Chimg minh Xét tap A = {22},2=0,1,2,..,(p—1)/2 B={-y*-1
0,1,2,...,(p—1)/2. Céc s6 clia A phan biét (mod p), cdc s clia B phan biét (n
vi |A]+|B| = p+1 nén tap AU B khong thé gém p+ 1 s6 phan biét mod p. V:
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tai z,ye {0, 1,2, o (p—1)/2} sao cho 22 = —y? — 1 (modp)——>ac +y2 =kp—
kp = 2 +y* + 12 + 02 Vay kp € D. Lalco kp = 22 +y1 <p /2+p2/2+1-—
p2/24+1<p? > k<p.

Ky hieu M = {1 < k < plkp € D}. Theo b6 dé 2 M khdc réng. Gid sir m 1a s¢
nho nhit coa m.

Pinh 1y 10 m = 1. Suy ra v6i moi s6 nguyén t6 ptac6é p € D.

Ching minh Gié sir trdi lai 1 < m < p. Vimp € D nén mp = 22 4 3% 4 22 + 2,

i) Néu m chin: Khi d6 mp = 22 + 2 + 22 + 12 = a € {0,2} (mod 4). Vi
z? =0 (mod 4) néu z chin va 2% = 1 (mod 4) néu z 1 nén s6 cic s6 1é trong 4 s6
(z,y, z,t) 1a 0,2 hoac 4, tic 1a hodc tat ca chdn, hodc tdt c 1€, hoac hai chanhai €.
Néu t4t ca chan, hodc tdt ca 1€ thi 4 s6 (z +y)/2,(z —y)/2,(z +1)/2,(z —=1)/2 € Z
va
2 4 y? 4+ 22 + 12 _'m
2 — 27
Vay (m/2)p € D & m/2 € M. Mau thulin v6i viéc m 12 s6 nho nhat cha M.

Néu c6 hai s6 chin,hai s§ 1& ching han z,y chin vi 2,t I8 thi ta ciing c6 4 s6
(z+y)/2,(x—y)/2,(z+1)/2,(2 —t)/2 € Z v lap luan nhu trén cling dan t6i mau
thuln.

i) Néu m 18: Xét tap § = {0, 41,42, ..., =(m — 1)/2}. S 12 mot he ddy dd (mod
m). Vay t6n tai céc s6 a,b,c,d € S sao cho T=a (modm)ay— b (mod m),z=c
(mod m),t=d (modm) Suyraa? + ¥+ 24+ d> =224y + 22+ =mp=0
(mod m). Vay tén tai k € N sao cho

(2 +9)2/4+ (& — 9)2/4 (= + )24, (= = )2 /4 =

A+ +c+d?=km

Via?+ 2 4+t +d? <m?/a+m?/a4+m?/a+m?/a=m®> 5 0< k< m

Nuk=0—oa=b=c=0—sz=y=z=t=0 (modm). Vay
m?|z? +y?+ 22 +t2 =mp > mlp > m=p— m>p(dom>1vapnguyen 16).
Mau thuln .

+Vaylgk<m Tacé
(mp)(km) = (a? + % + 2% + *)(a® + b* + & + &%)
= (az + by + cz + dt)? + (bz — ay + dz — ct)?
= (cm—dy—az+bt)2+(dm+cy—bz—at)2

Ta c6
X=az+by+cz+di=a?+0*+c2+d*=0 (mod m)
Y=br-ay+dz—ct=ab—ab+dc—cd=0 (modm)
Z=cx—dy—az+bt=ca—db—ac+bd=0 (mod m)
T=dr+cy—bz—at=da+cb—bc—ad=0 (modm)
Suy ra

X24Y? 4+ 22+ T =¥ (X2 4+ Y2+ ZE 4+ TE) = mPkp
S XE4+YP+Z2+ T =kp



Vay kp € D < k € M. Mau thuiin véi viéc m 12 s6 nhd nhat ca M.

Tit dinh 1y 2 va b6 dé 1 ta it ra

Dinh 1y 11( Lagrande) Moi s6 nguyén duong déu biéu dién dugc thanh tén
bon binh phuong.

Tiép theo ta xét bai todn : S6 nguyén duong ndo biéu dién duge thanh tén,
bén binh phwong, trong d6 c6 ba binh phuong tring nhau tic 1a tim n dé phuong
n = z2 + 3y? c¢6 nghiém tu nhien.

B8 dé 1 Néu p|z? + 3y va p 1a s6 nguyén 6 p = 2 (mod 3) thi plz
That vay néu trdi lai thi (z,p) = (y,p) = 1 = 22 = —3y? (mod —)aP
(=3)P-1)/2yp=1 _, (_1)(P=1)/23-1/2 = 1 (mod p). Vip= 3k+2 nén p = 12
hodc p = 12k 4+ 11. Néu p = 12h + 5 thi 3 la s6 khong chinh phuong (mod p
p—1/2 = 6k + 4 chdn do d6 (~1)P~1/237-1/2 = —1 (mod p). Mau thuln.
p = 12k + 11 thi 3 13 s6 chinh phuong(mod p) con (p — 1)/2 = 6k + 5 1& «
(-1)(p~1)/23p=1/2 = _1 (mod p). Mau thuin.

Ky hiéu D la tap hop cdc s6 n dé phuong trinh n = z% 4 332 c6 nghiém tu 1

Dinh ly 12 Gid sit n = p 12 s6 nguyén t6. Khi d6 p € D khi va chi khi ;
hodc p = 1 (mod 3)

Chiing minh Gia sir phuong trinh ¢6 nghiém (z,y) va p =2 (mod 3). Th
dé 1  chia hét cho p , y chia hét cho p. V& tréi chia hét cho p? . Vo ly. Pio lai
p=3thi3=02+312Xét p=1 (mod 3). Khi d6 —3 12 s6 chinh phuong (m
( Suy tir 3 1a chinh phwong (mod p) khi va chi khi p = +1 (mod 1)2). Vay t
a € N théa min a? = —3 (mod p). Xét tap {z + ay} trong d6 =z = 1,2, ...,m
1,2,..,m v6i m = |/p|. Tap ndy ¢6 (m + 1)® s6 va vi p < (m + 1)2 nén t
(z1,31) # (z2,y2) d€ 21 + ays = x2 + aye (mod p) = (z1 — z2) = a(y2
(mod p) = (21 — 22)* = a®(y2 — 11)? (mod p). Dit ¢ = |z — o),y = |y
.Tacs 22 <m? <qy* <m?<q Tacodz?=a%y? - 22 = -3y? (mod p)
22 43y? chia hét cho p. D& thdy 0 < 22 +2y? < p+3p = 4p do d6 22 +3y? = p(c
hodc 22 + 3y? = 2p hodcz? + 3y? = 3p . Néu 22 + 2y? = 2p xdy ra thi z,y
tinh chén 1&. Suy ra 22 4+ 3y? = 0 (mod 4) — 2|p. Mau thuin. Néu z2 + 32
thiz=32—2922432=3p—>1y*+32=p—opeD.

B6 dé 2 Néun € D,m € D thi nm € D.

Chitng minh Gia st n = a? + 3b%,m = ¢ + 3d%. Khi d6

nm = (a® + 3b%)(c? + 3d*) = (ac — 3bd)% + 3(bc + ad)?

Diéu ndy chimg minh nm € D.
Dinh 1y 18. Gia st n ¢6 phan tich tiéu chuin

iTT b
n = 3 IIp{*Ilg;

& d6 p; 12 cdc sO nguyén t6 dang 3k + 1, ¢; la cdc s6 nguyén t6 dang 3k + 2 K
n € D néu va chi néu ¢; 1a s6 chian véi moi 1.

Chitng minh Gia st t; 12 s§ chidn v6i moi i. Dat m = 3"Ip;*. Tac6 3 € T
D do d6 theo b8 d& 1 m € D. Vay tén tai ¢, y nguyén duong sao cho 22+ 3y? =
t; 12 s6 chdn v6i moi ¢; nén IIg* = h%. Thanh thit n = mh? = (zh)% +3(yh)2. (
tdneD. :

Déo lai gia sit n € D tic 12 tén tai z,y sao cho 22 4 3y? = n. Gid sk q |
nguyén t6 cia n , ¢ = 3k +2 v g ¢6 s6 mil ¢ 13 56 1&. Kki d6 22 + 3y? = ¢
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(b,q) = 1. Theo b8 dé 2 z = gz1,y = qy1 — 22 + 3y? = ¢*~2b néus > 2. Sau mot
s6 hitu han budc ta dan dén :ci + 3y2k = qb, Theo bd dé 2 suy ra v€ trdi chia hét cho
¢?. Ta ¢6 mau thuén.
4. Bai toan Waring: Bi€u dién mét s6 thanh tong cac lay thira k.
Vao th€ ky 18 nha todn hoc Anh Waring da phdng dodn rang, moi s6 nguyén
duong déu bi€u dién duoc thanh téng clia 9 l4p phuong cic s6 tu nhién va déu biéu
dién duoc thanh téng cha 19 liiy thulra 4 c4c s6 ty nhién, tic 1 véi moi n € N* c4c
phuong trinh
3,.,3 3 _
ity +---+x9g="n
7} +a3+ - +ajg =7
luon c6 nghiém tu nhién. Ong di néu gia thiét sau
Cho s6 nguyén duong k. Khi dé cé ton tai s6 nguyén dwong m ( phu thudc vao
k) sao cho moi s6 nguyén dwong n déu biéu dién dwoc thanh 16ng cila m s6, méi 56
c6 dang =%,z € N tic 1a:
Tén tai s6 nguyén duong m sao cho véi moi s6 nguyén duong n phuong trinh

c6 nghiém ty nhién. ‘

Nam 1906 nha todn hoc 16i lac Davit Hilbert da chitng minh dugc phdng doan trén.
Chimg minh ctia 6ng cuc ky phiic tap.

Goi g(k) 12 s6 m nh6 nhdt c6 tinh chét trén tic 12 moi s6 nguyén duong n déu
biéu dién dugc thanh téng cla g(k) s6, mdi s6 c6 dang z*,z € N va t6n tai s6 n
khong biéu dién dugc thanh téng cha m — 1 s6 , mbi s6 c6 dang =¥,z € N. Ta c6
g(2) = 4 ( vi s6 7 khong biéu dién dugc thanh téng cha 3 binh phuong va moi s6
nguyén duong n déu biéu dién duoc thanh tdng clia bon binh phuong).Dén nay ngudi
ta di ching minh dugc g(3) = 9,9(4) > 19, g(5) = 37 va véi 6 < 471600000 thi

g(k) = [(3/2)] + 2% ~ 2.

Vén cdn nhiéu ciu hoi md xung quanh ham g(k).

V. Biéu dién mét s& thanh tdng cac binh phuwong nguyén duong

1. Téng ctia hai binh phuong nguyén duong

Mot s6 c6 thé 1a t8ng cha hai binh phuong song c¢6 thé mot s6 bang O ( chang
han 9 = 32,16 = 42 nhuung khong thé c6 9 = a? + ¥?,16 = ¢ + d? v6i a, b nguyén
duong.Pinh 1y 1 ¢6 thé phat bidu c4ch khic 1a: D& mot s6 nguuyén duongn biéu dién
duoc thanh téng cha khéng qué hai binh phuong nguyén duong diéu kién cdn va dd 1a
trong phén tich tiéu chuin cha n cdc uc nguyén t6 dang 4k + 3 phéi ¢6 s6 mi chén.

Bay gid ta di tim diéu kién clia n dé né biéu dién dugc thanh tng cha ding hai
binh phuong nguyén duong.

Dinh 1y 14 Dé n dé n6 biéu dién dugc thinh téng cla ding hai binh phuong
nguyén duong ( tic 12 dé phuong trinh n = 22 + »? ¢6 nghiém nguuyeén duong diéu
kién cdn va du la

e Néu n 12 s6 chinh phuong thi n phdi ¢6 it nhit mot u6c nguyeén 16 dang 4k+1



e Néu n 12 s6 khong chinh phuong thi trong phan tich tiéu chuin cla n c:
nguyén t8 dang 4k + 3 phai c¢6 s mi chan.

Chitng minh 1. Gid st n=m? = a2+ b%,a,b € N* va
n = 22an_2ti—2

v6i g; dang 4k +3. Xét g = ¢; = a = qay, b= gby — af + b} = 2¥'T1g*" % &
sG hitu han budc ta di dén 2 +d? = 27" = 4" —

2d; — ¢ +d? = 47—, Sau mot s6 hitu han budc ta di dén u? 4+ 0% = 1 v6i u,v
Mau thuén.

Dio lai gid stw pjn,p = 4k +1 = plm = m = pk = n = p’k.
p=a?+b%a>b—p? = (a?+82)? = (a® - b%)% + (2ab)? = A? + B2, /
N* = n = (kA)? + (kB)?

2. Diéu kién cén hién nhién do dinh ly 1. Nguoc lai , do n 13 s6 khong
phuong va trong phan tich tiéu chudn clia n cdc udc nguyén 16 dang 4k + 3 p
s6 mi chin nén n = m2h v6i h = p1pe...px , p; 12 cic s nguyen 16 phan biét
c6 dang 4k + 3. Theo dinh Iy 1 h = a® 4 b2 Do h la tich cdc s§ nguyeén t& ph
nén a,b# 0. Vay n = (ma)? + (mb)2.

2. Tf;ng cua ba binh phuong nguyén duong

Dinh 1y 15 Dé phuong trinh n = 2% + 252 c6 nghiém nguyén duong dié
cdn va di 1 ‘

e Néu n la s6 chinh phuong thi n phai c6 it nhat mét udc nguyeén t6 dang
hay 8k + 3

e Néu n 1a s6 khong chinh phuong thi trong phan tich tiéu chudn cla n c
nguyén t6 p =2V p=8k+ 5V p=_8k+ 7 phdi c¢6 s6 mii chan.

Chitng minh 1. Gia sir trdi lai n = m? = a? + 2b%,a,b € N* va

n= 22THqi2t"
v6i g = 8k + 5V 8k + 7. Xét q = g;. Theo b6 dé 1 a = gay,b = gb; — a? -
22 T1g%% 2. Sau mot s6 hitu han budc ta di dén ¢ + 2d% = 2" = 4" — ¢ = 2
2dy — c% + Qd% = 41, Sau mot s6 hitu han budc ta di dén u? + 2v? =
u,v € N*, MAu thuin.

Dio lai gid st pjn,p = 8k + 1V 8k +3 = plm = m = pk — n = p?
6 p=a® +2b%, = p? = (a® + 20%) = (a® — 26%)% + 2(2ab)? = A% + 2B?,.
N* = n = (kA)? + 2(kB)?

2. Diéu kién cin : Do dinh 1y 1 thi trong phan tich tiéu chudn cla n ¢
nguyén t6, p = 8k + 5V 8k + 7 phdi ¢6 s6 mi chin. Giad st s6 mi cia 2 I:
s.Tuong ti nhu trén sau mot s6 hitu han buéc ta di dén c? + 2d% = 2°. Véi s
suy ra ¢ chan do d6 d chdn. Vay ¢ = 2c1,d = 2dy — ¢? + 2d? = 2°72. Sau ;
hitu han bude ta di dén u? + 2v% = 2 véi u,v € N*. Mau thuén.

Nguge lai , do n 13 s& khong chinh phuong va trong phan tich tiéu chudn
cic udc nguyeén t6 g dang ¢ = 8k + 5,9 = 8k + 7 va ¢ = 2 phai ¢4 s6 mi ch
n=m?h véi h = pipa...px , p; 12 cic s& nguyen t6 phan biet p; = 8k + 1V &
Theo dinh 1y 1 h = a? +2b%. Néu b = 0 thi h = a? vo ly do h la tich
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nguyén t& phan biét . Néua = 0 = h = 2b% vo Iy do h 1&. Vay a,b € N* va
n = (ma)? + 2(mb)2.

Pinh 1y 16 D& phuong trinh n? = z? + y? + 2% ¢6 nghiém nguyén duong diéu
kién cin va du la n # 2° va n # 5.2°

Chitng minh Diéu kién cdn : Néun = 2° — 45 = 22 + 2 + 22 =5 ¢ =
2z1,y = 2y1,2 = 221 — 45-1 — m% + y% + z%. Sau mot s¢ hitu han bude ta di dén

=z? 4+ y? + 22. Mau thuin.

Néun =52° = 254° = 2249?2422 = 2 =2z, y = 2y1, 2 = 227 — 25.4°" 1 =
z? + y? + 22.Sau mot s6 hitu han bude ta di dén 25 = 22 +y? + 22. Phuong trinh ndy
khong c6 nghiém nguyén duong.

Diéu kién di: Vi n # 2° nén n ¢6 uc nguyén t6 1& . -

e 1 c6 mot uSc nguyeén 6 1& p #£ 5. Vay n = ph — n? = p?h2. Ta chi cin chimg

minh
PP=X24+Y%+2% vi X,Y,ZeN*

+Néu p = 3 (mod 4) thi p =8k +3Vp =8k + 7. Néup =8k + 3 thi theo
dinh 1y 2 |
p=u?+v2+1t%, V6 u,v,teN

Néu ¢6 mot s6 ching han ¢ = 0 thi p = u? + 2 v6 Iy vi p = 3 (mod 4). Vay
u, v, t € N*. Do vay

p? = (u? + 0% =122 4+ Qut)? + 2ut)2 = X2 + Y2 4 22
Viplénen u?+v2 £t X,Y,Z +#0.
Néu p = 8k 4 7 thi 2p # 45(81 + 7) do d6
2p = u? 4+ 0% 412 5 4p? = (u? + 0% — 12 + (2ut)? + (2ut)?

u? +v? —t2 2
— p2 = <——+————> + (uv)2 + (vt)2

2
=(p-t)2+(w)+ @) =X2+Y?+ 22 w6 X,Y,ZeN

+ Néu p =1 (mod 4) . Theo dinh 1y p? = a® + b%,a,b € N*. Néu ci hai s6
a,b déu khong chia hét cho 5 thi p? = a? 4+ b? = 0,42 (mod 5). Mau thuén.
Vay phai c6 mot s6 chia hét cho 5 chang han a = 5m. Khi d6

p? = 25m? + % = (3m)? + (4m)? +b? = X2 + Y2 4 22 P
e n chi ¢c6 udc nguyen t6 1& p$. 5. Vay
n = 5'2°,

Tacon# 525 =t >2 = n=25m—-n?=0625m?=(20m)% + (12m)? +
(om)? -
3. Téng chia bén binh phuong nguyén duong
Ta biét ring v6i moi s6 nguyén duong n thi n biéu dién dugc thanh téng cha bon

binh phuong. Tuy nhién khong nhat thiét n biéu dién duge thanh téng cla bén binh
phuong duong. :



Vi du Ching minh ring n = 2% v6i s 1& khong biéu dién duoc thanh tén
bén binh phuong duong. '

That vay néu 2° = z2 + 3? + 22 + t? thi z,v, 2, ¢ chdn. bat z = 22,
2y, 2 = 2z1,t = 2ty = 2572 = 22 4 42 4 22 + ¢2. Sau mot s6 hitu han budc
2=a%+ b +c? + d% > 4. Mau thuin.

Dinh 1y 17 Phuong trinh n? = 22 + 4? + 22 + ¢? ¢6 nghiém nguyén duor
va chi khi n # 1, 3.

Chitng minh D& ching minh 1 vA 9 khong biéu dién dugc thanh téng ct
binh phuong duong. Bay gio ta ching minh V6i moi s6 nguyén duong n # 1
phuong trinh n? = z2 + y? 4+ 22 +¢2 .

Néu n =2k — n? = 4k? = k% + k% + k% + k.

Gia st n > 1 1&. Dé thdy chi cdn chi ra n ¢6 mot uéc nguyén t6 p bidu dién
thanh téng clia bén binh phuong duong.

e 1 c6 mOt ubc nguyén 16 p > 26 — p? —676 e N*. Tac6p2 — 676 =1 —
(mod 8). Do d6 p* — 676 = a? +b* + . Néu a,b,c > 0 = p? =
a? 4+ b +c2 Néuab > 0,c=0— p? =102+ 242 + a® + b2
a>0,b=c=0—p%=6%+8+24% o2

e Moi udc nguyeén t6 cia n nhé hon 26 : Khi d6 hoac

+ n ¢6 ubc nguyeén t§ p thude tap S = {5,7,13,17,11,19,23}. Khi d
p € {5,13,17,11,19} — p # 8k + 7 do d6 p = a® + b* + c®. Néu
0,c=0— p? = (a? + %)% = (a?)? + (b*)? + (ab)? + (ab)%. Néu a,b,
thi khong thé 3 s6 bing nhau ching han a # b. Khi d6 p? = (a? + b% + ¢
(2ab 4+ c?)? + (a® — b%)2 + (ca — cb)? + (ca — cb)?.

Connéup € {7;23} thitac6 72 = 12442442 442,232 = 12 4 4% 1 162-

+ n chi cé uSc nguyén t6 p = 3. Khiddn=3°s>2 > n=9n —
81m? = (2m)? + (2m)? 4 (3m)? + (8m)?

Dinh 1y 18 D& phuong trinh n = z2 + 3y? ¢6 nghiém nguyén duong diéu kié
va du la

e Néu 7 14 s6 chinh phuong thi n phai c6 it nhdt mot ude nguyén t6 dang 37

o Néu n 1a s6 khong chinh phuong thi trong phan tich tiéu chudn clia n uéc n
t6 p = 3,p = 3k + 2 phai c6 s6 mi chan.

Chitng minh 1. Gia st trdi lai n = m? = a? 4+ 3b%,a,b € N* va

n= 3'21‘Hqi2ti
véi ¢; = 3k+2. Xét g = ¢;. Theo b dé 1 a = qay,b = gb; — a? +3b% = 3¥II
Sau mot s6 hiru han budc ta di dén 2 +3d2 = 37 = 9" = ¢ = 3¢;,d = 3
cf -+ 3d% = 971, Sau mot s6 hitu han budc ta di dén u? + 3v? = 1 v6i u,v
Mau thuin.

Pao lai gid st pln,p = 3k +1 = pm = m = pk — n = p’k%

p = a? + 302, — p? = (a® + 30%)? = (a® — 3b2)% + 3(2ab)? = A% + 3B?, A
N* — n = (kA)? + 3(kB)?
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2. Diéu kién cin : Do dinh Iy 1 thi trong phéan tich tieu chuén cla n cic udc
nguyén 16, p = 3k + 2 phai ¢6 s6 mi chan. Gid st s6 mi cta 3 1a s6 1é s.Tuong tu
nhu trén sau mot s6 hitu han budc ta di dén c? + 3d? = 3°. Véi s > 3 ta suy ra 3|c
do d6 3|d chin. Vay ¢ = 3c1,d = 3d; — ¢ + 3d? = 3°72. Sau mot s6 hitu han bubc
ta di dén u? + 3v? = 3 v6i u, v € N*. Mau thuén.

Nguoc lai , do n 12 s6 khong chinh phuong va trong phén tich tiéu chudn cla n
cdc udc nguyén t& g dang g = 3k + 1 vd p = 3 phai c6 s6 mi chin nén n = m?h
v6i h = p1pa...px , pi 1a cdc sO nguyen t8 phan biét p, = 3k + 1. Theo dinh 1y 1
h =a?+3b% Néub=0th h = a® v6lydo h la tich cic s6 nguyén t& phan
biet . Néu a = 0 — h = 3b% v6 Iy do h khong chia hét cho 3. Vay a,b € N* va
n = (ma)? + 3(mb)2.

Cudi cung ta c6

Dinh 1y 19 Moi s6 nguyén duong n > 169 déu biéu dién 6ng cla nam binh
phuong duong.

o Néua,b,c,d>0thi n=132+a% + b + % + d?

o abc>0,d=0thin=12245%+a%+b%+c?

e Néua,b>0,c=d=0thin=122+42+32+a2+b?
eNéuag>0b=c=d=0thin=102+82+22+1%2+4a?

e Neua=b=c=d=0thin=169 =22 + 22 + 52 4 62 4 102

Bang cédch thit tryc tiép véi cdc s6 n < 169 ta thdy t4t ca chi trir ra cdc s6: 1,2, 3,4,
6,7,9,10,12,15,18, 33 12 biéu dién téng clia ndm binh phwong duong. Vay

Dinh 1y 20 Moi s6 nguyén duong n ¢ {1, 2@ 4,6) 7,0)10,12) 15,“}(8}/3@ déu
biéu dién t6ng cla nam binh phuong duong.

Sau day chiing ta s& 4p dung cic két qud trén dé khdo sdt mot ham s hoc duoc
dinh nghia nhu sau:

V&i mdi s6 nguyén duong n > 5 goi S(n) 12 s6 nguyén duong k 16n nhdt c¢6 tinh
chat: V6i moi 1 < k < S(n) thi n? biéu dién téng cla k binh phuong duong. Ta c6
dinh ly sau

Dinh 1y 21

1 néu n khong cé voc nguyen t6 p = 4k + 1
S{n) =<2 néun = 5.2°
n? —14 néu tréi lai

Chitng minh Truoc hét nhan xét ring n? lun biéu dién téng cla 1 binh phuong
duong. Vay S(n) > 1Gia sit n khong c6 woc nguyén t6 p = 4k + 1. Theo dinh 1y thi
n? khong biéu dién téng clia 2 binh phuong duong. Vay S(n) < 2 — S(n) = 1.

Gia st n. = 5.2°. Theo dinh 1y 1 ( vi 5 1a woc nguyén t6 dang 4k + 1) nén n? bidu
dién téng cla 2 binh phuong duong. Theo dinh 1y 2 n? khong biéu dién téng cla 3
binh phuong duong. Vay S(n) <3 = S(n) =2.

Bay gid xét cdc n con lai tdc 12 n # 5.2° v n ¢6 uoc nguyén 16 p = 4k + 1. Vi
n c6 udc nguyén 16 p = 4k + 1 nén n? biéu dién t8ng clia 2 binh phuong duong. Vi



n c6 uéc nguyén t6 p = 4k + 1 suy ra n # 25. Vin # 5.2°,n # 2° nén theo
Iy 2 n? bidu dién téng cla 3 binh phuong duong. Ta c6 t6n tai a,b € N* sag
n? = a? + b2, Theo dinh ly Pitago n c6 dang

n = d(m? +n?) = n? = E(m* + n* + (mn)? + (mn)?)
= (dm?)% + (dn®)? + (dmn)? + (dmn)?

Vay n? biéu dién tng cha 4 binh phuong duong.

Tiép theo ta ching minh véi moi 5 < k < n? — 14 thi n? biéu dién tdn,
k binh phuong duong, nhuung khong biéu dién duoc thinh tdng cla n? — 13
phuong duong. That vay vi k < n2 — 14 - n? —k +5 > 19. Ddu tié
k #n? — 28 — n? — k 4+ 5 # 33. Theo dinh Iy phuong trinh n? — k45 = 37
- ¢6 nghiém nguyén duong z;. Vay

5
nf=>"zl41+1---+1
) i=1 k=5

hay n? biéu dién t8ng ca k binh phuong duong. Néu k =n? —28 — k > 6. V
nf=k—6+34=1+1-- +14+324+3% 422422 422422
S
k—6
hay n? biéu dién téng clia k binh phuong duong.

Gia st tréi lai n? biéu dién tdng cha k binh phuong duong véi k = n? — 13
ton tai k s6 nguyén duong z7, ..., x sao cho

k
n =3 a2
i=]1

k
n2—k=2(m3—1)
i=1

k

13=> (af - 1)

i=1
k
=>"b;
i=1

Vi0 < b; <13 vab;+11as6 chinh phuong nén b; € {3; 8} Vay (7) tuong duor
phuong trinh
13 =3z + 8y

c6 nghiém tu nhién. Nhung diéh nay khong xdy ra ( Viy < 2 va thlr véi y -
khong thda). Dinh Iy duoc ching minh xong.

5. Téng binh phuong cta n sd nguyén duong lién ti€p Goi £
cic s6 nguyén duong n c6 tinh chdt: Tén tai n s6 chinh phuong lién tiép ma t6
12 s§ chinh phuong. N6i cdch khic n € K néu va chi néu phuong trinh

Y (@+i) =y
g=1
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¢6 nghiém ty nhién.
Thidu 2,11,23,24 € K vi

3+ 4% =57
182 4+ 192 + .- +27% + 282 = 77
72+ 8+ 428 + 297 = 927
12422+ 4242 =707
Dinh 1y 22 Gid st n c¢6 dang n = p®q — 1 0 d6 s &, p > 3 1 s6 nguyén t6 dang

4k + 3,(g;p) = 1 Khi d6 n ¢ K. N6i rieng, c6 vo s6 s6 nguyén duong chin va vo s6
s6 nguyén duong 1&é n ¢ K

Ching minh Gia st trdi asin € K

n
V=) (z+i) -
i=1

n(n+1)(2n + 1) R

y? =nzg? +n(n+ Dz +

6
2 +9f = (n+1) <$2+n2:+9£—2~7;—+—9~> —
(62) + (6y)? = 6(n+ 1) (62° + 6nz + n(2n + 1)) —

= 6p°qA —
w402 =p*M Vi u=6z,v=06y, M =6gA

Tacé p|u2+v2 — plu =6z (dop = 4k+3). Lai c6 2n+1 = 2p°g—1 khong chia hét
cho p do d6 n(2n + 1) khong chia hét cho p, Vay A = 622 + 6nx + n(2n + 1) khong
chia hét cho p. Vi p > 3 nén (M,p) = 1. Lai ¢6 u? +v? = p*M — u = pus,v =
pv1 = uf +v% = p*~2 M. Sau mot s6 hiru han budc din dén p(a? + b%) = M. Mau
thuan.

Dinh 1y 23 C6 vo s6 s6 nguyén duong 1&é n € K.

Chitng minh Ta xét téng

k k
P=>(z—j)+2*+> (¢+j)° vsiz>k
i=1 i=1

Ta ¢6 p 12 t6ng cha n = 2k + 1 binh phuong lién ti€p bit ddu tir s6 (z — k). Ding
thitue trén tuong duong véi

P=(2k+1) (:c2 + ﬁcg—l)> (77)

Dit k= 6a? — 1 & n=12a? — 1,2 = 2a(12a® — 1) + a vdo (8 ) ta duoc

P = (12a% — 1) (4(12a® — 1)%a® + 4a®(12a® — 1) + a*(12a% — 1))
= a%(12a% — 1)%(48a% 4+ 1)

Néu (b,a) l1a nghiém nguyén duong cta phuong trinh Pell

b2 —48a% =1



ta suy ra
P =a%(12a% — 1)%?

va 1 rang = 2a(12a% — 1) +a = a(24a® ~ 1) > 24a® — 1 > 62 — 1 = k V¢
12 6 chinh phuong tic 1a n = 12a? — 1 € K néu chon (b, a) 12 nghiém nguyén d
ctia phuong trinh Pell b2 — 4842 = 1. Vi phuong trinh Pell b2 — 4842 = 1 ¢6 v
nghiém va n = 12a® — 1 1 s6 1& nén dinh Iy dugc ching minh.

Bai toAn md Hdi c6 hitu han hay vo han s& chin thuoc K.

Ta thdy 2 12 s6 chan bé nhit ( va cling la s6 bé nhat) trong K. Ta hdy tim s6
nhdt.

Dinh 1y 24 S6 1&€ n bé nhat trong K 1a n = 11.

Chitng minh Vi (7;1) 1a nghiém phuong trinh Pell »* — 4842 = 1 nén theo
lytréenn=12—-1=11€ K. Gidsttbntain=2k+1 <11 e K &k < 5.1
tu (8)

k(k +1)(2k + 1)
- 3

y? = (2k + 1)2?

o Néuyle. Taco EETNEAHD — 9121 .. 1 k?) chén nén z I&. Suy ra 8y%—2
8|2k 4 KEANCAED) _, g)p o FEIDE@ELD) _, gk (2k2 4 3k + 7).
+ Neéu k chin suy‘ra‘kl8 — k > 8. Mau thuén.
+Néu k 1& suy ra 8/2k2 +3k+7 — 2k?4+-3k+1=3k+1 =0 (mod 8) — k
(mod 8) — k > 5. Mau thuén.

e Néu y chan. Tir (8) suy ra z chan do d6 4|k(k +1)(2k +1).

+ Néu k 18 suy ra 4/k + 1 — k = 3. Thay vao (8) ta dugc y? = 7(z? +«
22 +4=0 (mod 7) — 2? =3 (mod 7). Mau thusn.

+ Néu k chin: 4|k(k +1)(2k +1) — 4]k > k = 4. Thay vao (8) ta
y? = 3(322% + 20) — 3|3z? + 20 .Mau thuin.

. Dinh 1y duuge ching minh.
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PHUGNG TRINH DIOPHANT

Tran Nam Diing

0.1 Mo dau

Phuong trinh nghiém nguyén hay con duge goi la phuong trinh Diophant 1a mét trong
nhimg dang todn lau ddi nh4t cha todn hoc. Tur Euclid, Diophantus, qua Fibonacci,
réi dén Fermat, Euler, Lebesgue ... va thoi hién dai la Gelfold, Matiasevic, Shenzel,
Serpinsky ... phuong trinh Diophant d3 trdi qua mot lich sir phat trién lau dai.

Thong qua viéc gidi cdc phuong trinh Diophant, cdc nha foin hoc da tim ra dugc
nhitng tinh chét sau sic cla s6 nguyeén, s6 hitu ty, s6 dai s6. Gidi phuong trinh Dio-
phant di dua dén si ra déi cta Lién phan s6, Ly thuyét dudng cong elliptic, Ly thuyét
x4p xi Diophant, Thang du binh phuong, S¢ hoc modular ...

Trong céc ky thi hoc sinh gidi quc gia va qubc &, phuong trinh Diophant vin
thudng xuyén xudt hién dudi cdc hinh thitc khdc nhau va luén dugc danh gid 1a khé
do tinh khong miu muc cta né.

Bai gidng nay c6 muc dich dua ra mot s6 phuong phap co ban dé tdn cong cic bai
to4n vé phuong trinh Diophant. Tuy nhién, v6i kha nang con han hep cta minh, ching
t6i hoan tdan khong c6 tham vong bao quét hét cdc van dé v€ phuong trinh Diophant.
Ching t6i cht y&u chi gi6i han trong cdc phuong trinh da thitc, bd qua cdc phuong
trinh Diophant bac nh4t va khong dé cap dén cac phuong trinh ¢6 chita ham mi. Pay
12 mot tap tai litu mo, mot s6 ching minh duge bd qua, mot s6 101 gidi chi trinh bay
so luge hoac bd qua. Ching t6i rdt mong nhan dugc y kién déng gop cla quy thdy
6, quy anh chi va ban bé déng nghiép, cling nhu clia cdc em sinh vién, hoc sinh dé
tap tai liéu duoc hoan thién hon.

Chung t6i xin chdn thanh cdm on GS Nguyén Van M4u va Trudong Dai hoc Khoa
hoc Ty nhien DPHQG HN di t6 chic kho4 b6i dudng nay va cho phép chiing t6i duoc
b4o cdo trudc cdc anh chi va cic ban.

0.2 Phuong phap chon mé-dun

M6t s6 chinh phuong khong thé tan ciing bang 2,3,7,8. Mot s6 chinh phuong chia 3
du 0 hoac 1. Mot s6 chinh phuong chia 8 dur 0,1 hoac 4. Nhimg tinh chit don gian
d6 nhiéu khi lai 12 chia khod dé gidi nhiéu phuong trinh Diophant. Va d6 chinh 1a y



tudng chinh cta phuong phdp chon mo-dun.

Vi du 2.1. (Viét Nam 2003, Bang B) Hoi c¢6 ton tai hay khong céc sO ng
z,y,u,v,t thod man diéu kién sau
2+t =(z+ 1) 4wl = (422 40 = (z+3)2 + 12

Loi gidi:

Cdch 1. That vay, gia sir hé trén ton tai nghiém. Dat NV la gi4 tri chung ¢
bon bidu thic. Ta c6 z? mod 8 € {0,1,4}, suy ra z% + ¢? € {0,1,2,4,5}. 1
ra, néu x chay qua mot h¢ thang du ddy db mod 4 thi 2% mod 8 s& 1a (0,1
hay mot hodn vi vong quanh ctia b trén. Nhu thé N mod 8 € {0,1,4} N {1,2
{0,1,4} n {0,4,5} = @. Mau thuan. Vay khong ton tai cdc s6 nguyén z,y,"
thod man diéu kién ddu bai.

Cdch 2. Tir hai phuong trinh ddu ta suy ra y% +v% —2u? = 2(x +1)% — 22 -
2)2 = —2. Nhu thé, y? +v? = 2(u? — 1), suy ra y, v cing tinh chin 1&. Néu y, v
1¢ thi vé trdi chia 8 du 2, suy ra v chan, nhung khi d6, v€ trdi chia 8 du —2, mau t

Vi du 2. Chimg minh ring phuong trinh 22 — 3y? = —1 khong c6 nghiém ng
duong. :

Loi gidi: x? + 1 khong thé chia hét cho 3!
Vi du 3. (D& dé& nghi IMO 1981) Cho phuong trinh nghiém nguyén 2% = |
1)(y? — 1) + n. Hbi phuong trinh ¢6 nghiém khong néu
(a) n = 1981 (b) n = 1985 (c) n = 19847

Loi gidi. a)Tacé 22 = (22 —1)(y*—1)+5 mod 8. Viz2 =0,1,4 mod 8,
1=0,3,7 mod 8, (z2—-1)(y*-1)=0,1,5 mod 8va (z2—-1)(x*-1)+5=
mod 8 nén ta ¢6 22 # (2 — 1)(y®> — 1) + 5 mod 8. Mau thuin.

(b) Twong tu, xét  mod 9.

(c) n = 1984. Riit gon phuong trinh, ta dugc z2 + y? + 2% — 22y = 198
¥ tudng cha ta 12 di tim biéu dién 22 + y? = 1985. Khi d6 z = xy cho ta ng
Bing cich xét chit s6 cudi cling, ta nhanh chéng di dén nghiem 72 + 44?% va 312
bing phuong phdp thir va sai. T d6 duge cdc nghiém (z,y,2) = (7,44,7.4
(31, 32, 31.32).

Ghi chi: Phuong trinh (1) ¢6 vo s6 nghiém nguyén duong, hay thit ching
BAI TAP
2.1 (Thuy Dién 2003) Tim t4t ci cdc cap s6 nguyén duong z,y sao cho
z? — 3zy = 2002
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- 2.2 Tim nghiém nguyén cua cdc phuong trinh
.

B22-2%?=3  by2a?-5yt=17 €) 52? + 6z +11 = y? + 4y

2.3 Tim nghiém nguyén cta phuong trinh 21 + 410 — 210 = 1999.

2.4 Ching minh ring phuong trinh z2 — 2y* + 8z = 3 khong c¢6 nghiém nguyén
T,Y,z )

2.5 Tim tat ci cdc gid tri nguyén duong 1 < k < 10 sao cho h¢ phuong trinh
22 + ky? = 2%, k2? + y? = t? c6 nghiem nguyén duong.

2.6 Ching minh ring phuong trinh 22 +y? + 22 + z + y + z = 1 khong c6 nghiém
hitu ty.

0.3 Gi6i han mién nghiém. Thir va sai

Cho z 1a s6 nguyeén. Néu |z| < N vdi s6 nguyén duong N cho truée thi z chi ¢6 thé
nhan hitu han gi4 tri. Cu thé z € {~N, ~N +1,...,0,1, ..., N}. Diéu don gidn nay la
chia kho4 d€ gidi nhiéu phuong trinh Diophante, sau d6 dung phép thi.

Vi du 3.1. (Bai todn Arnold) Tim t4t cd cdc bo ba s6 nguyén duong sao cho tich
cta hai s6 bat ky cong 1 chia hét cho s6 con lai.

Vi du 3.2. (Olympic 30/4 nam 1999) Trong mat phang toa do Oxy cho ba dudng
thang c6 he s6 gbc l4n lugt 1a 1/m, 1/n, 1/p v6i m, n, p 12 cdc s6 nguyén duong. Tim
m,n,p sao cho ba dudng thiang d6 tao véi truc hoanh ba géc c6 téng s& do 1a 45°.

BAI TAP
3.1 Tim t4t ca cdc nghiém nguyén duong clia phuong trinh
10111
Z2Tptate=t
3.2 Gidi puuong trinh trong tap hop cic s6 nguyén duong
1

1 1
—+~-+-=1
Ty =z

3.3 Tim t4t c& c4c b s6 nguyén duong (z,y) sao cho 22 + 1 chia hét cho y, > +1
chia hét cho z2.

3.4 (Bulgaria 2001) Tim t4t ca cdc bo s6 nguyén duong (a, b, ) sao cho a3 + b3 +¢
chia hét cho a?b, b?c, ca.

3.5 (Ailen 2003) Tim t4t ca cic nghiém nguyeén clia phuong trinh (m?4-n)(n?+m) =
(m+n)3. ‘

3.6 (Moldova 2003) Chimg minh rang phuong trinh 1/a + 1/b+ 1/c + 1/abc =
12/(a + b+ ¢) ¢6 vo s6 nghiém nguyén duong. .



3.7 (Rio Plate 2002) Tim tat cd cdc cap s6 nguyén duong (a,b) sao cho
@i
ab? +9
13 mot s§ nguyén.
3.8 (Litva 2003) Tim t4t ca nghiém nguyén clia phuong trinh 3zy — z — 2y =

3.9 (IMO 2003) Tim tdt ci cdc cap s6 nguyén duong (a,b) sao cho sG

a?

2ab? — b3 + 1
13 s6 nguyén.

3.10 (Na Uy 2003) Tim t4t c cdc b s6 nguyén (z, ¥, z) sao cho >+ 423 —3z;
2003.

3.11 (THTT 3/209) Tim t4t ca nghiém nguyén (z,y) cla phuong trinh

(z+ )y + %) = (z — y)?

0.4 Phuong phap xuong thang

Fermat da dung phuong phdp ndy dé chimg minh phuong trinh z* + y* = 2% k
c6 nghiém nguyén duong. Va ciing tir day, bang vai ddng ngin ngi trén 1€ cuén
Diophantus, 6ng da 1am dau déu céc nha todn hoc sudt 300 ndm qua bang dinh I
ndi ti€éng mang tén 6ng.

Co s& clia phuong phdp xuéng thang 13 tinh sip th tr t6t cha N (v N¥, tic
c4c cla k phién bdn N): Mot tap con khéc réng bat ky ctia N déu ¢6 phén ti nhd

Dé ching minh mot phwong trinh 12 v nghiém, ta gid s nguoc lai ring t
cdc nghiém nguyén (tu nhién, nguyén duong) cia phuong trinh khdc réng. Ta d
mat thir ty t6t trén R va gid st op 12 nghiém nho nhat (theo thi tu néu trén).
bing cdch n2o d6 ta x4y dung dugc nghiém a; nhd hon o thi ching ta s di dén
thuin. Mau thudn nay chimg t6 diéu gia st 1a sai va nhu vay phuong trinh d6 ct
nghiém.

Vi du 1. Ching minh ring nghiém nguyén duy nh4t ctia phuong trinh 2® — &
923 =01a (0,0,0).
~ Vi du 2. Ching minh ring phuong trinh z* + y* = 2% khong c6 nghiém ng
duong.

Lot gidi.v Gia st ring phuong trinh d6 cho c¢6 nghiém nguyén duong. G
(z,y) = d, tic 12 = = da,y = db, trong d6 (a,b) = 1. Khi d6 a* +b* = (2/d?)?
st z = d?c, trong d6 ¢ € Q, khi d6

a-’t 4 b4 — C2
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Vic € Q,c® € N nén theo Dinh ly 6.1, c € N*. Trong tit ci céc nghiém cla
phuong trinh (1), chon nghiém c6 ¢ nhd nhit. Ta c6 (a2)? + (b?)? = ¢? trong d6
(a,b) = 1, suy ra (a?,b%) = 1, tic 1a (a?,b?, ¢) 12 bo ba Pythagore nguyén thiy. Theo
dinh 1y 6.5, t6n tai c4c s6 nguyen duong m, n sao cho a? = m? —n? 2 = 2mn,c =
m?4n? trong d6 m, n khéc tinh chin 18, m > n va (m,n) = 1, nghia la a® = m? —n2
1&. Gia st m chan, n 18. Khi d6 n?, a? chia 4 du 1, nghia 1a m? = n? +a? chia 4 du 2
mau thudn. Vay m 1é, n chén, ngodai ra (a,n,m) 14p thanh b Pythagore nguyén thiy,
do d6 t6n tai p,q € N sao cho a = p? — %, n = 2pg, m = p? +¢2, trong d6 p, g khic
tinh chin 18, p > ¢ va (p,q) = 1, ngdai ra b? = 2mn, nghia 1a ¥? = 4pq(p® + ¢?), suy
rab=2h, h € N*, khi d6

h? = pq(p?® + ¢°) @

Gia slr rang t6n tai s6 nguyén t6 r chia hét pgq, p2v+q2. Vi r chia hét pq nén khong
mét 8ng quét, c6 thé gia sir r chia hét p, khi d6 = chia hét (p? + ¢%) — p? = ¢2, suy
ra  chia hét ¢, mau thuiin vi (p, q) = 1. Vay (pg,p? + ¢%) = 1, nhu thé, tix (2), theo
dinh 1y 6.1, ta ¢6 pq = s%,p? + ¢*> = 2 v6i s,t € N*. Vi pg = s?,(p,q) = 1 nén
p=1u?qg=v?v6iu,v € Nt nghia la (u?)? + (v?)2 = 2 hay u* + v* = 2, trong
dé c=m? +n? > m=p?+ ¢® =% > t, miu thuln véi cich chon c. Nhu vay diéu
gia st ban déu 12 sai va ta ¢6 diéu phii ching minh. '

BAI TAP
4.1 Ching minh ring phuong trinh z2 + y2 + 22 = 2zyz khong c6 nghiém nguyén
khéc (0, 0, 0)
4.2 Ching minh ring hé phuong trinh

khong c6 nghiém nguyén duong.
4.3 (Hungary 2001) Tim t4t cd c4c s6 nguyén z, y, z sao cho 5x2 — 14y% = 1122,

4.4 Chimg minh ring hé phuong trinh 22 + 22 = 22, 222 + y? = 2 khong c6
nghiém nguyén duong.

4.5 Ching minh ring phuong trinh z* — y* = 2% khéng c6 nghiém nguyén duong.
4.6

0.5 Xay dung nghiém

C6 nhiéu bai todn khong yéu cdu tim 14t cd cdc nghiém cia phuong trinh, ma chi yéu
cdu chilmg minh phuong trinh ¢6 vo s¢ nghiém. Trong trudng hop nhu thé, ta chi cdn
x4y dung mot ho nghiém chita tham s6 13 dd. Viéc xay dung nhu th€ c6 thé duoc thuc
hién bing c4c gia dinh, gi6i han mién nghiém. C4c siéu phang 13 nhiing mién gi6i han
thong dung.



Vi du 5.1. (Ttaly 1996) Ching minh ring phuong trinh a? + b% = ¢2 43 ¢6 -
nghiém nguyén (a, b, c).

L&i gidi. Chon ¢ = b+ 1 thi ta dugc phuong trinh a? = 2b + 4 (*). Bay gi
cdn chon a = 2k,b = 2(k? — 1) 1A ta dugc nghiém cla (*) va nhu viy phuong
ban ddu ¢6 ho nghiém a = 2k, b = 2(k? — 1),c = 2k* — L.

Vi du 5.2 (Canada 1991) Ching minh ring phuong trinh 22 + 3% = 2% ¢6°
nghiém nguyén duong.

Loi gidi Chu y ring 2™ 4 2™ = 2™+l Pat ¢ = 9M/2 4 = 9m/3 5 = o(m-
khi d6 2% 4- 43 = 25. Ta chi cdn tim m sao cho m/2, m/3 va (m + 1)/5 nguy
xong. Pay la mQt ba1 todn bic nhét don gian va ta ¢6 thé tim dugc m = 6(5k +

Vidu 5 3 Chimg minh ring v6i moi n > 2, phuong trinh z? + 4% = 2™ luor
c6 vo s6 nghiém nguyén duong.

Lot gidi. Xét s6 phidc o = a + bi. Gia st o™ = x + yi thi ta c6
Vat+yt =la" = o = (Va2 +b2)"
Tir d6 2% + y? = (a® + b%)".
BAI TAP

5.1 Dva vao hing dang thitc {2(34L‘+2@H—1)+}2 2(49v—l—3y+2)2 (2z41)?
chimg minh ring phuorng trinh 22 + (z + 1) = y? c6 vo s6 nghiém n
duong.

5.2 Dua vao hing ding thic {2(7y + 12z + 6)}% — 3{2(dy + Tz + 3) + .
(2y)? — 3(2z + 1)? ching minh ring phuong trinh (z + 1)% — 2 = y2 c6
nghiém nguyén duong.

5.3 Ching minh ring tén tai vo s§ c4c cap s6 hitu ty duong (z, y) sao cho 23+

5.4 (Bulgaria 1999) Chimg minh ring phuong trinh &® +¢° + 2% +t3 = 199¢
s& nghiém nguyén.

5.5 Chimg minh ring v6i moi n > 2, ludn t6n tai n s6 nguyén duong c6 tén
: tich.

5.6 (IMO 82) Ching minh ring néu n 12 s6 nguyén duong sao cho phuon
2% — 3zy? 4+ y® = n c6 nghiém nguyén (z,y), thi phwong trinh nay c6
ba nghiém nhu vay. Ching minh ring phuong trinh d6 cho khong c6 1
khi n = 2891.

5.7 Chimg minh ring phuong trinh (2% +z + )(y? +y+ 1) =22+ 2+ 1 c
nghiém nguyén.
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5.8 (THTT 4/187, du tuyén IMO 92) Chimg minh ring, v6i s6 nguyén duong m bit
ky s€ tén tai v s6 cic cap sO nguyén (z,y) sao cho

1) z va y nguyén t8 clng nhau
2) y chia hét T2 +m;
3) = chia hét y? 4+ m.

5.9 (Saint Peterburg 2003) Ching ring t6n tai cic s6 nguyén duong a > 1,b >
1,¢ > 1 sao cho a? — 1 chia hét cho b, b* — 1 chia hét cho ¢ va ¢2 — 1 chia hét
cho a va a + b+ ¢ > 2003.

5.10 Chimg minh ring phuong trinh 2% + y2 + 22 = xyz c6 vo s6 nghiém nguyén
duong.

0.6 Phuong phap s6 hoc

Céc tinh ch4t cla s6 nguyén lién quan dén s§ nguyén 8, uic s6 chung, boi s6 chung
nhu Dinh 1y co ban ctia s6 hoc, cdc dinh ly Fermat, Euler, Wilson ... déng moét vai trd
quan trong trong viéc tim ki€m 13i gidi ctia phuong trinh Diophant. Chiing t6i nhic lai
mot s6 dinh 1y (khong chiing minh) va dua ra mot s6 vi du dp dung.

Dinh ly 6.1 (B8 dé)

1) Chon > 1 1a mot s6 nguyén duong. Néu a, b, ¢ 1a cdc s6 nguyén thdéa méin diéu
kién a.b = ¢" va (a,b) = 1 thi a = (a/)",b = (b')" V6i cdc s6 nguyén a’, b’ ndo
do.

2) Néu a hitu ty, a™ nguyén vdi n nguyén duong ndo dé thi a nguyeén.

3) Néu a nguyén /a hitu ty thi {/a nguyén.

Dinh ly 6.2. (Dinh ly nho Fermat) Néu p 14 s6 nguyén t6 va a 1a mot s6 nguyén
iy ¥ thi a? — a chia hét cho p. Néu (a,p) = 1 thi a?~! =1 (mod p).

Dinh ly 6.3. (Dinh 1y Euler). Néu m 12 s6 nguyén duong, (a,m) = 1 thi
a®™ =1 (mod m), trong d6 ¢ 12 Phi-ham Euler - s6 cdc s6 nguyén duong nhd hon
m nguyén t6 cing nhau véi m.

Dinh ly 6.4. (Dinh Iy Wilson). p 1a s6 nguyén t6 khi va chi khi (p —1)! 41 chia
hét cho p.

Dinh ly 6.5. (Dinh 1y Fermat-Euler) Néu p = 4k 4 1 thi t6n tai c4c s6 nguyén
duong a, b sao cho p = a® + b2.

Dinh ly 6.6. (M0t tinh chit quan trong) Cho p 1a s6 nguyén t6 dang 4k + 3 va
(a,b) = 1. Khi d6 a? + b? khong chia hét cho p.
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Vi du 6.1. (Phuong trinh Pythagore) Tim nghiém t6ng quit clia phuong
2% 4+ y? = 2% trong tap hop céc s6 nguyen duong.

Giai bai todn nay ta c6 két qua sau ma ta phét biéu nhu mot dinh 1y:

Dinh Iy 6.7 Moi nghiém nguyén duong clia phuong trinh z2 + 3% = 22 d
thé viét dudi dang = = (m? — n?)k,y = 2mnk, z = (m? +n?)k hoic = = 2mn}
(m?—n2)k, z = (m?+n?)k, trong d6 cdc s6 nguyén m, n, k thda min céc diéu ki

1 (m,n) =1,(z,y) =k
2) cdc s6 m,n khic tinh chin 1
m>n>0,k>0.

Chiing minh. Gid st (z,y) = k, khi d6 ¢ = ka,y = kb trong d6 (a,b) =
c6 (ka)? + (kb)? = 2% twong duong véi a? + b2 = (z/k)% Dit z = ke,c € Q, k
a? +b* = c% Do c € Q,c® € Nnén theo dinh Ij 6.1, c € N. Vi (a,b) =1
nh4t mot trong hai s6 a, b phai 8. Gia skt ring b 18, khi d6 a?, b2 khi chia 4 du |
thé ¢? chia 4 du 2, diu nay khong thé vi ¢? chia hét cho 2 ma khong chia hét «
Vay b chdn va nhu th€ c? = a2 + b% 18. Ta c6
b\2 c—ac+1

b2 =(c—a)(c+a) hayla (5) =53

Dé dang kiém tra ring (c—a)/2, (c+a)/2 la cdc s& nguyén nguyén t6 clng
Nhu thé, theo dinh ly 6.1, t6n tai cdc s6 nguyén duong m,n sao cho (¢ — a)
n? (c+a)/2 =m?, trd6 c = m?+n? a = m?—n? va b = 2mn, trong d6 (m, n)

Vi du 6.2. (Lebesgue) Giai phuong trinh 22 —y3 = 7 trong tap hop cic s6 tur

Li gidi. Néu y 1 s6 chin, tc 12 y = 2k thl = = 83 + 7 chia 8 du 7 I
khong thé. Vay y 1. Ta c6

22 +1=942+8 haylh 22+1=(y+2)(¥* -2y +4)

Néu y chia 4 du 1 thi y + 2 ¢6 dang 4k + 3. Néu y chia 4 du 3 thi 3% — 2

{ c6 dang 4k + 3. Vi vay, trong moi trudng hop, v€ trdi deéu ¢6 udc dang 4k + 3
i d6 c6 ude nguyen 18 dang 4k + 3, diéu ndy mau thudn véi dinh ly 6.6.

!

Vi du 6.3. (Euler) Ching minh ring phuong trinh 4xy — z — y = 22 kho
nghiém nguyén duong.

Huéng dén. Viét phuong trinh duéi dang (4o — 1)(dy — 1) = 422 +1 va st
dinh 19 6.6.

Vi du 6.4. a) Cho z,y, z 1A c4c s6 nguyén thda man diéu kién z/y + y/z |
nguyén. Ching minh rang zyz 12 lap phuong clia mot s§ nguyeén.
b) Tim nghiém nguyén cla phuong trinh z/y +y/z + 2/ = 3.
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Hudng dén. Viét phuong trinh dusi dang %z + y?z + 2%y = kzyz. Goi p la
u6c nguyén 16 cha (z,y). Hiy chimg minh ring zyz chia hét cho p°.

BAI TAP

/ 6.1 Giai phuong trinh trong tap hop cic s6 nguyén duong

L ol <o

1,1
z y 2003

o7

6.2 Tim nghiém nguyén clia phuong winh 23 — 5y = 13. O ly © 5
6.3 Ching minh ramg3 phuong lrmh z3 & 3 = 4y(y + 1) khong c6 nghiém nguyén.
- 21.}) W } v 21
6.4 Chimg minh ring phuong trinh 7 +y” = 19987 khong cé nghiém nguyén duong.
6.5 Ching minh ring néu p 12 s6 nguyén t6, n 12 s6 nguyén duong thi phuong trinh
(e +1) =p*"yly +1)

khong ¢6 nghiém nguyén duong.

6.6 Tim tat cd nghiém cla phuong trinh

trong tap hop cac s6 nguyén.

6.7 Chimg minh rang néu c 12 s6 nguyén duong 1& thi phuong trinh

z — = (2 -1

khong c6 nghiém nguyén duong.

6.8 (Euler) Ching minh ring phuong trinh

dgyz—z—y—t2=0

khong c¢6 nghiém nguyén duong.

6.9 (Nga 1997) Tim tit ca cdc cap s6 nguyén t6 sao cho p — g% = (p + )%

6.10 (Legendre) Ching minh ring phuong trinh az? + by? = c22, trong d6 a,b,c

la cdc tham s6 khong cé uGc chinh phuong, d6i mot nguyén t6 cing nhau c6
nghiém nguyén duong khi va chi khi hé¢ phuong trinh dong du sau c6 nghiém

(o, B,7):

be=a? (moda), ca=p% (modbd) ab=—% (mod c)



0.7 Phuong phap hinh hoc

Hinh hoc ¢6 nhitng tng dung rat bt ngd trong viéc gidi cdc bai todn s hoc. C
ta chdc chén cdn nhé bai todn clia IMO 42 “Cho c4c s§ nguyén duong a, b, c,
a>b>c>d>0 Gidstac+bd=(b+d+a—c)(b+d—a+c). Ching
rang ab + cd khong phai 12 s6 nguyén t6” d6 dugc gidi hét stc 4n twong bing ...
1y ham s6 cos va dinh 1y Ptolémé. Duéi day, ta s€ xét hai vi du Gng dung ctia hin
trong s6 hoc véi hai phuong phép ti€p can khéic nhau.

Phuong phdp thit nhit dugc goi 1a phuong phdp cét tuyén, sir dung y tudn
hinh hoc gidi tich vao viéc nghién ctu cc diém nguyén va diém hitu ty trén ¢
cong. Chinh huéng di nay d6 din dén khai niém dudng cong elliptic, mot trong r
vién gach co ban dat nén méng cho viéc ching minh dinh 1y 16n Fermat. & day, «
ta chi gidi han & mét vi du nho.

Vidu 1. Tim t4t ca chc nghiém nguyén khdc (0,0,0) cta phuong trinh
z? + 2y2 = 32°
L&i gidi. Chia hay v& cla phuong trinh cho 22, ta dugc phuong trinh
B a(Y)=s
bit u = z/z,v = y/z, ta dugc phuong trinh
u? 4 w? =3

trong d6 u, v hitu ty. Bai todn quy vé viéc tim tit ca cdc nghiém hitu ty cla (2). ~
tim t4t c4 c4c diém hitu ty nim trén dudng cong (E) : u? +2v% = 3. Chid y ri
1) 1a mot diém hitu ty cla (E). Néu (ug, vo) 12 mot diém hitu ty khdc (1,1) thi.
thing qua (1,1) va (ug,vg) s& c6 he s gbéc hiru ty. Mat khéc, néu y = k(z — !
1a dudng thing qua (1,1) véi he s6 géc k hitu ty thi, 4p dung dinh Ly Viét cho p
trinh hoanh d¢ giao diém, giao diém thi hai cla dudng thing trén véi (C) cling

do hitu ty. Tinh todn tryc ti€p ta c6 toa do cha diém ndy la

yo 2K —4k—1 2k —2k+1
_ T2k 4+1 7 T 2k
Tur day ta cling tim dugc nghiém tdng qudt cha (1). Vidu véi k = ~1 ta

u=>5/3,v=1/3 va ta c6 nghiém (5, 1,3) cta ().

Phuong phép thit hai 13 phuong phép diém nguyén, Iu6i nguyén. R4t nhiéu ¢
sau sic cla s6 hoc duge chimg minh bang céch tinh s§ diém nguyén trong mot
Chang han Luat thuan nghich binh phuong cho k¥ hiéu Legendre d6 dugc ching
nhu vay. Dudi day, ching ta xét mot tng dung khéc ca phuong phap luéi ngu

Vi du 2. BS dé Minkowsky va dinh Iy Minkowsky

Dinh 1y Minkowsky 12 mot vi du rat thd vi vé€ tng dung cia hinh hoc tr
thuyét s6. Ching ta bat ddu tr mot két qu rdt don gidn nhung hitu ich.
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B& dé 7.1 Trén mat phéng cho hinh F ¢6 dién tich 16n hon 1. Khi d6 t6n tai hai
—_—

diém A, B thuoc F, sao cho vécto AB ¢6 toa do nguyén.

Chitng minh. Lu6i nguyvén cat hinh G thanh cdc mdu nhd. Chéng cdc méu nay
lén nhau, do t6ng dién tich clia cdc médu 16n hon 1, nén c6 it nhdt hai miu c6é diém
chung. Goi A, B la hai diém nguyén thuy ing v6i diém chung nay thi A, B 13 hai
diém cin tim.

B& dé 7.2 (BS dé Minkowsky) Trén mat phing cho hinh 16i F nhan goc toa do
lam tam d6i xding va c¢6 dién tich 16n hon 4. Khi dé né chia mot diém nguyén khic
go6c toa do.

Chitng minh. Xét phép vi ty tam O, ty s6 1/2, bién F thanh G. Do G c6 dién

tich 16n hon 1 nén theo bé dé 1, t6n tai hai diém A, B thuéc G sao cho vécto AB c6
toa do nguyén. Goi A’ 12 diém d6i xtmg v6i A qua O. Do hinh G d6i ximg qua géc
toa do nén A’ thuoc G. Do G 16i nén trung diém M clta A’'B thuoc G. Goi N 1a
diém d6i xing cla O qua M thi N thuoc F va ON = AB, suy ra N i diém nguyén
khic O (dpcm).

Dinh ly 7.3 (Dinh ly Minkowsky) Cho a, b, ¢ 1 cdc s§ nguyén, trong dé a > 0
vi ac — b%? = 1. Khi d6 phuong trinh az? + 2bzy + cy? = 1 ¢6 nghiém nguyén.
BAI TAP
7.1 Tim t4t c cdc cap (z,y) céc s6 hitu ty duong sao cho 22 + 3y = 1.

‘ 7.2 Chimg minh rang mot dudng cong bac hai bdt ky hoac khong chita dlem hitu ty
ndo, hoic chia v6 s6 diém hitu ty.

7.3 Hiy tim vi du mot dudng cong bac hai khong chita diém hitu ty nao.

7.4 Chimg minh rang néu D 13 s6 nguyén khong chinh phuong thi phuong trinh
z? — Dy? = 1 luon c6 nghiém nguyén duong.

7.5 Cho p, q 12 c4c s6 nguyén duong nguyén t6 cung nhau. Bang cdch dé€m céc diém
nguyén, hdy ching minh cong thic

(P-1qy_ (p—1)(g—1)
P 2
.

-2
2] 2]t
gi .p!

0.8 Phuong phap dai s6 (phuong phap gien)

Néu tir mot nghiém cla phuong trinh dé cho ta ¢6 quy tic dé xay dung ra mét nghiém
méi thi quy tic d6 chinh 12 gien. phuong phip gien 1a phuong phdp dua vao gien
dé tim 14t ci cdc nghiém cla phuong trinh d6 cho tir cdc nghiém co so. DE tim céc
nghiém co sd, ta 4p dung budc I, tic 1A quy tic ngugc clia quy tic tién nbi trén.
Minh hoa t6t nhét cho ¥ twdng nay 1a phuong trinh Pell va phuong trinh Markov. Ta
bit ddu bing phuong trinh Pell. ‘



Phuong trinh Pell ¢8 dién 1a phuong trinh dang, 22 — Dy? = 1 trong d6 L
nguyén duong khong chinh phuong. Néu D = k2 thi tr phan tich (z —ky)(z +k;
ta suy ra phuong trinh d6 cho c¢6 cic nghiém nguyén duy nhit 1a (1,0). Trong !
hop D bat ky thi (1,0) ciing 12 nghiém ctia phuong trinh Pell. Ta goi nghiém
nghiém tdm thudng.

V6i s6 nguyén duong D khong chinh phuong cho trude, dit S = {(z
(N*)?%|z? — Dy? = 1} 1a tap hop tdt ci cdc nghiém nguyén duong cha p
trinh Pell

22 —Dyt=1
Ta c6 dinh ly quan trong sau

Dinh ly 8.1 Néu D la s6 nguyén duong khong chinh phuong thi S # (),
phuong trinh (1) ¢6 nghiém khong tdm thudng.

Chimg minh dinh Iy nay kha phic tap, dua vao ly thuyét lién phan s8 hoac p
phép hinh hoc. Tuy nhién, vé& mat tng dung (trong céc bai todn phd thong), d
ndy 1a khong thuc sy cin thiét vi véi D cho trude, ta ¢6 thé tim ra mot nghiém n
duong cha (1) bing phuong phdp thir vi sai. Ta bd qua dinh Iy ndy va chuyér
dinh 1y mo t4 t4t ci c4c nghiém cta (1) khi biét nghiém co sd.

Véi (z,y),(2',y) € Stacénéu z > 2/ thiy > . Dodé c6 thé dinh
(z,y) > (z'y/) hay l1a z > z’. Véi thit te ndy, S 12 mot tap sép thit tw t6t. Goi
12 phdn tir nhd nhat coa S theo thit tu trén. Ta goi (a, d) 12 nghiém co s& cla

Dinh ly 8.2 Néu (a,b) 1a nghiém co sd cla (1) va (z,y) 12 mot nghiém n
duong tly ¥ clia (1) thi tén tai s6 nguyén dwong n sao cho z +yv/D = (a + b
va tlir d6 moi nghiém clia (1) déu c6 thé tim dugc bdi cong thic

_@+®D)+(@-wD)" _(a+b/D)" ~(a-byD)"
- 2 Y= 2D

Chitng minh. Nhan xét ring néu (z,y) la nghiém cta (1) thi 2’ =azx — I
y' = ay — bx ciing 12 nghiém cta (1) (c6 thé khong nguyén duong)

Truée hét, do vD vo 1y nén néu z + yvD = (a + bV/D)* thi T — 31
(a —bv/D)™ va tit d6 22 — Dy? = (a+ bv/D)™(a — bv/D)" = (a* — Db?)" =
ra (z,y) la nghiém cta (1) va ta c6 cong thic nhu trén.

Tiép theo, gid st khong phai nghiém ndo cla (1) ciing ¢ dang (2). Goi (z
12 nghiém nho nhat khong ¢6 dang (2) thi rd rang x* > a,y* > b. Theo nhén :

z' = az* — Dby * y':ay*—bm*

12 nghiém cta (1).
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Dé dang kiém tra dugc ring 1) zx > z’ > 0va 2) yx > ¢/ > 0. Tir d6, do tinh nhd
nh4t clia (zx, y*), 16n tai n nguyén duong sao cho z' +y'v/D = (a+bv/D)™. Gidi he
(3) v6i 4n 12 (z*,y*), ta dugc (chd ¥ a® — Db? = 1) ox = ax' + Dby, y* = ay’ + bz’
Tt do

¢ % +y* VD = az’ + Dby + (ay’ + bz')VD = (a + bV D)(z' + VD) = (a + bVD

mau thufn!
Vay diéu gia sir 12 sai va (2) 12 t4t ca c4c nghiém ctla (1).

Tiép theo, ta xét phuong trinh dang Pell, téc 14 phuong trinh dang
z? — Dy2 =k . 4)
trong d6 D khong chinh phuong va k ¢ {0, 1}.

Ta ¢6 mot s6 nhan xét sau

(i) Khong phéi v6i cip D,k ndo phuong trinh (4) ciing cé nghiém. Chang han,
phuong trinh 22 — 3y? = —1.

(ii) Néu phuong trinh (4) c¢6 nghiém nguyén duong thi né c6 v6 s6 nghiém nguyén
duong. Ly do: néu (z,y) 12 nghiém cia (4) thi
R 2’ =az + Dby Yy =ay+bx

ciling 12 nghiém cta (4), trong d6 (a,b) 1a nghiém co s& cua phuong trinh.

Nhu thudng 18, ta dat S = {(z,y) € (N1)? }a: — Dy?® = k} va goi (a, b) 1a nghiém
cd sd cha phuong trinh Pell twong ing z2 — Dy? = 1. Nghiém (z¢, yo) thudc S dugc
£oi 12 nghiém co s& clia (4) néu khong ton tai (z',y') € S sao cho

z=az + Dby y=ay +bx'
Goi Sp 1a tap hop t4t ca cdc nghiém co sd. Ta ¢6 dinh ly quan trong sau:

Dinh ly 8.3 V6i moi D,k ta c6 |S0| < oo.

Chitng minh. Né&u Sy = 0 thi |Sp| = 0 < oco. Tiép theo gid st Sy # 0. Goi
(z,y) la mot nghiém co s& nao d6 cla (4). Xét he

ax' + Dby’ =z ay +b2x’ =y

c6 nghiém 2’ = az— Dby, y’ = ay—bz. D& dang chitng minh duge (') —D(y/)?2 = 1.
Vi (z,y) € So nén theo dinh nghia (z',3') ¢ S. Di€u ndy x3y ra khi va chi khi ' <0
hoic 4 < 0 nghiz 13 az < Dby hoic ay < bz, twong duong véi z2 < —kDb? (5)
hoac y? < kb? (6).

Néu (5) xay ra thi ta c6 dénh gid 2 = (2% — k)/D < —k(Db? + 1)/D. Néu (6)
xay ra thi ta ¢6 z? = Dy? +k < Dkb?+ D. Trong ca ha1 trudng hop, ta ¢6 |Sp| < oo.



Cuéi cing, chid y rang tir mot nghiém (z,y) bt ky cla (4) khong thuoe Sp
cdch di nguoc xubng bang cong thic =’ = ax — Dby, y/ = ay — bz ta ludn c6
dén mot nghiém co sd clha (4). Nhu vay, v6i dinh 1y trén, phuong trinh dang F
duge gidi quyét hoan toan. Dudi day ching ta xem xét mot vi du:

Vi du 8.1 Tim tdt ca céc nghiém nguyén duong cia phuong trinh z2 — 5y
(1.

Loi giai. Bang phép thir tudn ty, ta tim dugc nghiém cd s& cla phuong
2% — 5y% = 114 (9, 4). Theo phép chimg minh dinh Iy 8.3, nghiém co s& cha (1
man

2% < 4.542, y? < (4.5.42+4)/5

T day suy ra z < 17, y < 9. Dung phép thir tun ty, ta tim dugc hai nghiém
1a (1,1) va (11, 5). Tir hai nghiém nay, bang cong thic

' =9z + 20y, ¥ =4z + 9y

ta tim dugc tdt ca cdc nghiém cta (1).

Véi phép giai phud}xg trinh dang Pell, trén thyc t€ ta d6 c6 thé gidi t4t c:
phuong trinh Diophant bac hai, tic la phuong trinh dang

- ax’ +bry+ci+detey+ f=0

Dua vao ly thuyét dudng cong bac hai, ta c6 thé dua phuong trinh trén
trong cédc dang chinh sau

(i) Dang ellip: ax? + by? = ¢ (a,b,c > 0), ¢6 hitu han nghiém, gidi bing p
phép thir va sai

(ii) Dang parabol: az? + by + ¢, giai bing déng du bac hai
(iii) D;_ing hypebol: az? — by? = c, phuong trinh dang Pell

Ngoii ra cdn c6 cdc dang suy biét nhu hai dudng thing cit nhau, hai dudng
song song, ellip o ... Duéi day, ta xét mot vi du 4p dung:

Vi du 8.2. Tim t4t cd cdc cap s6 nguyén duong (m,n) thdoa man phuong tr
m(m + 1) +n(n+ 1) = 3mn
Loi gidi. Xét phuong trinh d6 cho nhu phuong trinh bac hai theo m
m? —(3n—1)m+nn+1)=0

Phuong trinh nay c6 nghiém nguyén dwong khi va chi khi A 1a s6 chinh phuoy
la

(3n —1)2 —dn(n+1) =y* hay la y® —5(n — 12=-4
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ta thu dugc phuong trinh dang Pell ma ta d6 biét cdch gidi.

Phuong trinh Markov c6 dién 14 phuong trinh dang
x? —+ x% 4+ 4 :cfl = kx1z9%y, )

& day n va k 1a cdc tham s§ nguyén duong. Trudng hop riéng khi n = k£ = 3 thi
phuong trinh
z? + y2 + 2% = 3ayz (2)

duoc nghién citu chi tiét trong bai bdo clia A.Amarkov vé dang toan phuong duong
dang & Bdo cdo VHL KH Lién X6 nam 1951; “Dang Markov”, lién quan chat ché dén
phuong trinh dang (2) duoc st dung trong 1y thuyét xdp xi cdc s6 vO ty bang cic s
hitu ty.

D4u tién, ta chi ¥ dén mot tinh chat thd vi cha phuong trinh Markov. Néu phuong
trinh (1) c6 mot nghiém thi né s& c6 rat nhiéu nghiém va c6 thé tao ra cdc nghiém dé
bing cich sau day. Ta s& coi mot bién, ching han xn, 12 “4n 6™, con t4t c& cdc bién
khic nhu cdc tham s6. Khi d6, vi phuong trinh

2% — kzyzn_1z+ m% 4+ zz:,zl_l =

12 phuong trinh béc hai theo = va ¢6 nghiém z = zn, nén né c6 nghiém nguyén thi
hai z], = u; theo dinh ly Viet ta ¢

U= kz1Zn_1 — T = (2 4+ +22_1)/zn 3)

Chd ¥ rang u < z, khi va chi khi
1+ + x?l_l < x% hay 1a 2z, > kz1..20n-1 4
Qu4 trinh nay c6 thé thyc hién véi moi bién s6 x; trong vai trd cla z,. Nhung
chi d6i v6i mot bién - bién 16n nhat 12 ¢6 thé xdy ra (4) va ta thu dugc nghiém mdi

(z1,x2,,z)) “nhd hon” nghiém ci (thi ty theo téng cdc bi€n); nhu vay, theo da s6 Ia
cdc nghiém tang lén va ta c¢6 ciy nghiém.

Tiép theo, trix nhiing trudng hop dic biét, ta s& gid st ring 71 < 22 < -+ < Znp.
Ta s€ n6i nghiém (z1, x9,,z,) 12 nghiém gbc (nghiém co s&), néu

:c% + -+ 3:%_1 >z—n? hayld 2z, < k21...%n_1 &)

(tr nghiém nay, t4t cd cdc nhdnh cay di dén c4c nghiém bén canh, déu ting)
B& dé 8.4 Néu phuong trinh (1) c6 nghiém nguyeén duong thi né ¢6 nghiém géc.
B6' dé 8.5 Néu n > 2, (z1,z2,,n) 12 nghiém gbc, ngodira, 71 < 2 < -+ < Tn.

Khi d6

2(n—1) |

T1Tn-2 & %



Chitng minh.

kzlxn_Qwﬁ_l =
kT1Zn_2Tn_1ZTn
=al+- o o
=221+ 1)
=2(n—1)z2_,
B6 dé 8.6 Néu 21 < w2 < - < 2, 12 céc s6 nguyen duong bat ky tho mi:

kienl <22 <z¥+- - +22_,, thity s R=(z? + -+ 22)/z129...2, khon
qui (n + 3)/2.

Dinh ly 8.7 Néu phuong trinh (1) ¢6 nghiém va n # k, thi n > 2k — 3 khi -
van>4k—6khin=3,n=4

Tir cac dinh Ly va b8 dé trén, v6i n cho trudc, viec tim t4t ca cdc gid tri k sao ¢
¢ nghiém thuc hién dugc dé dang. Hon nita, phwong phép gien dugce sit dung & t
thé 4p dung cho c4c phuong trinh dang tung ty, vi du phuong trinh (z4y+2)? =

Cuéi cung 12 mot vi du khic vé {mg dung cha gien

Vi du 8.3 (Iran 2001) Gia st z,y, z 14 c4c s6 nguyén duong thda man dié
a:y—z + 1. Chiing mmhrangténtal cic s6 a,b, ¢ vA d sao cho z = a? + b2
2 +d?vaz=ac+bd

BAI TAP
8.1 (Ailen 1995) Tim tit ci cdc s6 nguyén a sao cho phuong trinh 22 +azy+1,
6 vo s0 nghiém nguyeén phan biét z, y.
8.2 (Pai Loan 1998) Tén tai hay khong nghiém cta phuong trinh
22+ + 22 +u? + 0% = ayzuv — 65
trong tap hop cdc s6 nguyén 16n hon 1998?

8.3 (Viét Nam 2002) Tim tit cd cdc s6 nguyén duong n sao cho phuong
T+ y+ z +t = ny/zyzt c6 nghiém nguyén duong.

8.4 (Ba Lan 2002) Tim t4t ca cdc cap s6 nguyén duong z,y théa min phuong
(z+y)? —2(zy)’ = 1.

8.5 (My 2002) Tim tdt ca c4c cap sip thd tu cdc s& nguyén duong (m,n) s
mn — 1 chia hét m? 4 n?.

8.6 (Viét Nam 2002, vong 2) Chimg minh rang ton tai s6 nguyén m > 2002
s6 nguyén duong phan biét ap, ay, ..., am sao cho

1 4Za

i=1
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la s6 chinh phuong.

8.7 (Viét Nam 2002, vong 2) Tim t4t cd cdc da thifc p(x) vdi hé s6 nguyén sao cho
da thic

g(z) = (2" + 62 + 10)(p())* -
12 binh phuong cia mét da thic v6i hé s6 nguyén.

8.8 (THTT 6/181) Vi gi4 tri nguyén duong nio ctia p thi phuong trinh 22 +¢%+1 =
pzy c6 nghiém nguyén duong?

8.9 (THTT 4/202) Cho ba s6 nguyén a,b,c;a > 0,ac — b = pipapm, trong d6
P1,P2,,Pm 12 cdc s6 nguyén t6 khic nhau. Goi M(n) 1a s6 cic cap s(‘) nguyen
(z,y) thdéa man

ax? +%zy +cy’ =n

8.10 (D& dé nghi IMO 95) Tim s6 nguyén duong n nhd nhét sao cho 19n + 1 va
95n + 1 déu 1a cdc s6 chinh phuong.

8.11 Tam gidc véi canh 3,4, 5 va tam gidc v6i canh 13,14,15 ¢6 cdc canh 12 cic s6
nguyén lién ti€p va c6 dién tich nguyén. Hay tim t4t cd cdc tam gidc c6 tinh
chat nhu vay.

8.12 Ching minh ring néu ca 3n + 1 va 4n 4 1 déu la cdc s6 chinh phuong thi n_
chia hét cho 56.

'8.13 Trong céc hang cta tam gidc Pascal, hay tim hang c6 chia ba s6 hang lién ti€p
lap thanh mot cdp s6 cong.

8.14 (My¥ 1986) Tim s6 nguyén duong n > 1 nho nhét sao cho trung binh binh phuong
cla n s6 nguyén duong d4u tién 12 mot s6 nguyén. '

8.15 Néu a,b,q = (a?+b?)/(ab+1) la cic s6 nguyén duong thi g 14 s6 chinh phuong.

8.16 (MOCP 03) Tim tt ci gi4 tri n sao cho phuong trinh (z 4 y + 2)? = nzyz 6
nghiém nguyén duong.

8.17 (PTNK 03). Tim t4t c4 c4c s6 nguyén duong k sao cho phuong trinh 22 — (k2 -
4)y? = —24.

8.18 Ching minh ring phuong trinh (k% — 4)2? — y? = 1 khéng c6 nghiém nguyén
v6i moi k > 3.

8.19 (Mathlinks) Cho 4 1a tap hop hitu han cic s6 nguyén duong. Ching minh
ring t6n tai tdp hop hitu han cdc s6 nguyén dwong B sao cho A C B va
HzeB T = E:ZGB :IJ2.

TAI LIEU THAM KHAO

1. Jean-Marie Monier. Pai s6 1 - Gido trinh todn tdp 5, NXBGD-Dunod 1999.



10.

11.

12.

13.

14.

. Ha Huy Khodi - Pham Huy Pién. S  hoc thudt todn, NXB DHQG HN 2

L& Hai Chau. Cdc bai thi hoc sinh gidi Téan PTTH toan quéc, NX]
1994.

Nguyén Sinh Nguyén, Nguyén Vian Nho, L& Hoanh Pho. Tuyén tdp cdc
du tuyén Olympic Téan hoc Quéc té 1991-2001, NXBGD 2003.

Nguyén Van Nho. Olympic Todn hoc chdu d - Thdi Binh Dwong 1.
2002, NXBGD 2003.

Tap thé tacgia. Tuyén tdp 5 ndm Tap chi Todn hoc va Tubi tré, NX
2003.

Arthur Engel. Problem Solving Strategies, Springer 1998

Goeoge Polya. Gabor Szego, Problems and Theorems in Analysi.
Springer 1976

Harvey Cohn. Advanced Number Theory, Dover Publications 1980

Titu Andreescu, Juming Feng. Mathematical Olympiads 1999-2000: O
Problems from Around the World, MMA 2000.

Titu Andreescu, Juming Feng, Hojoo Lee. Mathematical Olympiads 2
2002: Olympiads Problems from Around the World, MMA 2002.

Titu Andreescu Razvan Gelca. Mathematical Olympiads Challenge. Bi
2000.

Walter Mientka others. Mathematical Olympiads 1996-1997: Olymg
Problems from Around the World, MMA 1997.

Walter Mientka others. Mathematical Olympiads 1997-1998: Olymg
Problems from Around the World, MMA 1998.

. Bugaenko B.O. Phuong trinh Pell (tiéng Nga), Matxcova 2001.

. Badzylev D.E. Phuong trinh Diophdng (ti€ng Nga), Minxk 1999,

. Gelphond A.O. Gidi phuong trinh nghiém nguyén (tiéng Nga), Nauka
. Serpinski B. V& gidi phuong trinh nghiém nguyén (ti€ng Nga), FML
. Serpinski B. 250 bai todn so cdp vé ly thuyét sé (ti€ng Nga), FML 19

Cic tap chi Kvant, AMM, Toén Hoc Tuéi tré, Todn hoc trong nhd trudng

. Tai liéu trén Internet, dic biét 12 website www.meeme.ru va www.mathlir



140

PHUGNG PHAP GIAI BAI TOAN CHIA HET

Dang Huy Ruan

Khi ¢6 s6 nguyén a va s6 tu nhién b mot trong nhitng cau héi hién nhién duoc dat
ra la: Liéu a c6 chia hét cho b khong? C6 nhiéu phuong phdp gidi bai todn chia hét.
Song viéc van dung phuong phép lai phai phu thudc vao dang bai todn. Duéi day xin
trinh bady mot trong cdc phuong phép d6: phuong phép ding phép chia cé du, phuong
phdp d6ng du, phuong phép ding tinh tudn hoan khi nang lén lity thira, phuong phip
quy nap v2 sir dung tiéu chufn chia hét.

0.1 Cac s6 nguyén va cic phép tinh s6 nguyén

Tap hop céc s6 nguyén gbm cic sO tu nhién 1,2, 3, s6 khong 0 va cc s6 nguyén am
—1,—2,—3 Trong tap hop d6 ludn ludn thuc hién duge phép cong va phép trir. N6i
céch khéc, néu m va n 1a cc s6 nguyén, thi téng m +n clia ching cling 14 s6 nguyén.
Hon nita, véi hai s6 nguyén m,n tuy y ton tai duy nhit moét s6 z thod mén phuong
trinh

n+r=m

S6 d6 duge goi 1A hiéu cha cdc s6 m va n déng thoi ky hiéu bing m — n. Hiéu
hai s6 nguyén bat k¥ cling 14 s6 nguyén.

Trong tap hop cic s6 nguyén ciing luén luon thuc hién duge phép nhan, nghia 13,
néu m va n la cic s6 nguyén, thi tich m.n cla ching cling 12 s6 nguyén. Tuy vay,
phép chia (12 phép tinh ngugc clia phép nhan) khéng phai khi nao cling thyc hién dugc
trong tap hop cac s6 nguyén. Két qua cia phép chia s6 a cho s6 b # 0 1a s6 = duoc
ky hiéu bang a : b hoac § thod méan phuong trinh

br=a

S6 = d6 t6n tai va duy nhit. Song két qua cla phép chia mot s6 nguyén cho
mot s6 nguyén khiac khong phdi khi nao cling 12 mot s6 nguyén. Thi du, cic thuong
3:2,6:5,(—50):7,(—60) : (—21) khong phai 1a c4c s6 nguyén. Diéu dé ¢6 nghia la
phép chia khong phai luén luén thyc hién dugce trong tap hop céc s6 nguyén. Thuong
ctia phép chia s6 nguyén a cho s6 nguyén b # 0 c6 thé khong thu6c tap hop cdc s6
nguyén; cdn chinh trong tap hop cic s6 nguyén khong tim dugc mot s6 nio dé ta cé
thé goi 1a thuong clia phép chia a cho b.

Tat nhién, ta cling gap céc trudong hop: Thuong cla phép chia mot s6 nguyén cho
s6 nguyén khdc ciing lai 12 mot s6 nguyén, ching han

8:(-2)=-4,48:12=4,(-6): 6= -1



Dinh nghia. Néu a va b (b # 0) 12 cdc s6 nguyeén, ma thuong a : b cling
nguyeén, thi ta néi rang s& a chia hét cho s6 b va viét a : b.

Ciing ¢6 thé néi cdch khdc: S6 nguyen a chia hét cho s6 nguyén b # 0, né
tai mot s6 nguyeén k, sao cho a = kb. Dinh nghia v€ chia hét trén day s€ thudng
sau nay.

Vi chi n6i dén céc s6 nguyen, nén dé ngin gon ta s& viét “s¢™, nhung ludn
hiéu 12 s6 nguyén. Xin nh&n manh ring, chi c6 thé néi vé thuong a : b khi b
Trudng hop b = 0 thuong a : b khong x4c dinh, nghia 12 biéu thic a : 0 hay gt
c6 nghia. Tém lai khong thé chia cho s& khong.

Nguoc lai, khi a = 0 (va v6i moi b # 0) thuong a : b xdc dinh (v bing kho

%zomnb;éo

Vi trong trudng hop nay s6 khong 1a s& nguyén, nén né chia hé&t cho moi s6 n.
khic khong (ngoai ra thuong bang khong).
0.2 Ciéc dinh ly vé chia hét

Dinh 1y 1. Néu céc s6 ay, ag, ..., ap chia hét chom, thiténg a; +as +---+a
hét cho m.

That vay, vi a;(1 < i < n) chia hét cho m, nén tén tai s6 nguyén k; , dé a; =
Boi vay

artaz+---+ait-Fan=kmtkm+-+hm4 o+ Eam
n
=) k)m.
i=1

Vi téng céc s6 nguyén 12 s6 nguyén, nén téng a; +az + - +a; +---+a
hét cho m.

Dinh 1y 2. Néu ¢ hai s6 a va b déu chia hét cho m, thi hitua —-bva b -
chia hét cho m.

+ That vay, vi a, b déu chia hét cho m, nén t6n tai c4c s6 nguyén ¢,s dé a =
b= s.m. Do d6,

a—b=tm—sm=(_—-s)m

b—a=sm—tm=(s—t)m

Vi hiéu hai s6 nguyén 12 mot s6 nguyén nén (a — b)'m va (b — a)im.
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Hé qua 1. Néu 1éng mot s6 s6 hang chia hét cho m va trir mot s6 hang, con 4t
ca c4c s6 khdc déu chia hét cho m, thi s6 hang nay ciing chia hét cho m.

That vay, gid st téng S = ay + ag + - + @i—1 + a; + @41 + -+ - + a, chia hét
cho m va chi ¢6 a4, con a1, a2, ..., Gi—1, @it+1, ..., an déu chia hét cho m. Khi dé t6n
tai cdc s6 nguyen s,t;(1 < j < n, j #1) dé S = sm,a; = t;m. Va

a;=8—a1—@s— " —Qi—1 — Q41 — " —0n |
ai=sm—tim—tam—.--—ti_ym—-tim—=tip1m—---—tym
ai=(s—ty—ty— - —tig—ti—tiyy — - —ty)m

néna; chia hét cho m.

Dinh 1y 3. Néu mbi s6 a; chia hét cho m;(1 < i < n) thi tich a1a2...04;0i41...an
chia hét cho tich mymg...mym;y1...70,.

That vay, vi a; chia hét cho m;(1 < ¢ < n), nén t6n tai s6 nguyen k;(1 <i < n)
dé a; = KiTh,. Khi d6 '

a1.0204.044+1...0n-10n = klml.k2m2...k,-m,;kiﬂmi“...kn_lmn_lknmn
= (klkgkz-kiﬂ...kn_lkn)(ml.mg...mi.miﬂ...mn_lmn)

Nén tich a;.a0a, chia hét cho tich myma...m,,.

Hé qua 2. Néu a chia hét cho m, thi v6i s6 tr nhién n tuy ¥ o™ chia hét cho
m’,

Hé qua 3. Néu chi moét thira s6 chia hét cho m, thi tich ciing chia hét cho m.

That vay, gid sit s6 a; chia hé&t cho m, con ay, ag,,a;_1, 841, ..., an 12 clc sO tuy
y. Do a; chia hét cho m nén t6n tai s6 nguyén ¢, dé a; = t,. Khi d6

41.09i—1.04.0i41..-0n = 01.02...8;—1t.MAj11...0n = (01.02...0j—11.Qj41...Gp )T,

nén ai.as...a;_1.044.4i+1...an chia hét cho m.

0.3 Phép chia c6 du

Néu s6 a chia cho b ¢6 thuong [a g vA s6 du 1 7, thi ¢ thé viét
a=bg+r

Tuy vay, khong phdi moi cdch vi€t @ = bg + r déu dugc xem la cdch viét phér
chia ¢6 du. Chéng han, dang thic 30 = 4.5 4 10 ding, nhung khong thé néi ring
30 chia cho 5 con du 10, vi s§ du phai bé hon s6 chia. Tuong ty nhu vay, cdch vi€
30 = 4.8+ (—2) ciing khong cb nghia 1a 30 chia cho 4 con du —2,vi s6 du khong the
am. Ti nhimg diéu phan tich & trén nhan thdy ring, dé cdch viét

a=bg+r



Biéu thi phép chia a cho b vdi s6 du r, cdn dat diéu kién cho r khong am
hon b, nghia 1a 0 < » < b. Bdi vay c6 dinh nghia

0.3.1 Dinh nghia

Gia st a,b 12 hai s6 nguyén va b > 0. Ta néi ring s6 a chia cho s6 b c6 thuon
va s6 du 12 7, néu a c6 thé biéu dién bang ding thic a = bg + r, trong d6 0 < -

0.3.2 Sy ton tai va duy nhit cta phép chia c6 du
C6 hai van dé duoc dat ra d6i vé6i dinh ngnia phép chia c6 du la

1. Liéu c6 thé ludn ludn thuc hién duge phép chia c6 du hay khong? N6
khéc, néu cho s6 nguyén a va s6 ty nhién b, thi luén lu6n c6 thé chon duc
s6 nguyén g va r, d 0 < r < b vd a = bg + r hay khong?

2. Phép chia c6 du cé duy nhdt hay khong? No6i cdch khic, néu s6 a duo
dién bing hai cdch khac nhau duéi dang

a=bqy +7r,0<r;1<b
<

a=bg +ry, 0<ry<b

thi hai cdch nay c6 nhit thiét phai tring nhau hay khong, nghia 1a, phai ¢6 q; =
r1=1r97

Dinh 1y sau s& gidi ddp ci hai cau hoi trén va khing dinh phép chia c6 du
- ludn t6n tai va duy nhat.

Dinh 1y 4. Gia st a 12 s6 nguyén va b 12 s6 tu nhién. Khi d6 ¢6 thé chon
cdc sd nguyén g va r, sao cho 0 < 7 < bvd a = bg+ r. Cic s6 ¢, va r xé4c din
cdc diéu kién trén 1 duy nhit.

Chon s6 tu nhién ¢, sao cho |a| < ¢ va xét diy s6
—cb, (—c+ )b, (—c +2)b, ..., —2b, —b, 0b, 2b, ..., (c — 1)b, cb

Trong d6 ké tir s thit hai déu 16n hon s ngay truéc né b don vi. Nén day |
ddy tang va c6 s6 ddu —cb < a, s6 cubi cb > a (do |a] < c < cbvib = 1). Dié
ching t ring trong diy (1) c6 mot s6 bé hon hay bang a, con s6 tiép theo 16n !
Ky hicu s6 ny 13 gb. Khi d6 s6 tiép theo la (g + 1)b da Ién hon a.

gb<a<(g+1)b
Nhu vay 1a thuong ¢ da chon duge. Ky hiéu r 13 s6 a — gb, nén

a=gqgb+r
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Khi d6 bat ding thic (2) c6 dang
@ <gb+r<(g+1)b
B6t c& hai v&€ clia bat dang thifc trén di gb don vi ta ¢6

0<r<db
Vay thuong g va s6 du r di tim duge.

Ta chitng minh tinh duy nhét cba dang biéu dién phép chia c6 du. Gia sir s6 a c6
thé biéu dién bing it nh4t hai cdch khéc nhau va hai trong c4c cdch biéu dién d6 12

a=bg1+7r1, v 0<r <b
a=0bgy+1re v6i 0 <r9 <b

Trir v€ v6i v€ hai ding thic trén c6

(g1 — @)b+ (r1 —rg) =0, 3)

nghia 12 r1 — 79 = —(q1 — g2)b. Do d6 r; — r chia hét cho b.

Gié sir 71 # ro vA dé x4c dinh, ta gid st 7, > r9. Khi d6 r; — ro > 0. Mat khéc
71 =719 <71 < b. Khi d6 71 — r2 1A s6 tu nhién bé hon b, nén n6 khong thé chia hét
cho b. Ta di di t6i mau thuin, nén r; = ro. B3i vay ding thitc (3) c6 dang

(i —g)b=0

Vib # 0 (b la s6 tu nhién), nén suy ra q; — g2 = 0. Nghia 12 g; = g va dang biéu
dién phép chia c6 du 12 duy nhét.

Ti dinh Iy trén suy ra ring, mdi s6 nguyén a cé thé biéu dién bing mot trong cic
dang sau

a=1byg
a=bqg+1,
a=b.g+2,

a=bg+(b-1).

0.4 Phuong phap dung phép chia c6 du

Can ctt vao sO chia b, ma xét moi kha nang phan ticha = b.g+k véi k € {1,2,...,q—1}.
Sau d6, v6i mbi kha nang phan tich nay ly luan dé suy ra d4p 4n clia bai todn. Chang han
v6i ¢ = 3 mbi s6 nguyeén a c6 thé phan tich thanh mot trong ba dang 12 3¢, 3g+1, 3g+2.
Sau d6 th€ mdi dang biéu dién vio cic vi tri cla a rdi 1y luan dé suy ra dép s6.



Vi du 1. Chimg minh ring véi moi s6 nguyén a, s6 a3 — a chia hét cho 6

Gidi. Phan tich biéu thitc a® — a thanh tich clia ba thira s&
& —a=ala-1)(a+1)
S5 a c6 thé biéu dién bing mot trong cdc dang sau
6g, 6g+ 1, 6g+2, 6g+ 3, 6g+4, 6g+5

Ta xét timg kha nang phan tich s6 a

Véi a = 6q 56 a® — a = 6q(6q — 1)(6q + 1) chia hét cho 6;

V6i a=6g+1s6a® —a=(6g+ 1)6g(6q+2) chia hét cho 6

Véi a = 6g + 2 s6 '

a® —a = (6q+ 2)(6g + 1)(69 + 3)
=2(3q+1)(6g +1)3(2¢ + 1)
= 6(3¢ +1)(6¢ + 1)(2¢ + 1)

chia hét cho 6
Véi a = 6g+ 3 s6

a® —a = (6q + 3)(6g + 2)(6g + 4)
=3(2¢+1)2(3¢+1)2(3¢ +2)
=12(2¢+1)(3¢+1)(3¢g + 2)

chia hét cho 6.
Véi a =6q+4s6

a®—a= (6q+4)(6q+3)(6q+ 5)
=2(3¢+2)3(2q + 1)(6g + 5)
= 6(3q + 2)(2q + 1)(6g + 5)

chia hét cho 6.
Véia=6g+5s0

a® — a = (6g + 5)(6q + 4)(6q + 6)
\ = (6q + 5)2(3¢ + 2)6(q + 1)
| = 12(6q + 5)(3g + 2)(g + 1)

chia hét cho 6.

Vay véi moi s6 nguyén a s6 a® — a chia hét cho 6.

Nhén xét. |
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Ngoai cdch gidi trén c6 thé ly luan ngan gon nhu sau.
S6
ad—a=(a—-1ala+1)

chira hai s6 nguyeén lién ti€p, nén né chia hét cho 2. Ngoai ra, s6 nay con chia ba s6
nguyén lién ti€p, nén né chia hét cho 3. Bdi vay s6 a® — a chia hét cho 6. \

Vi du 2. Ching minh ring v6i moi s6 nguyén a, s6 a(a® — 1) chia hét cho 7 ?
Gidi.
Phan tich biéu thic a(a® — 1) thanh tich ta dugc
a(a® - 1) =a(@® - 1)@ +1)=ala—1)(a+1)(a® —a+1)(a® +a+1)
S8 a c6 thé biéu dién bing mot trong cdc dang sau
a=7q, a=79+1,a=T9g+2,a=Tq+3,a=79q+4, a=7¢+5, a=Tg+6 .
Ta xét timg kha nang phan tich s6 a

Véia = 7q s6

a(a® — 1) = 7q(7q - 1)(7g + 1){(7q)* — 7g + 1)}{(79)* + 7g + 1)}

chia hét cho 7.
V6ia="T7q+1s0
a(a® — 1) = (g + 1)7g(7q + 2){(7g + 1)? — 7¢}{(7g + 1)* + 7 + 2}
chia hét cho 7.
Véia="T7q+2s6

a(a® — 1) = (7g+2)(7q + 1)(Tqg + 3){(Tg + 2)> — 7Tg — 1}{(7Tg + 2)> + Tg + 3)}
= (7q+2)(7q + 1)(7q + 3){49¢> + 28¢ + 4 — 7q — 1}{49¢? + 28¢ + 4 + Tq + 3)}
= (Tq+2)(7g +1)(7q + 3){49¢2 + 21q + 3}7{7¢* + 5¢ + 1}

chia hét cho 7;
Vé6ia=Tq+ 3s6

a(a® — 1) = (7g + 3)(7q + 2)(7g + 4){(7g + 3)* — 7g — 2}{(7g + 3)* + Tg + 4)}
= (Tq + 3)(7q + 2)(7q + 4){(49¢* + 42¢ + 9 — 7q — 2}{49¢® + 42g + 9+ 7g + 4)}
= (Tq +3)(7Tq +2)(7q + 4)7{7¢* + 5q + 1}{49¢* + 7q + 13}



chia hét cho 7.
Véia="7q+4s6

a(a® —1) = (Tq+4)(Tq + 3)(7qg + 5){(Tq + 4)* = 7g = 3}{(7Tqg + 4)* + 74 -
= (Tq +4)(7q + 3)(7q + 5){49¢% + 56q + 16 — 7q —3}{49¢” + 56q + 16 + 7.
= (7q + 4)(7q + 3)(7q + 5){49¢* + 49¢ + 13}7{7¢* + 9¢

chia hét cho 7.
Véia=T7q+5s6

a(a® —1) = (Tq +5)(7q + 4)(Tqg + 6){(Tq + 5)% — 7q — 4}{(7qg + 5)® + 7q -
= (7q +5)(7q + 4)(7q + 6){49¢> + 70q + 25 — 7q — 4}{49¢> + T0q + 25 + 7¢
= (79 + 5)(7q + 4)(7q + 6).7.{7¢* + 9¢ + 3}{49¢° + T7q +

chia hét cho 7.
V6ia=7¢+6s6

a(ab — 1) =(7¢+ 6)(7q +5)(Tqg+ 7){(7q + 6)2 —7q-5H(7g + 6)2 +7q -
= (Tq+6)(7q+ 5).7.(g + 1){49¢* + 84g + 36 — 7q — 5}{494® + 84q + 36 + 7
= (Tq+6)(Tq +5).7.(q + 1){49¢% + T7q + 31}{49¢* + 91g +

chia hét cho 7.
Vay s6 a(ab — 1) chia hét cho 7.
Vidu 3. Ching fninh ring khong c6 gia tri ndo cla a, dé s6 a®+1 chia hét
Gidi. S6 a c6 thé biéu dién bing mot trong ba cdch sau
a=3q, a=3q+1, a=3q+2

Xét moi kha nang phan tich s6 a
V6i a = 3¢ s6a®+1 = 9¢°+1 chia cho 3cdn du 1, nén a2+1 khong chia hét «

Véia=3¢+1s6

a?+1=(3¢g+1)2+1
=9¢% 4+ 69 +2
= 3(3¢% +29) +2

chia cho 3 con du 2, nén a2 + 1 khong chia hét cho 3.
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Véi a = 3g+2 s6

a’+1=(3g+2)?%+1
=9¢% +12¢g+4+1
=3(3¢ +49+1)+2

chia cho 3 con du 2, nén a? + 1 khoéng chia hét cho 3.

Vay a? + 1 khong chia hét cho 3.

BAI TAP

1.

10.

0.5

Ching minh ring néu céc s6 a va b khong chia hét cho 3. Nhung c¢6 ciing s6
du khi chia cho 3, thi s6 ab — 1 chia hét cho 3. Nguoc lai néu ab — 1 chia hét
cho 3 thi cic s6 a va b khong chia hét cho 3 va ¢6 ciing du s6 khi chia cho 3.

Ching minh ring néu céc s6 a va b khong chia hét cho 3 va c6 s6 du khéc nhau
khi chia cho 3, thi s6 ab + 1 chia hét cho 3. Nguogc lai, néu ab+ 1 chia hét cho
3, thi céc s6 a va b khong chia hét cho 3 va ¢6 s6 du khdc nhau khi chia cho 3.

. Chitng minh ring vé6i cic s6 a va b bit ky s6 ab(a® — b%)(4a® — b?) luén luon

chia hét cho 5.

Chitng minh ring néu d chi mot s& a hay b khong chia hét cho 7 thi a? + b?
ciing khong chia hét cho 7.

Ching minh ring v6i cic s6 nguyén a, b, c bt k¥, s6 a® + b% + ¢ + 1 khong
chia hét cho 8.

Ching minh ring néu téng cha ba s6 nguyén chia hét cho 6, thi t6ng 1ap phuong
cla chiing cling chia hét cho 6.

Cho hai s6 gém ba chit s6, khong c6 s6 nio chia hét cho 37, con t6ng cha ching
chia hét cho 37. Viét s6 nay ké v6i s6 kia, ta nhan dugc mot s6 gém sdu chix
$6. Chimg minh rang s6 ndy chia hét cho 37.

Cho hai s6 g6ém ba chit s6 ¢6 cling s6 du khi chia cho 7. Viét s6 nay ké s6 kia
ta nhan dugc mot s6 gém-sdu chit s6. Chimg minh rang s6 d6 chia hét cho 7.

Cho z,y 12 cdc s6 nguyén. Chimg minh ring z2 + y? chia hét cho 3 khi va chi
khi ca hai s6 z,y déng thoi chia hét cho 3.

Véi a 1a s6 nguyén. Ching minh ring a® — a chia hét cho 3.

Phuong phap dong du

0.5.1 Phép déng du

Dinh nghia. Néu hai s6 a va b ¢6 cung s6 du khi chia cho m, thi ta n6i ring a va
b déng du theo modun m va viét

a=b (modm)



Va doc 1a a déng du v6i b theo modun m. SI dung cdch viét trén day thuan tié
viéc phat biéu va tinh todn. Sau day s& trinh by mot s§ dinh 1y don gidn vé dor

Dinh 1y 5. Phép dong du a = b (mod m) c6 nghia khi va chi khi hiéu
chia hét cho m. N6i cich khic, cdc s6 a va b ¢6 clng s6 du khi chia cho m, n
chi né€u hiéu a — b chia hét cho m.

Chiing minh. Gia stt a = b (mod m). Khi d6 céc s6 a va b ¢ cling s6 ¢
khi chia cho m. Boi vay
' a=mqg+r, b=mqg +r,
trong d6 g, ¢’ la cic s6 nguyén nao d6. Trir v€ vé6i v& hai dang thifc trén ta duok
a—b=mg—mg =m(qg—q)

Do d6 hiéu a — b chia hét cho m.
Nguoc lai, gid sit hieu a — b chia hét cho m. Khi d6 t6n tai s6 nguyén k, dé

a—-b=km
Chia (c6 du) s6 b cho m:
b=gm+r, trongds 0<r<m
Cong v€ véi v€ dang thic (1) va (2) ta dugc
a=km+gm+r=(k+qg)m+r
déng thoi r vin thod min b4t ding thic kép 0 < r < m, nghia 12 a ¢6 cing s6 ¢
b khi chia cho m, tic a = b (mod m).
DPinh 1y 6. Cic phép dbng du c6 thé cong v& véi v€, nghia 1, néu q;
(mod m) (0 < i < n), thi
aj+ag+--+a;+--.tap=b+bo+ - +b+--.+by (modm
N6i céch khéc, néu a; va b;(0 < ¢ < n) cb cing s6 du khi chia cho m, thi cic t
a1 +ag+---+an vdA by +by+---+ by
cling c6 cung s8 du khi chia cho m.
Chitng minh. Vi a; = b; (0 < ¢ < n), nén theo Dinh 1§ 5, cic s6 a; — b;
i < n) chia hét cho m. Bdi vay t6n tai cdc s6 nguyén k; dé a; — b; = k;m. Khi

(ar+ag+--+apn) = (br+ba+ - +by)=(a1—b1) + (a2 —b2) + -+ (a
=kim+kym+---+kam
=(k1+k2+---+kn)m

Vay hiéu (a3 + a2 + -+ +an) — (b1 + b2 + - - + by) chia hét cho m, nén, theo
Iy 5,

ait+ay+---+ai+--tapn=by+by+--+b+--+by (modm)
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Dinh 1y 7. Cic phép déng du c6 thé trix v€ v6i v€, nghfa A tra = b (mod m), ¢ =
d (mod m)suyraa—c=b—d (mod m).

Chitng minh. Vi a = b (mod m) vad ¢ = d (mod m), nén theo dinh 1y 5, cic
s6 a — b vad ¢ — d chia hét cho m. Do d6 t6n tai cdc s6 nguyén k,l, d a — b =
k.m, c —d = l.m. Trit v€ v6i v€ hai dang thitc trén ta dugc

(a—c)—(b-d)=(a—-b)—(c—d)=km—-Im=(k—1)m \

Bai vay (a — ¢) — (b — d) chia hét cho m. Do d6, theo dinh Iy 5, (a —¢) = (b — d)
(mod m).

Dinh 1y 8. Cic phép déng du c6 thé nhan v€ v6i v€, nghia 13, néu a; = by
(mod m), az = by (mod m),...,a; = b; (mod m), ..., an = b, (mod m), thi

a102...0;....0n = bibe...b...by,  (mod m)
Chi’ng minh. Dinh 1§ dugc ching minh bing quy nap theo n.

Co so quy nap: V6in = 2tacé aj = by (mod m), ag = by (mod m) nén theo
dinh ly 5, céc hiéu a; — b1, ap — by chia hét cho m. Khi dé t6n tai cdc s6 nguyén
k], ko dé ‘

a1 — by =kim, as — by = kom
Do dé6

ajag — bibg = ajag —aiby +a1by — biby
= (a1a2 — a1bs) 4 (a1by — b1bs)
= ai(az — b2) + ba(a1 — 1)
= arkom + bokim
= (alkz + bzk)l)'l’n

Bai vay ajap — biby chia hét cho m nén, theo dinh 1y 4, ajaz = biba (mod m).

Quy nap, gid sir khing dinh d4 ding véi n = t, t > 2, nghia I tir ¢ phép déng du
ty y
a;=b (modm), ag=by (modm),..,a;=b (modm),..,a=b (modyv
di suy ra dugc
a102...0;...a; = biby...bi..by (mod m) (1)
Xét ¢t + 1 phép dong du bat ky, a3 = by (mod m), ag = by (mod m),...,a; = by
(mod m), ..., ag41 = byy1 (mod m).

Khi d6, theo gia thiét quy nap tir ¢ phép déng du ddu di cé

a1az...a; = bibo...by (mod m)



Ky higu, ajas...a; bing As, con bybs...b, bing By. Khi 6, theo dinh Iy 5, hieu A
chia hét cho m, nén t6n tai s6 nguyén [, d€ A, — B; = l.m.

Do atq1 = bey1 (mod m), nén, theo dinh 1y 5, azy 1 — byy1 chia hét cho m
vy t0n tai s6 nguyeén k, dé asr1 — b1 = k.m.
Xét hiéu

Atat+1 — Bi.byy1 = Aragyr — Asbeyr + A1 — Bibeyr -
= Ag(asr1 — by1) + b1 (A — By)
= Apkm + b dom
= (Ap.k + bp1.)m

nén a1ay....ata¢+1 — biba...bibiy1 = Araryq — Bybiy 1 chia hét cho m. Do d6.
dinh 1y 5, thi

@1G2...0n = b1by..by (mod m)
Tir dinh 1y 7 suy ra cdc hé qua sau:

Hé qua 2. Cic phép déng du c6 thé nang Ién liy thira, nghia 13, néu a
(mod m) thi v6i moi s& nguyén khong am n déu c6 o™ =" (mod m).

Hé qua 3. Gid stt P(z) 12 da thic thy § v6i hé s6 nguyén
P(z) =tttz +taz + .+ bz
Khi d6 néu a = b (mod m), thi

- Pla) =to+tia+teal + -+ +tpa™ =t + b+ t2b? + -+ + 16" = P(B) (

0.5.2 Phuong phap dong du

Ta s& van dung céc tinh chdt cha phép déng du dé gidi bai todn chia hét.
Vi du 4. Ching minh ring s6 52°"" + 23 chia hét cho 24.

Gidi. Ta s& ching minh khing dinh t6ng quait ring v6i moi s6 tu nhién
58" + 23 chia hét cho 24. That vay, do 58" = 588" = 2548”7 yva 25'= 1 (mo
nén 258" =1 (mod 24). Bdi vay, 55" =1 (mod 24). Do d6

55" +23=24=0 (mod 24)

Nen 58" + 23 chia hét cho 24.

Vi du 5. Ching minh ring véi moi s6 tw nhién n, s6 122+1 4 117+2 chi
cho 133. ‘
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Gidi. Ta c6 122+l = 12,12 = 12{(12)?}" = 12.144". Vi 14 = 11
(mod 133), nén 144™ = 11" (mod 133). Nhan ci hai v€ v6i 12 ta c6
12.144™ = 12.11"
Boi vay
122771 = 12.11™  (mod 133) (i\)
Mit khéc, |
172 = (112)" = 121"
Do
121 = —-12 (mod 133)
Nén
121.11" = —12.11" (mod 1)33
Bai vay
11"2 = 12,11 (mod 133) 2)

Cong v€ v6i v€ c4c phép dong du (1) va (2) duoc
122741 £ 11"*2 =0 (mod 133)

Do d6 122n+1 4 117+2 chia hét cho 133.

Vi du 6. Ching minh ring, néu a2 4 b + ¢? chia hét cho 9, thi it nh4t mot trong
céc hien a? — b2, a? — ¢, b? — ¢? chia hét cho 9.

Gidi.Khi chia s6 nguyén tuy y n cho 9 nhin duoc mét trong cdc s6 du 0,1,2,3,4,5,6
Bai vay,

Néu n =0 (mod 9), 2=0 (mod 9)
Néun=1 (mod 9),thin?=1 1 (mod 9)
Néun =2 (mod 9), thi n? =4 (mod 9)

Néu n =3 (mod 9), thi n> =9 =0 (mod 9)

2=16="7 (mod 9)
Néun=5 (mod 9), thin?=25=7 (mod 9)
Néu n =6 (mod 9), thin2=36=0 (mod 9)
Néu n = 7 (mod 9), thi n2 =49 =4 (mod 9)

), th
)
)
)
Néu n = 4 (mod 9), thi
)
)
)
)

Néun=8 (mod9), thin*=64=1 (mod 9)

Ill



Vay du v6i s6 nguyeén n ndo di chang nita, s6 n? ciing chi c6 thé c6 mot
cac s6 du 0,1, 4, 7 khi chia cho 9. Dung ry, 72,3 dé k¥ hiéu cdc s6 du twong t
ag, be, ¢o khi chia cho 9.

Khi dé
ag=7; (mod9),ba=ry (mod9),c2=rs (mod9)
Cong v€ véi v€ cdc phép dong du trén ta duge
2 2 2
a®+b°+c"=r +ry+r3 (mod?9)
Vi a? + b% + ¢ chia hét cho 9, nén

a2+ +c2=0 (mod9)

ri+re+r3=0 (mod?9)

Vi mbi s8 ry, 72,73 chi ¢6 thé nhan cdc gid tri 0,1,4,7, nén r; 4+ 7o + 73 chi .
chia hét cho 9 trong cic truong hop sau

Drm=r=r3=0,

2) Mot trong céc s8 r1, 7,73 bang 1 va hai s6 con lai bang 4,

3) Mot trong cic sG 71,72, 73 bang 7, hai s& con lai bing 1,

4) Mot trong céc s§ r1,72,73 bing 4, hai s§ con lai bing 7,

- Trong moi trudng hop déu c6 it nh4t hai trong c4c s6 rq, 7o, r3 bing nhau. Dié

. ¢6 nghia 12 it nhit hai trong céc s6 ag, b, ca ¢6 cling s§ du khi chia cho 9, nér
nh4t mot trong c4c hiéu a? — b?, a? — c%, b2 — 2 chia hét cho 9.

BAI TAP

11. Vé6i moi s6 nguyén khong 4m n hiy ching minh ring
a) 62" 4 37*2 4+ 3" chia hét cho 11.
b) 6.257+3 4 57.37+1 chia hét cho 17
b ) 52ntl ant2 4 gn+2 920+ chia hét cho 19.

12 Ching minh ring khong t6n tai mot s6 n ndo dé cdc s6 3n — 1, 5n + 2,
2, Tn + 3, 7Tn — 2 1a c4c s8 chinh phuong.

13 Chimg minh ring, vdi céc s tu nhién k,n tuy ys6 126-1 42261 ... 4 (2
chia hét cho 2n + 1.

14 Ching minh rang s¢ 100...001 (v6i s6 s6 0 chin) chia hét cho 11.
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0.6 Phuong phap sir dung tinh tuan hoan khi nang lén lily
thira

0.6.1 Su tuan hoan cua cic so du khi nang 1én lity thira

Xét c4c lliy thira lién ti€p cia s6 2; :
21, 22,23 24 25 26 27 98 2% \

va tim xem khi chia c4c luy thira ndy cho 5 nhin dugc c4c loai s§ du nao? Néu tim
tryc ti€p thi khé phic tap va liy thira cang 16n, thi cang khé khan. Song, nhd viéc nang
lén liiy thira hai v&€ clia phép d6ng du c6 thé tim cc s8 du clia lily thita mot cich dé dang.

That vay, ta c6
20=2,22=4,22=8=3 (mod5),2*=16=1 (mod5) (1)
Dé tim s6 du khi chia 25 cho 5 ta nhan ¢4 hai v&€ phép déng du (1) véi 2 s& duge
2°=2 (mod 5)
26=4 (mod 5)
2"=42=8=3 (mod}5)
Tiép theo
22=32=6=1 (mod5)
Viét cic két qua vao hai hang. Hang trén ghi cic lu§ thira, hang du6i ghi s6 du
tuong ung khi chia c4c 1y thira nay cho 5.
91 92 93 94 o5 96 97 98 99 9l0 9ll
2 4 3 1 2 4 3 1 2 4 3

Hang thi hai cho ta thiy ring cdc s6 du l4p lai mot c4ch tudn hoan: sau 4 s6 du
2,4, 3,1 lai lap lai theo diing thi tr trén va c ti€p tuc lap lai theo thir or trén v.v

Xét cic s6 du chia phép chia lily thira cia 3 cho 7
Ta c6
3'=3
32=9=2 (mod7)
Nhan phép d6ng du trén véi 3, sau lai nhan phép déng du nhan dugce véi 3, ta duge
3*=6 (mod?7)
3'=6x3=4 (mod7)
3¥=4x3=5 (mod?7)
¥=5x3=1 (mod7)

Ti€p tuc tinh todn nhu trén s€ duge hai hang sau



3 32 33 34 35 36 37 38 39 310 311 312
3 2 6 4 5 1 3 2 6 4 5 1

(dudi mobi ldy thira 12 s6 du clia né khi chia cho 7)

Xét cdc s6 du khi chia luy thira céia 5 cho 16 ta duoc hai hang tuong Ung:

5 5 5 5% 5

5 6 57 58 59 510 511
5 9 13 1 5

S
9 13 1 9 13 1
(du6i mbi liy thira 12 sG du clia n6 khi chia cho 16)

Nhin vao hang hai ta dé dang nhéan thdy céc s6 du lap lai sau 4 s6 du 5,9,
r8i lai lap lai ding thi ty nhu trén.vv...

qudan sit sy tudn hoan cua cic s§ du khi nang lén Iy thita trong cdc vi di
mot cau héi tr nhién dat ra 1a: Phai chang véi cdc s§ tu nhién bat ky a va m ¢
du clia phép chia c4c liy thira clia a cho m lap lai mot cdc tudn hoan? That v:
gidi ddp cau hoi trén ta ching minh khing dinh sau

Pinh 1y 9. D6i v6i cdc s6 tu nhién a vd m ty ¥ cdc s6 du cha phég

a,a?,a® a* a5 a8 .. cho m lap lai mot cdch tuin hoan (c6 thé khong bit d

ddu).

Chitng minh. Ta 14y m + 1 lily thira ddu tién
a, a%, a3, ...,a™, a™t!

va xét cdc s6 du cha ching khi chia cho m. Vi khi chia cho m chi c6 thé c
. s6du {0,1,2,...,m —2,m — 1}, ma lai ¢6 m + 1 s6, nén trong c4c s6 trén ph
hai s6 ¢6 cling s6 du khi chia cho m. Chang han, hai s6 d6 12 a* va a¥*, trong d6 |

Khi d6
af = dF*' (mod m)

V6i moi n > k nhan ca hai v€ ctia phép déng du (1) v6i a™* s& dugc
a" = o™ (mod m)

Diéu ndy ching td ring bt ddu tir vi tri twong Ung vé6i a® cic s6 du lap lai
hoan, tic bat ddu tir s6 tvong tng v6i a* c6 mot s6 du lap lai va lap lai v.v...

S8 1 duge goi 1a chu ky tudn hoan clia cic s6 du khi chia lily thita ctia a che
Nhan xét.

Tir chiing minh trén nh4n thdy ring sy tuin hoin cla céc s6 du bt ddu tir ¢
ph4t hién ra hai s6 du tring nhau. Mat khéc dé phat hién ra hai s6 du gi6ng nha
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chia cho m ta khong phi quadan tim dén ca s6 a ma chi cin ldy m + 1 liy thira ddu
tién la da.

Néu t6n tai s6 [, dé o' = | (mod m), thi véi moi s6 ty nhien n o™+ = o"
(mod m), nén ! chdng nhimg 13 chu ky tuén hoan cla céc s6 du, ma con c6 thé xem
12 chi s6 bat ddu su tudn hoan cla céc s6 du.

0.6.2 Thuat toan

Dé gidi bai to4n chia hét, cin x4c dinh s6 du cha lily thita a™ chia cho m, ta cin tim
c4c s6 tr nhién k, ! nho nh4t, dé

of = ak* (mod m)

Sau d6 can ctt vao s6 dut r cda n chia cho I, ma x4c dinh s du tuong ing v6i a*t7.
Chi y.
1) Trong trudng hop t6n tai s6 tr nhién s, dé
a®*=1 (mod m)
ta chi viéc tim c4c s§ tuy nhién nho nhat k, ! sao cho

k k+

aF=d"=1 (modm)

sau d6 tim s6 du r cta n chia cho ! va x4c dinh s6 du cha a” khi chia cho m. Pay
chinh 1a s6 du cia a™ chia cho m.

2) Khi liiy thita c6 s6 mil khong phii 12 him tuyén tinh ca n, ching han, a?(™
v6i p(n) 12 mot ham mi, ma ta c6 thé thay déi co s6 t a sang b, dé c6

aP™ =™ va b=1 (modm)

o?™ =19 =1 (mod m)

Trudng hop khong bién ddi duge co s6 nhu trén cin tim cdch thay déi co s6, dé liy
thira ¢6 s6 mi 12 mot s6 tu nhién r6i tim s6 du nhu thu4t todn da néu.

Vi du 7. Ching minh ring s6 58°°* + 5 chia hét cho 6.
Gidi. Ta s& chimg minh trudng hop téng quadt: Véi moi s6 tr nhién n s6 58" + 5
chia hét cho 6. Do

5E” — 5BX8"T _ 2x4x8" _ (95y4x8n ]
Vi25=1 (mod 6), nén

55" = (25)%" 7 =1 (mod 6)



Mat khdc 5= 5 (mod 6).
Vay 58" +5=6=0 (mod ). Do dé 58" + 5 chia hét cho 6. Thay n = 2004 t
5847 + 5 chia hét cho 6.

. Vi du 8. Chtng minh rang 148" 1 10 chia hét cho 11.

Gidi. Tim s6 du cha 145" + 8 chia cho 11. Do 14 = 3 (mod 11), nén 1
(mod 11). '

Do 38 = 6561 =5 (mod 11), nén 38°"** = 65612904 = 52004 (1od 11).

Xét cdc s6 du thudc liy thira cla 5 khi chia cho 11

5 5% 5 3% 55 55 57 58
54 9 1 5 4 9 1

nén
FAX50L — (54)501 = 1501 = 1 (mod 11)
Mit khic,
10=10 (mod 11)
Cong v€ v6i v€ phép ddng du (1) va (2) ¢6
148 +10=11=0 (mod 11)

Nen 145°°** 410 chia hét cho 11.

Vi du 9. Chimg minh ring s6 2225%5 + 555222 chia hét cho 7.

Gidi.
1) Do 222="7x 31+ 5, nén 222 =5 (mod 7). Bdi vay,

222555 = 55 (mod 7)
Xét sy tudn hoan cha cic s§ du khi chia liiy thita ciia 5 cho 7 ta dugc

5 52 5 5t 5% 56 57 58
. 5 4 6 2 3 1 5 4

Nhu vay
T 55=1 (mod7)
Vé6i moi s6 tu nhién ¢, nang ca hai v&€ clia phép d6ng du (1) lén ldy thira ¢ t:

55'=1 (mod 7)
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Mat khéc 555 = 6.92 4 3, nén 555 = 569243 — 56.92 53 = § (mod 7). Do d6

222%% =6 (mod 7)

)

2) Do 555 = 7.79 + 2, nén 555 = 2 (mod 7). Bdi vay, 555222 = 2222 (mod 7).

Xét sy tudn hoan cla c4c s du khi chia ldy thira ctia 2 cho 7 ta dugc

2 22 23 9t 25 26 7 28
2 4 1 2 4 2 4 1

Nhu vay
22=1 (mod?7)
Vé6i moi s6 tu nhién s ning ci hai v€ cla phép déng du (3) lén 1dy s ta c6
2% =1 (mod?7)
Mt khéc, 222 = 3.74, nén
555222 = 23*™ =1 (mod 7)
Cong v€ véi vE€ cic phép‘ddng du (2) va (4) cb
2225% 1 55522 =64+1=0 (mod 7)
Vay s6 222555 4 555222 chia hét cho 7.

BAI TAP
15 Chimg minh ring s6 71%0 4 111% chia hét cho 13.
16 Chitng minh ring s6 692 + 8 chia hét cho 11.
17 Chimg minh ring s6 1119 — 1 chia hét cho 100.
18 Chitng minh ring 777777 — 7 chia hét cho 10.
19 Hay tim chit s6 tdn cling cla s6

7 T

20 Chitng minh ring s6 1414"* — 6 chia hét cho 10.

21 Chimg minh ring s6 1119"*" — 1 chia hét cho 101968,
22 Chiing minh ring s& 222333 4 333222 chja hét cho 13.
23 Véi moi s6 nguyén khong 4m ching minh rang s6

25n+3 + 571 .31'l+1

chia hét cho 17.

©)

4
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0.7 Phuong phap quy nap

Phuong phap quy nap c6 vai trd v cung quaan trong trong todn hoc, khoa hoc vi
s6ng. D6i v6i nhiéu bai todn chia hét, phuong phip quy nap ciing cho ta cich gi:
hiéu.

Suy dién 12 qua4 trinh tir “tinh ch4t” clia tap thé suy ra “tinh chdt” clia c4 the
luon ludn ding, con quad trinh nguoc lai, tdc quad trinh quy nap: di tir “tinh
clia mot s6 c4 thé suy ra “tinh chat” cha tap thé, thi khong phi lic ndo ciing din
qué4 trinh nady chi ding khi né tho man mot s6 diéu kién nao d6, uic tho man n;
1y quy nap.

0.7.1 Nguyén Iy quy nap

Néu khing dinh S(n) thod man hai diéu kién sau
a) bing v6i n = k, (s6 ty nhién nhd nhdt ma S(n) xdc dinh).
b) Tir tinh ddng din cta S(n) d6i v6i n = t (hodc d6i véi moi gid tri ¢

ko < n < t) suy ra tinh ddng din cta S(n) d6i véi n =t + 1, thi S(n)
véi moi n = k.

0.7.2 Phuong phap chimg minh bing quy nap

Gia st khang dinh T(n) x4c dinh v6i moi n > to. D& ching minh T'(n) ding v¢
n(n > tg) bing quy nap, ta cin thuc hién hai budc.

a. Co s& quy nap.

Thuc hién budc nay tic 12 ta thi xem sy ding dén cta T(n) v6i n = tg, ng
xét T'(tp) c6 ddng hay khong?

b. Quy nap.

Gié sir khing dinh T(n) da ding d6i véi n = t (hodc d6i v6i moi n (fo <
(t > to). Trén co s& gid thiét ndy ma suy ra tinh ding din cta T'(n) d6i véi n =
tic T'(t + 1) ding. Néu ca hai bubc trén déu thod min, thi theo nguyén 1y quy
T'(n) ding v6i moi n > to.

Chu y. Trong quéd trinh quy nap néu khong thuc hién ddy di ca hai bude
quy nap va quy nap, thi c6 thé din dén két lu4n sai 14m, chéng han:

- Do b6 budc co s& quy nap, ta dua ra két ludn khong ding: Moi s6 tu nhié
béng nhau! Bang cich quy nap nhu sau: gia sir cic s6 tu nhién khOng vuot quii
da bang nhau. Khid6tacé k =k + 1.

Thém vio mdi v€ clia ding thic trén mot don vi s& c6
k+1=k+14+1=k+2
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Cit nhu vay suy ra moi s6 tu nhién khong nho hon k déu bang nhau. Két hop véi
gid thiét quy nap: moi s6 ty nhién khong vuot quad k déu bang nhau, di dén két luan
sai ldm: T4t c4 cdc s6 tu nhién déu bang nhau!

- Do bd qua khau quy nap, nén nha Todn hoc Phip P. Fermat (1601 - 1665) da cho
rang cdc s6 dang 22" 4 1 déu 12 s6 nguyén t6. P. Fermat xét 5 s6 ddu tién
V6in = 0cho 22" +1 =2 +1 = 3 12 s6 nguyeén t6.
V6i n=1cho 22" +1 =22 +1 = 5 1a 56 nguyen 16.
Véin=2cho 22° +1 =24+ 1 =17 la s6 nguyen 0.
V6i n =3 cho 22° + 1 = 28 4 1 = 257 1a s6 nguyén t6.
V6i n =4 cho 22* +1 =216 4 1 = 65537 1a 56 nguyén to.

Nhung vao thé ky 18 Euler dd phit hién véi n = 5 khéng dinh trén khong ding
bai vi :

2% 41 = 4204967297 = 641 x 6700417
12 hop s6.

0.7.3 Van dung phuong phap quy nap dé giai cac bai toan chia hét

Phuong phdp quy nap dugc sl dung trong tinh todn, trong chimg minh va suy luan
du6i nhiéu dang khic nhaw, nhung trong phin nay chi trinh bay viéc van dung phuong
phép quy nap dé gidi cdc bai toan chia hét.

Vi du 11. Véi n 1a s6 tu nhién, dat

A= 77-"7 }n l4n

Ching minh ring véi moi s6 t¢ nhién n > 2 s6 A, + 17 chia hét cho 20?
Gidi.

D€ c6 khang dinh ph4t biéu trong bai toén trudc hét ta ching minh: Véi moi s6
tr nhién n > 2 déu c6
Ap =20t +3 (1)

Khang dinh (1) duoc chimg minh bang quy nap theo n.
1. Co s& quy nap.

Véin=2c6 Ay=7"=747 m

72 =343=2017+3=20p+3 )
7t = 2401 = 20.120 + 1 = 20.g + 1, (3)



Nén

Az = (20.17 + 3)(20.120 + 1)
=20.20.17.120 + 20.17 + 20.120.3 + 3
= 2041177 + 3

2. Quy nap

Gia sit ding thic (1) da déng v6i n = k > 2, tdc da c6
Ar =20t +3

Cidn ching minh ding thic (1) ding véi n =k + 1.

That vay, theo dinh nghia, va (2), (3), (4) ¢6

Ak+17Ak - 720tk+3 . 74.5tk+3 — (74)5tk 73 —_ (20q + 1)5tk(20p + 3)
= {(209)%* + CZ,, (20q)**~ + - - + Cgi*~*.20q + 1}(20p + 3)
= 20p{(20)°* + C,, (20g)°" ! +--- + Co*~".20q + 1} +
209{(209)°*~* + C§;, (209)°* 2 + -+ + G313 + 3 = 20tx41 + 3
Tir (1) c6:

Ap +17 = 20t, + 3 + 17 = 20t, + 20 = 20(tn + 1)

nén A, + 17 chia hét cho 20.

Vi du 12. Chimg minh ring v6i moi s6 tu nhién n > 2 s6

22" + 4

chia hét cho 10 (hay tan cing bang s6 0)?

\

Gidi. Ching minh bing quy nap theo n.
1. Co s& quy nap.

Véin=2cé 22 =24 +4=16+4 = 20 chia hét cho 10.

~ 2. Quy nap.

Gié st khing dinh di ding véi n = k > 2, nghia 1
22" 4 4 =10

Cin ching minh khing dinh ding véi n =k + 1.
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That vay, tr (1) ¢6

2k+1

+4=(3") 44
= (10t — 4)% + 4
= (10tx)? — 8.10tx + 16 + 4
= 10(10t2 — 8tz +2)

2

nen s6 22°"" + 4 chia hét cho 10.
Vi du 12. Chimg minh ring v6i moi s§ tu nhién n
An)=4"+15n-1
chia hét cho 9.
Gidi. Ching minh bing quy nap theo n.
1. Co s& quy nap.

V6in =1, A(1) = 4! + 15.1 — 1 = 18 chia hét cho 9.

2. Quy nap.

Gi4 sl khing dinh di ding véi s6 tr nhién n = k > 1, nghia 13,
A(k) =4F + 15k -1

da chia hét cho 9.
Cén ching minh khing dinh ciing ding v6i n = k + 1.

That vay,
Ak +1) =41 115k +1) -1
=4.4% 415k 414
4.4F + 415k +14 4+ 3.15k —4 4+ 4 — 3.15k
=4.4F + 415k — 4+ 3.15k + 18
= 4(4* + 15k — 1) + 9(5k + 2)

Theo gia thiét quy nap 4% + 15k — 1 chia hét cho 9, nén 4(4* + 15k — 1) chia hét
cho 9 va 9(5k + 2) chia hét cho 9. Bdi vay A(k + 1) chia hét cho 9.

Vi du 13. Ching minh ring t6ng 1ap phuong cha ba s6 ty nhién lién ti€p bao gidy
ciing chia hét cho 9.

Giai. Chimg minh bing quy nap theo thi tr s6 tv nhién.



1. Co s quy nap.

Vi ba s6 tu nhién ddu tién 1,2, 3 ta ¢6
B+24+3=1+8+27=36

chia hé’t cho 9.
2. Quy nap.

Gié sl khing dinh di ding v6i ba s6 tu nhién lién tiép thy ¥ ndo d6 k
1), k+1, k + 2, nghia 1a s6

AR) =k + (k+1)° + (k+2)3
di chia hét cho 9. Khi d6
(k+1P3+(k+22 4+ (k+3° =k +(k+1°2+k+2°+(k+3° -k
Do

(k+3)% — k% =(k+3—k){(k+3)% + k(k +3) + k?}
= 3{k% 4+ 6k + 9 + k2 + 3k + k%}
= 3{3k? + 9k 4+ 9}
= 9(k? + 3k + 3)

chia hét cho 9, va theo gia thiét quy nap A(k):9, nén (k +1)3 + (k +2)% + (k-
. chia hét cho 9. Khing dinh duogc ching minh.

Vi du 14. Ching minh ring v6i moi s6 nguyén n > 0 s6 23" + 1 chia he
3"+1 va khong chia hét cho 3"+2.

Gidi. Khing dinh dugc chimng minh bing quy nap theo 7.
1. Co s& quy nap

V6in=0s62%+1=2'+1=2+1=3 chia hét cho 3 (3 = 3%+1) va k
chia hét cho 9 (9 = 32 = 30+2),

Véin=1s62" +1=23+1=8+1=09 chia hét cho 9.
2. Quy nap
Gia st khing dinh di diing véi n = k > 2, nghia 12

Ay =2 +1
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da chia hét cho 35+1 va khong chia hét cho 3¥+2. Khi d6 ©n tai s6 nguyén M, dé
Ay = M3

va do Ay khoéng chia hét cho 3¥+2, nén M khoéng chia hét cho 3.

Cén chimg minh Agy; = 28" 41 chia hét cho 35+2 va khong chia hét cho 3k+3,

\

That vay, do

App =22 1= 11=(2)2+1
= 2% +1){(2¥)?2-2* +1}
= 3k M{(2%)2 +2.2%" +1-3.23")
=3 {2 +1)2 - 3.2%)
= 3H1 p (2% . M)? - 3.2%)
= gE+1 {32202 3-23’6}
= 3542 pf {32+ 2 - 9%}

nén Ay, chia hét cho 3%+2,
Vi M khong chia hét cho 3, nén 3¥+2.M khong chia hét cho 35+3,

Dok>=22,nénk—-220,vacéd
32k+1.M — 3k+3+k——2.M — 3k+3.3k—~2.M
chia hét cho 313,

Mit khac 28° = (23)F = 8% = £1 (mod 9) va 3¥+3 = 9.3%+1 nen 23° khong
chia hét cho 3*+3.

Do 32k+1 pr2 — 93" khong chia hét cho 3*+3. Bdi vay Ax.; khong chia hét cho
3k+2, Khing dinh duoc chimg minh.

BAI TAP

23 Ching minh rang v6i moi s6 nguyén n > 0
a) (25"%3 4 57.3"+2) chia hét cho 17
b) (27+5.3%" 4 53n+1) chia hét cho 37
c) (5271 4 274 4 27+1) chia hét cho 23
d) (7%+2 + 82+1) chia hét cho 57

24 Chtng minh ring v&i moi s6 ty nhién n téng
20 + 21 + 22 4ot 2517.-—3 + 25'n.—-2 + 25'n,—1

chia hét cho 317



25 Gid sir a 12 s6 ty nhién ndo d6, ma 2% — 2 chia hét cho a, ching han a =
28 —2 = 8 — 2 = 6 chia hét cho 3. X4c dinh diy s6 (z,) nhd cic didu kié

Ty =a, T4 =2 -1

Chimg minh ring véi moi s6 tl,rvnhién k s6 2%+ — 2 chia hét cho zx?

0.8 Tiéu chuin chia hét

D6i v6i s6 nguyén tuy ¥y a va s tu nhién bat ky m dé trd 16i cau hdi: a ¢6 ch
cho m khong? Trong rat nhiéu trudng hop c6 thé dua vao tiéu chudn chia hét. B
viéc tim ra cdc tiéu chudn chia hét dé van dung 13 hét sttc cin thiét. Can ci va
chdt clia day s6 du nhin dugc khi chia liy thita co s6 10 cho m, ma c6 thé x4c
cdc tieu chudn chia hét tien ich khdc nhau. Trong phdn nay trinh bay mot s6 céc
dinh tiéu chuédn chia hét, nhu

Phuong phap st dung tinh dong du véi 1 cha liy thira co s6 10, ma goi
’phuong phap déng du véi 17,

Phwong phdp dua vao day s6 du cla liy thira co s6 10, ma goi tit 1a “pk
phédp day s6 du’.

Phuong phép chia cdc chit s thanh cdc nhém, ma goi tat 12 "phuong phép
chit s6”.
0.8.1 Phuong phap dong du véi 1

. Vé6i s tu nhién tuy ¥y m > 2 cin tim tiéu chudn, dé s6 nguyeén bt ky

a=anln-1...4;05—1....41490

= a, 10" + a,n._110"“1 + -4 a,,;].Oi + a,-_110"‘1 +---4+a;10 +ag

chia hét cho m.

Néu t6n tai s6 tu nhién k, dé 10¥ = 1 (mod m) thi véi moi s3 tu nhién ¢ d
10¥ =1 (mod m). Ta thuc hién thuat to4n sau

Thuat toan.

y

~ 1. Tim s6 ty nhién / nhd nh4t, dé 10' = 1 (mod m).

2. Chia diy chir s cla a tir phi sang trdi theo cdc nhém lién ti€p do dai I. K
v6i s6 tu nhién s, ma sl < n < (s + 1) c6

— !
a = Tty 18510% + -+ + agr a1 10" + @ a1ag

= GnlGg4105] + -+ + G31-1--G1+10] + Gj_1--.a1ap (mod m)
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Bdi véy ta ¢6 tiéu chudn chia hét sau day.
Tiéu chuén chia hét 1

Néu [ 12 s6 tu nhién nho nhat dé @' = 1 (mod m) va s 12 s6 tr nhién dé€ sl < n <
(s + 1)1, thi a chia hét cho m khi va chi khi t6ng

Gnls4+1a + *** + Q21-1--G1+181 + @1-1...8100 |
chia hét cho m.

Van dung tiéu chuin chia hét 1 cho c4c trudng hop m = 3,9,11,111 ta dugc cic
tiéu chudn chia hét tung tng sau day.

1. V6im=3,tacdé 10 =1 (mod 3), nén ! = 1 va diy chit s6 a dugc chia thanh
cdc nhém gém mot chit s6 va ta c6 titu chuéin chia hét cho 3 nhu sau ‘

S6 nguyén a = @,a,-1G16p chia hét cho 3 khi va chi khi t6ng cdc chir s6
Gn + Gn-1 + - -- + a3 + ap chia hét cho 3.

Tuong t ta ciing ¢6 tieu chudn chia hét cho 9 nhu sau:

S6 nguyén a = @,a,_1...a1Gp chia hét cho 9 khi va chi khi téng
Gp+ap_1+--+al+ao
chia hét cho 9.
Vi du.
23456781 =2+3+4+5+6+7+8+1=0 (mod 3) nén 23456781:3.

54326781 =5+4+3+2+6+7+8+1=0 (mod9), nén 54326781:9
4354063 =4+3+5+4+0+6+3=25=1 (mod 3)

nén 4354063 khong chia hét cho 3.
1997199819991 =1+94+9+4+7+14+9+94+8+1+4+94+94+9+1=82=1 (me
nén 1997199819991 khong chia hét cho 9.

2. V6im = 11 ta ¢6 10 = 1 (mod 1)1, nén I = 2 va ddy chif s6 cia a duoc

phan thanh cic nhém d6 dai 2 tir phai sang trdi va ta c6 tiéu chudn chia hét cho 11
nhu sau

V6i n 1€ s6 nguyén a = @, a,_1...G1ap chia hét cho 11 khi va chi khi téng

Gnln-1+8p—20n—3 + -+ 0100

chia hét cho 11.



Vé6i n chdn s6 nguyén a = @,a,-1...a1ag chia hét cho 11 khi va chi khi tén
an +8n_10n-2 + -+ Q100

chia hét cho 11.

Vi du.
719981999 =7+194+98+19+99=242=0 (mod 1)1
nén 719981999 chia hét cho 11.
53467874 =53 +46+ 78+ 74 =251=8 (mod 1)1
nén 53467874 khong chia hét cho 11.

3. Véi m=111tacé 103 =1 (mod 1)11, nén | = 3 va ddy chit s cla a
phan thanh cdc nhém do dai 3 tir phi sang trdi va ta c6 tiéu chudn chia hét cho 11 nh

- V&i n = 3t (t 1a s6 tu nhién) s nguyén a = @,G,_1...01Gp chia hét cho 1
va chi khi tdng

GnGn-10n_2 + Gn_30n_404n_5 + - - - + Q20100
chia hét cho 111.

- V6i n = 3t + 1 s6 nguyén a¢ = @,a,_1...¢1ap chia hét cho 111 khi va ct
téng

an + Gn_1Gn—20n_3 + **+ + 020100

chia hét cho 111.

- V6i n = 3t + 2 s6 nguyén a = @,a,_1...6100 chia hét cho 111 khi va cl
téng *

Onln—1 + Gn_—2Gn_30n-4 + * -+ + G2a01G0

chia hét cho 111.

Vi du.
582004080 = 582 + 004 + 080 =582 +4+80 =666 =0 (mod 111)

nén 582004080 chia hét cho 111.
' 6573864 = 6 + 573 + 864 = 1443 =0 (mod 111)
nén 6573864 chia hét cho 111.

13661325 = 13 + 661 +325=999 =0 (mod 111)
nén 13661325 chia hét cho 111. |

154635811 = 154 + 63 = 1600 = 35 (mod 111)

nén 15463811 chia hét ého 111.
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0.8.2 Phuong phap day sé du

Gia sur

a =058, 1818105 = an10" + an_110" 1 4+ -+ 4+ 6310; + - - - 2110 + ag

12 s6 nguyen tdy ¥ vd m 12 s6 tv nhién b4t ky khong nhd hon 2. Khi d6, theo céc tinh
chat clia phép déng du, ta c¢6 he qua: Néu d; (i = 0,1,2) la s6 nguyén tiy y déng du
v6i 10° theo modun m, thi i

a = andp + Gno1dn-1 + -+ aidi + - +aidy +ap  (mod m)
Tir hé qua trén suy ra thuat todn x4y dung tiéu chudn chia hét cho m.

Thuét toan.

Dé c6 mot tieu chuin chia hét cho m ta thuc hién cdc bude sau

1. D6i v6i mdi i = 1,2 chon s6 nguyén d; déng du véi 10 theo modun m v c6
tri tuyét d6i (|d;|) nho nhat;

2. Viét day s6 déng du d; (i = 1,2.) mot cdch twong tng dudi day chir s6 cla a;

an GQp-1 ...Qi41 G4 ... A1 aQ
dn  dp-1 ... diy1 ds ... dsl

3. Tim téng
d = andn + @n-1dn_1 + ai41diy1 + aid; + - - + a1dy + ap

4. Xéttbng d
- Néu d =0 (mod m), thi a chia hét cho m
- Néu d = 0 (mod m), thi a khong chia hét cho m.

Khi d6 tieu chuin chia hét cho m dugc phét biéu nhu sau: S6 a chia hét m khi
va chi khi d chia hét cho m.

Dua vio thuat to4n trén ta c6 thé xay dung tiéu chudn chia hét cho bét ky s6 y
nhién m > 2, ching han, m = 4,7,11, 13.

1. Tiéu chuan chia hét cho 4

Xét tinh déng du cia liy thira co s6 10 theo modun 4 ta cé
10=2 (mod4),10°=20=0 (mod4), 10°=0 (mod4) (i=3,4...)

Téng d tung Wmg véi s6 a = BnlGn_1...8i310:...6301a0 cb dang

d=0a,04a,_ 10+ - +a;1104+a;0+ -+ a0 +a12 + ap = 2a; + ap
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Vay tiéu chuin chia hét cho 4 1a: S6 a chia hét cho 4 khi va chi khi
d = 2a; + ap chia hét cho 4. ‘

Vi du.

453452 ¢6 d = 2 x 5 + 2 = 12 chia hét cho 4, nén 4534524,

582422 c¢6 d = 2x2+2 = 6 khong chia hét cho 4, nén 582422 khong chia hét
2. Tiéu chuén chia hé&t cho 7

Xét tinh d6ng du cla liy thira co s§ 10 theo modun 7 ta c6 ‘
10=3 (mod7), 102=30=2 (mod7), 10°=20=—-1 (mod ?7)
10*=-10=-3 (mod7), 10°=-30=-2 (mod7), 10°=-20=1 ¢

Gid st n = 6t + 1 v6éi t > 2. Khi d6 diy s6 dong du twong Gng véi diy ¢
cla a s€ la

Gp Gp-1 Gp-2 Qn-3...G¢ A5 Q4 A3 Q2 Q1 QO
1-2-3-1..1-2-3-1231

Va téng d twong Ung v6i a c6 dang

d=an —2an_1—3an-2 — an_3 + -+ ag — 2a5 — 3a4 — a3z + 2a2 + 3a; 4
Vay tiéu chudn chia hét cho 7 1a: S6 a:7 khi va chi khi féng

d=an —2ap_1 —3Gp_9 — Qp_3 + -+ +ag — 2as — 3a4 — ag + 2a3 + 3a; 4

chia hét cho 7,

7546357 c6d=T7T—-2X5—-3x4—-6+2x34+3x5+7 =7 chia hét
nén 7546357:7.

863425 c6
d=-2x8-3%x6-3+2x4+2x3+5=-16-18-34+8+6+5=
khéng chia hét cho 7, nén 863425 khong chia hét cho 7.

3. Tiéu chuén chia hé&t cho 11

Xét tinh dong du cua liy thira co s6 10 theo mod 11, ta ¢

10=-1 (mod1l), 10*=-10=1 (mod 11),
10%+1= -1 (mod 11), 10¥* =1 (mod
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Véi k= 0,1,2,... khi d6 day déng du twong tmg v6i day chit s6 cla a s€ 12

Qn, Gn-1, Qan-2, az a1 ag
(1) (=1)""1(-1)""2.1 —-11

Va téng d tuong tmng v6i a c6 dang
d(=1)"an + (=1)"lan_y + (=1)"2an_2+ -+ +az — a1 + ag ‘\
Vay tiéu chudn chia hét cho 11 1a: S6 a:11 khi va chi khi
d=(-1)"an + (-1)" Yap_1 + (-1)"2ap_2+ - + a3 — a3 + ag

chia hét cho 11.

Vi du.
3811581939 c6d= -3 +8—-1—-54+8—-14+9—34+ 9 =22 chia hét cho 11, nén
3811581939:11 ’

256743258 c6d =2—-54+6~—~7+4—-3+2 — 5+ 8 = 2 khong chia hét cho 11,
nén 256743258 khong chia hét cho 11.

4. Tiéu chuén chia hét cho 13

Xét tinh déng du cta lily thira co s6 10 theo modun 13 ta c6
10 = -3 (mod 13), 10? = —4 (mod.13), 10° = —40 = —1 (mod 13), 10* = ~10
=3 (mod 13), 10° = 30 =4 (mod 13), 10°=40=1 (mod 13), 107 =10 = -3
(mod 13)

Gid stt n = 6t v6i t > 2. Khi d6 day s6 déng du tuong img véi diy chif s6 cia a

la
an Qp-1 Qn-2 Qan-3 Aa4p—4 Qap-5 ... G Qa5 Q4 as az ay ag
1 4 3 -1 —4 -3 1 4 3 -1 -4 -3 1

va 16ng d tuong g véi a cé dang

d=an+4an_1+ 3ap-2 — n_3 —4an_4 —3an5+---
+ ag + 4as + 3a4 — ag — 4ay — 3a; + ap

Vay tiéu chudn chia hét cho 13 1: S§ a chia hét cho 13 khi va chi khi t6ng

d=an+4an_1+3an_2 —an_3 —4an_4 — 30n_5+ -
+ ag + 4as + 3a4 — ag — 4das ~ 3a; + ag

chia hét cho 13.



Vi du.

8588112 c6 d =8+20 + 24 — 8 —4 — 3 + 2 = 39 chia hét cho 13, nén 85

chia hét cho 13.

1111111 c6d=1+4+3—-1—-4-34+1 = 1 khong chia hét cho 13, nén 11

khong chia hét cho 13.

0.8.3 Phuong phap nhém chir s6

Gia slt @ = GnGn_1...G;..-G1Gp 12 sO nguyén tlly ¥, con m 1a s6 tr nhién bat ky .
nhé hon 2. Véi s6 tr nhién [ tuy ¥ khong nho hon 2. Gia st d; 1a s6 nguyén dé
v6i 108 (i = 0,1, 2,) theo modun m va c6 tri tuyét d6i nhd nhat. Khi d6 nhd c4
chit cha phép doéng du ta c6 hé qua sau:

S6

a = anan_1...atlatl_lau_z...a(t_l)l...alal_l ...a149

= mlotl + atl_latl_2...a(t_l)llo(t—l)l +

; :
<-r+ ag_109—3...0;10" + @y q8]—2..-G109

= @nln—1.-andt + a_180_2---G(g_1)1dg—1 + " -

4+ @914 2...a1d1 + @j_1a;_9...a109 (mod m)

Dua vao hé qua trén c6 thut todn x4y dung tiéu chudn chia hét cho m nhu sau

Thuat toan.

1.

Chon s6 tu nhién bé nh4t c6 thé I > 2 thich hop véi m theo nghia: S6 d;
dir v6i 10% theo modun m ¢6 tri tuyét dSi bé nhat.

Liet k& ddy céc s6 dong du tuwong ng v6i diy 104 (i =1,2,)
10t 100-Dt o o10% .. 102 100 10°
do di—1 .. d; ... do dy 1
Lap téng
d = apGn-1---audt + Gg—10¢—2--Cz—1)dt—1+
+ @9-1021-2---G11101d1 + @Q_1G1_2---a1
Néu d chia hét cho m, thi a chia hét cho m. Néu d khong chia hét cho r

a khong chia hét cho m. Béng thu4t todn trén ta c6 tiéu chudn chia hét ¢
bang phuong phdp nhém chit s6 nhu sau: S6 a chia hét cho m khi va ct
t6ng

d =anln-1---andt + Gu—100—2---0(—1)dt—1 + - -

+ Qy—1G21-3--G11101d1 + G1_101_2---a1
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chia hét cho m.

Dua vao thuat todn trén ta ¢6 thé xay dung tiéu chudn chia hét cho bt ky s6 tu
nhién m nao khéng nhé hon 2, chang han m = 7, 33.

Tiéu chuén chia hét cho 7
Dé c6 tieu chudn chia hét cho 7 ta thuc hién cdc budc clia thuat todn trén nhu sau

1. Do 1000 = —1 (mod 7), 10002 = 1 (mod 7), 1000% = 1 (mod 7), 1000%+! =
—1 (mod 7) i=0,1,2, nén chon I = 3.

2. Diy s6 déng du tung tmg v6i 1000%, k= 0,1, 2,

1000t 10001 ... 10002 1000 1
(-1)* (=Dt L1 -1 1

3. Téng d tuong ing véi s6 a c6 dang

d = (—1)"anan_ta3 + (—1)"'ag—1a3t—283;_1) + - - - — G5G403 + TzC1Gp

Khi d6 tieu chuén chia hét cho 7 dugc phat biéu nhu sau: S6 a chia hét cho 7 khi
va chi khi t8ng d chia hét cho 7.

Vi du.

5781139 ¢6 d = 5 — 781 4 139 = 637 chia hét cho 7, nén 5781139 chia hét cho 7
811582 c6 d = —811 + 582 = 229 khong chia hét cho 7, nén 811582 khong chia hét
cho 7.

Tiéu chuin chia hét cho 33

Pé c6 tieu chuin chia hét cho 33 ta thuc hién c4c budc clia thuat todn trén nhu sau

1. Do 100 = 1 (mod 33), nén véi moi s = 0,1,2... déu c6 100° = 1 (mod 33)
nén chon [ = 2.

2. Diy s6 déng du trong tmg véi 100, k = 0,1, 2
100t 100 .. 1002 100 1
1 1 N | 1 1

3. Téng d tuong Ung véi s6 a cé dang

d = Unap_1 + @n-20n,_3 + - - - + @30z + a1ag, néunlé
d=an+8n_1Gn-2 + -+ +a3a3 + ajag, néu n chan.



Khi d6 tiéu chudn chia hét cho 33 dugc phét biéu nhu sau: S6 a chia hét cho :
va chi khi d chia hét cho 33.

Vi du.

6021939 ¢6 d = 6 + 02 4+ 19 4+ 39 = 66 chia hé cho 33, nén 6021939 ch
cho 33.
524631 ¢6 d = 52 4 46 + 31 = 129 khong chia hét cho 33, nén 524531 khong
hét cho 33.



